PANEPISTHMIO KRHTHS TMHMA EPISTHMHS UPOLOGISTWN TMHMA MAJHMATIKWN KŤdikec DiŞrjwshc LajŤn

FjinŞpwro 2003

FullŘdio 5^o

1. ’Estw C_1 Śnac kŤdikac wc proc to F_5 me pŢnaka gennŠtora

G_1 =

1 2 4 0 3 0 2 1 4 1 2 0 3 1 4

kai C_2 o kŤdikac wc proc to sŤma F_3 me pŢnaka gennŠtora

G_2 =

1 2 0 2 1 0 2 0 1 2 0 1 1 1 1 2 1 2 .

Na breŢte Śnan pŢnaka elŚgqou isotimŢac gia kŘje kŤdika kai na upologŢsete thn elŘqisth apŞstash autoŰ.

Se Şti akoloujeŢ h prŘxh aΓ_i+Γ_j = Γ_j, anafŚretai ston pollaplasiamŞ twn stoiqeŢwn thc grammŠc i enŞc pŢnaka epŢ to suntelestŠ a ∈ F_q , thn prŞsjesh modulo-q twn stoiqeŢwn thc grammŠc j tou pŢnaka sto apotŚlesma tou pollaplasiasmoŰ kai thn apojŠkeush thc prŞsjeshc sth grammŠ j tou pŢnaka.

G_1 =

1 2 4 0 3 0 2 1 4 1 2 0 3 1 4

∼^{2Γ}1^{+Γ}3^{=Γ}3

1 2 4 0 3 0 2 1 4 1 0 1 0 1 3

∼^Γ2^{+Γ}1^{=Γ}1

1 4 0 4 4 0 2 1 4 1 0 1 0 1 3

∼^{Γ3+Γ1=Γ1}

1 0 0 0 2 0 2 1 4 1 0 1 0 1 3

∼^{3Γ}3^{+Γ}2^{=Γ}2

1 0 0 0 2 0 0 1 2 0 0 1 0 1 3

Me enallagŠ twn dŰo teleutaŢwn grammŤn thc teleutaŢac morfŠc tou G_1 prokŰptei o pŢnakac

G^0_1 =

1 0 0 0 2 0 1 0 1 3 0 0 1 2 0

’Ara,

−A^T_1 = 0 2 1 3 2 0 opŞte A_1 = [ 0 4 3 3 2 0 ] kai H_1 = [ 0 4 3 1 0 3 2 0 0 1 ]

ParathroŰme Şti gia parŘdeigma h 3h stŠlh tou H_1 eŢnai pollaplŘsia thc 4hc stŠlhc, opŞte mld(H_1) = d_{min}(C_1) = 2. Gia ton kŤdika C_2 Śqoume

G_2 =

1 2 0 2 1 0 2 0 1 2 0 1 1 1 1 2 1 2

∼^Γ1^{+Γ}2^{=Γ}2

1 2 0 2 1 0 0 2 1 1 1 1 1 1 1 2 1 2

∼^{2Γ}1^{+Γ}3^{=Γ}3

1 2 0 2 1 0 0 2 1 1 1 1 0 2 1 0 0 2

∼^{2Γ}2^{+Γ}3^{=Γ}3

1 2 0 2 1 0 0 2 1 1 1 1 0 0 0 2 2 1

∼^{2Γ}3^{+Γ}2^{=Γ}2

1 2 0 2 1 0 0 2 1 2 2 0 0 0 0 2 2 1

Me antimetŘjesh thc 2hc kai 3hc stŠlhc thc teleutaŢac morfŠc tou G_2, prokŰptei o pŢnakac

G_{21} =

1 0 2 2 1 0 0 1 2 2 2 0 0 0 0 2 2 1

enŤ me antimetŘjesh thc 3hc kai thc 6hc stŠlhc tou G_{21}, prokŰptei o pŢnakac

G_{22} =

1 0 0 2 1 2 0 1 0 2 2 2 0 0 1 2 2 0 .

EpomŚnwc,

−A^T_{22} =

2 1 2 2 2 2 2 2 0 opŞte A_{22} =

1 1 1 2 1 1 1 1 0 kai H_{22} =

1 1 1 1 0 0 2 1 1 0 1 0 1 1 0 0 0 1 .

O pŢnakac H_{22} eŢnai o pŢnakac elŚgqou isotimŢac tou kŤdika C_{22} me gennŠtora pŢnaka ton G_{22}. An kai oi dŰo kŤdikec eŢnai isodŰnamoi, den eŢnai Ţdioi, allŘ diafŚroun wc proc tic kwdikŚc lŚxeic touc, lŞgw thc allagŠc sthlŤn katŘ thn eŰresh thc kanonikŠc morfŠc G_{22} tou G_2. Gia na broŰme Śnan pŢnaka elŚgqou isotimŢac H_2tou C_2, ja prŚpei na ektelŚsoume autŚc tic metajŚseic me antŢstrofh seirŘ, pŘnw ston H_{22}. AntimetajŚtontac thn 3h me thn 6h stŠlh tou H_{22} prokŰptei o pŢnakac

H^0_{22} =

1 1 0 1 0 1 2 1 0 0 1 1 1 1 1 0 0 0

enŤ me antimetŘjesh thc 2hc me thn 3h stŠlh tou H^0_{22}, prokŰptei o pŢnakac elŚgqou isotimŢac

H_2 =

1 0 1 1 0 1 2 0 1 0 1 1 1 1 1 0 0 0

tou C_2.

ParathroŰme Şti kamŢa apŞ tic stŠlec tou H_2 den eŢnai pollaplŘsia kŘpoiac Řllhc, enŤ gia parŘdeigma h 6h stŠlh tou eŢnai to Řjroisma thc 4hc me thn 5h stŠlh. EpomŚnwc mld(H_2) = d_{min}(C_2) = 3.

2. PoiŘ eŢnai h elŘqisth apŞstash tou duadikoŰ kŤdika C me gennŠtora pŢnaka

G = I_7

1 1 0 0 1 0 1 0 0 1 1 0 1 1 1 1 1 1 0 1 0 1 0 1 1 0 0 1

.

O kŤdikac Śqei pŢnaka elŚgqou isotimŢac ton

H = 1 1 0 1 1 0 1 1 0 0 0 1 0 1 1 1 1 0 0 1 0 0 0 1 1 1 0 0 0 0 0 1 0 0 0 0 1 1 1 1 0 0 0 1 .

ParathroŰme Şti kamŢa stŠlh tou H den emfanŢzetai dŰo forŚc, enŤ gia parŘdeigma, h 1h stŠlh eŢnai to Řjroisma thc 8hc kai 9hc stŠlhc tou H. EpomŚnwc mld(H) = d_{min}(C) = 3.

3. Na kataskeuŘsete Śna [6, 3, 4] kŤdika wc proc to sŤma F_5 .

’Opwc kai sthn ’Askhsh 7 tou 2ou fulladŢou, o pŢnakac elŚgqou isotimŢac H tou kŤdika ja prŚpei na perilambŘnei wc stŠlec, Śxi dianŰsmata tou F^3_5 ta opoŢa anŘ trŢa na eŢnai grammikŤc anexŘrthta metaxŰ touc. Gia na Śqoume akribŤc d_{min} = 4, ja prŚpei epiplŚon kŘpoio apŞ autŘ na prokŰptei wc o grammikŞc sunduasmŞc triŤn apŞ tic upŞloipec stŠlec tou H. ErgazŞmenoi Şpwc sthn ’Askhsh 7 tou 2ou fulladŢou, kŘje forŘ pou epilŚgoume mia triŘda a ∈ F^3_5 − 0_3 wc stŠlh tou H, ja prŚpei na afairoŰme apŞ to sŰnolo twn upŞ epilogŠ triŘdwn

• ta pollaplŘsia λa, ∀λ ∈ F_5 , kai • ta ajroŢsmata μh + λa, μ, λ ∈ F_5 , gia Şlec tic triŘdec h pou Śqoun epilegeŢ prŢn to a wc stŠlec tou H.

SŰmfwna me ta parapŘnw o pŢnakac elŚgqou isotimŢac tou kŤdika ja mporoŰse na eŢnai o H = 1 0 0 1 1 1 0 1 0 1 2 3 0 0 1 1 3 4

diŞti oi stŠlec tou H eŢnai anŘ treŢc grammikŤc anexŘrthtec enŤ to Řjroisma twn triŤn prŤtwn sthlŤn tou dŢnei thn tŚtarth kai Řra mld(H) = d_{min} = 4.

4. Na grŘyete ton pŢnaka elŚgqou isotimŢac tou duadikoŰ [15, 11, 3] kŤdika Hamming.

Na apokwdikopoiŠsete ta dianŰsmata

y_1 = [ 100 000 000 000 000 ] kai y_2 = [ 111 111 111 111 111 ] . O pŢnakac elŚgqou isotimŢac H tou kŤdika, ja perilambŘnei wc stŠlec ta 2^4 − 1 = 15 mŠ mhdenikŘ dianŰsmata tou F^4_2 , ex orismoŰ. MporoŰme na kataskeuŘsoume ton pŢnaka elŚgqou isotimŢac tou kŤdika, Śtsi Ťste kŘje mŠ mhdenikŞ sŰndromo na apoteleŢ to duadikŞ isodŰnamo thc jŚshc sthn opoŢa Śqei gŢnei lŘjoc, dhl. thc antŢstoiqhc stŠlhc tou H. O pŢnakac elŚgqou isotimŢac se autŠ th morfŠ eŢnai o

H = 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

Gia th lŚxh y_1 Śqoume Hy^T_1 = (0, 0, 0, 1)^T dhl. Śqei gŢnei lŘjoc sthn 1h jŚsh thc kwdikŠc lŚxhc x_1 pou eŢqe staleŢ . EpomŚnwc,

x_1 = y_1 ⊕ (1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) = y_1 ⊕ y_1 = 0_{15}.

Gia th lŚxh y_2 isqŰei Hy^T_2 = 0 kai Řra h y_2 eŢnai kwdikŠ lŚxh tou kŤdika.

5. JewrŠste ton [7, 4, 3] duadikŞ kŤdika Hamming. KwdikopoiŠste ta mhnŰmata

0 1 1 0 kai 1 0 1 1 .

KwdikopoiŠste ta Ţdia mhnŰmata ston epektetamŚno Hamming [8, 4, 4] kŤdika. ApokwdikopoiŠste to y = [ 1 1 0 0 1 1 0 1 ] ston [8, 4, 4].

’Enac pŢnakac elŚgqou isotimŢac tou duadikoŰ [7, 4, 3] kŤdika Hamming C eŢnai o

H = 1 1 1 0 1 0 0 1 1 0 1 0 1 0 1 0 1 1 0 0 1

opŞte o gennŠtorac pŢnakac tou kŤdika C eŢnai o

G = 1 0 0 0 1 1 1 0 1 0 0 1 1 0 0 0 1 0 1 0 1 0 0 0 1 0 1 1 .

OpŞte

(0, 1, 1, 0)G = (0, 1, 1, 0, 0, 1, 1) kai (1, 0, 1, 1)G = (1, 0, 1, 1, 0, 0, 1)

eŢnai h kwdikopoŢhsh gia to kŘje mŠnuma.

Ston epektetamŚno kŤdika Hamming ta dŰo mhnŰmata kwdikopoioŰntai wc

(0, 1, 1, 0, 0, 1, 1, 0) kai (1, 0, 1, 1, 0, 0, 1, 0)

antŢstoiqa, dhl. prosjŚtontac wc 8o yhfŢo se kŘje kwdikŠ lŚxh x tou C, to apotŚlesma tou elŚgqou isotimŢac gia th x. GnwrŢzoume epŢshc, pwc o pŢnakac elŚgqou isotimŢac H tou epektetamŚnou kŤdika C eŢnai o

H = 1 1 1 1 1 1 1 1 1 1 1 0 1 0 0 0 1 1 0 1 0 1 0 0 1 0 1 1 0 0 1 0

opŞte Hy^T = (1, 1, 1, 1)^T , Řra upŘrqei lŘjoc sthn 1h jŚsh tou y kai h kwdikŠ lŚxh x pou stŘljhke eŢnai h x = [ 0 1 0 0 1 1 0 1 ] .