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AIAIPETOTHTA KAl [SOTIMIES

ITPOAOI'OZ

To mapov apBpo eivat pia oUYKEVIP®ON KAMOI®V PACIK®OV MPOTACE®V KAl Itd-
padetypateov ano 1 dewpia g Aapetdtntag Kat 1oV (YPappiKev Kupimg) 100-
TPV, Ze kapia nepimworn dev erukaleital o ouyypadeag tou apbpou v npe-
TOTUITA TOV TIEPIEXOPEVAYV, Td omtoia Bpiokovtal ota BiBAia tng BBAoypadiag mou
rapatifetral oto 1€Aog TOU TTaPOVIOG, Ot OUAAOYT] HaBNPAaTKoOV S1ay®VIoR®OV ToU
ypagovtog kat oe apretd BBAia otoixeiwdoug Oewpiag Ap1Opov. Ilapd tavta, kat-
aBAnOnke 16iaitepn npoomndbela wote 1 napouvoiaon g VANG va sivat 61a8abpio-
HEévn KAl 6Aa 1a TMePIEXOPEVA VA TIEPIEXOUV AOKNOEIS TTOU evilapEPOUV PIKPOUG
aAld kat peyadoug padnteg pe evolapEpov yia ta pabnpatikd Kal OUYKEKPIHE-
va toug Mabnpatkoug Alayoviopous. Me peyddn xapd 9a dexto oto email pou
ags@math.uoc.gr, tig Unodei§elg oag, KAOWG €MMioNg KAl Ta OXOAlA - KPITIKES
oag. Movadikog umeubuvog yla ta ypagopeva, eival o ouyypadeag Imou €KAve
NV €MMAOYT TOV IMPOTACE®V KAl T®V AOKNoe®V anod ta BiBAia tng BiBAoypadiag.
TeAewwvoviag, Sa 1108eda va suxaprotrjoe tov Kabnyntr tou Iavemotnpiou Kpning
KO MixdAn Adpmnpou yia tnv moAutipn ocupBoAr) tou otig 610p000elg ToU TIapovtog.

AAEEavbpog . ZuyreAdKrng
IouAlog 2009




3¢ KAAOKAIPINO MA®HMATIKO XOAEIO E.M.E.

ZYMBOAIZMOI

alb : «O a duaipei tov b» EnAabdn undpyxet k € Z, tétowog wote b = k - a.

pFlla : «To p* eivat n peyadvtepn duvapn tou p mou Saipei 1o a.» AnAadr) to p*
Slaipei axpBog 10 a (apa pFla eved pFtt Ja).

a fb: «O a dev draipei tov b ».

min{ay,...,a,} : O pKPAOTEPOG PETASY TRV APOPOV a1, . . . Gy

max {ay,...,a,} : O peyaAutepog petady v apdpy ay, . . . a,.

(a1,...,a,) : O MK.A. tov api®pev ay, . . . ay,.

lai,...,a,] : To E.KIL tov apibpav ag, . . . a,.
n! : AwaBadetal «n mapayovuko» kat opidetat va eivarn! =1-2----n n > 2 rat
0!=1, 1!=1.

a =b (mod n) : «O a eivat .o6Tpog pe tov b modulo 7 (1) katd pérpo n) » SnAadn
n|(a —b).

ord,(a) : «T&&§n tou a modn» pe (a,n) = 1, ovopdgoupe tov eAAX10T0 AKEPALO T Yi-
atov oroio woyveta” = 1 (mod n). Anodeikvietat (oAv sukoAa) 6t ord,(a)|p(n).

Z : To ouvoldo tev akepawwv apbpov {...,—2,—1,0,1,2,...}.

N : To ouvodo v puokev apiBpav {0,1,2,3...}.

d: O unap§laxkog rmocodeiktng. AtaBddetat «Yrapxewr (touddayiotov éva).
a, eav a >0

la| : «AnoAutn Tty tou apdpov a» dndadn |a| = { a, eav a <0
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AIAIPETOTHTA KAl [SOTIMIES

1 Auwaipetotnta

1.1 EuxrAeidela Awaipeon

Eival yvooto anod v euxkAeibela diaipeon ot eav £€xoupe U0 @uUokoUg apiBpoug
A (Atapetéog) kat ¢ (Brapétng) pe 6 # 0 tote unapxouv povadikoi arépatot 7
(mnAixko) kat v (UTIOAO1TTO) TETO101 WOTE VA 10XUEL

A=rm-0+v, 0<v<s

To napandave Oedpnpa 10XUEL KAl YEVIKOTEPA Y1d OTTO10UCOHIIOTE
axKépailoug a kat 3.

Ozopnpa 1.1 Eav a kai § aképaiot ue 3 # 0, 10te undopyxouv povadikoi arxépaiot
K KAt v TETOI0L, WOTE

a=k-f+v, 0<v<|fl

Mapadewypa 1.1 Eav o = —231 kat f = 26 101e ano m dajpeon tou 231 ue 10 26
Exouvue 231 = 8- 26 + 23 emopévag

—231 = —8-26-23
—8-26 — 26 + 26 — 23
= —9-26+3

ka0 < 3 < 26 éniadn to niixo g drajpeong tov —231 ue 10 26 givar —9 katr 10
unoAowno givat 3.

"Aoxnon: Me tov 610 pomo va ektefcoete Tg dralpoelg tou —231 e 10 —26 Kat
tou 231 pe 10 —26.

O

Mapatnpnorn: 'Oneg yiverat aviAnmd anod 1d rnaparndave, otav o Siapémg mg
eurAeidelag Slaipeong ivat o n t0te ta duvatd unoAoina g daipeong oroloudn-
ote ap1Bpou pe o n eivar 0,1,...,n — 1. Apa kdBe apBpog a eivatl tng popPng
k-n, k-n+1, ..., k-n+(n—1). Eidikd étav n = 2 tdte ta Suvard vnioora
etvar 0, 1. Eav v = 0 tote 0 @ = 2k Aéyetal aptiog, evo eavv = 1 tote o a = 2k +1
Aéyetal mePLTTog.

a(a® +2)

Mapadewypa 1.2 Eav o a givat aképaiog t0te kato A = glvat akgpaiog.

Andbeln:
Eneién 1a duvata vnoAoina tou a ue 10 3 givar 0,1,2, o axépalog a €xel pia amno
ug uoppéca =3kna=3k+1na=3k+2, ke Z.

e Eava = 3k IétsA:w:k(9k2+2) € Z.

4



3? KAAOKAIPINGO MA®HMATIKO =XOAEi0 E.M.E. 1 Awiaipetotnia

e Eava=3k+ 1 01 A = (3k+1)[(33k+1)2+2] =Bk +1)(3k* + 2k + 1) € Z.

e Eava = 3k + 2 to1e A = GHHDICREDTI (314 9) (382 4 4k 4 2) € Z.

AXe§avdpog T. Zuykedakng 5



1.2 Baoukgg I610tnteg Ataipetdtntog AIAIPETOTHTA KAI IZOTIMIES

1.2 Baowkég IS10tnteg Alatpetotntog

Oplopdg 1.1 Ague ou n Saipeon tou a ue w b (b # 0) eivar téAeia, otav 1o ut-
OAouro g Saipeotic Toug givat 0o ue undév. e autn v mepintoon Ague ot 1o b
braipei (arxpi6og) 10 a 1 Ot 10 a Srapeitar (axpi6ag) ano 1o b 1 axdua ot o a eivat
rnoffdarfdow tou b, kai yoapouue bla 1 a = ToA\.b. ‘Apa

bla <= Ik €Z téro10 cote a=k-b.

IMapatnipnon: 'a va dnlocoupe 6t 0 aképaiog b ev dratpei tov aképato a,
ypagoupe b J a 1) 1w0odvvapa a # moAA.b. Emiong eav bla tdte 1008vvapa a = kb
yua kanow k € Z 1 wodvvapa a = (—k)(—b) mou onpaivel ot eav o b eivat
dlapéng tou a, tdte Kat o —b eival Siapéng ou a. Emopéveg ot daipéteg evog
akepaiou epgavidovtal katd {eUuyn aviibetov akepaimv.

QG Ape0EG OUVETTELEG TOU TTAPATIAV® OPIOPOU £XOUHE TiG £§1G 1610t TEG:
(1) al0 yia xabe a € Z*,

(i1) Av 0|b, tote b = 0,

(i7i) alb < —alb < a| —b < |al | |b]
(1v) £1]a ka1 +ala yia xkabe a € Z*.

(v) Avb

a, 1ote kblka, yia xabe k € Z*.

ASY® TV Tapandve 1910tV yivetat gavepo ot yia ) pedétn g daipetdtntag
OT0 GUVOAO T®V AKEPAI®V, £lval APKETO va TIEPIOPIOTOUIE OTO OUVOAO T®V JETIKOV
arepaiwv.

[Mapakdte avapépoupe (X®pig anddein) g facikotepeg 1610tnteg tng diapetdtn-
1ag.

IIpotaon 1.1 'Eoww a,b, c,d € Z. Tote 10xUouv 0ot Tapakdi® 1610TNIeg:

(i

(id

Eav a|b kai b|c, tote alc.

Eav a|b kai c|d, tote ac|bd.

(1ii) Eav alb 10te a|\b yia kade axépaio \ € Z.

)
)
)
)

(iv) Eav alb kaialc, tote alb + c.
(v) Eavalb karb # 0, wre |a| < |b].

(vi) Eavalbrxatb

a, 0te a = b na = —b (MAabn |a| = |b|).
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3? KAAOKAIPINGO MA®HMATIKO =XOAEi0 E.M.E. 1 Awiaipetotnia

Hapatipnon: Ano ug ibiotnieg (iii), (iv) ¢ napanave Ipdtaong mpokuttel Ot
eav alb kat ale, wre alkb + mc, yia kade k,m € Z. O axépaiog kb + mc Aéyetar
ypauuixog ovvdvaouog twv b kat c.

Mapadewypa 1.3 (Baoiwkn Epapuoyn) Na anodeifete Ot 10 yivdpuevo n S1adoy kv
axepaiov draipeitat amo 10 n.

Anébeln :

‘Eotok, k+1, ..., k+ (n—1), n 1o tiindog sraboyucoi axépaior. Osrovus A =
k(k+1)--- (k4 (n—1)). Tote, ano mv eukieibeia braipeon, UTdpxoUV aképaiot
q,T TETOIOL, GWOTE

k=ng+r, 0<r<n-—1.

Avr =0, wote n|k, an’ émou n|A. Avr #0 wtel <n—r <n—1. Ondte

A = kk+1)---(k+n—r)---(k+n—-1)
= (ng+r)---(ng+r+n—-r)---(ng+r+n-1).

Kadagng +r+n—r =n(q+ 1), najpvouue n|A.

O

Mapadewypa 1.4 Na npoodiopioete OA0UG TOUG AKEOaloUg aptdUOUS m TOU KAVOTIOLOUY
m oxéonm + 1|m? + 1.

Avon:

Eneibn m + 1|m + 1, apa Adyw mg napawjpnong mg Hpdtaong 1.1 éovue m +
1/m? +m+ 2. Kadag dpogcm? +m+2 =m(m+1) +2 karm + 1|m(m + 1), n i6ia
napatjpnon biver ouum + 1|2 an’ omou m + 1 = +£1, £2 éndadbnm = —3,—-2,0, 1.

O

Mapadewypa 1.5 (Aaywviouog Euvkicidng 1995) Oswpoiie 6 51adox1koUg UOIKOUS
apduovg. 'Eotw a 10 adpoloua tov 1o mpodtov kat b 1o ddpoioua tov 1otov dAf-
wv. Eivar Suvatov va woyvet ab = 19951995;

Avon:

To adpowoua v drtaboxikwv apduav civat taviote nofddanidowo touv 3, ot
avn givai o yueoaiog 10te oL apduol eivatotn — 1, n,n+ 1 ue adpotoua 3n. Zvvenwg
ot a,b eivar moAfanAdaota tou 3 Kt €10t 10 ab eivar moAAanidoo ou 9. 'Ouwg o
apwuog 19951995 b¢ev sivar moAAanAacto tov 9 agou 10 ddpoloua TV YnPimv TouU
bev Stalpeital ue 10 9.

O

Mapadewypa 1.6 (Aaywuviouos Euvrkieidng 1995) Na eetaoete eav Umtdpxouv aképaiol
x,y mou ucavonowovv mu efiowon x* + 4y = 1995.
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1.2 Baoukgg I610tnteg Ataipetdtntog AIAIPETOTHTA KAI IZOTIMIES

Avon:

Eav o x eivar meputdg dnAadn v = 2k + 1, k € Z wote 2% = 4k(k + 1) + 1 6ndadn
1? =moAA.4+1. Av o x eivar dptioc dndadn v = 2k, k € 7 101 22 = 4k* SnAadn
1? =moAA.4.

Zuvenag agov 1o 4y eivar moAA.4, 9a éxouue 1? + 4y = moAN.4 site 1 + 4y =
noAf.4+1 afia 1995=noAf.4+3 dpa n e€iowon sivar advvamn *.

IMapadewypa 1.7 Na beifete Ot yia KAde gUOIKO apduUo N 1OXUEL
910" 4 3 - 4™+2 4 5.
Anoébeln :
Oa epapudoouvue ™ PEH0H0 NG LAOMUATIKNG ETay@yng. Otouue
P(n) =10" +3-4"*% 4 5,

Nan = 0 éxouvue P(0) = 54, nou aipeitat and 1o 9. Yrodéroupe ou 9| P (k) éniadn
ot 9|10%F + 3 - 472 4 5. Téte

P(k+1) = 10" 4+3.4"3 +5=10-10"+3-4.4"2 +5
= 10F+3.4"2 454+ 9.10F +9-4"2 = P(k) + 9(10% + 4%2).

Kadag 9|P(k), n mapapnon g Ipodtaong 1.1 &iver ou 9| P(k + 1). Zvvenog
wxvet 9| P(n) yra kade n € N.

Mapadewypa 1.8 Na 6¢iete o yia kade n € Z woxver 4 Jn? + 2.

Andbeln:

Ag umodéoouue, avtideta, OTL UTdPXEL akéoalog n tétoog wote 4|n? + 2. Tote
Exouue 11 €Ng HUO TEPIMTIDOELS YA TOV aKEPALO N :

e Eavn = 2k, énov k € Z, téte n* + 2 = 4k* + 2. Kadaxg 4|n* + 2, énetar 6u
44k* + 2, 6nAadn 4|2, aromo.

e Eavn =2k + 1, onov k € Z, wote n® + 2 = (2k + 1)*> + 2 = 4k* + 4k + 3.
Eneién Suog 4|4k + 4k, énetar ot 4|3, dromo.

‘Apa yia kaden € 7, wyverd [n? + 2.
Apay X

O

ldyowkd propei va emAubei dpeoa pe ) Xperon w0otpev (yia Tig oroieg 9a \iAfcoupe Imo
KAT®).




3? KAAOKAIPINGO MA®HMATIKO =XOAEi0 E.M.E. 1 Awiaipetotnia

1.3 Meéyiotog Kowvdg Awarpétng (M.K.A.)

IIpotaon 1.2 (Apxn g xafng 6tdatafng) 'Eotw S éva un kevo vroovvoio tou N.
Tote 10 S éxet €va povadiko efldyioto orotyeio, dniadn, va aroyeio a € S €100,
wotea < x, ylakadexr € S.

Eoww aq, ..., a, arképalol apiBpoi and toug omoioug £vag touddxiotov eivat # 0.
Kda6e aképalog rmou diaipei kabéva arod toug aq, . . . , a, Aéyetal RO1vog dratpétng
OV ay,...,a0,. LUupBoAidoupe pe S 10 OUVOAO TV YeUKOV KOOV SlAPETOV TRV
ai,...,a,. To S eivat pn xevo 616 1 € S. Av q; # 0 kat d € S e d|a;, xat
enopéveg d < |ag|. Apa to ouvodo S eivat menepaopévo. To péyioto otoixeio tou
S eivatl évag etikog akeépalog mou Aéyetal péytotog Kowvog Srapétng (M.K.A))
WV aq, .. .,a, Kat cupBoAiletatl pe (ag,...,a,). Ta xkabe a € Z, 10 0UVOAO TV
9etkMV S1a1pETOV TOU @ ouprtirtel pe autd ou —a. Enopéveg woxvet (ay, . .., a,) =
(las], - -, |an]), dnAadn o M.K.A. givat ave§aptntog ripootjpev. Emniong, kabog kabe
axképatog etval diapéng tou 0, éxoupe (0,aq,...,a,) = (a1,...,a,). ZUVENQOG
HITOPOUHE va UTOOECOUE OTL KAVEVAG €K TRV AKEPAIDV a7, . . . , Ay OV elval pndev.

Av (ai,...,a,) = 1, t0te o1 aképaiot ay, . . . , a, Kadouvial npctot petall toug.
Eniong eav (a;,a;) = 1 yua xaBe i,j € {1,...,n} pe i # j, tdte o1 aképaiot
ai, ..., 0, KaAAouvial NnP®Tol petaiu toug ava 8vo. Eivail mpodavég ot eav ot
AKEPALOL Ay, . . . , Ay £1VAL TIPAOTOL PETASU TOUG avd 600, TOTe eival Kat Ip®Tol PETASU
Toug. To avtiotpodod Opwg dev 10XVEL £V YEVEL

Ozopnpa 1.2 (Anuua Bezout) 'Eotw aq,...,a, un undevikoi axépaior kar d =
(a1, ...,a,). Tote unapyouvv aképaiot ky, . . ., k, 1€tot01, wote

d:k1a1+~~+knan.

IIopopa 1.1 'Eotw ay,...,a, un undevikol aképaiot. O Jetikdg arxépaiog d eivat
o M.K.A. tovaq,...,a, av Kat uOvo av, .oxvouv ta e£{ng:

(Z> d’al’ s 7d|an'

(17) Avd eivar Yetrdg axépaiog pe dlay, . . ., 0|a,, tote i|d.
IIépopa 1.2 '‘Eow aq,...,a, un undsvukoi axépawor. Av d eivar évag 9etindg
KOWOg S1alpEng TV Ay, . . ., ay ped = kyay + - - - + kya,, onouv ky, ... k, € Z, 101
d=(a,...,a,).
Iopopa 1.3 'Eotw ay, ..., a, un undevikol axépawot. Ot aképaiot ay, . . . , a, glvat
mowtol petall ToUg, av Kat povo av, umdpxouv ki, ...k, € Z téroior wote 1 =

kiay + - - - + kpap,.

AXe§avdpog T. Zuykedakng 9



1.3 Meéyiorog Kowog Mapétng (M.K.A.) AIAIPETOTHTA KAI [SOTIMIEZ

Mapadewypa 1.9 'Eotw aképaiot a, b mparot uetalv tovg. Na deiete ou
(9a + 7b,4a + 3b) = 1.

Anében:
'Eotw d 0 M.K.A. tov akepaiov 9a + 7b kar 4a + 3b. Tote d|9a + 7b kar d|4a + 3b.
Onote d|4(9a+7b) — 9(4a+ 3b) kard|3(9a+ 7b) — 7(4a+ 3b), an’ omov naipvouue d|b
kat d|a avtiotoya. Zvuvenag, 1o Iopoua 1.1 iver d|(a,b) arn’ onou d|1. Emnopévag

d=1.

IIpotaon 1.3 'Eoww \, ay,...,a, un undevikol axépaiot. Ioyvouv ta efng:
(1) (Aaq,...,Aa,) = |A|(ag,...,a,),
(it) av(ai,...,a,) =d. e (%,..., %) =1,

(131) (a1,...,a,) = (a1 + kaag + -+ - + kpan, az, ..., a,), owov ko, ... k, € Z.

Mapadewypa 1.10 Eav a,b ivat §vo aképaiorl mpotol puetalv toug, 10te va Seifete
ou(a+ba—>b)=1n2.

Anodbeln:

Ipayuat éotw d = (a + b,a — b). Tote d|la + b kat dla — b. Emoucvwg éxouue
d|(a+b) + (a —b) kard|(a +b) — (a — b), bnAadn d|2a kar d|2b ondte d|(2a, 2b) rar
Aoy g Mporaong 1.3(i) majpvouue (2a,2b) = 2(a,b) = 2 apa d|2 ondte d = 1 7 2.

O

IIpotaon 1.4 'Eoww ay, ..., a, un undevikoi aképaiot ue n > 2. Ia kade k, 1 <
k <n — 2 oxvet

(a1,...,a,) = (a1, .., ap, (Qgs1, -, 0n)) -

Hapatpnon : H napanave [potaon avayet tov unojoyiouo tou M.K.A. nenegpao-
uevou mindoug akgpaiwv otov urooyiouo tou M.K.A. uo akepaiov.

Mpédtaon 1.5 (Baowkr IIpdtaon) 'Eotw a, b, ¢ toeig un undevucol axépaior. Eav albe
kat (a,b) = 1 10t ac.

Mapadewypa 1.11 (Poupavia 2000) Na amobetydei 01t Sev UTAP)OUV GUOLKOL apt-
Juoi x,y Kat z yia 1oug omoioug va oY UOUV TAUTOXP0VA Ol OXECEIS

b — 3y + 10z =0 rkar y(x + 2z) = 2004.

Anodbeln :

10



3? KAAOKAIPINGO MA®HMATIKO =XOAEi0 E.M.E. 1 Awiaipetotnia

'Eote 0Tt UdpxOUV TETOLOL GUOLKOL UE TIG LO10TNTES
br —3y+ 102 =0 (1) rar y(z + 2z) = 2004.

Tote n (1) yoagerar: bz + 10z = 3y < 5(x + 22) = 3y. Emopévag 5|3y rkar emeidn
(5,3) = 1 apa bly. AAda tote b|y(x + 2z) énAadn 52004 (apov y(x + 2z) = 2004).
AUTO Ouwg ivar aduvaro, oUVETOSG OV UTAPYOUV @UOIKOL aptduol ue tig to10tnieg
MG EKPOVNOEDG.

AXe§avdpog T. Zuykedakng 11



1.4 Euxkeideiog Aiyopiduog AIAIPETOTHTA KAI [SOTIMIEZ

1.4 EuxAeidelog AAyop1Opog

O EuxAeidelog adyopiOpog nieprypdget pia dadikaoia yia v eupeon tou M.K.A.
6U0 akepaiwv.

Ag unobéooupe ot a,b € Z, xat xopig PAdBn tng yevikdtntog, b > 0, 610t eav
nav b < 0, e (a,b) = (a,|b]), kat eav Arav b = 0, e (a,b) = |a|. Ofroupe
d = (a,b).

Amo v EuxkAeibela daipeon pmopoupe va Bpoupe akepaioug ¢ KAt 7 1€I010UG,
wote a = qob + rg omou 0 < rg < b.

Ag onpewwbet ou (a,b) = (b, 1), enedr) d | a xav d | b, ouvenog d | 7o = a — qob.
Eav o1 b kat ry sixav koo Staipétn d’ peyaAutepo tou d, tote 1o d’ 9a frav Koivog
dlapéng v a kat b, 1o oroio da gpxotav oe aviibeon pe v ermAoyr) ou d ©g
péytotou. Zuvenog, d = (b, 7).

Mropoupe va eravaldBoupe ) diaipeorn, autn ) @opd pe ta b kat ry. Tuveyi-
{oviag pe tov 1610 tporo Siadoyika Exoupe

= qob+ 1o o6mou 0 <ry<b

b = qro+riomou0 <r <rg
ro = @ory+ 1o 0mou 0 <1y <1y
ri = q3ro+r3omou < rg<ry

Zuvenwg rnaipvoupe pia @bivouoa akodoubia pn apvnukov arepaiov b > rg >
ry > T9 > ..., 1] OTIOla TIPEMEL va @TAvel Karmola otypr oto 0. Ag urtoBécoupe
ott autd yivetat oto n-ooto Prpa. Tote 7, = 0 xkat o alyopiOpog teppartidet.
MrtopoUpie TIOAU €UKOAA va YEVIKEUOOUHE AUTO TO EIMXeipnua yia va dei§oupe ot
d = (rk—1,7%) = (rg,7611) Via k = 0,1,2,..., érou r_; = b. ZTuvenog, d =
(ra—1,70) = (rn_1,0) = r,_1.

ITio ouykekpéva, o M.K.A. eivat 1o eAaxioto jan pndeviko UTIOAOITTO OOV TTapda-
nave alyopiopo.

O napanave aAyopiBpog pag divel kAt nmapanave ektog anod tov MK.A. Atvet
éva 1poro yla va ekppacoupe tov MLK.A. d, og ypappiko ocuvbuaopo tov a Kat
b, éva @sopnpa yvootd og Anppa Bezout. (@eopnpa 1.2). Axolouboviag tnv

12



3? KAAOKAIPINGO MA®HMATIKO =XOAEi0 E.M.E. 1 Awiaipetotnia

avtiotpodn rmopeia amo v mPONyoupEvr), £XOUHE

a—qob = 19
b—qrg = 1
To — Q21 = T2
L —q3r2 = T3
Thn—3 = Qn—1Tpn—2 = Tnp-1
Tn—2 = (nTp-1

OUVET®G, aviikabiotoviag Kabe uroAoro 7, oty enopevn e§iowon naipvoupe

b—qi(a — qob) = kia+hb = n
(a — qob) — q2(kra + 11b) = koa + 150 = 7y

(kla + llb) — q;g(kga + lgb) = kga + lgb = r3

(k’n—Sa + ln_gb) — qn(kn_ga + ln—Qb) = k‘n_la + ln—lb = Th_1

Mapadewypa 1.12 Na fpeite tov M.K.A. tov akepaiov 391 kat 323, kdvoviag
xpernon v Evkieibeiov Afyopduou kat va ypayete tov M.K.A. ¢ ypaupuiko ovvdu-
aouo tov 391 kar 323.

Avon: Eivai
391 =1-323+68
323 =4-68+ 51
68 =1-51+417
51=3-17+0.

Enopévaog (391,323)=17. Xt ovvéxela 9a Spouue akepaioug x,y €101, wote 17 =
391x 4 323y. 'Exouue

17 = 68—51=68—(323—-4-68) =—323+5-68
— 3234 5(391 — 323) = 5391 — 6- 323
Enouéveog 17 =5 - 391 + (—6) - 323.

Mapadewypa 1.13 Oa Bpovue ov M.K.A. tov a = 756 karb = 595. Zrov napardie
mivaka, 10 1 ypnowonoiital yia ta vnojowma nov gugpavifoviar ano g 61adoxXIKES
dlapéoelg, 10 q yla v avtiotoyyn arxofouvdia mnAikev kat ot otieg v k, | et
var n avtiotoyn akofouvdia twv k; kai l; TOU Teptypd@Petal TAPaATAv®. ZUVETOS,
(756,595) = 7 kat paota 37 - 756 — 47 - 595 = 7.

AXe§avdpog T. Zuykedakng 13



1.5 Efaywoto Kowo IofAdanAaow (E.K.IT.) AIAIPETOTHTA KAI [SOTIMIEZ

r |q| k [
756 1 0
595(11] O 1
1613 1 | —1
11211 =3 | 4
49 (2| 4 | =5
14 |3|—11| 14
7 |2 37 |47
0

1.5 EAayxiwoto Kowo IToAAanAaoiwo (E.K.I1.)

‘Eow ay, ..., a, € Z. 'Evag aképalog /i KaAeitat KO1vo MOAAANAAOCLO IOV A1, . . . , Uy,
€QV a|fL, . .., ay|p. Tlapatnpovpe 6t eav évag arno 10Ug akEPAIoUg dy, . . . , G, £ivat
10 0, TotE 10 Povadiko moAdarAdoto toug sivatl to 0. Ag urtoBécoupie ot ouveExela
ot ot aképaiot ay, . . ., a, etvat pn pndevikoi. O PUOIKOG |a; - - - a,| elval éva Koo
MOAAAMAAOI0 TV aq, ..., a,. ETOpéveg, (Aoyw tng [Ipotaong 1.2) 1o ouvoAro tev
Yetikov moAdanmdaoiov v aq, .. ., a, £lval pn Kevo, eOPEVRG £XEL éva eAAX10TO
otoixeio. To ototxeio autd kalesitat EAayxioto Kowvo IToAAanAdcio (E.K.II.) tov
aip,...,a, Kar oupBodidetal pe [ay,...,a,]. Kabog to ouvolo tov Setikov rmoA-
AarAaciev WV ai, . . . , a, eivat 1o 1810 pe exeivo v |ay|, . . ., |a,|, cuprnepaivoupe
ou fay, ... a,] = [lail, ..., |anl]-

IIpotaon 1.6 'Eoww ay, ..., a, un undevikol axspaiot. O Ietikdg arxépaiog m givat
0 E.K.II twvaq,...,a,, av Kat uovo av, EXOUUE

(Z) a1|m7 s aan|m’

(i7) eav p elvar Yetcog aképaiog ue ay |, - . . , an|p, e m|p.

IIpotaon 1.7 'Eoww \, aq,...,a, un undevikol axépaiot. Ioyvouv ta efng:
(@) Mar,. .. Aan] = Nar, - .-, an).

(i7) avlaq,...,a,] =m e <a—"ll,,aﬂ> =1.
IIpotaon 1.8 'Eoww ay, ..., a, un undevikol axépaiot ue n > 2. Ia kade k, 1 <
k <n — 2 oxvet
lat, ... a,) = a1, ..., ak, [aks1, -5 )]

Hapartpnon : H napanave Ipotaon avayet tov urojoyiouo tov E.K.I1. nenegpao-
uevou mindoug axepaiov otov uroAdoyouo tov E.K.I1. dvo akespaiov.

14



3? KAAOKAIPINGO MA®HMATIKO =XOAEi0 E.M.E. 1 Awiaipetotnia

1.6 IIpwtol ApiBpoti

Oplopdg 1.2 'Evag 9stikog arxépaiog p > 1 kajeital mp@dTo¢ av ot uovot S1aipéteg
o0U glvar ot aképator £1 kat £p. 'Evag mpotog apidudg mou givar dStap€ng vog
axépaiou m kajeital mporog ralpeing 1 tparo¢ mapayoviag tou m. 'Evag 9etikog
axgpaiog n > 1 mou bev elvar mpwrog, Kkaisitar ouvderog. Xe avtn TV TEPITIOON
umdopyouv d, e T€To1ol, Wote

n=d-e kat 1 <d<e<n.
(To 2 givat o povadikog doTioc TPWTOS apOUOGC).
IIpotaon 1.9 Kdde arépaiog apduog a > 1 gxet €va touAa)1otov mpwTo Sralpem.

IMapadewypa 1.14 Na Bpeite 0Aoug oug IeTikOUG aKepaioug n yia Toug oToioug ot
apduoi 3n — 4, 4n — 5, dn — 3 eivatr d7ot mpa1ot aPIOUOL.

Avon:

To adpowoua v 3 apduwv givat dptiog, CUVET®OS TOUAAXI0TOV £vag and autoug
glvat aptiog. O povadikog aptiog mpwtog eivat 1o 2. Movo ot 3n — 4 kai bn — 3 umopet
va glvar aptiot. Avvovtag Aomov g e€lowoeig 3n — 4 = 2 kar d5n — 3 = 2 naijpvovue
n =2 katn = 1 avtiotoya. Movo yta n = 2 ot 3 napanave apduol givat mpotot
dpa givat katr 1 povadikn Jvon.

O

Mapadewypa 1.15 (AHSME 1976) Eav ot p kat q €ival mp@Tol Kal 10 TPL@VUUO
22 — pr + q = 0 éxel Srakerkpuéves Ietikéc aképaleg pidec, va Boeite 1a p kat q.

Avon:

'Eotw x1 kat x5 pe 1 < To, oL bvo Olakekpiucveg Jstikés axépaieg pileg. Tote
2?2 —pr+q= (v —x1)(x — T2), T0 OMOIO SiveL O P = T| + Ty KaAL G = T1Ty. Kadag
0 q glvar mpwtog, apa r1 = 1. ZUvenwg oL q = To kKat p = x5 + 1 givar dradoyuxol
TowToL apduol, apa q = 2 karp = 3.

Mapadewypa 1.16 (ARML 2003) Na PBpeite 10 pueyaivtepo Siaipen tou apduou
1001001001 rmouv é¢ev Eemepva o 10000.

Avon:

'Exouue

1001001001 = 1001 - 10° 4+ 1001 = 1001 - (10° +1) = 7-11-13 - (10° + 1).
Ac onuetwdei ot

1= (2P + 1=+ D2 — 22 +1).
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1.6 Ilpaortot Apduoi AIAIPETOTHTA KAI IZOTIMIES

‘Apa 10% + 1 = 101 - 9901, dpa 1001001001 = 7 - 11 - 13 - 101 - 9901. Aev sivar
6vokojlo topa va gigylovue ou kavévag ovvdvaouog twv 7,11,13 kar 101 bev
eriayvet ywouevo nou va fenepva o 9901 kat va sivatl pukpotepo tov 1000, apa n
aravinon sivat 9901.

Mapadewypa 1.17 'Eotw n évag 9eukde aképaiog. Na amobeiydei ot o 32" + 1
Sapeitar and 1o 2 afid oyt and 1o 4 2.

Anodbeln:
Katapynv, o 3%" sivar mepittdg kai o 32" + 1 sivar dptiog. Emiong,

3= (3% =9 = (84 1)

Ao 10 61wvuuo ou Nevtwva
m m m
(x—i—y)m — xm 4 xm—ly_i_ l,m—2y2 R xym—l _i_ym,
1 2 m — 1

yiar =8, y=1karm = 2" 1, 6/lot o1 dpot 10U adpoiouaroc TANV ToU TEAcUTAIOU
(mou givar y™ = 1), eivar moAAanAdoia tov 8 (ta omoia eivat moidanidoia tou 4).
Zuveno¢ 1o undAomo tou 32" dtav Sraipedei e 1o 4 sivai ioo ue 1, kat 0 umoAoumo
tou 3% 4 1 e 10 4 givar ioo ue 2.

Haparpnon: duoikad 10 tapandve meoGAnua anjonoEitat eav KAVOUUE X01on
wootyuidv modulo 4 (BAéne tapardi).

Mapadewypa 1.18 Na Boedei 1o n étot gote 27| 31924 — 1,

Avon:

H andvinon eivar 12. Ag onueicoouue 611024 = 219 xar 22 — y? = (v —y)(z +y).
Tote, exovue

301 = () (3 - 1) = (34 1) (37 1) (37 1)

- ---:(329+1) (328+1>---<321+1> (32°+1)(3—1)

'‘Ouwg ano to napadeyua (1.17), 2||32k + 1 yta 9etuovg arepaiovg k. Zvvenwg n
aravinon evar 9+2+1=12.

2AnAadn 232" + 1.
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3? KAAOKAIPINGO MA®HMATIKO =XOAEi0 E.M.E. 1 Awiaipetotnia

H axoAoubn [potaon ival oAU Xprotjin 0€ AOKI0E1S OTIG OTI0ieg Xpe1adopaote
TNV avamnapdaoctaoct) evog MP@Iou ap1bpiou.

IIpotaon 1.10 Kdde mpwtog apduodg sivar gite g uopeng 6k + 1 eite e noperic
6k + 5.

Osopnpa 1.3 To tAndog v mpwIwL givat dnelo.

Anoédeln: 3

Ag untobeooupe Ot Py, - . . , Pp, €lvAl OAOL O1 TPOTOL ap1Bpoi. Oswpoupe Tov aplBpo
A=pipotl

Tupgeva pe my [pdtaon 1.9, undpxet potog p tétotog, vote p|A. Kabaog py, - . ., Py
elvat 6ot o1 mpotot, £xoupe p = p; yua Kamnowo deikn j pe 1 < 7 < n. Enopéveg
p|A xat p|p; - - - p,, ar’ 6rou naipvoupe p|l mou eivat dromo. Luvenwg, 1o mAnHog
TRV IPOTOV £ival ATEPo.

O

IIpotaon 1.11 Eav ue p, ouuboAicoupe TV N-00T0 TPOTO aptduUod, 10Te 1oxUeL (N
anodeiln ue emaywyn)
pa <27

Mapadewypa 1.19 Ia kade guotko apduod n > 1 urndapyouv n dtadoxukoi eUoLKoL
apduol, Kaveic ano toug onoioug Oev gival TPWTog aptdUOC.

Andbeln:

Apxkel va 9swprjooupue toug £€ric N 61adoxKoUg UOLKOUC aptdUoUg

m+D!+2, (n+1)!+3, - ,(n+ D!+ (n+1).

Kavei¢ amo tou¢ apiduoug avtoug dev givatl mpwtog, 6ot yia kadem = 2,3, -+ ,n+
1, 0 apBuog (n + 1)! + m Grapeirar bia touv m *.

Iapatpnon: Ano 1o napanave tapdadetyua mpoKUTIEL OTL UTLAPXOUV 000 ugydia
Keva MpOTov apduav 9éjloupe, 010 oUVOAO TOV GUOIKOV aptdpU®U.

Q01000, AVOIKTO TAPAUEVEL TO EPWTNIUA AV UTTOPOUUE UE KATOLO dAA0 TpOTo (EKTOG
ano eavtinuko yadyo) va Lpovus Toug UKpotepoug tadoxtkous aplduUous Tou
va £xouv 10 eMOUUNTO KeVO. AUty gival eufloyn ep@tnon av avaioytotouue Ot 1o
napayovtuko ueyaiwovet moAv moAv yonyopa. Na avapEpoupe OtL T.Y. UE TOV TaApa-
TAV® TPOTOo yla va mpoodiopicovus 5 Stadoxkouc oUuvdetoug apldUoug UTTOPOUUE VA
dpouue toug apduoug 6!+2, 6!+3, 6!+4, 6!+4, 6!+6 dniadn toug apduovg 722,
723, 724, 725, 726. 'Ouwg ot 5 mpwtor Sradoxukoi eUoUKol aplduol Tou ouvav-
taue eivat ot 24,25,26,27,28 (aopaiwe moivu moAU LUKeOTEPOL ano EKEWOUG TTOU
TPOKUTITOUV UE TNV Tapanave usdodo).

3TIpéxkettal yia pia moAU 6popdn amnodeiln n onoia opeidetal otov Euxdeidn kat v omoia
napabétoupe yia 10topikoug Adyoug.
‘Entong ot api®poi (n + 1) — (n+1),...,(n+ 1) = 3, (n + 1)! — 2 eivar anodextot.
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1.6 Ilpaortot Apduoi AIAIPETOTHTA KAI IZOTIMIES

O

H TIpotaon mou axkodouBei pag divel €va tpormo yla va eAéyXoupe eav €vag
(PUOIKOG ap1Bpog eival mPwTog.

IIpotaon 1.12 Kdade oUVIETO¢ GUOKOC apldUog a > 1, €xel €va TouAdx10TOV TPGTO
Stapém p, pe p < \/a.

IIopopa 1.4 Eav £vag uotkdg apduog a > 1 dev Staipeitar and kavéva mpw1o p,
ue p < \/n, 10t 0 APOUOS a glval TPWTOG.

Mapadewypa 1.20 Oa eferaocovue éav o aképaiog 383 civar mpwrog. 'Exouue 19 <
V383 < 20. Ot mpwror mou givar < 19 egivat ot 2,3,5,7,11,13,17 kat 19. Kavévag
ano avtoug dev dlaipei 1o 383. Emopévag o apduog 383 sivat mpa1og.

Ipétaon 1.13 'Eotw a,b axépaior # 0, 1 kat p évag nparog. Eav plab tote pla 7
plb.

Ievikevon: 'Eoto a4, ...,a, aképaor # 0,1 xai p évag nporog. Eav pla; - - - ay,
10t€ pla,, yra kanow Seiktn m (1 < m < n).

To akodouBo Oskprnpa eival Eva ano ta onpavukotepa g Oswpiag ApiBpav
KAl eival yvootd og 10 Ocped1ddeg Ocdpnpa tng AplOpnTkng.

Osopnpa 1.4 (Oeuefiabeg Ocapnua g Apdunuxng) Kade euoikoga > 1 avaive-
T4l 0¢ YWOUEVO TPOI®V Katd £va Kat povo pomo, av napabisyouvus v taln tov
Tapayovi®v 010 YIUVOUEVO.

Opiopog 1.3 Zuupwva ue 10 napanave Bcwpnua, eav a glvar évag guatkog > 1,
10Te UTtAp X oUL S1agOPETIKOL TPWIOL P1, - . . , Pk KAL QUOIKOL A1, . . ., aj > (0 €101, @ote

a=pit--pt
H mapanave ypaen tou a 9a kajeital mpotoyevne avajvon tou a.

Mpétaon 1.14 'Eotw a évag guotkds > 1 kat a = pi*---pi¥ n mpwroyevrg tou
avdivon. O @uotkdg apduog d biaipei tov a, av kat uovo av, d = pfl e p’g"’ uUE

Mapadewypa 1.21 (Evkieibng 1995) Na mpoobdiopioste 6/a ta {guydpla eUOIKOU
apduGL T,y mou ucavonoovv mu efiooon 1 = y? + 2y + 9.

Avon:

=9y +2+9 22— (y+1)? =8 (r—y—1)(r+y+1) =8. Oraoduoi
T — Y, T+ y elvat gite kat ot 6UO dptiol gite Kat ot U0 TEPLTTOL, av OU®S NTav dotiol
0te ot apduoi x —y — 1, x +y + 1 9a nrav neprroi pe ywouevo tepitto, atono. ‘Apa
r — Yy mepurrdg kat x + y nepurrdg. Madwota agov o x + y + 1 elvar 9etindg mpémet
r—y—19eurdg. Apa(xr—y—1,x+y+1)=1(2,4) 1 (4,2) ar’ émov naipvouue
kat m povadun Avon (z,y) = (3,0).
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3? KAAOKAIPINGO MA®HMATIKO =XOAEi0 E.M.E. 1 Awiaipetotnia

O

Hapadewypa 1.22 (Eukieibng 1997) Ot guoucoi apduoi a,b (a,b € N*) eivar té-

T0l0l, WOTE
a+1 N b+ 1 e N
b+1 a-+1 ’
, , o , , ad+1 BP+1 ,
Na anobeifete Ot kade £va ano ta Kiaouata , elvat UotKoL.
b+1 a+1

Andbeiln:

'Eoto (a+1,b+1) =d. Totea+1=d-p1py---pp karb+1=d-q1q2- - q, Omou
Di, @ TP@IOL UED; # ¢4, Vi =1,2...  kwarj = 1,2,...,l afda oyt katr’ avaykn ot
p;i bragopetikoi petadv toug ovte ot ¢; uetadu Toug.

'Exouue dtaboyika

ad+1 V+1  (a+1)(@®—a+1)  (b+1)*—b+1)

b+1  a+1 b+ 1 a+1
_ oo marl)  doqg e b+
B d-qgz- - q d-pips- - pr

_ vy pi(@ et D gig g (P -0 1)

q1q2 - - - qip1pP2 - - Pk

Eg@éoov ta q; &raipoiv tov aodud ¢iqs - - - qi (b — b+ 1) kar 1o adpooua
pips - pi(a® —a+ 1)+ ¢igs - i (0 — b+ 1),

9a Suapovv kar m Srapopd toug dnAadn v apdud pips - - - pr(a®* —a+1). 'Ouwg
ta q; 6ev Suapovv v apdud pips - - - pi dpa ta q; Srapouvv tov a’ — a + 1 dniadn

2 _ 1 d(a? — 1
aoatl o dei-atl)
GG q d-qiq2---q
d(a® — 1
L d@—atl)
b+1
d(a®> —a+1)
= '—GN
P1p2 Pk bl
1)(a? — 1
L D@ —atn)
b+1
a®+1
= cN
b+1
CL3+1 b3+1 3
) € N gpa L € N.
Kat Epooov b1 +a—i—1 apa "~
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1.7 Egapuoyég otov M.K.A. kat oo E.K.IT AIAIPETOTHTA KAI IZOTIMIES

1.7 Ed¢appoyég otov M.K.A. kat oto E.K.II

IIpotaon 1.15 'Eotw aq, . . ., a, Un Undevkol akEpaiol pe
Jar| =P -t fan] = P
Omov py, . .., px €lval mpIol Kat a;; euowkol apwuol @ = 1,....,n, 7 =1,..., k).
Tote
d d
(CLl? s 7an) = pll o 'pkk7
omou d; = min{ayj,...,an;} (j=1,...,k).
IIépwopa 1.5 'Eow aq, ..., a, un undevucoi aképatot karm € N. Tote
(af*,...,a") = (a1, ...,a,)™
IIpotaon 1.16 'Eotw a,by,--- , b, (n > 2) un undevuxoi arxépaiot kat ot by, --- , b,

npwtot uetalv toug ava évo. Tote
(a,by,...,b,) = (a,by)--(a,by).

IIopopa 1.6 'Eotw a,by,...,b, n > 2) un undevixoi axépaior kat ot by, ..., b,
npotol uetalv toug ava vo. Eav bya, . .., b,|a wte by - - - b,|a.

Mapadewypa 1.23 'Eoww n évag neptrtog aképaiog > 1. Na Seifete on
24|n(n?* — 1).

Anébeln :

O axépaiog A = n(n* — 1) = (n — 1)n(n + 1) elvar ywouevo 110V Sradiyikov
akepaiov ovvenwg eivar tojdaniaocto touv 3 doa 3|A. Emebn o axépaiog n givar
neputog > 1, undpyetk € N ue k # 0 érot, wote n = 2k + 1. Onote

A= 4k(k +1)(2k + 1).

'Evag ano toug uowkoug k, k + 1 elvar aptiog dpa 8| A. Téfog, kadag (3,8) = 1, 10
nopiopa (1.6) 6ivet to {nrovuevo 24| A.

O
IIpotaon 1.17 'Eoww ay, . . ., a, un undevikoi aképaiot ue
Jax| =it Pt fan] = P pp
omou py, . . ., P, €lval MP@TOL kat a;; euotkol apuoi (i = 1,....n,j =1,... k). Tote
a1, an] = pi* - i
omou ¢; = max{ay,...,an} (j=1,...,k).
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3? KAAOKAIPINGO MA®HMATIKO =XOAEi0 E.M.E. 1 Awiaipetotnia

IIopopa 1.7 'Eotw aq, . . ., a, un undevikoi axspaior karm € N. Tote
[al,....ar] = a1, ..., a,)"

Hapadewypa 1.24 Ot npotaoceig (1.15), (1.17) givar moAv yprotues yia mu evpeon
ou M.K.A. kat E.K.I1. 6U0 1 TEPIOCOTEPDV GUOIK®V 0TNV TLEPITIWON TOU YVWPI(OUUE
mv mpwtoysvn toug avadvon. Ia tov M.K.A. apkei va Tdpoule 10 YIWOUEVO OA®V
IOV TPOTOV TOU gugavidovial ot MP®TOYeVn avdjuon Kade aptdUoU UY®OUEVO 0N
UiKpOtepn duvaun (eav Kamolog mpwtog Oev eupaviletar oNv TPIoyevn avaiuvon
0U apduou, tote 9ewpouue Ot eugpaviletar pe ekdetn 0, CUVERWOS autog O EKOETNG
glvat Kar o WKPOTEPOS ToU gu@avifetat yia v v Joyw mpwoto). I'ta to E.K.IL
apKetl va TAPOUUE TO YIWOUEVO OA®V TOV TPIOTOV TOU gUPavifovtat otnv mPIOYEVn
avajuvon kade apduov vywuevo ot ueyaiviepn dvvaun. ‘Etol, o M.K.A. tov
apducv 49000 = 23 - 5% - 72, 36400 = 2% - 5% .7 .13, 27500 = 2% - 5% - 11 eivar
22.52.79.11°9.13% = 100. gve 10 E.K.IT. 100V 61600 givar 2*-5%-72-11-13 = 70070000.

IIpotaon 1.18 'Eotw a, b 6v0 un undevikoi axépaior. Tote
(CL, b) ’ [a’7 b} = |6Lb|

Haparpnon: a nepioodtepoug and 6vo akepaioug, bev toxver avdaioyn ayéon
ue mu mapanave. Andadn yevika, Exouus

(a1,...,a,) a1, ..., an] #lay---a,| yra n > 2.

Na wapdderyua, (6,8,10) - [6,8,10] = 2 - 120 = 240 £ 480 = 6 - § - 10.
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AIAIPETOTHTA KAl [SOTIMIES

2 Iootipicg

2.1 Oplopog Kkat Baocikég IS1otnteg

Opopog 2.1 'Eotw n vag évag 9etukog axépaiog. Avo arxépaiorl a,b Agyoviar
1ootimoflotmot e UETPO N, OTav SLaAPOUUEVOL UE TO N agprjvouv 1o 1610 urtdotrmo. Tote

yoagouue ot
a=b (mod n)

rxar dta6afouue « toovmofotmo ue 1o b uovrouido nr. Eav o axépaiog a Sev givat
toouttoourog ue tov b uovrouAo n, yoagouue

aZb (modn)

INa napabderypa 10 = 2 (mod 4), 11 = —15 (mod 13) eved —7 £ —11 (mod 5).

Oswpnpa 2.1

a=b (modn)<=nla—1>b

‘Aj1e0€G OUVETIELEG TOU OPLOHOU £ival 01 EMOPEVEG 1O10TITEG.
Népopa 2.1 (i) a =a (mod n) (avaxAaotxn 16161nta).
(17) Eava =b (mod n), te b = a (mod n) (ovuperpucn 1610tnta).

(i7i) Eava =b (mod n) karb = ¢ (mod n), wéte a = ¢ (mod n)
(uerabarixn 1610tn1a).

Moépopa 2.2 (i) a=0 (mod n) & n

a,

(17) O axépaiog a eivar dptiog, av kair uovo av, a = 0 (mod 2),
(791) O axépaiog a elvat mepitdg, av kat uovo av, a = 1 (mod 2),
(tv) Eava =b (mod n) karm|n wiea =b (mod m),

(v) Ta kade fevyog arepaiov a,b wyvera = b (mod 1),

(vi) Eav to unofowro mg btaipeong tou a ue o n gvat v, wte a = v (mod n).

Mpédtaon 2.1 'Eoww a,b,c,d € 7 kat f(x) éva mofuovuuo ue axépaiovg ovvte-
Aeotég. Eava =b (mod n) kaic = d (mod n), tdte

(1) a+c=b+d (mod n) katac = bd (mod n),

(17) a™ =b" (mod n), yia kade m € N,
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(731) f(a) = f(b) (mod n).
Ipoétaon 2.2 Ecwwa,bk € Z uek # 0 kard = (n, k). Tote

ka=kb (modn)<=a=0>b (mod %)

Ot wootpieg epgavidovial oAU ouyva otn Kabnuepvr) pag {en. ‘

Ma napddeypa, o @podeiking v podoyimv deixvel v wpa modulo 12 kat o
XAIOPETPIKOG HEIKTNG TV AUTOKIVITOV SelXVeEL Ta XAIOPETPA TTOU £€X0UNE Slavuoet
modulo 100.000. 'Etot, 6tav n opa civat 18, 1o poddt deixvel 6, 1mou eival to
uttodotro g Swaipeong tou 18 pe 10 12, kat otav éva autokivnto €xel dravuoet
ouvoAika 245.000 K'm, o X1Atopetpikog 6eiking deixvel 45.000 K'm, rou eivat to
unioAotro g daipeong tou 245.000 pe to 100.000.

Epotnon: Mrnog propeite va Bpeite 1 pépa 9a eivat n 217n nuépa tou Xpovou
eav n npwotn pépa nrav Asutépa; I1od pérpo (modulo) xpnotpornotjoate yia va to
Bpeite; Mg teA1kda £X0UV TIOAAEG EPAPHIOYEG Ol 100TIiEG OtV KAOnpePvI) pag
Gor);

Mapadewypa 2.1 Na uvnooyioete 10 umoAouo g Slaipeong tou apduou A =
1323274 e 10 8.
Avon:
Eiva
132=169=9=1 (mod 8).
Emougvag
132 =13*"1 =13. (139" =13 =5 (mod 8).
Emiong 27 = 3 (mod 8), an’ 6mov 27> = 9 =1 (mod 8). Enopévag
274 = 27720t = 27. (27)* =27 =3 (mod 8).

Apa A = 15 = 7 (mod 8) kar emopévag undpyet a € 7 tétow, wote A = 8a + 7.
Zuvenwg 10 nrtovpevo vnojloumo givat o apduog 7.

Mapadeypa 2.2 Na Seifete 6n 22225%5° + 55552222 = () (mod 7).
Andbeln:
Ioxver 2222 = 3 (mod 7) ka1 5555 = 4 (mod 7).
'Apa 22225555 + 55552222 = 35555 + 42222 (HlOd 7)
Emiong
39555 _ (3)1111 — (L)1l — _9llll (04 7)

Kat
42222 _ (42)1111 = 21111 (mod 7)

Kat mpoodEtwvtag g teflevtaisg, taijpvouue avto ou Iefloupe.
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O

Hapadewypa 2.3 Av \ € N, va anobeyydei ot 0 apduog A = /5 + 3 eivar do-
©ONTOgG.

Anodbeln:

'Eote a tuyaiog aképaiog. Tote onwg eivat yvootd a = 0,1,2,3,4 (mod 5) apa
a*=0,1,4 (mod 5) xat teftkd a* = 0,1 (mod 5).

Eneiéry 5A + 3 = 3 (mod 5), ouumepaivouue ot 0 S\ + 3 Sev éxet t uoppr at ue
a € Z. 'Apa o A evar dppnrog. (Eivar A* = 5\ + 3 =3 (mod 5), darono).

‘Aoxnon: (MojbaGia 1997) Na amnobeiete o6t o apdudg a = /5n? + 10 eivar
appnrog yia kade n € 7.

O

Mapadewypa 2.4 (BouAyapia) Na anobeifete ot o 121 bev Sraipet 1ov apdud n? +
3n + 5 yia kade uun wou n € Z.

Andbeln:

Ag umodéoouue 611 121|n? +3n+5. Tote 11|n?+3n+5. 'Etotn?+3n+5=0= 33
(mod 11). Apan?+3n —28 =0 (mod 11) & 11|(n —4)(n+7) < 11jn —4 7
1n+7< (n=11k+4 1 n=11k—7) kai avuxadiotdviag 1o n oto n* +3n+5,
10 tefevtaio maipvel ) popPn 121\ + v ue 0 < v < 121 10 omnoio eivar aromo.

O
Mapadewypa 2.5 (EME 1997) 'Eoww a, b, c axépaior apdpuol 1€totol, @ote
(a—b)(b—c)(c—a)=a+b+c.
Na anobeifete 01t 0 apdudg a + b + ¢ Swapeirar pe 1o 27.
Andbeiln:
Ipopavaeg ya toug a, b, c wyvet o a,b,c = 0,£1 (mod 3). Eav kat ot 1peg
agnvouv dragopetikd vroono ot diajpeor) oug ue 10 3, Wea +b+c = —1 +

04+ 1=0 (mod 3) eved (a — b)(b—c¢)(c —a) # 0 (mod 3). Eav axpibag Vo eivar
woundowmor, xwpic BAan g yevikdmrog £otw ot a,b 1te a — b = 0 (mod 3)
apa (a —b)(b—c)(c—a) =0 (mod 3) evd a + b+ ¢ # 0 (mod 3). Zvvenwg ot
a, b, c evar wovndAowmor mod3. Tote a —b =b—c =c¢—a = 0 (mod 3), dpa
(a—b)(b—c)(c—a)=0 (mod 27). 'Ouwg (a—b)(b—c)(c—a)=a+b+c apan
nponyouuevn wotnia 6ivera + b+ ¢ = 0 (mod 27) mov givar kat 1o {nrovusvo.

O

Mapadewypa 2.6 (Eukieidng 1995) Na mpoobiopioste To0U¢ MP@ToUS aptduUous p, q
yia toug omoioug o apdude PP + ¢t sivar mporog.
Avon:
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Eav p, q kai ot 6U0 dptiol 1 kat o1 §U0 meptttol, 10t 0 apdude pPt + ¢it eivar
aptiog > 2 dpa oxt mpwtog. ‘Apa o £vag givat 1o 2 kat o ajljlog ivat mepittog. ‘Apa
xwpic BAabn g yevkdtntog umopouue va urodéoovpue o p = 2 karq = 0,1, —1
(mod 3) kar mepirtdg. Eavq =1 (mod 3), e pP™! + ¢ =8+ 1 =0 (mod 3),
arormo. Eavg = —1 (mod 3), ote pP* + ¢4 =8+ 1 =0 (mod 3) (61611 g meprtrog
daoa q + 1 apuog), arono. Téfog, eav ¢ = 0 (mod 3) wote emedn o q eivar MPWIOg
apa q = 3 ki éror pP + ¢4 = 89 mou eivar mpoTog. ‘Apa n povadikn Sekt Avon
ewarp=2,q=3MmMp=3, ¢g=2).

O
Hapadewypa 2.7 (Apywundne 1994) I'a moiég tués 1ou X éxet 10 moAvVULO T3 +
199522 — 1994x + \ kat ¢ 1o€1¢ Pilec aKEPAIES;
Avon:

'Eot® 01t 10 TOAUDVUUO EXEL TPEIS PICEC akEpales TS p1, P2, P3- 10TE amo toug
wnoug Vieta gxouue

A=p1+pr+p3=-1995=0 (mod 3) (1)

Krat
B = p1pa+ paps + p3pr = —1994 =1 (mod 3).

Aoy mg (1) gyouue:

p1,p2.p3 = 0 (mod 3) 1 p1,p2,p3 = 1 (mod 3) 7 p1,p2,p3 = —1 (mod 3) 7
p1 = 0 (mod 3), po = 1 (mod 3), p3 = —1 (mod 3) (Or umdAoineg TepiTTIOOEL
elvar wobvvapeg). Onote 1o B 9a givar B =0 (mod 3) n B = —1 (mod 3), abvvato

apov B = 1 (mod 3). ‘Apa 6ev umdoyet A €10t @Ote 10 TOAUOVUUO Va EXEL TOEL
pllec axépaisg.

O

Baowkn IIapatipnon - Tedcutaio ¥ngio ApOpot: Eav a = v (mod 10™)
kat 0 < v < 107", 161e 1a tedevtaia n YPneia tou apiBpov a eival 10 v Pe to0d
HEndevikd otnv apxr, ooa Xpelialovidal WoTe T0 PNKOG tou apl®pou v va givat i0o
pe n. Ta napddetypa, enedny 99207 + 3 = (—1)%97 + 3 = 2 (mod 10?), dpa o
ap1Ondg 992°°7 4 3 tedeidvet oe 02.

O

Mapadewypa 2.8 (EME 1988) Na Boedovv ta o tefevtaia wneia tou apduot 27,
Avon:
Ti kavoupe yia va Boovus yia tapadstyua 1o 2** and 1o 2%; INoAAanAaoialoupe 10
223 emi 2. Kai agov uag svdiapéoouv udvo ta dvo tefevtaia wneia moAAaniaoid-
{ovue 10 2 pe avia kair av mPOKUWOUV TEPLoo0tspa kpataue uovo ta évo. 'Etot,
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vyovovtag dtaboxikad Kat kparwvtag uovo ta 6vo tefeviaia yneia, naipvovue v
efne axoflovdia tefevtaiov Yneiov.
02, 04,08, 16, 32, 64, 28, 56, 12, 24, 48,96, 92, 84, 68, 36, 72,44, 83,76, 52|,

(. /

TV
enavainyn ava 20

04, 08,26,32. ..
Iapatnpouvue Aowmov ot ta 6vo tefsvtaia yneia avasupavidfoviar pe epiodo 20.
TI'pagovtag
270 — (220)3 . 210

270

ovumepaivovue ot ta 6vo tefevtaia yneia tov 9a sivai 1a i6a pe ekeiva tou 210,

apa 1o 24.

Iapatrpnon: INa (karowvu giboug) emaindcuon uropouvue va pouvue to tefcutaio
yneio tou b0V apBUOU xpnooToIWVTAg TNV Teplodikotnta v tefeutaiov Yngiov
nou givat 4,[2,4,8,6],2,4, ... kat £&tot

270 — (24)17 . 22'

270

To tefevtaio yneio tou 9a givai 1o 610 pe ekeivo tou 22 nAadn 1o 4.

O

‘Aornon: (Apxundng 1989) Na Bpebouv ta duo tedeutaia yneia tou aplOpou
61989

Mapadewypa 2.9 (OAvumada Kavada) Na Bpedet 1o tefleutaio ynegio tou apduov
7

77

—
1001 7—apwa

Avon:

Apxka mapatnpovue 6on 7t = 1 (mod 10). Emiong, apou

7% =1 (mod 4) xar 7**' =3 (mod 4)

apa
7
7
a:= 77 =3 (mod 4) ovveneg a =3k +4, k € Z.
1000 7—apwa
‘Etot,

7

1001 7—apia
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Mapadewypa 2.10 (EME 1994) Na anobeifete 01t UTdpx0UL GUOLKOL aptd|UOL IOV Ta
4 tefevtaia yneia toug eivar 1994 kat Staipovviar pe to 1993.

Anodbeln:

O apduog avtog sivat g UopPng

Onln_10p—3 ... 041994 = 10000A + 1994 = A(5- 1993 + 35) + 1993 + 1

A

= 35-A+1 (mod 1993)

Navaevar35-A+1 =0 (mod 1993) 9a mpénet35A+1 = 1993k, k € Z éniadn

2k+1
A= 5Tk — a (1) énAadn mpéner 1o 2k + 1 va eivar moffaridow tou 35. I'a

k = 17 éxouue A = 968. O apdudg Aouov 9681994 sivar toAdanddoio tou 1993.
Yrdpyouv anepor tétotor apduoi agov 1 (1) éxet anepeg Avoeig.

Mapadewypa 2.11 Na anodeifete on yia kade n € N woxvUet
17|34n+2 4 2 . 43n+1'

Anodbeln:
'‘Exouue 3* = 81 = 13 (mod 17). Emopéveg

342 =9.81"=9-13" (mod 17).
Emiong 4® = 64 = 13 (mod 17), ondte 43"t = 4. (43)" = 4. 13" (mod 17). ‘Apa
32 4 9. 43 =9.13" +8.13"=17-13"=0 (mod 17).

Haparmpnon: To napanave mpo6anua unopel va emAvdel kat pue m uedodo g
Uadnuatikng enaywyrng.

O
Mapadewypa 2.12 (Bajkaviada 1990) Eav a,, axofovdia ue a1 = 1, ay = 3 kat

apia = (4 3)ans1 — (n+ 2)a,, va Bpedovv tan yia ta onoia 11|a,,.
Avon:

Apt2 — Apy1 = (n + 2) (an—‘rl - an)
A1 —an = (n+1)(an — an-1)
a3 — Ay = 3(&2 — al)
as — a1 = 2
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Me nofjanfaociaoud kata péjn 1ov Tapandve 100THTOV TPOKUTTEL OTL
Apio — Qpi1 = (n + 2)'

Agova; = 1,a5 = 3,a3 = 9 apa o 11 bev toug biaei. Emniong a, = 33 apa 11|ay.
as = as+ 5! kar 11 5! apa 11 fas. Opoiwg 11 Jag kar 11 fas.

as = a;+51+6l+T7 +8=a;+5(1+6+6-7T+6-7-8)
= a;+5(7-7+6-7-8) =ay+5!7-55,

apa 11|as. IToAv evkofa naipvoupe 11 f ag evod 11|aiy apov
ajo = ag + 9!+ 10! = ag + 9!(1 + 10).
aj; = ajp + 11!, apa 11]ay;.
Na xaden € N uen > 11 wyver 11|n! ovvenag 11|a, apov
a, = ajp+ 1114+ 12! + - - +n!
Tefwka, 11]a, eavn = 4,n = 8 karn > 10.
O
®a ouprAnpoooupe Vv IIpotaon 1.10 pe pepikég akopn Paoikég mpotdoetg
YPAUHEVEG HE 100TIHIIEG
IIpotaon 2.3 (Baowkn IIpotaon)
(i) Avop # 3 eivar mpeytog e p> = 1 (mod 3).

)
(ii) Avop # 2 eivar mpotog 01e p* = 1 (mod 8).
(i17) Avop > 3 eivar moeytog te p* = 1 (mod 12).
)

(1v) Nawrade mpwrop > 3woyvetoup = +1 (mod 6) (Avadiatvnwon g [pdtaong
1.10).

2.2 Iuotfpata Unoloinwv

Oplopdg 2.2 'Eva ouvoAdo n akepai®v aq, ..., a, Kajstar minpeg ovomua vn-
ofoinwv modn, sav kade éva anod ta ay,. . .,a, &val 10oUTOAOTO ue éva Kat uovo
apduo tov ovvdéou {0,1,...,n — 1} 3.

5AnAadn ta aq, . . . , a, 9a propovcapis va ta 9emprooUlE Bg Ta Suvatd unidloina ng Siaipeong
evog akepaiou pe o noavtd wv {0,1,...,n — 1}.
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Mepikd ouotApAta UMOAOIN@V modn TMou PIropoupe va dlakpivoupe apéong
etvat ta €§ng:

(1) EAdxioto pn apvnuké ovotnpa vniodoinev modn: {0,1,...,n — 1}.
(17) EAdyioto 9euxo ovotnua vrodoinwv modn: {1,...,n}
(737) TIAfpeg ovotnua eV andduta edayiotev urnodoinwv modn:

e I'a n meptto eivat to ouvodo

n—1 n—1
— ...,—1,0,1,...
{ 2 b ) ) ) b ) 2 }

e KAl Yl 72 APT10, TO OUVOAO

n n
. ——1>,...,—1, ,1,...,—}
{ (2 0 2

Hapadewypa 2.13 Toovvoo S = {14,24,9, —11, 34,68, —21, 87} eivai éva nirpeg
ovotnua vroAointwv modS. Ipayuatkd, Exouue

14=6 (mod 8), 24 =0 (mod 8), 9=1 (mod 8), —11 =5 (mod 8),

34 =2 (mod 8), 68 =4 (mod 8), —21 =3 (mod 8), 87 =7 (mod 8).

Kadag 10 ovvofo {0, 1,...,7} eivai éva nihjpeg ovotnua vrnofoinev mod8 dpa to
ovvoflo S eivat emiong va TANpeg ovotnua vroAoltwv mods.

O

Mapadewypa 2.14 To ovvodo T = {1,2% 3% ... n?} 6ev sivar mArjpec ovomua
unoAoitwv modn.

Anodbeiln:

Kadaog (n —1)? — 1 = n? — 2n, éxoupe (n — 1) = 1 (mod n) kar emouévwg 6vo
Sragopetucd otoyeia tou ouvddou T (ta (n — 1)? kai 1o 1) eivar wooundAowma ue o
i610 atoyceio tou ouvofou {0,1,...,n} (ue w0 1).

O

Mapadewypa 2.15 (EME 1990) Na avaidudei os ywousvo n mapdotaon a’ — a. Av
0 a glval UOIKOSG apldUog, N Tapaotaon avtr givat taviote Siaipetr pue 1o 42.

Anodbeln:

a’—a=a(a®—1)=a(a®*-1)(a®*+1)=ala—1)(a+1)(a* +a+1)(a®> —a+1).
Eav a euotkog tote a,a + 1 dtadoyukol euowkoi apa o vag eivar mojjfanAacto tou
2. Emiong a — 1,a,a + 1 1peg Sradoyukoi guotkoi dpa o £vag sivar tojdanjaocto
tou 3 Kkat enedn) (2,3) = 1 gyoupe 6la(a — 1)(a + 1). Emiong (6,7) = 1 dpa apkel
va 6¢gifouvue ou n mapaotaon ivar dwalpetn ano 10 7. AlaKpilvouue TEPITIOOELS Yia
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10 a. Eav a = Tk, 10te pavepd 1o ywouevo givar mojdanidacto tov 7. 'Ouola gav
a="Tk+ 1,7k — 1 wre7|la — 1,7]a + 1 avtiotoyca, dpa Siapei 07n v tapdaotaon.
Eava =Tk+21na = Tk —3 tte 0 a® + a+ 1 eivar moAAanAdoio tov 7 kat téiog eav
a=T7k+31na="Tk—2o0a®>—a+ 1 sivar toAdamAdowo tou 7. (Na umevduuioouus
ou 1o ovvojlo {—3,—-2,—1,0, 1,2, 3} eivar éva ninpeg ovotmua vrofoinev modT).

O
Mpdtaon 2.4 'Eoww {zg,1,...,2T,_1} €va ninpeg ovotnua vrofoinov modn kat

a,b € Z pe (a,n) = 1. Tote 1o ovvofo {axy+b, ..., ax, 1+ b} anotefei éva npeg
ovotnua umoAoit®v modn.
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2.3 Ozopnpa Wilson - Oswprpata Fermat xkat Euler

To nmapakdat® Oedpnpa divel pia kavr) Kat avaykaia cuvOnkn ya va eivat évag
(PUOIKOG P TIPWIOG.

Oznpnpa 2.2 (Oeapnua rov Wilson) 'Evag aképaiog p > 1 givat mpotog, av kat
UOVO av, 10X UeL
(p—1D!'=-1 (mod p).

IIopropa 2.3 [a kdde mPwTo apduUd p LoXUEL
(p—2)'=1 (mod p).
Mapadewypa 2.16 Eav( < s < p, Omou p mp@1og apduog, va aroderydel Ot 1oy UeL

(s—Dlp—s)!+(-1)*'=0 (modp).

Anodbeln:
Ia s = 1 n IIpdtaon sivar aindng Aoyw tov Yswpnuarog Wilson. Yrmod<rouue ot
LOXUEL
(s=2)!p—(s=))N+(-1)*?=0 (mod p)

(s=2Up—s+ DI+ (=1)2=0 (modp)
= (s=2)l(p— )( —s+1)+(=1)"?=0 (mod p)
= (s=2)p—s)lp—(s=2)(p 8)(8—1) (=1)*=0 (mod p)
= —(s=2s—=Dp—-8)!+(=1)*"?=0 (mod p)
= (s=Dip—s)!—(-1)?=0 (mod p)
= (s=Dip—s)!+(-1)""=0 (mod p)

apa n Ipotaon woyvet yia kade s pe ) < s < p.
Iapatwpnon: H Ipotaon woxvet kat yia s = p. Ipayuat,

(p—DI0!+ (=1)P ' =(p—1)!+1=0 (mod p).

IIpotaon 2.5 'Eotw p evag mepittog npwtog. Tote
p—1Y, 2_ —1 (mod p),av p=1 (mod 4)
2 )01 11 (modp),av p=3 (mod 4)
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Mapadewypa 2.17 'Eow p mpatog > 2. Na beifete ot
p—=p—1 (mod1+2+---4(p—1)).

Anodbeln:
, p(p—1) , , ,
Kadwgl+2+---+(p—1)= — 5 apreiva 6eifouue ou
—1
2=y - 1)
Am6 10 Beaypnua Wilson, éxoupe (p—1)! = —1 (mod p), arn’ émou p|(p — 1)! + 1 kar

emousvag pl(p — 1) — (p—1). Emiong, (p— 1) —(p—1) = (p — p—2)—1),
0 (P! =(p—1). E p-—D=(-1)=rE-D((p-2)!-1)
arn’omoup — 1|(p — 1)! — (p — 1). Enedn} (p,p — 1) = 1 naipvouue

pp—Dlip-'—(p-1).

Kadag 0 mpwtog p eivat meptttog, énetat ot o apduog (p — 1)/2 evar axépaiog kat
Katd OUVETELA LOXUEL
p(p—1)

-1 (- 1)

O

Ao ta omoudaidtepa Sewprpata g otorxewdoug Aewpiag ApOpwv eivat to
akoAouBo, 1ou sival yvooto g Mikpo @smpnpa tou Fermat

Ocopnpa 2.3 (Psopnua Fermat) 'Eote p £vag mpwiog Kal a £vag aképaiog UE
p fa. Tote
a?'=1 (mod p).

IIoplopa 2.4 'Eotw p £vag mpwtog. Tote yia kade a € 7 1oxvet

a’? =a (mod p).

IIpotaon 2.6 Eav p cival évag mpwto¢ aplduUog Kat ay, . . . , a4, akéoatol apduol,
10TE o) UEeL
(a1 +---+a,)P =af +---+a (mod p).
IMapadewypa 2.18 Eav yia 10 pUOIKO apduo n .oxUEL
5/n—1,5)n, 5 n+1,

va anobetydei ot 5n? + 1.

Andbeln:

Eneibn 5 fn, an’ 1o Mikpo Ozwpnua tov Fermat, oy vet

n*=1 (mod5)= (n—1)(n+1)(n*+1)=0 (mod 5)
omote, enetbn 5 fn — 1, 5 fn+ 1 éouue 1o Tprovuevo.

32



3° KAAOKAIPINO MA®HMATIKO £XOAEi0 E.M.E. 2 Iootyieg

O

H axoAouBrn yevikeuon tou (pikpou) Sewpnpatog tou Fermat eivat yvootd g
®csopnpua Euler.

Osopnpa 2.4 (Psdpnua Euler) 'Eotw n évag euoukog > 1 kat a évag aképaiog
térotog, wote (a,n) = 1. Tote

a®™ =1 (mod n).

Mapadeypa 2.19 Na vnofoyioete 1o unoAotmo g Sraipsone tou 10%+4, omou k €
N, ue o 7.

Avon:
Kadag (10,7) = 1, 10 @ecyponua Fermat 6iver 10° = 1 (mod 7), an’ émouv 10 = 1
(mod 7). Emiong
10'=3"=9"=22=4 (mod 7).
‘Apa
10T =4 (mod 7)

Kat ETOUEV®S To (nTouuevo unojlotrno givat 1o 4.

71968198 — 3. 687
10

Mapadewypa 2.20 Na deifete 01t 0 apOUOS glvar aképaiog.
Andbeln:
Apxkel va beifouue ot

10]7 - 19689%% — 3. 6878,

To Beypnua tou Fermat 6iver 3* =1 (mod 5). Enopévag

19681968 — 31968 _ (34)492

=1 (mod5).
Emiong, exouue
68 =3 =9.(3)""=9=4 (mod 5),
onote
7-19681% —3.68"=7-3.-4=-5=0 (mod 5).

Anjaby
e 5|7 - 1968™% — 3. 687,

81968

Kaddwg o arxépaiog 7 - 196 — 3. 68" givar dptiog kat (2,5) = 1 maipvouue

10]7 - 19689%° — 3. 6878,
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IMapadewypa 2.21 Na Seifete Ou yia kade arxépaio n 10)UEL
2730|n'* — n.

Anodbeln:
H mpwtoyevng avaiuvon tov 2730 givar 2730 =2 -3 -5 -7 - 13. Kadw¢ ot aképaiot
2,3,5,7,13 givar mpwtor uetalv wug ava dvo apkeil va deifouue ou kadsvag ar’

avtouc Siaipei tov n'? — n.

Iapatnpouue Ot av o n givar dptiog 10T kKat o n'® — n eivar dptiog. Emiong, eav o

n etvai Tep1ttog, e o n'? — n eivar dpniog. ‘Apa yia kade n € Z woxvet 2|n'? — n.
AT6 10 ITopioua (2.4) éxoupe ot yia kade n € Z 10)vouvv

n*=n (mod3), n”’=n (mod5), n"=n (mod7),n"*=n (mod 13).

‘Apa
n®=n (n3)4:n nt=n*-n*=n>=n (mod 3)
n'? =n? (n525n3-n2:n55n (mod 5)
n?=n"n"=nn=n"=n (mod7)

omote

3In*®* —n, 5n' —n, 7In'* —n, 13]n"* —n.

O

Hapadeiypa 2.22 'Eotw p mpwtog. Na anobeifete 6u plab? — baP? yia 6loug toug
axepaiouvg a, b.

Andbeiln:

Ag onueoouus apxika ot ab? — ba? = ab(bP~! — aP™1).

Eav plab tote plab? — ba?, eve eav p [ ab e (p,a) = (p,b) = 1 ovvenog and o
Mucpd Becypnua tou Fermat éyoups P~ = a?~! = 1 (mod p). ‘Apa p|p*~! — aP~!
rou 6iver ot plab? — baP kai étot o Kade mepintwon plab? — bal.

Mapadewypa 2.23 (Eowtepindg Ataywviouds E.M.E. 1995) Eav p mpdtog apiduog
ue p > 3, va anobeifete ou 20p|5P — 4P — 1.

Anodbeln:
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Eav p = 5 101€ 10 anotéieoua toyvel. 'Eotw Aowtmovp > 7. Tote b — 4P — 1 =
0—(—=1)»—=1=0 (mod 5)
P —4P —1=1"-0—-1=0 (mod 4)
Kat téflog, Aoy tou Hopiouarog 2.4, taipvoupe 5? = 5 (mod p) kar4? = 4 (mod p)
apa b’ — 4P —1 =5—-4—1 =0 (mod p) xar emeidny (4,5,p) = 1 majpvovue ou
20p|57 — 47 — 1.

"Aoxnon: (20¢ Eowtepucog dtaywviouog E.M.E. 1989) Eav p mpatog va amodeifete
o 42p|3P — 2P — 1. (Yrobeailn: INa va beifete ou 7|3P — 2P — 1, ypnowonoujote tu
Ipotaon 1.10).

O
Mapadewypa 2.24 'Eow p > 7 évag mpwrog. Na anobdeifete 61t 0 apduog
11...1
—
p—1 povadeg
Siaipeitar amo 1o p.
Anodbeln:
'Exouue
100t —1
11...1 = ———
R,—/ 9
p—1 povadeg
Kat 10 OUUTEPAoUA TPoKUTIEL arod 10 Moo Oswpnua tou Fermat ©.
O

Mapadewypa 2.25 'Eotw p évag mpoiog ue p > 5. Na amobeifete ou p® = 1
(mod 240).

Andbeln:

H mpaetoyevic avavon tou 240 sivai 240 = 2% - 3 - 5. Ano 10 Mikpo Osopnua tou
Fermat, éxouvuep®* = 1 (mod 3) karp? = 1 (mod 5). Eneidn évag 9etikdg aképaiog
gtvar mpaTog mpog 10 2* av kar uévo av ewar weprog G(21) = 23 kar éror Adyw
tou Yewpnuatog Euler, éxoupe p® = 1 (mod 16). Zvvereg p® = 1 (mod m) ya
m = 3,5, 16 twv onoiwv 10 E.K.I1. eivai 1o 240 xai étotp® = 1 (mod 240).

Hapatipnon : Asv sivai 5vokofo va sovue oun? = 1 (mod 16) yian = +£1, 43, +5, £7
(mod 16). Zvveno¢ umopovus va BeAtidoouus 1o arotéAeoua g aoknong oe pt = 1
(mod 240) yia 67oug toug mpatoug p > 5.

8Ag onpewwdei 6 (10,p) = 1
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Mapadewypa 2.26 Na anodeifete o yia kade dptio IeTikd axépalo n oY UEL
n? — 12" — 1.

Andbeln:

@éroups m = n + 1. @éAouue 1o0te va Ssifouus ot m(m — 2)[20"~V' — 1. Ensién
d(m)|(m —1)!, éxouue 290 — 120m=1' _ 1 xa1 and 10 Oedpnua tou Euler £xoupue
m|2¢0™) — 1. ‘Etot, mporvmier 6um|2m ' —1. ‘Opora, m — 2|20V —1 ka1 ene1dn)
o m elvar teputtog, maipvouue (m, m — 2) = 1 apa 1o rovuecvo anotédsoua.

Mapadewypa 2.27 'Eotw p évag mpowtog g uop@rc 3k—+2 mou siaipei 10 a* +ab—+ b
yla Kamotoug akepaioug a, b. Amobdeifte ot ot a, b ivat kat ot 6vo draipetol ano 1o p.
Andbeln:
A¢ urodéogouue OtL 0 p dev Sitaipei 10 a. Emeidn p]a2 + ab + b2, dpa o p Srapel kar
wa® — b = (a —b)(a® + ab + b*) ovvenag a® = b* (mod p). ‘Apa

a** =% (mod p) (1)

Zuvenawg o p bev bapei ovte 10 b. Amo 10 Mukpo Bewpnua tov Fermat &xouue
a~t =1 =1 (mod p), B

a3k+1 = b3k+l (mod p) (2)

Eneibn o p elvat mpaitog mpog 1o a, kat Aoye tov (1), (2) rajppvovpea = b (mod p).
To teAeutaio oe ouvduaoud pe 10 a® + ab + b*> = 0 (mod p) 6iver 3a*> = 0 (mod p).
'Etot, agouv p # 3 dpa p|a, atomo.

O

Me 6po10 TpOro OMKG TNV MAPATIAVE va AUCETE TNV €MOpevr), 9épa ing 3ng
[Tpokataptikng ddong g 13ng EOvikng Mabnpatikrng OAvpruddag tou 1996.

‘Aoxrnon: 'Eocww p ipotog apibuog tng popers 4k + 3 (kK € N). Eav z,y € Z kat
plz? + 3%, va anodeifete o p|lr kat p|y.

O

Mapadewypa 2.28 (Awedvng OAvumiadba Madnuatucev 2005) Bswpoupe TNL axoou-
ia ay, as, . .. TOU Opiletal e TOV TUTO

a, =2"+3"+6" -1

yia ofloug toug Yeticoug axegpaioug n. Na Speite 0floug Toug IeTikoU¢ aKkEPatoug mou
glvat mpToL IPog O7loug Toug 0poug tng akolovdiag.
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Avon:
H anavinon eivat uovo 1o 1. Apkei va beifovue ot kade mPTo¢ p Siaipel 1o a, yla
Kamnoo Jetko axépaio n. Ag onuelwdel dttotp = 2 katp = 3 61apouvv v as = 48.

Ag unodeoouue twpa ott p > 5. Tote ano 1o Mukpo Oswpnua tov Fermat €xovue
2p~1 =31 =671 =1 (mod p). Tote

3-207142.37 1167 '=3+2+1=0 (mod 6)

énAadn 6(2P2 +372 +672 —1) =0 (mod p), 6nAasdn p|6a,_». Eneién (p,6) =1,
aoea o a,_» dwaipeital ano 10 p onws 10 YAaye.
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2.4 Tpappirég Iootipiceg

Oplopodg 2.3 'Eoww n évag guotkog > 1 kat a,b dvo arxépaior. Mia wootpia g

HoPPNS
ar =b (mod n),

Omou T mPoobloplatéog aképailog, kaisital ypaupikn wotuia. Adus 0Tt 0 aKépaiog
Ty enajindevel 1] mANPOIL TV TApPATAV® YOauUIKy wootiuia av

arxg =b (mod n).

Hapatnpnon : e avt v tepintwon, kade axépaiogy ue to =y (mod n), emai-
ndevel emiong ) yoauuukn wouuia. 'Etol, 9a kadovue fluon mg wotuiag axr = b
(mod n) onowovénmote axépao y pue xg =y (mod n) émou xy uia onowadrnnote Avon
Mg apxkn¢g ootuiag 1 Onws Ague £vag avumpPoowTog 10U cUVOAoU Twv AUCEWU.
duokd, UTAPXOUV Kat 00TYIieG oL omoieg OV xouv kaula Avon. Ilyx. n 6x =1
(mod 8) 8|6z — 1, dromo agov 6x — 1 mepuog).

Mapadewypa 2.29 Na mpoodiopioete tig Avoeglg g yoauuwkng wotuiag 2z = 10
(mod 6).

Avon:

Kadaw¢ 10 = 4 (mod 6), n yoauuusn wotuia anfjovotevetar kat éxovue 2x = 4
(mod 6). Ot axépaior O, 1, 2, 3, 4, 5 anotefovv éva TANpPeg ovoua UTOAoITWY
modb6 Kt €10t Ttapatnpovue ta eEng:

2.0=0#4 (mod6), 2-1=2%#4 (mod6), 2-2=4 (mod 6)

2:3=6#4 (mod6), 2-4=8#4 (mod6), 2-5=10=4 (mod 6).

Enopévag ot Avoeg etvat otz = 2,5 (mod 6).

Hapatpnon : IIapatnpouUue Ot 1 uedodog autr mouU XPNOULOTIO|OAUE OTO TTapPa-
nave tapabstyua Sev elvar eUK010 va epapuootel yia Tov TpoobloploUo TV AUoEwv
Wag yoaupuikng wootyuiag pe peyao n 610t ot urofoyiopol yivoviat apketd EmITOVOoL.
Auvrtog givar kat o Aoyog wou Ya peAstnoovpue avajutkotepa TG Yo aUUIKES LOOTYLIES.

Oplopdg 2.4 Ovoualouvue avtiotpogo svog apduov a modn (av umapxel) ekeivov

tov axépaio b yia tov onoio wyvet ab = 1 (mod n). Tov ouuSoAifouus ue a=* 1 ue
1

a

INa napaberyua o avtiorpogog tou 3 mod7 givarto b 6won3 -5 =1 (mod 7).

Ipdtaon 2.7 'Ectw a € Z pe a # 0. Tote umdpxet 10 avtiorpo@o tou a, av Kai
uovo av, (a,n) = 1.

IIpétaon 2.8 'Ectw (a,n) = 1. Tote n ypoauuucn wotpia axr = b (mod n) éyet
arxpibog uia Avon.
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Mapadewypa 2.30 Na vnofoyioete g Avoelg g yoauukng wotuiag 137z = 4
(mod 102)

Avon:

Kadw¢ 137 = 35 (mod 102), n yoauuucn wotuia arjovotevetal kai xoupe 35x =
4 (mod 102). Me tov aflyépduo tou Eukieibn Bpiokouue ou (102,35) = 1 (agpa n
mapanave otia xel povadikn Avon) kat ovykekpucva ot —12-102+35-35 = 1.
Enougvag 35 - 35 = 1 (mod 102). Zvvenwg o avtiorpogog tou 35 modl02, givar o
eavtdg tou Kat €101, moAdfanAaocwaloviag katr ta dvo uefn mg wouuiag 35r = 4
(mod 102) ue 35, naipvovue x = 4 - 35 = 38 (mod 102).

O

Hapatipnon: Eav (a,n) = 1 tdte yia va nipocdiopicoupe tov avtiotpodo tou a
modn priopoupe va Soudéwoupe Kat og eEnS: 'Eote r évag 9etikog aképatlog £€tot
oote ” = 1 (mod n) (.. r = ¢(n)). Tdote 1o avtiorpopo tou a modn, eivai 1o
a"! modn. Tuvenog eav (a,n) = 1, 1éte ) AVon TG YPARHMIKAG ootipiag axr = b

(mod n) eivatn x = ba"~! (mod n).

Hapadeiypa 2.831 Oa Avcouue m ypauuucn wotuia 7r = 8 (mod 30).

Avon:

Kadag (7,30) = 1, n ypauukn wotuia éxel povadikrj Avon. 'Exouue 748 = 1
(mod 30). 'Ouwg ¢(30) = 8 dpa n taén ouv 7 mod30 7, Saei 10 $(30) = 8.
Aorkuadovtag maipvoupe 7> = 49 = 19 = —11 (mod 30) kar 74 = (—-11)2 =121 =1
(mod 30). ‘Apa ordsy(7) = 4 kar étol, moAdanfacwaloviag kar ta U0 uEAN g
YoauuIKn¢ wotuiac e 7° maipvouus

r=78=(-T7)8=(-17)8=13-8 =104 =14 (mod 30).

O

Ocwpnpa 2.5 H ypauuikn wotuia ax = b (mod n) éyet Avon av kat povo av d|b
omou d = (a,n). Ebucatepa, eav 0 aképaiog Ty enaindevetl ) yoauuikn wootuia,
101e UTLapxouv akpiBag d Avoelg ot

xzxo,xg—l—%,x0+2%,...,x0+(d—1)% (mod n)

IMapadewypa 2.32 Na vrofoyioeste ti¢ AUOELS TNG YOAUUIKNG LOOTIUIAS

2l =6 (mod 33).

Avon:

"Eav (a,n) = 1 t6te Ta€n 10U @ modn ovopdoupe Tov EAAXI0TO aKEPA10 T Y1d TOV OIToio 10XUEL
a” =1 (mod n). Tnv oupBoAioupe pe ord, (a) kat anodeikvietal (oAU gukoAa) ot ord, (a)|d(n).

AXe§avdpog T. Zuykedakng 39



2.5 Zvotiuaia ypapuikov .0oTIdv AIAIPETOTHTA KAI IZOTIMIES

'Exouue (21, 33) = 3 kat 3|6. Zuupova ue 10 napandve Gewpnua, n lootia éxe
3 Avoeg. 'Evag aképaiog T emaindevel TNV Tapanave 100Tia av Kat Lovo av 7x =
2 (mod 11). Ot axépaior 0,1,...,10 anoteflovv éva mAnpeg ovomua uroAoitwv
modll. Aokwalovue kadéva amd aviovg OTNV Tapandve yoauulky 100Tia Kat
dlamotdvoupe Ot 0 5 U enaindevel. ‘Apa povadikn Avon g wotiag Tr = 2
(mod 11) eivar n = 5 (mod 11). O 5 emaindever kar v 21z = 6 (mod 33).
Enoucvwg, ovupova pue 10 napanave Oswpnua ot Avoelg g wootyiag 21x = 6
(mod 33) eivat ot x = 5,16,27 (mod 33).

Mapadewypa 2.33 Na vrofoyioste tig¢ Avoelg g wwotiag

2086z = —1624 (mod 1729).

Avon:

Kada¢ 2086 = 357 (mod 1729) xar —1624 = 105 (mod 1729), pumopovue va
anfonowoouue tm yoauuucn wotpia kat tot éxouvpe 357 = 105 (mod 1729). Me
tov ailyopduo tou Eukieibn maijpvouue ou (357,1729) = 7 kadwg emiong ot 7 =
19 - 1729 — 92 - 357. Ondte —92 - 357 = 7 (mod 1729). HoAAarnAacialoviag kai ta
&vU0 puéin g woniag ue 15 maipvoupe (—92-15)-357 = 105 (mod 1729). Zvupwva
ue 10 maparave Oswpnua ol 7 Avoelg g yoauikng wotuiag ivat ot e§ng

x = 349, 596, 843, 1090, 1337, 1584,102 (mod 1729).

2.5 Zvuoujpata YPappiROV 100TIHIOV
Oplopdg 2.5 Kajlovue Avon tou ouotruatog

a1z = by (mod nq)

arr = b (mod ny)

Kdde axépaio mou enaindevel kKade pia ano ug yoauuuceg wotuleg. Ia napabdetyua,
pia Avon tou ovotjuatog 3z = 9 (mod 10), 2x = 1 (mod 5) eivar o aképaiog 3.
'Eva ovotnua gvbéxetar va unu gxet Avon, akoun kKar ot TEPITIOON, OTOU KAJE
Hia anod Tg yoauuikes 1ootuieg mou to anoteflovv gxet Avon. 'Otav Aue ot éva
ovotnua &xet Avon v a modc evvooUue Ot £xel wg Avoelg OAoug Toug akepaioug
nou givat tootmoAourot pe 1o a modc. Avo ouotiuata kajovviar wwobvvaua otav
&xouv 1o (610 ouvoAo JUoew.
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Ocopnpa 2.6 (Kwélixo Ocapnua Yrofointeov 1 O@sopnua Yrofoinov tov Nixo-
uayxov) 'Eotw by, ..., b, axépaior kat ny,...,n, euowol > 1, mpator uetalv toug
ava évo. Tote 10 oUOTNUA YO AUUIKOU LOOTULOV

x=0b; (mod ny)

xr=by (mod ny)

x=b; (mod ng)

&xet povadikry Avon modny - - - ny, MV omola Bpiokouue wg eENg:

Opitouue N; = ny---nj_1njq; -+ -ny Kar Bpiokovue v Avon M; ng oouuiag
N;z =1 (mod ny) ® (eite pe ov Eukieibeio aitydpiduo eite pe aniég bokyués eav o
apdpoi eivar pkpol). Tote n Avon tou ovotriuatog givat n xo (mod ny - - - ny), Omou

xo = by N1 My + - - - + b N M.
Mapadewypa 2.34 Na Avdei 1o ovotnua
r=2 (mod5), z=3 (mod?7), z=4 (mod 11).

Avon:
Eneidn ot axépaior 5, 7,11 eivar mpaoror petalv toug ava 6vo, ovupwva ue 10 K-
wedQiko Ocpnua YroAoimwy, 1o mapandve ouotnua xet povadikry Avon mod385.

Ny =7-11=77, No=5-11 =55 N3 =57 = 35.

'E101, TAipVOULE TG YO AUUIKES LOOTYUIES
7T7x=1 (mod?5), bbz =1 (mod 7), 35z =1 (mod 11),
7 wodvvaua
2r=1 (mod5), 6x=1 (mod7), 2z =1 (mod 11),

ot omoieg £xyouv g AUOELS

r=3 (mod5), z=6 (mod7), z=6 (mod 11),
avtiotoyya. Emoucvwg, n flvon tov ovotyuartog ivat

rg=T77-3-2+55-6-3435-6-4=2292=367 (mod 385).

O

8kaPmg o1 uOIKOL Ny, ..., Ny eival MPATOl Petay Toug ava 8o £xoups (Nj,n;) =1lyaj=
1,...,k, dpa n wootpia €xet povadikr) Avon modn;.
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Mia yevikeuorn tou Kivédikou @ewprjpatog YroAoinev eivatl ) mapaxkatem

Ocswpnpa 2.7 To oUOTNUA YO AUUIKOD LOOTIULOU

r=0b; (mod ny)

x=by (mod ny)

x=by (mod ng)

gxer Avon, av kat povo av, (n;,n;)|b; — b; yia kade i,j ue i # j. Av xy eivar pia
Avon tou ovotruarog, 10te 10 ovvoio AVoewv tou givat n xy (mod [ng - - - ny).

Zta napaxkdre napadeiypata @aiveral Kat 0 Tporog HeE TV Oroio eMAUOURE Ta
YPAPHIKA ouotrjpata pe 1) fornfsia tou mapandave Jemprjpatog.

Mapadewypa 2.35 Na Avdei 10 oUOTNUA TOV 1OOTUIOV
r=1 (mod15), =7 (mod 18).

Avon:

'Exouue (15,18) = 3 kat 3|1 — 7. Emiong [15,18] = 90. Omndte, ovupwva ue
70 mapanave Oswpnua 1o cvomua Exet povadiknyy Avon mod9d0. Apkei Aowrov, va
mpoodilopioovue pia Avon tou yia va Exouus 0o to ouvoao Auosw.

Octovue ot beutepn ypauukn wotpia v = 1 4+ 15y kar majpvouue

1+ 15y =7 (mod 18).

Enouévag 15y = 6 (mod 18) an’ omou by = 2 (mod 6). Evkoia &amotovouue
ott04 emaindevel TNV Tapanave wotia. ZUVETaS N povadikn JUon Tou oUoTHUATOS
elvarn

r=14+15-4=61 (mod 90).

IMapadewypa 2.36 Na Avdei 10 oUOTNUA TOV 1I0OTUIOV
r=3 (mod8), x=11 (mod 20), z=1 (mod 15).

Avon:

'Exoupe (8,20) = 4, (8,15) = 1, (15,20) = 5 xar 4|3 — 11, 1|3 — 1, 5|1 — 11.
Emiong [8, 20, 15] = 120. 'Apa ovppwva ue 10 napandve Oewpnua mpoKUTieL Ot 10
ovotnua éxet povaducry Avon (mod 120).

Oewpoupe 10 oUoTNUa TV SU0 TPIOTOV YOAUUIKOU IOOTIULOV

r=3 (mod38), x=11 (mod 20), [8,20] = 40.
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Octovue x = 3 + 8y otn beutepn W0oTYIa Kal EXOUUE
348y =11 (mod 20),
an’ onouv
y=1 (mod5),
apa
r=3+8=11 (mod 40).
‘Apa 10 ap) ko puag ovotnua givat 10oduvayo Ue 10 oUOTNUA
r=11 (mod 40), x=1 (mod 15).
Octovue v = 11 4 40y ot bevtepn wotia kat taijpvovue
11+40y=1 (mod 15).
Onodte y = 2 (mod 3). 'Apa n {nrovuevn Avon eivar
r=114+2-40=91 (mod 120).
O

'Opeg 10 Ocopnpa 2.7 s pag fonbast yia va AUvoupe cuotrpata g popeng

ar=0b, 1=1,... k.
Ag Sewpriooupe Aoutdv 10 CUCTNHIA TOV YPAPPIKOV 00TV

ajx = by (mod ny)

arr = by (mod ny).

['a va €xetl 1o ocuotnpa auvto Auon, TIPETEl KAbe pia aro 11§ YPapPIKEG 100TIieg va

éxet Avor, nou 10obuvapei pe ug oxéoeig d;|b; orou d; = (a;,n;), 1 =1,..., k. Ag
urnoBeooupe ot d;|b;, i =1,..., k. Téte unapyxouv A;, B;, N; € Z pe (A;, N;) =1
¢tol wote a; = d;A;, by = d;B;, n; = d;N;, 1 =1,...,k. Onodte 10 apanave

ouotnua sivat 1oduvapo pe 10 €Eng

Az = By (mod Ny)

Apx = B, (mod Ng).
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Kabog (A;, N;) = 1, n ypappikty woupia A;x = B; (mod N;) éxet povadikr) Avorn
mve =C; (mod N;), i=1,..., k. 'Etol, 10 apXiko pag ovotpa eivat wwoduvapo
HE 10 ouotnua

r=C; (mod Ny)

10 011010 PIOPOUPE va PeAETr)ooUnE Pe Ti§ PeBodoug, Tou meplypayape ota mpo-
nyoupeva.

Mapadewypa 2.37 Na Avdei 10 oUOTNUA TOV 1OOTYUIOV
8¢ =4 (mod 20), 152 =10 (mod 35), 9z =12 (mod 39).

Avon:

'Exoupe (8,20) = 4, (15,35) = 5, (9,39) = 3. Kadawg 4|4, 5|10, 3|12, kade pia
ano g yeauuIKES 100TUIEG TOU ouotnuatog exel jluon. To ovotnua sivar woodvvapuo
ue 1o eéne

2r=1 (mod5), 3z =2 (mod7), 3x=4 (mod 13).
Ot Avoeig TV yoapupukov 100Tu@v 6ivouv 10 oUOTNUA
r=3 (mod5), =3 (mod?7), x=10 (mod 13).

Ot axépaior 5, 7,13 eivar mpwtot uetalv toug ava 6vo. Emouévwg to ovotnua €xet
povadkny Avon mod4bs. Ba Avocouus mpTa 10 cvoTnuUa

r=3 (mod5), x=3 (mod7).

Iapatnpovue ot o 3 givar pia Avon tou cvotjuarog. Emedn (5,7) = 1, n
(novabucr)) Avon tou ovotiuarog eivarn x = 3 (mod 35). Zuvenog 1o apxiko ovotn-
ua givat 100dvvapo Ue 10 oUoTnUa

r=3 (mod 35), x=10 (mod 13).

I'a va o Avoouue 9étrovpe x = 3 + 35y oty devtepn ypaupkn wotuia Kat EXOUUE
3+ 35y = 10 (mod 13), ar’ onov 9y = 7 (mod 13). Evxofa Samiotdvouvue ot n
Avon avnig g ypauuukrg wotpiag sivar ny = 8 (mod 13) kat emopévag n Avon
TOU oUOTNUatog givat n

r=3+8-35=283 (mod 455).
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3° KAAOKAIPINO MA®HMATIKO £XOAEi0 E.M.E. 2 Iootyieg

Aoxrnon 1: (IIpoBAnpa tou Branmagupta, 70 aiwvag p.X.) 'Otav naipvoupe
auyd ano éva kadabt ava 2,3,4,5,6 kabes popd, tote pévouv avtiotorxa : 1,2,3,4,5
auyd oto kaddabdt 'Otav opweg naipvoupe ava 7 dsv pével kavéeva. Na urnoAoyiodet
0 €Adx10t0g aplOPOg AUYOV TTOU IIPETIEL VA TIEPIEXEL TO KAAAO1.

Aoxknon 2: (To mpoBAnpa tou Kive¢ou payelpa) X’ éva mAtdtoiko 17 melpatég
apriadouv €va Praovdo yepdato Xpuoeg Alpeg (iong adiag). Amnogaocilouv va tg
Holpactouv o ioa pépn Kat va §®oouV To UTIOAOTO 0ToV K1veé{o pdyelpa Tou Kapa-
Blou toug. T’ autov avuotolxouv 3 Aipeg. Ze pia vavpayia okotovovial £§1 aro
autoug. X10 pdyelpa aviiotoixouv tote 4 Aipeg. Katomv oe éva vaudylo oodoviat
Povo €81 ar’ autoug, T0 PUIaoUAO KAl O PAYElpag. IT0 PAYEPA AVIIOTOLXoUV TOTE
5 Alpeg. Katormv o payeipag SnAnmpiadet toug melpatég Kat maipvel to priaovlo.
[160eg Alpeg TOUAAX1OTOV TIEPIEXEL TO HUITAOUAO;

AXe§avdpog T. Zuykedakng 45



2.5 Zvotiuaia ypapuikov .0oTIdv AIAIPETOTHTA KAI IZOTIMIES

’
Bi6Aloypaopila
[1] A. [TouAdkng, Oswpia Apuov, Mia ovyxpovn 9swpnon g kiaowkrng Oecwpiag Apt-
Yuav, @sooalovikn 1998.
[2] K. Adkkn, Ozopia Apduov, @scoadovikn 1991.
[8] K. Adkkn, I'. Tatwdn, Aoknoeig Oswpiag Apduav, ®cooalovikn 1991.
[4] Iep0buxo Lwdotaorn, Exdoorn tou Ilapaptrpatog Kevipikng Makedoviag tng EME.

[6] Znuewwoeig anod 10 apyeio Staywviouwv g E. Mntowouv.

[6] M. Ztepylou, OAuvumniadeg Madnuatukov, Madnuatikol Atayoviopoi A Aukeiou, Exdo-
oeig XaBBaia 2003.

[7] ®. N. Kadaviln, Oswpia Apwduamv, Exbooeig Mabnpatikrn BiBA1o6rkrn, B’ 'Exdoon
(1997).

[8] T. Andreescu, D. Andrica, Z. Feng, 104 Number Theory Problems, From the
Training of the USA IMO Team, Birkhdauser 2007.

46



