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IIpolroyog

Ol G (ETPOG ONUELMOELS YPAPTNKAY KaTd T SIAPKELD TOV aKadnudik®dv ¢tdv 2019-20 kai
2020-21, dmevBuvovron 8¢ 0Tolg poLTnTEg Kal oTig portntpleg 1o Tunuoatog Mabnuatik®v Kol
"Egapuoouévav Madnuatik®dv 1od Mavemotuiov Kpnng ob énéreEav 1o pabnuo MEM233-
Tswuetolo. KotafiOnke idiaitepn mpoomddeia Hote 1O KEWWEVO VA £lval ATodayuévo dmd
TUYOV AAON Kol dPfAePiec. Z& 0DTO OVVERAAAY KATTOLOL/EG AITO TOVG/TIG (POLTNTEG/TPLEG TTOV SLdL-
Baoav Tig TPMTEG-PLAOTIKEG-EKOO0ELG TOD KEWEVOVD, OTTMWG aUTO AVAPTIOTAY 0TIV L0TOoEALdO
10D LOONUATOG, TOVG/TIG OTTOLOVG/EG KOl DY OPLOTM. A&V KaTéBako artd TV ALY Kouulo ato-
MTWG TPOoTADELOL YL VO KAV®D TO KELEVO eUmenTo, fatd, KA., KOTO TO PPOVILOTIPLOKO
0¢ogara. H Fewpetpia eival Evag kKAAdog tpog tOV 6motov, dmmg Eheye Kal 6 Apyundng, odx
oty Baothkn droamdg. "EATULW ol AvayvdOTEG KO 0L AVAYVOOTPLEG TOV ONUELDOEMY AVTMDV
VO 6UPNAQTHOVV T1) OYE0M Tovg Ut ) F'ewpeTpia Stapuecou Tiig poomtadetog mov Oi kotapd-
AOUV DOTE VU KOTOKTNOOVY QOTO TO TPMTO UOTLKA TG TTOV TEPLEYOVTAL KAl AvalDoVTaL 0TO
KELUEVO TTOU AKOAOVOET.

‘Hpaxieo Kpnne-T'ahaEeidr Pwkidog
Ampidog 2021
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Kegalaoo 1
Ewsaymyn

1.1 TIIpoictopikol xpovor

OewpelTaL OTL OL TPOIOTOPLKOL TTPOYOVOL LLOLG ELY ALY UL YEVLKT 0LOOT01) YLaL TAL TTOOE KOL OLYOUpQ.
YVOPLLOV T dLapopd eTaED Tov €va Kat Tou d10. Oume, ¥PELOOTNKE EVO UEYALO SLOVONTLKO
A0 TTPOG TNV EQPEVPEDT EVOG CUUPBOLOU YL TV EVVOLO TOV «dV0». AKOUO KOL ONUEPD, V-
TAPYOVY ATOUOVMUEVES PUAEG KUVITYWV-OUALEKTMOV 0TV ARaloVvio: Tov €10y Hovo AEEELS Yo
«EVO», «800» KOl «TTOAMGO», KoL GALEG TTOU €xOUV UOVO AEEELG YLa aplOUoUg £m¢ KoL to TEVTE.
EAMeleL eYKATEOTUEVIG YEWPYLAG KOL EUTOPLOV, VITAPYEL EAAYLOTH AVAYKT] YL £VOL ETTLOTUO
ovotua aplduwv.

O tpdLog avOpwTog TapakohovBoVoe TAKTLKA YEYOVOTO OTTWG OL PAOELG TNG ZEAMVNG KLl
oL eTTOYES. MEPLKEG aItd TIG TPWTEG EVOEIEELG OTL 1] AVOPWITOTNTA OKEPTOTOV TOVG apLBuog
ELVOL ATTO EYKOTEG 00TMV 0TV A@PLKY TTOV YPovoroyouvtar astd 35.000 £mg 20.000 yxpovio
7P, AAAG QUTO ELVOL TTPAYUOTLKG, OTTAT) LETPNO KOL KATOUETPN 0T TOPA LWOONUATIKA 0T
Kabavta.

To 0016 tov Iodvyko

1.2 Xovuéprot kot Aryvmrtion

OL ZOUUEPLOL KaL OL TTPOSVVAOTELOKOL ALYVITTIOL TTOV KATOLKNOOV 0T1) MeoomoTOuLe, KL 0TV
Alyvmtto avriotouya, topd g 0x0eg tTwv ueyalwv motoumv Tiypn kor Evgpdtn ol pev Kol
Tov NEelhov oL dg, SLaKOOUOVONY UE YEMUETPLKO OYELOL TA TEYVOUPYNUOTA TOVG amtd To 6.000
7.X. To 1810 gkavav ko kamotol tanduopot oty Bopera Evpman, amd to 4.000 7t.X. ‘Ola ovtd
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2 KEDAAAIO 1. EIZSAT'QIH

OUMG NTAV TEPLOGOTEPO SLOKOOUN O], TTAPO CUOTNUATLKT TOPAOTAON OYNUATOV, TTOCOTHTOV
KOL LOPPMV.

To MoOnUotikd GpyLooy vo, avosttiooovToL EVPEMS AOY® TMV YPOPELOKPUTIKDV OVOYKOV
TV TPOTOV TOATLOUMV TOV OYXNUATIOTNKAY OT0 TNV EYKATAOTOON TOV avOpOIOV ouTdV
o€ UeYALEG TTOELG KOL TV avATTTLEN TG YEWPYLOG Kal KTnvotpoglag. H uétpnon tov eda-
PMOV, 1 ATOWKT POPOROYNOT KAT., TPOTOEUPAVIOTIIKOV 0TOVG TOMTIONOVG TV SOUUEPIWV
Ko ALyurTiov.

To Zoluep (ywpto TG MecomoTAULAG, TEPLTOV TO VYY) POVO VOTI0 [pdx), Oewpeital 0 TOTOG
YEVVIIONG TG YPAUPNG, TOU TPOXOU, TNG YEMPYLOG, TOU TOSOV, TOU 0pOTPOU, TNG APSEVONG Kot
TOMOV GAA®V KOLvoToumY Kot dtkatmg ovopaletat 1) Kottida tov Moltiouod.

OL Z0oUpEPLOL QVETTUEAY TNV TPWIUOTEPY UOPPY YPOPNS, T AEYOUEVY o@nvoeLdT) YPo-
@M. ZPNVOELDELG YAPOUKTNPES ETLYPAPOVTAV OF TAUKES YUEVOL TNAOV, VL0 SLAPOPOVS OKO-
molg. Avtdg eivan kKo 0 AOYog OV £YOUE UEYOADTEPY] YVON VL0 TO. SOUUEPLOKC KOL TO,
Bapuioviakd Madnuatikd (0 Bafuimviakog Oempettor o S1d0y0g TOMTIOUOS TOU SOUUEPLAKOV),
TAPA Y10 TO ALyVTTLoKA. TTpayuortt, £X0VUE PEYPL KOL OYXOMKEG CLOKNOELG OF apLOUTIKA KoL
YEMUETPLKA TTpofAnuata. Ot ZovuEPLOL NTAY LOMG OL TPMTOL AVOPMITOL TOV OVTLOTOLYLOMY OV~
BoLOL 0€ OUADEG AVTLKELUEVOV OF LG, TTPOOTTADELA VO SLEVKOAIVOUY THV TTEPLYPOPT) TOV UEYAAD-
TepwV aptiudv. TIpoympnoov amd T XPNoN EEXMPLOTOV CVUBOAMY VL0 VO AVTLITPOCOITEVCOVY
oTayLa ortaptov, BAla Madlov KA., GTNV O 0@NENUEVT XPNON EVOG GUUBOLOU YO KGOE GU-
YKEKPLUEVO apLOUl. ZeKivavtog artd TV 41 yihetio t.X., GpyLoay Va. Y1 oLUoTToovV VoY
WKPO TNALVO KMVO VL0, VO AVILTTPOOMITEVCOUV TO £V, (WOL TTNALVY] WTTAACL VL0 TO SEKOL KO EVOLV
UEYAAO KOVO Yo eENVTQL.

[INAvoL ZoupePLOKoL KMol

Ta MoOnuatikd tTov Zovpeplwv Ko Tmv Bapuimviov Bactotnkay ot £va aptduntikd ovotn-
wo. e Baon to 60. Avtd TPOEKLYPE ATO TN UETPNOT TV TEVTE SAKTUAWV KoL TwV dMdeka
apBpmoemV TOV VoG xePLoV. Ze avtifeon ue Tovg Aryvmtiovg kot tovg EAlnveg, ol Aeyouevol
Bafviowakol agiBuol Yp1nolomolovooy Vo, TPaYUATIKO ouotnuo. agltog 0€ong, 6TTov Ta Y-
PLOL TTOV YPAPOVTOV 0TIV OPLOTEPY OTNAT AVTLTPOODIEVAY UEYOLMITEPES TUUES, OTTWG KO 0TO
00YYPOVO SEKASIKO 0VOTNUA, GV KOL QUOLKQ Y pnotposotovoay T Baomn 60 ko oxL T faon 10.



1.2. SOYMEPIOI KAI AII'YIITIO! 3
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Bapurwviakol aptduot

1
2

9
10

AHEEgHEq 3~

Texpatpetan 6TL 1| Bapuioviakn mpoéodog ota Mabnuatikd mboavotato dtevkoduvonke oo
10 YEYOVOG OTL TO 60 €)eL mohholg dtapeteg (1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30 kaw 60). Ztnv
TPAYUATIKOTNTA, TO 60 €lvar 0 WKPOTEPOG OETIKOG AKEPOLOG SLOLPOVUEVOG OTTO OMOVG TOVG
BetikoUg axképatovg aptBuovg amtd to 1 éwg to 6). H cuveytlopevn ueypL g UEPES UAG YPNOM
TV 60 deuteporEmTV 08 £va Aemtod, 60 Aemttddv og o wpa kKo 360 (60 X 6) popwv oe Evay
KOKLO, ELKEL TV KOTAYmYT TG 7to To apy oo Bapuimviako ovotua. To apdpotovg Moyoug
10 12 (10 o7tolo €xeL droupeTeg 1, 2, 3, 4 Kaw 6), VIINPEE LOTOPLKA 1) fAOT YLOL VO, TOGO SNUOPLAEG
ovotua (rr.y. 12 unveg, 12 ivtoeg, 12 mevveg, 2 x 12 dpseg, k.Am.). 'Exovue otouyelo yio tnv
AVATTUEN £VOg OUVOETOU GUOTNUOTOG UETPNONG OITO TOUG ZOVUEPLOVS OTtd Tteptmou to 3000
70.X., KO £X0VV AVOKAAMPOEL TUVAKEG TTOMATAACLAOUOU KOl SLOLPEONG, TTVAKEG TETPOYMVWY,
TETPOYOVIKMOV PLLOV Ko pLimv KOBov, YEWUETPLKOV AOKNOEWV KOL TPOPANUATOV SLALPEONG
YPOVOLOYOUUEVWV atd Tteplrov To 2600 mt.X. ko uetd. Apyotepa, To Bapfulwviokd mhakidio
7OV YPOovoroyoUvToL 0std sepliov to 1800 £mg to 1600 7t.X. kolidmtouv Oguata 1000 ToLKiLoL
000 Ta Khaopata, 1 aGAyeBpa, oL HEB0SOL ETLAVONG YPAUUKDY, TETPOYMVIKOV KoL KOU KoL
UEPLKMV KUBLKMOV EELOMOEWYV, KAl 0 VITOAOYLOUOG TOV KOVOVIKOV apotBaimv Cevydv (Celyn
apOumv ov molhamhaotalovrol pall yio va dwoovv 60). ‘Eva ovykekpuuévo Bafuimviako
mLoKidLo divel TPooLyyLon TG /2 e EKTANKTLRTY akpifelo TévTe dekadikmv Yynpimv. Aoy,
amapduodvral Ta TETpaywva aptdumy émg 59, ot KUBoL aptdudv €mg To 32, K.0. 2 Eva Ao
TAOKLOL0, EVPLOKETOL oL EKTIUNON Yo To 7 (3,125, wo MoyLKT TTPOoEYYLON TG TTPAYUOTIKNG
Tung 3,1416...).

Bafuloviakog sivakog vrohoylopot gpfadot un kavoviko oynuatog (2100 wt.X., mepimov)
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H 18€0 TV TETPAYOVIKOV 0plOUdV Kol TmV TETPAYMVIKOV EEL0DOENV (ATaVTATOL 1] HOPEPN
2% + pr + q = 0), TPOEKVYPE PUOLOLOYLK( 0TO TAALOLO THG UETPNONG TNG YNG KOL TO, atOnuas-
KA Bafulwviakd mhakidio pog Sivouy Ty tpdTn Mo TETOLWV TETPAYMVIKDV EELOMOEWY.
H Bauloviokn TpoogyyLon YL TV ETAV0N TOV EELOMOEWV CUTMV TEPLOTPEPETAL OVVNOWG
YOPW AT £VaL ELOOG YEMUETPLKOV TTALYVIOLOU TEUOYLOUOV KOL AVAILATAENG OYNUATOV, OV KL
gupaviletal Kat 1 (Tpwtolela) xpnon aryeppag. TourayLOTOV UEPLKA ATTO TO TOPASELYUO-
TOL PALVETOL VO, TAPADETOUV ETIAVOT APNPNUEVDV KOl OXL CUYKEKPLUEVOV TTPOoBANuaTmy. Ou
STovugptot, oL Bafurmviol kabmg Kat oL Acoplot, aAl o€ ukpoTtepo Badud, xpnoLoTolnoay
YEMUETPLKA OYNUATC OTO KTLPLOL KOL TO OYESLAOUO TOUG, OTMG KoL 08 CAPLOL YLOL TOL ALY Vi-
dLaL avapuyNG TOV NTAY ESALPETLKA SNUOPLAT] 0TV KOLVMVLOL TOVUG: TO TAPAL ELVOL COVUEPLOKT
eevpeon. H yemuetplo Toug emekTadnke 0Tov VITOAOYLOUO TOV eUBAdmV 0pOoywVIWY, TPL-
YOVOV Kat TPATELOED MV, KABMG KAl GTOV VTTOAOYLOUO TOV OYKOV OTTADV OYNUATOV OTTWG TO.
TOUBA KoL oL KUAMVEPOL (av Ko OyL OL TTUPAILOES, TPAYIO UPKETO TTEPLEPYO TOVAAYLOTOV YLOL
TOUG ZOUUEPLOVG).

Avastopaotaon tov Crykovpdt g Oup, TpmTetovoas Tmv ZOUUEPLWV

Av Kat oL Zouueplokeg Tupoutdeg (Trykovpdt) NTov emavamtO0gon TapoAAETITES WV OYKWY,
OemPOVVTOL OL TTPMTEG LOPPES KTLPLOKMDY TTUPOUSWV TTOU Y PNOLUOTOLOVVTOV TOOO YLOL TTOMTL-
KOG (KOTOLKLOL TOU 0TOKPATOpa) 000 Kot Yo Opnokevtikovg okomrovg. O wibog tov IThpyov
™G Bafeh EhkeL 00pmg TV KATAYWYT TOU 0ITO TO EYAAN COUVUEPLAKA CLYKOUPAT.
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DaVTOOTIKY AVATAPAOTAO0N TOV TUPYOU THG Bafe

H dtaonun (ko apgrieyouevn) v swhdiko, Plimpton 322, sov motedeTon OTL X POVOLOYELTOL
amo to 1800 mt.X., vtodnhmvel 6TL oL Bafulwviol towg yoplZav to IMuboayopeio Oshpnuo Tol-
AMovg audveg stpLy amd tov [Tubayopa. H mhaka patvetor va amaptBuet 15 télewa ITubayopeta
TPLYWVO. e AKEPALEG TTAEVPEG (ELVOL akOUA OEOL SLaLdNG TG ETLOTNUOVLKNG KOLVOTNTAG YLOL
TO KOTA TOOOV OAOL GUTA SEV NTAV ATTAMG OKAINUOIKEG ALOKNOELS).

H sinhivn whaxo Plimpton 322 (Bpetoavikd Movoglo)

O tpdTOL ALyUTTTIOL £YKATAOTAONKAY KOTA UNKog TG e0gpopng Kothadag tov Nethov to 6000
71.X. TEPLTOV, KAL APYLOV VO KATOYPAPOVY TO LOTLBO TWV OEMVIOK®DV (PAOEMV KOL TWV ET0-
YWV, TOOO YLOL YEWPYLKOUG 000 Ko Yo Opnokevtikoig Aoyous. Ot emibempnteg twv Popam (ot
apmedovamrteg Kot tov HpO80T0 NTav autol 1ov oy vieliuvol Yo T UETPNOT TV JTANU-
wp®dV Tou NelAov) XPNOLOTOL0Vo0V UETPNOELG UE PAON TO UEPY TOU COUNTOG: UL TTAAGUT
NTAV TO TAATOG TOV YEPLOV, EVAL TETPAYWVO NTAV TO KOG OITO TOV OYKDVA EWG TO SGYTUA
KAJT. AUTA YPNOLUOTTOLOVVTAV YL T UETPNOT YNNG KOl KTLPLOV 0t TOA) VOpLg 0TV LOTOPLOL
™G ALydmtTov, Kot £va deKadiko aptOunTikod ovotnua avartdyOnke ue faon o deko ddyTuia
TOV YEPLMV.

To TOAAOTEPO LOONUATIKO KELUEVO ALTTO TNV AP CLC. ALYUTTTO TTOV £YEL OVOKAAVPOEL HEYPL
oTLyunG, wotooo, etvar o Iamupog g Mooy ag, Tov XPOVOLOYELTOL 0ITO TO ALyurttiokd MEco
Baotlero yupw oto 2000-1800 7t.X.

O Tlamvpog g Mooyag
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[Motedetar 0Tt oL ALyDITTIOL ELOTYOYOV TO TTAANLOTEPO TANPMG CVETTTUYUEVO GVOTNUO apLOun)-
KNG Baong 10, tovhaytotov NN amd to 2700 rt.X. (kKo havmg ol o vopls). Ot ypasttol
aplOUol ATOTENOVVTOY OITO EVO. KTUTINUA VIO TIG LOVOADES, EVAV AOTPAYOAO YO TIG SeKASES,
£VOL TNVLO OYOLVIOD YLOL TLG EKATOVTASES KOL EVOL UTO AwTOV YLaL TLG IMADES, KaOMmG Ka ahloL
LEPOYAVPLKG OVUBOAN YLOL VYNAOTEPES SUVAUELG ALTTO TO OEKA EMG TO £VA EKATOUUVPLO. Q0TO00,
dev vanpye N £vvora ™G aElag BEong, £tol oL ueyahiepol aplbuol NTav wadlov dvoypnotol
(0V KaiL TO €VOL EKOTOUIUPLO AITaLTOV0E OVO EVALY YOPAKTHPA, TO EVO EKATOUUDPLO UELOV EVOL
amartovoe evnvra TEooeplg xopaktpeg). O IMamvpog Rhind, wov ypovoroyeitan yupm oto
1650 7t.X., elvoL €va €100G EYYELPLOLOV 0O YLDV OPLOUTTIKNG KO YEMUETPLOG KOL OiG SLVEL 00
(PELG EVOELEELG VLA TO TTMG TPOYUOTOTOLOVTOV O TTOMATAAOLOOUOG KAL 1) SLALPEDTY EKELVI TNV
eroy). IlepLeyel eTONG OTOLXELD. GAMMY WOOMUOTIKDOV YVOOEMVY, OTTMG TO WOVIKG KAGOUATOL
(KAGopaTo pe apdunth T wovada), Tovg oUVOETOUE Kol TPMTOVS aptOuols, Tovg aptOunTL-
KOUG, YEWUETPLKOVG KOl OPUOVIKOVG UECOUG, TO TG VAL ETLAVOUUE YPOUUMKES EELOMOELG TPMTNG
TAENG KAODG Ko aplOUNTIKEG KOl YEMUETPLKESG OELPEC.
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O Iamvpog Rhind

O IMamvpog tov Bepohivov, mou ypovoroyeitol yopw oto 1300 m.X., delyvel OtL oL apyolot
Avydrrtior wropohoov vo Auvouv tetpaymvikeg eElomoels. H mpd&n tov mollamhaotaouot
YLVOTAV [LE [LOL SLOSLKOLOLOL ETAVAAAUPAVOUEVOD SLTAAOLOOUOV TOV EVOG TOAMATAAOLOLOUEVOY
aplBuov aITd T i, KoL To 1810 yia Tov AAAoV. OVOoLOOTIKA, £XOVUE EVOL ELOO0G TTOAMOITAQLOLAL-
opo¥ SUASIKOV TTOPAYOVIWYV, TTOPOUOLOV UE CLUTOV TTOV YPYOLUOTTOLELTOL OTTO TOVG OVYYPOVOUG
VITOMOYLOTEG. [LvOTOV AOLITOV OUOLAOTLKG XPNOT) TNG EVVOLOG TMV VUKDV apLlOUmV, TOvV®
amd 3.000 ypovia swpwv o Leibniz Ty elodyer 0t AVom, Ko TOAMG akOun XpOVLOL TPV oIto TNV
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AVATTUEN TOV NAEKTPOVIKOD vitohoyoty). Tao KAGouaTo pe aptduntn ) wovada umopovoov
ETTLONG VO, XPNOLUOTTON 00UV Yo ATtAEG SLanpeoets. Lo Topaderya, edv ETPETE VO, YWPLOOVY
3 kapPela oe 5 drona, Tpwta O xOPLLav S0 oo Ta PwULd 08 TPLTA KoL TO TPLTO KOPPEM o8
e, Metd 0o SLoupooov To apLlotepd TPLTO atd To deVTEPO KAPPEAL OE TEVTE KOUUATLO.
'Etot, Ka0e atopo 0o ETOLPVE TO EVOL TPLTO GUV TO EVOL TEUITTO GUV TO EVO. OEKATO TEUITTO (TO
0TTOLO CLVEPYETOL OUVOAK( OTOL TPLAL TEWTTA, OTTWG OaL TEPLUEVOLE).

Example: Divide 3 loaves between 5 people

First, divide two of ...and the third
the loaves into thirds... loaf into fifths

N, SNED. SN

T T

¥
each person gets one-third each person gets
each, with one third left over one-fifth each

Then divide the left-over third
from the second loaf into fifths

each person gets a

gy
E\\g slice (onefifteenth)
)

—

So, each person gets:

pe -~
§ + . F + i = @: "f
@ ; !
v - R\
13 175 115 35

OL Ay OTTTLOL TTPOOEYYLOOV TO EUBASOV TOU KUKAOU YPTOLUOTTOLDVTAG OYUOLTO TMV OTTOLMV YV®-
prov 1o gufadov. IMapoatnpnoay ot To eufadov KUKAOU SLAUETPOV 9 Lovadwv A.x., NTav mte-
PLITOV LOO UE TO EUPUSOV EVOG TETPAYMVOU e TAeVPES 8 povadwv. 'Etol, ta eupfadd kvxlwv
M@V SLAUETPWV PITOPOVoaY Vo AMpOoUV TOAAATAOOLATOVTOG TN dtapueTpo et 8/9 Ko Ka-
TOTLY TETPOYOVIZOVTAG TOV aptOId autdv. AUTO SLVEL LILC. AITOTEAECUOTIKT) TTPOGEYYLOT| TOV T
we opaiua Myotepo omd va tolg ekatd. O 1dLeg oL Tupauldeg elvar o aAkn EvOelEn g
TOMTTAOKOTNTOG TMV ALYyVITTIOKOV MaOnUaTikdv. ATopPLITTOVTAG TOUG LOYVPLOUOVG OTL OL
TUPAUOEG ELVOL OL TTPMTEG YVWOTEG SOUES OTLG OToLeg Topatnpettal 1 Xpvon Toun 1: 1,618 (n
07TOL0L UTTOPEL Va. €YEL OVUPEL Yo KaBopd awoOntikolg Kot oyl padnuotikoig Aoyovg), Siatt-
OTMVOLUE TNV OLYoUpT) VITOPEN ATOSELENG OTL YVMOPLLAV TOV TUTTO YLOL TOV OYKO LA TTUPAUS G
1/3 opég To VPog €L TO UNKOG ETTL TO TAATOG, KADMG KOl GuTOV YLo TOV OYKO TNG KOAOLPNG
TUPAULSOG.
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Ov mupautdeg g I'kitog

TvaoplLov emiong, old tpLv amd Tov [ubaydpa, Tov Kavova OTL £va TPLYmVo UE TLG TTAEVPEG
3, 4 koL 5 povadeg artodidet TELeLD. 0pON YwVLOL KoL 0L ALyDITTLOL OLKOSOUOL YPT|OLUOTTOLN OOV
OYOLVLAL SEUEVOL O€ SLAOTUATO 3, 4 KOl 5 OVASMV YL, VO. EEQ0PAMOOVYV TIG CWOTEG YWVIES YLOL
TNV TOLYOTTOLUC TOVG (OTNV TPOYUATLKOTNTA, TO 0pBoydVIo TpLymvo 3-4-5 ovoudletar ovyva
QLYUTTTLOKO).

]

3 A

AWYVTTIOKO TPLYWVO

A7to avtd Tov podaivoupe-cuvnBwg ue oTPEPAO TPOTO-GTO OYOLELD, LEVOUUE UE TNV EVIVITMON
ot ov Apyator 'EMMNveg elval autol tov avakaivpay To. Madnuatikda. Eidaue oty evotnto
avTn OTL 1 alnBEeLoL ELVOL TTOVTEMDG SLOPOPETLKT. ATtd OAN TV TTPoNyNOELo0. CLENTNON ELVaL
POVEPO OTL ALPYNG YEVOUEVIG OITO TOVG TLPOLOTOPLKOVG YPOVOUG, 1] AvaTTLEN TV Madnuotikmv
vNpEe paydalo £ng TG amapyEg g avOpwmivng lotoplag. Avo TEPAOTIOL TOMTLOWOL, O
MEeGOTOTOULOKOG KO 0 ALYVITTLOKOG, TTOU TTPONYNONKAV (IALETIEG TOU 0PYOLOEAAVIKOV, ELYOLV
avasttiEel og onuovTiko Boduo to Madnuatikd. Ol TpmTEG LEYOLEG UNTPOTTOAELS TOV avOPM-
TULVOU TTOMTLOUOU, 0L ZOUHEPLAKEG TTOAELG avapeoa otov Tiypn kot tov Evgppdrn, Kabwng kol to
TEPAOTLO UWVTUELXL TV ALYVTTTIOV EKATEPMOEY TV 00DV TOU NELLOU TTPONYOUVTAL TO ALYOTEPO
Katd 2000 ypovia amd To yTioo Twv Mvnuetmv g Akpomtoine. Kat cagpag, Omtmg etdaue, yio
VO, Y TLOTOVV OUTA, YPELAOTNKOAY APKETA MabNUaTiKa, TPayio Tou AToSELKVUETAL 0TTO TLG T
PO. TTOMEG OPIVOELDELG ETLYPOPES TMV ZOVUEPLMV KAODE KO 0ITO TOVG TATVPOVS KO TLG VYO
POKTEG ETLYPOUPES TV Aryvrttimv. Tu glvar Aowtodv avtd ov avadetkviet To Apyaio EAAnvika
MaOnuotika; H amdvinon etvot: 1 avakdivym g €vvolag g arddeéng. Ol mpoavapepOe-
VIEG TTOMTLOUOL TTOPTNYOLYOV YVOT UECW EVOG TAVIOYVPOV LEPATELOV TTOV OVTUTPOOMITEVE TNV
amOAVTY) €E0VOLA TOV EKAOTOTE BACIAEN 1] Papo®. Ol EMLYPOUPES TWV ALYUTTTLMV OVOPEPOUV
OVOTNUOTLIKA: VL0 VO AVOELG TO TOSE TTPOPANUQ, Oa KAVELG T ENG Kol TPOYMPOUV 0TIV TaPd-
Beomn g MomG XwPLG ATOAITWG Koo Stkotohdynon. Tnv emwoyn e avonong tmv molewv
™G lwviag kKot Tov 70-60 aL. 7.X., OL OTTOLEG ELYOLV KOTA KOvOVa oM TLo (puhehetBepa Kabe-
OTMTA, OL VOUTLKOL KOIL EUITTOPOL 0TIV TTAELOYNPLA TOUG KATOLKOL LETOUAAUTTADEVOALY TIG YVIDOELG
TTOV OTTOKTN OOV OTTO TOL TAEELOLA TOVG OTLG TTOAELG TOUG (ELVOLL YVWOTO TG TO ETAYYEMUE TOV Oat-
A1 Tov MIANOLOU TV EUTOPOG KO OTL ElYE TAEELOEPEL ETAVEIAUUEVE. 0TV Alyv7tTo). ‘Ouwg,
N UETAAAUTASEVOT QT SEV £YLve ue akpito Tpomo. H guotkn drhocopio mov avamxtoyOnke
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TOUTOYYPOVO OTa. LOLAL UEPT), EBALE TO UEYQ epdTNUCL: Yortt; To gpdTue avTd dev Ba puopol-
oav vo. 70 0£00VV 00TE 0L ZOVUUEPLOL, OVTE OL ALyDITTLOL, OKPLBMOG AOYWw TV KAOEoTOTWY TOV
Toug eEovotalav. H amddelEn nrav aypelaot, AOym g OLMOKANPWTLKNG (UONG TMV TOMTL-
ouwv awtmv. H amddel&n avakorlvgdnke oty Iovia, Aoyw @uieleBepmv TOMTEVUATOV KoL
Tov gurtoplov. 'Etot, 1) amddelEn ota Mabnuatikd eivan GUIQUTH UE T SNUOKPOTLA.

1.3 'EAMnveg

Kabwg or 'EAAMVEG GpyLoay Vo HeYOADVOUY T OQOLPO ETLPPONG TOVG 0T Mikpd Acla Lo

TV WITOLKLOV, 0T1) MECOTOTOULO KOL OTLG OKTEG TG MECOYELOV HECM TOV EUTOPLOV, VIOOETY-

OOV KOL TTPOAPUOOOLY YPOLILOL OTOLYEL OTTO TIG KOLVVIEG TTOV KOTEAGUBOVAV/AANAETLO povTOLV.

AvT0 10y 0EL TOOO VLo  To MOoONUATIKA TOUG 000 YL 0TLONTOTE AALO: VIW0OETN OOV oToL el MaONuatikmv
1600 a0 Tovg Bafulmviovg 600 Kat amd Toug AryVmTiovs. ZUVIOUd, ApyLoay vo. KAVouv o)-
WOLVTLKEG CUVELOQPOPES KOLL, YLOL TTPWDTY (POPXL, WTOPOVILE VO, KATOYPOPOUUE TIG OUVELOPOPES TWV
atouwv. Méypt v EAAnviotikn teplodo, ov 'EAAVEG TpmTaymVIOTOUV 08 (Lot aTtd TIG TTLo dPai-
WOTLKEG KOl ONUOVILKEG ETTOVOOTAOELG 0T LOOMUATLKY] OKEYPT] OAMV TWV ETOYMV.

1.3.1 Artxoi 1 Hpwdioakot apiBuoi

To apyorotepo EAAVIKO aptbuntiko ovotnua, yvwoto wg Attko 1 Hpwdiako, avamtioyOnke
TANPOG Ewg To 450 71.X., KoL NTay 0€ TUKTUKY Ye1 0N Thavdg o awd tov 70 awdva t.X. 'Hrov
eva ovotua Baong 10 TapOUoLo Le To TPONYOUUEVO ALYUTTTIOKO (KoL OKOWY TTLO TTOPOUOL0
UE TO UETOYEVEDTEPO Puaikod ovotnua), ue ovupora yio ta 1, 5, 10, 50, 100, 500 kor 1.000
ETTOVOLOUPOVOUEVO, OOEG POPES YPELALOTOV YLOL VAL OVIWTPOOMITEVGOUV TOV ETLOVUNTO apLOuo.
H mtpoonkm yivotov abpolloviag ywptotd to ouppola 0tovg optfpoc mov pootifevtay Kol
0 TOAMATAAOLOOUOG NTAY LA ETLTOVY SLASIKAOLO BACLOUEVT] OF SLAdOYIKOVG SLITAAOLACUOVS
(M SLapeon BACLOTNKE 0TO AVTLOTPOPO QUTNG TNG SLASLKAOLAG).

1

I 2
11 3
4

5

111

It |6
r |7

I |8
I |9

A |10
lar |15

AA |20

© |50

H |100

X |1000

M | 10000

Attuk6/Hpwdrokd ovotnua aplbunong
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1.3.2 Oals ko amapyes Ts Fempuerpiog

Ta meprocdTepa artd Too EAAvikd Mabnuotikd faoctotnkav ot l'eouetpia tng axddeéng. O
Oaing, £évag 0md Tovg Emttd Zogot tng Apyatag EMadac, mov £Inoe otig aktég g loviag
T0 TPMTO WOO TOV 6oV owwva .X., Bempeltar oVVNOmG 0 TPWTOG OV £00e KaTevOUVINPLEG
YPOUUES YLOL TNV ApnPNUEVT avarttuEn g [ewpeTplag, ov Kol outd Tov YVmPLLOUIE YL TO
£PY0 TOV (0TS 0€ OUOLA KO 0pHOYMVLOL TPLYWVEL) (PALVETOL TOPO TTOMD 0ToLYELMdES. Etvor ol
AMya. auTd ToU YVoPLZovE Yo Tov Oain, Tov tpdTo (Puotko) @rhocoqo kKor Madnuatiko e
Iotoplac. Avtd TOv 7oV YVWPLLOUUE OUMG ELVOL OTL NTAY EWTOPOG KOl OTL ELE TAELDEYEL OTNV
Atyvrtro. Eivor mod) mbavov exel va 1p0Oe o€ emapn ue avOpdhmoug Tou LEPATELOV Ko VoL ENaBE
YVOOT KATTOLWV 0ITO TO, WOOMUOTLK AL ETULTEVYULATO TOV ALYUITTLOV.

Oaing o Miknolog, 626/623-548/545 wt.X.

[Tapa tohha otoLyelwdn Bewpnuata g Femuetplog amodidovral 6Tov Oain.
Oeopnua 1.3.1. O tagpd tn fdoel ywvies tcookeAovs ToLydvov eivau (Geg.

O BpUhog Aeyet OTL TPOKELTOL TTEPL TOV TPMTOV ATOESELYUEVOV OEWPNUATOG. ATTO T X AP
TOU YLOL TNV VALK OAU YT TOV aUTH), 0 OaANg tpdopepe ekotoufn (ekoto Bodia) otov Iooeldmva.
"Eva Ao Bedpnuo Touv @0t elvan Ka To:

Oesopnua 1.3.2. I1ievod torywvov eyyeyoauuévov oe KUKAO (on ue ™) SldueTEO TOU KUKAOU
PAémer ae 0001 ywvia.

O O OUMG TLOTMVETOL ETTLONG UE EVOL AAAO HEYAAO Kau KaBOLOU oToLyeLddeg Bempn-
oL, Tou FTEPLPNUOV Oewpnuatog Twv ITapariniwv Tov O, TEPL TWV OVOLOYLOV TV EVOL-
YPOUUMV TUNUATOVY TTOU SNuovpyodvtal edv dVo Teuvoueveg gvbeleg TEuvovol amd Celyog
TaPAMNAOV gVOELDV.
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Thales' Intercept Theorem
states that:

To Oewpnua Tov Oain

Alyo akouo. yio tov Ooin:

e ITpogPreye exhenpn HALOV, TPAYUO TOV TOV KATEOTNOE OERACTO OTNV TATPLO TOV TV
MiAnro.

o Agyeton OTL uETPNOE To MPog NG [Tupaudag Tov Xeoma, yP1OLUOTOLMVTOS TO (WTAOTOVVL
ToU (TN Baktnola Tov) Ko OpoLe TPLywva. TIal pe opoLa Tplywva, VITohOYLLE ATOOTAOEL

TAOLWV QIO TNV OKT).

e Ozwpelton 0 TPDTog PLhOcoPog. o Tov Ok, apyn TAVTOV TO TAWO.

1.3.3 Iv@ayépag, o yevapyms

[MuBayodpag o Zauog, tep. 570-mep. 495 m.X.

Se eva, oD peyaro Badud, o Bpvrog tov Mubayodpa Tov Zaplov EYLVE GUVMVUUOG UE TN YEV-
vnon Tov EAAnvikov Madnuotikov. Tpayuatt, motedetar 0Tl autodg emvonoe 1000 TG Aé-
Eelg «@LhosopLO» («OyaTtn TNG 00QLAG») 000 KoL «afnuatika» («autd mov padaivetow). O
[MuBaydpag NTav LOWG 0 TPDTOG TOV CUVELSNTOTTOINoE OTL B0l WITOPOVOE VO KOTUOKEVAOTEL
gva TANPeg oVoTHUe MoONUOTKOV, OTTOU TA YEMUETPLKG, OTOLYELO AVTLOTOLYOVOAY UE TOUG O
pOUoVG (v TPoKeEWEVM, TOVG BeTikolg pntovg). To TubBaydpelo Oswpnua elvol Eva oo To.
TAEOV YVOOTA podnuatikda Bempnuotoa. AAAG o 18Log o Mubayopag NTav 6mwg Ba dovue eva
WOALOV QUPLAEYOUEVO TTPOOWTTO. 2& KaOe meplmtwon, ta EAAnvikd Madnuotikd dev mepLo-
plotnkav kabohov og evav avOpwro, aring o Mubayodpag Oewpeltor 0 TPMOTOG «alnOIVOCH»
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MoOnuaTikog Kot Otmg LoyvpLLovral ToAoL, XpwoTaue Ta apyn (kabapd) Mabnuotikd otov
[MuBayopa. O idLog, dev agnoe KabBOhoU LOONUATIKA YPOITTA, KoL TOAG 0TO QUTA TTOU YVW®-
pilovue yia v Mubayodpela okEYPN TPOEPYOVTAL AT Ta YPOTTA TOUv PLAOAGOV Ko AWV
uetoryeveotepmv IMubaydpeiwv pedetntav. Aev eivor ka@diov cagés €0v TOMA (1] ualoTo
OTTOLOONTTOTE) OO TO. OEWPNUALTA TTOV TOU OTTOSLOOVTOL OTNV TPAYUATIKOTNTO OITOSELONKOLY
amto tov [MuBaydpo. TPOCWITLKA 1 0ITO TOUG 0TTASOVS TOV.

Biog tov ITvOayopa

ALOYUEVOG OITO TV TTOTPLOO TOU TN ZAU0 AOY® TOV OTTOAVTOPYLKMV TOU ATOPEMV, LOPVOE
Zyoln otov Kpdtwva g Katw Itaiiag yupm oto 530 t.X. Av ko 1) [TuBaydpelog okéyn Ku-
PLOPYOVVTOV 08 Heydio Babud oo o Madnuotikd, NTov exiong Badid LuoTIKLOTIKY Kat O
[TuBayopag emefole TG 0xeSOV OPNOKEVTIKES PLAOCOPLES TOL:

* TNV QUOTIPY] XOPTOPAYLAL,
* TNV KOWVOTIKT Lo,
* TIG WVOTLKLOTIKEG TEAETEG,

o TEPLEPYOVS KAVOVEG O€ OMOL TOL EAT TNG ZOANG TOV (FTOTE UMV OVPELTE TPOG TOV NALO, VO
UMV TAVIPEVEOTE TTOTE YUVOLKOL TTOV (POPAEL YPVOC KOOUNUOTOL, VO NV TTEPVATE TOTE AL~
VO oTT0 YALS0P0 EATAMUEVO OTO SPOLO, VO, UNV TPMTE OVTE VO AYYLLETE HOVPO (PAOOALAL
KO KOUKKLO K.ATT.)

Ta ueln g Zyolg Tou YwpLLovTay 0Tovg «Uadnuatikove» (1 «wobNnTES»), OL OTToloL ETTE-
KTELVOV KoL OVETTTUEQY TO TTL0 PaONUOTIKO KoL ETLOTNUOVIKO €pYo mtov Egkivinoe o 18Log o
[TuOayOpOC, Kl 6TOVG «OUKOVOUATIKOVC» (1] «OKPOATEG), OV E0TLALOV OTIG Lo OPNOKEVTL-
KEG KL TEAETOVPYIKEG TTTVYES TV SIOAOKAA®DY TOV. TTNPYE TAVTA o TPLPT weTa &l Tmwv 10
OpAdMV Ko TEMKA 1) apeot) TaytdevTnKe 0e OKANPEG SLOUAYEG MOTOV TEMKA dtahiOnKe. H
SVOOPEOKELOL EVAVTLO. OTOV UVOTIKLOWO TV TTubayopelwv khuaknOnke to 460 7.X.: 6oL oL
TOTTOL GUVAVTIONG TOVG KANKOAY KOL KOTAOTPAPNKAY, UE TOVAAYLOTOV 50 HEA TNG YOG VO
okotmvovtatl povo oto Kpotwva.

IMvBaydpero Priocogio

H TTuBayodpero prhooogia. glye TV apyn «Apyt) TAvIwv 6 aptduocy, 1 «@edg oty aptduoc».
O Mubayodpetor aokovoay eva eldog aplbuoroylag Kar Bedpnoav 0Tt Kabe apbudg £xel Tov
dLKO Tov YapakTNPO. Kow vonqua. O aptbudg éva NTov o YevvinTopag OAwV TwV aptdumy, To
800 AVTLITPOCMITEVE TN YVOUT], TO - TPLC TV GPUOVLAL, TO TECOEPA, TN SIKOLOGUVY), TO TEVTE TOV
YAL0, TO £EL T1 SNULOVPYLA, TO ETLTA TOVG ETTTA TTAAVNTEG K.ATT. O stepirtol aptbuol Oewpolvray
Omivkol Kar oL Gptior apduol apoevikol. O o tepdg aptdudg dhwv Ntav 1 «Tetpaktug» 1N
T0 OEKA, VG TOLYWWKASS aptBudg mov astotelettan amd to abpowopa 1+2+3+4. Tpokerton
TEPL UEYANOV TTVEVUOTIKOV ETLTEVYIOTOG TV [TuBoryopelwv: ovviyoryov Ty dottepn Ogom
oV apOuov 10 atd £va apnPNUEVO LOONUOTIKO ETLYELPNUO KL O)L 0ITtO KATL TOOO aitAd 000
TO UETPNUC TOV SaTOAMY TV SO YEPLWV.
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The tetractys, an equilateral triangular figure
consisting of 10 points arranged in four rows

of 1,2, 3 and 4, was both a mathematical idea

and a metaphysical symbol for the Pythagoreans.

& 1
s ° 2
°® ] . 3
L] L] L ] L] 4
Total: H
TetpaxTig

Ogethovue otov [TuBaydpa KoL T oYOAN TOU - KaOwg Kat ot gvaptduovg apyatovg Erlnveg
MaOnuoTtkoe, TV ELoaymYT) Lo AVoTNPE®OV Madnuatkdv ord auTd Tou VNP0V TPOTYOU-
UWEVIG. AVTOL NTAV OL UPYLTEKTOVEG TTOV OLKOSOUNOOV TIG TPWTEG UPYES YPTOLLOTOLDVTOG Ol
Eroporta kow Aoykn. [pwv tov ITuBayopa, n Cempetplo NTov athmg pLe CUAAOYT KOVOV@YV TTou
TPOEKVITTOV ATt eUTTELPLKEG wetpnoets. O TTuboydpag avakaivpe 0tL O uopovoe vo Kata-
OKEVAOTEL £Va. TTANPEG 0VoTHUE MaONUATIKOV, OTTOV T YEMUETPLKA OTOLYELC OVTLOTOLYOVOOV
o€ apLOuovg, Kat OIov oL OETLKOL AKEPLOL KO OL AOYOL TOUG 1TAV T LOVOL OTTCPOLTITC, YL0L TN
dMuwovpyto evog OLOKANPOU GUOTHUATOG AOYLKNG KoL alnOeLog.

Mvlayopero Oeopnua

To ovopa tov TTuBorydpa EReLve 0TV AULOVIOTNTO KUPLWG YLt TO BEDPNUOL TOV PEPEL TO OVOUAL
TOV:

Oesopnua 1.3.3. (IMMvbaydpero Oempnua) e 0000 yd Vo TOYWVO, TO TETOAYWVO TNS VITOTEL-
VOVOAS LGOVTAL UE TO AOQOLOUA TV TETQAYWOVWYV TWV KOOETWV TAEVOWV.

[Mubayopelo Oswpnuo



14 KEDAAAIO 1. EIZAT'QIH

Avagépovue 010 onuelo avto Tig Hvbaydoeies touddeg. To amhoVOTEPO KOL TLO OUYVA VO
pepopevo opaderyno evog Mubaydpelov TpLymvoL elvor autd pe TAevpeg 3, 4 kon 5, aAAd
VITAPYEL EVAG ATTELPOG 0pLOUOg akepainv «ITubayopelwv TpLadmv», Eekivarvtog ue tig (5, 12
13), (6, 8, 10), (7, 24, 25), (8, 15, 17), ( 9, 40, 41), k.:hw. Tpgmer va. onuelmbel, woTOCO, OTL M
(6, 8, 10) dev elval QLT TOV ELVOL YVOOTO WG «TTPOTOPYLKT» [TubBaydpeta TpLada, emeldn etvor
amhog rolhomhaoto (g (3,4,5)).

To TvBaydpelo Oedpnuo KoL oL OLOTNTEG TWV 0POOYMVIOV TPLYDVMOV ELVOL TO OPY O~
TEPO KO TAEOV SLASESOUEVO LOONUATIKO ETLTEVYUO. LETA TN OTOLXELMSN ApOunTikn KoL ™)
Cewuetplo. Evd €xel eviomiotel og apyootepa nodnuotikd Kelpevo amo ) Bafuiova kot
TNV ALYUTTTO, TTOV YPOVOAOYOUVTOL OUTO TTAVM OITO YIALOL XPOVLO. VOPLTEPO. KOL UL OTTO TLG O~
TAOVOTEPEG ATOSELEELG TTPOEPYETOL atO TNV apyaia Kiva Ko mbavotato xpovoloyeltal ol
TPV aTto T YEvvnon tov IvBoyopa, ivar o ITubaydpag Tov €dmoe 0To BEMPNUO TNV OPLOTIKT
TOU LOPQPT), ALV KOLL OEV ELVAL OAPEG AV 0 1810G 0 TTuOaYOpPaC TO ATESEIEE OPLOTLKA 1) ATTANDG TO
nepleypape. Eite €10l eite aAMMG, EXEL YIVEL EVOL AITTO TOL TTLO YVWOTA 0Tt OML TA PLAOMUATIKA
Bempnuorta KoL vitapyouv Emg Kot 400 SLopoPETIKEG ATOOEIEELS, LEPLIKES YEWUETPLKES, UEPLKEG
OAYEBPLKES, UEPLKEG TTOV TTEPILAUPAVOUV TIPOYMPNUEVES SLOPOPLKEG EELOMOELG K.AIT.

ZOvTopa £yLve Qovepd OTL NTay emiong duvateg un akepoteg ITubaydpeleg TpLadeg, hy. €-
v, Tplymvo pe mhevpég 1, 1 kon /2, dmwg eiyav avakolvpel ot Bapuldviol aihveg vopitepa.
Qot600, Ntav o padntmg tov IMubayopa Tracog 0 METUTOVILVOG TOV 0TNY TPOOTADELL TOU
VoL VTTOLOYLOEL TNV TLY) TOV /2, Slamttotwoe Ol dev NTay Suvatd va To ekpPaoelL mg KAAGLLCL.
YrnedelEe etol v mbovn VapEn evog eVIEADS VEOU KOOUOU aplOumy, TV agotmv opLo-
WV, Avt akpLBOg 1 avaKGAYPT KOTEOTPEYPE OPLOTIKA TOV KOUYPO UadNUOTko KOOUO TwV
[MuBayopelwv Khaopatnv. H 0apEn evog aptbuot ov 8ev topoloe va. eK@PAOTEL WG 1) AO-
Yog 810 dNuovpyLdV Tov oV (FTOV NTAV 0 TPOTOG UE TOV OTTOLO OKEQPTOVTIAY oL [Tubaydpetot
TOUG OTLKOVG OKEPULOVG) £0E0E 08 KIVOUVO OAOKANPO TO AATPEVTIKO TOVG GUOTIUCL.

O dvotuyng Trmooog TVLYNKE TPOPAVDOS 0ITO TOVG LVOTLKLOTEG [TuBaYOpELOVS, TLUWPOTE-
VOG €TOL YLOL T1 UETADOO0T OUTNG TNG ONUAVILKNG avakaluyng otov €Em koopo. AMG 1) avTi-
KATAoTaon TG LG TG BEGTNTOG TOV AKEPALOV OITO TNV TTAOVOLOTEPT] EVVOLL, TOU OUVEYXOVG,
NTav wo eEALPETIKA 0VoLaoTIKT eEEMEN 0T0 Mabnuatikd. SNUELWwOE TNV TPAYUOTIKY YEVVI-
on g EAnvikng Temuetplog, 1 0mole. aoyoAelToL (e TLg eVBELES, TO ETLTESA KOL TIG YWVLES,
TOL OTTOLAL ELVOLL OVVEYTY KO OYL SLOKPLTA.

Alha emTEVYROTO

Meta&0 odlwv, o TTvBaydpag kot oL padntég Tov Bewpelton OTL:

o amedelEay OTL T0 AOPOLOUA TOV YOVIDOV TPLYDVOU £Lval Loo pe 800 opBEg, Kau mbavag
KOL T YEVIKEVLOT TTOU dNADVEL OTL TO AOPOLOUC. TWV ECMTEPLKMDY YWVIMV EVOG KUPTOU
TOAMVYDVOU UE n TLEVPEG ELVOL LoO pe 2n — 4) opOEg,

e NTOV 0€ OE0T VO KATAOKEVAOOUV OYNUOT OESOUEVOL LAV KOL VAL YPTOLUOTOLOVY O
AN YEWUETPLKT GAYERPQL, YL TAPAdELYIA YLo TV emtihuon eElomotmv Ontwg a(a—1z) =
UE YEMUETPLKA PEOTL,

e kaOEpwoay To Oepeha TG Ocwplag ApLOUmV, UE TIG EPEVVEG TOUG VLA TPLYWVIKOVG, Te-
TPAYWVOUG KaiL ETTLONG TELELOVG apLOUoG (aptOrol Tov €Lval To AOPOLoUA TV SLALPETDOV
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TOUG). AVOKAAMNPOV OPKETEG VEES LOLOTITEG TV TETPUYWVIKDV 0PLOUMY, OTTMG TO TETPA-
YWVO €VOG aplBUo 1 €LlvoL 100 e TO AHPOLOUD TOV TPOTWV 1 TEPLTTMV opLOumv (T.y.
4?2 =16 = 1+ 3+5+7. Avakdlnpay emiong TOVAGYLOTOV TO TPMTO LeVYOg PlAtwv apLd-
warv, 220 ko 284 (ou gpihtor aptbuot ivar Tevyn aptbimy YLo TOUG 0Tolovg To AfpoLopa:
TOV SLOLPETWV TOV eVOG aptOuov Loovtal te Tov dAlo apbud, m.y. 5, 10, 11, 20, 22, 44,
55 ko 110, elvan ou Stanpeteg Tov 220 Twv 0TTolmv To AfpoLoua elvol 284 Ko oL SLOLPETES
v 284 eivan 1, 2, 4, 71 xou 142, tov omolmv to aOpotoua etvor 220),

o aVaKGAPAV OTL TA SLOOTHUATO UETOED CPUOVIKMV LOVOLKMV VOTWV EYOVV JTAVTOL 0VOL-
Aoyleg OeTIKMV akepalwv aptOudv. A.y., TOLLOVIOG WOoO UNKog Wag xopdng Kibapag
Slver T 181 VOTOL Ue TV ovoryTh) xopdm, oG o oKTARo VYPNAITEPY. ZTO EVOL TPLTO
TOV UNKOUG SLVEL (0L SLAPOPETIKT] GAAGL OLPUOVLKT] VOTOL, K.AJT.

e OL AVOLOYLEG U1 AKEPALOYV, TELVOUY VO SLVOUV avuTtopopoug 1yove. O TTubaydpag mepie-
YPOPE TOVUG TECOEPLG TPWTOVG TOVOUG TNG WOVOLKNG appoviag: 1 oktapa (1: 1), 1 téhera
méum (3: 2), ) téhewa tErapty (4: 3) Kaw to peyaiitepo (uotope) tpito (5: 4). O ma-
AOLOTEPOG TPOTOG CUVTOVIOUOU TNG YPWUATIKNG KMUOKaAG 12 VOTMV glval yvmwoTtog mg
[MuOayOPELOG GUVTOVIOUOG,.

O pwvotkiotng Mubaydpog Nrav 1000 eVOOVOLAOUEVOG QIO QUTNY TNV AVOKAAVYT, TTOV TEL-
oTNKE OTL OMOKANPO TO ZVUTAY BACLOTIKE 08 AKEPULOVG 0PLOUOVG KO OTL OL TTROVITES KL TOL
AOTEPLO, KLVOUVTOV OVUPOMVOL UE LOONUATLKEG EELOMOELG, OL OTTOLEG AVTLOTOLYOVOLY OE WOVOLKEG
voteg. 'Etot, ot TTuBarydpetol mapryoryav £va eldog oupupwviag, Ty «MOVoLKT TV SQaLpmvs.

1.3.4 TIIAatov ko podnquatikn avotypétyta

Av KoL 0vVNOMG AVAPEPETUL WG UEYAS PLAOGOPOG, 0 TTAATWV NTaY ETTLONG £VAG OTTO TOVG O1)-
wovtLkoTepovg apyatovg EAnves Mabdnuatikots. Eumvevougvog asto tov IMubayopa, 1dpuoe
v Akadnuia tov oty ABnva to 387 m.X., 6mou TOvioe To. MoOnuatikd mg TPOTO KoTavon-
ong g mpayuatikotrag. Ewdikotepa, Nrav memeiopévog 0t 1 Fewpetplo NTay To KAELSL Lo
10 EeKAEldMUA TV LWVOTIKMV TOV ZOWTovtog. Endvm amd v e100d0 thg Akadnulog £ypope:
«AyemueTpNTog UNSELG ELOLTWN.

[M.atwv, 428/27-348/47 n.X.
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O IMatwv erauEe onuavtikod polo oty evlappuvon Kat TV umvevon Twv EAMvov Siavo-
OVUEVWV VO peketnoovy ta Mabnuatikd kol ™ dhocogie. H Akadnuia Tov didaoke To
MaOnuotika g kKhado g Prhocopiag, Ommg elye Kaver o Muvbaydpog, Kat ta mpdTa 8é-
KO XPOVIO, TOU SEKOITEVTOETOVG KUKAOU HoOnudtmv otV AKadnuio apopolioay Tn uehet)
¢ Femuetplag, g Aotpovoulog kol ™G Movowkng. O TMAdtwv gyive yvwotdg mg o «dn)-
WOVPYOS LOONUATIKOV», KoL 1] AKOSTULG. TOU KOWYLOTOV YO, LEPLKOVG OITO TOVG ONUAVTLKO-
1epPOVG MaONuUaTkog Tov apyalov KOouov, ovprtepthoppoavouevav twv Euvdogov, Osattntov
Ko ApyUta. Amtautoloe amd Toug WabNTEG Tov aKPLBELG 0PLOUOVG, 0OPMS SNAMUEVEG TOPOL-
doyES, Kol MoyK eaymylkn omodelEn. Emeueve OTL OL YEWUETPIKEG QITOSELEELG TIPETTEL VO
eMOELKVVOVTOL YwPLg Bondnuato dAla TANV Tov Kovovo, Kot Tov Stafntn. Meta&l twv mol-
AV LoONUATIKOV TpofAnuatov Tov €0eoe o TIMATOVY yLoL TV €PEUVO TV LAONTOV TOV TV
ta Aeyoueva Tpla Khaowka ITpopAnuota mov o dovue Ayo Tapokdtw. 2e Kamolo faduod, av-
TG TOL TTPOPANUALTA EXOVV TOVTLOTEL Ue ToV [TAGTmVA, 0V Ko gV HTa 0 TpdTog tov ta. €0goe. O
MoOnuatikog IMAATWY VoL LOMG TTLO YVMOTOG YLOL THV 0VOYVMOPLOT] TOV TTEVTE KAVOVIKMV GU-
UETPLKDV TPLOSLACTUTMOV OYNUAT®V, TO, 0TtoLa. Oempovoe wg PAor OAOKANPOL TVO ZVUTAVTOG,
KL TOL 0TTOLOL Y0V YIVEL YVOOTA MG TTAMOTmVIKG ZTEPEQ: TO TETPAESPO (KOTAOKEVUOUEVO OITO
4 KaVOVIKA TPLYWVO KoL TT0U Yo ToV ITAATOVA aVILITPOOMITEVE T PTLA), TO OKTAESPO (0TTOTE-
AOVUEVO OTTO 8 TPLYWVAL, TTOV OVTLITPOOMITEVOVV TOV UEPL), TO ELKOTAUESPO (ATOTENOVUEVO OUTTO
20 TPLYwVO KOl TTOV AVITPOOMITEVEL TO VEPO), TOV KUPO (TOTEAOVUEVO OTTO 6 TETPAYWVA, KL
OV OVTLITPOCWITEVEL TN V1)), KAl TO dwdekAedpo ammotehovievo amd amd 12 meviaywva, (To
ortolo. 0 TIMITWV aopag TEPLEYPOPE WG CUTA TTOV «0 OEOG YPNOLUOTOLOVOE YLOL TV TUKTOTOL-
MN01 TWV QOTEPLOWMY G OLOKATPO TOV OVPOVO»).

ATONIC DS

OCTAHEDRON  HE> P
- 'FOUR SIDED' 'EIGHT.SIDED' SIX SIDED ‘TWENTY SIDED'

A AIR ¥ EARTH

8 FACES 6 FACES
S 8 POINTS
12 EDGES

L 90°
180°°X 4 180°x 8 360° X 6 180° X 20 540° X 12

1440° DEGREES 2160° DEGREES 6480° DEGREES

[Mhatovikd oteped
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1.3.5 Tplo TpofAUOTR KoL TO TPOTH XTOULELN

Tpla CUYKEKPLUEVA YEMUETPLKA TPOPANUOTA, TOV CUYVA avagepovtol wg ta Tpla Khaouka
[TpofANuota, Kou Tou OACL TO OOl TTPETEL VA, ETAVBOUY 1e Kavova Kat SLopnTr, XPovoro-
YOUVTOL OITO TIG TTPWTEG UEPES TG EAANVIKNG TemwUeTplag: O TETPOYWVIOUOS Tov KUKAOU, 0
SITAOOLAOUOG TOV KUBOU KaL 1) TPLYOTOUN 0T TG YOVIAG. AUTA TO QAT TTPOPANUOTA ETTNPEN-
oov o€ pueyaro Baduod ) pehhovitkn FewueTplo Ko 0dNyNoov o€ TOAEG YOVIUEG OVAKOADELS,
AV KO OL TTPOYUOTLKEG MIOELG TOVG (1], OTtwg amodelyOnke, oL amodei&elg g advvauiag Abong
TOVG) ETPETE VAL TTEPLUEVOUV UEYPL TOV 190 aumva.

The Three Classical Problems

squaring doubling trisecting
the circle the cube the angle

— " A o
- ~

e v -

— sl / c
construct a square construct (duplicate) construct an angle
with an area ex- a cube with exactly exactly one-third
actly equal to that twice the volume of of any given angle

of a given circle a given cube
proved impossible proved impossible proved impossible
by Ferdinand von by Pierre Wantzel by Pierre Wantzel
Lindeman in 1882 in 1837 in 1837

Ta Tplo Khaowka IMpopAnuota.

O Immokpatng 0 X1og (8eV TPETEL VO GUYYEETOL UE TOV UeYaho Latpo Immmokpartn g Kw), ntov
0 MaOnuatikog Tov KOTATLAOTNKE UE CUTO TO TPOPANUATO KATA T1) SLAPKELD TOU 50U QLMDVOL
7.X., vrohoylfovrag o eufadov TV Yvmot®v Mnvickov tov Inmokpdr.

R |
e

Mnviokol Tov Irmmokpdtn

)

To Woguég (kKan youévo) Bipiio tov «Ta Ztoryeior, Tov ypovoroyettar YOipw oto 440 m.X.,
NTAV 1 TPOTY VALY TV ZToLelwV TG NEmUETPLOG KAt TO £PY0 TOU GTOTELECE ONUOVTLKN
TNYN YLOL T PETETTELTA £pyOola Tov EukAelon.
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Inoxpatng o Xiog, 470-410 mt.X.

1.3.6 Amepo ko Tapadota

[TpdToL o1 'EAAMVEG KATOTLAOTNKOV UE TNV LOE0. TOU ATTELPOV, OTTWG TEPLYPAPETUL OTO. YVDOTO
TaPAdoEa Tov arodidovtal 0Tov PLhocogo Znvwva tov Ehedtn tov 50 awwva m.X. To mo
dLAoNUO aItd TOL TOPADOEA TOU ELVAL OUTO TOU AYIAAEN KOL TNG YEMDVAG, TO OTTOLO TTEPLYPAPEL
Evov BempnTiko aydva PeTaEN Tov Yopyoptepou Aythhéa Kot mag xehmvag. O Ayhéag Stvel
TPOPAdLopa 0TV TOAD TTLO APy YEAMMVA, AAAA OTOV 0 AYIMENS PTAOEL OTO ONUELO EKKIVIONG
™G YEMDVAG, 1 XEMDVOL. EYEL 1SN TPOYWPNOEL. MEYPL T OTLYUT TTOV 0 AYMENS (PTAOEL KL OF
aUTO TO ONUELD, 1] YEADVA EXEL TPOYWPNOEL TTLO TOAD K.AJT.

O AyAAEaG KOL 1] YEUOTY) OUTOTTETOLON O YEMDVAL

Ta tapddoEa Ommwe avTtd OAG Ko To Aeyouevo Iapddo&o Avyotoulag tov Znvova, faoctfovtol
OTNV ATTELPT] SLOLPETOTITOL TOV YMPOV KL TOV YPOVOU KOL OTNPLLOVTOL 0TV LOEA OTL TO AITELPO
abpolopa

dev ovykhivel og Kamolov aptdud. To mapadoo mnyalel amd Ty vitodeon OTL elval adHVATo
Vo, ONOKANPWOEL £VaLG ATELPOG APLOUOG SLOKPLTMV TOVOEWV 08 £VO. TTETEPAOUEVO YPOvo. Euelg
BEPaa YvawpLlLovue TAEOV OTL YLOL TO GUYKEKPLUEVO TOPAS0ED 1) VITOOe0N vt Elval AavOoouE-
v. To amelpo ABpoLopo. TG YEMUETPLKNG OELpaG e hoyo 1/2 Kau pwto 0po 1/2 etvan 1.
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O APLOTOTEANG NTOV O TPWTOG TOV TPOOTAONTE VoL SLoPeVoEL TOL TAPAOEX, ELOLKA ETTELD
Ntav 0100gpd TOTOG 0TV LOEX OTL TO ATTELPO B0 WTOPOVOE POVO VoL ELVaL SUVOULKO KoL O)L
Tpoyotiko. O AnuokpLtog 0 ABSNPLTNG, 0 SLACNUOG YLOL TG TTPOPNTIKEG TOV LOEEG TEPL TV
ATOUWV, NTOV ETLONG TPWTOTOPOG TwV Mabnuatikav Kou thg Fempetplog Tov 50 - 40 awvo
mt.X.

Anuokprrog, mep. 460-mep. 370 w.X.

Ta gpya tov «Ilept Epamtopuevmvs, «Ilepl dmetkovioewe» Kat «Iept dppnTmv» £xouv OAa. X oOEL.
CvoplZovue OTL NTOV 0ITO TOUG TTPDTOVG TTOV TTOPATPNOV OTL EVOG KOVOGS (AVT. (ol Tupauida)
£)Y£L OYKO LOO TO £VA TPLTO TOV OYKOU VOGS KUALVOPOUL (AVT. EVOG TTPLOUOTOG) UE TV LOLaL BAOT KO
VPog. O ANUOKPLTOG LOWG ELVOL O TTPMTOG TTOV EEETAOE COBAPA TV AVAAVOT] AVTIIKELUEVOV OF
amelpo apbud datopumv. O EdoEog o Kvidiog, padntng tov Iiatwva, motmvetar cuvhing
we TV «ueB0d0 g EAVTANONG» (FTOV 0PYOTEPQ AVaTTTUYONKE LOLOPUMG ATt TOV APyLundm).
H uebodog autn ovvioTtd o Tpmuut HEBod0 OAOKANPMONG UECW SLASOYLKDV TPOOEYYLOEWY,
7ov 0 EUS0E0G ¥ p1OLUOTTOLNOE Y10 TOV VTTOAOYLOUO TV OYKWV TNG TUPAUSAG KoL TOU KOVOU.

Evdo0Eoc, 395/390-342/337 mt.X.

O E0d0Eog avemttuEe emiong o YeVIKT Bemplo ovoLoyLmV, 1] 0TTOLOL NTAY EQAPUOOLT OF G-
pnTa UeYEDT (Tov SV UTOPOVYV VA, EKPPATTOVV MG OVOAOYLO S0 OKEPALMY APLOWMYV), ETEKTEL-
VOVTOG £T0L TG aTeAELS 1OEeg Tov TTuBarydpa.
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14 H Afwopotikn 'eoperpio tov Evkleidn

14.1 AnodaiEn ko aEiopotiky Oepelioon

"Exovue 101 TOVIOEL OTL 1) GNUAVILKOTEPY GUVELOPOPA. TV EAMvav ota Madnuotikd etvor m
e g aodelEne. Katd v amddel&n, yp1oLOTOLELTaL 1) eTaywyLkn uebodog g ypNong
MOYLIKOV nudtomv yia ) Befatwon 1 ™V arxdppuyn tov Oswpnuatwv. Ta fiuoate avtd fa-
ollovtan og Kastoleg €€ apyng votOgueveg olndelg mapadoyes, To aSiwpata. Or Zovuéptot,
Bapurovior kKot Arydstiot, glyov otnpyOel og emoywyLKO ovAloyioud: enavaLAuPBAvOUEVEG
emPeParmuiveg mapotnpnoelg Beomilovy toug kKavoves. Eivar vt 1 évvola g arddeéng
7ov diver 0t Mabnuotikd ) dSUvaun g Kot SLao@aillel OTL To 0rodederyueva Oempnuato
glvai 1000 alno1 onuepa 600 Ntav spwv amo 2500 xpovia. H amddel€n anotéleoe tov Oepeito
MBo g ovotnuotikn aElwpatikng Bedpnong Twv Madnuatikdv omd Tov Bukieldn ko oo
OMovg 6o0L POV UETA ATTO QUTOV.

1.5 EvkAeidns ko Xtovyeio

O Evkheldng o AreEavdpevg, o emovoualouevog latéoas tne 'ewuetolog KoL Stouyetwtrg,
glnoe Ko axpaoe otv AheEavdpera g Avytvmtou mept to 300 mt.X., KoTd T SLApKELd TG
Baotretog tov IMrorepatov L. Zyedov timota dev elvar yvwoTo yio T Lm1) Tov, Kot Koo, TepL-
YPOPN THG PUOLKNG TOU EUPAVIONG SEV EXEL EMPLOOEL amd TV apyadtnto. 'Etol, oL Yotepeg
OLTTELKOVLOELG TOV (€ LWOKPLAL YEVELASO, KOL VPOOUATLVO KOTTEALO OE £PY0L TEYVNG ELVOL TTPOLOVTOL
NG (PAVTAOLOG TOU OVAYEVVIOLAKOU KAAMTEY VY.

Evkhetdng, ep. 325-mep. 270 .X.

[MBavoToTe omondace oty Akadnuia tov IIdtwva oty ABnva, alld, UEXPL TV ETOYN TOV
Evkletdn, N ALeEavSpeLa vito T orylda Twv ITToAEUaLmY KoL [LE TNV TEPLPN T KO TEPLEKTIKN
BiBAoOnKm g, £iye 1O KoTaoTel aELOAOYOG AVILTOAOG TG UEYOING AKAONULOG.
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Yrouyeio

O Evkleldng eypoe Lomg TO O ONUOVILKO KoL ETLTUYNUEVO LoONUOTIKO B0 Ohwv Twv
ETOY MV, TA «ZTOLYEL». To STOUXELO. ELVOL TO OITOKOPVPMUO TNG WOOMUOTIKNG ETAVAOTAONG
7ov elye AaBeL xwpo oty EAMGda péypt eketvn ) otyun). 'Eypoaye emtiong €pyo OyeTIKA e
1) SLOLLPEDT] TWV YEWMUETPLKMV OYNUATMV OF UEPY UE OEOOUEVEG AVAAOYLES, YL TOL KOTOTTPO
(TN paONUATIKN BE®PLOL TG OTTTLKNG) KOL YLOL TV OQULPLKT] 0LOTPOVOULE. (TOV TTPOGSLOPLOUO TNG
O£0MG TWV AVTLKELUEVOV 0TIV «OVPAVLOL OPALPA»), OTTWG KOOMDG KOl ONUAVTIKG KELLEVOL YLOL T
LOVOLKT).

Ta «ZTou elo» ELVOL IO SLOYNG KO TTEPLEKTLKY GUALOYT Ko EENYNOT OAMY TV YVWOTMV
HoONUATIKOV TG emoyNg Tov Eukdeldn, ovumepilapfavousvov tmv epywv tov IMuboyopa, tou
Irtokparn, Tov Oeaitntov kKot Tov EudoEou. Zuvolikda, Ta Ztouyela. amotehovvron amd 13 Pi-
BAla, o sepLEYovy 465 Bewpnuata (TPOTAOELS) KL TLG ATTOOEIEELS TOVG, TTOV TEPLYPAPOVIOL
o€ Ka0apo, MTO, Moyikod Kot kKopupo oTuk. Lo Tig artodelEeLg ypnoLuomTolotvToL HOVO 0 KOVOVAG
Kaw 0 drapntng, otig emtayeg tov [Miatwva. O Evkheldng eneEepydotnke €K véou Tig nodnua-
TIKEG EVVOLEG TMV TTPOKATOY WV TOU OE EVO, GUVEKTLKO OUVVOAO, TTOU £YLVE YVWOTO wg Evkheldera
T'ewpetplo. H Bvkietdera Fewpetpla eEakohovdel va 1oyber T000 onuepa 600 KoL TPV oIto
2.300 ypovia, axoun KoL oe Avartepo MadnuUaTikda Tou aoyohohvial (e XMpovg vPnAOTEPWV
draotdoewv. Movo ue to €pyo tov Bolyai, Lobachevsky ko Riemann katd 1o Tp®Tto wood tov
190v awwva, BewpnOnKe Kav omorodnmote eidog un-Evkieiderag Fewpetplog. Ta «Ztouyeion
amotehoVoay 1o KabopLotiko Bipito yia t Fewpetpia Ko too MaOnuatikd yio tve amd d0o
yMeTies, emBunvovrag oty Evpodmn kotd ) Sudpkela tov Meoalmva peom Apapkdv ue-
Tagpaoemv. Kaboploe, yio mavra, T0 LWOVTELO VLo TN UAONUOTLKY YPOPT), TTOU YPTOLUOTTOLEL
MOYLKEG ETAYMYES OITO APYIKEG VTTODEOELG TTPOKELUEVOL VO, ATtOdELEEL DEWPNUATAL.

Sty apyn Tov Biphov A’, o Eukheldng mapabeTel To TAGLOLO TWV YEVIKMOV TOPAS0 MV
ueoo oto. ortota o kivnOel eqpeEng. TMapabdeter 23 opropotg (Gpor), 5 a&udpata (attnuota) Kot
KaTOmLy 9 yevikeg £vvoleg (Kowval EVVoLaL) Tpog OCUUTANPMGOT] TWV TTPOTYOUULEVOV.

O tpwToL 6 opLopoL:
. ZNUETOV E0TLv, 00 UEPOG OVOEV.
. Tpapur) 8¢ uijkog Athateg.
. Tpapuiig 8¢ mépata onueia.
. EvOgio ypouun oty fitig €€ Toov toig é° £0utiig onuelolg Ketta.
. Emupaveia 8¢ £otiy, O uijkog Kai TAATog povov ExeL.
. Emupoaveiog 8¢ mEpata ypouuadl.

’

R

’

N_O =<

Ta 5 aEwopata:
"Hitobm dmd mavtog onuelov &t tdv onuelov eDOETay Ypouury ayoyety.
. Kai memepaopévny evdeiav Katd 1O ovveytg &’ e00elog EKBalelv.
. Kot movti kévrpm kal Staotnuatt kOkhov ypageodad.
. Kot ndoag TOG OPOAG YOVIAG ’L'oag &Mf]katg elval.

. Kai étv eig 0o evBelag evbelo Eumimtovoa Tog svrog Kol &7l T 0T Hep ymwag dvo
omev ELAoo0VOG TToLf), EkPaihouévag Tag 80 eD0elag & UTELPOV CUUTLITTELY, £ O uEPN
elolv ai Tdv 800 dpOOV EMAooOoVEG,

R

0’30’}—<@

OL 9 yevikeg Evvoleg:
a’. Ta t@ adtd loa Kal aAniolg Eotiv Too.

B’. Kai ¢t Tooig oo mpootedi), o Oha Eotiv oa.
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al £av Ao Tomv toa agatpedi), Th KaTaleltoueva €0ty toa.
al £av avioolg toa tpootedi), T Sha Eotiv dvioa.

1 ~

al T 10D adTod duThdoto too AAANAOLG E0TLV.

\ ~

al T toU adTod Nuion too AAANAOLG E0TLY.

\ 1

. Kai ta épappofovta &’ GAAnha Too GAANAOLG E0TLV.

\ \

". Kai 1o 8hov tod uepovg ueitov [¢otiv].
. Kal 800 e00gton ywplov od TepLEYovoLy.

MetoED TOMOV GAAOV LaONUATIKOV SLAUOVTLOVY, T deKaTplo BLBALO TMV «ZTOL(ELWV>
TEPLEYOLV:

TOTTOVG YLOL TOV VITOLOYLOUO TOU OYKOU OTEPEDV OTTMG KMVOL, TUPAUSES KL KUMVOPOL,
ATTOOEIEELG OYETIKA UIE TLG YEMUETPLKEG OELPEG, TOUG TEAELOVG KOLL TOVG TTPMTOVS apLtOUovg,

AAYOPLOUOVG YLOL TNV EVPECT] TOU UEYLOTOV KOLVOU SLOLPETY KOL TOU EAALYLOTOV KOLVOU TTOA-
AaTTAGoLov V0 apLtOumy,

wo arrodel€n Touv Mubayopeiov OcmPNIOTOG KAl TOU AVILOTPOPOU TOU,
MV 0TOSELEN OTL VILAPYEL EVag ATeLpog opLOuog IMubayopeimv TpLadwy,

TNV OPLOTLKT OITOSELEN OTL UTOPOVV VOL VITAPYOVV UOVO TEVTE TLOUVO KAVOVIKA TTAOT0-
VIKQL OTEPEQL.

Ta «Ztouyelo» TEPLAAUBAVOUV ETLONG UL OELPA OEMPNUATWV OYETIKA UE TIG LOLOTNTEG TWV O~
POV, ONUATOSOTMVTOG TLG TPWTEG TPAYUATIKESG 0pyES TNG Bewplag aptBundv. O Eukieldng:

amedelEe auTd oL €xEL YiveL YVwOoTO wg OsueAiddes Osonua e AotOuntiknig, otuL dn-
Aad1 KaOe OeTikOg aKEPALOG 0PLOUOG UEYOAITEPOG OTTO 1 UITTOPEL VOL YPOPTEL WG YLVOUEVO
duvapewv TpdTOV apLBumv (N eival o 1dtog TpdTog aptduds). ‘Etot, A.y.:

21 =3-7,113=1-113, 1200 = 2*-3-5% 6936 = 2°-3- 172,

KA. H amodel&n tov Bempnuatog NTav To TpmTo YVOOoTO TUPAdEryio atodelEng ue
amaywyn g ATOITOV.

"Hrtav 0 TPpMTOG TTOV OUVELSNTOTOUOE - KOl OTTESELEE - OTL VITAPYOVV BITTELPOL TPMTOL O
ptOuol. H Baon g amddelEng tov, mou elvar ovyva yvootn wg Oswpnua [Mpmtwv Tov
Evkhetdn, elvan 0Tt y1o 07toLodntote S00EV (TETEPACUEVO) OVVORO TPMTWV, EAV TO, OTOL-
YELOL TOV TTOAMATAAOLALOTOUV OML WAl KOl 0T GUVEYELD, TTPOOTEDEL OTO YLVOUEVO TO VO,
TOTE ATADG EXEL TTPOOTEDEL EVOLG VEOS TPMTOG 0TO 0VVOA0. H dLadikaoio autr), Wopet va,
ETOVOANPOEL 7T "AOPLOTOV.

O EukhAeldng eviomioe emiong TOUG TIPDTOVG TEOOEPLSG «TELELOVG apLOUOVG», dnhad, a-
PLOUOVG OV lval TO AOPOLOUO. OA®WV TOV SLALPETDOV TOVG (EEALPOVUEVOL TOV LSOV TOV
aptuov):

6=1+2+3,

286=1+2+4+7+ 14,

496=1+2+4+8+16+31+ 62+ 124 + 248,

8128=2+4+8+16+32+ 64 + 127 + 254 + 508 + 1016 + 2032 + 4064.

"Ede1Ee emiong TOMEG AAAES EVOLAPEPOVOES LOLOTNTES TV UPLOUMY OUTOV.
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e TTapdro mov ot TTvBaydpetor towg yvapttav T Xpvon Toun (¢, mepimov ton ue 1,618),
o Eukheldng ntav o tpdrog mov v kabopioe peow g avaroyiag (AB: AC = AC: CB)
Ko £8€1EE TV PUOLOAOYLKT) EUPAVLOT) TOV OE TOAAG YEMUETPLKA OYNUOTOL.

1.5.1 20 cwdveg o€ Mo ava.oo

Alyo petayeveéotepog Tov Evkheldn nrav o Apyuundng o Zupakdotog, o ueyaiitepog EAnvag
MoOnuatikog, Puotkog Ko Miyavikog.

Apyundng, mep. 287-mep. 212 w.X.

"Eotw KoL plo. oIty Topafeon TV eTTEVYRATOV TOU Apytundn kot twv 0pvimv yUpm oo
TO TTPOOWITO TOV, ELVOL O, APKETA LOKPOYPOVY SLadKAOLO. AvagEPOuue £8M ATAMG OTL O
Apyuumdng, xPNOUOTOLOVTOG TNV WLogun ueBodo g kabodov Tov EvdoEov, vordyloe To
TPMTO OAOKANPWUA (EWBASOV TaPaBoIKOD KmPLov). XPNOLOTOLmVTAG HedOdoVg TEPAV TOV
Kavova KoL Tov Stafntn, Katooke\hoos Tepthokeg KAUWTOAES, OTmS 1) AP LUNOELd. OTTELPO.
Ouwg, 0 Apyundng dev agnoe Zyol miow Tov, kKot To EAAviotikad Madnuatikd, op O
TNV KOUYPOTNTA TOVG, OEV ONUELWOAV TPO0S0 G ONUELD TTEPAY QUTOV JTOV ELYE PTAOEL O UEYUG
Cemuétpng.

2t ypovikn duapkela ueypL to 400 p.X. wepLov OTov Ko 0AOKANpmONKE o€ peyaho fadud
1 KATAPPEVON TOU 0PYALOV KOGUOV KaL 1] £L0080G 0TOV MEGULMVAL, ONUELDVOUUE TI] GUVELOQO-
pa Mabnpatikmv 6mwg o Epatoobévig, o Mévauyuog, o Khatdiog ITtorepatog, o Meverhaog, o
[Tasttog, K.0. OPLOUEVOL AT 0UTOVG, TTAPATNPNOAV 1O1] 0TTO TOTE OPLOUEVEG ALOVVETTELEG OTO [LE-
varerddeg £pyo Tov Eukheldn-o ITammog ouveypape koL oyOla Tavm oto Bifiio A’. Mia orwov-
dalo TOPATNPNOT TOV £iyE NN YIveL Ao TOTE, NTav OTL To TIEuTTo AlTnua Twv TapalANAmY,
POLVOTAV OVEEAPTNTO 0ITO TO. AAAa TEooEPa Eukheldera artnuota, Ko vnpEay mpoortadeleg
amodelENG Tov wg Bedpnua. Me TV TeAK eTKPATNON TOU XPLOTLOVIOUOU, TO KAELOLILO TWV
DLAOCOPLKMV ZYOADV KoL TNV L0080 0TIG ZKOTEWVEG Etoyec, KOs padnuatikn dpaotnpLotnto
OTAUATIOE TAVTELDG,.
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Méypt v Avayevvnon, ot OeuatopuloKkeg TV Lodnuatikdv NTav oL Apapes. Epyouevol
UECH TWV KATOKTNOEWV TOVG 08 et ue ta EAAnvikad Mabnuatikd, oyl Hovo ta UeTeppa-
oov KoL to ene€epydotTnKay, alhd Ko oNuelmoay oEL0ONUELMTESG TPOOSOVG TV ETOYT TG
AKUNG TOVG TTOPOVOLALoVTaG TANODpa omovdaimv Madnuatikov. Etvor yvwoto ot ot AeEeig
aryeBpa (al-gebr) ko alyoplOuog eivar opapLkng TPOEAEVONG, UE TNV TEAEUTOLO VO OTTOTE-
Lel TapagOopd Tov emVOIOL Tov orrovdaiov olyepprotn Al-Qwarismi. Ou Apafeg StakplOn-
Ko ueta&H dAhmv ot ADon eELodoemv Kot 1) UETAAOUTASEVOT] TNG YVMDONG TTOV ELYOY OTNV
Avoaryevvnoraxn Itoda, 0dnynoe A.y. tov Cardano otnv ebpeon TOHT®V Yo T Ao TG TPLTo-
Babuog eElomong tov 150 ai. w. X.

To ueya o ot MaOnuatikd Oumg ouveRn AOym Tmv gpyaotmv Tov Nedtwva KoL Tov
AGipmvitg Tdve otov Amtelpootikd Aoylopd kabmg Kot Tov KapTtéolov pe v eloaymyn Tmv
oVVTETAYUEVDY TOV. Metd ot avtolc, ta Mabnuatikd dev Eavakoltagoy Tlow. ZTig apyES
T0v 190U aL. GUVERN LOWG TO GUYKAOVLOTIKOTEPO YEYOVOG YLoL To. MaOnuatikd, omd v emo-
¥1 tov BukAeidn. Zyxedov tavtdyypova, kor aveEdptnTa o £vag amd Tov dAlov, ol Bolyai Kat
Lobatchevsky mopatnpnoov ot anidg avikadiotwvtoag to TTeumto Attnua pue Kamow allo,
npokvrteL wo vea, un Bukdetdeio Cewpetpla, mov Ba yivelr Ektote yvwot og YaegBorikn
T'ewuetolo.

Janos Bolyai, 1802-1860 &
Nikolay Lobatchevsky, 1792-1856

Atyo apyodtepa o Riemann, pabnmg tov Gauss, TapovotdleL TV ETUVAOTOTIKTY LOEX TOV TTEPL
duvatoTNTOg KATAoKeUNG SLapopmv eldmv Femuetpldv, eEetdiketovtag Kabe @opd Tov TpOTo
TTOV UELPANE TV ATTOOTAON TTAVM OE EVO. YEWUETPLKO OVILKELUEVO.
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Bernhardt Riemann, 1826-1866
O Klein, péow tov mepignuov Ipoypaupotog Erlangen, Oedpnoe tig Femuetpleg wg Levyn o-

TOTEAOVUEVA AT £VOL AVTIKELUEVO KO L. OUADA TTOU SPA 0TO GVIIKELUEVO ECW UETAOYTUC-
Topmv (1-1 Kou €7l ATELKOVIOEMV).

Felix Klein, 1849-1925

Tnv d¢a tou Klein eEeMEe o Cartan mept To 1930, Ko avth akplBog 1 eEEMEN amnyel oty
ovyypovn Oewpnon g Fewpetplac.

Ko o Eukheldng;

e OM1 vt T povrépva Oempnom, n Evkheldera Fempetpia eEakohovdel va wollel KoupuLkod
POLO, TOVAAKLOTOV O TOTLKO emtimtedo. 'Hrov Aowmov adnpren 1 avaykn yio tovg Madnuotikoig
Tov 190V L., Kou VIt T0 TAALOLO THG AvONnong g Oewplag ZuvOrmV, va artalhaEouv v
Evkheidera Fempetplon oo tig 0moleg aovveneles. To ueyoleumdeg autod £pyo, avelafav ap-
KeTOL, 0AAG TO OAOKApWOoE TpwTog o Hilbert.
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1.6 XVyypovn Ocuchimon s F'emperpiog

Ta Oepeha ™ Fewpetplag etvor 1 peret) tov Fempuetplov og aElwuatkdv cvotnudtmy. To
TPMOTO OELMUOTIKO GVOTNUO TV GUTO TTOU TTEPLYPAPETAL OTTO T OLTNUOLTA TOUG OPLOUOVG KoL
TG KOLVEG EVVOLEG TV ZTOLYElwV Tov Bukdeldn. O 6pog Aéiwuatikn 'eswuetolo wopel vo -
POPUOOTEL 08 OTOLAdINTOTE [EMUETPLOL TOV AVOTTTUOOETAL UECK EVOG CUOTHUATOG AELOUATOV,
GAAGL PN OLUOTTOLELTAL OVY VA YLa Vo onuaivel TV Bukheldeia Temuetplo mov pehetnonke mpo-
™ aTd AUTHY TV ATOY).

Se evo 0ELOUOTIKO cVoTNUO TTOLLOUV LOLALTEPO POAO M TAREdTHTA Kou 1 avefaoTnoia.
AUTEG ELVOL ONUAVTIKES LAONUATIKEG LOLOTNTEG, AALAL VITELOEPYOVTOL ETTLONG TITLATO TTOV O)E-
TiCovtan pe ) didaokolia Thg FemUeTPLOG TOV EUPAVIZOVTOL WG UEPOS TNG OMNG ELKOVALC.

1.6.1 Afwopotikda cvotnoto

BaoLopevol otovg ‘EAMnveg Ko 1dlwg otov Eukheidn), Oewpolue va adiwuatikd ovotnue wg
UL (POPUOMLOTLKY] TTEPLYPAPY EVOG TPOTOU KAOLEPMONG TNG Hadnuatikng ainbelag ov Tnyd-
CeL oo eva 800V koL 0T00epd 0VVOAO VITOOECEWY. AV KOL LOYVEL YLOL OTTOLAONTTOTE TTEPLOYT
Tov MaOnuatikav, n Fewpetpla elvan 0 KAAS0G EKELVOG TV GTOV 0TTOL0. 1) HEOOSOG auTY) EXEL
EQUPUOOTEL EKTEVIDG KO ILE ETLTUYLAL.

e £va 0ELWUOTIKO 0VOTNUL, VITAPYOVY TTOMG OTOLYELN:

A. Tpotopyxol (wrposdioplotor) 6pot. AToteholv TIg TAEOV BAOIKEG LOEEC K cuVNOWG
TEPIAAUBAVOUV AVTIKELUEVA KOL OYECELG,

2t FewUeTpla, To AVTLKELUEVOL ELVOL TTPAYUOTO OTTMG ONUELd, EVOELEG KO ETTLTTESO. OUEMDONG
£8(M €LvaL 1) OYEON TNG TPOGTTMONGS - SNAOST TOV TTWG EVOL UVILKELUEVO GUVAVTA 1] OUVOEETOL
ue €va aiho. Ol TPWTAPYLKOL OPOL GUTOL KAOAUTOL ELVOL GTTPOTOLOPLOTOL KO OTTOTEAOVV TTPO-
Moyikeg €vvoleg. O Hilbert elme Kamote OTL 0vTl yio onuela, gvOeleg Ko emimeda lowg Oa umo-
POVOOUE VO IMAGUE YL TPOTTECLAL, KOPEKAEG KOl KOVTTEG Wthpag. Me autd 1bghe va Tovioel
gLVOLL OTL OL TTPWTOPYLKOL OPOL ELVOLL OTTAG KEVAL KEAD(Q), KOl OEV EYOUV EYYEVELG LOLOTNTEG,.

B. AEwopoara. To aEuopato elvor SNMOOELG OYETIKEG UE TOUG TPWTUPYLKOVG OPOVS. A.Y.,
&0 onuelo. oplLovv wovadikn gvdela.
Ta aEuwpato Bewpoldvran ek poolov olndn Kol dev xpntovv amodelEng. Eivar to dopt-

KO OTOLYELC. TWV YEMUETPLKDV EVVOLMV, SESOUEVOV OTL KABOPLLOVV TIG LOLOTITES TOV EYOVV OL
TPWTAPYLKOL OPOL.

L. Ouvéuor Ts Aoy,

A. Ta Ozopiuate. To OempPNUOTE ELVOL OL AOYLKEG OUVETELEG TWV AELWUATWV, KOL TPOKV-
TTOUV ATTO CUTA UECW TOV VOUMV TG ETUYOYLKNG AOYLKNG.
Opopog 1.6.1. Mia avaraodotacn evog 0EIWUATIKOD OVOTNUOTOG ELVOL EVOG OUYKEKPLULE-
VOG TPOTTOG Y10L VOL 5000UV OUYKEKPLUEVES EVVOLEG GTOVG TIPWTOPYLKOVG OPOVG TOU GUGTHUOTOG
aVTOV.
e Edv ot 1) OVOYETLON VONUATWYV TPETTEL TA AELMUATO TOV OVOTNUATOG AN OELG SNAMOELS,
TOTE 1] AVATAPAOTOOT OVOUALETOL MOVEIELD TOV GUOTHUATOG.

o Z& £Va LOVTELO, OMOL TOL DEWPTULOTA TOV CVOTNIATOG ELVOL AUTOUOTO aAN0elg SNAMOELS.
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1.6.2 IduoTnTeEs

Opropnds 1.6.2. Ta aELOUOTO EVOG AELOUOTLIKOU CUOTNUATOG AEYETAL OTL ELVOL CUVETT) EAV OEV
WITOPEL VAL VITAPEEL MOYLKT AVTLQPAOT TTOV VO TTPOEPYOVTOL OTTO CUTAL.

EKT0G lowg oo T arAoVGTEPC, GUOTHUOTO, 1) CUVETTELX ELVOL SVOKOAO Va. Snuovpyn et og
EVOL AELOUATIKO oVOTNUO. ATTO TNV GAAT), EQV VITAPYEL EVOL LOVTELO YLOL TO OELOUOTIKO 0VOTY-
UoL, TOTE OTOLAONTOTE AVTIOEOT TTOV TOPAYETAL OTO OVOTHUC WTOPEL ETTLONG VO, TPy OelL 0TO
WOVTENO, KO TO AELOUOTIKO V0TI ELVAL TOOO CUVETTEG OO0 OTTOLOSNTOTE GVOTNUE 0TO OTTOLO
AVNKEL TO WOVTELO (QLUTO AEYETOL KOL OYETIKT) GUVETELQ T) CUVETELX LOVTEAOD).

Opopnos 1.6.3. 'Eva aEloua ovoudletor avedotnto edv dev wopel va, amodeyOel 1 va dia-
PEVOoTEL Ao TO AAAG AELOUOTO TOV aELOUATIKO) ovotnuotos. Eva aSiopatikd obotnuo Aé-
YETAL AVEEAPTNTO £QV KAOE Eva 0rtd TO AELMUATA TOV elvol aveEapTnTo.

Eav wa aindng Snhmon eivor io. AoYLKY OUVETTELR VOGS AELMUATIKOY CUOTHUATOG, TOTE
Oa etvon etiong aAndng dNimon ot KaOe Lovieho avtov Tov ovotnuatog. F'o va amodelEovue
OTL €va AELOUIOL ELVOL OVEEAPTIITO TWV VITOAOLTOV AELWUATWY TOV GUOTNUOTOS, APKEL Va. BPE-
0oV 80 HOVTELD TV VITOAOLTOV OELOUATMV, DOTE TO S0HEV aElwua vo. elvarl oAnOEg 0To Eval
UWOVTELO KL PEVOEG OTO AAAO.

Opouog 1.6.4. 'Eva aEiwpatikd ovotnuo ovopudaletal inoes eav kabe dSnhwon o ekppale-
TOL e OPOVG TOU GUOTHUATOG ELVOL ELTE aToSelELUN elte dronpeiotun (€xel amodeKTn dpvnom).

"Evaig GAAOG TPOTOG va. To doUue auTd glval OTL Kapuio aveEaptnTn dnhwon dev umopel vo
npootedel o8 Eva TANPES AELOUATIKO GVOTNOL TTOV ELVOLL OUVETTEG UE TO AELMUATO, AUTOV.

Opropnds 1.6.5. 'Eva aELopatikod oUOTNUO ELVOL KT YOQLKS EAV OTTOLAONTTOTE SVO LOVIELN TOU
OVOTNUOTOG ELVOL LOOUOPPLKE (OVOLAOTLKA, VITAPYEL LOVO EVOL LOVTELO YLO TO GVOTNUAL).

"EvoL KATNYOPLKO OVOTNUOL ELVOL OTTOPALTNTO TANPES, AALG 1) TANPOTITA §EV CUVETAYETOL
TNV KATNYOPIKOTNTA. =€ OPLOUEVEG TEPLITTMOELG 1] KOt yopLkoTnta dev etvan embuunty, de-
SOUEVOL OTL TOL KATNYOPLKA GELOUATIKA CUOTNUOTO OV UTopolV va yevikevtov. T wapd-
deryua, 1 oo Tov GELOUATIKOD oVOTNUATOG TG Oewplag OUAdmV, EYKELTOL 0TO OTL SV ELVOL
Katnyoptko. 'Etol, amodeikviovrag va amotédeopo oty Oewplto Ouddmv onuaiver Ot To
OLTTOTEAEOUO. LOYVEL OF OMOL TOL SLOPOPETIKA LOVIELQ TG KO OEV YpetdleTal va emainfedoovue
TO OTTOTELEOUOL OF KAOEVA QITO TOL (] LOOUOPPLKGL LOVTENL.

1.6.3 Kpurikn (ne oéfac) orov Evkieidn

Ta poTLITO. THG HOONUATIKNG OVOTNPOTNTOG EXOUV GAAAEEL dPAUOTIKG QITO TNV ETOYT TOV
o Eukheldng eypape o Ztovyeta. 'Exovv vidpEel oUyypoveS OTAOELG KOl OTTOPELG CUUPMVOL
ue TG oroleg 0 Eukheldng mpooeyyoe To Ogua atnuédnta /Kot ampooekto. ‘Ola autd, elvol
AVIOTOPIKES Yevdauodnoers. OuoLooTIKY) OVAYKY VIO ETTOVEEETAON TOV ZTOLXELMY VITNPEE
Katomy g avakdivpeng tov un-Evkheidewwv Teopetpudv. Tua 2.200 ypovio ta. Stouyeio
Lertolpynoav wg To kKOpLo BLprlo avagopdg yio T Femuetplo 08 eKATOVTAdEG YEVEDV. ALl
TOU OITOTELECLOTOG OVVAYETOL OTL LWAAAOV NTAV KOl TO KATOANAOTEPO BLBALO VL0 TOV OKOTTO
avto. Mapadetovue EVay KOTAAOYO TPOPANUATIKOV ONUELWV 0TV AELWUATIKT Oguellmon Tov
Evkheidn:
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o 'EALetym avayvadpLong OTLG £VVOLEG TOV TPOTAPYLKDOV OpmV UETOED TMV OVILKEWUEVOY
KOL TV EVVOLDYV TTOV TTPETMEL VOL TOPAUEIVOVY ATTPOTILOPLOTO 0TV AVATTTUEY £VOG aELm-
UATLKOU GUOTIUOTOG.

e H ypnomn g vtépHeong 08 OPLOUEVES ATOOEIEELG Y WPLG VO VITAPYEL AELDUATLKY CLTIONO-
YNom g g uebodov.

o 'EAMLEVPN] OGS EVVOLOG CUVEYELAG, 1) OTTOLO. CTGLTELTAL YLa Vo amodelyBel 1 VrtapEn opt-
OUEVWV ONUELWV KoL EVOELMV oV Kataokevalel o Bukheldng.

o 'EAMLEV1) COPIVELOG OYETLKA [LE TO OV ULCL EVOELOL ELVAL GITELPN 1) YWPLG OPLO. OTO SEVTEPO
aElwua.

o 'EMLenn TG £VVOLOG TOV eVALauéco 1j Tov ueta&d TTov YP1OLUOTTOLELTAL, UETOED IAAWV,
YLOL TN SLAKPLOT TOU UECT. OTTO TO £EM OE SLAPOPX OYNUATO.

O KaTALoYOG TV AELMUATOV OTO ZTOLYELD OEV NTOV EEAVIANTIKOG, GAAG AVTLITPOOMITEVE TLG
APYEG TTOV POLVOVIOY MG OL TAEOV ONUAvVTIKES. Ol amodelEelg Tov ouyva emLKOAOUVTAL OELWD-
WOITLKEG EVVOLEG TTOV OEV TTAPOVOLAOTIKOV OPYLKG OTOV KUTAAOYO TWV AELWUATWV TOV. Agv
ATTOOELKVUEL EGPAAUEVOL TPAYILATO OUMG EEQLTLOG QUTOV, £ 000V KAVEL XPNON CLOITNPDV V-
TOOE0EWV TV OTOLWV 1) EYKUPOTITA (PALVETOL VO SIKALOAOYELTOL OITO T, OYTULATO. TO OTTOL, OU-
vodeVEOVV TIG 0TT0dELEELG TOV. ApydTepa, Ommwg Ba dovue Ayo tapakatm rorlot Mabnuatikol
EVOOUATOOOV VEQ AELMIATO OTOV ETLONUO ag TOVUE AELwUATIKO Katdhoyo Tov Eukieldn, &-
TEKTELVOVTAG TOV KATA TTOA.

[ tapaderypa, 161 oty Ipdtaon 1 tov Bipiiov A, 0 Eukheldng ypnoluomoLel po vio-
Beom mov oUTE TOPOVOLAOTNKE OELOUOTIKG 00TE amodelyBnke: 0Tt dV0 KUKAOL e KEVIpa o€
axKpa VOLYPAUUOV TUNUATOG KL OKTLVA LOT] UE TO UNKOG TOU TUNUOTOS OUTOV TEUVOVTOL OE
&v0 onueta. Atyo apyotepa, oty Ipotaon 4, ypnopomoel Ty vtepOeon (TomodeTel TPlywvoL
TO £VOL TTAVM 0TO GALO) YLaL VO 0TT0delEEL TO KpLTnpLo tootntag I tov tprydvov. Oudotnteg
NG VITEPOEONG OEV TEPLYPAPOVTOL PYTA OTLG KOLVEG EVVOLEG 1] 0T, aELmpata. Eav 1 vrepHeon
wropel va, Bewpn et £ykupn nEB0dOG YemUETPLKNG 0OdelENG, ToTE OM 1) T'emwuetplo Ba NTov
YEUATY oo TeToleg ommodelete. o mopaderyua, ot Ilpotdoeig 1 éwg 3 Tov BifAtov A" umopoiv
v, atodeLy 00UV TETPLUUEVA YPTOLUOTTOLMVTAG VITEPOEON).

1.6.4 KolTtovieg To KEVO ToV XTOLElmV

CLo TV AVTLIETOILON AVTMOV TOV TNTNUATOV, SLAPOPOL CUYYPUPELS TPOOTTAON OV ELTE VOL V-
UWITANPDOOVV T KEVA, 0TIV TTapoVoLaot) Tov Eukheldn), ue v mhéov aSlonuelm) tpoomddsLo
avt Tov D. Hilbert, eite va mopovoLdoovy £va aELmpatiko oot YOpm ostd SLapOPETIKES
gvvoleg, ommg ekave o G.D. Birkhoff. Ao tig po-Xihumeptikeg mpoomadeies, Eexmpllovv au-
1€ TV Pasch, Peano ko Pieri.
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Moritz Pasch, 1843-1930

O Pasch:
¢ £0goe To Bepélia g oVyypovng aElmuatikng uebodov,
e DedpnoE TV EVVOLO TWV TIPWTAPYLKDOV OPWV,

o nall ue To aELUaTe KaTookeDooe £Va (POPUAALOTIKO GVOTNUO. OYETLKO ATTUAAAYUEVO
Ao dLooONTIKEG EMPPOES: BEMPOVOE OTL GTO UOVO UEPOG OTTOU 1) SLaoON o TPETTEL VO
dLadPOUATIZEL POLO ELVOL VOL ATTOPAOLLEL TTOLEG TIPETEL VOL ELVOL TTPWTOPYLIKEG EVVOLEG KOLL
mowo. To. aEuwpato. ‘Etot, yio tov Pasch, To onuelo evol o TpmTopyLkn £vvora ahha m
gvOela Sev elval, PLaG Kat €xovue Ko dtaloBnon yio onueto, alhd Kavelg ev £xel St
TOTE 1] ElYE EUTTELPLO. OG ATtelpnG evbelag. H mpoTopytkn £VVvoLo Tov XP1NOLUOTOLEL O
Pasch ot 6€0m g gvbetag elvar To gvBVYPOUIO TUNUAL.

H epyaota tov Pasch evémvevoe 1600 tov Hilbert, 600 ko Tov Peano.

Giuseppe Peano, 1858-1932

To £pyo touv Peano tov 1889 yio T Gewpuetpia, Tov elvol og ueyalo Baduod (o HeTagpoon e
TpoyuoTeLag tov Pasch v 0to ovpBoloud g Aoykng (tov omoto egnipe o Peano), ypn-
OLUOTTOLEL TLG TTPWTOPYLKEG EVVOLEG TOU ONUELOV Ko Tov evdlauecov. O Peano oder opLotikd
TOV EUTTELPLKO OECUO OTNV ETTLAOYT] TTPOTOPYLKMV 0PV Ko 0ELmudTmy mov astartovoe o Pasch.
[wa Tov Peano, 10 6ho 00oTNUO ELvaL KoOapd QOPUOAOTIKO, OTTOMOYIEVO OITO OTTOLAONTOTE
EUTTELPLKT] TTANPOQOPLAL.
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Mario Pieri, 1860-1913

O Pieri tnpe (o, SLOQOPETLKY TTPOOEYYLON Ko OEMPNOE VO GCVOTNLOL OTO OTTOLO VITNPY OV WOVO
800 TPWTAUPYIKEG EVVOLES, QTEG TOV omuelov Kot g kivnong. O Pasch elye ypnotpomomnoet
TEOOEPLG TPWTAPYLKEG EVVOLEG KOL 0 Peano Tig elye UEUDOEL 08 TPELG, OAAA Kat oL 00 auTtég
TPOOEYYLOELG BOOLOTNKOV 0TV £VVOLOL TOU EVOLAUETOV TTOV 0 Pieri aviikatéotnoe pue v év-
voo, TG Kivnong. To 1905 o Pieri €édwoe tv mpwty a&iwpatiky eneEepyaota otng Mryadikng
[TpoPorkng I'ewuetplog mov dev Paotlotav oty Kataokevn g payuotikng Ipofolkng
Cempetplog.

1.6.5 H Ozuchimon tov Hilbert

2o [Mavemotuo Tov CKETVYKeV, Kotd ) xewuepivi teptodo 1898-1899, o epignuog F'eppavog
woOnuatikog Hilbert mapovoiaoe (o, ogtpd nodnuatmy oyeTikd pe to Ogpuéla tov Pieri. Katomv
artuotog tov Klein, o Hilbert £yponpe Tig onNUELDOELG TOV SLOAEEEWY OUTOV EYKALPWS YLC. TO
Kahokaipt Tov 1899, hote va TaPOVOLAGTOVV O (o TEAETH apLepwuevn ot pvnun twv C.F.
Gauss ko W. Weber tov mtparylatosron0nKe 0to overmtothuo. OL onUELdoeLg auTEg dMUooLen-
Onkav tov Tovvio tov 1899 pe tov titho Grundlagen der Geometrie (Oguelia g 'ewueTplog).
H emppon tov Biilov avtol ftav Gueon).

David Hilbert, 1862-1943
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Avagéper o Eves oty lotogla twov Mabnuatikdv tov: H avdatvEn evdég ovvdlov adioudtwv
v, Ty Evkdeldeia yewuetoia dev amouaxoUvetol oAt amd to wvedua tov Evikleidn. Me tn
xonon evog minimum cvuforcuod, o Hilbert katagpege va meiloel Tovs uabnuatikovg, oe oAl
ueyarvteon éxtaon amo o, t ot Pasch kauw Peano, yio tnv kaBaod vroleTikn-exaywyikn uon
NG YeWUETQLOS. AAAa, n emipoon tov €oyov tov Hilbert mooywonoe oAl méga amd avto:
00T, VITOGTNOLLOUEVT OO TNV QUOEVTIOL TOV GUYYOAPER, EUPVTEVOE KOULQLOL TNV AELOUATIKTY
UEO0B0 Oyt uévo GTN YEWUETQI, AALG KO OVGLAGTIKA G K4Oe dALO KAGDO TV uabnuatikav.
To kivnToo yLa tnv avaxTvEn twv Osue Allwv TV uoONUATIKOV TOV TAQEXETAL OTO ULKQO [LfAlo
tov Hilbert elvar dVokodo va vregektiunOel. Xwols Tov mepieQyo auufoioud twv é0ymv tov
Pasch kou tov Peano, n egyacia tov Hilbert umwogel va diapoctel amd kdbe éEvavo uadntn tov
Youvaciov.

To a&lwpotikd ovotnua tov Hilbert Bempel €51 TpwTapylKEG €vvoles: onuelo, gvbela, eml-
7ed0, netaln, Ketta el (TepLeyetan) Kot .woduvaulag (congruence). ‘Olo ta onuela, oL evbeleg
KoL oL eTLTed o 0t akOhovOa aELDdIATa ELvaL SLUKPLTA EKTOC OV AVAPEPETAL OLAPOPETLKA.

L. IIpoontmon.
1. T ka0 &0 onueto A kou B vrapyeL o evBetor o Tov TepLeyeL Kot ta do.
2. Ta kB V0 oNuELa SEV VITAPYOVY TEPLOCOTEPEG ATTO LA EVOELEG TTOV VOL TTEPLEYOVV KO TO.
dvo.
3. Trapyouv TovAayLotov SV0 onuelo. og wio. evdela. TTAPYOVY TOVAGYLOTOV TPLO OTUELCL TTOV
dev Bplokovtar ot 1dLa vdeiaL.
4. T kaBe tpla onueta A, B, C sov dev Bplokovrol oty 1dto evheLa VITAPYEL EVOL ETULTESO O
7oV TTEPLEXEL OMaL T omueta. Tuol KAOe lrtedo VTAPYEL ONUELD TTOV KELTOL OTO ETULTESO.
5. T kaBe tpla onueta A, B, C sov dev Bplokovtar oty idio. vOela, SV VITAPYOVY TEPLOGO-
TEPOL ATTO VO ETULTES AL TTOV TAL TEPLEYEL ONOL.
6. Eav 800 onueta A, B og gvbelag Bplokoviol og emtimedo o, T0Te K0Og onueto BPLOKETAL 0TO
a.
7. Eqv 800 emimeda a, f €(ouv KOO ONueLo A, TOTE €XOUV TOVAAYLOTOV £VO. SEVTEPO KOLVO O)-
ueto B.
8. TIAPYOLY TOVAAYLOTOV TEGOEPO. ONUELD TTOV SEV BPLOKOVTAL 0TO LOLO ETtLTTedoO.

IL. Awarogn.
1. Eav to onueto B Bpioketor peta&n tmv onuetmv A xou C, to B Bploketan emtong peta&o C
Kot A Ko vapyel o vbela rov ePLEYEL T Stakprtd onueta A, B, C.
2. Eav to A xou C givan 800 onuelo. iog evbelag, TOTe vitapyeL TOVhAYLoToV £va, onueto B ov
Bploketar uetaEv Twv A ko C.
3. Amd o TPLOL ONUELOL TTOV BPLOKOVTAL O€ ULe. EVOELa, SEV VITAPYOVV TEPLOCOTEPA ALTTO VAL TTOV
Bplokovrtat uetal twv ailwv dvo.
4. A&ilwua tov Pasch: 'Eoto A, B, C va glvol Tpla onueLo. Tov dev fplokovral oty 1o evbeio
Kot £0Tm o o evbeta tov Pploketol oto emimedo ABC ko dgv SLEPYETOL OO KAVEVA OITO TOL
onueta A, B, C. Tote, edv 1 gvbeto o diEpyeToL armd onueto tov tunuatog AB, Ba digpyetal
eTTloNG elte artod €va onuetlo tov tunuatog BC elte amd €va onueto Tov Tunuatog AC.

IIL. Icodvvauio.
1. Av ta A, B etvan 00 onueta oty gubeia o, Kow ov 1o A’ elvar £va onuelo oty 1t 1 G
gvleta o, TOTE, eMAve ot PLa. S00glo0 TAEVPA ToV A’ KoL otV gvbela o, ITOPOVUE TTAVTOL VO
Bpolue éva onueto B” £TolL dote to Tunue AB va eivan 1oodivapo pe to tunuo A’'B” (AB~A'B").
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2. Edv to gvbvypaupo tunuae AB givar toodOvapo pe to tunuo A’B” ko oG Ue To Tunuo
A”B”, tote To Tunpo. A'B’ etvan toodtvapo pe to tunua A”B” (AB~A’B’, AB~~A”B” = A'B'~A"B").
3. 'Eotm AB kou BC 800 tunuata evbetog o pe povo koo onueto to B, kai €otw A’B” ko B'C

dv0 TuMuata ™G dLag 1 aAng gubelog we povo Koo onueto to B'. Tote, edv AB~A'B " ko
BC~B'C’, ¢xovue AC~A'C".

4. Eavn ZABC eivar yovia Ko v 1o B’'C” etvou tumua, tote vdpyel akpipog evo tunuo B’A”

oe ka0e Thevpd tov B'C’ ¢toL wote ) ZA'B'C’ va etvan loodvvoun pe v ZABC. Emumiéov, K-

Oe yovia elvan LoodUVaUN PE TOV EQUTO TG,

5. To xprtnpto IITI Tng TEPLEXOUEVNG YWOVLAG.

IV. Hapdlrinior.
1. Bukhetdero AElwpa: amd onuelo ektog 00elong gvOelag, TEPVA TO TOMD Uld TOPAAANAOG
7POg TV gvbela.

V. Xuvéyera.

1. (Apyuundero AElwua). Eav ta AB ko CD givor Tunpota, TOte vidpyeL évog optdudg n €Tot
®ote n avitypogo. Tov CD mov KataoKevalovtal GUVEXMG 0ITO TO A KOTO UNKOG THG AKTLVOLG
AB 0o tepdoovy TEPAV TOV onpetov B.

2. (IMmpodto Twv gvbewwv). Etvor adhvatn 1 eTEKTO01 TOU OUVOLOU ONUELOV WOG EVDELNG
UE TIG OYEOELG SLATAENG KL LOOSVVOULAG TTOV B0l SLATNPOVOOV TLG VTTAPYOVOEG OYECELG UETAED
TV OPYLKDOV OTOLXELWV KaOMG Ko TLg Bepeddelg 1dLotnTeg g SLatagng evbeumv Kot Loodv-
voputag (ASwwpata I-IT kow V-1).

[TpoywpmVTAG TEPO AT THV KADLEPWOT EVOG LKOVOTTOTIKOU 0VVOAOL aEtmwudtwv, o Hilbert
amESEIEE ETTLONG TN CUVETELD TOU CUOTHUOTOG TOU OE OYECT UE TN BEWPLO TOV TPAYUOTIKMV
apLOUmV, KATaoKeVALovTag EVO LOVTELO TOU CUOTNUATOG GTTO TOUG TTPAYIOTLKOUG optOuone.
AmedeiEe v aveEapTnolo 0pLoUEVOYV aITo T AELDUATA TOV KATAOKEVALOVTAG HovTEha Femuetplav
TTOV LKOVOTTOLOVV OAQL €KTOG 0td To €val vitd eEetaon oElwpa. 'Etol, vapyovy mapadety-
woto FemueTpLdv o tkavortolohv Oha eKtog amd 1o Apyuundeo AElmuo (un Apyundeto
Cempetpla), eKtog arto 10 AStopa Twv Mapariniov IV.1 (un EukAieldelg yemueTpleg) K.0.K.

XPNoLHOTOLOVTAG TV LOLOL TEYXVIKT) ETTLONG E0ELEE TMDG OPLOUEVA ONUOVTLKG BEMPNUOTOL -
EapTmdvTav 0Itd 0pLoUEVO AELMUATO KoL NTOV aveEapTNTa artd dAla. MepLkd artd To WOVTELD,
TOV NTOV TOAD TTEPLITAOK A Ko dAlor Madnuatikol tpoomtadnoay va to amhomomoouvy. Ta
napaderypa, to novrého Tov Hilbert mov ypnopwomoinoe yio va deiel v aveEapnolo tov
Ozwpnuartog Desargues (B 1o dovue otnv Ipofoiikn FemueTpla) ard 0pPLOUEVA AELDIOTAL,
odnynoe tov R.Moulton va avaxariper to un-Desarguesian Moulton emimedo. Avtég oL €pev-
veg vou Hilbert ovoLaoTIKG EYKALVLOOOV TH OVYY POV UEAET TG agpnpnuévng Femuetplog Tov
£1KOOTO aumva. Aleg Oguehmoelg Nrav L.y. avteg Tov Birkhoff kow tov Weblen. Katd
duapketo Tov 200V o, VINPEEE UeYaAn ovlNToN Yo TO TWG UITOPOVOE VAL TEPAOEL 1) Oempn)-
on tov Hilbert otn dwdaokaiia tng oxorkng lewuetplag. Avtd mOnoe tov Saunders Maclane
OTNV EL00YWYN oG akoun Bepehimong g Evkhetdetog Fewpetplag, Tpoottng otoug LodnTeg.
Me v avaxalvyn tov un-Evkiedeiov Fempetpiov tpoekupe neto&H dAwv Kat To Tpdpin-
wo Ogueriwong tovg. H peyarogpung déa tov Klein va oplogt wg I'empetpia kb Levryog mou
QTTOTEAELTAL OITO EVOV W] KEVO Y MPO KOL (0L OUAS0L UETAOYNUCTLOWMY TOV, UG OTTAANAOOEL
amd ovtd 1o TPOPINua. e tetoleg ewpetpieg, Omwg Bo dovue 0TV ETOUEVO KEQAAOLO, OEV
VITAPYOVV AELMUATO TAPG LOVO BE®PNUALTAL.
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I'sonerpio kota Klein

OL ouadeg TOULLOUV KEVTPLKO POAO OTNV TPAYUATEVOT TWV ONUELDOEMY CUTMOV GAAL KoL 0T
Tewpetplo e1dikotepa. To 1872 o Felix Klein dnpoocievoe to podypaupa Erlangen dmov mpdteive
£va 000N TAELVYOUNOMG KoL 0VYKPLONG TWwV £mG TOTE vitapyovowv Fewuetpunv. H 1dga nrav
VaL (PN OLULOTTOLNOEL TV OAYEPPA YLOL VAL TEPLYPAPEL TOVG UETOOYNUOTLOUOVG TTOV SLATHPOVY TIg
AVAALOLOTEG TOV VITOKELUEVOL Y MPov TG Fempetplog. O UETAOYNUATLIONOL OYNUOTLLOVY (oL
aAyeBPLKN ouada Tov dpa 0To YWPo, kKabothvrog Tov ouoyevii. 'Htav o Klein avtodg mov
TPWTOG TAPATNPNOE OTL TO, TEPLOTOTEPO, (OLV OYL OLOL) EVOLAPEPOVTA YEMUETPLK(L OVILKELUEVOL
WITOPOVV VO TOPAOTOO0VV aItd TINALKS OadmV. ATt TV Gl Otwg o Soue TapakdT®, Wo.
Cempetplo katd tov Klein dgv elvor TLwote AALO amd €vag U KevOg YMPOG EQPOSLOOUEVOS UE
WO OULAS 0L LETAOYNUATLOUMV TTOU dPaL TAVM GTOV YWPO auTov. TIpog 1o apdv, tapadetovue
T WTOMITOG ATTAPALTNTO. 0Ttd T Oewplor OUASWV TOV TPETEL VO, KATEYEL O OVOLYVDOTNG KOLL
1 AVOYVOOTPLA.

2.1 Xrowyeiowdns Ozmpic Ouadmv

2.1.1 Opoadeg ko vroouades

"Eotw o0voro G # () kow tpda&n - optopevn oto G X G e Tueg 0to G ov LKOVOTTOLEL TLG €ENG
LOLOTITEG:

1. Tpooetaupronkn: (x-y) -z =x - (y - 2), i ke z,y, z € G.
2. OvdETeEPO oTOLYELD: VITAPYEL € € G TETOW0 WOTE T - € = e - = = T, Yo, kb x € G.
1 —1

3. Avrtiotpogo otorelo: yia ka0e x € G umapyerz ! € Grétowo dotex-2 =2 L-x = e.

Edv 1Kavomolouvtol o topastave tote to Levyog (G, -) (N anhog G av dev ypeialetal va
TOVICOUUE TNV TTPAEN) Koleltan oudda (ue med&n (1) moAramwiaociaoud) -).
Eav gmmhéov LoyveL ko 1 180T Ta

(Ab)
r-y=y-r YKdbez,y€E G,

33
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1ote | G Kohetton afehavij oudda.
OpLOUEVO ONUOVTLKAL TTOPASELYLOTO OUAOMV, TOU GUECOV EVOLAPEPOVTOG OIS ELVOL TAL TTOL-
POKATO:

Mopadevypo 2.1.1. H yewixn yoauuki) oudda
GL(n, F)={A € M™"(F) | det(A) # 0},

omov F' = R 1 C ko M™™(F) glvar 10 GUVOLO TOV TETPOYOVIKMOV 1 X 7 TIVAKMV LE OTOLYELCL
amo to F. H tpd&n elvor o TOAATAQCLOOUOG TLVAKWV.
Agtyvoupe 0Tt 1) GL(n, F) elvaw opada:

» Khewototnra: ywo kabe A, B € GL(n, F),
det(AB) = det(A) - det(B) # 0.

¢ TIpooeTauploTikOTNTa, (0710 TIG LOLOTNTEG TOU TOMMATAUOLAOUOV TIVAK®V): Y KaOe A, B,
C € GL(n, F),
(AB)C = A(BC).

* OUdETEPO OTOLYELD ELVOLL O TETPAYMVIKOG ovadiatog mivakag I,,: yiakabe A € GL(n, F),

Al =1,A=A.

* Avtiotpogo otouyeto: kabe A € GL(n, F) sivan avriotoéyuog mivokag. Av A~! etvar o
avTLOTPOPOG TOU, TOTE
AA =ATTA=1T,.

Ipocoyn! H GL(n, F) dev eivor afelavi) opddo £’ 000V 0 TOMATAAOLOOUOG TUVAKOV SEV
ELVOLL €V YEVEL UETOOETIKT) TPAEN).

Yyoho 2.1.2. Kabe otouyeio A g GL(n, F') umopet v, tovtiotel pe pia 1-1 Ko etl ypouukn
ametkovion tov R” (og tpog thv Kavovikn faon tov R™): av a : R™ — R™ plo ypapukn o-
TELKOVLON KOL €1, . . . , €, ELVOL TO, OTOLYELXL TNG KAVOVIKNG BAONG, TOTE 0 Tvakag A TG a elvor
0 JvoKog gkelvog ou £xel otnheg ta (afe))T, ... (ale,))T, dMrdN Ta avtiotola avaotpo-
@o Twv davvopatov a(e;), i = 1,...,n. Ao ™V G, AV ELVAL TETPOYWVIKOG TILVOKAG

Kow a; = (aj1,...,a;,), ¢ = 1,...,n elval oL YPOUUES TOV, TOTE Yo KAOE X = (T1,...,Tm) M

OTTELKOVLON)
n n
Oé(X) = ( E A1, - vy E anjxj>

j=1 j=1

(ot dNAadN OV TPOKVITTEL ALTTO TNV

T
— Ax),

"
Il

Ty

ELVOLL YPOUULKT). ZTO €ENG O EVOALAOCONAOTE UETAED THG YPOUMKNG OTTELKOVIONG (¢ KOl TOV
VAKX A IOV OVILOTOLYEL OF QLUTNY, EXOVTOG TTAVTO VIT OYLV QT T1) OXE0T UETOED TOVG,
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Mopaderypo 2.1.3. * H edixn yoauurn ouada

SL(n, F) = {A € GL(n, F) | det(A) = 1}.

H opOoyavia oudda

O(n) = 0O(n,R) = {A € GL(n,R) | A" = A"}

H etdixn) opOoydrvia oucda
SO(n) =SO(n,R) ={A € O(n) | det(A) = 1}.
* H uowkn (unitary) oudda

U(n) = O(n,C) = {A € GL(n,C) | A~! = AT}

H etdixn uovikn oudda

SU(n) =SO(n,C) ={A € U(n) | det(A) = 1}.
Yyo6ho 2.1.4. T kabe A € O(n),
det(A) = det(A”) = det(A™') = 1/ det(A) = det(A) = +1.

T kabe A € U(n),

|det(A)|> = det(A)-det(A)
= det(A)-d _T)
= det(A)-det(A™!) =

EE oplopo ka0g 800 dLopopeTikeg LeTaE0 TOUG YPOUUES (avT. 0TNAES) evOg opBoymviov (aavt.
WOVLKOV) TTivaka ebvor kKaOeteg 0tav eldmBolv oav draviouata tov R™ (avt. tov C*). Enlong,
M €€ 0pLOUOV, TO EOMTEPLKO (AVT. EPULTLAVO) YIVOUEVO KAOE Ypouung (avt. OThing) evog
0pBoywVIOL (AVT. LOVIKOV) TLVAKQ e TOV 0VTO TNG elvan Tavtote 1 (B oploovue avotnpd To
E0MTEPLKO YLVOUEVO 0TOV R™ 0TO £TOUEVO KEPALOLO).

MEeypL OTLYUNG, ELOOUE OULADES TTOU ELVOL OUADES TTLVAKWV. AAAES, OTOLYELWOELS OUAOES EL-
vaiw ov (Z,+), (R™,+), (R,,-). H mtpdtn un otoreimwdng ondada wov 6o ouvavtoovue Ayo
apyotepa eivor  E(n), n oudda twv Evkieldeiwv iooustoidv tov R™. H mpd&n avtng g
opadag etval 1 o0vOeon ovvapTHoewv. A0 0plooVUE TNV OUAd CVTY (KOOMDS Kat TNV EVvoLa.
TV LOOUETQLDV) OQVOTIPA OTO ETTOUEVO KEPAAOLO, AALG TTPOG TO TTaPdV, Ba Bewpnoovue dSe-
douevo ot 1 E(2) astoteleltol amd UETOPOPES KATA SLAVUONL, TTEPLOTPOPES KOl OVAKAAOELS
navm oe gubdeieg Tov R2.
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2.1.2 Ymoouadeg

'BEotw (G, -) opada ko ) # H C G vitoohvoro TG YLoL TO 0TT0Lo Loy VovV Ta. eENG:

l. ec H.
2. Avh e Htdtexaw h™t € H.
3. Avhy,hy € Htote kow hy - hy € H.

Tote, n H Méyeton vrooudda tng G xon ovufolovue e H < G (ammovTdTon Ko 0 ouiBolMopuog
H < G).
To TAPAKAT® KPLTNPLO OVUITUKVMVEL TG LOLOTNTEG TNG VITOOUADNG OF ILCL:

Kpurmijpro 2.1.5. H < G av kow povo av e € H Kaw yuo. Ka0e hy, hy € H givar Ko
hi-hy' € H.

Mopaderypo 2.1.6. * H {e} etvar vroonada KabHe opuddog Tov €xEL T0 € WG OVOETEPO OTOL-
YELO.

* SL(n, F') < GL(n, F).
* SO(n) < O(n).
* O(n) < E(n). Auto, Ba 0modery el 010 eOUEVO KEPYAMOLO.

Opronodg 2.1.7. 'Eotw G oudda ko H < G. To (agiotepd) mAevotkd avvoro (left coset) gH tng
H wg moog g € G glvar 10
gH ={gh | h € H}.

Yyoho 2.1.8. Me avtiotoryo Tpomo optfovtar ta deEid mhevpikd ovvoha Hg g H g mtpog
g € G. Ta (apLotepd 1 deELd) TAeVPLKA GVVOAQL ELVOL LOOUEYEDN GUVOLAL UE TOL OTTOLCL LTTOPOVUE
va. dtawpgoovpe v G ueow g H.

HMopaderype 2.1.9. 'Eotw G = Z 1 tpoodeTikn ouddo Twv akepatmv kot H 1 vroondda tmv
aptiwv. Av g = 1, 10t
1+ H={. -3-113,..}

HMopatypriote: To 1 + H dev elvon vroopdda g Z.
Eav g € H,10te gH = Hg = H. Tevixa ouwg, dev woyver gH = Hg ywa tuyato g € G.

Opropog 2.1.10. Eavn H eivon viroopada g G, t10te Aéyeton kavowkr) av gH = Hg yio ka0e
g € G. Zvufohilovue H <1 G.

Mopaderypo 2.1.11. « {e} <G, GG
* Kda0g vroopddo. afehavig ouadog eLvaL KaVOVIKY).
¢ (R",+) < E(n). (Ga to dovue apyotepa).
"EV0L KPLTNPLO Y10 VO SLOTTLOTMOOUUE EAV [LLOL VITOOUASOL ELVOLL KOVOVLKT], ELVOL TO TTAPOKATW:

Kpurmijpro 2.1.12. 'Eotw G opddo ko H < G. Tote H <1 G av Ko povo ov
ghg™' € H, ywoxdbe g € G, h € H.
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2.1.3 Twéunevo opdadwv

Oponds 2.1.13. 'Eoto G opdda, H < G kaw N <1 G. Tote 10 00voho
HN ={hn|h € H, ne N}

Aéyetal ywvouevo tov H, N.

Enedn N <1 G, to HN eivow opdda, pe tpdkn v npakn g G. Mapotnpnote 6tL otnv
neptmTwon avty etvon HN = N H ortote 1) GELpd. 710U YPOPOUILE TO YIVOUEVO OEV E)EL ONUOLOLAL.

Opondg 2.1.14. 'Eoto (G, -) kau (Ge, x) ouadeg. To evfv yivduevo twv Gy, G elvar to 00volo
G1 X Gy €QOSLAOUEVO e TNV TPAEN

(91, 92)(h1, ha) = (g1 - I, g2 % ha), (2.1)
v KaOe g;, hi) € G1 x Go, i = 1,2. H tpa&n avt diver doun opnadag oto G x Go.
Mopaderyno 2.1.15.

(R",+) = (R, +) x --- x (R, +).
2.1.4 Opaddo tnhixo

Opopog 2.1.16. 'Eotw G oudda kow N <1 G. To 00voho OM®V TOV OPLOTEPDV TAEUPLKDV GU-
VOLWV
G/N ={gN|geG},

Kahettar opada niiko g G ue v N.
H opdda tnhiko G/ N elvon Ovimg opnada:
* To ovd&tepo oToLYELD TNG ELVaL TO €N, OTTOV € ELVOL TO OVSETEPO oToLyELlo TG G,
o 1 pd&n etvoun (aN) - (ON) = (a-g b)N,

s yia kabe aN € G/N, (aN)' =a'N.

2.1.5 Opopop@ionoi opd.d®v

Oponos 2.1.17. 'Eoto G, G5 ouddeg kan ¢ : G — G asterkovion. H ¢ Aeyetan ououoogiouds
av

p(x-y) = o(x) - d(y), vxabe z,y € G.

ToviZoupe 6tL M TPAEN 0TO APLoTEPO OKENOG Elvan 1) TPAEN g G evad 1) TPAEN 010 deELO
oKelog etval 1 Tpa&n g Go. H ¢ Aéyetou:

* LOVOUOQPLOUAS OV M ¢ elvan 1-1.
o EMUOQPLOUASS OV 1) ¢ ELVAL ETTL.

* 1oouoQ@Louds av M ¢ elvor 1-1 ko el
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2.1.6 Ioouopgronol opddmy

O LOOUOPPLOUOG ELVAL EVOL EVYPNOTO EPYAAELOV EAEYYOV TOV OV S0 OUADEG EXOVV TV LOLOL OA-
veppukn doun. 'Eotw ¢ : G1 — G5 opopop@Lopog,.

e O mvenvag ToL OUOUOPPLOUOD ¢ ELVAL TO GUVOLO
ker(¢) ={z € G1 | ¢(z) = ea}.
Etvaw ker(¢) <1 Gy ko 1 ¢ elvor povopop@Lopog av kat povo av ker(¢) = {e; }.
* H aixdva tov opopop@Lopot ¢ eivat to 00voro
Im(¢p) ={y € Gy | Jr € Gy : y=o(x)}.
Etvar Im(¢) < Gy Ko 1 ¢ elvor empop@Lopnog av Kot uovo av Im(¢) = Go.
* H G/ ker(¢) etvan 1oopopgn pe v Im(¢) (Ipwto Oedpnua Ioopopgpiopot Ouadwv).

Mopaderypo 2.1.18. Me ypnon tov napoamndve Oa dei&ovue 6t SL(n, F') < GL(n, F).’Eoton
TOAMATAOOLOOTUIKY) opuada (Fy, +) KL 0 OLOUOPPLOUOG

GL(n,F) > A det(A) € F..
O upnvag etvaun SL(n, F)<IGL(n, F). opopoing amodevieton 6t SO(n)<10(n), SU(n)<U(n).
Evog wopoppiopdg ¢ : G — G xohletton avtouoo@iouds. To 6VOLO TWV GUTOUOPPLOUDY TNG

G ovpBoriletar e Aut(G) kon asmotehel ouadao pe Tpakn ™ ouvheo.

2.1.7 HpevB<a yivopeva opddov

H axohovbn mpdTaon opilet To NuevdH yivouevo onadwv.

Mpoétaon 2.1.19. Eorw G oudda, H < G, N < G. Ta akélovOa eivar tcodvvaua:
1. G=NH, NN H = {e}.
2. KabBe ororyeilo g € G yodgetou ue uovadikd toomo oav g =nh, n € N, h € H.
3. Hamewdéwon ¢ : H— G/N, h— hN, elvar t6ouoo@Louds.

EEnyovue oto onueto owtd 6t ¢ : H — G/N givor 1 60vOeon T o ¢t TOV EMUOPPLOUOT
m:G — G/N, g~ gN Kaitov povopoppiopov ¢ : H — G, h + h.

Opopnos 2.1.20. Eav woydel éva amd to mtapatavm, hépe 0tL 1 G elvan o quievfd puvdusvo
twv N kar H Kow ypagpovue

G=NxH.
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To vroPOOKOV GUVOLO ELVAL TO KAPTEOLOVO Yivouevo N x H, ouwg m Tpa&n g ouddag
glvau duapopetikn). Tty axpifea, av (n;, h;) € N x H,i = 1,2, t10te

(n1, ha)(ng, ha) = (nihanshy”, hihs).
Oa SoVLE OTO ETOUEVO KEPAAALO OTL
E(n) =T(n) x O(n),

omov T(n) etvow 1 ondda petagopdv tov R™ kow O(n) = O(n, R) 1 spayuatikn opHoydvia
opada. IIpog to mapov, Ba uehetnoovue oe Alyo ueyolutepo Babog v E(2) otnv emoduevn
EVOTITO.

O opades T(2), O(2) wg vroonades s F(2)

"Eyouvpe N0 avagéper v E(n) og v oudda twv Evkeldeiwv icouetoudv tov R". Tivopaote
TMOPA ALYO TTOLO CUYKEKPLUEVOL YLOL TNV TEPUTTWON n = 2. Quuilovue om av (z,y) € R? 16-
e ||(x,y)|| = /22 + y? elvou T0 unkog tov draviopatog (z,y) (Evkieidera vopua). 'Eotw
f:R? — R? pio ametkovion emt. H f 0o kahelton toouetoia ov

1f (z,y) = f@ )l = (=, 9) = (@', )],

yio ka0e (x,y), (2'y') € R Me dhha Moya, ulo toouetoia dtatnoel ta unky. Topotnpnote
OTL ULOL LOOUETPLOL ELVOL OVAYKOOTLKA (e 1-1 aetkovion).
To o0voho Twv LoopeTpLdy Tov R? amotelel ouddo ue Tpan ) 0vvOeon Kat elvar akpLpadg

n E(2).
H oudda uetagpoomv T(2) tov R?,

T(2> = {T(a,b) | T(a,b)(xvy) = (iL‘ +a,y+ b)a (aa b) € R2}7
elval opado pe TpaEn ™ ovvOeon, Loopopen we TV mpoodetikn oudda (R?, +):
T(Q) > T(a,b) — (a,b) S (RQ, +>.

Amo v adln, T(2) < E(2). Hpogavag, 1o elvol To Tautottkd otouyeto g E(2) kot av
Tiap) € T(2) kou (z;,y;) € R, i = 1,2, t0te

HT(a,b)(OCl,yl) - T(a,b)(-TQa )| = [[(x1+a,y1 +b) — (22 +a,y2 + )|
= |l(z1 — 22,91 — )|
H(xbyl) - (1’2,y2)”-

T v opdda O(2), pokvmter amd tig oxeoerg AAT = I kai AT A = I ot yia éva otoryelo

A= (CCL Z) € 0(2)
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LOYVOVY OL OYEOELG

CHE=V+d*=1, ab+cd=0,
G+ =+d*=1, ac+bd=0.

Ao TG oygoelg auteg pokurtel 0t A € O(2) av kKo povo ov

__ [(cos¢ —sing ., [cos¢ sing
A= (singb Cos ¢ ) A= (singb —cosgb) ’
v kamowo ¢ € R. Ta otouyela oprotepd astotehotv v SO(2). Tlaplotdvouy TepLOTPOPES
A¢ : RQ — R2,
Ay(z,y) = (xcos ¢ — ysin g, xsing + ycos @),

AVTIOETO UE TN POPA TV SELKTMV KOTA ¢. ATO TNV GAAY, EVOL 0TOLYELD TOV SEELOT TVITOV IITOPEL
VO YPOPEL OG
R($7 y) = <—ZE, _y> + 2(((1, b) ’ (l’, y))<a7 b)?

omov (a, b) = (cos(¢/2),sin(¢/2)) Kou 10 - TAPLOTAVEL TO E0MTEPLKO YLvouevo otov R2. O wapa.-
AV TUTTOG VAL 1) avdrAaon o evbela amd Tnv agyn otnv katevOvvon tov (a,b). To ohvoro
TV OVOKAAOEMY SV ATOTELEL OUADAL.

b

H O(2) etvau vrooudda e F(2): yio A = (CCL J

) € 0(2), éotw

a(z,y) = (ax + by, cx + dy)

1 AVTLOTOLYN YPOUWLKY amtetkovion Tov R%, Av x = (z,y) ko X' = (2, 3/) 1018

la(x) —a(x)|? = |(a(z —2) +bly —y), clx — ') +dly — )|
= (@+A) (@ -2+ O +d)y—y) +20ab+cd)(z— )y —y).

Opwe, emewdn a® + 2 = b> + d? = 1, ab + cd = 0 Kou €metar To Tnrovuevo.

Agyouevor 6tL 1 E(2) mopdyetal oo TEPLOTPOPES, UETAPOPES KO OVAKALAOELS, OELYVOUNLE

a b

o T(2) < E(2). Hoatpvovpe Tz 40 € T(2) kat A = (c d) € 0O(2). Torte, pe amevbelog

VITOAOYLOUO, UWITOPOVUE VO atodelEovue OTL

AT (o 40) A" € T(2) < E(2),

Z0,Y0

delyvovrag OTL 1 AITELKOVLOT
-1

@ © Tigg,yo) © @

glvaw otouyelo g T(2).
Oa delEovue 0T0 MOUEVO KEPALaO TO IooueTpLkd Oempnuo, oVUPOVA IE TO 0TTOL0 KO
toopetplo Tov R™ etvar 00vOeon petagopag Kot otouyelov g O(n). Amd autd, Oa ovvayovue
otL E(n) = T(n) x O(n). Exeldn n amodel&n dev drapepel otig peyaheg dtaotdoetg dev Oa v
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TAPOVOLACOVIE 8, OALA WG TO TELOG TOV TTAPOVTOG KEPOLalov Oa dexOuaoTe oLmmnpd OTL
E(2) =T(2) x O(2).
Khelvoupe Ty evOTNTO 0T e LG ETLTAEOV TTAPOTNPNO0N. OeWPOVIE TV ATELKOVLON)

(R,+) 3 ¢ — Ay € SO(2).

H ameikovion avt elvor empop@ropos, ue mvpnvoe 277 = {2k | k € Z}. Apa, amxd to
Oempnua Ioopoppropo,
SO(2) ~ R/27Z.

H ouada R/27Z nepiéyer otoygeia [z] = {x + 2km, k € Z}. Amd v dAAn, 0 povadianog
KOKAog St tavtiletal e 1o oVUVOAO TwV WYadIKOVY apdumv uétpov 1. H ameikdvion

R/277Z > [z] v € € S!
glvan 1-1 Kow e7l. Zupstepaivouvpe Tmg vitapyet wo. 1-1 kow emtt asetkovion amd v SO(2) otov
St
2.1.8 Apaoceis onddmv

OL ouddeg WToPOUV VoL §polV elTe OO OPLOTEPQ ELTE OTTO OEELL ETTAV®W OE €V OVVOAO, AVTL-
0ToLLLOVTAG L0 LETATAEN TV ONUELWV TOU OUVOAOU OE EVOL OTOLYELO TG OUASALC.

Opiopndg 2.1.21. Mia opnado G heyeTon OTL dPA atd 0PLOTEPQ TAV® Ot €va ouvolo X # (), av
VITAPYEL WLOL ALTTELKOVLOM

GxX—>X, (g9,2)—=gzr,VgeG, zeX,

TETOLO. DOTE:

l. ex =z vy xabe xr € X,

2. g(hz) = (gh)z, yua kabe g, h € G xou yia KaOe = € X.

[N k00e d00¢v = € X, 10 oVvoro

Orb(z) = {gz | g € G},
KOAeLTaL Tooytd Tov . 2e ka0 tpoyLd Orb(x), optfovue Tpakn
(g2) - (hx) = (gh)x

KO UE TV TPAEN Ui 1] TPOYLA ATTOKTA doun opddag wopopeng ue v G. Eav n G dpa. artd
apLotepd 0tov X, 0pLLOVUE T OYEON

x~y < x € Orb(y).

AvT glval O£ LOOSVVOULAG KOL TO OVVOAO TOV KAAOGEWV LOOSUVOULAG (TPOYLDV) AEYETOL
xoog ko tov X ue v G ko ovpBorileton pe X /G (omaviotepa pe G/ X).
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Opouog 2.1.22. H apiotepn dpaon g G otov X kodeltol uetafatiky ov yio Kabe y € X
vrtapyeL r € X TETOLO MOTE Yy = g Yo Kamowo g € G.

SNV TEPLITTMON THG UETARUTIKNG dPAONG, 0 XDPog TNAiko X /G amotelelTon oo Vo Hovo
0TOLYELO KoL TOTE 0 X KAAELTOL OUOYEVIS.
O otabsgomountijc £vOG oToLYELOV T € X €LVOL TO OVVOAO

Stab(z) = {g € G | gx = x}.

Opropnog 2.1.23. H dpdon g G otov X Aeyetar eAedOeon, av OLOL 0L 0TAOEPOTONTEG ELVAL OL
TETPLULUEVOL.

STV TEPLITTmon dpaong ov elvar uetafatikn Kot ehetbepn, o X Kalelton momTagyikd
ouoyevng. To amhoVotepo TaPAdeLyIa elvoL To akolovbo.

Mopaderypo 2.1.24. Two ™ Spaon g wpoobetikng opddag G = (R", +) otov X = R”,
€Y OVUE TO. TAPUKATO.

e Hdpaon: (x,y) —» x+Vy,x,y € X.

» H dpdom eivar petafotikn: av x,y € X, tote
y=@—-x) +x
SUVETDG 0 YDPOG TWV TPOYUDV UTTOTEAELTOL ATTO EVOL ONUELO.
* H dpaon eivan ehetBepn: yia kaOe x € X, Stab(x) = {0}.
H ntpooBetikn opada (R™, +) eivon loopopen pe v oudda uetagogav T(n) tov R™:
T(n) ={T, | Ta(x) =x+a, ac R"}.

H T(n) eivow ouddo pe mtpda&n ) oUvOeon ouvopTHoE®V Kol 0 Loopop@lowog ue v (R™, +)
dtvetan atd TV
T, — a.

[Mopatnpnote 0tL dev €xel onuooto edm 1 ueptd atd v omota dpa m T'(n) otov R”, epocov
X+a=a+x

HMapaderyna 2.1.25. Oswpolue T dpaon g opboydviag ouddag G = O(2) otov X = R%: H
dpaon elva:
(4, (z,y) = alz,y),

OOV (v 1) YPOUULKT) OITELKOVLOT] TTOV AVTLOTOLYEL 0ToV A. AtonoOntikd Katalafotvovue (aAra
delyveton kan amevOelag avaluTiKa), OTLT TpoyLd evog (., i) elvar éva onueto av (z,y) = (0,0),
EVM elval KUKAOG e KEVTPO TNV 0pyN Kot okTiva [|(z, i) || oddg. Apa, 0 xHPOg TOV TPOYXLOV
ATOTELELTOL 0TTO OAOVG TOUG KUKAOUG UE KEVTPO TNV 0pY), ML 1e Tov ekgpuitouevo KOkho (0,0).
To ovoho ot eivan oe 1-1 Kou et avtiotouyta ue to [0, +00). H dpaomn etvon petofotikn povo
ETOVO OTOVG KUKLOVG Le KEVTpo TV apyt. [ia kabe (x,y) # (0,0), o otabepomountg Tov otV
0O(2) amoteletton 0td TV ovaKAOOT 0TIV gVOELX Ao TV apyh Ko To (z,y). AT TV GAAn,
v kaBe (z,y) # (0,0), o otabdepomomng Tov otV SO(2) elvol TETPLUUEVOG.
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2.1.9 Aoxknoeig

1

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

ArntodelEte 0TL Oha tar oVvola Tov TTapadetypotog 2.1.3 elvol ouadeg.

AnodeiEte otLol (R™, +), (Z,+), (R, -) etvan afehaveg opddec. Eivor 1 (Z,, ) opdda;

. Amodel&te TIg TpELg Tp!TEG OYEoelg oto [apaderyuo 2.1.6.

"Eotw G oudda kow Hy < Hy < G. Ael&te 6t yio kabe g € G etvon

gH, C gH,.

AntodeiEte 0tL KGO afeliavi vroopdada onadag G eivor kavovikn viroondada g G.
AmodeiEte To Kpumpuo 2.1.12.

"‘Botw G opdda kaw H <1 G. 'BEotw entong K < G pue H C K. AnodeiEte o H <1 K.

. AmodeiEre neom tov Kprenptov 2.1.12 6t SL(n, F') < GL(n, F') kaw SO(n) <1 O(n).

. AmodeiEte 0TL To KapTeoLavo yivouevo G X G 800 ouddwv (G, -) kou (Ge, %) ue tpaén

7ov dtvetan amd v (2.1) elvar oudda.

AmodeiEte ot To gvB0 yivouevo Gy x Gy 800 opddwv G, G etvor afiehovi ouada av
KoL 0L S0 OUTEG OUAOES ELVOL UPEMLAVEG,

Tovtiovrag tg G, Ga, ue g G X {ea} ko {e1} x G, avriotorya, amodelEte OTL elvon
KOVOVLKEG VITOOUAdEG TOV VOE0G Yivougvoy G X Go.

AmodeiEte omeav H; < Gy, 1 = 1,2, tote kxou Hy X Hy <t Gy x Go.
ToumAnpmote 00eg Aemtouepeleg Aetmovv otov Opopd 2.1.16 g opadag Tnhixo.
ALKOLOLOYNOTE YLOTL O€ EVOLY OUOUOPPLOUO ¢ : G — Gy €OVUE TAVTOTE

(o) </5(€1) = €.
(B) ker(¢) <1 Gy, Im() < Go.

"Eotw G opdda, N G xoum: G — G/N e m(g) = gN. Aei&te OTL 1 T €LVaLL ETUOPPL-
OUOG OUAdWV (KAVOVLKY] TTPOBOAN).

'BEotw ¢ : G — H emmpoppropdc kow N <1 G. AmodeiEte otL ¢(N) < H.

AmodeiEte 0t o8 kb aprotept dpaon G x X — X, oL 6T0OEPOTOTES TV OTOLYELDV
ToU elvan vrroouddeg g G.

AmodeiEte 0tL 10 0Uvolo Aut(G) TV QUTOUOPPLOUMV WLaG opadag G elvar ouddo ue
PAEn ) 0vvOeon. AeiEte 0tL Aut(G) dpa amd apotepd otV G Kol TPOTOLOPLOTE TOV
YXWPpo TV Tpoytwv G/Aut(G).
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19. Aci&te oL 1) amerkovion (Rsg, -) x R™, dmov
(0, %) — 0X,

elval opLotepn dpdon. Bpelte tov ywpo Tpoyrdv. Ewar 1 dpdon avtn petafotik;
Ehe00epn;

20. Zvuinpoote TG Aetouépeteg oto [Mapaderypa 2.1.25.

2.2 HTemuerpio koto tov Klein

'‘Botw X # (). 'Evaguetaoynuatiouds g tov X etvoun pia. 1-1 ko et astetkovion g : X — X. To
00VOLO OAMV TWV HeTaoNUATION®Y Tov X ovuforileton e Sym(X) Kou Kahelton ovuue tok)
oudada tov X.

Ipotaon 2.2.1. H Sym(X) elvar oudda ue mod&n tn 6vvheon.

Kot tov Klein, wia l'swuetola etvon éva Lebyog (X, G), omov X # () ko G < Sym(X). Ta
onuela g Fempetplag (X, G) etvor ta ototyeto Tov ovvohov X Ko to oy fuate g emuetplog
(X, G) etvou ta viroovvora tov X. H opada G dpa otov X:

(9,2) = gx(= g(x)).

(H eruhoyn g aprotepns dpaong etvan avbatpetn). Avo oynuato P, Q kot kéyovion G-ioodvvaua,
eV VTapyeEL g € G tétolo wote g(P) = Q. Mia yewuetoukn tdidtnta (G-1810TTa) MeyeTon pio
WOt Tov X IOV TOPAUEVEL AvallolwTy 0Ttd T dpdom g G.

Yyoho 2.2.2. Av dvo oynuata P, Q eivon G-looduvoua tote £X0uv Towtoonueg G-1O10mTeg,
AOY® TOV avaiholwTou TV G-1dtotnTwv amd T dpaon g G.

H perétn mg Feopetplog (X, G) amoteheitan omo:

1. ™V meprypagn Twv KAAoemv G-100duvaplog Kat eldtkoTepa Tou Ympou tpoytdv X /G,
2. TOV TPOGdLOPLOUO TV G-LOLOTHTMV KoL

3. ta Bewpnuota oxeTikd e Tig KAaoelg G-looduvoutag kot tig G-dotTeg,.

2t Teopetpia katd Klein dgv vapyovv aiwpato - povo Dempnuata. Avtd €xel To mhgo-
VEKTNUA OTL (oL TEToL «[eEwUeTplon elval OUVENNG. Me TV aELOUOTIKT TPOOEYYLOT|, ELVAL
TOVTA TOAVO T AELOUATO VO 001YOUV OE AVILQPOOT). Z€ L0 TETOLO. TTEPLITTWON, SEV UTOPEL VL
VITAPYEL «UOVTELO» Yo TN [empeTpla.

Mopaderypa 2.2.3. H Evkieideia emutedopetpio eivar m Feopetpia (R? E(2)) kota Klein. H
E(2) gvar 1 opada Tov YeEVVATOL 0Tt TG UETADECELS, TEPLOTPOPES KOL AVAKAAOELS TOV ETTL-
mEdov Kar glvan toopopen ue v R? x O(2). H ondda avty mepiéyer Oheg tig Evkleideieg
tooueToleg ToU eLTESOV. Emetdn OLoL oL TopaTAvVe® UETOOYUATLIOUOL SLOTPOVV Ta. unk) (gl-
VoL SMAST) LOOUETPLEG), TO UNKOG ELVaL YEMUETPLKT 1dLOTNTA 0ty Eukdetdeia 'ewpetpio.
Cempetplo auT), wropovue va. arodeiEovpe Oha ta Evkheldera aEuwuata oav Oswpnuota.
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"Evo. GALO TTAEOVEKTNUOL TNG TTPOOEYYLONG Tov Klein elvan 0TL oG EMTPETEL Va. GLOYETLLOV-
ue drapopetikeg Fewpetpiec. Ag vitoBeoovpe 6Tt 1) G €Llval PLe Ouddo PETOOYNUOTLOUMY TOV
ovvorov X, ko 0tL ) H etvon o viroopnada g G. Tote, 1 H elvol emiong pLe ouddo. Peto-
oynuaTiopnmv Tov X, ko £tol optlel wo aAn Feopetplo oto X.

Oeopnua 2.2.4. (K1) Ag vrobécovue 6t n G elvar uao oudda ueTacy nUATIGUMD Y EVOS GUVOAOU
X, kou 61 n H elvaw wa vwooudda tng G. Eav dvo cynuata eivar H-16o000vaua, tote elvat
kot G-teodvvaua.

AmddaEn. Ag vmoBeoovue otL Taw P ko Q givan H-oo0d0vapa. Tote vrapyel éva h € H pe
h(P) = Q. Agdopevov 6t H < G, 1o h € G, €toL 1o P xou 1o @ elvan G-1o0d0vvoua. O

Yyoho 2.2.5. Tlpoxvmtet 6t KAOe KoM G-L.00duvaulog ELvoL (o evoon kKhaoemv H-1codvvoutag,
gtoL wote ot FewpeTpia mov opiletar amd v G, vdpyovy Ayotepeg (GAMG UeyolUTEPES)
KAQLOELG LOODUVAULOG.

Mopaderypo 2.2.6. H T'eopetplo tov Evkdeldeimv opowobeowwv: H E(2) emexteivetor oty
opada Sim(2) ov mePLEYEL EMTAEOV TIG OUOLODEDTES

D(;(IL',?/) = (5!L’,5y),

§ > 0,0 # 1. 'Botw C o x0khog 22 + y? = 1. Oewpdvrag yvmotod ot 1 F(2) amoaptileto
amod wouetples, av g € E(2) 10te g(C) Ba elvar kUkhog kévipov ¢(0,0) kow aktivag 1. Amo
TV GAAT], 0TTOLOCdNTOTE KUKLOG KEVIPOU p Kou aktivag 1 elvar 1 petagopd tov C' Kotd p.
Svumepatvoupe ot 1 F(2)-khaon tov C mepieyer Ohovg Toug kukhovg axtivag 1. Topa, av
h € Sim(2), n h(C) eivon ahl KOKAOG KEVIPOU KATOLOU P, GAAG 1] OKTLVOL TOU WITOPEL VAL ELVOL
orrorodnrrote. Kaw staht, av C7 etvon KOKAOG OTTOLOUONITOTE KEVTPOU KOL AKTLVOG, WTOPOVUE e
Lo LETOPOPA Ko (ior opotoBeata va tov astetkovicovue otov C'. Zvusepoaivoupe OtL 1 Sim(2)-
KAaom tov C mtepLeyel OAoVG Toug KUKAOUG, OTTOLOLOONTTTE aKTIvaG Kot £Tot 1) Sim(2)-kAhdon tov
C mepieyer v E(2)-xhaon tov C.

Oeopnua 2.2.7. (K2) Ag vrobécovue dten G elvor wa oudda uetacy nuatioudv evog Guvoiov
X, kaw n H elvou wa vrooudda tov G. Tote, eav n D elvau G-1dotnta, 1é1e elvon kaw H-
tooTnTa.

Amddeén. Agvmobeoovue 0T to D givon o G-d0tta, £ToL elvol avalholwTy otd OAAL T, g
o G. Avh e H,h € Gegpooov H < G, apon D eivar avairolwtn oo o h. O

Svusepatvovpe ot M Fewpetpla wov optletar amod T G WTopeL Vo £xeL MYOTEPES LOLOTITEG.
Mopaderypo 2.2.8. Mnkn ko yovieg oty Evkheldera emutedopetplo: Oewpodue cagpeg OtLm
E(2) duotnpet tow unKn Ko TG YOVieg. Ao TV Ak, ElVOL ETTLONG OAPEG OTL (o, opotoOgaLoL
SLATNPEL UEV TIG YOVIES, GALG OYL T UNKT). SUUTEPALVOUUE OTL TO OVOALOLWTO TMV UNKDOV KoL
TV YOVIOV glvar F(2)-1810tnteg, oAAA LOVo To avaAlolwTo TOV Ymvimy etvol Sim(2)-1dtotto.

2.2.1 Aoknoeig

1. Oplogte TIg dPAOELS KOl TOVG Y MPovg Twv Tpoxtwv twv Femuetpidv (X, {idx }) kau (X, Sym(X)),
TEPLYPOPTE TIG TPOYLEG KAl TOUG OTUOEPOTONTES KO €EETAOTE AV KAOE U0 AUTTO AUTEG
TG dpaoeLg elvol o) uetafatikn Kot ) ehetdepn).
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2. 'Eotw X # () xou €¢otow Sym(X) cuppetpikn tov opada. Mia l'eouetplo (X, G1) heyeton
ot epieyetan oty (X, Gy), av Gy < Gb.

(o) Aei&re otLxa0e Tewpetpla (X, G) mepiéyery (X, {idx }) ko mepiéxeton otv(X, Sym(X)).

(B) Av G; < Gy 10te dei&te 0L orbg, (z) < orbg, (x). Elvar 6motd ot tote toydel ko

3. 'Eoto # (). Mia. ovAhoyN Tx VITOCUVOL®MY TOU X AEYETOL ToTtohoyle 0T0 X OV LKOVO-
TOLOVVTOL OL TAPAKATO LOLOTNTEG:

(OL’) @, X ¢ Tx.
(B) H évmon omolovdnmote TANO0VG OTOLXELWV TNG Tx GVNKEL OTNV Tx.

(v) H toun omoloudnmote TeTEPAOUEVOL TANOOVG OTOLXELWY TNG Tx CVIKEL OTNV Tx.

Mia astetkovion f: X — X Aéyetor ovveyng av yio Kabe B € Tx 1 avIloTpo@n ELKOVa.
tov f71(B) € 7x. Mia 1-1 kou eml amerkovion f @ X — X AEyeTaL ouolopop@Loudg
av ou f, f~1 elvan ovveyelg. Aei€te om to ohvoro Hom(X) Twv opotopopgropdv tov X
glvoL ouada te TPAEN T oVVOEON KoL OPLOETE TOV Y MPO TwV TPoyLmVv g ['ewueTplog
(X,Hom(X)).

4. 'Eotw X = {1,2,3}. Edd 1 Sym(X) eivou 1 onddo petatdEewv S mou amoTeAerTonL oo
TOL OTOLYELOL
(123), (132), (213), (231), (312), (321).

T va kotohafovue ™ Fewpetpio (X, S3), Tomobetovpe To 1,2, 3 0TIG KOPUPES LOOTAEV-
POV TPLYMDVOL Ue KEVIPO BApovg otV apyn. Me ula otpopn katd 27 /3 avtifeta pe
POPAL TWV SELKTWV TOV wPOLOYLOV, 1 Kopuen 1 Oa ovumeoer e v 2, 2 ue v 3 ko n 3
ue v 1 ko alpvovpe €tot to otouyeto (231). Me ula otpon topa Kotd 47 /3 aviibeta
UE T (POPA TWV SELKTMV TOU wpohoylov, 1 Kopugn 1 Oa ovuméoer ue v 3, 1 2 pue ™y 1
Ko 1 3 pe v 2 Kot Tolpvoupe £tot to otorxeo (312). Me avakhaon oty gvbeia x = 0
N kopuen 1 wopauéver otabdepn, Kot oL Kopupeg 2,3, EVOAALATOOVTOL-TTALPVOUUE £TOL TO
otouyeto (132). Me meplotpon Katd 7 /3 akohovBoUuevn amd T Topotave ovakhoo
TALPVOUpE To 0ToLyELo (213). Tehog, ne epLotpopn Katd 2 /3 akorovboluevny asd v
TOPOTAVO AVAKAQOT TTalpvoupe To ototelo (321. Aei&te ot n Fewpetplo avtn etvor 1
CemueTplor VOG LOOTAEVPOU TPLYDVOL (E8( TO TPLYWVO VOELTAL OOV VAL OYNUOL TTOV KO-
Bopliletar TMPWS aTd TLG KOPUYPES TOV) UE KEVTPO BAPOVG TNV ap)T], 0TIV OTTOLOL PO
ulo Temepaopevn vroopnada tg O(2).

5. (Svppetpla wg TPog onuelo oto emiedo.) 'Botw onueio K = (ki, ko) € R% T kaOe
(x,y) € R? opilovpe to ouppeTpkd tov Sk (7, y) wg mpog K wg e€ng: emdvm oty evdeia

c(t)=(1—t)(ki,k2) +t(x,y), teR

mov evover ta K ko (z,y), Bempotue 1o povadikod onueto Sk (z,y) = (2',y') # (x,y)
YLO. TO OTTOLO LOYVEL

1", y") = Kl = [l (z, y) — K.

AmodeiEte Ta axodlovOQL:
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(@) Sk(x,y) = 2(ki, ko) — (z,y), yia xa0e (z,y) € R

(B) (Sk o Sk)(x,y) = (z,y), yvo xabe (z,y) € R

) Sk(z,y) = (x,y), ov kaw povo av (x,y) = (k1, ke) = K.
(8") H ovuuetplo og mpog onueto etvol F(2)-18totnta.

47



48

KEDAAAIO 2. TEQMETPIA KATA KLEIN



Kegaloto 3

Evkietdao 'eoperpio

3.1 O yopogR"

O n-8LA0TATOG TPAYUATIKOG YMPOG ELVAL O BOOLKOG HOG YWPOG 0T UeheT) g [emuetplog.
Ov ToMEG KoL TAOVOLEG LOLOTNTEG TOU, TTOV TEPLYPAPOVTAL EV CUVIOULG. OTNV EVOTNTA QLUTY,
ELVOL ONUELO OVAPOPALG YLOL TOVG TTEPLOCOTEPOVS OLTTO TOUG YEWUETPLKOVG YMPOVG KL LOLWOG YLOL
aUTOUG TTOV 00 UEAETNCOVUE OTO, ETOUEVOL KEPANOLAL.

3.1.1 O dwuvvonatikog ympog R”
O MPOG ROG ELVOL O N-SLAOTATOG TPUYUATIKOG Y DPOG
R"={x=(21,...,2,), x; ER, i =1,...,n},

ue To otoryela Tov R™ va kohovvron edm Kat Staviouata. (Me ahha AoyLa., 0o viTtapyeL oLwtnen
TOOTLON TOV ONUELMVY X UE TO SLovOoUOTa. TToV £X0Vv apy1 To 0 Kau Téhog To X). H tpdobeon +
otov R™ opiletol amd ) oygon

X+y=(T14+ Y1, Tn + Yn)

v KaOe X = (zq,...,2,) Ky = (y1,...,¥y,) dSavdopoata tov R™. Ioyvovv oL Tapokatm
OO TEC:

1. MetaBetikn: X +y =y + X Y10 K4Oe X,y € R™.

2. Mpooetouptotikn: X + (y +z) = (X +y) + z yia k40e x,y,z € R™.

3. Oudetepo otoryelo: X + 0 = x ya ke x, R™, 6mov 0 = (0,...,0).

4. AvtiBeto otoryelo: X + (—x) = 0 yio kabe x, R™, 6mov —x = (—x1,. .., —x,).

Svumepatvovue Tog to Levyog (R™, 4) amotelel affehovn ouddo (1) TPOoOETIKN TPOYIOTIKY
ouada).
Opiletar emiong ko €vog BabumTog TOAMATAAOLOoUOS - oG eENG: av A € R ko x € R™
T0TE
AX=AX = (Axq,...,Azy,).

O BaOUOTOG TOMATAACOLAOUOG EXEL TLG EENG LOLOTNTES:

49
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1. AM(x+y) = Ax+ \y v kaBe A € R ko x,y € R™.
2. (A4 p)x = Ax + pux yuo ka0e A\, € R kou x € R™.
3. AMux) = (A\u)x v kaBe A\, p € R kow x € R™,

4. 1x = x yua kabe x € R™,

Suvenmg, 1 tprada (R™, +, +) elvan SLovuopottkog xmpog vtepavem tov R. H didotaomn tou 8.y.
R™ etvow n. H kavowvikr) fdon Tov ammoTteheltan osto T SLOVOOUATO. €1, . . . , €,, OTTOU

e;=(0,...,0,1,0,...,0)

e 1o 1 vor BploKeTaL OtV i-GUVTETAYUEVY. AV X = (Z1, ..., T, ) TOTE
n
X = E ZT;€;.
i=1

Yroympotr
'Eva vtootvvoro V' C R™ Aéyetan Stavvouatikds vadywoog tov R™ av
1.0eV,
2. \a+pbeVyakabe \,u € R,abe V.
AvoV = (vq,...,vk), dNhadT, magdyetow and k yoauuxd aveEdotnta diaviouata tov R™:

k
V= g a;vi, a; €ER i =1,...,n,

=1

v kabe v € V, tote Aépe oL €xel dudotaon k, dim(V) = k. YrevOuwovue Ot 1) ypouuikn
aveEaPTNOLOL TWV V1, . . . , Vi €E00QAMTEL OTL KAOE OYEON TG LOPPNG

MVi+ -+ XNV =0 N, eR, i=1,... k,

ovvemdyetal 0tL A; = 0 yio kabe i = 1,..., k. Oa Bewpnoovue YvmoTo OTL (WTOPOVUE VO, OU-
wrAnpooovpue piae faon tov R”™ amtd to Staviopata wov mapdyouv tov V. Anhad, viadpyovv
YPOUUKG OVEEAPTNTAL V)1, . .., V), TOU R™ OOTE TA V1, ..., Vi, Vi q,. .., V), VO ELVOL YPOLULKQ
aveEapTnTo kKou yia kabe a € R™ va loyvel

k n
a = E a;V; + E bZV;
=1 i=k+1

Téhog, av V) kau Va glvan vidympot tov R™, tétolol wote Vi N Va = {0} xou yio kabe x € R”
VIAPYOVV V; € Vi i = 1,2, TETOL0 (DOTE X = Vi + Vy, TOTE Ague 0TL 0 R™ avahetal oto v
dBoowoua Twv Vi kou Vs Kau cuppolovue

R"=Vi& Vs
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3.1.2 Evukleidero (Tumikn) Totoloyio Tov R”

H Evkieildeia amdotaon e,(x,y) d0o onuelwv X = (x1,...,x,) ko0 y = (y1,...,Yn) TO0 R”
opLLeTal amo T oyEon

n 1/2
en(X,y) = (Z(% - yi)2> :

=1

O yopog (R", e,,) etvon uetoikdg yoog. Mpaynott, 1oybouv ta akdhovba aELmuata HETPLKNG:
1. He, eivaw wio ouvaptnon R” x R” — RT = [0, +00).
2. e,(x,y) =0 < x=yyakabe x,y € R".
3. e,(x,y) = e,(y, X) yio ka0e X,y € R™.

4. (TpLymviKn aviooTNTo)
en(x7 y) S en(X, Z) + e”(z7 y)

yio KaOe x,y,z € R"™. H 100tnto 1oyeL T0Te Ko ovo TOTe OTAV T, X, Y, Z, ELVOL OUVEL-
OsL0KQL.

To ovvoho

By(e) = {y | exn(y,x) < ¢}
KOAELTOL aVOLKTT) TEQLoy 1] TOV X aktivag €. To ovolo

By(e) ={y | ealy,x) <€}
KOAELTOL KAELOTT] TEQLOYT) TOV X OKTIVAG €.
Oponog 3.1.1. 'Eva ovvoro A C R™ kodeltar avolktd, ov

Vxe A Je>0: By(e) C A

'Eva ovoho A C R™ xodetton kAetotd, av 1o A° = R™ \ A elvow avolkTto.

[TopaTnENOTE OTL UL AVOLKTY| TTEPLOYY ELVOLL CLVOLKTO OVVOAO (OELTE TO YEMUETPLKRL), EVD LOL
KAELOTY TTEPLOYT ELVOL EVaL KAELOTO 0voro. Toyouv emlong ta akolovOa.:

1. To () xouw 0 R™ glvan ToL OVO GVVOLAL TTOU ELVAL TOVTOYY POV OVOLKTO KO KAELOTA.

2. OmmoLadNITOTE EVIOT] GVOLKTMOV GUVOAMVY ELVOL GVOLKTO GUVOLO (KO OTTOLALONTOTE TOUM
KAELOTMV OCUVOLWYV ELVOL KAELOTO GUVOAO).

3. TIemepaOUEVEG TOUEG OLVOLKTMV GUVOLWV SLVOUV OVOLKTO GUVOLOL (KO TTETEPUOUEVEG €~
VIOOELG KAELOTMV OVVOLMV SLVOUV KAELOTA OVVOAC).

Oponogs 3.1.2. H ovihoyn OAwv TV ovolKTmv ouvorwv tov R™ koettar EvkAelSeta (1) Tvmiki))
romoloyia tov R™. H 0uALOYT OAOV TOV QVOLKTMV TEPLOY DOV Koleltal Bdon Tng Tomoloylag.
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3.1.3 O vopuikog yopog R”

H EvklelSeia vooua || - || opileton yia kaOe x = (x1, ..., x,) € R™ amod v

n 1/2
Ixl = (zxz‘) |
=1

[Mopatnenote OtL 1 VOpUE TOU X 101 Ue TNV amooTaot] e,(X,0) tov X amo to 0. Zvvenmg M
Evkdeldera vopua opileton uéom g Evikheldeiag amootaong. O yopog (R™, || - ||) etvon ydoog
ue vépua. To akoLovBo aEumuota TG VOPUOG LKOVOTTOLOVVTOL:

1. HJ | eivou pio ovvaptnon R™ x R — RT.
2. |x]| =0 <= x=0vyiakabe x € R™.
3. IAx|| = [A]]x]] yuo kb x € R™ xou A € R.

4. (Tprywvikn aviooTnTo)
x4+l < [l + Iyl

yio KaOe X,y € R™. H 100tnto 1oyveL Tote Kot ovo TOTe OTaV Ta X, Y, ELVOL YPOUULKAL
eEapmnueva: vTapyel A € R, A # 0, t€tolo hote y = Ax. IoodUvaua, To X, y Kat 0 gival
OVVEVOELOKAL.

Tyoho 3.1.3. Av €youue Evav SLOVUOUATIKO Ympo e vopua, €otw tov (X, || - ||x) tote tov
TPETOVUE OE UETPLKO X MPO 0pLLOVTOG TH UETPLKN dyx 0Tov X aIto Th) OYEom

dX(I,y):HfL'_yHX; IvyEX'
Sty meplrttwon tov Eukieldeiov xhpov eldaue 0Tl loyVeL KoL TO avIloTPoQo, KATL TV SeV

LOYVEL £V YEVEL OE TUYOLOVG UETPLKOVG Y DPOVC.

3.1.4 BaOuwto yivouevo otov R”

Opiopog 3.14. 'Eotw a,b € R", a = (ay,...,a,) xau b = (by,...,b,). To fabuwtd (ecwteot-
k6) Tovg Ytvduevo a - b oplletan amd v

a-b= zn: azbl
i=1

[Mapatnpnote Ot
4a-b=|a+b|*—|la—Db|>

Suvenmg, 1o Evkheldeto fabumtd yrvouevo opiletar amo v Evihetdeia vopua. O (R™, -) etvan
X00¢ ue ecwTeQLKS Yivduevo. Tlpayuatt, oyvovy oL eENg dLoTTES Yo TV - : R™ X R™ — R:

l.a-a>0kawa-a=0 <= a=0. (OeTkd OPLOUEVO).

2. a-b=>b-a,yiakdbea,b € R". (Zvluyia).
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3. (a+b)-c=a-c+b-c yoxabe a, b, c € R". (Fpapuxomra I).
4. (Aa)-b = \a-b), yiakabe a,b € R", A € R. (Tpauwkota II).

Ty6Mo 3.1.5. Av £xoupe EVOV SLOVUOUOTIKO X MDPO ULE ECMTEPLKO YLVOUEVO, £0TW TOV (X, -), TOTE
TOV TPETOVUE O€ VOPULKO Do oplfovtag T vopua || - ||x otov X asmd ) oxgon

HxHX: V- T, .f,EX

2ty meplrttwon tov Eukheldeiov xdpov eidaue 0Tl loyVeL Ko T0 avTloTpoQo, KATL TOU SV
LOYVEL EV YEVEL OF TUYOLOVG YDPOVG UE VOPULQ.

Avieétyta CSB ko yovia dtevvopndatov

Mpéraon 3.1.6. Eotw u,v, dtavicuata tov R". Tote woyder n Awedtnta Cauchy-Schwarz-
Bunyakowski:

- v < f[ul] - [|v]] 3.1
Hootnta toyvet av kot uovo av ta a, v eivat yoouuLka eEaotnuéva (dniadn elvar tagdAinia).

Anddeién. 'Eotw to davdopota u = (ug,...,uy,), v.= (v1,...,0,) Kz € R. Eav kamoto
aTTO QUTA ELVAL TO UNOEVIKO SLAVUOUD, 1] TPOTALON LOYVEL TETPLUUEVE. ToBETouue AoLTOv OTL
Kot toe 0o Stovioparta etvor uy undevikd. Tote

0 < Z(sz + ;)2
i=1
= |jul|?2® 4+ 2(a-v) x + ||v||%.
"Emtetan 0Tt 1] SLaKPLvouoa TOU TPLmVOUOU ELVOL WKPOTEPT 1) LOT) TOU UNdEVOG:

(w-v)* < [Jul* [v]*

H S1akpivouoo vol auotnpd WKPOTEPT) TOU UNSEVOS AV KO OVO 0V TO TPLOVULO ELVOL LEYOL-
AUTEPO TOU UNdeVOGS Yo  Oha ToL & € R. Toodlvaua, av Kaw povo ov dev vdpyel © € R tétolo
wote u;x +v; = 0y kabe i = 1,...,n, SNAodN, 0V KoL LOVO AV T SLOVOOIOTA SEV ELVOL
YPOUULKS EEapTNUEVAL. O

Méow g aviootntag CSB opiletal thpa 1) ywvia Z(u,v) §0o dtovvoudtov u, v € R™ wg
eENg: oV £va amd T §00 SLOVIOUOTO ELVAL TO UNSEVIKO SLOvVUoUa, OPLLOVIE T1] YWVLC VO, ELVOL
0. Av xou o 500 €Lvat U undevika TOTe

u-v

Z(u,v) = arccos <—) € [0, 7.

[[all - [Iv]
Kotd ovvemeia, av § = Z(u, v), €rovue Tov TOImo
u-v=|u-|v|] cosé.

Ta dtavdopato u Ko v Aeyovral kdOeta uetalt tovg (1 ooboydwia) (u L v) av 1 yovio Toug
elvan /2. Toodvvopa, u L v < u-v = 0. Agyouaote 6t 0 L u yio Ohat too u € R™.

Ta Savdopoto u Kou v AEYOVToL TagdAinia av 1 yovia tovg etvor 0 (opdpposta) N 7 (a-
VILPPOTTQL).
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Teleotis Tpofors kot opBokavovikomoinen Gram-Schmidt

O tedeotiisc meofoirs oplleTal oo TV

v-u
pry(v) = Taz™ (3.2)

e w, v € R™. Oa ylver Qavepd oty GUECNOG ETOUEVY EVOTNTA OTL O TEAEOTNG TPOPALLEL TO
dravuoua v opBoydvia tive otny evbeta amd To u tov el kotevbuvon u. Eavu = 0, opifovue
pry(v) = 0, dnhadi, 1 amelkovion TPOROANG eLVaL 1) UNOEVLKT GITELKOVLOT] TTOV OITELKOVITEL
KaOe SLavuopa 0To UNdEVIKO SLAvuoud.

L os®
x

[Tpofoin SLaviouoTog oe SLivuouo

Hporaon 3.1.7. O teieotiis moofolis pr, Omwe oglotnke atnv (3.2), elvar yoouuKn ameko-
VOGN TTOV LKAVOTOLEL TN GYEGT
pr, © pr, = pr,- (3.3)

AmddelEn. Aeglyvouue mpmta ™ ypoumkomta. Na vy, 1 = 1,2 ko A, € R:

pry(Avi + pvy) = |

Jul|?
A(vi-a) + p(vs - u)
[
vVi-u Vo -u

= A

+
[uf> " [fuf?
= Apry(Vi) + ppry(va).
Twpa, yio kabe v € R™:

pr(pr,(v)) = pru(ﬁl;”‘;u)
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AoBetong wag Baong {vy,. .., v, tou R”, elvar Suvatdv vo KOTAOKEVAOGOUUE OTTO CUTNVY UL
veéa opBokavowkn Baom {ay, ..., a,}, MAadn wio BAo OV OTOTEAELTAL OITO LOVODLOLOL SLot-
voouata, Kadeto uetag toug ava dvo:

la;|| =1, a;-a;=0,4,5=1,....n,i#J.

H dradikaotio avtn Aeyeton Siadikaoia Gram-Schmidt Ko €xeL oG eENG:

Uy
U =Vvy, a = —r,
[
Uy
Uy = Vg — Pful(V2), a = —Hu2||7
k—1 u
k
u, = vy — g pry,(Ve), ap= m, 2<k<n.
i=1 k
ZNUELDOVOUUE OTL LOYVEL TO TTOPOKATM YPNOLUO ANUUOL:
Aqupa 3.1.8. Edv ta vy, ...,V, eva povadwaioa Stovicuata tov R, auotBaic opBoydvia

ueta&v tovg, téte oxnuatifovv ogbokavowkn facn tov R™.

AmdSelEn. Apkel vo delEoVUE OTL TOL V; ELVOL YPOUMKG AVEEAPTITA, OTTOTE 0G VITOOETOLUE OTL

zn: /\in‘ = 0,
=1

v kamowa \; € R, i = 1,... n. Haipvoviog Babuwto yivouevo oe k4O mhevpd g eELOWONG
ue vy Bplokovpe Ay = 0. Kabog avtod woyvet yio kabe k = 1,. .. n, TAPVOUUE TO TNTOVUEVO.
[

Kahotue opBocvumAnowua evog viroympov V' 1o 61voro
Vi={wecR"|w-v=0,veV}

Ipoétaon 3.1.9. Eorw V vadywooc tov R™ Sidotacns k < n ko éotw V+ 10 opOocvumii-
owua V* tov V. Ioybovv ta axdlovla:

1. Vnvt={0}.
2. To V+* elvaw vdywoog tov R™ Sudoracne n — k.
3. N kdBe a € R vadoyovvv € V, w € V* téroia doote a = v + w.

Amddeln. Avac VNVE toteac Vkaa-v=0yakabeve V. Apa,a-a=0 < a=0.
Kotomw, £otw wi, wo € Vi kaw X\, p € R. TwakdOev € V,

(AW1 + pws) - v = AWy - V) + p(wg - v) = 0.
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EBotw V = (vi,...v), |[vil| = L, viv; = 0,4,5 = 1,...,k, i # j. Z0umhnpmdvoupe HECW TG
dradikaotag Gram-Schmidt og pio opBokavovikn Baom

/ /
Vi, Ve Vi - VR b
tov R™. O vdympog V' = (v}, ..., V,) elvar loog pe o V= kou pe avtd 1 omddelEn ohokhn-

PWVETAL. O

3.1.5 Ev0sziec ko vaepenineda tov R”

Ka0e cvbeia Tov R™ mov mepva amd To a 0TV KaTelhiuvon Tou vV £XEL TAPOUETPLKT] VOTTOPd-
0TOO
ct)=a+tv, tekR.

Ewdukotepa, kabe gv0eia wov mepva amo o a ko b tov R™ mapapetpdtal amd v
ct)=(1—-t)a+th, teR.

AKOUOL TTLO OVYKEKPLUEV, TO evOVYQauuo Tunua Pe GKpa a, b SEXETOL TNV TAPAUETPNON
ct)y=>1—-t)a+th, tel01].

To unjkog Tov eVBVYPAUUOL TUNUATOG e GKpa. a, b glval

(= b—al.

2TV TEPLITTOON 0oV 1 = 2, Yvwplfouvue OTL 1) YeVIKT eElowon gvbelag elval

Ax+ By =C, |A|l+|B|#0.

O¢tovrag x = (z,y), A = (4, B)/||(A,B)|| kaw b = C/||(A, B)
YPaPouuE LoodVVALL

, PAETOVUE OTL WITOPOVUE VOL

x-A=0.

H gubeia epva amd v apyn av Kot povo av b = 0. Avto yevikeDeToL 0TLG TOAEG SLAOTAOELG
Ue TNV €vvola tov vrepemtedov. Karovue vregenimedo tov R™ kKGO 00VOLO TG LOPPNG

Wapr={xeR"|x-A=b AcR" A =1, be R} (3.4

Mpétaon 3.1.10. Edv b = 0, 161e 10 Wy = Way = {A}* kau doa elivar (n — 1)-dudorarog
Stavvouatikog vaoyweog tov R™.

Mépwona 3.1.11. Kdbe (n — 1)-Sudoratog vadyweos tov R™ elvar vregeninedo mov megvd
oo TV aQT.

AmddeEn. Eav W eivan vioywpog tov R™ diaotaong n— 1, T0Te TapdyeTal amd KAToLo Ypou-
WKG OVEEAPTNTO SLOVVOUATO V1, . . ., V,_1. TO 0pBocuutinpmuc tov W elvar Evog vroympog
draotoong 1 mov wrropovue vo virofecovpe OTL TopayeToL od povadialo diavvoua A. ‘Etot,
vio kaBe x € W gyovpe x - A = 0. O
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3.1.6 AvokAQOELS OE VTEPETITED Q.

"Eotw A povadiaio diavvopa ko W =Wy = {x € R" | x- A = 0} vrepeminedo amd v apyn.
H avdkiaon oto vaegenimedo W opiletar og eENg: av x € R”, ¢otw 1 evbeta ¢(t) = x + tA
OV TTEPVA 0ITO TO X Ko elvo kaBetn oto W. H evbeta ovtn téuver o W oto onuelo

priy(x) = x — (x- A)A

7OV TO OVORALovuE ToPoAT Tov X oto vregemimedo W. Tapotnpovue ot av x € W, tote
pry(X) = X Ko emiong, yio kabe x € R™ eivon

pryy (Pry (X)) = x.

H oméota(m TOU X 070 TO pryy (X) elva tom pe [x-Al. Enavem oty evbeto ¢(t) = x+tA vrtapyouv
dvo Gmwtoc 7OV 0TTEYovV 2[x - A| 0t To X, T X £+ 2(X - A)A To x Ko x+2(x- A)A owmcovv oTov
LoLo Ny mpPo ov optter to W: avx-a > 0 (avt. < 0) tote kou (X+2(x-A)A)-A =3(x-A) >0
(ovt. < 0). Ao v GAMn, avx-a > 0 (avt. < 0) tote (x — 2(x - A)A) - A = —x - A < 0 (avt.
> 0). Etvat hoytko Lowmdv va SHO0VUE TOV TOPOKAT® OPLOUO:

Opopog 3.1.12. H avaxhoon ry : R™ — R™ oto vrepeninedo W = W, divetar amd T oygon
rw(x) =x—2(x-A)A, xeR"™ (3.5)

AT TNV KOTOOKEVT TNG T POLVETOL OTL TOL ONUELCL X KL Ty (X) €LVOIL AKPOL 08 SLOUETPOU
OQalPaAG KEVTPOU pryy, (X) Kau aktivag |X - Al. Emlong,

rw (X) = pry,(X) — pry(x).

Mopaderypo 3.1.13. O omhoVoTeEPEG AVAKAAOELG ELVAL AUTEG 0TAL VTtEPETLTTEdOL 11, = 0. AlvovTon
amo TG
Tr(T1, o X1, Ty Ty 1 - - Tp) = (L1500 Ty — Ty Th1 - - - Tpp)-

H opakdaton mpdtaot Teprypapel TLG KUPLOTEPES LOLOTNTES TWV UVOKAGOEMY OE VITEPETL-
edoL.

Mpéraon 3.1.14. Eotw ry aviklaon ce vmegeminedo 6mws atnv (3.5). Tote toxvovv ta
axdiovla:

1. H ry elvar yoouutkn ametkovion,.
2. Hry elvaw eveliktikn: Ry o Ry = id.
3. Hry apnver availoiwto kotd onueio to vregemimedo W.

4. Av {eq,...,e,} elvau n kavovikn Pdon tov R"™ téte n {rw(e1),...,rw(e,)} elvar ogbo-
kavowkn paon tov R™.

Mpoétaon 3.1.15. Eotw ry drxwg mo mdvw kaw Ry, o mivakag tng ry w¢ TQog Tnv KAVOVIKT]
paon tov R". Téte det( Ry ) = —1.
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AmddeEn. AvA = (Aq,..., Ay,

Tw(l’l, . ,I‘n) = (l’l — 2A1 ZATZ'Z, B 2An ZAZ.Z’1> y
i=1

=1

Ko
1 - 242 24,4, ... —2A4,A,
oM AL 1-242 ... —24,A,
Ry = : : :
—24,A; —2A,Ay ... 1-2A2
[ va amodeiEovue ot det( Ry, ) = —1, mapatnpovue Ot emeldn Ry, = I ouvemdyeton 6L o

WOLOTIHEG ToVv Ry etvol +1, —1. Av v €lvol 18LoSLAVUoIOL TTOV OVILOTOLEL TNV 8ot +1, ToTe
rw(v) = v = v L A, dnhadn 1o v aviker oto W mov elvan (n — 1)-dudotatog vdym-
pog tou R™. Azd TV GAAY, OV W ELVOL LOLOSLAVUOUO, TTOV OVTLOTOLYEL 0TIV ot -1, ToTE
rw(w) = —w = w = 2(A - w)A, dhadn to w avnkel oe evbeta (1-d1aoTaTog VITOYMPOC)
opBoywvia oto W. Katalnyovue 0to 6tL 0 Ry givon dtayoviowwog, Ry = QDQ ™1, ko ot
oY KUpLar SLaymvio Tou dtaymviov sivaka D wov Tov avitotoyel, To +1 eugaviteton n — 1
POPEG eV TO -1 povo pia popd. To Tnrovpevo emetal. O

Yyo6ho 3.1.16. Av r;, i = 1,2 eivor avakiaoelg oe vrepemineda Wi, 10te 1) o0vOeon Toug dev
elvon avaxioon oe vepemninedo: det(R; R;) = 1.

3.1.7 Aoxknoeig
1. 'Eotw V vdywpog R™, V = (vi,...,vk), k < n.

(o) AmodeiEte mwgooadnmote | < k amd to Stoviouata v, i = 1, ..., k elval ypouuKa
aveEapTnTO.

(B) 'Botw to. ovora W = (vq,...,v)) ko W/ = (viiq,...,Vk). AeiEte ot o) W, W’
glva vroywportov V, B) WNW’ = {0} xouy) kaBe v € V ypageton ogv = w+uw’,
viokamowww € W, w' € W'. (Ta mapamdvem opllovy o v AOpoLopa VIToymPmV:
V=WeaeW.

2. AmodelEte avalvtikd 0tL 1) Evkeldeto uetpikn e, tkovostotel to. ASuwpata 1-4 g pe-
tpkNG. Lo v Tprywvikn Aviootnta, TopatnpnoTe Ot

n

Axy) = Dl —u)
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I va dei€ete OtTL
n

> (@ =y — =) < ealx,y) - enly,2),

i=1
wunOette v amodelEn g Avicotntog CSB.
3. AmodelEte OTL Yo KGOe X, y, z € R” elvau:
|6n(x> Z) - en(z,y)| S €n(X, y)
[16te Loy VEL 1) LOOTHTA,

4. AmodeiEre ot 1) Eukheldeia Toroloylo elvor OVImG Torohoyla, dMAAdY LKOVOTTOLEL TO.
agwwpato 1-3 g Tomoloylog.

5. XpNOLWOTOLMVTOG YEWUETPLKA ETLYELPNUOTOL, OTTOOEIETE OTL KAOE arvourkTh stepoyn By (e)

KGOe ONUELOV X ELVOL OVOLKTO GUVOLO, evd Kabe kKhewotn meployn Bx(e) kabe onuelov x

elvar KLewotd ovvoho. AeiEte emiong Ot 1) ogatpa Sx(€) = By(e) \ Bx(€) elvan kKheloto
oUVOLO Ko €xeL TN €ENG OLOTNTO: avy € Sx(€) Kot By(d) elvar ovolKTh TepLoyn Tov, Tote
t0. 6Ovoha By(8) N By(e) xau By(d) N (R™\ By(e€)) elvaw apgotepo un Keva.

6. AmodelEte avalvtikd ot 1) Evkheldera vopuo tkovortolet ta. ASidpata 1-4 tg vopurag.
AciEte emiong OtL yio KaOe X, y, z € R” elvar:

[IxI[ = Iyl < (%[l + [yl
[16te 1oy VEL 1) LOOTITA,

7. AmodeiEte Ot To Eukheldero Babumto yivopevo tkavomolel Tig 1ot teg 1-4 tov eomte-
PLKOU YLVOUEVOU.

8. AmodeiEte ta mapakdaTw yio KGOe X,y € R™:
(@) [[xE£y[l* = [Ix]|*+ [[y]* =2xy.
@) [x+ylI* + Ix = ylI* = 2([Ix]* + [ly[|*) (Kavovag tov mapakinhoypduuov)
") |x+yl]? =[x —y|* = 4 x - y (Hohik TowtéTNTO).

(&) x L yavkou povo av ||x)|2 + |ly||? = [|x & y||* (Tvbaydpeo Ochdpnua Kar To
AVILOTPOPO TOV).

(€) Av o = Z(x,y) 1018
% £ y||* = [1x[|* + [[y[|* £ 2 [[x]| - |yl| cos®
(NOwog Zuvnuutovoy).

9. ZyedLdote SV0 SLAVIOUOTO U, V KOL UE YEWMUETPLKO ETUYELPNUOTA ETLRERALDOTE TOV TVTTO
ToU TELEOTN TPOoPOANG (3.2). AelEte OTL

IV = pru(v)[| = [|v]| sin®,

omov 0 = Z(u,v).
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10. Emupepardote 6tL 1 Stadikoota Gram-Schmidt Sivel dviwg opbokavovikn paon.

11. 'Botw 6 € R ko o peraoynuatiopds o : R? — R? dmov
a(z,y) = (xcosh — ysinf, xsinf + ycosb).

Ae; = (1,0) kv ey = (0,1), dei&te O0tL Ta vy, v(€2) amovTehoVY opBokavoviky Bdom
touv R2. (Zmv Goknon auty], outd Tov Kavoupe elvar 0Tt avitkadlotovue 1o ouvndeg
OVOTNUO CUVIETAYUEVOV UE EVOL VEO OVOTIIA TOV 0TTOLOV oL opBoymvior dEoveg gyouv
TPOKVPEL UE TEPLOTPOPT] TOV APYLKDV 0pBoywViwy 0EOVDY KOTA 6, AVTLOTPOPA e T
POPA TV SELKTMV TOU WPOLOYIOV).

12. AmodeiEte 6t kGOe evBela oL TTEPVA 0Tt TO 0 glvar 1-8LA0TATOG SLOUVUOUATIKOG VTTO-
xwpog Tov R™, eva o vBelor Tov dev TePva ortd TV apyn SEV ELVOL SLAVUOUOTLKOG
VIToYWPog Tov R”.

13. AmodeiEte v [potaon 3.1.14.

3.2 Hopada F(n)
ApyLLOuUE IE TOV YEVIKO OPLOUO TG LOOUETPLAG UETPLKOV YMPOU.

Opopog 3.2.1. 'Eoto (X, d) uetpukog ympog. Mio ametkovion [+ X — X swov elvou et Oa
Léyetal LoopeTpla tov X av

VayeX, d(f(x), f(y) = dz,y).

Mio oopetpla eivar avtopato 1-1, ouvenmg elvar petaoynuatiopog tov X . To ovvoho Twv
woopetprwv Isom(X, d) tov amotehel ondda pe Tpakn ™ otvheon. Zvupohllovue

E(n) = Isom(R", e,).
NV ouAda LooueTpLmvy Tov Evkheldetov ympov.
Mpotaon 3.2.2. f € E(n) av kaw uévo av ywa kdbe X,y € R" toyvet
1F(x) = fF)I = [lx =yl
Amddeén. Avx,y € R" kar f : R™ — R™ elval loouetpla, TOTE
1f(x) = fFWI = en(f(x), f(¥)) = en(x,y) =[x —y].
At v G, oV LoyveL 1) oeon g [Tpdtoong, Tote

en(f(x), f(¥)) = [[f(x) = fF)I = lx =¥l = en(x,y).
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Ag mtapatnpnoovue 6t av f(0) = 0 tote
PG = 11f(x) = F(O) [} = [Ix = Of| = [|x]].

Ka0e Evkheldelo looueTplor rov Satnpel v apy, SlaTnpel emiong to Baduwtd yivouevo:
npaynoty, av f : R™ — R™ eivan woopetpia, f(0) = 0, yia X,y € R” ervon t0Te

2fx)- f(y) = I®IF+ 1O = 1) = FOI°
Ix[1* + [Iyll* =[x = y]I”
= 2x-y.

AmodeiEaue ™V TapakaTo TPOTOON oV O oG xpetaotel 0ty amodelEn tov Ioouetprion
OewPNUATOG,.

IIpotaon 3.2.3. Eotw f € E(n), f(0) =0. Téte avx,y € R":
LA =[x
2. f(x)- fly) =x-y.

TG APECMG ETOUEVEG eVOTNTEG OOl SELEOVUE OTL OL UETAPOPEG KL OL 0POOYDVIOL UETAOYN)-
wotiopot etvon otouyelo TG E(n). TIpog to mapov, SelyVouue TV TopaKato:

>

Ipoétaon 3.2.4. KaOs avikiaon oe vregemimedo amd v agyn eivar Evkieldeia toouetola.
AnddeEn. 'Eotw vrepemimedo W = Wy = {x € R" | x- A = 0} kou 1 avaxhaon
rw(X) =x—2(x-A)A,

oo W. T x,y € R",

lrw®) —rw @I = [x—y—2(x-y) A)A[?
= |x—yI*+4((x—y)-A)’ —4((x—y)-A)’
= |x-yl*
0
Enewdn r(0) = 0 €xovpe amd v podtoaon 3.2.3 1o mopakatm
Mopropa 3.2.5. Av ry elvar avdkiaon oe vregerimedo W, 1dte yia kdOe X,y € R™ elvau:
L lrw ()] = [Ix],
2. rw(X) - rw(y) =x-y.
To enduevo Anupa Bo oG PAVEL YPNOLUO TOPAKATW.
Afquna 3.2.6. Eotw x,y € R" ue ||x|| = ||y||. Tdre vadoyer avikiaon ry oe vaegemimedo W

/' 4 4 / / /
oV ameltkoviGeL To X 6T0'y. Av X # Y, 10Te 1 avdkiaon avtn elvar uovadiki,.
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AmddeEn. Av x =y, 10Te 1) AvaKAOOT 08 KAOE VITEPETLITESO TTOV TEPLEYEL TO X elvaL 1) TNTov-
Uevn. Av X # y, Talpvouue To povadiato diivvoua A = (y — x)/||x — y||, to vrtepemntinedo amod
mv apyn W = Wy KoL v avakhoon ry Tov SIVETOL Ao TV

Euwvou:

el = xoz (o 2ER) 2

X.
ly —x[|/ [ly — x|

x-y— ||x[]?
= x XYy

ly —x||?
B 2||x|]> —2x -y
= Xy Y Y
= x+(y—x)=y.

Edv vimpye kow G avaxhaon ry og vepentimedo W pe avtny v domta, t0te o énperne
W' L {y — x). Eneidn ta W kaw W’ €xovv v idLar S1A0TA0N GOV VITOYWPOL, OVAYKOOTUKO,
TaUTLLOVTOL. O

3.2.1 Aoknoeig

1. AmodelEte OtL KAOE LOOUETPLO UETPLKOD YMPOV elval 1-1 amelkovion).

2. AmodelEte 0TL To GUVOAO TMV LOOUETPLOV EVOG UETPLKOV YOpov (X, d) elvor opddo e
TPAEN TN CVUVOEDT] ATTELKOVIOEMV.

3. Epyalouevol omwg otnv Evotnta 3.1.6, dei&te otuL 1) (un yvnowa) avakhoor og (0molodn-
TTOTE) VIEPETLITESO

Wap={xeR"|x-A=b, |A|=1, beR}

dlveTal artd TV
rw(x) =x+2(b—(x-A))A, xecR"

AglEte OTL 1] Ty ELVAL YPOUWKT] GITELKOVLOT av Kot Hovo ov b = 0. AloTumtmoTte Kot
amOdEIETE TPOTOLON YLAL TLG 1] YVNOLEG AVAKAQOELS, ovahoyn ue tnv [pdtaon 3.1.14.
3.2.2 H opada perogopav T(n)
"Exovue 11 amodeiEer oto Iapaderyua 2.1.24 v mopakatm:

Ipotaon 3.2.7. H oudda T(n) elvar vrooudda tng E(n) toouooqikt) ue tnv mpocOetikn) o-
uada (R™ +). HT(n) doa uetafatikd kaw edetvOcoa oto R". O ydoog twv tooyidv R"™/T(n)
amotereltan amo éva atoryeio wov elvar to R™.

EEetadlovue topa ) paon g T(n) o€ SLapopa YEMUETPIKA AVTILKELUEVO.
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Ipotaon 3.2.8. Edv ¢(t) = u + tv elvau evbela ard to 0 6TV KaTtevOVVeN TOV V, TOTE 1)
T(n)-tooyid tn¢ megiéyel dAeg Tic mapdAinies oe avtnv evbeies tov R™.

Anddeién. Eav T, € T(n), tote n
Ta(e(t)) = (a+u) +tv

elvan gvOeLa TapdAAnAn ue v c(t). Amo v dAln Oheg oL evbeleg pe Katevbuvon to v elval
UETAPOPES TNG 1V, dNAadT, TG evOelag TOV TEPVA ATTd TNV 0PN 0TV KotevOuvon tov v. [

Mépwona 3.2.9. H Sodon tng T'(n) dvatnoel tnv magaliniio evOeidv.
Yyoio 3.2.10. Av dvo evbseieg ¢;, @ = 1,2, TEUVOVTOL OTO U, TOTE
Cl(t) =u-+tvy, Cg(t) :u+tV2,

UE TN YwVLo, TouNG TV gvBewmv £ (v, vo) # 0, . Ol elKOVES TOUG LECW WLoL PETApoPag T, elvor
oL
Ta(Ci(t)) = (u + a) + tVi,

dMAadY, TeEUVOUEVEG EVOELEG 0TIV ELKOVA TOU ONUELOV TOUNG, VIO TNV 1L Ywvio. Av TEAOG
800 gvbeleg elvan aoVupateg, Moyw tov 1-1 Kot €7l TV UETOPOPMV, OL ELKOVEG TOVG VITO L0
uetapopd Ho elval extiong aovupoteg evbeleg.

H amt6de1lEn g mopakdtm TpdTaong o@iVETOL 00V GOKN 0.

Ipotaon 3.2.11. Edv S(a, p) elvau opaipa kévrgov a kaw axtivag p, téte 1 T(n)-tooxid Tn¢
TTEQLEXEL OAES TIS OQPAUQES UE AKTIVOL .

Opouog 3.2.12. 'Evog petaoynuoatiopog f : R™ —' R™ Aéyeton 0T Satnoel Tovg dykovg edv
dLATNPEL TOVG OYKOUG TWV OYNUATMY Tov R™.

OewpovEe YVOOTO TWG 0 N-0YK0G VO ywptov A C R™ divetan artd v

Vol,,(A) :/ dx,
A

OOV TO OMOKANPOUAL ELVAL 12-00TO OAOKANpwUa Kot dX = dxy ... dx,. To ohoKAPpmUO ELVaL
0eTLKOG aPLOUOG ALV TO YWPLO ELVOLL (PPOYILEVO, EVED OITELPLLETAL OTNV OVTLOETN TEPLITTMON). E0TW
topa T, petagopd. O mivakag g apaydyov DT, eivor 0 povadiotog ttvakag I,. SUVemwng,
av A (pporyuevo) oxnua, gxovue amd to Oehpnuo AMoyng MetapAntav ot

Vol,,(T,(A)) = / " dy = /A]det(DTa(x))\ dx:/A dx = Vol,(A).

AmodelEae TNV TOPOKATO:

IMpoétaon 3.2.13. Houdda uetapoodv awoteleital amd ametkoviGels Tov SlaTnoovV ToV GYKO.
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3.23 Aoxknosg

1. AmodeiEte ta axolovOa.

(o) H o0vBeon 800 avakhaoewy (€K TOV OTOLWV 1] ULG ELVOL AVAYKOOTUKG. (1] YVIOLOL)
0€ TTOPAAANAOL VITEPETTLITED L ELVOLL LETAPOPO.

(B) H 0lvOeom petagpopdc Kow avakAaong eLvaL Lom ug T oOVOESN U YVNoLaG avakAa-
ONG UE TN UETAPOPOL.

2. AelETE TO aVILOTPOYO TNG TPONYOVUEVNG AoKNoNG: KaBe otouyelo TG T(n) ypdpetan wg
o0vOeon V0 avakhadoewv og Tapddinia vrepemimeda. (YnodelEn: av T, € T(n), tote
v Kabe x € R™ n amdotaon peta&d tov x kot tov T,(x) eivan ||al| = 2d. 'Eoto 10
uovadiato duavvopo A = a/l|al| kou o vepentinedo Wi = Wy o kaw Wo = Wy 4. Tote,
AV 71, 'y ELVOL OL OVILOTOLYEG AVAKAAOELG, EYOVUE 19 © 11 = Tj.)

3. AmodeiEre v [potaon 3.2.11.

3.2.4 H opBoyodvia opada O(n)
Oa oploovpe €€ apyNg TV 0pOOYMVLO OUAdO HECH TWV 0PHOYOVIMVY ATELKOVIOEWV.

Opouog 3.2.14. Mia ypouukn asetkovion « : R — R™ givaw ogBoydvia ov to. afey), . . .,
a(e,,) amotehovv opbopovadiaia Baon tov R™.

A7td oV 0pLopd Twv opBoywvdv ametkovicemv kow Ty Ipodtaon 3.1.14 éxovue apeowg to
TOPAKATW

Hopwopa 3.2.15. KdbOe avaxiaon o vaegemimedo amd tnv agyn elvar 000oydvia amxetkdwon,.

H napakdtm mpotaon Sivel L.oodUvauo KpLtnpLo op0oymvioTNTag YPOUUK®OV ATELKOVIOE-
V.

Ipétaon 3.2.16. Eotw o : R" — R™ yoauukt) axeikéwon. Tote ta axdrovOa elvar t6odv-
vauao:

1. H « elvae opBoywvia ametkovion,.
2. H a dwatnoel ta fabuwtd yivdueva (ya Sha ta X kaw y, a(x) - ay) = X - y).

3. H o dtatnoel ta unkn dtavveudtwv (Yo oAa ta X,

a()[| = [Ix.)
4. Edvn {vy,...,v,} elvar ooOokavowvikr) fdomn, to (Sto elvaw kaw n {a(vy), ..., a(vy)}).

AmddeEn. (1) = (2) 'Botw X = (1, ...,2,) KLY = (Y1, - .-, Yn). AOY® YPOUMKOTNTOG,

a(x) = Zazia(ei), a(y) = Zyia(ei).
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Onote,

a(x)-aly) = (Z xﬂ(%)) : <Z yjoz(ej))

= Z .’Eiijé(ei) : a(ej)

2,7=1
n

= g TiYi = X-Yy.
i=1

(2) = (3) 'Exovpe:
la(x)[]* = a(x) - a(x) = x - x = |x|*.

3) = 4 Ewvarywi,j=1,...,n,
OZ(VZ') : Oé(Vj) =V;-Vj.
(4) = (1) TIpoxVrTEL AUECWG, N

[TepLypdupove TP TIG 0POOYMVLEG OTTELKOVIOELG LECK TV TILVAK®OV TOVG MG TPOG TV KO-
VOVIKT Baon.

Mpoétaon 3.2.17. Eorw o : R" — R” yoauuxn areixdvion ka éotw A o mivakag tng o g
moog tnv kavowikr] fdon {ey, ..., e,}. Ta akdrovOa elvau t6odVvaua:

1. H « elvar opbBoywvio ametkonon,.

2. Ouotijleg Tov amotedodv éva ogOokavowiké atvoiro tov (R™)T,
3. ATA=1.
4. AAT = 1.

5. Ouyoauués tov amoterlovv éva ogBokavoviko evolo tov R™.

Anddeén. (1) <= (2) OL 0THAES €; TOV LKOVOTIOLOVY T1) O €O c;.r = a(e;).

(2) <= (3) AmevBelog aITd TOV OPLOUO TOU YLVOUEVOD TILVOKWV.

(4) <= (5) Amevbelag amd TOV OPLOUO TOU YLVOUEVOL TILVAKMV.

(3) < (4) H amddelEn Pooiletar oto emyeipnuo: av AB = I yua dvo mivokeg A, B, tote
Kow BA = I. TIpaypott, €0Tm a;, 5 0L YPOUILKES OITELKOVIOELG TTOV avTLoTorovv otoug A, B. H
oyéon AB = I ovvemdyeton TV a o § = id. Avtd dpuwg onuaiver ot ot = B kai S~ = a, dpa
Ko 5 o a = id. ko ovvenig BA = 1. O

Oponog 3.2.18. H opOoydwia oudda O(n) amoteretton amd tovg mivokeg A € GL(n, R) yua
Toug omoloug toyver A~ = AT,

IIpotaon 3.2.19. H O(n) amorereltar and EvkAeldeies toouetoles: O(n) < E(n).
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Arddeén. Tpaypat, av A € O(n) Kou v 0 AvTLOTOL0G YPOUULKOG UETOOYNUOTLOUOG, TOTE YL
KaOe X,y € R™ gival:

la(x) —aWI* = (a(x) = a(y)) - (a(x) — a(y))
= a(x)-a(x)+afy) -aly) — 2 a(x) - afy)
= X'X+y'y—2x-y

=[x -yl
O

"Exouvue ndn deL ot det(A) = +1 yia kabe A € O(n) xou 6T to vVirootvoro SO(n) g
SO(n) mwov asotelelton arto atoryela ue opitovoa 1 etvan virooudda g O(n). OewpmdvTag Tov

OUOUOPPLOUO
O(n) 3 A+ det(A) € R,,

Bremovpe ot ker = SO(n) <1 O(n). Emuthéov, amod 1o @empnua [oopopeiopot,
O(n)/SO(n) ~ {1, —1}.

[TpoKVITTEL TOPA AUECMG OTL KOLL
O(n) =SO(n) x {£1,}.

To mapokdT®m AMuuo. 0o Hag PAVEL YPNOLUO GTOV EVIOTLOUO TNG KOVOVIKNG LOPPNG EVOG 0pbo-
YOVIOU TTLVOIKQL.

Aqppa 3.2.20. Eotw A € O(n). loybovv ta akdrovda.
1. KdaBe (uryadikn) tdtotiun tov A éyet uétoo 1.
2. Eav o n elvar meoittog, 10T TO 1 1) TO -1 elvan tdrotiun) Tov A.
3. Edv o n elvau dotiog, téte tor 1 kau -1 Sev elvau amagaitnta idtotués tov A.

Ardda&n. T 1o (1), mopatnpovue Kot apydg OTL emTeldn 0 A €Lvol TPAYUATIKOG TULVAKAG,
av A glvon W&ot tou A pe dodiavvopa v = (vq, ..., v,), Avl = AvT, tdte kou to A eivan
ot Tov A pe wrodiavuouo v. Omore,

AP = ) (W) = (VAT (AVD) = v(AT A)v! = w'.

Kabmg vl = 37" |v;]? > 0 eqpooov v eivan 18L108Gvuoua, TpoKiTeL To TNTovpevo.

To (2) mpoKVITEL ATTO TO OTL TO KOPAKTNPLOTLKO TTOAVMVUIO TOU A glvan meptttol faduot
ue otabepd 6po TV optlovoa (£1) Tov elval TAVTOYYPOVA TO YLVOUEVO TOV LOLOTUULMV.

Téhog Yo 0 (3), 0G TOPATNPNOOVUE OTL O TUVAKOG

cosf) —sinf 0 0

sinf  cos6 0 0
0 0 cos¢ —sing € SO(4),
0 0 sing  cos ¢

dEV £YEL TPOYUATIKES LOLOTLUEC. O
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"ExOupEe TOPO TV TOPAKOTM

Mpétaon 3.2.21. I kdOe ogboywvio mivaka, vdoyer opokavovikn fdon aTnv omola o i-
vakog elvat Tng HoQeng:

Ry
Ry

Ry , (3.6)
+1

+1

émov R; € SO(2):

&:<mmi—m@) ¢ €R, i=1,... k.

sing;  cos @;

AmddeEn. Adyw Tov Anuuotog 3.2.20, ol dotiueg opOoywviou mivako O elval eite ovTuvyelg
ULYOSUKEG HETPOU 1, elte £1. AVOKOTATAOOOVTOG OV ELVOL OTTOPALTITO, TTPOKVITTEL AUECMS TO
amoTEéAEOoUO. o To PoouoTIkO Oshpnua. H

Ag mapatnpnoovue 6tL A € SO(2) av €xel aptio TG -1 0TV KOVOVLKY TOU HopP@).

IMopwopa 3.2.22. (Oedpnuo Ieprotpogmv Ttov Euler) KdOs orovyeio tng SO(3) eivar megt-
oTOOQPT YUQW IO UOVASLKE 0QLOUEVO dEova.

ArddelEn. H xavovikn pop@n tuyoviog otouyelov g SO(3) Oa etvan m)

cosp —sing 0
singp cos¢p 0],
0 0 1

dMAadN TEPLOTPOPY YOPW ATTO TOV AEOVA TOV . O
[Tpoywpotpe Topa ot perét g dpaong g O(n) otov R”, ) omotla diveton amtd v
(A, x) = a(x),

OmTov a M opHoyDVLL aTTELKOVLOT TTOV awvTLoToryel otov A. Emeidn yio kabe x etvaw | a(x) || = [|x]|
Y10 KGOE 0pBOYHVIO HETATYNUATIONO v, 1) TPOY LG orb(X) KGOE X mepLeyeTan ot ogpatpa S(0, [|x||)
axtivag ||x|| pe kévipo v apyn. Amo v aihy, av y aviker ot ogaipa S(0, ||[x]]), Tote a-
710 amd to Anupa 3.2.6 vITapyEL OVOKAQON Ty 08 VTEPETLTEdo W o aITELKOVITEL TO X 0TO Y.
Svusepatvovpe ot orb(x) = S(0, ||x]|). Amodei&aue v

Ipotaon 3.2.23. O ywooc twv tooyidv R™/O(n) megiéyel ddeg tig opaloes ue kévroo tnv
aoxn. HO(n) doa uetafatikd oe kdbe opaipa ue kévroo tnv agymn.
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Eavn = 1, O(1) = {£1} apa oL otabepomonteg elvan Olot Tetptupévol. o Tovg ota-
Bepomomtég g Spaong g O(n) Topa otV mepltmon n > 1, gvromifovue TPOTO TOV
otabepomomn ) Stab(e, ). Av a glvar 0pOOYDOVIOG UETAOYNUOTIOUOS TTOV avikeL otov Stab(e,,),
a(e,) = e,, 101€ 0 Mvakag A Tov « B lval TG LopPNg

A0
A:(O 1), (3.7)

ue tov mivaka A’ va etvon atoryelo g O(n — 1) mov avtlotoly el 0g 0pOOYmVIO UETOOYNUOTIOUO
o’ Tov R™"™1, Snueidvovpue og avtd to onueto 0t 1 ox£on (3.7) TOPLOTAVEL KoL THY EUQUTEVON)
™G ouddog O(n — 1) og pia vrooudda g O(n), SMAad akpLB®OG TNV VITOOUAS TTOV TEPLEYEL
otouyelo. TG popgng (3.7):

On—1)5Ars (’3 (1)) € On).

H eugiteuon autr elvat Lovouop@Lopog ouddmv. Zuvermg, Stab(e,) ~ O(n — 1).
Topa, avv # 0, ||v|| = 1, amd to Anupa 3.2.6 vapyer ovaxhoon r og viepeninedo opho-
YMVLO OTO

A — vV—¢€, _ (Ulv"' y Un—1,Un — ]-)
[v— e 21 —22)
JTOV OLJ'ESLKOVLCEL TO €, OTO V:
Tp — XV
T(X):X—Fw(V—en), x € R".

IoyvpLLopaote g Stab(v) = {roaor, | a € Stab(e,,)}. Ipayuat, yio KOs otoLyelo roaor
evar r(a(r(v))) = r(a(e,)) = r(e,) = v. Amd v @ik, av o € Stab(v),

a(v) =v = a(r(e,)) = r(en),

Ko OVVOETOVTOG Ao 0PLOTEPG UE T TTOLpVOVUE Toor € Stab(e,). Apa, roc’or = o € Stab(e,,),
dMhadi, o/ = roaor. Mpokiirtel topa OTL Stab(v) ~ Stab(e,, ), e TOV LOOUOPPLOUO VAL SLVETOL
aTtd T OYEON
Stab(v) 3o/ — road’ or.
Emopévog, Stab(v) ~ O(n—1). Téhog, éotm w # 0 tuyato onueto Tov R™. Amevbeiag PAémovue
ot
Stab(w) = (Stab)(w/||w||) =~ O(n — 1).

AmodelEape TV TOPAKATW

Ipotaon 3.2.24. H Sodon tng O(n) elvaw eAevOeon yian = 1. Otavn > 1, o atabsgomointiic
kdOe un undevikod orotyelov elvar oudda toéuooen ue Tnv O(n — 1).
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3.2.5 Aoknosg

1. Amodei&te OtL KGOe otouyelo g SO(2) eivar yvopevo 8o avoakiaoewv. (YmodelEn.
AglETe TPOTA OTL 1) VAKAOOT 79 0TIV gVOelaL iy = tan O €xeL TIvaKoL

cos(20)  sin(20)
o = (sin(QQ) —cos(20)) '

AglETE KaTOTLY PHECM TOV TTOPATTAV® THTTOV OTL 1) CUVOEDT dV0 AVAKAAGEWY Tg, OTg, ELVOL
TEPLOTPOPN Katd 2(0; — 63). Av tmpa oy elvon d00€v otoryelo g SO(2), evtomiote TG
INTovpeveg avOKAAOELS YPTOLUOTTOLDVTAG TO TTPONYOUUEVO CUUTEPOLOUCL.)

2. AmodeiEte 0tL ke oToryelo g O(2) elvan yivouevo to ol dvo avakiaoewv. Tu wo-
pette va mette yo Ty O(1);

3. AmodelEte Ot Yo kKaOe avakiaon ry o vrepeninedo W = Wy vdpyer opBokovovi-
K1 BAON OTNV OTTOLOL O TLVOKAG TNG T ELVOL SLOYMVLOG, TETOLOG (DOTE TO, OTOLYELOL TG
draywviov va eivan Oha 1, ektog 0mtd €va mou etvan -1. (Yrodel€n. Emeldn o 1dlotipgg
™me rw etvon 1 kaw -1, kou ta otorgelo tov W etvan Ol dodtovipata g dotung 1, o
Loy mpog g 1 etvar (n — 1)-didotatog kar to opbocuuminpwud touv eivan to {A}. H
Inroduevn opBokavoviky Baon eivol pia opBokavoviky don tov {A}t = W nali pe to
A)

4. O tereotiic ovuuetolag s, : R™ — R™ wg moog v agyn diveton amd Ty s,(X) = —X,
x € R” (8ette kou v Aoknon 2.2.1.5). O TteleoTg CUUUETPLOG Sy, ELVOL ULOL YPCUULK
ATTELKOVLON UE Tvaka — I, wg TTpog TV Kavovikn faon. Xpnowworowmvtag thyv [potaon
3.2.21, amwodelETe OTL O 8, OEV UITTOPEL VOL ELVOL TO YLVOUEVO MYOTEPMVY OITO 1 VAKAGLOELG,

5. 'BEoto onuelo x = (r,y,2) € R? duagopetikd amd 1o 0 = (0,0,0) ko X' = (z,y,0) n
PoPoAn Tov oo emimedo z = 0. 'Eotw emiong

0 = Z(X,, el), g25 = Z(X, 33).
EeKvovtag amto 10 ||x||e; epapuolovue tov petaoynuatiopd «(f) pe mivoka

cosf —sinf 0
A(f) = | sinf cosf 0],
0 0 1

KataAyovpe 0to onuelo X'. O UeTaoyMUATIONOG 0ToOG OPLLEL TAUTOYYPOVO. (oL VEX, Op-
Ookavovikn Baon ywa to R3, v {a(0)(e1), a(0)(e2), e3}. =10 emimedo thpo mov Kabo-
plovv ta a(f)(er) Kau e3, epapuoovue mepLotpopn ‘o’ katd /2 — §. O mivakog ™G
TEPLOTPOPNG QVTNG WG TtPog TNV Baomn {a(6)(e1), a(f)(es), e3} etvar o

sing 0 —coso¢
A(p) = 0 1 0
cos¢p 0 sing
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[MpokOTeL OTL O UETUOYNUATIONOG @ © (v UE TILVOKO G TTPOG TNV KAVOVLKY BAo

cosflsing —sinf —cosfcosg
A()- A'(¢) = | sinfsing cosf —cosgpsind (3.8)
cos ¢ 0 sin ¢

astetkovilel To ||x||e; oTo x.
(o) ZVUTANPOOTE TIG AETTOUEPELEG TNG TAPATAV®W OVLNTNONG.

(B) AmodeiEre 6111 SO(3) dpa peTAPATIKA 08 OPALPES UE KEVTPO TNV APy
(Y) AmodelEre mmg kabe otoryxelo g SO(3) ypageton oty popen (3.8).

3.2.6 To Iooperpiko Oeswpnua

Oa 0ITOSELEOVUE TO TAPAKATO

Ozopnua 3.2.25. (Ieopetpiko Oempnua) Kabe orovyeio tng E(n) elvar 6vvleon eviég otot-
xetov g T(n) ko evig otoryelov g O(n).

Anddeién. 'Botw f € E(n). ZuvOETOvVTOg €V ovAyKY UE ULCL LETAPOPQ, WTOPOVUE VO VTTODE-
oovue ot f(0) = 0. Zvvenme, apkel va detEovue o0tL f € O(n). 'BEotw {ey, ..., e,} 1 Kavovikn
Baon tov R™. Azo v [pdtaom 3.2.3 £xovue

(el = lleill =1, fle)- fle;) =e-e;=0,4,j=1....n i#]

Suvenmg, ta f(e;),7 = 1,...n amoteholv wia opBokavovikn faon tov R™. T x = (xq,...,x,) € R",

YPOPOVUE
X = Z%‘en f(x) = Zx;f(ei).
i=1 i—1
Elvow:
[EZ:XGZ:f(X)f<ez):ZE;, 221771
Apa,

fx)=f (Z xz‘%) = inf<ei)'

Emopévog, Yoo x = (z1,...,2,), Y = (Y1, ..., yn) € R ko A\, u € R, €xovue

fOx+py) = f (Z(/\xz + :uyi)ei>

= Z(/\xz + pyi) f(e;)

— /\Zmif(ei) + uzyz‘f(ei)
= Af(x) +pnf(y)
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Apa, 1 f elvol ypouuLkn ametkovion. O Tivakdag TG mg TPog TNV KAVOVLKT BAOT) EXEL YPOUUES
t0. opBokavovika droviopara f(e;), i =1,...,n, apa f € O(n). O

Oa. delEovue THpo. 1o eENG:
Ozopnua 3.2.26. £(n) = T(n) x O(n).

ArddelEn. Apxel va delEovue mtwg KaOe otoryelo TG (n) YpageTal pe Hovadiko Tpomo wg ovv-
Beom evog otouxelov ™G T(n) Kaw evog otoryetov g O(n). Mpdyuoat av vinpye f € E(n) ue
f=TaoA=TyoB,T, Ty € T(n), A, B € O(n), 101¢

Ta—b = BA—17

10 0710l elvalL dSuvatdv uovo av T, = Ty, kaw A = B. O

3.2.7 AvalrloiOTo TOU HIKOVS TOV KOUTVADY

"Eotm v ouveymg mapaymylon Kaumoin tov R™, (1) = x(t) = (z1(t), ..., z,(t)),t € I = [a,b].
H EvukAeldero vopuo g mopaydyou eivol

@1 = lx®] = (Z(@(ﬂf)

i=1

Kot to Eukheldelo unkog g v oplleton oo v

b
() = / @)l dt.

IIpotaon 3.2.27. To EvkAeldeto unkog elvar avariolwto axd tn dpdon tne E(n).

Arddelén. 'Botw v = (t) ovveymg mapoywylon Kaumoln tov R” kot ¢otw emiong T, wio
uetagopd kot A € O(n) pe avtiotolyo opHoywvio petaoynuationd a. Tote

L (Tuon)@) = () +a)l| = 5] xon

2. [taM®OI = @]

Amodetkviolpe ) devtepn oyéon. 'Eotw = [a;;]i j=1,..n 0 Tvakagtov a. Tote ar(7y(t)) = () A
KOL TTALPVOVTOG TTAPAYDYOUG 0TO SV UEPT YPNOLUOTOLDVTOG KOL TOV Kavova g alvoidag
€oVUE

Y(t)Da(y(t) = (1) A = a(¥(1)),

ue Tov Da va gtva o TokwBravog mivakog tov a. Emedn yia kabe x € R”,

n n
Oé(X) = E Qi1 Ty« o vy E AinT;
i=1 i=1

ITpdgovpe Tov Kavovo g ahuotdag e TPOTOV MOTE VO, SLOTNPOVVTOL TO SLUVOOIOTO VIO LOPEY) TUVAKMV
YPOUUWV.
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npokvmTel apgong 0tL Da(x) = AT, Toybel emiong ot [|x - AT || = |la™ 1 (x)|| = ||x]|. Svverg,

eI = 1FE) DatyO)] = lla™ (FEDI = [4(@®)]-

ATOSEIKVIOUIE TMPX EVOL ATTOTELECLLOL TTOV LOLG ELVAL YPTOLUO OF TTOMES TTEPLTTDOELG.

Mpoétaon 3.2.28. Edv x,y € R" tdte 10 evO0bpoouuo tunjua ue droo to X,y amotedel Tov
GUVTOUOTEQO OQOUO TTOV T EVVEL.

Amdde&n. Egapudfoviag wo Hetogopd, umopotue va vrodeoovue x = 0 KoL e@opudlo-
VTOG VOV 0pHoYmVIO PETAOYNUOTLIONO Wtopolue ertiong vo vtoBecovpe oty = (0,...,0,y,),
Yn, > 0. TOTE TO EVOVYPOUUO TUNUEL TTOV EVIVEL TO. X, Y ELVOL TO

c(t) = tyne,, te]0,1],
Ko €pooov ||€(t)|| = yn, Taipvovue

1
t(e) = / Yn dt = Yn.
0

Edv Tmpa v €lvol Pio 0TTOL0ONITOTE GUVEY MG TUPUYWYLOW] Kaumodn v = y(t), t € [a,b], ue

v(a) = 0,v(b) =y, tote
l(y) = / (Z(i:i(t))2> dt

=1

b
> / (1)) dt

b
> / in(t) dt
|20 (0) = 2n(a)|
= |yn - 0| =Yn = E(C)
[Maipvovtog inf edvew amd OAES TIG Y TTOV EVIVOLY TA X, Y £(OVIE TO CNTOVUEVO. O

I'emdouctokotnTo

"Eotw (X, d) uetpikog ympog. Opllovue pio veo petpikn di otov X, v erayduevny gupun
ueToUK WG EENG:

di(x,y) = inf{{(7)},
07tov 1o infimum watpveTon TAvm ota unKn £(y) OAwv Tov dpoumv amd to x 610 y. Ed®, évag
TETOL0G SPOUOG O BEmPELTOL PULOL CUVEYNG KOUITOA

v [0,1] = X

uey(0) = zkany(1) = y. (To unkn TETOLWV SPOUMY 0PLLOVTOL OTIWG TOL KT EVOVYPAUULOLILWY
KOUTUADV). Ogtovpe di(z,y) = 00 oV deV VITAPYEL SPOUOG TTETEPAOUEVOU (NKOVG OTTO TO T OTO
Y.
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Opionog 3.2.29. Eav
dl(xv y) = d(I, y)7

yieL Oha T & Ko y Mepe 0t o (X, d) elvon uetoukds xoog katd soduovg Ko 1 d elvol guguig.
Edv 1o infimum sudveton yio kabe x,y € X, tote 0 uetpikog xmpog (X, d) Aéyeton yewdatotarxds
KO 0L SpOUOL TAVM 0TOVG OTTOLOVG CUUPBALVEL OUTO KOMOUVTOL YEWSAULOLAKES.

Iopwopa 3.2.30. O Evkieldeiog uetoukds xawoos (R™, e,) elvar yewdauotaxdg. O yewSauctaxés
OV elval ot evbleisg.

Xopdki uerpikn oty 5™

210 ONUELD OUTO KAVOUUE £VOL 0YOMO TTOU B0 LLOIG (PAVEL PN OLUO 0TO KeQahoto ¢ Newuetplog
NG AVTLOTPOPTNG, SLVOVTOG EVOL TAPASELYILOL PLOLG LETPLKNG TTOV SEV ELVOL EUPUNG. ZVuforllovue
ue S™1 ) povadiaia opaipa S(0, 1) kar Bewpovpe Tov TEPLOPLOUO ¢, TG Eukheldeiag uetpr-
KNG e, oy S™ 1

c(X,y) = en(xy) = [x—yl, xyeS"

H ¢, xahlettol yoodikr) uetoucn g S kou mpokvmtel amd to loopepicd Oempnua Ot
C(n) =Isom(S" ! c,) = O(n).

(Agette v Aoknom 3.2.9.3.) Antd ta tapandve ovverdyetol ot C'(n) dpd petofatikd oty
S apa o ydpog Tov tpoydv g lempetpiag (S™1, C(n)), amotekeiton ad €va onuelo, TNV
S"=1 = orb(e,). Ao TV G, o otadepomomTeg kaOe onueiov g S™ ! elvar Ghol opadeg
oopop@eg pe Ty O(n — 1). H Sgarpukn Feopetpia (S S(n)) mov Ba dodue oto Kepdhato
5 elvauw M Tewpetpia (S*1, C(n)): S(n) = C(n) = O(n). Opwg ekei, 1 S(n) = O(n) eivar
1 LOOUETPLKT] OUASO TG CQAUOLKTIC UETQLKTIS S, TTOV ELVOL 1] EUPUNG UETPLKT] TTOV TAPAYETOL
Ao T YOPSIKY UETPLKT) GALG eV elvor Lom ne avthy. Lo va YIVOuuE o CUYKEKPLUEVOL, O
mapovpe to onuete x = (1,0) kory = (0, 1) otov kvKAo St

cn(X,y) = V2.

‘Eoto kopmodn v tov S, v(8) = (z(t),y(t)), v(0) = x, v(1) = y. Emewdn 1 kouswdhn ovi-
KEL 0ToV KUKAO, umopovue vo virodgoovue ot z(t) = cos(6(t)), y(t) = sin(6(t)), yio kdmouo
(mapayoyiown) ovvépmon 6 ue 0(0) = 0, 8(1) = 7/2. Eivau ||5(2)]| = |0(t)] kan

1
() = [ 1o dt > 101) 0] = /2.
0
H tun 7/2 méveton yia 0(t) = +1 kau étot

di(x,y)(= s1(x,¥) = 7/2 > V2.
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3.2.8 To Oedpnua Twv Avakiacemv

Elie Joseph Cartan, 1869-1951

To 1937 o Elie Cartan dnpooievoe évo Bedpnuo Tov Kotd to omoto 1) opBoydvia opdda O(n, F),
F =R, C, yevvaton amd avokAaoels. Apydtepa to Oedpnuo autd yevikevtnke amd tov Dieudonné.

Jean Alexandre Eugene Dieudonné, 1906-1992

[Mopakatom omoderviovue Vv ekdoyn Tov Oswpnuatog Cartan-Dieudonné mov pog evoio-
PEPEL

Ozopnua 3.2.31. (Cartan-Dieudonné) KdOe otovyeio tng opboydwviag ouddags O(n) Stagpoge-
TLKOU TOV TAVTOTIKOU GTOLYELOV YOApETAL WS GVUVOEGN TO TOAV n avakldeewv. Otavn > 2,
N TAVTOTLKY) ATELKOVOT) €lval 1 60VvOeon Kdbe avakAaong ue Tov eavTo TIG.

Arddelén. H amddelEn eivor pe emayoyn ot duaotaoy. Otav n = 1, ov pdvol opBoydviot
UETOLOYTUALTLOUOL ELVOL O TAVTOTIKOG id. Ko 0 avtifetdg Tov —id. Oumg o —id. elva 1) avaKAoom
oto W = {0}. Otavn > 2, éxovue der OTL KAOe avaKAaon Ty eLVOL EVEAELKTIKY, dNhad),
Tw oTrw = td.

'Eotw tpa n > 2 Ko a 0pHoymdVIOG HETAOYNUATIONOG SLOPOPETIKOG OITO TIV TAUTOTLKY)
ATTELKOVLON. ALOKPLYOUUE SVO TEPLTTWOELS:

L. O a éxet tbtotun) To 1. 2V TEPUTTOON OUTY, ETW V TO AVTLOTOLYO LOL0dLavuoua, (V) = V.
Av A = v/||v]], éotm 10 vrtepemtinedo amd v apyn W = Wy, wote R™ = Wa(A). Toyvpllopoote
nog a(W) C W. pdayuatt, av

w-v=20
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v ka0e w € W, tote Ko
a(w) - a(v) =0,

emeldn 1 « etvan oopetpla e a(0) = 0. Enewdn ouwg a(v) = v émetan Ot
aw)-v=0 = a(W)CW.

Emuléov, emetdn o a §ev ELvoL 0 TAVTOTIKOG, O TEPLOPLOUOG (i TOV v 670 W Ko stk dev elva
o Tavtotkog oto W. Exewdn dim(W) = n — 1, awd v emorywyiky vrofeon exovue OTL o ayy
vpageToL oav ovvOeon to oA k < n — 1 avakhaoewv og vrepemineda W, i = 1,..., k (ed®
TOL VTTEPETLITES L ELVAL 1 — 2-OLAOTATA):

awy =710 07,

Emextelvovue twpa KaOe avakhaon r, oe avakiaon r; oplouévn oe 0Ao to R™ pe tov eEng
Tpomo: éxovue kat apxag oW = W, @V, V; = Wit i = 1,... k. Eav V = (v), emeid
V L W mpokvmter dtuta U; = W, @V, i = 1,..., k, elvon vrepemimeda. o kabe x € W,
glvoi

ri(x) = pryy, (%) — pry, (x).

Topa,
R*=U;eVi=W, 0V @V,

omoTe, optLovue TG 7; 0to R™ artd TIg 0E0ELS:
ri(X + Av) = ri(x) + v,
v KaBe x + Av € W @ V = R". Adyw tov vitofeoedv nag, elvor
7i(X + AV) = pry (X + AvV) — pry, (X + Av),

ETTOUEVG OL 7; ELVALL AVOKAAOELG 0TaL vrtepemimeda Us. Eneidn Tmpa 1) a €lvaiL 1) TOVTOTLKY] 0TOV
V émeton ot
Q=710 -0T].

IL. O v Sev éxer idtotun To 1. 'BEotw v # 0 ko vrepeninedo W L («(v) — v). Emeldn o a elvon
LOOUETPLOL TTOV SLATNPEL TNV apyN), etvar || (V)] = ||v]| artd v TIpdtaon 3.2.3. Exlong, amtd 1o
Anuua 3.2.6 £xovue
rw (V) = a(v),
Omov ryy glvan 1) avakhaon oto W. Topa, M ryy o a 0TaOEPOTOLEL TO V:
rw(a(v)) = rw(rw(v)) = v.

Emeldn 73, = id., v nrov ry o a = id., TOTe

rwo(rwoa)=ry = a=ry
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TO OTTOLO ELVALL ATOTTO SLOTL r(V) # v yo KaOe v. Apa, Bplokopaote oty Iepirtmon I vdp-
xouv to oA k < n — 1 avakhaoelg ry, og vrepemineda Wi, mote

TWOQ ="T)0-+0T].
ZVVETMC,
& =TwOTpOo:---0T77.

]

To mapamdvm BemPNUoL YEVIKEVETAL KOL 0TIV TEPLTTWON 0moLa.odnmote Evkeldeiag 1oo-
UETPLOG OV ETLTPEYOVUE U1 YVIJOLES AVAKALOELS, SNAOOY], AVAKAACELG OF VITEPETLITES L TTOV SEV
TEPVOVV OVOYKOOTIKA 07t0 TV apyn (Aoknon 3.2.1.3). Av topa f € E(n), ypagetoL pue no-
VOSLKO TPOTTO MG

f=Taoa, T,€T(n), acO(n).
Ao 1o Oewpnua 3.2.31 vapyovv k < n avaxhaoelg r;, i = 1, ..., k og vepemimeda oo v
apyn MOTE
f=Tyorpo... 1
Ouwg, 1 00VOEON UETAPOPAG KOL OVAKAAONG O VITEPETLITESO OTTO TNV GPYN] ELVOL U1 YVNOLOL
avaxhaon (Aoknon 3.2.3.1). Ilpokimtel T0

Ozdpnua 3.2.32. (Oedpnua Tov Avakraoenv) Kdbe otoyeio tng E(n) yodgeta elte wg
ovvleon to oAU n avakidcewv eite wg cUVOeon uiag un yvnoLags avakiacns Kot To ToA0 n
avVaKAdGew V.

3.2.9 Aoknoeig

1. AmodeiEte mwg yia kGe wopetplo f € E(n) vrdpyer wopetpia f € FE(n + 1) tétowa
ot frn = f. (YOdeEN. Oboare

f(mla s axnaxn+1> = (f(mlv B 7:671)7 anrl)?
Ko omodeiEte 6t f € E(n+1).)

2. 'Eotw l'eopetpla (X, G). H G Aéue ot dpa SurAd uetafaticd otov X av yia KaOe Tevyn
(21, 22), (Y1, y2) dragopetikdv onuetwv vrtapyel g € G tétowo wote g(z;) = yi, @ = 1,2.
AnodeiEte 0tL oty Eukheidero Fempetpla toyvel 0T ov (X1, Xa), (¥1,¥2) elvan Cevyn dio-
POPETIKDV oNuUeLWV, TOTE VITtdpyel Eukdeldeia woopetpia g ne g(x;) =y;, ¢ = 1,2, av ko
UOVO OV

%1 — %o = [ly1 — .
(Y7odeIlEN. OewpnNOTE TLG LOOUETPLEG TTOV AITELKOVIZOVV TAL X1, Xo 0TO, 0, X = X; — X, KO
TOY1,y2 0T 0,y = y; — Yo, AVTLOTOLYO..)

3. 'Eotw X # () otvodo, Kar og vrtobgoovue OtL vitapyeL wo. 1-1 ametkovion
tx : X = (R e,).
[ kabe x,y € X opllovue

d($7y) = 6n<LX(x>7 LX(?J))'
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(o) Amodei&te 0tL 0 (X, d) elvon HETPLKOG X MPOC.

(B) Tautlloviag Tov UECH TNG tx UE THV ELKOVA TOV VTG Tov R” tnv omola. O oupfo-
MZovue emiong ue X, 0a ypagovue 0to eEng

d(x,y) = en(x,y), x,ye€X.

H d Aéyeton 1) uetoukn) exayduevn axé tnv Evkdeldaia uetowkt) otov X. AmodelEte
ottavn f € E(n), t0te o mepoptonds g fx : X — R™ otov X glvan toopetplo
tov (X,d) av f(X) = X.

(Y) To avILOTPOPO TOU TTPONYOUUEVOU EPWTIUATOG ELVAL YEVLKE TTOM) dUoKoAo. EEeTdlovue
edm TV mepimtwon X = S d = ¢,. Av f: 8"t — S"! glvou woopetpla, opl-
Couvpe eméktaon g F og 0ho tov R™ astd ) oyeon

F(0) =0, F(x)=f(/[x])-xI.

AmodelEte ue ) oelpd, ot a) | F(x)|| = ||x]|, x € R", p) F(x)-F(y) =Xy, X,y € R"
Kawy) N F etvon ypopukn otetkovion (uun0ette edo v amrddel&n tov Ioopetprkot
OewPNUATOG).
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Kegaloto 4

Ouowofztikn 'eonerpio

H OuotoBetikn T'ewpetpia etvon n Cewpetpia (R™, S(n)), 6mov S(n) etvor 1 oudda Twv opot-
00eoumv Tov R™. H Tempetpia avt eivar gupttepn g Evkeldetag, ue v évvora 0t v
TEPLEYEL, AANG OL S (n)-110TNTEG ELvaL MyoTtepeg amd TG F(n)-1810tntec.

4.1 OpnoroBseoieg o€ NETPIKO YOPO

ApyLlLovue e ToV 0pLoPo TNG OUOLOOECLOG OE TUYALO UETPLKO Y MPO.

Oponog 4.1.1. 'Eoto (X, d) petpikog yopog ko f = X — X amewcovion ext. H f 6o Aéyeton
ouotoleoia eav vrapyel k = k(f) > 0 tétolo mote

d(f(z), f(y)) = k- d(z,y), niaxabe z,y € X.

"Entetol apeomg 0tL o opotobeota f etvor Kaw 1-1 ametkdvion ko ToviLovue OTL 0 OUvTe-
Aeotng k mov Oa Kaheltow Kow ovvredeotrig (1) Adyog) tne ouotobeaiag dev eEaPTATOL A0 TV
emLOYN TOV onuelwv z,y € X.

Ipotaon 4.1.2. To cvvolo Sim(X, d) twv ouotoOeoirv evig uetotkod xoov amoteiel oudda
ue wedén tn ovvheon,.

AmddeEn. Amevbelag SLTLOTMVOUUE OTL:

* Av f, g elvou oporofeoteg pe hoyovg oporodeotag ky, kg, aviiotorya, ToTe Ko f o g elvat
ouotodeota pe Adyo opotoBeotog k k.

* To OUSETEPO OTOLYELO ELVAL 1] TAVTOTLKT] OUTELKOVLOT).

« H avtiotpogn f~! wag opotodeotag f ue Adyo opoobeotag k eivar opotodeoia pe Aoyo
owowoOeotog 1/k.

]

Eneldn kaOe woopetpia Tov X elvor Ko ovtopdtmg opotodeota, (ue Adyo opotodeotog 1),
gxovpue 0tL 1 oudda Isom(X, d) twv woopetpumv tov X givar vroouddo g Sim(X, d). Ioyvel
OUWG KoL KATL TAPOTTOV®:

79
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Ipotaon 4.1.3. Isom (X, d) < Sim(X, d).

Arddeén. Twaxabe f € Sim(X, d) ue ovvteheot oporodeotog k, kKo yia ka0e g € Isom(X, d),
LoyveL yio kabe x,y € X ot

d(f(g(f (), flg(f7'(v) = kd(g(f~(=)), 9(f "))
= kd(f~'(z), ()
= k- (1/k) d(z,y)
= d(z,y).

O

Mopwopa4.1.4. Eotw uetokds ywoos (X, d) kaw ow F'ewuetoles (X, Isom (X, d)) ko (X, Sim( X, d)).
loyvovv ta akérovBo.:

1. T kdOe x € X, orbigom(x,q) (%) < 0rbsim(x,a) ().

2. Edv i Isom(X, d) doa uetafatikd otov X, téte kau n Sim(X, d) dpa uetafatikd otov
X.

3. Edv n Sim(X, d) doa eAetOcoa otov X, téte kaw 1 Isom (X, d) dpa eAevOega oTov X.

4.1.1 Aoknoeig

1. AmodelEte 0tL KGO opotoBeaio LeTPLKOv xhpov etvar 1-1 ametkovion.

2. 'Eotw petpikog ympog (X, d) ko amewkovion f @ X — X. H f Léyetar ovveyng oto
To € X av
Ve >0, 30 >0: d(f(z), f(xg)) <€, Yx € By, (0).

AmodeiEte O0TL KGOe opowobeoia elvar ouveyng otov X Kau 1 avtiotpopn g f 1 elvan
emmiong ovveyng otov X.

3. AmodeiEre 1o [Topropa 4.1.4.

4. Mia ametkovion f : X — X upetpikot xdpov (X, d) emtl Tov eovtol Tov AEYETOL Pl
Lipschitz, av

3K = K(f) 2 1: Yo,y € X, (1/K)d(z,y) < d(f(z), () < Kd(z,y).
(o) Amodei&re 6TL kKaOe augi-Lipschitz ameikovion ue otabdepd K eival aviiotpeyiun

Kot OTL 1] AVTLOTPOQY] TG ELVOL ETLONG auepL-Lipschitz ametkovion ue otabepa K.

(B) AmodeiEte 0TL KAOe aupr-Lipschitz ametkovion pe otabepd K eivor ouveyng Ko Ot
1 OVTLOTPOPY] TG ELVOL ETTLONG CUVEXNC.

(Y) AmodeiEte 6TL KaOe oporobeoto tov (X, d) etvon apgr-Lipschitz ametkovion).

(8) Awote mopaderyuo augi-Lipschitz ometkOviong mov 8ev eLvol LOOUETPLO.
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42 Hopada S(n)

Epyouaote topa otnv ouddo opowobeotwv S(n) = Sim(R™, e,,) tov R™. H oudda vt mepie-
YEL OMEG TLG LOOUETPLEG TOV R™ KOOMG KL TLG OTTELKOVIOELG CVOTOANG/SLAGTOMG TTOV 0pLLoVTOaL
AUECMG TAPOKATW.

42,1 H onada cvotordv/dractordv D(n)

Opopog 4.2.1. 'Eotw § > 0, § # 1. H amerkovion Ds : R® — R” ue
Ds(x)=6-x, xeR"

Oo Aeyetan 0-ovoTodt] (avt. d-StactoAn) av d > 1 (avt. § < 1).

Elvol 00gpeg OTL OL ITELKOVIOELG ELVOIL YPOWUULKEG OTTELKOVIOELG KoL €TTELdN Y1 K4Og § > 0
Ko yio KaOe X,y € R™ eivon

en(D5(X)> DJ(Y)) =0- 6n(X, Y)a

EMETOL OTL OL OVOTOAEG/SLa0TOAEG D elvan Eukheldeieg opooBeoieg we Aoyo opotobeotag d. Ag
TApATNPNOoOUNE eTtiong Ot yia kabe Ds € D(n),

[1Ds(x)[| =0 -Ix[|, xeR" (4.1)

Emtiong, yio ka0e X,y € R™ givaw

Ds(x) - Ds(y) = (9x) - (dy) = 67 - (x-y). 4.2)
LoyveL M) TOPAKATOD TPOTUOT).
Ipotaon 4.2.2. To cvvoro D(n) twv cvetoddv/diactordv tov R™ uali ue tnv travronxn
ametkovion, amotelel affelavy oudda ue TEdtn tn 6UvOesn GUVAQTHGEWV, LGOUOQPN UE TNV
smorramraciactikt] oudda (R, ).
Amddeién. Two xabe 0y, 05 > 0 elvan

Ds, o Ds, = Ds,5, = Ds,s, = Ds, o D,
Emniong, yia ka0e 6 > 0, (Ds) ™! = Dy /5, KO 1] QITELKOVLON)

D 3> Ds— 6 € Ry

£LVOLL LOOUOPPLOUOG OUAOMV. O

Mopropa 4.2.3. O mivaxag tng yoouukns axetkéowons Ds wg moog tnv kavowkn) fdon elvar o
01,. H oolfoved tov tcovtan ue ™.
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H 8paon g D(n) otov R™ divetar amd v
(Ds, X) — x.

H tpoyLd Tov undevIKo\ 0TOLYELOV OUTOTELELTAL LOVO OITO TO OTOLYELD QLUTO, EVM YLO. KAOE X # 0
glvau

orb(x) = {dx, | § > 0},
dMAadn, 1 avorkth Nuevdeto 0td 1o 0 oty KatevBuvon Tov X. O xhpog Twv Tpoytwv R™/D(n)
aTOTEAELITOL ATTO OAEG QUTEG TIg NUEVOeleg wall ue v apyn. H dpdon etvor eletBepn oto R”
(Stab(0) = D(n)), ol Sev elvar petafatiky. Avtd ouuPfalvel WOVo ETAVMD OTLG OVOLKTEG
NUWEVOELES TTOV AITTOTELOVV TIG TPOYLEG.

Ipotaon 4.2.4. Eotw R /D(n) o ywoos twv tooyav tns dodong tng D(n) atov RY. Tdrte,
vrdoyel pwioe 1-1 kou enl ameicdwon R?/D(n) — S™1,

AmddeiEn. Kabe 0TOLYELO TOV YMPOV TPOYLDV ELVOL AVOLKTY NULEVOELQ 0ITTO TV 0pYT) OTNV KO-
TeVOVVON KATOLOU SLOVIOIOTOG TTOU UTTOPOVUE VO, TO VITOOECOUIE HOVADLALD. AVILOTPOPWG,
KaOe povadioto dravvoua Kabopilel pe povadiko Tpomo Nuevdelo amd Ty apyy). O

Ipotaon 4.2.5. H Sodon tne D(n) dwatnoel tig ywvieg.

Amddeién. Av Kamolo amd To. SLavOOUOTA ELVAL TO UNOEVIKO, OEV EYOVUE TLITOTO VO. ATTOOEL-
Eovue. Av x,y € R?, kaw Z(x,y) = 6, ¢otw Ds € D(n). Xpnowomowwvrag tg (4.1), (4.2),
£YOVUE

Ds(x) - Ds(y) 0% (x-y) Xy

cos AP D) = Tl ~ @) Gl Tl il <™

4.2.2 Aoknoeig
1. 'Eotw Ds € D(n) kaw T, € T(n). AmodeiEte otL
Ta o} D(; == D(; 9] T(l/é)a-

2. 'Eotw Ds € D(n) kaw A € O(n) pue avtotoro petaoynuatopd a. ArodelEte ot

aoDs = Dgsoq.

3. 'Eotw v : [a,b] = R™, ~(t) = x(t), ouveywg mopaywylon kKoumOin. AetEte to akolov-
0o

@) (D5 o )@ =514 ()]
(B) U(Ds o) = dt(y).
4. "Eotm Q khelotod ko @poypevo ywpto tov R” ko Q' = Ds(92). AmodeiEte ot
Vol,, (') = 6"Vol(Q).

(YrodelEn. Oewpnua AMhayng MetafAnTmy.)
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4.2.3 To Oporofetiké Ozmpnua

IIpotaon 4.2.6. KdOe orovyelo f € S(n)umogel va yoagel wg 60vhean evdg atoryelov g € E(n)
kau evég otowyeiov tng D(n).

Anddeién. 'BEotw f € S(n) ue Mdyo oporoBeotag k. Opilovue g : R* — R™ asmo v
g=1fo Dl/k-

To kaOe x,y € R™ etvau:

lg(x) —gW)Il = |[f(D1(x)) = f(Di(y))]]
=k ||Dyr(x) — Dir(y)||

1
= k= |x—
Lkl
=[x =yl
apa g € E(n). O
Ao to Toouetpikd Oempnua Twpa., TPOKVITTEL TO

Ozopnua 4.2.7. (Opowobetikd Oedpnua) Kabe aroryeio tng S(n) umogel va yoagpel wg 6hv-
Ogon evig atowyelov tng E(n) kaw evdg otovyeiov tng D(n).

Mopwopa 4.2.8.
S(n) = E(n) x D(n) ~ E(n) x (R, ).

Ag mopatnpnoovue 6Tt KaOe otoryelo e D(n) SLopopeTikd Tov TOUTOTLKOU SEV UITOPEL VO
YPOPEL G oVVOEDN SO 1) TEPLOOTEPWV AVUKAAGEWV, EPOOOV OL OVAKAAOELG ELVOL LOOUETPLEG,

Mia gvdragepovoa epaproyn Touv OuoodeTikol OemwpnNuaTog ELVOL TO TAPOKATW:

Oeopnua 4.2.9. Xtnv QuoroBetikn (doa kat otnv Evkieldeia) 'ewuetoia tov R", to dOgoicua
YOOV TOLYDVOU (VAL T.

AmdSelEn. Av Xi, Xz, X3 ELVOL OL KOPUPEG TOV TPLYDVOU, ETTELDN T X1, Xo, X3 ELVOL YPOUULKAL
aveEQPTNTO KELVTOL EVOG EMITESOV, (LPA WITOPOVUE VO, TEPLOPLOTOVUE OTNV TEPLITTWON N = 2.
TroBétovpe TPMOTA OTL TO TPLYWVO elva 0pBoyhVIo. Me KoTaAnheg OuoL00EsiEg WITOPOVUE VO
vrtofeoovue OTL

X] = (0,0) X9 = (1,0), X3 = (O,QJ),

ue o z > 0. T Tig 0Egleg YwVieg ay, f TOU TPLYMVOU ELVOL

1
cosa = cos 3 =

x
V41 24+ 1
Apa,

a + f = arccos(x/vx? + 1) 4 arccos(1/v a2 + 1).

[TaUPVOVTOG GUVIULTOVO, KO 0TLG S0 TAEUPEG KO Y PN OLUOTOLDOVTAG T 0)Eo) sin(arccos y)) = /1 — y?
Katainyovue oty cos(a + 3) = 0, apa a + 8 = 7/2.
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211 YEVIKY] TTEPLITTOON TOPC, WTOPOVE VO VIToHEGOVUE OTL
X1 = (070) Xy = (170)a X3 = (Iay)7

ue ta x,y > 0. Av x = 1, 10 Tplymvo givar opBoydhvio, 0TTOTE (oG EVOLOPEPOUV OL TTEPLTTTOOELG
r <1,z >1. Avz < 1, Bewpodue to 500 opboywvia Tplywva (e Kopueeg X1, X3, (2, 0) Kot
(x,0), X3, X2 K0 €QAPUOCOVIE TO OITOTEAEOUA TNG TEPLTTWONG TOV 0pOoymviwy. ‘Ouota ko
vz > 1. ]

4.3 Merpikol athot Adyou

ApylLovue Pe TNV TOPAKATO
Ilpotaon 4.3.1. H S(n) dpa Surrd uetafatikd otov R™.

AmddaEn. Tlopatnpovue Kot apyds OTL OV X1, X € R”, TOTE WTOPOVIE UE LA UETOPOPX 0KO-
AOVO0VUEVT) QTTO ULOL TTEPLOTPOPY KO LG, CVOTOAN/SLAOTOAN VoL TaL atetkovioovue ota 0, e;. Av
OVUBOALCOVUE PE f ouTNV TNV OUOLOOECLA KOL UE g TNV OVTLOTOLYT] OUOLOECLO. TTOV OTTELKOVILEL
d00 ahho onuela yi,ys oto 0, e, aviiotoya, TOTeE 1 g o f~! amelkovilel Ta X1, Xp OTAL Y1, Yo,
AVTLOTOLYCL. O

Ztnv Opowobetikn Tempetplor Aowmdv, pmopotue va vrobetovue 0Tl Oha To EVOVYPOUUOL
TUNUOTa €YoV UNKog 1, epocov 1 .S(n)-kAaon Tou Tunuatog pe akpa 0 Kau e TepLEyeL oA
T0. eVOVYpauIo TUNROTO. Me ToV 1810 TPOTO TPOKVITTEL OTL OAEG OL OPALPEG PPLokOVTaL TNV
S(n)-KAGON TG LOVOSLALOG OPALPUG.

HIIpotaon 4.3.1 €xeL 800 evdLapepovoeg emeKTA0ELS. H Tph, £)EL VoL KAVEL UE TOL OTOLYELOL
eKkelva g S(n) mov 6tadgpomolotv dV0 SLapOPETIKA ONUELCL.

Mpoétaon 4.3.2. Eotw X; # Xo onuela tov R™. Tdte
1. Stab(xy,X3) = {id.} avn = 1.
2. Stab(xy,X2) ~O(n — 1) avn > 2.

ArddelEn. Zmv meplatwon 6mov n = 1, pmopovue va vrobecovpue Aoyw g Mpotaong 4.3.1
O0tLx; = 0, Xo = 1 KOIL TO QTOTEAEOUA. ETETOL AUEOMG. TNV TEPLITTWON OOV 1 > 2, UITOPOVUE
va, vitofecovue tah Moyw g Ipotaong4.3.1 0tLx; = 0, X5 = €,. Mio opolo0goia Tov agpnveL
AVAALOLOTO, TO. SVO CUTA ONUELOL WTTOPEL VO, ELVOLL WOVO KAITTOLOG 0pOOYDVIOG UETAOYNUOTLOUOG
Q TOV OTTOLOV O TTLVAKOG 00l EYEL AVAYKOOTIKG T LOPY)

(gl (D, AeO(n—1).

]

Mio oNUOVTLKY OUOLODETIKY (AP0 KOl LOOUETPLKT) OVOANOLITOG) ELVAL O UETPLKOG OITAOG
AOYOG TPUOV ONUELWV TTOV TTPOKVITTEL (PUOLOLOYLKA OTTO TO EPMTNUA Yidt To 7OTE 1 S(n) dpa
TPLTAG petafotikd oto R™.
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Opopog 4.3.3. 'Eotm dwotetayuévn tpado p = (Xq, X2, X3) ova S00 SLAQOPETIKOV HeTaEd
Toug onuetwv tov R™. O uetoikdg amdds Adyog tn¢ (X1, Xa, X3) €LVOL

- %2 — x4

s(p) = [1(x1, X2, x3) |

B %2 — X3||'

Ipotaon 4.3.4. KdOe ororyeio tng S(n) apnver avariolwto tov uetoikd amxdé Adyo wag dia-
TeTYUEVNS TOLdOOS P = (X1, X2, X3) OLAQOQETIKMOV UeTAED TOVS onuelwv avd dvo.

AnédeEn. Av f € S(n),

I Ge) = Fxa)ll lIxe = x5l

=) = Pl e ] 10X Xl = ()

s(f(p) = [1(F(x2), f(x2), (x3))]

O

To KAOE TPLASU ONUELWV X1, Xg, X3 SLAPOPETLIKMY UETAED TOVG avd §10, VITapyovV €EL ue-
TotaEeLg Tovg. H axdlovdn tpdtaion agnvetol ooV GoKnom).

Mpétaon 4.3.5. Av X1, Xo, X3 Sta@ogetikd uetaEt tovs onueia tov R™ kaw i, 5,k = 1,2,3,
1# j # k, tote:

O x5 %) |- (ks X5, %5 = 1

~

N

ke X, X ) || 1 ke Xas %) |- (X5, X, %3) || = 1.

3. Olot ot Svvatol uetotkol amrol Aoyor ekpodlovtol Uéew Twv
s1 = [|(x1, X2, X3)[], 52 = [[(x1, X5, %)
4. Eivau

S1 + So Z 1
UE TNV LEOTNTA VA LGYVEL AV KL UOVO AV TA X1, Xa, X3 AVHKOVV 6TNV (Oia evbela.
Ozopnua 4.3.6. (Oeueddes Oe@pNUA TOV UETPIKOV WTADV Aoyov T OpotoBetikig

Teoperpioag) Eotw p = (X1, Xo, X3) kat q = (Y1,¥2,¥3) Statetayuéves toiddes EEvawv avd §vo
onuelwv tov R™, n > 1. Tadoyer f € S(n)ue f(x;) =y;, i = 1,2,3, av kaw uévo av

AnddeEn. Avumapyer f € S(n)ue f(x;) = yi, i = 1,2, 3, 1018 TpokvIrTeL N 1ooTnTa s, (p) = s;(q),
i = 1,2, amd T0 avalholwTo TV UETPLKMV ArtAdV Moywv g [Tpdtaong (4.3.4. Twa to avtiotpo-
(PO, WITOPOVILE KOVOVIKOTTOLDVTOG VO VITOBEGOUUE OTL

x;=0, xx=¢e, x3=x,xcR"\{0,e,}

Ko Ot
yi=0, ya=e, y;=y,yeR"\{0e,}.



86 KEDPAAAIO 4. OMOIOGETIKH I'EQ2METPIA

Av si(p) = si(q), i = 1,2, 101e ||x]| = ||y|| xou [|x — e,]| = ||y — €,]|. Amd v televtaia oxgon
TOLPVOVUE OTL T, = X - €, =Y - €, = ¥y, OpQ,

sl = [1Gz1s szl = - yn-) = llynall-

AVX, | = Yn_1, EXOVUE TELELDOEL. AV OyL, TOTE VITAPYEL T avakAaon oto R" ! ue r(x, 1) = yn_1.

H avaxhoon pe mivako
R 0
(O 1) € O(n).

0mov R glvai o Tvakag g r, Statnpel ta 0, €, Kol aelkoviZeL To X 0T0 Y. O

Mépwopna 4.3.7. Ian > 1, n S(n)-kAdon evdg totydvov megiéyel 6Aa ta duota ue avtd Tol-
YOVa.

Ag dovpue TOPO TL YIVETAL OTNV TETPLUUEVT] TEPLITTWON SLATETAYUEVOV TPLAdWV SLOPOPE-
TIKOV avd §00 ONUELWV T, To, T3 KOL Y1, Y2, Y3 TG TPAYUATIKNG evbelag R. Mmopolue va
KOVOVIKOTTO|OOVUE OTTMG TPONYOUUEVIG (HOTE

r1=y1 =0, zp=y=1, w3=2x,ys=y, v,y € R\ {0,1}.

To wovo atoryeto g S(1) mov otabeporotet Ta 0, 1 €LvaL O TAVTOTIKOG UETAOYNUATIONOGS, APQL
vrrapyer f € S(1) we f(x;) = yi, @ = 1,2,3, ov Kow povo ov & = . AUTO elvor LoodVVaLo e
TG OYECELG TOV UETPLKMDV AOYWV, OAG oG AEEL Kl KATL TTAPOTTOV®: 0TV TPAYUOTIKT eVOELQL
EYOVUE OYEON UETAED TWV IOV TV ONUELWV KOL O)L LOVO UETAED TWV ATOOTAOEDV TOVG,

Amthot Aéyor

Opouog 4.3.8. 'Eotw p = (X1, Xz, X3) dtoTeTayuévn TpLada ouveudelakmv onuelov tov R”,
SLAPOPETIKOV PETAED Tovg ava dVo. O arthog MOYOG TOVG ELVAL

Xo— Xy

o(p) = o(X1,X2,X3) = a——

O amhog MOyog elvan Kahmg oplopuévog. Tlpayuatt, amd Tig vtobEoelg pag xovue OTL To
onueta avikovv og gvbeta ¢(t) = u + tv, omtote

x, =u+tv, =123
Apa,
to — 11
ts —ty

O-(Xh X9, X3> -

AV X1, X3, X3 ELVOL TPLO. ONUELXL TTAV® O €VOELD SLOPOPETIKA avd §10 PeTa&l Tovg, ToTE 0plLo-
vol 6 athot Moyol. H opakdtm mpdTaot agnvetal ooy GoKnon.

Mpoétaon 4.3.9. Av X1, Xs, X3 Sta@ogetikd uetaEd tovs onueia tov R™ kaw i, 5,k = 1,2,3,
1# j # k, 101e:

1. O'(Xi,Xj,Xk) : O-(kaxj7xi) = L
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2. o(x,X;,Xg,) - 0(Xp, X;, X;) - 0(Xj, X, X;) = — 1.
3. Odot ot amrol Abyol ekpodovial uéow tov amAod Adyov o = (X1, Xz, X3) # 0.

Mpoétaon 4.3.10. O awAds Abyog oLV cvvevOeiardv onuelwv StapoQe Ttk v ueta&l Tovs avd
dvo elvar ouotoBetikn availolwtog.

AmdSelEn. Av Xq, Xz, X3 €lvail ouvevdelaka, TOTe X; = u + ¢,V yio kamowa u, v € R™ kai t; € R,
i=1,2,3. Av f etvaw oporoBeoia, tote f(x;) = f(u) — ¢, f (V) Kow ovvemmg

(f(u) =t/ (v)) = (f(w) = 1 f(V))
(f(u) =23 (v)) = (f(u) = t2f(V))
ts —t

tg—tg U( 1, A2, 3)

U(f(xi)7 f(XQ)v f(Xg))

]

Ozopnua 4.3.11. (Oepnemdes Ocdpnua TV atdov Aoyov s Onorodetikis Feopetplog)
Eotw p = (X1, X2, X3) kat q = (Y1, Y2, ¥3) Otatetayuéves totddes cvvevleiardv, EEvov avd dvo
onuelwv tov R™. Yadoyer f € S(n) ue f(x;) =yi i = 1,2,3, av kaw uévo av

a(p) = a(q).

Arddelén. Av vrapyer f € S(n) pe f(x;) = yi, @ = 1,2, 3, t0TE €10VUE AITTO TO AVAAAOLWTO
TV arhdv Moyov g [Mpotaong 4.3.10 v wotta o(p) = o(q). Ia T0 avTloTpogo, Kavovi-
KOTTOLOUUE ETOL MOTE 1) VOl ELVOL 1] te,, KO OTL

xi=y1=0, xo=y,=¢€,, XxXy=ue, y3=ve, z,y€cR\{0 1}

Avze/(z—1)=y/(y—1)t0te x = y Kau f = id. O

43.1 Aoknoeig
1. Amodei&te v [pdTaon 4.3.5.
2. Amodei&te v [Ipotaon 4.3.9.

3. 'Eotm 0T Xo, . . . , X, €lvan (n+1)-ada onuetmv tov R™ duapopetikmv uetai tovg ova dv-
0. YmoOetoupe £mL0MNG OTL OTTOLOSNITOTE N-0S0L OITO TO. ONUELX VT ELVAL -GSO VPO
KOV aveEapTTov onuetwv. AmodeiEte otL av vrtapyet f € S(n) tétolog wote f(X;) = X;,
i =0,...,n, TOTE EIVOL AVOYKAOTIKA O TOVTOTLIKOG Hetaoynuatiopos. (Ymode&n. O f
SEV UITOPEL VOL ELVAL LETAPOPA 1) CUOTOA)/SLOOTOAT, ApOL ELVOL 0pHOYDVIOG LETATYNUOLTL-
OUOG, O OTTOLOG EXEL 1 YPOUULK G AVEEAPTNTA SLOVDOUATOL TTOV AVTLOTOLOUV GTNV LOLOTLUN

1.)
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Kegaloto 5
Xpopikn Feouerplo

H Sgpauoukn) I'ewuetoia xatd Klein givar 1o Ledyog (S™1, O(n)). H Sgaupikn Fewpetpio pe-
AeTNONKe MO QITd TOVG APYALOVG XPOVOUG VIO TIG TIPOKTIKEG EQOPUOYES TG OTIV TAONYY-
on Ko TV aotpovoute. DEPEL TTOMEG OUOLOTNTEG AAMGL KOL ONUOVTIKEG SLOPOPES OTTO TV
Evkheidewa Tewpetpia. H ogaipa S? éxer uehet el g emtl T0 TAELOTOV WG UEPOG TG TPLO-
draotatng Evkheldeiag Femuetplog (Tng OTEPEOUETPLAG), KL EKEL 1) ETLPAVELD, OEWPELTAL MG
ELPUTEVUEVT 0TOV TTEPLBAAAOVTO Y wpo R3. Te kaOe S1A0TOON OUWGS, 1) LOVASLALO GPOLPO. UITO-
PEL VO EEETAOTEL Ue EUPUELG LeBOSOVG TTOV dev avapepovTal 0UTe TPOLToBETOVY TNV VITapEN
KAVeVOG TEPLBAAAOVTOG Y MPOU, ELTE EKTOG 1) £VTOG TG ogalpag. H Zpapikn ewuetplo elvol
wto petpkn Feopetpios: €povpe 1O SeL OTL 1) YOPSIKT UETPLKT] (FTOV AVAPEPETAL OTOV TEPLBAA-
AOVTAL YMPO) EXEL OUADA LOOUETPLOV TNV 0pOOYMVLIO OUAd, OAAG OTL dev elvar eugung. Oa.
Oewpolue TPOg TOUTO TNV S™™! 1e TV LU LETPLKT) TNG TTOU AEYETOL KOL OQOLPLKT] LETPLKT).
[Tpwv pTacovue ekel B0 eEETACOVIE OPLOUEVES ONUAVTIKES LOLOTNTEG TNG LOLAG TNG OPALPALC.

H povadiaio opaipo S ue Sudpopeg opaipeg KpdTEPNS dLAoTAONG EVIOG TNG.

89
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5.1 H povadwia cgpaipo S}
"Eotw 1 povadaio ogpaipo St tov R”,

51— {x e R" | x| = 1.

Oo. eEeTdoovue KAt apyag TG TETPLIIEVEG mepumtioelg n = 1,2, ‘Otav n = 1, n S eivow
amhdg To onueta £1 tov R, dnhadn ovumoyeg (dniad), KAELOTO Ko pPayUeVo) alld U ovve-
KTUKO vitoovvoro Tov R. TrevOvuilovue mmg éva vrootvolo Tov R” elval cvvektikd, av KaOe
800 onuelo Tov PIToPOVY VoL oVVEEDOVV e CUVEYT KOUTTUAT TTOV KELTOL OAN ETTL TOV CUVOAOU.

STV TEPUTTMON N = 2, £XOVIE TOV OLKELO 0¢ eUag wovadiato KOkho St touv R?, mov eivan
OVUTTOYEG KO OUVEKTLKO VToovoro Tov R2. Suvn0wg, Ocmpolue v mapapétpnon tov St mov
TPOKVITTEL OO TLG TOMKEG OUVTETOYIEVEG TOU R?:

v(0) = x(0) = (cosb,sinf), 6 € R.

Mmopolpe vo Oempnoovpe TO 6 KoL G T YWVIC TV SLAVUIGTMV €1 KoL X KoL £T0L VO TTEPLOPL-
oovpe to 6 oto [0, 27) (M [0, 27], wa Kaw ouvnBwg nog evolagepeL To 1-1 pog TapapeTpnUeVNg
KOWTOAMG Y 0TO OVOLKTO SLA0TNUe 0pLopol T Kauwtving). Eidaue oty Evotnta 3.2.7 6tun
YOPSLKY UETPLKY] OEV ELVOL EUPUNG KoL aTtd TNV ATTOSEIEN avuTo VITOSNAMVETOL OTL 1) EUPUTIG
UETPLKY] UETPG TNV atO0TO0N dV0 ONUELWY TOV KUKAOU Ug TO unKkog ToEov. ‘Ommg Oa dolue
TOPAKATW, GUTO CUUPOLVEL KO OTY) YEVLKT] TEPLTTOON. 2€ 0,TL akohovdel, Oa vtodEtovue OTL
n > 3. Ze auTég TIg SLAOTACELS, OTWG KAl 0TV TEPITTwon n = 2, ) ogaipa S™ ! elvar €va
OVUTTOYEG Kal OUVEKTIKO vtoovvoro Tov R™. H ogaipa S? eldikdtepa, Oa eivor 1) fdon yio ta
TEPLOCOTEPO, TTAPOSELYUATA TTOV Ol SMOOVE 0T CUVEYELX.

51.1 X@opIKES CUVTETUYNEVES

To otkelo 0€ OLOVG LOG CVOTNUA TMV GQOLPLKMY OUVIETOYUEVOVY Tov R3 yevikeeton yio OLa
T0 N > 3, COUPOVA UE TO TOPAKATW BEMPNUCL.

Ozopnua 5.1.1. I kdbe X = (x1,...,2,) € R" vadoyer axtvikny cvvretayuévy r > 0 ko
(n—1)-dda yowardv cvvretayuévaov

(1, 0n1) € 0,772 x [0,27),
tétoa ote r = ||x|| ko
x1 = 1cos(p1)

xo = rsin(p;) cos(ps)

xg = rsin(¢7) sin(¢p2) cos(ps)

Tp_1 = 1rsin(epy) - - - sin(@,_2) cos(¢n_1)

X, = rsin(py) - - - sin(p,_2) sin(p,_1).
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S

TPapkEg ovvietayuéveg oto R3. Sto oynua gaivovrar o Stavoouata g faong tov R? oe
OY£01) UE TIG CUVTETOYUEVES QLUTEG.

AmddeEn. 'BEotw o1 = Z(x,e;). Tote
X-€
COS(QOl) = W = (L’l/T.

[TpoBArLOVUE TO X OTO VITEPETUTESO CUVTETAYUEVWV OPOOYDVIO OTO €;:
pr;(x) =x— (e; - X)e; =X — z1€; = (T2, ..., Tp).
'Eotw ps = Z(pr;(X), e). Tote

X2

cos(yp) = (2, -z

To tpiymvo ue kopveg 0, X, pry (X), elvar 0pBOYMVLO (e UNKOG VITOTELVOVOUG T, GLPCL

||(l’2, s 7‘7;71)” = TCOS(TF/Q - 501) - rSin(¢1)7

KO TTOlPVOUUE T = 7 sin(y1) cos(pa). Zuveyllovue Kot autov Tov Tpomo, Tpofailovtag to
pri(X) OTO VTEPETUTEDO OUVTETAYUEVDY 0POOYMVIO OTA €1, €2 KoL KATOMLY TPOPAANOVTOG TO
pry(pr; (X)) 070 VITEPETUTEDO GUVTETAYUEVDV 0PBOYHDVIO OTA. €1, €2, €3, K.AJT. ZTO TEAEVTALO B1)-
e, 1) AVTLOTOLYY TTPOPOAT aVIKEL 08 KUKAO, ETOUEVWG 0,1 € [0, 27).
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O avTLOTPOPOG UETAOYNUATIONOG OPLLETOL UE LOVOSLKO TPOTTO £KTOG QT KOTTOLEG ELOLKEG
nepurTwoetg. ‘Exovue

r= 2+ w1 4 2?4 1

T T
(1 = arccot = arccos
V2 + a2+ -+ 29° Vi + 22+ + 212
) T
g = arccot = arccos
V2 + T2+ + 232 VT2 + 124+ a2
(Op_o = arccot Tn_2 = arccos o2
n—2 = —— =
V? + x, 42 V2 + T2 + Tyo?
Tn—1
2 arccos ——— T, >0
Tp—1 —+ x% + $n_1 \/m "=
Vn—1 = 2arccot = - .
27 — arccos ——=2=L— g, <0
V&2 4xn_12
omov av zy # 0 yuo KAmowo k aAhG OAQL TAL T i1, - - -, T, UNOEVILOVTAL, TOTE UITOPOVUE VO T~

povue = 0 0tav xy, > 0, KoL, = m otav x;, < 0. Ag movue, 0To TPWTO Pruct TG atodelEng
Oewpnoaue oLwaNPA OTL TO X SV PPLOKETOL TTAV® OTNV eVOELX te1. ZUUPMVOL UE T TOPOTAVD,
av ovvéBarave autod ko z; > 0 (avt. x1 < 0), Oa watpvaue o1 = 0 avt. (p; = 7). OJ

Yyoho 5.1.2. TIoAAEG OPEG UG ELVOL TTLO YPNOLUO VO, BEmPOVUE ULCL OTTAOTTOINUEVT] LOPPN
TWV OVVTETAYUEVOV TOV Oswpnuotog 5.1.1. Av x = xze; + -+ + x,e, € R, ypagovue
X = z1€] + Xp,_1), OOV X1 = (T2€2 + -+ + X,e,). Emewdn 23 + ||x,-1[> = r = [|x]|, v-
napyeL ¢ € [0, 7] (N yovia Tov e, X, 1), OOTE

X = 7 COs e, + 1 sIn ¢z, 5.1
UE TO Z Va. elva onueto g S™ 2 v omola dm TV OewPOVIE WG TNV ELKOVOL TNG EUPUTEVONG

Sn_Q > (fl; c. 7571—1) — (07§17 c. 7571—1) € Sn_l.

5.1.2 Aoknoeg
1. Evrtomiote 5 onuela g S? kou 5 onueta g S°.

2. Amodei€te 6tun S, n > 3 elvar ovumayég ovvoro. (TmodelEn. H S™~1 eivan gpayuévo
ouvoho e’ 000V x| = 1, ya kaOe x € S, T va dei€ovue OTL elvon KAELOTO, APKEL VO,
det&ovpe OTL TO CUUTANPOUA TOV £lval 0volKTO. To CUIITANP®UG OUWE OITOTELELTAL OITO
TNV AVOLKTY WEOAa KEVTpov 0 Kot oKTivag 1, kKot To 00volo

B ={xeR"||x|| > 1}.

AglEte yemueTpika ot to B’ elvar ovorkTo.)



5.1. HMONAAIAIA S®AIPA SN—! 93

3. AmodeiEte Ta axdlovOa:
(o) O meproplopdg h oty S™1 g amelkdviong wov divetar amd v EElowon 5.1 elva
el g S™ 2

(B) H avriotpogn eikova h™1(z) kabe onuetov z g S™2 elvar KOk og g S™ e
KEVTPO TNV apyN.

5.1.3 k-eminedo kor roués rovg pe tyy S

OL TapoKATM OpLopoL KoL évvoleg Bo amoktnoovy thnpeg vonua otav Ba eEetaoovue v
Agguvikn Tempetpia Tov R™. TIpog to mopdv wog apKel vo, Oewprnoovue 0Tt akohovOel oav
YEVIKEVOELG TWV EVVOLMV TG EVOELOG KOL TOV ETLITESOV OTLG TTOMEG SLOOTAOELG.

Opronodg 5.1.3. "Eva k-duaotato emimedo Wy, 1 < k < n — 1 evan €va. ovvoho X € R™ mov
Kaboptfovrar amd TV eElomon):

k
x=x(Ai,.. ) =a+ > Avi, (AM,....\) €RF (5.2)
=1

omova € R kawtov; € R, i = 1,...,k, elvor ypouukd aveEdptnta dtovvouata tov R™,
EvollokTikd,
Wy={xeR"|x-Ay=by,i=1,...n—k (5.3)

Omov Aq, ..., A, elvaw €vo. oUvodo (n — k) opBopovadiainv dtovuoudtwy tov R™ ko b; € R,
1=1,....,n—k.

Ag mapatnpnoovue twg 6tava = 0 (avt. b; = 0,i = 1,...,n — k), tote 10 W}, €lvan
k-81dotatog voywpog Tov R, Ztnv meplatmon 0ov k = n — 1, £(0VUE TO OLKELD OE [LOG
VITePETLTedo v BePfatmg av k = 1 €xovpe evbeleg.

T = |

Emninedo tov R3: edm x = Oﬁ + /\Cﬁ + /LC??, 1, EVAANOKTIKA, (X — Oﬁ) -n=0. Hapyn O
SEV (POLVETOL OTO OYNUC.
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HMopdderyuo 5.1.4. 'Eotw 10 2-emimedo tov R? mov mepvd amd 10 a = €5 Kal TapdyeToL amod
10, €1, e3. H tapapetpikn tov eElomon elva

X()\, [L) = e+ )\01 + pues
- <>\7 ]‘7/’6)7 A?/’LER'

Svventng 1) Kapteowavn tov eElomon elvan xo = 1, 1, ahdg, (X — ;) - ey = 0.

Mapaderypa 5.1.5. To 2-emimedo tov R amwd mv apyn mov mapdyeton amod ta (1,2,0,0) ko
(0,0,1,2) &xeL TapaueTpLky eEL0WON

x(A\,pn) = A(1,2,0,0) 4+ 1(0,0,1,2)
= (A20w,2p), ApeR

O Kapteolaveg Tov eELomoeLg etvol MooV xe = 2xq, 4 = 223, M, AMMoOG, X - (2,—1,0,0) = 0,
x-(0,0,2,—1) =0,

Eivan gavepd ot 1 opbBoymvia opada O(n) amerkoviler k-enimeda o k-emimeda. [Mpayuatt,
av a glvat opHoymVIOG UETAOYNUATLONOG TOTE

a(Wy) = {x eR"|x=a(a)+ Z /\ia(vk)} :

Mog evdiagéper 1 oyetikn 0gom evog k-emmédou ko g S™ L. Ag TapaTnpoovuE TG OV
W), elvaw éva k-emtimedo, wropoiue vo Bempnoovpe Tov 0pHoydHVLO HETAOYNUATIONO (v O OTTOLOG
LKOLVOTTOLEL TOL EENG:

ale)) =v,, i=1,...k, afe;) =V, j=k+1,...,n,

omov {Vj,y,..., v} = {vi,...,vi}". Kat’ autdév tov tpémo, popodue mévia vo KavoviKo-
nolovue Evo k-emimedo oty wopen

k
x=a+) \e, \ER, (5.4)
=1
omov emiong a € {ey, ..., e }+. To emimedo owtd éxel Kapreowavég eElodoelg
Tga1 =+ =Ty = 0.

IMpétaon 5.1.6. H tour) tng opaipag ue éva k-exinedo elvar éva arnd ta Tagakdto.
1. 'Eva enueio.
2. Kavéva onueio.
3. Mia (k — 1)-opaloa tng S™ 1 ue kévroo oto eowteokd e S kaw axtiva < 1.
4

. Eldixdtega, av to k-emimedo weovd amd tnv agyn, N oQaioa avTny ExeL KEVTQO TNV AQXT].
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ArddeEn. "Botw k-emlmedo T0 0700 KOVOVIKOTOLOUUE 0T wopgn (5.4). Ta onuelo Toung tov
ue v S" ! wpoodiopilovtar amd v eElowon

k
a—+ Z )\iei
=1

Ixll = -1

TYPMOVOVTOG OTO TETPAYWVO, TOLPVOUE

k
Y XN =1—al*
=1

Eav ||al| > 1, n) toun eivar 1o Kevo ovvoro. Eav ||al| = 1, n) tour etvor o onueto a. Eav |jal| < 1,
gxovue ™V (k — 1)-ogaipa
Ix —af* =1 [laf|*.

StV LK1 mepimTwon dmov a = 0, N Tapamdve eElcwon mapLotdvel Ty epgpuTevon g SH
oty S
(517 B 7€k) = (fla s afkaon—k)-
O

Ao v [pdTaon 5.1.6 walpvouvue S0 ONUAVTIKA TOPLOUATO. TO TPMTO £)EL VA, KOVEL UE
™V Toun TG opaipog S™ T ko evbetog (1-emumedov):

IMopwoua 5.1.7. H toun tng S™ ! kau ulag evOelag eivar éva amd ta magakdtw.
1. 'Eva onueio.
2. Kavéva onueio.
3. Avo onueico.
4. Eidixdteoa, av n evleia meova amd tnv agyn, n toun elvar Vo onueia +v.
S 0,TL APOPd. OTNV TOWN TNG UE 2-eTLTES A £XOVUE TO akOLovOo:
Iopwopa 5.1.8. H toun tng S™ ! kaw evdg 2-emmédov elvan évo and ta magardto.
1. Eva onueio.
2. Kavéva onueio.
3. Zpaigikogs KUKAOG.

4. Eldikotega, av 1o 2-emimedo meQva amd tnv aQxn, 1 Ttoun elvol KUKAOG Ue KEVTQO TNV
aQy].
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Mopaderype 5.1.9. H mepintwon n = 3 €XEL LOLAULTEPO EVOLAPEPOV, EQ OO0V EKEL TOL 2-ETTLTED L
glva Ko vepemimeda. ‘Otav 1) Topn elvaL U Kev Kot SLpOPETLKT] TOU HOVASLKOU GTUELOV,
TALPVOUUE GTTO TNV TTAPATAVM TPOTOOT ELTE OPOULPLKOVG KUKAOUG e KEVTPO TNV apyN (0vTolg
7oV Ba OVOULALOOVUE UEYLOTOVG KUKAOUG 0TIV ETOUEVT] EVOTNTA), ELTE OQPALPLKOVG KUKAOUG Ue
KEVIPO 0T0 £0wTEPLKO NG oqaipag S2. Tapatnpolue de, OTL 08 QUTV TNV TEPLTTWON EVag
OQALPLKOG KUKAOG aTtd TNV apym KaBoplletal IANPE amd To HovadLaio Stivuoua A, Tov elvol
10 KAO£TO 070 £TLTedO 7OV OPLLEL 0 KVKAOG avTOG. Tar povadiaia Stoviopata +A Aeyovtol ToTe
o, Eldikodtepa, ag Bempnoovue 1o eminedo

r3=0 <= x-e3=0.
H topn) Tov emurédov avtov pe v S? elvat 1o ovvoro
2 | .2
] +x5=125=0,

dhad, o lonuepvog g S? kar to ez = (0,0, 1) elvar oL wOLoL Tov. Eav tpa pog Edtvov
UOVO TOV £VOL TTOAO, £0TM TOV €3 1] EELOWON X - €3 = 0 kKaOopLLel TANPWG TOV LONUEPLVO.

ZTlG SLOOTAOELG UEYAADTEPESG TOV 3, SEV EYOVUE TNV LOAVLKT] ELKOVO, TOU TTALPOITONV® TTOP0L-
delynortog, Omtmg £8e1€e 1 ovnTnom ov ponynOnke otnv Evotnta av).

Mopdderypa 5.1.10. Sty S Oswpotue 10 2-emimedo Py Ue TOPAUETPIKY eELCWON
x(\, 1) = (0,0,0,—1) + A(1,1,0,0) + 4(0,0,1, 1),

omov A\, 1 € R ko 1o 3-emimedo (vmepeminedo) P pe kapteoravn eEtowon z; = 0. T va
Bpovue v Topn Tou P, pe v S3, ypagovue mpnTa

x=(A\Ap,pn—1)
Kot ovoCNToUrE A, & TETOLO (DOTE
X[ =2 2 +2u° = 2u+1=1 <= N+ (u—1/2)> = 1/4.
O¢tovue A = (1/2)cos, p=1/2+ (1/2) sin 6, omdte 1 TnTovueVn TOUN ELVOL 1) KOUITTOAN
x(0) = (1/2)(cos 0,cos6,1+ sinf, —1 + sinh),
TTOU YPAPETOL KO LOOSVVOLUAL
|1x(6) — (0,0,1/2,—1/2)|| = 1/2.

H eElomon avt) maplotaver kukho g S? kévrpov (0,0,1/2, —1/2) kou axtivag 1/2.
['wo.vo Bpovpe Ty o Tov Ps pue v S? 0étovue 21 = 0 oty eElomon g S? Ko maipvovue

2 2 2

H eElowomn vt elvar eElomon 2-ogaipag g S* ue kEvipo v apyn kar aktivag 1. Ag ma-
paTnpnoovpe OTL TOPLOTAVEL KO wia epgutevon g S? oty S? mov divetow artd ™ oyeon

5% 3 (&,6,8) = (0,61,6, &) € S°.



5.1. H MONAAIAIA SDAIPA SN—! 97
5.1.4 Aoxknoeg
1. Tpayte avalvtikd Kot pe 500 TpoOTovg:

(o) v gvBeia Tov R? mov mepva amd to (—1, 2) omv KatehOuvon tov (2, —1),
(B") 7o emizedo Tov R? amd v apy mov mapdyeton omd to (1, —1,0) ko (0,1, 1),

(yY) 7o 2-emimedo Tov R* mov mepvd armd To e; Ko TopAyETaL oIt Ta. €3, €4.
2. Bpeite v toun g gvbetog ¢(t) = (2,0,0) + t(—1,1,1) ko g ogpaipag S2.

3. Bpette v toun tov emmedov x(\, 1) = (0,1,1) + A (0,2,0) + u(1,0, 1) kou g ogpatpag
S2.

4. Bpelte TNV TOUN TOUL 3-gMIESOL 11 — 24 = 0 Kaw TG ogaipag S,
5. Bpelte TV Topn Tov 2-eTTESOV T — T4 = X9 — w3 = 0 Ko TG opaipag S°.

6. AciEte 6L 0TV TEPLITT™ON Tov R3, §100 dropopeTikd 2-emmed o amd TNV 0Py TEWVOVTOL
ot uio evBeto. Toyver KATL TETOW 08 avmtepeg Tov 3 dtaotaoels; (YodelEn. Tpayte To
ETLITESOL G

a1xr1 + b1$2 +cixrs3 = 0,

aox1 + bQIQ + coxry = 0.

To oVoTNUO 0VTO EYEL W) UNOEVIKEG MIOELG TTOV ATTOTEAOVV ONUELD EVOELOG ATTO TV QP
[ Tig avdtepeg Staotdoelg mdpte oto R* ta emimeda

x=(\p,0,0) wow x = (0,0,\ p).)

7. 'Eotw W}, k-gximedo 6mtmwg oty (5.2) 6mov vitofgtovpe emumthéov OTL ta vy, ¢ = 1,... k
elvan opBopovadiaic. AmodeiEte 6TLn opOoydVLa TPofod) pryy,. (X) Tou X oto Wy, divetow
amo v

P (x) = a+ > ((x —a) - vi))vi (5.5)

Edv to W}, diveton amo v (5.3), 1 opOoydvia pofol) pryy, (X) Tov X oto W, divetow
oo TV

n—=k
priv, (X) =x+ > (b — (x- A))A;. (5.6)
=1

5.1.5 Meywotol KVKAou

Opropndg 5.1.11. Ou xxhot Tov [Moplopotog 5.1.8 pe KEVIPO TV apyn) KoloUuvtal uéyiotor Ko-
kAot ™G S™L, M s-kOKAoL. STV TEPLITTMON TOV SEV £XOUV KEVIPO TNV apyT], KAAOUVTOL EAdO-
00VES KUKAOL, T ATTADG 6Qatotkol KUKAoL.
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OL puéyrotol kKukhot g S% v xwpilovy og do loa pépn.

Yyoho 5.1.12. Ag mapatnpnoovue e8m OTL av n > 3 £vag UEYLOTOG KUKAOG deV £xEL uovo 8o
(ovTiBeTOVG) TOAOUG. AV €val 2-£mtited0 0plleTal g To 0pOocUUTAN PR S0 HOVOSLOLWY Op-
Boywvimv HetaED Toug ava S10 SLAVVOUATMOV, TOTE OL TTOLOL ELVOL 12 — 2 LOVOSLALO, SLOVOOILOLTOL
Kot ta avtifetd Tovg. Oumg, (o OTToLadNTOTE ETUAOYN N — 2 TETOLWV SLUVUOUATOV OTTOU SEV
TOALPVOVUE OTNV ETTLAOYY] OUTY €va dLavvoua noall pe to avilfeto tov, Kabopilel TANPWG TOV
UEYLOTO KUKAO.

Opropdg 5.1.13. Kabe Letdyog onuelov x, —x € S ! kaheitar Levyog avitrodikdv onueionv.
H ameikovion A : S™ 1 — S~ mov opileton amd T oyéon

S" o x s —x=A(x) € S"h (5.7)
KOAELTOL AVTLTOSLKT] OITELKOVLON).

Etvar gavepd 6tL 1 vBela Tov evarvel CEVYOS OVTLITOSOK®MOV ONUELWV TEPVA OITO TV 0PN,
KaOmG TAPLOTAVETAL OTTO TNV TUPAUETPLKY EELOMON

et)=(1—t)x+t(—x) = (1 - 20)x, teR,

To avtioTpogo, 6Tt dNhadn kaOe evbeio Tov Tepva amd TV apyn Téuver v S™ ! oe Celdyog
AVTLITOSIKMV oNuelmv TpoKvmTeL amod To [optopa 5.1.7.
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O Bopelog Kaw 0 vOTLog TOMOG TG S? TOU AVTLOTOLYOUY OTOV LoNUEPLVO. Amtelpov TAN0ovg
UECMUBPLVOL TTEPVOVY OITO TOL AVTLITOOLK AL CLUTAL OTUELC.

OL péyotor kukhot Tg S™ 1 mwov epvolv amd dvo avtimodikd onuela. A&yovtow ueonupBoLvol
(Twv avTutodikdv onuetmv). Tia mapdderypa, evromiCovue OLOVG TOUG LETUBPIVOVG TWV O-
VILTTOSIKMV oNuelwV e, —e;. H gubeia mov evaver ta 800 avtd onueto elvan 1 ¢(t) = te; Ko

10 0pOOKOVOVIKO cuuTAnpwua {e; } mapdyeton ad Ta dlaviopoTa ey, . . ., €,. Apa, OA0 T
LOVOSLALOL SLaVOILOLTAL TTOV ELVaL KADETO OTO € ELVAL TNG LOPPNG

V:V(A27-.-7An):A2e2+...>\nen7 ZA?:l
=2

[TpoxvrtteL OTL OAOL OL peanuBpLvol o TEPVOLY artd To €; etvar M (n — 1)-TopaueTpLKy oL-
KOYEVELX UEYLOTWV KUKAWV UE EELOMOELG

X(0; Mg, ..., \y) = cosfle; +sinOv(Ag, ..., \,).
Ag mapatnpnoovue Twg Otav n = 3, BETOVIAG Ay = COS ¢ Ko A3 = sin @, €xovue
x(0; ¢) = cos fe; + sin 6 cos ¢e; + sin 0 sin pe.

Anhodn,
X(0; ¢) = ap(x(0;7/2)),
OOV (v 0 0POOYDVIOG UETATYNUOTIOUOG UE TUVOKOL
1 0 0
Ay =10 cos(r/2—¢) sin(n/2—¢)
0 —sin(m/2 —¢) cos(m/2 — ¢)
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Ipotaon 5.1.14. HopOoydwvia oudda O(n) Soa uetafatikd 6o 6Uvoro Twv ueylotmv AVkAwv
e S™L

AmdSeEn. Apxel vo amodelEovue Twg KAOE UEYLOTOG KUKAOG UTTOPEL VO ATTELKOVLOTEL LE EVOLY
0pHOYMVIO HETOOYNUATIOUO OTOV UEYLOTO KUKAO

X.(0) = cosfle; +sinfe,, 6 € R. (5.8)
"E0T® UEYLOTOG KUKAOG TG LOPPNG
X(0) = cos vy +sinfvy, 6 R,

e ||vi|| = 1, vi - vo = 0. Yrapyer opfoymviog HETOOYNUOTIOUOG (v TTOU OITELKOVILEL TO V1 OTO €4
Ko emuthéov, a(ve) L e Emewdn [|a(va)|| = 1, 1o a(vs) Ba avikel ot povadiaio opaipo Tou
vrTepemTedov 1 = 0, dSnhad,

n

a(ve) = (0,29,...,2,), fo = 1.

=2

OewPovUE TOPO TOV OPOOYMVIO UETATYNUATIOUO TOU OTUOEPOTOLEL TO €; KOl OITELKOVILEL TO
(V) 0TO €3: AUTOG ELVOL O UETAOYNUOTLONOG UE TLVOLKOL

(é g,) BeO(m—1),

KOL 0 B OVILOTOLYEL 0TOV UETOOYNUATIONO TTOU tkavomotel 3(xa, ..., x,) = (1,0,...,0) om
wovadiaia opaipa Tov R, 10 omolo, £xovue Tawtioet €8 pe To vrepemimedo x; = 0. O

H EElowon (5.8) TOPLOTAVEL TV KOVOVIKOTTOLN 0T TUYOVTOG UEYLOTOV KUKAOU Kat Oa tnv
YPNOLULOTTOOOVUE EVPEWMG O€ O,TL 0KohovBel. Ztnv mepimtwon n = 3, av C' €lvol UEYLOTOG
KUKMOG Ue TOMKO (KaOeT0) SLavvoua n, vrdpyet otoryeto e O(3) mov to amelkovilel 0o e3,
hOTE Kat €80 EVOG TUYALOG UEYLOTOG KUKAOG KOVOVLKOTTOLELTOL Gtd TOV Lomuepvo o3 = 01
x(0) = (cosb,sind,0).

Yyetikn 0€on peyiotov KVKAOV

Ipéraon 5.1.15. Axd onueio tng opaipag S™! meovotv amelpov wAnOovg uéyiorol kUKAoL,

AmddeiEn. Mmopovue vo viToHECOVUE OTL V = €1 KaL £0TM TO 2-ETTLITEOC TOV TO TEPLEYOUV:
Xx=JXe; +uw, \u€eR

Yrobétovtag w - e; = 0, PAETOVUE OTL TAL W ELVOLL OLOL TO. OTOLYELD, TOV VItePETLITESov Wy, mov
etvar (n — 1)-8Laotatog vitoywpog tov R™. Ta ONUELR TOV GVIKOUV OTI] LOVOILALOL GQOLPT TOV
VITEPETULITESOV ALUTOV KL TO €1 TTPO0SLOPLLOVY AITELPOV TANOOUG UEYLOTMY KVKAWYV TTOV TEPVODV
oo TO e;. O
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Hopdderyua 5.1.16. OL péyiotol KOKAoL o epvov amd o (1/4/2)(1, —1,0) € S? givau dhot
oL UEYLOTOL KUKAOL TNG HOPPNG

x(0) = (1/v/2)(cos 8, — cos 8, 0) + (sin vy, sin fv,, sin fus),

omov v? +v3+v2 = 1 ko v, —vy = 0. OLdVo awtég oyéoeig elvar Loodvvaeg e v 202 +v2 = 1,
ovvenmg ta (v, U2, v3) AVIKOUV OTIV LOVOTIOPOUETPLKY OLKOYEVELOL TTOV OITTOTEAELTAL OTTO TOL
onueLa

((1/v2) cos ¢, (1/V/2) cos ¢, sin¢), ¢ € R,

™mg S2. Apa, oL eElotoelg OLOV TOV TNTOVUEVOV UEYIOTWwV KOKAWY Sivovtal amd Tnv
Xy(0) = ((1/\/5)(003 0 + sinf cos ¢), (1/v/2)(—cos b + sinfcos ¢), sin gb)) :

OOV KAOE HEYLOTOG KUKAOG OVTLOTOLYEL KOIL 08 SLapopeTikn emtihoyn tov ¢ € [0, 27). Tlapatnpnote
070 onuelo auto ot ywa 6 € [0, 7] N ametkovion X(6, ) = X, (0) divel €va véo cUOTNUO CUVTE-
ToyUEVOVY yio v S2.

Ipétaon 5.1.17. Ané Svo omowadiimore Sroagogetikd onueto tng S™ ' mepvd uéyLotog KvKAoG.
AvTog elvar uovadikog av ta anuelo. eV elvol AVTLITOOIKA. 2TV TEQITTWON AV T, VITAQXEL Ul
OLKOYEVELQ UEYIGTWV KUKAWDYV TTOV TEQVA ATTO TA GNUEL AV T

AmdSelEn. Av vy Kal Vo ELVOL ONUELD TNG OPOLPAG, TOTE SLAKPLVOUUE S0 TEPLUTTDOELG:
L Ta vy, Vs elvau yoouyurd aveEdotnta. Tote, 0 INtoduevog HEYLOTOG KUKLOG ELVaL O

x(0) = cosOv] +sinfvy, 6 € R,
OOV TaL V), Vi glva 0pBOKAVOVIKG SLOVIOUATO TTOV TTPOKVITTOVY Artd T1) 0pHOKAVOVIKOTTOLN o
TV V1, V.
II. Ta vy, vy eivan yoouuukd e&aotnuéva. ToOTo PTOPEL VoL ONUALVEL LOVO OTL Vo = —Vq, S1Aad
TOL ONUELDL VOL ELVOIL AVTLITOOLK(L. Ogwpolpe TNV gvOELX TTOV TEPVA ATTO TAL V = Vi KOL —V:

c(t)=(1—tv+t—v)=(1—2t), teR.

Tote, VTLAPYOVV ATELPO 2-SLAOTATA ETLTED TOV TEPVOVV OITO TAL V KOL —V: KAOg 2-emimedo

™G UPPNG
X=Av+puw, A\ pueR,

TETOLO (DOTE TOL W, V VO ELVOL YPOUULK (L AVEEAPTITA TTEPLEYEL TOL V, —V, KOLL GUVETTMOG TO LOLO LOYVEL
KO YL0. TV TouN Tov pue v S™ L O

Xyoho 5.1.18. H amddei&n oy meplatmon n = 3 elval o amin. Av vy # £v,, TOTE TO

Vi X Vo
n=-———
[v1 X ol

glvoiL KAOETO OTA V1, Vo KOL OPLTEL UE HOVASIKO TPOTTO ETLITESO TOV TEPVA OTTO TNV APy KOL 1)
TOUT TOU UE TNV So TEPLEYEL TO. V1, Vo. KahoUe To N moAikd Stdvvoua Tov peylotov KOKAov tov
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TEPLEYEL TA V1, Vo, KOL ETOL, 0TIV TEPLITTWON YPAUULKA AVEEAPTNTOV CNUELWV EVOG UEYLOTOG
KUKMOG KOBOPLZETOL te POVASLKO TPOTO 0ITd TO TOALKO TOU dtavuoud. Av vi = —vy = V, 1)
TouN KAOE EMITESOV TTOV TTEPVA ATTO TNV OPYN KOl TTEPLEYEL TNV eVBela ¢(f) = tV elval UEYLOTOG

KUKAOG IOV TTEPLEYEL TAL V KOL —V. TO, TTOMKE SLAVIOUOTO QUTMV TMV UEYLOTOV KVKAWVY 0VIKOUY
0T0 0POOCUUTANPOUIOL TOV V.

HMopaderypo 5.1.19. T va Bpovie TOV UEYLOTO KVKAO TTOV TTEPVA OTTO TA ONUELCL
vi = (1/v3)(1,-1,1) kaw vo = (1/v/3)(1,1,1)

g S?, maipvovue To EEMTEPLKO TOUG YLVOUEVO:

€, €y €3
n=vy XVy = (1/3) 1 -1 1
1 1 1

= (1/3)(—291 + 293).
Apa, 0 TNTOVUEVOG UEYLOTOG KUKAOG ELVAL 1] TOWY] TOU ETTLTTESOV
Tr1 — T3 = 0
ue v S2. Avt n eElowon (Tov emTedov dnhadn), Tpodiopilel TANPwg Tov INToduevo néyloto
KUKMo, Edv oumg nog xpetalotoy 1 tapapeTpikn eELomon Tov KOKAOU, eedn vi-vo = 1/3 #£ 0,
£VOG TPOTTOG VOL TO KAVOUUE glvat 0 eENG. OgTovue
W = AVy + [va,

£VOL TUYOLO ONUELO TOV ETLITESOV TWV V1, Vo KaL KoL avalntoue A, 4 € R, téTola dote

w-vi=A+pu/3=0.

T A =1, g = —3 kaw Bewpovue To povadiaio
v Y1T3vV2 (1/V6)(~1, -2, —1)
2 va = 3va| T

O ITntoluevog HEYLoTog KUKAOG TP SEXETAL TNV TTAPOUETPN 0N

x(0) = cosBv; + sinfv,
= (1/v/3)(cos @, — cos b, cos B) 4 (1/v/6)(—sinh, —2sin @, — sin )
= (1/V6)(vV2cosf —sinf, —v/2cosf — 2sinf, V2cosf —sinf), 6 € [0, 27].

[Mapatnpnote ot emeldn £(vy, vy) = arccos(1/3),

x(0) = vy, x(arccos(1/3)) = vs.
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Hopdderyua 5.1.20. Twa Tov péyloto kvkho g S* mov mepvd amd ta v; = (1/v/5)(1,2,0,0)
kar v = (1/v/5)(0,0, 1,2), éxovue e’ 600V v - Vo = 0 TNV Topapétpnon

x(0) = cos vy + sinOv, = (1/v/5)(cos 0,2 cos 0, sin 0, 2sin b)),
ue 0 € [0,27).

Mapaderyna 5.1.21. Twa vo Bpovpe GLovg Toug ueyiotovg kKUKAovg g S? mouv mepvoldv amd
T0 avTLITodka onuele v = (1/2)(1,1,1,1) kow A(v) = —(1/2)(1,1,1, 1), Bewpolue kot apyag
TNV €VOELOL TTOV TOL EVAOVEL:

c(t)=tv=(t/2)(1,1,1,1), teR.
To opBocuuTANPOUO. TOL V elval To 3-emimedo Tov R? pe eElowon
1+ To+x3+ 24 =0,
KO TAPOYETOL AT TO LOVOdLaLo Staviouata,
vi = (1/v2)(1,-1,0,0), vy=(1/v2)(0,0,1,-1), vs=(1/2)(=1,1,—1,1).

(Maponpnote 0TL Oho elval PeTaED Toug KabeTa ava §10.) Apa, TO SLOVIOUOTO TTOV AVIKOUV
OTNV LOVOASLALOL OQPALPO. TOV ETULTESOV CUTOV ELVOL TG HOPPNG

W(p1, p2) = €OS V] + sin ;1 COS YaVy + Sin; sin YaVs,

0mov (1, ¢2) € [0, 7] x [0, 27]. 'Emeton 6Tt oL Tntoduevn otkoyevela Heylotmv KUKAwv diveton
amo Ty eElowon
Xy, 0o (0) = cos Ov + sin Ow (1, @2).

Ao péyiotor kUKAoL TG S? TEUVOVTAL 08 OVTLTOSLKG ONUELDL. Z€ UEYOAMITEPES SLAOTAOELG
EVOEYETAL 1] TOWN VOL ELVOLL KEVT).

Ipétaon 5.1.22. (IIpoéorTOON.) A0 omoLoLS1TOTE SLanpogeTikol uéytotol kKvkAol tng S? Té-
uvovtat 6e akQipws dvo avtirodikd onuelo. Ta n > 3 avtd Sev woyvel ev yéver: SVo uéytetol
koxAow S"1, n > 3. evdéyetaw va unv éyovv kavéva onuelo touns. Edv duwg téuvovrau, téte
TEUVOVTAL GE aKQLPBAS SVO avTimodikd onuela.
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AmddeEn. H omddelEn Tov mpdTov 0KELOVG TPOKVITTEL AUECWS EPOOOV dV0 2-emimeda. Tov
R3 amd v apy1] TEUVOVTOL KOTO (koG evdelag. Oa TNV KAVOUUE OUWG OVOAVTIKA KO [LE
800 TPOTOVG, YL VA TPOOSLOPLooVUE ETAKPLPOG Tar onuela Touns. Eotm Aowtov kat apydg
dvo péyotor kKol C, Cy g S? pe avriotouyo molkd Staviopato ny kot ny. To povoadiaio
dravvopa

n; X ny

n=———
[y X

TPoodLopilel €va ovvoho onuetwv L = {tn, | t € R} mov avijKeL 0TV TOUN TOV EMITESWV TTOV
Kewvrae ou Cp, Cy. Ao v G, KGOE ONUELO TOV QVIKEL GTIV TOUT 0uTY), Oa Elval avoryKo-
OTIKG ONUELD TOV GUVOAOL L. Apa, M Tou elvar To 00voro L, dnhadn gubeia tov tépuver tv S2
0Ta aVTLITOSIKA onuelo. .

A7t v GAA, wrtopovue (Yo kb dtaotoon n > 3) vo vtoHECOVUE OTL OL TTOPAUETPLKEG
eElomoelg tov ueylotmv kokhov Cp, Cs ELvOL avTLoTOLLO. oL

x1(0) = cosOvy +sinfvy, kor X2(0) = cosOw; + sinOwy, 0 € [—m, ),

omov ||vi]| = ||wi|| = 1 kow vy - vo = wy - wy = 0. H oxéon x; = X2 €yeL vonua povov otav
TOLV;, Wy, © = 1,2 elvan ypauukd eEaptnueva. Avtd cupfaivet Tavtote otav n = 3. Av elval
YPOUULKG aveEQpTNTO, 0Ttd TV oot O suveTayoTay cos § = sinf = 0, Gtomo. Avw; = vy,
10te 1 Tout TV C1, Cy elvon To oNuela +vi. Avaroywe, oV Wy = Vy, T0TE 1) Toun Twv C1, Co
glval To. onuela £vy. MEVeL 1) TEPLTTMON OOV Wi # Vi Kl Wo # Vo. 'Botw 0; = Z(w;,v;),
i =1,2. Hoyégon x1(0) = x2(0) ypauepetou:

cos O(wy — vy) + sinf(wy — vo) = 0. (5.9)
[MoAhamAootaLovue E0WTEPLKA TN OXEON (5.9) UE Wo — Vo KOIL TTALPVOUE

(Wg — Vo) - (W1 — V)

tanf = —
[wo — v |?

Enewdn 6 € [—m, 7], éxovue 800 AMoewg by, Oy — 7, By € (0,7/2), IOV AVTLOTOLXOVV 0T AVTLOLOL-
UETPLKCL OMUELOL TOUNG. O

Ilopwopa 5.1.23. And onueio extdg So0évrog ueyiotov kvkiov tng S™! Sev meovd uéyiorog
KUKAOG EE€vog ue Tov 800EvTa uéytoto KUKAO av n = 3 evw meQvovUV amelpov TARnOovg uéytatot
KUKAOL EEvol ue Tov S00évTa uéyioto KvkAo avn > 3.

Mopdderyuo 5.1.24. O péyiotol kOKAoL TG S ue mopapetpikeég eELDoELg
x1(0) = (cosb,sind,0,0), x2(0) = (0,0,cosb,sind),

dev £xovv Kaveva koo onueto. ‘Eva duonuo amotéheopa tov Hopf pag Ager 0tL pmopotiue vo
mapaotnoovue v S? oav Evwon Eévaov petal Toug ava d10 PEYLOTOV KUKAWV.

Mopdderypa 5.1.25. 'Eotw oty S? o péyotog kukhog C) mov mepva omd To

vi = (1/V2)(1,1,0) xav vy = (1/v/2)(1,0,-1)
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Kow Cy 0 HEYLOTOG KUKAOG TTOV TTEPVA ATTO TO
v; =(1,0,0) ko vy =(0,—1,0).
Oewpovue Ta EEMTEPLKA YLVOUEVQ,
n=v; xvy=(1/2)(-1,1,-1), n'=v] xv,=(-1,0,0)

Ta onueta,
nxn

H“X“/H ( T )7
ELVAL TO (musi(x rom]' G TV Cy xan Cs.

210 HOVTIELO TNG ZPOaLPLKNG TewUETPLOG TTOU HELETOVUE OL UEYLOTOL KUKAOL ELVAL YEWOAULOLAKOL
YLOL TV OQOLPLKY UETPLKT], OTtmg Oa dovpe 0T ouverelo. Anhad), Talfovy Tov pOLO TOV EXOVV
oL evBeteg otnv Bukdetdero Fempetplo Ko yro avtd Tov Aoyo Ba tovg Kahoue Ko s-gvbeles.
OmoTe, £XOVIE GUVOTTTIKA TO. EENG.

a) Ao omorodnmote onueto g S ! mepvolv amelpov TAnOovg s-evbeieg (IpdTaon 5.1.15).

B) A0 SLOPOPETIKEG S-EVOELEG TEUVOVTOL TAVTOTE OF OKPLBMG SVO AVTLTOSIKG ONUELD OV
n = 3. Twn > 31 toun 800 evbeldV PTOPEL VO ElvaL €LTE TO KEVO OUVOLO elte V0
avtutodikd onueto. (MpodTaon 5.1.22).

¥) Amo onuelov ektog s-evbelag g S? dev wropet va axOel Tapdiinin wpog T dobeioo
s-evBeta. T n > 3, pwropouv va ayBolv amelpov TANOovg s-evbeleg, aovupateg ue ™
dobetoa s-gvbelo (Mopopa 5.1.23).
5.1.6 Aoxknoeig

1. Bpelte TNV HOVOTAPAUETPLKT] OLKOYEVELD. X4(6) OV TOV peylotov KOKAwv g S? mtov
mepvouv amd o (1/4/3)(1,1,1). (Asite ko to Hapdderyua 5.1.16).

2. 'Omog mopamdvo, yia to onueio (1/v/5)(1,2,0,0) g S*.

3. Onwg oto Mapaderyua 5.1.19, Bpeite pe do TpOTOVG TOV HEYLOTO KUKAO TG S? mmov
mepvé amd ta (1/v/5)(1,0,2) ko (1/4/5)(1,2,0).

4. 'Omwg mopamdve, yro o onueia (1/v/2)(1,1,0) ko (1/4/2)(1,0, 1).

5. Bpeite 0mwg oto Mapaderyua 5.1.21 dhovg Toug ueyiotovg KvkAovg g S? mov mepvolv
a6 ta onueto +v = (1/5)(1,2,2, —4).

6. Bpeite 0 onuelo Toung TV ueylotwv kKOKhwv Ly Kow Ly g S, av o Ly mepva artd to
KoL 0 Ly epva amo ta.

(1/v3)(1,—1,-1), (1/V3)(-1,1,—-1).
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7. Adote éva mopaderyna 500 peylotwv un Tepvopevev Kokimv g S3.
8. 'Botm ot uéytotol KOkhot Ly Kau Ly g S? pe avIloTolyeg TopoueTpIkeg EELOMOELG
x1(0) = (1/v/7)(cos0(1,—1,2,1) +sin6(1,1,1,-2)),
X2(0) = (1/v/7)(cos0(1,2,—1,1) +sin6(2, —1,1,1)).

EEetdote av TEUvovTaL 1) Oyt oL KUKAOL QUTOL. TNV TEPLITTMON TOV TEUVOVTOL BPELTE TA.
onueto Toung axkohovdhvTag ™ ueBodo g amddelEng g Ipodtaong 5.1.22.

5.2 Xg@opikny axéotoon

H petpikn otn oqoLpLkn YEOUETPLO OPLEETOL OTTO T1) OQALPLKT] 0TTO0TO0T TTov optfovue gvOig
AUECOC,

Opropos 5.2.1. Hopawoikn andotaon s, (X, y) ueta&d 8o onueiov x,y € S ! givown yovia
TWV X, y:

Sn—l(x7y) = Z(Xa Y) = arccos(x ’ Y)

H o@atpikn ammootoon 800 GNUELWY TNG OQOLPOS ELVAL LOT| UE TO UNKOG TOU (KPOTEPOV TOEOV
TOU UEYLOTOV KUKAOU TTOU TA EVOVEL.

[opoatnPNoTe OTL 1 OQALPLKT ATO0TAON S, @ S™1 x S 1 — [0, 7] eivon @poyuevn ov-
VAPTNON: 1 UEYLOTY TN TG T TILAVETOL OF OVILTOOLKA onuela. Tlapatnpnote Katdmy ot
cos(s,_1(X,y)) = X -y Kouw 0T av ¢, (X,y) = ||x — y]|| elvon 1 x0pdikn Tovg 0ITdoTAON, TOTE

CZ(X, y) = 2(1 — (X . y)) — 2(1 _ COS(Sn,1<X’ y)) _ 4sin2 (Sn_léx,y)> :
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ast’ OTTOV CUVETTAYETOL 1) TAPUKAT® OYEON THG XOPOLKNG UE TN OQULPLKT] UTTO0TAON):
co(X,y) = 2sin (S'”%(X”) . x,ye s, (5.10)

Oa dovue otnv [MpdTaon 5.2.6 OTL LOoYVEL KATL TOAMD TEPLOOOTEPO: 1] OPALPLKT UETPLKT ELVOL
1 EUPUNG UETPLKT) TTOV TPOKVITTEL OTTO TN YOoPSIKN peTpikn). 'Exovtag autd, mTpokimtel dueoo.
OTL 1 OQALPLKY 0TTO0TAON 0pLlel HeTPLKT. ‘Oumg, Yo AOyoug TAnpoTnTas, divovue edM Ui
aveEap TN aTOdELEN TOV YEYOVOTOG 0UTOU.
Osopnua 5.2.2. H s,,_; opllet uetowkt) otnv S" 1 edvx,y, z € S?, 1é1e 10)v0vV Tt axdrovOa.

1. s,_1(x,y) > 0. Exlong s,_1(X,y) = 0 av kat uévo av x =y.

2- Sn—l(xa Y) = Sn—l(y7 X)'

3. (Totywwikn Avieotnta.)

5n—1<X7 Z) < Sn—l(x7 Y) + 8n—1<Y7 Z)'
H 160tnta ioxvel Tote Kow uovov Tote OTaV 1A X, y, Z AVHKOUV GTOV [OL0 UEVPLGTO KUKAO.

AmddeEn. O 800 TPOTOL LOYVPLOUOL TPOKVITTOVV Guecd. Lo Ty TPLymVIKY avicoTnta, &-
meldn 1 dpaon g O(n) SLaTnpel TG OPAPLKESG ATOOTAOELS, WTOPOVUE VO KOVOVIKOTTOLGOVUE

WOoTE
X = cosfle; +sinfle;, y=e;, Z = cosye; + Sinw,

omovw € S"72, 0, p € [0, 7]. Tpagoupe

X -y = C0s Oyy = COS ,
X - Z = C0S fy, = cos 6 cos ¢ + ws sin f sin @,

y -z = cos by, = cos0.
Emeldn 1 cos eivar yvnotmg @bivovoa oto [0, 7], 1) tpog amddelEn oyeon ypapetaL .oodUvauo
€08 Oy, > cos(bxy + byy).

"Eyoupe 0T

€05 By cOS Oy, = cos Oy, — W sin Oyy sin Oy,,

Ko e7eldn |wo| < 1, pokvmtel 1 oygon
cos Oy, — sin fyy sin by, < cos Oy cos Oy, < cos Oy, + sin by sin by,.

H Tprymvikn Avicdtnto mpokusttel arto T 8eEud oygon. H tootnta 1oylel T0Te Kat povov tote
Otav we = —1, dMAad wodbvaua 6tav z = cos pe; — sin pe,. O
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Mopaderypo 5.2.3. H Tprywvikn Aviootnta oG Sivel Ko Tov Tpdmo vo eEeTalovue TOTE TPl
ONUEL ELVOL S-OVVEVOELOKA, SNAAST) AVIKOUV OTOV 1810 UEYLOTO KUKAO. AG TTAPOVUE A.Y. TO.
onuela

x = (1,0,0), y=(1/2)(v3,1,0), z=(0,1,0),

mg S%. Elvau:

COS Oyy = \/§/2 = Oy = 7/6,
cosby, = 1/2 = 0y, =m/3,
cosbty, = 0 = Oy =m/2.

[Mapatnpovpue ot
/2 = bxg = Oxy + by, = /6 + /3,

a7t OOV CUUITTEPOLVOVLE OTL TAL X, ¥, Z AVITKOUV OTOV 1L UEYLOTO KUKAO KOl ETTLITAEOV, TO Y ELVOL
avapeoo ota X Kat z. To yeviko KpLmnpto elval 0Tt O TTPETEL VoL LoYEL P 0Ito TLG TAPUKAT!
OY£0ELG:

exz = exy + QyZa
exy - exz + ezy7
Oyz = Oyx + Ox,.

Mopaderypo 5.2.4. Two va BPolpe To ONUELL TTOV LOATEYOVY OTTO TO. SO SLOPOPETLKA ONUELCL
X1, X2 ™G S™ ! ov evdver péyotog kKOKAOG, avatntodue MoELS X, TG EEL0MONG

Sn—1 (Xb Xm) - Sn—l(x27 Xm)7

TTOV KELVTOL ETTAVM OTO S-TUNUCL OITO TO X1 OTO Xp. SUUPOVA UE TO TPONYOVUUEVO TAPASELYILCL,
Do exovue
exlxz = 9x1xm + exmxz = 29x1xm~
Eav 6¢oovue
X1 + Xo

S S (5.11)
%1 + Xa|

xm
EYOVUE:

X; - (X1 + Xo)
X1 + Xaf|
1+ X1 - X9

\/2+2X1'X2

- 1+X1'X2
= 1/ 5 .

2008 (5,1(X1, X)) — 1 = X; - Xy,

cos(Sp_1(X1, X)) =

Omote,
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TTOV ELVOLL OYEON LOOSVVOUN UE TNV
cos(26x,x,,) = coS(Ox,x,)-
To ueoov Aowdv divetaw oo T oyeon (5.11).
ATT0dELKVIOUUE TMPOL TNV TUPUKATD CUAVTLKY:

Iporaon 5.2.5. H oudda tooustoudv Isom(S™™1, s, 1) 156 opaioikis uetouktis eivaw 1 ogho-
yaowa oudda O(n).

Amddegn. Kot apyag amod v EElowon (5.10) mtpokimtel Ot
Isom(S™ !, s,_1) = Isom(S™ !, ¢,)

Ko emmuthéov yvwpiovue 6tL O(n) C Isom(S™1, ¢,). Svvemmg, puéver va amodellovue OTL pio
LooUETPLoL TG S™ 1 g TPOG TN YOPSLKY UETPLKT) EMEKTELVETOL OE 0POOYMVIO UETAOKNUATIONO
oe 600 o R™. Ag eivan pog tovto f : S~ — S~ o tétola oopetpla Kaw OEtovue

FO =0 = Ixl 7 () x 2o
N a, v € S™1 éyovue:

2 f(w)- %) = @I+ 70— 1) — f)?
= 1+l oy

2u-v.

[Matpvovue Tpa X,y € R™ kat £xovue akolovbwg,

IF ) = FOIP = IF I+ IF W~ 2 f(x) - f(y)
= [IXIP - 1L/ IIDI + ly 1 - 11 /v DI
=2 [Ix[} - liyll £ e/l - £ (v /1lyl])
= IxlIP+yl*—2x-y
= [x-yl*

Suvenae, 1 f eivou Eukheldeia woopetpia mov Statnpet v apyi, dpa etvar opBoydviog peta-
OYNUOTLOUOG, OTWG KA O TTEPLOPLOUOG TG 0TI OQPALPO. TTOV ELVOL 1] f . H

5.2.1 Aoknoeig

1. Bpeite T 0@aLpLk amdoTaoN KoL TO HECOV TV TAPAKATo Cevydv onuelwv g S2:

(o) (1,0,0) xou (—1,0,0),
(B,) <07 Oa _1) Ko (07 17 O)a
(Y’) (1/27_1/27 \/5/2) Ko (2/371/37_2/3)’
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(&) (0,1/2,/3/2) xau (0, —1/2, —/3/2).

2. AciEte 6L 800 omoLadNTOTE AVTUTOdIKG onueta TG S améxovy opapiky amdoTaoN
.

3. Tlowo. amd Ta TOPAKATM ONUELS OVIKOUY OTOV LOLO UEYLOTO KUKAO;

(@) (0,0,—1), (0,1,0) xav (0,0, 1),
B) (1/2,-1/2,v/2/2), (2/3,1/3,—2/3) xau (1,0,0).

4. 'Boto xg € 5" ' kaw 0 < € < 27, H avoukt) ogouptkn mepoyh B (€) kévrpov X Kat
AKTLVOG € ELVAL TO GUVOLO

By (€) ={x € 5" | s,_1(x,%X0) < €}.

ZvppoiiCovpe pe By (§) TV avolKTy) TTEpLoy KEVIPOU X, Kou akTivag d > 0 wg mpog
YOPOLKT UETPLKN:
B (6) = {x € 5" " | en(x,%0) <}

AmodeiEte OtL:

. B (2sin(e/2))) ave <,
By, (€) = {R” \ Bg (2sin(e/2))) oavm <e<2m.

5. XpNoLomTowoTe TNV JTPONYOVLEVY] AOKNON YL va. Bpeite To euBadov g B (¢) dtav
n = 3. (YmodelEn. Enedn to enfadov mg S? eivon 4, to epBadov g By (€) Oa eivou

. 4sin*(e/2) ave s,
ArealBiy(e)) = {4<7r —sin’(¢/2)]))  avm<e<2m

6. TIah oty S?, 0modelEte 0TL TO OVVOPO TG AVOLKTHG OaLPLKNG TtepLoxng By, (€) etvow ev
YEVEL EMAOOMV KUKAOG KOl ELVOL LEYLOTOG KUKAOG OV Ko WOvo av € = 7 /2, 3 /2.

5.2.2 Tewdouoioxotnra

"Exovue N1 det 6t 1) x0pdikn petpikn otov ST dev eivan eugung. To 1810 cupfalvel KoL ot
YEVIKOTEP TTEPLTTWON], OALG Kol KATL akOpo tepLoootepo. H eugpuig HeTpLK mov TpoKumTeL
OTOV TOV UETPLKO Y DPo (St ¢,) elvon 1 8, 1. AUTO ATOSEIKVVETOL QITO TNV TAPAKATO TPO-
TOLOT), TTOV OIG AEEL ETTLONG OTL OL YEMOOLOLOKEG TNG OQPALPOG ELVOL OL LEYLOTOL KUKAOL: YLOL VO
UETABOVUE ATTO VO ONUELD TNG OQPALPUG 08 KATOLO GAO KT TOV CUVIOUOTEPO SPOUO, KO-
AovBovpe TO WKPOTEPO TOEO TOV UEYLOTOV KUKAOU TTOU T, EVAVEL.
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Map tellite
Erase last
Start a Course

Algeria

Westém
Sahar

Mauritania |

Google ooy

O ovvtopdTepPog dponog ueta&H Bepohivou kot Aog Avtleles.

Ipoétaon 5.2.6. Edvx,y € S" ! 167e 10 wxodtego tov ueylorov kUkAov amd ta X,y amotelel
TOV GUVTOUOTEQO OQOUO TTOV TAL EVDVEL.

ArddeiEn. Mmopolue vo virobgcovpe Moym g uetofatikotntag e dpaong g O(n) Ko tov
AVAALOLOTOV TOV UNKOVG TWV KOUTUADV 0Itd T dPA.on ot OTL Ko ToL S0 ONUeLs: KELVTOL ETTL
TOU UEYLOTOV KUKAOU TTOU TTEPVA OO TO. €1, €3 KO ELOIKOTEPT, WITOPOVUE VA VITOOEcOUUE OTL

x=e;, y=(cosb,sind,0,...,0),

6 € (0, 7). Kot avtdv tov 1pomo

Sn—l(x7 y) =0.

"Eoto thpo (Tapayoytown) kaumoin v = v(t), t € [0,1] g S"~! mov cuvdéel ta X, y:

V() = (z1(t), - wa(t))-
Cpagovue
7(t) = cos(ip(t))er + sin(p(t))z(t),
omov ¢ : [0, 1] — [0, 7] elvon mapaywylowun ovvapton pe ¢(0) = 0, ¢(1) = 6. H 8¢ z(t) elvon
mapayoyloun koumoin g {0} x "2 gugputevuévng omv S ! ue 2(0) = z(1) = 0,,_». Eivau
4(t) = —sin(p(t))p(t)er + cos(p(t))p(t)z(t) + sin(p(t))a(t)

KoL €T0L

5@ = (£(£))* + sin® (o (1)) [|2(t)||*
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Topa,

() = / ]l dt

- /0 \/(¢(t))2 +sin(p(8))||2(t) |2 dt

[ et a

/0 (1) dt’

= (1) = p(0)] =0 = s,1(x,y).

v

v

H 100TTa TLAVETOL ETAVOD 0TO TUNUC TOU EYLOTOV KUKAOU
(cos p,sinp,0,...,0), ¢ €0,

[Maipvovrog infimum Tavm Ao To UK OV TV KOUWTUADY 0V OUVOEOVY TA X, Y, TTPOKVITTEL
TO OTTOTEAEOUOL. O

5.3 Xgopikny Tpryovouerpio
"Eotw Tplo onueta g S™ ! kot vmofgtovpe OTL dev avikouy oTov ido péytoto Kvkio. Egegng,
UTOpoVuE Vo VITOOETOVUE ETLONG OTL TPLC. TETOLOL ONUELC. OVIKOUY OTN 0@aipa S?, Aoyw ™G

TAPUKATM TPOTAONG.

Ipértaon 5.3.1. Orowadnmore tola onuela tng S™! mwov Sev kelvraw oTov (1o uéyLoTo KvKAo
avnkovv o€ 2-cepaioa.

AmdSeEn. Tplo ONUELD TTOV HEV OLVIKOUY OTOV 110 UEYLOTO KUKAO 0OpLLovV €va, 2-£TTLitedo 0Tov
R™. H Tor Tov emimédov ovtov pe v S™ ! eivar oparpikdg kOkhog g S g wopgg

x(0) =a+ (rcosf)vy + (rsinf)vy, 0 €eR,

omova #0,a-v; =0, ||vi]| = [[va]| = 1, v1i - V2 = 0 xour = /1 — ||a]|? < 1. O xVKhog avtdg
AVIKEL OTT] 2-0QaLP KEVTPOL a KoL OKTIVOG 7 UE TTOPAUETPLKT) EELOWOT

x(0,¢) =a+ (rcosfcos@)vy + (rcosfsinp)v+ (rsinf)vy, 0,0 € R,
OOV V HovadLaLo dtivuoua 0To 0pBocuIITANP®IO TOV {Vy, Vs }. O

Ze 0,TL akohovOEL, KoL UEYPL TO TENOG TOV KEPahalov, Ba BPLOKOUAOTE 0TO TTEPLPAALOV TG
S2.
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53.1 Tovieg ueyiotwv KUKA®V

Opronodg 5.3.2. H yovia 0o peylotmv kUkAwv C; kow Cy ue TohKkd SlavOouoto ny Ko N,
avVTLOTOLYO, €lvor 1) Yovio Z(ny,my). Me dhha Adyta 1 yovia d00 peylotwv KUKAmV glvat M
OTEPEQ YOVLOL TV ETUTEOMV TTOV TOUG TEPLEYOVV:

Z(Cy, Cy) = arccos(n; - ny).

O C; kaw Cy B kohovvtal ogboydvior 1) kdBetor eav £ (Ch, Cy) = /2.

H ywvio 800 peylotov KOKAWV KoL 0 Uviokog Tovg.

Ipéraon 5.3.3. loyvovv ta tagakdtw:

1. Ymapyet uovadikos uéytotog kvkAog opboywviog oe 000 d00évtes StapoQeTikols ueyi-
0TOVS KUKAOUG.

2. Eotw uéyiotogs kUKAOG Kat onuelo eKTog avtov. Av to d00év anueio dev elval TOA0S TOV
UEYLOTOV KUKAOV, TOTE VTAQ)EL UOVAOLKOS UEPLOTOS KUKAOS TTOU TEQVA ATTO TO GHUELO
Kot elvat 09Boymviog 6Tov 00EvTa uéytoto KUKAo.

ArddeEn. 1) 'BEotw Cp, Cy SL0pOPETIKOL UEYLOTOL KVKAOL (e TTOAKA SLovdoUoTa Ny KoL Ny,
avTioTorya, To o7tolo. dev etvar Tapalinia. Emopévog, To povadiailo didvuouo

n; X ny
n————
[n; X my|

glval KAOETo 08 ap@oTepa Ta Ny, Na. Apa, 0 UEYLOTOg KUKAOG C' (e TOMKO dtavuoua n v
opBoydviog ot augotepovg tovg C, Co. Eival 8¢ povadikog, S10tt 1o povoadikd dAho novadioio
KGOETO SLOVUOUO 0T Ny, Ny ELVOL TO —N JTOV ELVAL KO GUTO TOALKO Stavvopa tov C.

2) 'Eotw v € S? Ko n ToAKO Suavuopa peylotov kOkiov C ue v ¢ C. Eg'6cov 1o v dev
glvol TOAoG Tov C', TAL SLOVOOILOLTAL V KOL I ELVOL YPOLUULK QL OVEEAPTITOL. OEMPOVILE TO HOVADLOLO
dravvoua

,  vXn

n=——0./.ln
[V n]]

Eneldn n’ L v, maipvovpe v € C', omov C' L C o péyrotog KUKhog ue olko diavvouo n'. H
UOVOSLKOTNTO TPOKVITTEL OTMG TTPONYOUUEVWG. O
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KAelvoupe TNV eVOTNTA QUTY] [E TIG OLKELEG OF OIS YEWYOAPLKES CUVTETAYUEVES ©, ¥ (YEOYPOPL-
KO UWNKOG KO YEOYPOQPLKO TAATOG, avTioTor ). Av X = (11, T9, 23) € S%, 1018 ¥ = ™ — Z(x€3),

9 € [0, 7], evd 1 yovia ¢ elvor 1) Yovio amd to e 010 (z1,22,0)/\/x3 + 23 ko avikel oto
[0, 27]. Kat' avtdv tov Tpormo,
X = cos ¥ cos pe; + cos ¥ sin e, + sin ves.
Eav
x' = cos?’ cos p'e; + cos ¥ sinp'e; + sinies
elvaw £vo, ahho onueto g S?, tote

x - X = cos(p — ¢') cos ¥ cos ¥ + sin ¥ sin ¢’

KOL OUVETIDG
cos(s2(x, X)) = cos(p — @) cos ¥ cos ¥ + sind sin?)’. (5.12)

O t0mog 0vToG Bl LAG PAVEL YPNOLUOG APYOTEPQL.

5.3.2 Aoknosig

1. Bpelte Tig Yywvieg LeTAED TOV UEYIOTOV KUKAWV UE OVILOTOLYO TOALKA SLovOoUoTaL:

(o) (1,0,0) xou (0,0,1),
(B) (0,1,0) ko (0,0,1),
) (1/3,2/3,2/3) xou (—3/5,4/5,0).
2. 'Eotw o uéyotog KUkhog C' ue mapauetpnon

x(0) = cos fe; + sin fey

KOl ONUELO
V = COS (1€1 + SIN Y1 COS o€z + SIN Y1 SIN Yoes,
mov dev avnkel otov C' Kou dev etvar tohog tov C. Ymobeote 0w d € [0, 7], ¢1, o € [0, 7],
P1, 2 # /2.
(o) Bpette tomo yio ) ovvapmon f : [0, 7] — [—1,1],
f(0) = cos(sa2(v,x(h))).

(B) H amootaon sz(v, C') elvon EAAyLOTN 0TO ONUELO TTOV peyLoTtortoteltal 1 f. Bpette to
ONUELO QTO KOL TNV OVTLOTOLYT] OTTOOTOON).

(Y) AeiEte 6L 0 pueyLotog KUKAOG C’ Tov GUVOEEL tO ONUELD UEYLOTOTONONG TG UE TO V
kat o C' givar opBoymviol.

3. Zmv [potaon 5.3.3 2), Tt ovpPaivar OTay To ONUELD ELVAL TTOAOG TOV UEYLOTOU KUKAOV;

4. Xpnowomomnote Tov TOmo (5.12) yio va BPeLte T 0QaLpLkn) atooTaon UETAED Tmv on-
UELWV UE YEWYPOPLKEG GuVTETAYUEVES (U, ) g eENe:
(@) (0,0) xau (7/3, 7).
B) (7/2,7/2) xau (7/6,27/3).
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533 Xgoupika piyove. Eufadov epaipikov Tprymvov

'‘Eotw A, B, C glval Tplo. ONUELD. TTOV dEV KELVTOL GTOV LOLO UEYLOTO KUKAO KOL (PEPVOUUE TOVG
TPELG UEYLOTOVG KUKAOVG Ttou tepvouv artd to. B kar C, C kai A, A ko B, avtiotoya. Oa
ovuBoitfovue pe:

e a,b, c O WKQSTEQO TUNUATO TOV UEYLOTWV KUKAWV 7tov ovvdeouv ta B ko C, C ko A,
A xau B, aviiotouya.

e A, B,C g yovieg tov b Kat ¢, ¢ Ko a, a Kau b, avtiotouya, ota onueto A, B, C.

Ot ywvieg mpokimtovy wg eEnc. 'Eotm o B o puéyiotog kikhog mov mepva amto to A, C xor C
0 UEYLOTOG KUKAOG TTov tepva artd ta. A, B. H yoviaw glvor 1) 0TEPEAR YWVIO, TWV ETTESWV TOV
avikovv ot B kar C 670 KoLvo Toug onuelo A.

Opropndg 5.3.4. Ovopatovue opaioikd tolywvo AABC 10 TUNUO TNG OPOLPOG TTOU TEPLKAELETOL
UeTa&V TV a, b, c. O a, b, ¢ Kahouvtal TAevég Tov Tprymvou, ot A, B, C' kalovvtal ywvieg Tou
TpLy®vov, evo ta A, B, C kalolviow kogugés Tou TpLymvou.

SPALPLKO TPLYwvo

To TPOTO TPAYUA TOV TUPUTNPOVUE OTO OQALPLKA TPLYWVO, ELVAL OTL O YVOOTOG TUITOG TOU
abpolopatog Twv yovimv Evkheldetov tprywvov A + B + C' = 7 dev woyvel. [No mapaderyua,
TO OQPOLPLKO TPLYMVO e KOPUPES TOL

(1,0,0), (0,1,0), (0,0,1)

gxeL abpolopo yoviwv 37 /2.

B
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SPALPLKO TPLYWVO e TPELG OPOES YWVIEG

'Eotw £ = A+ B+ C — m. Tote, oty Eukheldera l'ewpetpla elvar £ = 0 evd ot Zgoupikn
T'ewpetpla elvan rdvrotre E > 0. Autod ogeihetar 0To mopakdtw Oedpnua tov Girard.

Oeowpnua 5.3.5. (Girard ~ 1620) O aptOuds E toobtau ue to eufaddv tov 6patotkod ToLydvou.

To Bewpnua avtod elxe amoderydel vwpitepa amd tov Harriot, 0 omolog Ouwg dev To elye
duootevoet. Mapatnpnote oto onueto avtd ot ereldn A, B, C' € (0, ), etvan E < 27. T va
amodeiEovpe 1o Oewpnuo tov Girard, ypeLdleton TpdTa vo wAnoovue yio unviokovs. H AeEn
ELVAL OPYOLOEMANVLKT], VTTOKOPLOTLKO TOV Unjvy=0eAnv1).

OpLouog 5.3.6. 'Evag unvioKog €Lvol To ympLo IOV TEPLEXETOL LETAED dV0 UeyloTmv KUKA®V.

AVO PEYLOTOL KUKAOL TEUVOVTOL OE OLVTLTTOOLKG OMUELDL KO £0TW O 1) OTEPER YWVLO, TOV €-
TUTESWV TTOV TOVUG TEPLEYOUV-CLUTI] ELVOL LOT) IUE T1 YOVIC TOU UNVIOKOU JTOV 0pLiovv auTol 1
UEYLOTOL KUKAOL OTOL ONUELR TOUNG TOVS. To 0¢patptkd eufadov Ey unviokov ue OTeped ywvio
0 eivor oo pe 26, epOooV elval 0VAAOYO TNG YWVIOG 6 KA TO OUVOMKO 0QaLpLKo eufadov elval
4.

SPaLPLKOG UNviokog

AmddelEn tov Oswonuatog 5.3.5.

To tptywvo T oyNUOTICETOL 0ITO TAEVPEG TTOV KELVTOL 08 TPELG UEYLOTOVG KUKAOUG TOVG OTTOLOVG
ovuforioovue edd e A, B, C. O péyotog kOkhog A SLotpel T opaipa og S0 MULOPALPLA TO.
oroto. oupPorilovue pe A; kor Ay, Opifovue opolmg nuogaipla By, Ba, C1, Ca, EMAEYOVTAG
to dote T = A; N By NCy, pe 1o T va éxer yovieg A, B ko C' otig kKopugeg otig topeg BN C,
CNAxa AN B, aviiotoyo. OvA, B xai C dapoiv ) ogpailpa og okto tptymva A; N B; NCy,
i,j, k = 1,2, to omoto ypacoupue ev ovviopta A;B;Cy. To tptyovo T(= A;B;C) xau ta €€
YELTOVLKGL TOU UTTOPOVYV VOL OYESLALOTOVV 0TO ETLITESO, KoL TO WOVO TTov Ba arrovotdlel Oa elva
TO AQBQCQ.
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AmodelEn Tov Oempnuoatog tov Girard

Topa, A.x., o Tpityova A;B;Cy ko AyBCy nall, oynuatilovy unvioko yoviag A wov oplletol
amd Toug peylotovg kukhovg B kau C. "Etol fplokovue Ot

E(A{BC)) + E(A,B,C,) = 24,
E(AiB,C,) + E(A;B,C;) = 2B,
E(AB,C)) + E(A;B,Cy) = 2C,
E(AsByCy) + E(AByCy) = 24,
E(AsB,Cy) + E(A;BLCy) = 2B,
E(AsB,Cy) + E(AB,Cy) = 2C.

[TpooBetovtag Tig €EL aUTEG EELOMOELG KOL TTAPATIPOVTAG OTL ELVOL

2
E(AiB,C)) = E(A;B,Cy), ) E(AB;Cy) = 4r,

t,5,k=1

Katainyovue oty oyxéon E(A;B;Cy) + 7 = A+ B+ C, mov eivar kKoL ovtd ov Oglape va
amodelEove. O

5.3.4 Tpryovouerpikoi vouou
Oeopnua 5.3.7. (IIpowtog Nopog Zvvuitovov.)

cosa = cos Asinbsin ¢ + cos bcos c. (5.13)
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ArddeEn. Aoyw g dpdong g O(3), wropolue va vrohEcovue OTL 0L KOPUPEG TOV TPLYM-
vou elvar A = ez ue Yewypogikeg ovvietayueveg (U, 0) = (/2 — ¢,0), B eivaw onueto pe
YEWYPAPLKEG ouveTayueves (¢, 0) kow C onuelo ue Yemypagplkeg ovvtetayueveg (/2 — b, A).

AmodelEn tov IMpwtov Nopou twv Zuvnutovoy

Tote, ypnowwomorwvrog v EElowon (5.12) maipvovue

cosa = cos(s2(B,C))
= cos Acos(m/2 — ¢) cos(m/2 — b) + sin(7/2 — ¢) sin(7/2 — b)

= cos Asinbsinc + cosbcos c.

Moépropa 5.3.8. (TIvBayopero Oecwpnua) Edv i yovia A elvar 0001, tdéte

cosa = cosbcosc.

Oeopnua 5.3.9. (Nopos Hurovov)

sinA sinB sinC

sina sin b sinc

AmédeiEn. Amd v tovtdmro sin? A = 1 — cos? A xar tov ITpmdto Nopo twv Suvnuitdvoy yi
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70 cos A OTTMG TAPATAV®, TALPVOVUE:

2
C o cosa — cosb cosc
sin“A=1-— . -

sinb sinc

(1 — cos?b)(1 — cos?c) — (cosa — cosb cos c)?

sin?b sin’c

sinA [l — cos?a — cos?b — cos®c + 2 cos a cos beos c| /2

sina sina sin b sin ¢

Erntetdn 1o 8eE10 0KELOG TaPAUEVEL AVOALOLWTO 0TtO KAOE netataln towv of a, b, ¢ mpokvmTeL
aueoa o Nopog twv Hutovav. O

e avtdiootoln ue v Eukheldeia Meopetpia, ot Z@aipikn Femuetplo £xoupne KoL Evov
Agltepo Nopo Zuvnutovov. Tuo v armodelEn tov pag ypetd.Leton 1 €vvola Tov dvikod (1), mo-
kot Tprydvov T" = AA'B'C’ ov avtiotouyel og tpiywvo T = AABC Kat KOTaoKevaleTan
¢ €ENG. Oewpole TOV PEYLOTO KUKAO Tov TtepLeyel Ty thevpd a = BC. H kabetn gvbelo
aTto TNV 0Py OTO ETLITESO TOV KVKAOU QUTOV TEUVEL T OPALPa 08 dVO ONUELC. KOL TO ONUELD
TTOU ELVOIL 0TIV LOLOL TTAEVPA TOV ETTLTESOV e TV Kopupn A ovpBoiiletor pe A’. Ouolwg maip-
voupe T onueto B’ ko €' kow to tpiymvo AA'B'C’ eival to duiko tov tprymvov ABC. Ao tv
KATOOKELT] TOV,

A =7 —a, B'=m—b, C'=m—c
a =m— A, bV =m— B, d=m-C.

SPaALpLKo TPLYwVo KoL T dUiko Tov

Oeopnua 5.3.10. (Agvtepog Nopog Tvvnuitovov)

cosa + cosbcosc

cos A = - -
sinbsinc
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AmddeEn. H amddelln emetar aueong epapuotovtag tov Iphto Nopo twv Zuvnutoveov oTto
duitko tpltyovo TV = AA'B'C'. O

Mopropa 5.3.11. Xty Spawowkn F'ewuetola, ta duota Tolywva elvar (6o Kot avTLoTOOQWG.

5.3.5 Aoxknosig

1.

"EVOL 6QOLPLKO N-YWVO ELVAL TO XWPLO TTOV TEPIKAELETOL UETAED 71 TEUVOUEVWV OVaL 10
ueyloTwv KUkhmv. Fevikedote Tov T0o Tov Girard yio 1o eufadov opapLtkol n-ymvou.

AmodeiEte to [Tubarydpelo Bedpnua aveEdptnta oo tov Ipdhto Nopo tTmv Zuvnutovmy,
TOLPVOVTAG KATAAANAY KAVOVLKOTTOLOT YLO. TLG KOPUPES TOV TPLYMDVOU.

Evolaooovrtag ta a, b, c kow A, B, C, ypate Oheg Tig duvateg ekdoyeg Tov [lpmTtou Kat
tov Agltepov NOpov Tmv Zuvnutovov.

. Ymohoylote 10 euPadOV GQALPLKOD TPLYMVOU TOU 0TTOLOV OLEG OL YWVIEG elval /2.

. AmodelEte To TupuKaT® oIToudato Bedpnua Tov APy LUNdN TEPL TV EUPAdDV CPALPAG

Ko KVAvdpov To gufaddév tov tufuatogs tne ogaioac S? mov amokdéxTovv Ta emimeda
z=akuz =>5b —1 < a < b < 1, w000t ue 1o gufadov tov TEQLYEYQAUUEVOV
KUAIVOoov mov keltaw uetad twv dvo avtdv emmédwv. (Yrodel&n. IMapouetpnote to
QLTTOKOUUEVO TUT|LOL UE TV

x(01,605) = (sinf; sinfy, sin b cos By, cosb,),

ue (61,62) € D = [arccos b, arccos a] x [0,27]. Av J eivon n lakampBiavn opifovoa tov
UETAOYNUATLOUOV auToD, TOTE TO TNTovUEVO EUROdOV ELvaL

Area = // |J| dO1dOy = 27(b — a).)
D

"Evaig AAAOG TTLo YP1YOPOGS TPOTOG elvai Vo, BEmPNOETE TO EUPOOG CUYKEKPLUEVOV OQPOL-
PLKWV TTEPLOYMV UE KEVIPO TO €3.

. 'BOTo 100TTAEUPO 0QOLPLKO TPLYWVO TAEVPAG a Kal E0MTEPLKNG Ywviog A. AmodelEte Ot

cos(a/2)sin(A/2) = 1/2.

SUUTEPAVETE OTL OF OPOLPLKO LOOTAEVPO TPLywvo, A > /3.

. TTOAOYLOTE TNV TEPLUETPO GPULPLKOV TPLYDVOU TOU 0TTOLOV OLEG OL YWVLEG ELvaL 0pOEG.

5.4 Tvmog tov Euler

"Evo. ogaiptk6d tpiymvo T glvar €vo yoplo g S? mouv oploeteitol amd Tpia opaiptkd TOEa
01, 09 KO 03 TPLOV peytotmv Kokimv. Ta 10Ea o; elvar o akués tov T', Kow Tar Tplo. OnueLa
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o;Naj, i # j, eivan oL kogugpés Tov T. 'Evag torymwouds g ogaipag S? elvau évag duaympt-
OUOG TG OE £VOL TETEPAOUEVO TANOOG U1} ETTLKOAVITTOUEVMV OQPALPLKMV TPLYdVmv T £T0L doTe
1 Tow omotwvdnmote Vo T; va elval elte Kevi), elTe uior Kowvn aku, 1 wo Kot kopugn. Ot
AKUES TOV TPLYWVLOLUOU ELVOL OL AKUEG OAWV TV T KOL OL KOQUPES TOV TPLYWVLOUOV ELvail ONEG
oL Kopugeg tou Tj.

TpLrywviopdg e oQaLpog

To aAOVOTEPO TAPASELYILOL TPLYWVIOUOD TNG OQalpag (aG TOVUE, TNG EMLPAVELNS TG ING)
evTomiLeToL oYeSLALOVTOG TOV LOUEPLVO KO 12 LEONUBPLVOVG. Z€ CUTNV TNV TEPLTTWOT), O TPL-
YOVIOUOG TEPLEYEL 2N TPLYOVQ, 1 + 2 KOPLEPES (N OTOV LONUEPLVO, KO ULal 08 KOO TOAO), K
3n KOpuEEG,

Tprywviouog e opalpag ord HEoNUBPLVOVG KoL TOV LONUEPLVO.

Av ouppolioovpe ToV aptOud TMV TPLYHOVOV, AKUOV KoL Kopuepov ue F, E kol V, aviiotouya,
natpvovue F — E+V = 2. Anhadn, 1 éxkgpaon F — E+V dgv eEaptatar amd 1) emhoyn Tov n.
Etvan akoun mo a&oonuetwto 0t o timog F' — E + V' = 2 1oy0eL yuo OAOUG TOUG TPLYwVIOUOUG
™G 0QPALPAG. AVTO TO ONUAVTLKO TOTOLOYLKO atoTeEAeou ogeihetan otov EABetd Mabnuatiko
Euler.
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Leonard Euler, 1707-83

H opopgn amoddel&n tov Legendre mtov apovordfovpe evdig aueows aolletal 6Tov THITOo Tov
EUPAdOV GPALPLKOV TPLYMVOU.

Adrien-Marie Legendre, 1752-1833. H KaptkatoOpa Ui €LVAL TO OVO YVMOTO TOPTPALTO TOU
Ko avakohgdnke to 2005.

Oesopnua 5.4.1. (Ocopnua Tpryowviouov tov Euler) A¢ vrofécovue ot évag totywviouds
e S? éyear F tolywva, E axuée kar V' koovpée. Tdte

F—-—FE+V =2

AmdSeEn. To eufadov evog oQaLPLKOL TPLYDVOU UE YOVIEG b1, O ko O3 etvan 1 +0o+0; — 7. Ag
vrtoBecovue OTL vTapyovy F tplywva, E akKuEg Kot V KOPUPES OTOV TPLYWVIOUO TG OQALPAG.
ABpollovtag Oleg TLG YWVIEG 08 OML TA TPLYWVA, TO TO CUVOMKO Gfpotoua Yovumv etvor 27V
(810TL OAEG OL YWVIES EUPAVITOVTAL O PLOL KOPUPY] Y WPLG ETLKAADYT, Kot ETELDN TO AOPOLoUOL
TV YOVIOV O OTTOLAONTTOTE KOopupn elvar akplog 2m). Emlong, to abpotoua Twv eufadmv
TV TPLYOVOV ElvoL To eufadov g opaipag. 'Etol 27V — Frr = 4w, 2V = F + 4. Topoa,
ATAPLOUMVTAG TLG AKUEG KAOE TPLYMVOU KOl OUEUDVOVTAG OTL OTHV aITtaplOunon auty Kabe
TAEVPG petpael do popég, Aaufavovue 3F = 2F. 'Etol

F—E+V=F—3F/2+ (F+4)/2=2.
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Khietvouue v evotnTo ovth avagepoviog 0t o Thmog tov Euler toyleL Ko yLo Kovovika ToA)-
edpa tov R3. "Eva Kavovikod mohedpo eivol autd mov ouvtifeTal amd p KavoviKd moliywva,
KoL 0KPLBMG ¢ TETOLO TOAMDYVOL TEWVOVTOL 08 KAOE Kopu T Tov TolvEdpov. Ta KavoviKa Tol-
edpa etvan ToL eptgnua IThatwvikd Zteped. Emxeldn 1o abpotopa Tmv yovimv o Kade Kopugn
glvol < 27, EYOVUE

qg(m —2m/p) <21 <= (p—2)(¢—2) <4.

Suvenmg, eeldn p, ¢ > 3, To pova duvatd Levyn (p, ¢) elva:
(3,3), (3,4), (3,5), (4,3), (5,3).

Av F givan 1o tinbog tov edpwv, E to min0og tov akumv kot V to min0og Twv Kopugpov tou
KOvoVIKoU tolvEdpov, tote emteldn 2F = pF = ¢V, o thmog tov Euler divel

4 2 4
F:—q, E:¢7 Ve__ P
2p+ 29 —pq 2p+2q — pq 2p+2q — pq

AvTKaOLOTOVTOG OTLG TAPOTTAV® TEVIASES TOLPVOUUE TOV TANPY KaTtahoyo TV [TAatmvikmv

ZTEPEMV.
Terpaedpo KuBog Oktaedpo Awdexkasdpo Eikoodaedpo
Kopupeg: 4 Kopupig: 8 Kopupeg: 6 Kopupeg: 20 Kopupeg: 12
AkpEc: 6 Akpecg: 12 Akpeg: 12 Akpeg: 30 Akpecg: 30
‘Edpec: 4 ‘Edpec: 6 'Edpec: 8 'Edpeg: 12 ‘Edpeg: 20

IMatovikd ZTeped.
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Kegaloto 6
Aggivikn 'eonerpio

Niwkoraog Xatindakic, 1872-1942

Ag pavtootovue Tov 'HAMO vo MAUTTEL LEGT 0TTO £VaL TaPAOUPO TOU OITTOTELELTAL OTTO TTOVOUOLO-
Turta opBoymvio, TCae. H ok 0to tatopa yevikd dev Bo eivar opBoymvia kor kabmg o
"HMog Kuvettat, 1) oKL 0o aAhaler oynua.

Kabwg 0 'HMog KaTefalvel, oL OKLEG ETUNKVUVOVTOL, £T0L BAETOVUE OTL TA. UMK SEV ELVaL O-
uetafinto. Emiong, n eumelpia SelyveL OTL To OYNUa TG 0KLAG AMMATEL, ETOL OL YOVIEG ETTL-
ong dev elvor aueTafATES. Ao TV GAAN TAEVPA, UTOPOVUE VO TOPATNPNOOVUE OTL OL OKLEG
TV 0pOOYOVIMV TCOULMOV ELVOL TAVTA TAPAAAAOYPAUUe. AVTO VITOOINADVEL OTL SLOTNPELTOL

125



126 KEDAAAIO 6. ADDINIKH 'EQMETPIA

N TaPOANALa. Ze adPEG YPAUUES, TO BaotKO TPOPANua g AggLvikng I'ewueTplog elvar vo
KaOOPLOTEL TL LOLOTNTEG £XOVV OLEG OL OKLEG ALTTO KOLVOU.

Aedopgvou 0tL 0 'Hhog ameyer oA amd ) I', wa AoyLKn TpootyyLlon eivor va, vtode-
OOVE OTL OL OKTIVEG ELVOL TTOPAAANAEG. AVTO OO paig 0dNYNOEL 0TV £VVOLA TNG TAPAAANANG
npofoing. TIpog To TapdV, TaPaTNPOVUE OTL VIO TNV TPODUTOOEON OTL OL 0KTIVES TOV "HAou dev
gLVOLL TAPOAAANAES UE TOV TOLYO 1] TO ATTEDO, TOTE KAOE ONUELO TOV ETUITEHOV TOU TOLYOU 0dNYEL
0€ £VO. OUELO OTO EMLTESOV TOV dATEdOV. Me MM AOYLOL, EXOVUE EVOV UETAOYNUOTIOUO TOV
R2. Avtol mov 0o KOAECOVUE QPQLVLKOVG UETAOYNUATLONOVG Tov R™, ouviifevton amd TEToleg
TapaIINAeg TPOPOLEC.

Miopel aopainhg va. OempnOel 0TL 0 Tatepag g Ageuvikng I'ewuetpiag elvar o Euler. Avtog
gLoNyaye KoL Tov 0po apeuvikr) (Aot. affinis=oyetlopevn) oto Bipilo mov eyponpe to 1748 ue
titho Introductio in analysin infinitorum. To 1827 o Mobius éypope mept Apguvikng l'eouetplog
070 BLAto tov Der barycentrische Calcul. Zto TIpoypauuo tov Erlangen, o Klein avoryvmpllel
mv Agpguvikn Fempetplo og yevikevon g Evkhleiderag Newpetplac. 'Extote, 11 A@@uvikn
TCewpetplo ypnoomombnke .. to 1912 amd tovg Wildon kau Lewis yio var eKppaoouv v
Edikr Oewplo TG Zyxettkotntag, oo Tov Weyl 1o 1918 vt puehétn tov emdvew oty Madnuotikn



6.1. O AODINIKOZX XQPOX RY 127

duokn (Xmpog, xpovos, VAN). AKOua Kat 7o tpoogata, To 1984, o Birman kow Nomizu ypn-
OLUOTTOLOOY OPQPIVIKEG ueBOdovg o pehetn Fempetplog Lorentz.

Kata tov Klein, 1 Agpguvikn (1), katd tov N. Xattndaxt, Ouomapariniikn) Tempetplo
glvaw 1 Tempetpla (R™, A(n)), ue v ag@euikn opdda A(n) va eivor to nuevdl dbpolopa
R" x GL(n, R) tg opadag uetapopdv tov R™ Kot Tng YEVIKNG YPOUULKNG ouddac. Ztnv apdkn,
N Agpewvikn Fewpetpla (srov tepieyel kow v Evkdetdeia kow v Opotobetikn Femuetpla) etvor
ot asropével 0rto TV EukAeldeia FemueTplo oy opapEGOVUE TNV SUVOTOTITA UETPNONG UKDV,
YOVIOV KoL EUPAdDV.

6.1 O aggvikog yopog R”

[Tpotol emikevipmBope 0TOV aPELVIKO Y®wpo R™, mopahETovue TPpMOTO TO ATAPALTITO TNG
YEVIKNG BEmpLog TV ag@uvikav xmpmv. O R™ g ap@Lvikog xHpog TPOoKVITTEL WG TAPASELY IO
™G YEVIKNG Bemplog,.

6.1.1 Agguvikol yopou

To otouyela £vOg SLOVVOROTLKOD Ympov V' etvor Staviopata (1] HETAPopES, av edmBolv wg
otouyeta g tpoodetikng ouddag (V, +)), Ta omolo T, OEMPOVIE MG OVILKELUEVOL YPOUUKDV
UETOLOYNUOTLOUWV. AANG, 0 TOAG TPOPANUOTA EVOLOPEPOILAOTE YLO. YEWMUETPLKA SESOUEVOL
OV QPOPOVV T OYETLKY OE0N TOV OYNUATOV OTOV EEETALOUEVO YDPO, EVHD OL YPOUULKOL [UE-
TOOYNUATIOUOL TEPVOVV 0TO TTAPOOKNVIO. AUTOG ELVAL O AOYOG YLO. TOV OTTOLO ELOGLYOUE TOV
TOPAKATM OPLOUO.

Oponos 6.1.1. 'Evag apguvikdg yhog e moooagtnuévo Stavvouatikd oo V, 0 0molog
ELVOLL EVAG YEWUETPLKOG Y DPOG (OTTOTE TOL OTOLYELC TOU ELVOLL ONUELCL) TTOV OYETLLETOL UE TOV SLat-
VUOROTLKO YmpPo V' g eENG: vitapyeL i petafotiky Kow ehevBeprn 8eEua dpaon tov V' otov
A:

AxV = A

(a,v) — a+v.

H dpaon ovuforileton wg mpdoeon, yior Adyovg tov 00 YIvOuv (pavepol GUECNG TAPUKAL-
to. [apatnpodue 6TL LYoV OL TAPAKATW LOLOTNTEG:

1) Ae&io ovdétego aroiyeio.
Va€e A, a+0=a,

omov 0 elval To Undeviko otoLyelo tov V.
2) IlpoGeTAUQLOTIKOTNTA.
Vo, we VVae A, (a+v)+w=a+ (v+w),

UE TO TELEVTALO + VO ELlvaL 1) TpOobeon otov V.
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3) Metafatikn ko eActOeon Sodon. Twa KGOe a € A, ) amelkovion
VosAv—a+o,
etvo 1-1 ko el

OL Tpwteg SVO 1OLOTNTEG ELVAL ATAMG OL LOLOTNTEG TOV opLopoy TG deEldg dpdone. H tpitn
WOLOTNTA YoPaKTNPLLEL TIG EAeV0EPES Kal LETAROTIKEG OPAOELS: TO ETTL TPOKVITTEL OITO TNV UE-
tofatikoTTa Kow to 1-1 amd v ehevbepia TG dpdone. TTaP)EL KoL Ui TETOPTY LOLOTITO
TTOU TTPOKVITTEL OUTO TLG TTAPUTTAV® TPADTESG V0.

4) Yragtn 1-1 uetagpogwv. T kabe v € V, 1 ametkovion
A=A a—a+w,
elvaw 1-1 kou .
H tpiTn 18L0TNTA Y PNOLUOTOLELTOL TTOAD GUY VA UE TV TAPOKATW LOOSUVOUT LOPPT] TG,

3’) Agalpeon. Twa kaBe drotetarypévo Cevyog (b, a), a,b € A, vrapyel povadiko v € V, mtov

ovuBoALeTOL Ue ab N b — a, TETOLO MOTE

b=a+v.

To dtavvouo ab voetton WG TO dLAVVOUA UE aPYN TO a Kot TEPAS (TEMoG) To b. Yrdpyovv 0o
aEwwpato mov ogethovrar otov Weyl tov kabopllovv v aviiotoryio uetan tmv A kau V'
UECM TNG ALPALPEONG KOL TAVTOYYPOVOS WTOPoVV va. OewpnBovv MG 0 0pLoUdg VO Ap@LVLKOD
YMPOU.

Hermann Klaus Hugo Weyl, 1885-1955

Opopog 6.1.2. 'Eva 0voro A pe TpoosapTuUéEVO SLavuouaTiko xmpo V' AEYETOL ap@LvIKOG
Y DPOg (Tov V') av 1KOvVOToLoUVToi T TOpaKATo:

* (A1) Tragén apaipeons oto A: yia kdbe onueio a € A ko kdOe dudvvoua v € V vadoyet

éva uovadikd onuelo b € A érol dote % = 0.
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* (A2) Nopog tov Chasles: yia kdOe toidda onuelwv a,b, c € A,

at = ab+ be.

To onueto b 610 (A1) voeltanl WG TO ONUELD @ TOV UETATOTULETOL OTO XDPO ATO TO SLAVVOUCL

v KO £T0L YPAPOVUE KoL b — a = ab. 0 Nouog tov Chasles WtopeL va. YIVEL KATOvONTOg MG 1)
LoodUVaILO SV0 UETATOTLOEWV OITO TO @ OTO b KO UETA OTO ¢, 08 WL ETOTOTLON AT @ OF C.
[pagovue Ko

c—a=(c—0b)+ (b—a).

Ztov Nouo tov Chasles avayvmplfovue KoL TOV OLKELO aTtd TO O(OLELO KOVOVQ TOV TTOPAAAAO-
YPAUUOU YLOL TNV TTPOCOEDT SLOUVUOUATOV.

OpLopog 6.1.3. H Sudotaon evog ogp@vikol xmpou A (e TPOCAPTNUEVO SLOVUOUOTLKO Yhpo V
glvaw 1 dtaotaon tov V. Eav dim(A) = n, to 00voho {xg, T1, . . . , T, } €LVOL Ap@LVLKT BAON TOV
A av xou povo av 1o 6hvoho {1 — X, . . ., T, — To} €lvar Baon tov V.

Ka0e Stavvopatikog ympog V' umopel vo Bempn0el oav apeivikog ympog Ue TPOoapTNUE-
VO SLOVVOUOITLKO X(MPO TOV aUTO Tov. Andadn, kaOe otouyxelo Tov V' uopel vo. eldwOel elte
ooV oNueLo elte oav davuouo. To undeviko diavvopa 0tov Bempeltal oav onueto cuuPotle-
Tow ovvnBwg pe O ko kohettow agyn. Ewdukotepa, o R™ elval agp@ivikog xmpog SLaotaong n.
MéeypL Tmpa ovTueTwmilaue Tov R og SLovuouatiko xmpo Kot CUUBOMIAUE TO OTOLYELL TOV
g dravvopata. Fo va unv empoptvouue tov cuuforoud, Oa eaxorovOnoovue va ovufoli-
Covue ta otoryela Tov R™ ue X og kdOe weolmtwon (KoL OyL Ue T OTOV TPOKELTOL YLOL ONJUELCL KO
UE X 0TV TTPOKELTOL VL0 SLoVVIoUATL).

Mopaderypo 6.1.4. Av {xo, X, . . ., X, } €lvar ag@uvikn faomn tov R™, eldapie ponyouuevog ot
AUTO ELVAL LOOSVVAO [UE TO VAL TTOVUE OTL TO OUVOLO {X; — X, . . ., X, — Xo} €lvar Baorn Tov R™.
Tote Opmg yvmpllovue OTL 1) 0pLlLovoa TOU TULVAKO I OTNAES T

T T T T
XI_XO’ "’XTL_XO7
glvar dtaopetikn Tov 0. Me avtlfeTtoovToTpogt| TPoKUmTTeL OTL Eva 0UVOLO {Xq, X1, ..., X, }
(n+1) otougelwv tov R™ elvon ag@uvikd eEag Tnuévo ov Ko uovo o 1o 00Voro {X;—Xo, . . . , X, —Xo }

ELVOL YPOUULKG EEAPTNUEVO, LOOSVVOUO 1] TTAPOTOV®W opllovoa undeviletat. O nog gavel
YPNOLUO CLVTL YL TV TTOPATTAV®D 1 X 1 oplfovoo va Bempotue v (n+ 1) X (n + 1) opilovoa

T T T T T

T T T
Pl 0 0 Iy (1 ... 1 1

To ovvoho
B={0,eq,...,¢e,}

glvo BAom Tov ag@vikon ympov R™ tv oot Kat Oa kadovue e@eEng kavovikn fdor.
Mopaderypo 6.1.5. Oo dei€ovpe OTL TO ONUELQL

Xp = (]-a ]-)7 X = <2a 1)7 Xy = (172)a
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amoterovV Bdon Tov agpuvikov xmpov R? evd outd dev Loylet yia o onuela

Yo = (—1,3), Y1 = (0,5), Yo = (1,7)

[Mpdarynott,
1 01
D(Xo,Xth) == O 1 1| = 1,
0 0 1
VW,
-1 2 -1
D(yo,y1,y3) =|—-2 4 3 |=0.
0 0 1

Ag eEETA.00VE TN YEWUETPLKT] ONUOLOLOL TOV YEYOVOTOG 0uToV. Tal Y1 — Y0, Y2 — Yo ELVOL YPOUULKCL
eEaptnueva, dMradn, vapyel A € R, wote

Y2 — Yo = A(y1 —Yo) < Y2 =Yo+ A(y1 — Yo)-

Me aAho AOYLQL, TO Yo OVIKEL 0TIV VOELX TTOV TEPVA ATTO TO Yo 0TV KatevOuvon tov Stavi-
OUTOG Y1 — Yo. AVTO OUMG ELVAL LOOSVUVAUO UE TO OTL TA. Yo, Y1, Y2 ELVOL OUVEVOELOKAL.

'Botw {xg, 1, . . ., T} AQ@LVLKY BAOT TOV 1-OLAOTATOV QP@LVLKOD XMPOU A U TpocapTh-
wevo dravvopatiko ywpo V. Emedn to ovvoro {x1 — xg, ..., 2, — o} elvow faon tov V, yia
d00ev x € A vmapyovv \;, i = 1,...,n, oy 6kot 0, TETOLOL HOoTE

r — Xy = Z)\z(l'l — .1'0).
=1
"‘Enetol Ot
=1 =1

O¢toupe \g = 1—) " | A; KaL TOLPVOUULE TNV TOPOKATO TPOTAOT TTOV OPLEEL TLG BAPUKEVTPLKES
OUVTETOYUEVEG OF QPPLVLKO Y DPO.

Ipotaon 6.1.6. EGv {zg, x1, ..., x,} elvaw ap@uvki fadon tov n-didotatov ap@inkod ydeov
A ue moooagtnuévo Stavvouatiké yweo V, tote ya kdbe v € A vadoyovv A\, t = 0,...,n,
WoTE
n n
i=0 i=0

Ou aplBuot Ag, Aq, . . ., A, g Ipodtaong 6.1.6 AEyovToL fagukevToikés ouvTeTayuéveg Tov
avtiotoLyovv otn Bdon {xg, 1, . . ., Ty} UE faolkevTo .
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Mopaderypa 6.1.7. Ztov ap@uvikd ympo R™ pe v kovovkn Baon {0, eq,
VIPLKEG CUVTIETAYUEVEG EVOG TUXAUOU X = (1, .. ., ;) ELVOL

n
(rg=1 —Zmi, TlyeonyTp).
i=1

131

..., e}, oL Bapuke-

[Mpayuat,
n n n
i—1 i—1 i=1
Cevikotepa, av {Xo, X1, ... X, 1, X = (24,...,2%), 4 = 0,1,...,n eivow ageuikn Baorn Tou

R", oL BOPUKEVTPLKEG OUVTETAYUEVES (Ao, A1, - .. Ay) TUXOVTOG X = (X1, ...

TTOVY WG 1] LOVOSLKN AOT TOU GUOTHUOTOG

I(l]/\()—i‘i(]%)\l‘f'—i‘l'rf)\n = I
xg)\0+$%)\1++mg)\2 = T2

Mo+ A+ A = L

, ) € R™ mpox-

6.1

H povadikotmto g AMong €meTor amd To 0TL T0 0VVOAO {Xg, X1, . . . X, | ELVAL Q@ELVIKY Ao,
d1oTLTOTE N oploovoa D = D(xg, X, . . . X,, ) TOV cvotnuatog (6.1) etval Stagpopetikn Tov 0. Ztnv
PGEN, to (n+1) X (n+ 1) ovomua (6.1) dev elvan e0KOLA YELPLOLUO L0 UEYAA 11 KOl TTOAAEG
(POPEG OL BAPUKEVIPLKEG OVVTETAYUEVES TTPOKVITTOUV EVKOAOTEPA UE ATTEVOELOG VITOAOYLOUOVG,

Omwg Bo doue OTL TAPASELYIOL TTOV AKOAOVOEL.

Mopaderyno 6.1.8. To oivoro
B = {X07X17X27X3} = {(07 17 0)7 (17 ]-a 2>’ (_1’ O? 1)7 (27 17

amotedel agpeLvikt) faon Tov R3. Ipayuart,

1 -1 2 0
0 -1 0 1
D(XO,X1,X2,X3) = 2 1 1 0
0O 0 01
1 -1 2
= 0 -1 0
2 1 1
1 2
= 9 1 =-3+#0.

D}

Avti thpa va. Mooovue To ovotnua (6.1) mapatnpolue 0Tl ool Ta Staviouoto

(1,0,2), (=1,-1,1), (2,0,1)
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amotehoVv BAom Tov Stavvouatikod xmpov R3, X = (11, T2, T3) VTAPYOUV A1, Ao, A3 DOTE

(%1,1’2,333) = /\1(1,0, 2) + )\2(—1, —1, 1) + )\3(2,0, 1),

Ko €(OUE To 3 X 3 ovoTNUO

A — )\2 + 2)\3 = I,
_2)\2 = g,
2)\1 + )\2 + )\3 = I3.

[MpokvrteL OTL

KoL

A= —(1/3)z + (1/2)zg + (2/3) 3,
)\2 = —(1/2)1’2,
N = (2/3)a1 — (1/2)xs — (1/3)zs,

)\0 =1 —)\1 —)\2 —)\3 =1- (1/3)&71 + (1/2)%2 — I3.

6.1.2 Aoknoeig

1.

AKOLOAOYNOTE OVOAVTLKA TNV LoV TV dot)tov 1)—4) ov atoppéovy amtd tov OpLonod
6.1.1 TOV APPLVLKOD YDPOV A UE TTPOTUPTNUEVO SLAVVOUATIKO Ympo V.

. QG OGUVEYELD TNG TLPONYOVUEVNG GLOKNOMG, ELETE TNV L0OdUVOULA TV WOLOTNTWV 3) Ko

3).

. Agi&te Vv wodvvauio Twv Optopmv 6.1.1 kot 6.1.2.

EEetdote av 10 TOPAKAT® 0VVOO, ATTOTELOVV QLPELVIKESG BACELG TOU OVTLOTOLY{OV 0L
VKOV ywpov R™:

(o) {1,2} otov R.

B) {(-=1,0), (2,2), (3,5)} otov R

&) {(1,0,1), (2,0,7), (—3,0,12)} otov R®.

. Bpelte Oha Tt a € R yio Tar 0mtolo To 6UVoLo

B(a) ={(1,2), (2,4), (3,0)}

amotehel ag@uviky Baon Tov R?. Kooy, Bpelte Tig PapUKEVTPLKEG OUVTETAYUEVES TTOU
AVTLOTOLYOUV OT1] fA0T CuT).

. AoV emPBePaLmoeTe OTL TO GUVOLO

B={(0,1,2), (-1,1,1), (=2,1,1), (1—-2,1)}

amotehel BAON TOV ap@Lvikoy xmpov R3, Ppelte T PUPUKEVIPIKEG CUVIETOYUEVES MG
7TPOg ™ Paon avT).
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7. 'Eotw ¢(t) =a+tv,t € R", a,v € R", v # 0, gvbeia tov R™. AmodeiEte OTL elva povo-
SLAOTATOG APPLVIKOG Y MDPOG UE TPOCUPTIUEVO SLAVUOUATIKO Ympo Tov V = (v), delEte
0TL T0 00voho {a, V} elval plor apgLviky Tov BAoT) Kot TTPoadLOpLOTE TG PAPUKEVTPLKES
OVVTATOYUEVEG WG TTPOG TN Baon avt). (Yrodel&n. AeiEte ot 1) €L dpdon tov V/

(c(t), sv) — ¢(t) + sv

elvol petafotikn Kot ehev0epn.)

6.1.3 Ag@uvikol vroympor

Z A
a+b
P,
Py
L Y

OpLouog 6.1.9. 'Evog agp@uvikds vadywoog B evog ap@uvlkol ympov A ue Ttpocoptnuevo dio-
VUOUATIKO X Dpo V' elva £va vitoovolo Tou A T€Tolo mote Yo S00gv onueto a € B, to 60volo
TV SLOVVOUATWV

W={b—al|be B},
gLVaL SLOVVOROTLKOG VITOYWPOG Tou V.
H 1810t Ta0 v, Tov elval aveEQPTNTN aIto TNV ETTLAOYY TOV onuetov a: av a’ € B, a' # a, tote

b—ad =0b—a)+ (a—d) eW,

apov b —a € W,a—a € W koo W elvar SLovuouatikog voywpog tov V.

Suvemayetal OTL 0 B elvol £Vag a@@LvLkog YMpog, IUE TPOCUPTNUEVO SLOVUOUATLKO YMDPO
W. H duaotaon tov B eivar ton pe ) Staotaon tov . Ot ag@uvikol vitdympol tov A gival to
VITOOVVOL TOU A TG HOPPNG:

a+W={a+w:weW},

Omov a elvar onuelo tov A, kaw W elvan vtoywpog tov V. O Savvopatikdg voymwpog W
KOAELTAL KO KaTeOvven Tov a@@uvLkol viroympov B. ADo a@@Lvikol vdympoL Ue TV oL
KatevBuvon kohovvtor TaodAinior. Edv doEel katevBuvon W kat onueto a € A, tote 0 po-
VOASLKOG OP@PLVIKOG VITOYMPOG TTOV TEPVA Otd TO a oty kKatevbuvon tov W elvor o a + W.
[TpoKVTTEL GUECMG 1) TTOPAKATM:
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Ipoétaon 6.1.10. KdOe uetapood A — A : a +— a+ v axewkovifel kdOe apELVKS VIASYWEO G
TAQAAANAO TOV VIO WQO.

Mopaderypo 6.1.11. OL 0@@LVIKOL k-SLAOTATOL VITOYMPOL TOV AP@PLVIKOD ywpou R™ glval to
YVOOTA HoG k-emimeda

Wi, =a+ Vg, aER”,Vk:<V1,...,vk>,

we Tov Vi, vo elvon k-8Laotatog SLovuoiatikog vitoympog Tov R™ prov opayeTol ot T YPOo -
WKG aveEapTnTa SLavioUoTa Vi, . . ., Vi, Ao v [potaon 6.1.10 mpoxirmter OTL yio kGO
veRkoww e W

w+ve(a+v)+V;

TTOU ELVOL VIO WPOG Topalnhog ue tov Wy, Avv € V tote (a + v) + V), = W

Eav a + W eivan k-8140tatog ag@uvikog vitdympog tov W = (wy, . .., wy), T0TE T0 6VUVOAO
a,wy + a,...,w + a} elvar apevikn faon tov a + W,

Moepdderyua 6.1.12. 'Eoto otov R3 1) mapapetpikn eEicwon

x(\, p) =1(2,1,0) + A(1,—1,2) + u(0,2,3), A, pu€eR.
To Swavdopata (1, —1,2) kae (1, —1,2) elvon ypouukd oveEapTnTa:

ML, —1,2) + Xa(1,—1,2) = (0,0,0) = A\ = Mg = 0.

Emopévag 1 TopoueTpiky] aut) eEl0won Toplotavel SLoSLA0TOTO ap@IviKO vTdympo tov R3.
Cpagovue

x(Ap) = (2,1,0)+A(3,0,2) — A(2,1,0) + 4(2,3,3) — (2, 1,0)
(1—X—p)(2,1,0) + A(3,0,2) + (2,3, 3),

KoL BPLOKOVUE TNV QQELVLKN Baom
{(2,1,0), (3,0,2), (2,3,3)}.

Tovtdyypova BpNKaue OTL Kat Ot BAPUKEVIPLKEG GUVTETAYUEVES TOU TUXOVTOG X(A, 11) MG TTPOG
™ BAoN auT glval ot
(T=A—p, A o}

310 TAPASELYIOL TTOV AKOAOVDEL, SELYVOUUE TMG UTOPOVUE VO GCUUTANPDOOUUE 0L OLPPL-
vikn Baon Tov R3 amd ageuvikn BAon agp@uvikol voydpov Tov.

HMopdderyua 6.1.13. 'Eoto otov R3 1o emimedo
P [E1—2$2—|—ZL‘3:1.
Eav x = (1, 9, 3), 1 €Elomon tov P ypageton kow g (1, —2,3) - x = 1. ©¢tovpue

xT1 =N To=p, x3=1—X+2u,
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apa 1o P glval To 0UVOLO TV ONUEL®Y TNG LOPPNS

X = (A, 1—X+2p)
= (1,0,0) + A(1,0,—1) + n(0,1,2)
= (1,0,0)+ ((1,0,-1), (0,1,2)).

SUVETMG, WO AQ@LVIKT BAom Yo to P elvon 1)
Bp = {(1,0,0), (2,0,-1), (1,1,2)}.
AvV = {(1,0,-1), (0,1,2)), Bpiokouvpe Tov V=*: avatnrovue (&1, s, &) dote
&1 —& =0,
2+ 285 = 0.

Emopévag, V1 = ((1,—2,1)). Eretar 6t 1 apuviky Béon tov R? mov pokvmtel cupminpm-
VOVTOG TV a@uviKn Baon tov P glvan )

B=BpU{2,-2,1)} ={(1,0,0), (2,0,-1), (1,1,2), (2,-2,1)}.

Téhog, eav
Aos AL, A2, Ao+ A+ A =1,

gLVaL OL PAPUKEVIPLKEG OUVTETUYUEVES YO TO P wg mtpog T BAon Bp, TOTE 0L BAPUKEVIPIKEG
ovvretayuéveg yio 1o R? wg mpog ) faon B eivan ot

Aos AL Az, Az, AgF AL+ A+ Ag =1
Elvaw X, = \g — )3, Gpa Eavaypagovue Tig BopuKevTpLkég ouvpetayuéveg Tou R3
)\0 - )\3a )\1; )\2; )\3

KOL 00G TTPOG OUTEG TG CUVIETAYUEVEG 1] €ELomom Tov P etvan A3 = 0.

6.1.4 A@@ivikés ATEIKOVIOELS

Opronodg 6.1.14. 'Eotw 500 ag@ivikol ywpol A Kot B TmV 0TToLmV 0L TTPOTUPTIUEVOL SLOVUOLA-
TLKOL Y pot etvar ot V' xow W, avtiotoryo. Mia aqp@Lviky aretkovion oo tov A otov B elval
wa azetkovion f : A — B tétowa wote n asetkovion g 1 V. — W, g(b—a) = f(b) — f(a) elvan
KAADG OPLOUEVT] YPOUULKT) OTTELKOVLOT).

Ag TapATNPNOOVUE OTL 1] g ELVAL KUADS OPLOUEVY OV
b-a = d-c = [f(b)=f(a) = f(d)-f(c).
Avto ouvemaryeTal OTL Yo onuelo a € A kot dtavvopo v € V, grovue
fla+wv) = f(a) +g(v).

Suvenmg, €@ 0oov yio ke d00ev b € A etvor b = a + v Yo povadiko v, 1 f kabopiletan
TANPOG ATTO TNV TUUY TNG OF VO ONUELD KL TNV TPOCOUPTNUEVY] YPOUULKY atelkovion g. Ot
QUPPLVIKES OTTELKOVIOELG £XOVV T EENG ONUAVTLKT] LOLOTITAL.
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Mpoértaon 6.1.15. H wapaiiniia eivar appuvikn availolwTog.

Amddeén. 'Botw a+ W, d + W mtapdhknlot vdympol ap@vikoy xmpov A 1e TPOoUPTIUEVO
dravvopatiko ywpo V kar f agpeuvikn areikovion f: A — B,

flz)=g(x)+b, xz€A,
OOV g YpOouK omelkovion tov V ko b € B. Eav
atwea+W = fla+w)= f(a)+g(w) € f(a)+ g(W).
Ouolwg, eav
d+wed+W = f(d+w)=f(d)+g(w) € fd)+g(W)
KOl TTPOKVITTEL TO CNTOVUEVO. O
HMoepdderyuo 6.1.16. Ztov R? Ocwpovue Tig mapdrinieg evbdeieg

lli $1+3$2:1,
lQZ IL‘1+3{L‘2:2

KOL TOV AP@PLVIKO UETAOYNUATLOUO
flzr,20) = (21 — 1, &1 + 29 — 2).
[Mapatnpnote OTL
f(ar,22) = (w1, @1+ 22) + (=1, =2) = g(z1,22) + (=1, -2)

KO O TILVOKOLG TOU YPOUULKOU UETAOYUATLOUOV g ELVAL O

G ?) € GL(2,R),

apo Ovtwg o f etvar ageuvikog. 'Evag tpomog va Bpovue tig ewkoveg f(11), f(l2) etvon o €ENg.
O¢Tove
m=o1—-1 yp=x+r—-1,
oToTE,
r1=y+1, x3=1ys— 1.

ZUVETMOGC:

fh): i+ 143 —wy) =1 <= —2y1 + 3y =0,

fl): yi+143(ye—11) =2 <= 2y +3y2 =1

TPAYUO. TTOU ATTOOELKVUEL OTL OL ELKOVEG elval TTapdAnieg evbetec. Evalhaktikd, Oa pmopot-
OOUE VO YPAYOUUE TG [1, o O TOPOUETPLKT LOPQP):

¢ (t) =(1,0) +t(—3,1),

c(t) = (2,0) +t(—3,1).
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Tote

fle(t) = f(1=3t, t)=(=3t, =1 —2t) = (0,—1) + (-3, —2),
flex(t)) = f(2—=3t, t) = (1 —3t, —2t) = (1,0) +t(—3,-2),

Kou wapvouvpe ot f(1y) || f(l2).
Mopdaderynw 6.1.17. H amexovion f: R3S — R3,
flz1,20,23) = (x1 + 22+ 1, z2+ 23, 21 + 23 — 1)
elvaL aQpQWVIKY: eav g(x1, T2, T3) = (x1 + T, Ty + T3, T1 + 23), TOTE
fz, 29, 23) = g(x1, 22, 23) + (1,0, —1) = g(21, 22, 23) + f(0,0,0).

Emtiong, 1 g eivon ypopukn ametkovion tov R? pe swivaka

11
G=1[01 € GL(3,R)
10

P )

e’ ocov det(G) = 2.
Mopaderypo 6.1.18. 'Eoto to emimedo
P: 2xy —29—23=1.
Mia ropaueTpikn eElomon tov P elvar m
X p1) = (A i, 1 — 23+ 10) = (1,0,0) + A(L, 0, —2) + (0, 1, 1). 6.2)
OmdTe, YLoL TNV f TOU TTPONYOUUEVOU TTOPADELYILOTOG EYOVUE:

fxp) = F(1,0,0) + Af(1,0,=2) + pf(0,1,1)
= (2,0,0) + A(2,-2,-2) + u(2,2,0). (6.3)

Anhadn, f(X(A, 1)) = (2 4+ 2\ + 2p, =2\ + 2p, —3)) KoL ATOAELPOVTOG TA A, (4 TPOKVITTEL M)
eElomon

P/I ZEl—I2+2.T3:2.
To P’ = f(P) kow O€lovpe TP v YPAPYOUUE TNV f GOV OITELKOVLON TOV OPPLVIKDV YHPOV
P — P’. "Evog TpOTOG VaL TO KAVOUNE 0UTO ELVOL 0 €ENG. ATtO TIg TapaUETPLKES eELomOELG (6.2)
Kat (ex-aff-pl) tov P xou P, avTloTowyo, TTOLPVOUILE TIG OPPIVIKES PAOELS

BP = {Xo,Xl,Xg} = {(1,0,0), (2,0, —2), (1, ]_, ]_)},
Bp = {X67X/17X/2}{(27070)7 (47 —2, _2)7 (47270)}

H f: P — P’ elvow 1 atetkOvion tov tkavortotel Tig oxgoelg f(x;) = x4, i =0, 1, 2.
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6.2 H ag@uvikn opada A(n)

H mopakdtm TpoTaon lvol ERpoviig otd TOV OPLOUO TG APEPLVLKNG ITELKOVLONG-TTAPOANA
ATTOTELEL TOV OPLOUO TG APPLVLKNG OUADOG OP@PLVIKOD Y(DPov A e TPOCAUPTNUEVO SLOVUOUO-
KO ywpo V. Agyoviag apguvikn) avtoameikdwon tov A gvvovpue wia 1-1 Ko €7l a@@Lvikn
ATTELKOVLOT] TOV A GTOV €QUTO TOV: O TIPOCAPTNUEVOS YPAUULKOG UETAOYNUATIOUOG ELVOL LOO-
UOPPLOUOG SLOVUOUATIKMV Y MPWV.

IIpotaon 6.2.1. To voro Aff(A) twv apgivikdv avtoareitkovicewv agp@uvikod yboov A ue
TQOGAQTNUEVO SLAVVGUATIKO Yoo V vmeodvw evog owuatos K arotelel oudda taduooen ue

vV x GL(V, K).

T Tov ag@uviko xopo R™, n agevikn opada Aff(R™) Oa oupporiletan oto eEng ue A(n).

EE opiopov, kaOe otoyeio f € A(n), dmhadn, kabe apeuvikn aretkovion R™ — R”, ypagpeton
g

f(x)=a(x)+b, xeR" (6.4)

OOV (v ELVOUL LOOUOPPLOUOG (SNAALST, AVTLOTPEPLUY YPOUULKTY] OITELKOVLOT]) TOU SLAVUOUOTLKOD
ydpov R™ ue wivaxo A € GL(n, R) ko b € R™. Etvaw @avepo, 0TL 1 avILOTPOQT] TNG OQPQLVIKNG
ametkoviong f omwg oty (6.4) dtvetar astd Tov THTo

f'x)=a*(x) —a*(b), xcR" (6.5)
Miopotpe twpa aevdetag va detEovue ot 1) astetkovion A(n) x R™ — R™ ue
(f, X) = a(x)+b

TAPLOTAVEL TNV apLotepn dpdon g A(n) otov R™. Emedn S(n) < A(n), n dpaon ovt etvar
dutha petofartikn. Emtlong, o otabepomomtng tov 0

Stab(0) = {f € A(n) | f/(0) =0} ~ GL(n,R).
K&0e x # 0 givar 1 petagpopd Tov 0 KoTd X, ETTOUEVOG
fx) =% = f(L(0)) = (0) = (T_yo foTe)(0) =0
Kat 0 otafepomomtng kKabe X € R™ glval LOOUOPPLKOG UE TN YEVLKTY YPOUULKY OUAdAL.
HMopdderyuo 6.2.2. Ztov R? Ocwpovue v f : R? — R? ue thmo
f(z1,20) = (221 — 20+ 1, 21 + 229 — 1).

Emeidn
flar, 22) = a(zr,22) + (1, 1),  alx,22) = (221 — 2, 21 + 222),

KO O TUVOKOG TNG (v ELVOL O

2 -1
A= (1 9 ) € GL(2,R),
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npokUmteL 0t f € A(2). T va Bpovpe v avilotpon, Kat apyag PAEmovue Ot

A = (1/5) (_21 ;) € GL(2,R),

2

apa
a Hay, 20) = (1/5)(211 + 2o, —x1 + 219).

Emuthéov,

a M (1,-1) = (1/5)(1,-3)
KOLL ETTOUEVOG

[N w1, 20) = (1/5)(2xy + 29 — 1, —x1 + 229 + 3).

Mopaderypo 6.2.3. Ocwpoue TNV AQPLVIKT OITELKOVLOT TOV TTPONYOUIEVOD TTAPOSELYIOTOG
KO TNV KOVOVLKT] p@LVIKT] PO

B ={(0,0), (1,0), (0,1)}
tou R?. Elvauw:

f(0,0) = (1,=1),  f(1,0) =(3,0), f(0,1)=(0,1).

Ag mtapatnpnoovue OTL ETEWON 1) [ ELVAL OLPPLVLKT], TO GVUVOLO
B' = {(17 _1)7 (370)7 (07 1)}

lvalL e TN GELPA TOV Kol ouTd apLvikt) Baom tov R2. Edv 8¢ pog frav yvootd noévo 1o 60voro
B’ xou OTL (ol apeLviKY] telKOVLO LKAVOTTOLOVOE TLG

<070> = (17—1)7 (170> = (37 0)? (071) = (071)7
TOTE 0 TVITOG TG YPAUWULKTG CUTHG ATTELKOVLONG PPLOKETOL OTTO TNV

(I’l,ZL‘Q) = (]_ — X1 —$2>(0,0) +£L’1(170) —f-lL‘g(O,l)

— (1 — X1 — T — 2)(1, —1> + 131(3, O) + .Z‘Q(O, 1)

= (2.’13’1—1'24-1, $1+2$2—1),
dMAad, Tatpvovue TV f oIto TIG TYWEG TNG OTA ONUELD. TG KAVOVIKNG Ap@LviKnG Baong B.
AvTO WITOPEL VAL YIVEL TTAVTOTE, S0OEVTOG TOV OTL TO GUVOLO B’ glvar agpivikn faon).

Khelvoupe TV evOTITA GUTY] IUE LG ONULOLVTLKT] TTOPOTHPTOT) TTOU OVOPEPETOL OTO TTPONYOV-

UEVO TTapadeLyIa Ko Bo (oG xpNoLuevoeL apeoms Petd. TTAPYEL o, ERQPUTEVOT] THG OPQL-
vikng Opadag A(n) = R™ x GL(n,R) omv A(n) = GL(n + 1,R) mov kotookevaletar og
eEnc. 'Eotw ag@uvikog petaoymuationos f(x) = a(x) + b tov R™, ue tov a va €xel mivoka
A € GL(n,R) kau b € R™. Tote, 0 mivakog

T
Ap = (gl b1> € GL(n + 1, R). (6.6)

O nivakag Ay kaBopllel TAPMG TOV OPPLVLIKO HETAOYNUATIONO f KoL OVOUATETAL YEVIKEVUE-
vog (1] evoyvuévog) wivakag tov f. O avtloTpopog Tov A elval o

-1 A-1(T
(Ap) = (Ao A 1(" )) = Aj1. (6.7)
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6.2.1 Ozushmdes Oedpnua ™ Aggvikng Feoperpiog

Eidape mapomdvw OtL 1) dpaon TG a@@LviKNG ouddag elval SITAG UETABOTIKY, 0TOTE £Val
(PUOLOAOYLKO EPMTNLCL ELVOL EQV KL TTOTE 1) SPAON eLvol TOLTAG peTafotikn. Anhod), SoBEvtmv
dLATETAYUEVDV TPLAdWV ONUEL®VY P = {Xq, X1, Xo } Kou q = {¥o,¥1,¥2}> Ava 800 SLapopeTikmv
ueta&l tovg, vrapyel f € A(n) tétolog wote f(x;) =y, i =0,1,2;

Av vTo0go0ouuE OTL OL TTOPATAV®D TPLADEG ELVOL APPLVIKES AVEEAPTNTU OVVOAQ, SNAAST) TOL
oVVOAQ,

Xo + (X1,X2), Yo+ (¥1,¥2),

glvo KoL ta S0 2-8LA0TATOL 0PEPLVLKOL VTTOYWPOL Tov R™. Me KaTAAANAOUG ap@pLvikolg Heta-
OYNUATLONOVG WITOPOVIE VO, VITOOECOVE OTL OL TPLADEG UG ELVaL KoL oL V0 TPLASEG ONUELWV
Tov R? kou OTL koL oL 800 aroTehovV 0p@LvIKEG TOv BAOELS. AVTO OUWG UG AEEL ETTLOELS OTL OL
UETOOMUATIONOL 11, g € A(2) ue TPOoaPTNUEVOUG TTLVOIKEG

ry—af xf—af af vi—yl ui =) Yl
Ap=at—a) 23—2% 2%, Ay=|w—v3 v¥i—1v3 o3
0 0 1 0 0 1

ELVOLL ALPPLVLKOL KoL atelKovILouy o uev h ta. 0, eq, €3 0Ta Xq, X1, Xo KoL 0 8¢ g ta. 0, €, €5 0T
Y0,¥1,¥2. Thpa, TO OTL OL TPLADEG QLUTEG ELVAL OLPQPLVIKC. OVEEAPTITEG ONUALVEL OTL SEV ELVaLL
TPLGdeg ouveLDeLaK DY onuelwy. YrevOuuilovue 0To onuelo ouTd 6TL TPLo onueto Xo = (29, 29),

x; = (71, 23), Xo = (22, 23) elvon ouvevOELOKE, oV KoL LOVO oV

0 1 2 1 0 2 0 0
— |l —
Ty Ty Ty = |Ty— Ty Ty — Ty Ty = 0.
1 1 1 0 0 1

Azt ™) ovlnmoN T TPOKVTEL TO TAPUKAT® OEMPMUO TTOV ELVAL YVWOTO 0oV Oempnuo
oXY.

Oedpnua 6.2.4. I'ia kdle Todda p = {Xo, X1, Xo } un cvvevleaxdv onueiwv tov R? vrdoyet
h € A(2) tétotog dote va ikavomoweitan 1 Gyéon

h(()) = Xp, h(el) = Xy, h(eg) = Xo. (68)

O yewikevuévog mivakag tov h elvaw o

e el
Ap=|ad—aY 23 —2% 25| € GL(3,R). (6.9)
0 0 1

Amtodetkvioupe Tmpa To eENG

Afquna 6.2.5. Evag [ € A(2) mov otabegomoiel toia un ovvevbeiaxd onueia eivar avayka-
OTIKA O TAVUTOTIKOG.
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AmdSelEn. Mmopolue KavoviKOToLVTag vo. utofgoouvue 0Tt Ta TpLa. onueta etvol ta 0, e Ko
x = (z,9),y # 0. Av f(x) = a(x) + b, n ox€on f(0) = 0 cuvendyeton 6Tt b = 0. Eniong,

f(x) = a(ze, + ye;) = re; + yaley) = vey + ye,.
Apa f(ey) = a(ey) = ey KoL KOTA OUVETELXL O f ELVOL O TOVTOTLKOG, O

Mopaderype 6.2.6. Tia va fpodue petaoynuoatiopod f(x) = a(x) + b mov amerkoviCer ta (0, 0),
(1,0), (0,1) ota (1,1) (1,—2), (2,1), avrioTtoya, Oewpolue TV opllovoa

1 1 2 o 11
1 -2 1|=|-3 0 1|=3+#0.
1 1 1 |0 o1

Ao 10 @empnua 6.2.4, 0 f € A(2) mov Intetton €xeL YEVIKEVUEVO TUVOKOL

0
-3

1
L,
0 1

O O =

dMAadT, divetan emiong artd TV
f(z1,29) = (22 + 1, =321 + 1).

OzOpnua 6.2.7. (Oenehmdes Oewpnua s Aggivikns Emutedopnetpiog) Aobévrwv Siate-
Tayuévev ToLadwv un cvvevleiakov onuelwv p = {Xo,X1,Xo} kat q = {yo,¥1,¥2}, 0nAad1
APPIVIKDV BAoewV

{Xo0,x1, %2}, {¥o,¥1,¥2}
tov R?, vrdoyet uovadikds f € A(2) térowog wote f(x;) =y; 1 =0,1,2.

Arddeén. Xpnowomoihvrag 1o Oewpnuo 6.2.4, evromilovpe tovg h,g € A(2) mov tkavo-
TOLOVV TIG OYEOELG

h(O) = X, h(el) = Xi, h(eg) = Xo,
9(0) =yo, gler) =yi, gles) =ya.

Tote o f = g o h™! ikavomolel Tig amartioelg Tov Oempnuatog. Eivar de kar povadikog, dtott
av virobEcovue ot vtapyel Ghhog ' € A(2) Tétotog wote f(x;) = yi, i = 1,2,3,t0te 0 f0 f 1
0tafePOTTOLEL TPLOL U1 GUVEVDELOKG ONUELD. KAl po. 0TtO TO ANuua 6.2.5 8ev UTOPEL TAPd. VO,
€LVOLL O TAVTOTLKOG, O

IMopaderypo 6.2.8. T'wo va BPOUUE TOV AP@PLVIKO UETAOYNUATIOUO TTOV AITELKOVILEL T
Xp = (17 2)7 X) = (27 _1)7 Xo = (37())7

ot
Yo = (Ov 2>’ Y. = (17 _4)7 Yo = (_17 1)7

AVTLOTOLY O, 0KOAOVOOUE Ta PNUaTa TG dLadlkaolag TG amddelEng Tov Oewpnuotog 6.2.7.
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1. Evtomiovue Toug PeTaoynuatiopols b, g Bempdviag Toug avTioToLyovg YEVIKEVUEVOUG, TTi-
VOKEG OTtmG 0T0 Oempnua. 6.2.4:

1 2 1 1 -1 0
Ay=1-3 =2 2| xa A,=[-6 -1 2],
0 0 1 0 0 1

Kou emmBefandrvouvpe Ot Ko ot dvo etvon otoryeta Tng GL(3, R). TMpdayuor,
det(A,) =4, det(Ay) =—T7.

2. Bplokovue tov Ay-1 og dvo Pruata. Kot apyac,
1 2 -2 =2
(G B)-om (@ )
—2 =2\ (1\ [ 3/2
() ()= (5)

~1/2 —-1/2 3/2
Apr=| 3/4 1/4 —5/4

0 0 1
3. YmohoyLZOVUE TO YLVOUEVO TILVAK®OV
1 -1 0\ /-1/2 —1/2 3/2
Ay A = | =6 —1 2| [ 3/4 1/4 —5/4
0 0 1 0 0 1

—5/4 —3/4 11/4
= [ 9/4 11/a —23/4)| = A,
0 0 1

O INTovUEVOG UETAOYNUOTIOUOG ELVOL O
f(z1,29) = (1/4)(=5x1 — 329 + 11, 921 + 1129 — 23).

To Oeuehddeg Ocdpnuo ™G AQ@Lvikng EmutedopeTplog ouoLaotika oG AEeL OTL EVag ap-
(PLVLKOG LETAOYNUATLONOG TOV R™ KaB0pLLeTan TIANPWE At TPLOL Op@PLVIKA AVEEQPTTO GTUELC.
Ko LG TIG Lkoveg tovg. To Oedpnua YEVIKEVETAL OTLG 1 SLAOTAOELG UE TOV TPOPAVT] TPOTO.

Ozopnua 6.2.9. Aouévrwv dvo appuikdv fdoewv {Xo, X1, ..., X, } kat {Yo,¥1,.--,¥Yn} TOU
R", vadoyet uovadikds f € A(n)ue f(x;) = by, i =0,1,...,n.

H 008e1En elvan akpifmg TG YPOUUES TG ATOSELENG TOV OempNUaTog 6.2.7 Ko g VETOL
Wg QoK 0.
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Mopaderypa 6.2.10. T va Bpovue tov [ € A(3) mov ametkovilel ta
xo = (0,0,0), x; =(1,0,0), x9=1(0,1,0), x3=(0,0,1)

ota
YO:(LOal)’ y1:<17170>7 Y2 = (07171>7 Ys = (17_171)7

avTloTor(d, SelyVouue TPOTO OTL TAL Yy, @ = 0, 1,2, 3 elva agp@Lvika aveEAPTNTO-0TV OUYKE-

KPLUEVY TEPLITTMON AVTO Bat (Lowg SMOEL Kait TOV TNTOVUEVO Qp@LVIKO petooynuatiopd. Exovue

10 1 1 |Jo -1 0 1
L1 10 _|1 1 -1o0_,
01 1 1/ |[-1 0 0 1]
11 1 1 |0 0 o0 1

O INTovUEVOg HETAOYNUOTIOUOG ELVOL O

f<x17x27$3) - (—ZCQ + 17 T + Ty — X3, —I1 + 1)

6.2.2 Tloparinies Ttpofoies

‘Eoto P = Wy, éva n-exnimedo tov R™ ™ mwov opileton amd v eElowon A -z = b, x € R™. Eav
v elva e kotetbuvon mov dev elvar opboywvia 0to A, M TadAinAn moofoir) pry(X) Tov X
oto P otnv katevOvven Tov v SLVETOL 0ITO TOV TUITO

b—x-A

T x € R* (6.10)

pra(x) = x+

H pr, elvon ageuvikn et ametkovion R™ — P ue avriotoun ypouuky aetkdvion v

A
g(x):x—z v, xeR"
v

Me amevbeiag TpaEelg PTOPOVUE VO SLOTTLOTMOOVIE OTL LOYVOLVY T KOAOUOL:
1) pry opry = pry,
2) pry(x) = xyia Kabe x € P.

Emtiong, plo. onuavItk tdiotTo TG TapalinAng mpoBoine arodelkvOEToL 0TV TAPUKAT®
TPOTO.OM).
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H apahinin mpofoin dtatnpel Ty Taparliniio evOeLdv.

Ipotaon 6.2.11. H magpdiinin moofori) pry(X) dmws atnv (6.10) axekoviler magdAinles
evOeleg tov R (ue katevOvvon Siagpogetiki) Tov v) o madAAnies evleiss Tov P.

Anddeén. 'Eotw evbeta c(t) = a + tw, t € R. Tore,

prafelt) = eft) + oAy

b—(a+tw)-AV
A-v

b—a-A < A-w)

= a+t+itw+

A-v A-v

[Mapatnpolue 6TL M KatevBuvon TG Tpofolng tng evbeiag eEaptdTon povo oo Ty Kotenduv-
on ™G oG TG eVOELOG, TPAYIOL TTOV OITOSELKVVEL TO TNTOVUEVO. AG TOPATNPNOOVUE ETTLONG
WG OTAV V = W TOTE 1] TAPAAANAY TTPoforn TG evbelag etval onuelo Tov P. O

Av P’ glvan évo. ao n-emistedo mtov diveton atd Ty eElowon A’ -x = b, 0 TEPLOPLOROG TNG
pr, 010 P’ 0pilel Ko autog Ue T OELPa TOU ULOL LpELVLKT 7Tl atetkovion P — P.

Ipoétaon 6.2.12. Eotw P ko P’ enimeda ue e&iowoag A - x = brar A’ - x = U, avtiotoyya.
Eotw emiong v Stdvvoua mov dev elvar 09Boydvio ue kavéva axd ta A, A'. Svupoliovue ue
P TOV TEQLOQLOUO TNG Pry 0TO P’ kaw ue p' tov megrootoud tng pry, oto P. Tote ou p,p’ elvan
APPIVIKES ATELKOVIGELS KO

pop =idp, pop=idp.

Amddeén. Oa. delEovue povo v aplotepn oxeon. Mo x € P, A - x = b govue:

W) = o)+ A,

V—x-A  b—(x+EZAY) A
= X+ Ay v+ Ay v

b —A"-x b—A-x V—A"x A-v
= X Al-v v A-v Vo A v A~vV

= X.
]

Ipotaon 6.2.13. Eotw v, P kaw P’ énwg moonyovuévwg karp : P — P n wapddAnin moofoin
tov P’ oto P. Téte toxvovv ta akdiovia.

1. Edv P’ || P tdte i p Sratnoel ta Evkdeldeia unxn.

2. Edv to P’ dev elvau wapdAinio ue to P, téte 1 p Statnoel to unkn oe tovAdyiotov évav
(n — 2)-0tdotato apeivikd vadywoo tov P'.
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ArddeEn. "Botw mpota otito P’ etvon tapdiinro peto P. Eavx,y € P, tote A-x = Ay =1/,

I = 2+ g I+ 25 xw
PP = 31 + s VI + 250 (e
Kol )
P DY) =Xy o (k3w + L
Onore,
lp(x) = pWI* = Ip)* + IpW)]I* - 2p(x) - p(y)

Ix[* + Iyl = 2x -y
= [x—yl*

Edv to P’ dev elvan tapddinho e to P, 1 toun tovg P N P’ glvan agp@ivikog vitdywpog tov P’
(kaw tov P). Ta onuela g toung elvar otabepd onuela g p, eouevog to. Eukheideto pnxm
dLaTnpovvtal. O

Mio tapanin Tpoforn p : P/ — P dmwg tponyouueEvme, wtopel vo Oempn et mg otouyelo
™mg A(n) e@’ocov apgotepa ta P, P’ eivar ag@uvikd toopopga. pe to R™. Tevvatol to epmTnuo
av Ka0e ap@LviKn amtetkovion tov R” eivan tapdiinin pofoin. H amavtnon eivon ev yevel
APVITLKTY KOL 0UTO SLOTL 0TTOLOONTOTE GUVOTOMY/SLAOTOMY Ds TOAMOTAAOLATEL TO UNKOG KdOe
draotnuatog pe tov mapdyovra 6. Ioap” Oha autd gxovue To akOAovHo Oempnua.

Ozmpnua 6.2.14. (Oedpnua Tov Tapdrinriov xpoforodv.) H apgiviki oudda A(n) yevvd-
Tal OO TAQUAANAES TTOOLOAES.

AmddeEn. Oa ypnoluomooovue To Oeueiddeg Ochpnua 6.2.9 To omolo pnog eEaopolllel Ot
eva otoyelo f € A(n) oplleton pue Hovaditko TPOTTO 0Tl TIG TUIEG TWV OTOLYELMY ULAG OLPPLVIKNG
Baong tov R”. "Eotw howdv f € A(n), B = {X,, X1, . . . , X,, a@@uiKn fdon tov R™ ko ¢0tm

f(Xi>ZYi; ZZO,l,n

Oa oploovue n TAPAANAEG TPOBOLEG TTOL £XOVV TNV LOLAL EMLOPOLOT 0T OTOLYELRL TNG B. Omwpolue

n+1 apeuika avitypaga Py, Py, . . ., P, tov R™ otov ™ (dnhadn, n-emimedo tov R*H1). Z10
Py onueumvouue To. ONUELD Xg, X1, - - - , X, KOL OTO VTTOLOLTTO, ETTLITES L ONUELDVOUUE TO, CTUELCL
Y0,¥1, -, ¥Yn. Taonuelay;, 2 = 0,1,...,n, TomrobeTouvtoL £T0L HOTE ]

We begin by taking 3 copies I1, IT" and I1” of the plane. On I1, we mark the points A, B and C.
On IT and IT1”, we mark the points A’, B’ and C’.

First, we place IT and IT” so that the point A on IT coincides with A’ on I1”. By rotating the planes
about this point, we can ensure that neither B nor B’ lies on the line of intersection. Then u = BB’
is not parallel to either plane, so we can define the parallel projection p from IT to IT” along u. This
maps A to A’, and B to B’. Suppose that it maps C to C”. Since A, B, C are not collinear, their images
A’, B’, C” are not collinear.
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Now place I1” and IT" so that the points A’, B’ coincide. As neither C’ nor C” is collinear with
these, they do not lie on the line of intersection. Thus v = C’C” is not parallel to either plane, so we
can define the parallel projection q from I1” to IT along v. This fixes A’ and B’, and maps C” to C’.

Thus qgop maps A, B, Cto A’, B’, C’. By Theorem A1, the maps p and q are affine, so the composite
is also affine. Since t and qop have the same effect on three points, the Fundamental Theorem shows
that they are equal.

6.3 Tpio Evkieideio Ocmpuota

Sty evotta aut Ba atodelEovpe te ap@ViKEG ueBOdoUE, KoL ELOLKOTEPA YPNOLUOTTOLMD-
viag To Oguehddeg Oehpnua 6.2.7, Tpia kKhaowka Oempnuota tg Evkheiderag Iempetplog.
ApylTovue He uol TapapTENOT TOV ELVA GUECO TOPLOUE TOV OEWPNUOTOG CUTOV.

Iopwoua 6.3.1. Orowadiimote dvo tolywva tov R? elvar ag@uvikd t6odOvauo ue to tolywvo
ue kogupég 0, eq, es.

To deltepo epyalelo oV OO YPNOLULOTOCOVUE ELVOL O ATTAOG AOYOG GUVEVDELAK MY ONUEL-
V.

pétaon 6.3.2. O arwddc Abyog cvvevOelakdv onuelwv elvar apEIViKy avaiiolwTog.

Amddetn. Oswpoiug evbela
c(t)=a+tv, teR

KO TPLAOX SLOTETOYUEVMY ONUELMY TG P = (X1, X2, X3), X; = @ + t;V, i = 1,2, 3, ue ammho hoyo

to — 1
o(p) = :
t3 — 19

Av f(x) = a(x) + b glvar agp@vikog petaoynuatiopnos, tote f(x;) = (a(a) +b) + t;a(v) Ko
OUVETTMOG

_ta—t
oty —ty

a(f(p))

TyxoMo 6.3.3. Av eivar 1 apy1), TOTE WTOPOVUE VA, YPAWOUUE

xi = 0X,, i=123

Ko

L 0X5 - 0X; X, X,

J(p) - 7 > :
0X; —0X3 X3X,

Oewpove TOPA TNV EENG SLAUOPPWOT VLo dVO SLATETAYUEVES TPLASEG EEVWV ava S0 )
ovvevbelakdv onuelov (p) = (X1, X2, X3) Ko (q) = (y1,¥2,¥3):
yi =1 —t)xe+tix3, 1 #0,1,
Y2 = (1 —to)x3 +taxy, t2 #0,1,
yYs = (]_ — t3)X1 + t3X2, tg 7£ 0, 1.
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Me aAho AOYLOL TOL X1, Xo, X3 ELVOL KOPUPESG TPLYDVOU EVH TA Y1, Y2, Y3 ELVOL ONUELD TOV (FTPO-
EKTOOEWV) TOV TAEVPMV TOV TPLYDVOV, SLAPOPETIKA aItd TIG KOPUYPEG TOVS. Otmwpolue tv
TOCOTITO

tltgtg
1—t)(1—ta)(L—t3)

2= ‘7<X1,Y37X2) : U(X27Y1,X3) : U(X37Y2,X1) = (

Ao o Oepuelwdeg Ocmpnuo. 6.2.7 TPOKVITTEL OTL WTOPOVUE VO OEwpNoouuE OTL
x; = (0,0), x=1(1,0), x3=1(0,1)

Kol
yi = (1 —t,t1), y2=1(0,1—1%). y3=(3,0).
"Eyoupe g koL ol OTL:
litats
(I=t)(1 = t2)(1 —t3)
Mpétaon 6.3.4. Eotw 611 éva and tay;, i = 1,2, 3 avijkel 6Tnv TQ0EKTAGT KATOLAS AT TIG

TAEVQES TOV KAVOVIKOTOLNUEVOU TOLYWwVvov. TOTE T 1,2, Y3 €lval cuVveVOeLoKd v KoL Uovo
av =—1

Y=

AmddeEn. To yy,ya2,ys3 €lval cuvevdelakd av Kow povo av undeviletor 1 optfovoo

1—-% 0 t3

D(y1,y2,¥3)=| 1 1—1ty 0].
1 11

Ounwe,
D(y1,y2,¥3) =0 <= 1 —1t; —ty — t5+ t1ta + tots + t3t; = 0,

KO 07t0 TNV GA,
YX=—1 <= 1—1t1 —ty —t3+ tits + tat3 + t3t; = 0.
0

H Tpotaon 6.3.4 eivor 1 akyefpikn SLOTHTMOT TOV ETOUEVOV DEMPNUATOG TTOV OPELLETAL
otov Mevéhao Tov ALeEavdpéa. Ztnv k801 TOV TOPAEETOVUE VITAPYEL KOL TO AVTILOTPOPO
TOU.

OzOpnua 6.3.5. (Oedpnuo Mevehaov Kot To avTioTpogo tov.) Aobévrog torydvov ANABC,
Ko eykagotag evleiog wov téuver tig misvoés BC, AC, kaw AB ota onueio D, E ko F' avti-
otovya, ue ta D, E ko F dtapogetikd and tg koovpés A, B kauw C, tdte

AP BD CL
. ===
FB DC EA
Avtiotoopwg, av onueia D, E kow F wagBoiv exi twv wievoarv BC, AC kau AB avtiototya,
WOoTE Vo IKavorrolelTal 1) Tagarxdvw cyéon, tote ta D, E kou F elvar cvvevOeiakd.

—1.
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Mevéhaog 6 AleEavdpeng, mep. 70-140 w.X.

BLEmovpe 0TO ETOUEVE OYNUOTOL TLG S0 TEPUTTMOELG TOV UTOPOVV VO, TPOKVPOUV OTNY OTtO-
del€n tov Bewpnuartog Tov Meveldov. Me ) Bonbdeia TG SLapoppmong Hag dev YPELAOTIKE
VO, EEETA0OVUE YWPLOTA CUTEG TG TEPUTTMOELS. TNV TPMT TEPLITTWON 1] EYKAPOL0 VOELQL
TEUVEL SVO TAEVPEG TOV TPLYMVOL KaL TV TPLTH 0TV TPOEKTAON TNG.

211 SelTEPT TMEPLITTWON 1) EYKAPOLO VOELX OEV TEUVEL KAUULO TAEVPA TOU TPLYDVOL (TTapd
UWOVO TLG TPOEKTAOELG TOVG).

SuveyllovTog Tmpa Ue T SLoudppmon nag, Bempolue Tig evbeleg Tov CUVOEOLY TAX; ¥, 1 = 1,2, 3.
H gv0eio 0T0 TO X; 0TO y; ELVOL 1)

I+ tizy + (t — 1)xe =0,
M £VOELA ATTO TO X3 OTO Yo ELVOL T
lo: (ta— 1)z —x0 + 1 — 19 =0,
Ko 1 1) €u0elo. aTo TO X3 0TO Y3 ELVAL )
l3: x1 4+ t3xg —t3 = 0.

IMpoétaon 6.3.6. Av ot evbeieg 1y, 1o, I3 cvvrgéyovy, téte ¥ = 1. AvY = 1, téte ot ly, ls, I3 elvou
elTe avd 0V0 TAQAAANAES 1) GUVTOEOUV.
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Arddeén. YmevOuuilovpue 0Tt oV TPELG (SLOpOPETIKES) EVOELEg

Li: azy + bz +c¢ =0,
lQ Doy + bQIQ +co = 0,

l3 Doasxry + bgﬂfg +c3 = O,
ovvTeExovv (dnhadn £X0VV £vo. KOLVO oMuELo) TOTE 1) 0pllovoa.
aq bl C1
D(ll,lg,lg,) = |2 bg Co| = 0.
as by c3

T g vBeLeg TG SLAUOPPMONG LOG EYOVUE:

t1 t —1 0

D(ll,lg,lg) == tg—l —1 1—t2
1 t3 —tg

B —1 11—ty ta—1 1—ty

= h ty  —ts (tr—1) 1 —t5

- tltgtg - (1 - tl)(l - tg)(l - tg)
Apa,
D(ll,lg,lg) =0 << X =1.

Eav topa aviotpogng X = 1, 1ote D(ly, 1, 13) = 0. v meplmntwon ov undeviovtol ot
eMAO0OVEG OPLLOVOEG

a1 b1 (G2 b2
D(ll, lg) = as bg KoL D(lQ, l3) = as b3
10TE OL [1, I3, I3 €Lvow TOPAAANAES. AV AUTO dEV GUUPBOLVEL, TOTE ELVOL OUVIPEYOVOEG, O

Ag apatnpnoovue OTL av oL EVDELES ELVOL CUVIPEYOVOES, TOTE TO ONUELO OTTO TO OTTOLO OV-
VIPEYOLV ELVOL TO KOLVO ONUELD TV [; Kat [o, SnAadn to

(Cl,cg):< (1 —t1)(1 = 1) t1(1 —t,) >

th+ (1 —t)(1—ta) t1+(1—t1)(1—t2)

Enteldn t1,t2 # 0, 1, T0 onuelo autod dev KELTOL 08 KOUULOL Ao TLG KAOETEG TAEVPES TOV KOVOVL-
KOTOUUEVODL TpLydvov. Emeidn de
1 —1

c+cg=—77"7"—7,
LT ity

dev KELTaL ETTLONG KO 0TV VITOTELVOVOX TOU TPLYMVOV. ALOUKPLVOUUE TG EENG TEPLITTMOELG:



150 KEDAAAIO 6. ADDINIKH 'EQMETPIA

A. Ta onuela y1,y2,y3 POLOKOVTOL OAQ EXTAVMD GTIC TAEVQES TOV TOLYDVOU (KAl OYt GTLS TTQOE-
ktdoeg Tovg. TOTE, 1, ¢y > 0, ¢1 + ¢ < 1 ko 10 (€1, C2) AVNKEL OTO ECMTEPLKO TOV TPLYDVOU.

B. AYo and ta onueio y1,y2,Y¥3 PolokovTOoL OAo eTAV® OTIS TQOEKTACELS TWV TAEVQMDV TOV
Totyvov. Me amev0eiag vitohoyLopnd wropolue vo det€ovue OTL To BPLOKETAL 0TO EEMTEPLKO
TOU TPLYWDVOU.

Ta opakdatm Oewpnuato elval Gueoeg ovvemeleg ™G Ipdtaong 6.3.6:
Oewpnua 6.3.7. O Siduecor TOLYD VOV TEUVOVTAL GE GUELO GTO EGWTEQLKS TOU TOLYMDVOU.

Amddeén. Ztn dSioudppwon wog, atpvovue t; = 1/2,1 = 1,2,3. Tote D(ly,l,13) = 0. To
ONUELO TOUNG ELVOL TO KOLVO ONuELo TV Iy, Iz, dnhadn to (1/3,1/3) mov avikel 0To E0WTEPIKO
TOU TPLYWDVOU. O

To mapakatm Oempnua eivol Yvmoto oav Oempnuo Tov Ceva, alld elye amoderyOel ToAD
vopltepo artd Tov Apafa Baothd g Zapayoca Yusuf Al-Mu’taman ibn Hud tov 110 au. w.X.

Giovanni Benedetto Ceva, 1647-1734

Ozdpnua 6.3.8. (Ozdpnua Ceva Kot avIioTpo@o Tov.) Ard koovpés torywvov A, B, C @é-
oovue evbeie¢c AE, BF kau C'D moog tig avtiotolyes amévavtt tAeveés. O evbheies avtés ov-

VTQEYOVV aV KaL HOVo oV
i 5B o
FB DC EA
AvTieTOQMS, av woyvel n magarxdvew cyéon, tote oo AE, BF ko CD elvau wagdiinies 1
GUVTQEYOVOE.

1.
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Yusuf Al-Mu’taman ibn Hud, ;-1085



152 KEDAAAIO 6. ADDINIKH 'EQMETPIA



Kegaloo 7
IIpoBoikn FemucTpio

G. Desargues (1591-1661).

"Hon amd tov 150 ar. w.X. eywve katavonto ot 1) Evkheldera Newpetpla dev emapkovoe yio
VO, LWOVIEAOTTOLNOEL TOVG UETAOYNUOTLOUOVS TTOV ELYOV OYECT UE TNV TQOOTTIKY) EVOG OO
10¢. H poomtikn eugpaviZotay Katd KOpov ot LmypapLkn Kol 0TV ap)LTEKTOVLKY, ULE TOUG
CoYpPApoug Kol 0pYLITEKTOVEG TNG TPOLUNG AvayEvvnong, oty Italia aAhd Kot alhov, va stpo-
omaBoUV e SLAPOPOVG TPOTTOVG VAL TN YELPLOTOVV.

IMpoomtikeg evbeleg otov Muotikd Agtmvo tov Leonardo daVinei.

H uebodog g mpoormtikng Cwypaplkng avamtooeToL TOTe, apylka otV Itaklo amd toug
Brunelleschi xou Alberti, evad ypnolportomOnke evpewg kow amd tov daVinci. 'Eva avolkto e-
POTNUO TNG ETTOYNG NTAV TOLES elvan ot Kowvég t8tdTnTeg 00 mpooxTikdv Oéoewv Tov 18lov

153
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oxnuatog; Kot tov 170 at. o (apylteéktovag KoL unyovikog) Desargues eplyponpe TG KOVIKEG
WG TPOOTTIKEG TUPAUOPPAOOELG TOV KUKAOU. O Desargues Ntav autdg OV TPMTOG CUVELAPE
™MV 1€ TOV onueiov 6To dmelpo g TV Towr V0 TaPAINA®Y eVOELDV.

H éMenm wg TPoostTiky Tapauop@mor KOUKAo.

Kata tov 180 at. €xouvue v emavaotatikn dgo twv Descartes, Fermat, vo sepuypdapovy )
TCempetplo pe avalvtikd tpomo, og oviifeon pe tov ouvhetikd Twv EAMvav. Avto eiye oov
OTTOTEAEOUO. ULOL TTPWTOQPOVY EKPNEN VEDV YEOUETPLKMOV 1eBOdwV. Avaueoa og TOAAG GALaL, O
Desargues Baotfopevog oe 1dgeg Tov Pascal, emikevipdOnKe 0TIG ATELPOOTES TPOOEYYLOELG LECW
KapTeolavmy ovvtetayuévov. O Monge sionyaye v Ieprypagikn Femperpio kKow uehétnoe
ELOLKOTEPQL T1] SLATNPNON TOV YOVLOV KL TOV UKDV 00 TLG TPOPOAEG,

-

MK KoL YOVIEG SEV SLOTNPOVVTAL EV YEVEL OO TLG TTPOPOAEG,.

To 1822, o Poncelet wov 1tav a&lopotikog g oTpatiag Tov Namohéovta, £ypope-ovtag KAeL-
OUEVOG 08 POOOLKEG QUAAKEG-SLATPLPT VLo TLG TPOPBOMKES LOLOTNTEG TMV OYNUATWV KL YLO. TO
AVAALOLOTO TV TTPOBOLWV. AuTh 1) SLaTPLPn OewPELTOL Ko MG 1) TTPADTY G OUTO TTOV ONUEPO.
KaroOue [poPoiukn Fempetplo: pio TPOPOALKY LOLOTNTA ELVAL UL LOLOTNTO, TTOV TTAPOUEVEL Ol
vollolwTn oo TG TpoPores. Ou Chasles, Mobius HeleéTnoav Toug o YEVIKOUG TPOROAKONG
UETALOYNUOTLOUOVG TTOU GTTELKOVILOUV ONUELX O ONUELD. Ko eVDeLleg o€ gubeleg Ko SLatnpouy
TOV SLITAO AOYO.

Kata 1o povreho tou Klein yio tig yemuetpleg, £xovpe v eEng tepapynon: 1 Evkletdeo
TCempetplo etvor nepog g A@Q@Lvikng FemeTplag 1) 0oloL e T OELPA TNG TEPLEXETOL 0TIV
[Tpofoikn Fewuetplo.
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J.-V. Poncelet (1788-1867).

Se YEVIKEG YPAUUES Uropolue emiong va. tovue OtL 1) ITpoforikn F'ewuetpla oTEKETAL EVOLAUE-
oo otV Eukheidero T'empetplor Tov evOLApEPETOL YLO UNKT), YWVIEG KOL OTTOOTAOELS, KOL OTNV
Tomoloyia 0TIV 0ToLaL TO oYU SeV £xel LdLaitepo evdiapepov. H ITpopfoiikn 'ewpetpla Omwg
ELTTOUE EVOLOPEPETOL YLOL LOLOTNTEG AVOILOLWTEG ATt TIG TTPOPOLEG: £TOL, 1) EVOELOL TAPAUEVEL
gv0ela, OAG ATTOOTAOELS, UNKT KoL Yovieg oAACovv. H mapaliniio e7T101G AmokTd dLopo-
PETIKO vomua: 800 gvbeleg TEUVOVTOL TAVTOTE (POVIAOTELTE TIG YPOUUEG EVOG TPALVOU-OUTEG
(POLVETOL VO TEUVOVTOL OTOV OPLLOVIQ).

llmlllhﬂllm..‘ ArmofI et
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7.1 O IIpofoikdc Xmpog RP”

H ITpopoiwkn Fempetpia kata Klein eiva to Letvyog (RP™, P(n)), 6tov RP™ glva 0 n-8Laototog
TEOPOMKASS ¥ QoG KOL ELVOL M N-TEOPOAKT] oudda. AVOuuE AUECHS TOV AVOTNPO 0PLOUO TOU
TPOPOAKOY n-ympov R P™ tov elval Ko 0 VITOKELUEVOG Y mpog TG ITpofoiikng Femuetplog-yio
™V pofolikn opddo P(n) Oa wknoovpe oty exoduevy evotnro: oto R n > 1, Bewpodue
M O%E0N ~ WG eENG:

x ~ X <= x = Axyuakamow A € R,.

H ~ eivou oxgon woodvvapiag. Mpdyuatt, eivol:
o AVOKAQOTLKY SLOTL X ~ X £POCOV X = 1X.
o Suppetptkn STt oV X ~ X <= X = Ix, A € R,, 10te X = (1/\)X <= X ~X.

e Metofotikn dotLavx ~ X' <= x' = Ax, A € R, kau x' ~x" < x" = Nx, X € R,,
101e X' = A\V'X <= x ~x’.

O (moayuatikds) moooMKds n-)oog OPLLETOL TP WG TO CVVOLO TV KAAGEWV LOOSVVOULOG:
RP" =R ~ = ([ | x € RIV),

Sty TPA&EN, 0 RP™ glvor 1o 6UVOLo TV gVOELDV TTOV FTEPVOUY artd TV apyn). Tpdyuott, pio
KAGLOT LOOSVVOULAG EVOG X ELVAL TO OVVORO

x| = {\x | A € R,},

7OV LVl 1) EVOELOL TTOV TTEPVA OTTO TNV aPYT], OTNV KATEVOLVON TOU X.

O 7PoPOALKOG X DPOG ELVAL TO GVVOLO TWV EVOELWV ATTO TV apYY).
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"Evog GANOG TPOTOG YL VO OEwPNOOUUE TOV TTPOPOALKO M-} MPO, ELVOL UETM TNG TAVTOTOLNONG
avTUTodLKOV onuetmv g ogaipag S™. TMpdyuatt, kaOs gubeio Tov R mov mepva amd v
apym, kabopiletar TIANPmG amtd d00 avimodika onueto g S™ Kol aviotpopws. Me dlia
MOYLaL, €0V 0Ty S™ 0PLOOVUE T OYEON

X~y <= X=d2y,
TOTE EVKOMO BAETOVUE OTL ELVOL OYEO0T] LOOSVVAULOG KOL OTL

RP" = S"/ ~ .

[TpoBOIKOG Y MhPOG KL OPALPQL.

Avx € R x = (zg,...,2,), 0a ypagovue [X] = [zg : -+ : z,] Kou O kahovue TV Te-
Aevtaia ayKOAN opoyevels cvvretayuéveg tov [x]. Adyov xapn, to onueio [1 : 0 : 2] tov RP?
OTTOTEAELITOL OTTO TOL OMUELQL

r=A\ y=0, z=2)\

mov dev eivan Tapd 1 gvdela e Kapteolaveg eElomoelg y = 0, 2 = 22 Tov R3,
Toi=0,...n Bewpodue To oVvora

H,={[zg: - :x,] |z; # 0} (7.1)

Torte emeldn kaOe onuelo [x] € RP™ €xel TOVAGYLOTOV UL GUVTOTOYUEVT ; # 0, TPOKVITTEL OTL
RP" = J H.
i=0

Ag mopatnpnoovpe oty i # j etvon H; N H; # ). Kabe éva dumg amd autd to ovvolra
etvon og o 1-1 ko et avrotouyio pue to R™. Adyov xapn, To H, amoteheltol amd onuelo g
nop@g

[To i@y i@y Ty = [Xo/Tn ks iy g ) =y iy, s 1L
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OptLeTor Mowtov 1) OTELKOVION Kavovikng pofoing P : RP™ — R™: oto olvvoho H,, diveton
aTro TV
H,o5w: - yn: 1] = (Y1,...,yn) € R™
Avtiotpoga, ovx = (x1,...,1,) € R", naviywor] tov otov RP™ givorto onuelo [z1 : - -« 1z, ¢ 1].
Twpa, To oVVOro
RP"\ H, = {[x] € RP" | 2, = 0}

elvan og 1-1 Ko el ovTLOTOLYLOL LLE TOV TTPOPOALKO yhpo RP™L:
RP"™ ™ > [xg: - :xpy| > [x0:- 2y :0] € RP"\ H,.

H avtiotouyio auth maplotdvel v eugutevon tov RP"! otov RP™ kol €)eL VITOKEUEVT TNV
guguTevon tov R” otov R™™! g to vrepeminedo x,,1 = 0. Amd v mapamave ovintnon
TPOKVTTTEL OTL 0 TPOPOMKOG Ymwpog RP™ umopel vo ypagel og EEvn évmon tov Eukheidetov
ypov R” kot Tov mpofolkod yhpov RP 1,

7.1.1 TIpofoikoi HETAGYNUATIONOL KL 1] TPOPOLIKY ondda P(n)

‘Boto m : R"™ — R" aviiotpéyiog ypappukog Letooxnuatiopnog tov R+

X = (z0,...,2n) = (Yo,---,Yn) = m(X),
Ko £0TM
mor ... Mgon
M= : ... i | €eGL(n,R")
Mpo .. Mpn

0 TVAKOG TOV M MG TPOG TV Kavoviky Baon tov R mote
n
Y; = E mi; 2y, 7::0,1,...,71.
J=0

Tote, AITO TOV PETATYNUATLONO 17, TTALPVOUUE EVALV UETAOYNUATLONO [m] Tov RP™ astod T oygon

H ametkovion [m] elvor évag Kahmg 0pLoIEVOG LETATYNUATIONOG Tov RP™:
1. T 10 KOADG OPLOUEVO, YIat [X1], [Xo] € RP™ elvaw
[X1] = [Xo] <= X1 = Axo = m(x1) = m(A\xy) = Im(x2) <= [m(x1)] = [m(x2)].
2. Tw to 1-1,

[m(xl)] = [m(XQ)] < m(Xl) = )\m(Xg) = m()\Xg) — X = )\XQ <~ [Xl] = [XQ].

3. Twtoemni, av [y] € RP", tote umdpyerx € R" ™ uem(x) =y, apa [m(x)] = [m|([x]) = [y].



7.1. O IIPOBOAIKOX XQP0O3 RPN 159

Yrapyovv kamolol cuykekpiuévol stivakeg g GL(n + 1, R) mov aviiotoyohv o8 Petooynuo-
TLOROVG TTOV SEV £X0VV ATOAITMG KOUULOL ETLOPAOT 0TOV TPOROIKO xhpo. TTpdyuatt, £0Tm 0
mvakag M = A, 1, Y10 Kamowo A € R, 10v avTLoTo el 0TOV PETAOYNUATLIONO m(X) = AX TOV
R, Tote, 0 aviiotolyog TPoBoMKOC HETACYNUATIONOG ELVAL O TAVTOTLKOC:

(m]([x]) = [Ax] = [x].

H opddo TV HETAOYNUATIONDV TNG HOPPNG M(X) = AX elval LOOUOPEPN UE TNV TTOMAITTACL-
olaotikn opada (R, ) mou eivar kavovikn vroopada g GL(n + 1, R). "Etol howtov otnv
npoypotkotta dev etvan 0An 1 GL(n + 1, R) wov dpd 0tov poPoilkd xmpo, alla 1) opudada
TNALKO

P(n) ~PGL(n +1,R) = GL(n + 1,R)/(R.,,-).

H opada PGL(n + 1, R) asmwotehetton amtod khaoeig [M], M € GL(n + 1, R),
[M] ={\M, X € R,}.
H ntpa&n oty PGL(n + 1, R) dtvetow amtd ) oyéon
[M] * [N] = [MNT].
O nmapamavo wopoperopog P(n) ~ PGL(n + 1, R) divetow amod ) oxeon [m] — [M] démov
[M] = {A\M |\ € R}.

[Mapatnpnote 6TL av pog dobel

TOTE O AVTLOTOLYOG TTPOPOALKOG UETUOYNUOTLOUOG ELVOL O

m]([xog: -+ ay]) = ngixi Deee mexz

H apiotepn dpaon g P(n) otov RP™ pe mpofoiikoic uetaoynuatiopolg [m] divetar amd

™mv
P(n) x RP" 5 ([m], [x]) = [m]([x]) = [m(x)] € RP".

Ipotaon 7.1.1. H Sodon tng P(n) eivow Suwdd uetafatin ko eAev0eon.
Anddeén. Eav [x], [X] xau [y], [y'] etvan Cetyn duapopetikmv onuelmv Tou Tpofoitkol xmpou,
10TE £meldn ta X, X' KoLy, y elvon Cevyn ypouukd aveEdpmrov onueiwv Tov R* 1, vrdpyel a-
VILOTPEPLUOG UETAOYNUATLONOG m Tov R tov astetkovilel tov vitdywpo (X, X') otov vitdywpo
{(y,y) ue m(x) =y xoawm(x’) = y'. Tote 6uwg 0 TPoPOALKOG UETAOYNUATIONOG [m] ametkovilel
10 [X] 070 [y] Kau To [X'] o0 [y'].

Ao Ty G, av [x] € RP", 0 0ta0gpomomthg tou

Stab(x) = {[m] € P(n) | [m]([x]) = [x]}

gLVaL LOOUOPQOG e To 0VVOLO (R, -), Snhad, To ovdétepo otouyelo g PGL(n + 1, R). O
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210 KEQAALALO AUTO Oa ETKEVIPDOOVE TV TPOCOYN WO OTNV AVAAVTIKT TEPLYPAPT) TOU
npoforkoV emiedov RP? kar tng yewuetpiag Tov. Eival duwg omwotd va uinoovue apmo
Y10 TV TTPoPolkn gvdela.

7.2 H Hpofoixn Evleia ko ) Feopnerpio g

Otav n = 1, 10 ouvoho RP! eivar n mooforuki) evbela mov OmmG ELSAUE TAPATAVD WTOPEL VO
Oewpeitar Kar mg 1o 6VVorho OAwV TV gubelmv Tov emuteédov R? mov mepvolv amd Ty apym
(0,0). H wpoPohikn gvbela eLvOL 1) EVOOT TMV VITOGVVOAMY

Hy = {[zo: 71]) ERP' | 20 # 0} wou H; = {[zo: 7] € RP' | 2, # 0}.
Miopotpe va ypapouue
RP' = HyU{[0: 1]}, eite RP'=H, U{[l:0]},

dAradn, n poPohikn evbeta uopel vo ypagel wg M (E€vn) Evmon g Evkheldeiag evbetag (ev
npokelnevm, g Ho 1 tg Hy, aviiotouya) Ko evog onuelov oo dretoo (tou [0 : 1], tou [1 : 0],
avtiotoyya). H mpofodukn evdeia R P! Aowtdv Ppioketar og pio 11 Kat €Tl ovTLoToLyla. e ToV
1810 tov kOKAo S kaw Oyl ahdg ue tov ST/ ~. Ki owtd S0t o ST pgom g 0tepeoypapLkngG
npofoing (dette v Evotnta 8.1.1), WTOPEL VO TOUTLOTEL [LE THV TTPOYILOTLKY EVOELC 0TIV OTTOLOL
gyovue TPoobEsEL Eva onuelo 0To Artelpo. TTPoKVTTEL AOLTOV ne Ao TPOTO OTL 1 TPOPOILKT
gVOELOL ELVOL CUUTTAYEG OVVOAO KO TO L8O LOYVEL YL TOV TPOROMKO yMpo Kabe diaotaons. H
amodelEN OUmg Yoo n > 1 OUTOLTEL TEYVIKEG TTOV ELVAL TTEPA OTTO TOV OKOTTO TWV ONUELWOEWV
avtov. 2ty Evomnta 7.3 wropeite vo OelTe 0YNUOTOTONOELS TOU TPOPOAKOV ETLITESOV GOV
WOl OCUUTTONYT ETTLPOVELQL.

0

[Tpofohikn evbeta Ka KUKAOC.

Mitopotue vo. Tnyaivouue oo Ty tpofoikn oty Evkeidera evbela ue v areikdvion woo-
Boirigc P : RP' — R 1 omola divetar oto ovvoro Hy amd v P([zg : x1]) = x1/x0, eV 0TO
ovvoho Hy diveton amo v P([zg : 21]) = xo/x1. AVTLOTPOP®G, WTOPOVUE VAL TTNYOLVOUUE OO
v Evkheldera evbeta 0ty TpoBorikn LECW TNG ATTELKOVIONG TUTILKNG ovipwong x — [z : 1.
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H spofoikn) opudda P(1) amoteheiton amd uetaoynuotiopolg [m] : RPY — RP!, dmou
m : R? — R? glvow aviiotpépuuog ypauukog uetaoynuatiopds. ‘Evag petaoymuatioudg [m]
OVTLOTOLYEL KOTA LOVADLKO TPOTTO O £VA. GTOLYELO TNG OUADAG

a b

HE@MZ{WF{cd

], MeGuzm}, (7.2)

e TV avoTtory o va opiletar amtd v [m] — [M]. O M edd eivan 0 TUVOKAG TOV AVTLOTOLYOU
YPOUULKOU UETATYNUATLOUOV.

"Exovue TV €Eng Oepehddn tpdtoon yia ) Fewpetpia g [MpoPoiikng Evbetag:
Ipotaon 7.2.1. Eotw [A], [B], [C] ko [A'], [B], [C'] Totddec dtagpogetikdv avd §vo onuelwv
e RPL. Tére vrwdoyel uovadikds [m] € P(1) térowo dote

(m]([A]) = [A],  [m]([B]) = [B], [m]([C]) =[C].
Anddelén. 'BEotw ta onueta [1: 0], [0 : 1] xou [1 : 1]. "Eotw eniong o6t
[A] =lao:ai], [B]=[bo:b1], [C]=[co:ci].
T A, 1 # 0, Bewpodue tov my, , : R? — R? mov optletar amd ) oyéon
my (2o, 1) = (Aagzo + pbox1, Aarzg + pbixy).
0 sivakag N Tov HeTooyUaTopol autol elval o

_ Aag  pbo
N = ()\a1 ,ub1> € GL(2,R)

£POCOV 1] 0pLLOVO TOV glvar Lon ue Aiu(aghy — boar) # 0 duot [A] # [B]. Emumhéov, éxovue Tig
OY£0ELG

[maul(1:0]) = [A], - [maJ([0:1]) = [B],  [mau]([1:1]) = [AA + uB].
To A, B oynuatitovv pio fdon tov R2. 'Etot, vrdpyouv povadikd g, o ®ote C = \oA + 1B

KO TOTE 0 UETAOYNUATIONOG [m] = [my, 4] tkavomotet v [m]([1 : 1)]) = [C]. Me mv dia
dwadikaota, fplokovpe m’ € P(1) e

[]([1:0) = (A7), [m]([0:1]) = BT, [m']([1:1]) = [CT].

O petaoynuatiopog [m’] o [m=1] eivar o tnroduevog. Eivar de povadikog, Stot eav vinpye [m”]
ue
[m"|([A]) = [A7],  [m"]([B]) =[BT, [m"}([C]) = [C],

1012 0 [n] = [m] o [m"] o [(m’)™!] B otadepomoooe Ta Tpio onueta [1 : 0], [0 ¢ 1] wan [1 : 1].
Av
[n)([zo = 21]) = [nooTo + no1w1, Moo + nuiwal,
[n]([1:0]) = [noo : nio) =[1:0] = nyp =0,
n]([0:1]) = [no1 :n11] =1[0:1] = ne1 =0,
[n]([l, ]_]) = [’I”Log : nn] = [1 : 1] — Moo = N11-

"Apa o [n] elvar To TavToTkd otorgelo g P(1), tpdypa tov ohokAnpmvel Ty omodelEn. [



162 KEDAAAIO 7. TIPOBOAIKH I'EQ2METPIA

Mopaderypa 7.2.2. Oa Bpotue tov [m] € P(1) mov amewkoviCer ta [1 : 0], [0 : 1], [1 : 1] ota
[1:2],[-1:1]xou[2: 1], avtiotorya. Onwg oty amddel&n g [Mpotaong 7.2.1 ¢otw A, u € R,
KaL E0TM My, 0 UETAOYNUATIONOG Tov R? pe mtivaka

_ (A
N(2>\ M)_

Tote
(L D] =[A—p 0 23+ .
To ovoTnuo
A—p=2, 22+pu=1
gxeL Moeig A = 1, p = —1. Apa, 0 INTOVUEVOG UETATYNUATIONOS ELVOL O [m] = [my 1] ue
TUVOKO,
1 1
dmhadn,

m]([xo : z1]) = [0 + 21 : 230 — 21].

HMopaderypa 7.2.3. Oa Bpovue tov petaoynuotiopd me P(1) mov amerkoviCerto [1 : 2], [—1 : 1]
Ko [2: 1] ota [2: 1], [—1: 1] kou [1 : 2], avtiotor . Adyw TOU TPONYOUREVOL TTOPASELYIATOG,
o [m] e

m]([xo : 21]) = [0 + 21 @ 220 — 21].

amerkcovier o [1 : 0], [0 : 1] kou [1 : 1] ota [1 : 2], [—1 : 1] kou [2 : 1], avtiotoyga. Bpiokouvue
AOUTOV OVo ToV petaoynuotioud [m’] mov amewkovier ta [1 : 0],[0 : 1] kau [1 : 1] ota
22 1], [=1 : 1] xou [1 = 2], avriotorya. ‘Ommg mponyovuéveg, Oewpolue m) , Kol Tov wiva-

KO TOV
r_ 27 —H
N = ( L.
Eivaw [m) ,(1,1)] = [2A — g+ A+ p] ko a6 g oyéoeig

2A—p=1, A+pu=2,

natpvoupe A = pu = 1. Zuvenwg, o [m'] €xel mivaxo

dnhadn,
[m/]([xo : 21]) = [220 — 1 : xo + 11].

O Tnrovpevog petaoynuatouds ivor o [n] = [m/] o [m=1]. O mivakdag Tou eivar o
o Tf2 =1\ (13 1/3\] _Jo 1
[MW[]_{G_l 2/3 —1/3)| = [1 o

[n]([z0 : 21]) = [a1 : o).
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7.2.1 Auwthog AOyog

2TV EVOTITOL OUTI ELOAYOVUE TOV SLTAS Adyo Tedodowv onuelwv. O SLThOG AOYOG NTOV YVO-
0to¢ otov Eukhetdn ko 1 Oguehmdng tov diomta (Ilpodtaon 7.2.4 mapakdatom) amodelyOnke
antd tov [anmo. 'Botw [A], [B], [C], [D] téooepa onueia tng RP! tétoia dote omoladnmote
TPLOL ATTO oVt vaL uny elvar toa. 'Eotw ympig frapn ot [A] # [B]. Tore,

C=pA+q¢B, D=rA+sB. (7.3)
O duThOg MOYOG OpLiETaL ™G
A,B;C,D] = L.
ps

[Mopatnpnote 0TL 0 SUTAOG AOYOG TECOAPWV SLaPOQETIKDV NETAED TOVUG 0va. VO ONUELWV SEV
umopel va etvar 0: av g = 0 10te [C] = [A] evdd av r = 0 tote [D] = [B]. Av taht 0 duthdg AdYog
glval oog pe 1, katainyouvue o og atomo. Ki ovtd SLotL oo Ty gr = ps €qouvue

C=(qr/s)A+ B = (sq)D = [C] = [D]

O 0pLopoOg Tov SLITAOV AOYOU ELVOL OVEEAPTIITOG OITO TV ETULAOYT TOV AVILITPOOMITMV: TPAY-
watt, av A’ B, C' D’ elvar kasmolor adior avurpoomstor twv [A], [B], [C], [D], tote vdpyovv
a,b, ¢, d Oha SLapopeTika Tov undevog tetoto wote A’ = aA, B’ = 1B, C' = ¢C xou D' = dD.
Torte,

C' = cC = cpA + c¢B = (cp/a)A’ + (cq/b)B,
D' =dD = drA + dsB = (dr/a)A" + (ds/b)B,

OUVETTMOG

A" B;C., D] = (eq/b)dr/a) _qr _ A, B;C,D].

(cp/a)(ds/b) — ps

Ipoétaon 7.2.4. O SuwAdg Abyog elvar mooforikn avarlolwtog: magauéver avaiiolwtog amd
™ dodon tng P(1).

Anddeén. 'Eoto dmwg nopanave [A], [B], [C], [D] téooepa onuela tng RP! tétolo tote o-
TOLALONTTOTE TPLEL OTTO QTG VO, UMV ElvaL Loo Kow €0tm ywplg PAaPN ot [A] # [B], wote va
e (7.3). Av [m] € P(1) ue avtiotoryo Ypouumkod UETOOoYXNUATIONO M, TOTE

m(C) =p-m(A)+q-m(B), mD)=r-m(A)+s-m(B).

Etvaw twpa [m(A))] # [m(B). Ku avtod 810t 0Tnv Tepirtmaon TTov Loyve To aviifeto Oa vnpye
A € R, ue m(B) = Nedotm(A). Enteldn 0uwg 0 m elvon ovIioTpePluog, Tovto O ouveroyotov
o0t B = A\A kau dpa [A] = [B], mpayua mov aviikpoler Ty vrobeon. Apa,

(m(A), m(B); m(C), m(D)] = ]% — [A,B;C,D].
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Ipotaon 7.2.5. Yrdoyet [m] € P(1) mov areikovilel téooepa Siapooetird uetald tovg avd
ovo onueia [A], [B], [C], [D] oe téooeoa Stagpogetird ueta&d tovs avd dvo onueia [A'], B,
[C'], [DY], avtioTrowya, av kat uévo av

[A.B;C,D] = [A’,B/;C’,D/].
Arddelén. Av vmapyelr [m] € P(1) e
[m(A)] = [A],  [m(B)]=[B], [m(C)]=[C], [m(D)]=[DT],
TOTE O LOYVPLONOG TTpoKVITTEL artd TNV [Ipodtaom 7.2.4. 'Eotw twpa 0Tt
[A,B;C,D] = [A’,B’;C',D'].
Tote ovugpova pe v Ipdtaon 7.2.1 umopolue vo virodeoovue OtL
A] = [A]=[1:0], [B]=[B)=[0:1], [C]=[C]=[1:1]
Tote, av [D] = [d; : dy] xou [D'] = [d] : df], elvan
[A,B;C,D] = d,/d, [A,B;C,D|=d,/d
[Mpoxvrter ot [D] = [D'] Ko cvtd 0OAOKANPOVEL TNV aTTOdELE. O

Yy6Mo 7.2.6. ZT0 ONUELO OVTO KAVOUUE ULC. YPNOULY TTOPATHPNOT TAVED 0TV AmodelEn g
[Mpotaong 7.2.5. 'Eotw [A], [B], [C] kou [D] téooepa Siapopetikd ueta&l tovg ava d0o onueto
mg RP! xou €0t

[A,B;C,D] =X e R\ {0,1}.

[Mapoatnpodue Ot
[(17 0)7 (07 1); (1/)‘7 1)7 (17 1)] =A= [A7B; C,D]

Sougpwvo ue v podtaon 7.2.5, vrapyel [m] € P(1) ue
[m<1’ O)] = [A]7 [m(ov 1)] = [B]’ [m(l/)" 1)}) = [C]v [m(la 1)]) = [D]

Apa, otav pog Sivovtar T€ooepa dLapopeTikd netall Toug ava do onuela g RP! wwopoiue
TAVTOTE VO VITOOETOVE OTL QLUTA ELVOLL TOL

1:0], [0:1], [1/A:1], [1:1],
070V \ glva 0 SLTAOG AOYOG TV SOOEVTOV OMUEL®Y.

Ag mapatnpnoovue 6t pEow g Tadtiong mg RP! pe tov ST = RU {co} = R, 0 duthdg
AOYOG WITOPEL VO OPLOTEL KaiL YLoL onuelo. Tov R wg eENg: €otw a, b, ¢, d € R, T€T0100 DOTE OTTOLAL-
dMNTTOTE TPLA. OITO CAUTA VO NV ELVAL L0 AV KOVEVOL ATTO 0UTA OEV ELVAL TO TO 00, Oewpolue Tig
OVVYPMOELS TOVG

Al=]a:1], [Bl=[:1, [Cl=[c:1], [D]=][d:1].
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Av a # b, TOTE £mELON

(c—ba+ (a—c)b

a—2>b ’
g (d—b)a—l—(a—d)b’
a—>b
£Yovue ( ' |
d—>b)c—a
[A,B;QD]:m,

T0 07T0LO KO 0pLLOVUE WG TOV StTAS Adyo [a, b; ¢, d] Twv a, b, ¢, d. XperdLeton fefaimg va Kavov-
UE OPLOUEVEG TTOPUSOYEG 0TIV TEPLITTMON OTTOV SVO GO TOL ONUELL ELVOL LOL: AOYOU YAPY), OV
b = c, 101 AMpe 611 [a, b; ¢, d] = oo. 'Etot, o dumhdg Moyog maipver Tiuég oto R.! Tapampiote
TMOPO OTL UE TNV ETULTAEOV TAPOdOYTN OTL 00 : 00 = 1, 0 SLTAOG MOYOg

[a,b; c,d] = w(‘;—a)

0pLEETOL KO OTNV TEPLITTMON TOV KATOLO OItO Ta a, b, ¢, d €LVl TO ONUELD 0TO AmeLpo. Oa
EMAVELOOUUE OTNV TPOYUATEVOT) OLUTH TOV dLITho Adyov otnv Evotnta 8.4.3.

Mopadevypa 7.2.7. Oo Bpolue pe dVO TPOTOUS TOV dLITRO AOYO TV
A]=1[1:2], B]=1[2:1], [C]=[1:0], [D]=]1:1].
Kot apydg eivor
C=(1,0)=(-1/3)A+(2/3)B, D= (1,1) = (1/3)A + (1/3)B,

’ 233
ABCDI= sy~ 2

Ao v M, emedn to [A], [B], [D] avijkovv oto ouvoro Hy, Bempolue Tig Tpofoiég
a=1/2, b=2 d=1,
twv [A], [B], [D], avtiotouya, ETdvm otV TpoyuoTiky evbela, evd alpvovpe ¢ = oo. Tote,

' _ (1-2)(c0—1/2) —1 oo B
la,b;c,d] = 1=1/2(x-2) —1—/2-5—(—2)-1——2.

Ipotaon 7.2.8. Oedpnuo Teosapov Inueiwv. Eorw [A], [B], [C], [X], [Y] onuela Tn¢ moo-
Polikngc evbelag. Tote,
[A,B;C.X] = [A,B;C,Y] = [X]=[Y]

TKow mwéin éxoupie 6t0L dv Tow ompeia etvan Staopetiid petav Toug avd §00, 1oTe 0 dihdg Adyog maipver Tuuég
oto R\ {0,1}.
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AnodelEn. 'Eotw

Tore,

C=pA+¢B, X=rA+sB, Y=1rA+sB.

/
ps  ps s s

Onorte,

Y=rA+sB=(r/r)rA+ (s'/s)sB = (r'/r)(rA + sB) = (+'/r)X = [X] =]Y].

]

"Eva. UOLOMOYLKO KO EVOLOQEPOV EPMTNUO ELVaL TO €ENG: TL ouuPalvel 0Tov SLTAO AOYO
TEOOAPMV ONUELWV OTALY UETOTAEOUIE TA. ONUELD, LE ULOL LETATAET TG OUADAG HETATAEEWV Sy;
Yrapyouv g yvwotov 24 netata&elg oty Sy ahhd 0 SLITAOG AOYOG IOV TIPOKVITTEL OITO OTTOLOL-
dMTOTE ATO AVTEG ELVAL CUVAPTNON EVOG TPOKADOPLOUEVOL SLITAOV Adyov. Agite TV AoKnom
7.2.2.6.

7.2.2 Aoknoeig

1.

2.

AelEte OTL 1) oY€on oL opLleTan amod TV (2?) elval OYECT) LOOSUVOULAG.

AgiEte 0tL 1 PGL(2, R) mov opiletan astd v (7.2) elvor opada.

. AelEte O0TL 1) asterkovion (2?) opiler dpaon g ouddag PGL(2, R) emt g mpoBolikng

gvbelac.

. BaowZopevol otnv amodel&n mg Ipodtaong 7.2.1 alha kow oto Mapaderypa 7.2.2, Bpette

10 [M] Ttov aselkovilel

(@) ta[1:0],[0:1],[1:1] ota[—1,2],[2,3],[4: 1], avtioTorya Ko
B) ta[-1:1],[0:1],[1:2] ot [0,1],[3, —1],[2 : 5], avtioTOUYCL.

. EEetdote eav vrapyer otoryelo g P(1) mov va amerkoviZel ta [1: 0], [0 : 1], [1 : 1] ko

[1:—1]ota[0:1],[1:0],[2:1],[1: 2], aviiotoryc.

. AgiEte 6TL 0 dLTAOG MOYOG TECOAPWV ONUELWV TNG TPOPOALKNG EVOELNG LKOVOTTOLEL TLG L-

dotnteg:
A B;C,D] — [B,A:D,C] — [C,D: A, B] = [D,C;B, A] (7.4

KoL
[A,B;C,D] =\, [A,B;D,C|=1/)\,

[A,C;B,D]=1—-), [A,C;D,B]=1/(1—)),
A,D:B,C]=1-1/\, [A,D;C,B] =X/(A—1).
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7.3 To IIpopoikéd Emtirtedo kau n T'emperpio Tov

7.3.1 Tevika ywe to Ipoforké Eninedo R P>

Ag mopatnprnoovue Kot apydg 0Tt To mpoPoilkod emimedo RP? elval 1 Evwon Tov ENG TPLOV
OUVOLWV:

HOZ{[Ioixlll’g]ERPZ|$0%0},
Hy = {[zo: 71 : 23] € RP? | 11 # 0}, (7.5)
HQZ{[ZBO:$1Z$2]€RP2|$27é0}.

Kot st toviCovpe 0t Tor oUvola outd dev etvan Eva peta&l tovg. To Kabgva o’ autd Ouwe
elvan og pia 1-1 ko emt avriotouyio pe to R? : Adyov yapn, ta onueta tov Hy elvol loodivvoua
Le onueLe TG nopgng [x @ y : 1] ko €tou gxovpue TV astelkovion (tpoPoing) [z : v : 1] — (z,y).
Etvou Topa

L} =RP*\ Hy = {[z¢ : 71 : 23] € RP? | 5 = 0}.

To ovvoho L2 umopet va Oewpndst oav éva aviiypago g pofoikng evbeiag R P eufarri-
ouévng evrdg Tov RP?:
RP' 3 [29 : 11] = [z0 : 71 : 0] € RP?,

Kaw ovoudLeton evleia oto dmelpo wg moog Ha. H gpgpUtevon vt £)(EL VITOKELUEVT TNV ugU-
tevon Tov Evkhedeiov emmédov R? evtog tov R3 wg to emimedo xo = 0.

Yyoho 7.3.1. Enueudvovue Ko AL Ywplg amddelEn 0t To TPOoRolKo emtisiedo elval £va ov-
umayés OUVOLO. ZTO TOPUKATW OYXNUC PAETOVUE SLAPOPES OVOTTOPAOTACELS TOV TPOBOALKOD
EMTESOV OOV CUUTTAYTY] ETTLPAVELD. TOV R3,

AvastapooTAoELS TOU TPOBOMKOV ETLITESOV.

7.3.2 Ev0sieg oto RP?

To Evkheidero emimedo R? wmopet va eupamtiotel eviog Tov R? kow mg ommotodnmote emimedo
axg + bxry +cxa =0, |a| +|b| + |¢| # 0, (7.6)

7OV TTEPVA 0TTO TNV 0pYN). TETOLOV €L80VG EMUTES U TPOKVITTOVY 0TTO TN SPAom) eVOG OTOLYELOY
g opOoydviag ouddag O(3) oto R3. H EElowon (7.6) maplotdvel Ty eEL0MON TG TLXO0V00G
mooPokiic evOeiac Tov RP? xou pag Aéel emiong 0tL kaOe TéToLa TpoPfoilkr| evdeio uropet va
OewpnOel oav gvbela 0TO ATTELPO.
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Ipoétaon 7.3.2. And kdbe dvo Siagpogetikd onuela Tov RP? meovd uovadiki) moofotixij ev-
Oela.

ArddeEn. 'Botw x| = [zg : @1 @ 2] xau [X'] = [2f : 2} : 2] Sapopetikd petaly toug onueta

oto RP?. Tolto onuelvel 6Tl TOuAAxLotov pia artd Tig EAA0coVEG 0pLlLovoeg

xT1 T2
Ty T

Lo T2
Ty  xh

o T1
DOZ ; Dlz ) D2: / /
Lo Ty

Y

glvo StopopeTikn Tov undevoc. Tote, 1 evbeta pe eElomon
DoXO - D1X1 + D2X2 - 0,

mepLeyeL ta [x], [x']. (EmBefondote tov 1oyuptond oty Acknon 7.3.3.2: mapatnpnote OtL ov-
ootk amodei€ape ot dvo emimeda Tov R? mov mepvolhv amd v apyr) TEWVOVTOL OF [ic:
evOetal) O

Mopwopa 7.3.3. HevOeia wov mepvd amd ta [X] kau [X'] dxwe magarndvw, divetaw axd tn cyéon

Xo X1 X
Top X1 T2| = 0. (77)
xy Xy xh

Mapaderyna 7.3.4. 'Eoto to onueta [1: 0 : 2] ko [0 : 1 : 2] tov RP2. Av aXy + bX; + cXo
= 0 elvow 1 eVOELOL TTOV TOL TTEPLEYEL, TOTE O TTPETTEL VO, LKOVOTTOLOVVTAL OL OYEOELG

a-1+b6-0+¢c-2=a+2c=0 xao a-0+b-1+¢c-2=b+2c=0.

[Tpoxvrtel OTL 1 Tnroduevn evbela etvan n L : 2X, + 2X; — Xy = 0. Xpnowwomounvoag v
EElowon (7.7) £xovue okt

X, X1 X,
1 0 2|=-2X,-2X;+ X, =0.
0o 1 2

H napakdtm mpotaoy) elvol yvooth Ko oo ot T todoxtwong. Mag eEao@alllel v
un vraeén ragaiiniiog evheiwv 6to TEOLOIKO eminedo:

Mpétaon 7.3.5. (Ilpoortmon). AVo Sta@poQeTikés TOOPoMKES evOeieg TEuVOVTAUL TAVTOTE OE
Eva LovadLko onuelo.

Amdde&n. 'BEotw ol gvbeleg

Ly : axg+ bry + cxy =0,
Lo: d'zg+bx,+xe =0.

Ta KoLva Toug ONUELS. ELVOL OL AVOELG TOV TTOPATAV® OVOTIILATOG, TO OTTOLO, ETTELOT TOVAGYLOTOV
wloL oo TG EMAO00VEG 0PLLOVOES

b ¢

DOZ b/ C/

) Dl:
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ELVaL SLOPOPETLKY TOV UNSEVOC, EXEL ATTELPEG MIOELG: av AdYou xapn Dy # 0, ToTe

—c b a —c
-V a -
To= ——— *To, I = +T9.
D, D,
[TpoxUmTEL TO HOVASLKO TPOPOIKO GTUELD
b c| |a c| |a D
yodl - a a bl
KoL 1 atOSElEN OMOKANPWVETAL. O

Yyo6Mo 7.3.6. Mropovue va ypagouue v eElomon piag gvbelag L : axg + bxry + cry = 0 wg
[A]- X = 0- K1 vt d1oTL 0 A = (a, b, ¢) €lvar To KAOETO dLavuoua Tov avtiotoryov Evkieidelov
ETITEOOV KOL CUVETTMG ELVOL U UNOEVLKO. Aglte Twpa 0Tl atd v [pdTaon 7.3.5 mpokimrel
AUECMS OTL T onueto Toung Twv evbelmv [A] - X = 0 ko [A'] - X = 0 etvow axplpog to [A x A’].
AvTO avTavakAd 0T0 YEYOVOG OTL 1) ToT] VO ETUITES WV TTOV TEPVOUV ATTO TV apyT) ELVaL EVOELQL
Ao TV 0pYN, UE SLavuopo SLeEVBVVONG TO KAOETO TTPOG T AVTLOTOLY . KAOETO SLOVIOILOTO TV
ETTEO V.

Ipértaon 7.3.7. Tola onuelo [A] = [ag : ay : ag), [B] = [bg : by : ba] kow [C] = [co : ¢1 : o] TOV
TOPOoMKOD emmESOV elval GUVEVOELAKA AV KAl HOVO OV TO UELKTO PIVOUEVO

apg ap ao
(A,B,C) = |by by by|=0.
Co C1 C2

Arddeién. H evbela wov opilovv ta [B], [C] divetan amd v

Xo X1 Xo
[BXC}X: b() b1 b2 =0.
Co C1 (6))

]

Eyoho 7.3.8. Enuerdvovue edm OTL Tpia U cuvevdetokd onueio tov RP? oymuatilovv toukd-
ov@o. O 0pOg TO(YWVO TTOV YPTOLUOTTOLELTOL TTOPAKAT® ELVaL KoTaypnotikos. Kat tovto dott,
EV(M WTOPEL VO, OPLOTEL 1) YWVIO. LETOED V0 TPOPOAK®MY EVDELDV MG 1) SLEdPT YWVIL TWV AVTL-
otoywv EukAeldetmv emimeédwy, 0 0ploudg autog dev elvol TPOoROAMKA avoAOLWTOS, SNAad,
dev drotnpettar amd tovg Tpoforotkols petaoynuatiopotc. To do oyver KoL yio Tov 0po
TETPATAEVPO, K.AIT.

7.3.3 Aoknoeig
1. TIpoodioplote Tig gvbeleg 0TO ATTELPO TwV oVVOAWY Hy kKaw Hy oty (7.5).

2. Emfeformote tov 1oyuptopd g amodelEng g Mpotaong 7.3.2.
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3. Bpette g gvbeieg Ly kau Ly ov mepvolv amod to. [A] kou [B] 0tav auvtd etvor avtiotoryo
TO!

() [1:0:5],[0:=1:9].
@) [2:3:2) [~1:4: 1]
4. Bpelte T0 oNUELO TOUNG TV eVOEL®V L1 KoL Lo TNG TPONYOVUEVNG AOKNONG.
5. EEgtdote MOLEG ATtd TIG TAPAKATO TPLASES ONUELWV ELVOL CUVEVDELOKEG:
(o) [-2:8:1],[3:4:0],[-2:5:2].
B) [1:—1/2:2],[-2:1:3],[0:0:1].

7.3.4 HTzouerpia tov Ipoporikot Eminedov

H I'sopetpia (kotd Klein) Tov Tpofoitkot Emmeédov R P? eivar to Cevyog (RP?, P(2)), dmou
opada P(2) etvon 1 PGL(3, R) mov opileton amd v GL(3, R) katd Tpdmov avaloyo ue oautov
nov oploape v PGL(2, R) amtd tyv GL(2, R). Emtiong pe avaloyo Tpomo 0mmg 0Ty TePLITTmon
g TPoPorkng evbeiag, Oewpoue T dpdon g ouddag P(2) oto RP?:

RP? x PGL(3,R) > ([x], [A]) — [xA] € RP?.

H 8paon eivar KoAdG 0pLopévn akplpag emeldn o A eivol avioTpéyog ivakog. Ou mgo-
BoAukol uetacynuatiouol TOV TOPLOTAVOLY TN dpaon evog [A] € P(2) oto RP? elvou kan dM
QTTELKOVIOELG TG Wop@ng [x] — [xM] dmov M € [A].

H opaxdtm tpotao etvar ovaroyn e [Mpotaong 7.2.1 kot ovviotd 1o Oepuelwdeg Ochpnuo
tov [Tpofoitkot Emmtedov:

Ilpétaon 7.3.9. Eorw [A], [B], [C], [D] ke [A’], [B'], [C'], [D'] reToddes un ovvevbeiaxmv ava
Todv onuelwv tov RP2 Téte vwdoyet uovadikd [M] € P(2) ue

[AM] = [A],  [BM]=[B], [CM]=I[C], [DM]=[D].

Amdda&n. H amodelEn etvou apaminoia g arodel&ng g [potaong 7.2.1. 'Eotw T onuelo
[1:0:0[,[0:1:0[,[0:0:1]xae[l:1:1]. Eotw entong ot

[A]:[aoza1:a2], [B]:[boibllbg], [C]:[C()ZClICQ], D:[doidl Zdz].
T A, p, v # 0, 0 ;Tvakog

)\CLO )\a1 /\(12
N = | puby pby pubs | € GL(3,R),
vVcy UVCp VCy

eooov [A] # [B] Kai LKavOTTOLEL TIG OYEOELG

[(1?070)N]> = [A]7 [(07 170)N]) = [B]7
0,0, )N] = [C], [(1,1,1)N] = [\A + B + vC].
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Evtomilouvpe tTpa ta KATAANAQ A, 11, v Tapotnpwviog ot To A, B, C oynuotilovv wia faom
Tov R3. Apa, vrdpyouv WovadiKa A, i, v, OMOL SLOpOPETIKA ToU undevog, mote
D = M+ uB + vC.
(To Ot TaL ONUELD VITOTEOMKOAV ava TPLOL U CUVEVDELOKA, YPELAleTaL OaKPLB®OG ed®). Tote
(1,1, 1)N] = D).
Avoloywe, Bplokouvue [N'] € P(2) ue
(LO,ONT) = (AT, [(0,LON]) = [B], [0,0,)N] = [C], (1,1, 1)N] = D).

To otouyeio [M] = [N'N~1] eivan to Inroduevo. SupmAnpdote artd 10 ONUELD AuTod THV ATtOdEL-

En. O
Mopaderypo 7.3.10. T va. fpodue ToV TPOROAKO UETATYNUATIONO KOTA TOV OTTOLOV
[1:0:0]—[0:0:1],
0:1:0]—[0:1:1],
0:0:1]—[1:1:1],
1:1:1]—[3:2:4],
€0TW \, 11, v # 0 Ko
0 0 A
M=10 p p
v v

Tote amd T oygon

(LLI)M)=v:ip+v:A+pu+v]=[3:2:4]

gxovue A = 2, = —1, v = 3 Kaw OUVERHG
0o 0 2
M =10 -1 -1
3 3 3

7.3.5 I010TTES TOV TPOLOMKDV UETAUTYNUATICUOYV
Ol eTOUEVEG TIPOTACELG TTEPLYPAPOUV OPLOUEVES OITO TIG LOLOTNTEG TG P(2).
Ipotaon 7.3.11. KdOe orovyeio tn¢ P(2) arxeikovifel evbeleg oe evOeieg.

AmddaEn. H amddel&n ovotaotikd Oa umwopotios va avoydel oty amddelEn g mpoTaong:

Kka0e otouyeto g GL(3, R) ametkovilel emimeda tov R aswd tv apyn oe emimeda tov R3 amd

mv apyn. Avalvtkd, €otm evbeio L pe eElowon [A] - X = 0 Kou £0Tw UETAOYNUATIONOG

[M] € P(2). ©¢tovue yia [X] € L, X' = XM xou 101 X' = XM = X'M~! = X. 'Eto,
0=[A] X =[A]- (X'M7") = [A(M")7] - X"

Me Mo Aoyia, m etkova g L : [A]- X =0elvoun L' : [A(MT)71]-X = 0. O
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Mopaderypo 7.3.12. 'Eotw 1 gvbelo L pe eElowon
[A] 'X:2I0+$1—3IE2 =0

KO 0 HETOoYNUATIONOG [M] pne avumpoowo

1 01
M=|1 1 3] eGL@3R).
-2 01
O avtiotpogog M glvor o
1/3 0 —1/3
Mt'=|-7/3 1 -2/3| € GL(3,R).
2/3 0 1/3

Omote, yioo v L' = M (L) €yxovue

AM) ) =[5:-5:1]
Kau €rovm L' éyer eElowon 5z — Sy + 29 = 0.
Ipotaon 7.3.13. KdOe oroyelo e P(2) amewoviler ovvevbeiaxd onuela e cuvevOeiaxd
onuela.
Arddeén. Kabe 8o onueta avikovy oe pio evbela, 1 omola HEow otoryelov g P(2) ameiko-
viCetan og gvbela Moyw g IMpotaong 7.3.11. O

Ipotaon 7.3.14. KdOe oroyelo tng P(2) Statnoel tnv modomtwaon: amewkoviiel to onueio
TouUnS eVOELDV GTNV TOUT) TWV ELKOVWYV TOUG.

Anddeién. 'BEotw ou evbeleg L ue eEtowon [A] - X = 0 kaw L' e eEtowon [A'] - X = 0 mov
teuvovtan oto [A x A’l. Av [M] € P(2) 1ote 1o onueto [(A x A')M]) Ba aviker otnv toun
(ML)N (ML) 1) omola. 0uvioTaToL amd ovadiko OnueLo. O

O duthog AoYog [A, B; C, D] te000pmv 0uvevBelaKdV ONUELWV TETOLMV MOTE OTTOLOONTTOTE
TPLO. ATTO OUTA EV ELVOL LOCL, OPLEETOL AKPLBMG LE TOV 110 TPOTTO OIS KoL 0TV TEPLITTWON TNG
RP. Ou 800 emodueveg Tpotaoelg ivan oL ovaroyeg v Mpotdoewy 7.2.4 kai 7.2.5, avtioTtouya,
KO AtodELKVIOVTOL ETTLONG UE TOV LOLO TPOTTO, UETA TG KATAAANAES TPOTOTOLOELG.
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O duThOG MOYOG lvaL TPOPOALKY 0VOALOLWTOG,.
Ipotaon 7.3.15. KdbOe orovyeio tng P(2) Statnoel tov StwAd Adyo tecoedomv 6vvevOeiakdv
Ko SLapoQETIKMV ueTa D T0Ug avd dvo onuelwv tov RP2,
Ca Ty amodeLEn, X PNOLUOTONOTE TO TETPATTAEVUPO AVOPOPAG UE KOPUPEG
[1:0:0], [0:1:0], [0:0:1], [1:1:1].

Ipotaon 7.3.16. Yrdoyer [M] € P(2) mov anekoviler técoeoa cvvevOelakd, StagpogeTikd
ueta&v tovg ava dvo onuela [A], [B], [C], [D] oe téooeoa cvvevOeiaxd, dtapooetikd ueta
Toug avd dvo onuela [A’], [B'], [C'], D], avtiotoiya, av kaw uévo av

[A,B;C,D] = [A",B’;C",D'].

Egopnoyn. Téooepa omoadnmote ava Tpio un cuvevdeiakd onueto tov RP? opifovv éva
TeT0dTAE VOO (1), WO CWOTA, TETPAKOPLEPO). ZVupwva. te v [potaon 7.3.9 urmopovue mavrote
Vo, VITOOEoOLE OTL OL KOPUEPEG ELVAL OL

[A1]=[1:0:0], [A]=[0:1:0], [A3]=[0:0:1], [A4=[1:1:1].
OptLovtau €€ gvbeleg:
o 1 evBela L1y amd To [Aq] ko [Ag] pe thmo

[As] - X =0,

* 1 gvbeia L3 0o ta [Aq] ko [As] pe Tomo

[A2] - X =0,

N evBeta L1y oo to [Aq] Kou [A4] pe thmo

0:—=1:1]-X=0,

* 1 gubela Loz 070 taL [As] kou [As] we Timo

A] - X =0,

* 1 gvbela Loy 070 tar [Ag] ko [Ay] pe o

1:0:—-1]-X=0,

N evBeta L3y oo to [Az] Kou [A4] pe thmo

[—1:1:0]-X=0.

Ta Staydwa onuela TOV TETPOTAEVPOV ELVAL TO
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e LisNLy={Di=1[1:0:1]},
o LisN Ly ={[Dy]=1[1:1:0]},
o LoysNLyy={Ds]=1[0:1:1]}.
H evbeia amo ta [D;] ko [Ds] etvor
[—1:—1:1]X=0

Ko TEuveL ™V Lip 070
[A]]=[-1:1:0].
YrohoyiZovue tov dutho Aoyo [A1, Ag; Af, Dy): elvan

Al=(-1)-Ai+1-Ay=1-A1+1-A,

Ko OUVERAG (A, Ag; Af, Do) = —1. ‘Otav 0 Suthdg AOYOG TECOGUPWV ONUELwV Elvan Loog te —1,
LEUE OTL T ONUELD. BPLOKOVTOL OE aguovikt) Oéa.

Ipotaon 7.3.17. H dodon kdOe oroyelov tng P(2) agnver tovidyiotov éva 6tabegd onueio
Tov RP2

ArddeEn. Av [M] € P(2), T0 yopaKTNPLOTIKO TOMMVUIO Py ELVOL TPLTOV Babuov, apo €-
YEL ELTE ULOL ELTE TPELG TIPOYUATIKEG LOLOTUUES. AV A €LvoL (o TETOLO LOLOTLUY KoL A €Lval TO
avTLoToLYO OL0dLAVUoUd TG, TOTE [AM] = [AA]. O

7.3.6 Aoknoeig

1. Bpeite OLovg TOUG TPOPOALKOVG UETAOYNUATIONOVS TTov astetkoviCovy ta [1 : 0 : 0],
0:1:0,0:0:1ota[2:0:1],[0:—=1:2],[0:0: 1], avtiotorya. AeiEte o1t
amd OLovg ovTovg, HOvo Evag amterkoviter o [1:1: 1] oto [3: —1: 0].

2. Epyatouevol omwg otnv amodelEn g [potaong 7.3.9, Bpette to otouyelo g P(2) mov
amewkoviferta [—1:2:0],[2: =1:0],[0:1:2],[0:1: —2]ota[0:2:1],[0:2: —1],
[1:2:0],[2:1:0], avtiotouyo.

3. 'Eotw evbeleg Ly : [A]-X=0xou Ly : [B]-X=0.

(o) Bpette to onuelo toung tovg [P].
(B) 'Eotw [M] € P(2) ue avumpoommo

1 0 1
M=10 -1 2
2 0 1

Bpeite Tig etkoveg twv Ly Kow Ly péom tov [M] Kabdg Kau TNV ELKOVA TOU GTUELOY
TOUNG TOVG.

4. Amote hemtopepn) amodelEn g Mpotaong 7.3.15.
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5. Aoote hemtouepn amddelEn g IMpotaong 7.3.16.

6. 'Eotw

(o) AciEre 011 [M] € P(2) Bpioxovrag tov M1,

(B) Bpette T0. 0TAOEPA TOV ONUELCL.

74 Avionog

O duiouog ELVOL L. OUOVTLKT] IBLOTNTA TG TTPOROMKNG YemueTplag. TlepLypagoupe aueomng
TNV QP)T) TOV TNV SLETEL.

7.4.1 Apynq Avicuov

"Eotw 1 gvbsio L tov RP? ue e€lowon [A] - X = axy + by + cry = 0. To mpoPorikd onuelo
[A] = [a : b : ] Meyetow Svikd onuelo tng moofoikrs evbelag L. AVILOTPOYOS TP, OV
[A] = [a : b: ] € RP?, tote 1 evbeio L pe eElowon [A] - X = 0 xaheiton Sviks) evbeia Tov
[A]. Zvumepatvovue OTL 0TO TPOPOALKO ETUTESO VITAPYEL WLt 1—1 Kol €L OVTLOTOLYLOL ONUELDY
Ko evleLdV, KATL IOV TPoépyetal amd v 1-2 avrotoryia emmédwv Tov R? amd v apyn
Kot Katevfuvoewv: og KAOE emlmedo armd Ty apy1) avTotoy oty Ta §10 wovodiaio kKaeTd Tov
draviopata. Aev VITAPYEL EVVOLA aVTLOTOLYT Tov dutopot otnv Eukieldeia Emumtedouetplo.

Ouundeite TOpo OTL 0rTd TV [IpdTaoT 7.3.5 TPOKVITTEL AUECHS OTL TO ONUELD TOUNG TWV
evfelov [A] - X = 0 xou [A'] - X = 0 etvaw axppmg to [A x A’]. Aéue tote OTL 1) €VOELDL AUTTO TOL
[A] ko [A'] €xer Svikégs ovvreTayuéves [A x A’]. Avika, ou evbeleg [A] - X = 0 kau [A']- X =0
TéuvovTan 0to [A x A'].

"Exoupe AoLmov TV akoiovdn

Apyn dvionov: H oy is wag modtaons tng I'ewuetolag tov Mpoforkod Emimédov mov ava-
péoetal o onuela kot evbeles maoauével availolwtn av evalidEovue ta onuelo ue evbeieg
Ko TS evBeleg ue onueia.

AGYoU G, eLdaE OTL HVO OTOLETINTOTE SLAPOPETIKEG TPOPOMKEG EVOELEG TEUVOVTAL (OU-
VIPEYOLV) 0€ Eva Lovadiko onueto. H duikn mpdtaom etvar:

Mpétaon 7.4.1. Ao omoradmote m@oforikd onueia GvvTEéxovv ae uovadikn evlela.

Mopaderypo 7.4.2. OL KOPUPEG TOV TPLYDVOU TTOV 0PLLOVV OL SLOPOPETIKEG UETAED TOVG AVAL
&0 gvbeleg

A]-X=0, [B]-X=0, [C]-X=0,

gLVOLL TOL ONUELCL
[AxB|], [BxC], [CxA].
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7.42 Authotl Aoyou Kot dviocudg

Apyitovue pe kamolo opohoyia. Mia ovihoyn onueiwv X tov RP? Oa koheltow onustocelod.
Av 1 X Bploketol enavm oe wo evbeta L, tote 1) L O kolettan dEovag TG ONUELOOELPAG L.
To duiko ovvoho P tng onuelooepag X 0a Kaheitow Séoun evbeudv oudroyn ue tnv . Avn 2
exeL aBova L : [0]-X = 0, 101e Oheg oL gvbeieg g d¢oung P mepvouv oo to (O], P kahetton
kevToukt) Séoun kar to [O] kaketton kogupn g P.

I

///J//

' /f'\\\ =
7 ,/:\ \
7 ///H\\\ ANAN

Kevtpikn dgoun evbelddv pe eykapoteg oe autnv gubeles.

Se o KEVTPLKT SEOUT WTOPEL VO. 0PLOTEL 0 SLTTAOG AOYOG KGOE TE0OAPWY evBeLmV TG dEouUNG:
KL QUTO, SLOTL TAL AVTLOTOLY L SUTKA onuela KAOg ulog amd auTteg aviKovv otov agova L. (Me
aAAa AOYLAL, TECOEPLG EVOELES AVITKOUV 08 KEVTPLKT] SEOU, SNAQST) GUVTPEYOLVY, ALV KO LOVO OV
T AVTLOTOLY O SUIKA TOUG OMUEL ELVOL OUVEVOELOKAL.)

HMopaderype 7.4.3. 'Eoto 011 BEhovue va dei€ouvpe 6tL oL gubeieg pe eELOMOoELG
A]-X=[1:1:2-X=0, [B]-X=[3:-1:4]-X=0,
[C]-X=[5:1:8-X=0, [D]-X=[2:0:3]-X=0,

ovvtpeyovv. TMaipvovue dVo omotadnmoTe SUika onueta, £otw ta [A] kou [B]. H gvbeta mov

TEPVA OTTO CUTA ELVOL )

o L1 X2
0=|1 1 2 :61‘0+2.’L'1—4I‘2,
3 -1 4
dMmradnn L: [3:1—2]-X = 0. [apatnpovue tTHpa OTL
3:1:-2]-(5,1,8) =[3:1:-2]-(2,0,3) =0
Ko apa. OAOL T ONUELDL aviKouy oty L. Zvumepaivoupe 0t oL d00eioeg evbeieg ouvipeyovy. To

KOO Toug onueto eivorto [0O] = [3: 1 : —2] wov eivou kow 1 Kopugn g deoung. YmohoyiLovue
TMPa. TOV SLITAO Tovg AoYyo. Tapatnpotue ot

C=2-A+1-B, D=(1/2)-A+(1/2)-B

apa
[A,B;C,D] =1/2.
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Ka0e gvbeto mov dev mepvd amtd TV Kopugn Kevrpikng déoung P ue aEovo L Kahelton
eykdooia evleia otyv P. Bav 1 P glvou d¢oun tecoapmv evbeidv, Tote kKa0e eykapoLo evdeio
ovvavta ™y P og t€00gpo. ouvevBeloka onueto. H eduevn mpotaon elvor yvmoTn Kot g
Ocsuehdes Oeonuo Twv ATADV ASywv.

Oepewdeg Oempnua Twv Authmv Adymv.

IMpotaon 7.4.4. Ta técoeoa ovvevbeiakd onuela Tov meocdioglfoviar ard svlela eyrdooia
0€ KEVTOLKN Oéoun tea6domv evBetdv Exovv SLTAd Adyo (6o ue Tov StmAd Adyo Tn¢ déoung.

Anddeién. 'Eotw ool evbeleg g deoung exovv duika onpeta [A], [B], [C], [D] ko €otw emiong
C = pA+¢B,D = rA + sB. 'Eotw emiong L : [T] - X = 0 n gvbeia eykapora otn d¢oun. Ta
onueta topng ¢ L e Tig gubeleg tng dEoung elva to

TxA], [TxB], [TxC], [TxD].

Topa
TXxC=p(TxA)+¢q(TxB), TxD=r(TxA)+s(TxB)

KOL OUVETIOG
TxATxB;TxC,TxD]=[AB;C,D|.




178 KEDAAAIO 7. TIPOBOAIKH 'EQMETPIA
Inueta og OE0N TPOOTTTIKNG,

Hopwopa 7.4.5. Eotw evOeleg L kau L' eyrdooteg o€ kevroikn déoun tecodowv evhewdv wov
téuvovv g evleies tnge déounc ota [A], [B], [C|, [D] kau [A'], [B'], [C'], [D'], aviictoiya. Téte
[A,B;C,D] = [A’,B’;C',D'].

Onwg Oa dodue KoL oTNY emopevn evotnta, Aéue ot To. onueta [A], B, [C], [D] ko [A'], [B'],

[C'], [D'], Bplokovton oe Oéon mpoomTikiis amd TV Kopuen [O] tng déoung.
H mopakdtm mpdtaon amoTtehel uepLKo aviiotpogo tov [oplopatog 7.4.5.

Pe

-3
w
al

[potaon 7.4.6.

Ipétaon 7.4.6. Eotw L kaw L' evOeleg mov téuvovraw oo [P]. Av [A], [B], [C], kot [A’], [B],
[C'], elvau toLddeg onuelwv oty L kaw otnv L', avriotoya, ue

[P,A;B.C] = [P,A; B, C],
t6te 1 [A], [B], [C] ke [A’], [B], [C'] Bolorovraw e Oéan mooomtikng amd kdmowo anueio [O).

Anddelén. Elvan opketo va del&ovue 0tL ol gvbeieg amd to [A] xou [A'], [B] ko [B'], [C] kau
[C’], ovvtpeyouv. Ou evbeleg amo ta [A] kou [A’], [B] kou [B'] téuvovron oe koo onueto [O].
H gvbeia and ta [0], [C] téuver v L' oe kamowo [C”]. Zxomdg wag elvar va detEouvpe Ot
[C'] = [C"]. Ago? ta [P], [A], [B], [C], xau [P], [A'], [B'], [C"] BplokovTon oe BEGT TPOOTTIKNG
amo to (O], éxovue ot [P, A; B, C] = [P, A’; B/, C']. Ouwg tote 0td TV vtoHean GUUITEPALVOLLLE
ot
P,A" ;B C|=[P,A";B C"] = [C']=][C"],

OmWg TPOKVITTEL 0ITO TO Oewpnua twv Teoodpwv Znueiwv (Ipdtoaon 7.2.8). O

Egoapuoyn. Eotw [A], [B], [C], [X] onueta gvbetag L kau [A], [B'], [C], [X] onueta evbetog L’
TETOLO. (DOTE TO, ONUELOL TOUNG

1. [P'] tov evbeidv amo ta [A], [B'] kow oo o [B], [A'],
2. [P"] twv evBelmv amo ta [A], [C'] kaw amtd ta [C], [A'],

3. [P”] tov evBewwv amo o [A], [X'] kaw oo ta [X], [A'],
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va, glvan ovvevbelaxa. Tote Oa det€ovue Ot

A,B;C,X] = [A",B;C', X].
[Mpayuatt, exovpe Katapydg ot ta [P'], [P”] kot [P”] elvar ovvevbeiakd kot éotw L” 1 gvbeia
nov ta tepteyel. 'Eotw [A”] to onueto toung g L” kau g gvbetag amd ta [A] kau [A']. Tote
ta [A], [B], [C], [X] kau [A”], [P'], [P”] kou [P”'] Bplokovtar og O¢on mpoorttikng oo to [A’].

ZUVEnWG,
[A,B;C,X] = [A”,P’;P" P"].

Ao v aAdn, ta [A’], [B'], [C], [X] ko [A”], [P'], [P”] ko [P”'] Bplokovton oe O£01 TPOOTTIKNG
amo to [A]. Apa,
[A/ BI_c/ X/] — [AII PI'P” PI//]

Ko ETETAL TO CNTOVUEVO.

7.4.3 TIpofoikn kou tpoomtiky) 0€on

"E0Tm 0L ONUELOOELPEG

Y=([A],...,[An]) wou X' =([By],...,[Bn]).
Oa Aéue 0tL oL X2, X elvaw og Odon mooPfolng kar Oa ypagouue

DAY, h (A, [AL) A (B, .., [B)),

av VITaPyEL TPOPOMKOG HETAOYNUATLIONOG (TooBorikt) ametkdvion) dio Tov orolov [A;] « [B],
1=1,...,m.

2002 Encyclopedia Britannica, Inc.

Inueto. o BEON TPOOTTTIKNG,
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ISiaitepo evdLopepPov Tapovotalel 1 eplirtwon m = 4. 'Eotw 1e1padeg cvvevleiakdv onuel-
OV (SLOPOPETIKDV UETAED TOVG avd 510)
2= ([A1], [A], [As], [A4]), X' = ([B], [B2], [B3], [Bd)).
Oa Méue O0tL oL X, X etvan og Oéon mooforig,
SAYL N ([Ad, [Ao], [As], [Ad]) A ([B], [B2], [B3], [Bu]),

av (A1, As; Az, Ay) = (B, By; B3, By). Avto émeton amod v Ipotaon 7.3.16. Mia eudukn) me-
PLITTMON TETOLAG TTPOPOALKNG QITELKOVLONG ELVOL 1] TQOOTTIKT] ATELKOVIOT OTTO KATOLO ONUELO
[O]. AnAadn, OTav oL TETPAdES ONUELWV BPLOKOVTOL ETAVM 08 EVDEES EYKAPOLEG O KEVIPLKN
d¢oun pe xopugn to [0]. Tpagovue ToTE

S ALY ([AL], (A, [As], [As]) AT ([By], [Bo], [Bs], [By)).

Ko Ague emiong ot oL X, X/ Bplokovton o Oéon moooxTikig.
Mia 0£0om TPOOTTIKNG (Avauesa 0g S0 TETPASES ONUELMVY) ELVOL TAVTOTE O£0T TPOBOANG.
To avtiotpogo dev LoyeL Tavtote (YLatl; delte To oynua.!)

Oa dolue OUWG AUEOMG TAPUKATW OTL VITAPYEL AUEOT] OYEOT TV OECEMV TPOPOANG KL TPOO-
nukne. ‘Eotw tpuadeg onuetmwv [Aq], [As], [As] xau [By], [Bs], [B3] mov ketvran og gvbeieg L ko
L', avtiotouyo. Alakpivovpe S0 TEPUTTMOOELS:

1. Ou touddeg Polokovraw e Oéon mpoomtikis amd anueio [O).

0=0'

Az
Al

Bi/ B:| Bj B
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TpLadeg oe BN TpoomTikNG 0td onuelo [O).
Avtd onuaivet 0tL ol gvbeieg amd To [Aq], [B], 0o ta [As], [Bs] ko amtd ta [As), [Bs], ouvipé-

xouv ato [0]. TrobeTovue OTL pag divetar onueto [A] oty gvbeia L. Tote 1 gvbeia 0o ta [O]
Ko [A] kaBopiler onueto [B] emdvm oty L ko emiong

([A1]7 [A2]7 [A?)L [A]) /\[O] ([Bl]v [B2]7 [BS]v [B])

[Mopatnenote OTL KoL aviloTpopws, edv uag dvotav onuelo [B] g L' tote kabopiletar pe
uovadikd tpomo onueto [A] enavw oty L.

TpLadeg oe 0£0om TPOPOANG AAAG Oyl 0€ OE0T TPOOTTIKNG.

2. O touddeg Sev Polokovraw oe Oéon mooomTikng. Avtd onualvel 0TL oL gvbeleg arto ta [Aq],
[B4] kou 0o ta [Az], [Bs] ouvipeyovv oto [O] alda o gvbeleg oo to [Aq], [B1] kon amod ta [As],
[B3] ovvtpeyovv oe onueto (O] # [0]. YTmobetovpe Ko wah OTL pog diveton onuetlo [A] oty
evOela L. Tore,

* 1 evBeta amo ta [0], [0'], tépver T gubeto amto ta [As], [Bs] oe onueto [X],
* 1 evBeta amo ta [0, [A], Téuver Ty gubeta amod ta [As], [B2] og onueto [Y],
* 1 gvbela oo ta [0], [Y], téuver v evbeia L' oe onueto [B].

Tote
([Al]a [AQ]v [A3]7 [A]) /\[O} ([X]7 [BQ]a [A?Jv [YD /\[O,] ([B1]7 [BQL [B3]a [B])

AmodeiEoape howdv v

Mpoétaon 7.4.7. KdOe aneixdvion moofolng ueta&v dvo evlsiv elvar elte ameikdwon mQoo-
TTKNGS elTe 6UVOeGT OVO ATELKOVIGEW YV TQOOTTIKTG.
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H emtopevn mpotaot oG Sivel £va KPLTnpLlo eLEYYOU TOU TOTE ULC OITELKOVLOT TPOROANG
ELVOLL ALTTELKOVLOT TTPOOTTTIKTG.

IIpotaon 7.4.8. Eotw evOeies L kow L' mov téuvovraw oo [P|. Tote wa areixdvion mooforis
ueta&v 0vo onuetocepdv twv L kaw L', avriotowya, eivar ameikdvion moofoins av kat uévo
av 1o [P| amewovifetau 6Tov eautd Tov.

Arddeién. Elvon pogaveg OTL To [P] atetkoviZeToL 6Tov €0Vt TOU VITO (oL AITELKOVLO TTPOO-
nukng. i To aviiloTpoo, xP1NOoLUOTOLOVUE TOV GULBOMOUO KoL TO G0 TG TTPONYOUUEVNS
TPOTAONG OTNV KATAOKELT TmV dV0 QITELKOVIoEMV TTpoontTikne. 'Eotw ot 1 gvbeia amd ta [0,
[P] teuver v evbeta amd ta [As], [B2] oe onueto [X']. E@doov to [P] ameikoviletor oty €0uto
tov, 10 [0'] mpémer va Kettaw oty evbela amod ta (0], [X]. AMa ta [0], [O'] ketvran emiong
oV (Suagopetikn) evbela 000 ta [Aq], [B1]. Zvvermmg ta [0] ko [O'] TavtiZovron ko 1) B¢on
npofoing etvar O€om mpoortikng ard to [O). O
Egapuoyn. Oewpdvrog 0Tl 10 SUIKO GUVOLO OGS ONUELOOELPAG ETAVM OE Wlo. VDL ELVOL
N Kevipikn d€oun mov opllel Kou OTL (Lo OTTELKOVIOT TPOPOANG avauesa og 000 SEouEg gv-
O£LOV ELVAL PO AVTLOTOLYLA TTOU SLOTNPEL TOVG dLIThoUG AOYOUS, SLaTuITdVoUuE TIG SUIKES TV
TPOTACEWV TNG EVOTNTOG OUTNG,

e AVo d¢opeg X ko Y elvan og O£01) TTPooTTIKNG arto wia evbeta L av kabe evbeta £ tng 2
TEUvEL TV avtiotouyn evbeta £ g X endvo oty L.

e Mia TpoBohokn) ATELKOVION UETAED VO SEOWMV ELVAL EITE ULOL TTPOOTTTIKY OITELKOVLOT
glte oUVOEOT S0 TPOOTTIKMDV OITELKOVIOEWV.

e Mico TPOPOALKY] GITELKOVLON ELVAL TTPOTTTIKY QITELKOVLOT OV KoL UOVO av 1) vBeiol Tov
EVIIVEL TIG KOPUPEG TOV VO SECUDV QITELKOVITETAL GTOV EQVTO TG,

744 Aoxknoeig
1. AwturtdoTte 1o Suikod Oguehmdeg Oewpnuo g Fewpetplog Tov Ipopoiikot Emutedov.
2. Bpelte TIg KOPUPEG TOU TPLYMVOU TTOV 0pLLovV oL evbEeleg
1:1:1]-X=0, [-1:3:0-X=0 xou [0:2:7]-X=0.
3. 'BEotw tooonueto [0: 1: —=2], [1:0: =3],[-2:3:0],[1:1:-=5].

(o) Ael€te OTL Elval CUVEVOELOKAL.
(B) Ymohoylote TOV SLITAO TOUG AOYO, UE T OELPA TTOV SLVOVTOL TTOPATAVE.

(v) YTmohoyloTe TV KOPu@T TG SE0UNG TTOV 0pLLovV oL SUIKEG TOVG gVOELES.

7.5 Khlaowa Ocopnuata s IHpopfoikns F'emuerpiog

St evotnto ot opadétovpe dvo khaotka Bewpnuata g Fempetplog tov [MpoBoitkon
Emuntedov. To mpwto, mov opetheton otov [Tasmmo, elvol ovolaotikd Oempnua thg EvkAeldeiog
Tewpetplog. To devtepo, mouv ogelhetan otov Desargues dev €xel avaroyo oty Euvkheideia
Emutedopetplo.
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7.51 Oeopnua Harmov

'Eotm 0tL 1 onuetooelpd ouvevbetokmv onuetwv X = ([A;]) oxetileton mpofolikd e ™ on-
uerooelpd ouvevBetakmv onuetov X' = ([By]), i = 1,. .., n, oote [A;] < [B;]. Zrabepomoroyue
eva i. Tote 1 déoun evbeuwv amod to [A;] tpog Oha ta [B,] kar 1) deoun evbewmv amd to [B;] pog
oo ta [A] elvan o O€om Tpoforng:

([A], [B;]) AP ([A], [B;]) AL ([By], [A]).
H gvbeta L; ; om0 ta [A;], [B;] ameukoviletor 0Tov €0VT0 TG KoL APaL ) ATEKOVGN auTi) elval
ula ameikdwon moooxtikis axd uia evbelo C;. Evolaooovtag Ta i, j fAEmovue 0T 1) evbela

avt etvor aveEapmntn amd v emhoyn tov i. H C = C; xodetton evOeia tov Ildamov tng
amelkévong weofoAg Kat £xeL TV eENG OLOTNTAL!:

o T kGO @ # 7, 1 Toun TV evdewwv L; ; kow L;; aviker oty C.
Mio. evdiagépovoa eqpapuoyn e evbetag tov Iammov elvan 1) €ENG: €0Ttw OTL Hag divovTal
TpLadeg onuetwv [Aq], [Az], [As] kou [By], [Bs], [Bs], tov kelvraw oe evbeleg L kau L', avtioTtoryo.

Eav pag dtvetan [A] € L kawm evBeto tov Iastmov, t0te 10 onueto [B] € L’ yua to omoto toyvel
[A1, Az; A3, A] = [By, By; B3, B] xaOopileton mipwg.

Ozopnua 7.5.1. Harmov. Eotw [A1], [Az], [As] ke [By], [Ba], [Bs3], totddes ovvevOeiardv
onuelwv ov kelvraw oe StapogeTikés evleles. T i, j = 1,2, 3 éotw L, j n evbeia and ta [A)),
[B;] kau éotw ST

* [C] = La3zN Lspo,

* [Cy] =Li3N Lsy,

b [Cg] = LLQ N L271.

Téte ta [Cy), [Co), [Cs], elvar cvvevOeiaxd.

To Gempnua Tov [ammov.

AmddeEn. Mia TpoPoilkn ametkovion kKaboplletal TANPmG artd tplo Cevyn avIloToL(wV o)-
UELWV - OTNV TEPLITTWON UaG 1 ovTtotouyta etvon [A;] < [Bi], i = 1,2, 3. Ta onueta [Cy], [Ca],
[C3] kelvrow oty gvbeta tov IMammov C' g atelkoviong TpoBoing. O
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7.5.2 Ozopnua Desargues

To @zmpnua Desargues agopd o tpiymva Tov RP? ta omota fpiokoviol oe Oéon mooox Tikig:
oL gubELEG TTOV OPLTOVY OL AVILOTOLYEG KOPUPES TOUG GUVTPEYOVY. ZNUELWVOVUE OTL TO Bedpmuo
aUTO £XEL TPLOSLAOTATY VO, delte kKo TNV Aoknon 7.5.3.2.

Tpiywva og Tpoorrtiky) Oon).

Oeopnua 7.5.2. Edv dvo tolywva elvar oe Oéon mooomTikng, TOTE T GRuUela TOUNS TWV AVTi-
OTOLYWV TAEVQMOV TOVS E(VAL GUVEVOELAKA.

ArddelEn. AvogpepOouaote 0To oyNua TopakaTw. Ta Tplymva pue Kopugeg [Aq], [As], [As] kau
[B1], [B2], [B3] Bplokovtal og B¢on mpoomtikng. Ta onuelo TOUNG TMV GVTLOTOLYWV TAEVPDOV
etvar ta [C4], [Ca], [Cs] ta omota ko Ba detEovpe OTL elvan ovvevBelakd. Av [P] elval to onuelo
0TO OTTOLO GUVTPEYOUV OL gVBELEG TTOV OPLLOVV OL AVTLOTOLYES KOPUPEGS, TOTE EQOcOV To! [P], [A4]
Kou [B4] elvaw ovvevbelaxad, vapyovv A\, X € R, ue

P = )A, + VB,.

Emuhéyovtag aviimpoommoug yio ta [Aq], [B1] ta AA; kow AM'By, avtiotouya, propolue vo ypa-

Povue
P = A1 + B1

KoL Ouolwg Oa exovue

P=A; +B;,
P =A; +B;.
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To Oswpnua Desargues: To. TPLYmVO TPAGLVOL YPMOUATOS BPLOKOVTAL 08 BE0N TPOOTTTIKNG.

H evbeta oo ta [Aq] ko [Ag] etvan ) [A; X Ag] - X = 0 kaw m evBeto arto to [By] kau [By] etvan
N [B1 X By] - X = 0. Zuvenmg, To ONUELO TOUNG TOVG ELVOL TO

[(A1 X Ag) x (By x By)].

O¢tovue C = By x By kau €xovue
(A1 x As) x C = (A, - C)As — (As - C)A,.
‘Ouwg,
A;-C = A;-(B; xBy)

= A - ((P—A) x (P—Ay))

= (A1 —P)-(A; x (P—Ay))
—P-(A; x (P—Ay))
A - (Px (P—Ay))
—A; - (P x Ay)
= (A1,Ay,P),

dMAadN TO PELKTO YLvopuevo Tmv Ag, Ay kou P. Opolwg Bplokovue
A,-C=(A,A,,P)

Ko €101
[(A; x Ay) x (By x By)] = [A] — Ay).

[MapouoLa, Talpvovue 0Tt
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* 7O oNuelo TouNg TG evbetog amod Ta [Aq], [As] kKau g evbetog amto To [By], [Bs] etval to
[Al — A3] KoL

* 1O OoNuelo Toung TG evbetog amd Ta [As], [As] Kot g evbelag amd To By, [Bs] eivon to
Ay — Agl.

Enteldn ouwg
(A1 —A2) + (A3 —A)) + (A2 — A3) =0,

TOL ONUELC QLT ELVOIL GUVEVOELAKAL. O

7.5.3 Aoknoeig

1. Aivovial ta onpeia
Ad=[1:0: 1), [A]=[0:1:0], [Ag)=[-1:1:1]
Ko Ta onpeta
BJ=[0:2:1], [BJJ=[1:0:0, [Bjj=[3:4:2

(o) AeiEte ot ta [A;] kabmg kaw ta [B;], i = 1,2, 3, elvou ouvevOeLakd Kot SLamotmoTe
OTL KELVTOL OF SLApOPETIKEG evbelec.

(B") Bpette TV evbeto tod Iammov towv [A;], B;].

2. 2NV QOKN 0T GUTH) TEPLYPAPOUUE EVALV KATTMG EVKOAMITEPO TPOTTO ATODELENG TOU OEMPNUATOG

tov Desargues 0 07T0L0g OQEILETOL 0TV AVIYPWaT) TOV OEWPUATOC GTOV TPLOSLAOTOTO Y-
o, delte TO oYU

= : M
k L {

Tplodiaotatn amddelEn Tov Oswpnuatog Desargues.
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Ed® Ta tplywva wov Bplokovtal o 0£0m TpoomTikng amd To P vmotifevtol 0t Kelvta
ot emimedo w Kat @', avriotoyya. Eotm mpodta 0T Ta emtimeda elval SLopopETIKa Kol
téuvovtar og evbeta £. Ta emimeda amo ta P, A, B kau amtd ta P, A’, B’ ovusistovy amd
VITO0E0T. AUTO TO KOLVO ETLTTESO TEUVEL TO o 0TIV eVBela amtd T A Kou B. Emtiong, Téuvel
10 @’ oty gubelo oo Ta A’ kau B'. Apa ol gvbeteg ovteg mov téuvovtol oto L pémet va

TEUVOVTOL ETTLONG KOl 08 ONuelo TG £. OUolwg, To 1810 CUUPALVEL KO UE TA GAAOL ONUELC,
M, N.

Eav topo @ = @’ 8ev umopolue vo yP1OLUOTOLCOVUE TO TPONYOUUEVO ETTLYELPNUCL,
KaBhg 1 £ dev umopel vo oplotel. Avt ovtov, matpvoupe pio evbela £ amd To onuelo
npoorttikng P, voBétovpe v £ va unv aviKeL 0to @ Kow €otm onuela P, Py € £ dio-
opetikd tov P. Tote, oL evbeteg amd ta Py, A kaw amd ta Py, A’ kelvtar 0to emimedo
mov mepLeyeL TLg evbeteg amo Ta Py, P, Py ko amd ta P, A/, A. Apa, TEUVOVTOL OF ONUELD,
£otw 10 A”. Opotwg, ot gvbeleg amd to Py, B ko amd 1o Py, B’ téuvovton og koo B”
Kot ot gvbeleg amd ta Py, C ko amd ta Py, C' téuvovrar oe kastowo C”. Tote, 10 TpLymvo
ue kopueg A, B, C glvar og O€0m TPooTTikng e to Tplymvo ue kopupeg A”, B”, C”, ue
KOPU@™ TPOOTTTIKNG TO Ps.

'Eotw @’ 1o emtnedo tov A”, B, C”. Tote w # @’ kou epapuofovue 1o Oempnua Tov

Desargues 0TV TEPLITTMON QT 1] SLOPOPA EYKELTOL OTO OTL 1) EVOELOL TPOOTTTIKNG TMV
TAEVPOV elva €dm 1) Ko evbela Twv @ Kow ' mwov mepieye ta L, M ko N.



188 KEDAAAIO 7. TIPOBOAIKH I'EQ2METPIA



Kegaloto 8

Temuerpio ™ Avtiotpogiig

H 'ewpetpio g AVIlotpogng umopel va. Oewpn et oav pia emektaon g Bukieideiag l'empetplog
OTOV ENEKTETOUEVO N-OLAOTATO TPOYUATIKO Y mPpo R™ Tov ortotov 1 F'ewuetpla kata Klein ka-
BopLleToL QT PETAOYNUATIONOVE TTOV OTTOTEAOVV CUVOEOELS avTioToo@dv. TETOLOL LETAOYN)-
WOITLOUOL €)EL ETTLKPOATNOEL VO, KAAOUVTOL UETAOYNUOTIONOL MObius 7Tpog TV Tov Ueydiou
Teppoavott Mabnuatiko A.F. Mobius.

A.F. Mobius (1790-1868).

To emextetapevo R™ glvat 0 OLUTAYNG XDPOG TOV TPOKVITTEL PUOLOAOYLKAL GLTTO TV OITELKOVLOM
™G OTEQEOYQUPLKTG TOOPOATIS TTOV NTav YVwoTh otov Khaudio IMTrorepato. H 8¢ asmerkovion
NG AVTLOTPOYPNG OE OQALPQ, TOPOTL oTNPLLeTan €€ ohokAnpov ot [ewueTpikn Aviiotpogn
7OV NTOV YVWOoTN 0Tovg Apyatovg EAAnveg, oplotnke WOMG mept TG apyeg Tov 190v at. omd
tov 'epuovoefpato Mabnuatikd Magnus. =11 Feouetplo TG AVILOTPOQPNG 0PLLETOL PUOLO-
AoyLkd €vag (UeTPLkog) SLTAOG MOYOG O OTTOLOG ELVAL KOL 1] LOVOSLKTY AVOAOLWTOG TWV UETOL-
oynuaTiopmv Mobius. Avapgoov g lewpetplog g AVILoTpogng wropolue vo 0dnyndolue
uoohoykd oty TrepPoikn Femuetplo KoL oavtog elvor 0 dpouog ov Ha akolovOncovue
ed.

Téhog, a&ilel va Toviotel Tog agnenueveg Femuetpleg AVILoTPogNg UTopovV Vo, 0pLoTOUV
o€ SLAPOPOVG UETPLKOVG (KO MUL-UETPLKOVS) Y DPOVG TTOU GUUITOYOTTOLOVVTOL KT ONUELD KO
TV OTTOLMV 1) OUAN TMV OUOLODECLMV TTEPLEYEL AVTLOTPOYPES OE UETPLKEG OQPULPES. AT aTo-
Tehel Ko T Baom g ovyypovng Mobius I'swuetolag.

189
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8.1 Xrepeoypagikn mpofoin ko To R”

Ztnv Evotnra avt) 0o peheTnoovue T 0TEPEOYPAPLKT TPOBOAT, TV KATUOKEVT TOU ETEKTE-
ToapuEvoy R™ pHEom autg Kat TG UETPLKEG Tou WO0TNTeg. H Paoikn tduotnta etvar OtL o erte-
KTETAUEVOG TTPOYUOTIKOG Y MPOG EPOSLOOUEVOG UE T1) UETPLKT] TOTTOAOYLOL TTOV EPYETOL OITO T
OTEPEOYPAPLKT] TPOPOAT Ka 0 ouvnONg EUKAELSEL0G YMPOG e TNV TUTTLKT] UETPLKT] TOTTOOYLOL
glvo ovufatol: TePLopLlouEveg 0to R™ oL 800 Tomoloyleg TAVTLLOVTOL.

8.1.1 Xrepeoypagiki] Tpofoin

STEPEOYPAPLKT] TPOPOAN.

"Eotw 1 ogalpo
S"={xcR""™||x]| =1}

Eugutetovue 1o R™ oto R™™ wg 1o vrepeminedo z,,.1 = 0 kou Oewpoldue TV otelkovion
S : R" — S™ mov ametkovilel ke onueto (x,0) = (21, ..., T,, 0) Tov R™ 610 omuelo Toung tov
evBuypauuov Tunratog e axpa (x,0) kow N = (0,1) kaw g S™. Avalvtika, to evbivypaupuo
TUNUE QUTO ELVOL TO GVVORO TWV ONUELDV

(1 - t)(X, 0) + t(07 1) = ((]‘ - t)X, t)7 te [07 1]
KOL 0TO ONUELO TTOV TEUVEL TNV S™ ELval

[x|* — 1

I=(1=x)* =0 -)?|x||*+t* = t=1, ——.
I =Dx D = (1= t)?x| T

H tun t = 1 amopplrteton, kKo0hg to N eivar otadgpomomuévo. Tlatpvovpe howtov yo Kabe
x € R",
1

e (2% [x]F = 1),
X[ + 1

S(x) =

Ex kataokeung, n S etvon 1-1 kou et amerkovion tov R™ oty S™ \ {N}. @ewpdvtag éva emi-
m\éov anuelo 6To dretoo To omoto Oo. oupRoLovpe e 0o, Bempovpe To oivoro R = R™U{oco}
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70 07T0L0 KohoVpe erekteTauévo R™. Tote, optlovrag S(oo) = N eneKTELVOUULE T1) OTEPEOYPAPL-
KN poPol) oe pia 1-1 1o et amerkdvion R — S™. H ametkdvion S Kaheltal 6Teoe0yoagik
moofolij Tov emekteTapévov R” otn ogatpa S™ tov R L,

[a vo Tapoupe TV avIloTpogn g S, £0Tm onuelo y € S™ kot Bewpolue tv gvbeto otd
10 N 7oV TTePVA 0TTO TO Y. AUTO ELVAL TO GVUVOLO TWV ONUELDY TNG LOPPNG

(1 —=1)(0,1) + t(Yns Ynt1) = (t¥n, L + t(yns1 — 1)), teR.

H gvOelo avtn ovvovta to R™ otav

1
b= — .
11— Yn+1
Apa,
Yn n
L[ vesum
S (y) =
o0 y=N.

8.1.2 Metpukt] tomohoyic tov R”

ME£0m TG OTEPEOYPAPLENG TTPOPOAYG ITOPOVLLE VO. EodLdcovpe To R™ pe v (emorydpevn oo
v Eukhetdeia petpikn tomohoyia Tov R™ ) uetpikn tomoloyio g S™ Kat v KATOOTHOOUUE
10 R" cuumays; uetpucd ympo. H petpikn pe mv omoio epodidtovpe to R™ eivar 1 heyouevn
000K LETPLKT, TNV o7Tolo. Ko B ovpBoitlovue pe d. Opilleton dg amd T oyEon

d(x1,%3) = [|S(x1) — S(x2)||, X1,x2 € R™.
H d sivon petpikn: Kot apyog
d(x1,X0) =0 <= [|S(x1) = S(x2)|| =0 <= [[x1 —X3]| =0 <= x; = X,
omov 1 devtepn wwoduvauta Loyver dStot M S eivon 1-1 ko emi. Emiong,
d(x1,%2) = [[S(x1) — S(x2)[| = [S(x2) — S(x1)|| = d(x2,%1)
KoL TEMOG, VL0l X1, X2, X3 € R?,

d(x1,x3) = [S(x1) — S(x3)]l
< [IS(x1) = S(x2)[| + [IS(x2) — S(xs)]|
= d(Xl,Xg) + d(XQ,Xg),

N

ue TV oviooTTa va. tyver Aoyw g wyvog g Tpryovikng Avicdmntog oty Evkieidela o-
TOOTOON.

Mpéroaon 8.1.1. Avx,y € R", téte

2x -y |
(X + 1) 72y P+ 1)172

d(X7 Y) =

Avy = 00, TO0TE
2

d(x,00) = REED7Z
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Amddeén. Avx,y € R", tote

d*(x,y) = [IS(x) - S(y)l*
= [S®)I* + ISWII* — 2(S(x) - S(y))-

Eivoi
IS = [IS@)]? = 1.
s 2% D @y P 1) axey + (] — D(lyIE - )
S(x)-8() (K + DI+ 1) (W + DIE + 1
ZUVEnTWG,
e oy o (1 A%y (X~ DOy - 1)
x) 2(1 (W + DIE + 1) )
C ax—yP?
K+ DUyE+ 1)
Twpa,
P(x00) = [S(x) - S(o0)|?
@I 0.1)
T
B 4
’ET1

]

H televtoio TpoTaon g EVOTNTAG GUTIG MOG OELYVEL TN OXECT TWV TOTOLOYLDV TNG (OP-
dikng kau g BukAeldelag petpikng oe gppayuévo ovvola tov R™,

Mpoéraon 8.1.2. H yoodukn kauw n Evkdeldeia uetoikt) elvan tcodVvaues UETOLKES GE Qoayuéva
cvvola tov R™.

Anddeién. 'BEotw Q) ppoyuevo ovvoro tov R™: vrtapyer M = M () tétoo wote ||x]| < M ya
ka0e x € . 'Eotw X,y € - to1e

2y <2x-yl.
(W7 + D72 (0yP+ D7 =

d(x,y) =
(MapoTneNoTeE OTL 1) OYEON CUTH LOYVEL KOL OF U1 (PAYUEVE GUVOLO, Tov R™.) Ao TNV A,
Ix =yl = (1/2)d(x, y)(Ix[* + 1)*(Iyl* + 1)/* < (1/2)(1 + M?)d(x, ).
O aviooTnTeg

(1/2)d(x,y) < [[x =yl < (1/2)(1 + M*)d(x,y), %y €,

OITTOOELKVVOUV TO {NTOVUEVO. O
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8.2 AVTIOTPOYES 6 GQaipES Ko vEEpETineda Tov R

H €vvoLa Tng avTLoTpogng 08 0QOLPL ELVOL 1] (PUOLOLOYLKT] YEVIKEVOT) THG AVILOTPOPNG 08 KUKAO
OV NTAV YVOOTY 0ITO TNV 0PYALOTNTO.

PF

AvTLOTPOYT 0€ KUKAO.

10 mapoaravo oxnua [P — O|| - [P’ — O|| = 72 émov r elvaw 1 axtiva Tov KOkAov. To onuela
P, P’ elval ovTiotpopo wg tpog Tov KUKLo. Ztnv Evotnta 8.2.1 6o HeheToouuE TV avTLoTpopn
ot ogaipa Tov R, otnv Evomta 8.2.2 B0, LeAeTHOOVUE OVILOTPOPES OE VITEPETUTES QL TTOV SEV
gLVOL TLITOTE GANO OTTO TIG MON YVWOTEG MOG AVAKAAOELS, EVD TEMoG, otnv Evotnta 8.2.3 Ha

’ ’ ’ Een ]
£EETAOOVUE TN dPAON TWV AVTLOTPOPDV 0TO R .

8.2.1 Avuiotpogn) o ogoipa Tov R”
'Eotw S(a, r) opaipa tov R, n > 2, k€vtpov a Kat aKtivag r > 0:

S(a,r)={xeR"||x—a| =r}

OpiCovue ™y avrioToogs wg meog T opaioe S(a,r) va eivon 1 asetkdvion t,, : R* — Rn
mov avtotoyel oe kabe x € R™ \ {a} 1o y ekelvo endvo oto evBhypaupo tunua [a, x| yio to
0TTOLO LOYVEL

Ix—a] -y - af = 2. @.1)

EV(M 0TO A ALVTLOTOLYEL TO 0O KO 0TO 00 avTLoToLyEL To a. To a KaAeltow K€vTeo TG AVTLOTPO-
NG, TO T SVVoun TG AvTloTpopng Kot 1 S(a, r) opaloa g aviiotpogns. Ta onuela X Ko
X' = 1a,(X) MEyovTou aviiotooga.
YmohoylLovpe TP TOV aKPLRN THTTO TG La . TO EVOVYPaO TUNNOL [a, X] EXEL TOPAUETPLKT
eElowon
y=(l—tla+tx, telo1].

Onorte,
y—a=t(x—a) = |[y—a| =tlx—al.
Amo v (8.1) malpvovue TOTE

2

r?=|x—a-|y-al=tlx-a| = t:W-
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SVuTEPALVOULE OTL

X—a
La/,«(X) =a-+ TQW, X € R"™ \ {a} (82)

‘Eotw S = 5" =5(0,1) kot = 19 ue

X n
L(X) = W, X € R* (83)

VO, OPLLEL TNV OVTLOTPOPT] OTY) LOVAdLaLL oqalpa Tov R™.
o d > 0,0 # 1, Bewpolue v amerkovion Ds : R™ — R™, ue
Ds(x) = 6%, x€R" (8.4)

Mio TETola ametkovion AEyetol ouotobeaia. Kabe opnolobeolo emeKTEIVETAL 08 OVVAPTION TOV
R” B¢tovrag Ds(oo) = oo. To idto ovpfaiver Ko pe Kabe petagpopd T tov R™.

2710 €ENG, EKTOS KAL OV GNUELDVETOL OLAPOQETIKA, Ol AVTIGTQOPES GE GPAIQES, Ol OUOLOOE-
oleg Ko oL uetapogés o Oewoovvrar ameikovioels tov R™.

IIpétaon 8.2.1. H aviiotoopi] La, ws moos 6paioa S(a,r) yodpetar wg

tar =Tao Dy 010Dy 0Ty, (8.5)
omov Ty, T, elvar o1 uetapooés tov R"™ katd a kauw —a, avriotorya.
AmédeiEn. T x € R éyovpe

(TyoD,ovoDyyoT ,)(x) = (TaoDrovoDy,)(T-a(x))
= (TlhoD,ovoDy,)(x—a)

— (ThoD, o) (X_a)

r

— (TyoD,) (rﬁ)

X—a
()
Ix —a”

= la,(X).

TyoMo 8.2.2. 'Eotw Q,, = T, o D,. Tote wropovpe vo ypagpovue
layr = Qa,r oLO Q;;

O eTAVELOOLUE GTOV TUITO GUTOV OPYOTEPCL.
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IdL6TTES TS AVTIGTPOYPI|S OE CPAIPL

"Eval AUECO TTOPLOUO. TOV OPLOUOD TNG AVILOTPOPNG 0t opatpa (kKabnhg kot g EElowong (8.5))
glvo 1 eEng:

Ipétaon 8.2.3. Kdbe avriotoop ta, oe opaloa S(a,r) elvaw 1-1 kow extl uetacynuatiouds
tov R,
IIpoétaon 8.2.4. KdOs avtiotoo@n i, oe opalpa S(a,r) elvaw evedeuktiki:

2 o=id.

a,r

AmddeEn. Aoyw g eElomong (8.5) apkel vo detEovpe OTL 1 ¢ elvon evelerktikn. [Tpdrypott, ov

x € R”, tote
X
(LOL)(X)IL( ):x
[1x]1?

[Mapatnpolue OTL AOY® TG EVELELKTIKOTITOG EXOVUE

L;i = lay-
Anhadi, Yo kaOe x € R
lar(X) =y <= X = 1,,(y).

Mpotaon 8.2.5. KdOe aviiotooi) 1y, oe ogaioa S(a,r) eivar ouotouoopiouds tov (R™, d),
Omov d elvat 1 YooK UETQLK).

ArddeEn. Aoyw g Ipodtaong 8.2.3 kau g [potaong 8.2.4 apkel va delEovue OTL ) Ly - ELVOL
ouveyNg WG TPOG TN XOPSIKY UETPLKY 010 R™. Tovto 1oy0eL SIOTL 1) Ly, ELVOL OUVEXTG G TPOG

Vv Evkheldela Hetpkn ko apa og pog T xopdikn netpikn oe kabe x € R™\ {a}. Emuthéov
£YovuE

. . ) 2
)l‘lg‘,lld(La,r<X)a lar(a)) = )l‘lgéll d(tar(x),00) = ,1(1231 ((1 T HLa,r(X>H2)1/2) =0,

ooV
lim ||z, (x)[|* = +o0.
X—a

Etiong, Yo TV ovIioTpo@n] ¢ £OVIE
lim d(¢(x),t(00)) = lim d(¢(x),0)
X—00 X—00
2[|e(x)| )

(L+ [[e()[2)'72

(
= s (W)
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Aoyw g EElomong (8.5) £xovue TOTE KO

lim d(ta,(X),tar(c0)) = 0.

X—00

]

IIpétaon 8.2.6. KdbOe aviiotoopi) ta, o€ opaloa S(a,r) dwatnoel katd onuelo Ty opaioa a-
VTLOTQOPTG.

AndédeEn. 'Eotm M 1y, 0N o@atpa S(a, ) Ko €0tw X € S(a, r), dniadn ||x — a|| = r. Tote

X—a
2

lar(X) =a+ 12 =X.

r

]

Tyomo 8.2.7. Tapatnpnote OTL OLYVEL KOL TO OVTLOTPOQO THG TTOPOITAV® TPOTAONG: TO OTA-
Bepd ONUELD TNG Ly, ELVOL AKPLBMG TO ONuELe TG S(a, 7).

IIpotaon 8.2.8. KdbOe avtiotooq) ta, o€ opaioa S(a,r) arewovifel To eowteoikd tne S(a, )
0TO EEWTEQLKO TNG KAL AVTLOTQOPWG.

AndédeEn. 'Eotm 1 aviiotpogn iy, ot ogaipa S(a,r) kau ¢otw x € Int(S(a,r)), onhadn
|x — al| < r. Tote,

2ar(x) — all =

>1r = 1,,.(x) € Ext(S(a,r)).

[x —al
OUOLWG OITOSELKVVETAL KOL TO OVTLOTPOQO. H

Ipétaon 8.2.9. Eotw avuotooen t,, oe opaioa S(a,r). Ia kdbe dvo aviictoopa onuelo
x, X', ue x € Ext(S(a,r)), Oewoovue to onuelo s tng opaioag

s=S(a,r)N[x,x].

Téte

AmddeEn. Elvow

Ix —all =7+ [x —s],

X" — a| + [Ix" —s[| =
Tote amd o apLotepod Kat To SeEL0 0KENOG TG LOOTNTOG
rf=|x—al X —al = (r+ [x—s])(r — [Ix"—s|)),

TALPVOUNE TO TNTOVUEVO. O
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IIpétaon 8.2.10. Eorw avtiotoo@n L, o€ opaioa S(a,r). I'a kdbe dvo onueia x,y € R™\{a}
Kkat Ta avtiotolya avriotoopd tovg X'y, elvar:

Plx-yl
x—all- [y —al

||X/ - y/H - H

Avy = a, t0t¢

7,2

X" —al| =

Ix —al|’

X—a Y—a
X/_y/:7ﬁ2( o )
[x—al* [ly—a?

[TalpvovTog VOPUES OTO TETPAYWVO EXOVUE

Amddeén. Elvau

2

X—a y—a
X -y = ~
[x—al* [y —a?
1 1 X—a y—a
4
(Hx—aH2 ly —a]? Ix —al|? ly —a?
4
r

= ey —ap (WAl Ik —all -2 —a) (- a)

rtlx -yl
[x — af]?|ly — all”

To de0TEPO OKELOG TNG TPOTAOTG TPOKVITTEL OITO TOV OPLOUO. O

8.2.2 Avuiotpogn] oc vrepeminedo rov R"
YrevOvuZovpe OtL eva vitepemntimtedo W (A, b) tov R™ oplleton amd v eElowon
x-A=b xcR"

omov A € R”,
W (A, b) tov R" tpocétovtdc Tov To onueto oto co: W (A, b) = W (A, b) U {oo}. OpiZovue v
avteteopn oto vregeninedo W (A, b) va elvar 1 avakhoon Rap:

All = 1k b € R. "Eva TETOL0 VITEPETUTEDO EMEKTELVETOL OE VITEPETUTEDO

Ray(x) =x+2(b— (x-A)A, xR (8.6)

Avtn emektetveton o€ pa ometkovion R — R™ Bgtovtag R p(00) = .

IdL6TTES TS AVTIOTPOPI|S OE VIEPETITEDO

H rtapakato mpotaon ovvopilel OpLOUEVES BOOLKEG LOLOTNTEG TWV UVTLOTPOPMY OE VITEPETL-
TTESA KAL OLPNVETOL WG OLOKTON).
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Ipéraon 8.2.11. Eotw Ry : R™ — R™ avnietoogi) oe vregemimedo W (A, b) tov R™. Téte

* 1 Rap elvar 1-1 kou e,

n Rayp elvow evedetktixn: Rap o Ray = id.,
* 1 Rayp elvar ouotouooqioucs tov R,

* Rap(x) =xavkaudvoavx € W(A,D).

8.2.3 Apdon TV aviieTpogayv 6to R”

'Eotm M avTiotpogn Ly, 0T ogatpo S(a,r). 'Eva vrepeninedo W tov R” mov mepva oo 1o
KEVIPO a TNG OPALPAG EXEL EELOMON

x-A=a-A xeR"
omov A € R, [[A]| = 1. Avx € W €0tw y = ta,(X). TOTE

2 Y—a

X=a+r——mr
ly —alf?

KOL OUVETIDG

y—a
% A
ly —all*

a-A=x-A=a A+’

a7t OOV TALPVOUUE
y-A=a- A

"Eva vrtepeminedo W (A, b) mov dev mepva artd To KEVIPO a TNG AVTLOTPOPNG EXEL EELOMOT
x-A=b b#a-A,
omov ||A|| = 1. T x € W (A, b) Ko y 0Ttwg PO YOUUEVIGS, ELVOL TOTE

Y—a

b:x-A:a-A+r2—2-A.
ly —al
[pagovue Lwoduvaua
2
2 r
— ———(y—a)-A=0.
ly —al® + —— (y—a)
SUUTANPDVOVTOG TO TETPAYWVO TPOKVITTEL
at rA 2 B r
y 2@-A—0))| " 4a-A_0p

1) OTTOLAL TTOPLOTAVEL GPOLPAL TTOV TEPVA ALTTO TO a. ATodelEae TV eENG:
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Ipotaon 8.2.12. H avtiotoo@i] L, areikovilel ke vregeninedo Tov TeQVE amd TO KEVTQO
AVTLOTQOQPNG GTOV EAVTO TOV Ko KAOe vreQemimedo Tov OV TEQVA ATO TO KEVTQO AVTLOTQO-
@ne¢ o€ opaipa Tov R™ wov meova amd T0 KEVTQO AVTLETQOQPTG.

Iépropa 8.2.13. Havriotoo) Ly, ameikovifel kdOe opaloa tov R"™ mov mwepvd amxd 1o kévrgo
AVTLOTQOQPNG O€ VEQETITENO TOV OEV TEQVA ATTO TO KEVTQO AVTLOTOOPTG.

'Eotw topa ogaipo. S(a, ') opdKevipn g ogaipag aviotpogns. Av x € S(a,r’) tote
|x — a|| = r'. O¢tovpe y = t,,(x). TOTe,

ly —all =r*/r",

dmhadntoy € S(a,r?/r'). Aviwpa S(a’,r’) sivon Tuxaia ogaipa, Tote [|x' —a’|| = r’ yia ka0
x' € S(a’,r"). O¢tovue TOM Y = (5,-(X) KoL TOTE OTTO TN OYEOT

y—a+r2—x_a = x=atr? Ll
[x —alf? ly —al]*’
OVVETTOLYETOL
y—a
P =|x—a|=|a—-a +r———]|.
ly — al|?

TYPDHVOVTAG 0TO TETPAYWVO, ETETAL UETA TG TPAEELG 1] OYEON
(la—a'l* = ()?) lly — al]* + 2r*(a — a') - (y — a) + % = 0.

Awaxpivoupe §10 TEPLITTMOELG:

1.B = |la—a'||> — (') = 0: n ogaipa S(a’,r") mepva amd 10 KEVIPO avtotpogrg. Tote
TOALPVOLUE
2r’(a—a’) - (y—a)+r'=0.

TO OTTOLO TAPLOTOVEL VITEPETLITESO TTOV SEV TEPVA ATTO TO KEVTPO AVILOTPOPNG.
2. B # 0: mogaipo S(a’, 1) dev mepva artd To KEVTPO avTlotpogng. I'pdpovue
ly —al*+2(*/B)(a—a")- (y—a)+1*/B=0
KO OUUTTANPMVOVTOG TO TETPAYWVO TPOKVITTEL
ly = (a+(*/B)@ —a) " =+'(")*/ B,

7OV lvol EELOMON OQALPOG TTOV BEV TTEPVA AITO TO KEVIPO OVTLOTPOPNG.

‘OhaL TO TAPATAV®D CVVOYLLOVTOL OTNV EENG:
Iporoaon 8.2.14. H avtiotoo@i) Ly, ameikoviGer:

* KdOe GQAQA OUOKEVTON UE T GPALQO AVTIGTOOPTS O GPALQO OUOKEVTQTN UE TN GPALQU
AVTLOTQOPTG,
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* kdOe opalpo TOV TEQVH ATO TO KEVTQO AVTIOTQOQPNG GE VTEQETITESO TOV OEV TEQVA
amo TO KEVTQO AVTIGTOOPIG,

* kdbe opaipa Tov OV TEQVAE ATTO TO KEVTOO AVTIOTQOQPTIG G€ GQPALOQ, TTOV OEV TEQVA ALTTO
TO KEVTQO AVTLGTOOPIG.

'Eotw tdpa R, aviiotpogn oe vtepeninedo W (A, b). H amddeiEn g emdpevng mpdroaong
APNVETOL WG CLOKT|ON).

Ipotaon 8.2.15. H avuiotoopn Ra,, amewovilel opaipes tov R oe opalpes tov R™ kou vre-
oemimeda tov R" oe vregemineda tov R™.

3710 €&, Myovtag amhmg aviieToo@s Tov R™ Oa evvoolle EiTe AVTLOTPOGY) OE OQOLPOL
elte avTlotpo@Y) ot vmepemimedo tov R™. Emiong, 0o ovopdlovpe yevikeuuévy opaloa eite
uto (Bukheideiar) ogatpo tou R™ eite évo vmepemimedo tov R™. Améd ) ovinmon ovtg mg
Evotntog mpokusmteL to eEng:

Oeopnua. 8.2.16. Kdle avriotoopn tov R™ ameikovilel yevikevuéves 6paigeg 6 peVIKEVUEVES
ogaloes Tov R™.

8.2.4 Aoknoeig

1. AmodeiEte 611 otepeoypapikt) mpoPor S : (R”, d) — (S™, en41) Elval opOLOUOPEPLOROC.
Ed® e,,41 elvou 1 Eukheldero petpikn otov R wepropropévn oty ogaipo S™.

2. 'Eotw kaumokeg y; : [a,b] — R™, i = 1,2 kau €0tw tg € [a, b] ue v1(to) = Ya(to) = Xo,
dMAad, oL Kaumuleg TEUvovTaL 0To Xo. H yovia 6 tov v, Kai v, 0T0 Xo oplleton amo )
oyEon

Y1 (to) - Y2(to)

151 (o)l - (12 (to) [l

Ou xopmvres v, = S(7:), @ = 1, 2 téuvovion 010 S(Xp). Av ' elvar n yovia Towv 7], 74 0TO
S(xg), 101 armodeiEte ot § = 6. H Goknon auth pog Agel OTL 1) OTEPEOYPAPLKT TPOPO-
A €lval oUuuoo@n amelKovIon. Oo SoVuE UE TEPLOCOTEPT] AETTTOUEPELOL TLG OVUUOPYPES
amelkovioelg oty Evotnta 8.3.2.

cosf =

3. Tavtilovtag To ovvolo Twv wyadikdy apdudy C pe 1o R2, Oewpnote to ovvoro C =
CU{oo}. To emekteTtanévo 6HVOLO TOV IyadIKmV aplBumy Aéyeton ogaioa tov Riemann.
Mze tpomo mapouoo pe avtov g Evotnrog 8.1:

(o) Optote T otepeoypaiky mpofoin) S : C — S? xau Ppeite TV avtioTpogy T™C.
(MmopEeLTe Va. PNOLLOTTOOETE TNV TEPLYPAPY] TG S? wg To 0UVOLO

{(G.) eCxR|[¢]*+t* =1})

Avtd Oa dwoer ST ) = ¢/ (1 —t).)
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10.
11.

(B) Optote T xopdiky petpuxn oto C.

(v) Aei€te 6L S amewcovitel yevikevuévoug kukhovg tov C og ogatpikoig kKK ovg,
(Mmopet va 00g ypelaotouv To. eEng: Kabe Evkdeldeia gvbeta tov C gxel eElowon
™G wopens R(Az) = b, omov A € C,, |A| = 1, kauw b € R evd ke kdxhog S(a, )
amotedettol omd oTolyeia TG wopgng z = a + re', § € R.)

SUVEYELQL TNG TTPONYOVUEVNS AOKNONG: OPLOTE TNV AVILOTPOPY O€ KUKAO KOl TNV OVTL-
otpogn og evbeto tov C KoL SLOTUTMOTE TPOTACELG UVAAOYEG e aVTEG TG Evotntag 8.2
YLOL TNV TTEPLITTWON CLUTY).

"Eoto 1 avtiotpogn ¢ kaw x € Int(S(0,1)). Exgpdote 1o onuelo s g [potaong 8.2.9
OUVAPTNOEL TOV X ADVOVTOG WG TTPOg ¢ TNV eELomon

11— x+tux)| =1, te(0,1).

. 'Boto m avtiotpogn Ry oto viepermtinedo W (A, 0). Av X ko X' €lval avTioTpopo. O1UELd,

BpeLte TO ONUELO TOUNG TOU EVOLYPAUUOV TUNUATIOC [X, X'] Kaw Tov W (A, 0).

. 'BOTo TPLOL OTTOLOONITOTE SLAPOPETIKA UETAED TOVG ONUELd X;, ¢ = 1, 2,3 Tov R? (1] Tov

C). AeiEte oL vTdpyel PovadIKOG YEVIKEVIEVOS KUKAOG TTOL TaL TtepLéyet. (YddelEn: Av
KOITOLO OTTO TOL X; ELVOL TO 00, TOTE TAL X;, ¢ = 1, 2, 3 mepieyovran og Evkheldera evbeta. Av
oA T X, @ = 1,2, 3 elvol SLAQOPETLKA amtd TO 00, TOTE elte TepLEyovial o Eukieidero
gv0elaL 1) 08 KUKLO TOV 0TTOLO KOl VO KOATUOKEVAOETE. )

. AelEte OTL TO OTOTENEOUOL TG TTPONYOVLEVIC AOKNONG LoYVEL Kaw yio KaOe R, n > 1.

Kd0e tpia Sropopetid petat Tovg onueto tov R™ meptédvrol oe Lovadikd yevikevpévo
kUKo Tov R™,

AelEte 6tL KGO opoobeoia Dy Tov R™ glvan 00vOEST AvVTLOTPOPMV O OQPALPES.
AmodeiEte v IMpotaon 8.2.11.

XPNOWOTOLDVTAG TNV TPONYOVEVY Goknon Kabmg Kol To Oehpnua Twv AvokAGoewy,
delEte OTL YL 0TTOLOONTTOTE TPLOL ONUELAL X4, 7 = 1, 2, 3 Tov R™, vitapyel ovvOeo avTloTpo-
POV A TETOLOL WOTE

A<X1) = 00, A(X2> - 07 A(X?)) =1= (17071—1)-
YraddeEn: Oswpmvog ™ §paon g uetagopds T, , T0. X1, Xo, X3 OITELKOVIOVTOL OTC
/ /
0, X;=Xo—Xy, X;=X3—Xj.
OzwpdvTag T §pAon TG AVILOTPOYNS ¢, Ta 0, X}, X5 ameukovifoval ota
"o / "o /
00, Xy =1i(Xy), X5y =(X3)
Me ™) petagopd T_yy, Ta 00, X5, X3 QITELKOVILOVTAL OTOL
nmo__ / "
o0, 07 X3 = L(XS) — Xo-
"

Yrapyer topa otoelo g O(n) mov ametkovilel to x4 oe onueto (a,0,-1), a > 0.
Agnvovtag mv opotobeoto Dy /o va dpaoel oto 00, 0, (a, 0,_1), Taipvouvpe To Tntovuevo.
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12. XpnowomoLmvTag TV TPonyoUuevn Aoknor, SelETe OTL OTOLAdNTOTE TEOOEPT. SLAPOPE-
LKA PeTa€l Toug ava 800 onuela z;, @ = 1,. .., 4 WTOPOVV VO, ATTELKOVIOTOVV UECK ULOG
0UVOEONG AVTLOTPOPMY OTA ONUELCL

~, 0, 1, XeC.

O wyadikog apOuo X = [z1, 29; 23, 24] ELVOL O wyadkds SLTASG A8y0g TOV 21, 22, 23, 24.

8.3 Temuerpio T AvrieTpogns oto R”
Opionég 8.3.1. 'Evag uetacynuatiouds Mobius tov R™ eivar pio ovvOeon memepaouévon mhi-
Bovg avTLoTPOPMV TOu R,

Supporitovpe pe GM(n) = GM(R") (amavtdrar kaw o ovpporoudg Inv(R")) 1o oivoro
TV petaoynuotopdy Mabius tov R”. To otvoro GM(n) eivon opddo pe pden ) ovvleon
(Aoknom 8.3.5.1). Amo 1o Oewpnua 8.2.16 £xovue apeéoms To

Ocopnua 8.3.2. Kdbs ustacynuatiouds Mobius tov R amewkoviler yewkevuéveg opaipeg oe
yewkevuéveg opaipes Tov R,

Opronds 8.3.3. H I'swuetola tne Avriotoopic (xatd Klein) eivar to Cetvyog (R, GM(n)).

8.3.1 H uwopyn tov uerocynuoaticuov Mobius

K&0e otouyeto A g Evkheiderag opnddag toopetpurv E(n) = O(n) x R" exexteiveton oto R”
Betovtag A(oo) = co. Ta oToLyelo auTa glvan Oha petaoynuotiopol Mobius:

* Omoradntote uetapopd Ty YPAPETOL WG 1 0VVOEDT TG AVAKAOONG 0TO VITEPETLITESO X - A
= 0 akorovBovUEVNG aTTtd TNV AVAKAOOY 0TO LTtEpEmTedo X - a = ||al|? /2.

s AOym oV @ewpnuatog Twv Avakiaoewy, Kabe otouxelo g O(n) elvar ovvOeon ava-
KAAOEMVY, SNAAST, AVILOTPOPDV OF VITEPETLTESAL.

A6 ™V M, Ko oL oporoBeoteg Ds eivou petaoynuatiopol Mobius: D5 = ¢ o ¢y, 5. AOYD
¢ [Mpotaong 8.2.1 mpokvmtel Thpa M ENG:
poétaon 8.3.4. Avo omoteadnmote avtioToo@és o€ opalpes tov R™ elvau vivyeis atnv oudda

GM(n).

Arddelén. 'BEOTm OVILOTPOYEG L1, Ly OF OQALPES S, Sa, avTiotorya. Tdpyovv otoryela Q1, Qo
€ GM(n) tétola wote

-1 .
Li:QiOLOQi ) Z:1a27

OOV ¢ €lval M ovTLoTPOPY 0T ogalpa S(0,1). Tote

L=Q1 0110Q1=Q;'010Q; = 1,=Qo0uoQ ", Q=0QQ7"
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To mapakdTm Bedpnua SLVeL Pl TANPY TEPLYPOUPY] TOV OTOLXELWV TG € GM(n).

Ozopnua 8.3.5. Kdabe g € GM(n) umwogel va yoapel wg 60vOean TV TAQAKATW UETATYTUA-

Tioudv tov R":
o uetagpoowv T,
* otoyyelwv A € O(n),
* avuotooins L ot opaloa S(0,1),
* ouotoBeoctav Ds.
(Or ueTaQOQES, TEQLETQOPES Kau ooLoleciss evvoolvral e0d emekTeTaUéVES 6TO R™.)
Moig ¥ peldleTaL TO TOPUKATM:

Aqupa 8.3.6. Eotw h ustaoynuatiouds Mobius wov €xel pia amd Tig uoo@pés tov Osmoniuatog
8.3.5 kau 61w j avriorooqt) tov R, Téte  6vvOson h o j umogel va yoagsl wg cvvleon
UETACYNUATIOUDV TWV HOQPWDV Tov Oewonuatog 8.3.5.

Arddeién. To amotéleopo TPOKVITTEL AUEOMG 07t0 TNV [TpdToion 8.2.1 v 0 j elva avTLoTPOPN
0€ OQaLpa, EVM av elvar ovToTtpogn Ry , o€ viepemimedo W (A, D), TOTE PWITOPEL VOL YPOPEL G
Rap = Topa © Ra o, dNhadn, wg 00VOEON IO HETAPOPAG Kot EVOG TOL eV TG O(n). O

Arddelén tov Ocworjuatog 8.3.5. 'Eotw g € GM(n), g = j10+ -+ 0 Jp, OOV j; ELVOL OVILOTPOPEG
tov R”. H amddelen 0o yivel ue emaywyn oo n.
Edv n = 1 tote 0 g elval elte avVTLOTPOP Lo, O€ oaipa S(a,r) eite avakhaon Ry o€

vrepemiedo W (A, b). v mpwn Teplittmon, £X0uue To amotéleona oo v podtaon 8.2.1.
21 deltepn mepltTwon, £xovue oo TV artodelEn tov Anpuatog 8.3.6 0Tl kKabe avtioTpopn
0€ VITEPETLITEDO UITOPEL VAL YPOPEL MG GUVOEDT ULOG UETAPOPAG Kat EVOg aToLxelov Tng O(n).
Yo0£TOUUE TMPO OTL TO OITTOTELECLLOL LOYVEL Y10 OAOUG TOUG apLlOUoVG OV ELVaL KPOTEPOL
TOV 1 KO YPAPOUVUE g = N0 J 41, OTTOV 0 h €lvau 00VOEOT HETAOYNUATIOUDV OTTMG 0TV VITOOEO
Tov Bewpnuatog. To amoteleona TPOKVITEL AUEOMG aTtd TO Anuua 8.3.6. O

Yuykpon ts Feoperplog Ty Avuietpogiis ne arhes Fewpetpieg

OempmVTag T dpdon TV oTolyeimv g onddag F(n) tov Eukieldeimv woopetpiov oto R”,
npokUmTeL oo To Oedpnua 8.3.5 6t 1) E(n) elvor yvnota viroopndada g ouddag GM(n) tov
uetaoynuoatiopdv Mobius. Zuvustepatvovue 0t 1 Evkheldeia Fempetplo (TOV EMEKTETAUEVOU
TPOYIATLKOD n-xhpov, dnhadm, to Lebyog (R”, E(n)) mepiéyetar ot Feopetpio g AVILOTPOPHG.
ESo, 1 opdda E(n) eivow 1) oudida loopetpLdv Tg enektetauévng Evicheldetag petpikng d mov
opiletan wg eEfg: d(x,y) = [|x — y|| yia kéOe x,y € R™ xar d(x,00) = d(oo,X) = +o0,
d(co,00) = 0. H E(n) eivaw | E(n) OempoVuevn e To OToLElo TG EMEKTETAUEVO, DOTE VO
APIVOUV AVAALOLOTO TO ONUELD OTO GTTELPO.
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EEetalovue Tmpa ) oygon g Fempetplog g Avilotpogng ue v Agguvikn Fempetplo
Ko 1o eukohia 0o eploprotodue oty mepimtwon n = 2. Tavtiovtag to R? e to C, éxovue
deL 0TL kAbe oTouyelo g A(2) elvan g popgng

flz)=Az+Bz+C, A B,CeC, |Al+|B|#0.

TétoloL petacynuatiopot enekteivovral oto C 0étoviag f(00) = 0o. ‘OumG, 0L AVTLOTPOPES OF
KUKAOUG Tov C gV Umopolv va ypagouv TNV Tapastavm wopgn (dtkatoroynote!). Tlpokvmtel
OVVETTMOG OTL €V YEVEL, O TTEPLOPLOUOG EVOG Mbbius petaoynuatiopnot oto C dev avnker oty A(2).
Amd ™V GA, 1 emékToon evdg ap@uvikol petacynuotiopot oto C dev elval kot avdykn
Mobius petaoynuationos. Adyov xapn, €0tm M

f2)=(1+K)/2)z+ (1-K)/2)z, 0<K <1,

KoL 0 povadiaiog kKOkAog |z| = 1. Tote, enedn

gmeton 1 eElowon
S(w)

1= ol = |R(w) + i

I

1 OTTOLL TTOPLOTAVEL EMAELPT]. ‘Ouwg ovTO SEV UTTOPEL VAL ELVOL SUVATOV, £’ OO0V OL LETATY UL
TLopoL Mobius 0rtetkoviLouv YEVIKEVUEVOUG KUKAOUG OF YEVIKEUUEVOUG KUKAOUG,

8.3.2 Xvumnopgia Tov ueraoynuotiondy Mobius

Mio amerkovion f: R® — R™ Aéyetan oduuoopn oto Xg € R™ av Statnoel tig ywvies 6To Xq.
Av 1 [ elvol dtogpoplotun) 0To Xg ToTe avTo onuatver 0t o Takmpravog mivaxog D f(Xg) g f
0TO X LKOVOTTOLEL LCL OYEO TNG LOPPNG

(Df (x0))(Df(%0))" = A(Xo) L,

omov A(Xg) # 0 kau I, elvar 0 povadiatog n X n mivakag. (Aette v Aoknon 8.3.5.2 yio v
amodelEn.)

Ozopnua 8.3.7. Kdbe g € GM(n) elcw ovuuoopn areikévion tov R"™. Av o g meotéyet dotio
aoLtOuUo avTIETEOPOV, TOTE SLATNOEL TOV TQOGAVATOMGUO. TNV avTiOeTn TEQITTWOGN, AVTL-
OTQEPEL TOV TQOGAVATOMGUO.

AmddeEn. Zougova ue 10 Oedpnua 8.3.5 apkel va amodelEovue To TOPOV BedpNUaL VLo TIG
eENG MEPUTTMOELG:
1. O g eivau uetagogd. Av g = T,, TOTe y10. K0Oe X € R”

Ta(x) =x+a = DI,(x) = I,,

0 TOVTOTIKOG 1 X 1 Ttivokag. Bivaw det(DT,(x)) = 1 > 0 Ko GUVETTMG OL UETAPOPES SLATIPOVY
TOV JTPOCAVOTOAOUO.
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2. 0 g elvau otouyeio g O(n). Av g = A € O(n), 10te Yo kKGO x € R™
g(x) =xA = Dg(x) = A”.

Etvar det(Dg(x)) = 1 av A € SO(n) eve det(Dg(x)) = —1 6tav o A eivow avakhoon oe
VITEPETLITES QL OTTO TNV OPYN.
3. O g elvau ouoroBOsoia. Av g = Ds, 6 > 0, 10te yio KaOe x € R"

Ds(x) = 0x = Ds(x) = d1,.

Eivauw det(Ds(x)) = 6™ > 0.
4. O g elvau ) avrioteo@n) 1. Av g = 1, 101e 1o kabe x € R™ \ {0},

J(x) = ﬁ — Dix)=D (le1||2 .x) |

YrevOuuilovpe tog av f : U — Rkaw g : U — R™ eivan Stagoploues, omov U avolktod tov
R™, tote yio. ka0e x € U,

D(f - g)(x) = g(x)" (Df(x)) + f(x) Dg(x).
Sy weputTwon wog, f(x) = 1/(|x]|* ko g(x) = x. Apa, Dg(x) = I,, Kow

1
[

2x
x|+

Df(x) = D(|Ix*) =

ZUVeEnWG,

2x1'x 1

Dufx) = ~ Tk + gl = @(In -200). Q) = T

[Mopatnpolue 0Tt 0 Q () elvan CUUUETPLKOG Ko

gh(e) = BTN ¥ T
x| x| x|
Apa,
T 1 2 1

Ko 1 ¢ glvar ovppop@y). Tatpvovrag Tmpa opllovoeg £XOupe OTL

1

(det(Du(x)))? W

= W — det(Du(x)) =+

Adym g ovvekTIKOTNTOG Tov R” 1) 0ptfovon UTopeL va elval elte HOvo BETIKY eLTe HOVO -
vnukn. Ta va dtamiotwooupe to tpdonuo, eEeTalovue TV Tt TG opilovoog to onueto 1 =
(1,0,...,0):

Di(1) =1, —2Q(1) = J,
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Ommov 0 J elvar Stymviog n X n stivakag Ue ji; = —1 Kaw j; = 1y kabe i > 1. Svvemmgn
0pLLovod Tov eivar -1 Kot Cupmtepaivovue Ot

1
[

Du(x) = —

KO OPQL 1) & AVTLOTPEPEL TOV TTPOCUVATOMOUO. O

AELZeL 0T0 onuelo avtd va avogepbel OTL LoyvEL Ko o €ENg KoTaminkTiko (ko Bad) a-
notéheopo Tov Liouville: 3¢ Staotdoaigc n > 2, ddeg or oVuuoopes amsikovioes tov R™ elvau
uetaoynuationol Mobius. 2t S14.0Taon 2 KATL TETOLO OEV LOYVEL: 0L OMOUOPPES (KOL OL ALVTLO-
AOwoppeg) ametkovioelg Tov C etvor Oheg GUUUOPPEG.

To Oswpnua 8.3.7 pag 08N YEL OTOV TAPUKATW OPLOUO:

Opiondg 8.3.8. To 01VoLo TV HETACYNUOTLOUMVY Mdbius Tov R™ tov dtatnpotv Tov mposava-
TOMOUO O cupBoiiletar ue M(n).

To ovvoho M(n) elvar oudda, dette Tv Aoknon 8.3.5.3.

8.3.3 Metpikdg duhog Aoyog

'Eoto d 1 yopduk petpusn oto R™. "Eotm tetpdda onueiov X, Xo, X3, X4 R, Kabopitovrag
O€LPAL TTOV TTOLPVOUIE CUTA TO, ONUELe. KaBOopLLOvUE KAl EVOV ToooavatoMoud TNV TETPAdA.
Aoyov yapm, ypagovtag p = {Xi, X2, X3, X4} EVVOOULE TNV TETPAIA UE TO X; VO, ELVAL TO TTPMTO
ONUELD, TO X2 TO SEVTEPO, K.0.K. ['L0 0TTOLAONTTOTE TPOVATOMOUEVY TETPAdA p = {X1, X2, X3, X4 }
TEOOAPMV SLAPOPETIKMV UETAED TOUG 0lvaL SVO ONUELWV, O eTQLKAS SLTAdS Adyog TG p opLieTal
aTtd T OYEON

d(X4, XQ) . d(Xg, Xl)

d<X47 Xl) . d(Xg, XQ) .

X(p) = (x1,X2; X3, Xq) =
Mmopotue va delEovue OTL APKEL VA, XPTOLUOTOLOVIE TN OYEON

o xe = x| - []xs — x|

X(p) = (X1,X2;X3,X4) = ,
)= e X0 = N s~

ue TV opadoyn (1 0Tolo. TMPA EVOL ATOAITMG SIKOLOAOYNUEVT) 0o : oo = 1 (deite TV

Aoxnon 8.3.5.6). Ioyvel to eEng AMnuua (dette v Aoknon 8.3.5.10).

Aqupa 8.3.9. Edvp = {x1, Xo, X3, X4 } &lvau mpocavatorouévn tetodda onuelwv tov R™ dua-
pogeTikV TeTaED TOovs avd dvo, ToTE oL ueTEUKOL dutAol Adyol (X, X;; Xk, X1), (4,7, k,1) € Sy,
glval GUVAQTNGELS TWV UETQLKWDV OLTADV AOYWV

Xi(p) = (x1,X2;X3,X4) Kk Xo(p) = (X1, X3; X2, Xy).

Ocopnuo. 8.3.10. Mia arxeixévon [ : R — R eivau ustacynuatiouds Mobius av kai uévo av
Satnoel Tov ueToUKS SITAS Adyo kdbe teToddags onuelwv tov R™ Stagooetikdv uetalt touvg
avd dvo.
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AmddeEn. Tia 1o gubl, apkel Moyw tov Oempnuatog 8.3.5 va delEovue OTL OL UETOPOPES, T
otouyeta g O(n), oL opotobeoieg Kan 1 avilotpo@n ot ogaipa S(0, 1) Sotnpolv Tov HeTpiko
SLITAO MOY0. Aglyvouue £8M POVO TO TELEVTOLO KOl ALPI)VOULE T VITOAOLTE. 0TV Aoknon 8.3.5.7.
Av oo ¢ etvan 1) aviiotpogn oty S(0, 1), 1ote xpnowwomoimvrog Ty Ipotaon 8.2.10 éxouvue

[e(x4) = e(x2) | - [le(x5) = ¢(xa)]
le(xa) = e(xa) || - [le(xs) = ¢(xa)]

(e(x1), e(x2); 1(X3), 1(X4)) =

l[Xa=xaf| =~ [xs—xu]]
_ Ixall-flxall flxsl-[xa i
[[Xa=xa[| - [[x3]|-][x2]]
(Ixall-lxall flxa]-[[x2]]

(X4 — Xo| - [[X3 — X ]

%4 — X1 || - [[x3 — X

— (X17X2;X37X4)~

I'o To avTiotpogo, ouVOETOVTAG TV f &V avaykn Ue évav netaoynuatioud Mabius, uropolue
va. vtoBgoovpe OtL f(00) = oo. T x; € R, i =1,...,4,m oxgon

(00, X2; X3, Xy4) _ (00, f(X2); f(x3), f(X4))
(x1,X9500,X4)  (f(x1), f(x2); 00, f(X4))

YPOPETAL LOOSVVALLOL

1F(x0) = fO)I| _ NI f(xs) — F(xa)||

X1 — X2 X3 — X4

[TpokvmTer OTL Y100 omoradnTote dVo onueia X,y € R,

1f(x) = F (Yl

=k>0.
[x =yl
Apa, o f elvor Eukleldeta .oopeTplol 1) OUotofesiaL KoL GUVETIMG UETOOYNUOTIONOG Mobius. [

Mopwopa 8.3.11. Eotw p = {X1,Xs, X3, X4} ke p’' = {X], X}, X}, X } moocavarohouéves tetod-
dec onuelwv Tov R Sapogetikdv uetalb tovg avd dvo. Av wdoyer f € GM(n) térolog dote
f(x;) =x,,i=1,...,4, ©te

X(p) = (x1,X2;X3,X4) = (X, X5 X3, %) = X(p').
To emtduevo Bewpnua etvor To Oepuemdelg Oempnua TV AThmv Adymy.

Ozopnua 8.3.12. Eotw p = {X1,Xs, X3, X4} kau p' = {X], X}, X}, X, } moocavarolouéves te-
10d0eg onuelwv tov R Stapogetikdv ueta&d tovs avd dvo. Yrdoyxer f € GM(n) térotog
wote f(x;) =y, i =1,...,4, av kot uévo av

X1(P) = (X1>X2;X3,X4) = (Y17YQ;Y3>Y4) = Xl(lﬂ/),
Xa(p) = (X1,X3;X2,X4) = (¥1,¥3:¥2,¥4) = Xa(p').
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AmddeEn. To gvbl mpokimTel artd to [opropa 8.3.11 (voALOLWTO TWV UETPLKDV SLTAMV AO-
yov). Tl To avIloTpoo, HITOPOUUE VO KOVOVIKOTTOWGOUUE DOTE

X =y1 =00, X=y=0, x3=y3=1, x4,=X, y, =Y,

me XY € R” \ {1 =e;} (dette tnv Aoknon 8.2.4.11). Ao Tig LOOTNTEG TOV STADY AOYWV
TALPVOVUE TOTE, AVTLOTOLYOL

X[ = 1Yl (X =1 = [[Y = 1.

AvX = (X1,...,X,), Y = (Y1,...,Y,), 101e vpdrvovtag T 1) SeVTEPT OYEON OTO TETPAYMVO KLl
YPNOLUOTTOLMVTOG TNV TPAOTN LooTNTae Tpokvrtter X1 = Y). Emiong, av X, = (Xo, ..., X,,)
ko Y, 1 = (Ya,...,Y,), tote mah and myv npdtn oxeon motpvovpe | X, 1| = ||[Yn_1]].
Svventmg, vapyer A € O(n — 1) tétoog wote X, 1A = Y,,_1. 'Eneton 0Tt 0 uerooynuott-
oudg ¢ : R* — R™ e

10 —
¢(X>_x(0 A)’ XER,
elval petooynuotiopog Mobius pe ¢(X) =Y. H

8.3.4 To Oenehddeg Oepnua tg F'emperpiog TS AVIOTPOPNS

To mapoakdTw Oedpnua etvor 1o Oeueiddeg Oewpnua g ewpeTplog g AVILOTPOYNG:

Oehpnue. 8.3.13. H g € GM(n) doa towhd uetapatikd oto R: av x; kaw y;, i = 1,2,3, elvau

TOLAOES OLapogeTikV ueTaEd Tovs onuelwv tov R, téte vadoyer g € GM(n) térolog wote
g(Xl) =Y 2217273

Edv ¢ elvau évag dAAOS UETAGY NUATIOUAS TTOV IKAVOTTOLEL TIS TAQATAV® GYéoels, Tote ' € gH
omov H vrooudda tng GM(n) cvivyrc ue tnv O(n — 1). Edv n = 2, tdte elte g = ¢/, elte
g = gh émov h ovlvyés ue avdkiaon oe evbeia. Edvn = 1 1é1e 0 g elvau uovadikdg.

Amddeén. Zhupova pe v Aoknon 8.2.4.11 vrapyouvv petaoynuoatiopol Mobius hy Kou ho
TETOLOL WOTE

hi(x1) = ha(y1) = 00,  hi(X2) = ha(y2) =0, hi(x3) = ha(ys) = 1.

O petaoynuatiowds g = hy ' o hy € M(R™) tkavomotet Tig amontoglg Tov Oewpnuatog. "Eotm
ot vmnpye ¢’ ue ¢'(x;) = yi, i = 1,2, 3. Tote o petacynuotiowds f = hig~'g'h; ' otabepomotet
Ta onueia oo, 0, 1 = e; xaw dpa f € O(n — 1). Svvende, g~ '¢' = hy'fhy = h mov eivar
otolyelo tov otadeporotel ta X;, ¢ = 1,2, 3. Taipvovue €tor ¢ = gh (deite Kow v Aoknom
8.3.5.9).

E4vn = 216te h = id. av f = id. xaw b = hy'rh; av f = 7, N avaxhaon omy x5 = 0.
[Tpoxkvmter howtov Ot eite ¢’ = g eite ¢ = gh 6mov h ovluyng ue avaxhaon. Do n = 1 elvar
TMOPO TPOPAVEG, O
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8.3.5 Aoxknoeg

1. AeiEte pe tov oplopd 611 T0 ovvoro GM(n) Twv Mdbius petaoynuatiopmy tov R eiva
opado ue TPakn ) ouvoeon.

2. H doxnon autn StKaohoYeL T GUVONKY YLa TLG SLAPOPLOLUES OVUUOPPES OITTELKOVLOELS.
'‘Eotm A : R" — R" ypaptkOg HETAOYNUATIONOG Kot v, W dtovoouata tov R”. H yovia
0(v, W) TV vV, W 0pLLETOL ATTO T OYEON)

VW

cos(O(v,w)) = W

Suvenmg 0 A SLOTNPEL TIG YWVLEG GV YLOL OTTOLOONITOTE 1) UNOEVIKAL V, W LOYVEL OTL

v-w A(V)~A(w)
VI Dl A - AW 8.7)

(YrevOvuiZovue g A(X) = xA g@’6cov T X BempPotvToL SLaviouoto Ypauues.) Ao
delEovE OTL OF QUTNV TV TEPLITTMON O TUVOUKAG A TOU HETAOYNUATLOUOV LKOVOTTOLEL T
oygom
AAT = ATA =X, Yy kdmowo A # 0.

"Eotw 1 kovovikn Baon {ey,...,e,} tov R™. T v = e;, W = ¢;, i # j TOILPVOLUE QIO
v EElowon (8.7) 6w A(e;) - A(e;) = 0 Kouw Guvenmg oL ypapueg tov A givar opfoymvia
ueTa€V Toug dravdopata. Avtd onuaiver dpwg ot To (i )-otouyeia tov AAT eivar Oha 0
v i # j. Katd ovvémera, o AAT elvan Staydviog mivaxag. Thpa wdh yio i # j éxovue

0=(e;—e;)-(e;+e€)=(Ale;—e;)) - (Ale; +¢;)) = (ATA);; — (ATA);

KOL OUUITEPALVOUUE OTL OMa T dtorydvia otovxela tov AAT eivan toa pe €vav apdud
A #£ 0.

3. "Eotw 10 6voro M(n) tov petooynuatioumv Mobius wov dLotnpolv Tov Tposavatolt-
opo. AeiEte o6 etvon viroopada e GM(n).

4. (Kavovikomoinon Tmv YEVIKEVUEVOV opalpmv). AslEte ta akolovOa.

(@) Av X eivar pio ogaipo S(a, ) oto R, toH1e vdpyel f € M(n) ue f(X) = S(0,1).
(Yrddei&n: Me ) petagopd T, amekoviote v X oty S(0, 7). Epapudote K-
TOTLY TNV opoLobeoia D).

(B) Av P eivou éva vrepeninedo W (A, b) oto R", 1o1e vtdpyer g € M(n) pe g(P) =
W(e1,0). (Yadde&n: Tpayte v eElomon tov vrepemutedov wg (x — a) - A = 0.

Me ) petagopd T, atetkovioTe to vepemninedo oto X - A = 0. Tlapte Katomy 1o
otouyeto ekelvo g O(n) mov asmetkoviletl To A og diavvopa. deg, § > 0).

(Y) AeiEte ot vmapyer h € GM(n) pe h(S(0,1)) = W(ey,0). (Yrddeén: Kavovrag
TPWOTO KATAMNAY UETAPOPA, YpNotportomote Katomy v [pdtaon 8.2.12).
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(8") XpNOoLHOTOLDOVTOG TO TAPATAV® OVUTEPAVETE TO Oempnua 8.2.16, 0To 07Tolo THPOL
wropet vo. tpootedel 1) eENg tpotaon: Edv X kau ¥/ elvau yevikevuéves o@aipes tov
R", éte vwdoyet ¢ € GM(n) ue H(X) = .

5. Aei&te 611 10 oVvoho GM(1) amoteleital amd 1-1 kau emtl petacynuotouols f tov R g

nopeNg
ar +b

cr +d’

flz) = ad — be # 0.

(Ed® Bewpolue mavtote 0t f(o0) = a/c, f(—d/c) = o00). AeiEte eniong OTL 1) Oud-
do M(1) autoteheltol armd UETAOYNUATIONOVG TG TOPOTAV® Wopeng ue ad — be > 0.
(YaddeiEn: Ovopdote G 1o 0UVOLO TV [ NG TAPATAVM HopenNg Kat delEte 0T elval
opado pe TPAEN ) ovvoeon. Av tmpo [ € G, dtakpivete d00 mePLTTMOoELS: a) Av ¢ = 0,
101e f(2) = (a/d)x+ (b/d) mov eivan 6OvOeomn Evkheldeimv LoopeTtpLodv kat opolofeoumv
tou R. b) Av ¢ # 0 10t¢

a bc—ad 1
fo) == v @

C C

7OV €Lvai CVVOEDT LOOUETPLWV, OUOLODECLMV KoL TNG avTioTpogng 0to 0. Apa, £xouue OTL
G C GM(1). Ao v k), ke otoryelo tov GM(1) umopel va YpogeL mg GTOLYELD TOU
Q).

A€LETE TNV LOOSVVALOL TV OPLOUMY TOU UETPLKOV SLITAOU AOYOU TECCAPMY GUELMV TOV
R~

. AelEte OTL 0L petaopec, Ta otoryela TG O(n) Ko oL opotodeoieg SLaTnPOVV TOV HETPLKO

SLITAO AOYO TECOAPMY ONUELWV.

. AmodeiEre 011 KGO petaoynuationog Mobius f pe f(oo) = 0o elvan TG opgng

f(x) =06xA+a, AecO(n), §d>0.

(YrddeiEn: Acite TNV artddelEn Tov Oewpnuartog 8.3.10).

. Asgl HTL KO obiu oud ) ) o 00, 0,
AglEte otL Ka0e MoObius uetooynuationoc tov R” wov Kkpota otadepd Ta ONUeELo 0

1 = ey, eivan otouyeto g O(n — 1) dmwg avtn Bewpettar pue v eufOBLoN g

om—naAH(ég>eqm.

SUUTEPAVETE TG AV N = 2, TOTE EVAG TETOLOG UETAOYNUATIONOG WTOPEL VOL ELVOLL ELTE O
TOUTOTIKOG ELTE 1] avakhaon oty gvbeia 2o = 0. TmevOupilovue OtL edv pio opada G
dpa emtavw oe eva ovvoro X Kawx € X, t0Te 0 otafegomountiis Stab(x) elva 1) vtoouddo.

Stab(z) = {g € G | g(z) = x}.
211 GUYKEKPLUEVT TTEPLITTOON, Exoupe TV GM(n) va dpa 1o cuvoro

(R7)?\ {daycdrvior}.
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To 0TOTELEOUOL TNG ALOKNONG WTOPEL VO YPAPEL KUL O
Stab((00,0,1)) = O(n — 1).

Xpnowomomnote Ty Aoknon 8.3.5.9 yia Vo CUIITEPAVETE TTMG YO TUY AL, SLOPOPETLKA,
UETAED TOUG ONUEL. X1, X2, X3, ELVOL

Stab((x1,X2,X3)) = hO(n — 1)h™*, h € GM(n),
dMhad, 0 0TAOEPOTOTNG TV X1, X2, X3 ELVOL OUAdA OVTVYNG e Tv O(n — 1).
10. AmodeiEte To Anupa 8.3.9.

11. (@ehpnua tov [Ttorepaiov.) 'Eotw X, i = 1, .. ., 4 SL0opeTka HETAED TOUG ava SV0 01-
ueta tov R™. @empnote pia omoradimote uetdraln (1,2,3,4) = (a(1),0(2),0(3),0(4))
™G Sy KOL TV TETPAdA P = {Xo(1), Xo(2), Xo(3); Xo(4) }. OEMPNOTE ETLONG TOVG HETPLKOVG
dLThovg AOYOUG TG p:

Xi1(p) = (Xo(1): X0(2): Xo(3), Xo(a)) KoL Xo(P) = (Xo(1): Xo(3); Xo(2)s Xo(4)) -
() AelEre 0tL X (p) + Xa(p) > 1. (YrddeEn: Kavovikomowmote Hhote
Xo(1) =00, Xo2) =0, X,3 =1, X,u =xcR"

Tote

Xi(p) + Xa(p) %[ + {1 — 1]

> x— (x—1)] = 1.
Awkowohoynote o kaOe fnuo 0og.)

(B) Tpdpte TNV TOPOTAV® AVIOOTITA LOOSVVALOL 1G

1Xo(4) = Xo) || - [1Xe3) = %ol < %01y — Xo@)|] - [Xo(3) = X0 |
HXo(a) = Xo@) || - [Xo(2) = Xo(|
Y00£TOVTaG T Xy(1) KOPUPEG TETPATAEVPOV, EPUNVEVOTE YEWUETPLKA TNV TOPAL-
AV AVLOOTNTO TTOV ELVOL YVOOTN 0G AwodTnta Tov tolsualov.

(V) AmodeiEre 1o Occronua tov [Itorsuaiov: Hiodtta oty Avicotnta tov [ltokepaiov

’ ’ ’ ’ ’ ’ ’ ’ T ,
LOYVEL TOTE KL LOVOV TOTE OTAV TAL X; KELVTOL O€ YEVIKEVUEVO KUKMo TOV R . (Ywddeén:
STV 0VIOOTITA TOV TTPMTOV EPMTHUATOG 1) LOOTHTA LOYVEL TOTE KOL HOVOV TOTE OTAV
ta X, X — 1 etvar ovvevOetaka.)

8.4 Tesouerpic e Avuetpogis oto R

H l'eouetpio g Aviiotpogng oto R eivar 1 yewpetpia (katd Klein) (R, GM(1)). H oudda
GM(1) €yetL po eVOLOQEPOVTOL TTEPLYPOEPT TV OTTOL0L EEETATOVUE OUETWG TOPUKATW.
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8.4.1 H onada GM(1)

210 R Oepovjie oTeELKoVioeLg TG Lopgig

_aa:—l—b

f(l’)—m, (l,b,C,dER, ad—bc;éO, (88)

omov f(o0) = a/e, f(—d/c) = oo (av ¢ = 0 10Te €Qovpe wovo t oxgon f(o0o) = oo). Tetolov
eldovg ametkovioelg elvar 1-1 kow e7ti: m avriotpogn f~1 g f Slvetow amd v

_ dr —b
@)= e
kot f7H(o0) = —d/c, f~'(a/c) = co. K&Oe tétola f eivan opotopopgrondg tov R (deite mv

Aoknom 8.4.4.1). Extiong, To 6Uvoro G TV HETAOYXNUATLOWMY TNG Lop@ng (8.8) amtotedlel opnada
ue TPagn ) ovOeom ovvaptnoemv (dette Ty Aoknon 8.4.4.2). ITapatnpovue Twpa OTL OAOL OL
TOPAKATO PHETAOYNUATLOUOL, OEWPOVIEVOL MG HETACKNUOTLOMOL Tov R, elval otowyeio g G:

» Metobéoeig: T,(z) =z +a,a € R,
* Avakhaon oto 0: R(z) = —x,
* OuowBeoteg: Ds(z) = oz, 6 > 0,
* Avuotpogn oto 0: t(z) = 1/z.
Apa, G C GM(1). Emong, kabe f € G popet va ypopel og

(a/d)x +b/d otav ¢ = 0,
fz) = N ,
% + cha " Tr /o) oTav ¢ 7& 0,

7OV €LVOIL OVVOEST OMWV TOV TAPOITONV®W UETOOYTUATLIOUMV. ZUUTEPULVOUIE TNV TTOPOKATM:

Ipotaon 8.4.1. H oudda GM(1) twv uetacynuatioudv Mobius Tng ETEKTETAUEVNS TOAYUATL-
KkN¢ evbelag amoteleltal amod UETAGYNUATIEUOVS TNS LooPng (8.8).

8.4.2 H mpoforkn opado PGL(2,R) kae 1y GM(1)

YrevOvwZovue tov oplopd ™G pofohkng ouddag PGL(2,R) and v Evomrta 7.2. Zmv
opada GL(2, R) opiovue tn oxeon ~ wg eEneg: ywa kabe A, B € GL(2,R), A ~ B av kot uovo
av A = AB yw xamowo A € R,. H oygon ~ givar oygon woduvvapiag Kou to ovvolo PGL(2, R)

TOV TPOYLDV
PGL(2,R) = {[A] | A € GL(2,R)}

amotelel opada e mpa&n [A] - [B] = [AB]. TmevOuuilovue emiong nwg av [A] € PGL(2,R)

Kow
a b
a= (2 ),
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TOTE YPOPOVUE

a b
= o
Yrapyer amerkovion @ : PGL(2, R) — GM(1) mov divetor astd v
a b ar +b
P = = ) 8.9
(o o) =ris@ =22 8.9)

H amddelEn g mopakdtw TpoTaong agnvetol oty Acknon 8.4.4.3.
Mpétaon 8.4.2. H ameikévion O tng (8.9) elvar t6ouoo@ioudés ouddwmw.

Kotd ovvémera, 1 GM(1) tavtiCeton pe v PGL(2, R) mov eivon ) opddo P(1) tov peto-
OYMUATLOUMV TNG TPoPolikng evbelag RPL. Autd elvan ardivta puotohoytkd eQocov vtdpyel
tavTion Tov kOkhov S' = R xar g RPL. TIpoximter Aowmdv o eEng:

Ocopnpna 8.4.3. H I ewuetola g Avriotoogiis (R, GM(1)) eivow  I'ewuetola tng Mooforkng
EvOsiag (RP', P(1)).

Yrapyer kow piae G eprypagn g GM(1). Oewpolue TV oetkovion
¥ :SL(2,R) — PGL(2,R), A [A].

H ¥ eivan povopoppropog opnddmv kau ker(¥) = {7, —I'}. Zuvenwg, oo 1o [Ipmto Oempnua
Ioopopgiag Ouddmv £xovue v eENg:

Ipoétaon 8.4.4.
GM(1) = SL(2,R)/{I, —I} := PSL(2,R).

Yyo6Mo 8.4.5. Tlapatnpovpe 0TO ONUELD OVTO OTL OL OTOLYELDSELG PETAOYUOTLIONOL MObius Tou

R mov dLatpolv ToV TPOCUVUTOAOWO ELVOL OL LETAOPES KO OL OUoLo0esiec: 1 avdkhaon
T = —x Kol 1 oviotpogn x — 1/z alaCovv tov mpocavatoiond. Emeldn kabe otouyelo
™ GM(1) elvan 00vOeON AVTLOTPOQOYV, Exouue OTL TO VITOoVVOAo TG GM(1) ov amoteheitan
ad OTOLYELCL TTOV SLATNPOVV TOV TPOCUVOTOMOUO, ELVOL TO OVVORO TWV OTOLYELWYV TTOV ELVOL
ovvOEoelg aptiov TAn0ovg avakraoemv. To ovvoro avtd cupBorileton ue M(1) 1 PSLT (2, R).
Ag mapatnpnoovue entong otL av f € GM(1), tote

_ar+b ;o\ ad—bc
(w)_cx—l—d — [a) = (cx 4 d)?’

KOL OUVETTMOG O f GVILOTPEPEL 1] SLATNPEL TOV TPOCAVATOMOUO AVOAOYMG TOV TPOONUOV TG
opllovoag Tov avtutpoomsov Tov otv PGL(2, R).
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8.4.3 Auwhot Adyor

To ATOTELEOUATO. QLUTNG TNG EVOTNTOG ELTE OTOTENOVY TEPLTTMOELG OITTOTELECILATMOV TTOV EYOVV
NN amodelyOel eite oL ATOOEIEELG TOUG ELVAL OITAEG: YL TOV AOYO GUTOV QPTVOVTOL WG 0LOKT)-
OtLG.

Yrdapyouv 800 181 SUTAMV AOYWV, 0 TPAYUOTIKOG KOl 0 HETPLKOG SLITAOG hoyog. O mpwTog,
LLOIG EPYETAL ALTTO T YEWUETPLA TNG TTPofolikng evbeiag. 'Eotw p = {x1, 2, x3, 24} mpocavaTto-
AMOPEVY TETPAda dLapopeTLkmV PeTa&l Toug avd dvo onuetwv Tov R, 10Te 0 StwAde Adyog g
p ElvaL o
(24 — x2) (23 — 71)

(!104 - fl)(ﬂvg - !EQ)’

X(p) - [1’1,1}2;{[‘37ZE4] -

UE TLG AVAYKOLEG TPOTTOTTOLNOELG 0LV KATTOLO OITO TOL ONUELC. ELVOLL TO 00. AVTOG ELVaL OKPLBHOG O
dLTAOg MOYOG TEOOGPWV ONuUELmV TNG TPoBolkng evbeiog RP! kau toyvouv ta eEng:

Ipotaon 8.4.6. Eotw p = {1, 2, x3, T4} mOOGAVATOAMGUEVY TETOASA OLOPOQETIKADV UETAED
Tovg avd dvo enusiwv Tov R kaw éotw o € Sy ustdratn twv enusiwv tne p. Téte 0 S
16706 X(7(9)) = [To(1), T To(s), Totn) elvae ovvdoryon 7ov X(p) = L1, 72; T3, 73]

AmddeEn. "Aoxnon 8.4.4.4. Aette xou v Aoknon 7.2.2.6. [

Ipotaon 8.4.7. O SuwAdg Adyog mapauéver avarrolwtogs amxd tn Staydwa dodon tne GM(1).

AmddelEn. Aoxnon 8.4.4.5. [
Ipotaon 8.4.8. Ydoyet uovadiks orovyeio tng GM(1) mov ametkovilel ulo mpocavatooué-
vy TeTodda p = {x1, Ty, 73,74} Sa@OQETIKAOV ueTakl Tovg avd dvo onueimwv tov R ce wa
moocavatoMouévny tetodda p’ = {z}, zh, x4, ) } dragooeTikdv uetaEV Tovs avd dvo onuelwv
ue tdémov wote x; <>, 1 =1,...,4, av ka uévo av

X(p) = [mb T2; X3, $4] = [m/b 'Z'IQ; xé’n xil] = X(p/)
AmddeEn. Aoknon 8.4.4.6, Selte Kol QUECHS TOPAKAT. O

YrevOuuiZovpe 6t GM(1) dpa tpumhd petafatikd oto R. Yrdpyet o eEng wpaiog Tpdmog
vaL T0 aT0dELEOLIE OUTO HECW TWV dTADY MOywv. 'Eotw {1, 22, 23} Ko {y1, Y2, y3} TpLadeg
draopeTkmv uetad Toug onueinv Tov R ko é0tw = € R. O UeTaoynuatiopds g Tov oTELVEL
T0L T, Tg, T3, T 0T 00,0, 1, g(z), ovTioToLya, SLVETOL aITO TN OYEON

(x — z9) (23 — 21)
(x — x1) (23 — 22)

[0070; 1,9(1’)] = [Il,l’g;%g,%] — g(I) =

Ouolmwg, 0 HETAOYNUATLONOG A TTOV OTELVELTA Y1, Y2, Y3, T 0T 00, 0, 1, h(x) dlveton amd tn oxgon

_ ( — y2)(ys — 11)
hle) = (x —ya)(ys — y2)
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SUUTEPALVOUUE OTL O TNTOVUEVOG UETAOYNUATIONOG elvan 0 f = hg™! kow eivor wovadikoc.
[payuatt, av vnpye f/ dote z; <> y; uow g f/,tote 0 F' = hf 1 f'g~! Oa otabepomolovos
T 00, 0, 1. Zuvemag

(00,051, 2] = [00,0; 1, F(2)] <= z=F(2).

SUUTEPALVOUE ETTLONG OTL OV EVAG UETAOYNUATIONOG MEbius Tng emeKTteTapuevng gvubeiag oto-
OepPOTTOLEL TPLOL ONUELDL, TOTE ELVOL OLVOLYKAOTLKO O TAVTOTLKOG,

Yyoho 8.4.9. Tlopatnpnote Ot

oy @e—m)(es—ay) 1 iy = W2 m )l —y) 1
g(@) = T3 — X2 (x—xl)27 (@) Y3 — Yo (x_yl)Q.

Svventmg o f etvar otouyelo g M(1) av ou mapaotaoelg (re — 1) (rs — x1)(r3 — T2) Ko
(y2 — y1)(ys — y1)(ys — y2) €lvow opdoNues. ZVVERMG TO av o f glvan otorgelo e M(1) 1
OyL, KaOOPLZETOL OITO TN StdTan TV CNUELWV ETTAVM 0TIV ETEKTETAUEVT EVOELA.

O deltepog dUThOG MOYOG ELVOL O UETPLKOG SUTAOG MOYOG TTOU OPLOGUE EGM TG YOPILKNG
weTpiknG. Av p = {1, xa, 3, T4} ELVOL TPOOOVOTOMOUEVT TETPAOA SLOPOPETIKDV UETAED TOVG
avé dvo onueimv tov R, 101e 0 tetoikds SLwAds Adyog g p elvow o

(74 — x9) (73 — 1)
(24 — 1) (23 — 32)|

X(p) = (z1, w25 23, 24) = |[71, T2 T3, 74]| =

KO TTAAL UE TIG OVOYKOLEG TPOTTOTOOELS 0V KATTOLO GO T, ONUELDL glval To 0o. Ioyvouv ta
egng:
Ipotaon 8.4.10. Eotw p = {x1, x9, 3, 4} moOGaVATOMGUEVT TETOASO StapooeTikdV ueTay

Tovg avd dvo enuslmv tov R ko éotw o € Sy uetdratn twv onusiov tne p. TéTe 0 ueTELKSS
OuwAog Aoyog X(a(p)) = [To(1)s To(2); Ta(3), Lo()] EVAL CVVEQTNGT) TWVUETQUKDOV OLTADV ASYWV

Xi(p) = (w1, 29323, 24) xaw Xo(p) = (21,235 T2, T4).

AmddelEn. Aoxmon 8.4.4.7. [
IMpoétaon 8.4.11. O ustoikds SumAds Adyog elvaw avariolwtog axd tn daydwvia 0pdon Tng
GM(1).

AmddelEn. Aoxmnon 8.4.4.8. [

Ipotaon 8.4.12. Yrdoyet uovadikd orovyeio Tng GM(1) mov ametkovilet wwa mpocavatorioué-
v tetodda p = {x1, Ta, T3, T4} SLAPOQETIKADOV ueTAED TOVS ONUEIDV GE UL TEOGAVATOMGUEVY
tetpdda p' = {z, xh, %, 2} dtapogetikdv uetatv tovs onuelwv ue tedmov dote x; <> T,
1=1,...,4, av kat uévo av

X1<p) - (LEl,ZL'Q;l’g,I4) - (x’l,xé,xé,xﬁl) - X1<p/)7

Xo(p) = (w1, 3 22, 14) = (2, 53 19, 7)) = Xp(p').

AmodeEn. Aoxknon 8.4.4.9. U
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8.4.4 Aoknoeig

1.

10.

11.

AeiEte oL k40 f g wopiic (8.8) etvan opotopopgLoudg tov R. (Yrddeén: Kat apydg
N f elvou Tpopavmg opotopop@Lopdg oto R\ {—d/c}. Thpa, av d eivol 1 xopdikn HeTpLkn
oto R,

o) = A YR
(i, 00) = W

AeiEte o1l
A1), F(60) >0 v d(z,o0) =,
d(f(2), f(=d/e)) = 0 btav d(z, —d/c) — 0.)

. AelEte 611 T0 0UVOLO G TV UETOOYNUATIOUMV TG LopPNG (8.8) arrotelel onado pe Tpakn

™ ovvOeon.

. AmodeiEre v IMpotoon 8.4.2.
. AmodeiEte v [podTaon 8.4.6.
. Amodei&te v [potaon 8.4.7.
. Amodei&te v IpoTaon 8.4.8.
. AmodeiEre v [poTtoon 8.4.10.
. AmodeiEte v Ipotaon 8.4.11.

. Amodel&te v Ipotaon 8.4.12.

Na Bpebet To otoryeto Tng M(1) mov amewkoviter ta —1,0, 1 ota 2, 3, 4, avriotouya.

Bpette to r € R, |r| > 1, wote va viapyet petaoynuationdg s GM(1) mov va amel-
Kovilel Ta 00,0, 1,7 ota —r, —1, 1,7, aviiotoryo. Katomy, Bpelte ToV UETAOYNUOTIONO

avtov. (Azdvrnon: Eivorr = —1/3 kaw av o f elval o TNTOUUEVOG UETATYUATIONOG,
TOTE
4,y T+l

[Mapatnpnote OTL
2

(f 1 (x) = “Gar1y

<0,

apa o [~ Ko ouverTig KoL 0 f aVILOTPEPEL TOV TTPOCAVATOMONO. )
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8.5 Teoperpia g Avriotpogiic 6to R2 = C

H perém g Cewpetpiag g Aviiotpogig Tov emekteTapévov emmédov (R2, GM(2)), yivetow
KaAUTEPQ OTOV TAVTIOOVUE TO ETEKTETAUEVO ETLTEO UE TNV emekTeTAUEV uyadikT evOela C,
M o@aloa tov Riemann. T'pagovue

S2={((,t) eCxRI||(|+t* =1}

Eav z = z + iy € C, 101¢ 1 otepeoypaikn poPoin S : C — S? divetar amd Tov Tmo

( 22 1—|z|2> L eC

11212 422
S(z) =
(0,1) z = 00.
H avrtiotpogn S~! diverar tote artd Tov Timo

KL (1) € 52\ {(0,1)}
00 (¢,t) = (0,1).

ST(¢.t) =

8.5.1 H opada GM(2)

Ocdpnua 8.5.1. H oudda GM(2) amoteleltar and uetacynuaticuois tov C tn¢ uooeric

az+b az+b

f(z) = p 0o f(z)= s d (8.10)

dmov ad — be # 0.
Arddelén. Tpagovpe TpdTo TOVG OTOLYELDSELG LETAOYNUATLONOVG Mbius o€ uyodukn popen:
* O petagopég Tiqp) (2, y) = (x + a,y + b) ypagpovrar og

To(2) =z4+a, a=a+ib.

e T g TepLoTpogeg Ry, 6 € R ue

cosf) —sinf
sind cosd

o) = (e.0)

) = (xcosf + ysinf, —xsinf + ycosb)

£YOVUE
Ry(z) = e 2.

e o g avakhaoelg ry, 0 € R ue

cos@ sind
sinf —cos0

o) = (o)

) = (zcosf + ysinf, xsind — ycosb)
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£YOVUE

0

ro(2) = €z

[N g oporoBeoteg Dy, 6 > 0 me Ds(x,y) = (dz, dy) elvon

Ds(z) = 6z.

¢ Téhog, yia TNV avtiotpon ¢ pe t(z,y) = (x,y)/(x* + y?) eivon

‘OLot Mowtdv ot otoyeLmdelg petaoynuatiopol g GM(2), emouévag Kot OAOL OL UETOOYTLOL-
Topol g GM(2) ypagovtan og e amd TG Hopeg g oxgong (8.10). Kot tovtt yiott kabe
g € GM(2)etvar 60vOEOT OTOLYELWODV UETATYNUOTIOUMV Kat KAOg GUVOEDT OUVOPTHOEWY TNG
wopng (8.10) etvar ko taht cuvaptnomn ™G nopeng (8.10). Mével va amodetyovue OtL KO
otouyelo TG pop@ng (8.10) etvar ovOeoT oTOLELWOMVY peTaoynuaTiopmy Mobius. Kat’ apydg
TAPOTNPOVUE OTL OV j(2) = Z elvail 1] ovAKAOOY] TNV TTPOYROTLKY evBeLal, TOTE

a2+b_ az+b

1) = S =g, gl =

AT TV GAAY, VL0 g OTTMOG TUPATAV®, EYOVUE

(a/d)z+b/d  ¢=0,
9(z) =

a bc—ad 1
z—*— 2 m C%O.

H art6del&n ohokinpmOnKe. O

Iépwona 8.5.2. H oudda M(2) twv uetacynuatioudv Mobius mov dtatnoolv tov mpocava-
TOMOUO amoTEAE(TOL OTTO OTOLYE( TNG UOQPNS

_az—l—b

f(z) = e rd 8.11)

KaOe uetacynuoatiouos Mobius wov dev Statnoel tov mpocavatolouo eivar 6vvleon evog
otovyelov tne M(2) ue v avdkiaon otnyv moayuatikn evleia j(z) = Z.

Arddeén. Zrovyeia g wopeng (8.11) etvan ohduoppeg ovvaptoelg tov C\ {—d/c} pe wyo-
SLKTN TOPaymYO

;o ad—bc
f2) = (cz+d)?’
M omota gtvar duagpopn tov 0 oto C \ {—d/c}. Zuvenmg etvor COUUOPYPES KAt dLoTPOVV TOV
TPOOAVOTOMOUO. ! O

TrevOvpiZovpe 6L pia ohdpopen ovvdpmon f(z) = u(z,y) + iv(z,y) ot éva avorktd U tov C ikavomorel
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8.5.2 H mpoporkn onada PGL(2,C)

H opdda GL(2, C) elvor To 6UVOAO TV AVTLOTPEYLU®Y 2 X 2 FTTVAK®V UE WYOdIKOUG OUVTELE-
oteg. ‘Omwg koL oty eplirtwon g Evomrtog 8.4.2, opilovue v e€ng oygom oty GL(2, C):
v kabe A, B € GL(2,C),

A~B << d\eC, : A= )B. (8.12)
H oy£omn ~ elvor 001 LOOSVVOULAG KOL TO GVVOAO TMV TPOYLMV
PGL(2,C) = {[A] | A € GL(2,C)},

aTOTEAEL OUASA tE TPAEN
[A] - [B] = [AB]. (8.13)

H ertopevn mtpotaon etvor 1 avaroyn mg Ipdtaong 8.4.2:

Ipoétaon 8.5.3. H axeixévion ®C : PGL(2,C) — GM(2) mov divetar amwd tnv

a b az+b
(I)C([C d]) =f|f(2):ma (8.14)

e(VaUL LOOUOQPLOLOG OUAOW V.

Apa, 1 GM(2) tawtiteton pe v PGL(2, C). H ondda PGL(2, C) eivaw ) oudda PE(1) toov
UETACYNUATION®V TS Muyadukng TTpopolukng Evdeiag CP! (vidpyel tabtion g S? = C kai
g CP). H CP! xotaokevdletol ne TpOmo TavIehmg avaloyo (e cuTtdv TG KATAOKEVNG TG
R P otnv Evotnro. 7.2. Tpokimtel howdv to €ENG avaioyo Tov Oswpnuotog 8.4.3:

Oedpnue 8.5.4. H l'swuetola tne Avrioroogiis (C,GM(2) = PGL(2, C)) elvaur  I'ewuetoic
¢ Miyadiknc IooBorxrs EvOeiag (CPY, PC(1)).

115 ouvOnkeg Cauchy-Riemann:
Uy = Vy KOL Uy = —Vg.

Emopéving, o lakmpravog sivakag g f og Tuyaio onuelo z € U glval Tg Lopgng

Df(z) = (ab Z), a,beR.

Av |a| + |b] # 0, tote
det(Df(z)) = a®> +b* > 0

Ko

i oo = (3 ) (4 L) =@,

a

omov Izeivan 0 povadiaiog 2 X 2 mivokag. Troypauuilovue emiong ot 1 wyadik) gagdywyos f'(z) = a — ib ko
€101

det(Df(2)) = |f'(2)|*.
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H evaihaktikn teprypoen g GM(2) mpokOmTel amd TV oetkovion
¥ SL(2,C) — PGL(2,C), A~ [A].

H UC eivar povopopgionodg onddwv kar ker(WC) = {I, —I}. TIdh amd to Mpdto Oedpnuc
Ioopopgiag Ouddmv £xovue Tv:

IIpétaon 8.5.5.
GM(2) = SL(2,C)/{I,—I} :=PSL(2,C).

YyoMo 8.5.6. H ouada M(2) ovpBoriteton kaw pe PSL* (2, C).

8.5.3 Auwrhot Adyour

Ztnv Evotnta autn) mapovotdfoval EVVOLEg Kol ATOTEAEOUATO TTOV 0TIV TAELOYNPLOL TOVG O
TOTENOVV YADIKES YEVIKEVOELG TV artoteAeoudTov tg Evottog 8.4.3.

‘Ontmg KL 0TV TEPLTTMOT TG ETEKTETAUEVNG TPAYUATIKNG EVOELAC, £TOL Ko 8K VITAP-
yxouv dVo duthot hoyor. Kat apyag, EXovue ToV uyadikd StwAd Adyo TOv G EPYETAL A0 T
YEMUETPLOL TNG WYASLKNG TPOBOMKNG gvbelag: av p = {21, 29, 23, 24} ELVAL TPOOAVOTOMOUE-
V1) TeTpdda onueinv Tov C, StagpopeTikmv petaly Toug avéd S0, ToTe 0 Iyadikdg SITAOS TG
AOYOG elvar 0
(24 — 22) (23 — 21)

(22 — 21) (23 — 22)

X(p) = [21, 22; 23, 24) =
TAVTOTE UE TIG ALVOLYKOLEG TPOTTOTOLNOELG EAV KATTOLO OLTTO TOL CTUELC. ELVOLL TO OO,
Ipotaon 8.5.7. Eotw p = {21, 23, 23, 24} Moooavatorouévny tetodda onueiwv tov C, Stagpo-

0eTLKWV ueta& Tovg ava dvo, kaw o € Sy uetataén twv onueiwv tng p. Tote o SuwAdg Adyog
X(a(p) = [2001), 20(2); Z0(3): Zo(a)] €VOUL GVVAQTHON TOV OLwA0V Abyov X(p) = [21, 22; 23, 24).

ArodelEn. Aoxknon 8.5.4.2. [
Mpétaon 8.5.8. O wyadikds SurAds Aéyog elvar avariolwtog amd tn daydwvia 9don Tng
M(1).

AmodeEn. Aoxnon 8.5.4.3. O

[MopatnPoVUE 0TO GNUELD OVTO OTL O ULYAALKOG SLTAOG MOYOG SV TTAPOUEVEL OVOALOLWTOG
amd ™ daymvia dpaon g GM(2): yio Ty avakiaon j(z) = Z €govue

[(21),5(22); 7(23), 5 (24)] = [21, 22; 23, 24]-

Etvar guotkd Aoumdv vo poTnoovue ToTte 0 wyoadikog SLthog MOYog elvol TPayUaTikog (0moTe
KO TTOPAUEVEL AvaALOLWTOG 0Ttd T dtarymvio, dpaon s GM(2)). Amavtodue oto gpmTNUC
avto oty [potaon 8.5.10.



8.5. TEQMETPIA THX ANTISTPO®PHX STOR? = C 221

Ipotaon 8.5.9. Trdoyet uovadikd arovyeio tne M(2) mov ametkoviler uio TQOGavVaATOMOUEYT
TeT0dda P = {21, 29, 23, 24} OLAPOQETIKAV ueTa LD TOVS Avd dvo cnuelwv tov C oe uic mooca-
vatolouévy tetodda p' = {wy, we, w3, Wy} StapogeTikdV ueTAEY TOUS AVA V0 GRUElWY TOV

C e toémov dote 2 > w;, i = 1,...,4, av kaw uévo av
X(p) = [21, 22; 23, 24] = [w1, wa; w3, wa] = X(p').
AmddeEn. Aoxmnon 8.5.4.4. ]

H GM(2) dpa. tpuhd petapotikd oto R2. Oa amodei€ovpie 86 HEow wyodkmv Stmhamv ho-
yov 6t M(2) dpa tpumhd petapotikd oto C. O Tpdmog eival TOpaTANOLOG e GUTOV TTOV 0KO-
rovOnoape otnv Evomrta 8.4.3, alhd yio mAnpotnto. eavaropfavovue v amnodelEn. 'Eotm
(z), (wy), i = 1,2, 3, TpLadeg dlapopeTkmv UeTalw Toug onuetwy Kol éotm z € C. O uetaoym-
WOTLOUOG g TTOV OTERVEL T 21, 22, 23, 2 0T 00, 0, 1, g(2), avriotouya, SLVETOL aITd TN OYEON

(2 — 29)(23 — 21)

(00,01, 9(2)) = [21, 2020, 2] = g(2) = TS —~-

Opolmg, 0 UETATYNUATIONOG h TTOU OTEAVEL TOL W1, Wa, W3, Z OTA 00, 0, 1, h(2), aviiotouya, dive-
T OTTO T OYEON)
h(z) = (z — wo) (w3 — wy)

(2 — wa)(ws — wy)

Soumepatvouie OTL 0 TNTOVIEVOG UETOOYNUOTIOUOC tvar 0 f = hg™!. Amodeikvietal pue Tpo-
7O TOUTOONUO UE aUTOV TG evotnTog 8.4.3 0TL elvaul povadikog. Tlpokvmtel emiong OtL KaOe
otouyelo TG M(2) mov agpnveL avalholwTo TPLC SLOPOPETLKA ONUELDL ELVOL OLVOYKOLOTUKGL O TOU-
TOTIKOG UETAOYNUATIONOG.

Ipoétaon 8.5.10. O uyadikds SimwAds Adyog wag woocavaToMouévng TeToddag p SLapoQeTL-
KOV ueTaf Y Tove avd dvo enueiwv tov C eivaw moayuatikds aotBuds av kat uévo av ta onueto
TG P KE(VTAUL OTOV [OLO YEVIKEVUEVO KUKAO.

Arddeién. 'Botw p = {z1, 22, 23, 24} TPOCOVATOMOUEVT TETPAOA SLOPOPETIKMV UETOED TOVG
avd dvo onueimv Tov C xar éotw X = X(p). YTmdpyer otowyeio g M(2) mov ametkovilel To
21, 22, 23, 24 070. 00, 0, 1, X avtiotorya. Tote,

[21, 29; 23, 24] = [00,0; 1, X] = X.

Av X € R, 10te emeldn ta 00, 0, 1, X avikouv otnv evbeia y = 0 €xovue OTL KO T 21, 22, 23, 24
AVIKOUV O€ YEVIKEVUEVO KUKAO. TO avIloTpOQo ELVAL TP TPOPOVES. O

O petpikog duthog MOyog oplletan Topa wg eENG: av p = {21, 22, 23, 24} ELVOL TPOOOVATO-
MOopévn TeTPAdO SLagpopeTkmv Peta Tovg avd do onueinv Tov C, 10Te 0 peTpLicdg SLThdg
™G MOYOG ELvaL O

(24 — 22) (23 — 21)]
(22 — 21) (23 — 22)|’

X(p) = (21, 22; 23, 24) = |[21, 225 23, 24]| =

KoL G OVVNOME EVVOELTOL IUE TLG OVOLYKOLES TPOTTOTOUOELS OV KATTOLO OITO TA OMUELOL ELVOL TO
oo. Ioyvovy Ta €ENg:
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Ipotaon 8.5.11. Eorw p = {z1, 22, 23, 24 } MOOGAVATOAMGUEVT TETOAS O SLawpoQeTIKDV UETAED
Tovg avd dto onuelwv tov C kaw 0 € Sy omowadnimote uetdraln twv onuelwv tng. Torte,
0 ueTQUKOS OLASg Adyos X(a(p)) = (20(1), 20(2); Z0(3)s Zo(4)) ELVOL CUVAQTNON TWV UETQLKODV
OLTADV Aoy v

Xi(p) = (21, 22; 23, 24) kaw  Xy(p) = (21, 23; 22, 24).

AmddeEn. Aoxmnon 8.5.4.5. [
IMpoétaon 8.5.12. O uetoikds SumAds Adyog elvaw avariolwtog axd tn daydwvia 09den Tng
GM(2).

AmddelEn. Aoxmon 8.5.4.6. [

Ipotaon 8.5.13. Yrdoyer povadiké orovyeio tne GM(2) mov ametkovilel ulo mpocavatoi-
ouévy tetodda p = {21, 22, 23, 24} OLAPOQETIKMV UeTAED TOVS Avd Vo onueiwv tov C oe uio
moocavatoouévny tetodda p' = {wq, wq, w3, Wy} StapogeTikV ueTalD TOVS AVd dV0 GnuEl-

wv tov C, UE TOOTTOV WOTE 2; <> w;, t = 1,...,4, av ko uovo av
X1(p) = [21, 22; 23, 24) = [wr, wo; w3, wy] = Xy (p'),
XQ(p) = [217 235 22, 24] = [wh W3; W2, w4] = XQ(p,)
AmddeEn. Aoxmnon 8.5.4.7. [

8.5.4 Aoknoeig

1. (Amorvior kOkhor) T a, 8 € C, k > 0, Oswpnote v eElowon

zZ—

z=pf

=k. (8.15)

H eElowon avt) elvow 1 eElcwon twv Aroiddvwov kbkiwv oto C.

(o) AmodeiEte 6T 1 eElowon Twv ATOAMDOVIOV KOKA®VY Ttaplotdvel evbela av k = 1 ko

KOKho av k # 1. Apa, n EEicwon (8.15) etvar eElowon yevikevuévou kukhov oto C.
(Amdvrnon: Av k = 1, gxovue v gvbela

2R(@z) = |af* — [P,
Av k # 1 ggovue Tov KOKAO

G

a—k*
TR

(B) AmodeiEre 0Tt 1 GM(2) ametkoviler AToAMOVIOUG KUKAOUG 08 ATOAMMVIOUG K-
Khovg. (Yddeén: H amddelEn mpokimrtel amevbelog oo to Oempnua 8.3.2, alld
WITOPELTE VO EEETAOETE KO WPLOTA TIG TEPLITTMOELG TWV OTOLYELMODV UETOUTY UL
TLOUMV).
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(v) AmodelEre avtotpOpmg 0TL KADE YEVIKEVUEVOG KUKAOG Elvail ATTOAMMVLOG, SNAad,
vpageToL ot popen (8.15). Svumapdvete Katomy amevbelog twg av g € M(2),
TOTE 0 g ATELKOVILEL YEVIKEVUEVOUG KUKAOUG O€ YEVIKEVUEVOUG KUKAOVG. (Y rddelén:
'Eotw C yevikevpévog kOkhog. Av C elvau 1 evdeio R(e ?2) = 0, 1618 avt) ypa-
peTaL

|z — 72| = |z + /2.

Av C glvoum evBeia R(e ?2) = b, b € R,, 10T eivar n petagopd ™mg R(e ?2) = 0

Katd a (;1o10;) Kau apa Atodhdviog KUkhog. Av C givar o KUKAOG 2| = 7, Bewpnote

TOV UETOOYNUATLONO

z—r

z+7

Ko det&te 0tLo f(C) etvar AToMwviog KUKAOG, 0710TE KaL 0 |z = 7 glvan ATToOMMVIOG
KOkhog. Av C elvan 0 KUKAOG |2 — zp| = 7, akohovONoTe dLadikaoto avaloyn ue
™G evbelac.

f(z) =

N

AmntodeiEre v IMpotoon 8.5.7.
AntodeiEre v IMpotoon 8.5.8.

> w

AmodeiEte v [pdTaon 8.5.9.
AmodelEre v [IpodTaon 8.5.11.

AmodeiEre v [IpodTaon 8.5.12.

N o W

AmodeiEte v [potaon 8.5.13.
8. Bpette to otouyelo g M(2) mov amerkoviler ta —i, 0,7 otor —1, 0, 1, avtiotouya.

9. 'Eotm TpooavotolMouevy Tetpada p = {z1, 22, 23, 24} SLAPOPETIKOV Heta&d ToUg OvaL
&0 onuElwV KoL E0TW

Xy = Xi(p) = [21, 225 23, 24),  Xo = Xo(p) = [21, 23; 22, 24].

a) ActiEre o X; + Xy = 1.
b) Av Xl = |X1

, Xy = |Xs] elvan oL avtioTtoryol petprkol dtrhot Aoyot, TOTe
X1+X221 Ko |X1—X2| S]_
10. "Eotw D o povadaiog dtokog D = {z € C | |z] < 1} kau

zZ—1 —

= C.
fle)= 17 #€
(o) AeiEte 6t 0 f amewkovilel tov D oto yopio H? = {z € C | S(z2) > 0}. (Yrddeln:
Cpayte
Z—1 w+1
w = - = 2= —1 )

Z+1 w—1
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(B) Aei&re 611 KGO oTOLYKELD TG M(2) TN HOPYNG

az +b
f(2) = a,b,c,d € R, ad—bc > 0.

ametkovigel 1o to H2 0Tov £autd Tov. AelETe Kal avTLoTpOQmg OTL AV KAITOLO GTOLYEL-
o [ € M(2) amekovilel To H? 0TOV £0UTO TOV, TOTE ELVAL TNG TOPOTAV® HOPPYG.
(Yrddeién yia to avriotgopo: O f Oo Swatnpetl v evbeia y = 0, dpa Bo elvan
otouxelo g PGL(2, R).)



Kegaloto 9

Yreppoikn I'eounerpio

H Trepforkn Fewpetpia (katd Klein) otig dvo dtaotdoelg mov opeihetol otovg Gauss, Bolyai,
Lobatchevsky, opitetan ed wg to Cetvyog (H?, GM(H?)), dmou

H ={z=z+iycCly>0}

ko GM(H?)) eivan 1 vroouada g GM(2) ov agnver avorroiwto to H2. H meprypagn g
YrepPforkng FemueTplog KoTd TOV TPOTOV GUTOV OVILOTOLYEL 0TO UOVTEAD TOU AV NULETLTE-
dov 10 07olo oelheTon 0TOV Poincaré.

H. Poincaré (1854-1912).

Yrdpyovv Kot GAAa LoVTELD, Ta omola B eEeTaooue 0TO TENOG TOV Keqolalov. H YrepBohikn
TCempetplo etvor uetpikn yeouetpio. H vaegfoiikn axdotacn petagi d00 onuelmv elvat akpL-
Big avTh oL TaPApPEVEL avoliolmT atd T dpdon g GM(H?).

225
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"Epyo tov Escher gpustvevopevo oo v YrepPohkn Fempetplo.

e ovykplon pe v AEwpatikn Oguehimon g Eukheldeiag Iempetplag, toviCovue 0tL M
YrepPohkn Fempetplo oAaler wg mtpog to Téumto Evkheldelo Altnuo: amd onuelo eKtog
dedouevng evbetag mepvolv AeLpeg TAPAANAEG te TV gubela auTy. Mével Befalwg vo diev-
Kpuotel TL akpipwg onuaiver evbeta oty Yreppolkn eopetpia. Evdelor Aowwov eivar pio
YEWSAUOLAKT) KaUITOAT: O GUVIOUOTEPOG dPOUOG TTOV EVAIVEL SO oNuela TG evbetog avnkel €€
olhokANpov otnv evbeta. Mmopel Opwg pio gvbeta va BempnHel LoodVVaAR MG TO GUVOLO TV
otafepdv oNuelwY wiag oviotpopng ™ GM(H?). Oa eEetdoovue Oho ovTd TO. TNTHUATO,
KaBwmg koL aAha, o€ 0,TL akohovOEeL.

9.1 H ouddo TV VTEPPOMKOV HETATYNUATIOUADY

9.1.1 Enéktoon Poincaré tng GM(n)

H enéxtaon Poincaré evog petaoynuatiopot f € GM(n) og éva UeTOoYNUATLONO fe GM(n+1)
Baoiletar oty epguTevon tov R” evrog tov R™ T wg to vepeminedo 2,41 = 0, dnhady), u€ow
NG QUITELKOVLONG
R™ > x + (x,0) € R"*?

KO TIPOKVITTEL OTTO TNV ETEKTOON TOV OTOLYELDIDV UETAOYNUATIOUDV TWV OTTOLWV OTTOTEAEL TN
o0vOeo, ue Tov eENg TPOTO:

* H avuiotpogn og ogaipo S(a, r) tou R” exeKTELVETOL OTHV AVTLOTPOPT 0T ogaipa S((a,

0),r) Tov R,

¢ H avtiotpogn ot vrepemtinedo W (A, b) Tov R” eXeKTEIVETOL OTNV OVILOTPOPT] OTO TEPE-
mmedo W((A,0),b) Tov R*HL,

Koata tov tpomov avtov, exovue mavtote f(x,0) = (f(x),0), dnhadn 1 f diatnpel To viepe-
Tumedo 41 = 0. Emlong, HEow Tmv TUWV TOV AVTLOTPOPMV 08 GQOLPO KoL VITEPETLITEDO,
dLATLOTMOVOUPE OTL N f SLOTNPEL TOV AVID MULYMDPO

H' = {x € R"" | 2,41 > 0}
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TiBetow To epwTnUa av 1) emékTaon Poincaré f evog uetooynuatiopwoy f € GM(n) etvar pova-
dukn. ‘Eotw 6t vanpye g € GM(n + 1) tétolog wote

9(x,0) = (f(x),0).

Tote, M h = f o g~! Swarnpel kKatd onuelo To vVepeminedo x,1 = 0. Aol 1 h dwonpel Ta
(0,,,0), (e,,0), 0o, Exovue

h(Xn, Tpi1) = (Xp, 2, +1)A, A€ O(n+1).
O£TOVTOG 0T OYEOT
(X, 0)A = (x,,,0)
dLodoyIKa X, = €;, 1 = 1,...,n, TPoKOITTEL MOY® TNG 0pOoymvidTNTaG TOU A OTL Elval €vag
daywviog mivakag ue a; = 1,y i = 1,...,n KoL Qi1 1 = 1. Zuvenog, o h elvon elte
0 TOWTOTIKOG, 1] 1 AVAKAAON 0TO VITEPETINEdO 1,1 = 0. To Tehevtaio OUmG elvar adHVOTO

e’ 600v 1) h drampet Tov H' L. Kotoiyoupe howtdv ot ) eméktaon Poincaré f g f elvan
LOVOLSLKY).

Opiop6c 9.1.1. To ovvoho GM(n) Twv enektdoenmy Poincaré tmv ototxeiov g GM(n) koheita
enéktaon Poincaré tng GM(n + 1).

Mporaoy 9.1.2. H exéxtacn Poincaré GM(n) tne GM(n) eivar vrooudda tng GM(n + 1) 106-
wooqn ue Tnv GM(n).
AmddeEn. Oa amodelEovpe HOVO TV KAELOTOTNTA WG TPOG TNV TPAEN, OL VITOAOLTEG METTTONE-

peLec agrvovrar oty Aoknon 9.1.5.1. ‘Eotw mtpog 10010 f, g € GM(n) ko f, § oL enektéoeLg
Poincaré twv f, g, avtiotouya. Eival

(fo9)(x,0) = ((f 0 9)(x),0) = (f(9(x)),0)

Kol

(f 0 9)(x,0) = f(3(x,0)) = f(9(x),0) = (f(9(x)),0).

9.1.2 Enéktaon Poincaré tng GM(1)

Oa amodelEovpe To €ENG:
Ozopnuae 9.1.3. Eorow f € GM(1),

ar +b
- R, ad — .
f(x) o d a,b,c,d € R, ad — bc # 0

H enéxtaon Poincaré [ tov [ divetaw amd tnv

~ b
f(z)= Zjid’ av ad — be > 0, 9.1)

eV Sivetow amd Tnv

f(z) = : , avad—bc<0. 9.2)
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AmddeEn. Evtomifovue mpdTa TG emektaoelg Poincaré Twv oTolELmdm®V UETAOYNUOTIOWDY
™ GM(1). "Exoupe otu:

* H enékraon g petagopds x — x + a, a € R, eivaun (z,y) — (x + a,y). Ze wyadikn
Hope@n elvoL M 2 — z + a.

e H eméktaon g avilotpogng © — —r avakhloong oto onueto 0) eivor 1 ovakioon
(x,y) = (—z,y), dhadn, n avaxkiaon oy evbeto © = 0. Ze WyodLKn LopEr eLva
nz— —z.

* H enékraon g oporodeotag x — dx elvar 1) opotodeota (x,y) — (dx,0y). Ze wyadikn
LoP@N elvaL M z — 2.

* H eméxtaon g avuotpopng x — 1/x etvow | avuotpogn (z,y) — (x,y)//x? + y>.
Ze wyadikn wopen etvou n z — 1/z.

‘Oleg OL TAPATAVM ENEKTACELG AVITKOUY O€ UiaL 0Tt TG Wop@eg (9.1), (9.2). Topa, o f ypapetal

(a/d)x + (b/d) c¢=0,
f(z) =

a bc—ad 1
c + 2 z+(d/fo) ¢ 7& 0.

"Eotw mpdto 0tL ad — be > 0. Eqv ¢ = 0, tote emeldn ad > 0, o f eivow 1 ohvBeon tov eme-
KTAoemv G opoobeotag katd a/d koL g uetapopas kotd b/d. Eav ¢ # 0, tote o f elvan
1 0VVOEDT TV ETEKTACEMV TNG UETAPOPAG KATA d /¢, TNG avTloTpogng oto 0, T ovakhaong
o010 0, ™g opowodeotag katd (ad — be) /c? kon g petapopdc katd a/c. Emewdn n ovvOeon eme-
Ktaoewv Poincare petaoynuotionmy givan 1) exéktoon Poincare tng otvOeong tovg (Ipdtaom
9.1.2), maipvouvue
(a/d)z+ (b/d) =0,
f(z) =

a bc—ad 1
c + " z¥(dJo) ¢ 7& 0.

"Botw Twpa otLad—be < 0. Bav c = 0, tote emedn ad < 0, o f eivar 1 o0vOEo TOV EXEKTAOEWV
™G opotoBeotag Katd —a/d, g avakhiaong oto 0 Kat tg petagopag katd b/d. Eav ¢ # 0,
T0TE 0 f €lvaL 11 GUVOEON TV ETEKTACEMV TNG UETOPOPAS KaTd d/c, TG avtotpogng oto 0,
g opotoBeotag katd (be — ad)/c® Kol TG UETAQPOPAG KATA a/c. Apa, Ue TO 1810 EMLYELPTUOL
OTWG TPONYOUUEVIG TTALPVOUUE

(a/d)z+ (b/d) ¢=0,
f(z) =

a bc—ad 1
Tt T2 " IHd9 c# 0.

Mopaderypa 9.1.4. 'Eoto [ € GM(1),

20 — 1

fla) ===
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Enedn 2 - (—3) — (—1) - 1 = —5 < 0, 1) eméktaon Poincaré f tov f divetar amd v
~ 2z -1
Azt v G, Yo tov g € GM(1),
(z) T —2
r)=——
9 r—1

emedn 1-(—1) — (=2) -1 =1 > 0, n enéxraon Poincaré § tov g divetar amod v

z—2
z—1

9(z) =

"Eotm Twpa 10 ave nuemimedo H2 = {z =z + iy € C | I(2) = y > 0}. And tov opLopd
™G emékToong Poincaré £xovue apEows To TAPUKATO:

Hopwopa 9.1.5. KdbOe otoyeio tne (f}\l\//l(l) ametkoviGer Tnv evlela y = 0 6TOV EAUTO TNGS KO
10 dvow quieritedo H? otov eavtd ToU.

To ermouevo Bedpnua elvor €va e160g avTLoTPOPoL Tov Oempnuatog 9.1.3.

Oeopnua 9.1.6. Kabe oroiyeio tng GM(2) mov Statnoel to H? elvou otoryelo tng GM(1).
AnddeEn. 'Eotw npota [ € M(2),

_@z—i—b

f(z)—m, a,b,c,d € C, ad — bc # 0,

ue f(H) = H. Emewdn o f doatnpel v R éyovpe:
« f(0)=0b/d €R,
* f(o0) =ajceR,
« f(1)=(a+b)/(c+d) R

Eav ¢ = 0 (d # 0), tote f(00) = oo, f(0) = b/d € Rxo f(1) = (a/d) + (b/d) € R. Ano
15 dV0 TeEhevTaLES OYETELS TPOoKUTTTEL Ot a/d, b/d € R. Apa, O¢tovtog a/d = Ak b/d = B
omov A, B € R gqovue f(z) = Az 4+ B, mov eivau 1) eméktoon Poincaré tov f(z) = Az + B.
[Mopatnpnote 6t A = 0 0dnyet oto dtomo a = 0. 'Eyovue emmhéov I(f(i)) = A > 0.
Eav d = 0, tote f(0) = o0, f(o0) = a/c =€ Rk f(1) = (a/c) + (b/c) € R. Me opowo
TPOTO OTTWG TAPATAV®, OgTtovtag A = a/c kaw B = b/c, A, B € R, maipvouue 6tL 0 f glvaw
enéktaon Poincaré tng f(z) = A+ B/x mov eivan otoryeto g GM(1) e’ doov B # 0. Emiong,
S(f(7)) = =B > 0. Eav 1éhog cd # 0, tote a/c = A € R, b/d = B € R xou emiong

a+b_cA+dB
c+d  c+d

—CeR = ¢(A—C)+d(B-C)=0.
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Emeldn m oxéon A + C' = B elvouw adidvaty, e’ 6oov ad — be # 0, mpokumter ot ¢ = Dd yua
kamow D € R,. Svvenwg,

az+b_ cAz +dB B dDAz + dB _ADz+B

f(Z):cz—i—d_ Ddz+d  Ddz+d  Dz+1"

omov kat ikt AD — BD # 0. Eneidn emumiéov S(f (7)) > 0 éxovue AD — BD > 0. Ouoiwg
amodelKVUETOL KO 1] TTEPLITTMON 0mov [ = g o j, g € M(2) xou j(z) = Z. O

9.1.3 HPSL(2,R) wg n GM(H?)

Me GM(72) ouppoiitoupe Ty GM(1) BewpdvTog To aTotyeta Te Tehevtaiag va dSpovy oto H2.
Avti etval opdda loopop@n pe v PSL(2, R) v omola. KohoUue oudda TV ueTacy nuatioudv
Mobius tov dvew quemimédov H2:

GM(H?) = PSL(2,R) = SL(2,R)/{I, -1},

omov I elvan 0 2 x 2 povadiaiog mivakog. H vroopndda M(H?) g GM(H?) mouv astoteheltan

amd OTOLKELC TNG WOPPNC

az+b
= — d—10b
f(2) oy c >0,

glva .oopopen ue v SL(2, R). Etvaw howdv
M(#H?) = PSL*(2,R) = SL(2,R).

Moapoatnpoue Téhog 0tL To. otovela g GM(H?) g wopeng (9.1) Bpiokovrar oe wia 1-1 Ko
E7TL OLVTLOTOLYLOL UE TAL OTOLYEL TNG Mopgng (9.2):

az+b o g(2) = a(=%)+b
czrd IV co(=2z)+d

M(H?) 5 f(2) =
Katd ouvémela, ot uehétn twv Mobius petaoynuotiondy Tov H? apkel va 00)ohoVIooTe Ue
otoeta g SL(2, R). Av f € M(H?), tote pmopovpe TAVTOTE VOl YPAPOUUE

az+b
cz+d’

f(z) = ad —be =1,

SLUPDOVTOG AV ELVOL ATTAPOLTNTO Ue TV pLla Tov ad — be. O mvakog

ovopaleton mpooaoTnuévog mivakag ™G SL(2, R) otov petaoynuoationd f.
Mopaderypo 9.1.7. 'Eotm oL HeTaoynUotiopol tg gvbelog

_2x—1 xr— 2

f(z) 1 g(x):x——l—l’
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TTOV AVTLOTOLYOVV OTO OTOLYELNL

2 —1 1 -2
¢ PGL(2,R). Etvaw det(A) = —1 < 0, Gpa 0 A glvar 0 TVAKOG TTOU OVTLOTOLYEL OTOV UETOL-

oynuotiopd f € GM(H?) e

-1 (-2)(-7)—1
&=z @& -

AVTOG OVTLOTOLYEL OTOV UETO.OYTUATIOUO

—2z—1 2z4+1
Z = =
—z—1 z+1

g M(H?). O mivakag Tov oToyelov auTov £xel opitovoa 1, dpa aviker oty SL(2, R).

Ao TV M, det(B) = 3 > 0, Gpa. 0 g ETEKTELVETAL OTOV UETOOYNUATIONO g € M(H?) me
z—2
z+1

9(z) =

O TPOCUPTNUEVOG TOV TLVAKOG ELVAL O

(1/V3)B = (1/v/3) G _12) € SL(2, R).

9.14 Kortaragn tov etoreiov ms M(H?)

Oa kKatatagouvpe apytka ta otouyela g SL(2, R). 'Eotm

A= <ﬁ Z) € SL(2,R).

To iyvog tr(A) = a + d. To YapoKTHPLOTIKO TTOAV®mVUIO Tov A elval To
pa(A) =\ —tr(A)- A+ 1=0.
H dwaxpivovoo D = tr2(A) — 4. Alakpivovue Tig €ENG TEPUTTMOELG:

e D > 0: 1018, £x0uue dVO TPAYUATIKEG LOLOTLUEG

tr(A) £ VD
/\172:%, Ko /\1')\2:1.

O¢tovtag A = Ay, €rouvpe amd Tov THIo Tou Vieta yio 1o abpotopa Tmv pLimv TpLmvOiou
oL A+ 1/X =tr(A).
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o D = 0: t0T€, £X0VUE WO TPAYUOTUKT SLTTAT LOLOTLUN

tr(A)
2

A\ = — =1

e D < 0: tote, £x0uue 80 OLLVYELG WYADIKES LOLOTIUEG

tr(A) £4iv/—D
2

)\172: , KoL )\1')\2:1

Oétovtag A = Ay, éxovpe Ay = A = 1/, omdte A = € yia kdmowo 0 € R\ {kr, k € Z}.
IIpotaon 9.1.8. Kdbs A € SL(2,R) elvau ovivync otnv SL(2, R) ue évav arxd rovs mapakdtw

TLVAKES:
a)
£ (G ey ) OER\Uim ke
b)
(5 1)
¢)

A0 )
(o m),AeR,A £1.

AmddeEn. Oa delEovpe HOVO TV TEPLTTWOT TV VO SLAPOPETIKMV TPAYUOTIKDV LOLOTIUDV,
OL VTTONOLITEG TTEPLITTMOELG apr)vovTan oty Aoknon 9.1.5.5, delte Ko To TopAdELYIOTA TOPOL-
Katm. ‘Otav howov D > 0, gxovpe A = A, Ay = 1/ Ak A+ 1/\ = tr(A), omov |tr(A)| > 2 ko
ovvenidg A2 # 1. O A eivan doryoviowpog ko £tot vrapyer P € SL(2,R) wote A = PM P!
e Tov M va elvo 0 TUVOKAG TNG LWOPPNG C). O

a b
= (2 )

glval 0 TPooapTNUEVOGS TTivakag ¢ SL(2, R) otov f.

'Eoto f € M(H?) xau vtobgtoupe 6Tt

* ‘Otav o Ay etvar ouluyng oty SL(2, R) pe évav mivako tg opens a) Tote o f Kahkeltat
eAdeLmTikdg Kau elvaw ouLuyng oty M(H?) ue uetooynuationd Tng HopenG

cos @z — sinf
= .
sinfz 4+ cos @

* ‘Otav o Ay etvar ovluyng omv SL(2, R) pe évav sivaka g popeng b) tote o f Kakeltat
smagaBolkdg kar elvar oviuyng oty M(H?) ue Tov uetaoyuationd

z— z+ 1.
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* ‘Otav o Ay etvar ovluyng otv SL(2, R) pe évav mivaka g Hopgng ¢) tote o f Kaleltat
vepPoAkdg Kou givar ovZuyng oty M(H?) pe Tov petaoynuatiopd

z = Az
Mopaderypo 9.1.9. 'Eoto
z—2
f(Z) - P 1

Ko
A=A = G :?) € SL(2,R).

To Y OpAKTNPLOTIKO TOV TTOAVMVULO

pA()\) = )\2 +1
xeL dvo ouluyelg uyadukeg pileg i. O Wroywpog V (i) mpokimtel amd ) ADon Tov ovotua-
1o (A —il) - (& &)1 = 0, dmhad,

(1 =) =25 =0,

Emtouévmg,

V(i) = {(“ Z”“) e c} Ko dpa V(—i) = {(“ “/f)”) v cc}.

[MolpvovTog i, v Ue 2ipur = 1 Kat TOUg TIVOKEG

P:((le')u (1—1i)u)7 M:(é E@)

gyovue 0t A = PM P~ ko dpoa o A eivon ovZuyng oty SL(2, C) pe tov M. Tapatnpnote
0tL 0 M givor o tpooaptnuévog mivakag oty SL(2, C) Tou petaoyquatiopwod z — —z Tou
mopLotdvel meplotpogn katd 7 oto C. Twa va dovpue mwg éxel N katdotaon oty SL(2,R), ep-
YoLOUOoTE WG EENG: TOULPVOUNLE TO TPAYUOTLKO KOL TO (POVTAOTIKO UEPOG TOU LOLOSLOVIOIATOG
(1 +4 1) xou Oswpotue Tov mivaka g SL(2, R) mov €yl oTNheg T0 SLOVIOUOTO VT

@:(}) })

AvTO €LVOL TTAVTOTE EQPLKTO KOL WTOPOVUE VO, TO KATUPEPOLE ETUAEYOVTOG Katddinho u € C.
Cpagovpe Twpa i = cos(m/2) + sin(m/2) - i = 0+ 1 - i Kou Oewpolue TOV TVOKOL

0 -1
N = (1 ! ) |
Mmopolue tpo va dovue 6Tt A = QNQ ™1, o f elvan eEMLEWTTLKOG HETAOYNUOTIOUOG Ko ovTv-
YNG ue Tov z — —1/2.
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Mopaderypo 9.1.10. 'Eoto

KoL
A=Ay = G :g) € SL(2,R).

To YopaKTNPLOTIKO TOV TTOAVMVULO
pa(A) =\ =22+ 1

gyeL po duhn pita A = 1. Avalnrovue ivoako

pP= (‘;‘ ?) € SL(2,R)

WOTE VA LOYVEL

2—5_ia6 11 6—6_il—afy a?

1 =2) “\v 6)\0 1)\—y o) -2 1+4ay)’
‘Exoupe MGELS LOVO YLOL TNV TTEPLTTMON TOV apvNTLkov stpoonuov: o = +£v/5, v = +1. Ta 3,6
KaBopilovrar amd ™y 56 = ay — 1. O f elvan TopaBolKog, Guluyng ue tov z — z + 1.

Mopaderypae 9.1.11. 'Eoto
2241

3242

f(2)

Ko

A=A, = @ ;) € SL(2, R).

To Y opAKTNPLOTIKO TOV TTOAVMVULO
pa(A) =N —4x+1

éyeL pileg A, 1/, 6mov A = 2+ 1/3. O 1d1oympog V (\) pokimtet ommd ) MHon Tov GuoTHUoTog
(A=AD) - (& &) = 0, diradi,

—V3& + & =0,
361 — V36 = 0.
Emopévog,
i
V) = . uERY.
0-{(a) r<?)
[Mapouolng plokouvue

V(1/)) = {(_\%y) I/GR}.
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TaipvovTag i1, v TOV tKavomoowy TV —2v/3ur = 1, éyouvue 6TL Yol

P= (o vm) xe = (3 )

givar A = PMP~'. O f eivar ovCuyng oy SL(2, R) pe tov z + A2z = (5 4 4v/3)z xou eivoun
VITEPPOMKOG,

‘Eva. onueio 2z € H2 = H? U R Myetaw 6tabepd onusio tov f av f(z) = 2. To epdmnua
ToV TANOOVG TV oTafEPDOV oNuELY Tov [ amavtator dtapecov g [podtaong 9.1.8. H oygon
f(z) = z odnyet:

e otV eElowon
(a—d)z4+b=0

ov c = 0 koL

o 0NV TETPAYWVIKY eELOWON
e+ (d—a)z—b=0,

av ¢ # 0.

Otav ¢ = 0, &ovpue mavtote ot f(oo) = oo. Emewdn ad = 1, D > 0 pye v 100tT0. Vo
LoYVEL OTOV O f elva TOPAPOMKOG Kat apa eV 0TaOgPOTOLEL GALO ONUELD. TNV TEPLTTWON
™G AVLoOTNTAGS, 0TaOEPOTOLEL ETULTTAEOV Ko TO 2 = b/ (d — a) Ko elvon vtepPoALKoc.

‘Otav ¢ # 0, 1 SLoKPLvouoa TG TETPOYWVIKNG EELOMONG ELVOL LOT) UE

(d—a)® + 4bc = u*(Ay) —4 = D.
Apa, KATOAYOUUE OTNV TOPAKATO:
Ipétaon 9.1.12. O f € M(H?) éye:
o éva otabepd onueio oto H2 av sivar tapafoldc,
* éva 0talepd onuelo oto H? av eivau elddelTTikdg,

* dv0 otabepd onuelo oto R av eivar vregfolikdg.

Mopaderypa 9.1.13. 'Eoto

O TPOCAPTNUEVOG TLVAKOG TOV [ ELVaL O

Ar= (1}2 2) '

Etvau tr(Ay) = 2 xou ovvenog o f etvar mapafolkos. To otabepd tov onuelo etvar 1o z = 0.
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Mopaderypo 9.1.14. 'Eoto
=z
22417

f(z)
O TTPOCAPTNUEVOG TTLVOKOG TOU f ELVOL O
-1 -1

A, = ( L ) .

Eivau tr(Af) = 0 kow ouvendg o f etvon edherttikos. To otabepd tou onueio oto H? mpokimte
amo v eElowon

14
f2)=2 &= 2°+224+1=0 = 2= ;—Z.
Mopaderypo 9.1.15. 'Eoto
z+2
(z) = z+3

O TPOCAPTNUEVOG TLVAKOG TOV [ ElVaL O

1 2
W ()
Eivou tr(Ay) = 3 xou ovvendg o f eivon vepfolikdg. Ta otabepd Tov onueia oto R poky-
TTOVV Tt TNV EELOWON

f2)=2 &= 2242:-2=0 = 2=—-14+V3.

9.1.5 Aoknoeig
1. Amodei&te v [pdTaon 9.1.2.
2. Bpette tig emektaoelg Poincaré tmwv mapakdatm otoyelwv e GM(1):

2 — 3 —x+ 2
e .
4 +5 r+4

ALEVKPLVNOTE TOLEG QT OLUTEG SLATIPOVY TOV TTPOTOUVAUTOMOUO.
3. 'Eotw o otabepomontig Stab(co) = {f € GM(1) | f(o0) = oo}
(o) Aei&te 6TL 0 Stab(00) 0TOTENELTAL OTTO GTOLYELD THG LOPPNG
r—=axr+b, a#0.

Avt elvan okpog 1 Agguvikn opdda A(1) mov dpd oto R.
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(B") Bpeite v eméxtoon Poincaré tou Stab(oo) ko delEte OTL 1) VITOOUAdA TNG TTOV dpaL
070 H? K0l TOV ATOTELELTAL ALTTO OTOLYELOL TTOU SLOTNPOVV TOV TTPOCAVATOMOUO, ELVAL
aKPLBMG TO OVVOAO TMV OTOLYELWV

z—az+b, a>0,beR

To o¥voro awtd amotehel opdda toopopen e v A1 (1), dnhadn v voouddo
g A(1) mov mePLEYEL OMOL TOL GTOLYELD TTOV SLATIPOVY TOV TPOTUVATOMOUO.

(v) AmodeiEre 0tL vapyeL wia 1-1 Ko L arTetkovion
F:AT(1) = H2
Méow g amelkoviong o, epodidote to H? ue doun onddag. (Yaddelén: H F
optLeToL amd v
AT(1) 3 (z = ax +b) = b+ia € H>.
Av topa f(z) = ar + bxan f'(x) = d'z + V' elvan otouyela g AT (1), tote emedn
(fof)(z)=adx+ab +0,
opifovue mpa&n opddag * oto H2 v
2k = (u+iv)x (u + i)
= Fvz+u)x Fv'z +u) = F(ov'z + vu' + u)
= vu +u+ivv.
Mmopeite emtiong va apatnpnoete ot 1 AT (1) eivor loopopen pe ™y vIToouddo.
™ SL(2, R) mmov mepLéyeL oToryelo Thg Lopeng

all? b/al/Q al/2 0 1 b
(7 1)~ )G 2 evoven

4. 'Eotw otougelo A g SL(2, R) ta&ng 2. AeiEte 0t 10te A = +1. Av B €lvou 0 Tpooap-
muévog mivakag ™ SL(2, R) kamowov f € GM(H?) T14Eng 2, tote 1 TaEN Tov B eivau 4.
(Yrddeén: OempnoTe TO YUPUKTNPLOTLKO TOAVMVUUO TOv A:

pa(N) =22 —tr(A)- A+ 1=0.
Amd to Oempnuo Cayley-Hamilton eivaou:
A2 —tr(A)- A+ 1 =0.
Eneldn A? = I, mailpvovue

w(4)- A =21 — A=

Enedn A € SL(2,R), maipvovue tr*(A) = 4.)
5. Zvwrhnpwote v amodelEn g [Mpotaong 9.1.8.

6. Bpelte TOV TPOCAPTNUEVO TUVAKCL, TO ELOOG KO TG 0TADEPH GNUELDL TOV TTOPOKATM VITEP-
BOMK®OV LETOOYNUATLOUMV:

—z _62—5 —2—95

f2) = o) =5 o) =
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9.2 Ymeppohkn Feowperpio

9.2.1 Ymepfohkeg cvOeieg

Ztnv Evkletdero Emumedopetpla, oL u0eleg elvorl Ta 6UVOLa 0TadepmV ONUELWV UVOKAAOEDY
(wg mpog Tig evbeieg avteég). Kabe gvbelo umopel pue Ao AOyLo vo. opLloTel ooV To 0UVOAO

Moewv o eELowong TG LoPPNG
R(z) =z —2(b— %(e’wz))ew =z,

mov dev eivan tiwote dAho PEPana apd 1 evbeia R(e=?2) = b. Oa ypnoLuoTOM|COVUE THOPOL
TNV 1810 CVAAOYLOTLKY KOL 0TV TEPLITTMON Tov vrepfolkol emmeédov. Exovue dei 0ti oL e-
nektdoelg Poincaré twv aviiotpogmv oe opaipa S(a), r) kot og vrepeminedo W (A, b) tov R”
ELVaL AVTLOTOLY O OL AVTLOTPOPES oe opalpa S((a,0),r) kol oe vrepenimedo W ((A,0),b) tov
R+, avtiotoa. Otav n = 1, pla ogaipa kévipov a kar aktivag 7 > 0 amoteleital amhdg
amd to onuela a — 7, a + r. H avtiotiyn ogailpo. oto emtmedo eivar o kukhog S(a, 0), ) Kot to
ONuUELR TOV TTOV Bplokovton 0To H? elval To avolkTO ToU Avem NUKUKALO.

Amd v G, éva vmepeminedo oto R eivaw ammg éva onueio z Tov R kot oty eméktoon
Poincaré €yxovpe Tv gubelo r = T - T0. oNueLa ™G (7, i) oL Bplokovron 0to H? eivar BePfaimg
avtd ue y > 0.

"Eyovue opEomS TNV €ENG:

Iporaon 9.2.1. Eotw avrioroopn tng GM(H?). Téte t0 6hvolo twv 6taleodv tng onuelwv
oto H? elvou elte quikdrMio te kEvT0 Tdvw 610 61Uvooo R tov H?, elte avouktn nuievOeia tng
UOQPNG T = X YLa KATOLO T € R.

Opropndg 9.2.2. Ovoudtovue vregBorikn) evOeia kaOe ovvoro g Mpotaong 9.2.1.

YrepPohkeg evbeles.

An 1 vrtepPoikn evbeta L £xeL GKpo 0TO GITTELPO TO. 2, 2/, Ba ypagovue L = (z,2'). H oepa
UE TNV OTTOLOL YPAPOUUE TOL & KPa. OEV EYEL LOLALLTEPY ONUAOLA TTAPA HOVO £V BELOVIE VAL TTPOO-
dwoovue gvav mpoocavatohoud otV L. EnNUeunvouue Kot Tail OTL oL 2, 2’ glvan Ko To. S0o
TPOYUOTIKA e |2 — 2/| = 2r, dmov r 1 aKTiva ToU NUKVKALOY astotedel Ty evbela, 1), To €va
amd ta dvo o elvon To oo.
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Ipdétaon 9.2.3. And Svo omoradijmote Srapogetikd onueia Tov H? meovd uovadikij vregfo-
Mk evOeic.

AnddelEn. '"Botw 21, 20 € H?, 21 # 2. Alokpivovue S0 TEPUTTMOOELG:
1. AvR(z1) = R(22) = xo, TOTE N} TNTOVUEVY EVOELAL ELVOL 1) 2 = Zp.
2. Av R(z1) # R(z2), Bewpovpe to Eukheldelo evbBiypalo TUNIO ToU EVAOVEL TAL 21 KL 2o:
(1—t)zy +tzg =21 +t(za—2), te€]0,1].

To HEGOV TOU TUNUOTOG CUTOV ELVAL TO 2, = (21 + 29)/2. ®EpvovUE TNV KAOETO OTO 2y,
QT €)EL TAPAUETPNON

0(s) = zm —is(ze — 21), s€R.

Teuver 8e Tov Tporypatikod aEova dtav

S(U(s)) = S(zm) — (2 — 1) = 0 5 = —SCm)
To onueto Toung elvor AoLTov To
2 .12
_ Pl 9.3)
2%(22 - Zl)
H axtiva touv nuikvkAilov etvol r = |a — 21| = |a — 22| = |21 — 22|/2.
[

Iporaon 9.2.4. H M(H?) Soa uetafatikd 6to 60vodo Twv vmegforkdv evleidv: yia kdOs
Vo vmegfolkéc evleleg L = (21, 22), L' = (wy,ws) kaw onuela zy € L kaw wy € L', vwdoyet
uovadikds g € M(H?) wote g(L) = L' ue g(z;) = w;, 1 = 0,1,2.

AmddeEn. O ueTaoynuaTiopds g SIVETOL Atd TV LOOTITA TOV WYASIKOV SLTADV AOYmV
[20, 213 22, 2] = [wo, w1; w2, g(2)].
O

Mopaderypa 9.2.5. 'Eotw 1 evbeta L = (2,4) kw10 3 + i € L. O uetaoynuationds g mou
SLveTal aItd TNV LOOTNTA TV WYASIK®OV SUTAMY AdywV

z—4

[2,4;3+4,2] = [00,0:4,9(2)] = 9(2) = ——,

ikavortotel: g(2) = oo, g(4) = 0, g(3 +1i) = i kawm g(L) etvan m (0, 00). Tapatnpnote Twg M
OALOYY) OTOV TTPOCAVATOAOUO TOV (PAVIAOTIKOV AEoVa B0 SMOEL AALOV UETATYNUATLOUO:
—z+2

2,4;3+1, 2] = [0,00;4,h(2)] <= h(z) = 1
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"Eyxouvpe ta €€ng aueoa moptopota g [pdtaong 9.2.4 mov meprypdgouy ) dpdon g
M(#H?) oto R kar oto H:

Iopopa. 9.2.6. H M(H?) Soa duwhd uetapatikd oto R: pa omowadiimote dvo onuela 21, 2
Ko wy, wy vdoyet g € M(H?) ue g(21) = wy ko g(z2) = wo.

Arddelén. Apxel va Bempnoovue Tig vtepPoitkeg evbeleg (21, 22) Ko (wq, w) KL VoL EQAPUO-
oovpe v [Ipotaon 9.2.4 emheéyoviag Tuyolo ONUELD ETAVM OTLG EVOELEG OUTEC. O

épwopa 9.2.7. H M(H?) doa ustapotikd oto H?: yia omowadnmote onuelo 1, zo vadoyel
g € M(H?) ue g(z1) = 2.

Anddeién. 'Botw L = (zo, z5) vrepfohkn evbela mov meplexel o 2; Kaw L' = (wg, wp) v-
TePPOMKT VOELQL TTOV TEPLEYEL TO 22. TO 0 ATTOTEALEOUOL TTPOKVITTEL OUEOWG 0TTO TNV TTpdTOIoN
9.2.4. O

Ipoétaon 9.2.8. Ané onueio zy € H? meovolv dmeloeg vreoforkés evOeieg.

Arddelén. Zougpwvo. pe to Topropa 9.2.7 wopolue vor KOVOVIKITOooOUIE OOTe 2o = 4. TOTe
n vrepPoiukn evbeia (0, 00) kan ou vepPohkég evbeieg L, = {2z € H? |z — a| = Va® + 1},
a € R, mepvoiv Oleg amtod To i. O

HMopaderyna 9.2.9. 'Eotw 21,2 € H? ko €otw L = (29, 25) 1 viepPorikn gvbeio mov ta
nepLexel. Ymobetovtag Ot 2§ > 2o,

L={zeH ||z—al=r}, a=(20+2)/2 r=(2—2)/2

KOL OUVERTDG 2; = a + re, i = 1,2, yuo xdmmowa 6; € (0, 7). 'Botw Ly = (0,00) Kowi € Lg. O
UETAOYNUOTIONOG g € M(H?) mov dlvetan amd tv

. _ i(z1—20) 22— 28 z—z%

721y = 707 ) <~ = : = tan(6,/2) - ,

055121 2] = [0, 0:,0(2)) = 9(2) = 22 22D —any ) 22

LUKOLVOTTOLEL TLG OYEOELG
. 29— 25 .
g(z1) =1, g(z9) = —tan(6,/2) - L= itan(0,/2) tan(0y/2).
2 — 20

Egapuofovpe ta mopamdvm yio 2 = —1 +1 23 = 1+ i. H vepfolikn gubelo Tov Ta TEPLEYEL

etvaun L = (—v/2,v/2). Oewpoipe Tov g mov diveton amd TV LodTTo;

V2 2= V2
_\/5—1-2 Z4+2

AvTOg TELKOVIZEL TO 21 = —1 + 1 0T0 i Ko 10 2, = 1 + i 010 (—2iv/2))/(v/2 + 2)2.

[—V2,V2; =1 +1i,2] = [00,05,9(2)] <= g(2)

Ipoétaon 9.2.10. Avo vregforikés evleieg éxovv To oD éva Kowvd onueio oto H2.
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AmddeEn. Mio un ek Tov oynuatog amddelEn etvou 1 eEne: €otw L, L' viepPohikeg gvbeleg ue
010 KOLVA ONUELD 21, 22 KO €0TW 2o € L Kou 2, € L'. Yrapyel viepPoiKog UETAOYNUATIONOG
fue f(z) = zii = 1,2k f(20) = 2). Opwg toTe 0 f aretkovilel T gvbeia oo Ta 21, 2o
OTOV E0UTO TG, CUVETIMG TO 29 € L' ko to 2, € L xow apa L = L. O

Mopaderype 9.2.11. 'Eotw ol vrepPohkeg evbeieg Ly = (0,00) ko Ly = (—1,b), b > 0.
Emeldn
Ly={zeH*||z—al=7r}, a=(b-1)/2, r=(b+1)/2,

npokvrTeL 1) eElowon
12> + a® — 2aR(z) = 1.

O¢tovtog z = it, t > 0, malpvovue
t*+a>=r" = t=+r2—a2=0.
Svumepatvovue Tmg yio kKabe b > 0, Ov Ly kaw Ly téuvovton oTo ib.

Y60 9.2.12. MtopoUue FTOVTOTE VO, KOAVOVLKOTTOLOUUE dVO TEUVOUEVES VITEPPOMKES eVOELES
Ly xau Ly dote Ly = (0,00) kaw Ly = (—1,b), b > 0. Mpayuoat, €0tm Ly ko Ly viepBolkeg
gVOELEG TOV TEWVOVTOL OTO 29 € H2. Alakpivovpe TIg EENG TEPLTTMOELG:

1. O L; eivau quxvkiia. E@opuofovtag Tov HETAOYNUOTLOUO g TTOV ATELKOVILEL TV L1 0NV
(0, 00) Kaw To 29 070 7, EYOVUE OTL T Lo B0l OTTELKOVITETOL LEGM TOV UETOOYNUATLOUOV CUTOV
o€ pia vTEPPOALKT evBela TNG LoPYNG (—aq, az) ue a; > 01 = 1,2. Egapuoloviog v
D,, maipvovue tg (0,00), (—1, ajay) mov TEWVOVTOL OTO ayi.

2. Mio anxd g L; elvou kataxdouen quievbelo. 'Eotm ot Ly etvoun z = . E@opuoloviag
™ netabeon T, Kou o OUoLoBEGL 0V ELVOL ATTALPALTITO, TTPOKVITTEL KOL TTOML 1) TTPOT)-
YOUUEVT] ELKOVAL.

9.2.2 IMopaiiniic

Ao vitepPolkég gvbeieg AEyovTal TaodAinies OTav Sev £OVV KAVEVO KOO onuelo oto H2.
EvogyeToL OUmG Vo £X0UV KATOLO KOLVO OTUELD ETTAV® 0TIV ETEKTETAUEVT] TTPOYULATLKY eVOELQ,
Ay. ou(—1,1) kou (1,2), 1, 0mwg L. Oheg oL evbeleg TG nopeNg (2, 00) va EXOUV KOLVO ONUELO
TO 00. ZTNV TEPLITTMON TTOV CUUPALVEL QUTO, OL TOPAANAESG EVOELEG MEYOVTOL QOVUTTWTIKG
TaQAAANAES, V| UTEQTAQAAADALS.

H emouevn mpotaon eivan 10 ASlmpa Twv Haparindov g TrepPoikng Femuetplog.
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AouumTOTIKG TAPAMNAES VITEPPOALKEG eVOELEC.

Mpéraon 9.2.13. Eotw evlelo L kaw onuelo zy ektds avtng. Amd 1o zy TEQVOUV ATELQES TTaL-
0dAAnAeg ue v L.

AnddeEn. YmoOétovue mpdto ot L = (0,00) Kav 29 € H? ue R(z9) = zo # 0. Mia (aovu-
TTOTKA) TAPOMNAY TPOG TV L atd To 2 elvValL TPOQYOVMG 1 & = . Ag vitofecovue Ywplg
BLAPM TG YeViKOTNTOG OTL 2o > 0. Pgpvouue To gvOVYpaupo TUNUa oV gvarvel To 0 Ko zg
KoL 07t TO 2o TNV KAOETN 0TO TUNUO 0uTO. AVTH) TEUVEL TO GUVOPO 0t Kamoto 2a, a > 0. Tote,
TO NUKVKALO KEVTPOU a Kot LonG akTivag etvan 1 vrepfolkn evbeta (0, 2a) wov mepva amd
TO 2 KO €LvaL TToPAANAY oty vitepPorikn gvbeta (0, 00). Amd ekel Kau 0to €Eng, kabe nui-
KUKMO KEVTpOU a' > a Kau akTtivag |a’ — 2o| elvar vrepPoiikn gvbela o mtepva amd To o,
QLOVUITTOTIKA TTOPAAANAT L.

TN YEVIKT TEPUTTMON, Vi 2o Ko L = (21, 22) TUYOLO, OITELKOVICOVUE UEOM EVOG g TNG
M(H?) ta 29, 21, 22 0TQ 2}, 0, 00, OOV 2{ onueto ue N(z)) # 0. O

9.2.3 Aoknoeig

1. Bpeite to onueto toung twv L = (1,5) ko L' = (2,6) e 800 1pomovg: o) Ypagpovtag
AVAAVTIKG TLG KAPTEOLOVEG eELOMOELS Twv L, L' Kau Myivovtag to cuotnua ko B) xpnot-
LOTTOLMOVTOG TOV LETAOYNUOTLONO TTov astetkoviler v (1,5) kow o onueto g 2 + iv/3
omv (0, 00) Kaw To onuelo g 7, avtiotowya. (Axdvrnon: OL KapTeoLaveg eELOMOELS:

L:|z=-3|=2, L: |z—4|=2.
O PETaoYNUATIONOG SLVETOL OTTO TNV LOOTNTA TOV SLITADV AOYDV

[1,5;2 +iV/3, 2] = [00,0; 7, g(2)].
Xwplg va ypaete Tov akpLfn tomo tov g, Ppette ta g(2), g(6).)

2. 'Eotw n gvbela L = (—1,1) kou n evbeia L, = (0,0), b > 0. Bpeite ovvOnkeg yio to b
wote ov L xou L' vau elvan: o) teuvoueveg Kat B) Taparlniec. ZTo o) TPoodloploTe TO
ONUELD TOUNG, EVH 0T0 B) TPOOSLOPLOTE TO ELSOG TNG TAPUAANALAG.

3. OvoudZouvue 00 tepvoueveg vitepPolKeg evbeleg opfoydweg (1), alM®G, KdOeTeg) OV
glval opBoymvieg e v Evkleldeta evvola, dnhadt), oL EQUTTTOUEVES TOUG OTO ONUELD
Toung etvor opboymvieg (Bo dovue oty Evomnta 9.4.1 1o AOyo mtov 1 vrepfolkn Ka-
OetonTo TawTiletan pe v Bukheldela). AmodelEte 0Tt amd onuelo zg ektog gvbelag L
ayeton povadikn kabetog pog v L. (Yaddeln: Av L = (z,w) Bempnote tov peta-
oynuatopd g wov astetkoviler v L oty Ly = (0, 00) Kaw 10 2o 070 24 ne R(2)) # 0. H
Ly = (=120, |25]) mepva amd to 2 kaw etvon opboywvia otnv Ly.)

4. AmodeiEte om edv f € M(H?) elvan vtepPoAlKOg HETACYNUATIONOG, TOTE VITAPYEL VITEP-
Bohikn evbetar Af ov mapapéver avolrotwtn amo tov f: f(Ar) = Ay H evbelo Ay
KaAELToL dEovag Tov vitepPoikol uetaoynuotiopwol f. (YaddeEn: Kavovikomoumvag,
umopovue va. vrohecovue OtL f(2) = 0z, d > 0, § # 1. Ta otabepd onuela Tov f elvow
10, 0, 00. T k@Be si € (0, 00) etvan f(si) = dsi € (0,00).).
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5. 'E0T® 0 UETAOYNUATIONOG

4z —
1=

AeiEte 0T 0 f elvon vepPolkog kar Bpette Tov aEova tov Ag. (Amdvrnon: Ztabepd

onueio: (—1 %+ /7/3)/2. AEovag:
A ={z €M ||z +1/2| = \/7/3/2})

9.3 YmepPfolki HETPIKN

9.3.1 Ymepfolko uKog KawTOANS

Botw y: I — H2, y(t) = 2(t) = x(t) +iy(t), I = [a, b], plo. oLveEXDS TAPAYOYLOWU KOUTOAN.
H vregfoiikn végua g Tapoymyou ¥ 0pLLeToL ot T OYEON

|2(t)]
y(t)

Y (@®)]n =

Ovoudatovue vwegBoMkd unkog g v ToV apLtOuod

mw:/W@uw

H emdpevn mpotoon agnvetat va atoderydet otnv Aoknon 9.3.6.1.

Ipoétaon 9.3.1. To vregPorikd unikog ulag cuvexms maoaywylowns Kaumving v tov H:
* dev eEaoTdTal oo TNV TAQUUETONGN TS Y KAl
o magouéver avalrolmwto ard tn Spdon tne GM(H?).

Mopaderypo 9.3.2. 'Eotw 1 kapwohn y(t) =t +ib, b > 0,¢ € (—a,a), a > 0. Eivaw ¥(t) = 1,
[Y()]n = 1/b ko () = 2a/b.

Mopaderypo 9.3.3. (Mnkn vtepfoikmv evbuypauunv Tunuatmv) o) 'Eotw to vrepfolko
evOUYPOULO TUNUO e kPO 2 = 7 KoL w = si, s # 1, endvo oty vepPohkn evbeta (0, 0o).
Ag vroBeooupe OtL s > 1. Tlalpvoupe TV TOPAUETPN 0T TOU TUNUOTOG:

v(t)=(1—t)yi+tsi=(1+t(s—1))i, tel0,1].

Apa, ¥(t) = (s — 1)i kaw ovvertodg |[Y(E)|n = [(s — 1)|/(1 + t(s — 1)). Omote, Yo s > 1,

600 = [t = 1+ (s = D)l = s,

evo yuo s < 1,

h(y) = /0 %dt = —[In(1+t(s — 1))}y = —Ins
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Apa, () = |Ins|. ©¢tovpe p = £y, (7). Tote,

(eP/2 4 eP/2)2 P fe7P 42

cosh®(p/2) = 1 —= 7
s+ (I/s)+2  (s+ 1)
B 4 © 4s
_ |z — w]|?
43(2)S(w)

Katalnyovpe 0Tov TOITo Yo To UNKog p Tov VItePPOALKOT EVOVYPAUUOU TUNUOTS UE AKPO. 2, W
mov Kettaw ot (0, 00):

|z —w|
2(3(2))2) (S (w)) 2

cosh(p/2) = 9.4)

B) 'Eotw thpo 10 vitepPohtkd evdUypaupo TuNUe: Ue akpa 2 = a +ret, w = a +re2, a € R,
r>0,601,05 € (0,7), 01 > 0. lTopapetpode To TUNUO WG TPOG TN YOVia 6:

v(0) =a+re?, € 6,0]

Eivaw %(0) = ire xow [§(0)|, = r/(rsinf) = 1/sinf. Apa,

(M de [ (1+tan?(0/2))d0 o . (tan(6,/2)
fh('Y)—/02 — /@ 2 an(6)2) = [In(tan(6/2))],_,, = In (m)

sinf

[TopopoLa Ue To a), SELYVETOL OTL KAL OTNV TEPLITTWON CuTH] LOYVEL 0 TUTToG (9.4). O thmog av-
TOG QTOTELEL IULOL OTTO TLG EKPPAOELG TNG VITEPPOALKNG ATTOOTAONG VO 0TOLMVINTOTE ONUELWV,
ontmwg O dovE GTNV ETOUEVT] EVOTITAL.

A7t6 TO TTOPATAV® TOPADELYIOL TPOKVITTEL TO EENG TOPLOWOL TOV OTTOLOV 1) OTTOSELEN oprve-
tal otnv Aoknon 9.3.6.2:

Hopwopa 9.3.4. O vregPforikés evbeieg éxovv dmelpo vegfolrd unrog.

9.3.2 YmepPoliky) ATOOTAON)

H vregpforxij amdoraon dy(z, w) dvo onuelwv z,w € H? opiletar wg eENg: €0tw TO GVVOLO
C(z,w) TOV OUVEDG TAPAYWYIOLUWOY KOWTUADY v Tov H? ue akpa ta 2 kau w. Tote,

dp(z,w) = inf {ln(7)}.

veC(z,w)
Mpoétaon 9.3.5. H d;, dnwg oolotnke magardvw eivar UeTOLK.
AmodeEn. Aoknom 9.3.6.3. [l

Oa deiEovpe TOpa OTL 0 PETPLKOG X Mpog (H?, dy,) elvar yewdauctards. Avtd onuaiver Ot
YL omoladnToTe Svo onueta Tov H? vapyEL KOWTUAN Ue TO EMAKLOTO VITEPBOMKS UKOG TTOU
T EVOVEL. MLa TETOLO KOUTTOA) AEYETOL YEWSAUOLOKT).
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Iporaon 9.3.6. O yewdSauciaxés tov (H2, dy) elvou or veoforrés evbeleg.
AnddeEn. 'Botw 0o onueia 2, w € H? KOVOVIKOTOLOVTOG, WToPoUue Vo virobicovue OTL

z =1, w = si, s > 0. "Botw pia omoladnmote ouveydhg Stagopioun kKoumodn v : [0,1] — H2,
v(t) = 2(t) = x(t) + iy(t) we v(0) = i xou y(1) = si. Tote,

t

/0 e dt' = |[In(y(t))]i=o| = |1 s].

y(t)

To TelevTOlo OUWG ELVAL GKPLBMG TO KOG TOU VITEPPOMKOV EVOVYPAUUOV TUNUATOG TOV CUV-
déeL ta i, si. Matpvovrag to inf exdvo oe Oheg TGy € C(4, si) TpokvTeL To Lnrovuevo. [

H enopevn mpodtaon mpokimtel artevbelog oo Tov TOmo (9.4) ueow anhobv npaEemv (deite
v Aoknon 9.3.6.4).

Iporaon 9.3.7. H vrepforikt) andoraon p = dy(z,w) dvo onuelwv z, w tov H? Siveraw and
TOUG TAQUKATW LGOSVVaUOVS TUTOVG:

coho/2) = TG 03
012 = ST 0
cosh(p) = 1 + % 9.7)

a4l o

|z —w| — |z —w|
H 7tpdtaomn mov KAELVEL TV EVOTNTA 0TI OVCLOOTLKA OPLEEL TNV £VVOLOL TOV UeTaED:

Ipoétaon 9.3.8. Eotw z,w € H? Stagogetikd onuela. Tdte
dh(za w) = dh(za C) + dh(g w)a

av KoL Wovo av 1o ( AVIKEL GTO YEWOUGLAKO TUNUA UE AKQU Z, W.

Zj

|
L/r\
S (S R W
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[potaomn 9.3.8

Arddelén. Mmopolue va vtobEcovue OTL T 2, w ELVOL TOL 7, ST YL KATowo s > 0. Av to ¢ avnkel
0TO YEWOULOLOKO TUNUA TWV 7, 8 T0Te ¢ = t1, 1 < t < s KO 1 L0OTNTA TG TPOTAONG LOYVEL.
AVTLOTPOQMGS, TTAAL YLOL 2, W OTTMG TPOYOUUEVIGS, E0TM OTL EXOVUE LOOTNTO, OTNV TPOTAON KO
ag vrofesouvpe 0tL to ¢ dev Kettan oty (0, 00). Tote OUmS, 1 KOUTOAN TTOV ATOTELELTOL OLTTO TOL
VITEPPOALKA EVOVYPAUUA TUNUOTO ) S1 [LE OPYT TO 7 Ko TEAOG TO ¢ Ko B) S e apyn TO 2 KO
TENOG TO Si, EXEL KOG OLVOTNPA UEYOAVTEPO OITO TO UNKOG TOU TUNUOTOG TTOV EVAIVEL TAL 7 KOLL
si. Kotahyouue o€ Gtomo. O

9.3.3 Ioouetpieg

"Exovpe 10m det 6t GM(H?) elvou viroopdda tg ouddag toouetpunv tov (H2, dy). Sy evo-
mTo LT Oo delEoupe SLOUECOV EVOG THITOU TTOV TTEPLEYEL WLYADLKOVG SLITAOVG AOYOUS OTL ELVOL
axpLBmG M opada LoopueTpLwv. Yrevouufovue 0Tt 0 uyadikog Suwhog AOYog Vol avorllolwTog
UOVO QITO UETAOYNUATIONOVG Mbius.

g(w*) =ooo k
glw) = iv
L
g(z) = iy /-f— —ﬂhw
[ \
g(z%) =0 2 W ~

[Mpotaomn 9.3.9.

'BEotw 2, w € H? omoradnmote onueto Kaw L 1 vepfodikn) evdeia mov To epLeyel. Ymobétovue
ot L €xeL dkpa 2, w* Ko OTL TO TECOEPA ONUELDL EUPAVITOVTOL UE T OELPA 2*, 2, w, w*, ETAVD
otnv L.

Ipotaon 9.3.9. H vreoforikt) axdotaon dy(z,w) Sivetaw arxd tTov TVTO:
dp(z,w) = In([w*, z*; z, w]). 9.9)

Amddeén. Kat apyag mapatnpodue Ot emetdn To 2%, 2, w, w*, KEWVTOL OV 08 VITEPBOIKT
gubela, 0 duUTAOG MOYog eivan Tpaypatikos. Eqpapudfovue to otoyeio gketvo g tng M(H?) mov
amelkovilel Ta w*, 2%, 2, w, ota 00, 0, 7, si yuo Kamowo s > 1. Tote
dp(z,w) = dp(g(2), g(w)) =Ins
= 1In([oo, 0;1, si])

= In([w", z%; z, w]).
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9.3.4 Yneppolkoi dickou

O avouktdg vwegPorkds diokog KEVTPOU zg € H? Kaw axtivag r > 0 elval To 6Uvoho
Dy(zo,7) = {2 € H* | dp(z, 20) < 1}

O kAe16Td¢ vIEQBOMKOS SloKOg KEVIPOUL 29 € H? kon akTivag r > 0 elval To oUVOLo
Di(z0,7) = {z € H* | d(2,20) <7},

KO 0 vEQBOMKAS KUKAOS KEVTIPOU 2o € H? Kaw axtivag r > 0 elval To 6UVOrho
Su(zo,7) = {2z € H* | dp(2,20) = 1}

Oa del€ovpe OTL KGO VIepPorKoOg KUKAOG elvan Evkleldetog kkhog Tov omolov Oa tpoodio-
ploovue To KEVTPO koL v oktiva. Eotw Sy (zg,7)- 10te M oxgon dp(z, 29) = 7 Kow oL TdmoL
(9.5), (9.6) divovv

|z — 20|

k = tanh(r/2) =

|2 — 0|

Ag apatnpnoovue OTL 1) 0Y£0N vt elvar eELowon AToAADVIOU KUKAOU (dette TV Aoknom
8.5.4.1) KoL PEVEL VO TTPOGOLOPLOTEL TO KEVTIPO KOL 1) AKTIVA Tov. TPDOVOVTAG 0TO TETPAYWVO
KO ATTAAELPOVTOG TOV TTAPOVOUOOTH, TTOLPVOUUE

— kQ
o 2 (2 B ) ol = P = 2R (Ren) = 19 coshr) + o =0

SUUTANPDVOVTOG TO TETPAYWVO BPLOKOUUE
|z — (R(20) + iS(20) coshr)|* = sinh?(r)3?(20).
Kotalnyovue Aowtov v eEng:

Ipotaon 9.3.10. O vreofolikds kVkAog Sp(zo, ) elvaw o EvkAeldetog kvkAog kévrpov R(zp)+
i3(20) cosh r kaw axtivag sinh 73(zp).

Amodetkvietan 0Tt M VItEPPOIKY TEPLUETPOG TOV Sy, (a, ) 1oovtar ue 27 sinh r (deite TV
Aoxnom 9.3.6.7), evd Befawg, | Eukheldero mepluetpog tou eivor 273(2q) sinh 7.
9.3.5 TYnrepfohko eufadov

"Eotw ympto 2 C H?. To vrepPolkod eufadov Areay(2) Tov © oplletol amd To OAOKANPWUQL

Area,(Q)) = // da:;ly‘
o Y

H amddelEn g mopakdtw TpoTaong agnvetol oty Acknon 9.3.6.8.
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Mpoétaon 9.3.11. To vregforikd eufadov magauéver avaliolwto amd Tig vIEQPOMKES LGOUE-
TQlEG.

To vrepPfoitkod epuPadov vrepPoitkot dtokov Dy, (zq, ), divetar amd tnv eEng:

Ipotaon 9.3.12. To vregforrd eufaddv Areay(Dy (2, 1)) vregforikot diokov Dy(zg, 1) €l-
vau (60 e 4 sinh®(r/2).

AnddeEn. Aoxnon 9.3.6.9. O

9.3.6 Aoknoeig

1. Amodei&te v [pdTaon 9.3.1. (Yaddeén: Av f € M(H?)), éotw tote

az+b
f(Z)— m, ad—bc-l.
Emeldn
1
, N
Jz) = (cz+d)?’

£YOVUE OTTO TOV KOVOVOL, TG AAVOLOOG

(fom)®) = fl(z(t)2(t) = |(fo)(t) = %-

N _S(=()
S((foy)(®) = ez +dP

b b
Grom) = [1FonN®lude = [ Fi(Oldt = ta(2).
Opolwg KoL yLoL f TToU AvTLOTPEPEL TOV TTPOTOVOTOMOUO. )

2. Amodei&te to [Topiopa 9.3.4. (Yaddetn: Emeldn 1o vitepBolKO UKoG TOPUUEVEL AVOLA-
AOLWTO ATTO TOVG VITEPPOMKOVG UETAOYNUOTLONOVGS, OPKEL VO SEIEETE TO ATOTEAEOUO. YLOL
mv gvbeia (0, 00). TIpog Tovto, mapte (1/5)i, si, onueta g evbetag s > 1. To vreppPo-
MKO UNKOG TOU VITEPBOMKOV EVOVYPAUUOV TUNUATOG Vs TTOU T EVAOVEL ELVOL LOO (e 21n s.
A@nvovtag To to s — +00 TOLPVETE TO OITOTELECUOL.)

3. Amodei&te v [Ipotaon 9.3.5.
4. AmodelEre TV 1oodvvapto Twv Tomtmv g [Mpodtaong 9.3.7.

5. Aet€te dtvav dy(z, w) = p, yio kqmowa z, w € H?, 1ote
h\<, 1Y )

p = tanh

z—w‘

z—w|
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6. Oewpnote 10 ovvoro A = {z =z + iy € H? | x = y}. Av w € H? tote Bpeite to
d = dist(w, A) = inf{d,(z,w)]; | z € A}.

(Yrddebn: Avw = u+ivu > 0,10te d = 0 (yratt;). Avu < 0, TOTE 010 TNV TTPONYOUUEV
G.0KN oM ELVOL
s (@—u)+(z—v)

(tanhfl p) ($ _ U)2 + (ZL‘ + U)2

= f(x), > 0.

AelEte Topa OTL N f £XEL OMKO EAAYLOTO.)

7. Ymohoylote To VtepPOALKO UNKOG Tov vtepPfoitkol KUKov Sy (zp, 7). (Yaddeén: Eotw
0 = 0(Sh(z0,7)) vitepPorKO unKog tou Sy (20, 7): Bewpolue TV TAPAUETPNON TOV VITEP-
BoAilko KUKAOU

v(0) = R(20) + iS(20) coshr + sinh rS(z0)e, 6 € [0, 27).

0

Eivar 4(0) = i sinh rS(zg) e kan

inh
14(6], = S

coshr + sinhrsiné’

Apa,

g_/er sinhr df
~Jo coshr 4 sinhrsing’

@étovue ¢ = €, omdte d¢ = ie?df = i¢df xonsin® = (¢ — )/ (2i) = (¢ — (1/¢))/(2i).
To OAOKAPWUG TOTE YPAPETAL O ULYASLKT] LOPPN UETA OTTO TIG TPAEELS, G

(=2 ]{ & |
cj=1 ¢? +2icothr ¢ — 1
O mapovopaotng €xet pileg i(1 & coshr)/ sinh r, dnhadn tig
¢ = —icoth(r/2), (= —itanh(r/2),
£K TV OTTOLWV, ETTELON ELVOL AVTLOETOOVTLOTPOPES, WOVO 1) UL BPLOKETOL OTO ECMTEPLKO

Tov povadiaiov diokov. Emeldn de coshz > sinh x yio kaOe x > 0, 1 plla avt elvow M
(a. TOTE TO OAOKANPWTLKO VITOAOLTTO LOOVTOL UE

o 20-¢&) 2 .
Res(G2) = ClLHCl? C—CC—G) -G s

Ao 10 Oempnua. Twv OLOKANPp®TIK®V Y TOLOLTWV TPOKVITTEL TOTE

0 = 0(Sh(20,7)) = 2miRes((y) = 2w sinh .
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8. AmodelEre v IIpotaon 9.3.11. (YrddeEn: Tpayte to otoryelo vtepPoikol eufado

WG
drdy  dzdz
y2 o 2i%2(2)°

Yrapyer eENyNon yra Tov AOYo JTov auto eLVaL SUVOTOV, AALA ELVOL TTEPAV QITO TOV OKOTTO
TV oNueELdoEwv autdv. Fpdgovue yio Q C H? ko g € GM(H?),

Area(g(Q?)) = %//g(ﬂ) gdfj—f)

Me to Oedpnua AMayng Metapintg, xovue yia g € M(H?) 6t

et ®) = 3 [ 4606 i

Av g(¢) = (a + b)(c¢ + d), ad — bc = 1, t0te

1

det(9(Q) = 16'(OF = 1~

ko eztiong S(g(€)) = (¢)/|e¢ + d|?*|. Emouévog,

Area(g =5 / / dCdC = Area,(12).

Opoiwg ko oV wepimrwon mov g(¢) = (a(—C) +b)/(c(—=C) +d), ad — bc = 1.)

. Amodei&te v [potaon 9.3.12. (YaddeEn: Amd v Ipdtaon 9.3.11 exovue 6tL to TnTov-

UEVO VITEPPOALKO UPASOV ELVAL LOO (e TO VITEPPOMKO EUBASOV TOV VITEPPOALKOV SloKOU
D = D(i, R), 6mov sinh R = tanh r (yioti;). O 8Ll0KOG AUTOG OTTOTENELTAL OTTO TOL ONUELCL

2(p,0) =i +sinhpe®,  (p,0) € [0, R] x [0, 27].

Omote, amd to Oedpnuo. AAhayng Metafing exovue

Areay(D) = / / cosh psinh p drdf
" a (1 + sinh psin §)?2

/ / 2T cosh psinh p df
= - dp
0 o (1 +sinhpcos®)?

TROAOYLOTE TP TO EOMTEPLKO OLOKANpmuUa pe T wEBodo g Aoknong 9.3.6.7.)
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9.4 Ynrepporkn Tpryovouerpio

9.4.1 Twvieg KoL TPlyOve.

"Eotw koumdreg Ci, i = 1,2 tov H? mov téuvovtal 0to zg. Av 7y, : [a,b] — H? elvar ovveyng
TAPAYOYLIOWEG TOPOUETPNOELG TOVGS, ¥; = v;(t), t € [a,b], i = 1,2, t0te vrapyeL ty € (a,b)
T€T010 MOTE Y1 (ty) = Y2(to) = 20 € H2. To vmepPoikod BAOUMTO YLVOUEVO TOV EQPATTOUEVOV
dravuoudtwv 1 (to) ko Ao(tg) 0T0 29 OPLLETOL QITO TN OYEON

(Y1(to) - Y2(to))n = %,

070V GTOV APLOUNTY TOL deEYLOV KAAOoWOToG etvar To Euketldeto abumto yivouevo. IMapotnpolue
ot
_ Halto) - Fo(to)l _ 191(to)l[92(to)]

G (t0) - Salto))a] = G SR < PO = 3 (o) - i)l

UE TNV aVLoOTNTO VO TTPoKUTTEL amd TV Aviootnta Cauchy-Schwarz-Buniakowski. OvoudZouvue
Topa yovia tov C kar Coy 6T0 2o TOV apliuod

£(Ch, Cy)s, = arccos <|$(lt<j; ‘)h"Tigt(ii))Th) € [0, 7). (9.10)

H yovia Z(Cy, Cs),, dev eEaptator amod Tig mapouetpnoetg twv Cy, i = 1, 2. Avtd amodeikvo-
ETOL KOL AVOAVTIKA, TTPOKVITTEL OUWS KO GUECH OITO TV TOPATNPNON OTL OPLOUEVT] KATA TOV
TPOTTOV OVTOV 1) YwVia ovumlatel ue TN Yywvia wov ogitetau otnv Evkieldeia weolntwon.

Zmv Evkheldela meplntwon), o aotfuds mov oplleTol mg 1 yovia uetagd §lo evbeumv (dn)-
L0d1), ueToEV yewdalotakmv tov Evkheldelov ywpov) Bploketar oe puia 1-1 kow el orvrioouyio
UE TO KVQ TS ywolo 7ov 0pLLovv §10 €K TMV TPOTEPWV KAOOPLOUEVEG NULEVOELEG TTOV EKKLVOUV
a7t TO oNUELD TouNG TV eVbeLdv. TrevOuullovue OTL €va ywplo tov EukAeldelov ympov etvor
KUpTO, av Y10 Kabe 800 omuela Tov XwpLlov Loy VEL OTL TO EVOVYPAUIO TUNUO. TTOV TO EVMOVEL KEL-
TOL €€ OMOKANPOV EVTOG TOV Ywplov. Me TV 1d1a GVANOYLOTIKY), £va xwpto Tov H? ovoudleton
veofolkd kKvoTd, v KAHE SVO ONUELD. TOV YWPLOV WITOPOVV VO, EVwOoUV te vtepBoilko gvhv-
YPOLUUO TUNUO, TTOU KELTAL EE OMOKATPOV EVTOG TOV YWPLOV. ATTAA TAPOUSELYUOTA VITEPPOMKDV
KUPTOV Ywpilwv eivon Befaimg to 1d1o to H?2, kabhg kar Kabe yewdoiowakt Tov. YrepBoiKa
KUpTO OUmG elval Ko k00 vreofoikd nuiemiredo. Tovto opileTol mg Ui Ao TIG CUVIOTMOES
TOU GUUITANPOUOATOG LG YEwdoLoLakng L. Ot OuVIoT®WOoES QUTEG elval S10, OTTMG TPOKVITTEL
amd to Oedpnuo Tov Jordan kot ivar Ko ot 500 vtepBolKd Kupteg. Mio ot ammodelEn tov
YEYOVOTOG auToV Baotletal 0T xpnon tov poviehov Beltrami-Klein kot tnv mapadgtovue otnv
[Mpotaomn 9.5.10.

'Botw zg € H? xou Ly, Ly 800 vrepPorikeg Nuevdeieg mov mepvolhv amd to 2. Ag Vio-
Beoouvpe pmTa OTL ov Ly, Ly dev Kelvrow eml G 1diag vepPfoikng gvbeiag. Av LI eivor 1
YEWOOLOLOKT TTOV TTEPLEXEL TNV L1, TOTE TO 0UVOAO Lo \ {20} €xeL kevn toun ne myv Li. Apa,
1 avolkT vitepPorkn NuLeVOEeLa Keltan €€ OMOKANPOV OF £VaL ATO TOL AVOLKTO MULETLITES Ol TTOV
elval ovumAnpopatika e Li. Av Py elvon To Muemtinedo oto orolo Kettan 1 Lo \ {20}, toTe
£0TW P; TO 0VOLKTO MUWLETTILITESO TTOV TPOKVITTEL UE TAPOUOLO TPOTTO YLOL TV OVOLKTH NeVOeL-
a Ly \ {z0}. To eowteoixd tng ywviag twv quevlewdv Ly kaw Ly ue koougi) to zy oplletal
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®¢ 10 0UVoLo P N Pa. To 0MTEPLKO TG YWVIAG CTTOTEREL TNV WO OITO TG OUVLOTWOES TOV
OVUTANPOUATOG TOV GVVOAOL Ly U Ly - KaAOUUE TNV GAAT OUVIOTDOO0 eEWTEQIKS TG YW VIOG.

Eav ou Ly, Ly Kelvtol oty 181 YEwSALoLoKT), TOTE Stakpivouue 800 meputtmoels: o) H évm-
on L1 U Ly etvan vrepfodikn evbeta. ToTe, dev vrdpyel KOpULe KOVOVIKY] ETLAOYY ECOTEPLKOV
Kot eEwTepLkol TG yoviag Kot 1 yovia Kaettow evfela. B) Eivar Ly = Ly = L ko m yovio
KOAELTAL undewkn). STV TEPLTTWON OUTY], OPLLOVUE TO ECWTEPLKO TNG UNSEVIKNG YWVIAG VO
€LVOLL TO KEVO KaL TO EEWTEPLKO TG VOL ELVOL TO CLWITANpwUa THG L.

A0DOELON G YOVLAG TTOV 0PLLOVV OL SLALPOPETIKEG VITEPPOALKEG NeVOeLeg Ly, Ly pe Kopugn) To
20, TO EOMTEPLKO TNG YOVIOG ELVAL VITEPPOALKC KUPTO 0TVVOLO OVTAG TOUT VITEPPOMKE KUPTHOV
ovvOLwV. To eEmTEPLKO eV UITOPEL VaL elvor VITEPPOMKA KupTO, KaOMG KATL TETOWO Hol onuoLve
TG KaOe yewdouolako Tunua tov evarver onuela g Ly \ {20} kawtng Ly \ {20} O avnxe tav-
TOYYPOVA KOl 0TO EOWTEPLKO KOl 0TO EEWTEPLKO THG YWVIOG. ZTO ECMTEPLKO TP KADE Yviag
7ov dev etvor gvbeta 1 undeviky, avriotoryliovue Tov aplbuod 6 € (0, 7) mov oplotnke oTNV
(9.10)- 070 8¢ eEwtePLKd TG avTioToLyiCovue Tov aptBuod 27 — 6. Edv 1 yovia elvor undevikn,
0 = 0. Eav n yovia glvar gv0ela, avIloTolLOVIE TO T KO 0TO E0WTEPLKO KOl 0TO EEWTEPLKO
™G YWVLIOG.

'BEotw A, B, C tpia. dtapopetikd un ovvevdeiakd onueta Tov H? (dnhadn, dev avikouv
KoL Ta. Tploe oty 1t vtepPohikn evbela). Oa ovpPorlovue pe a, b, ¢ To VITEPPOALKA UNKN
TV Yemdauotokov tunuatov [B, C], [A, C] xa [A, B], avtiotoya, evae Oa ovufolllovue pe
a, 3,7 TLG YOVIEG UE KOPUPEG Ta A = v,, B = vy, C' = v, aviiotoya. To vaegfoikd tolywvo
A(ABC) opietar mg 1 Evwon tov yemdarotakdv tunuatov [B, C, [A4, C| ko [A, B], ta onola
LEYOVTOL TTAEVPEG TOV TPLYDVOU. TO €6 TEQLKS TOV TPLYDVOU ELVOL 1) TOWY TV KUPTMV XMPLOV
7OV OPLLOVYV OL YWVIES TOV TPLYHDVOU.

YrepPorko Tplywvo.

9.4.2 Tovia Hapoiinionov

"Eotm tpiymvo pe yovieg a, /2,0 a # 0. H yovia o KaAetton yovio Topaiiniono.
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x + iy

I
I
I
I
! I
I
I
L

[Mpotaon 9.4.1: H a etvon 1) Twvia Mapaiiniiopo.

Mpétaon 9.4.1. la T drnwg magaxdvo,
coshbsina = 1. 9.11)

AnédeEn. Kavovikomolovue mote v, = i, v, = 00, v, = 2z = r+1y. |z| = 1. Xpnowomowmvtog
TOV TOTO TG AWTOOTAONS (9.7) Tapvovue

—_ 4|2
coshb = cosh(dy(i,z)) = 1+ %
2—2
= 14+ y
2y
= 1/y=1/sinq,
UE TNV TELEVTOLO. OYEOT VO, TPOKVITTEL 0To TO Oempnua Xopdng kot Egastopgvng. H

9.4.3 Tpiymvo UE KOPLYPI] GTO ATELPO

B

/\

[pdtaon 9.4.2: NOpog Suvnutovmy YL TpLywve. e Kopugt) 0To GITELPO.
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H ntepltwon tov tpryovev e Evomntag 9.4.2 anotelel eldikn meplitwon tmv (0pHoymvimy)
TPLYDVWV UE KOPUEPT OTO GITELPO, dNAOSY, TPLYOVWV Ue Ywvieg a, 8,0. Tote, oL Thevpég a, b
ELVOL OTTELPOV UNKOUC,

Ipotaon 9.4.2. (Nopog Tuviuitévov Yo Tpiyove ne Kopugn oto arewpo) e tolyova
T(a, 3,0) éxovue
cosacos 3+ 1

coshc = - - . (9.12)
sin o sin 3

AmddelEn. Mmopolue vo vtodEcouue 6TL v, = 00, 1, = €, v, = ¢, ue 0 < 0 < ¢ < 7. Edw,
a =0, =71 —¢. HInrovuevn oygon mpokimtel Sava amd tov Tomo g amdotaong (9.7). [

944 TYnepporko [MvBayopero Ocmpnua

To TrepPorko Mubaydpero Oesdpnua avagepetar oe tpiyova T (o, B, 7/2).
Ipotaon 9.4.3. 3¢ vreoforikd opBoyidwo tolywvo T («, 5, /2) elvow:

cosh ¢ = cosh acos b. (9.13)

Arddeién. Mmopolue va vtobecovue Ot v, = z = s +it, |2| = 1, vy = ki, s > 1, Kow v, = 4.
Tote, eapUOTOVTOG Ko AL ToV TUTTO (9.7) TTalpvoupe SLadoyLkd

coshc = (14 k%) /(2kt),
coshb = 1/t,
cosha = (1 + k*)(2k).

/
4 -
’ -

/ .B,-"

o

-

&
|
1
|
Xa 0

[Mpotaon 9.4.3: YrepPohko ITubayodpelo Oswpnua.
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9.4.5 Nopot Hurtévov ko Zuvnutovoy

T €va yeviko vepPoikd tptywvo T'(a, B,7) ue mhevpég a, b, ¢ Loy houv oL TapaKATm VOUoL:

Nopog tov Hurtévov:
sinha  sinhb  sinhc

sinae sinfS siny
IMpotog Nopog tmv Zuvuitovov:
cosh ¢ = cosh a cosh b — sinh a sinh b cos 7.

AgbTtepog Nopog Tov Zuviuitovoy:

cos o cos 3 + cos y
coshc = ; ; :
sin csin 3

Enuerdvovue 6t oL NOuot Tmv Zuvnitoveoy €(ouV avAAOYEG CUMUETPLKES EKPPAOELS MG TTPOG
yovieg kKo thevpeg. Emiong, o Nopog twv Hutovov kot o Aetvtepog NOUog tov Zuvnutovmy
npokvITToVV 07td tov [IpmdTo Nopo twv Zvvnutovov (dette Tig Aoknoelg 9.4.7.6 kau 9.4.7.7).
Téhog, Omwg Kat ot Zpotptkn Femuetplo £Tol kou edM £xovue amd tov Aglvtepo NOpo tmv
SUVNULTOVOV OTL TO. OUOLOL TPLYWVOL ELVAL KoL Loo. AnAadn, yia kKabe d10 Tplywvo Tou €xouy
TIG AVTLOTL(ES YWVIEG TOUG LOES, VITAPYEL LOOUETPLOL TTOV OITELKOVIZEL TO EVOL GTO GAAO.

B

Am6de1En tov [Mpmwtov Nopou twv Zuvhutovoy.

Amdde&n tov Mowtov Nduov twv Svvqurdvov. H amddel&n Oa yiver ue ™ Pondeia tov
Yreppoiukov IMubayopeiov Oswpnuatog (IMpdtaon 9.4.3 Ko o TOPLORATO AVTOV TTOV BPLOKO-
viol otig Aoknoelg 9.4.7.4 ko 9.4.7.5. Me avopopd MoLtov 0g autd, aAlG KoL 0TO TAPOTAVD
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OYNUCL, EYOVUE
coshe = coshb;coshh
= cosh(b — bg) coshh
= (coshbcosh by — sinh bsinh by) cosh i
= cosh b(cosh b, cosh h) — sinh bsinh by cosh h

h
= coshbcosha — sinh bsinh b, - cosha

cosh by

h inh
— coshbcosha — sinhbsinha - ot . 20 by

sinha  cosh by
tanh b

tanh a
= coshbcosha — sinh bsinh a cos .

= coshbcosha — sinhbsinha -

O
Ag onuetdoovue OtL 0TV atOSEEN ypnoLpoTooaue S0 VITOOEELS: ) TWG AYETOL K-
0£T0G QITO KOPUEPN TPLYDVOU OTNV GTEVOVTL TAEVPA KOL B) TOUVAGYLOTOV UL0L TETOLO. KAOETOG
GVIKEL 0TO ECMTEPLKO TOV TPLYDVOV. ‘OC0V apopd 0TO (), 0ITtd ONUELD EKTOG VITEPPOALKNG EV-
Oelag umopoue TAVTOTE Vo PEpovue KAOETO TPoog Ty evbeta. o va to dodue autd, apKel
va. Bempnoovue Ty evbeto. L = (0, 00) Kaw onueto 2o we R(zo) # 0. Tote n evbeta |z| = |2
glvan ka0gmn otnv L. T 1o B), pmopovpe va. del€ovpe 0T 1 KAOETOG TPOG T1) LeYOATEPY TALU-
PO BPLOKETOL TTAVTOTE OTO E0MTEPLKO TOV TPLYDVOV. TIpAryiaTl, KAVOVIKOTOLOUUE TTAAL WOTE 1
ueyoluTtepn Thevpa, €0Tm 1 ¢ vo. Bploketol entavw oty L = (0,00): v, = i Ko v, = €. H
KAOETOG QItd TV v, = 21 TEUVEL TNV L 0T0 w = 7|21

Zj

|
w||
L/I\
S (S R W

dn(21,1) = dp(ilz],7) = dp(w, 1),
dp(z1,€) > dp(i]1], €) = dp(w, €%).

Twpa,

Emetdn 1 ¢ elvan 1) peyolitepn Thevpd,
¢ = dy(i,e%) > max{dy(z1,1), dp(z1,€%)} > max{dy(w,1), dn(w,e)}.

Ta onuela 7, w, €% elvol OVVEVOELOKA KAl KOO0 TPETEL VO Keltol UeTa&) Tov aAhmv dvo.
Avto mov Inrovue, pokvrtel twpa oo v [potaon 9.3.8.
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9.4.6 Epfadov vmepfolkov Tprydvov
St evotnto avt o amodetEovue To eENG ONUAVTIKO:

Oeopnua 9.4.4. To dOooioua twv yondv vregfoMkov Torydvov elvar atbuds ueyardteQog
TOU T.

To Oswpnua 9.4.4 TPOKVITEL WG AUECO TOPLOUO. TNG TTAPUKAT® TPOTAONG:
IIpotaon 9.4.5. To vreoforikd eufaddv torydvov T(a, B, 7) elvau (oo ue
Area,(T(a, B,7)) =m—a— [ —17.

Arddeién. YmobBetovpe TpdTo OTL 7 = 0 KO KOVOVIKOTTOLOUUE MOTE OL KOPUYPES U, KAL Uy VO
Ketvtaw oto povadiaio nukvkio: vy, = €, v, = €, 0 < ¢ < § < 7. Tote 10 E0WTEPLKO TOV
TPLYMVO TTEPLYPAPETOL WG EENG:

T(,8,0) = {z +iy € H* | cos(m — o) <z <cos B, V1—a? <y < +oo}.

SUVERMG, eqapuoletol To Oewpnua tov Fubini kot viroloylfovue:

dzd
Area(T(ap.0) = [[ S
T(e,8,0) Y
cos 3 +o00 d
= / (/ —32/) dx
cos(m—a) Vi—az Y
cos B 1 400
= / [——] dx
cos(m—a) ) y=v1—22
B /cosﬁ dx
cos(m—a) V 1 —a?
= — [arccos(z

= m—(a+f

]cosﬂ

cos(m—a)

)
)
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Eav topa T(a, 5, 7) elval TpLymvo pe UnNdeVIKEG YWVIES, TOTE TPOEKTELVOUUE TNV TAEVPA AUTTO
TG VU, KOL U, UEYPL VO TUNOEL TO ATTELPO OE ONUELD Ty € R. Tote, emeldn

Area,, (T'(«, 8,7)) = Area, (T(0, 5',7)) — Area,(T(m — «, 5”,0)),
omov B’ — 3" = 3, &yovue

Areay(T(a, B,7) =7 = (8 +7) —m+ (1 —a+ ") =7 — (a+ 5 +7).

9.4.7 Aoknoeig
1. AmodelETe To TUPAKAT® OTTOTELECUOTO TTOV OLPOPOVY OTNV VITEPPOALKY KUPTOTN T

() Eqv 1o Q C H? eivaw vrepPolkd KupTd ywplo, Tote elvar kor to g() yio kabe
VITEPPOALKTY) LOOUETPLAL g.

(B) Edv 1o Q C H? elvor vitepPohkd KupToO wplo, TOTe To e0wTeEPLKO Tov Int(2) Kou 1
KAELoTOTNTA Tov € elvar vitepPoluicd KupTd.

(v) Eav Q; C Qy C ... elvar plon o0Eovoa akohovdio vTepPOALKA KUPTMV CUVOLDV,
TOTE 1] EVIOT] TOVG ELVOL VITEPBOMKA KUPTO GTVVOMO.

(8") H toun orovdnmote thn00oug vePPOMKA KUPTMV GUVOL®YV ELVOL VITEPPOAKA KVPTO
oUVvolo.

2. Amodeiyte 0tL 0 TOmog (9.11) g F'wviag Mapoiiniiopol eivan lwodhvauog pe kabe evav
a7t TOVG TOPAKATO:

(o) sinhbtana = 1.
(B) tanhbsec o = 1.

3. Amodei&te ot yia tpiywva T'(a, 3,0) éxovue

) cos a + cos 3
sinhc = —————
sin o sin 3

4. Amd v amodelEn g Mpotaong 9.4.3 ovumepdvete Ot tanh b = s. AelEte Katomy Ot
tanh b = sinh a tan 3.
(YrddetEn: Av 1) YEOSOLOLOKT] TTOV TTEPVA OTTO TO. T + 1y KL i EXEL KEVTPO T, TOTE
|z — 212 = (g — 2)* +9° = 1 — 2wox = 5% = |20 — si|*.

Apa, av gyovue virodeoeL & > 0, T0Te 79 < 0. To EukAeldeL0 TPLYMVO te KOPpUQEg Tg, 0, si
gxeL yovia 3 oto xg (yati;). Tote, tan 8 = 2xs/(s* — 1).)

5. Me tig vtoBEoelg g Tponyoluevng oknong, delEte Ot Loy bovv emiong T eENG:
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(a’) sinhb = sinh csin f3;

(") tanha = tanh ccos .
AeiEte emiong ot

(o) coshasinf3 = cos a.

(B) coshc = cota cot 3.

6. AmodeiEte tov Nopo tov Hutovov. (YaddeEn: Xpnowomoihvrag tov [pmto Nopo twv

SUVIULTOVOV, YPAPOVUE
sinh ¢ > B 1
sin Y o 1— ( cosh a cosh b—cosh ¢ ) 2°

sinh a sinh b

O Nopog tov Hutovav 0a toydel av 1o 8eEL0 0KELOG ELVOL CUMUETPLKO OG TTPOG a, b, ¢,
dAad, av 1 EKppaon

sinh? @ sinh® b — (cosh a cosh b — cosh ¢)?
elval oupIETPLKY). AvTtd amodetkvieTtal pe T fondeta TG oxéong cosh? & — sinh?* z = 1.)
7. AmodeiEte Tov Agutepo Nouo twv Zuvnutovoy. (YaddeEn: Tpagovue Yo ouvtoulo
A =cosha, B =coshB, ¢=cosh(C.
O ITpdhtog NOpog Tmv Zuvnutovov Sivel

AB - C
(A2 —1)1/2(B2 —1)1/2

cosy =

TPYmOVOVTAG 0TO TETPAYWVO, TTOLPVOUUE

o L 2ABC — (A* + B*+ (C?)
T= (A2 _1)(B2—1)

O apBunmg D givor BeTikog KoL CUUUETPLKOG wg tpog Tt A, B, C. Befawwote Twpa Ot

cosacos B+ cosy  cosacosf+cosy (AZ—1)V2(B-1)V3(C?-1) o
sin asin 3 B sin acsin 3 (A2 —1)V2(B2 —1)1/2(C2 —1) '

7OV ALTT0dELKVVEL TO CNTOVUEVO.)

8. AmodelEte OTL M YOVLO LOOTAEVPOU VITEPPOALKOV TPLYMVOL elvar KpOTepT) Tov 7 /3. Emtiomng,
deite omL
2 cosh(a/2)sin(«/2) = 1.
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9.5 Awagopo novrého Yreppohkns eouerpiog

2TV eVOTITO, OUTY TTPAYUOTEVOUOTE TO. LOVIEAC TOV Slokov Tov Poincaré ko twv Beltrami-
Klein.

E. Beltrami (1835-1900).

To HOVIELQ AUTA £XOUV GUEDT] CVVOEDT UE TO HOVIEAO TOV GV NWETLITESOV, OTTWG O dovue
otg Evomteg 9.5.1 xou 9.5.2. Yrdpyer Oumg pio OepueAddng dlogpopd avaueso. oTo. LOVTEAQ
tov Poincaré kol 010 poviého twv Beltrami-Klein: To mpoto elvon cOUUop@o. WOVIEAD, OL YOVIEG
dMAradn Sratnpovvton kot €10t oL vepPoitkol dtokol eivar Evikletdetor Stokotr. Katt té€tolo dev
ovupaivel 0to poviero Beltrami-Klein: vdpyel Topapudp@mon Twv YmVLmY Ko oL viTepBoALKoL
dtokol etvar Eukleldetol ovov 0tav €xouvv KEVIPO TNV 0pyN. Ao TV GAAN, TO LWOVTELO QUTO
gyer Bukheldeto evfuypaiia Tunuoto wg vtepPoMKES YEMOUOLOKES, KATL TOU ATOTENEL UE
KATTOLO TPOTTO TAEOVEKTNUAL EVOVTL TOV AAWV S0 HOVTELDY.

F. Klein (1849-1925).

[wa va etodryovue To poveého Beltrami-Klein axohovBolue pia ueBodo mov avadetkviel T oygon
g [MpoPforikng ue v YrepPohkn Femuetpio. Enuermvovue Ot 1) pEO0SOG VT WITOPEL VO
axohovONOel yia va dmoer Oha To povieha g YrepPoiikng ewuetplog. Oewpnoaue Oumg
TNV KAOOLKY] TTPOYUATEVOT] TOU IOVTELOV TOU (VO MUETILITESOV (KOL €V CUVEYELQL, TOU SLOKOU)
TodaymyLkd op0oTePT). OL EVOLAPEPOUEVOL AVAYVHDOTES KUL AVAYVDOTPLEG WTOPOVV VAL SOUV
v Aoknon 9.5.3.10 yio plo: TopoHoLe. TPayUATEVOn TV woviehmy Tov Poincaré.

9.5.1 Movtélro Tov diokov Poincaré

H petafoon ammd to povieho tov avem nuermedov H? 6to poviého tov povadiaiov diokov B
tou C yivetol pue Tov petaoynuatioud Cayley C : H? — B mov dev elvon Tapd 0 HETAOKNUOLTL-
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opog G ouddag M(2) stov divetan ortd Ty

Cz)= 27" 9.14)

z—i . (w+1)
w = - = 2= —i-
z+1 w—1

Ko T0Te, amo ™ oxeon I(z) > 0 mpokimtel jw| < 1. Méow tov petaoynuatiopot Cayley, Oha
ta otouyela g YmepPfoikng Fewuetpiog tov H? petagpépovrar otov dioko B. TMapakdatw,
SLVOUUE OPLOUEVA TTAPOUSELYILOTA QUTOV.

Ipotaon 9.5.1. To vreofolikd unkog Ly () cvvexws mapaywylowuns kauxving v : [a,b] —
Bt tov B, v(t) = 2(t), diveraw and tn oyéon

0h(7) :2/a %. (9.15)

Anddeén. 'Eoto n xapmdin ¢ = C! oy tou H2. To vrepfoikd unkog £, (y) g v elvon tote
100 ue 7o £4(c). Otovtog f = C~! éxovue:

_ ooy _ L= 2P
-1 =T

KoL
2 3(t)
(2(t) = 1)

SVUTEPAULVOUUE OTL 1) VITEPPOALKT VOPUOL TG Y ELVOL:

(1)) =

0 = 2

KOl GUVETTAYETOL ot €M 0 TVTTog (9.15). O

H vrtep oAk amd0TaoT pp 0TO LOVTELO TOV SLOKOU OPLLETOL OTTO TNV
pr(z,w) = dp(C7H(2), CH(w)). (9.16)

Iportaon 9.5.2. O vreoPforikéc cvOelec (doa, kKou YewdUOLAKES) 6TO Uovtédo tov SloKov
0 0 g u

(BL, pr)) elvau elte avouktés Siduetool Tov BE, elte tufuata kkiwv evrdg tov B, ogboydvia

we o ovvogo St tov BE.
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Cewdalolakég ota povréha Poincaré

ArdSeén. EE oplopo?, ou yewdouowakeg tov (BE, pr)) elvan oL C-elkOVEG TV YEMOALOLOKMV
tov (H?,dy,)). 'Eoto kot apydg vepfolikn evbeto L tov H? g popgng (a, ), a € R. H
etkova g C (L) etvol Tunuo Yevikevuévou KUkhov e akpa 1 Kou Z—jrz emdvo otov St Ava = 0,
101te 1 C(L) givon m ovorkTh) duapetpog (—1, 1) mou elvar opBoymvia otov ST, Av a # 0, tote
Bplokovue v eElomon tov C(L):

1
w=u+iv=_Cla+1iy) < a—l—iy:C’_l(w):—i-wJr

w—1"

H oyéon a = R(C(w)) divey

s w—+ 1 _ 2v
¢ “(w—1 w— 112

Eav ywplg Brapn vrrobéoovue to a > 0, 10te v < 0 Kou UeTd asto TG TPAEELS TPOKVITTEL TO
TUNUO KOKAOU

C(L): (u—1)>+ (v—|—%)2:2, lw| <1, v < 0.
To kaOeTo SLAdvuouo Tov KHKAOU auTo elval To
(u—1, v+1/a).
H tour) Tov C(L) pe tov St amoteleitan amd o onueto 1 kar e, yio 6 € (7, 2), wov ikovortotet

™ OyEom

1\* 1
(cos® —1)* + (sin9—|— 5) =5 = cos(0/2) + asin(f/2) = 0.

O¢tovtog a = tan(wb/2), b € (0,1/2), matpvovue

cos (9—27rb) =0 < 0= (b+1)m.
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0 _ pilb+1)m

1o onueta toung 1 ko e tov C(L) pe tov St, 10 avtiotoyo KaOeto dravdopoto

tov C(L) elvan toL
(0, 1/a), (cosf —1, sinf + 1/a),

evod To avtiotolya kabeta draviopata Tov St elvan ta
(1,0), (cos#,sind).

To Tnrovuevo emeton apgows. H meplmtmon omov a < 0 elvol TopOUoLd, EVK 1 TEPLITTMON
0oV L glval NKVKALO KEVTPOU @ KoL OKTIVAG T apnVeToL oty Aoknon 9.5.3.1. O

Mpétaon 9.5.3. Ioyvovv o1 magakdTw todVvauol ToToL yLo TnV VITEQPOMKY ATdGTAGY Py =
pr(z,w) 8vo onuelwv z,w € BE:

1 — 777]2
cosh?(pp/2) = (1__1212);ff[’U42), 9.17)
tanh(pp/2) = 12__:; ,

|1 — 2w| + |z — w|
pr = 1In — .
|1 — zw| — |z — w|
H amdodelen g (9.17) Baocileton otov oplopd g pp, amtd v EElowon 9.16- oL vtdlouteg oyé-
0€Lg TPOKVITTOUV atO ahyefpLkeg paelc. Aette v Aoknon 9.5.3.2.

Ipértaon 9.5.4. Houdda twv vreoforkdv icoustoudv tov (B2, py,) arotedel(tar amd otolyeia
TIG HOQPIS

az +¢ az+c¢
= 2T s
cz+a cz+a

z = la]* — |¢|* = 1.

Ta oTOYELR TG WOPPNG OTO OPLOTEPO OKELOG ATtoTEAOUV TNV opdda M(BL) twv oduuop-
PV LooUETPLOV TTov oVuPoAileTtan kou pe SU(1, 1). H yevikn opnddo tov wopetpunv GM(BE)
amoteheitan eltan amod ta otovxele g SU(1, 1), ette amd otovyeia tg SU(1, 1) akohovBoueva
amd mv z — z. H anddel&n g Mpodtaong 9.5.4 agnveton oty Aoknomn 9.5.3.3.

KhAeivouue Tv evOTnTo, v Le Tov TOTT0 TTov Sivel To vepRoitkd eufaddv ywplov Q C Bi:

dzd
Area, (92 / / _ardy
1—[z?)?
Yroypapuifovpe 6Tt oL THITOL TTOU SLVOLV TO VITEPPOMKO UHKOG TNG TTEPLPEPELAG KaiL TO VITEPBO-
AMKO gufadov virepBoitkot diokov D(zg, 1), 20 € BE, 1 > 0, €lvan oL L8L0L (e TOUG AVTLOTOL{OUG

070 VrtepPoALKko emimedo. Kaw ovtd, S0t o petaoynuationdg Cayley (9.14) elvor LoopeTplo Twv
uovtehov (H?, dy) xau (BE, pr), Ko OUVETMG Ko LoeUBadIKY artetkdvion.

9.5.2 Movtého Beltrami-Klein

To wovtého Beltrami-Klein €pyetan amd v IpoPoiikn Fewuetpia tov emmédov. 'Eotw R*! o
dravvopatikog ywpog R? epodlacuévog ue to owTeptkd yvouevo mov opiletar wg eEng: ov
X = (Xo, Xl; XQ) Ko Y = (}/E], }/1, }/2), TOTE

(X, Y) = —XoYy + X1V + XpY5, 9.18)
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To YLVOUEVO OUTO £XEL TTLVOLKOL

0
0], (9.19)
1

0 0TTOLOG ExEL oL SLITAT OETIKN LOLOTLUT Ko oL apviTik) drotyun. Eopuévawg, opiler avtd mov
ovopaleton (2, 1)-yivouevo: to yLvouevo evog dLaviopnatog X Ue Tov QT TOU UWITOPEL VOL ELVOLL
0£TIKO, AALG KO ApVNTIKO 1) uNdEV. Oewpolue MoLTdV Ta 0VVOLA TWV OETIKDV, undevikdv KoL
QEVNTIKDOV SLOVVOUATWY, OVTLOTOLYOL:

Vi ={XeR* | (X,X) >0},

Vo ={XeR>\ {0} | (X,X) =0},

Vo ={XeR* | (X,X) <0}.
TyoMo 9.5.5. O ydpog R\ {0} umopet va eldmwbel Kar mg 0 XMHPOG TWV OUOYEVAOV GUVTETAY-
uévav tov Mpofoiukot Emmédov RP2, dnhadn n évwon twv ouvorwv Hy, Hy, Hy dmwg oty

(7.5). Me ahha hoyra, o R\ {0} eivan to TIpofolkd Emimtedo eQodiaoiévo (e o Topostivm
(2, 1)-ywouevo.

Ocmpovue TV Toun Tov R*! ov opiletar amd v Xy = 1 kow v mtpopoin P : R*! — R?
7ov divetow Yo onuela Tov R pe Xy # 0 awd v

X, X
X = (Xo, X1, X5) — (Zl) Yi) =x = (21, T2).

OpiZovue tov Beltrami-Klein dioko B2 va eivar ) etkovo P(V_), dnhad,
Ba = {(x1,75) € R* | 2] + 25 < 1}.

To ovvopo tov B3 givon tOte 1 etkova P(1}), dnrad,
Sl = {(%1,&32) S R2 | LU% +$§ = 1}

Snueudvovpe edM Twg av (71, T9) € BE TOTE 1 TLITLKY TOL AVIPwon oto R givan To Sidvvoua
(1, Ty, LEQ).
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O xwvog pmToc: To novteéro Beltrami-Klein gtvau 1) toun tov emumédov X = 1 ue tov Kovo.
[pogovdg, Tomoroykd to. B kou BE givon ta idua advola. "Eyel onuacio dumg mov toviovue
TNV TQAYUCTIKY) V@Y] TOV UOVOSLALOV SLOKOV OTav WAaue yio To novtélo Beltrami-Klein: to
WOVTELO TOU Hovadiolov dlokov Tov Poincaré umopel vo. TpoK el (e ol TapOUoL. SLadIKaoLoL
UE TV TTov akohovOnoaue edm, arlld otn B€on Tov R?! xan tov poforikov emimédov RP?
gyovue 1ote ToV Y HpPo CH1 ko Ty wryadukn poforukn evbeta C P! (dette v Aoknon 9.5.3.10).
Ta oVvola avTtd SLa@EPOVY UETAED GAMWV Kal 0TO OTL 1 Iyadikn TPofolkn evbeia £)eL pio
gyyevn uyadikn dour, Ovrag oe 1-1 Kau el ovIioTouy o e T o@aipa Tov Riemann, Katt wov
dEV LOYVEL Y10, TO TTPOYUOTLKO TTPOPOALKO ETTLITEDO- ALUTO OEWPELTOL YWPLG KOUULOL ULYADLKT) SOoun).
AvTtdg givar ko 0 Moyog mov ypagouvpe B avil amhog B2, ovtwg dote va SLaKpivouue To

UyodLko ovtéro Tov dlokov Poincaré astd to mpoaynatikod pnovieho Beltrami-Klein.
Ipotaon 9.5.6. H oudda toouetoudv tov (2, 1)-yivouévov (9.18) elvar n oudda mvdkwv
0(2,1) = {A € GL(3,R) | AJAT = J}, (9.20)
Smov J elvaw o mivakag tov yrvouévov (9.19). Av A € O(2,1), tdte
At =JAT Y,

kau cvverdg det’(A) = 1.
AnddeEn. Av A € GL(3,R) eivar woopetpla, ToTe Yo kabe X, Y € R3! elvan
(X,Y) = XJY' = (XA4,YA) = XAJATY".
Eneidn topa J2 = I, dmov I elvar o povadiaiog 3 X 3 mivakag, £(ovue
AJAT =] = A(JAT) =1 = A =JATJ
Téhog, det(A™') = det(.J) det(A) det(.J) = det(A), emopévag det*(A) = 1. O
H opada O(2, 1) kahettar oghoydvia (2, 1)-oudda Ko elvor e0KOLO Vo SOVUE PN OLUOTTOLD-

vtag ™ oxéon AJAT = J 6t ou ypappég Tou KGO oToLyelov TG Eivar Staviopato ovaco
opBoydvia wg TPog to YLvouevo (-, -). Tpdyuott, av

A:

Q@ Q.
> o
Sl O

10te  AJAT = J dlver

—?4+ P+ =-1, —ad+be+cf=0, —ag—+bh+cj=0,
—d2+€2+f2:17 —dg+€h+f]:07
—F R+ =1
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Emiong, n oygon A~ = JAT J onuaiver

a —d —g
At=|-b e
—c [ ]

Amd v AT A = I mipvovue TIg EMTAEOV OYE0ELG

a>—d*—¢*=1, ab—de—gh=0, ac—df —gj=0,
b +e24+h*=1, —bct+ef+hj=0,
—+ P+ =1

Katainyovpe 0o OTL Ka oL 0TNAeg Tov A glval avd 800 0pBoymvieg HETAED TOUG Ka OTL ETTLONG:
° 1) TPOTY YPOUUW] KOL 1) TPMTH OTHAY TOU A ELVOL APVITIKA LOVASLOLG SLovoIOTaL;

e 1 delTepn Kat 1) TP Ypouun (ovt. 1 8edtepn Kat 1 Tpltn otnin) tov A eivar Ogtika
LOVOSLOLOL SLOVOOUATOL.

H opdda O(2,1) amotehettar oo otorgetar A pe det(A) = 1 1 det(A) = —1. Zmv mpad
TEPUTTMON, €xovue To ovvoro SO(2, 1) mou etvon vrrooudda g O(2,1). Ztnv ondda O(2,1)
optfovue pia oyeon ~ wg eENG:

A~ Bav A= \B ywxamow \ # 0.

[Mopatnpnote ot emeldn det(A) = +1 yio kdbe A € O(2, 1), T0 TOPATAV®D A UTOPEL VOL TAPEL
TG Teg 1. Elvaw amho va det€ovpe 0t 1) ~ eivon oyeon woodvvouiag. H moofoikr oofoyd-
wa (2, 1)-oudda givarm
PO(2,1) = 0(2,1)/ ~ .

Emewdn m dpaon g O(2,1) datnpet tovg ywpovg Vi, Vo ko V_, émetan 0tL 1 dpaomn g
PO(2,1) oto B2 1o agnvel opoimg avariloiwto. H Ymepfoikn Fewpetpia (kotd Klein) ei-
vau 1o Cevyog (B3, PO(2,1)). H opdda PSO(2, 1) amoteleitan amd Ta 0ToL el Tov SLatnpov
TOV TPOCOVATOMOUO-OMAadY, TV ouada PSO™ (2, 1) mov elvaw toduopgn pe v SO(2, 1), xau
a0 OTOLYELOL TTOU SEV SLATNPOVV TOV TPOCOUVOTOMOUO: OUTA, ELVOL OUVOECELG OTOLYELMVY TNG
PSO™(2, 1) ue v ovluyn ametkdvion, dSnhadi, v ctpoforomoinon g

(zo, 21, T2) > (—T0, T1, T2).
Avagépovue TELOG OTL

OTWG TPOKVITTEL ATTO TNV ePpUTEVEN TG SO(2, 1) otnv PO(2, 1) Kou to [Tpmrto Oempnua Ioopopplog
Oudadmv.

H vrepPohikn amdotaon o, 0to poviero Beltrami-Klein optleton Twpa wg eENG: Y10 0TToL0L-
dMmote X = (1, 22) Koy = (y1,y2) onueio tov B3 opifovue v op(X,y) 0o T oxEon
(X,Y)?

cosh?(op,(x,y)) = m, (9.21)
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omov X, Y elval avupdoetg Tov X, y, avtiotoryd. O optopog g oy, oo v (9.21) eivon avoh-
Molwtog amtd T dpdon g PO(2, 1) ko dev eEapTaTOL OITO TIG AVUYPDOELS TOV X, ¥: TPAYUATL,
av X', Y’ elvor GAAEG OVUPMOELG TOUG, AVTLOTOLYOL, TOTE VTTaPYoVV A, 1 € R, pue X' = AX kau
Y = pY. Tote,

XY (X oY)
XXNYY) XX (Y, oY)
A22(X, Y)?
VX X) 1Y, Y)
(X,Y)?
(X, X)(Y,Y)

T X = (1,21, 29) kK Y = (1, 41, y2) TOLPVOUUE TOV TOTTO

2 2
Moy = — U Gt U7 g0
cohon® ) = E - D=1 - @+ Dty O

Mmopei vo. deiyOel amevOeiag OTLM 0, ELVOL KOAMG OPLOUEVT UETPLKT. Kot apyag, Yo To KoAdG
OPLOUEVO, TTPETEL TTPmTa, Vo detyBetl ot ov X, Y € V., tote

(X, Y)? > (X, X)(Y,Y), (9.23)

UE TV Lo0TNTA VoL LoYVEL TOTE Ka wovo toTe otav 10, X, Y avILITpoommetouy To 1810 onuelo 6To
TPOPOMKO emimedO (KoL Apa, elval avLPmOoeLg Tov idtov onuetov Tov B2). H aviodmta 9.23
reyeton ko Avtiotoopn Awoedtnta Cauchy-Schwarz-Buniakowski yia. tpogoavelg Aoyovs. T
™V 0OdelEN G, dette TV Aoknon 9.5.3.5. Mmopolue Tmpa va detEovue 0tL 1) o (X, y) elval
OeTikn KoL UndevileTal Hovov OTav X = y. AUECWG QPALVETOL ETLONG KL 1) OUUUETPLKOTITOL:
on(X,y) = on(y,x). Mmopovue enttong va amodeiEovue v Tpryovikn Avicotnta: dette TV
Aoknom 9.5.3.7. TIpotypovue Opwg e va avadelEovue T 0yEoN Tov povtélov Beltrami-Klein
ULE TO UOVTELO TOV SLOKOV KO KOTO GUVETELD, KOL UE TO WOVIEAO TOU ave muerutedov. TIpog
10070, Ocmpovpe v ametkovion € : B2 — B mov opileton ammd ) oyxéon

T1 + 12

X = (SL’l,JJQ) — (9.24)

1++/1—[x]]?
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H amewcovion €.

Etvaw a0 va deyBel 1) topakdtm tpdtaon, deite kKow Ty Aoknomn 9.5.3.8.

IMpoétaon 9.5.7. Hareikdvion € wov divetar axd tnv (9.24) eivaw 1-1 kou ertd kaw 1 avtioToopr]

e €7 Siveraw amd v

i 2z 2y
z=x+1 , )
4 L+ 22" 14|22

H ¢! elvar 00vOeon ¢ otegeoyoaqukiis moofoliic amd tov dioko oTnv S2:

2z 2y 1—|2]?
T4 2127 14227 1+ |22

z:x+iyr—>(

Ko TN¢ KAdOeTng mooforiic axd tyv S? arov dioko:

2 2y 1— |z 2 2y
) ) H 7 *
T4+ ]2127 141227 1+ |2)? L4227 14 |22

TéAog, 1 € agnver avaliolwto To 6vvogo S katd onuelo.

Amtodetkviovue Tmpa TV eENG PAOLKT TPOTAON:
Ipotaon 9.5.8. Eorw x,y € B2. Téte
on(X,y) = pa(€(x), €(y)),
Smov py, elvou 1 veofoMKn ueTOUKT) 6TOV SloKo BE.
AmddeEn. Aetyvouue 1oodvaua ot ywa kabe z, w € BE,
pu(z,w) = o (€7} (2), € (w)).

Av 2z = x + iy KoL w = u + v, Ogtovue

2z 2y
UTIERR T IA R
2u 2v
S T LR C A

Tote

(T1y1 + 2y2 — 1)?
(23 + o3 = 1)(yf +v5 — 1)
(AN(zw) — (14 [2%) (1 + |w]?))?

cosh®(o,(€71(2), € 1(w)))

(1= [2[2)2(1 = |w]?)?

T R
- (=i )
- (2 cosh®(p (2, w)/2) — 1)2
= cosh?(py(z,w)).

(9.25)
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Ipotaon 9.5.9. Oi vregPforikés evOeieg (Yewdauoiarés tov (B3, 01,)) eivau Evkdeideieg evleleg.

Cewdoatotakeg oto poviého Beltrami-Klein.

AmdSelEn. Avtd UITOPEL KOVELG VO, TO SEL EITE AAYEPPLKA UECW TNG ATELKOVIONG € KO PN OL-
LOTTOLDOVTAG TO YEYOVOG OTL 1] € AP VEL AVOALOLOTO TOV POVASLALO KUKAO KT ONUELD, ELTE UE
TPOTO TTAPOUOLO e aTov TG Aoknong 9.5.3.105). ‘Ouwmg, oA o GUVTOUO KoL UE YEMUE-
TPLKO TPOTTO TO OTTOTEAEOUOL AUTO OITOSELKVUETOL UEOW TNG EENG ATTANG TTAPOTNPNONG: E0TW
L yeodauwowakn tov B ko ag Bewpnoovue mpdto v mepimttwon wov 1 L elvow Evkheideia
dapeTpog. Avti) TOTE OVUYPOVETAL 08 NUUEOUBPLVO TNG S? 0 0TTOLOG LECM TNG OVTLOTPOPNG
0TEPEOYPAPIKNG TTPoPolg ST ametkoviletar Kow Tak oty L. Av téhog 1 L elvar tunuo K-
Khov 0pBoydVIo oToV S, TOTE AVTOG IVUYPMOVETOL 0TO TUNWCL TOV OQOLPLKOD KUKAOL TG S? mTov
nepva amd ta akpa g L Kau givor opOoydviog otov St oto onueto awtd. ‘Oumg o etkoveg
TETolV KOKAWV néom g S~ etvar ko ok Bukheldeleg evbeiec. O

Mpoétaon 9.5.10. KdOe vregfolkd nuierimedo eivar veQfoMrd KvoTO.

Amdde&n. Epyalouevol oto povtéro Beltrami-Klein, évo vitepfoiko NemTiiedo elvol io. oo
TIG OVVLOTMOEG TOV OUUTANPOUATOG WA YEWOULOLAKNG, TTOV OTNV TEPLITTWON CUTI] ELVOL UL
avotkth xopdn tov St (dnhadn, évag Kukhikog Topéag). INa kabs 8o onueto evog TETOLOU
ovvolou (Tov elvan Kuptd pe v Evkheldia évvora) vrapyer Evikheldeto evbiypaupo tunuo
TTOV T EVIVEL KOL TTOV TTEPLEYETAL €S OMOKANPOV 0TO 0VVOL0. To TUNUA OUMG OWTO ELVOL KOL
YEMOOLOLOKO YLaL TNV VTEPPOIKT UETPLKN KaiL 1] ATOSELEN OAOKANPMVETOL. O

9.5.3 Aoknoeig
1. OhokAnpwote v amodel&n g [potaong 9.5.2.
2. AmodelEre v [potaomn 9.5.3.

3. AmodeiEre v Ipotaon 9.5.4. (Yadda&n: Kabe woouetpia g Tov vitepfortkol dLoKov
elvaw ¢ uopyng g = C o f o C71, bdmov f woouetpia Tov vepPorikod emmtedov ko C
glvar o petaoynuatiopdg Cayley (9.14). Amd dw ki 0to €Eng 1 amddelEn eivan Ogna
TPAEEwV.)
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4. Aei&te 0TL 10 YLvopuevo (9.18) €xetl OLeg TLG LOLOTNTEG TOV ECWTEPLKOV YLVOUEVOL TIMV TG
(x,x) > 0.

5. AeiEte v avtiotpopn Aviootnto Cauchy-Schwarz-Buniakowski (9.23). (Yrdde&n: Eneldn
N oviooTNTa deVv EEAPTATOL ATTO TNV EMAOYT TWV AVTUTPOCHITMV, UTOPOVUE VO, OEmpPN)-
oovpe 0tLta X, Y € V_ glvar avupmoelg Tov X, y € B2, aviiotouya. ‘Etot,

(X, Y)" = (x-y—1)%,
(X, X)(Y, Y) = ([Ix]* = )(llylI* = D),

omov - elvar 10 Evkheldeto Babumtod ywvouevo kan || - || etvon 1 Evkdetdero vopua. H
aviootnTa (9.23) ypdgpeTor LoodUVOUa mg

x[* -+ [yl = 2x -y > [Ix]* - fly[l* = (x - y)*.

Av xamoto and ta X,y etvar 1o (0, 0), n avioomta woyvet. "Eotm ot kavéva amd to d1o
dev eivan 1o (0,0) kaw €otw 6 € [0, 1] M yovia Tov X kot y. Tote, emeldn

x -y = [x]| - ly[| cos 6,
Ypagovue LoodVvaua
[l -+ lly[* = 2[1xI] - llyll cos & > [[x][* - [ly]|* sin® 6.
Avopadvrag pe [|x||% - [|y]|? matpvovpe T 1oodvvaun ékppaon

1 1 2cos b

+ > +sin 0.
[yl il -l

H ovvaptnon
2cos

X[ Tl
elvar yvnolmg goivovoa, apa f(6) < £(0) = 2/(||x|| - |y|]). Amo v diin,

(1 1)2>0:>1+1> 2
x| yll/ — Ix)12 - llyll? = IIx)l - llyll’

Ko 1) aviootnto amodetydnke. [apatnpovue 6t £xovue 10oOTYTA OTaY 6 = 0, LOdVVaLL
otav [[x]| = ||y|| ko katd ouveEmEld X = y.)

£(0) +sin20, 0 € 0,7,

6. AmodeiEre 6m 1 PO(2,1) dpa petapatikd oto Bi. (Yaddeén: apkel vo dei€ete OTL Yo
K40 X = (z1,72) € B2 vapyer A € SO(2,1) ue XA = [1 : 0 : 0], dmov pmopeite vo
Bewpnoete oL X = [1 : 21 : 23).)

7. Anodei&te amevbeiag v Loyd g Tprymvikng Aviootntag yia Ty op,. (Yadde&n: Xpnouomoimviog
™V Aoknon 9.5.3.6, mapte ta onueto 0 = (0,0), X = (21, 22), ¥ = (Y1, y2) Kou amodelEte
ot
O-h<xa Y) < Uh(07 X) + Uh(oa y)
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8. AmodeiEre v IpodTaon 9.5.7.

9. Epyalouevor omtwg oty Aoknon 9.5.3.3 kau ypnopomoimvtag Ty ametkovion € mov
Stvetar amd v (9.24), Bpeite T pop@r| TWV VIEPPOAMKDY LOOUETPLOV TOV (BZ, 07 ).

10. Xpnowomowmote ) nebodo mov axorovOnooue yio To povieho Beltrami-Klein yio vo o-
ploete aveEaptnta amd ™ ewpetpla g AVIoTpogng Ta novtéha Poincaré tov avem
NWETLITESOV KL TOV SLOKOV WG eENG:

(a)

®)

™)

(®)

(€)

)

Svppoiiovue pe CH! tov yadikd Stavvopotikd ywpo C? epodiaouévo e éva oo
to tapakato (1, 1)-Epputiava yuvopeva (-, -)1 Kow(-, -)o UE TUVaKEG

-1 0 ) 0 —i
Jl—(o 1) kai JQ—(i O)’

avtiotoyyo. Avolvuka, avZ = (Zy, Z1) ke W = (Wy, Wh), t01e

<Z, W>1 = Zle* == —Z()WO + ZIWh
(Z, W)y = ZJ,W* = —iZyW, +iZ, Wy,

omov W* = (Wy, W)™, Awmiotwote ot Oheg ou 1doTteg Tov Epputiavot yuvo-
WEVOU Loy VOUV, TANV TG BeTkdTTOG. ALamoTmoTe 0Tl Kou ou dvo mivakeg Ji Jo
£YOUV (L0 OETUKT) KOLL [LLOL OLPVITUKT) LOLOTLLY).

Ko yia ta 800 yivopeva, oplote ta 0OVOAQ Twv OETLKMV, UNOEVIKMVY KoL APVITLKMV
dravvopdatmv, avtiotorya. IMaipvovrag v cpopfoin P : CH — C mov divetow artd
mvP(Zy, Z1) = Z1/Zy = z € C, deiyte 0T 1) TPOBOLY TOU GUVOLOU TOV APVNTLKMV
dLAVVOUATOV OG TPOG TO TPMTO YLYOUEVO ZTV Toun Zo = 1 elvan o B, evd g mtpog
10 8eUTEPO eivan To H2. Aei€te emiong OTL TG AVTLOTOLYC. GVVOPQ. ELVOL OL TPOPOAEG
TV OVILOTOLYWV OVVOLMY TMV UNSEVIKDV SLAVUOUATMV.

Bpelte Tig 0padES LOOUETPLOV TV (-, -1 KO (-, - ) Ko arto avtég optote Tig PSU(1, 1)
kot PSL(2, R) avtiotouyo, oG Tig OUASEG PETAOYNUATIONMV Twv BE Kow H2,

Oplote TV VITePPOALKN OTOOTOON p; 1 = 1,2 amd T oygon

|<Z7W>Z|2
<Z7 Z>Z<W7 W>z ’

cosh?(p;(z,w)/2) = =1,2

Ko SelETE OTL ELVOIL KOADG OPLUEVT], LKAVOTTOLEL TO OELMUOLTA TNG UETPLKNG KO TTOL-
papéver avorrolwt oo ™ dpdon twv PSU(1, 1) kau PSL(2, R), avtioTtouya.
Bpelte TOV HETAOYNUOTLONO TTOV LOG ETULTPETEL VA TTEPVAUE OITO TO EVO, LOVTEAO OTO
aAro.

EVTomioTe Tig YEWOOUOLUKES KoL TwV SV0 HWOVIEAWV WG EENG: OTO WOVTELO TOU Si-
oKov L.x., Tapte z,w € ST = IBL ko avupdoelg Toug Z kar W, avtiotolyd, 0To
0UVOLO TV UNSEVIKMV dtovuoudtmyv. Miopette vo, vitobgoete ot (Z, W); = —1.
To avolkto Tpunua pe axpa to Z, W eival to

v(t) = e/*Z + e*W, teR.
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AelETe TP TOG KAOE ONUELD TOV TUNUOTOG QWTOD ELVOL OPVITLKO SLAVUOUIOL KO
YPNOLUOTOLDVTOG TOV TOPUTAVM TOTTO TNG ATO0TAONG, OelETe emiong Ot

pr(y(8), ¥(s) = |t — |, o kade t,s € R,
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