FullŘdio 1^o ’Askhsh 1 (i) An Śnac kŤdikac C wc proc to sŤma F_3 eŢnai tŰpou (3, M, 2), tŞte M ≤ 9. (ii) ApodeŢxte Şti upŘrqei Śnac (3, 9, 2) kŤdikac wc proc to F_3 . (iii) GenikeŰste ta apotelŚsmata twn (i) (ii) se (3, M, 2) kŤdikec wc proc to sŤma F_q .

(iv) ApodeŢxte Şti A_q(3, 2) = q^2.

(iii),(iv) ApŞ to frŘgma Singleton M ≤ q^n�^{d+1} dhl. M ≤ q^3�^{2+1} = q^2. Gia na isqŰei A_q(3, 2) = q^2 prŚpei na deiqjeŢ Şti upŘrqei kŤdikac (3, M, 2) me M = q^2. ’Estw kŤdikac C = {xx_3 : x = x_1x_2 ∈ F^2_q kai x_3 = x_1 ⊗ x_2}, Şpou ⊗ eŢnai h prŞsjesh modulo − q. IsqŰei Şti |C| = | |F^2_q | | = q^2 GnwrŢzoume epŢshc Şti ∀x, y ∈ F^2_q , d(x, y) ≥ 1. jewroŰme dŰo kwdikŚc lŚxeic xx_3, yy_3 ∈ C gia tic opoŢec isqŰei d(x, y) = 1, gegonŞc pou sunepŘgetai Şti x_1 ⊕ x_2 ⊕ y_1 ⊕ y_2 = 1 kai d(xx_3, yy_3) = 2∑ i=1 x_i ⊕ y_i + x_1 ⊕ x_2 ⊕ y_1 ⊕ y_2 = 1 + 1 = 2

’Ara d_{min}(C) = 2 kai o C eŢnai Śnac (3, q^2, 2) kŤdikac. EpomŚnwc A_q(3, 2) = q^2. JŚtontac q = 3 prokŰptoun Şmoia oi apantŠseic sta upoerwtŠmata (i),(ii).

’Askhsh 2 ’Estw E_n to sŰnolo Şlwn twn dianusmŘtwn tou F^n_2 ta opoŢa Śqoun Řrtio bŘroc. Na apodeŢxete Şti to E_n eŢnai o kŤdikac C pou prokŰptei prosjŚtontac pantoŰ to sŰmbolo elŚgqou isotimŢac (parity check) ston kŤdika F^n�^1_2 . Na sumperŘnete Şti o E_n eŢnai Śnac (n, 2^n�^1, 2) kŤdikac. ApŞ thn ekfŤnhsh C = { xx_n : x = x_1x_2 . . . x_n�_1 ∈ F^n�^1_2 kai x_n = n�1⨁ i=1 x_i }

Şpou n⨁ k=1 x_k = x_1 ⊕ x_2 ⊕ . . . ⊕ x_n

PrŚpei na deŢxoume Şti C = E_n.

• ApodeiknŰoume arqikŘ Şti C ⊂ E_n. Gia kŘje xx_n ∈ C isqŰoun ta exŠc (a) w(xx_n) = w(x) + x_n kai (b) eŘn x_n = 0 ⇒ w(x) Řrtioc ⇒ w(xx_n) = w(x) + 0 Řrtioc (g) eŘn x_n = 1 ⇒ w(x) perittŞc ⇒ w(xx_n) = w(x) + 1 Řrtioc. ’Ara se kŘje perŢptwsh o w(xx_n) eŢnai Řrtioc opŞte xx_n ∈ E_n. ’Ara C ⊂ E_n.

• ApodeiknŰoume sth sunŚqeia Şti E_n ⊂ C. Gia kŘje y = y_1y_2 . . . y_n ∈ E_n isqŰei Şti w(y) Řrtioc. EpomŚnwc

(a) eŘn y_n = 0 ⇒ w(y_1y_2 . . . y_n�_1) Řrtioc ⇒ n�1⨁ i=1 y_i = 0

(b) eŘn y_n = 1 ⇒ w(y_1y_2 . . . y_n�_1) perittŞc ⇒ n�1⨁ i=1 y_i = 1.

’Ara gia kŘje y ∈ E_n isqŰei Şti n�1⨁ i=1 y_i = y_n dhl. y ∈ C. OpŞte E_n ⊂ C.

ApŞ to gegonŞc Şti E_n = C Śqoume |E_n| = |C| = | |F^n�^1_2 | | = 2^n�^1

EpŢshc ∀x, y ∈ F^n�^1_2 , d(x, y) ≥ 1. jewroŰme dŰo kwdikŚc lŚxeic xx_n, yy_n ∈ C gia tic opoŢec isqŰei d(x, y) = 1, gegonŞc pou sunepŘgetai Şti n�1⨁ i=1 (x_i ⊕ y_i) = n�2⨁ k=1 0 + 1 = 1 kai d(xx_n, yy_n) = n�1∑ i=1 x_i ⊕ y_i + n�1⨁ i=1 (x_i ⊕ y_i) = 1 + 1 = 2

’Ara d_{min}(C) = 2 kai o C eŢnai Śnac (n, 2^n�^1, 2) kŤdikac. ’Askhsh 3 An oi parŘmetroi enŞc block design eŢnai (b, u, r, κ, λ), tŞte na apodeŢxete Şti (i) bκ = ur (ii) r(κ − 1) = λ(u − 1) AkoloujoŰn ta blocks enŞc (11, 5, 2) design: {1,3,4,5,9} {2,4,5,6,10} {3,5,6,7,11} {1,4,6,7,8} {2,5,7,8,9} {3,6,8,9,10} {4,7,9,10,11} {1,5,8,10,11} {1,2,6,9,11} {1,2,3,7,10} {2,3,4,8,11} Na ta qrhsimopoiŠsete gia na kataskeuŘsete Śnan (11, 24, 5) kŤdika. (i) SumbolŢzontac me Σ to sunolikŞ arijmŞ shmeŢwn Şlwn twn blocks isqŰoun oi parakŘtw sqŚseic:

Σ = (arijmŞc shmeŢwn/block)(arijmŞc blocks) = κb kai Σ = (arijmŞc twn blocks sta opoŢa emfanŢzetai kŘje shmeŢo)(arijmŞc shmeŢwn) = ru

opŞte bκ = ru.

(ii) ParathroŰme Şti gia kŘje shmeŢo x tou design, rκ eŢnai o sunolikŞc arijmŞc twn shmeŢwn pou periŚqontai sta r blocks sta opoŢa emfanŢzetai to shmeŢo x tou design. AfairŤntac ton arijmŞ r twn emfanŢsewn tou x, prokŰptei o sunolikŞc arijmŞc Σ_x emfŘnishc Şlwn twn shmeŢwn y ≠ x sta blocks pou emfanŢzetai to x: Σ_x = rκ − r = r(κ − 1)

ApŞ thn Řllh gnwrŢzoume Şti to shmeŢo x emfanŢzetai apŞ koinoŰ me to kajŚna apŞ ta upŞloipa (u − 1) shmeŢa tou design se λ blocks. EpomŚnwc

Σ_x = λ(u − 1)

opŞte r(κ − 1) = λ(u − 1).

Gia to (11, 5, 2) design thc ekfŤnhshc isqŰei b = 11, κ = 5, λ = 2, u = 11 kai r = κb u = 5 · 11 11 , enŤ o 11 × 11 incidence pŢnakac A = [a_{ij}] tou design eŢnai o exŠc:

bl_1 bl_2 bl_3 bl_4 bl_5 bl_6 bl_7 bl_8 bl_9 bl_{10} bl_{11} 1 1 0 0 1 0 0 0 1 1 1 0 2 0 1 0 0 1 0 0 0 1 1 1 3 1 0 1 0 0 1 0 0 0 1 1 4 1 1 0 1 0 0 1 0 0 0 1 5 1 1 1 0 1 0 0 1 0 0 0 6 0 1 1 1 0 1 0 0 1 0 0 7 0 0 1 1 1 0 1 0 0 1 0 8 0 0 0 1 1 1 0 1 0 0 1 9 1 0 0 0 1 1 1 0 1 0 0 10 0 1 0 0 0 1 1 1 0 1 0 11 0 0 1 0 0 0 1 1 1 0 1

ApŞ to gegonŞc Şti kŘje shmeŢo i emfanŢzetai se r = 5 blocks prokŰptei Şti gia kŘje grammŠ a_i tou A isqŰei w(a_i) = 5. EpiplŚon, gnwrŢzoume Şti kŘje zeŰgoc shmeŢwn (i, j) emfanŢzetai se akribŤc λ = 2 blocks, bl_k kai bl_l. AutŞ sunepŘgetai Şti isqŰei a_{ik} = a_{jk} = a_{il} = a_{jl} = 1 gia tic jŚseic k,l twn grammŤn a_i,a_j, enŤ upŘrqoun epiplŚon 2(5 − 2) = 6 jŚseic m,gia tic opoŢec isqŰei a_{im} ≠ a_{jm}. ’Ara d(a_i, a_j) = 6, ∀i, j ∈ {1, 2, . . . , 11}, (i ≠ j) ShmeiŤnetai Şti stic upŞloipec 11 − 2 − 6 = 3 jŚseic z isqŰei a_{iz} = a_{jz} = 0, enŤ oi jŚseic z mazŢ me tic jŚseic k kai l apoteloŰn thn tomŠ a_i ∩ a_j twn dŰo grammŤn. JewroŰme epŢshc ton pŢnaka B = [b_{ij}] = [1⊕a_{ij}] kai ton kŤdika C pou Śqei wc kwdikŚc lŚxeic tic grammŚc twn A, B, to mhdenikŞ 1 × 11 diŘnusma 0 kai to sumplhrwmatikŞ tou diŘnusma 1. AfoŰ kŘje grammŠ b_i tou B prokŰptei apŞ to sumplŠrwma twn stoiqeŢwn thc grammŠc a_i tou A isqŰei Şti d(a_i, b_i) = 11. An b_i, b_j eŢnai oi grammŚc tou B pou prokŰptoun apŞ tic grammŚc a_i, a_j tou A antŢstoiqa tŞte

• stic dŰo jŚseic k, l gia tic opoŢec isqŰei a_{ik} = a_{jk} = a_{il} = a_{jl} = 1 isqŰei b_{ik} = b_{jk} = b_{il} = b_{jl} = 0

• stic Śxi jŚseic m gia tic opoŢec isqŰei a_{im} ≠ a_{jm}, isqŰei b_{im} ≠ b_{jm}

• stic treŢc jŚseic z gia tic opoŢec isqŰei a_{iz} = a_{jz} = 0, isqŰei Şti b_{iz} = b_{jz} = 1.

’Ara d(b_i, b_j) = 6, ∀i, j ∈ {1, 2, . . . , 11}, (i ≠ j) TŚloc, jewroŰme tic grammŚc a_i tou A kai b_j = 1 ⊕ a_j tou B gia i ≠ j kai 1 ≤ i, j ≤ 11. ’Eqoume Şti

• stic dŰo jŚseic k, l gia tic opoŢec isqŰei a_{ik} = a_{jk} = a_{il} = a_{jl} = 1 isqŰei a_{ik} ≠ b_{jk}, a_{il} ≠ b_{jl} • stic Śxi jŚseic m gia tic opoŢec isqŰei a_{im} ≠ a_{jm}, isqŰei a_{im} = b_{jm} • stic treŢc jŚseic z gia tic opoŢec isqŰei a_{iz} = a_{jz} = 0, isqŰei Şti a_{iz} ≠ b_{jz} opŞte d(a_i, b_j) = 3 + 2 = 5, ∀i, j ∈ {1, 2, . . . , 11}, (i ≠ j) EpŢshc d(a_i, 0) = d(b_i, 1) = 5 kai d(a_i, 1) = d(b_i, 0) = 6. ’Ara d_{min}(C) = 5, enŤ |C| = 24 kai n = 11, dhl. o C eŢnai Śnac (11, 24, 5) kŤdikac.