FullŘdio 2^o

’Askhsh 1

Sthn ’Askhsh 3 tou prŤtou fulladŢou o (11, 24, 5) kŤdikac C pou kataskeuŘsate eŢnai grammikŞc;

Gia na eŢnai o kŤdikac C grammikŞc, ja prŚpei na eŢnai dianusmatikŞc upŞqwroc tou F^{11}_2 . EpomŚnwc ja prŚpei na isqŰei: (i) ∀ x, y ∈ C ⇒ x ⊕ y ∈ C (ii) ∀λ ∈ F_2 , x ∈ C ⇒ λx ∈ C.

O incidence pŢnakac A = [a_{ij} ] thc Řskhshc Štan o exŠc:

bl_1 bl_2 bl_3 bl_4 bl_5 bl_6 bl_7 bl_8 bl_9 bl_{10} bl_{11} 1 1 0 0 1 0 0 0 1 1 1 0 2 0 1 0 0 1 0 0 0 1 1 1 3 1 0 1 0 0 1 0 0 0 1 1 4 1 1 0 1 0 0 1 0 0 0 1 5 1 1 1 0 1 0 0 1 0 0 0 6 0 1 1 1 0 1 0 0 1 0 0 7 0 0 1 1 1 0 1 0 0 1 0 8 0 0 0 1 1 1 0 1 0 0 1 9 1 0 0 0 1 1 1 0 1 0 0 10 0 1 0 0 0 1 1 1 0 1 0 11 0 0 1 0 0 0 1 1 1 0 1

enŤ o kŤdikac C perilambŘnei epiplŚon tic grammŚc tou pŢnaka B = [b_{ij} ] = [1 ⊕ a_{ij} ], to mhdenikŞ 1 × 11 diŘnusma 0 kajŤc kai to sumplhrwmatikŞ tou diŘnusma 1. ParathroŰme Şti gia tic 2 prŤtec grammŚc a_1, a_2 tou pŢnaka A, isqŰei:

a_1 ⊕ a_2 = (11011001001) ∉ A

afoŰ w(a_1 ⊕a_2) = 6. EpiplŚon a_1 ⊕a_2 ∉ B, enŤ profanŤc a_1 ⊕a_2 ≠ 0 kai a_1 ⊕a_2 ≠ 1. EpomŚnwc a_1 ⊕ a_2 ∉ C kai efŞson den isqŰei h apaŢthsh (i), o kŤdikac C den eŢnai dianusmatikŞc upŞqwroc tou F^{11}_2 . ’Ara den eŢnai grammikŞc.

’Askhsh 2 Na apodeŢxete Şti to sŰnolo E_n (dec kai ’Askhsh 2 tou fulladŢou 1) eŢnai dianusmatikŞc upŞqwroc tou F^n_2 . PŞso eŢnai h diŘstash tou E_n; Na breŢte mia bŘsh tou E_n.

Gia na eŢnai to E_n dianusmatikŞc upŞqwroc tou F^n_2 ja prŚpei (i) ∀λ ∈ F_2 , x ∈ E_n ⇒ λx ∈ E_n (ii) ∀ x, y ∈ E_n ⇒ x ⊕ y ∈ E_n x ∈ E_n ⇒ λx ∈ E_n. (i) EŘn 0 eŢnai to mhdenikŞ diŘnusma tou F^n_2 isqŰei

• 0 · x = 0, w(0) = 0 Řrtioc kai 0 ∈ E_n • 1 · x = x ∈ E_n (ii) ’Estw x, y ∈ E_n. TŞte x = xx_n, y = yy_n gia kŘpoia x, y ∈ F^n�^1_2 kai x_n = n�1⨁ i=1 x_i,

y_n = n�1⨁ i=1 y_i.

GnwrŢzoume epŢshc pwc isqŰei genikŞtera ∀ u, v ∈ F^k_2 d(u, v) = w(u) + w(v) − 2w(u ∩ v) (1) Şpou u∩v = {u_i, v_i : u_i = v_i, i ∈ {1, 2, . . . , k}}. Gia na isqŰei Şti to x⊕y ∈ E_n ja prŚpei o w(x ⊕ y) na eŢnai Řrtioc. IsqŰei w(x ⊕ y) = n�1∑ i=1 x_i ⊕ y_i +

(_n�_1 ⨁ i=1 x_i ) ⊕ (_n�_1 ⨁ i=1 y_i )

= d(x, y) + (_n�_1 ⨁ i=1 x_i ) ⊕ (_n�_1 ⨁ i=1 y_i ) (2) ApŞ thn (1) isqŰei Şti d(x, y) = w(x) + w(y) − 2w(x ∩ y) (3) DiakrŢnoume tic exŠc periptŤseic:

• EŘn w(x) perittŞc kai w(y) Řrtioc tŞte n�1⨁ i=1 x_i = 1, n�1⨁ i=1 y_i = 0 enŤ apŞ thn (3) d(x, y) perittŞc, gegonŞc pou sunepŘgetai apŞ th (2) Şti w(x ⊕ y) Řrtioc. To Ţdio sumperaŢnoume eŘn w(x) Řrtioc kai w(y) perittŞc.

• ’Omoia, eŘn w(x) Řrtioc kai w(y) Řrtioc h (2) dŢnei Şti w(x ⊕ y) Řrtioc.

’Ara se kŘje perŢptwsh, eŘn x, y ∈ E_n, tŞte x ⊕ y ∈ E_n.

EfŞson plhroŰntai oi (i), (ii), to E_n eŢnai dianusmatikŞc upŞqwroc tou F^n_2 . DiŘstash kai bŘsh tou qŤrou E_n: Gia kŘje x = (x_1, x_2, . . . , x_n�_1, x_n) ∈ E_n, isqŰei Şti x = (x_1, x_2, . . . , x_n�_1, n�1⨁ i=1 ) = x_1(1, 0, . . . , 0, 1) ⊕ x_2(0, 1, . . . , 0, 1) ⊕ · · · ⊕ x_n�_1(0, 0, . . . , 1, 1) = x_1(e_1, 1) ⊕ x_2(e_2, 1) ⊕ · · · ⊕ x_n�_1(e_n�_1, 1) = n�1⨁ i=1 x_i(e_i, 1) (4)

Şpou e_i (1 ≤ i ≤ n − 1), eŢnai ta n − 1 grammikŤc anexŘrthta dianŰsmata thc orjokanonikŠc bŘshc tou F^n�^1_2 . ParathroŰme epŢshc pwc kai ta dianŰsmata (e_i, 1) (1 ≤ i ≤ n − 1), eŢnai grammikŤc anexŘrthta dianŰsmata tou E_n. EpomŚnwc apŞ thn (4) sumperaŢnoume Şti kŘje x ∈ E_n grŘfetai wc grammikŞc sunduasmŞc twn n − 1 grammikŤc anexartŠtwn dianusmŘtwn (e_i, 1). Dhl. h diŘstash tou qŤrou E_n eŢnai n − 1 kai mia bŘsh tou apoteloŰn ta dianŰsmata (e_i, 1), (1 ≤ i ≤ n − 1).

’Askhsh 3

PoiŚc eŢnai oi parŘmetroi [n, k, d] tou grammikoŰ kŤdika E_n; Na grŘyete ton pŢnaka gennŠtora autoŰ se kanonikŠ morfŠ.

To mŠkoc twn kwdikŤn lŚxewn eŢnai n, opŞte h prŤth parŘmetroc eŢnai n. ApŞ to gegonŞc Şti Śqoume n − 1 yhfŢa eisŞdou isqŰei k = n − 1. TŚloc,

d_{min}(E_n) = min{w(x) : x ∈ E_n, x ≠ 0} = 2

Şpou 0 eŢnai to mhdenikŞ diŘnusma tou E_n. ’Ara d = 2.

ApŞ thn (4), o gennŠtorac pŢnakac G tou E_n ja mporoŰse na Śqei wc grammŚc ta n − 1 grammikŤc anexŘrthta dianŰsmata (e_i, 1), (1 ≤ i ≤ n − 1):

G = e_1 1 e_2 1 . . . . e_n�_1 1

O pŢnakac G Śqei diastŘseic (n − 1) × n kai eŢnai se kanonikŠ morfŠ.

’Askhsh 4 DŢnetai o grammikŞc [6, 3] kŤdikac wc proc to sŤma F_3 , me gennŠtora pŢnaka

G = 0 0 0 1 1 1 0 1 1 0 1 2 1 0 2 0 1 1 Na grŘyete ton G sthn kanonikŠ tou morfŠ.

Me antimetŘjesh thc 1hc kai 4hc stŠlhc tou G, prokŰptei o isodŰnamoc pŢnakac G_1:

G_1 =

1 0 0 0 1 1 0 1 1 0 1 2 0 0 2 1 1 1 Me antimetŘjesh thc 3hc kai 4hc stŠlhc tou G_1, prokŰptei o isodŰnamoc pŢnakac G_2:

G_2 =

1 0 0 0 1 1 0 1 0 1 1 2 0 0 1 2 1 1 o opoŢoc eŢnai se kanonikŠ morfŠ kai apoteleŢ thn kanonikŠ morfŠ tou G. ’Askhsh 5 An o C eŢnai duadikŞc grammikŞc kŤdikac, tŞte o kŤdikac pou prokŰptei prosjŚtontac sto tŚloc kŘje kwdikŠc lŚxhc to sŰmbolo elŚgqou isotimŢac eŢnai epŢshc grammikŞc. JewroŰme ton kŤdika C = { x_1x_2 . . . x_nx_{n+1} : x = x_1x_2 . . . x_n ∈ C kai x_{n+1} = n⨁ i=1 }

JewroŰme dŰo kwdikŚc lŚxeic tou kŤdika C, x, y. To Şti o C eŢnai grammikŞc sunepŘgetai Şti isqŰoun oi sqŚseic (i) 0 · x = 0_n ∈ C Şpou 0_n eŢnai to mhdenikŞ diŘnusma tou F^n_2 . (ii) x ⊕ y ∈ C. Gia tic antŢstoiqec kwdikŚc lŚxeic xx_{n+1}, yy_{n+1} tou kŤdika C isqŰoun ta exŠc:

• 0 · xx_{n+1} = 0_{n+1} ∈ C, efŞson apŞ thn (i), 0_n ∈ C kai n⨁ i=1 0 = 0 kai

• an jŚsoume z = x ⊕ y = (x_1 ⊕ y_1, x_2 ⊕ y_2, . . . , x_n ⊕ y_n) ja Śqoume:

xx_{n+1} ⊕ yy_{n+1} = ( x_1, x_2, . . . , x_n, n⨁ i=1 x_i ) ⊕ ( y_1, y_2, . . . , y_n, n⨁ i=1 y_i )

= ( x_1 ⊕ y_1, x_2 ⊕ y_2, . . . , x_n ⊕ y_n, (_n ⨁ i=1 x_i ) ⊕ (_n ⨁ i=1 y_i ))

= (x ⊕ y, n⨁ i=1 (x_i ⊕ y_i))

= (z, n⨁ i=1 (x_i ⊕ y_i))

opŞte xx_{n+1} ⊕ yy_{n+1} ∈ C, diŞti apŞ th (ii), z ∈ C kai n⨁ i=1 (x_i ⊕ y_i) = n⨁ i=1 z_i.

EpomŚmwc isqŰoun oi (i),(ii) kai gia ton C, opŞte o kŤdikac C eŢnai grammikŞc. ’Askhsh 7 Na breŢte Śna gennŠtora pŢnaka gia Śna duadikŞ [8, 4, 4] kŤdika. GnwrŢzoume pwc o pŢnakac isotimŢac H egguŘtai Şti o kŤdikac ja Śqei d_{min} = 4, eŘn o elŘqistoc arijmŞc twn grammikŤc exarthmŚnwn sthlŤn tou mld(H) eŢnai Ţsoc me 4. EpomŚnwc, arkeŢ na kataskeuŘsoume ton 4 × 8 pŢnaka H, Śtsi Ťste oi stŠlec tou ana treic na eŢnai grammikŘ anexŘrthtec.

XekinŘme thn kataskeuŠ tou H, jewrŤntac wc 1h stŠlh tou, mŢa apŞ tic 2^4 − 1 = 15 mŠ mhdenikŚc tetrŘdec tou F^4_2 , Śstw th (1, 0, 0, 0)^T kai wc 2h mŢa apŞ tic upŞloipec 14, Śstw th (0, 1, 0, 0)^T . SumbolŢzontac wc H_s to sŰnolo twn Šdh epilegmŚnwn tetrŘdwn ja Śqoume H_s = {(1, 0, 0, 0)^T , (0, 1, 0, 0)^T } enŤ eŘn wc H_{us} sumbolŢsoume to sŰnolo twn proc epilogŠ tetrŘdwn isqŰei H_{us} = F^4_2 − H_s − H_r Şpou H_r eŢnai to sŰnolo twn tetrŘdwn pou aporrŢptontai kŘje forŘ Şpwc ja doŰme amŚswc pio kŘtw. Gia thn Ťra H_r = {(0, 0, 0, 0)^T }.

KŘje forŘ pou epilŚgoume mia stŠlh tou H_s thn afairoŰme apŞ to H_{us}. Gia na suneqŢsoume prŚpei na afairŚsoume (aporrŢyoume) apŞ to sŰnolo twn proc epilogŠ tetrŘdwn, ekeŢnec pou prokŰptoun apŞ to grammikŞ sunduasmŞ twn 2 sthlŤn pou Śqoun Šdh epilegeŢ, afoŰ apaiteŢtai oi stŠlec tou H na eŢnai ana treŢc grammikŘ anexŘrthtec (dhl. kamŢa apŞ tic treŢc na mŠ grŘfetai wc grammikŞc sunduasmŞc twn dŰo Řllwn). H tetrŘda pou afaireŢtai eŢnai h (1, 1, 0, 0)^T . SumbolŢzontac, Şpwc eŢpame, wc H_r to sŰnolo twn tetrŘdwn pou kŘje forŘ aporrŢptontai Śqoume Şti

H_r = {(0, 0, 0, 0)^T , (1, 1, 0, 0)^T }.

SuneqŢzoume epilŚgontac mŢa apŞ tic tetrŘdec tou H_{us}, Śstw th (0, 0, 1, 0)^T . OpŞte

H_s = {(1, 0, 0, 0)^T , (0, 1, 0, 0)^T , (0, 0, 1, 0)^T }

kai afairoŰme apŞ to sŰnolo H_{us} tic tetrŘdec pou prokŰptoun wc grammikŞc sunduasmŞc thc nŚac stŠlhc me mŢa ek twn sthlŤn tou H_s pou eŢqan eisaqjeŢ se prohgoŰmena bŠmata. TautŞqrona eisŘgoume tic afairejeŢsec tetrŘdec sto H_r. AutŚc eŢnai oi (1, 0, 1, 0)^T , (0, 1, 1, 0)^T opŞte

H_r = {(0, 0, 0, 0)^T , (1, 1, 0, 0)^T , (1, 0, 1, 0)^T , (0, 1, 1, 0)^T }

Sto epŞmeno bŠma epilŚgoume gia parŘdeigma thn tetrŘda (1, 1, 1, 0)^T apŞ to H_{us}. AfairŤntac Şpwc prin apŞ to H_{us} (kai eisŘgontac sto H_r) tic tetrŘdec pou apoteloŰn grammikŞ sunduasmŞ thc (1, 1, 1, 0)^T me kŘje mia apŞ tic upŞloipec stŠlec tou H_s Śqoume:

H_s = {(1, 0, 0, 0)^T , (0, 1, 0, 0)^T , (0, 0, 1, 0)^T , (1, 1, 1, 0)^T }

H_r = {(0, 0, 0, 0)^T , (1, 1, 0, 0)^T , (1, 0, 1, 0)^T , (0, 1, 1, 0)^T }

dhl. oi tetrŘdec pou prokŰptoun wc grammikŞc sunduasmŞc thc (1, 1, 1, 0)^T me tic upŞloipec stŠlec tou H_s, Śqoun afairejeŢ Šdh apŞ to H_{us}. EpilŚgontac (1, 1, 0, 1):

H_s = {(1, 0, 0, 0)^T , (0, 1, 0, 0)^T , (0, 0, 1, 0)^T , (1, 1, 1, 0)^T , (1, 1, 0, 1)^T }

H_r = { (0, 0, 0, 0)^T , (1, 1, 0, 0)^T , (1, 0, 1, 0)^T , (0, 1, 1, 0)^T (1, 0, 0, 1)^T , (0, 1, 0, 1)^T , (0, 0, 1, 1)^T , (1, 1, 1, 1)^T }

H_{us} = {(0, 0, 0, 1)^T , (0, 1, 1, 1)^T , (1, 0, 1, 1)^T }.

S’ autŞ to shmeŢo, parathroŰme Şti eŘn katŘ th sunŚqish thc diadikasŢac aporrifjeŢ kŘpoia apŞ tic tetrŘdec tou H_{us} wc grammikŞc sunduasmŞc 2 sthlŤn tou H_s, den upŘrqei trŞpoc na kataskeuŘsoume ton H wc Śna 4 × 8 pŢnaka anexartŠtwn anŘ treic tetrŘdwn, Š alliŤc de mporoŰme na kataskeuŘsoume grammikŞ [8, 4, 4] kŤdika. KŘti tŚtoio den isqŰei sth sugkekrimŚnh perŢptwsh opŞte epilŚgontac diadoqikŘ tic tetrŘdec (0, 0, 0, 1)^T , (0, 1, 1, 1)^T , (1, 0, 1, 1)^T , prokŰptei h telikŠ katŘstash twn sunŞlwn:

H_s = { (1, 0, 0, 0)^T , (0, 1, 0, 0)^T , (0, 0, 1, 0)^T , (1, 1, 1, 0)^T (1, 1, 0, 1)^T , (0, 0, 0, 1)^T , (0, 1, 1, 1)^T , (1, 0, 1, 1)^T }

H_r = { (0, 0, 0, 0)^T , (1, 1, 0, 0)^T , (1, 0, 1, 0)^T , (0, 1, 1, 0)^T (1, 0, 0, 1)^T , (0, 1, 0, 1)^T , (0, 0, 1, 1)^T , (1, 1, 1, 1)^T }

H_{us} = ∅. EpomŚnwc

H = 1 0 0 1 1 0 0 1 0 1 0 1 1 0 1 0 0 0 1 1 0 0 1 1 0 0 0 0 1 1 1 1 .

Me anakatanomŠ sthlŤn prokŰptei h kanonikŠ morfŠ tou H:

H = 1 1 1 0 1 0 0 0 1 1 0 1 0 1 0 0 1 0 1 1 0 0 1 0 0 1 1 1 0 0 0 1 .

OpŞte

G = 1 0 0 0 1 1 1 0 0 1 0 0 1 1 0 1 0 0 1 0 1 0 1 1 0 0 0 1 0 1 1 1

eŢnai Śnac pŢnakac gennŠtorac tou kŤdika kai mŘlista se kanonikŠ morfŠ.