PANEPISTHMIO KRHTHS TMHMA EPISTHMHS UPOLOGISTWN TMHMA MAJHMATIKWN JewrŢa PlhroforŢac kai KwdikopoŢhshc FjinŞpwro 2002

2^h seirŘ askŠsewn

1. An H, G oi pŢnakec elŚgqou isotimŢac kai gennŠtorac pŢnakac antŢstoiqa enŞc kŤdika C, na apodeŢxete Şti: G · H^T = 0 kai H · G^T = 0 Gia kŘje grammŠ gi tou G, (1 ≤ i ≤ k) isqŰei: Hgi^T = 0 (1) diŞti oi gi apoteloŰn kwdikŚc lŚxeic tou C. GrŘfontac gia Şlec tic grammŚc tou G thn (1) se morfŠ pinŘkwn prokŰptei HG^T = 0. fiAnastrŚfontacfl kai ta dŰo mŚlh thc (1), Śqoume giH^T = 0 gia kŘje grammŠ tou G. EpomŚnwc GH^T = HG^T = 0.

2. An H o pŢnakac elŚgqou isotimŢac kai G o gennŠtorac pŢnakac, kŤdika C, na apodeŢxete Şti o G eŢnai pŢnakac elŚgqou isotimŢac kai o H gennŠtorac pŢnakac tou du˘koŰ kŤdika C^⊥.

Gia kŘje x ∈ C^⊥, y ∈ C isqŰei x · y^T = y · x^T = 0.

EpomŚnwc kai gia tic grammŚc gi tou G, (1 ≤ i ≤ k), oi opoŢec eŢnai kwdikŚc lŚxeic tou C, isqŰei gi · x^T = 0 gia kŘje x ∈ C^⊥. Se morfŠ pinŘkwn h parapŘnw sqŚsh grŘfetai Gx^T = 0, ∀x ∈ C^⊥. (2) EpomŚnwc o pŢnakac G eŢnai o pŢnakac elŚgqou isotimŢac tou kŤdika C^⊥. H exŢswsh (2) sunepŘgetai: xG^T = 0, ∀x ∈ C^⊥. (3) GnwrŢzoume pwc h (3) isqŰei gia kŘje grammŠ tou H, hj, (1 ≤ j ≤ n − k). AutŞ diŞti HG^T = 0. EpomŚnwc Şlec oi grammŚc hj, anŠkoun ston kŤdika C^⊥ kai wc (n − k) grammikŤc anexŘrthta dianŰsmata, parŘgoun ton kŤdika C^⊥. ’Ara o H eŢnai o gennŠtorac pŢnakac tou C^⊥.

3. Na sugkrŢnete ta frŘgmata Hamming, Singleton, Gilbert - Varshamov kai Plotkin gia duadikŞ kŤdika C Ştan [n, d] = [7, 5], [8, 5], [15, 9]. Gia ton [7, 5] kŤdika Śqoume gia ton arijmŞ kwdikŤn lŚxewn M = 2^k:

• ApŞ to frŘgma Hamming: M ≤ 2^7 1 + ( 7 1 ) + ( 7 2 )

dhl. M ≤ 4 Š k ≤ 2.

• ApŞ to frŘgma Singleton: M ≤ 2^{7−5+1} dhl. M ≤ 8 Š k ≤ 3.

• ApŞ to frŘgma Gilbert - Varshamov:

2^k <

2^7 1 + ( 6 1 ) + ( 6 2 ) + ( 6 3 )

dhl. 2^k < 3 Š k ≤ 1, M ≤ 2.

• TŚloc, apŞ to frŘgma Plotkin Śqoume: M ≤ 2d 2d − n opŞte gia n = 7, d = 5:

M ≤ 3.03 Š 2^k ≤ 3.03 dhl. k = 1.

’Ara, Şpwc prokŰptei apŞ ta dŰo teleutaŢa frŘgmata, upŘrqei opwsdŠpote kŤdikac [7, 1, 5].

Me Şmoio trŞpo gia to grammikŞ kŤdika [8, 5] Śqoume:

• apŞ to frŘgma Hamming, M ≤ 6 Š k ≤ 2, • apŞ to frŘgma Singleton, M ≤ 2^4 Š k ≤ 4, • apŞ to frŘgma Gilbert - Varshamov, 2^k < 4 Š k < 2 kai • apŞ to frŘgma Plotkin M ≤ 5 Š k ≤ 2.

’Ara, lŞgw tou frŘgmatoc Gilbert - Varshamov, upŘrqei opwsdŠpote [8, 1, 5] kŤdikac. Gia to grammikŞ kŤdika [15, 9] Śqoume:

• apŞ to frŘgma Hamming, M ≤ 16 Š k ≤ 4, • apŞ to frŘgma Singleton, M ≤ 2^7 Š k ≤ 7, • apŞ to frŘgma Gilbert - Varshamov, 2^k < 3.3 Š k ≤ 1 kai • apŞ to frŘgma Plotkin M ≤ 6, Š k ≤ 2.

’Ara, lŞgw tou frŘgmatoc Gilbert - Varshamov, upŘrqei opwsdŠpote kŤdikac [15, 1, 9]. 4. Na apodeŢxete Şti se grammikŞ duadikŞ kŤdika C, Şlec oi lŚxeic Śqoun Řrtio bŘroc Š oi misŚc Řrtio kai oi misŚc perittŞ.

’Estw Şti o grammikŞc kŤdikac C perilambŘnei mŢa Š perissŞterec kwdikŚc lŚxeic me perittŞ bŘroc. OrŢzoume th diamŚrish tou C se dŰo uposŰnola C_{odd}, kai C_{even} wc exŠc:

C_{odd} = {x ∈ C : w(x) perittŞc} C_{even} = {x ∈ C : w(x) Řrtioc}. ProfanŤc C_{odd} ∩ C_{even} = ∅ kai C_{odd} ∪ C_{even} = C opŞte |C_{odd}| + |C_{even}| = |C| (4) GnwrŢzoume epŢshc pwc isqŰei genikŞtera gia thn apŞstash twn u, v ∈ F^k_2 kai eidikŞtera stouc grammikoŰc kŤdikec kai gia to w(u ⊕ v) Şti: w(u ⊕ v) = d(u, v) = w(u) + w(v) − 2w(u ∩ v) (5) Şpou u ∩ v = {u_i, v_i : u_i = v_i, i ∈ {1, 2, . . . , k}}. Gia na apodeŢxoume Şti C_{odd} = C_{even}, jewroŰme sunŘrthsh f : C_{even} → C_{odd}: ∀a ∈ C_{even}, f(a) = a ⊕ x

Şpou x eŢnai mia tuqaŢa lŚxh tou C_{odd}. To Şti ∀a ∈ C_{even}f(a) ∈ C_{odd}, prokŰptei afenŞc apŞ thn (5), diŞti w(a) Řrtioc kai w(x) perittŞc kai afetŚrou apŞ thn kleistŞthta tou C wc proc thn prŘxh ⊕. H sunŘrthsh f eŢnai 1 − 1:

∀a_1, a_2 ∈ C_{even} me f(a_1) = f(a_2) ⇐⇒ (a_1 ⊕ x) = (a_2 ⊕ x) ⇐⇒ a_1 = a_2.

EpŢshc h f eŢnai epŢ. UpojŚtontac Şti den eŢnai, upŘrqei b ∈ C_{odd} : (a ⊕ x) ≠ b, ∀a ∈ C_{even}. Dhl. ∀a ∈ C_{even}, (x ⊕ b) ≠ a =⇒ (x ⊕ b) /∈ C_{even}. ApŞ thn (5) Şmwc prokŰptei Şti to (x ⊕ b) de mporeŢ na anŠkei oŰte sto C_{odd}, diŞti w(x ⊕ b) Řrtioc, efŞson w(x), w(b) perittoŢ. ’Ara (x ⊕ b) /∈ C, Řtopo diŞti o C eŢnai grammikŞc.

EpomŚnwc upŘrqei sunŘrthsh f, 1 − 1 kai epŢ, apŞ to C_{even} sto C_{odd} kai Řra |C_{even}| = |C_{odd}|. AntikajistŤntac thn teleutaŢa sqŚsh sthn (4) Śqoume: |C_{even}| = |C_{odd}| = |C| 2 . H apŞdeixh xekŢnhse upojŚtontac Şti upŘrqei toulŘqisto mia kwdikŠ lŚxh tou C me perittŞ bŘroc. An den upŘrqei oŰte mŢa, tŞte Şlec oi kwdikŚc lŚxeic Śqoun Řrtio bŘroc kai den upŘrqei kŘti proc apŞdeixh.

5. An C duadikŞc (n, M, d) kŤdikac Şpou n < 2 · d na apodeŢxete Şti

M ≤ {_{2d} 2d−n , Ştan o M Řrtioc 2d 2d−n − 1 , Ştan o M perittŞc

6. O gennŠtorac pŢnakac kŤdika C eŢnai o

G = 1 1 1 1 1 1 1 1 0 0 0 1 0 1 1 1 0 0 0 1 0 0 1 1 0 0 0 1 .

Na ton grŘyete sthn kanonikŠ tou morfŠ.

Me prŞsjesh thc 1hc kai 4hc grammŠc tou G kai apojŠkeush tou apotelŚsmatoc sthn 1h grammŠ prokŰptei o pŢnakac

G_1 =

1 0 0 1 1 1 0 1 0 0 0 1 0 1 1 1 0 0 0 1 0 0 1 1 0 0 0 1 .

Me prŞsjesh thc 3hc kai 4hc grammŠc tou G_1 kai apojŠkeush tou apotelŚsmatoc sthn 4h grammŠ prokŰptei o pŢnakac

G_2 =

1 0 0 1 1 1 0 1 0 0 0 1 0 1 1 1 0 0 0 1 0 1 0 1 0 0 1 1 .

Me prŞsjesh thc 1hc kai 2hc grammŠc tou G_2 kai apojŠkeush tou apotelŚsmatoc sthn 1h grammŠ prokŰptei o pŢnakac

G_3 =

0 0 0 1 0 1 1 1 0 0 0 1 0 1 1 1 0 0 0 1 0 1 0 1 0 0 1 1 .

EktelŤntac tic diadoqikŚc metajŚseic sthlŤn tou G_3 (1, 4), (3, 4), (2, 3), (2, 5), prokŰptei o pŢnakac

G_4 =

1 0 0 0 0 1 1 0 1 0 0 1 0 1 0 0 1 0 1 1 0 0 0 0 1 1 1 1

o opoŢoc apoteleŢ thn kanonikŠ morfŠ tou G.

7. An G_1, G_2 gennŠtorec pŢnakec dŰo grammikŤn (n_1, k, d_1) kai (n_2, k, d_2) kwdŢkwn antistoŢqwc, na apodeŢxete Şti oi kŤdikec me gennŠtora pŢnaka

G = [ G_1 0 0 G_2 ] kai G^0 = [G_1, G_2] eŢnai tou tŰpou (n_1 + n_2, 2 · k, min{d_1, d_2}) kai (n_1 + n_2, k, d) antŢstoiqa, Şpou d ≥ d_1 + d_2.

’Estw C_1, C_2 oi grammikoŢ kŤdikec me gennŠtorec pŢnakec G_1, G_2 antŢstoiqa kai C o kŤdikac me gennŠtora ton pŢkaka G. O kŤdikac C eŢnai grammikŞc diŞti jŚtontac gia tic grammŚc tou G: k⨁ i=1 λ_i(g1i , 0_{n2} ) ⊕ k⨁ j=1 μ_j(0_{n1} , g2j ) = (_k ⨁ i=1 λ_ig1i , k⨁ j=1 μ_jg2j ) = (0_{n1} , 0_{n2} ) = 0_{n1+n2}

prokŰptei Şti ja prŚpei na isqŰei: k⨁ i=1 λ_ig1i = 0_{n1} kai k⨁ j=1 μ_jg2j = 0_{n2} (6)

Şpou g1i , g2j eŢnai oi grammŚc twn G_1, G_2 antŢstoiqa kai λ_i, μ_j ∈ F_2 gia 1 ≤ i, j ≤ k. LŞgw thc grammikŠc anexarthsŢac twn grammŤn tou kajenŞc apŞ touc G_1, G_2 isqŰei apŞ thn (6) Şti λ_i = μ_j = 0, ∀i, j ∈ {1, 2, . . . , k}. EpomŚnwc oi 2k grammŚc tou G eŢnai grammikŘ anexŘrthtec, dhl. apoteloŰn bŘsh tou C kai Řra o C eŢnai grammikŞc kŤdikac mŠkouc n_1 + n_2 kai diŘstashc 2k. Gia kŘje a, b ∈ F^k_2 isqŰei Şti z = (x, y) = (aG_1, bG_2) ∈ C (7) opŞte w(z) = w(x) + w(y) = w(aG_1) + w(bG_2) (8) enŤ lŞgw grammikŞthtac d_{min}(C) = min{w(z) : z ∈ C, z ≠ 0_{n1+n2} } (9) UpojŚtoume, qwrŢc blŘbh thc genikŞthtac, Şti d_1 ≤ d_2. TŞte jŚtontac b = 0_k kai a tŚtoio Ťste w(x = aG_1) = w_{min}(C − 0_{n1} ) = d_1, Śqoume mŚsw twn (7) (8), Şti z ≠ 0_{n1+n2} kai

w(z) = w(x) + w(y) = w(aG_1) + w(0_{n2} ) = w(aG_1) = d_1 = min{d_1, d_2} ProfanŤc gia kŘje z^′ = (x^′, y^′) ≠ z, me z^′ ≠ 0_{n1+n2} , isqŰei apŞ thn (8) Şti w(z^′) = w(x^′) + w(y^′) ≥ w(x) = w(z) opŞte mŚsw thc (9) d_{min}(C) = w(z) = min{d_1, d_2}.

EpomŚnwc o kŤdikac C eŢnai Śnac [n_1 + n_2, 2k, min{d_1, d_2}] kŤdikac. O kŤdikac C^′ pou parŘgetai apŞ ton pŢnaka G^′ eŢnai epŢshc grammikŞc diŞti jŚtontac gia tic grammŚc tou G^′: k⨁ i=1 λ_i(g1i , g2i ) = (_k ⨁ i=1 λ_ig1i , k⨁ i=1 λ_ig2i ) = (0_{n1} , 0_{n2} ) = 0_{n1+n2}

prokŰptei Şti ja prŚpei na isqŰei: k⨁ i=1 λ_ig1i = 0_{n1} kai k⨁ j=1 λ_ig2i = 0_{n2} (10)

Şpou g1i , g2i eŢnai oi grammŚc twn G_1, G_2 antŢstoiqa kai λ_i ∈ F_2 gia 1 ≤ i ≤ k. LŞgw thc grammikŠc anexarthsŢac twn grammŤn tou kajenŞc apŞ touc G_1, G_2 isqŰei apŞ th (10) Şti λ_i = 0, ∀i ∈ {1, 2, . . . , k}. EpomŚnwc oi k grammŚc tou G^′ eŢnai grammikŘ anexŘrthtec, dhl. apoteloŰn bŘsh tou C^′ kai Řra o C^′ eŢnai grammikŞc kŤdikac mŠkouc n_1 + n_2 kai diŘstashc k. Gia kŘje a ∈ F^k_2 isqŰei Şti z = (x, y) = (aG_1, aG_2) ∈ C^′ (11) opŞte w(z) = w(x) + w(y) = w(aG_1) + w(aG_2) (12) enŤ lŞgw grammikŞthtac d_{min}(C^′) = min{w(z) : z ∈ C^′, z ≠ 0_{n1+n2} } (13) Gia kŘje a ≠ 0_k isqŰei:

x = aG_1 ≠ 0_{n1} kai y = aG_2 ≠ 0_{n2} opŞte gia z = (x, y) Śqoume apŞ th (12) Şti: w(z) = w(x) + w(y) ≥ d_1 + d_2 enŤ eŘn a = 0_k, apŞ thn (11) sunepŘgetai Şti z = 0_{n1+n2} . EpomŚnwc gia kŘje z ≠ 0_{n1+n2} , isqŰei w(z) ≥ d_1 + d_2 (me thn isŞthta na isqŰei efŞson w(aG_1) = d_1 kai w(aG_2) = d_2, gia to Ţdio a ∈ F^k_2 ) kai apŞ th (13) d_{min}(C^′) ≥ d_1 + d_2. ’Ara, o kŤdikac C^′ eŢnai Śnac [n_1 + n_2, k, d ≥ d_1 + d_2] kŤdikac.