PANEPISTHMIO KRHTHS TMHMA MAJHMATIKWN TMHMA EFARMOSMENWN MAJHMATIKWN TMHMA EPISTHMHS UPOLOGISTWN JewrŢa PlhroforŢac kai KwdikopoŢhshc FjinŞpwro 2001

5h seirŘ askŠsewn

1. Ac eŢnai G o gennŠtorac pŢnakac enŞc duadikoŰ kŤdika (5, 2) G = [ 0 1 1 1 1 1 0 0 1 0 ] . ProsdiorŢste Śna pŢnaka elŚgqou isotimŢac, Şla ta sŰndroma kai thn arqŠ twn sumplŞkwn gi’ autŞ ton kŤdika.

H kanonikŠ morfŠ tou G eŢnai o pŢnakac

G^′ = [ 1 0 0 1 0 0 1 1 1 1 ]

o opoŢoc prokŰptei apŞ thn enallagŠ twn dŰo grammŤn tou G. O pŢnakac elŚgqou isotimŢac tou kŤdika eŢnai o

H = 0 1 1 0 0 1 1 0 1 0 0 1 0 0 1 .

Ex orismoŰ, gia ta sŰndroma s tou kŤdika isqŰei:

s = Hy^T , ∀y ∈ F^5_2

opŞte to sŰnolo twn sundrŞmwn S eŢnai Şloi oi grammikoŢ sunduasmoŢ twn (n−k) = (5 − 2) = 3 grammikŤc anexartŠtwn sthlŤn tou H dhl. S = F^3_2 . TŚloc, gnwrŢzoume Şti Śqoume 2^{n−k} − 1 = 2^{5−2} − 1 = 2^3 − 1 = 7 sŰmploka (Şsa akribŤc eŢnai kai ta mŠ mhdenikŘ sŰndroma) kai to kajŚna perilambŘnei 2^k = 2^2 = 4 dianŰsmata tou F^5_2 .

JewroŰme wc arqŚc twn sumplŞkwn ta dianŰsmata e_i ∈ F^5_2 elaqŢstou bŘrouc gia ta opoŢa isqŰei s_i = He^T_i ≠ 0 gia (1 ≤ i ≤ 7). ja prŚpei epŢshc gia kŘje e_i ≠ e_j , me s_i = He^T_i kai s_j = He^T_j na isqŰei s_i ≠ s_j giatŢ alliŤc ta e_i, e_j anŠkoun sto Ţdio sŰmploko kai mŞno to Śna apŞ ta dŰo mporeŢ na eŢnai arqŠ tou sumplŞkou. EpiplŚon, gnwrŢzoume Şti to sŰndromo isoŰtai me to Řjroisma twn sthlŤn tou H stic opoŢec Śqoun sumbeŢ lŘjh. ’Etsi, to sŰndromo s = (0, 0, 1)^T , isoŰtai me thn 5h stŠlh tou H kai prokŰptei wc s = He^T Şpou e = (0, 0, 0, 0, 1) (dhl. lŘjoc sthn 5h jŚsh tou dianŰsmatoc pou stŘljhke). SuneqŢzontac Şmoia gia ta upŞloipa sŰndroma, prokŰptei o parakŘtw pŢnakac antistoŢqishc twn sundrŞmwn stic arqŚc twn sumplŞkwn

ArqŠ SumplŞkou e SŰndromo s^T 00000 000 00001 001 00010 010 00100 100 01000 111 00011 011 00110 110 00101 101

2. ’Enac duadikŞc grammikŞc kŤdikac orŢzetai apŞ to gennŠtora pŢnaka

G = 0 1 0 0 1 0 0 1 0 1 1 0 0 1 1 .

ProsdiorŢste thn tŘxh tou pŢnaka G, thn elŘqisth apŞstash tou kŤdika, Śna pŢnaka elŚgqou isotimŢac kai Şlec tic kwdikŚc lŚxeic.

H tŘxh Rk(G) tou pŢnaka G isoŰtai me ton arijmŞ twn grammikŤc anexartŠtwn grammŤn/sthlŤn tou, Řra Rk(G) = 3.

Me enallagŠ thc 1hc me thn 3h grammŠ tou G kai sth sunŚqeia thc 2hc me thn 3h grammŠ, prokŰptei o Ţdioc kŤdikac me gennŠtora pŢnaka

G^′ =

1 0 0 1 1 0 1 0 0 1 0 0 1 0 1

kai me pŢnaka elŚgqou isotimŢac H = [ 1 0 0 1 0 1 1 1 0 1 ] .

ParathroŰme Şti mld(H) = 2, afoŰ h 2h kai h 3h stŠlh tou H eŢnai Şmoiec. ’Ara, h elŘqisth apŞstash tou kŤdika eŢnai 2.

Oi kwdikŚc lŚxeic x tou kŤdika prokŰptoun wc x = aG, gia kŘje a ∈ F^3_2 .

3. ProsdiorŢste to du˘kŞ kŤdika tou kŤdika thc prohgoŰmenhc Řskhshc. ProsdiorŢste tic arqŚc twn sumplŞkwn kai ta sŰndroma. An lhfjeŢ to diŘnusma y =

[ 0 1 0 0 1 ], poiŘ kwdikŠ lŚxh tou du˘koŰ kŤdika eŢnai pijanŞtero na Śqei

staleŢ;

GnwrŢzoume Şti o pŢnakac H tou kŤdika C thc prohgoŰmenhc Řskhshc eŢnai o gennŠtorac pŢnakac tou C^⊥. ’Ara, o C^⊥ Śqei pŢnaka elŚgqou isotimŢac ton pŢnaka G thc prohgoŰmenhc Řskhshc.

Me Şmoio trŞpo Şpwc kai sthn 1h Řskhsh, brŢskoume ta sŰndroma s_i ∈ F^3_2 kai tic arqŚc twn sumplŞkwn e_i, (1 ≤ i ≤ 8), gia ton kŤdika C^⊥ apŞ th sqŚsh s_i = Ge^T_i , Şpwc faŢnetai ston pŢnaka tou sq. 1.

ArqŠ SumplŞkou e SŰndromo s^T 00000 000 00001 111 00010 001 00100 010 01000 100 00011 110 00110 011 00101 101

SqŠma 1: PŢnakac apokwdikopoŢhshc.

EŘn Śqei lhfjeŢ to diŘnusma y = [01001], Śqoume s = Gy^T = (011)^T kai apŞ ton pŢnaka tou sq. 1, to sŰndromo s antistoiqeŢ sthn arqŠ sumplŞkou e = [00110]. EpomŚnwc to pijanŞtero eŢnai na Śqei staleŢ h kwdikŠ lŚxh

x = y ⊕ e = [01111] sŰmfwna me to parapŘnw sqŠma apokwdikopoŢhshc.

4. ApodeŢxte Şti oi grammikoŢ kŤdikec me gennŠtorec pŢnakec

G_1 =

1 1 1 0 0 1 1 0 0 0 1 1

kai G_2 =

1 0 1 1 0 1 1 1 1 0 0 1 , eŢnai isodŰnamoi.

Me prŞsjesh twn dŰo prŤtwn grammŤn tou G_1 kai apojŠkeush tou apotelŚsmatoc sthn 1h grammŠ, prokŰptei o isodŰnamoc pŢnakac

G_{11} =

1 0 0 0 0 1 1 0 0 0 1 1 .

Me antimetŘjesh thc 3hc kai 4hc stŠlhc tou G_{12}, prokŰptei o isodŰnamoc pŢnakac

G_{12} =

1 0 0 0 0 1 0 1 0 0 1 1

o opoŢoc apoteleŢ thn kanonikŠ morfŠ tou G_1.

ProsjŚtontac thn 1h kai 3h grammŠ tou G_2 kai apojhkeŰontac to apotŚlesma sthn 1h prokŰptei o isodŰnamoc pŢnakac

G_{21} =

0 0 1 0 0 1 1 1 1 0 0 1 .

Me prŞsjesh thc 1hc kai 2hc grammŠc tou G_{22} kai apojŠkeush tou apotelŚsmatoc sth 2h prokŰptei o isodŰnamoc pŢnakac

G_{22} =

0 0 1 0 0 1 0 1 1 0 0 1 .

Me enallagŠ thc 1hc kai 3hc stŠlhc tou G_{22}, prokŰptei o isodŰnamoc pŢnakac

G_{23} =

1 0 0 0 0 1 0 1 0 0 1 1

pou apoteleŢ thn kanonikŠ morfŠ tou pŢnaka G_2. IsqŰei G_{12} = G_{23}, opŞte oi dŰo kŤdikec eŢnai isodŰnamoi.