PANEPISTHMIO KRHTHS TMHMA EPISTHMHS UPOLOGISTWN TMHMA MAJHMATIKWN JewrÐa PlhroforÐac kai KwdikopoÐhshc Fjinìpwro 2002

4^h seirĹ askăsewn

1. JewroÔme to grammikì kÿdika me gennătora pÐnaka G = [ 1 0 1 1 0 1 1 2 ]

sto F_3. Na upologÐsete ìlec tic kwdikèc lèxeic autoÔ kai thn elĹqisth apìstash tou kÿdika. EÐnai o kÿdikac tèleioc; EÐnai kuklikìc;

Oi kwdikèc lèxeic v tou kÿdika prokÔptoun wc

v = aG, ∀a ∈ F^2_3

kai eÐnai oi:

a v = aG 00 0000 01 0112 02 0221 10 1011 11 1120 12 1202 20 2022 21 2101 22 2210

’Opwc blèpoume apì ton pÐnaka, gia kĹje mă mhdenikă kwdikă lèxh v ∈ C isqÔei:

w(v) ≥ 3 =⇒ d_{min}(C) = w_{min}(C − 0) = 3.

O kÿdikac eÐnai tèleioc diìti gia tic paramètrouc tou n = 4, M = 9, q = 3 kai t = 1 isqÔei h isìthta sto frĹgma Hamming: M ( 1 + q − 1 ( 4 t )) = 9 ( 1 + 2 ( 4 1 )) = 9 · 9 = q^n = 3^4

dhl. ta 2 epiplèon yhfÐa elègqou pou qrhsimopoioÔntai eÐnai akribÿc ìsa qreiĹzontai gia na diorjÿnei 1 lĹjoc, enÿ den eÐnai kuklikìc afoÔ p.q. den perilambĹnei thn kuklikă metĹjesh 1101 thc kwdikăc lèxhc 1011.

2. Na orÐsete ton pÐnaka odhgÿn cosets kai sundrìmwn enìc duadikoÔ grammikoÔ (3,1) kÿdika C_1 pou parĹgetai apì to poluÿnumo

g_1(x) = 1 + x + x^2

KĹnte to Ðdio gia to duadikì grammikì (7, 3) kÿdika C_2 pou parĹgetai apì to poluÿnumo

g_2(x) = 1 + x^2 + x^3 + x^4.

To poluÿnumo elègqou isotimÐac tou kÿdika C_1 eÐnai to

h_1(x) = (x^3 + 1)/g_1(x) = x + 1

kai isqÔei (x^3 + 1) mod g_1(x) = 0

kai epeidă to g_1(x) diaireÐ to (x^3 +1), o kÿdikac (3, 1) pou parĹgei eÐnai kuklikìc. JewroÔme ton pÐnaka elègqou isotimÐac H_1 tou C_1 sth morfă

H_1 = [ 0 h_{11} h_{10} h_{11} h_{10} 0 ] = [ 0 1 1 1 1 0 ]

kai jewroÔme wc arqèc twn sumplìkwn e, dianÔsmata elaqÐstou bĹrouc gia ta opoÐa isqÔei s = H_1e^T kai na mhn isqÔei s = H_1e^T_1 = H_1e^T_2 , gia e_1 ≠ e_2. ProkÔptei ètsi o parakĹtw pÐnakac odhgÿn sumplìkwn kai sundrìmwn:

Arqă sumplìkou e SÔndromo s 000 00 100 01 010 11 001 10

’Omoia me prin h_2(x) = (x^7 + 1)/g_2(x) = x^3 + x^2 + 1 Ĺra H_2 =

0 0 0 1 1 0 1 0 0 1 1 0 1 0 0 1 1 0 1 0 0 1 1 0 1 0 0 0 . Opìte jewroÔme wc odhgoÔc sumplìkwn e, dianÔsmata elaqÐstou bĹrouc kai upologÐzoume ta sÔndroma s = H_2e^T , prosèqontac na mhn isqÔei s = H_2e^T_1 = H_2e^T_2 gia e_1 ≠ e_2. O pÐnakac odhgÿn sumplìkwn kai sundrìmwn eÐnai o exăc:

Arqă sumplìkou e SÔndromo s 0000000 0000 1000000 0001 0100000 0011 0010000 0110 0001000 1101 0000100 1010 0000010 0100 0000001 1000 1100000 0010 0110000 0101 0011000 1011 0001100 0111 0000110 1110 0000011 1100 1000001 1001 0100011 1111

3. An C kuklikìc duadikìc kÿdikac, paragìmenoc apì to poluÿnumo

g(x) = 1 + x + x^3

na apokwdikopoiăsete an eÐnai dunatì ta mhnÔmata y_1 = 1110010, y_2 = 1110011, y_3 = 1110101.

H apokwdikopoÐhsh stouc grammikoÔc kuklikoÔc kÿdikec gÐnetai

• eÐte me qrăsh tou pÐnaka odhgÿn sumplìkwn kai sundrìmwn, afoÔ upologisjeÐ o H se mÐa apì tic dÔo gnwstèc morfèc gia kuklikoÔc kÿdikec (bĹsei tou poluwnÔmou elègqou isotimÐac h(x) ă se kanonikă morfă upoloÐpwn tou g(x)) • eÐte me ton algìrijmo apokwdikopoÐhshc gia kuklikoÔc kÿdikec efìson gnwrÐzoume th diorjwtikă ikanìthta t tou kÿdika me thn teqnikă fipagÐdeushc lĹjoucfl (error trapping), o opoÐoc sqetÐzetai Ĺmesa me ton kanonikì pÐnaka elègqou isotimÐac H.

Gia thn prÿth perÐptwsh, kĹje stălh j tou kanonikoÔ pÐnaka elègqou isotimÐac H eÐnai h dianusmatikă anaparĹstash tou upoloÐpou x^j mod g(x), opìte

H = 1 0 0 1 0 1 1 0 1 0 1 1 1 0 0 0 1 0 1 1 1 .

ParathroÔme ìti o H perilambĹnei ìla ta mh mhdenikĹ dianÔsmata tou F^3_2 ta opoÐa anĹ dÔo eÐnai grammikĹ anexĹrthta enÿ anĹ trÐa eÐnai grammikÿc exarthmèna, epomènwc mld(H) = d_{min}(C) = 3 kai o kÿdikac C eÐnai o kÿdikac Hamming [7, 4]. Epiplèon h prĹxh s = He^T isodunameÐ me thn prĹxh s(x) = e(x) mod g(x) sto qÿro twn poluwnÔmwn modulo-(x^7 +1). O pÐnakac odhgÿn sumplìkwn kai sundrìmwn dÐnetai sto sq. 1. ’Ara,

Odhgìc Sumplìkou SÔndromo DiĹnusma e Pol/mo e(x) DiĹnusma s Pol/mo s(x) Parathrăseic 0000000 0 000 0 1000000 1 100 1 e = (e_3, 0_4), e_3 = s 0100000 x 010 x e(x) = s(x) 0010000 x^2 001 x^2 0001000 x^3 110 1 + x 0000100 x^4 011 x + x^2 0000010 x^5 111 1 + x + x^2 0000001 x^6 101 1 + x^2

Sqăma 1: PÐnakac odhgÿn sumplìkwn kai sundrìmwn tou C.

• s_1 = Hy_1 = 0, h y_1 eÐnai kwdikă lèxh u_1 = y_1 (u_1 h kwdikă lèxh pou stĹljhke), • s_2 = Hy_2 = (1, 0, 1) opìte apì ton pÐnaka u_2 = y_2 + 0000001 = u_1 kai • s_3 = Hy_3 = (0, 0, 1) opìte apì ton pÐnaka u_3 = y_3 + 0010000 = 1100101.

O algìrijmoc apokwdikopoÐhshc kuklikÿn (n, k) kwdÐkwn prospajeÐ me diadoqikèc kuklikèc metajèseic x^ie(x) mod (x^n + 1) tou odhgoÔ sumplìkou e(x) = u(x) + y(x) katĹ i jèseic (0 ≤ i ≤ n − 1) na to fifjĹseifl se èna poluÿnumo x^j e(x) mod (x^n + 1) gia to opoÐo na isqÔei s^{(j)}(x) = x^j e(x) mod g(x) = x^j e(x) mod (x^n + 1) (1)

ìpou dhl. gnwrÐzontac to sÔndromo-upìloipo gnwrÐzoume sthn ousÐa ton Ðdio ton odhgì kai mĹlista sthn poluwnumikă touc morfă isqÔei h isìthta metaxÔ touc, ìpwc blèpoume ston pÐnaka tou sq.1, gia to parĹdeigma tou Hamming [7, 4].

Ta poluÿnuma s^∗(x) = s^{(j)}(x) me aută thn idiìthta, antistoiqoÔn sta sÔndroma s^∗ = He^{∗T} me w(s^∗) ≤ t ă alliÿc eÐnai oi odhgoÐ sumplìkwn e^∗(x) = x^j e(x) mod (x^n + 1) thc dianusmatikăc morfăc e^∗ = (e^∗_{n−k}, 0_k) me e^∗_{n−k} = s^{∗T} (ìpwc faÐnetai kai ston pÐnaka tou sq.1), upì thn proupìjesh o pÐnakac H na eÐnai sthn kanonikă morfă H = [ I_{n−k} A ] gia grammikoÔc kuklikoÔc kÿdikec. (Genikìtera gia grammikoÔc kÿdikec me pÐnaka elègqou isotimÐac autăc thc morfăc isqÔei s = H(s^T , 0_k), opìte gia touc odhgoÔc e^∗ prokÔptei s^{∗T} = e^∗_{n−k}).

To upìloipo s^{(i)} upologÐzetai kĹje forĹ wc

s^{(i)}(x) = (x^ie(x) mod (x^n + 1)) mod g(x) = x^ie(x) mod g(x) = x^i(u(x) + y(x)) mod g(x) = x^is(x) mod g(x) (2) me s(x) = y(x) mod g(x). An brejeÐ mèsw thc (2) tètoio j, tìte apì thn (1)

e(x) = x^n x^j s^{(j)} (3)

H teleutaÐa isìthta den eÐnai tÐpote Ĺllo apì thn kuklikă metĹjesh katĹ thn antÐjeth forĹ tou s^{(j)} = x^j e(x) mod (x^n + 1), ÿste na gurÐsoume sto zhtoÔmeno odhgì e(x). Me Ĺlla lìgia o algìrijmoc upologÐzei ton odhgì e(x) = y(x) + u(x) ìtan w(e) ≤ t èqontac wc eÐsodo mìno to upìloipo s(x) = y(x) mod g(x) = e(x) mod g(x) kai upì èna periorismì: na upĹrqei kuklikă metĹjesh x^ie(x) tou e(x) gia thn opoÐa o odhgìc x^ie(x) mod (x^7 + 1) na isoÔtai me to upìloipì (sÔndromì) tou dhl. to x^ie(x) mod g(x). Sth genikă perÐptwsh enìc kuklikoÔ (n, k) kÿdika, kamÐa tètoia kuklikă metĹjesh den upĹrqei gia touc odhgoÔc sumplìkwn thc morfăc

e(x) = 1 + m−1∑ l=1 e_lx^l + x^m, e_l ∈ F_2, w(e) ≤ t

ă se morfă dianÔsmatoc e = (1e_1e_2 . . . e_{m−1}1, 0_{n−m−1})

(opìte kai gia ìlec tic kuklikèc touc metajèseic), eĹn m ≥ deg(g) = n − k. O algìrijmoc ja exantlăsei ìlec tic dunatèc olisjăseic qwrÐc na apokwdikopoiăsei th lhfjăsa lèxh, diìti ja brÐskei s^{(i)}(x) me w(s^{(i)}) > t ă alliÿc epeidă o e den eÐnai ènac apì touc odhgoÔc e^∗ = (e^∗_{n−k}, 0_k), ìpwc faÐnetai apì th dianusmatikă morfă tou, afoÔ n − m − 1 < k gia m ≥ n − k. Apì th morfă ìmwc autÿn twn (fiproblhmatikÿnfl gia ton algìrijmo) odhgÿn sumplìkwn, prokÔptei ìti antistoiqoÔn se periptÿseic perissotèrwn tou enìc lajÿn diìti w(e) ≥ 2 kai epomènwc o algìrijmoc diorjÿnei ìlec tic periptÿseic enìc lĹjouc, se kĹje kuklikì kÿdika me t ≥ 1. AfoÔ gia ton C isqÔei t = 1, o algìrijmoc apokwdikopoieÐ ìlec tic lèxeic pou lambĹnontai kai epomènwc ja apokwdikopoiăsei kai tic y_1, y_2, y_3. Ston pÐnaka pou akoloujeÐ faÐnetai o arijmìc twn kuklikÿn metajèsewn j pou apaitoÔntai gia kĹje odhgì e mèqri na fifjĹsoumefl ston odhgì x^j e(x) mod (x^n + 1) mèsw thc (2):

e x^j e(x) mod (x^7 + 1) = s^{(j)} DiĹnusma Poluÿnumo j DiĹnusma Poluÿnumo 1000000 1 0 1000000 1 0100000 x 0 0100000 x 0010000 x^2 0 0010000 x^2 0001000 x^3 4 1000000 1 0000100 x^4 3 1000000 1 0000010 x^5 2 1000000 1 0000001 x^6 1 1000000 1

EpalhjeÔontac:

• Gia th lèxh y_1(x), s_1(x) = 0 kai eÐnai kwdikă lèxh u_1(x) = y_1(x).

f(x), 2 ≤ deg(f) ≤ 4 1 + x + x^2 1 + x + x^3 1 + x^2 + x^3 1 + x + x^4 1 + x^2 + x^4 1 + x^3 + x^4 1 + x + x^2 + x^3 + x^4

Sqăma 2: PÐnakac upì exètash poluwnÔmwn.

• Gia th lèxh y_2(x), s_2(x) = 1 + x^2, w(s_2) = 2 > t opìte mèsw thc (2) s^{(1)} = 1, w(100) = 1 = t, Ĺra j = 1 kai apì thn (3) e_2(x) = x^6 ·1, u_2(x) = y_2(x)+e_2(x) = u_1(x).

• Tèloc, gia th lèxh y_3(x), s_3(x) = x^2, w(001) = 1 = t, j = 0 kai e_3(x) = s_3(x) = x^2.

Epomènwc,

u_3(x) = y_3(x) + e_3(x) = 1 + x + x^2 + x^4 + x^6 + x^2 = 1 + x + x^4 + x^6.

4. (aþ) An f(x) ∈ F_2[x], anĹgwgo, deg(f) ≥ 2, tìte èqei perittì arijmì mă-mhdenikÿn suntelestÿn.

’Estw f(x) = x^n + a_{n−1}x^{n−1} + . . . + a_1x + a_0, n ≥ 2 (4)

me m mă mhdenikoÔc kai n + 1 − m mhdenikoÔc suntelestèc. Efìson to f(x) eÐnai anĹgwgo kai n = deg(f) ≥ 2, isqÔei ìti

(f(0) =)f(1) = 1 =⇒ n∑ i=0 a_i = 1 =⇒ m∑ k=1 1 + n+1−m ∑ l=1 0 = m∑ k=1 1 = 1 =⇒ m perittìc.

KĹti pou bohjĹei sthn epÐlush tou (b’) upoerwtămatoc eÐnai to exăc: afoÔ sthn parapĹnw sqèsh isqÔei kai f(0) = 1 =⇒ a_0 = 1. Opìte sunolikĹ gia kĹje f(x) ìpwc sthn (4) èqoume

to f(x) eÐnai anĹgwgo =⇒ a_0 = 1 kai m perittìc

(bþ) Na katagrĹyete ìla ta anĹgwga poluÿnuma tou F_2[x] bajmoÔ 1 eÿc 4. Sth sunèqeia na kataskeuĹsete to sÿma me 8 stoiqeÐa.

Ta poluÿnuma bajmoÔ n = 1 kai n = 0 eÐnai anĹgwga afoÔ de gÐnetai na grafoÔn wc ginìmeno dÔo poluwnÔmwn me bajmì mikrìtero tou n. AutĹ eÐnai ta 0, 1, x, (x + 1). An ta poluÿnuma f(x) me 2 ≤ deg(f) ≤ 4 eÐnai anĹgwga tìte (ìpwc apodeÐqjhke sto (a’) upoerÿthma) èqoun perittì arijmì mh mhdenikÿn suntelestÿn kai a_0 = 1 (anagkaÐa allĹ ìqi ikană sunjăkh).

Ta poluÿnuma autăc thc morfăc eÐnai autĹ tou pÐnaka sto sq. 2.

Sth sunèqeia prèpei na exairèsoume apì ton pÐnaka tou sq. 2, ta poluÿnuma ta opoÐa analÔontai wc:

f(x) = a_1(x)a_2(x) . . . a_k(x) (5) ìpou a_i(x) anĹgwga poluÿnuma me 0 < deg(a_i) < deg(f) kai

∑_k i=1 deg(a_i) = deg(f).

Sthn perÐptwsh tou f(x) = 1 + x + x^2 prèpei na exetĹsoume an to f(x) mporeÐ na analujeÐ se ginìmeno k = 2 anagÿgwn paragìntwn-poluwnÔmwn bajmoÔ 1 pou sto F_2[x] eÐnai ta a(x) = x − 0 = x kai b(x) = x − 1 = x + 1, afoÔ

deg(a) = deg(b) = 1 < deg(f) = 2.

Me Ĺlla lìgia prèpei na exetĹsoume eĹn to f(x) èqei rÐzec to 0 ă to 1. KĹti tètoio de sumbaÐnei giatÐ f(c) ≠ 0, gia kĹje c ∈ F_2, opìte f(x) ≠ (x − c)(x − d) gia opoiadăpote c, d ∈ F_2. ’Ara to f(x) eÐnai anĹgwgo.

Gia ta poluÿnuma f(x) 3ou bajmoÔ tou pÐnaka tou sq. 2, oi pijanèc paragontopoiăseic sth morfă thc (5) eÐnai:

• k = 3 anĹgwga poluÿnuma bajmoÔ 1 ă • k = 2 anĹgwga poluÿnuma, èna bajmoÔ 1 kai èna bajmoÔ 2.

Kai oi dÔo morfèc paragontopoÐhshc eÐnai adÔnatec diìti ìpwc kai prin f(x) ≠ 0. Epomènwc kai ta poluÿnuma bajmoÔ 3 tou pÐnaka tou sq. 2 eÐnai anĹgwga. Genikìtera, isqÔei ìti fito f(x) ∈ F_q[x], 2 ≤ deg(f) ≤ 3, eÐnai anĹgwgo eĹn kai mìno eĹn den èqei rÐzec sto F_qfl, akribÿc giatÐ ìlec oi pijanèc paragontopoiăseic tou f(x), perilambĹnoun touc legìmenouc figrammikoÔc parĹgontecfl (x − c), bajmoÔ 1, ìpwc eÐdame. Gia ta poluÿnuma f(x) 4ou bajmoÔ tou pÐnaka tou sq. 2, oi pijanèc paragontopoiăseic sth morfă thc (5) eÐnai:

• k = 4 anĹgwga poluÿnuma bajmoÔ 1 ă • k = 3 anĹgwga poluÿnuma, dÔo bajmoÔ 1 kai èna bajmoÔ 2 • k = 2 anĹgwga poluÿnuma bajmoÔ 2.

Oi dÔo prÿtec morfèc paragontopoÐhshc eÐnai adÔnatec diìti ìpwc kai prin f(x) ≠ 0. Gia thn trÐth morfă parathroÔme (ston pÐnaka tou sq. 2) ìti to monadikì anĹgwgo poluÿnumo bajmoÔ 2 eÐnai to 1 + x + x^2. ’Ara, o mìnoc trìpoc na prokÔyei èna poluÿnumo f(x) bajmoÔ 4, wc to ginìmeno dÔo anagÿgwn poluwnÔmwn tou F_2 eÐnai wc

f(x) = (1 + x + x^2)(1 + x + x^2) = 1 + x^2 + x^4.

Epomènwc prèpei na exairèsoume to poluÿnumo f(x) apì ton pÐnaka tou sq. 2 diìti afoÔ analÔetai se parĹgontec den eÐnai anĹgwgo.

TelikĹ, ta anĹgwga poluÿnuma f(x), 2 ≤ deg(f) ≤ 4 eÐnai ta exăc:

f(x), 2 ≤ deg(f) ≤ 4 1 + x + x^2 1 + x + x^3 1 + x^2 + x^3 1 + x + x^4 1 + x^3 + x^4 1 + x + x^2 + x^3 + x^4

JewroÔme to anĹgwgo poluÿnumo f(x) = x^3 + x + 1 kai kataskeuĹzoume to sÿma F = F_2[x] < f(x) >

twn poluwnÔmwn modulo-f(x) me 8 stoiqeÐa:

Duadikì isodÔnamo Poluÿnumo tou F 000 0 001 1 010 x 011 x + 1 100 x^2 101 x^2 + 1 110 x^2 + x 111 x^2 + x + 1

5. Na breÐte ìlouc touc triadikoÔc kuklikoÔc kÿdikec măkouc 4 kai na grĹyete èna gennătora pÐnaka gia kajènan apì autoÔc.

Oi poluwnumikoÐ gennătorec twn kuklikÿn triadikÿn kwdÐkwn măkouc 4 parĹgontai apì thn paragontopoÐhsh tou poluwnÔmou f(x) = x^4 − 1 se anĹgwga poluÿnuma g_i(x) kai prokÔptoun wc to ginìmeno 2 ă perissotèrwn apì ta g_i(x). AfoÔ f(1) = 0 isqÔei f(x) = (x − 1)(x^3 + x^2 + x + 1) kai g_1(x) = x − 1 = x + 2. Jètontac a_1(x) = x^3 + x^2 + x + 1 parathroÔme ìti a_1(2) = 0. Epomènwc a_1(x) = (x − 2)(x^2 + 1) kai g_2(x) = x − 2 = x + 1. Jètontac a_2(x) = x^2 + 1 èqoume a_2(v) ≠ 0, ∀v ∈ F_3. Epomènwc g_3(x) = x^2 + 1 kai

f(x) = g_0(x)g_1(x)g_2(x)g_3(x)

jètontac g_0(x) = 1. Oi kÿdikec pou prokÔptoun eÐnai oi exăc:

Gennătorac Parathrăseic g_0(x) = 1 C_0 = F^4_3 g_1(x) = x + 2 g_2(x) = x + 1 g_3(x) = x^2 + 1 C_3 g_4(x) = g_1(x)g_2(x) = x^2 + 2 C_4 g_5(x) = g_1(x)g_3(x) = x^3 + 2x^2 + x + 2 g_6(x) = g_2(x)g_3(x) = x^3 + x^2 + x + 1 g_7(x) = g_1(x)g_2(x)g_3(x) = x^4 + 1 C_7 = {0000}

O gennătorac pÐnakac tou kÿdika C_j me poluwnumikì gennătora to g_j(x), 0 ≤ j ≤ 6 mporeÐ na èqei th morfă

G_j = g_j xg_j . . x^{k−1}g_j ìpou k = 4 − deg(g_j). Gia touc kÿdikec C_3 kai C_4:

G_3 = [ 1 0 1 0 0 1 0 1 ]

kai G_4 = [ 2 0 1 0 0 2 0 1 ]

kai ìmoia upologÐzontai oi pÐnakec twn upoloÐpwn pènte mă mhdenikÿn kwdÐkwn.

6. Na kataskeuĹsete èna gennătora pÐnaka tou triadikoÔ kÿdika Hamming C_2 tÔpou (4, 2, 3).

SunduĹste me ta apotelèsmata twn askăsewn 1, 5 kai apodeÐxte ìti o kÿdikac den eÐnai kuklikìc.

Gia tic stălec tou pÐnaka elègqou isotimÐac H_2 tou C_2 arkeÐ na mhn eÐnai h mÐa pollaplĹsia kĹpoiac apì tic Ĺllec, opìte

H_2 = [ 2 2 1 0 2 1 0 1 ]

se kanonikă morfă. ’Ara,

G_2 = [ 1 0 1 1 0 1 1 2 ]

kai G_2 = G ìpou G o gennătorac pÐnakac tou kÿdika thc 1hc Ĺskhshc gia ton opoÐo èqei deiqjeÐ ìti den eÐnai kuklikìc. Alliÿc, apì thn 5h Ĺskhsh diapistÿnoume ìti kanèna apì ta 2ou bajmoÔ poluÿnuma g_3(x) kai g_4(x) de diaireÐ akribÿc p.q. thn 1h grammă tou G_2 dhl. thn kwdikă lèxh 1011 = 1 + x^2 + x^3 tou C_2. Mia Ĺllh aitiolìghsh eÐnai ìti h elĹqisth apìstash tou C_2 eÐnai 3 enÿ twn kuklikÿn kwdÐkwn C_3 kai C_4 thc 5hc Ĺskhshc eÐnai 2.

7. An C duadikìc grammikìc kuklikìc kÿdikac perittoÔ măkouc, na apodeÐxete ìti o C perièqei mia kwdikă lèxh perittoÔ bĹrouc akribÿc tìte ìtan h 111 . . . 1 eÐnai kwdikă lèxh tou C.

LÔsh 1: ’Estw ìti eÐnai n to măkoc tou kÿdika. Tìte an f(x) = x^n + 1 isqÔei

f(x) = g(x)h(x) (6)

ìpou g(x), h(x) eÐnai o poluwnumikìc gennătorac kai to poluÿnumo elègqou isotimÐac antÐstoiqa, tou C. AfoÔ f(1) = 0, to x + 1 diaireÐ to f(x) kai

f(x) = (x + 1)(x^{n−1} + x^{n−2} + . . . + x + 1) (7)

ìpou (x^{n−1} +x^{n−2} +. . .+x+1) h poluwnumikă morfă thc lèxhc 111 . . . 1. ’Estw u(x) = b(x)g(x) h kwdikă lèxh perittoÔ bĹrouc tou C. Tìte u(1) = 1 pou sunepĹgetai ìti b(1) = g(1) = 1 opìte to x+1 de diaireÐ to g(x). AllĹ tìte, apì thv(6) sumperaÐnoume ìti to x + 1 diaireÐ to h(x) (afoÔ diaireÐ to f(x)). ’Ara upĹrqei c(x) tètoio ÿste h(x) = (x + 1)c(x) kai apì thn (6):

f(x) = g(x)(x + 1)c(x) (8)

Apì tic (7), (8) èqoume

(x+1)(x^{n−1}+x^{n−2}+. . .+x+1) = (x+1)c(x)g(x) =⇒ x^{n−1}+x^{n−2}+. . .+x+1 = c(x)g(x)

opìte h lèxh 111 . . . 1 eÐnai kwdikă lèxh. Gia to antÐstrofo, h 111 . . . 1 èqei bĹroc n, dhl. perittì. Epomènwc, afoÔ eÐnai kwdikă lèxh, o kÿdikac C perilambĹnei mia lèxh perittoÔ bĹrouc kai den upĹrqei kĹti Ĺllo proc apìdeixh.

LÔsh 2:(gia to eujÔ) ’Estw a = a_0a_1a_2 . . . a_{n−1}

h kwdikă lèxh perittoÔ bĹrouc tou kÿdika. Tìte

n−1⨁ i=0 a_i = 1 (9)

Oi n − 1 kuklikèc metajèseic thc a anăkoun ston kÿdika kai to Ĺjroisma sunolikĹ twn n dianusmĹtwn epÐshc. Epomènwc, [a_0 a_1 . . . a_{n−2} a_{n−1}] ⊕ [a_{n−1} a_0 . . . a_{n−3} a_{n−2}] ⊕ [a_{n−2} a_{n−1} . . . a_{n−4} a_{n−3}] ⊕ . . . . . . ⊕ [a_2 a_3 . . . a_0 a_1] ⊕ [a_1 a_2 . . . a_{n−1} a_0] = [ ⨁_{n−1} i=0 a_i

⨁_{n−1} i=0 a_i . . .

⨁_{n−1} i=0 a_i

⨁_{n−1} i=0 a_i]

(lìgw thc (9) ) = [1 1 . . . 1 1] ∈ C.