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1 Definition, first properties
Conway triangle symbols are called the expressions
1 1 1
Sp = E(bz +c2—a?), Sp= E(Cz +a%>—b%), Sc= E(ﬂz + b2 —c?). (1)

They come from a triangle ABC with side-lengths {a,b, c} and angles lying respectively
opposite to them: {«, 8,7} [Yiul3a, p.33]. They are equivalent to the expressions
Sa =bccos(w), Sp=cacos(B), Sc =abcos(y). (2)

Their importance stems from the fact that they represent the “inner product of displacement
vectors” U — U', where {U = (u,v,w),U" = (u',v',w"), ...} are vectors of “absolute barycen-
tric” coordinates, or “barycentrics”. Thus,

UU'? =S (u—u')? 4+ Sg(v—0")% + sc(w —w')? 3)
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2 Identities resulting directly from definition 2

Figure 1: Triangle ABC with side-lengths {a, b, c} and opposite angles {«, B, v}

is the square of the distance of the points in the plane, which are represented by the coor-
dinates vectors {U, U’} and

UU'-PP' = Syu—uY(p—p)+Sgo—v)@g—q)+Sc(w—w)(r—r") (4)
represents the inner product of the displacement vectors
Uu-uU=w-v,v-v,w—w) and P-P =@p-p,9—4q,r—1"),
where {U, U’, P, P'} are vectors of absolute barycentrics, satisfying per definition
ut+v+w=u+v+w =p+gq+r=p' +q +r =1

Alternatively the inner product and the square distance can be represented using the side-
lengths themselves:
uu'? = —a?>@w—-v)(w-w') —b*>(w—w)u—u') —c?>w—u)w-—"1"). (5)
For more general barycentrics U = (u,v,w) with u + v + w # 1 we come to “absolute bary-
centrics” by dividing with
1 1
sy =u+v+w giving the absolute barycentric: U* = S—U = S—(u, v,w). (6)
u u
From their definition, comes not to surprise that these symbols are ubiquitous in sub-

jects of “triangle geometry” dealt with barycentrics ([Yiul3a], [Yiul3b], [Kim18]) (see file
Barycentric coordinates).

2 Identities resulting directly from definition

Next identities are easy consequences of the definition ([Yiul3a, p.33]). In these the ex-
pression

S = 2A = absin(y) = bcsin(a) = casin(p), (7)

is twice the area A of the triangle of reference ABC and obviously hold the relations:
S, = Scot(a), Sg = Scot(B), Sc = Scot(y), (8)
SB+SC:(12, Sc+SA:b2, SA+SB:C2, (9)
SB—SC:CZ—bZ, SC_SA :ﬂz—C2, SA—SB:bz—[ZZ, (10)
§% = b*c? - S2, S% = c%a® — S2, Sz = a?bh? — S, (11)
SASB + SBSC + SCSA = Sz, (12)
QZSA + bZSB + CZSC = 252, (13)
a%(S% — SpSc) + b?(S3 —S5cS4) + ¢2(S2—S458) = 0. (14)

SASB+CZSC = SBSC+CZZSA = SCsA+bsz = 52, (15)
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3 Connection with the Brocard angle
The Brocard angle w of the triangle is defined in two ways, corresponding to the two

orientations of the triangle ABC. One way to define it is to select the positive orientation
and draw lines from the vertices making the same angle ¢ with the sides (See Figure 2-I).

@

Figure 2: Brocard angle w of the triangle ABC

In general the three resulting lines do not concur. It is proved though that, for a given
triangle ABC, there is precisely one angle 0 < w < 60°, for which this happens indeed
and the three lines concur at a point B;. Selecting the negative orientation in the same
triangle (See Figure 2-II) and doing the same work produces again, up to orientation, the
same angle w, and a second point B, of concurrence of the three lines. The two points are
called “Brocard points” of the triangle and the angle w satisfies the remarkable relation to
the sides of the triangle, connecting it with the Conway triangle symbols:

cot(w) = cot(a) + cot(B) + cot(7y) =

1
Swi= Scotw = Sp+Sp+Sc = z(az + b> + c?). (16)

The importance of the symbol S,,, defined in the previous line, lies in the possibility
to express with it and the symmetric functions of {a,b,c} and {S4,Sg,Sc} all possible
“cyclic invariant expressions” involving {a, b, c} and {S4, Sg, Sc}. Next delirium calculantis
gives a flavour of this fact. The sums appearing in the equations are considered over the
cyclic permutations of the letters {a,b,c} and {A, B, C}. Thus, considering the additional
symmetric functions in the side-lengths of the triangle

abc

2s = R = —
S a+b+c and T

latter proved easily to be the “circumradius”, and s called the “half-perimeter” of the trian-
gle, we have:

1
ab + bc + ca = E((a+b+c)2—(a2+b2+c2)) =252-5,,. (17)

B+ + 3 = (Zuz)(Za)—Zab(a+b+c—c)
= (25,)(28) — (25> — S,,)(2s) + 3abc
= (25)(3S,, — 2s?) + 6RS. (18)
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Z‘u(b+c)2 = Za(b+c+a—a)2 = Z‘a((Zs)2 — 4sa + a?)
= (25)%—4s) a®+) a® = 25(25—S,,) + 6RS. (19)
Zab(a+b) = Zub(a+b+c—c) = 2sZab—3abc
= 25(2s>—S,,) — 6RS. (20)
Za(b —0)? = Zu(b +0)2 - Za(4bc)
= 2s(2s> —S,,) — 18RS. (1)
1
ZaSA = EZa(b2+cz+a2—Za2):ZsSw—Za3
= 4s(s®> —S,,) — 6RS. (22)
Zu4 = Zaz(SB +Sc) = Z‘SA(b2 +c2) = ZSA (Zuz —az)
= 2(S%2,-5%). (23)
1 2
Za2b2 = 3 ((Zaz) — Za4) = §2 +52 (24)
2
Y 8% = (D Sa) —2) SaSp = $2,-25% (25)
ZaSIZL‘ = Za(bzcz—Sz) :achbc—SZZcz
= 2RS(2s*> —S,,) — 2s52. (26)
1
Zazbzsc = 5 Zuzbz(uz +b%+c%-2%) =5, Z a’b? — 3ab>c?
= S,(52,+ S%) — 12R?S2. (27)
Y a28% = ) a?(b%c? - $?) =3a?b?2 — S ) a? = 2S2(6R? -S,). (28)
ZaszSC = 2S5%(6R%? - S,,) asexpected from (14) (29)
1
SaSpSc = 7(3548p5¢) = Y Sa(8? —a2S,) =S2) S, — ) a?5%
= S%(S, —4R?). (30)

1 2 1
Y bespSc = 5 ((ZaSA) - Zazsi) =5 ((45(52 — S.) — 6RS)” — 252 (6R? — sw))
= 8sRS(S,, —s?) + S%(2s? + 12R?> = S,).

2

2.5k
Y SA(S} +S2)

Zﬂ4sA

Y a(Sp+Sc)2 =) a*(S% + SZ + % — % +2555¢)
(82, —252)(2S,,) + 2S%(6R* — S )

2(S3, +3S2(2R%? - S ).

Y Sa(b?c?—8%) =) b5, —S2) S,

S3 —12R%52,

Y Sa() 8% -5%)=(S2,-25%)) S, - S5
12R282 — 2825,

Y (Sp+5c)254 =) (3 +S2 +25550)S 4

654SpSc + ) a2}

45%(S,, — 3R?).

(31)

(32)

(33)

(34)

(35)
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Z 383 = Za3(b2c2 — §2) = g2p?c? Z a—§? Z a3

= $2(2s5(2s% — 35, + 4R?) — 6RS). (36)
Z ats% = Za4(b2c2 — §2) = a2b?c? Z a2 — G2 Z a*
= 25%(5% + (4R*> - S,)S,,). (37)

Y 353 = Z<s2—c25 )2 =) (S* - 25%¢2S¢ + ¢1S2)

= 35%-28%) 2Sc+ ) St

= 354 — 48% 4 §2(S? + 8R2S,, — 252)

= 25,S%(4R? - S,,) + S*. (38)
Z a*S3 = Za4SA(b2c2 — §?) = a?bh?c? ZazSA -5 Z a*S,
= 45*(5R*> -S,). (39)

4 Playing with the formulas, GH, GI

Here and in the next sections, we apply the previous formulas to calculate the distances
of various remarkable “triangle centers” ([Kim18]) expressed in barycentric coordinates
(see file Barycentric coordinates). The result of the computation takes the form of an
expression in terms of {s, R, S, S} introduced in the preceding section.

As a first example we calculate the square of the distances {GH?, GI?} between the
centroid G, the orthocenter H and the incenter I of the triangle. From this and the relation
|HG| = 2|GO| we obtain also the distance |GO| from the circumcenter O.

1
G = (1:1:1, G* = 5(1 :1:1) (absolutebarycentrics),
1
H = (SBSC : ), H* :§(SBSC : ),
1
I = (a:b:0), I*=—@@:0b: o).
25
2 2
ZSA< sBsC) 9S4ZSA 6S2SpSc +95352)
1
— 4 2
= 954 (S*) S4—682) S4SpSc+954S5Sc Y SpSc)
1

= 954 (5% Sa—95254855c)
= @(5450,—954(5“,—41%2))

2
= 4<R2—§Sw) = (40)

IGOI

2
GI2 = ZSA< 25) =36%ZSA<25—351>2
= ?)617(45225A—1ZSZaSA+9ZaZSA)

= %(5(652 —5S,,) — 18RS). (42)

1 2 2 2 2 2
5IGHI = GO? = R*-3S, = OH?=9R?-25,, (41)
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For the four quantities, anticipating a bit the fundamentals of section 6 and using the
expressions in terms of the “inradius” r of triangle ABC :

1
S = 2sr, Sw:E(a2+b2+c2):sz—r2—4rR,

we obtain the formulas:

1 1
GI? = §(Sew +6r(r —2R)) = §<s2 + 512 — 16Rr), (43)
HO? = 9R2-2S,, = 2r2 + 8Rr + 9R? — 22, (44)
2 4
HG? = 4<R2 - §sw> = §H02, (45)
’ 5, 2 1.5

5 Euler's theorem, Gerretsen’s inequalities

The distance [IO| of the incenter I(a:b:c) from the circumcenter O(a®S,,...) is con-
nected with Euler’s theorem, formulated below.

1
O = (ﬂzsA : ), oO* = ﬁ(azsA : ),
a1 S 2
IOZ = ZSA (g—EQZSA) :4SZS4ZSA (aSZ—SLIzSA)
1
— 4 2 2 3g2 2 43
= G (S Zu Sp—2sS Zu S5 +s Za SA)
1
= 25 (5%(28%) — 2552 (5%(2s(2s% — 3S,, + 4R?) — 6RS)) + s2(4S*(5R* — S,,,)))
R
= §(9Rs+4ts(sw—sz)). (47)

Anticipating a bit the fundamentals of the next section and expressing {S, S} in terms of
{s, r} in this wonderful formula

S = 2sr, S, =8>—1r>—4rR, (48)

where, r is the “inradius ” of the triangle ABC, we come, after a drastic simplification, at
“Euler’s theorem”, saying that:
10?% = R(R —2r). (49)

In the file Tritangent circles we discuss this theorem from the much more elegant syn-
thetic aspect, contrasting this computational derivation, whose real purpose was to test
the calculations of section 3.

Here we have an instance indicating the contrast of the “generality of the method” to
the “elegance of the particular case”. The computations with barycentrics supply a general
method to calculate the distance, in principle, of any pair of remarkable points related
to the triangle ABC i.e. “triangle centers”. The particular case though, as is here the case
with the distance [[O], can be alternatively handled with geometric tools and give a much
deeper insight in the geometry of the triangle.
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It is the genius of Euler ([BS07], [Col07]) to foresee that these two points are connected
by such a simple relation as the one expressed by equation (49) and avoid some other
candidates, such as, for example, the next one of |HI| depending on all three {r, R, s}.

2
Y, (Sa5e 2
Al g2 2s
Y SES&  aSpSc N >
h Al st 552 452
S 45262 S 4SS 25
:Z ABC_ZHABC+Zﬂ A
G4 552 452
SASESc SASBSc 1 5
= —54 ZSBSC_—SSZ Zﬂ-i'EZﬂ SA

_ SASBSC(SQ) _ 54585c
S sS2

1
= S, —4R*> —2(S,, — 4R?) + —(S?)
252

HI?

1
(2s) + E(ZSZ)

1
= E(SZ —252(S,, — 4R?))
= 4R(R + 1) + 3r% — 52 (50)

Combining equations (43) and (50), we come to the well known “Gerretsen’s inequalities”
([WZ03]), which together with “Blundon’s inequalities”, discussed in the file Fundamental
invariants, are two important “triangle inequalities”([ea69]) for s2.

16Rr — 51 < s < 4R(R+7) +3r2. (51)

6 Connection with the fundamental invariants

The “fundamental invariants” of the triangle are traditionally considered to be the “half-
perimeter” s = “*¥C the “ inradius” r i.e. the radius of the inscribed circle, and the “
circumradius” R i.e. the radius of the circumcircle of the triangle, somewhat more ex-
tensively discussed in the file Fundamental invariants. There, among other things, are
proved also the next identities, in which the sums extend over the cyclic permutations of
{a, b, c}. For general trigonometric relations between the elements of a triangle see [Lon93,

p-135] and [Hob18, p.155]. The basic relations are given by the next two lines.

abc abc
A= sr = IR and S=2A =2sr = R (52)

1
Sw=Sa+ Sp+ Sc = @+ 4+ = ¥ —r@R+1), (53)

Replacing {S, S} in the formulas of section 3, we find the corresponding expressions in
terms of the fundamental invariants {s,r, R}, as is the case with the next examples:

bc + ca + ab = s>+ r@4R+71), (54)
a2 + b2 + 2 = 2(s> —r(4R +71)), (55)
a3 4+ b3+ 3 = 2s(s?® — 6rR — 3r?), (56)
At ot = 2((s? — 12 — 4Rr)? — 412%52), (57)

ab(a+b) +bc(b+c) +calc+a) = 2s5(s*> —2rR +r?), (58)
a(b—c)? +b(c—a)®> +cla—b)?> = 2s(s> +r> — 14Rr), (59)
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aS, + bS, + ¢S, = 4sr(r+R), (60)
S% + 5% + S = (s> —r(4R +1))* — 8%, (61)
azSIZLl + bZS% + CZS% = 85%r2(6R? + 4Rr + r? — 5?) (62)
SaSBSc = S§%(s? — (r+2R)?), (63)
Y s} = 4s7(rRMAR + 1) + s2(R — 2r)), (64)
) %53 = 82r2[s2(4(r + R)2 —s2) — r(r+2R)2(r +4R)].  (65)

7 Orthic axis = Radical axis of circumcircle and Euler circle

Theorem 1. The radical axis of the circumcircle and the Euler circle of the triangle ABC is the
trilinear polar of the orthocenter H, called “orthic axis ” of the triangle.

Figure 3: The radical axis of {x,A} is the trilinear polar of H

The trilinear polar passes through the harmonic conjugates {P = A"(BC),Q = B'(CA)}
(See Figure 3). It suffices to show that the power of these points relative to the two circles
is the same. This is done by a typical calculation, starting from the cosine rule, for P and
setting x = PB. The corresponding calculation for Q being similar:

! 1 i _ 1
AB—ESB/ AC—ESC,
PB A'B  Sp Sy
25-S
powerwr. ¥ = PB-PC=x(x+4+a) == a—C32,
(5¢ — Sg)
25,8
powerw.r. A = PA'-PA" =..= _ToBOC 5
(Sg — Sc)

8 GHI triangle, Feuerbach point

Euler considered the problem of constructing the triangle ABC from the corresponding
triangle HIO. This is equivalent to the problem of constructing ABC from the triangle
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GHI or GIO, since each of these triangles determines the other two. The problem for
GIO is discussed in the file Fundamental invariants. Here we discuss some relations con-

Figure 4: Triangle centers F = X(11), N, = X(8), M = X(100), M’ = X(104)

nected with these three triangles, suggested by figure 4. In this F = X (11) is the “Feuer-
bach point” (discussed in the file Tritangent circles) of contact of the incircle A with the
Euler circle v of ABC. Point N, = X(8) is the “Nagel point” of intersection of the cevians
to the contact points with the excircles of the triangle and M = X(100), M' = X(104) are
the diametral points of the diameter ON,, of the circumcircle ¥ of ABC. The following
theorem summarizes the relevant properties.

Theorem 2. With the definitions and conventions adopted so far, the following are valid proper-
ties:

Points {I, G, N,} are collinear and GN, = 2IG.

Lines {IO, HN,} are parallel and HN, = 2I0.

Lines {IF, ON,} are parallel.

Point F is the middle of HM'.

Points F,G,M are collinear and GM = 2FM.

AR Ao

Nr-1is proved in the files Barycentric coordinates and Nagel point of the triangle.

Nr-2 follows trivially since GH = 20G.

Nr-3 follows from the fact that the center N of the Euler circle v is the middle of HO,
hence |GO|/|GN| = |GN,|/|GI| = 2.

Nr-4 follows from the fact that H is the homothety center of the two circles {v, x} with
homothety ratio 2.

Nr-5 is a consequence of the previous nr.
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9 Third degree equation for the symbols

Using Vieta’s rules, expressing the coefficients of polynomial equations
a,x" + a, X"V + .. +ay; =0,

by means of symmetric functions of the roots ([Tur47, p.66])

Z Xip e X = (—1)ka”—_k, for k=1,...,n,

. . a
i << n

and the corresponding formulas for the symmetric functions of the symbols {S 4}, we arive
at the cubic equation satisfied by these symbols:

x3 — S, x* + S%x — S%(S,, —4R?) = 0. (66)

Transforming the equation into the “reduced” form y3 + py + g = 0 and requiring that the
roots of this equation are real ([Tur4?7, p.121]), we arive at the condition 4p> + 274% < 0,
which translates in this case to the biquadratic equation:

S* + 2[S2, — 18RS, + 54R*1S? + S3,(S,, —4R?) < 0. (67)

Considering this as a quadratic equation w.r. to S2, we see that the corresponding dis-
criminant is found to be

D = 4R?>(9R? —2S )% = 4R?(OH?)3.

Thus, in order to satisfy the inequality (67), the quantity S?> must be between the roots of
the corresponding quadratic i.e. it must satisfy the inequalities:

U — 2RIOH® < S? < U + 2RIOH]?, where U = S2 —18R?S,, +54R*.  (68)
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Any correction, suggestion or proposal from the reader, to improve/extend the exposition, is welcome
and could be send by e-mail to: pamfilos@uoc.gr
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