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Περίληψη
Η εργασία αυτή έγινε στα πλάισια του Μεταπτυχιακού Μαθήματος «Μερικές

Διαφορικές Εξισώσεις» με διδάσκοντα τον Σ. Καμβύση, το Χειμερινό εξάμη-
νο 2006-2007.

1 O Metasqhmatismìc Fourier

Ja xekin soume dÐnontac ton orismì tou MetasqhmatismoÔ kai tou antÐstrofou
MetasqhmatismoÔ Fourier sto S(Rn), ton q¸ro Schwartz twn C∞ sunart -
sewn1 pou fjÐnoun apìtoma.

Orismìc 1.1 Ac upojèsoume ìti f ∈ S(Rn). O Metasqhmatismìc Fourier
thc f eÐnai h sun�rthsh f̂ pou dÐnetai apì ton tÔpo

f̂(λ) =
1

(2π)n/2

∫

Rn

e−ix·λf(x)dx

ìpou x · λ =
n∑

i=1

xiλi. O antÐstrofoc metasqhmatismìc Fourier thc f , sum-

bolÐzetai me f̌ kai eÐnai

f̌(λ) =
1

(2π)n/2

∫

Rn

eix·λf(x)dx

Kaj¸c k�je sun�rthsh sto q¸ro Schwartz eÐnai L1(Rn), ta parap�nw oloklhr¸-
mata èqoun nìhma. Ja qrhsimopoi soume ton klassikì orismì gia touc poludeÐk-
tec. 'Enac poludeÐkthc

α =< a1, . . . , an >

eÐnai mÐa n-�da apì mh arnhtikoÔc akeraÐouc. To sÔnolo ìlwn twn poludeikt¸n
ja to sumbolÐsoume me In

+. Ta sÔmbola |α|, xα, Dα kai x2 orÐzontai wc ex c:

α =
n∑

i=1

ai

∗Tm ma Majhmatik¸n, Panepist mio Kr thc
1Par�rthma, par�grafoc 4.1.
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xα = xa1
1 xa2

2 · · ·xan
n

Dα =
∂|α|

∂xa1
1 ∂xa2

2 · · · ∂xan
n

x2 =
n∑

i=1

x2
i

Gia na apodeÐxoume ìti oi f̂ , f̌ eÐnai antÐstrofec ja apodeÐxoume to parak�tw
L mma:

L mma 1.1 Oi apeikonÐseic f̂ , f̌ eÐnai suneqeÐc grammikoÐ metasqhmatismoÐ tou
S(Rn) sto S(Rn). Epiplèon, ean α kai β eÐnai poludeÐktec, tìte

(
(iλ)αDβ f̂

)
(λ) =

[
Dα

(
(−ix)βf(x)

)]b
(λ) (1.1)

Apìdeixh
H apeikìnish f̂ eÐnai profan¸c grammik  (logw tou ìti eÐnai olokl rwma).

Kaj¸c

(λαDβ f̂)(λ) =
1

(2π)n/2

∫

Rn

λα(−ix)βe−iλ·xf(x)dx

=
1

(2π)n/2

∫

Rn

1
(−i)α

(Dα
xe−iλ·x)(−ix)βf(x)dx

=
(−i)α

(2π)n/2

∫

Rn

e−iλ·xDα
x

(
(−ix)βf(x)

)
dx

H teleutaÐa isìthta isqÔei, lìgw thc paragontik c olokl rwshc pou efar-
mìzoume.

'Etsi loipìn paÐrnoume

||f̂ ||α,β = sup
λ
|λα(Dβ f̂)(λ)| ≤ 1

(2π)n/2

∫

Rn

|Dα
x (xβf)|dx < ∞

'Etsi loipìn h f̂ p�ei to S(Rn) sto S(Rn), ki èqoume apodeÐxei tautìqrona
th sqèsh 1.1.

Epiplèon gia na deÐxoume ìti eÐnai suneq c,

||f̂ ||α,β ≤ 1
(2π)n/2

∫

Rn

|Dα
x (xβf)|dx

≤ 1
(2π)n/2

∫

Rn

x2
1x

2
2 · · ·x2

n

(1 + x2
1)(1 + x2)2 · · · (1 + x2

n)
|Dα

x (xβf)|dx

≤ sup
x
|x2

1 · · ·x2
nDα

x (xβf)| 1
(2π)n/2

(∫

R

1
(1 + t2)

dt

)n

≤ C||f ||m,n
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ap�ton tÔpo tou Leibniz gia k�poia stajer� C kai k�poia m,n ∈ Z+ pou
exart¸ntai apì ta α, β. 2 'Etsi prokÔptei ìti ean fn → f ston S(Rn), tìte
f̂n → f̂ ston S(Rn) kai to opoÐo shmaÐnei akrib¸c ìti h apeikìnish f̂ : S(Rn) →
S(Rn) eÐnai suneq c wc fragmènh, diìti apì th Sunarthsiak  An�lush ènac
grammikìc telest c eÐnai suneq c an-n eÐnai fragmènoc 3. H apìdeixh gia thn f̌
gÐnetai me ton Ðdio trìpo.

2

Par�deigma 1.1 Ja upologÐsoume ton metasqhmatismì Fourier thc f(x) =
e−ax2/2 ∈ S(R), a > 0. 'Eqoume diadoqik�

f̂(λ) =
1√
2π

∫

R
e−ax2/2e−iλ·xdx

=
1√
2π

∫

R

√
2
α

e
−t2−itλ

q
2
α dt

=
e−λ2/2α

√
απ

∫

R
e
−(t+i λ√

2α
)2

dt

=
e−λ2/2α

√
απ

∫

R
e−t2dt =

e−λ2/2α

√
α

To proteleutaÐo b ma prokÔptei apì ton oloklhrwtikì tÔpo tou Cauchy kai thn
ekjetik  meÐwsh tou e−z2 p�nw stic grammèc tic par�llhlec ston �xona twn x.

2

EÐmaste t¸ra se jèsh na apodeÐxoume to Je¸rhma antistrof c Fourier tou
opoÐou h apìdeixh mac dÐnei thn idèa tou Ðdiou tou Fourier.

Je¸rhma 1.1 (Je¸rhma antistrof c Fourier) O metasqhmatismìc Fourier
eÐnai grammik  disuneq c 4 amfimonos manth apeikìnish apì to S(Rn) sto
S(Rn). H antÐstrofh apeikìnish eÐnai o antÐstrofoc metasqhmatismìc Fourier

dhlad 
×
f= f =

¦
f .

Apìdeixh

Ja deÐxoume ìti
×
f= f kai h apìdeixh ìti

¦
f= f eÐnai an�logh. To ìti

¦
f= f

dÐnei ìti h f̂ eÐnai epÐ kai to ìti
×
f= f dÐnei ìti h f̂ eÐnai {1-1}.

2Sugkekrimèna mporoÔme na epilèxoume m = |β|+ 2d kai n = |α|.
3prbl. [1], Je¸rhma V.4.
4MÐa suneq c apeikìnish lègetai disuneq c, ean kai h antÐstrofh apeikìnish eÐnai suneq c.
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Gia k�je f, g ∈ S(Rn), èqoume
∫

Rn

g(λ)f̂(λ)eiλ·ydλ =
∫

Rn

g(λ)
{

1
(2π)n/2

∫

Rn

e−iλ·xf(x)dx

}
eiλ·ydλ

=
1

(2π)n/2

∫

Rn

{∫

Rn

g(λ)e−iλ·(x−y)dλ

}
f(x)dx

=
∫

Rn

ĝ(x− y)f(x)dx

=
∫

Rn

ĝ(x)f(y + x)dx

PaÐrnontac gε(λ) = g(ελ) èqoume

ĝε(x) =
1

(2π)n/2

∫

Rn

e−ix·λg(ελ)dλ (1.2)

=
1

(2π)n/2
ε−d

∫

Rn

eixu/εg(u)du

= ε−dĝ(x/ε).

Sunep¸c

∫

Rn

g(ελ)f̂(λ)eiλ·ydλ =
∫

Rn

ĝε(x)f(y + x)dx

=
∫

Rn

ĝ(x/ε)f(y + x)dx/εd

=
∫

Rn

ĝ(x)f(y + εx)dx.

PaÐrnontac ε → 0, èqoume

g(0)
∫

Rn

f̂(λ)eiyλdλ = f(y)
∫

Rn

ĝ(x)dx (1.3)

PaÐrnoume t¸ra g(x) = e−x2/2 kai tìte g(0) = 1 kai apì to parap�nw
par�deigma èqoume ĝ(u) = e−u2/2 kai

∫
Rn ĝ(u)du = (2π)n/2. 'Etsi, apì thn

exÐswsh 1.3 èqoume to zhtoÔmeno.

2

Parat rhsh 1 IsqÔei (̂f̂(x)) = (̂f̂)(x) = ˇ( ˆ )f(−x) = f(−x)

Pìrisma 1.1 (TÔpoc tou Parseval) Gia ìlec tic sunart seic f, g ∈ S(Rn)
isqÔei ∫

Rn

f̂(x)ĝ(x)dx =
∫

Rn

f(x)g(x)dx.
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Apìdeixh
EÐdame ìti ∫

Rn

g(λ)f̂(λ)eiyλdλ =
∫

Rn

ĝ(x)f(y + x)dx

kai jètontac y = 0 paÐrnoume
∫

Rn

g(λ)f̂(λ) = ĝ(x)f(x)dx

Antikajist¸ntac to f ap�to f̌ kai k�nontac qr sh thc tautìthtac f̌(x) =
f̂(−x), paÐrnoume

∫

Rn

g(x)f(x)dx =
∫

Rn

ĝ(x)f̂(−x)dx.

'Omwc, f̂(x) = (̂f)(−x), �ra gia h = f , blèpoume ìti f̂(−x) = (̂h)(−x) =
ĥ(x).

'Ara, ∫

Rn

g(x)h(x)dx =
∫

Rn

ĝ(x)ĥ(x)dx.

ìpwc to jèlame.

2

Pìrisma 1.2 (TÔpoc tou Plancheral) Ac upojèsoume ìti f ∈ S(Rn). Tìte
∫

Rn

|f(x)|2dx =
∫

Rn

|f̂(k)|2dk

Apìdeixh
ProkÔptei apì ton tÔpo tou Parseval gia f = g.

2

2 O Duðkìc q¸roc tou S(Rn)

Ja orÐsoume t¸ra ton metasqhmatismì Fourier ston duðkì q¸ro tou S(Rn),
dhlad  ston q¸ro twn katanom¸n S′(Rn).

Orismìc 2.1 'Estw T ∈ S′(Rn). Tìte o metasqhmatismìc Fourier thc T ,
pou sumbolÐzetai me T̂ , eÐnai h katanom  pou orÐzetai wc T̂ (φ) = T (φ̂).

Ac upojèsoume ìti h, φ ∈ S(Rn), tìte apì thn tautìthta pìlwshc 5 kai to
pìrisma tou Jewr matoc 1.1, èqoume (h, φ) = (ĥ, φ̂). Antikajist¸ntac to h apì

5Sth jewrÐa twn metrik¸n q¸rwn sth sunarthsiak  an�lush, ènac dianusmatikìc q¸roc
p�nw apì touc pragmatikoÔc arijmoÔc tou opoÐou h nìrma orÐzetai apì touc ìrouc tou
eswterikoÔ ginomènou, ikanopoieÐ mÐa aparaÐthth upìjesh pou eÐnai h tautìthta pìlwshc:
‖x + y‖2 = ‖x‖2 + ‖y‖2 + 2 < x, y >.
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to ĝ = ǧ paÐrnoume

Tĝ(φ) =
∫

ĝ(x)φ(x)dx =
∫

g(x)φ̂(x)dx = Tg(φ̂(x)) = T̂g(φ)

ìpou Tĝ, Tg eÐnai oi katanomèc pou antistoiqoÔn stic apeikonÐseic ĝ kai g antÐs-
toiqa. Autì deÐqnei ìti o Metasqhmatismìc Fourier sto S′(Rn) epekteÐnei ton
Metasqhmatismì pou orÐsame prohgoumènwc sto S(Rn).

Je¸rhma 2.1 OMetasqhmatismìc Fourier eÐnai {1-1} grammik  amfimonos -
manth apeikìnish tou S′(Rn) sto S′(Rn) o opoÐoc eÐnai h monadik  asjen¸c
suneq c epèktash tou metasqhmatismoÔ Fourier sto S(Rn).

Apìdeixh

Ean φn
S→ φ, tìte ap'to Je¸rhma 1.1, φ̂n

S→ φ̂, �ra T (φ̂n) → T (φ̂) gia k�je
T ∈ S′(Rn). Sunep¸c T (φ̂n) → T (φ̂) pou deÐqnei ìti o T̂ eÐnai èna suneqèc
grammikì sunarthsoeidèc sto S(Rn). Epiplèon, ean Tn

w→ T , tìte T̂n
w→ T̂ ,

diìti to ìti Tn(φ̂) → T (φ̂) dÐnei T̂n(φ) → T̂ (φ). Sunep¸c h T 7→ T̂ eÐnai asjen¸c
suneq c.

Oi upìloipec idiìthtec thc f̂ prokÔptoun apeujeÐac apì tic antÐstoiqec pro-
t�seic sto S(Rn).

2

Par�deigma 2.1 Ja upologÐsoume ton metasqhmatismì Fourier thc parag¸-
gou thc sun�rthshc dèlta sto shmèio b ∈ R:

δ̂′b(φ) = δ′b(φ̂)

= δb

(
− d

dλ
φ̂(λ)

)

= δb

( −1
(2π)1/2

∫
eiλx(−ix)φ(x)dx

)

=
∫ ( ixe−ibx

√
2π

)
φ(x)dx

2

Ja eis�goume t¸ra mÐa nèa pr�xh metaxÔ sunart sewn

Orismìc 2.2 Ac upojèsoume ìti f, g ∈ S(Rn). Tìte h sunèlixh twn f, g
sumbolÐzetai me f ? g, kai eÐnai h sun�rthsh

(f ? g)(y) =
∫

Rn

f(y − x)g(x)dx.

H sunèlixh emfanÐzetai se pollèc peript¸seic. Ed¸ ja epikentrwjoÔme stic
idiìthtec thc sunèlixhc wc apeikìnishc apì to S(Rn) × S(Rn) sto S(Rn).
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K�nontac qr sh aut¸n twn idiot twn ja deÐxoume ìti h sunèlixh mporeÐ na epek-
tajeÐ se mÐa apeikìnish apì to S′(Rn) ×S(Rn) sto sÔnolo On

M twn poluwn-
umik� fragmènwn C∞ sunart sewn. Oi sunelÐxeic suqn� emfanÐzontai ìtan
k�poioc qrhsimopoieÐ ton metasqhmatismì Fourier epeid  apeikonÐzei ginìmena
se sunelÐxeic. (Prìkeitai gia to Je¸rhma 2.2(ii) kai to Je¸rhma 2.3 (iii)).

Je¸rhma 2.2 (i) Gia k�je f ∈ S(Rn), h apeikìnish g → f?g eÐnai suneq c
apeikìnish tou S(Rn) ston eautì tou.

(ii) f̂g = (2π)−n/2f̂ ? ĝ kai f̂ ? g = (2π)n/2f̂ ĝ.

(iii) Gia f, g, h ∈ S(Rn), f ? g = g ? f kai f ? (g ? h) = (f ? g) ? h.

Apìdeixh
Apì thn tautìthta pìlwshc kai to pìrisma tou Jewr matoc 1.1 èqoume ìti

(φ, ψ) = (φ̂, ψ̂) gia φ, ψ ∈ S(Rn). Jewr¸ntac èna sugkekrimèno y ∈ S(Rn) e-
farmìzoume aut  thn tautìthta sto eiy·xf̂(x) kai to g kai paÐrnoume (eiy·xf̂ , g) =

(êiy·xf̂ , ĝ). 'Omwc

(eiy·xf̂ , g) =
∫

Rn

e−iy·xf(x)g(x)dx

kai

(êiy·xf̂ , ĝ) =
∫

Rn

(
(2π)−n/2

∫

Rn

e−iλ·x+iy·xf(x)dx
)
ĝ(λ)dλ

=
∫

Rn

f̂(y − λ)ĝ(λ)dλ

to opoÐo apodeiknÔei ìti f̂g = (2π)−n/2f̂ ?ĝ. K�nontac qr sh tou antÐstrofou
metasqhmatismoÔ Fourier o teleutaÐoc tÔpoc mporeÐ na grafteÐ

(2π)n/2̂̌fǧ = f ? g.

Autì deÐqnei ìti h sunèlixh eÐnai h sÔnjesh tou antÐstrofou metasqhmatismoÔ
Fourier, tou pollaplasmoÔ epÐ (2π)n/2f̌ kai tou metasqhmatismoÔ Fourier.
ProkÔptei loipìn ìti h sunèlixh eÐnai suneq c. To (iii) eÐnai �mesh sunèpeia
tou (ii).

2

Gia na epekteÐnoume thn apeikìnish Cf : g → f ? g sto S′, y�qnoume gia
suneqeÐc apeikonÐseic C̃f : S → S tètoiec ¸ste C̃ ′

f

∣∣
S

= Cf . Tìte orÐzoume wc
sunèlixh sto S′ thn apeikìnish C̃ ′

f .

Orismìc 2.3 'Estw f ∈ S(Rn), T ∈ S′(Rn) kai jewroÔme f̃(x) thn sun�rthsh
f(−x). Tìte, h sunèlixh thc T me thn f , sumbolÐzetai me T ? f kai eÐnai h
katanom  sto S′(Rn) pou dÐnetai apì

(T ? f)(φ) = T (f̃ ? φ)

gia k�je φ ∈ S(Rn).
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To gegonìc ìti h apeikìnish g → f̃ ? g eÐnai suneq c metasqhmatismìc mac
bebai¸nei ìti T ? f ∈ S′(Rn). To epìmeno je¸rhma sunoyÐzei tic idiìthtec
aut c thc {epektetamènhc} sunèlixhc.

Ac eÐnai fy h sun�rthsh fy(x) = f(x− y) kai f̃y h sun�rthsh f(y − x).

Je¸rhma 2.3 Gia k�je f ∈ S(Rn), h apeikìnish T → T ?f eÐnai mÐa asjen¸c
suneq c apeikìnish tou S′(Rn) sto S′(Rn) h opoÐa epekteÐnei thn sunèlixh sto
S(Rn). Epiplèon,

(i) H sunèlixh T ?f eÐnai mÐa poluwnumik� fragmènh C∞ sun�rthsh, dhlad 
T ? f ∈ On

M . Sthn pragmatikìthta (T ? f)(y) = T (f̃y) kai

Dβ(T ? f) = (DβT ) ? f = T ? Dβf (2.1)

(ii) (T ? f) ? g = T ? (f ? g)

(iii) T̂ ? f = (2π)n/2f̂ T̂

Apìdeixh
Kaj¸c h apeikìnish T → T ?f orÐzetai wc o adjoint miac fragmènhc apeikìn-

ishc apì to S sto S, eÐnai autìmata asjen¸c suneq c. To gegonìc ìti epek-
teÐnei thn sunèlixh sto S eÐnai mÐa apl  allag  metablht¸n. EpÐshc h 2.1 kai
ta (ii),(iii) prokÔptoun ìla �mesa apì tic antÐstoiqec idiìthtec gia to T ∈ S

kai to ìti to S eÐnai weakly dense sto S′ kai ìti oi ,Dβ , o pollaplasiasmìc me
f̂ kai h sunèlixh eÐnai ìla asjen¸c suneq c sto S′. Mènei t¸ra na apodeÐxoume
to pr¸to mèroc thc (i). Kaj¸c T ∈ S′(Rn), prokÔptei apì to je¸rhma thc
Kanonikìthtac6 ìti up�rqei mÐa fragmènh suneq c sun�rthsh h, ènac jetikìc
akèraioc r, kai ènac poludeÐkthc β tètoioc ¸ste

T (f̃y) =
∫

Rn

h(x)(1 + x2)r(Dβf)(y − x)dx

Kaj¸c Dβf ∈ S, �ra h T (f̃y) eÐnai mÐa apeÐrwc diaforÐsimh sun�rthsh tou y.
H allag  metablht¸n τ = y − x deÐqnei ìti

|T (f̃y)| ≤ ||h||∞
∫

Rn

(1 + x2)r|(Dβf)(y − x)|dx

= ||h||∞
∫

Rn

(
1 + (y − τ)2

)r|Dβf(τ)|dτ

apì thn opoÐa eÔkola prokÔptei ìti h y 7→ T (f̃y) eÐnai poluwnumik� fragmènh.
Parìmoia apìdeixh douleÔei kai gia tic parag¸gouc thc y 7→ T (f̃y). Sunep¸c
T (f̃y) ∈ On

M .
Ac upojèsoume oti mÐa katanom  S ∈ S′(Rn) dÐnetai apì mÐa poluwnumik�

fragmènh suneq  sun�rthsh s. Tìte, k�nontac qr sh tou jewr matoc Fubini,
6prbl. [1] Je¸rhma V.10 kai sto Par�rthma tou parìntoc.
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brÐskoume ìti gia φ ∈ S(Rn) èqoume

(S ? f)(φ) ≡ S(f̃ ? φ)

=
∫

s(x)
(∫

f̃(x− y)φ(y)dy
)
dx

=
∫ (∫

s(x)f̃y(x)dx
)
φ(y)dy

=
(
S(f̃y)

)
(φ)

sunep¸c S?f = S(f̃y). Apì to je¸rhma thc Kanonikìthtac èqoume T = DαS
gia k�poia tètoia S. 'Ara apì thn 2.1 èqoume

T ? f = (DαS) ? f = S ? Dαf

= S
( ˜(Dαf)y

)

= (−1)|α|S
(
Dα(f̃y)

)

= DαS(f̃y)
= T (f̃y)

to opoÐo oloklhr¸nei thn apìdeixh.

2

Je¸rhma 2.4 'Estw T ∈ S′(Rn) kai T ∈ S(Rn). Tìte f̂T ∈ On
M kai

f̂T (k) = (2π)−n/2T (fe−ik·x). Eidikìtera, ean o T èqei sumpag  forèa kai
ψ ∈ S(Rn) eÐnai tautotik� mon�da se mia geitoni� tou forèa tou T , tìte

T̂ (k) = (2π)−n/2T (ψe−ik·x)

Apìdeixh
Apì to Je¸rhma 2.3(iii) kai ton tÔpo thc antistrof c tou Fourier, èqoume

f̂T = (2π)−n/2f̂ ? T̂ . Sunep¸c f̂T ∈ On
M kai

f̂T (k) = (2π)−n/2T̂ ( ˜̂
f)

= (2π)−n/2T (e−ik·xf)

2

ParathroÔme oti k�poioc mporeÐ na orÐsei thn sunèlixh miac katanom c T ∈
S′(Rn) me k�poia f ∈ S(Rn) me th sqèsh (T ? f)(y) = T (f̃y). Apìdeixh ìmoia
ìpwc ekeÐnh tou Jewr matoc 2.3 deÐqnei ìti h T ? f eÐnai mÐa (ìqi aparaÐthta
poluwnumik� fragmènh) C∞ sun�rthsh kai ìti isqÔei h sqèsh 2.1.

Orismìc 2.4 Ac eÐnai j(x) mÐa jetik  C∞ sun�rthsh thc opoÐac o forèac
brÐsketai p�nw sth sfaÐra aktÐnac 1 kai kèntrou thc arq c tou Rn h opoÐa
ikanopoieÐ thn ∫

j(x)dx = 1

H akoloujÐa twn sunart sewn jε(x) = ε−nj(x/ε) kaleÐtai {proseggistik� mona-
diaÐo stoiqeÐo}.
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Prìtash 1 Ac upojèsoume ìti T ∈ S′(Rn) kai ac eÐnai jε(x) èna {proseggis-
tik� monadiaÐo stoiqeÐo}. Tìte T ? jε → T kaj¸c ε → 0.

Apìdeixh

Ean φ ∈ S(Rn), tìte (T ?jε)(φ) = T (j̃ε?φ), �ra arkeÐ na deÐxw ìti ̃ε?φ
S(Rn)−→

φ. Gia na deÐxoume to teleutaÐo, arkeÐ na deÐxoume ìti (2π)n/2ĵεφ̂
S−→ φ̂. Kaj¸c

ìmwc ĵε(λ) = ĵ(ελ) kai ĵ(0) = (2π)−n/2, prokÔptei ìti (2π)n/2ĵε(x) sugklÐnei
omoiìmorfa sto 1 se sumpag  sÔnola kai eÐnai omoiìmorfa fragmèno. 'Omoia, to
Dαĵε sugklÐnei omoiìmorfa sto 0. SumperaÐnoume ètsi, ìti (2π)n/2ĵεφ̂

S−→ φ̂.

2

3 To Je¸rhma Paley-Wiener

Περίληψη

Στην παράγραφο αυτή θα μελετήσουμε την σύνδεση μεταξύ των δυνατών
μειώσεων μιας συνάρτησης ή κατανομής στο άπειρο και τις ιδιότητες που
αφορούν την αναλυτικότητα του αντίστοιχου μετασχηματισμού Fourier
αυτής. Η πιο απλή μορφή της μείωσης στο άπειρο είναι η συνάρτηση να
έχει συμπαγή φορέα. Θα αποδείξουμε το θεώρημα Paley −Wiener που
χαρακτηρίζει πολύ καθαρά τους μετασχηματισμούς Fourier C∞ συναρτή-
σεων και των κατανομών με συμπαγή φορέα.

L mma 3.1 Ean h sun�rthsh f eÐnai analutik  sto Cn kai mhdenÐzetai sto
Rn, tìte f = 0 pantoÔ.

Apìdeixh
Ac p�roume z1, z2, . . . , zn ∈ Cn. Tìte jewroÔme sugkekrimèna a2 ∈ R, . . . , an ∈

R kai thn apeikìnish z → f(z, a2, . . . , an). Aut  eÐnai akèraia kai mhdenÐzetai
sto R ìpwc epÐshc kai sto C, ap'to Identity Theorem. Kaj¸c to a2 eÐnai
tuqaÐo, mporoÔme na poÔme ìti f(z1, a2, . . . , an) = 0 kai mhdenÐzetai sto R �ra
mhdenÐzetai kai sto C. Pio sugkekrimèna, f(z1, a2, . . . , an) = 0 kai k�je a3 ∈ R.
SuneqÐzontac me ton Ðdio trìpo, blèpoume ìti f(z1, z2, . . . , zn) = 0 ki èqoume to
apotèlesma.

2

Sta epìmena sumbolÐzoume me Kr thn kleist  mp�lla

Kr = {x ∈ Rn : |x| ≤ r} .

Je¸rhma 3.1 (Je¸rhma Paley −Wiener)

(a) Ac upojèsoume ìti φ ∈ C∞
0 (Rn) kai ìti suppφ ⊆ Kr. Tìte

(1) H sun�rthsh f(z) = (2π)−n/2
∫
Rn e−iztφ(t)dt, gia z ∈ Cn, eÐnai

akeraÐa kai up�rqoun stajerèc γN tètoiec ¸ste
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(2) |f(z)| ≤ γN (1 + |z|)−Ner|Imz|, gia z ∈ Cn kai N = 0, 1, 2, . . ..

(b) AntÐstrofa, ean mÐa akeraÐa sun�rthsh f ikanopoieÐ thn (2), tìte up�rqei
k�poia sun�rthsh φ ∈ C∞

0 (Rn) me suppφ ⊆ Kr ètsi ¸ste na isqÔei h (1).

Apìdeixh

(a) Katarq n parathroÔme ìti ean z = x + iy ∈ Cn, tìte

|e−izt| = eyt ≤ e|y||t| ≤ er|Imz|

gia ìla ta t ∈ Rn me |t| ≤ r
(
kai |Imz| = (y2

1 + · · ·+ y2
n)1/2

)
. ProkÔptei

tìte ìti h e−iztφ(t) eÐnai oloklhr¸simh gia k�je z ∈ Cn. Epiplèon, gia
k�je sugkekrimèno z ∈ Cn h dunamoseir� tou e−izt sugklÐnei omoiìmorfa
gia t ∈ Kr ki ètsi

f(z) = (2π)−n/2

∫

Rn

φ(t)
∑

a∈Zn
+

(−iz)αtα

α!
dt

=
∑

a∈Zn
+

(2π)−n/2

∫

Rn

φ(t)
(−iz)αtα

α!
dt

=
∑

a∈Zn
+

(2π)−n/2 (−iz)α

α!

∫

Rn

φ(t)tαdt

'Omwc
∣∣∣∣
∫

φ(t)tαdt

∣∣∣∣ ≤
∫
|φ(t)|rα1 . . . rαndt

= r|α|‖φ‖L1

sunep¸c blèpoume ìti h seir� thc f(z) sugklÐnei apìluta gia k�je z ∈ Cn

�ra h f eÐnai analutik  se ìlo to Cn.
Oloklhr¸nontac kata mèlh, brÐskoume ìti

iαzαf(z) = (2π)−n/2

∫
φ(t)(iz)αe−iztdt

= (2π)−n/2

∫
(Dαφ)(t)e−iztdt

sunep¸c
|zα||f(z)| ≤ (2π)−n/2‖Dαφ‖L1er|Imz|.

H teleutaÐa sqèsh, se sundiasmì me thn anisìthta

(1 + |z|)N ≤ (1 + |z1|+ · · ·+ |zn|)N ,

dÐnei ìti
(1 + |z|)N |f(z)| ≤ γN er|Imz|

gia kat�llhlh stajer� γN , h opoÐa eÐnai h (2).
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(b) Ac upojèsoume t¸ra ìti h f eÐnai akeraÐa kai ikanopoieÐ tic anisìthtec
(2). Gia t ∈ Rn, jewroÔme th sun�rthsh

φ(t) = (2π)−n/2

∫

Rn

f(x)eitxdx.

Kaj¸c to (1 + |x|)Nf(x) eÐnai fragmèno sto Rn gia k�je N (ap�thn (2)),
prokÔptei ìti h φ eÐnai kal� orismènh sun�rthsh kai ìti φ ∈ C∞

0 (Rn).
Jèloume na deÐxoume ìti mporoÔme na antikatast soume ston tÔpo thc φ
to x apì to x+ iy, qwrÐc allagèc. Gia na to doÔme autì, jewroÔme arqik�

I(η) =
∫ +∞

−∞
f(x + iη, z2, . . . , zn)et1(x+iη)+t2z2+···+tnzn

ìpou t1, . . . , tn ∈ R, z2, . . . , zn ∈ C kai η ∈ R.
Ja deÐxoume ìti I(η) = I(0) to opoÐo deÐqnei ìti to I den exart�tai ap�to
η. Ac eÐnai Γ to (kleistì, aplì) orjog¸nio perÐgramma sto C me ak-
mèc sta shmeÐa ±X kai ±X + iη, ìpou X > 0. Kaj¸c h sun�rthsh
ζ → f(ζ, z2, . . . , zn)e(t1ζ+t2z2+···+tnzn) eÐnai analutik , ap�to je¸rhma tou
Cauchy prokÔptei ìti

∫

Γ
f(ζ, z2, . . . , zn)e(t1ζ+t2z2+···+tnzn) = 0. (3.1)

Ja qrhsimopoi soume t¸ra thn (2) gia na ektim soume to olokl rwma
kata m koc twn katakìrufwn pleur¸n tou orjogwnÐou perigr�mmatoc Γ.
Gia na to k�noume autì paÐrnoume z = (±X + iy, z2, . . . , zn), ki ètsi

∣∣∣f(±X + iy, z2, . . . , zn)ei(t1(±X+iy)+t2z2+···+tnzn)
∣∣∣

≤ γN er|Imz|e−t1ye−t2|Imz2| · · · e−tn|Imzn|
(
1 + (| ±X + iy|2 + |z2|2 + · · ·+ |zn|2)1/2

)N

≤ γN

(1 + | ±X + iy|)N
er|Imz|e−t1ye−t2|Imz2| · · · e−tn|Imzn|

≤ γN

(1 + X)N
er|Imz|e−t1ye−t2|Imz2| · · · e−tn|Imzn|

→ 0

kaj¸c X → ∞ gia ìla ta |y| ≤ |η|. ProkÔptei loipìn ìti to komm�ti
tou epikampulÐou oloklhr¸matoc p�nw stic katakìrufec pleurèc tou Γ
sugklÐnei sto 0, kaj¸c X → ∞ sunep¸c apì thn 3.1 èqoume ìti I(0) −
I(η) = 0 ìpwc akrib¸c jèlame.
Epanalamb�nontac to epiqeÐrhma autì suntetagmènh - suntetagmènh, paÐrnoume
ìti

φ(t) = (2π)−n/2

∫ +∞

−∞
· · ·

∫ +∞

−∞
f(x)eitxdx1dx2 . . . dxn

= (2π)−n/2

∫ +∞

−∞
· · ·

∫ +∞

−∞
f(x + iy)eit(x+iy)dx1dx2 . . . dxn
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gia k�je y ∈ Rn.
T¸ra, jewroÔme N ∈ N na eÐnai tètoio ¸ste (1 + |x|)−N ∈ L1(Rn).
Tìte, k�nontac qr sh thc (2), mazÐ me thn anisìthta (1 + |x + iy|)−N ≤
(1 + |x|)−N brÐskoume ìti

|φ(t)| ≤ (2π)−n/2γN

∫

Rn

(1 + |x|)−Ner|y|e−tydx

≤ (2π)−n/2γN e(r|y|−ty)

∫

Rn

(1 + |x|)−Ndx

gia k�je y ∈ Rn. Dhlad , up�rqei k�poia stajer� C > 0 tètoia ¸ste

|φ(t)| ≤ Cer|y|−ty

gia k�je y ∈ Rn. Ja deÐxoume t¸ra ìti autì dÐnei ìti suppφ ⊆ Kr. Pr�g-
mati, ac eÐnai t ∈ Rn sugkekrimèno kai tètoio ¸ste |t| > r. PaÐrnontac
y = λt, me λ > 0, prokÔptei ìti ty = λ|t|2 kai blèpoume ìti

|φ(t)| ≤ Ceλ|t|(r−|t|)

gia k�je λ > 0. PaÐrnontac λ → ∞, prokÔptei ìti φ(t) = 0 ki ètsi
katal goume ìti suppφ ⊆ Kr, ìpwc to jèlame.
Ap�to je¸rhma antistrof c tou Fourier èqoume

f(x) = (2π)−n/2

∫
φ(t)e−ixtdt.

ProkÔptei loipìn ìti h analutik  sun�rthsh z 7→ g(z) ≡ ∫
φ(t)e−iztdt

eÐnai h Ðdia me thn f ston Rn sunep¸c ap�to prohgoÔmeno l mma, f = g
ston Cn to opoÐo shmaÐnei ìti h f dÐnetai apì thn (1) kai h apìdeixh
oloklhr¸jhke.

2

DÐnetai parak�tw kai h genÐkeush tou parap�nw jewr matoc (qwrÐc apìdeixh)
gia katanomèc.

Je¸rhma 3.2 (a) Ac upojèsoume ìti u ∈ S′(Rn) kai ìti suppu ⊆ Kr. Tìte
o metasqhmatismìc Fourier, f(z) = û(z) eÐnai akeraÐa, o periorismìc thc
sto Rn eÐnai o metasqhmatismìc Fourier thc u, kai up�rqei stajer� γ > 0
tètoia ¸ste

|f(z)| ≤ γ(1 + |z|)Ner|Imz| (3.2)

ìpou N eÐnai h t�xh thc u.

(b) AntÐstrofa, ean h f eÐnai akeraÐa kai ikanopoieÐ thn 3.2, gia k�poio N ∈ N,
k�poio γ > 0 kai r > 0, tìte f(z) = û(z) gia k�poia u ∈ S′(Rn) me
suppu ⊆ Kr.

2
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4 Par�rthma

4.1 Q¸roc Schwartz

O q¸roc twn apìtoma aÔxouswn sunart sewn S èqei th shmantik  idiìthta
ìti o metasqhmatismìc Fourier eÐnai ènac endomorfismìc ston q¸ro autì. H
idiìthta aut  wjeÐ k�poion, me duðkìthta, na orÐsei ton metasqhmatismì Fourier
gia stoiqeÐa ston duðkì q¸ro tou S, dhlad  gia katanomèc.

Orismìc 4.1 O q¸roc twn apìtoma aÔxouswn sunart sewn sto Rn eÐnai o
q¸roc twn sunart sewn

S(Rn) = {f ∈ C∞(Rn) |, ||f ||α,β < ∞gia ìlouc touc poludeÐktecα, β},

ìpou C∞(Rn) eÐnai to sÔnolo twn leÐwn sunart sewn apì to Rn sto C, kai

||f ||α,β = ||xαDβf ||∞.

Ed¸, || · ||∞ eÐnai h supremum norm, kai k�noume qr sh poludeikt¸n. 'Otan h
di�stash n eÐnai profan c, tìte eÐnai bolikì na gr�foume S = S(Rn). O q¸roc
S kaleÐtai epÐshc Schwartz q¸roc.

ParadeÐgmata sunart sewn tou S

1. Ean i eÐnai ènac poludeÐkthc, kai a eÐnai ènac jetikìc pragmatikìc arijmìc,
tìte

xie−ax2 ∈ S.

2. K�je leÐa sun�rthsh me sumpag  forèa f brÐsketai sto S. Autì eÐnai
profanèc afoÔ k�je par�gwgoc thc f eÐnai suneq c, �ra xαDβf èqei
mègisth tim  sto Rn.

Idiìthtec

1. S eÐnai ènac migadikìc dianusmatikìc q¸roc. Me �lla lìgia, S eÐnai
kleistì wc proc thn prìsjesh kai k�tw apì ton migadikì bajmwtì pol-
laplasiasmì.

2. Gia k�je 1 ≤ p ≤ ∞, èqoume

S ⊂ Lp,

ìpou Lp(Rn) eÐnai o q¸roc twn p-oloklhr¸simwn sunart sewn sto Rn.
Oi sunart seic sto S eÐnai epÐshc fragmènec sunart seic.

3. O metasqhmatismìc Fourier eÐnai grammikìc isomorfismìc S → S.
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4.2 OloklhrwtikoÐ tÔpoi Cauchy

'Estw D = {z ∈ C : |z − z0| < R} ènac anoiktìc dÐskoc sto migadikì epÐpedo
kai èstw f(z) mia olìmorfh sun�rthsh orismènh se k�poio anoiktì tìpo pou
perièqei to sÔnolo D kai to sÔnorì tou. Tìte, gia k�je z ∈ D èqoume

f(z) =
1

2πi

∮

C

f(ζ)
ζ − z

dζ

f ′(z) =
1

2πi

∮

C

f(ζ)
(ζ − z)2

dζ

...

f (n)(z) =
n!
2πi

∮

C

f(ζ)
(ζ − z)n+1

dζ

Ed¸ C = ∂D eÐnai to antÐstoiqo kuklikì sunoriakì perÐgramma, prosanatolis-
mèno me th for� twn deikt¸n tou rologioÔ, me thn pio profan  paramètrhsh pou
dÐnetai apì

ζ = z0 + Reit, 0 ≤ t ≤ 2π.

4.3 Je¸rhma Kanonikìthtac gia Katanomèc

'Estw T ∈ S′(Rn). Tìte T = Dβg, dhlad 

T (φ) =
∫

(−1)|β|g(x)(Dβφ)(x)dnx, gia k�jeφ ∈ S
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