FullŘdio 3^o ’Askhsh 1 An C = {0000, 1100, 0011, 1111}, poiŞc eŢnai o duikŞc tou C?; To Ţdio gia ton kŤdika C = {000, 110, 011, 101}.

Gia kŘje x ∈ C kai y = y_1y_2y_3y_4 ∈ C? ja prŚpei na isqŰei: x · y^T = 0. EpomŚnwc, jŚtontac

[1100] · [y_1y_2y_3y_4]^T = 0, [0011] · [y_1y_2y_3y_4]^T = 0 kai [1111] · [y_1y_2y_3y_4]^T = 0, prokŰptei Şti ja prŚpei na isqŰoun oi sqŚseic: y_1 ⊕ y_2 = 0, y_3 ⊕ y_4 = 0, y_1 ⊕ y_2 = y_3 ⊕ y_4 Š y_1 = y_2, y_3 = y_4, y_1 ⊕ y_2 = y_3 ⊕ y_4.

H teleutaŢa sqŚsh apŞ tic treic isqŰei, efŞson isqŰoun oi dŰo prŤtec, opŞte oi kwdikŚc lŚxeic tou C? Śqoun th morfŠ y = y_1y_1y_2y_2 gia kŘje y_1, y_2 ∈ F_2 . Gia y_1 = y_2 = 0 prokŰptei h kwdikŠ lŚxh 0000. Gia y_1 = y_2 = 1, h 1111, enŤ gia y_1 = 1, y_2 = 0 prokŰptei h 1100. TŚloc, gia y_1 = 0, y_2 = 1, prokŰptei h kwdikŠ lŚxh 0011. EpomŚnwc, C? = C.

’Omoia me prin, gia tic kwdikŚc lŚxeic y = y_1y_2y_3 tou C?, me C = {000, 110, 011, 101}, brŢskoume Şti ja prŚpei na isqŰei y_1 = y_2 = y_3, opŞte y = y_1y_1y_1 gia kŘje y_1 ∈ F_2 . ’Ara C? = {000, 111}. ’Askhsh 2 An E_n o duadikŞc kŤdikac Řrtiou bŘrouc kai mŠkouc n, na apodeŢxete Şti o E?_n eŢnai o kŤdikac epanŘlhyhc mŠkouc n.

AnazhtoŰme Şla ta y ∈ F^n_2 , gia ta opoŢa isqŰei: x · y^T = 0, ∀x ∈ E_n. ParathroŰme Şmwc Şti an G eŢnai o gennŠtorac pŢnakac tou E_n, arkeŢ na broŰme Şla ta y ∈ F^n_2 gia ta opoŢa Gy^T = 0 giatŢ tŞte ja isqŰei: Gy^T = 0 ⇐⇒ aGy^T = 0, ∀a ∈ F^n�^1_2 ⇐⇒ x · y^T = 0, ∀x ∈ E_n.

H parapŘnw sqŚsh isqŰei gia kŘje kŤdika C kai prokŰptei apŞ to gegonŞc Şti kŘje kwdikŠ lŚxh tou C eŢnai o grammikŞc sunduasmŞc kŘpoiwn apŞ tic grammŚc tou G, afoŰ autŚc oi grammŚc apoteloŰn bŘsh tou upoqŤrou C. An epomŚnwc gia Şlec tic grammŚc g_i tou G isqŰei

g_i · y^T = 0

ja isqŰei to Ţdio kai gia Şlouc touc grammikoŰc sunduasmoŰc x twn grammŤn tou G kai oi exisŤseic x · y^T = 0 ja epalhjeŰontai gi’ autŘ ta y.

ApŞ thn ’Askhsh 3 tou 2ou fulladŢou gnwrŢzoume Şti o gennŠtorac pŢnakac tou E_n se kanonikŠ morfŠ eŢnai o exŠc:

G = 2 6 64 e_1 1 e_2 1 . . . . e_n�_1 1

3 7 75

Şpou e_i, (1 ≤ i ≤ n − 1), eŢnai ta dianŰsmata thc orjokanonikŠc bŘshc tou F^n�^1_2 . EpomŚnwc, gia tic kwdikŚc lŚxeic y = y_1y_2 . . . y_n tou E?_n isqŰei:

Gy^T = 0 =⇒ (e_i, 1) · y^T = 0, ∀i ∈ {1, 2, . . . , n − 1} =⇒

=⇒ y_i = y_n, i ∀i ∈ {1, 2, . . . , n − 1} =⇒ y_1 = y_2 = · · · = y_n�_1 = y_n

dhl. oi kwdikŚc lŚxeic (mŠkouc n) tou E?_n eŢnai thc morfŠc y = y_1y_1 . . . y_1, gia kŘje y_1 ∈ F_2 . ’Ara E?_n = {00 . . . 0, 11 . . . 1}, dhl. o kŤdikac epanŘlhyhc mŠkouc n.

’Askhsh 3

An C grammikŞc [8, 4] duadikŞc kŤdikac tou opoŢou ta yhfŢa elŚgqou dŢnontai apŞ tic exisŤseic:

x_5 = u_0 + u_1 + u_2 x_6 = u_0 + u_1 + u_3 x_7 = u_0 + u_2 + u_3 x_8 = u_1 + u_2 + u_3

Na breŢte:

(i) ’Ena gennŠtora pŢnaka tou C.

(ii) Ton pŢnaka elŚgqou H.

(iii) Thn elŘqisth apŞstash tou kŤdika.

(iv) Ton tŰpo tou kŤdika.

(i) IsqŰei uG = x, gia kŘje u ∈ F^4_2 . Dhl. eŘn me g_i, sumbolŢsoume tic stŠlec tou G, Śqoume th sqŚsh u · g_i = x_i, ∀i ∈ {1, 2, . . . , 8} (1) EpeidŠ x_i = u_i�_1, gia (1 ≤ i ≤ 4), oi tŚssereic prŤtec stŠlec tou G eŢnai ekeŢnec tou monadiaŢou I_4 pŢnaka. Oi exisŤseic elŚgqou thc Řskhshc dŢnoun mŚsw thc sqŚshc (1) Şti: g_5 = (1110)^T g_6 = (1101)^T g_7 = (1011)^T g_8 = (0111)^T EpomŚnwc

−A^T = 2 6 4 1 1 1 0 1 1 0 1 1 0 1 1 0 1 1 1

3 7 5 kai

G = 2 6 4 1 0 0 0 1 1 1 0 0 1 0 0 1 1 0 1 0 0 1 0 1 0 1 1 0 0 0 1 0 1 1 1

3 7 5^.

(ii)

H = 2 6 4 1 1 1 0 1 0 0 0 1 1 0 1 0 1 0 0 1 0 1 1 0 0 1 0 0 1 1 1 0 0 0 1

3 7 5 (iii) ApŞ thn ’Askhsh 7 tou 2ou fulladŢou, gnwrŢzoume Şti oi stŠlec tou pŢnaka H eŢnai ana treic grammikŘ anexŘrthtec, enŤ h prŞsjesh twn triŤn prŤtwn sthlŤn tou H dŢnei thn pŚmpth stŠlh tou. EpomŚnwc, mld(H) = d_{min}(C) = 4.

(iv) ApŞ Şla ta parapŘnw o kŤdikac C eŢnai Śnac [8, 4, 4] kŤdikac.