Aparijmhtèc bĹrouc sthn kwdikopoÐhsh

MARIA QRISTOPOULOU

PAROUSIASH STO MAJHMA THS KWDIKOPOIHSHS

IANOUARIOS 2003

DiĹlexh pou pragmatopoiăjhke sta plaÐsia tou metaptuqiakoÔ majămatoc ’KwdikopoÐhsh’ stic 24 IanouarÐou 2003.ApoteleÐ apìdosh sta ellhnikĹ tou kefalaÐou 13 tou biblÐou A First Course in Coding theory, Raymond Hill ,Oxford University Press. DidĹskwn: I. A. AntwniĹdhc.

Perieqìmena

1 Aparijmhtèc bĹrouc 3 2 Pijanìthta twn mh aniqneÔsimwn lajÿn 8

1 Aparijmhtèc bĹrouc

’Estw C ènac grammikìc [n,k]-kÿdikac,o aparijmhtăc bĹrouc tou orÐzetai na eÐnai to poluÿnumo:

W_c(z) = n∑ i=0 A_iz^i = A_0 + A_1z^1 + ... + A_nz^n,

ìpou me A_i dhlÿnoume to plăjoc twn kwdikÿn lèxewn tou C pou èqoun bĹroc i. ’Enac Ĺlloc trìpoc gia na grĹyoume to W_c(z) eÐnai:

W_c(z) = ∑ x∈C z^{w(x)}. ParĹdeigma 1.1 i)’Estw C ènac duadikìc, Ĺrtiou bĹrouc, kÿdikac măkouc 3,dhladă o C = {000, 011, 101, 110} me duikì kÿdika C^⊥ = {000, 111}. Oi aparijmhtèc bĹrouc twn C kai C^⊥ eÐnai:

W_c(z) = 1 + 3z^2

W_c⊥ (z) = 1 + z^3.

ii)O kÿdikac C = {00, 11} eÐnai autoduikìc opìte:

W_c(z) = W_c⊥ (z) = 1 + z^2.

’Opwc èqoume ădh deÐ, eĹn gnwrÐzoume ton aparijmhtă bĹrouc enìc kÿdika mporoÔme na upologÐsoume thn pijanìthta twn mh aniqneÔsimwn lajÿn, ìtan o kÿdikac qrhsimopoieÐtai apolÔtwc gia anÐqneush lajÿn.

To kÔrio apotèlesma autoÔ tou kefalaÐou eÐnai ènac axiìlogoc tÔpoc tou MacWilliams (1963),o opoÐoc mac epitrèpei na broÔme ton aparijmhth barouc enìc grammikìu kÿdika C apì ton aparijmhtă tou duikoÔ tou kÿdika C^⊥.

Gia aplìthta ja apodeÐxoume autì to apotèlesma, gnwstì san tautìthta tou MacWilliams, mìno gia duadikoÔc kÿdikec (jeÿrhma 1.5), parìlo pou to genikì apotèlesma ja ektejeÐ parakĹtw (jeÿrhma 1.6).

Ta parakĹtw trÐa lămmata qreiĹzontai mìno gia thn apìdeixh thc tautìthtac tou MacWilliams. ’Enac anagnÿsthc ligìtero majhmatikĹ katartismènoc, pou protijetai na apodeqjeÐ thn egkurìthta tou tÔpou qwrÐc apìdeixh, mporeÐ na paraleÐyei autĹ ta lămmata kai thn apìdeixh tou Jewrămatoc 1.5, qwrÐc na qĹsei pollĹ miac kai ta akìlouja paradeÐgmata kai askăseic qrhsimopoioÔn mìno ton tÔpo kai ìqi thn apìdeixă tou.

Lămma 1.2 Ac èinai C ènac grammikìc duadikìc [n,k]-kÿdikac kai upojètoume ìti y eÐnai èna stajerì diĹnusma ston (F_2)^n to opoÐo den anăkei sto C^⊥.Tìte to x · y eÐnai Ðso me 0 kai1 exÐsou kajÿc to x diatrèqei ìlec tic kwdikèc lèxeic tou C.

Apìdeixh ’Estw A = {x ∈ C | x · y = 0} kai B = {x ∈ C | x · y = 1}. Ac eÐnai u mia kwdikă lèxh tou C tètoia ÿste u · y = 1, (to u upĹrqei afoÔ y /∈ C^⊥). Dhlÿnoume me u+A to sÔnolo {u + x | x ∈ A}. Tìte u + A ⊆ B, diìti eĹn x ∈ A, tìte (u + x) · y = u · y + x · y = 1 + 0 = 1. OmoÐwc, u + B ⊆ A. Opìte, |A| = |u + A| ≤ |B| = |u + B| ≤ |A|. ’Ara, |A| = |B| kai to lămma apodeÐqjhke.□

Lhmma 1.3 Ac eÐnai C ènac duadikìc [n, k]-kÿdikac kai y èna opoiodăpote stoiqeÐo tou (F_2)^n Tìte:

∑ x∈C (−1)^{x·y} = { 2^k, eĹn y ∈ C^⊥ 0, eĹn y /∈ C^⊥. Apìdeixh EĹn y ∈ C^⊥, tìte x · y = 0 gia ìla ta x ∈ C, opìte ∑ x∈C (−1)^{x·y} = |C| · 1 = 2^k

EĹn y /∈ C^⊥, tìte apì to lămma 1.2, kajÿc to x diatrèqei ìla ta stoiqeÐa tou C, to (−1)^{x·y} eÐnai Ðso me 1 kai −1, exÐsou dÐnontac ∑ x∈C (−1)^{x·y} = 0. □ Lămma 1.4 ’Estw x èna stajerì diĹnusma tou (F_2)^n kai z na eÐnai èna opoiodăpote diĹnusma tou. Tìte h akìloujh poluwnumikă tautìthta èqei: ∑ y∈(F_2)^n

z^{w(y)}(−1)^{x·y} = (1 − z)^{w(x)}(1 + z)^{n−w(x)}.

Apìdeixh: ∑ y∈(F_2)^n

z^{w(y)}(−1)^{x·y} = 1∑ y_1=0 1∑ y_2=0 ... 1∑ y_n=0 z^{y1+y2+...yn} (−1)^{x1·y1+...+xn·yn}

= 1∑ y_1=0 1∑ y_2=0 ... 1∑ y_n=0 ( n∏ i=1 z^{yi} (−1)^{xi·yi} )

= n∏ i=1 ( 1∑ j=0 z^j (−1)^{j·xi} ) = (1 − z)^{w(x)}(1 + z)^{n−w(x)}, afoÔ,_1 ∑ j=0 z^j (−1)^{j·xi} = { 1 + z, eĹn x_i = 0 1 − z, eĹn x_i = 1 . □ Jeÿrhma 1.5(H tautìthta tou MacWilliams gia grammikoÔc duadikoÔc kÿdikec) ’Estw C ènac duadikìc [n, k]-kÿdikac me duikì kÿdika C^⊥ tìte: W_C⊥ (z) = 1 2^k

(1 + z)^nW_C ( 1 − z 1 + z ). Apìdeixh:

EkfrĹzoume to poluÿnumo:

f(z) = ∑ x∈C ( ∑ y∈(F_2)^n (−1)^{x·y}z^{w(y)}) me dÔo trìpouc.

Apì thn mÐa pleurĹ qrhsimopoiÿntac to lămma 1.4, f(z) = ∑ x∈C (1 − z)^{w(x)}(1 + z)^{n−w(x)}

= (1 + z)^n ∑ x∈C ( 1 − z 1 + z

)^{w(x)}

= (1 + z)^nW_C ( 1 − z 1 + z ). Apo thn Ĺllh pleurĹ, antistrèfontac thn seirĹ tou ajroÐsmatoc, opìte èqoume: f(z) = ∑ y∈(F_2)^n z^{w(y)} ( ∑ x∈C (−1)^{x·y} )

= ∑ y∈C^⊥ z^{w(y)}2^k apì to lămma 1.3

= 2^kW_C⊥ (z).

Exisÿnontac tic duo ekfrĹseic gia to f(z) prokÔptei to apotèlesma.□

H apìdeixh tou parakĹtw pio genikoÔ apotelèsmatoc eÐnai parìmoia me aută tou jewrămatoc 1.5,afoÔ qrhsimopoieÐ genikìterec ekdìseic twn prohgoÔmenwn lhmmĹtwn, allĹ ja paralèiyoume tic leptomèreiec.

Jeÿrhma 1.6 (H tautìthta tou MacWilliams genikĹ gia grammikoÔc kÿdikec) EĹn C ènac grammikìc [n, k]-kÿdikac sto GF(q) me duikì kÿdika C^⊥,tìte:

W_C⊥ (z) = 1 q^k [1 + (q − 1)z]^nW_C ( 1 − z 1 + (q − 1)z ).

Shmèiwsh: EĹn o C eÐnai ènac duadikìc [n, k]-kÿdikac, tìte afoÔ o duikìc tou C^⊥ eÐnai akribÿc o C, mporoÔme na grĹyoume thn tautìthta tou MacWilliams sthn (pio qrăsimh) morfă:

W_C (z) =^1_{2n−k} (1 + z)^nW_C⊥ (^{1−z}_{1+z} ). (1.7)

ParadeÐgmata 1.8 Efarmìzoume to Jeÿrhma 1.5 stouc kÿdikec tou paradeÐgmatoc 1.1.

i) ’Eqoume W_C (z) = 1 + 3z^2. ’Etsi apì to jeÿrhma 1.5,

W_C⊥ (z) = 1 4 (1 + z)^3W_C ( 1 − z 1 + z ) = 1 4 [(1 + z)^3 + 3(1 − z)^2(1 + z)]

= 1 + z^3,

ìpwc èqoume ădh breÐ ap’ eujeÐac apì to duikì C^⊥.

Ac antallĹxoume touc rìlouc twn C kai C^⊥ prokeimènou na tsekĹroume ton tÔpo (1.7). ’Eqoume: 1 2 (1 + z)^3W_C⊥ ( 1 − z 1 + z ) = 1 2 [(1 + z)^3 + (1 − z)^3]

= 1 + 3z^2,

to opoÐo eÐnai prĹgmati to W_C (z). ii) ’Eqoume W_C (z) = 1 + z^2. Tìte:

W_C⊥ (z) = 1 2 (1 + z)^2W_C ( 1 − z 1 + z ) = 1 2 [(1 + z)^2 + (1 − z)^2]

= 1 + z^2.

’Etsi,W_C⊥ (z) = W_C (z), ìpwc perimèname afoÔ o C eÐnai autoduikìc.

Gia touc polÔ mikroÔc kÿdikec, h qrăsh thc tautìthtac tou MacWilliams eÐnai ènac anapotelesmatikìc trìpoc upologismoÔ twn aparijmhtÿn bĹrouc, afoÔ autoÐ mporoÔn na upologisjoÔn apeujeÐac apì thn lÐsta twn kwdikÿn lèxewn.AllĹ upèjese ìti èqoume na upologÐsoume ton arijmhtă bĹrouc enoc [n, k]-kÿdika C sto GF(q) ìpou to k eÐnai arketĹ megĹlo. To na aparijmăsoume ta bĹrh ìlwn twn q^k kwdikÿn lèxewn mporeÐ na eÐnai polÔ dÔskolo. Wstìso, eĹn k eÐnai tìso megĹlo ÿste to n-k eÐnai mikrì, tìte o duikìc tou kÿdikac mporeÐ na eÐnai arketĹ mikrìc gia na brejoÔn oi aparijmhtèc bĹrouc tou kai sth sunèqeia mporeÐ na qrhsimopoihjeÐ h tautìthta tou MacWilliams , ÿste na brejoÔn oi aparijmhtèc bĹrouc tou C.

Gia parĹdeigma, o duadikìc kÿdikac Hamming Ham(r, 2) èqei diastash 2^r − 1 − r, opìte o arijmìc twn kwdikÿn lèxewn tou Ham(r, 2) einai 2^{2r −1−r}, ènac megĹloc arijmìc akìmh kai gia mikrèc timèc tou r. AllĹ o duikìc tou kÿdikac èqei mìno 2^r kwdikèc lèxeic kai, ìpwc ja doÔme sÔntoma, èqei èna idiaÐtera aplì aparijmhtă bĹrouc. Ek toÔtou o aparijmhtăc bĹrouc tou Ham(r, 2) eÔkola prosdiorÐzetai. Ac doÔme arqikĹ mia eidikă perÐptwsh.

ParĹdeigma 1.9 ’Estw C ènac duadikìc [7, 4]−Hamming. Tìte o duikìc tou kÿdikac C^⊥ èqei gennătora pÐnaka:

0 0 0 1 1 1 1 0 1 1 0 0 1 1 1 0 1 0 1 0 1 .

’Otan upologÐzoume to W_c⊥ (z) ap’ eujeÐac, kĹnontac lÐsta tic kwdikèc lèxeic, brÐskoume ìti kajemiĹ apì tic mh-mhdenikèc kwdikèc lèxeic èqei bĹroc 4 (to epìmeno jeÿrhma deÐqnei ìti eutì den eÐnai memonwmèno fainìmeno, ìson aforĹ touc kÿdikec Hamming.) ’Etsi,

W_C⊥ (z) = 1 + 7z^4,

opìte o aparijmhtăc bĹrouc tou C eÐnai apì thn exÐswsh (1.7), 1 8 [(1 + z)^7 + 7(1 − z)^4(1 + z)^3] = 1 + 7z^3 + 7z^4 + z^7.

Jeÿrhma 1.10 An C ènac duadikìc kÿdikac Hamming Ham(r, 2). Tìte kĹje mh mhdenikă kwdikă lèxh tou C^⊥ èqei bĹroc 2^{r−1}.

Apìdeixh: ’Estw,

H = h_1 h_2 . . . h_r = h_{11} h_{12} . . . h_{1n} h_{21} h_{22} . . . h_{2n} . . . . . . . . . . . . . . . . . . h_{r1} h_{r2} . . . h_{rn} .

na eÐnai o pÐnakac elègqou isotimÐac tou C ìpou oi grammèc tou H dhlÿnontai me h_1, h_2, ..., h_r.Tìte mia mh-mhdenikă kwdikă lèxh c tou C^⊥ eÐnai èna diĹnusma me tÔpo c = ∑_r i=1 λ_ih_i gia kĹpoiouc arijmoÔc λ_1, λ_2, ..., λ_r ìqi ìloi mhdèn. Ja broÔme to bĹroc tou C upologÐzontac ton arijmì n_0(c) twn mhdenikÿn sunistwsÿn tou c kai metĹ afairoÔme to n_0(c) apì to măkoc n. Tÿra to c ja èqei èna mhdenikì sthn j-ostă jèsh an kai mìno an ∑_r i=1 λ_ih_{ij} = 0 to opoÐo eÐnai an kai mìno an ∑_r i=1 λ_ix_i = 0, ìpou (x_1x_2...x_r)^⊤ eÐnai h j-ostă stălh tou H. AfoÔ o C eÐnai ènac Hamming kÿdikac, oi stălec tou H eÐnai ta mh mhdenikĹ dianÔsmata tou V (r, 2) kai ètsi to n_0(c) eÐnai Ðso me ton arijmì twn mh-mhdenikÿn dianusmĹtwn tou sunìlou: X = {(x_1x_2...x_r) ∈ V (r, 2)| r∑ i=1 λ_ix_i = 0}, to opoÐo eÐnai n_0(c) = |X| − 1.

EÐnai eÔkolo na doÔme ìti to X eÐnai ènac upìqwroc tou V (r, 2), (r − 1) diastashc (gia parĹdeigma dèc to X san to duikì kÿdika tou [r, 1]−kÿdika, o opoÐoc èqei pinaka gennătora [λ_1λ_2...λ_r], ètsi ÿste dim(X) = r − 1 ). ’Etsi,

|X| = 2^{r−1} kai tìte n_0(c) = 2^{r−1} − 1.

(Shmeiÿnoume ìti to n_0(c) eÐnai anexĹrthto thc epilogăc twn mh-mhdenikÿn lèxewn c tou C^⊥). ’Etsi,

w(c) = n − n_0(c) = 2^r − 1 − (2^{r−1} − 1) = 2^{r−1}. □

Pìrisma 1.11 O aparijmhtăc bĹrouc tou duadikoÔ kÿdika Hamming Ham(r, 2). măkouc n = 2^r − 1, eÐnai: 1 2^r

[(1 + z)^n + n(1 − z^2)^{(n−1)/2}(1 − z)].

Apìdeixh:

Autì prokÔptei Ĺmesa apì thn tautìthta tou MacWilliams. Xèroume ìti ìlec oi mh-mhdenikèc kwdikèc lèxeic tou duikoÔ kÿdika C^⊥ tou Hamming Ham(r, 2) èqoun bĹroc 2^{r−1}, (Jeÿrhma 1.10) tote o aparijmhtăc bĹrouc tou eÐnai

W_C⊥ (z) = 1 + (2^r − 1)z^{2r−1} = 1 + nz^{2r−1}

QrhsimopoioÔme thn tautìthta tou MacWilliams gia na broÔme ton aparijmhtă bĹrouc tou C, o opoÐoc eÐnai:

W_C = 1 2^r

(1 + z)^nW_{C⊥} (1 − z 1 + z )

= 1 2^r

(1 + z)^n[1 + n (1 − z 1 + z )_2r−1 ] = 1 2^r

(1 + z)^n[1 + n (1 − z 1 + z

)_2(n+1)/2 ] = 1 2^r

[(1 + z)^n + n(1 − z^2)^{(n−1)/2}(1 − z)].

2 Pijanìthta twn mh aniqneÔsimwn lajÿn

Jèloume na broÔme to P_{undetec}(C) gia èna duadikì [n, k]−kÿdika C. Jeÿrhma 2.1 Ac eÐnai C ènac duadikìc [n, k]−kÿdikac kai èstw ìti me A_i dhlÿnoume to plăjoc twn kwdikÿn lèxewn tou C me bĹroc i .Tìte, eĹn o C qrhsimopoièitai gia anÐqneush lajÿn, h pijanìthta na lambĹnetai èna lanjasmèno mănuma qwrÐc na aniqneuteÐ eÐnai, P_{undetec}(C) = n∑ i=1 A_ip^i(1 − p)^{n−i}.

ShmeÐwsh:

KĹje sÔmbolo pou lambĹnetai èqei thn Ðdia pijanìthta lĹjouc p.

EĹn mia duadikă kwdikă lèxh măkouc n ekpèmpetai h pijanìthta na mhn epèljei kanèna lĹjoc eÐnai (1−p)^n, enÿ h pijanìthta na èqei lĹjoc akribÿc se i sugkekrimènec jèseic eÐnai p^i(1−p)^{n−i}.

Tìte ja eÐnai: P_{undetec}(C) = n∑ i=1 A_ip^i(1 − p)^{n−i}

= (1 − p)^n n∑ i=1 A_i( p 1 − p )^i.

Efìson,

W_C ( p 1 − p ) = n∑ i=0 A_i( p 1 − p )^i.

kai epeidă A_0 = 1, èqoume: P_{undetec}(C) = (1 − p)^n[W_C ( p 1 − p ) − 1] (2.2)

EĹn xèroume to W_C (z), tìte mporoÔme na broÔme to P_{undetec}(C) apì thn exÐswsh (2.2). EĹn xèroume mìno to W_C⊥ (z) gia na arqÐsoume, tìte qrhsimopoioÔme thn tautìthta tou MacWilliams (1.7) gia na upologÐsoume to W_C (z), kai metĹ qrhsimopoiăsoume thn exÐswsh (2.2). EnallaktikĹ, mporoume na qrhsimopoiăsoume ton tÔpo: P_{undetec}(C) = 1 2^{n−k} W_C⊥ (1 − 2p) − (1 − p)^n.

pou dÐnei to P_{undetec}(C) apeujeÐac sunartăsei tou W_C⊥ (z) apofeÔgontac touc endiĹmesouc upologismoÔc tou W_C (z).

Parapompèc 1) MacWilliams, F.J.(1963). A theorem on the distribution of weights in a systematic code. Bell Syst. Tech. J . 42, 79-94. [13] 2) Sloane, N . J . A .(1977).The theory of error-correcting codes. North-Holland, Amsterdam. [Pref., 2, 8, 9, 11-15, 16]