PANEPISTHMIO KRHTHS TMHMA EPISTHMHS UPOLOGISTWN TMHMA MAJHMATIKWN JewrÐa PlhroforÐac kai KwdikopoÐhshc Fjinìpwro 2002

5^h seirĹ askăsewn

1. To poluÿnumo g(x) = x^6 + 2x^5 + 3x^4 + 3x^3 + 3x^2 + 2x + 1 ∈ F_4[x], eÐnai poluÿnumo gennătorac enìc kuklikoÔ kÿdika wc proc to F_4[x] tÔpou (15, 9). (aþ) Kwdikopoiăste to poluÿnumo u(x) = x^8 + 2x^2 + x + 1.

H kwdikă lèxh gia to u(x) eÐnai to poluÿnumo u(x)g(x) = x^{14} + 2x^{13} + 3x^{12} + 3x^{11} + 3x^{10} + 2x^9 + 3x^8 + x^7 + x^6 + 3x^5 + 2x^3 + 3x^2 + 3x + 1.

(bþ) UpologÐste to poluÿnumo elègqou isotimÐac.

To poluÿnumo elègqou isotimÐac eÐnai to

h(x) = x^{15} − 1 g(x)

= x^9 + 2x^8 + x^7 + x^6 + 2x^5 + 2x^4 + 3x^3 + 3x^2 + 2x + 3.

(gþ) EÐnai to poluÿnumo y_1(x) = x^{11} + 3x^2 + x + 2 kwdikă lèxh;

AfoÔ y_1(x) mod g(x) = 3x^5 + x^4 + x^3 + 3x ≠ 0 to poluÿnumo y_1(x) den eÐnai kwdikă lèxh.

(dþ) UpologÐste to sÔndromo tou y_2(x) = x^{10} + 3x^2 + x + 2.

To sÔndromo s_2(x) eÐnai to apotèlesma thc prĹxhc s_2(x) = y_2(x) mod g(x) = 2x^5 + 3x^4 + 3x^3 + 3x^2 eĹn jewrăsoume wc stălec tou pÐnaka elègqou isotimÐac H th dianusmatikă morfă twn upoloÐpwn x^j mod g(x), j ∈ {0, 1, . . . , 14}.

2. Na grĹyete ton pÐnaka pollaplasiasmoÔ gia to daktÔlio^{F2[x]}_{<x2+1>} . EÐnai sÿma; GiatÐ;

O pÐnakac pollaplasiasmoÔ tou daktulÐou eÐnai o exăc:

· 1 x x + 1 1 1 x x + 1 x x 1 x + 1 x + 1 x + 1 x + 1 0

Apì ton pÐnaka parathroÔme ìti to stoiqeÐo x + 1 eÐnai diairèthc tou mhdenìc afoÔ

(x + 1)(x + 1) = 0

kai epomènwc o daktÔlioc den eÐnai akèraia perioqă, opìte den eÐnai sÿma. Alliÿc, to mă mhdenikì stoiqeÐo x + 1 tou daktulÐou den èqei pollaplasiastikì antÐstrofo kai epomènwc o daktÔlioc den eÐnai sÿma.

PĹntwc, to ìti o daktÔlioc den eÐnai sÿma, prokÔptei Ĺmesa apì to ìti to x^2 + 1 den eÐnai anĹgwgo sto F_2[x], qwrÐc na apaiteÐtai o upologismìc tou pÐnaka pollaplasiasmoÔ tou daktulÐou.

3. (aþ) Paragontopoiăste to x^5 − 1 ∈ F_2[x] se ginìmeno anagÿgwn poluwnÔmwn.

’Eqoume ìti x^5 − 1 = 1 · (x + 1)(x^4 + x^3 + x^2 + x + 1) kai g_0(x) = 1, g_1(x) = x + 1 kai g_2(x) = x^4 + x^3 + x^2 + x + 1 eÐnai ta anĹgwga poluÿnuma thc anĹlushc tou x^5 − 1.

(bþ) GrĹyte ìlouc touc dunatoÔc kuklikoÔc kÿdikec măkouc 5.

Oi poluwnumikoÐ gennătorec twn kuklikÿn kwdÐkwn măkouc 5 pou prokÔptoun eÐnai oi exăc:

Gennătorac Parathrăseic g_0(x) = 1 C_0 = F^5_2 g_1(x) = x + 1 g_2(x) = x^4 + x^3 + x^2 + x + 1 C_2 = {00000, 11111} g_3(x) = g_1(x)g_2(x) = x^5 + 1 C_3 = {00000} (gþ) Se kĹje ènan kÿdika, kwdikopoiăste kai apokwdikopoiăste èna mănuma.

4. Sto parĹdeigma tou majămatoc (F =^{F2[x]}_{<x4+x+1>} , to sÿma me 16 stoiqeÐa) na diorjÿsete ta lĹjh an to sÔndromo thc lèxhc pou părame eÐnai to (10010110)^T . Na upologÐsete to gennătora pÐnaka tou kÿdika.

Ta lĹjh prokÔptoun wc lÔsh thc exÐswshc

S_1Y^2 + S^2_1 Y + (S^3_1 − S_3) = 0 (1)

wc proc Y = ζ^a, ìpou ζ eÐnai arqètupo stoiqeÐo tou F^4_2, (ζ^4 + ζ + 1 = 0) kai a eÐnai oi jèseic twn lajÿn. AfoÔ to sÔndromo eÐnai to (10010110)^T , èqoume

S_1 = 1 + ζ^3 = ζ^{14} kai S_3 = ζ + ζ^2 = ζ^5.

EpÐshc, S^2_1 = ζ^{28 mod 15} = ζ^{13} = ζ^3 + ζ^2 + 1

S^3_1 = ζ^{12} = ζ^3 + ζ^2 + ζ + 1,

opìte h (1) gÐnetai ζ^{14} · ζ^{2a} + ζ^{13} · ζ^a + ζ^{14} = 0 (2)

DokimĹzontac gia a ∈ {0, 1, . . . , 14}, brÐskoume ìti h (2) ikanopoieÐtai apì tic jèseic lajÿn a = 2 kai a = 13 xekinÿntac th mètrhsh twn jèsewn apì to mhdèn. Epomènwc to poluÿnumo lĹjouc eÐnai to e(X) = X^2 + X^{13}.

O gennătorac pÐnakac G prokÔptei apì ton poluwnumikì gennătora

g(X) = (X^4 + X + 1)(X^4 + X^3 + X^2 + X + 1) = X^8 + X^7 + X^6 + X^4 + 1

kai eÐnai o exăc:

G = g Xg X^2g X^3g X^4g X^5g X^6g

=

1 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1 0 0 0 0 0 0 0 1 0 0 0 1 0 1 1 1

.