FullŘdio 4^o ’Askhsh 1 ’Estw Şti d perittŞc. ’Enac duadikŞc (n, M, d) kŤdikac upŘrqei akribŤc tŞte Ştan upŘrqei Śnac duadikŞc (n + 1, M, d + 1) kŤdikac.

JewroŰme ton (n, M, d) kŤdika C kai kataskeuŘzoume ton kŤdika C = { xx_{n+1} : x = x_1x_2 . . . x_n ∈ C, x_{n+1} = n⨁ i=1 x_i } . Gia kŘje x, y ∈ C isqŰei d(x, y) ≥ d.

• EŘn d(x, y) ≥ d + 1, profanŤc kai d(xx_{n+1}, yy_{n+1}) ≥ d + 1. • EŘn d(x, y) = d, tŞte d(xx_{n+1}, yy_{n+1}) = d(x, y) + x_{n+1} ⊕ y_{n+1} = d(x, y) + (_n ⨁ i=1 x_i ) ⊕ (_n ⨁ j=1 y_j )

= d(x, y) + n⨁ i=1 (x_i ⊕ y_i)

= d(x, y) + (_d ⨁ k=1 1 ) ⊕ (_n�_d ⨁ l=1 0 )

= d + 1

EpomŚnwc, d_{min}(C) = d + 1, kai epeidŠ |C| = |C| = M, o kŤdikac C eŢnai Śnac (n + 1, M, d + 1) kŤdikac.

Gia to antŢstrofo, jewroŰme Şti upŘrqei (n + 1, M, d + 1) kŤdikac C kai kataskeuŘzoume kŤdika C wc exŠc: paŢrnoume dŰo kwdikŚc lŚxeic tou C x, y gia tic opoŢec isqŰei d(x, y) = d + 1 kai afairoŰme apŞ Şlec tic kwdikŚc lŚxeic tou C mŢa apŞ tic suntetagmŚnec i ∈ {1, 2, . . . , n + 1} gia tic opoŢec isqŰei x_i ⊕ y_i = 1. O kŤdikac C pou prokŰptei Śqei mŠkoc kwdikŤn lŚxewn n, elŘqisth apŞstash d kai epiplŚon |C| = |C| = M. ’Ara, eŢnai Śnac (n, M, d) kŤdikac.

’Askhsh 2 ’Oloi oi duadikoŢ grammikoŢ kŤdikec Hamming me stajerŞ n eŢnai isodŰnamoi. O pŢnakac elŚgqou isotimŢac H kŘje [n = 2^m − 1, k = n − m, 3] kŤdika Hamming C, perilambŘnei wc stŠlec ta (2^m − 1) mŠ mhdenikŘ dianŰsmata tou F^m_2 , ex orismoŰ. EpomŚnwc, o pŢnakac elŚgqou isotimŢac opoioudŠpote Řllou kŤdika Hamming mŠkouc n, prokŰptei apŞ th metŘjesh kŘpoiwn apŞ tic stŠlec tou H. ’Ara, Şloi oi kŤdikec Hamming mŠkouc n eŢnai isodŰnamoi. ’Askhsh 3 An C_1 eŢnai Śnac [n, k_1, d_1] grammikŞc kŤdikac kai C_2 Śnac [n, k_2, d_2] grammikŞc kŤdikac, sqhmatŢzoume ton kŤdika C = {(y, x ⊕ y) : x ∈ C_1, y ∈ C_2} (i) An o C_1 Śqei gennŠtora pŢnaka G_1 kai o C_2 Śqei gennŠtora pŢnaka ton G_2, na apodeŢxete Şti o C eŢnai Śnac [2n, k_1 + k_2] grammikŞc kŤdikac me gennŠtora pŢnaka G = [ 0 G_1 G_2 G_2 ] . (ii) Na apodeŢxete Şti d_{min}(C) = min{d_1, 2d_2}.

(i) O kŤdikac C eŢnai grammikŞc afoŰ gia kŘje z_1 = (y_1, x_1 ⊕y_1), z_2 = (y_2, x_2 ⊕y_2) ∈ C, me x_1, x_2 ∈ C_1 kai y_1, y_2 ∈ C_2, isqŰei Şti: z_1 ⊕ z_2 = (y_1, x_1 ⊕ y_1) ⊕ (y_2, x_2 ⊕ y_2) = (y_1 ⊕ y_2, x_1 ⊕ y_1 ⊕ x_2 ⊕ y_2) = (y_1 ⊕ y_2, (x_1 ⊕ x_2) ⊕ (y_1 ⊕ y_2)) kai epomŚnwc z_1 ⊕ z_2 ∈ C, diŞti x_1 ⊕ x_2 ∈ C_1 kai y_1 ⊕ y_2 ∈ C_2, lŞgw thc grammikŞthtac twn kwdŢkwn C_1, C_2.

EpŢshc, oi (k_1 +k_2) grammŚc tou G eŢnai grammikŤc anexŘrthtec diŞti jŚtontac k1⨁ i=1 λ_i(0_n, g1i ) ⊕ k2⨁ j=1 μ_j(g2j , g2j ) = (_{k2} ⨁ j=1 μ_jg2j , k1⨁ i=1 λ_ig1i ⊕ k2⨁ j=1 μ_jg2j ) = (0_n, 0_n) (1) prokŰptei Şti ja prŚpei na isqŰoun oi sqŚseic: k2⨁ j=1 μ_jg2j = 0_n (2) k1⨁ i=1 λ_ig1i = k2⨁ j=1 μ_jg2j (3)

Şpou g1i eŢnai oi grammŚc tou G_1 (1 ≤ i ≤ k_1), g2j eŢnai oi grammŚc tou G_2 (1 ≤ j ≤ k_2) kai λ_i, μ_j ∈ F_2 . MŚsw thc (2), h exŢswsh (3) sunepŘgetai Şti ja prŚpei kai k1⨁ i=1 λ_ig1i = 0_n (4)

ApŞ tic (2), (4) prokŰptei Şti λ_i = μ_j = 0 ∀i ∈ {1, 2, . . . , k_1} kai j ∈ {1, 2, . . . , k_2} (5) diŞti oi grammŚc tou G_1 eŢnai grammikŤc anexŘrthtec metaxŰ touc kai to Ţdio isqŰei gia tic grammŚc tou G_2. H sqŚsh (5) mac lŚei Şti h exŢswsh (1) isqŰei mŞno gia mhdenikŘ λ_i, μ_j, opŞte kai oi grammŚc tou G eŢnai grammikŤc anexŘrthtec.

TŚloc, o pŢnakac G parŘgei ton kŤdika C, diŞti gia kŘje z = (y, x ⊕ y) ∈ C, me x = aG_1 ∈ C_1, y = bG_2 ∈ C_2, isqŰei Şti: z = (y, x ⊕ y) = (bG_2, aG_1 ⊕ bG_2) = a [ 0_{k1}�_n G_1 ] ⊕ b [ G_2 G_2 ] = (a, b) [ 0_{k1}�_n G_1

G_2 G_2 ]

= (a, b)G Şpou a ∈ F^{k1}_2 kai b ∈ F^{k2}_2 . Dhl. kŘje kwdikŠ lŚxh tou C prokŰptei wc grammikŞc sunduasmŞc twn (k_1 + k_2) grammikŤc anexartŠtwn grammŤn tou G kai Řra o G parŘgei ton kŤdika C. EpomŚnwc, o kŤdikac C eŢnai Śnac [2n, k_1 + k_2] kŤdikac.

(ii) Gia kŘje x ∈ C_1, y ∈ C_2 isqŰei Şti z = (y, x ⊕ y) ∈ C (6) opŞte w(z) = w(y) + w(x ⊕ y) (7) enŤ lŞgw grammikŞthtac d_{min}(C) = min{w(z) : z ∈ C, z ≠ 0_{2n}} (8) DiakrŢnoume tic exŠc periptŤseic gia tic timŚc tou w(z) thc (7):

• EŘn x ≠ 0_n, y = 0_n, tŞte w(z) = w(x) ≥ d_1, me thn isŞthta na isqŰei gia kŘje x tŚtoio Ťste w(x) = w_{min}(C_1).

• EŘn x = 0_n, y ≠ 0_n, tŞte w(z) = 2w(y) ≥ 2d_2, me thn isŞthta na isqŰei gia kŘje y tŚtoio Ťste w(y) = w_{min}(C_2), enŤ • eŘn x ≠ 0_n, y ≠ 0_n, Śqoume

w(z) = w(y) + w(x ⊕ y) ≥ w(y) + (w(x) − w(y)) = w(x) ≥ d_1 ≥ min{d_1, 2d_2}.

EpomŚnwc gia kŘje z ≠ 0_{2n}, isqŰei w(z) ≥ min{d_1, 2d_2} enŤ upŘrqoun z ∈ C gia ta opoŢa w(z) = min{d_1, 2d_2} kai apŞ thn (8) d_{min}(C) = min{d_1, 2d_2}.