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PERIEQ�OMENA v

Eisagwg 

Pr¸toc o Euler, kat� ton 18

o

ai¸na, ìrise thn z ta sun�rthsh kai èkane qr sh twn idiot twn

thc gia na d¸sei mÐa epiplèon, all� entel¸c diaforetik , apìdeixh tou gnwstoÔ Jewr matoc

tou EukleÐdh ìti up�rqoun �peiroi pr¸toi arijmoÐ.

H an�ptuxh thc migadik c an�lushc kat� ton 19

o

ai¸na èdwse nèa ¸jhsh sth qr sh a-

nalutik¸n mejìdwn gia thn apìdeixh apotelesm�twn thc JewrÐac twn Arijm¸n. O Dirichlet

ìrizei tic om¸numec L-seirèc kai apodeiknÔei, metaxÔ �llwn, ìti se k�je arijmhtik  prìodo

fa+ knj(a; n) = 1; k 2 Zg up�rqoun �peiroi pr¸toi arijmoÐ. O Kummer apodeiknÔei shma-

ntik� apotelèsmata sqetik� me thn eikasÐa tou Fermat. H z ta sun�rthsh melet�tai apì ton

Riemann gia migadik  metablht  kai, èktote, apokaleÐtai proc tim  tou z ta sun�rthsh

tou Riemann. AkoloujeÐ o orismìc thc z ta sun�rthshc tou Dedekind algebrikoÔ

s¸matoc arijm¸n kaj¸c kai twn abelian¸n L-seir¸n.

Stic arqèc tou 20

ou

ai¸na orÐzontai oi L-seirèc tou Artin, oi opoÐec apoteloÔn ge-

nÐkeush aut¸n tou Dirichlet kai thc z ta sun�rthshc tou Dedekind. 'Ena meg�lo mèroc

thc JewrÐac Kl�sewn Swm�twn (Class Field Theory) sthrÐzetai stic idiìthtec aut¸n

twn seir¸n. Tìsh eÐnai h epirro  aut¸n twn ide¸n stic mèrec mac, ¸ste o G. Harder na

parathr sei:

<<H z ta sun�rthsh gnwrÐzei ta p�nta gia to algebrikì s¸ma a-

rijm¸n. Den èqoume par� na thn peÐsoume na mac ta apokalÔyei.>>

(Dec [34], selÐda 113.)

KÔrioc skopìc tou biblÐou eÐnai mÐa eisagwg  ston fantastikì autìn kl�do thc JewrÐac

twn Arijm¸n. To perieqìmenì tou poikÐllei, wc proc ton bajmì duskolÐac, an�loga me to

kef�laio.

Sto pr¸to kef�laio meletoÔme idiìthtec thc z ta sun�rthshc tou Riemann kai twn L-

seir¸n tou Dirichlet. Gia thn katanìhs  twn apaitoÔntai apokleistik� gn¸seic migadik c

an�lushc.

Sth sunèqeia, sto deÔtero kef�laio, meletoÔme thn katanom  twn akeraÐwn idewd¸n

algebrikoÔ s¸matoc arijm¸n se kl�seic idewd¸n, orÐzoume thn z ta sun�rthsh tou Dede-

kind algebrikoÔ s¸matoc arijm¸n kai meletoÔme ton arijmì kl�sewn idewd¸n tetragwnik¸n

swm�twn arijm¸n.
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Sto trÐto kef�laio meletoÔme ton arijmì kl�sewn idewd¸n abelian¸n epekt�sewn tou

s¸matoc twn rht¸n arijm¸n (kuklotomik¸n swm�twn).

Sto tètarto kef�laio meletoÔme jewr mata puknìthtac pr¸twn idewd¸n. KÔria erga-

leÐa prosèggishc tou jèmatoc autoÔ apoteloÔn oi idiìthtec twn abelian¸n L-seir¸n kai

korwnÐda apoteleÐ h apìdeixh tou jewr matoc tou

�

Cebotarev, to opoÐo genikeÔei to je¸rhma

tou Dirichlet gia arijmhtikèc proìdouc. H katanìhsh tou perieqomènou tou deÔterou, trÐtou

kai tètartou kefalaÐou proôpojètei gn¸seic enìc, metaptuqiakoÔ epipèdou, maj matoc al-

gebrik c jewrÐac arijm¸n, ìpwc, paradeÐgmatoc q�rh, autèc perigr�fontai stic shmei¸seic

[2].

Sto pèmpto kef�laio gÐnetai mikr  eisagwg  sth JewrÐa Kl�sewn Swm�twn.

Sto èkto kef�laio melet¸ntai oi idiìthtec twn L-seir¸n tou Artin (mh-abelianèc

L-seirèc). Sto kef�laio autì apaitoÔntai, pèran twn �llwn, kai gn¸seic jewrÐac parast�-

sewn peperasmènwn om�dwn. En suntomÐa anafèrontai orismoÐ kai idiìthtec. Gia mÐa pl rh

an�ptuxh thc apaitoÔmenhc jewrÐac parapèmpoume sto [3].

To kef�laio autì kleÐnei me mÐa mikr  anafor� stic eikasÐec tou Stark.

Prokeimènou na krathjeÐ o ìgkoc tou biblÐou se anekt� ìria den sumperil�bame �llec

z ta sunart seic kai L-seirèc, ìpwc autèc twn algebrik¸n swm�twn sunart sewn mi�c me-

tablht c me s¸ma stajer¸n èna peperasmèno s¸ma, L-seirèc twn modular sunart sewn,

k.l.p., oÔte anaferj kame sth shmasÐa pou èqoun oi L-seirèc elleiptik¸n kampul¸n gia thn

melèth thc arijmhtik c aut¸n twn kampul¸n.

'Ola aut� ja apotelèsoun, elpÐzoume, to perieqìmeno enìc �llou biblÐou.

To perieqìmeno tou parìntoc biblÐou èqei didaqjeÐ eÐte san metaptuqiakì m�jhma eÐte

san m�jhma melèthc se metaptuqiakoÔc foithtèc tou Tm matìc mac. Ta sqìlia kai oi

parathr seic touc  tan gia mèna polÔ qr sima.

To biblÐo ekdÐdetai mèsw tou progr�mmatoc EPEAEK <<PROMHJEAS>> tou Panepisth-

mÐou Kr thc. Jermèc euqaristÐec qrwst¸ ston upeÔjuno tou progr�mmatoc An. Kajhtht 

kÔrio Gi¸rgo TzirÐta. Tèloc ja  jela na euqarist sw ton ptuqioÔqo Majhmatikì Pantel 

Stoup� kaj¸c kai ton metaptuqiakì foitht  tou Tm matoc Epist mhc Upologist¸n David

J. M

c

Clurkin gia thn exairetik� epimelhmènh hlektronik  epexergasÐa tou keimènou.

Gi�nnhc A. Antwni�dhc, Kajhght c

Hr�kleio, Okt¸brioc 1999



Kef�laio 1

Z ta sunart seic kai L-seirèc

1.1 Qarakt rec peperasmènwn abelian¸n om�dwn

Orismìc 1.1.1 'Estw G mÐa peperasmènh om�da. K�je omomorfismìc om�dwn

� : G �! C

�

ja lègetai qarakt rac thc G.

To ginìmeno dÔo qarakt rwn � kai �

0

thc G orÐzetai wc ex c:

�

� � �

0

�

(g) := �(g)�

0

(g) gia k�je stoiqeÐo g thc G:

O antÐstrofoc enìc qarakt ra � thc om�dac G orÐzetai

�

�1

(g) := �(g)

�1

gia k�je stoiqeÐo g thc G:

JewroÔme to sÔnolo

b

G =

�

�

�

�

� qarakt rac thc G

	

:

Profan¸c to sÔnolo

b

G apoteleÐ om�da me pr�xh ton pollaplasiasmì qarakt rwn.

Je¸rhma 1.1.2 An G eÐnai peperasmènh abelian  om�da tìte

b

G

�

=

G. IdiaÐtera

isqÔei:

�

b

G : 1

�

=

�

G : 1

�

.

Apìdeixh: H om�da G analÔetai se eujÔ �jroisma kuklik¸n om�dwn. An g

1

; g

2

; : : : ; g

k

oi

genn torec aut¸n twn kuklik¸n om�dwn t�xewn n

1

; n

2

; : : : ; n

k

antÐstoiqa, tìte k�je g 2 G

gr�fetai sthn morf 

g = g

r

1

1

g

r

2

2

: : : g

r

k

k

; r

1

; r

2

; : : : ; r

k

2 Z

1
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An � 2

b

G kai �(g

i

) = �

i

(i = 1; 2; : : : ; k) tìte

�

n

i

i

= �(g

i

)

n

i

= �(g

n

i

i

) = �(e) = 1

kai

�(g) = �

�

g

r

1

1

g

r

2

2

: : : g

r

k

k

�

= �(g

1

)

r

1

�(g

2

)

r

2

: : : �(g

k

)

r

k

= �

r

1

1

�

r

2

2

: : : �

r

k

k

dhlad  �

i

n

i

-rÐzec thc mon�dac kai o � orÐzetai mèsw twn �

i

.

AntÐstrofa, an �

1

; �

2

; : : : ; �

k

2 C

�

me �

n

i

i

= 1 ; i = 1; 2; : : : ; k tìte h � : G! C

�

�

�

g

r

1

1

g

r

2

2

: : : g

r

k

k

�

:= �

r

1

1

�

r

2

2

: : : �

r

k

k

eÐnai qarakt rac. Up�rqei loipìn mÐa amfimonos manth antistoiqÐa an�mesa stouc qara-

kt rec � thc G kai stic k-�dec (�

1

; �

2

; : : : ; �

k

) me �

n

i

i

= 1 ìpou to ginìmeno twn qarakt rwn

antistoiqeÐ sto ginìmeno twn �

i

. Sunep¸c

b

G

�

=

�

(�

1

; �

2

; : : : ; �

k

) 2 C

�

�

�

�

n

1

1

= �

n

2

2

= : : : = �

n

k

k

= 1

	

�

=

Z

�

n

1

Z

�

Z

�

n

2

Z

� � � � �

Z

�

n

k

Z

�

=

G: ut

Parat rhsh: An G peperasmènh tìte �(g) eÐnai rÐza thc mon�dac, dhlad  gia k�je g 2 G

èqoume ìti j�(g)j = 1 ) �(g)�(g) = 1, opìte mporoÔme na orÐsoume ton suzug  qarakt ra

� tou � wc ex c:

�(g) := �(g) 8 g 2 G:

Orismìc 1.1.3 'Estw N 2 Nrf0g. K�je qarakt rac thc Z

�

N

=

�

n(modN)

�

�

(n;N) = 1

	

ja lègetai qarakt rac Dirichlet modN .

Apì ton orismì èqoume ìti o � orÐzetai mìno sta n gia ta opoÐa (n;N) = 1. EpekteÐnome

loipìn ton orismì wc ex c:

�(n) :=

8

>

<

>

:

� (nmodN); ìtan (n;N) = 1

0; ìtan (n;N) > 1

kai ja to onom�zoume kai p�li qarakt ra tou Dirichlet.

'Wste qarakt rac tou Dirichlet mod N eÐnai mÐa sun�rthsh � : Z ! C me tic ex c

idiìthtec:
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1. �(n) = 0() (n;N) > 0

2. � pollaplasiastik , dhlad  �(mn) = �(m)�(n) 8m;n 2 Z

3. �(n) exart�tai mìno apì nmodN

Apì to Je¸rhma 1.1.2 èqoume ìti 9 ! '(N) = N

Y

pjN

�

1�

1

p

�

qarakt rec tou Dirichlet

modN .

ParadeÐgmata:

1. 8N 2 N n f0g o kÔrioc qarakt rac modN orÐzetai wc ex c:

�

0

(n) :=

8

>

<

>

:

1; ìtan (n;N) = 1

0; ìtan (n;N) > 1

2. Gia N = 2 èqoume '(N) = 1 , sunep¸c o �

o

eÐnai monadikìc qarakt rac mod 2.

Gia N = 3; 4; 6 èqoume ìti '(N) = 2 opìte up�rqei akìmh ènac ektìc tou kurÐou p.q.

gia N = 3

n 0 1 2 3 4 5 6 : : :

"

3

(n) 0 1 �1 0 1 �1 0 : : :

gia N = 4

n 0 1 2 3 4 5 6 : : :

"

4

(n) 0 1 0 �1 0 1 0 : : :

gia N = 5, '(N) = 5

�

1�

1

5

�

= 4 up�rqoun akìma 3 qarakt rec

n (mod 5) 0 1 2 3 4

0 1 i �i �1

�(n) 0 1 �1 �1 1

0 1 �i i �1

3. An p 2 P to sÔmbolo tou Legendre (Kronecker) eÐnai qarakt rac Dirichlet mod p

�

n

p

�

=

8

>

>

>

>

>

<

>

>

>

>

>

:

0; ìtan o p diaireÐ to n

1; ìtan o p den diaireÐ to n kai n tetragwnikì upìloipo mod p

�1; ìtan p den diaireÐ to n kai n ìqi tetragwnikì upìloipo mod p
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Je¸rhma 1.1.4 An � qarakt rac Dirichlet modN tìte isqÔei h

S :=

X

nmodN

�(n) =

8

>

<

>

:

'(N); gia � = �

o

0; gia � 6= �

o

(1.1)

Apìdeixh: An � = �

o

, profan¸c S = '(N). An � 6= �

o

tìte 9 n

o

modN , (n

o

; N) = 1,

tètoio ¸ste �(n

o

) 6= 1. 'Otan to n diatrèqei èna pl rec sÔsthma antipros¸pwn pr¸twn

kl�sewn upoloÐpwn modN to Ðdio k�nei kai to nn

o

(dhlad  (n;N) = 1 , (nn

o

; N) = 1).

Sunep¸c

S =

X

nmodN

�(n

o

n) = �(n

o

)S

�ra, epeid  �(n

o

) 6= 1, èqome ìti S = 0. ut

Pìrisma 1.1.5 An �

1

; �

2

eÐnai qarakt rec tou Dirichlet mod N tìte

1

'(N)

X

n(modN)

�

1

(n)�

2

(n) =

8

>

<

>

:

1; ìtan �

1

= �

2

0; ìtan �

1

6= �

2

(1.2)

Apìdeixh: Efarmìzoume to je¸rhma gia ton qarakt ra � := �

1

�

2

. ut

E�n t¸ra ajroÐsoume wc prìc touc qarakt rec, èqoume to akìloujo je¸rhma.

Je¸rhma 1.1.6 Gia k�je akèraio n isqÔei

X

�

�(n) =

8

>

<

>

:

'(N); ìtan n � 1 (mod N)

0; ìtan n 6� 1 (mod N)

ìpou to � sthn �jroish diatrèqei ìlouc touc qarakt rec Dirichlet mod N .

Apìdeixh: An n � 1 (modN) tìte gia ìlouc touc qarakt rec Dirichlet modN � isqÔei

ìti �(n) = 1. To pl joc aut¸n eÐnai '(N). Epomènwc, ìtan n � 1 (mod N) èqoume to

zhtoÔmeno.

An t¸ra (n;N) > 1 to je¸rhma isqÔei diìti gia ìlouc touc qarakt rec Dirichlet mod N

ja isqÔei �(n) = 0. 'Estw loipìn n 6� 1 (modN), (n;N) = 1 kai �

1

ènac qarakt rac tou

Dirichlet mod N tètoioc ¸ste �

1

(n) 6= 1. Up�rqei tètoioc qarakt rac diìti oi qarakt rec

� me �(n) = 1 eÐnai qarakt rec thc om�dac phlÐkwn

�

Z

�

NZ

�

�

�

hni thc opoÐac h t�xh eÐnai

mikrìterh thc t�xhc thc

�

Z

�

NZ

�

�

. 'Eqoume loipìn:

�

1� �

1

(n)

�

X

�

�(n) =

X

�

[�(n)� �

1

�(n)] =

X

�

�(n)�

X

�

�(n) = 0:
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Lìgw thc sqèshc �

1

(n) 6= 1 èpetai ìti

P

�

�(n) = 0. ut

Pìrisma 1.1.7 An a; b 2 Z, (b;N) = 1, tìte isqÔei:

1

'(N)

X

�

�(a)�(b) =

8

>

<

>

:

1; ìtan a � b (mod N)

0; ìtan a 6� b (mod N)

Apìdeixh: Efarmìzoume to je¸rhma gia n, nb � a (modN). ut

'Estw t¸ra N

1

�

�

N , N

1

6= N kai �

1

ènac qarakt rac modN

1

. H sÔnjesh

Z

�

N

Z

�

N

1

C

�

�

1

�

ìpou h pr¸th apeikìnish eÐnai h anagwg  mod N

1

, orÐzei èna qarakt ra mod N . O �

ja lème ìti ep�getai apì ton �

1

kai ja lègetai m  prwtarqikìc, alli¸c ja lègetai

prwtarqikìc.

ShmeÐwsh: O kÔrioc qarakt rac �

0

(modN) gia N > 1 den eÐnai potè prwtarqikìc diìti

ep�getai apì ton tetrimmèno qarakt ra mod 1.

Gia k�je qarakt ra tou Dirichlet � (modN) up�rqei el�qistoc fusikìc N

1

tètoioc ¸ste

o � ep�getai apì ton �

1

(modN

1

) ìpou o �

1

eÐnai prwtarqikìc modN

1

. Ton fusikì autìn

ton N

1

ja ton onom�zome odhgì tou qarakt ra �.

Endiaferìmaste propantìc gia pragmatikoÔc qarakt rec (� = �) dhlad  tètoiouc pou

paÐrnoun timèc pragmatikoÔc arijmoÔc. Epeid  oi timèc touc eÐnai rÐzec thc mon�dac   mhdèn

oi qarakt rec autoÐ paÐrnoun timèc 0;�1;+1. To epìmeno je¸rhma ja mac d¸sei ìlouc touc

prwtarqikoÔc pragmatikoÔc qarakt rec. Pr¸ta ìmwc dÐnoume ton parak�tw orismì.

Orismìc 1.1.8 'Estw D akèraioc. O D ja lègetai jemeli¸dhc diakrÐnousa ìtan

isqÔoun:

� o D � 1 (mod 4) kai den diaireÐtai me to tetr�gwno akeraÐou megalÔterou tou èna

(square free),  

� o D � 0 (mod 4), o

D

4

eÐnai square free kai

D

4

= 2   3 (mod 4).
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'Estw D jemeli¸dhc diakrÐnousa. OrÐzoume th sun�rthsh �

D

: N �! Z wc ex c:

1. �

D

(p) =

�

D

p

�

; ìpou p 2 P n f2g

2. �

D

(2) =

8

>

>

>

>

>

<

>

>

>

>

>

:

0; ìtan D � 0 (mod 4)

1; ìtan D � 1 (mod 8)

�1; ìtan D � 5 (mod 8)

3. �

D

�

p

n

1

1

p

n

2

2

: : : p

n

k

k

�

= �

D

(p

1

)

n

1

�

D

(p

2

)

n

2

� � ��

D

(p

k

)

n

k

IsqÔei loipìn to akìloujo

Je¸rhma 1.1.9 'Estw D jemeli¸dhc diakrÐnousa. H sun�rthsh

n 7�! �

D

(n)

eÐnai periodik  mod

�

�

D

�

�

kai orÐzei ènan prwtarqikì qarakt ra tou Dirichlet mod

�

�

D

�

�

,

ìpou

�

D

(�1) =

8

>

<

>

:

1; ìtan D > 0

�1; ìtan D < 0

K�je prwtarqikìc pragmatikìc qarakt rac tou Dirichlet eÐnai qarakt rac thc morf c

�

D

.

Apìdeixh: 'Estw N = p

r

1

1

p

r

2

2

: : : p

r

k

k

h an�lush tou N se ginìmeno pr¸twn paragìntwn.

Gia k�je kl�sh amodN orÐzoume tic <<sunist¸sec>> a

i

8

>

<

>

:

a

i

� amod p

r

i

i

a

i

� 1 mod

N

p

r

i

i

9

>

=

>

;

Je¸rhma upoloÐpwn tou Kinèzou

Epomènwc èqoume a � a

1

a

2

: : : a

k

(modN).

OrÐzoume �

i

(a) := �(a

i

) ìpou � k�poioc qarakt rac Dirichlet (modN). Profan¸c h �

i

eÐnai

qarakt rac tou Dirichlet modp

r

i

i

kai �(a) = �(a

1

)�(a

2

) : : : �(a

k

) = �

1

(a)�

2

(a) : : : �

k

(a) =

(�

1

�

2

: : : �

k

) (a), sunep¸c � = �

1

�

2

: : : �

k

. H parap�nw an�lush eÐnai monadik . Pr�gmati

an � = �

0

1

�

0

2

: : : �

0

k

tìte �

i

(a) = �(a

i

) = �

0

1

(a

i

)�

0

2

(a

i

) : : : �

0

k

(a

i

) = �

0

i

(a

i

) = �

0

i

(a) diìti

�

0

j

(a

i

) = 1 gia k�je i 6= j kaj' ìson a

i

� 1 mod p

r

j

j

(j 6= i). Sunep¸c �

i

= �

0

i

.

'Eqoume loipìn to akìloujo antimetajetikì di�gramma:



1.1 Qarakt rec peperasmènwn abelian¸n om�dwn 7

�

Z

�

NZ

�

�

�

Z

�

p

r

1

1

Z

�

�

�

�

Z

�

p

r

2

2

Z

�

�

� � � � �

�

Z

�

p

r

k

k

Z

�

�

C

�

�

�

=

�

1

� �

2

� : : : � �

k

Epomènwc o � eÐnai prwtarqikìc qarakt rac modN akrib¸c tìte ìtan ìloi oi �

i

eÐnai

prwtarqikoÐ modp

r

i

i

. Gia thn taxinìmhsh ìlwn aut¸n twn qarakt rwn arkeÐ na exet�soume

thn perÐptwsh N = p

r

, p 2 P.

1. 'Estw p 2 P me p 6= 2. EÐnai gnwstì ìti h om�da

�

Z

�

p

r

Z

�

�

eÐnai kuklik . 'Estw x ènac

genn torac thc om�dac aut c (prwtarqik  rÐza mod p

r

!). An o qarakt rac � eÐnai

pragmatikìc kai � 6= �

0

tìte ja prèpei �(x) = �1 kai sunep¸c up�rqei to polÔ ènac

tètoioc qarakt rac. Apì thn �llh meri� h apeikìnish n 7!

�

n

p

�

eÐnai ènac pragmatikìc

qarakt rac (modp

r

) di�foroc tou �

0

o opoÐoc èqei odhgì to p. 'Wste, gia k�je pr¸to

p 6= 2, up�rqei akrib¸c ènac pragmatikìc prwtarqikìc qarakt rac � (mod p).

Autìc eÐnai o �

p

(n) =

�

n

p

�

. Den up�rqei pragmatikìc prwtarqikìc qarakt rac

mod p

r

gia r > 1.

2. E�n p = 2 tìte gia r = 1 h om�da

�

Z

�

2Z

�

�

eÐnai tetrimmènh, dhlad  èqei mìno ton

qarakt ra � = �

0

.

Gia r = 2 èqoume

�

Z

�

2

r

Z

�

�

�

=

Z

�

2Z

, sunep¸c o "

4

eÐnai o monadikìc qarakt rac diafo-

retikìc apì ton �

0

o opoÐoc eÐnai prwtarqikìc.

Gia r = 3 èqoume

�

Z

�

2

r

Z

�

�

�

=

�

Z

�

2Z

�

�

�

Z

�

2Z

�

kai up�rqoun akrib¸c 2 qarakt rec oi

opoÐoi dÐnontai apì ton parak�tw pÐnaka.

n (mod 8) 0 1 2 3 4 5 6 7 : : :

"

0

8

(n) 0 1 0 �1 0 �1 0 1 : : :

"

00

8

(n) 0 1 0 1 0 �1 0 �1 : : :

"

0

8

kai "

00

8

eÐnai pragmatikoÐ prwtarqikoÐ qarakt rec. (An �(3) = � kai �(5) = � tìte

�(7) = �(3 � 5) = ��, �; � 2 f�1;+1g kai apì tic tèsseric dunatìthtec pou èqoume

oi dÔo m�c dÐnoun touc mh-prwtarqikoÔc qarakt rec �

0

kai "

4

). Gia r > 3 isqÔei ìti
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an n � 1 (mod 8) tìte n � k

2

mod 2

r

ìpou k 2 Z. (Dec [38], selÐda 241, Proposition

A11.) Opìte gia � pragmatikì èqoume ìti

�(n) = �

�

k

2

�

= �

2

(k) = (�1)

2

= 1;

dhlad  o � den mporeÐ na eÐnai prwtarqikìc. Epomènwc up�rqei monadikìc pragma-

tikìc prwtarqikìc qarakt rac "

4

mod 4 kai up�rqoun dÔo pragmatikoÐ prwteÔontec

qarakt rec "

0

8

kai "

00

8

mod 8.

Gia r 6= 2; 3 den up�rqoun pragmatikoÐ prwtarqikoÐ qarakt rec mod 2

r

.

'Oloi loipìn oi pragmatikoÐ prwtarqikoÐ qarakt rec èqoun odhgì thc morf c:

1   4   8 epÐ ginìmeno peritt¸n pr¸twn

= 1   4   8 epÐ k�poion perittì <<square free>> akèraio.

K�nontac t¸ra qr sh tou tetragwnikoÔ nìmou antistrof c èqoume �

p

0

(n) =

�

n

p

�

gia p

0

=

(�1)

p�1

2

p, p 6= 2 kai

"

4

(n) =

�

�4

n

�

= �

�4

(n)

"

0

8

(n) =

�

8

n

�

= �

8

(n)

"

00

8

(n) =

�

�8

n

�

= �

�8

(n):

Apì thn �llh meri� to ginìmeno dÔo jemeliwd¸n dikrinous¸n D

1

kai D

2

me (D

1

;D

2

) = 1

eÐnai epÐshc jemeli¸dhc diakrÐnousa kai isqÔei �

D

1

D

2

= �

D

1

��

D

2

. ApodeÐqthke dhlad  ìti

oi pragmatikoÐ prwtarqikoÐ qarakt rec eÐnai akrib¸c oi �

D

ìpou to D ginìmeno pr¸twn

metaxÔ touc arijm¸n apì to sÔnolo

n

�4;+8;�8; p pr¸toc

�

an p � 1 (mod 4)

�

;�p

�

an p � 3 (mod 4)

�

o

:

Apì thn �llh meri� k�je jemeli¸dhc diakrÐnousa eÐnai aut c thc morf c, dhlad 

D = m; �4m; 8m; �8m

kai m square free, m � 1 (mod 4).
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Apomènei na apodeÐxome thn telik  èkfrash tou jewr matoc. ArkeÐ na to doÔme gia

diakrÐnousa �4, +8, �8, p (p � 1 (mod 4)), �p (p � 3 (mod 4)). Pr�gmati:

�

�4

(�1) = "

4

(�1) = �1 = sign(�4)

�

8

(�1) = "

0

8

(�1) = 1 = sign(8)

�

�8

(�1) = "

00

8

(�1) = �1 = sign(�8)

�

p

0

(�1) =

�

�1

p

�

=

8

<

:

1; p � 1 (mod 4)

�1; p � 3 (mod 4)

to opoÐo eÐnai Ðso me sign(p

0

):

ut

1.2 Seirèc tou Dirichlet (genikìthtec)

Oi seirèc tou Dirichlet paÐzoun sthn analutik  jewrÐa arijm¸n, tìso shmantikì rìlo ìso

oi dunamoseirèc sth jewrÐa migadik¸n sunart sewn. Sth jewrÐa twn dunamoseir¸n paÐrnei

kaneÐc thn sun�rthsh z 7! z

n

(n 2 N) kai prospajeÐ opoiad pote �llh sun�rthsh na thn

parast sei san �peiro grammikì sunduasmì tètoiwn. Stic seirèc Dirichlet paÐrnoume thn

ekjetik  sun�rthsh

z 7�! e

��z

(� 2 R)

kai, afoÔ to R eÐnai uperarijm simo, periorizìmaste se mÐa akoloujÐa

n

z ! e

��

n

z

o

n2N

ìpou �

n

akoloujÐa pragmatik¸n arijm¸n me �

1

< �

2

< � � � < �

n

! 1. H migadik 

metablht  ja sumbolÐzetai me s = � + it.

Orismìc 1.2.1 MÐa seir� Dirichlet eÐnai mÐa seir� thc morf c

1

X

n=1

a

n

e

��

n

s

ìpou f�

n

g akoloujÐa pragmatik¸n arijm¸n me �

1

< �

2

< : : : < �

n

! 1, a

n

aujaÐretoi

migadikoÐ arijmoÐ kai s = � + it 2 C .

ParadeÐgmata:
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1. 'Estw ìti �

n

= n gia k�je fusikì arijmì n. S' aut n thn perÐptwsh dèn odhgoÔmaste

se kammÐa kainoÔrgia jewrÐa diìti h antikat�stash z = e

�s

dÐnei thn morf 

X

a

n

z

n

dhlad  s' aut n th perÐptwsh, h jewrÐa twn seir¸n Dirichlet tautÐzetai me th jewrÐa

twn dunamoseir¸n.

2. 'Estw �

n

= logn, opìte h seir� gr�fetai

1

X

n=1

a

n

n

s

. Aut  th morf  ja qreiastoÔme

kai m' aut  ja asqolhjoÔme parak�tw. Apì ed¸ kai pèra ja th lème sun jh seir�

Dirichlet.

To pr¸to prìblhma pou ja exet�soume, eÐnai to pìte kai poÔ sugklÐnei mÐa seir�

Dirichlet.

Gia tic dunamoseirèc gnwrÐzoume paradeÐgmatoc q�rin thn Ôparxh thc aktÐnac sÔgklishc

opìte gia �

n

= n kai z = e

�s

pou eÐqame sto par�deigma (1) mporoÔme na bg�loume

to ex c sumpèrasma: up�rqei �

0

= log

�

1

R

�

2 R tètoio ¸ste h seir� tou Dirichlet

sugklÐnei gia k�je s = � + it 2 C me Re(�) > �

0

, apoklÐnei gia k�je s 2 C

me Re(�) < �

0

en¸ den mporoÔme na poÔme tÐpota gia � = �

0

. Skopìc mac t¸ra

eÐnai na to apodeÐxome gia ìlec tic seirèc tou Dirichlet. An kai h apìdeixh eÐnai Ðdia

sthn genik  perÐptwsh emeÐc ed¸ ja perioristoÔme, apì ed¸ kai k�tw, stic sun jeic

seirèc Dirichlet.

Je¸rhma 1.2.2 An h seir� Dirichlet

1

X

n=1

a

n

n

s

sugklÐnei gia s = s

0

, tìte sugklÐnei gia

ìla ta s me Re(s) > Re(s

0

) kai m�lista omoiìmorfa se sumpag  uposÔnola tou

hmiepipèdou Re(s) > Re(s

0

).

Apìdeixh: Ja apodeÐxome k�ti genikìtero, ìti dhlad  se k�je tìpo thc morf c

�

�

arg(s� s

0

)

�

�

�

�

2

� � <

�

2

èqoume omoiìmorfh sÔgklish, opìte telei¸noume afoÔ k�je sumpagèc uposÔnolo tou hmie-

pipèdou Re(s) > Re(s

0

) perièqetai se k�poio tètoio tìpo. Kat' arq n, qwrÐc periorismì thc

genikìthtac, mporoÔme na upojèsoume ìti s

0

= 0.

�

1

X

n=1

a

n

n

s

=

1

X

n=1

a

n

n

s

0

�

1

n

s�s

0

=

1

X

n=1

b

n

n

s�s

0

opìte sÔgklish thc arqik c seir�c gia s = s

0

eÐnai isodÔnamh me th sÔgklish thc teleutaÐac

gia s� s

0

= 0.

�
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AfoÔ loipìn ex upojèsewc sugklÐnei gia s

0

= 0 èqoume ìti h

1

X

n=1

a

n

sugklÐnei, dhlad 

8 " > 0 9N

0

2 N tètoioc ¸ste jA(M;N)j � " gia ìla ta N > M � N

0

ìpou

A(M;N) :=

N

X

n=M

a

n

; A(N) :=

N

X

n=1

a

n

kai A(M;M � 1) := 0:

Epomènwc gia N > M � N

0

isqÔei

N

X

n=M

a

n

e

��

n

s

=

N

X

n=M

h

A(M;n)�A(M;n� 1)

i

e

��

n

s

= A(M;M)e

��

M

s

�A(M;M)e

��

M+1

s

+A(M;M + 1)e

��

M+1

s

�A(M;M + 1)e

��

M+2

s

.

.

.

+A(M;N � 1)e

��

N�1

s

�A(M;N � 1)e

��

N

s

+A(M;N)e

��

N

s

=

N�1

X

n=M

A(M;n)

h

e

��

n

s

� e

��

n+1

s

i

+A(M;N)e

��

N

s

:

H parap�nw diadikasÐa eÐnai to legìmeno l mma tou Abel. T¸ra

�

�

e

��

n

s

� e

��

n+1

s

�

�

=

�

�

�

s

Z

�

n+1

�

n

e

�su

du

�

�

�

� jsj

Z

�

n+1

�

n

�

�

e

�su

�

�

du = jsj

Z

�

n+1

�

n

e

��u

du

=

jsj

�

�

e

��

n

�

� e

��

n+1

�

�

:

Gia s mèsa sthn perioq  pou orÐsame, èqoume:

jsj

�

=

1

cos j arg sj

�

1

cos

�

�

2

� �

�

=

1

sin �

opìte, gia � > 0, èqoume

�

�

�

�

�

N

X

n=M

a

n

e

��

n

s

�

�

�

�

�

�

N�1

X

n=M

�

�

A(M;n)

�

�

�

�

�

e

��

n

s

� e

��

n+1

s

�

�

+

�

�

A(M;N)

�

�

�

�

�

e

��

N

s

�

�

�

1

sin �

"

N�1

X

n=M

�

e

��

n

�

� e

��

n+1

�

�

+ "e

��

N

�

�

1

sin �

"e

��

M

�

+ "e

��

N

�

<

�

1

sin �

+ 1

�

e

��

N

0

�

";
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dhlad  apodeÐxame thn al jeia tou jewr matoc. ut

To je¸rhma autì m�c dÐnei ìti mÐa seir� tou Dirichlet sugklÐnei se k�poio hmiepÐpedo.

Pr�gmati an

U =

�

� 2 R

�

�

�

�

1

X

n=1

a

n

n

s

sugklÐnei

�

kai

L =

�

� 2 R

�

�

�

�

1

X

n=1

a

n

n

s

apoklÐnei 8s : Re(s) = �

�

tìte k�je stoiqeÐo tou U eÐnai megalÔtero apì k�je stoiqeÐo tou L kai h taxinìmhsh aut 

orÐzei ènan pragmatikì �

0

tètoio ¸ste na èqoume sÔgklish gia k�je � > �

0

kai apìklish

gia k�je � < �

0

.

An U = ; tìte �

0

= +1

An L = ; tìte �

0

= �1

Orismìc 1.2.3 To shmeÐo �

0

ja lègetai shmeÐo arq c thc sÔgklishc. H eujeÐa � =

�

0

eÐnai h gramm  sÔgklishc kai to hmiepÐpedo � > �

0

eÐnai to hmiepÐpedo sÔgklishc

thc seir�c Dirichlet.

'Askhsh: Na deiqjeÐ ìti h seir�

1

X

n=1

n!

n

s

den sugklÐnei poujen�, dhlad  to shmeÐo arq c thc

sÔgklishc �

0

eÐnai sto +1, en¸ h seir�

1

X

n=1

1

n!n

s

sugklÐnei pantoÔ, dhlad  �

0

= �1.

Sundu�zontac t¸ra to je¸rhma 1.2.2 kai to gnwstì je¸rhma tou Weierstrass gia seirèc

sunart sewn (dec [1], selÐda 176).

Je¸rhma 1.2.4 K�je seir� Dirichlet parist� sto hmiepÐpedo sÔgklis c thc mÐa olìmorfh

sun�rthsh tou s thc opoÐac oi diadoqikèc par�gwgoi lamb�nontai paragwgÐzontac th seir�

kat� ìrouc.

Fusiologik� tÐjetai to er¸thma sth sunèqeia gia thn eÔresh tou �

0

kai th sumperifor�

thc sun�rthshc (ìrio sÔgklishc thc seir�c Dirichlet sto � > �

0

) sth gramm  sÔgklishc

� = �

0

. 'Eqoume to an�logo thc aktÐnac sÔgklishc twn dunamoseir¸n?

Ja apodeÐxoume to akìloujo

Je¸rhma 1.2.5 'Estw

1

X

n=1

a

n

e

��

n

s

mÐa seir� tou Dirichlet kai èstw ìti h

1

X

n=1

a

n

apoklÐnei.

Tìte

�

0

= lim sup

N!1

log

�

�

A(N)

�

�

�

N
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A(N) :=

N

X

n=1

a

n

!

.

Par�deigma: An

1

X

n=1

a

n

sugklÐnei tìte to je¸rhma isqÔei kai p�li arkeÐ na antikatast -

soume to A(N) me to

1

X

N

a

n

. EpÐshc mporoÔme p�nta na metafèroume th seir� ètsi ¸ste

�

0

> 0, dhlad  h seir�

1

X

n=1

a

n

na apoklÐnei.

Apìdeixh: Gia lìgouc eukolÐac ja apodeÐxoume to je¸rhma gia sun jeic seirèc Dirich-

let, dhlad  gia �

N

= logN . Gia thn apìdeixh thc genik c perÐptwshc parapèmpoume ton

endiaferìmeno anagn¸sth sto biblÐo tou T. M. Apostol [5], selÐda 161. Ja prèpei loipìn

na deÐxoume ìti

�

0

=  := lim sup

N!1

log

�

�

A(N)

�

�

logN

= inf

�

�

�

�

� > 0; A(N) = O(N

�

)

	

(O sumbolismìc A(N) = O (N

�

) shmaÐnei ìti up�rqei B > 0 t.w jA(N)j � BN

�

gia

ìla ta N). 'Estw � > �

0

. Tìte h seir�

P

a

n

n

��

sugklÐnei. 'Ara ja èqoume ìti

�

�

�

�

�

N

X

n=1

a

n

n

��

�

�

�

�

�

< C

gia ìla ta N 2 N kai kat�llhlh stajer� C. 'Opwc kai pio mprost�, k�nontac qr sh tou

l mmatoc tou Abel, èqoume

jA(N)j =

�

�

�

�

�

N�1

X

n=1

�

a

n

n

��

�

n

�

�

�

�

�

�

=

�

�

�

�

�

N�1

X

n=1

 

n

X

m=1

a

m

m

��

!

�

n

�

� (n+ 1)

�

�

+

 

N

X

n=1

a

n

n

��

!

N

�

�

�

�

�

�

(�>0)

�

N�1

X

n=1

�

�

�

�

�

n

X

m=1

a

m

m

��

�

�

�

�

�

�

(n+ 1)

�

� n

�

�

+

�

�

�

�

�

N

X

n=1

a

n

n

��

�

�

�

�

�

N

�

< C

N�1

X

n=1

�

(n+ 1)

�

� n

�

�

+CN

�

< 2CN

�

:

An t¸ra  := inf

n

�

�

�

�

9N

0

2 N t.w. 8N � N

0

log

�

�

A(N)

�

�

logN

< �

o

tìte o  ja eÐnai, ex

orismoÔ, mikrìteroc eÐte Ðsoc proc ton � kai, afoÔ autì isqÔei gia ìla ta � me � > �

0

, ja

èqoume ìti  � �

0

. 'Estw t¸ra � > . Efarmìzontac xan� to l mma tou Abel brÐskoume

N

X

n=1

a

n

n

��

=

N�1

X

n=1

A(n)

�

n

��

� (n+1)

��

�

+A(N)N

��

: (1.3)
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Dialègoume � me  < � < � kai mÐa stajer� C me

�

�

A(N)

�

�

� CN

�

gia k�je N , opìte

èqoume:

�

�

�

A(n)

�

n

��

� (n+ 1)

��

�

�

�

�

(�>0)

� Cn

�

�

n

��

� (n+ 1)

��

�

= Cn

�

�

Z

n+1

n

x

���1

dx

< C�n

����1

kai

�

�

A(N)N

��

�

�

� CN

���

! 0 kaj¸c N ! 1. H sÔgklish thc seir�c

1

X

n=1

n

����1

mac

dÐnei èna peperasmèno ìrio kaj¸c N ! 1. Epomènwc to dexÐ mèloc thc (1.3) sugklÐnei,

ìtan N ! 1, sunep¸c kai h seir�

1

X

n=1

a

n

n

��

sugklÐnei �ra � � �

0

kai (afoÔ isqÔei gia

k�je � > ) èpetai ìti  � �

0

, dhlad  telik�  = �

0

. ut

ParadeÐgmata:

1. 'Estw �(s) =

1

X

n=1

1

n

s

h perÐfhmh z ta sun�rthsh tou Riemann. 'Eqoume

a

n

= 1; A(N) = N =) �

0

=  = 1

dhlad  h seir� sugklÐnei gia � > 1.

2. 'Estw t¸ra h  (s) := 1�

1

2

s

+

1

3

s

� � � � ed¸

a

n

= (�1)

n�1

; A(N) :=

8

>

<

>

:

1; ìtanN eÐnai perittìc

0; ìtanN eÐnai �rtioc

sunep¸c �

0

=  = 0 dhlad  h seir� sugklÐnei gia � > 0 kai orÐzei sto hmiepÐpedo

autì mÐa olìmorfh sun�rthsh. Gia � > 1 ìmwc eÐnai profanèc ìti

 (s) = �(s)� 2

�

1

2

s

+

1

4

s

+ : : :

�

=

�

1� 2

1�s

�

�(s);

dhlad  èqoume mÐa mèjodo na epekteÐnoume thn �(s) merìmorfa sto hmiepÐpedo � > 0,

ìpou oi pijanoÐ pìloi brÐskontai to polÔ sta shmeÐa

s = 1; 1�

2�i

log 2

; 1�

4�i

log 2

; : : :

ìpou mhdenÐzetai o 1� 2

1�s

.
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Shmantik  diafor� apì tic dunamoseirèc.

O tÔpoc R = lim inf

�

�

a

n

�

�

�

1

n

dÐnei amèswc ìti oi

P

a

n

z

n

kai

P

�

�

a

n

�

�

z

n

èqoun thn

Ðdia aktÐna sÔgklishc kai m�lista ìpou sugklÐnei h seir� mèsa ston anoiktì dÐsko

sÔgklishc ekeÐ sugklÐnei kai apìluta.

Sto par�deigma mac ìmwc h  (s) sugklÐnei gia � > 0, en¸ sugklÐnei apìluta gia � > 1.

Sthn perÐptwsh thc sun jouc seir�c Dirichlet isqÔei to

Je¸rhma 1.2.6 'Estw ìti h seir� Dirichlet

1

X

n=1

a

n

n

�s

èqei shmeÐo arq c sÔgklishc �

0

en¸ h

1

X

n=1

�

�

a

n

�

�

n

�s

to �

1

. Tìte isqÔei:

�

1

� �

0

+ 1; dhlad  0 � �

1

� �

0

� 1:

Apìdeixh: ArkeÐ na deÐxoume ìti an h

X

a

n

n

s

sugklÐnei gia k�poia tim  s

0

tìte ja sugklÐnei

apìluta gia ìla ta s me � > �

0

+ 1. 'Estw A èna �nw fr�gma twn arijm¸n

�

�

�

a

n

n

s

0

�

�

�

.

(Up�rqei tètoio afoÔ ex upojèsewc gia s = s

0

h seir�

X

a

n

n

s

0

sugklÐnei). Epomènwc

�

�

�

a

n

n

s

�

�

�

=

�

�

�

a

n

n

s

0

�

�

�

�

�

�

�

1

n

s�s

0

�

�

�

�

A

n

���

0

gia � > �

0

+ 1 =) � � �

0

> 1 =)

X

1

n

���

0

sugklÐnei, �ra kai h seir�

X

�

�

�

a

n

n

s

�

�

�

sugklÐnei. ut

To je¸rhma isqÔei mìno gia sun jeic seirèc Dirichlet (antiparadeÐgmata ja breÐte para-

deÐgmatoc q�rin sto [10], selÐda 115).

Up�rqei kai �llh polÔ pio spoudaÐa diafor� twn seir¸n Dirichlet apì aut  twn dunamosei-

r¸n.

Stic dunamoseirèc, an h

P

a

n

z

n

parist� mia sun�rthsh h opoÐa epekteÐnetai olìmorfa

ston anoiktì dÐsko jzj < r tìte aut  sugklÐnei s' autìn ton dÐsko. Autì den isqÔei gia sei-

rèc Dirichlet (mporeÐ na dei kaneÐc ìti  (s) h opoÐa orÐzetai gia � > 0 epekteÐnetai olìmorfa

s�olo to migadikì epÐpedo, all� h seir�  (s) =

1

X

n=0

(�1)

n

1

n

s

sugklÐnei mìno gia � > 0.

IsqÔei ìmwc, san eidik  perÐptwsh, to parak�tw je¸rhma.

Je¸rhma 1.2.7 (Je¸rhma tou Landau) 'Estw �

0

2 R to arqikì shmeÐo sÔgklishc thc

seir�c

1

X

n=1

a

n

n

�s

kai èstw ìti a

n

2 R gia k�je n 2 N kai a

n

� 0. Tìte h sun�rthsh f(s)
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pou orÐzetai apì th seir� Dirichlet

f(s) =

1

X

n=1

a

n

n

s

gia � > �

0

èqei anwmalÐa sto � = �

0

.

Apìdeixh: AfoÔ a

n

� 0 èqoume �

1

= �

0

(gia ton orismì tou �

1

dec prohgoÔmeno

je¸rhma). QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti �

0

= 0. An f(s)

olìmorfh sto s = 0 tìte aut  ja  tan olìmorfh se k�poio dÐsko jsj < " kai (afoÔ gia

� > �

0

= 0 eÐnai olìmorfh (dec Je¸rhma 1.2.4) to an�ptugma Taylor thc f(s) sto shmeÐo

s = 1 ja eÐqe aktÐna sÔgklishc R > 1. Ja up rqe loipìn èna s 2 R; s < 0 gia to opoÐo,

to an�ptugma Taylor

1

X

�=0

(s� 1)

�

�!

f

(�)

(1)

ja sunèkline. All� gia � > 0, f(s) =

1

X

n=1

a

n

e

�s log n

, opìte apì Je¸rhma 1.2.4, èqoume

f

(�)

(s) =

1

X

n=1

a

n

(� log n)

�

n

s

kai gia s = 1

f

(�)

(1) =

1

X

n=1

a

n

(� logn)

�

n

To an�ptugma Taylor loipìn thc f gia s = 1 eÐnai:

1

X

�=0

(s� 1)

�

�!

1

X

n=1

a

n

(� log n)

�

n

=

1

X

�=0

(1� s)

�

�!

1

X

n=1

a

n

(logn)

�

n

:

Thc diploseir�c ìloi oi ìroi eÐnai mh-arnhtikoÐ, an s < 0 (èqoume dhlad  apìluth sÔgklish!)

opìte mporoÔme na all�xoume th seir� prìsjeshc, sunep¸c h prohgoÔmenh sqèsh mporeÐ na

p�rei th morf 

1

X

n=1

a

n

n

1

X

�=0

(1� s)

�

(log n)

�

�!

'Eqoume loipìn sÔgklish aut c thc ser�c gia k�poio s < 0. EpÐshc èqoume ìti

1

X

�=0

(1� s)

�

(log n)

�

�!

= e

(1�s) log n

= n

1�s

:
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Epomènwc h seir�

1

X

n=1

a

n

n

�s

sugklÐnei gia k�poio s < 0 to opoÐo eÐnai �topo, diìti �

0

= 0,

dhlad  ja prèpei h f(s) na èqei anwmalÐa sto s = 0. ut

Ja kleÐsoume aut n thn par�grafo me èna je¸rhma monadikìthtac twn suntelest¸n

miac seir�c Dirichlet. Sugkekrimèna ja apodeÐxoume to

Je¸rhma 1.2.8 An oi seirèc Dirichlet

1

X

n=1

a

n

n

s

kai

1

X

n=1

b

n

n

s

sugklÐnoun se k�poio koinì hmiepÐpedo kai oi sunart seic pou orÐzoun, èstw f

1

(s) kai f

2

(s),

sumpÐptoun se k�poio mh-kenì, anoiktì sÔnolo pou perièqetai sto hmiepÐpedo koin c sÔ-

gklishc, tìte a

n

= b

n

gia ìla ta n � 1.

Apìdeixh: JewroÔme th seir� Dirichlet

1

X

n=1

�

a

n

� b

n

�

n

s

Aut  sugklÐnei sto hmiepÐpedo � > �

0

ìpou kai orÐzei olìmorfh sun�rthsh, èstw f(s). H

sun�rthsh aut  mhdenÐzetai se k�poio anoiktì sÔnolo pou perièqetai sto hmiepÐpedo � > �

0

.

Epomènwc f(s) � 0 sto � > �

0

. 'Estw M o el�qistoc fusikìc tètoioc ¸ste a

M

6= b

M

kai èstw c

n

= a

n

� b

n

. Gia � > �

0

èqoume loipìn

1

X

n=1

c

n

n

�

=

1

X

n=M

c

n

n

�

= 0  

c

M

M

�

= �

1

X

n=M+1

c

n

n

�

:

Epomènwc

�

�

c

M

�

�

�

1

X

n=M+1

�

�

c

n

�

�

�

M

n

�

�

; � > �

0

+ 1

An t¸ra p�roume to � tètoio ¸ste � > �

0

+ 2 tìte, lìgw omoiìmorfhc sÔgklishc,

an � ! 1 èpetai ìti c

M

= 0 to opoÐo eÐnai �topo. Sunep¸c den up�rqei tètoio M kai

epomènwc isqÔei a

n

= b

n

gia k�je n � 1. ut

ShmeÐwsh: H ènnoia thc seir�c tou Dirichlet eÐnai eidik  perÐptwsh thc ènnoiac tou meta-

sqhmatismoÔ Laplace wc proc k�poio mètro �. Autì eÐnai exorismoÔ h sun�rthsh

Z

1

0

e

�zt

d�(t):

H perÐptwsh twn seir¸n Dirichlet pou jewroÔme ed¸ eÐnai gia � èna diakritì (discrete)

mètro.
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1.3 Seirèc tou Dirichlet (tupikèc idiìthtec)

H prìsjesh seir¸n Dirichlet orÐzetai teleÐwc fusiologik� san h seir� pou èqei suntelestèc

to �jroisma twn antistoÐqwn suntelest¸n. TÐ gÐnetai ìmwc me to ginìmeno? 'Estw

f(s) =

1

X

n=1

a

n

n

�s

kai g(s) =

1

X

m=1

b

m

m

�s

dÔo sunart seic oi opoÐec orÐzontai se k�poio anoiktì sÔnolo U mèsw thc apìluthc

sÔgklishc twn seir¸n Dirichlet pou tic orÐzoun. Sto U loipìn èqoume

f(s)g(s) =

1

X

n=1

1

X

m=1

a

n

b

m

n

�s

m

�s

=

1

X

n;m=1

a

n

b

m

(nm)

�s

=

1

X

k=1

c

k

k

�s

ìpou c

k

=

1

X

n;m>1

mn=k

a

n

b

m

=

X

njk

a

n

b

k

n

H parap�nw èkfrash twn suntelest¸n c

k

pou eÐnai pollaplasiastik , se antÐjesh me tic

dunamoseirèc pou eÐnai prosjetik , eÐnai aut  gia thn opoÐa oi seirèc Dirichlet èqoun megÐsth

shmasÐa gia th JewrÐa twn Arijm¸n.

EÔkola apodeiknÔetai ìti h seir�

1

X

k=1

c

k

k

�s

sugklÐnei ìtan toul�qiston mÐa apì autèc

sugklÐnei apl� kai h �llh apìluta.

ParadeÐgmata:

1. 'Estw d(n) to pl joc twn jetik¸n diairet¸n tou fusikoÔ arijmoÔ n. Tìte, gia � > 1,

1

X

n=1

d(n)

n

s

= �(s)

2

diìti d(n) =

X

djn

1�1

2. 'Estw �(n) to �jroisma twn jetik¸n diairet¸n tou n   genikìtera

�

k

(n) =

X

djn

d

k

= 1�d

k

tìte isqÔei

1

X

n=1

�

k

(n)

n

s

= �(s) �(s� k) (� > k + 1):

Kai sta dÔo paradeÐgmata oi sunart seic mèsw twn opoÐwn orÐzontai oi suntelestèc twn

seir¸n eÐnai pollaplasiastikèc. XanajumÐzoume ton orismì.
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Orismìc 1.3.1 H sun�rthsh f : N ! C ja lègetai pollaplasistik  sun�rthsh ìtan

f(mn) = f(m)f(n)

gia ìlouc touc fusikoÔc m;n pr¸touc metaxÔ touc kai up�rqei toul�qisto ènac fusikìc n

0

tètoioc ¸ste f(n

0

) 6= 0. Epiplèon ja lègetai pl rwc pollaplasiastik  sun�rthsh ìtan

apaleÐyoume ton periorismì (m;n) = 1.

Sta 1737 o Euler anak�luye kai apèdeixe to parak�tw je¸rhma.

Je¸rhma 1.3.2 (Ginìmeno Euler) An f pollaplasiastik  kai

1

X

n=1

f(n) apolÔtwc

sugklÐnousa tìte

1

X

n=1

f(n) =

Y

p2P

�

1 + f(p) + f(p

2

) + � � �

	

kai to apeiroginìmeno sugklÐnei apolÔtwc. An f pl rwc pollaplasiastik  tìte

1

X

n=1

f(n) =

Y

p2P

1

1� f(p)

:

Apìdeixh: Kat' arq n orÐzoume

P (x) :=

Y

p�x

�

1 + f(p) + f(p

2

) + � � �

	

:

To P (x) eÐnai peperasmèno ginìmeno apìluta sugklinous¸n seir¸n, sunep¸c mporoÔme na

pollaplasi�soume   na all�xoume th seir� twn ìrwn, qwrÐc na all�xei to �jroisma. Ja

èqoume dhlad  ginìmena thc morf c

f(p

�

1

1

)f(p

�

2

2

) � � � f(p

�

�

�

) = f(p

�

1

1

p

�

2

2

� � � p

�

�

�

):

To jemeli¸dec je¸rhma thc arijmhtik c mac dÐnei

P (x) =

X

n2A

f(n)

ìpou A =

�

n 2 N

�

�

oi pr¸toi par�gontec tou n eÐnai ìloi � x

	

. Epomènwc

1

X

n=1

f(n) � P (x) =

X

n2B

f(n)

ìpou B =

�

n 2 N

�

�

9 p 2 P; pjn; tètoioc ¸ste p > x

	

. 'Ara

�

�

�

�

�

1

X

n=1

f(n) � P (x)

�

�

�

�

�

�

X

n2B

�

�

f(n)

�

�

�

X

n>x

�

�

f(n)

�

�

:
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T¸ra afoÔ h

P

1

n=1

jf(n)j sugklÐnei, èpetai ìti gia x ! 1 to

P

1

n>x

jf(n)j ! 0. EpÐshc

eÐnai gnwstì ìti:

Y

(1 + a

n

) sugklÐnei apìluta ()

X

�

�

a

n

�

�

sugklÐnei

(dec [1], selÐda 192).

EpÐshc èqoume ìti

X

p�x

�

�

f(p) + f(p

2

) + : : :

�

�

�

X

p�x

�

�

�

f(p)

�

�

+

�

�

f(p

2

)

�

�

+ : : :

�

�

1

X

n=2

�

�

f(n)

�

�

:

AfoÔ ìla ta merik� ajroÐsmata eÐnai peperasmèna, h seir� jetik¸n ìrwn

X

p2P

�

�

f(p) + f(p

2

) + � � �

�

�

sugklÐnei, opìte kai to antÐstoiqo apeiroginìmeno sugklÐnei apìluta. T¸ra an h f eÐnai

pl rwc pollaplasiastik  tìte f(p

n

) = f(p)

n

gia k�je pr¸to p kai èqoume sugklÐnousec

gewmetrikèc seirèc me �jroisma

1

1� f(p)

. ut

Je¸rhma 1.3.3 An upojèsoume ìti h seir� Dirichlet

1

X

n=1

f(n)

n

s

sugklÐnei apìluta gia

� > �

0

, ìpou f pollaplasiastik  sun�rthsh, tìte

1

X

n=1

f(n)

n

s

=

Y

p2P

�

1 +

f(p)

p

s

+

f(p

2

)

p

2s

+ � � �

�

; gia � > �

0

:

An f pl rwc pollaplasiastik  sun�rthsh, tìte

1

X

n=1

f(n)

n

s

=

Y

p2P

1

1� f(p) p

�s

; gia � > �

0

To parap�nw je¸rhma einai �mesh sunèpeia tou jewr matoc 1.3.2 gia g(n) =

f(n)

n

s

.

ParadeÐgmata:

1. �(s) =

1

X

n=1

1

n

s

=

Y

p2P

1

1� p

�s

; gia � > 1

2.

1

X

n=1

d(n)

n

s

= �(s)

2

=

Y

p2P

�

1� p

�s

�

�2
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1.4 Oi L-seirèc tou Dirichlet

Sth sunèqeia ja sundèsoume th jewrÐa twn seir¸n tou Dirichlet me thn jewrÐa twn qara-

kt rwn peperasmènwn om�dwn pou anaptÔxame sthn pr¸th par�grafo.

'Estw N 2 N kai � ènac qarakt rac Dirichlet modN . H L-seir� Dirichlet orÐzetai

wc ex c:

L(s=�) =

1

X

n=1

�(n)

n

s

(1.4)

AfoÔ

�

�

�(n)

�

�

� 1 gia k�je fusikì arijmì n, sunep�getai ìti

�

�

�

�

�(n)

n

s

�

�

�

�

�

1

n

�

, �ra h L(s=�)

sugklÐnei apìluta gia � > 1.

AfoÔ � pollaplasiastik  sun�rthsh ja èqoume ìti

L(s=�) =

Y

p2P

�

1 +

�(p)

p

s

+

�(p

2

)

p

2s

+ � � �

�

kai m�lista, afoÔ � pl rwc pollaplasistik ,

L(s=�) =

Y

p2P

1

1�

�(p)

p

s

(� > 1) (1.5)

IdiaÐtera gia � = �

0

èqoume

L(s=�

0

) =

Y

p2P

�

1� �

0

(p)p

�s

�

�1

=

Y

p-N

�

1� p

�s

�

�1

=

Y

pjN

�

1� p

�s

�

Y

p2P

�

1� p

�s

�

�1

= �(s)

Y

pjN

�

1� p

�s

�

;

dhlad  h L-seir� Dirichlet gia � = �

0

eÐnai Ðsh me th z ta sun�rthsh tou Riemann polla-

plasiasmènh me stajer� pou exart�tai mìno apì to N .

An deqtoÔme san gnwst  thn idiìthta thc z ta sun�rthshc tou Riemann, ìti epekteÐnetai

merìmorfa s' ìlo to migadikì epÐpedo kai m�lista èqei monadikì aplì pìlo sth jèsh s = 1 kai

upìloipo Ðso me 1, k�ti to opoÐo ja apodeÐxoume se epìmenh par�grafo, tìte to sumpèrasma

gia thn L(s=�

0

) eÐnai ìti epekteÐnetai merìmorfa s�olo to migadikì epÐpedo me monadikì pìlo

sth jèsh s = 1 kai upìloipo Ðso proc

Y

pjN

�

1� p

�1

�

=

'(N)

N

:
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An t¸ra � 6= �

0

kai x!1 tìte

�

�

�

�

�

x

X

n=1

�(n)

�

�

�

�

�

=

�

�

�

�

�

�

�

N

[

x

N

]

X

n=1

�(n) +

x

X

n=N

[

x

N

]

+1

�(n)

�

�

�

�

�

�

�

=

�

�

�

�

�

�

�

h

x

N

i

X

n(modN)

�(n) +

x

X

n=N

[

x

N

]

+1

�(n)

�

�

�

�

�

�

�

=

�

�

�

�

�

�

�

x

X

n=N

[

x

N

]

+1

�(n)

�

�

�

�

�

�

�

�

�

�

�

x�N

h

x

N

i

�

�

�

� N = O(1)

opìte, apì je¸rhma 1.2.5, èqoume ìti �

0

� 0. Epeid  h seir� apoklÐnei gia �

0

< 0 ja

èqoume kat' an�gkh �

0

= 0.

Epomènwc gia � 6= �

0

kai � > 0 h L(s=�) eÐnai mÐa olìmorfh sun�rthsh. Gia � 6= �

0

mporeÐ na apodeiqjeÐ ìti h L(s; �) epidèqetai olìmorfh epèktash s' ìlo to migadikì

epÐpedo (dec [44], selÐda 51).

H pio shmantik  Ðswc idiìthta twn L-seir¸n tou Dirichlet perièqetai sto:

Je¸rhma 1.4.1 An � 6= �

0

tìte

L(1=�) 6= 0:

Apìdeixh: 'Estw

F (s) :=

Y

�

L(s=�) (1.6)

ìpou to � diatrèqei ìlouc touc qarakt rec Dirichlet modN . Lìgw tou ginomènou Euler

(1.5) gia � > 1 isqÔei:

logF (s) =

X

�

X

p2P

log

�

1� �(p)p

�s

�

�1

=

X

�

X

p2P

1

X

r=1

1

r

�(p)

r

p

rs

=

X

�

�(p)

r

X

p2P

1

X

r=1

1

rp

rs

= '(N)

X

p2P

p

r

�1modN

1

X

r=1

1

rp

rs
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diìti

X

�

�(n) :=

8

>

<

>

:

'(N); ìtan n � 1 (modN)

0; ìtan n 6� 1 (modN):

IdiaÐtera gia s 2 R kai s > 1 isqÔei logF (s) � 0. Dhlad 

lim inf

s!1

+

s2R

F (s) � 1: (1.7)

To ginìmeno (1.6) perièqei mìno èna aplì pìlo sth jèsh s = 1 pou prokÔptei apì thn

L(s=�

0

). An L(1=�) = 0 gia dÔo   perissìterouc qarakt rec � 6= �

0

tìte o aplìc pìloc

thc L(s=�

0

) sto s = 1 ja anairoÔntan apì thn mÐa L(s=�) me L(1=�) = 0 opìte h F (s) ja

 tan olìmorfh sth jèsh s = 1 kai ja èpairne gia s = 1 thn tim  0 lìgw tou mhdenismoÔ thc

�llhc L-seir�c, �topo, lìgw thc (1.7). 'Ara to polÔ gia èna qarakt ra � 6= �

0

mporeÐ na

isqÔei L(1=�) = 0.

'An t¸ra L(1=�) = 0 tìte

L(1=�) = L(1=�) = 0;

opìte ja èprepe kai � = �, dhlad  o � ja èprepe na eÐnai pragmatikìc qarakt rac.

'Estw loipìn � pragmatikìc qarakt rac me L(1=�) = 0. OrÐzoume

 (s) := L(s=�)�(s) =

1

X

n=1

�(n)

n

s

ìpou �(n) =

X

djn

�(d)

 (s) =

Y

p

1

(1� �(p)p

�s

) (1� p

�s

)

=

Y

�(p)=1

1

(1� p

�s

)

2

Y

�(p)=0

1

1� p

�s

Y

�(p)=�1

1

1� p

�2s

=

Y

�(p)=1

�

1+

2

p

s

+

3

p

2s

+� � �

�

Y

�(p)=0

�

1+

1

p

s

+

1

p

2s

+� � �

�

Y

�(p)=�1

�

1+

1

p

2s

+

1

p

4s

+� � �

�

:

Epomènwc

�(n) � 0 8 n 2 N kai m�lista �(n

2

) � 1: (1.8)

T¸ra, lìgw thc upìjeshc ìti L(1=�) = 0 (kai epeid  h �(s) èqei pìlo pr¸thc t�xhc, mìno

gia s = 1 (� > 0) ), èpetai ìti h  (s) den èqei an¸malo shmeÐo gia � > 0 kai h (1.5) kai
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to Je¸rhma Landau mac exasfalÐzoun th sÔgklish thc seir�c

P

�(n)n

�s

gia � > 0. Apì

thn �llh meri� ìmwc, h seir�

1

X

n=1

�(n)

n

1=2

�

1

X

n=1

�(n

2

)

n

�

1

X

n=1

1

n

= 1

apoklÐnei kai sunep¸c, katal xame se �topo. Sunep¸c

L(1=�) 6= 0 gia k�je qarakt ra � 6= �

0

: ut

Pìrisma 1.4.2 (je¸rhma tou Dirichlet gia arijmhtikèc proìdouc) An N fusikìc

arijmìc kai a akèraioc pr¸toc proc ton N , tìte h arijmhtik  prìodoc

�

Nk+a

	

k2N

perièqei

�peiro pl joc pr¸twn kai m�lista

X

p2P

p�a (mod N)

1

p

= 1

Apìdeixh: Gia � > 1

X

p

p

r

�a (modN)

X

r�1

1

rp

rs

=

X

p

p

r

�a (modN)

X

r�1

1

'(N)

X

�

�(a)�(p

r

)

1

rp

rs

=

1

'(N)

X

�

�(a)

X

p

p

r

�a (modN)

X

r=1

�(p)

r

rp

rs

=

1

'(N)

X

�

�(a) log L(s=�)

=

1

'(N)

2

4

log L(s=�

0

) +

X

� 6=�

0

�(a) log L(s=�)

3

5

(1.9)

(H enallag  twn

P

p

kai

P

�

epitrèpetai diìti oi seirèc sugklÐnoun apìluta. Ta ajroÐsmata

diatrèqoun, wc sun jwc, ìlouc touc pr¸touc arijmoÔc kai ìlouc touc qarakt rec modN

antÐstoiqa).

H logL(s=�

0

) gia s ! 1 teÐnei sto 1 en¸ gia � 6= �

0

h logL(s=�) eÐnai fragmènh lìgw
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tou jewr matoc 1.4.1, �ra to dexÐ mèloc thc (1.9) gia s = 1 apoklÐnei. All�

X

p

p

r

�a (modN)

X

r>1

1

rp

r

�

X

p

p

r

�a (modN)

1

X

r=2

1

rp

r

�

X

p

p

r

�a (modN)

1

X

r=2

1

2p

r

=

X

p

1

2p(p� 1)

�

1

X

n=2

1

2n(n� 1)

=

1

2

;

dhlad  h seir� sugklÐnei gia r > 1, sunep¸c apoklÐnei gia r = 1, opìte

X

p

p�a (modN)

1

p

= 1: ut

1.5 Merìmorfh epèktash kai sunarthsiak  exÐswsh thc �(s)

To prìtupo gia pollèc apì tic sunart seic stic opoÐec ja anaferjoÔme parak�tw apoteleÐ

h z ta sun�rthsh tou Riemann. Ja melet soume loipìn thn epèktash thc s�olo to migadikì

epÐpedo kai ja apodeÐxoume th sunarthsiak  thc exÐswsh.

Kat' arq n qreiazìmaste merikèc idiìthtec thc �-sun�rthshc.

H �-sun�rthsh orÐzetai wc ex c:

�(s) :=

Z

1

0

e

�t

t

s

dt

t

; gia Re(s) > 0:

Idiìthtec:

1. �(1) = 1

2. �(s+ 1) = s�(s); Re(s) > 0

Apìdeixh:

1. Ja apodeÐxoume ìti �(1) = 1. 'Eqoume loipìn ìti

�(1) = lim

z!+1

Z

z

0

e

�t

dt = lim

z!+1

�

�e

�t

�

�

�

z

0

�

= e

�0

� lim

z!+1

1

e

z

= 1:
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2. Gia th deÔterh idiìthta èqoume

�(s+ 1) =

Z

1

0

t

s

e

�t

dt

= lim

z!0

Z

1

z

t

s

e

�t

dt+ lim

z!1

Z

z

1

t

s

e

�t

dt:

Olokl rwsh kat� mèrh dÐnei:

Z

1

z

t

s

e

�t

dt = �t

s

e

�t

�

�

�

1

z

+s

Z

1

z

t

s�1

e

�t

dt

=

z

s

e

z

�

1

e

+ s

Z

1

z

t

s�1

e

�t

dt;

opìte

lim

z!0

Z

1

z

t

s

e

�t

dt = �

1

e

+ s

Z

1

0

t

s�1

e

�t

dt:

EpÐshc

Z

z

1

t

s

e

�t

dt =

1

e

�

z

s

e

z

+ s

Z

z

1

t

s�1

e

�t

dt

=) lim

z!1

Z

z

1

t

s

e

�t

dt =

1

e

+ s lim

z!1

Z

z

1

t

s�1

e

�t

dt:

Telik�

�(s+ 1) = s

Z

1

0

t

s�1

e

�t

dt = s�(s): ut

QwrÐc apìdeixh anafèroume tèloc tic idiìthtec:

3. �(s) = lim

n!1

n

s

n!

s(s+ 1) � � � (s+ n)

. Ed¸ gia ìla ta s 2 C n

�

�n

�

�

n 2 N

0

	

, dhlad  h �(s)

epekeÐnetai merìmorfa s' ìlo to migadikì epÐpedo me monadikoÔc aploÔc pìlouc ta

shmeÐa s = �n, n 2 N

0

kai upìloipo Ðso me

(�1)

n

n!

.

4. �(s)�(1� s) =

�

sin(�s)

8s 2 C n Z

5. �(

s

2

)�(

s+ 1

2

) =

p

�2

1�s

�(s) 8s 2 C n

�

�n

�

�

n 2 N

0

	

Gia tic apodeÐxeic aut¸n twn idiot twn parapèmpoume sta biblÐa [6], [31], [41].

GiatÐ t¸ra h sun�rthsh �(s) eÐnai spoudaÐa gia th jewrÐa twn seir¸n Dirichlet?

'Eqoume gia u = tn

Z

1

0

t

s�1

e

�nt

dt = n

�s

Z

1

0

u

s�1

e

�u

du = �(s)n

�s

;
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dhlad  sthn perioq  apìluthc sÔgklishc,

1

X

n=1

a

n

n

s

=

1

�(s)

Z

1

0

 

1

X

n=1

a

n

e

�nt

!

t

s�1

dt

Autì shmaÐnei ìti h sunhjismènh seir� Dirichlet

f(s) =

1

X

n=1

a

n

n

�s

kai h dunamoseir� me touc Ðdiouc suntelestèc

F (s) =

1

X

n=1

a

n

z

n

sqetÐzontai metaxÔ touc wc ex c:

f(s) =

1

�(s)

Z

1

0

F (e

�t

)t

s�1

dt (1.10)

dhlad  mèsw tou legìmenou metasqhmatismoÔ Mellin. Ed¸ ja prèpei na shmei¸soume

ìti h

1

�(s)

eÐnai olìmorfh gia k�je s 2 C kai autì eÐnai sunèpeia tou tÔpou tou Weierstrass

(dec [1], selÐda 199).

1

�(s)

= se

s

1

Y

n=1

h�

1 +

s

n

�

e

�

s

n

i

ìpou to apeiroginìmeno sugklÐnei pantoÔ (to  eÐnai h gnwst  stajer� tou Euler).

Qreiazìmaste kai k�ti apì th jewrÐa twn metasqhmatism¸n Fourier.

'Estw F o dianusmatikìc q¸roc twn sunart sewn f : R ! C oi opoÐec èqoun par�gwgo

k�je t�xhc (�peira diaforÐsimec) kai oi opoÐec fjÐnoun sto �peiro pio gr gora apì ìti k�je

arnhtik  dÔnamh, dhlad  jxj

N

f(x)! 0 ìtan x! �1 gia ìla ta N .

ParadeÐgmata:

(i) f(x) = e

��x

2

(ii) f(x) = e

�x

2

Gia k�je tètoia sun�rthsh f 2 F orÐzoume ton metasqhmatismì Fourier

^

f wc ex c:

^

f(y) :=

Z

+1

�1

e

�2�ixy

f(x)dx

EÐnai eÔkolo na apodeiqjeÐ ìti to olokl rwma sugklÐnei gia ìla ta y kai m�lista ìti

^

f 2 F

(p.q. [26], selÐdec 24-25). EpÐshc isqÔoun oi akìloujec idiìthtec:
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(i) An a 2 R kai g(x) = f(x+ a) tìte ĝ(y) = e

2�iay

^

f(y)

(ii) An a 2 R kai g(x) = e

2�iax

f(x) tìte ĝ(y) =

^

f(y � a)

(iii) An b > 0 kai g(x) = f(bx) tìte ĝ(y) =

1

b

^

f(

y

b

)

Apìdeixh: Oi (i) kai (ii) eÐnai profaneÐc.

Gia thn idiìthta (iii) èqoume

ĝ(y) =

Z

+1

�1

e

�2�ixy

f(bx)dx =

Z

+1

�1

e

�2�i

x

b

y

f(x)

dx

b

=

1

b

^

f

�

y

b

�

: ut

Prìtash 1.5.1 An f(x) = e

��x

2

tìte

^

f = f .

Apìdeixh:

^

f(y) =

Z

+1

�1

e

�2�iyx

f(x)dx. ParagwgÐzoume wc proc y.

^

f

0

(y) =

d

dy

�

Z

+1

�1

e

�2�ixy

f(x)dx

�

=

Z

+1

�1

(�2�ix)e

�2�ixy

f(x)dx

= �2�i

Z

+1

�1

e

�2�ixy

xe

��x

2

dx

Oloklhr¸noume kat� mèrh kai èqoume:

^

f

0

(y) = �2�ie

�2�ixy

�

1

�2�

e

��x

2

�

�

�

�

+1

�1

+2�i

Z

+1

�1

(�2�iy)e

�2�iyx

e

��x

2

�2�

dx

= �2�y

Z

+1

�1

e

�2�iyx

f(x)dx = �2�y

^

f(y)

Epomènwc h

^

f epalhjeÔei th diaforik  exÐswsh

^

f

0

(y)

^

f(y)

= �2�y

h opoÐa èqei lÔsh

^

f(y) = Ce

��y

2

. H stajer� C upologÐzetai an jèsoume y = 0, dhlad 

C =

^

f(0) =

Z

+1

�1

e

��x

2

dx = 1: ut

ShmeÐwsh: Upologismìc teleutaÐou oloklhrwmatoc.

C

2

=

Z

+1

�1

e

��x

2

dx

Z

+1

�1

e

��y

2

dy =

Z

R

e

��(x

2

+y

2

)

dxdy:
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K�noume allag  metablht c

8

<

:

x = r cos �

y = r sin �

9

=

;

, kai èqoume

C

2

=

Z

+1

0

e

��r

2

2�rdr =

Z

+1

0

e

�u

du = 1:

Prìtash 1.5.2 (Poisson Summation Formula) An g 2 F tìte:

+1

X

m=�1

g(m) =

+1

X

m=�1

ĝ(m)

Apìdeixh: OrÐzoume

h(x) :=

1

X

k=�1

g(x+ k)

H sun�rthsh h(x) eÐnai periodik  me perÐodo 1 kai èqei an�ptugma Fourier

h(x) =

+1

X

m=�1

c

m

e

2�imx

ìpou

c

m

=

Z

1

0

h(x)e

�2�imx

dx =

Z

1

0

+1

X

k=�1

g(x+ k)e

�2�imx

dx

=

Z

+1

�1

g(x)e

�2�imx

dx = ĝ(m)

ìpou, gia thn teleutaÐa isìthta, all�xame �jroish me olokl rwsh kaj¸c kai th metablht 

x+k me to x. To aristerì mèroc thc proc apìdeixh sqèshc eÐnai h(0) ex orismoÔ thc h(x)

kai to dexiì eÐnai epÐshc h(0) to opoÐo to blèpoume an sthn isìthta

h(x) =

1

X

m=�1

c

m

e

2�ix

jèsoume x = 0 tìte ja èqoume ìti

h(0) =

+1

X

m=�1

c

m

=

+1

X

m=�1

ĝ(m): ut

OrÐzoume t¸ra thn j ta sun�rthsh

�(t) :=

+1

X

n=�1

e

��tn

2

(t > 0)

kai ja apodeÐxoume thn parak�tw prìtash:
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Prìtash 1.5.3 H j ta sun�rthsh �(t) epalhjeÔei thn parak�tw sunarthsiak  exÐswsh

�(t) =

1

p

t

�

�

1

t

�

Apìdeixh: PaÐrnoume g(x) := e

��tx

2

gia stajerì t > 0 kai efarmìzoume ton tÔpo �jroi-

shc tou Poisson (prìtash 1.5.2)

+1

X

m=�1

g(m) =

+1

X

m=�1

ĝ(m)

gr�foume g(x) = f(

p

t x) ìpou f(x) = e

��x

2

. Apì (1.5.1) èqoume

^

f = f kai apì idiìthta

(iii) twn seir¸n Fourier paÐrnoume gia b =

p

t > 0 ìti

ĝ(y) = t

�

1

2

^

f

�

y

p

t

�

= t

�

1

2

e

�

�y

2

t

:

To aristerì mèloc tou tÔpou �jroishc tou Poisson eÐnai Ðso me �(t) kai to dexÐ Ðso me

t

�

1

2

�

�

1

t

�

. ut

ShmeÐwsh: Merikèc forèc jewroÔme thn �(t) san sun�rthsh migadikoÔ t ìpou upojèsame

ìti Re(t) > 0. H prìtash 1.5.3 suneqÐzei na isqÔei gia migadikì t lìgw tou axi¸matoc thc

analutik c sunèqishc. 'Eqoume dhlad  ìti kai ta dÔo mèlh thc sunarthsiak c exÐswshc thc

j ta sun�rthshc (dec prìtash 1.5.3) eÐnai analutikèc sunart seic tou t sto dexiì hmiepÐpedo.

AfoÔ sumpÐptoun sth jetik  pragmatik  hmieujeÐa ja sumpÐptoun pantoÔ gia Re(t) > 0 .

Prìtash 1.5.4 Gia t! 0

+

èqoume:

�

�

�(t)� t

�

1

2

�

�

< e

�c=t

ìpou c jetik  stajer�.

Apìdeixh:

�(t)� t

�

1

2

=

1

p

t

�

�

1

t

�

� t

�

1

2

= t

�

1

2

�

�

�

1

t

�

� 1

�

= t

�

1

2

 

+1

X

n=�1

e

��n

2

t

� 1

!

= 2t

�

1

2

+1

X

n=1

e

��n

2

t

:

Upojètoume ìti to t eÐnai arket� mikrì tètoio ¸ste

p

t > 4e

�

1

t

kai e

�

3�

t

<

1

2

:
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Tìte

�

�

�

�(t)� t

�

1

2

�

�

�

<

1

2

e

1

t

�

e

�

�

t

+ e

�

4�

t

+ � � �

�

<

1

2

e

�

��1

t

�

1 +

1

2

+

1

4

+

1

8

+ � � �

�

= e

�

��1

t

= e

�c=t

gia c := � � 1: ut

Sth sunèqeia ja susqetÐsoume thn j ta sun�rthsh me thn z ta sun�rthsh tou Riemann.

Qontrik� ja mporoÔse na pei k�poioc ìti h �(s) eÐnai o metasqhmatismìc Mellin thc �(t).

Ja deÐxoume to kÔrio je¸rhma thc paragr�fou:

Je¸rhma 1.5.5 H z ta sun�rthsh tou Riemann h opoÐa orÐzetai, kat' arq n, gia

Re(s) > 1 epekteÐnetai analutik� s' ìlo to migadikì s-epÐpedo, ektìc apì mona-

dikì aplì pìlo sth jèsh s = 1 me upìloipo Ðso prìc 1. An �(s) := �

�s=2

�

�

s

2

�

�(s)

tìte h �(s) paramènei analloÐwth an

s 7! 1� s �(s) = �(1 � s)

dhlad  h �(s) epalhjeÔei th sunarthsiak  exÐswsh

�

�

s

2

�

�

s

2

�

�(s) = �

�

1�s

2

�

�

1� s

2

�

�(1� s):

Apìdeixh: H basik  idèa eÐnai na jewr soume ton metasqhmatismì Mellin

Z

1

0

�(t)t

s

dt

t

.

'Omwc qrei�zetai prosoq . Gia meg�lo t h j ta sun�rthsh teÐnei asumptwtik� sto 1 (diìti

�(t) =

1

X

n=�1

e

��tn

2

ìloi oi ìroi gia n 6= 0 fjÐnoun gr gora sto mhdèn kai apomènei gia

n = 0 h tim  1) en¸ gia t mikrì, kont� sto mhdèn, h prìtash 1.5.3 mac lèei ìti h �(t)

eÐnai asumptwtik� Ðsh me t

�1=2

. An loipìn jèloume sÔgklish kai sta dÔo �kra ja èprepe na

prosjèsoume diorjwtikoÔc ìrouc. Epiplèon ja prèpei to s na to antikatast soume me to

s

2

, alli¸c ja <<prosgeiwjoÔme>> sto �(2s). OrÐzoume loipìn

�(s) :=

Z

1

1

t

s

2

�

�(t)� 1

�

dt

t

+

Z

1

0

t

s

2

�

�(t)�

1

p

t

�

dt

t

Sto pr¸to olokl rwma h èkfrash

�(t)� 1 = 2

1

X

n=1

e

��n

2

t



32 1. Z ta sunart seic kai L-seirèc

teÐnei sto mhdèn polÔ gr gora gia t!1. Epomènwc to olokl rwma sugklÐnei kai mporeÐ

na upologisteÐ ìro proc ìro gia k�je s . H prìtash 1.5.3 mac dÐnei ìti to deÔtero olo-

kl rwma sugklÐnei gia k�je s. AfoÔ h �(t) eÐnai fragmènh apì mÐa stajer� epÐ t

�

1

2

sto

di�sthma (0; 1], an p�roume s tètoio ¸ste Re(s) > 1, to deÔtero olokl rwma eÐnai

Z

1

0

t

s

2

�(t)

dt

t

�

Z

1

0

t

s�1

2

dt

t

=

Z

1

0

t

s

2

�(t)

dt

t

�

2

s� 1

:

Epomènwc gia s 2 C me Re(s) > 1 èqoume

�(s) = 2

1

X

n=1

Z

1

1

e

��n

2

t

t

s

2

dt

t

+

 

Z

1

0

t

s

2

dt

t

+ 2

1

X

n=1

Z

1

0

e

��n

2

t

t

s

2

dt

t

�

2

s� 1

!

= 2

Z

1

0

e

��n

2

t

t

s

2

dt

t

+

2

s

�

2

s� 1

:

T¸ra k�noume qr sh tou metasqhmatismoÔ Mellin (1.10)

Z

1

0

t

s�1

e

�nt

dt = n

�s

�(s)

kalÔtera, gia k�je stajer� c > 0, isqÔei:

Z

1

0

t

s

e

�ct

dt

t

= c

�s

�(s):

Ac jèsoume c = �n

2

kai to s 7!

s

2

1

2

�(s) =

1

X

n=1

�

�n

2

�

�

s

2

�

�

s

2

�

+

1

s

+

1

1� s

= �

�

s

2

�

�

s

2

�

�(s) +

1

s

+

1

1� s

ìpou, p�ntote sta parap�nw, Re(s) > 1.

T¸ra h �(s) eÐnai mÐa akèraia sun�rthsh tou s, afoÔ ta oloklhr¸mata pou ìrisan thn

�(s) sugklÐnoun gia k�je s, ìpwc eÐdame pio mprost�. Epomènwc, up�rqei merìmorfh

sun�rthsh tou s se ìlo to migadikì epÐpedo, h

�

s

2

�

�

s

2

�

�

1

2

�(s)�

1

s

+

1

s� 1

�

h opoÐa eÐnai h �(s) gia Re(s) > 1. Epeid  �

s=2

;

1

�(s=2)

; �(s) eÐnai ìlec akèraiec, èpetai

ìti oi mìnoi pijanoÐ pìloi eÐnai gia s = 0 kai s = 1. All� kont� sto s = 0 mporoÔme na

antikatast soume to s�

�

s

2

�

tou paronomast  me

2

�

s

2

�

�

�

s

2

�

= 2�

�

s

2

+ 1

�

6= 0 kaj¸c s! 0:
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'Ara èqoume monadikì pìlo gia s = 1 tou opoÐou to upìloipo eÐnai

lim

s!1

(s� 1)

�

s

2

�

�

s

2

�

�

1

2

�(s)�

1

s

+

1

s� 1

�

=

�

1

2

�

�

1

2

�

= 1:

Apomènei h apìdeixh thc sunarthsiak c exÐswshc. 'Eqoume

�(s) =

1

2

�(s)�

1

s

�

1

s� 1

:

Epeid  h s 7! 1�s af nei analloÐwto to

1

s

+

1

s� 1

arkeÐ �(s) = �(s� 1).

T¸ra qreiazìmaste thn sunarthsiak  exÐswsh thc j ta sun�rthshc (prìtash 1.5.3)

�(t) =

1

p

t

�

�

1

t

�

:

An ston orismì thc �(s) antikatast soume to t me

1

t

paÐrnoume:

�(s) =

Z

1

0

t

�

s

2

h

�

�

1

t

�

� 1

i

dt

t

+

Z

1

1

t

�

s

2

h

�

�

1

t

�

�

p

t

i

dt

t

opìte h prìtash 1.5.2 dÐnei

(1:5) =

Z

1

0

t

�

s

2

�

p

t�(t)� 1

�

dt

t

+

Z

1

1

t

�

s

2

�

p

t�(t)�

p

t

�

dt

t

=

Z

1

0

t

1�s

2

�

�(t)�

1

p

t

�

dt

t

+

Z

1

1

t

1�s

2

�

�(t)� 1

�

dt

t

= �(1� s): ut
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Kef�laio 2

H z ta sun�rthsh algebrik¸n

swm�twn arijm¸n

Tic idèec twn prohgoumènwn paragr�fwn ja prospaj soume t¸ra na genikeÔsoume se al-

gebrik� s¸mata arijm¸n. Gia thn katanìhsh thc Ôlhc apì ed¸ kai pèra eÐnai aparaÐthth h

gn¸sh tou perieqomènou enìc maj matoc algebrik c jewrÐac arijm¸n, ìpwc autèc perigr�-

fontai paradeÐgmatoc q�rin sto [2].

2.1 H katanom  twn akeraÐwn idewd¸n enìc algebrikoÔ s¸-

matoc arijm¸n K se kl�seic idewd¸n.

Upojètoume ìti K eÐnai èna opoiod pote algebrikì s¸ma arijm¸n. An n eÐnai o bajmìc thc

epèktashc

K

�

Q

, s to pl joc twn pragmatik¸n emfuteÔsewn kai t to pl joc twn mh suzug¸n

migadik¸n emfuteÔsewn tou K sto C , tìte n = s+ 2t.

'Estw

�

�

1

; �

2

; : : : ; �

s

; �

s+1

; �

s+1

; : : : ; �

s+t

; �

s+t

	

to sÔnolo twn emfuteÔsewn tou K sto C . Xanajumìmaste thn logarijmik  emfÔteush tou

K

�

sto R

s+t

L(x) := L (�(x))

=

�

log j�

1

(x)j; log j�

2

(x)j; : : : ; log j�

s

(x)j; 2 log j�

s+1

(x)j; : : : ; 2 log j�

s+t

(x)j

�

35
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An R eÐnai o daktÔlioc twn akeraÐwn algebrik¸n tou K kai E(R) h om�da twn mon�dwn

autoÔ me L(E(R)) ja sumbolÐzoume thn eikìna thc om�dac E(R) mèsw thc apeikìnishc L. O

pur nac KerL(E(R)) =: W eÐnai h om�da twn riz¸n thc mon�dac pou an koun sto K. HW

eÐnai peperasmènh om�da kai m�lista kuklik  �rtiac t�xhc. Akìmh L(E(R)) eÐnai diktuwtì

tou R

s+t

kai m�lista perièqetai sto uperepÐpedo

H =

n

(y

1

; y

2

; : : : ; y

s+t

)

�

�

�

s+t

X

i=1

y

i

= 0

o

An orÐsoume t¸ra e

i

=

8

>

<

>

:

1; gia i = 1; 2; : : : ; s

2; gia i = s+1; : : : ; s+t

kai jumhjoÔme thn kanonik  emfÔ-

teush

� : K ! R

s

� C

t

�(x) =

�

�

1

(x); �

2

(x); : : : ; �

s

(x); �

s+1

(x); : : : ; �

s+t

(x)

�

mporoÔme na gr�youme th logarijmik  emfÔteush san sÔnjesh dÔo sunart sewn

K

�

�

�! R

�

s

� C

�

t

L

�! R

�

s+t

� 7�!

�

�

1

(�); : : : ; �

s+t

(�)

�

7�!

�

log j�

1

(�)j

e

1

; : : : ; log j�

s+t

(�)j

e

s+t

�

An "

1

; "

2

; : : : ; "

s+t�1

eÐnai èna sÔsthma jemeliwd¸n mon�dwn tou K (Je¸rhma mon�dwn tou

Dirichlet) tìte orÐzoume ton omalopoiht  (regulator) autoÔ tou sust matoc

Reg

K

�

h"

1

; "

2

; : : : ; "

s+t�1

i

�

=

�

�

�

det

�

log j�

i

("

j

)j

e

i

�

�

�

�

gia i = 1; 2; : : : ; s+ t, i 6= i

0

, j = 1; 2; : : : ; s+ t� 1 kai i

0

2 f1; 2; : : : ; s+ tg.

ApodeiknÔetai ìti o orismìc eÐnai anex�rthtoc thc eklog c tou sust matoc kai ìti exart�-

tai mìno apì to K. Ja gr�foume loipìn gia ton omalopoiht  opoioud pote sust matoc

jemeliwd¸n mon�dwn Reg

K

. An tèloc

E(R) =W � h"

1

i � h"

2

i � � � � � h"

r

i; r := s+ t� 1

tìte ja sumbolÐzoume me E

0

(R) := h"

1

i � h"

2

i � � � � � h"

r

i.
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Prìtash 2.1.1 (gewmetrik  shmasÐa tou omalopoiht )

O ìgkoc tou diktuwtoÔ L(E(R)) èinai Ðsoc prìc

p

s+ t Reg

K

:

Apìdeixh:

L(E(R)) = Z log("

1

)� Z log("

2

)� � � � � Z log("

s+t�1

) � H

ìpou H =

�

(x

1

; x

2

; : : : ; x

s+t

) 2 R

s+t

�

�

x

1

+ x

2

+ � � �+ x

s+t

= 0

	

.

To di�nusma

�!

r =

1

p

s+ t

(1; 1; : : : ; 1

| {z }

s

; 1; 1; : : : ; 1

| {z }

t

) eÐnai k�jeto sto uperepÐpedo H �ra kai

sto diktuwtì L(E(R)) kai eÐnai kai monadiaÐo, dhlad  k

�!

r k = 1. Epomènwc

Vol

�

L(E(R))

�

=

�

�

�

det

�

log("

1

); log("

2

); : : : ; log("

s+t�1

);

�!

r

�

�

�

�

=

1

p

s+ t

�

�

�

�

�

�

�

�

�

�

�

�

det

2

6

6

6

6

6

6

4

log j�

1

("

1

)j

e

1

log j�

1

("

2

)j

e

2

: : : log j�

1

("

r

)j

e

r

1

log j�

2

("

1

)j

e

1

log j�

2

("

2

)j

e

2

: : : log j�

2

("

r

)j

e

r

1

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

log j�

s+t

("

1

)j

e

1

log j�

s+t

("

2

)j

e

2

: : : log j�

s+t

("

r

)j

e

r

1

3

7

7

7

7

7

7

5

�

�

�

�

�

�

�

�

�

�

�

�

ìpou r := s+ t� 1. Prosjètoume ìlec tic grammèc sthn i

0

gramm  kai èqoume

=

1

p

s+ t

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

det

2

6

6

6

6

6

6

6

6

6

6

6

6

4

log j�

1

("

1

)j

e

1

log j�

1

("

2

)j

e

2

: : : log j�

1

("

r

)j

e

r

1

log j�

2

("

1

)j

e

1

log j�

2

("

2

)j

e

2

: : : log j�

2

("

r

)j

e

r

1

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

0 0 : : : 0 s+ t

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

log j�

s+t

("

1

)j

e

1

log j�

s+t

("

2

)j

e

2

: : : log j�

s+t

("

r

)j

e

r

1

3

7

7

7

7

7

7

7

7

7

7

7

7

5

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

AnaptÔssoume thn orÐzousa kat� ta stoiqeÐa thc i

0

gramm c kai èqoume to zhtoÔmeno. ut

Sumbolismìc 2.1.2 An K h om�da kl�sewn idewd¸n tou s¸matoc K, k 2 K kai t 2 R

+

A

k

(t) :=

�

A 2 k

�

�

A akèraio ide¸dec; N

K=Q

(A) � t

	

A(t) :=

�

A

�

�

A akèraio ide¸dec tou K;N

K=Q

(A) � t
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Skopìc aut c thc paragr�fou eÐnai na apodeÐxoume to akìloujo:

Jemeli¸dec Je¸rhma 2.1.3 IsqÔei

A

k

(t) = � � t+ "

k

(t)

ìpou "

k

(t) = O(t

1�

1

n

) kai � :=

2

s+t

�

s

Reg

K

w

p

jD

K

j

Parat rhsh: O w sumbolÐzei thn t�xh thc om�dac twn riz¸n thc mon�dac W tou K kai

D

K

thn diakrÐnousa tou s¸matoc K. Epeid  o � eÐnai anex�rthtoc thc kl�shc idewd¸n k,

prokÔptei amèswc ìti:

A(t) = �ht+O(t

1�

1

n

):

H apìdeixh eÐnai arket� makroskel c.

Kat' arq n dialègoume èna ide¸dec B thc kl�shc k

�1

to opoÐo to kratoÔme stajerì. Epo-

mènwc

A 2 K () 9 � 2 K

�

t.w. A�B = (�):

EpÐshc eÐnai profaneÐc oi isodunamÐec

A akèraio ide¸dec tou K () A � R , (�) = AB � R �B = B , � 2 B

kaj¸c kai

N

K=Q

(A) � t () N

K=Q

(AB) =

�

�

N

K=Q

(�)

�

�

� N

K=Q

(B)t:

Epomènwc

#

�

A 2 k

�

�

A akèraio ide¸dec tou K kai N

K=Q

(A) � t

	

= #

�

(�)

�

�

� 2 B r f0g kai jN

K=Q

(�)j � N

K=Q

(B)t

	

:

To prìblhma brÐsketai sto ìti eÐnai dunatìn na isqÔei ìti (�) = (�

0

) gia � 6= �

0

. GnwrÐzoume

ìti (�) = (�

0

) , �

0

= "� me " 2 E(R). 'Ara ja prèpei na broÔme èna pl rec sÔsthma

antipros¸pwn � (me tic parap�nw idiìthtec) modulo E(R).

L mma 2.1.4 An D èna pl rec sÔsthma antipros¸pwn tou K

�

modulo thn om�da E

0

(R)

�

=

E(R)

�

W

, tìte

A

k

(t) =

1

w

�#

�

�

�

�

(�) 2 B \D kai jN

K=Q

(�)j � N

K=Q

(B) � t
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Apìdeixh: H apìdeixh eÐnai �mesh sunèpeia twn amèswc prohgoumènwn eisagwgik¸n para-

thr sewn. ut

Sth sunèqeia ja apodeÐxoume èna apotèlesma thc jewrÐac om�dwn.

L mma 2.1.5 'Estw f : G ! G

0

omomorfismìc om�dwn kai U � G ; U

0

� G

0

upoom�dec

twn G kai G

0

antÐstoiqa, tètoiec ¸ste h f j

U

: U ! U

0

na eÐnai amfimonos manth. Tìte, an

D

0

eÐnai pl rec sÔsthma antipros¸pwn thc U

0

sthn G

0

kai to D := f

�1

(D

0

) ja eÐnai pl rec

sÔsthma antipros¸pwn thc U sthn G.

Apìdeixh: Arkei na apodeÐxoume ìti

(1) G =

S

d2D

dU kai ìti

(2) An d

1

; d

2

2 D kai d

1

U = d

2

U tìte d

1

= d

2

Gia thn apìdeixh thc (1), ex upojèsewc èqoume ìti G

0

=

_

S

d

0

2D

0

d

0

U

0

. Sunep¸c

G = f

�1

(G

0

) =

[

d2D

df

�1

(U

0

)

=

[

d2D

d �Ker f � U =

[

d2D

dU:

H teleutaÐa isìthta isqÔei diìti D = f

�1

(D

0

)) d �Ker f � D.

Gia thn apìdeixh thc (2) èqoume

d

1

U = d

2

U () d

�1

1

d

2

2 U =) f(d

�1

1

d

2

) 2 f(U) = U

0

=) f(d

�1

1

)f(d

2

) 2 U

0

=) f(d

1

)U

0

= f(d

2

)U

0

:

Autì shmaÐnei ìti ta f(d

1

) kai f(d

2

) orÐzoun thn Ðdia kl�shmodU

0

. Epeid  ìmwc f(d

1

) 2 D

0

kai f(d

2

) 2 D

0

kai D

0

eÐnai pl rec sÔsthma antipros¸pwn ja èqoume f(d

1

) = f(d

2

) )

f(d

1

d

�1

2

) = 1 kai epeid  h f eÐnai èna proc èna, èpetai ìti d

1

d

�1

2

= 1, dhlad  d

1

= d

2

. ut

GiatÐ apodeÐqjhke to l mma autì ja faneÐ se lÐgo.

L mma 2.1.6 'Estw D èna pl rec sÔsthma antipros¸pwn tou R

�s

�C

�t

wc prìc thn �(E

0

)

(ìpou � eÐnai h kanonik  emfÔteush tou K

�

sto R

�s

� C

�t

). Tìte isqÔei

A

k

(t) =

1

w

�#

n

x 2 �(B) \D

�

�

�

�

�

N(x)

�

�

� N

K=Q

(B)t

o

ìpou h N(x), gia x = (x

1

; x

2

; : : : ; x

s

; x

s+1

; : : : ; x

s+t

) orÐzetai

N(x) := x

1

x

2

� � � x

s

jx

s+1

j

2

� � � jx

s+t

j

2

:



40 2. H z ta sun�rthsh algebrik¸n swm�twn arijm¸n

Apìdeixh: O � eÐnai monomorfismìc daktulÐwn (dec [2]), opìte èqoume to sq ma

K

�

�

,! �(K

�

)

E

0

,! �(E

0

)

An D pl rec sÔsthma antipros¸pwn thc om�dac

K

�

�

E

0

(R)

tìte to �(D) eÐnai epÐshc pl rec

sÔsthma antipros¸pwn thc om�dac

�(K

�

)

�

�(E

0

(R))

. Tèloc arkeÐ na parathr soume ìti

�

�

N

K=Q

(�)

�

�

� N

K=Q

(B)t ()

�

�

N(x)

�

�

� N

K=Q

(B)t;

to opoÐo eÐnai profanèc. ut

L mma 2.1.7 'Estw D

0

pl rec sÔsthma antipros¸pwn tou R

s+t

wc prìc L(�(E

0

(R))).

Tìte D := L

�1

(D

0

) eÐnai pl rec sÔsthma antipros¸pwn wc proc thn �(E

0

(R)).

Apìdeixh: SÔmfwna me to l mma (2.1.5), arkeÐ na deÐxoume ìti h apeikìnish

L

�

�

�(E

0

)

: �(E

0

) =) L(�(E

0

))

eÐnai amfimonos manth. Ed¸ gia lìgouc eukolÐac sumbolÐzoume to E

0

(R) me E

0

. Profan¸c

eÐnai epÐ. EÐnai kai èna proc èna. Pr�gmati èqoume deÐxei ìti

Ker

�

L(�(K

�

))

�

= �(W ) =) Ker

�

L(�(E

0

))

�

= �(W ) \ �(E

0

):

Epeid  � monomorfismìc, èpetai ìti

�(W ) \ �(E

0

) = �(W \E

0

) = f1g: ut

Skopìc mac eÐnai na kataskeu�soume èna pl rec sÔsthma antipros¸pwn D

0

thc R

s+t

wc

prìc thn upoom�da L(�(E

0

)). To pleonèkthma eÐnai ìti to L(�(E

0

)) eÐnai diktuwtì.

Par�deigma: Gia n = 2, s = 2, t = 0, K tetragwnikì pragmatikì s¸ma arijm¸n èqoume

R

s+t

= R

s

= R

2

H =

�

(x

1

; x

2

)

�

�

x

1

+ x

2

= 0

	

E

0

= h"

0

i
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0 1 2 3 4 5 6 7 8 9
0

1

2

3

4

5

6

H

x+ y = 0

L(�("

0

))

u

PaÐrnoume u?H. Profan¸c

D

0

= [0; 1) � L(�("

0

))� Ru

L(u

1

; u

2

) = (log ju

1

j; log ju

2

j)

kai L

�1

(x

1

; x

2

) = (�e

x

1

;�e

x

2

)

opìte L

�1

(D

0

) eÐnai o tìpoc an�mesa stic eujeÐec (�e

x

;�e

x

) kai (�e

x

;�e

x

"

0

) (dec parak�tw

sq ma).

x+ y = 0

Ac epistrèyoume sth genik  perÐptwsh. Entel¸c ìmoia prokÔptei ìti

Je¸rhma 2.1.8 An u 2 R

s+t

rH kai

F := [0; 1) � L(�("

1

)) � [0; 1) � L(�("

2

)) � � � � � [0; 1) � L(�("

r

))

Tìte D

0

= F � Ru eÐnai èna pl rec sÔsthma antipros¸pwn thc R

s+t

modulo L(�(E

0

)).
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Epomènwc, an D

0

ìpwc sto je¸rhma 2.1.8 tìte

D = L

�1

(D

0

) =

�

x 2 R

�s

� C

�t

�

�

L(x) 2 F � Ru

	

ja lègetai mÐa jemeli¸dhc perioq  gia to �(E

0

).

Sumbolismìc 2.1.9 An D � R

�

s

� C

�t

kai a 2 R

+

tìte sumbolÐzoume me

D

a

:=

�

x 2 D

�

�

jN(x)j � a

	

ìpou N(x) = x

1

x

2

: : : x

s

jx

s+1

j

2

: : : jx

s+t

j

2

.

Parat rhsh 2.1.10 An u = (1; 1; : : : ; 1

| {z }

s

; 2; 2; : : : ; 2

| {z }

t

) tìte h D

a

eÐnai omogen c kai isqÔei:

D

a

=

n

p

aD

1

Apìdeixh: ArkeÐ na deÐxoume ìti h D eÐnai omogen c, dhlad  ìti �x 2 D gia k�je x 2 D

kai k�je � 2 R. Pr�gmati an

x 2 D =) L(�x) = L(x) + log

�

�

�

�

�

(1; 1; : : : ; 1

| {z }

s

; 2; 2; : : : ; 2

| {z }

t

)

to opoÐo an kei sto D

0

lìgw thc eklog c tou u. ut

L mma 2.1.11 An D mÐa jemeli¸dhc perioq , ìpwc sto Je¸rhma 2.1.8, me

u = (1; : : : ; 1

| {z }

s

; 2; : : : ; 2

| {z }

t

);

tìte isqÔei:

A

k

(t) =

1

w

�#

n

x 2 �(B)

\

n

q

t �N

K=Q

(B) �D

1

o

:

Apìdeixh: 'Eqoume  dh deÐxei ìti

A

k

(t) =

1

w

�#

n

x 2 �(B)

\

D

�

�

�

jN(x)j � t �N

K=Q

(B)

o

kai afoÔ D

�

=

�

x 2 D

�

�

jN(x)j � �

	

, D

�

=

n

p

�D

1

, gia � := tN

K=Q

(B) èqoume

A

k

(t) =

1

w

�#

n

x 2 �(B)

\

D

�

o

=

1

w

�#

n

x 2 �(B)

\

n

q

tN

K=Q

(A) �D

1

o

: ut
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L mma 2.1.12 'Estw � èna n-di�stato diktuwtì tou R

n

kai B � R

n

to opoÐo èqei arket�

kalì sÔnoro, eÐnai dhlad  to sÔnorì tou (n � 1)-Lipschitz parametr simo, tìte gia k�je

a 2 R

+

#

�

�

\

aB

�

=

Vol(B)

Vol(�)

� a

n

+O(a

n�1

)

Orismìc 2.1.13 'Ena M � R

n

ja lègetai (n�1)-Lipschitz parametr simo, ìtan up�r-

qoun peperasmènou pl jouc sunart seic f

i

: [0; 1]

n�1

�! R

n

(i = 1; 2; : : : ;m) t.w.

M �

[

i

f

i

�

[0; 1]

n�1

�

kai (2.1)

sup

x;y2[0;1]

n�1

x6=y

jf

i

(x)� f

i

(y)j

jx� yj

< 1 gia k�je i = 1; 2; : : : ;m: (2.2)

Apìdeixh tou L mmatoc 2.1.12: Ja apodeÐxoume ìti mporoÔme na an�goume to prìblhma

sthn eidik  perÐptwsh pou � = Z

n

. Up�rqei k�poioc grammikìc metasqhmatismìc ` tou R

n

pou stèlnei to diktuwtì � sto Z

n

. H sunj kh tou Lipschitz diathreÐtai mèsw grammik¸n

metasqhmatism¸n, dhlad  to B

0

= `(B) èqei arket� kalì sÔnoro. Epomènwc

#

�

�

\

aB

�

= #

�

`

�1

(Z

n

)

\

aB

�

= #

�

Z

n

\

a `(B)

�

:

Opìte, an deqtoÔme proc stigm n ìti to l mma isqÔei gia to Z

n

, èqoume ìti h parap�nw

sqèsh eÐnai Ðsh me

Vol(`(B)) � a

n

+O(a

n�1

):

Gnwstì ìti, an o ` eÐnai grammikìc metasqhmatismìc, tìte

Vol(`(B)) =

�

�

det(`)

�

�

�Vol(B):

K�je grammikìc metasqhmatismìc diathreÐ thn analogÐa ìgkwn

Vol(Z

n

) = Vol(`(�)) =

�

�

det(`)

�

�

�Vol(�) ) Vol(`(B)) =

Vol(B)

Vol(�)

;

dhlad 

#

�

�

\

aB

�

=

Vol(B)

Vol(�)

� a

n

+O(a

n�1

):

Apomènei na deÐxoume ton tÔpo gia � = Z

n

. Ac p�roume to monadiaÐo n�kÔbo [0; 1]

n

kai

ac ton topojet soume ètsi ¸ste to kèntro tou na eÐnai èna shmeÐo tou diktuwtoÔ. Ac
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jewr soume metaforèc autoÔ tou kÔbou. Ja tic onom�zoume apl¸c n-kÔbouc. AfoÔ k�je

kÔboc èqei ìgko 1 tìte to pl joc twn kÔbwn mèsa sto aB eÐnai perÐpou #(Z

n

\ aB) kai

epÐshc perÐpou ìso o ìgkoc Vol(aB). 'Eqoume dhlad  ìti

#

�

Z

n

\ aB

�

= Vol(aB) + (a)

ìpou (a) � #

n

n-kÔbwn Q me Q \ @(aB) 6= ;

o

. ArkeÐ epomènwc na na deÐxoume ìti (a) =

O(a

n�1

). To ìti to sÔnoro tou B eÐnai Lipschitz-parametr simo sunep�getai ìti

@B �

[

f

f

�

[0; 1]

n�1

�

kai oi sunart seic f eÐnai peperasmènou pl jouc. PaÐrnoume ton (n�1)-kÔbo [0; 1]

n�1

kai

ton diairoÔme se Ðsouc upokÔbouc, akm c

1

[a]

. QwrÐc periorismì thc genikìthtac upojètoume

ìti a � 1. 'Eqoume loipìn [0; 1]

n�1

=

[a]

[

�=1

S

�

. Amèswc faÐnetai ìti h di�metroc k�je kÔbou

S

�

eÐnai �(S

�

) =

p

n� 1

[a]

. Epomènwc � (f(S

�

)) � �

p

n� 1

[a]

kai � mÐa stajer� tou Lipschitz

gia ìlec tic sunart seic f . Sunep¸c

� (af(S

�

)) � �

a

[a]

p

n� 1 = ��

p

n� 1 < 2�

p

n� 1:

T¸ra, ac stajeropoi soume proc to parìn thn f kai to � kai ac upologÐsoume to

#

n

Q

�

�

�

Q

\

af(S

�

) 6= ;; Q = n-kÔboc

o

:

Ac p�roume èna stajerì shmeÐo tou af(S

�

) kai ac jewr soume thn n�di�stath sfaÐra

pou èqei kèntro autì to shmeÐo kai aktÐna 2�

p

n� 1. Profan¸c h sfaÐra aut  perièqei to

af(S

�

) kai tèmnei to polÔ

� =

�

4�

p

(n� 1) + 2

�

n

apì touc n-kÔbouc. (� anex�rthto tou a). Epomènwc

#

n

Q

�

�

�

n� kÔboc; Q

\

af(S

�

) 6= ; gia k�poia f kai �

o

�

�

4�

p

(n� 1) + 2

�

n

�#f �#fS

�

g

� (stajer�) � a

n�1

:
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Telik� dhlad  ja èqoume

@(aB) = a@B � a

[

f

f

�

[0; 1]

n�1

�

=

[

f;S

�

af (S

�

)

=) #

n

Q

�

�

�

Q

\

@(aB) 6= ;

o

� (stajer�) � a

n�1

Sth sunèqeia apodeiknÔoume to akìloujo

L mma 2.1.14 Gia mÐa jemeli¸dh perioq  D tou �(E

0

) to sÔnorì thc, èstw D

1

(dèc sum-

bolismì 2.1.9), eÐnai (n�1)-Lipschitz parametr simo.

Apìdeixh:

D

1

=

�

x 2 R

�

s

� C

�

t

�

�

L(x) 2 F � R� kai N(x) � 1

	

Skopìc mac eÐnai, kat' arq n, na broÔme mÐa kat�llhlh parametrikopoÐhsh thc D

1

. PaÐr-

noume p�li san � to di�nusma

� = (1; 1; : : : ; 1

| {z }

s

; 2; 2; : : : ; 2

| {z }

t

)

F = [0; 1)�

1

�� � �� [0; 1)�

s+t�1

= L(�(E

0

(R))) ìpou �

i

:= L(�("

i

)). UpenjumÐzoume ìti gia

x = (x

1

; x

2

; : : : ; x

s

; x

s+1

; : : : ; x

s+t

)

N(x) := x

1

x

2

� � � x

s

jx

s+1

j

2

� jx

s+2

j

2

� � � jx

s+t

j

2

kai

L(x) = (log jx

1

j; : : : ; log jx

s

j; 2 log jx

s+1

j; : : : ; 2 log jx

s+t

j) :

OrÐzoume D

+

1

:=

�

x 2 D

1

�

�

x

1

; x

2

; : : : ; x

s

� 0

	

. Profan¸c isqÔoun:

1. Vol(D

1

) = 2

s

�Vol(D

+

1

),

2. An @D

+

1

eÐnai (n�1)-Lipschitz parametr simo tìte kai to @D eÐnai (n�1)-Lipschitz

parametr simo.

Sth sunèqeia ja parametr soume to D

1

. To x 2 D

+

1

akrib¸c tìte ìtan x 2 D

1

kai

x

1

; x

2

; : : : ; x

s

� 0. T¸ra, x 2 D

1

sunep�getai ìti

L(x) 2 F � R�; ìpou � = (1; 1; : : : ; 1

| {z }

s

; 2; 2; : : : ; 2

| {z }

t

);
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dhlad 

L(x) = (log jx

1

j; log jx

2

j; : : : ; log jx

s

j; 2 log jx

s+1

j; : : : ; 2 log jx

s+t

j) 2 F � R�

Lìgw tou ìti x

1

; x

2

; : : : ; x

s

� 0, èpetai ìti jx

i

j = x

i

gia i = 1; 2; : : : ; s. Epomènwc, up�rqei

u 2 R tètoio ¸ste log x

1

2 F +u, log x

2

2 F +u, : : : , log x

s

2 F + u, 2 log jx

s+1

j 2 F +2u,

2 log jx

s+2

j 2 F + 2u, : : : , 2 log jx

s+t

j 2 F + 2u. Sunep¸c,

log x

i

=

r

X

k=1

�

k

�

(i)

k

+ u

gia i = 1; 2; : : : ; s, kai

2 log jx

j

j =

r

X

k=1

�

k

�

(j)

k

+ 2u

gia j = s+1; s+2; : : : ; s+t, ìpou r := s+ t� 1.

ParathroÔme ìti N(x) � 1 () u � 0. Pr�gmati,

�

�

N(x)

�

�

� 1 () log

�

�

N(x)

�

�

� 0 ()

r

X

k=1

�

k

s+t

X

i=1

�

(i)

k

+ nu � 0:

Epeid  �

k

= L(�("

k

)) 2 L(�(E

0

(R))) � H, èpetai ìti

s+t

X

i=1

�

(i)

k

= 0:

Epomènwc N(x) � 1 () nu � 0 () u � 0.

Apì ta parap�nw sumperaÐnoume ìti

x 2 D

+

1

() L(x) 2 F � (�1; 0] � (1; 1; : : : ; 1

| {z }

s

; 2; 2; : : : ; 2

| {z }

t

):

Sth sunèqeia ja prospaj soume na apallagoÔme tou u. Proc toÔto eis�goume mÐa kainoÔr-

gia metablht  �

s+t

:= e

u

. Profan¸c isqÔei:

u 2 (�1; 0] () �

s+t

2 (0; 1]:

'Ara, èqoume ìti x 2 D

+

1

tìte kai mìno tìte ìtan

x

i

= �

s+t

� e

P

r

k=1

�

k

�

(i)

k

; gia i = 1; 2; : : : ; s
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kai

jx

j

j = �

s+t

� e

1

2

P

r

k=1

�

k

�

(j)

k

gia j = s+1; s+2; : : : ; s+t

ìpou 0 � �

k

< 1 gia 1 � k � s+t�1 kai 0 < �

s+t

� 1.

KalÔtera, lìgw tou ìti x

1

; x

2

; : : : ; x

s

� 0, èqoume ìti x 2 D

+

1

akrib¸c tìte ìtan

x

i

= �

s+t

� e

P

r

k=1

�

k

�

(i)

k

gia i = 1; 2; : : : ; s

kai

x

j

= �

s+t

� e

1

2

P

r

k=1

�

k

�

(j)

k

gia j = s+1; s+2; : : : ; s+t

9

>

>

>

=

>

>

>

;

(2.3)

ìpou 0 � �

k

< 1 gia k = 1; 2; : : : ; r := s+t�1, kai 0 < �

s+t

� 1.

H isodunamÐa aut  m�c dÐnei mÐa parametrikopoÐhsh tou D

+

1

mèsw enìc hmianoiqtoÔ n-

kÔbou. An epitrèyoume sta �

k

na p�roun kai tic sunoriakèc touc timèc (Ðson me mhdèn   èna)

tìte èqoume mÐa parametrikopoÐhsh thc j khc D

+

1

.

Ac orÐsoume mÐa sun�rthsh

f : R

n

�! R

s

� C

t

= R

n

;

mèsw thc isodunamÐac (2.3), wc ex c:

(�

1

; �

2

; : : : ; �

n

) 7�! (x

1

; x

2

; : : : ; x

s+t

):

Ja deÐxoume ìti @D

+

1

� F (@([0; 1]

n

)), dhlad  ja efarmìsoume ton orismì thc Lipschitz

parametrhsimìthtac gia mÐa mìno sun�rthsh, thn f . ArkeÐ na deÐxoume ìti:

1. f([0; 1]

n

) � D

+

1

, kai

2. to (0; 1)

n

apeikonÐzetai sto eswterikì tou D

+

1

, dhlad  f((0; 1)

n

) �

o

D

+

1

.

Apìdeixh thc 1: Profan¸c, h f eÐnai suneq c kai [0; 1]

n

sumpagèc. Sunep¸c to f([0; 1]

n

)

eÐnai epÐshc sumpagèc. IdiaÐtera to f([0; 1]

n

) eÐnai kleistì kai perièqei, ex orismoÔ thc f , to

D

+

1

. Epomènwc D

+

1

� f([0; 1]

n

).

Apìdeixh thc 2: ArkeÐ na apodeÐxoume ìti h f eÐnai anoiqt  apeikìnish. Gia na to



48 2. H z ta sun�rthsh algebrik¸n swm�twn arijm¸n

epitÔqoume autì, analÔoume thn f se ginìmeno katall lwn sunart sewn.

0

B

B

B

B

B

B

@

�

1

�

1

.

.

.

�

n

1

C

C

C

C

C

C

A

f

1

7�!

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

�

1

�

2

.

.

.

�

s+t�1

log �

s+t

log �

s+t+1

.

.

.

log �

n

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

f

2

7�!

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

log �

s+t

+

P

�

k

�

(i)

k

.

.

.

2 log �

s+t

+

P

�

k

�

(j)

k

.

.

.

�

s+t+1

.

.

.

�

n

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

9

=

;

i = 1; 2; : : : ; s

9

=

;

j = s+1; s+2; : : : ; s+t

f

3

7�!

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

e

P

r

k=1

�

k

�

(i)

k

.

.

.

e

1

2

P

r

k=1

�

k

�

(j)

k

.

.

.

2��

s+t+1

.

.

.

2��

n

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

9

=

;

i = 1; 2; : : : ; s

9

=

;

j = s+1; s+2; : : : ; s+t

f

4

7�!

0

B

B

B

B

B

B

B

B

B

B

B

B

@

e

P

r

k=1

�

k

�

(i)

k

.

.

.

e

1

2

P

r

k=1

�

k

�

(j)

k

cos 2��

s+t+1

e

1

2

P

r

k=1

�

k

�

(j)

k

sin 2��

s+t+1

e

1

2

P

r

k=1

�

k

�

(j)

k

cos 2��

n

e

1

2

P

r

k=1

�

k

�

(j)

k

sin 2��

n

1

C

C

C

C

C

C

C

C

C

C

C

C

A

9

=

;

i = 1; 2; : : : ; s

9

>

>

>

>

>

>

=

>

>

>

>

>

>

;

j = s+1; s+2; : : : ; s+t
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Ta pedÐa orismoÔ kai ta pedÐa tim¸n twn sunart sewn:

(0; 1)

n

f

1

�! R

n

f

2

�! R

n

f

3

�! R

s

�(0;1)

t

�R

t

f

4

�! R

s

�C

t

ArkeÐ na apodeÐxoume ìti oi f

1

; f

2

; f

3

; f

4

eÐnai anoiqtèc. H f

1

eÐnai anoiqt , eÐnai èna prìc

èna kai epÐ, h f

3

eÐnai anoiqt , afoÔ eÐnai h ekjetik  sun�rthsh, h f

4

eÐnai epÐshc anoiqt .

H f

2

eÐnai grammik , arkeÐ loipìn na deÐxoume ìti èqei rank n. Autì ìmwc eÐnai profanèc

diìti ta �

k

kai to (1; 1; : : : ; 1

| {z }

s

; 2; 2; : : : ; 2

| {z }

t

) eÐnai grammik� anex�rthta dianÔsmata tou R

r+s

,

dhlad  kai h f

2

eÐnai anoiqt .

Epomènwc kai h f eÐnai anoiqt . Apomènei na apodeÐxoume ìti h f eÐnai Lipschitz orismè-

nh sto [0; 1]

n

. ArkeÐ na parathr soume ìti up�rqoun ìlec oi merikèc par�gwgoi kai eÐnai

suneqeÐc. Sunep¸c ìlec oi merikèc par�gwgoi eÐnai fragmènec ston kÔbo [0; 1]

n

. O kÔboc

[0; 1]

n

eÐnai sumpagèc sÔnolo kai h f suneq c se sumpagèc, �ra eÐnai fragmènh kai, sunep¸c,

Lipschitz, dhladh to l mma. ut

H apìdeixh tou jewr matoc ja èqei telei¸sei e�n tèloc apodeÐxoume to parak�tw l mma.

L mma 2.1.15 An D jemeli¸dhc perioq  tou �(E

0

) tìte

Vol(D

1

) = 2

s

�

t

Reg

K

:

Apìdeixh: Gia thn iakwbian  thc f , isqÔei:

�

�

J(f)

�

�

=

4

Y

i=1

�

�

J(f

i

)

�

�
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kai èqoume

jJ(f

1

)j =

1

�

s+t

;

jJ(f

3

)j = (2�)

t

x

1

x

2

� � � x

s

�

1

2

jx

s+1

j � � � jx

s+t

j;

jJ(f

4

)j = jx

s+1

j � � � jx

s+t

j; kai

jJ(f

2

)j = det

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

�

1

.

.

.

�

s+t+1

1; 1; : : : ; 1; 2; 2; : : : ; 2

0

0

1

.

.

.

1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

= det

0

B

B

B

B

B

B

@

�

1

.

.

.

�

s+t+1

1; 1; : : : ; 1; 2; 2; : : : ; 2

1

C

C

C

C

C

C

A

:

Prsjètoume ìlec tic st lec sthn teleutaÐa st lh kai lamb�noume up' ìyin ìti

�

(1)

k

+ � � � + �

(s+1)

k

= log

�

�

N

K=Q

("

k

)

�

�

= log 1 = 0

jJ(f

2

)j = n � det(�

i

) = n � Reg

K

. Sunep¸c

jJ(f)j =

1

�

s+k

� n �Reg

K

� �

t

jN(x)j

= n�

t

Reg

K

�

1

�

s+t

� �

n

s+t

� e

 

s+t�1

X

k=1

s+t�1

X

i=1

�

k

�

(i)

k

!

= n�

t

Reg

K

1

�

s+t

�

n

s+t

= n � �

t

� Reg

K

� �

n�1

s+t

Epomènwc,

Vol(D

+

1

) =

Z

1

0

Z

1

0

� � �

Z

1

0

n�

t

Reg

K

� �

n�1

s+t

d�

1

d�

2

� � � d�

n

=

Z

1

0

n�

t

Reg

K

�

n

s+t

d�

s+t

= �

t

Reg

K

: ut
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An t¸ra p�roume san B = D

1

sto (2.1.12) kai to sundu�soume me to (2.1.11) èqoume

A

k

(t) =

1

w

�#

n

x 2 �(B)

\

n

q

tN

K=Q

(B) �D

1

o

=

1

w

Vol(D

1

)

Vol(�(B))

� t �N

K=Q

(B) +O(t

1�

1

n

)

(�)

=

1

w

2

s

�

t

Reg

K

2

�t

jD

K

j

1=2

N

K=Q

(B)

� t �N

K=Q

(B) +O(t

1�

1

n

)

=

2

s

(2�)

t

Reg

K

w

p

jD

K

j

� t+O(t

1�

1

n

)

H isìthta (�) eÐnai �meso apotèlesma gnwst c prìtashc thc Algebrik c JewrÐac Arijm¸n.

Sth sunèqeia ja genikeÔsoume to jemeli¸dec je¸rhma aut c thc paragr�fou genikeÔontac

thn ènnoia thc om�dac kl�sewn idewd¸n. I

K

 tan h om�da ìlwn twn idewd¸n tou K, H

K

h

om�da twn kurÐwn idewd¸n autoÔ kai K =

I

K

�

H

K

h om�da kl�sewn idewd¸n tou s¸matoc K.

T¸ra ja dhmiourg soume kl�seic isodunamÐac mèsw mi�c mikrìterhc om�dac.

Orismìc 2.1.16 1. To � 2 K ja lègetai pl rwc jetikì (total positive) �� 0 ìtan

kai mìnon ìtan ìloi oi pragmatikoÐ suzugeÐc tou � eÐnai jetikoÐ, dhlad 

�

1

(�); : : : ; �

s

(�) > 0:

2. San kÔria kl�sh me thn sten  ènnoia ja orÐsoume thn om�da

H

+

K

=

�

(�)

�

�

� 2 K

�

; �� 0

	

:

3. H om�da K

+

=

I

K

�

H

+

K

lègetai om�da kl�sewn me thn sten  ènnoia.

Orismìc 2.1.17 'Estw m èna akèraio ide¸dec tou K .

1. H upoom�da

H

+

m

:=

n

(�)

�

�

�

� 2 K

�

; �� 0; � =

�

1

�

2

; �

i

2 R

K

; a

i

� 1 (mod m)

o

ja lègetai n aktÐna modulo m tou K. (Ed¸ aktÐna metafr�zoume th lèxh Strahl

apì ta germanik�   th lèxh ray apì ta agglik�.)
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2. 'Estw A

m

h om�da idewd¸n tou K ta opoÐa eÐnai pr¸ta proc ton m (dhlad  kanèna

pr¸to ide¸dec P , P

�

�

m, den emfanÐzetai sthn an�lush twn A 2 A

m

). H om�da K

+

m

=

A

m

=H

+

�

m

ja lègetai om�da kl�sewn modulo m sto K (Strahlklassengruppe modulo

m   ray class group tou K).

QwrÐc apìdeixh anafèroume to

Je¸rhma 2.1.18 H om�da kl�sewn modulo m tou K, K

+

m

eÐnai peperasmènhc t�xhc.

Je¸rhma 2.1.19 Gia k�je kl�sh k

+

m

2 K

+

m

isqÔei

A

K

+

m

(t) = #

�

A 2 K

+

m

�

�

A akèraio; N

K=Q

(A) � t

o

=

�

�

h

jK

+

m

j

t

�

+ O(t

1�

1

n

)

ìpou � ìpwc sto Jemeli¸dec Je¸rhma 2.1.3.

Apìdeixh: An�logh tou Jemeli¸douc Jewr matoc 2.1.3. ut

2.2 H z ta sun�rthsh tou Dedekind algebrikoÔ

s¸matoc arijm¸n

2.2.1 Orismìc kai idiìthtec

An�loga proc th z ta sun�rthsh tou Riemann ja orÐsoume t¸ra th z ta sun�rthsh tou

Dedekind enìc algebrikoÔ s¸matoc arijm¸n K. Gia lìgouc eukolÐac ja sumbolÐzoume thn

norm enìc ide¸douc A tou K me N(A) antÐ N

K=Q

(A). OrÐzoume

�

K

(s) :=

X

A2I

K

A akèraio

1

(N(A))

s

; s 2 C ; Re(s) > 1:

H z ta sun�rthsh tou Riemann eÐnai h z ta sun�rthsh tou Dedekind gia to s¸ma Q .

L mma 2.2.1 H z ta sun�rthsh tou Dedekind �

K

(s) sugklÐnei apìluta gia Re(s) > 1

kai parist�, s' autì to hmiepÐpedo mÐa olìmorfh sun�rthsh.

Apìdeixh: �

K

(s) =

1

X

m=1

a

m

m

s

ìpou a

m

= #

�

A 2 I

K

�

�

A akèraio; N(A) = m

	

. Epomènwc

A(t) =

X

m�t

a

m
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(h seir� apoklÐnei), �ra mporoÔme na efarmìsoume to je¸rhma (1.2.5). Epeid 

A(t) = � � h � t+O(t

1�

1

n

) = O(t):

ja èqoume ìti h �

K

(s) sugklÐnei gia Re(s) > 1 kai epeid  a

m

2 N gia k�je fusikì m,

ja sugklÐnei kai apolÔtwc gia Re(s) > 1 kai sÔmfwna me to je¸rhma 1.2.4 parist� mÐa

olìmorfh sun�rthsh sto en lìgw hmiepÐpedo. ut

To kÔrio je¸rhma thc paroÔshc paragr�fou eÐnai to:

Jemeli¸dec Je¸rhma 2.2.2 (analutikìc tÔpoc tou arijmoÔ kl�sewn)

'Estw K algebrikì s¸ma arijm¸n, n = (K : Q). H �

K

(s) epekteÐnetai se mÐa merìmorfh

sun�rthsh sto hmiepÐpedo Re(s) > 1�

1

n

me monadikì aplì pìlo gia s = 1 kai

Res

s=1

(�

K

(s)) = lim

s!1

+

(s� 1)�

K

(s) = � � h =

2

s

(2�)

t

Reg

K

w

p

jD

K

j

� h:

ShmeÐwsh: Sthn oriak  perÐptwsh pou r = s+ t� 1 = 0, jètoume Reg

K

= 1.

Apìdeixh: Ja k�noume qr sh tou jewr matoc 1.5.5 thc selÐdac 31, ìti h �(s) eÐnai merì-

morfh sto C (ed¸ ft�nei to Re(s) > 0) me monadikì aplì pìlo gia s = 1 kai upìloipo Ðso

me 1.

�

K

(s) =

1

X

m=1

a

m

m

s

=

1

X

m=1

a

m

� � � h

m

s

+ � � h � �(s)

Profan¸c

X

m�t

(a

m

� �h) = A(t)� [t]�h = A(t)� � t h+O(1)

j. 2.1.3

= O(t

1�

1

n

) +O(1) = O(t

1�

1

n

)

Epomènwc

1. H

1

X

m=1

a

m

� �h

m

s

eÐnai olìmorfh gia Re(s) > 1�

1

n

(dec Jewr mata 1.2.5 kai 1.2.6).

2. H �

K

(s) epekteÐnetai sto hmiepÐpedo Re(s) > 1 �

1

n

kai èqei monadikì aplì pìlo sth

jèsh s = 1.

3. Res �

K

(s)

s=1

= � � h �Res �(s)

s=1

= � � h
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EÔkola mporeÐ na deÐxei kaneÐc ìti a

m

a

n

= a

mn

gia (m;n) = 1 (dec p.q. [19], selÐda 144).

T¸ra efarmìzoume to je¸rhma 1.3.2.

�

K

(s) =

X

A2I

K

A akèraio

1

N(A)

s

=

Y

P2P(K)

�

1 +

1

N(P )

s

+

1

N(P )

2s

+ � � �

�

=

Y

P2P(K)

1

1�N(P )

�s

(Ginìmeno Euler)

To P(K) sumbolÐzei to sÔnolo ìlwn twn pr¸twn idewd¸n tou algebrikoÔ s¸matoc arijm¸n

K. ut

2.2.2 Upologismìc tou arijmoÔ kl�sewn mèsw tou Jewr matoc (2.2.2)

'Estw K = Q(

p

d) tetragwnikì s¸ma arijm¸n diakrÐnousac d. O nìmoc an�lushc sto K

eÐnai:

pR

K

=

8

>

>

>

>

<

>

>

>

>

:

PP

0

; N(P ) = N(P

0

) = p; an

�

d

p

�

= 1

P; N(P ) = p

2

; an

�

d

p

�

= �1

P

2

; N(P ) = p; an

�

d

p

�

= 0

opìte h z ta sun�rthsh tou K gr�fetai:

�

K

(s) =

Y

P2P(K)

1

1�N(P )

�s

=

Y

�

d

p

�

=1

1

(1� p

�s

)

2

Y

�

d

p

�

=�1

1

1� p

�2s

Y

�

d

p

�

=0

1

1� p

�s

=

Y

p2P

1

1� p

�s

Y

�

d

p

�

=1

1

1� p

�s

Y

�

d

p

�

=�1

1

1 + p

�s

Y

�

d

p

�

=0

1

1� 0�p

�s

= �

Q

(s)

Y

p2P

1

1�

�

d

p

�

p

�s

= �

Q

(s)L(s=�)

ìpou �(p) =

�

d

p

�

kai �

Q

(s) eÐnai h z ta sun�rthsh tou Riemann, �(s).

Autì to apotèlesma eÐnai eidik  perÐptwsh enìc genikìterou jewr matoc. Proèkuye san

sunduasmìc tou ginomènou Euler gia th z ta sun�rthsh tou Dedekind kai tou nìmou an�lu-

shc enìc tetragwnikoÔ algebrikoÔ s¸matoc arijm¸n.

An t¸ra per�soume sta upìloipa thc �

K

(s) = �

Q

(s)L(s=�) sth jèsh s = 1 gia K = Q(

p

d)
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me d = D

K

, dhlad  n = 2, t = 1, s = 0, Reg

K

= 1, tìte brÐskoume:

2�

w

p

jdj

h

K

= 1 � L(1=�) = L(1=�):

San eidik  perÐptwsh enìc jewr matoc pou ja apodeÐxoume parak�tw prokÔptei ìti gia d < 0

�

�

L(1=�)

�

�

=

�

jdj

p

jdj

�

�

�

�

�

X

(�;d)=1

0<�<jdj

�(�)�

�

�

�

�

�

:

Epomènwc: TÔpoc arijmoÔ kl�sewn gia migadik� tetragwnik� s¸mata

h

K

=

w

2jdj

�

�

�

�

�

X

(�;d)=1

0<�<jdj

�(�)�

�

�

�

�

�

ParadeÐgmata:

1. Gia d = �4, p 2 P, p 6= 2, �(p) =

�

�4

p

�

=

�

�1

p

�

�ra h =

4

2 � 4

�

�

�(1) � 1 + �(3) � 3

�

�

=

1

2

�

�

1� 3

�

�

= 1

2. Gia d = �20, �(p) =

�

�20

p

�

=

�

�5

p

�

p6=2

= (�1)

p�1

2

�

p

5

�

=

=

8

>

<

>

:

1; ìtan p � �1 (mod 5)

�1; ìtan p � �2 (mod 5)

h

Q(

p

�20)

=

1

20

�

�(1)�1 + �(3)�3 + �(7)�7 + �(9)�9 + �(11)�11 +

+�(13)�13 + �(17)�17 + �(19)�19

�

Gia � = 1; 3; 7; 9; 11; 13; 17; 19 èqoume �(�) = 1; 1; 1; 1;�1;�1;�1;�1 antÐstoiqa.

Epomènwc

h

Q(

p

�20)

=

1

20

�

�

1+3+7+9�11�13�17�19

�

�

=

1

20

�

�

20�60

�

�

= 2:

Orismìc 2.2.3 'Enac qarakt rac Dirichlet mod N ja lègetai �rtioc an �(�1) = 1 kai

perittìc an �(�1) = �1. Xanajumìmaste ton orismì twn ajroism�twn Gauss. An �

eÐnai mÐa prwtarqik  N -rÐza thc mon�dac, � qarakt rac Dirichlet modulo N kai a 2 Z

�

a

(�) :=

X

xmodN

�(x)�

ax

�

1

(�) := �(�)
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Je¸rhma 2.2.4 'Estw � prwtarqikìc qarakt rac modulo N , N > 1. An � �rtioc tìte

L(1=�) = �

�(�)

N

X

0<�<N

(�;N)=1

�(�) log j1� �

��

j

ìpou � = e

2�i

N

. An � perittìc tìte

L(1=�) =

�i�(�)

N

2

X

0<�<N

(�;N)=1

�(�)�

ìpou � o suzug c tou �.

UpenjumÐzoume merikèc idiìthtec twn ajroism�twn Gauss, gia prwtarqikì qarakt ra mod

N , N > 1, qr simec gia ta parak�tw.

(1)

�

�

�

a

(�)

�

�

=

8

>

<

>

:

p

N; an (a;N) = 1

0; an (a;N) 6= 1

(2) �

a

(�) = �(a)�(�)

(3)

X

�modN

�

� r

=

8

>

<

>

:

N; ìtan r � 0(N)

0; ìtan r 6� 0(N)

H idiìthta (3) eÐnai profan c. ApodeÐxeic twn (1) kai (2) mporeÐ na breÐ o endiaferìmenoc

anagn¸sthc sto [20], selÐda 91. To ìti gia (a;N) > 1 isqÔei �

�

(�) = 0 prokÔptei  dh apì

thn (1).

ProqwroÔme t¸ra sthn apìdeixh tou jewr matoc 2.2.4.

Apìdeixh:

L(s=�) =

1

X

n=1

�(n)

n

s

=

X

xmodN

(x;N)=1

�(x)

�

X

n�xmodN

1

n

s

| {z }

(�)

�

ìpou h (�) =

1

X

n=1

c

n

n

s

me c

n

=

8

>

<

>

:

1; an n � x (modN)

0; an n 6� x (modN):
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H idiìthta (3) twn ajroism�twn Gauss mac dÐnei

L(s=�) =

X

xmodN

(x;N)=1

�(x)

1

X

n=1

1

N

X

�modN

�

(x�n)�

�

1

n

s

=

1

N

X

�modN

0

B

B

@

X

xmodN

(x;N)=1

�(x)�

x�

1

C

C

A

1

X

n=1

�

�n�

n

s

=

1

N

X

�modN

�

�

(x)

1

X

n=1

�

�n�

n

s

An (�;N) 6= 1, tìte �

�

(x) = 0. Epomènwc

L(s=�) =

1

N

X

�modN

(�;N)=1

�

�

(x)

1

X

n=1

�

�n�

n

s

IsqurÐzomai ìti:

(4) An � 6� 0(modN) tìte h

1

X

n=1

�

�n�

n

s

sugklÐnei gia Re(s) > 0 kai eÐnai suneq c sto dexiì

hmiepÐpedo Re(s) > 0.

Pr�gmati:

gia � 6� 0 (mod N) èqoume ìti A(t) =

X

n�t

�

��n

= O(1) kai epomènwc to je¸rhma 1.2.4

dÐnei ìti h seir� sugklÐnei gia Re(s) > 0 kai eÐnai olìmorfh s' autì to hmiepÐpedo. 'Eqoume

loipìn:

L(1=�) =

1

N

X

� modN

(�;N)=1

�

�

(�)

1

X

n=1

(�

��

)

n

n

Gia �

��

6= 1 (dhlad  gia j�

��

j < 1) h teleutaÐa seir� gr�fetai

1

X

n=1

�

�n�

n

= � log(1� �

��

)

(O prwteÔwn kl�doc tou logarÐjmou). Autì kai h idiìthta 2 twn ajroism�twnGauss �

a

(�) =

�(a)�(�) mac dÐnoun:

L mma 2.2.5 An � kai N ìpwc sto je¸rhma (2.2.4) tìte

L(1=�) = �

�(�)

N

X

� modN

(�;N)=1

�(�) log(1� �

��

)
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Ac sumbolÐsoume

S

�

:=

X

� modN

�(�) log(1� �

��

)

L mma 2.2.6 An � = e

2�i=N

tìte

S

�

:=

X

� modN

(�;N)=1

�(�) log j1� �

��

j gia �(�1) = 1

kai

S

�

=

� i

N

X

0<�<N

(�;N)=1

�(�) � gia �(�1) = �1

Parat rhsh: 'Amesh sunèpeia twn lhmm�twn (2.2.5) kai (2.2.6) eÐnai h al jeia tou jewr -

matoc 2.2.4. ut

Gia thn apìdeixh tou l mmatoc (2.2.6) qreiazìmaste pr¸ta to

L mma 2.2.7 An 0 < � < N kai (�;N) = 1 gia ton prwteÔonta kl�do tou logarÐjmou

èqoume:

log(1� �

��

) = log

�

�

1� �

��

�

�

+ i�

�

1

2

�

�

N

�

log(1� �

�

) = log

�

�

1� �

�

�

�

� i�

�

1

2

�

�

N

�

ìpou � := e

2�i=N

.

Apìdeixh: 'Estw � := e

�2�i�=2N

, dhlad  �

2

= �

��

opìte ja èqoume

1� �

��

= 1��

2

=

�

���

�

�

=

�

2 sin

��

N

�

i�

=

�

2 sin

��

N

�

e

�i

(

1

2

�

�

N

)

=) log(1� �

��

) = log

�

�

1� �

��

�

�

+ i�

�

1

2

�

�

N

�

:

'Omoia apodeiknÔetai kai h deÔterh sqèsh. ut
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Gia thn apìdeixh tou l mmatoc (2.2.6) èqoume:

Apìdeixh: An � �rtioc tìte sunep�getai ìti �(�) = �(��) opìte:

S

�

=

N�1

X

�=1

(�;N)=1

�(�) log(1� �

��

)

=

N�1

X

�=1

(�;N)=1

�(��) log(1� �

��

):

An antikatast soume to �� me � èqoume

S

�

=

N�1

X

�=1

(�;N)=1

�(�) log(1� �

�

):

Prosjètoume kat� mèlh tic dÔo ekfr�seic tou S

�

kai èqoume

S

�

=

1

2

N�1

X

�=1

(�;N)=1

�(�)

�

log(1� �

��

) + log(1� �

�

)

	

=

N�1

X

�=1

(�;N)=1

�(�) log j1� �

��

j

'Estw t¸ra ìti � perittìc, tìte �(�1) = �1 sunep¸c �(��) = ��(�) �ra ja èqoume ìti

S

�

=

1

2

N�1

X

�=1

(�;N)=1

�(�)

�

log(1� �

��

)� log(1� �

�

)

	

= �i

N�1

X

�=1

(�;N)=1

�(�)

�

1

2

�

�

N

�

= �

�i

N

N�1

X

�=1

(�;N)=1

�(�)� +

�i

2

N�1

X

�=1

(�;N)=1

�(�)

= �

�i

N

N�1

X

�=1

(�;N)=1

�(�)�

H teleutaÐa isìthta prokÔptei, epeid  � 6= �

0

. ut
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2.3 O tÔpoc tou arijmoÔ kl�sewn gia tetragwnik�

s¸mata arijm¸n

2.3.1 Tetragwnik� migadik� s¸mata arijm¸n.

'Estw K = Q(

p

d) tetragwnikì migadikì s¸ma arijm¸n dikrÐnousac d . 'Eqoume  dh apo-

deÐxei ìti �

K

(s) = �

Q

(s)L(s=�) ìpou � o qarakt rac �

d

pou antistoiqeÐ sthn jemeli¸dh

diakrÐnousa d.

To je¸rhma (1.1.9) mac exasfalÐzei ìti o �

d

eÐnai prwtarqikìc qarakt rac modjdj kai ìti

�

d

(�1) =

8

<

:

1; an d > 0

�1; an d < 0

'Estw t¸ra d < 0, sunep¸c o �

d

eÐnai perittìc. O tÔpoc gia ton arijmì kl�sewn eÐnai:

h

K

2�

w

p

d

= L(1=�):

To kÔrio je¸rhma thc prohgoÔmenhc paragr�fou dÐnei

2�

w

p

jdj

h

K

=

� �i��(�)

d

2

X

0<�<jdj

(�;jdj)=1

�(�)�:

IsqÔei akìmh to

Je¸rhma 2.3.1 An � prwtarqikìc tetragwnikìc qarakt rac modulo N tìte

�(�) =

8

>

<

>

:

p

N; ìtan � �rtioc

i

p

N; ìtan � perittìc

Apìdeixh tou jewr matoc autoÔ mporeÐ na breÐ o endiaferìmenoc sto [8], kef�laio 5, je¸rhma

7.

Epomènwc

Je¸rhma 2.3.2 (tÔpoc tou arijmoÔ kl�sewn)

h

K

= �

w

2 jdj

X

0<x<jdj

(x;d)=1

�(x)x
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Je¸rhma 2.3.3 Gia d < �4, d jemeli¸dhc diakrÐnousa, isqÔei:

h

K

=

w

2

�

1

2� �(2)

�

X

0<�<

jdj

2

(�;jdj)=1

�(�)

Apìdeixh: Upojètoume ìti o d eÐnai perittìc. 'Estw

U :=

jdj�1

X

�=1

�(�) �

An o � eÐnai �rtioc, gr�foume � = 2k me 0 < k <

jdj

2

kai an o � eÐnai perittìc tìte

gr�foume � = 2k � jdj ìpou

jdj

2

< k < jdj. Epomènwc

U =

X

0<k<

jdj

2

�(2k) 2k +

X

jdj

2

<k<jdj

�(2k � jdj) (2k � jdj)

=

X

0<k<

jdj

2

�(2k) 2k +

X

jdj

2

<k<jdj

�(2k) (2k � jdj)

= 2

X

0<k<jdj

�(2k) k � jdj

X

jdj

2

<k<jdj

�(2k)

= 2�(2)U � jdj�(2)

X

jdj

2

<x<jdj

�(k)

Sunep¸c

U =

jdj�(2)

2�(2)� 1

�

X

jdj

2

<k<jdj

�(k)

Epeid  �(2) = �1 h stajer� gr�fetai

jdj

2� �(2)

kai epeid 

X

0<k<jdj

�(k) = 0 èqoume

U =

�jdj

2� �(2)

�

X

0<k<

jdj

2

�(k);

dhlad  èqoume apodeÐxei to je¸rhma gia d perittì.

H perÐptwsh kat� thn opoÐa d �rtioc af netai san �skhsh ston anagn¸sth. ut

An t¸ra d = �p; p � 3 (mod 4) tìte �(x) =

�

�p

x

�

=

�

x

p

�

kai

�(2) =

�

2

p

�

=

8

>

<

>

:

�1; p � 3 (mod 8)

1; p � 7 (mod 8)

Epomènwc
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Je¸rhma 2.3.4 'Estw p pr¸toc, p 6= 3 ; p � 3 (mod 4); h := h

Q (

p

�p)

. Tìte

h =

8

>

<

>

:

1

3

(R�N); ìtan p � 3 (mod 8)

R�N; ìtan p � 7 (mod 8)

'Opou R; N to pl joc twn tetragwnik¸n upoloÐpwn (ìqi upoloÐpwn) mod p sto di�sthma

(0; p=2).

Par�deigma: Gia d = �19 sto [0; 9] èqoume 6 tetragwnik� upìloipa 1,4,5,6,7,9 kai 3 ìqi

tetragwnik� upìloipa 2,3,8. Epomènwc

h(�19) =

1

3

(6� 3) = 1:

OGauss upolìgise to h(d) gia 0 > d > �10:000 kai den br ke �llh jemeli¸dh diakrÐnousa me

h(d) = 1 ektìc twn d = �3;�4;�7;�8;�11;�19;�43;�67;�163. DiatÔpwse thn eikasÐa

ìti den up�rqoun �lla migadik� tetragwnik� s¸mata arijm¸n me h(d) = 1 kai ìti

h(d) �!1 gia d! �1: (2.4)

H (2.4) apodeÐqthke to 1934 apo ton Heilbronn. To 1935 o Siegel apèdeixe k�ti polÔ pio

isqurì:

gia k�je " > 0 isqÔei h(d) > C jdj

1

2

�"

ìpou C kat�llhlh, all� mh exart¸menh apì to ", stajer�.

EÐnai eÔkolo na deiqteÐ ìti

h(d) < c

0

jdj

1

2

+"

;

dhlad  èqome to je¸rhma tou Siegel:

lim

d!�1

log h(d)

log jdj

=

1

2

:

To ìti den up�rqei �llo tetragwnikì migadikì s¸ma arijm¸n me h(d) = 1, eÐnai apotèlesma

tou Heegner (1952), h apìdeixh tou opoÐou ìmwc eÐqe èna <<kenì>> to opoÐo èkleise sta tèlh

thc dekaetÐac tou 1960, arqèc thc dekaetÐac tou 1970. Sto jèma autì Ðswc epanèljoume, se

proseq  mac èkdosh.
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2.3.2 Tetragwnik� pragmatik� s¸mata arijm¸n.

O arijmìc kl�sewn gia pragmatikì tetragwnikì s¸ma arijm¸n

K = Q (

p

d); diakrÐnousac d > 0:

H gnwst   dh sqèsh Res �

K

(s)

s=1

= L(1=�) dÐnei

2

s+t

�

t

Reg

K

� h

K

w

p

jdj

= �

�(�)

jdj

�

X

0<x<jdj

(x;d)=1

�(x) log j1� �

x

j

ìpou � = e

2�i

jdj

, s = 2, t = 0, w = 2, Reg

K

= log "

0

me "

0

thn kanonikopoihmènh ("

0

> 1)

jemeli¸dh mon�da tou K.

Lìgw twn gnwst¸n idiot twn,

�(�) =

p

d;

�

�

1� �

x

�

�

=

�

�

1� �

�x

�

�

kai �(�x) = �(x) (diìti d > 0 sunep¸c o � eÐnai �rtioc) ja èqoume

dexiì mèloc = �

2

p

d

X

0<x<

jdj

2

(x;d)=1

�(x) log

�

�

1� �

x

�

�

:

Epeid , gia x; 0 < x <

jdj

2

�

�

1� �

x

�

�

=

�

�

�

�

x

2

� �

x

2

�

�

=

�

�

e

�

2�ix

2d

� e

+

2�ix

2d

�

�

= 2 sin

�x

d

èqoume

dexiì mèloc = �

2

p

d

X

0<x<

d

2

(x;d)=1

�(x)

�

log 2 + log sin

�x

d

�

= �

2

p

d

X

0<x<

d

2

(x;d)=1

�(x) log

�

sin

�x

d

�

:

Epomènwc èqoume

Je¸rhma 2.3.5 'Estw K = Q (

p

d) tetragwnikì pragmatikì s¸ma arijm¸n diakrÐnousac

d > 0, � o prwtarqikìc qarakt rac pou antistoiqeÐ sthn d kai "

0

> 1 jemeli¸dhc mon�da
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tou. Tìte

h

K

� log "

0

= log

2

6

6

6

6

6

6

6

4

Y

0<x<

d

2

�(x)=�1

sin

�x

d

Y

0<x<

d

2

�(x)=1

sin

�x

d

3

7

7

7

7

7

7

7

5

Par�deigma:

K = Q(

p

5), d = 5. Gr�foume ton tÔpo san

"

h

K

0

=

Y

0<x<

d

2

�(x)=�1

sin

�x

d

Y

0<x<

d

2

�(x)=1

sin

�x

d

ìpou "

0

=

1+

p

5

2

. Ja èqoume loipìn ìti

dexiì mèloc =

sin

2�

5

sin

�

5

= 2 cos

�

5

=

1 +

p

5

2

=) h

K

= 1:

Ja prospaj soume t¸ra na d¸soume arijmhtikì perieqìmeno ston tÔpo tou arijmoÔ kl�-

sewn. 'Eqoume to akìloujo di�gramma:

Q (�

d

) f1g

Q (

p

d) H

Q
G = Gal

�

Q (�

d

)

�

Q

�

�

=

Z

�

d

�(�) = �

p

d

L mma 2.3.6 'Estw

H

�

d

=

�

a 2 Z

�

d

�

�

�(a) = 1
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kai � o isomorfismìc Z

�

d

�

=

G �(a) 7�! �

a

ìpou �

a

: �

d

�! �

a

d

(�

d

= e

2�i

d

). Tìte

H = �(H

�

d

):

Apìdeixh: Epeid  �(�) = �

p

d, ja isqÔei K = Q (

p

d) = Q (�(�)). To �

a

2 H akrib¸c

tìte ìtan �

a

(�(�)) 2 Q (�(x)) all�

�

a

(�(�)) = �

a

 

X

zmod d

�

�(z)�

z

d

!

=

X

zmod d

�

�(z)�

az

d

= �(a)

X

zmod d

�

�(az)�

az

d

= �(a) � �(�)

opìte �

a

(�(�)) = �(�) () �(a) = 1. To � sthn �jroish shmaÐnei, �jroish wc proc ìla

ta zmodd gia ta opoÐa (z; d) = 1. ut

L mma 2.3.7 'Estw N 2 N n f1g kai (a;N) = (a

0

; N) = 1. O arijmìc

1� �

a

N

1� �

a

0

N

eÐnai mon�da tou kuklotomikoÔ s¸matoc arijm¸n Q (�

N

). Oi mon�dec autèc lègontai ku-

klotomikèc.

Apìdeixh: Epeid  (a

0

; N) = 1 ja èqoume ìti up�rqei xmodN tètoio ¸ste a

0

x � a (modN)

opìte

1� �

a

N

1� �

a

0

N

=

1� �

a

0

x

N

1� �

a

0

N

= 1 + �

a

0

N

+ � � �+ �

a

0

(x�1)

N

2 Z[�

N

]:

OmoÐwc apodeiknÔetai ìti

1� �

a

0

N

1� �

a

N

2 Z[�

N

]. ut

O tÔpoc gia ton arijmì kl�sewn tropopoieÐtai wc ex c:

2h

K

� log "

0

= log

�

�

�

�

�

�

�

�

�

�

�

Y

xmod d

�(x)=�1

(1� �

x

)

Y

xmod d

�(x)=1

(1� �

x

)

�

�

�

�

�

�

�

�

�

�

�

T¸ra paÐrnoume èna x

0

tètoio ¸ste �(x

0

) = �1 kai gr�foume:

2h

K

� log "

0

= log

�

�

�

�

�

�

�

�

Y

xmod d

�(x)=1

(1� �

xx

0

)

(1� �

x

)

�

�

�

�

�

�

�

�

= log

�

�

�

�

�

�

Y

x2H

�

d

�

x

�

1� �

x

0

1� �

�

�

�

�

�

�

�

= log

�

�

�

�

N

Q(�

d

)

Q(

p

d)

�

1� �

x

0

1� �

�

�

�

�

�
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Epomènwc 2h

K

=

log jE

0

j

log("

0

)

ìpou E

0

:= N

Q(�

d

)

�

Q(

p

d)

�

1� �

x

0

1� �

�

, dhlad  apodeÐxame to je¸rh-

ma

Je¸rhma 2.3.8 An K = Q (

p

d) èna pragmatikì tetragwnikì s¸ma arijm¸n diakrÐnousac

d > 0, tìte isqÔei:

2h

K

=

�

h"

0

i : hjE

0

ji

�

=

�

hE(K)i : h�E

0

i

�

ìpou E

0

ìpwc parap�nw kai x

0

tètoio ¸ste �(x

0

) = �1. ut

Sto epìmeno kef�laio ja melet soume analutik� ton arijmì kl�sewn idewd¸n abelian¸n

epekt�sewn tou Q . Ja apodeÐxoume ìti o h

K

gr�fetai san ginìmeno dÔo fusik¸n arijm¸n,

o ènac apì touc opoÐouc eÐnai deÐkthc upoom�dac thc om�dac twn mon�dwn tou K kai o �lloc

rht  èkfrash pou moi�zei me thn perÐptwsh twn migadik¸n tetragwnik¸n swm�twn arijm¸n.



Kef�laio 3

Arijmìc kl�sewn idewd¸n

abelian¸n epekt�sewn tou Q

3.1 H an�lush thc z ta sun�rthshc abelian¸n

epekt�sewn tou Q .

Sto trÐto kef�laio ja melet soume th z ta sun�rthsh algebrik¸n swm�twn arijm¸n ta

opoÐa eÐnai abelianèc epekt�seic tou Q . An L èna tètoio s¸ma tìte, sÔmfwna me to gnwstì

je¸rhma twn Kronecker - Weber (dec [2], selÐda 14), perièqetai se k�poio kuklotomikì s¸ma

Q (�

N

) ìpou �

N

mÐa prwtarqik  N -rÐza thc mon�dac.

O el�qistoc fusikìc arijmìc m tètoioc ¸ste L � Q (�

m

) lègetai odhgìc (conductor,

F�uhrer) tou s¸matoc L.

O nìmoc an�lushc sto L (dec [2], selÐda 184)

Q (�

m

) f1g

L

H = H

�

m

Q

Z

�

m

n

67
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mac dÐnei ìti gia k�je pr¸to p 2 P tètoio ¸ste p - m, o deÐkthc diakl�dwshc e := e

L

(p) =

e

L

�

P

�

pZ

�

= 1 kai o bajmìc adraneÐac f = f

L

(p) = f

L

�

P

�

pZ

�

= ord(pmodH

�

m

).

Ac jewr soume t¸ra th z ta sun�rthsh tou L.

�

L

(s) =

Y

P2P(L)

1

1�N(P )

�s

:

H N(P ) = p

f

ìpou p pr¸toc pou orÐzetai apì th sqèsh pZ = P \ Z kai f o bajmìc

adraneÐac tou p sto L, f = f

L

(p) = f

L

�

P

pZ

�

. Epeid  gia stajerì p 2 P, ìla ta P 2 P(L)

tètoia ¸ste P

�

�

p èqoun ton Ðdio bajmì adraneÐac, mporoÔme na gr�youme

�

L

(s) =

Y

p2P

Y

P2P(L)

P jp

�

1� p

�sf

L

(p)

�

�1

=

Y

p2P

pjm

Y

P2P(L)

P jp

�

1� p

�sf

L

(p)

�

�1

�

Y

p2P

p-m

Y

P jp

�

1� p

�sf

L

(p)

�

�1

=

Y

p2P

pjm

Y

P jp

�

1� p

�sf

L

(p)

�

�1

�

Y

p2P

p-m

�

1� p

�sf

L

(p)

�

�

n

f

L

(p)

diìti

n

f

L

(p)

eÐnai to pl joc twn pr¸twn idewd¸n P tou L tètoiwn ¸ste P

�

�

p.

T¸ra paÐrnoume ton teleutaÐo par�gonta

�

1�

1

p

sf

L

(p)

�

n

f

L

(p)

=

f

L

(p)

Y

k=1

�

1�

�

k

p

s

�

n

f

L

(p)

ìpou � := e

2�i

f

L

(p)

.

H kuklik  om�da pou par�getai apì to stoiqeÐo pmodH

�

m

thc om�dac phlÐkwn

Z

�

m

�

H

�

m

èqei

t�xh f

L

(p) kai h antÐstoiqh om�da qarakt rwn eÐnai isìmorfh proc aut n kai par�getai apì

ton qarakt ra � gia ton opoÐo isqÔei � ((pmodH

�

m

)

�

) = �

�

.

Epomènwc

�

1� p

�sf

L

(p)

�

n

f

L

(p)

=

Y

�2(h

[

pH

�

m

i)

�

1�

�(pH

�

m

)

p

s

�

n

f

L

(p)

K�je tètoioc qarakt rac epekteÐnetai se qarakt rec ìlhc thc om�dac

Z

�

m

�

H

�

m

se pl joc

akrib¸c ìso o deÐkthc

h

Z

�

m

�

H

�

m

: pH

�

m

i

=

ord

�

Z

�

m

�

H

�

m

�

ord (pH

�

m

)

=

[Z

�

m

: H

�

m

]

f

L

(p)

=

n

f

L

(p)

:
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'Oloi autoÐ oi qarakt rec dÐnoun thn Ðdia tim  sthn pH

�

m

dhlad 

�

1� p

�sf

L

(p)

�

�

n

f

L

(p)

=

Y

�2

�

\

Z

�

m

=H

�

m

�

�

1� �(pH

�

m

)p

�s

�

'Eqoume loipìn to

Je¸rhma 3.1.1 An L abelian  epèktash tou Q me odhgì m kai H

�

m

h upoom�da thc Z

�

m

pou antistoiqeÐ sto L, tìte h z ta sun�rthsh tou s¸matoc L paragontopoieÐtai

�

L

(s) =

Y

p2P

pjm

Y

P2P(L)

P jp

�

1� p

�sf

L

(p)

�

�1

�

Y

�2

�

\

Z

�

m

=H

�

m

�

0

B

B

@

Y

p2P

p-m

�

1� �(p)p

�s

�

�1

1

C

C

A

ìpou �(p) := �(pH

�

m

).

To gegonìc ìti k�je qarakt rac � 2

c

Z

�

m

ep�getai apì k�poion prwtarqikì qarakt ra

�

0

mod� ìpou �j'(m) kai ìti an G peperasmènh abelian  om�da kai H upoom�da thc G,

H � G, oi akìloujec om�dec

n

� 2

b

G

�

�

�

�j

H

= 1

o

�

=

�

[

G=H

�

� 7�! �̂; ìpou �̂(gH) := �(g)

eÐnai metaxÔ touc isìmorfec, mac dÐnei

Je¸rhma 3.1.2 An L abelian  epèktash tou Q me odhgì m kai H

�

m

h upoom�da thc Z

�

m

pou antistoiqeÐ sto L, tìte

�

L

(s) = G(s) �

Y

�2

d

Z

�

m

�j

H

�

m

=1

L(s=�

0

)

ìpou

G(s) :=

Y

pjm

Y

�2

\

Z

�

m

=H

�

m

�

1�

�

0

(p)

p

s

�

Y

P jp

�

1� p

�sf

L

(p)

�

:

T¸ra, ìpwc kai sthn z ta sun�rthsh tou Riemann �(s) = �

Q

(s) thc paragr�fou 1.5 tou

kefalaÐou 1, mporoÔme na apodeÐxoume th sunarthsiak  exÐswsh thc �

L

(s) (dec [19], [23],

[43]) kai, k�nontac qr sh aut c, mporoÔme na doÔme ìti
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Je¸rhma 3.1.3 G(s) = 1

QwrÐc apìdeixh. (Dec [42], selÐda 371   [43], selÐda 427.)

Ac doÔme dÔo eidikèc peript¸seic tou jewr matoc 3.1.3

1. An m = p o mìnoc diakladizìmenoc pr¸toc sto Q (�

p

) eÐnai o p, pR = P

p�1

ìpou

P = h1� �

p

i. K�je qarakt rac � 6= �

0

eÐnai prwtarqikìc, dhlad  � = �

0

kai

�

0

(p) = 0, �ra

G(s) =

1�

1

p

s

1�

1

p

s

= 1:

2. An L tetragwnikì s¸ma arijm¸n tìte èqoume  dh deÐxei ìti

�

L

(s) = �

Q

(s) � L(s=�):

Epomènwc èqoume to parak�tw je¸rhma:

Je¸rhma 3.1.4 (kÔrio je¸rhma thc paragr�fou)

'Estw L mÐa abelian  ep�ktash tou Q me odhgì m, L � Q (�

m

) kai H

�

m

h upoom�da thc

Z

�

m

pou antistoiqeÐ sto L. Tìte èqoume

�

L

(s) =

Y

�2

d

Z

�

m

�j

H

�

m

=1

L(s=�

0

) = �

Q

(s) �

Y

�2

d

Z

�

m

�j

H

�

m

=1; � 6=�

0

L(s=�

0

)

ìpou o � ep�getai apì ton prwtarqikì qarakt ra �

0

.

Je¸rhma 3.1.5 (tÔpoc arijmoÔ kl�sewn)

An to s¸ma L eÐnai ìpwc sto Je¸rhma 3.1.4, o arijmìc kl�sewn autoÔ h

L

dÐnetai apì th

sqèsh:

h

L

=

w

p

jD

K

j

2

s+t

�

t

Reg

L

�

Y

� 6=�

0

�j

H

�

m

=1

L(1=�

0

)

Apìdeixh: Apì to Je¸rhma 3.1.4 èpetai ìti to upìloipo

Res�

L

(s)

s=1

=

Y

� 6=�

0

�j

H

�

m

=1

L(1=�

0

)

Sth sunèqeia efarmìzoume to Jemeli¸dec Je¸rhma 2.2.2. ut
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3.2 O arijmìc kl�sewn tou L = Q (�

p

), p 2 P, p 6= 2

UpenjumÐzoume ìti o daktÔlioc twn akeraÐwn algebrik¸n tou L eÐnai R = Z[�

p

], mÐa b�sh

akeraiìthtac eÐnai to sÔnolo

�

1; �

p

; : : : ; �

p�2

p

	

kai h diakrÐnousa tou L eÐnai (�1)

p�1

2

p

p�2

,

w = 2p kai pR = P

p�1

, ìpou P = h1��

p

i, opìte to je¸rhma 3.1.5 dÐnei

h

L

=

2p � p

p�2

2

2

p�1

2

�

p�1

2

Reg

L

Y

�2

c

Z

�

p

� 6=�

0

L(1=�

0

):

T¸ra gnwrÐzoume ìti

�(�) =

8

>

<

>

:

p

p; an �(�1) = 1

i

p

p; an �(�1) = �1;

to opoÐo, se sunduasmì me to je¸rhma (2.2.4), mac dÐnei th sqèsh

Y

�2

d

Z

�

m

� 6=�

0

L(1=�

0

) = �

�

p�1

2

p

p�2

2

Y

� 6=�

0

S(�)

ìpou

S(�) =

8

>

>

<

>

>

:

X

0<x<p

�(x) log j1� �

x

j; an � �rtioc

1

p

P

0<x<p

�(x)x; an � perittìc

Ed¸ qrhsimopoi same kai to gegonìc ìti:

Prìtash 3.2.1 Up�rqoun akrib¸c

p� 1

2

�rtioi qarakt rec kai

p� 1

2

perittoÐ.

Apìdeixh: 'Estw

c

Z

�

p

+

:=

�

� 2

c

Z

�

p

�

�

� �rtioc

	

:

An �

�

opoiosd pote perittìc qarakt rac thc Z

�

p

, tìte profan¸c

c

Z

�

p

=

c

Z

�

p

+

_

[

�

�

c

Z

�

p

+

opìte k�je pleurik  kl�sh ja èqei to Ðdio pl joc qarakt rwn

p� 1

2

. ArkeÐ loipìn na

apodeÐxoume ìti up�rqei p�ntote toul�qisto ènac perittìc qarakt rac �

�

thc Z

+

p

.

An den up rqe, tìte gia k�je qarakt ra � thc Z

�

p

ja eÐqame

�(�1) = 1;
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dhlad  ìloi oi qarakt rec ja  tan �rtioi, �ra

#

c

Z

�

p

= #

\

�

Z

�

p

f�1g

�

) p� 1 =

p� 1

2

Sunep¸c katal xame se �topo. ut

Ac parathr soume akìma ìti

1. To ginìmeno

Q

L(1=�

0

) eÐnai pragmatikì (apì ton tÔpo tou arijmoÔ kl�sewn) kai

2. S(�) = S(�)

Telik� èqoume

Prìtash 3.2.2

2

p�3

2

� Reg

L

� h

L

= �p �

Y

�2

c

Z

�

p

� 6=�

0

S(�)

ìpou

S(�) =

8

>

>

>

>

<

>

>

>

>

:

X

0<x<p

�(x) log

�

�

1� �

x

�

�

; an � �rtioc

1

p

X

0<x<p

�(x)x; an � perittìc

Sth sunèqeia ja gr�youme ton h

L

san ginìmeno

h

L

= h

0

h

�

ìpou

h

0

:=

1

Reg

L

�

�

�

�

�

�

�

�

Y

� 6=�

0

� �rtioc

S(�)

�

�

�

�

�

�

�

�

kai

h

�

:=

p

2

p�3

2

�

�

�

�

�

�

Y

� perittìc

S(�)

�

�

�

�

�

�

:

(EnnoeÐtai ìti p�ntote ta � eÐnai qarakt rec thc Z

�

p

. SÔntoma ja all�xoume to sumbolismì

mac se h

�

= h

1

kai h

0

= h

2

kai ja touc onom�zoume o pr¸toc kai o deÔteroc par�gontac

tou arijmoÔ kl�sewn antistoÐqwc.)
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Je¸rhma 3.2.3 O h

0

eÐnai Ðsoc proc ton deÐkth (E : E

0

) ìpou E h upoom�da ìlwn twn

pragmatik¸n jetik¸n mon�dwn tou L kai E

0

h om�da pou par�getai apì tic kukloto-

mikèc mon�dec

�

k

=

�

k

� �

�k

� � �

�1

; gia k = 2; : : : ;

p� 1

2

h

0

= (E : E

0

):

Je¸rhma 3.2.4 O h

�

eÐnai fusikìc arijmìc.

Parat rhsh 3.2.5 O h

0

eÐnai o arijmìc kl�sewn tou megÐstou pragmatikoÔ upos¸matoc

L

0

= Q (�

p

) \ R tou L, h

0

= h

L

0

.

Apìdeixh: (Tou jewr matoc 3.2.3)

Kat' arq n apodeiknÔoume to l mma.

L mma 3.2.6 An "

1

; "

2

; : : : ; "

r

eÐnai anex�rthtec mon�dec tou algebrikoÔ s¸matoc arijm¸n

L oi opoÐec par�goun mÐa upoom�da A thc E(R) modulo rÐzec thc mon�dac kai �

1

; �

2

; : : : ; �

r

eÐnai epÐshc anex�rthtec mon�dec tou L oi opoÐec par�goun mÐa upoom�da B, tìte an A � B

kai o deÐkthc thc upoom�dac A sthn om�da B eÐnai peperasmènoc, ja èqoume

[B : A ] =

R

L

("

1

; "

2

; : : : ; "

r

)

R

L

(�

1

; �

2

; : : : ; �

r

)

:

Apìdeixh: Gr�foume

"

i

=

Y

`

n

a

i`

i`

� (rÐzec thc mon�doc) me a

i`

2 Z:

Sunep¸c

e

j

log

�

�

�

j

("

i

)

�

�

=

X

`

a

i`

e

j

log

�

�

�

j

(�

`

)

�

�

(ìpou e

j

= 1   2 an�loga me thn emfÔteush). 'Ara

R

L

("

1

; "

2

; : : : ; "

r

) =

�

�

det(a

i`

)

�

�

�

�

�

R

L

(�

1

; �

2

; : : : ; �

r

)

�

�

:

EÐnai gnwstì ìmwc ìti (dec [2], selÐda 85)

[B : A ] =

�

�

det(a

i`

)

�

�

kai sunep¸c èqoume to zhtoÔmeno. ut
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L mma 3.2.7 Gia L = Q (�

p

) ; p 2 P (p 6= 2) k�je sÔsthma jemeliwd¸n mon�dwn tou

L

+

= L \ R eÐnai sÔsthma jemeliwd¸n mon�dwn kai tou L, kai m�lista

E(R

L

) = W � E(R

L

+)

Apìdeixh: ArkeÐ na apodeÐxoume ìti k�je mon�da " tou L gr�fetai

" = �"

0

ìpou

�

�

�

�

�

�

� eÐnai rÐza thc mon�dac

"

0

eÐnai mon�da tou L

+

An to apodeÐxoume tìte ja èqoume telei¸sei diìti k�je jemeli¸dhc mon�da paramènei jeme-

li¸dhc an pollaplasiasteÐ me rÐza thc mon�dac. 'Estw

� :=

"

"

=

"

�

�1

(")

To � eÐnai rÐza thc mon�dac. ArkeÐ na deÐxoume ìti ìloi oi suzugeÐc tou èqoun mètro 1.

�

�

(�) = �

�

(")

1

�

�

�

�1

(")

=

�

�

(")

�

�1

(�

�

("))

=

�

�

(")

�

�

(")

:

Sunep¸c

�

�

�

�

(�)

�

�

= 1 8� 2 Z

�

p

:

Epomènwc

"

2

""

= � = ��

�

p

; � 2 Z =) "

2

= ��

�

p

j"j

2

:

IsqurÐzomai ìti to swstì prìshmo eÐnai to jetikì. An to deqjoÔme autì tìte èqoume te-

lei¸sei, diìti

"

2

= �

2�

0

p

� j"j

2

; diìti 2 - p

=) " = ��

�

0

p

� j"j; kai " mon�da tou L

+

:

'Estw ìti to prìshmo eÐnai arnhtikì, dhlad 

"

2

= ��

�

p

j"j

2

=) " = ��

�

p

� ":

T¸ra

" = a

0

+ a

1

(1� �

p

) + : : :+ a

p�2

(1� �

p

)

p�2
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p ' P

p�1

; P = h1� �

�

p

i; p - �

" = a

0

+ a

1

(1� �

�1

p

) + : : : + a

p�2

(1� �

�1

p

)

p�2

=) " � "

0

� a

0

modP:

Epomènwc

"(1 + �

�

p

) � 0 modP kai " mon�da;

dhlad 

1 + �

�

p

� 0 modP:

All� kai

1� �

�

p

� 0 modP

Sunep¸c

2 � 0 modP =) 2 2 P =) p = 2;

�ra ft�same se �topo diìti p 6= 2. ut

Me � ja sumbolÐzoume ton Q-automorfismì tou L o opoÐoc stèlnei k�je stoiqeÐo tou L sto

suzugèc tou. H om�da tou Galois

Gal

�

L

�

Q

�

=

�

Id; �

	

_

[

0

@

p�1

2

[

x=2

�

�

x

; �

�x

	

1

A

:

O rankE(R

L

) =

p� 1

2

.

Gia na sqhmatÐsoume ton Reg

L

dialègoume touc f�

x

g

x=2;3;::: ;

p�1

2

Epomènwc

Reg

L

�

�

2

;�

3

; : : : ;�
p�1

2

�

=

�

�

�

det

�

log j�

x

(�

k

)j

2

�

�

�

�

x;k=2;::: ;

p�1

2

log j�

x

(�

k

)j

2

= �

kx

� �

x

ìpou

�

y

:= log j�

y

� �

�y

j

2

:

T¸ra ja qrhsimopoi soume to akìloujo
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L mma 3.2.8 'Estw G peperasmènh abelian  om�da, U � G kai èstw � : G ! R mÐa

sun�rthsh me tic parak�tw idiìthtec:

1. �

g

:= �(g) exart�tai mìno apì thn pleurik  kl�sh gU .

2. 8g 2 G :

X

hmodU

(�

gh

� �

h

) = 0.

Tìte isqÔei

�

�

�

det(�

gh

� �

h

)

g;hmodU

g;h 62U

�

�

�

=

�

�

�

�

�

�

�

�

�

�

Y

�2

�

[

G=U

�

� 6=�

0

0

@

X

gmodU

�(g)�

g

1

A

�

�

�

�

�

�

�

�

�

�

:

ProtoÔ apodeÐxoume to l mma, ac to efarmìsoume t¸ra gia G = Z

�

p

kai U = f�1g, opìte

èqoume

�

[

G=U

�

=

n

� 2

c

Z

�

p

�

�

�

� �rtioc

o

kai

�

x

:= log

�

�

�

x

� �

�x

�

�

2

:

Oi apait seic (1) kai (2) tou l mmatoc 3.2.8 isqÔoun sthn perÐptwsh mac. Pr�gmati h (1)

isqÔei lìgw thc apìluthc tim c ston orismì �

x

. Gia thn (2) èqoume

X

xmod f�1g

(�

yx

� �

x

) =

X

xmod f�1g

�

log

�

�

(�

yx

� �

�yx

�

�

2

� log

�

�

(�

x

� �

�x

�

�

2

�

=

X

xmod f�1g

2 log

�

�

�

(�

yx

� �

�yx

�

�

1

j(�

x

� �

�x

j

�

= 2 log

�

�

�

�

�

�

Y

xmod f�1g

�

yx

� �

�yx

�

x

� �

�x

�

�

�

�

�

�

= 2 log

�

�

�

�

�

�

Y

xmod f�1g

�

x

�

y

� �

�y

� � �

�1

�

�

�

�

�

�

= 2 log

�

�

N

L

+

=Q

(�

y

)

�

�

= 2 log 1 = 0:
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Epomènwc to l mma 3.2.8 dÐnei:

Reg

L

(�

2

;�

3

; : : : ;�
p�1

2

) =

�

�

�

�

�

�

�

�

det

�

�

xy

� �

x

�

x;y2Z

�

p

mod f�1g

x;y 62f�1g

�

�

�

�

�

�

�

�

=

�

�

�

�

�

�

�

�

�

�

�

�

Y

�2

c

Z

�

p

�(�1)=1

� 6=�

0

0

@

X

xmod f�1g

�(x) log j�

x

� �

�x

j

2

1

A

�

�

�

�

�

�

�

�

�

�

�

�

=

�

�

�

�

�

�

�

�

Y

� �rtioc

� 6=�

0

S(�)

�

�

�

�

�

�

�

�

diìti

X

x2Z

�

p

xmod f�1g

�(x) log j�

x

� �

�x

j

2

=

X

x2Z

�

p

�(x) log j�

x

(1� �

�2x

)j

= �(2)

X

y2Z

�

p

�(y) log

�

�

1� �

�y

)

�

�

Epomènwc, lìgw tou orismoÔ tou h

0

sth selÐda 72, èqoume

h

0

=

Reg

L

(�

2

;�

3

; : : : ;�
p�1

2

)

Reg

L

(l. 3:2:6)

=

h

L(E(R

L

)) : L(�

2

;�

3

; : : : ;�
p�1

2

)

i

=

h

E(R

L

) : h�

2

;�

3

; : : : ;�
p�1

2

i �W

i

:

Apo to l mma 3.2.7 èqoume ìti E(R

L

) = E �W opìte

h

0

=

h

E : h�

2

;�

3

; : : : ;�
p�1

2

i

i

:

Apìdeixh: (Tou l mmatoc 3.2.8).

'Estw

A =

�

�

gh

� �

h

�

g;hmodU

g;h62U

B =

�

�(g)

�

�2(

[

G=U)�f�

0

g

gmodU g 62U
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BA =

�



�;h

�

�;h

me 

�;h

=

X

gmodU

g 62U

�(g)(�

gh

� �

h

)



�;h

=

X

gmodU

�(g)(�

gh

� �

h

)

=

X

gmodU

�(g)�

gh

� �

h

X

gmodU

�(g)

=

X

gmodU

�(g)�

gh

= �(h)

X

g

0

modU

�(g

0

)�

g

0

Epomènwc

det(B �A) = �

�

Y

� 6=�

0

�

X

gmodU

�(g)�

g

�

�

det (�(h))

=)

�

�

detB

�

�

�

�

�

detA

�

�

=

�

�

�

�

�

�

Y

�=�

0

�

X

gmodU

�(g)�

g

�

�

�

�

�

�

�

�

�

�

det

�

B

�

�

�

:

Epeid 

�

�

detB

�

�

=

�

�

detB

�

�

, an deÐxoume ìti detB 6= 0, ja èqoume telei¸sei. Proc toÔto

paÐrnoume

det(BB

>

) = det(�

� 

)

ìpou

�

� 

=

X

gmodU

g 62U

�(g) (g) =

0

@

X

gmodU

�

� 

�1

�

(g)

1

A

� 1

=

8

>

<

>

:

[G : U ]� 1; an � =  

�1; an � 6=  :

Epomènwc gia u = [G : U ] èqoume

det(BB

>

) =

2

6

6

6

6

6

6

6

6

6

6

4

u�1 �1 : : : : : : �1

�1 u�1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

�1

�1 �1 : : : �1 u�1

3

7

7

7

7

7

7

7

7

7

7

5

= u

u�2

6= 0:

ut
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Apìdeixh tou jewr matoc 3.2.4:

h

�

=

p

2

p�3

2

�

�

�

�

�

�

Y

� perittìc

S(�)

�

�

�

�

�

�

ìpou S(�) =

1

p

X

0<x<p

�(x)x:

Z

�

p

eÐnai kuklik  t�xhc p�1 = hgi me ord(g) = p�1. OmoÐwc

c

Z

�

p

= h 

0

i me ord( 

0

) = p�1

ìpou � :=  

0

(g) eÐnai prwtarqik  (p� 1)-rÐza thc mon�dac. Profan¸c

1.  

0

eÐnai perittìc.

2. O � eÐnai perittìc akrib¸c tìte ìtan � =  

k

0

kai 2 - k.

Orismìc 3.2.9

1. g

s

:= min (g

s

\ N)

2. F (x) :=

p�2

X

s=0

g

s

x

s

Parat rhsh:

h

�

=

1

(2p)

p�3

2

p�2

Y

k=1

2-k

F (�

k

)

Apìdeixh: Kat' arq n o � eÐnai perittìc an kai mìno an

� =  

k

0

gia 1 � k � p� 2; 2 - k;

opìte

S(�) =

1

p

X

0<x<p

�(x)x =

1

p

p�2

X

s=0

�(g

s

)g

s

=

1

p

p�2

X

s=0

g

s

�

ks

=

1

p

F (�

k

):

Telei¸nontac èqoume ìti to pl joc twn paragìntwn eÐnai

p� 1

2

. ut

L mma 3.2.10

2

p�3

2

�

�

�

�

�

p�2

Y

k=1

2-k

F (�

k

):
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Apìdeixh: m =

p�1

2

. 'Ara g

m

� �1 (mod p) kai �

m

= �1. IsqurÐzomai ìti

g

m+s

6� g

s

(mod 2); gia s = 0; : : : ;m�1: (3.1)

Pr�gmati

g

m+s

+ g

s

� g

m+s

+ g

s

� g

s

(g

m

+ 1) � 0(mod p)

=) g

m+s

+ g

s

= �p =) g

m+s

+ g

s

= p

) g

m+s

+ g

s

6� 0(mod 2)

dhlad  h (3.1) isqÔei. 'Estw t¸ra k 6� 0 (mod 2):

F (�

k

) =

p�2

X

s=0

g

s

�

ks

=

m�1

X

s=0

�

g

s

�

ks

+ g

m+s

�

k(m+s)

�

=

m�1

X

s=0

(g

s

� g

m+s

) �

ks

(3.2)

kai epeid  g

m+s

� g

s

� 1 (mod 2), to dexÐ mèloc thc (3.2) eÐnai isodÔnamo me

m�1

X

s=0

�

ks

(mod 2)

ìpou h isodunamÐa ennoeÐtai ston Z[�

p

]. Apì thn �llh meri�

m�1

X

s=0

�

ks

=

1� �

mk

1� �

k

=

2

1� �

k

:

Epomènwc

F (�

k

)(1� �

k

) � 0 (mod 2)

=)

p�2

Y

k=1

2-k

F (�

k

)(1� �

k

) � 0 (mod 2

p�1

2

):

T¸ra

p�2

Y

k=1

2-k

(1� �

k

) = 2. Pr�gmati

p�2

Y

k=1

(1� �

k

) =

x

p�1

� 1

x� 1

�

�

�

�

x=1

= p� 1 kai

p�2

Y

k=1

2jk

(1� �

k

) =

p�3

2

Y

�=1

(1� �

2�

)

�

�

�

�

x=1

=

p� 1

2

:

Sunep¸c apodeÐxame ton isqurismì tou l mmatoc 3.2.10. ut
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L mma 3.2.11

p

p�3

2

�

�

�

�

p�2

Y

k=1

2-k

F (�)

Apìdeixh:

F (x) �

p�2

X

s=0

(gx)

s

(mod p);

ìpou

p�2

X

s=0

(gx)

s

=

1� (gx)

p�1

1� gx

. 'Ara

F (x)(1 � gx) � 1� (gx)

p�1

� 1� x

p�1

(mod p)

kai epomènwc

(1) F (�)(1 � g�

k

) � 0 mod pZ[�

p

].

T¸ra ja melet soume touc par�gontec tou 1� g�

k

. UpenjumÐzoume thn

(2) an�lush tou p sto Q (�) = Q (e

2�i

p�1

). AfoÔ p � 1 (mod (p�1)) sunep�getai ìti o p

analÔetai pl rwc sto Q (�), �ra

pR =

Y

kmod (p�1)

(k;p�1)=1

�

k

(P ); �

k

: � �! �

k

ìpou P k�poio pr¸to ide¸dec tou Q (�), P

�

�

p kai �

k

(P ) ìla metaxÔ touc ana dÔo

diaforetik�. Ac sumbolÐsoume P

k

:= �

k

(P ) gia (k; p�1) = 1.

(3) IsqurÐzomai t¸ra ìti:

(aþ). P

�

�

h1� g�i = (1� g�)R me k�poio kat�llhla eklegmèno P , P

�

�

p.

(bþ). P

k

�

�

h1� g�

k

i gia (k; p�1) = 1.

(gþ). An (k; p� 1) 6= 1 tìte gia k�je k

0

me (k

0

; p�1) = 1 èqoume P

k

0

- h1 � g�

k

i.

(dþ). Ta h1�g�

k

i, k (mod(p�1)) eÐnai an� dÔo ìqi isodÔnama modP

0

gia ìla ta ide¸dh

P

0

�

�

p.

Apìdeixh: Gia to (g') èqoume: (k; p� 1) = d > 1, sunep¸c �

k

p�1

d

= 1. 'Estw ìti

P

0

�

�

1� g�

k

=) g�

k

� 1 (mod P

0

)

=) g

p�1

d

�

k

p�1

d

� 1 (modP

0

)

=) g

p�1

d

� 1 (modP

0

):
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Epeid  g 2 Z kai d

�

�

p�1, èpetai ìti g

p�1

d

2 Z. Epomènwc g

p�1

d

2 P

0

\Z= pZ, �ra

g

p�1

d

� 1 (mod p) =) p� 1

�

�

p� 1

d

=) d = 1:

Sunep¸c katal xame se �topo.

Gia thn apìdeixh tou (a') èqoume:

Y

kmod (p�1)

(1� g�

k

) = (1� g

p�1

) 2 pZ[�]

=)

Y

kmod (p�1)

(1� g�

k

) 2 pZ[�] � P:

Up�rqei loipìn k me h1� g�

k

i � P , (k; p�1) = 1, �ra up�rqei k, (k; p�1) = 1, tètoio ¸ste

P

�

�

1�g�

k

.

Gia thn apìdeixh tou (d') èqoume:

'Estw 1�g�

k

� 1�g�

k

0

(modP

0

) gia k�poio P

0

�

�

p. 'Ara g�

k

� g�

k

0

(modP

0

) kai afoÔ g 62 P

0

,

�

k

� �

k

0

(mod P

0

). An k 6� k

0

(mod p�1) tìte

P

0

�

�

1� �

k�k

0

�

�

p�2

Y

�=1

(1� �

�

) =

x

p�1

� 1

x� 1

�

�

�

�

x=1

= p� 1

to opoÐo ìmwc eÐnai �topo. ut

Apì ta parap�nw sun�goume ìti �

k

= �

k

0

opìte up�rqei akrib¸c èna P , P

�

�

p, tètoio ¸ste

P

�

�

h1�g�i kai epomènwc

P

k

= �

k

(P )

�

�

�

k

(1� g�) = (1� g�

k

);

dhlad  to (b').

Apì (1) kai (3) èqoume:

(4)

8

>

<

>

:

F (�

k

) � 0 (mod p); gia (k; p� 1) 6= 1

F (�

k

) � 0 (mod p=P

k

); gia (k; p� 1) = 1

Apì (2) èqoume ìti pZ[�] =

Y

kmod (p�1)

(k;p�1)=1

P

k

. Epomènwc

p�2

Y

k=1

2-k

F (�

k

) � 0 mod

p

p�1

2

Y

kmod (p�1)

(k;p�1)=1

P

k

= p

p�3

2

:
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ApodeÐxame kai to l mma 3.2.11. ut

Apì ta l mmata 3.2.10 kai 3.2.11 èpetai h al jeia tou jewr matoc 3.2.4. ut

T¸ra ja exet�soume sunj kec k�tw apì tic opoÐec p

�

�

h

�

.

JewroÔme to kÔrio ide¸dec pou par�getai apì ton arijmì h

�

sto Q(�).

�

2

p�3

2

h

�

�

=

p�2

Y

k=1

2-k

F (�

k

)P

k

p

(3.3)

ìpou

P

k

=

8

>

<

>

:

�

k

(P ); an (k; p� 1) = 1

(1); an (k; p� 1) 6= 1

Profan¸c an pjh

�

tìte h

�

2 P

k

8k; 1 � k � p�2; (k; p�1) = 1 diìti pZ= P

k

\Z 8 k. An

p�li h

�

2 P

k

gia k�poio k tìte h

�

2 P

k

\ Z= pZ ) pjh

�

. 'Ara

pjh

�

() h

�

2 P

k

gia k�poio k

QwrÐc periorismì thc genikìthtac paÐrnoume to P

�1

kai èqoume

pjh

�

() P

�1

�

�

h

�

Lìgw thc (4) to dexÐ mèloc thc (3.3) eÐnai ginìmeno akeraÐwn idewd¸n. Epomènwc

P

�1

�

�

h

�

() 9 k = 1; 2; : : : ; p�2; 2 - k; tètoio ¸ste P

�1

�

�

�

F (�

k

)P

k

p

() 9 k = 1; 2; : : : ; p�2; 2 - k; tètoio ¸ste P

2

�1

�

�

�

F (�

k

)P

k

() 9 k = 1; 2; : : : ; p�2; 2 - k; tètoio ¸ste

8

>

<

>

:

P

2

�1

�

�

F (�

k

); ìtan k 6� �1 (mod p�1)

P

�1

�

�

F (�

k

); ìtan k � �1 (mod p�1):

IsqurÐzomai ìti

(i). P

�1

- F (�

�1

)

F (�) =

p�2

X

s=0

(g�)

s

�

p�2

X

s=0

1 � p� 1 � �1 (mod p)

diìti P

�

�

1�g� =) g� � 1 (mod P ). Epomènwc

F (�

�1

) � p� 1 � �1 6� 0 (modP

�1

):

Apì ta parap�nw sumperaÐnoume ìti:
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(ii). p

�

�

h

�

) 9 k = 1; 2; : : : ; p�3; 2 - k; t.w P

2

�1

.

F (�

k

)

Dialègoume t¸ra thn prwtarqik  rÐza ètsi ¸ste

(iii). g

p�1

� 1 (mod p

2

).

(GiatÐ eÐnai autì dunatì?) Sunep¸c

p�2

Y

k=0

(1� g�

k

) = 1� g

p�1

� 0 (mod p

2

);

opìte

P

2

k

�

�

(1� g�

k

); kmod (p�1) (k; p�1) = 1:

Gia k � �1 (mod p�1) èqoume loipìn

(iv). P

2

�1

�

�

1� g�

�1

=) g � �modP

2

�1

.

Apì thn (iv) èpetai ìti:

F (�

k

) =

p�2

X

s=0

g

s

g

sk

modP

2

�1

:

Dhlad 

p

�

�

h

�

() 9 k = 1; 2; : : : ; p�4; 2 - k; t.w

p�2

X

s=0

g

s

g

ks

� 0 (mod P

2

�1

)

() 9 k = 1; 2; : : : ; p�4; 2 - k; t.w

p�2

X

s=0

g

s

g

ks

� 0 (mod p

2

):

An t¸ra sumbolÐsoume

S

k

(p) :=

p�1

X

n=1

n

k

tìte èqoume to:

Je¸rhma 3.2.12 IsqÔei h isodunamÐa:

p

�

�

h

�

() 9 k = 2; 4; : : : ; p�3; t.w p

2

�

�

S

k+1

(p):

Apìdeixh:

g

s

� g

s

+ a

s

p (mod p

2

)
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ìpou a

s

=

1

p

(g

s

� g

s

). 'Ara

g

k+1

s

� (g

s

+ a

s

p)

k+1

(mod p

2

)

=) g

k+1

s

� g

s(k+1)

+ (k + 1)a

s

g

sk

p (mod p

2

)

� g

s(k+1)

+ (k + 1)g

sk

g

s

� (k + 1)g

s(k+1)

(mod p

2

)

=) (k + 1)g

sk

g

s

� g

k+1

s

+ kg

s(k+1)

(mod p

2

)

=) (k + 1)

p�2

X

s=0

g

sk

g

s

�

p�2

X

s=0

g

k+1

s

+ k

p�2

X

s=0

g

s(k+1)

(mod p

2

)

=) (k + 1)

p�2

X

s=0

g

sk

g

s

� S

k+1

(p) (mod p

2

): ut

Epomènwc to prìblhm� mac eÐnai na broÔme pìte

p

2

�

�

S

k+1

(mod p):

Ed¸ ja orÐsoume touc arijmoÔc Bernoulli.

Orismìc 3.2.13

z

e

z

� 1

=

1

X

k=0

B

k

k!

z

k

; ìpou jzj < 1:

Suqn� paÐrnoume f(x) =

m

X

�=0

a

�

x

�

kai sth sunèqeia

f(x; z) =

1

X

n=0

f(x)z

n

2 C [x]

�

[z]

�

;

opìte an jèsoume f

m

(B) :=

m

X

�=0

a

�

B

�

tìte mporoÔme na gr�youme

f(B; z) =

1

X

n=0

f

n

(B)z

n

;

dhlad 

z

e

z

� 1

= e

Bz

, (f(x; z) = e

xz

). IsqÔoun

1. e

az

e

Bz

= e

(a+B)z

gia a 2 C

2. (1 +B)

m

� B

m

= 0 gia m � 2, dhlad 

mB

m�1

+

m�2

X

k=0

�

m

k

�

B

k

= 0

3. B

k

= 0 gia 2 - k ; k � 3
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SÔndesh arijm¸n Bernoulli me S

k

(p)

.

Je¸rhma 3.2.14

(k + 1)S

k

(n) = (n+B)

k+1

�B

k+1

Apìdeixh:

1

X

k=0

�

(n+B)

k+1

�B

k

�

z

k

k!

= e

(n+B)z

� e

Bz

= e

Bz

(e

nz

� 1)

= z

e

nz

� 1

e

z

� 1

= z

n�1

X

x=0

e

xz

= z

n�1

X

x=0

1

X

k=0

x

k

z

k

k!

=

1

X

k=0

 

n�1

X

x=0

x

k

!

z

k+1

k!

=

1

X

k=0

�

(k + 1)S

k

(n)

�

z

k+1

(k + 1)!

=

1

X

k=0

�

kS

k�1

(n)

�

z

n

n!

ut

Je¸rhma 3.2.15 (Je¸rhma tou von Staudt) 'Estw p 2 P, p 6= 2 kai k 2 N, 2

�

�

k. Tìte

1. An (p� 1) - k tìte o B

k

eÐnai p-akèraioc.

2. An (p� 1)

�

�

k tìte

8

>

<

>

:

pB

k

eÐnai p-akèraioc

pB

k

� �1 (mod p)

Parat rhsh: To je¸rhma isqÔei kai gia p = 2.

Orismìc 3.2.16 'Enac rhtìc arijmìc

a

b

, (a; b) = 1, ja lègetai p-akèraioc ìtan kai mìno

ìtan p - b. O

R

p

=

n

a

b

�

�

�

a; b 2 Z; p - b

o

lègetai daktÔlioc twn p-akeraÐwn arijm¸n.
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'Estw A;B p-akèraioi. OrÐzoume

A � B (mod p) tìte kai mìno tìte ìtan p

�

�

(A�B) sto R

p

;

dhlad  ìtan A�B 2 pR

p

() A � B (mod pR

p

):

Apìdeixh tou jewr matoc 3.2.15:

(1) IsqurÐzomai ìti:

8

<

:

pB

k

eÐnai p-akèraioc 8 k 2 N

pB

k

� S

k

(p) (mod p)

Apìdeixh: (tou (1)). To p eÐnai stajerì. Ja efarmìsoume th mèjodo thc majhmati-

k c epagwg c wc proc k. Apì to je¸rhma 3.2.14 èpetai ìti

(k + 1)S

k

(p) = (k + 1)pB

k

+

k�1

X

m=0

�

k+1

m

�

p

k�m

pB

m

:

L mma 3.2.17

1

k + 1

�

k + 1

m

�

p

k�m

eÐnai p-akèraioc kai m�lista � 0 (mod p).

To l mma ja apodeiqteÐ lÐgo argìtera.

Apì to l mma 3.2.17 sunep�getai ìti

pB

k

= S

k

(p)�

k�1

X

m=0

��

k + 1

m

�

p

k�m

k + 1

�

pB

m

(3.4)

eÐnai p-akèraioc. Akìmh pB

k

� S

k

(p) (mod p).

(2) IsqurÐzomai ìti

S

k

(p) � 0 (mod p); ìtan p�1 - k

S

k

(p) � �1 (mod p); ìtan p�1

�

�

k:

Parat rhsh: Apì (1) kai (2) èpetai to je¸rhma 3.2.15.

Apìdeixh: (tou (2))

S

k

(p) =

p�1

X

x=1

x

k

=

p�2

X

s=0

g

ks
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ìpou g eÐnai prwtarqik  rÐza mod p.

An p�1 - k tìte

(1� g

k

)S

k

(p) = 1� g

k(p�1)

� 0 (mod p)

en¸ 1� g

k

6� 0 (mod p). 'Ara S

k

(p) � 0 (mod p).

An p� 1

�

�

k tìte

S

k

(p) =

p�1

X

x=1

x

k

�

p�1

X

x=1

1 (mod p) � p� 1 � �1 (mod p): ut

Je¸rhma 3.2.18 Gia p 6= 2 kai k = 2; : : : ; p�1, 2 - k, èqoume

pB

k

� S

k

(p) (mod p

2

):

Apìdeixh: Logw thc sqèshc (3.4) kai gia m � k�1 < p�1, p�1 - m, èqoume ìti o B

m

eÐnai p-akèraioc, dhlad 

k�1

X

m=0

��

k + 1

m

�

p

k�m

k + 1

�

pB

m

� 0 (mod p

2

))

=) pB

k

� S

k

(p) (mod p

2

): ut

Apìdeixh: (Tou l mmatoc 3.2.17)

Kat' arq n isqurÐzomai ìti gia r 2 N kai p 2 P an e(r) eÐnai o mègistoc p-ekjèthc tou r, tìte

e(r!) =

1

X

n=1

�

r

p

n

�

:

H apìdeixh af netai san �skhsh ston anagn¸sth. An loipìn p 6= 2 tìte èqoume

e(r!) �

1

X

n=1

r

p

n

= r

1

p

1�

1

p

=

r

p� 1

<

r

2

< r � 1

=)

�

k+1

m

�

k + 1

=

(k + 1) � � � (m+ 1)

(m+ 1� k)!

kai

e

�

(m+1�k)!

�

< m�k;

opìte

e

0

@

�

k+1

m

�

k + 1

p

m�k

1

A

> m� k � (m� k) � 0: ut
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p
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Je¸rhma 3.2.19 'Estw p 2 P, p 6= 2. Tìte isqÔei

p

�

�

h

�

() 9 k = 2; 3; : : : ; p�3; 2

�

�

k kai p

�

�

B

k

:

An p = 2 tìte h

�

= 1.

Apìdeixh: Sun�getai eÔkola me qr sh twn jewrhm�twn 3.2.12 kai 3.2.18. ut

Parathr seic:

1. 'Estw k � p� 3 tìte (p� 1) - B

k

sunep¸c o B

k

eÐnai p-akèraioc.

2. ArkeÐ na upologÐsoume to B

k

mod p diìti an R

p

o d�ktulioc twn p-akeraÐwn tìte

R

p

�

pR

p

�

=

Z

�

pZ

=) 8 k � p�3 9 �

k

2 Z; B

k

= �

k

(mod p):

To �

k

mporoÔme na to upologÐsoume apì touc anadromikoÔc tÔpouc mod p

(� + 1)

m

� �

m

(mod p) =)

m

X

n=0

�

m

n

�

�

n

� �

m

(mod p)

=) m�

m�1

+

m�2

X

n=0

�

m

n

�

�

n

� 0 (mod p):

3. An p

�

�

h

�

tìte p

�

�

h

Q (�

p

)

= h

0

h

�

.

QwrÐc apodeÐxeic anafèroume ta parak�tw.

Je¸rhma 3.2.20

p - h

�

=) p - h

0

:

Gia thn apìdeixh qreiazìmaste p-adikèc mejìdouc.

EikasÐa 3.2.21 P�ntote isqÔei p - h

0

.

H eikasÐa eÐnai anoiqt  mèqri s mera.

Apì to je¸rhma 3.2.19 kai an deqtoÔme thn eikasÐa 3.2.21 prokÔptei to
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Je¸rhma 3.2.22 'Estw p 2 P, p 6= 2 kai h := h

Q (�

p

)

. Tìte

p

�

�

h () 9 k 2 f2; 3; : : : ; p�3g; 2

�

�

k kai p

�

�

B

k

:

Orismìc 3.2.23 O pr¸toc p, p 6= 2, ja lègetai

omalìc (regular) () p - h

Q (�

p

)

;

an¸maloc (irregular) () p

�

�

h

Q (�

p

)

:

<<Peiramatik�>> blèpoume ìti up�rqoun pio polloÐ omaloÐ ap' ìti an¸maloi pr¸toi.

EikasÐa 3.2.24 Up�rqoun �peiroi omaloÐ pr¸toi.

Je¸rhma 3.2.25 Up�rqoun �peiroi an¸maloi pr¸toi.

37, 59 kai 67 eÐnai oi monadikoÐ an¸maloi pr¸toi pou eÐnai mikrìteroi apì to 100.



Kef�laio 4

Abelianèc L-seirèc

4.1 Jewr mata puknìthtac pr¸twn idewd¸n

Sthn par�grafo aut  ja melet soume thn katanom  twn pr¸twn idewd¸n algebrikoÔ s¸-

matoc arijm¸n K. To jemeli¸dec je¸rhma 2.2.2 m�c dÐnei ìti

lim

s!1

+

(s� 1)�

K

(s) � 0: (4.1)

Apì ed¸ kai k�tw to s 2 R, s > 1. Apì th sqèsh (4.1) èqoume ìti:

log �

K

(s) = � log(s�1) +O(1) gia s! 1

+

L mma 4.1.1 IsqÔei ìti

log �

K

(s) =

X

P2P(K)

1

N(P )

s

+O(1) gia s! 1

+

:

Apìdeixh:

log �

K

(s) = log

0

@

Y

P2P(K)

1

1�

1

N(P )

s

1

A

=

X

P2P(K)

1

X

m=1

1

mN(P )

sm

=

X

P2P(K)

1

N(P )

s

+

X

P2P(K)

X

m�2

1

mN(P )

sm

T¸ra

X

P2P(K)

X

m�2

1

mN(P )

sm

� (K : Q )

X

p2P

X

m�2

1

p

sm

= (K : Q )

X

p2P

1

p

2s

1�

1

p

s

� (K : Q )

X

p2P

2

1

p

2s

� (K : Q ) � 2�

Q

(2) < 1: ut

Epomènwc

91
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Je¸rhma 4.1.2

X

P2P(K)

1

N(P )

s

= � log(s�1) +O(1)

kaj¸c s! 1

+

.

Parathr seic: 'Amesh sunèpeia tou jewr matoc eÐnai

1. To sÔnolo # P(K) eÐnai �peiro, kai idiaÐtera,

2. an K = Q tìte to sÔnolo # P(Q) = P eÐnai �peiro.

L mma 4.1.3 'Estw A � P(K) me #

�

P 2 A

�

�

f

P

= f

�

P

�

p

�

= 1

	

<1. Tìte

X

P2A

1

N(P )

s

= O(1)

Apìdeixh: An f

P

= f

�

P

�

p

�

6= 1 tìte N(P ) � p

2

, sunep¸c

X

P2A

1

N(P )

s

=

X

P2A

f

P

6=1

1

N(P )

s

+O(1)

ìpou

X

P2A

f

P

6=1

1

N(P )

s

� (K : Q )

X

p2P

1

p

2s

� (K : Q )�(2) < 1: ut

Epomènwc

Je¸rhma 4.1.4

X

P2P(K)

f

P

=1

1

N(P )

s

= � log(s�1) +O(1):

Sunep¸c up�rqoun �peira pr¸ta ide¸dh pr¸tou bajmoÔ sto K.

Orismìc 4.1.5 'Estw A � P(K) tètoio ¸ste na up�rqei � = �(A) > 0 me

X

P2A

1

N(P )

s

= �� log(s�1) +O(1)

kaj¸c s! 1

+

. Tìte o � ja lègetai puknìthta tou Dirichlet tou A.
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'Eqoume loipìn to akìloujo

Je¸rhma 4.1.6 H puknìthta tou Dirichlet ìlwn twn pr¸twn idewd¸n tou K bajmoÔ èna,

up�rqei kai eÐnai Ðsh me èna.

Parat rhsh 4.1.6

0

: 'Estw A � B � P(K) kai #

�

P 2 B r A

�

�

f

P

= 1

	

< 1. Tìte an

up�rqei h puknìthta tou Dirichletgia èna toul�qisto apì ta sÔnola A;B ja up�rqei kai gia

to �llo kai m�lista �(A) = �(B).

To prìblhma pou ja mac apasqol sei parak�tw eÐnai to ex c:

'Estw

L

�

K

epèktash algebrik¸n swm�twn arijm¸n. MporoÔme na qarakthrÐsoume to L

mèsw thc an�lushc ìlwn twn P 2 P(K) sto L?

H ap�nthsh eÐnai NAI an

L

�

K

epèktash tou Galois. UpenjumÐzoume ìti gia k�je epèktash

algebrik¸n swm�twn arijm¸n

L

�

K

, ìpou (L : K) = n, isqÔoun:

P 2 P(K) =) PR

L

= Q

e

1

1

� � �Q

e

r

r

f

i

= f

�

Q

i

P

�

=

�

R

L

Q

i

:

R

K

P

�

N

L=K

(Q

i

) = N

K=Q

(P )

f

i

e

1

f

1

+ e

2

f

2

+ � � �+ e

r

f

r

= n

An r = n tìte lème ìti o P analÔetai pl rwc sto L. An P den diakladÐzetai sto L kai

r = 1 (opìte f = n) tìte lème ìti P adraneÐ sto L . H pl rhc an�lush kai h adr�neia

eÐnai dÔo akraÐec katast�seic sthn an�lush twn pr¸twn idewd¸n tou K.

'Estw t¸ra

L

�

K

epèktash tou Galois. Up�rqoun �peira pr¸ta ide¸dh kai twn dÔo tÔpwn  

ìqi?

En gènei autì den eÐnai swstì. Pr�gmati an P adraneÐ sto L tìte PR

L

= Q kai to

sÔmbolo tou Frobenious

�

L=K

Q

�

èqei t�xh f = n, dhlad  par�gei ìlh thn om�da tou

Galois G = G

�

L

�

K

�

. 'Epomènwc tètoio P mporeÐ na up�rqei mìno an h G eÐnai kuklik .

Kai to antÐstrofo eÐnai alhjèc, ja xanagurÐsoume s' autì ìtan anaferjoÔme sto je¸rhma

puknìthtac tou Tchebotarev (

�

Cebotarev).

'Estw t¸ra

A

L=K

:=

�

P 2 P(K)

�

�

P analÔetai pl rwc sto L

	

:

Je¸rhma 4.1.7 'Estw

L

�

K

epèktash tou Galois. Tìte isqÔei

�

�

A

L=K

�

=

1

(L : K )



94 4. Abelianèc L-seirèc

Apìdeixh: An P 2 A

L=K

tìte PR

L

= Q

1

Q

2

: : : Q

n

ìpou n eÐnai o bajmìc thc epèktashc

L

�

K

kai N(Q

1

) = : : : = N(Q

n

) = N(P ). Sunep¸c

X

P2A

L=K

1

N(P )

s

=

1

n

X

Q=P2A

L=K

1

N(Q)

s

(4.2)

IsqurÐzomai ìti

A :=

�

Q 2 P(L)

�

�

�

f

�

Q

pZ

�

= 1; e

�

Q

Q \R

K

�

= 1

�

�

n

Q 2 P(L)

�

�

�

9 P 2 A

L=K

Q

�

�

P

o

=: B: (4.3)

Apì th sqèsh (4.3), to je¸rhma 4.1.6 kai thn parat rhsh 4.1.6

0

èpetai ìti

X

Q=P2A

L=K

1

N(Q)

s

= � log(s�1) +O(1) gia s! 1

+

;

opìte h (4.2) dÐnei ìti

�(A

L=K

) =

1

n

=

1

(L : K)

:

Apìdeixh thc sqèshc (4.3):

'Estw ìti Q

�

�

P . AfoÔ

L

�

K

Galois ja èqoume ìti

f

1

= f

2

= : : : = f

r

= f

�

Q

P

�

= 1

kai

e

1

= e

2

= : : : = e

r

= e

�

Q

P

�

= 1

opìte

P 2 A

L=K

: ut

L mma 4.1.8 'Estw

L

1

�

K

;

L

2

�

K

epekt�seic algebrik¸n swm�twn arijm¸n kai L = L

1

� L

2

.

Tìte

�

to P 2 P(K) analÔetai pl rwc sto L

1

�L

2

�

tìte kai mìno tìte ìtan

�

to P analÔetai

pl rwc sta L

1

kai L

2

�

.

Apìdeixh: H apìdeixh eÐnai gnwst  ìtan

L

1

�

K

kai

L

2

�

K

eÐnai kanonikèc epekt�seic ([22],

selÐda 128). Tèloc, arkeÐ na parathr soume ìti to P 2 P(K) analÔetai pl rwc sthn

L

�

K

tìte kai mìnon tìte ìtan analÔetai pl rwc sthn

E

�

K

ìpou E h kanonik  j kh tou L sto

K. ut
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L mma 4.1.9 'Estw

L

�

K

epèktash algebrik¸n swm�twn arijm¸n kai E h kanonik  j kh

thc

L

�

K

. Tìte to P 2 P(K) analÔetai pl rwc sto E tìte kai mìnon tìte ìtan analÔetai

pl rwc sto L.

Apìdeixh: Kat' arq n, an o P analÔetai pl rwc sto E, tìte ja analÔetai pl rwc kai sto

s¸ma L. AntÐstrofa, èstw ìti o P analÔetai pl rwc sto L. O P ja analÔetai pl rwc kai

se k�je suzugèc �(L) tou L, ìpou to � diatrèqei ìlouc touc K-monomorfismoÔc tou L.

An t¸ra Q 2 P(E) tètoio ¸ste Q

�

�

P , tìte to s¸ma an�lushc tou Q sto E ja perièqei

ìla ta suzug  �(L). Epomènwc ja perièqei kai thn sÔnjes  touc (ginìmeno), dhlad  to E.

Autì shmaÐnei ìti to E tautÐzetai me to s¸ma an�lushc tou Q, dhlad  ìti o P analÔetai

pl rwc sto E. ut

Je¸rhma 4.1.10 An

L

�

K

epèktash algebrik¸n swm�twn arijm¸n, tìte

�(A

L=K

) =

1

(E : K)

ìpou E h kanonik  j kh thc

L

�

K

.

Apìdeixh: Sunèpeia tou jewr matoc 4.1.7 kai tou l mmatoc 4.1.9. ut

Jemeli¸dec Je¸rhma 4.1.11 An

L

�

K

epèktash tou Galois, algebrik¸n swm�twn arij-

m¸n, tìte to L prosdiorÐzetai monos manta apì to A

L=K

.

To Je¸rhma apoteleÐ jetik  ap�nthsh sto prìgramma pou prìteine o Kronecker na qara-

kthrÐsoume tic epekt�seic tou K mazÐ me ìlec tic algebrikèc kai arijmhtikèc idiìthtèc touc,

apokleistik� mèsw sunìlwn pr¸twn idewd¸n tou s¸matoc K. Kat� trìpo an�logo, pou to

je¸rhma tou Cauchy qarakthrÐzei th sun�rthsh mèsw twn tim¸n thc sto sÔnoro. (In �ahnli-

cher Weise wie nach dem Cauchysehen Satz eine Funktion durch ihre Randwerte bestimmt

ist).

To je¸rhma eÐnai sunèpeia tou:

L mma 4.1.12 'Estw

L

1

�

K

,

L

2

�

K

epekt�seic tou Galois algebrik¸n swm�twn arijm¸n kai

èstw

�

�

A

L

1

=K

�A

L

2

=K

�

= �

�

A

L

2

=K

�A

L

1

=K

�

= 0

(dhlad  A

L

1

=K

kai A

L

2

=K

diafèroun kat� k�poio sÔnolo me puknìthta Dirichlet Ðsh me 0).

Tìte L

1

= L

2

.
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Apìdeixh: (Tou l mmatoc).

'Estw L = L

1

L

2

. H (4.1.8) dÐnei

A

L=K

= A

L

1

=K

\A

L

2

=K

=) �(A

L=K

) = �

�

A

L

1

=K

\A

L

2

=K

�

= �

�

A

L

1

=K

�

� �

�

A

L

1

=K

�A

L

2

=K

�

= �

�

A

L

1

=K

�

+ 0 = �

�

A

L

1

=K

�

=

1

(L

1

: K)

:

All�

�

�

A

L=K

�

=

1

(L : K)

=) (L : K) = (L

1

: K)

kai

L

1

� L =) L = L

1

:

OmoÐwc

�

�

A

L=K

�

= �

�

A

L

1

=K

\A

L

2

=K

�

= �

�

A

L

2

=K

�

=) (L : K) = (L

2

: K)

kai

L

2

� L =) L = L

2

:

Epomènwc

L

1

= L

2

ut

Parathr seic:

1. Gia K = Q kai L = Q (�

m

) kai

A

L=K

=

�

(p)

�

�

p 2 P; p � 1 (modm)

	

= H

+

m

\ P(K)

ìpou H

+

m

eÐnai h kÔria kl�sh modm me sten  shmasÐa.
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2. JewrÐa kl�sewn swm�twn.

(i) QwrÐc apìdeixh anafèroume: An

L

�

K

abelian  epèktash algebrik¸n swm�twn

arijm¸n, tìte up�rqei m akèraio ide¸dec tou K kai U om�da me

A

m

� U � H

+

m

tètoia ¸ste

A

L=K

= U \ P(K):

(ii) Se k�je upoom�da U tètoia ¸ste

A

m

� U � H

+

m

up�rqei akrib¸c mÐa abelian  epèktash L=K me

A

L=K

= U \ P(K)

me exaÐresh to polÔ peperasmènou pl jouc pr¸twn idewd¸n P tou K.

4.2 Abelianèc L-seirèc

'Estw t¸ra

L

�

K

mÐa epèktash Galois algebrik¸n swm�twn arijm¸n G = Gal

�

L

�

K

�

. 'Estw

P 2 P(K) kai Q 2 P(L),

Q

�

P

. UpenjumÐzoume ìti h akoloujÐa

1 ���! G

T

�

Q

�

P

�

���! G

Z

�

Q

�

P

�

���! G

�

L

�

K

�

���! 1

eÐnai akrib c, ìpou L =

S

�

Q

;K =

R

�

P

eÐnai ta swm�ta upoloÐpwn twn L;K antÐstoiqa (dec

[2], selÐda 161).

An P den diakladÐzetai sthn

L

�

K

tìte G

T

(

Q

�

P

) = f1g, opìte

G

Z

�

Q

�

P

�

�

=

G

�

L

�

K

�

=

D

�

L=K

Q

�

E

An � 2 G tìte

G

Z

�

�Q

�

P

�

= �G

Z

�

Q

�

P

�

�

�1

G

T

�

�Q

�

P

�

= �G

T

�

Q

�

P

�

�

�1
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kai

�

L=K

�(Q)

�

= �

�

L=K

Q

�

�

�1

An G abelian , tìte G

Z

�

Q

�

P

�

, G

T

�

Q

�

P

�

kai

�

L=K

Q

�

ex�rt¸ntai mìno apì to P kai ja

gr�foume G

Z

(P ), G

T

(P ) kai

�

L=K

P

�

, antÐstoiqa.

'Estw t¸ra � 2

b

G. Ston � antistoiqoÔme ènan qarakt ra thc om�dac

I

K

(D

K

) :=

�

A 2 I

K

�

�

A pr¸to proc D

K

	

(D

K

eÐnai h diakrÐnousa tou s¸matoc K)

ton opoÐo ja sumbolÐzoume p�li me � kai ton orÐzoume wc ex c:

'Estw, kat' arq n, P 2 P(K), Q 2 P(L), Q

�

�

P ta opoÐa ta kratoÔme stajer�. 'Estw �

P

èna

stoiqeÐo thc G

Z

(P ) to opoÐo apeikonÐzetai ston automorfismì tou Frobenius

x 7�! x

N(P )

sthn G

�

L

�

K

�

:

K�je �llo stoiqeÐo pou apeikonÐzetai ston automorfismì eÐnai thc morf c

�

P

�; ìpou � 2 G

T

(P ):

Orismìc 4.2.1 OrÐzoume

�(P ) := �(�

P

) �

1

e

P

X

�2G

T

(P )

�(�)

ìpou e

P

eÐnai o deÐkthc diakl�dwshc tou P sto L.

Parathr seic:

(1). O orismìc exart�tai mìno apì to P kai ìqi apì to �

P

.

(2). An G

T

(P ) 6� Ker(�) tìte �(P ) = 0.

(3). An G

T

(P ) � Ker(�) tìte �(P ) = �(�

P

).

H diapÐstwsh aut¸n twn idiot twn af netai san �skhsh ston anagn¸sth. Apì parat rhsh

(3) èpetai ìti, ìtan P den diakladÐzetai sto L, tìte

�(P ) = �

�

�

L=K

P

�

�

:
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EpekteÐnoume t¸ra ton orismì tou � pollaplasiastik� sto I

K

. O � dhlad  apeikonÐzei

thn I

K

sto T [ f0g ìpou T =

�

z 2 C

�

�

jzj = 1

	

kai thn I

K

(D

K

) sto T . O � eÐnai ènac

qarakt rac thc I

K

(D

K

) sto T .

Orismìc 4.2.2 Se k�je qarakt ra �, ìpwc ton orÐsame parap�nw, orÐzoume thn abelian 

L-sun�rthsh

L

�

s; �;

L

�

K

�

=

X

A2I

K

A akèraio

�(A)

N(A)

s

me Re(s) > 1.

QwrÐc apìdeixh anafèroume merikèc idiìthtèc thc.

Je¸rhma 4.2.3

1. H L

�

s; �;

L

�

K

�

sugklÐnei gia Re(s) > 1 kai parist� olìmorfh sun�rthsh s' autì to

hmiepÐpedo.

2. Ginìmeno Euler

L

�

s; �;

L

�

K

�

=

Y

P2P(K)

�

1�

�(P )

N(P )

s

�

�1

; (Re(s) > 1)

3. IsqÔei

�

L

(s) =

Y

�2

b

G

L

�

s; �;

L

�

K

�

; (Re(s) > 1)

4. H L

�

s; �;

L

�

K

�

èqei analutik  epèktash san merìmorfh sun�rthsh tou s.

An � = �

0

tìte h L

�

s; �

0

;

L

�

K

�

èqei aplì pìlo sth jèsh s = 1 kai eÐnai olì-

morfh gia ìla ta �lla s.

An � 6= �

0

tìte L

�

s; �;

L

�

K

�

eÐnai akèraia sun�rthsh tou s.

ShmeÐwsh: Oi apodeÐxeic moi�zoun me autèc pou  dh d¸same gia tic seirèc tou Diri-

chlet. O endiaferìmenoc anagn¸sthc ìmwc mporeÐ na dei [15], selÐdec 164-171.

H (4) sthrÐzetai se dÔskolo apotèlesma. Gia � = �

0

èqoume L

�

s; �

0

;

L

�

K

�

= �

K

(s),

opìte oi prot�seic 3. kai 4. tou jewr matoc 4.2.3 dÐnoun:

5.

�

L

(s)

�

�

K

(s)

eÐnai akèraia sun�rthsh.
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6. An � 6= �

0

, tìte L

�

1; �;

L

�

K

�

6= 0;1.

Apìdeixh: H prìtash 4. tou jewr matoc 4.2.3 mac dÐnei ìti L

�

1; �;

L

�

K

�

6=1. EpÐshc

L

�

1; �;

L

�

K

�

6= 0 diìti o mhdenismìc k�poiac L-seir�c sthn jèsh s=1 ja anairoÔse ton

pìlo thc L

�

s; �

0

;

L

�

K

�

gia s=1 opìte h �

L

(s) ja  tan olìmorfh gia s = 1, �topo. ut

Je¸rhma 4.2.4 (Je¸rhma tou Dirichlet) An

L

�

K

eÐnai mÐa abelian  epèktash algebri-

k¸n swm�twn arijm¸n kai � 2 G = Gal

�

L

�

K

�

, orÐzoume

A(�) :=

�

P 2 P(K)

�

�

�

�

L=K

P

�

= �

�

:

To A(�) èqei puknìthta Dirichlet

�(A(�)) =

1

(L : K)

=

1

n

ìpou n = (L : K).

Apìdeixh: Kat' arq n k�nontac qr sh tou l mmatoc 4.1.1 kai tou jewr matoc 4.1.2 mporeÐ

kaneÐc na dei ìti: An A eÐnai k�poio sÔnolo pr¸twn idewd¸n tou K tìte

to A èqei puknìthta Dirichlet �(A) () 9 lim

s!1

+

log

Y

P2A

(1�N(P )

�s

)

�1

log �

K

(s)

= �(A):

Epomènwc arkeÐ na deÐxoume ìti

lim

s!1

+

log

Y

P2A(�)

(1�N(P )

�s

)

�1

log �

K

(s)

=

1

n

:

To aristerì mèloc thc parap�nw sqèshc eÐnai Ðso me

lim

s!1

+

�

X

P2A(�)

log(1�N(P )

�s

)

log �

K

(s)

= lim

s!1

+

X

P2A(�)

1

X

m=1

(m

�1

N(P )

�ms

)

log �

K

(s)

(4.4)

OrÐzoume t¸ra

T (s) := n

�1

X

�2

b

G

�(�

�1

) logL

�

s; �;

L

�

K

�
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kai èqoume

lim

s!1

+

T (s)

log �

K

(s)

=

1

n

+ lim

s!1

+

n

�1

X

� 6=�

0

�(�

�1

) logL

�

s; �;

L

�

K

�

log �

K

(s)

=

1

n

: (4.5)

Apì thn �llh meri�

T (s) = �n

�1

X

�2

b

G

�(�

�1

)

X

P2P(K)

1

X

m=1

�(P )

mN(P )

ms

= �n

�1

X

P2P(K)

1

X

m=1

m

�1

N(P )

�ms

X

�2

b

G

�(�

�1

)�(P ):

Gia ìla sqedìn ta P , èqoume

�(P ) =

�

L=K

P

�

opìte apì tic gnwstèc sqèseic orjogwniìthtac prokÔptei ìti

X

�2

b

G

�

�

�

�1

�

L=K

P

�

�

=

8

>

<

>

:

n; ìtan

h

L=K

P

i

= �

0; alli¸c:

Epomènwc

lim

s!1

+

T (s)

log �

K

(s)

= lim

s!1

+

�

1

X

m=1

X

P2A(�)

m

�1

N(P )

�ms

log �

K

(s)

(4.6)

opìte oi sqèseic (4.4), (4.5), (4.6) mac dÐnoun to zhtoÔmeno. ut

Pìrisma 4.2.5 'Estw

L

�

K

abelian  epèktash algebrik¸n swm�twn arijm¸n kai èstw

(f; r) ènac tÔpoc an�lushc gia thn epèktash

L

�

K

. Ikan  kai anagkaÐa sunj kh gia na up�r-

qoun �peira pr¸ta ide¸dh P 2 P(K) tou tÔpou (f; r) eÐnai h G na èqei èna stoiqeÐo

t�xhc f . An t¸ra

n

f

:= #

�

g 2 G

�

�

ord(g) = f

	

tìte to sÔnolo

A

L=K

=

�

P 2 P(K)

�

�

P èqei tÔpo an�lushc (f; r)

	

èqei puknìthta Dirichlet

�(A

L=K

) =

n

f

n

:
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Apìdeixh: 'Estw P 2 P(K) mh-diakladizìmeno sthn epèktash

L

�

K

kai èstw ìti o bajmìc

adr�neiac tou P sthn

L

�

K

eÐnai f . Tìte h G èqei toul�qiston èna stoiqeÐo t�xhc f , to

�

L=K

P

�

.

AntÐstrofa t¸ra. 'Estw n

f

� 1 to pl joc twn stoiqeÐwn thc G t�xhc f . To je¸rhma

(4.2.4) sunep�getai ìti to sÔnolo ìlwn twn pr¸twn idewd¸n tou K pou den diakladÐzontai

sthn

L

�

K

kai tètoia ¸ste

�

L=K

P

�

na èqei t�xh f sthn G èqei puknìthta Dirichlet Ðsh me

n

f

n

.

All�

�

L=K

P

�

èqei t�xh f sthn G shmaÐnei ìti o bajmìc adr�neiac tou P sthn G eÐnai f ,

dhlad  ìti to ide¸dec P eÐnai tou tÔpou (f; r). ut

Pìrisma 4.2.6 (Je¸rhma tou Dirichlet gia arijmhtikèc proìdouc) 'Estw a 2 Z ,

m 2 N , (a;m) = 1. Tìte to sÔnolo

�

p 2 P

�

�

p � a (modm)

	

èqei puknìthta Dirichlet

1

'(m)

. IdiaÐtera up�rqoun �peiroi pr¸toi arijmoÐ p, p � a (modm).

Apìdeixh: 'Estw L = Q (�

m

). An to � 2 Gal

�

L

�

Q

�

orÐzetai apì �(�

m

) = �

a

m

ìpou

(a;m) = 1, tìte (dec [2], selÐda 146) èqoume

�

L=Q

pZ

�

= � () p � a (modm):

To pìrisma eÐnai t¸ra �mesh sunèpeia tou jewr matoc 4.2.4. ut

O skopìc mac eÐnai na genikèusoume to je¸rhma 4.2.4 gia epekt�seic tou Galois ìqi kat'

an�gkh abelianèc.

4.3 To Je¸rhma puknìthtac tou

�

Cebotarev.

'Estw

L

�

K

mÐa epèktash tou Galois algebrik¸n swm�twn arijm¸n, G := Gal

�

L

�

K

�

. 'Estw

P 2 P(K) kai Q 2 P(L), Q

�

�

P . An � 2 G tìte, wc gnwstì,

�

L=K

�(Q)

�

= �

�

L=K

Q

�

�

�1

:

Epomènwc, ìtan to Q diatrèqei ìla ta pr¸ta ide¸dh tou L tètoia ¸ste Q

�

�

P ìpou P mh

diakladizìmeno pr¸to ide¸dec tou K, tìte ta

�

L=K

Q

�

diatrèqoun mÐa kl�sh suzugÐac thc

G. H kl�sh aut  suzugÐac ja lègetai sÔmbolo tou Artin sto P kai ja sumbolÐzetai
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(kataqrhstik�) p�li me

�

L=K

P

�

.

An

L

�

K

abelian  tìte to sÔmbolo tou Artin sto P eÐnai to gnwstì (monosÔnolo !)

�

L=K

P

�

(o automorfismìc tou Forbenius sto P ).

'Estw t¸ra C mia kl�sh suzugÐac thc G me c = #C. Ja apodeÐxoume to akìloujo

Je¸rhma 4.3.1 (Je¸rhma puknìthtac tou

�

Cebotarev) An

A

L

�

K

;C

=

�

P 2 P(K)

�

�

�

P mh diakladizìmeno sthn

L

�

K

kai

�

L=K

P

�

= C

�

tìte to sÔnolo A

L

�

K

;C

èqei puknìthta Dirichlet

�(A

L

�

K

;C

) =

c

n

:

Apìdeixh: (McCluer, Acta Arithmetica, XV, 1969, 45-48)

Kat' �rq n apodeiknÔoume to akìloujo

L mma 4.3.2 'Estw Q 2 P(L), Q \ K = P kai e(Q=P ) = 1. 'Estw M endi�meso s¸ma

K � M � L tètoio ¸ste k�je U 2 P(M), U \ K = P , adraneÐ sthn

L

�

M

. 'Estw

�

L=K

Q

�

= �. Tìte up�rqoun [Z

G

(�) : H] pr¸ta ide¸dh U , U

�

�

P sthn

M

�

K

tètoia ¸ste

�

M=K

U

�

= �.

(Z

G

(�) eÐnai o centralizer tou � sthn G kai H = h�i.)

Apìdeixh tou l mmatoc: 'Estw U 2 P(M), U

�

�

P . Epeid  to U adraneÐ sthn

L

�

M

arkeÐ

na deÐxoume ìti

9 [Z

G

(�) : H]; Q 2 P(L); Q

�

�

P tètoio ¸ste

�

L=K

Q

�

= �:

K�je tètoio ide¸dec eÐnai thc morf c �Q, � 2 G.

T¸ra

�

L=K

�(Q)

�

= � () ���

�1

= � () � 2 Z

G

(�):

Apì thn �llh meri�

�

1

(Q) = �

2

(Q) () �

1

�

�1

2

(Q) = Q () �

1

�

�1

2

2 G

Z

(Q=P ):

All� to P eÐnai mh diakladizìmeno sthn L=K, sunep¸c

G

Z

(Q=P ) =

*

�

L=K

Q

�

+

= h�i = H:
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Epomènwc

�

1

(Q) = �

2

(Q) () �

1

�

�1

2

2 H

kai sunep¸c up�rqoun [Z

G

(�) : H] tètoia Q. ut

ProqwroÔme t¸ra sthn apìdeixh tou jewr matoc (4.3.1).

ArkeÐ na apodeÐxoume ìti

X

h

L=K

P

i

=C

1

NP

s

= �

c

n

log(s�1) +O(1)

kaj¸c s! 1

+

.

Dialègoume èna � 2 C kai èstw H = h�i � G. An M to s¸ma stajer¸n stoiqeÐwn thc H

tìte

L

�

M

kuklik  me Gal

�

L

�

M

�

= H.

K

M

L

G

H

f1g

Epomènwc, to Je¸rhma tou Dirichlet (Je¸rhma 4.2.4) mac dÐnei

X

h

L=M

U

i

=�

NU

�s

= �[H : 1]

�1

�log(s�1) +O(1)

ìpou U 2 P(M) kai s! 1

+

. T¸ra an f(U=P ) = 1 tìte NU = NP . Epeid  gia U 2 P(M)

me f(U=P ) 6= 1, tìte

X

U

1

(NU)

s

= O(1) kaj¸c s! 1

+

, èqoume

X

h

L=M

U

i

=�

f(U=P )=1

NP

�s

= �[H : 1]

�1

�log(s�1) +O(1)

kaj¸c s! 1

+

.

T¸ra isqurÐzomai ìti to M plhreÐ tic upojèseic tou l mmatoc (4.3.2) gia k�je U 2 P(M),



4.3 To Je¸rhma puknìthtac tou

�

Cebotarev. 105

U \K = P . Pr�gmati an

�

L=M

U

�

= � tìte

G

Z

�

Q

�

U

�

= h�i = H;

opìte [H : G

Z

(Q=U)] = 1 sunep�getai ìti up�rqei akrib¸c èna Q 2 P(L) tètoio ¸ste Q

�

�

U

sthn

L

�

M

. Epomènwc apì to l mma 4.3.2 sunep�getai

[Z

G

(�) : H] �

X

h

L=K

P

i

=C

f

P

=1

NP

�s

= �[H : 1]

�1

log(s�1) +O(1)

kaj¸c s! 1

+

, diìti

�

L=M

U

�

= � ()

h

L=K

P

i

= C.

Epeid  (ìpwc kai pio mprost�) to �jroisma gia f

P

> 1 eÐnai thc t�xhc O(1) èqoume

X

h

L=K

P

i

=C

NP

�s

= �

1

[Z

G

(�) : H][H : 1]

log(s�1) +O(1)

me s! 1

+

. H stajer� tèloc gr�fetai

1

[Z

G

(�) : H][H : 1]

=

1

[Z

G

(�) : 1]

=

[G : Z

G

(�)]

[G : 1]

=

c

n

: ut

Parat rhsh: Me megalÔtero kìpo ja mporoÔse kaneÐc na apodeÐxei ìti gia x 2 R, an

N

A

L

�

K

;C

(x) = #

n

P 2 P(K)

�

�

�

P 2 A

L

�

K

;C

me N

K=Q

(P ) � x

o

tìte

N

A

L

�

K

;C

(x) =

�

c

n

+ o(1)

�

�

x

log x

:

Par�deigma: 'Estw

L

�

K

kubik , ìqi kanonik  epèktash algebrik¸n swm�twn arijm¸n.

An P 2 P(K) m -diakladizìmeno sthn

L

�

K

tìte èqoume treÐc dunatìthtec an�lushc se

ginìmeno pr¸twn idewd¸n sto L.

(1) PS = Q

1

Q

2

Q

3

, me f

i

= f

�

Q

i

�

P

�

= 1 gia i = 1; 2; 3,

(2) PS = Q

1

Q

2

, me f

1

= f

�

Q

1

�

P

�

= 1, f

2

= f

�

Q

2

�

P

�

= 2,

(3) PS = Q, me f = f

�

Q

�

P

�

= 3.
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Jèloume na upologÐsoume thn puknìthta twn pr¸twn idewd¸n P tou K se k�je mÐa apì

tic parap�nw peript¸seic. 'Estw N h kanonik  j kh thc epèktashc

L

�

K

. H

N

�

K

eÐnai

kanonik  epèktash bajmoÔ 6 me om�da Galois thn om�da S

3

. Ja melet soume thn an�lush

tou P sto N . Jumìmaste ìti ta pr¸ta ide¸dh tou N pou diairoÔn to P èqoun ìla ton Ðdio

bajmì. 'Etsi an P an kei sthn perÐptwsh (1), tìte h

(1

0

) PR

N

= Q

0

1

Q

0

2

: : : Q

0

6

me f

�

Q

0

i

=P

�

= 1 gia k�je i = 1; 2; 3; 4; 5; 6;  

(1

00

) PR

N

= Q

0

1

Q

0

2

Q

0

3

me f

�

Q

0

i

=P

�

= 2 gia k�je i = 1; 2; 3:

H perÐptwsh (1

00

), lìgw tou l mmatoc 4.1.9, den mporeÐ na sumbaÐnei. An t¸ra P an kei

sthn perÐptwsh (2), ja prèpei na èqoume

(2

0

) PR

N

= Q

2

Q

0

1

Q

0

2

me f

1

= f

�

Q

0

1

=P

�

= f

�

Q

0

2

=P

�

= 2 kai Q

1

R

N

= Q

0

1

Q

0

2

(afoÔ ja prèpei ìloi oi bajmoÐ na eÐnai Ðdioi).

An P an kei sth perÐptwsh (3) èqoume:

(3

0

) PR

N

= Q me f(Q=P ) = 6;  

(3

00

) PR

N

= Q

0

1

Q

0

2

me f

i

= f(Q

0

i

=P ) = 3 gia k�je i = 1; 2:

H (3

0

) den mporeÐ na sumbeÐ diìti ja eÐqame sthn S

3

èna stoiqeÐo t�xhc 6, to

�

N=K

Q

�

, �topo.

'Ara isqÔei h (3

00

).

T¸ra jumìmaste ìti h t�xh tou

h

N=K

Q

0

i

eÐnai Ðsh me to bajmì f(Q

0

=P ). Epomènwc gia k�jeQ

0

tou P(N), Q

0

�

�

P , èqoume

h

N=K

Q

0

i

eÐnai stoiqeÐo t�xhc 1; 2; 3 an�loga me tic treÐc peript¸seic

(1), (2)   (3).

Sthn S

3

up�rqei mìno èna stoiqeÐo t�xhc 1, up�rqoun dÔo stoiqeÐa t�xhc 2, en¸ u-

p�rqoun trÐa stoiqeÐa t�xhc 3. Epomènwc apì to je¸rhma tou

�

Cebotarev prokÔptei ìti oi

antÐstoiqec puknìthtec eÐnai

1

6

,

1

2

,

1

3

.



Kef�laio 5

StoiqeÐa jewrÐac kl�sewn swm�twn

5.1 H apeikìnish tou Artin kai h problhmatik  thc jewrÐac

kl�sewn swm�twn.

'Estw

L

�

K

abelian  epèktash algebrik¸n swm�twn arijm¸n, m èna akèraio ide¸dec tou

K to opoÐo perièqei ìla ta pr¸ta ide¸dh tou K pou diakladÐzontai sto L, dhlad , an P

diakladÐzetai sto L tìte P

�

�

m. Me I

m

K

ja sumbolÐzoume thn upoom�da thc I

K

I

m

K

=

n

A 2 I

K

�

�

�

A pr¸to proc to m

o

:

Gia k�je P 2 P(K), P 2 I

m

K

, mporoÔme na orÐsoume to sÔmbolo tou Artin

�

L=K

P

�

, dhlad 

èqoume kat' �rq n mÐa apeikìnish

'

L

�

K

: P(K) \ I

m

K

�! G = Gal(L=K)

ìpou

'

L

�

K

(P ) =

�

L=K

P

�

:

Thn epekteÐnoume pollaplasiastik� s' ìlo to I

m

K

. 'Etsi an A 2 I

K

kai

A =

Y

P2P(K)

P

�

P

(A)

tìte

'

L

�

K

(A) :=

Y

P2P(K)

'

L

�

K

(P )

�

P

(A)

:

107
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Orismìc 5.1.1 H apeikìnish

'

L

�

K

(A) : I

m

K

�! G = Gal(L=K)

lègetai apeikìnish tou Artin thc L=K.

Shmei¸noume ìti orÐzetai mìno gia akèraia ide¸dh tou K mh diakladizìmena sto L.

Je¸rhma 5.1.2 H apeikìnish tou Artin eÐnai epimorfismìc om�dwn.

Apìdeixh: Ex orismoÔ h '

L

�

K

eÐnai omomorfismìc om�dwn. 'Estw

H := '

L

�

K

(I

m

K

) < G

kai F to s¸ma twn stajer¸n stoiqeÐwn pou antistoiqeÐ sthn H.

K

F

L

G(L=K)

H

f1g

'Estw P 2 P(K) \ I

K

. IsqurÐzomai ìti

An '

L

�

K

(P ) 2 H tìte P analÔetai pl rwc sto F: (5.1)

Apìdeixh thc (5.1): An '

L

�

K

(P ) 2 H tìte sunep�getai ìti

8� 2 F '

L

�

K

(P )(�) = �

=) 8� 2 F � � �

N

K

�

Q

(P )

modQ; ìpou Q 2 P(L); Q \K = P

=) 8� 2 F � � �

N

K

�

Q

(P )

modQ

F

; ìpou Q

F

2 P(F ); Q \ F = Q

F

;

opìte

#(R

F

=Q

F

) � N

K

�

Q

(P ):
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Apì thn �llh meri� eÐnai profanèc ìti

#(R

F

=Q

F

) = N

F

�

Q

(Q

F

) = N

K

�

Q

(P )

f(Q

F

=P )

� N

K

�

Q

(P )

(Dec [2], selÐda 119). Sunep¸c

N

F

�

Q

(Q

F

) = N

K

�

Q

(P );

dhlad 

f = f(Q

F

=P ) = 1:

Epeid  kai e = e(Q

F

=P ) = 1 �ra P analÔetai pl rwc sto F kai epomènwc isqÔei h (5.1).

T¸ra apì to P(K) \ I

K

leÐpoun mìno peperasmènou pl jouc pr¸ta ide¸dh tou K, dhlad 

� (P(K) \ I

m

K

) = 1:

Apì thn �llh meri�, lìgw thc (5.1),

'

L

�

K

(P ) 2 H =) f = f(Q

F

=P ) = 1;

opìte to Je¸rhma 4.1.6 m�c dÐnei

�

�n

P 2 P(K) \ I

m

K

�

�

�

P analÔetai pl rwc sto F

o�

= 1:

Epomènwc

1 = � (P(K) \ I

m

K

)

= �

��

P 2 P(K) \ I

m

K

�

�

P analÔetai pl rwc sto F

	�

J. 4.1.7

=

1

(F : K)

;

opìte

1

(F : K)

= 1 =) F = K =) H = G;

sunep¸c o '

L

�

K

eÐnai epimorfismìc. ut

To Je¸rhma 5.1.2 sunep�getai ìti

I

m

K

�

Ker'

L

�

K

�

=

G(L=K);

A Ker'

L

�

K

7�! '

L

�

K

(A):
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Par�deigma:

'Estw K = Q kai L = Q (�

m

), �

m

= e

2�i=m

kai m = (m) = mR

L

. An ; A; akèraio ide¸dec

tou Q pr¸to proc to m, A = Z�, � 2 Z, � > 0, tìte '

L

�

K

(A) = �

�

.

Apì ta parap�nw prokÔptei ìti h dom  thc om�doc G(L=K), mac eÐnai gnwst , an gnw-

rÐzoume ton pur na Ker'

L

�

K

. Poi� ìmwc eÐnai h shmasÐa tou pur na? Mac dÐnetai sto

epìmeno

Je¸rhma 5.1.3 (Nìmoc An�lushc) 'Estw

L

�

K

abelian  epèktash algebrik¸n swm�-

twn arijm¸n. Tìte isqÔei:

To P 2 P(K) \ I

m

K

èqei sto L thn an�lush

PR

L

= Q

1

Q

2

: : : Q

r

ìpou rf = n = (L : K) me f = ord

�

P �Ker'

L

�

K

�

.

Apìdeixh: Wc gnwstìn,

f = ord

�

G

Z

(Q

1

=P )

�

= ord

�

h'

L

�

K

(P )i

�

= ord('

L

�

K

(P )) = ord

�

P Ker'

L

�

K

�

: ut

Par�deigma:

K = Q , L = Q (�

m

), m = hmi = mR

L

K

m

= Ker'

L

�

K

=

�

x

�

�

x 2 Z ; x � 1modm ; x > 0

	

Apì to Je¸rhma 5.1.3 èqoume ìti gia k�je pr¸to p - m

f = ord (hpiK

m

) = ord (pmodm)

(Dec [2], selÐda 184).

ApodeÐxame  dh ta ex c shmantik�:

1. O Ker'

L

�

K

kajorÐzei thn G(L=K).

2. O Ker'

L

�

K

kajorÐzei to Nìmo An�lushc.

Parat rhsh 5.1.4 H abelian  epèktash L=K kajorÐzetai monos manta apì to s¸ma

K kai ton pur na Ker'

L

�

K

.
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Apìdeixh: To sÔnolo Ker�

L

�

K

\ P(K) perièqei ta pr¸ta ide¸dh tou K pou analÔontai

pl rwc sto K ektìc apì peperasmènou pl jouc, sunep¸c

Ker'

L

�

K

\ P(K) _= A

L

�

K

:

To sumpèrasma t¸ra eÐnai sunèpeia tou l mmatoc 4.1.12. ut

Entelwc fusiologik� prokÔptei t¸ra to er¸thma: 'Estw ìti L=K diatrèqei ìlec tic

abelianèc epekt�seic tou K. Poièc upoom�dec thc I

m

K

emfanÐzontai san Ker'

L

�

K

gia k�poio

L?

Kat' arq n ja <<ektim soume>> tic Ker'

L

�

K

apì k�tw.

Orismìc 5.1.5 'Estw L=K epèktash algebrik¸n swm�twn arijm¸n Q 2 P(K), P = Q\K.

OrÐzoume

N

L

�

K

(Q) := P

f(Q=P )

sqetik  norm tou Q wc proc K kai epekteÐnoume pollaplasiastik�.

Gia idiìthtec thc sqetik c norm parapèmpoume ton anagn¸sth sto biblÐo [42], selÐdec 140-

142. Ed¸ apl� anafèroume ìti isqÔei

N

L

�

K

(�R

L

) = R

K

N

L

�

K

(�) gia k�je � 2 L:

Orismìc 5.1.6

I

m

L

:=

n

A 2 I

L

�

�

�

pr¸to proc to R

L

�m

o

ìpou m akèraio ide¸dec tou K to opoÐo perièqei ìla ta pr¸ta ide¸dh tou K pou diakla-

dÐzontai sto L.

Je¸rhma 5.1.7 'Estw

L

�

K

abelian  epèktash algebrik¸n swm�twn arijm¸n. Tìte isqÔei

I

m

K

� Ker'

L

�

K

� N

L

�

K

(I

m

L

):

Apìdeixh: ArkeÐ na deÐxoume ìti:

8Q 2 P(L) \ I

m

L

isqÔei '

L

�

K

�

N

L

�

K

(Q)

�

= i d

L

:

Pr�gmati an P = Q \K tìte, apì ton orismì, èqoume

N

L

�

K

(Q) = P

f(Q=P )

:
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Apì thn �llh meri�,

f(Q=P ) = #G

Z

(Q=P ) = ord

�

'

L

�

K

(P )

�

=) '

L

�

K

�

N

L

�

K

(Q)

�

= '

L

�

K

(P )

f(Q=P )

= '

L

�

K

(P )

ord'

L

�

K

(P )

= i d

L

: ut

Sth sunèqeia ja prospaj soume na prosdiorÐsoume akribèstera ton pur na Ker'

L

�

K

.

To sÔnolo

S

+

m

:= H

+

m

=

n

h�i = �R

K

�

�

�

� =

�

1

�

2

; �

i

2 R

K

; �

i

pr¸toi proc to m;

�

1

� �

2

(modm) kai �� 0

o

ja lègetai kl�sh aktÐnac modm me th sten  ènnoia \engere Strahlklasse modm".

Je¸rhma 5.1.8 (H deÔterh anisìthta) 'Estw

L

�

K

abelian  epèktash algebrik¸n sw-

m�twn arijm¸n kai m ìpwc pio mprost�. An oi ekjètec twn pr¸twn idewd¸n pou perièqontai

sthn an�lush tou m eÐnai arket� meg�loi, tìte

Ker'

L

�

K

� S

+

m

:

IdiaÐtera, lìgw tou jewr matoc 5.1.7, èqoume

h

I

m

K

: N

L

�

K

�

I

m

L

�

�S

+

m

i

� (L : K):

Pr�gmati

I

m

K

� Ker'

L

�

K

� N

L

�

K

�

I

m

L

�

�S

+

m

kai

h

I

m

K

: Ker'

L

�

K

i

=

�

�

G(L=K)

�

�

= (L : K):

Apìdeixh: H apìdeixh xefeÔgei k�pwc apì to stìqo tou parìntoc biblÐou. QrhsimopoioÔ-

ntai jewrÐa sunomologÐac om�dwn kai p-adikèc mèjodoi. Wc ek toÔtou paraleÐpetai. O en-

diaferìmenoc anagn¸sthc mporeÐ na deÐ thn apìdeixh se opoiod pote biblÐo jewrÐac kl�sewn

swm�twn.

IsqÔei ìmwc kai to
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Je¸rhma 5.1.9 (h pr¸th anisìthta) 'Estw

L

�

K

abelian  epèktash algebrik¸n swm�-

twn arijm¸n kai m ìpwc prin. Tìte isqÔei

h

I

m

K

: N

L

�

K

�

I

m

L

�

� S

+

m

i

� (L : K):

Apìdeixh: To je¸rhma ja apodeiqjeÐ sthn epìmenh par�grafo.

Parathr seic:

1. Den èqoume jèsei kanèna periorismì stouc ekjètec twn pr¸twn idewd¸n pou diairoÔn

to m.

2. H pr¸th anisìthta eÐnai swst  kai sthn perÐptwsh mh-abelian c epèktashc tou

Galois. (Sthn apìdeixh spoudaÐo rìlo paÐzei to je¸rhma tou

�

Cebotarev).

San �mesh sunèpeia twn parap�nw èqoume to:

Jemeli¸dec Je¸rhma 5.1.10 'Estw

L

�

K

abelian  epèktash algebrik¸n swm�twn a-

rijm¸n kai m ìpwc parap�nw. An oi ekjètec twn pr¸twn idewd¸n pou emfanÐzontai sthn

an�lush tou eÐnai arket� meg�loi tìte

Ker'

L

�

K

= N

L

�

K

�

I

m

L

�

� S

+

m

:

Sunep¸c èqoume apodeÐxei to ex c: 'Estw

L

�

K

abelian  epèktash algebrik¸n swm�twn a-

rijm¸n. Up�rqei akèraio ide¸dec tou Km tètoio ¸ste:

1. An P diakladÐzetai sto L tìte P

�

�

m.

2. I

m

K

� Ker'

L

�

K

� S

+

m

.

AntÐstrofa t¸ra: 'Estw m 2 I

K

akèraio kai U upoom�da thc I

m

K

tètoia ¸ste

I

m

K

� U � S

+

m

:

Up�rqei abelian  epèktash

L

�

K

algebrik¸n swm�twn arijm¸n me tic idiìthtec

8

<

:

(1) An P diakladÐzetai sto L tìte P

�

�

m kai

(2) Ker'

L

�

K

= U ;

(5.2)

Parat rhsh: An up�rqei tètoio L tìte, lìgw thc parat rhshc 5.1.4, autì eÐnai monadikì.
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Orismìc 5.1.11 MÐa abelian  epèktash

L

�

K

algebrik¸n swm�twn arijm¸n me tic idiìth-

tec (5.2) ja lègetai s¸ma kl�sewn thc U .

Orismìc 5.1.12 K�je upoom�da U thc I

m

K

ìpou I

m

K

� U � S

+

m

gia kat�llhla eklegmèno

akèraio ide¸dec m 2 I

K

ja lègetai isodunamom�da thc I

K

(Kongruenzuntergruppe von

I

K

).

Epomènwc to jemeli¸dec je¸rhma 5.1.10 gÐnetai

Jemeli¸dec Je¸rhma 5.1.10

0

K�je abelian  epèktash

L

�

K

algebrik¸n swm�twn arij-

m¸n eÐnai s¸ma kl�sewn mi�c isodunamom�dac thc I

K

.

IsqÔei ìmwc kai to antÐstrofo:

Jemeli¸dec Je¸rhma 5.1.13 Se k�je isodunamom�da tou I

K

up�rqei (antistoiqeÐ) a-

krib¸c èna s¸ma kl�sewn.

Apìdeixh: Kat' arq n arkeÐ na deÐxoume thn Ôparxh s¸matoc kl�sewn wc proc thn S

+

m

,

diìti isqÔei to

Je¸rhma 5.1.14 'Estw U ;U

0

isodunamom�dec thc I

K

me

I

m

K

� U

0

� U � S

+

m

kai èstw L s¸ma kl�sewn thc U . Tìte to s¸ma stajer¸n stoiqeÐwn thc '

L

�

K

(U

0

), èstw L

0

,

èinai s¸ma kl�sewn thc U

0

.

Apìdeixh: ArkeÐ na deÐxoume ìti

Ker'

L

0

�

K

= U

0

: (5.3)

IsqurÐzomai ìti gia k�je A 2 I

m

K

isqÔei

'

L

0

�

K

(A) = '

L

�

K

(A)

�

�

�

L

0

: (5.4)

Apìdeixh thc (5.4): ArkeÐ na perioristoÔme se pr¸ta ide¸dh P 2 P(K) \ I

m

K

. Pr�gmati,

'

L

0

�

K

(P ) =

�

L

0

=K

P

�

=

�

L=K

P

�

�

�

�

�

L

0

= '

L

�

K

(P )

�

�

�

L

0

:
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H mesaÐa isìthta eÐnai gnwst  idiìthta tou sumbolismoÔ tou Artin (dec [2], selÐda 189).

T¸ra proqwroÔme sthn apìdeixh thc (5.3):

A 2 Ker'

L

0

�

K

() '

L

0

�

K

(A) = i d

L

0

(5:4)

() '

L

�

K

(A)

�

�

�

L

0

= id

L

0

() '

L

�

K

(A) 2 Aut (L=L

0

)

() '

L

�

K

(A) 2 '

L

�

K

(U

0

)

() A 2 U

0

�Ker'

L

�

K

= U

0

U = U

0

:

Epomènwc

Ker'

L

�

K

= U

0

: ut

Apìdeixh tou jemeli¸douc jewr matoc 5.1.13 sthn eidik  perÐptwsh K = Q.

ArkeÐ na deÐxoume ìti 8m 2 N up�rqei s¸ma kl�sewn tou S

+

m

ìpou m = hmi.

(1) IsqurÐzomai ìti L = Q (�

m

) eÐnai s¸ma kl�sewn thc S

+

(m)

. EÐnai gnwstì ìti, an o p

diakladÐzetai sto L, tìte p

�

�

m. T¸ra ja deÐxoume ìti

(2)

�

�

�

�

�

�

�

�

�

�

H '

L

�

Q

: I

hmi

Q

�! G = Gal(Q (�

m

)=Q)

a 7�! '

L

�

Q

(a)

èqei pur na Ker'

L

�

Q

= S

+

hmi

:

Gia thn apìdeixh thc (2) qreiazìmaste thn:

(3)

�

�

�

�

�

�

�

An hxi 2 I

m

Q

; x =

x

1

x

2

; x

i

2 Z; x

i

pr¸ta prìc to m tìte:

'

L

�

Q

(hxi) = �

jx

1

j

�

�1

jx

2

j

:

Apìdeixh thc (3): ArkeÐ na thn apodeÐxoume gia pr¸to p 2 P, p - m, to opoÐo ìmwc eÐnai

gnwstì, kaj' ìson

'

L

�

Q

(hpi) = �

p

:

Apìdeixh thc (2): ��� 'Estw ìti hxi = xR

L

an kei ston Ker'

L=Q

kai x = x

1

=x

2

ìpwc sthn

(3). J� èqoume loipìn �

jx

1

j

�

�1

jx

2

j

= 1

Q (�

m

)

) jx

1

j = jx

2

j (mod m), dhlad , hxi = xR

L

=

�

jx

1

j

jx

2

j

�

2 S

+

(m)

. T¸ra to antÐstrofo ���. 'Estw hxi = xR

L

2 S

+

(m)

) hxi =

�

jx

1

j

jx

2

j

�

ìpou

x

1

; x

2

> 0, x

1

� x

2

(modm). Lìgw thc (3) èqoume:

'

L

�

Q

(hxi) = �

x

1

�

�1

x

2

= 1

Q(�

m

)

diìti x

1

� x

2

(modm), kai �ra hxi 2 Ker'

L

�

Q

. ut
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Parathr seic: An K = Q kurÐarqo rìlo paÐzei h (apl�) periodik  ekjetik  sun�rth-

sh.

An K eÐnai tetragwnikì migadikì tìte spoudaÐo rìlo paÐzoun oimodular sunart seic

(dipl� periodikèc).

ParadeÐgmatoc q�rin, gia K = Q (

p

�d), d > 0, d eleÔjero tetrag¸nou, d � 3 (mod 4),

m = hmi, m 2 N, tìte to s¸ma kl�sewn thc S

+

m

eÐnai to

K

 

j(

p

�d);

p(

1

m

jZ+ Z

p

�d)

�(

p

�d)

g

2

(

p

�d) � g

3

(

p

�d)

!

ìpou:

p(

1

m

jZ+ Z

p

�d)

�(

p

�d)

� g

2

(

p

�d) � g

3

(

p

�d)

m-stì shmeÐo diaÐreshc miac elleiptik c kampÔlhc kai j(

p

�d) eÐnai h suneisfor� mèsw twn

suntelest¸n thc elleiptik c kampÔlhc.

5.2 Apìdeixh thc pr¸thc anisìthtac gia epekt�seic

tou Galois: L=K

Je¸rhma 5.2.1 'Estw m akèraio ide¸dec tou K kai U � I

m

K

me (I

m

K

: U) < 1 kai thn

akìloujh idiìthta:

9� 2 R

+

tètoio ¸ste gi� k�je k 2

I

m

K

�

U

na isqÔei ìti

A

k

(t) = # fA 2 kjAakèraio; N(A) � tg (5.5)

= �t+O(t

1�

1

L:K

); ìtan t!1: (5.6)

Gia k�je uposÔnolo S tou P(K)

T

U , gia to opoÐo up�rqei h puknìthta tou Dirichlet,

isqÔei:

�(S) �

1

(I

m

k

: U)

:

Parat rhsh 5.2.2 Oi upojèseic tou jewr matoc 5.2.1 isqÔoun gia k�je upoom�da U ìpou

I

m

K

� U � S

+

m

:

(Dec Je¸rhma 2.1.19.)
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L mma 5.2.3 'Estw U ìpwc sto je¸rhma 5.2.1. Gia k�je qarakt ra � thc I

m

U

=U h seir�

tou Dirichlet

L(s; �) =

X

A akèraio

�(A)

N(A)

s

; ìpou Re(s) > 1

sugklÐnei, eÐnai di�forh tou mhdenìc kai olìmorfh. Ed¸

�(A) :=

8

>

<

>

:

0; an A ìqi pr¸to proc to m

�(AU); alli¸c:

An � 6= �

0

, tìte h L(s; �) epekteÐnetai olìmorfa sto hmiepÐpedo Re(s) > 1�

1

(K : Q)

.

Apìdeixh: SÔgklish kai olomorfÐa eÐnai �mesa sumper�smata (ìpwc akrib¸c to k�name pio

mprost� se an�logec L-seirèc). To di�foro tou mhdenìc eÐnai �mesh sunèpeia tou gegonìtoc

ìti h L(s; �) gr�fetai se morf  ginomènou Euler.

T¸ra gr�foume:

L(s; �) =

X

k2

I

m

K�

U

�(k)�(s; k);

ìpou

�(s; k) =

X

Aakèraio

A2k

1

N(A)

s

=

1

X

m=1

a

m

(k)

m

s

kai

a

m

(k) = #

�

A akèraio 2 k

�

�

N(A) = m

	

:

'Opwc kai sthn z ta sun�rthsh tou Riemann, gr�foume

�(s; k) = �

1

X

m=1

1

m

s

+

1

X

m=1

a

m

(k)� �

m

s

Epeid  de � 6= �

0

, èpetai ìti

L(s; �) =

X

k

�(k)

1

X

m=1

a

m

(k)� �

m

s

:
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All�

M

X

m=1

�� a

m

(k) = �M �#

�

A

�

�

A akèraio; A 2 k kai N(A) �M

	

= O(M

1�

1

(K:Q)

):

Sunep¸c apì to je¸rhma 1.1.2 sunep�getai ìti h L(s; �) gia � 6= �

0

epekteÐnetai olìmorfa

sto hmiepÐpedo

Re(s) > 1�

1

(K : Q)

: ut

Apìdeixh tou jewr matoc 5.2.1: 'Opwc k�name kai pio mprost�, se an�logh perÐptwsh,

log

�

L(s; �)

�

=

X

P2P(K)

P -m

�(P )

N(P )

s

+O(1); gia s! 1

+

:

Epomènwc

X

�

logL(s; �) =

X

P2P(K)

P -m

1

N(P )

s

X

�2

\

(

I

m

K�

U

)

�(P ) +O(1):

To eswterikì �jroisma eÐnai Ðso proc (I

m

K

: U) an P 2 U kai me mhdèn alli¸c. Epomènwc

X

�

logL(s; �) = (I

m

K

: U) �

X

P2P(K)

P -m

P2U

1

N(P )

s

+O(1); gia s! 1

+

(5.7)

T¸ra paÐrnoume s pragmatikì, s > 1.

Apì to l mma 5.2.3 sunep�getai ìti h tim  L(s; �) up�rqei gia k�je � 6= �

0

kai s! 1

+

=) log jL(s; �)j � 0 +O(1); gia s! 1

+

;

opìte, apì (5.7), èqoume

log

�

�

L(s; �

0

)

�

�

� (I

m

K

: U)

X

P2U

1

N(P )

s

+O(1):

Sth sunèqeia pernoÔme sta upìloipa

lim

s!1

+

(s� 1)L(s; �

0

) = Res

s=1

�

K

(s) > 0
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=) log((s� 1)L(s; �

0

))

| {z }

O(1)

� log(s� 1) � (I

m

K

: U)

X

P2U

1

N(P )

s

+O(1); gia s! 1

+

=) � log(s� 1) � (I

m

K

: U)

X

P2S

1

N(P )

s

+O(1)

=)

1

(I

m

K

: U)

� lim

s!1

+

X

P2S

1

N(P )

s

log(s� 1)

= �(S):

Apìdeixh t¸ra thc pr¸thc anisìthtac: 'Estw

L

�

K

epèktash tou Galois, algebrik¸n sw-

m�twn arijm¸n,

U = N

L

�

K

(I

m

L

) � S

+

m

;

m akèraio ide¸dec tou K me tic gnwstèc idiìthtec pou èqoume upojèsei apì thn arq  tou

pèmptou kefalaÐou. IsqurÐzomai ìti to sÔnolo

S :=

�

P 2 P(K) \ I

m

K

�

�

P analÔetai pl rwc sto L

	

� P(K) \ U: (5.8)

An deqjoÔme thn al jeia thc (5.8) tìte telei¸noume wc ex c:

Gnwstì: To P analÔetai pl rwc sto L e�n kai mìno e�n

�

P

=

�

L=K

P

�

= 1

kai f1g apoteleÐ (profan¸c) mÐa kl�sh suzugÐac thc G. To Je¸rhma

�

Cebotarev t¸ra

mac dÐnei

�(S) =

1

(L : K)

:

Apì thn �llh meri� to je¸rhma 5.2.1 sunep�getai ìti

�(S) �

1

(I

m

K

: U)

=)

1

(L : K)

�

1

(I

m

K

: U)

=) (I

m

K

: U) � (L : K): ut

AkoloujeÐ h apìdeixh thc (5.8):

To ìti P 2 S sunep�getai ìti P analÔetai pl rwc sto L

=) 9Q 2 P(L) tètoio ¸ste Q

�

�

P kai f(Q=P ) = 1

=) N

L

�

K

(Q) = P
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kai (epeid  P - m, dhlad  kai Q - mm =) Q 2 I

m

L

)

=) P = N

L

�

K

(Q) 2 N

L

�

K

(I

m

L

): ut



Kef�laio 6

Oi L-seirèc tou Artin

6.1 Orismìc twn L-seir¸n tou Artin

F�ur die Untersuchung beliebiger, auch nicht Abelscher algebraischer Zahlk�orper ben�otigt

man eine Reihe neuer analytischer Funktionen, die mit FROBENIUSschen Gruppenchara-

kteren gebildet sind und im Abelschen Falle mit den gew�ohnlichen L-Reihen zusammenfal-

len. Ihrer Untersurchung sind die folgenden Zeilen gewidmet.

E. Artin,

�

Uber eine neue Art von

L-Reihen, Abh. Math. Sem. Hamburg 3

(1923), p. 89

Prospaj¸ntac na katano soume thn arijmhtik  algebrik¸n swm�twn arijm¸n kai sthn

perÐptwsh kanonik¸n, ìqi kat' an�gkh abelian¸n, epekt�sewn, skeptìmaste (o Artin kai

gia mac!) na orÐsoume L-seirèc, oi opoÐec ja genikeÔoun fusik� tic gnwstèc abelianèc.

O orismìc ed¸ eÐnai entel¸c di�foroc twn prohgoumènwn kai h jewrÐa anaptÔqjhke se

treÐc ergasÐec tou E. Artin. Pr¸th aut  pou mìlic anafèrame kai epiplèon oi: Beweis des

allgemeinen Reziprozit�atsgesetzes, Abh. Math. Sem. Hamburg 5 (1927) kai Zur Theorie

der L-Reihen mit allgemeinen Gruppencharakterenn Abh. Math. Sem. Hamburg 8 (1931).

Jemeli¸deic ènnoiec gia ton orismì twn L-seir¸n tou Artin eÐnai oi jewrÐa qarakt rwn

(jewrÐa parast�sewn om�dwn) kai o automorfismìc tou Frobenius.

'Estw loipìn

L

�

K

mÐa peperasmènh epèktash tou Galois algebrik¸n swm�twn arijm¸n.

121
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Kat' arq�c upenjumÐzoume ston anagn¸sth merik� gnwst� apotelèsmata apì thn jewrÐa

parast�sewn peperasmènwn om�dwn. Gia apodeÐxeic parapèmpoume sta [3], [16]. Gia d 2 N,

GL

d

(C ) ja sumbolÐzei thn om�da ìlwn twn antistreyÐmwn d�d pin�kwn upèr to C kai an V

dianusmatikìc q¸roc peperasmènhc di�stashc d upèr to C ,

GL(V ) =

�

f : V ! V

�

�

f eÐnai C -grammik  kai antistrèyimh

	

:

Orismìc 6.1.1 Par�stash mi�c peperasmènhc om�dacG mèsw pin�kwn upèr to C ja eÐnai

k�je omomorfismìc om�dwn

� : G! GL

d

(C )

(Par�stash thc G upèr ton V ja lègetai k�je omomorfismìc � : G! GL(V ).)

To d ja lègetai bajmìc thc �. 'Etsi se k�je g antistoiqoÔme ènan (antistrèyimo) d�d

pÐnaka M(g). Qarakt rac thc � orÐzetai h apeikìnish �

�

: G! C tètoia ¸ste

�

�

(g) = tr(M(g)) gia k�je g 2 G:

Profan¸c �

�

(g) exart�tai mìno apì thn kl�sh suzugÐac tou g kai ìqi apì to Ðdio to g.

Orismìc 6.1.2 DÔo parast�seic thc G

�

M

1

(g)

	

g2G

,

�

M

2

(g)

	

g2G

bajm¸n d kai d

0

antÐ-

stoiqa ja lègontai isodÔnamec e�n kai mìno e�n d = d

0

kai 9P 2 GL

d

(C ) tètoio ¸ste

PM

1

(g)P

�1

=M

2

(g) gia k�je g 2 G.

IsqÔei h

Prìtash 6.1.3 DÔo parast�seic �

1

; �

2

thc G eÐnai isodÔnamec e�n kai mìno e�n �

�

1

= �

�

2

.

Orismìc 6.1.4 H par�stash

�

M

1

(g)

	

g2G

ja lègetai ìqi an�gwgh (reducible) ìtan

eÐnai isodÔnamh proc

�

M

2

(g)

	

g2G

ìpou

M

2

(g) =

0

@

A

1

(g) 0

0 A

2

(g)

1

A

; gia ìla ta stoiqeÐa g 2 G;

alli¸c ja lègetai an�gwgh.

(H G dr� ston V g�v = �(g)�v kai o dianusmatikìc q¸roc V gÐnetai G-module, opìte h pa-

r�stash � ja eÐnai an�gwgh an den èqei gn sia G-upomodules. Akìmh (�; V ) � (�; V

0

) ()

V

�

=

V

0

san G-modules.)
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Je¸rhma 6.1.5 K�je par�stash (�; V ) thc G analÔetai se eujÔ �rjroisma anag¸gwn

parast�sewn (�

�

; V

�

). An metr soume kai thn pollaplìthta emf�nishc r

�

thc �

�

tìte

gr�foume � �

X

�

r

�

�

�

.

Orismìc 6.1.6 O qarakt rac �

�

mi�c an�gwghc par�stashc �

�

ja lègetai an�gwgoc

(  aplìc).

Apì to je¸rhma 6.1.5 èpetai ìti an � �

X

�

r

�

�

�

tìte

�

�

=

X

�

r

�

�

�

ìpou �

�

an�gwgoi qarakt rec thc G.

Prìtash 6.1.7 To pl joc twn apl¸n qarakt rwn thc G eÐnai Ðso me ton arijmì twn kl�-

sewn suzugÐac thc G.

Je¸rhma 6.1.8 (sqèseic orjogwniìthtac)

X

g2G

�

1

(g)�

2

(g) =

8

>

<

>

:

n; an �

1

= �

2

0; an �

1

6= �

2

IdiaÐtera,

X

g2G

�(g) =

8

>

<

>

:

n; an � = �

0

0; alli¸c

ìpou �

0

o kÔrioc qarakt rac thc G, dhladh autìc pou antistoiqeÐ sthn par�stash M(g) =

1 gia ìla ga stoiqeÐa g thc G.

An t¸ra  

1

;  

2

; : : : ;  

t

eÐnai ìloi oi aploÐ qarakt rec thc G tìte

t

X

i=1

 

i

(g) 

i

(g

0

) =

8

>

<

>

:

0; an hgi 6= hg

0

i

#G

#hgi

; an hgi = hg

0

i

ìpou  

i

eÐnai o migadikìc suzug c tou  

i

kai hgi eÐnai h kl�sh suzugÐac tou g.

Sthn eidik  perÐptwsh pou g = g

0

= 1 èqoume

t

X

i=1

n

2

i

= #G = n;
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ìpou  

i

(1) = n

i

fusikìc arijmìc o opoÐoc lègetai bajmìc thc  

i

. An p�li G abelian ,

tìte epeid  gia k�je g 2 G, #hgi = 1, èqoume t = n, dhlad  n

i

= 1, opìte oi  

i

: G !

T =

�

z 2 C

�

�

jzj = 1

	

eÐnai abelianoÐ qarakt rec.

L

Q

K P

T¸ra èstw P 2 P(K), m -diakladizìmeno sthn

L

�

K

kai

�

L=K

Q

�

to sÔmbolo tou Frobenius.

An � : G = Gal

�

L

�

K

�

�! GL

d

(C ) mÐa par�stash thc G kai

�

��

L=K

Q

��

=M

��

L=K

Q

��

tìte jewroÔme to <<qarakthristikì>> polu¸numo stou pÐnaka M

��

L=K

Q

��

det

�

I

d

�M

��

L=K

Q

��

X

�

:

An p�roume mÐa isodÔnamh par�stash thc G, èstw �

0

, tìte to �

0

��

L=K

Q

��

=M

0

��

L=K

Q

��

eÐnai pÐnakac ìmoioc prìc tonM

�h

L=K

Q

i�

kai sunep¸c to <<qarakthristikì>> polu¸numo den

all�zei, dhlad  exart�tai apì ton qarakt ra kai ìqi apì thn par�stash. EpÐshc an

p�roume Q

0

2 P(L), Q

0

T

K = P , tìte to

�

L=K

Q

�

eÐnai suzugèc tou

�

L=K

Q

0

�

, dhlad  kai p�li

den metab�lletai to qarakthristikì polu¸numo, exart�tai loipìn apì to P kai ìqi apì ta

Q.

MporoÔme t¸ra na jèsoume ìpou X, N(P )

�s

kai na orÐsoume (proswrin�) thn L-seir�

tou Artin gia mh-diakladizìmenouc pr¸touc.

Orismìc 6.1.9 (proswrinìc)

L

�

s; �;

L

�

K

�

:=

Y

P2P(K)

P -D(

L

�

K

)

det

�

I �M

��

L=K

Q

��

�N(P )

�s

�

�1

ìpou D

�

L

�

K

�

h (sqetik ) diakrÐnousa thc epèktashc

L

�

K

.

O pl rhc orismìc aut¸n twn L-seir¸n dìjhke apì ton Artin sthn ergasÐa toÔ 1931. To

prìblhma eÐnai ta diakladizìmena pr¸ta ide¸dh.

Genik� loipìn t¸ra èstw

L

�

K

epèktash tou Galois, G = Gal

�

L

�

K

�

, V ènac C -

dianusmatikìc q¸roc peperasmènhc di�stashc kai

� : G

�

L

�

K

�

�! GL(V )
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mÐa par�stash thc G me qarakt ra � := �

�

. SumbolÐzoume thn dr�sh thc G epÐ tou V me

�v kai ennooÔme �(�)v.

'Estw t¸ra opoiod pote (dhlad  kai diakladizìmeno!) P 2 P(K). 'Estw k�poio Q 2

P(L), Q

T

K = P , G

Z

:= G

Z

�

Q

�

P

�

, G

T

:= G

T

�

Q

�

P

�

oi om�dec an�lushc kai diaklad¸sewc

antÐstoiqa. EÐnai gnwstì ìti

G

Z

�

G

T

�

=

G = Gal

�

L

�

K

�

ìpou L =

S

�

Q

kai K =

R

�

P

. All�zontac kai p�li lÐgo touc orismoÔc mac, k�je stoiqeÐo

thc

G

Z

�

G

T

pou apeikonÐzetai ston Frobenius thc G, dhlad  sto � :

S

�

Q

3 s = s + Q 7!

s

N(P)

= s

N(P)

+Q 2

S

�

Q

ja to lème èna automorfismì tou Frobenius twn

Q

�

P

kai ja to

sumbolÐzoume me '

Q

�

P

2 G

Z

. EÐnai profanèc ìti '

Q

�

P

eÐnai ènac antiprìswpoc thc pleurik c

om�dac (coset) '

Q

�

P

�G

T

(

Q

�

P

).

OrÐzoume t¸ra

V

G

T

(

Q

�

P

)

:=

n

x 2 V

�

�

�(g)(x) = x 8 g 2 G

T

�

Q

�

P

�

o

kai

Orismìc 6.1.10 (telikìc) 'Estw s 2 C me Re(s) > 1. H sun�rthsh

L

�

s; �;

L

�

K

�

:=

Y

P2P(K)

det

h�

1

V

�NP

�s

� �('

Q

�

P

)

�

jV

G

T

i

�1

ja lègetai L-seir� tou Artin wc proc ton qarakt ra �.

Kat' arq n parathroÔme ìti, an P - D

�

L

�

K

�

tìte G

T

= f1g, V

G

T

= V kai o orismìc

tautÐzetai me ton prohgoÔmeno.

T¸ra gia na èqei o orismìc nìhma ja prèpei na diapist¸soume ta ex c:

(aþ) �('

Q

�

P

) : V

G

T

�! V

G

T

:

Apìdeixh: Epeid  G

T

C G

Z

, an g 2 G

T

tìte '

�1

g' = g

0

2 G

T

, dhlad  up�rqei g

0

2

G

T

tètoio ¸ste g' = 'g

0

, opìte gia k�je x 2 V

G

T

èqoume g'(x) = '(g

0

(x)) = '(x)

kai autì profan¸c isqÔei gia k�je g 2 G

T

, dhlad  '(x) 2 V

G

T

(' := '

Q

�

P

). ut

(bþ) An '

0

k�poioc �lloc automorfismìc tou Frobenius tìte profan¸c '

0

= ' � g, me

g 2 G

T

, opìte gia k�je x 2 V

G

T

èqoume '

0

(x) = ('g)(x) = '(g(x)) = '(x), dhlad 

o orismìc mac den exart�tai apì thn epilog  tou '. ut
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(gþ) �(')

�

�

V

G

T

antistrèyimoc.

Apìdeixh: �(')

�

�

V

G

T

eÐnai ènac endomorfismìc tou dianusmatikoÔ q¸rou V

G

T

pe-

perasmènhc t�xhc. Epomènwc oi idiotimèc tou eÐnai rÐzec thc mon�dac. Sunep¸c to

mhdèn den eÐnai idiotim  tou

�

1

V

�NP

�s

� �(')

�

V

G

T

gia s 2 C me Re(s) > 0. Epomènwc eÐnai automorfismìc. ut

(dþ) H orÐzousa tou automorfismoÔ anex�rthth thc epilog c tou Q.

�

Q

�

�

P

�

Apìdeixh: 'Estw Q kai Q

0

2 P(L). Q \K = P = Q

0

\K. GnwrÐzoume ìti: G

Z

0

=

�G

Z

�

�1

, G

T

0

= �G

T

�

�1

kai '

0

= �'�

�1

(dec [2], selÐda 177), ìpou � 2 G

�

L

�

K

�

tètoio ¸ste �(Q) = Q

0

, dhlad  o '

0

eÐnai suzug c tou ' kai sunep¸c h orÐzousa

den all�zei tim . ut

Tèloc isqÔei:

(eþ) H orÐzousa exart�tai mìno apì ton qarakt ra � kai ìqi apì thn par�stash �.

Pr�gmati, an � : G

�

L

�

K

�

! GL(V ) kai �

0

: G

�

L

�

K

�

! GL(V

0

) dÔo isodÔnamec

parast�seic tìte (ex orismoÔ) 9 f : V

�

=

�! V

0

me f � �(g) = �

0

(g) � f gia k�je g 2 G,

opìte

f

�

�

�

V

G

T

: V

G

T

�! V

0

G

T

isomorfismìc kai f � �(') = �

0

(') � f , sunep¸c

�

0

(')

�

�

�

V

0

G

T

= f

�

�

�

V

G

T

� �(')

�

�

�

V

G

T

�

�

f

�

�

�

V

G

T

�

�1

:

Apì thn teleutaÐa sqèsh suzugÐac èpetai to amet�blhto thc orÐzousac. ut

Sunolik� loipìn èqoume: H L

�

s; �;

L

�

K

�

eÐnai kal� wrismènh kai den exart�tai apì

thn par�stash pou antistoiqeÐ ston qarakt ra �.

6.2 Idiìthtec twn L-seir¸n tou Artin

Je¸rhma 6.2.1 H L

�

s; �;

L

�

K

�

sugklÐnei apìluta sto hmiepÐpedo Re(s) > 1 kai o-

moiìmorfa se sumpag  uposÔnol� tou.
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Apìdeixh: 'Estw dim

C

V = m. Gia k�je P 2 P(K) èstw dim

C

V

G

T

= m

P

� m, ìpou

G

T

= G

T

�

Q

�

P

�

gia k�poio Q 2 P(L), QjP , kai èstw "

P;1

; "

P;2

; : : : ; "

P;m

P

oi idiotimèc tou

endomorfismoÔ �('

Q

�

P

)j

V

G

T

, oi opoÐec, ìpwc parathr same pio mprost�, eÐnai rÐzec thc mo-

n�doc.

Epomènwc

L

�

s; �;

L

�

K

�

=

Y

P2P(K)

m

P

Y

j=1

�

1�

"

P;j

NP

s

�

�1

:

EÐnai gnwstì ìti arkeÐ na apodeÐxoume ta sumper�smata tou jewr matoc gia thn seir�

S :=

X

P2P(K)

m

P

X

j=1

�

�

�

"

P;j

NP

s

�

�

�

:

Epeid  j"

P;j

j = 1 gia k�je P 2 P(K) kai gia k�je j = 1; 2; : : : ;m

P

, kai m

P

� m gia k�je

P 2 P(K), èqoume:

S � m

X

P2P(K)

1

jNP

s

j

� m(K : Q) �

X

p2P

1

p

�

� m(K : Q)j�(s)j < 1; (s = � + it)

opìte èqoume thn apìluth sÔgklish kai thn omoiomorfÐa se sumpag  uposÔnola tou Re(s) >

1, afoÔ autì isqÔei gia thn �(s). ut

Je¸rhma 6.2.2 'Estw t¸ra

L

�

K

peperasmènh abelian  epèktash algebrik¸n swm�twn

arijm¸n kai � ènac pistìc qarakt rac thc G

�

L

�

K

�

= G. Me ~� sumbolÐzoume t¸ra ton

antÐstoiqo abelianì qarakt ra thc G (dec selÐda 98, orismìc 4.2.1). Tìte

L

�

s; �;

L

�

K

�

= L(s; ~�);

dhlad  oi L-seirèc tou Artin genikeÔoun tic antÐstoiqec abelianèc L-seirèc.

Apìdeixh: 'Estw � mÐa 1-di�stath par�stash � : G

�

L

�

K

�

! GL(C ) thc G

�

L

�

K

�

me qara-

kt ra ton �. Epeid  � monodi�stath, èqoume �(g)(x) = �(g) �x gia k�je g 2 G

�

L

�

K

�

. An

t¸ra P 2 P(K) mh-diakladizìmeno tìte V = V

G

T

(Q=P )

, opìte

det

h�

1

V

�NP

�s

�('

Q

�

P

)

�

�

�

V

G

T

i

= det

h�

1

V

�NP

�s

�('

Q

�

P

)

�

�

�

V

i

= 1�

~�(P )

NP

s

:
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An P 2 P(K) diakladÐzetai, tìte V

G

T

= f0g diìti, gia k�je x 2 V

G

T

kai g 2 G

T

� f1g

èqoume �(g) 6= 1 kai x = �(g)(x) = �(g)�x, dhlad  kat' an�gkh x = 0, opìte

det

�

(1

V

� �(')NP

�s

)jV

G

T

�

= 1:

Apì thn �llh meri�,

~�(P ) = �('

Q

�

P

) �

1

e

P

�

X

�2G

T

�(�)

kai epeid  � 6= �

0

èpetai ìti

X

�2G

T

�(�) = 0;

dhlad  ìti ~�(P ) = 0. ut

Je¸rhma 6.2.3 An � = �

0

o monadikìc qarakt rac thcG := G

�

L

�

K

�

, tìte L

�

s; �

0

;

L

�

K

�

=

�

K

(s). Autì shmaÐnei ìti oi L-seirèc tou Artin genikeÔoun kai tic z ta sunart seic tou De-

dekind.

Apìdeixh: An � eÐnai h tetrimmènh par�stash � : G �! GL(C ), �(g) � 1 gia k�je g 2 G,

tìte

det

h

1� �('

Q

�

P

)NP

�s

i

= 1�NP

�s

; gia k�je P 2 P(K): ut

Je¸rhma 6.2.4 An �

1

; �

2

qarakt rec thc G

�

L

�

K

�

tìte

L(s; �

1

+�

2

L

�

K

) = L

�

s; �

1

;

L

�

K

�

� L

�

s; �

2

;

L

�

K

�

:

Apìdeixh: 'Estw V

1

; V

2

dianusmatikoÐ q¸roi peperasmènhc di�stashc kai

�

1

: G

�

L

�

K

�

�! GL(V

1

);

�

2

: G

�

L

�

K

�

�! GL(V

2

)

parast�seic me qarakt rec �

1

; �

2

antÐstoiqa. 'Estw V := V

1

� V

2

. Epomènwc

� := �

1

� �

2

: G

�

L

�

K

�

�! GL(V )



6.2 Idiìthtec twn L-seir¸n tou Artin 129

eÐnai mÐa par�stash thc G

�

L

�

K

�

me qarakt ra ton �

1

+ �

2

. Gia k�je P 2 P(K) èqoume

det

��

1

V

�NP

�s

�(')

�

�

�

V

G

T

�

= det

��

1

V

�NP

�s

�

1

(') � �

2

(')

�

�

�

V

G

T

�

= det

h

�

1

V

1

�NP

�s

� �

1

(')

�

�

�

V

G

T

1

i

� det

h

�

1

V

2

�NP

�s

� �

2

(')

�

�

�

V

G

T

2

i

;

diìti

(V

1

� V

2

)

G

T

= V

G

T

1

� V

G

T

2

kai sunep¸c to je¸rhma. ut

Je¸rhma 6.2.5 'Estw

L

�

K

peperasmènh epèktash tou Galois kai L

0

èna endi�meso s¸ma

tètoio ¸ste h epèktash

L

0

�

K

na eÐnai epÐshc Galois. 'Estw �

0

ènac qarakt rac thc G

�

L

0

�

K

�

kai èstw � o qarakt rac (lifting) tou �

0

, dhlad ,

G C

G

�

H

g

gH

�

0

�

�(g) := �

0

(gH) gia k�je g 2 G

ìpou H := G

�

L

�

L

0

�

Tìte L

�

s; �;

L

�

K

�

= L

�

s; �

0

;

L

0

�

K

�

.

Apìdeixh:

K

G = G

�

L

�

K

�

L

0

H = G

�

L

�

L

0

�

L

f1g

G

�

L

0

�

K

�

�

=

G

�

H

'Estw Q 2 P(L). Q \ L

0

= Q

0

, Q \K = P . 'Estw '

Q

�

P

ènac automorfismìc tou Frobenius

thc

L

�

K

gia ta

Q

�

P

. Gnwstì ìti

'

Q

0

�

P

= '

Q

�

P

�

�

�

L

0
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eÐnai ènac automorfismìc tou Frobenius gia

Q

0

�

P

. 'Estw V dianusmatikìc q¸roc pepera-

smènhc di�stashc =C kai �

0

: G

�

L

0

�

K

�

�! GL(V ) mÐa par�stash thc G

�

L

0

�

K

�

me qarakt ra

ton �

0

. H par�stash thc G

�

L

�

K

�

, �, pou eÐnai lifting thc �

0

G

�

L

�

K

�

GL(V )

G

�

L

0

�

K

�

=

G

�

H

g

gH

�

�

0

eÐnai mÐa par�stash me qarakt ra tou �. Epeid 

G

T

�

Q

0

�

P

�

=

n

g

�

�

L

0

�

�

�

g 2 G

T

�

Q

�

P

�

o

èqoume:

V

G

T

(Q=P )

=

n

x 2 V j �(g)(x) = x;8g 2 G

�

Q

�

P

�

o

=

n

x 2 V j �

0

(gj

L

0

)(x) = x;8g 2 G

T

�

Q

�

P

�

o

=

n

x 2 V j �

0

(g

0

)(x) = x;8g

0

2 G

T

�

Q

0

�

P

�

o

= V

G

T

(Q

0

=P )

:

Gia ìla loipìn ta P 2 P(K), isqÔei

det

h�

1

V

�NP

�s

�('

Q

�

P

)

�

jV

G

T

(

Q

�

P

)

i

= det

h�

1

V

�NP

�s

�

0

('

Q

�

P

jL

0

)

�

jV

G

T

(

Q

�

P

)

i

= det

h�

1

V

�NP

�s

� �

0

('

Q

0

�

P

)

�

jV

G

T

(

Q

0

�

P

)

i

;

dhlad  to zhtoÔmeno. ut

Sth sunèqeia ja anaferjoÔme se mÐa polÔ shmantik  idiìthta twn L-seir¸n tou Artin h

opoÐa qrei�zetai perissìtera stoiqeÐa apì thn jewrÐa parast�sewn peperasmènwn om�dwn

kai èna polÔ shmantikì je¸rhma aut c, to je¸rhma tou Brauer (  Brauer-Tate).

H sqèsh an�mesa stouc qarakt rec thc G kai stouc qarakt rec twn upoom�dwn thc H

eÐnai jemeli¸douc shmasÐac gia thn melèth thc dom c thc G. An � mÐa par�stash thc G

� : G �! GL(V ), ìpou V C -dianusmatikìc q¸roc peperasmènhc di�stashc kai H < G. O
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periorismìc thc � sthn H �

�

�

H

eÐnai, profan¸c, par�stash thc H. An � o qarakt rac

thc � tìte me �j

H

ja sumbolÐzoume kai p�li periorismì tou � sthn H.

Profan¸c h apeikìnish periorismìc eÐnai grammik  kai diathreÐ to ginìmeno qarakt -

rwn. Epomènwc ep�gei ènan fusikì omomorfismì

res :

^

G �!

^

H:

K�ti to opoÐo den eÐnai tìso profanèc eÐnai ìti up�rqei epÐshc mÐa apeikìnish apì

^

H !

^

G h

opoÐa epÐshc orÐzetai kat� entel¸c fusiologikì trìpo.

'Estw g

i

, i � i � m, èna pl rec sÔsthma antipros¸pwn twn pleurik¸n om�dwn thc H

wc proc thn G kai  mÐa par�stash me pÐnakec thc H bajmoÔ d. EpekteÐnoume ton orismì

thc  se ìla ta stoiqeÐa thc G jètontac

 (g) := [0]

d�d

8g 2 G�H:

Me thn bo jeia thc  orÐzoume t¸ra mÐa apeikìnish  

�

: G �!M

md

(C ) wc ex c:

 

�

(g) =

�

 (g

i

gg

�1

j

)

�

(6.1)

O  

�

(g) eÐnai loipìn ènac m�m-pÐnakac o opoÐoc sthn (i; j)-jèsh tou èqei ton d�d-pÐnaka

 (g

i

gg

�1

j

). IsqÔei to:

H apeikìnish  

�

ìpwc orÐzetai sthn 6.1 eÐnai mÐa par�stash thc G bajmoÔ [G :H]�deg  

(dec [16], selÐda 135).

'Estw t¸ra S = fHg

i

j 1 � i � mg.

H G dr� p�nw sto S wc ex c:

�

g

(Hg

i

) = Hg

i

g gia k�je g 2 G:

H dr�sh aut  orÐzei mÐa met�jesh tou sunìlou S. Akìmh isqÔei �

x

�

y

= �

xy

gia x; y 2 G.

Epomènwc h apeikìnish

�

H

(g) = �

g

eÐnai omomorfismìc thc G sthn summetrik  om�da S

m

twn stoiqeÐwn tou S. An K =

Ker�

H

tìte

g 2 K () g stajeropoieÐ k�je Hg

i

() 8i; 1 � i � m;Hg

i

g = Hg

i

() g 2 g

�1

i

Hg

i

8i = 1; 2; : : : ;m;
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dhlad 

K =

m

\

i=1

H

g

i

:

H �

H

(G)

�

=

G

�

K

eÐnai isìmorfh me mÐa om�da metajèsewn tou S kai dr� metabatik�

epÐ tou S. Gi' autì ja lègetai h �

H

h (metabatik ) par�stash metajèsewn thc S. Geni-

k¸tera, k�je omomorfismìc thc G mèsa sthn summetrik  om�da enìc sunìlou S ja lègetai

par�stash metajèsewn thc G epÐ tou S.

An t¸ra, eidik�, H = f1g (perÐptwsh idiaÐterhc spoudaiìthtac) tìte K = Ker�

H

= f1g

opìte � = �

H

eÐnai ènac isomorfismìc thc G mèsa sthn summetrik  om�da twn jGj-

stoiqeÐwn. H par�stash aut  ja lègetai omal  (regular) par�stash thc G.

T¸ra isqÔei to ex c:

Je¸rhma 6.2.6 'Estw H < G kai  h tetrimmènh par�stash thc H. H par�stash  

�

thc G eÐnai h par�stash metajèsewn tou S (S = fHg

i

j 1 � i � mg). IdiaÐtera an H/G

tìte h  

�

eÐnai h regular par�stash thc

G

�

H

. (Dec [16], selÐda 135.)

Orismìc 6.2.7 H  

�

ja lègetai h par�stash thc G h epagomènh apì thn par�stash  

thc H. Sun jwc ja thn sumbolÐzoume

 

�

= Ind

G

H

 

An � o qarakt rac thc  tìte ja sumbolÐzoume me �

�

= Ind

G

H

� ton (epagìmeno) qarakt ra

thc  

�

.

QwrÐc apìdeixh p�li anafèroume merikèc idiìthtec:

1. �

�

(g) :=

1

[H :1]

X

u2G

�

�

ugu

�1

�

; gia k�je g 2 G

2. �

�

(g) = 0, ìtan to g den eÐnai suzugèc stoiqeÐou thc H.

3. An Ker� / G tìte Ker� � Ker�

�

.

4. An H / G, tìte Ker�

�

� Ker�.

5. IsodÔnamec parast�seic thc H ep�goun ton Ðdio qarakt ra thc G.
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6. An H � K � G kai � qarakt rac thc H kai èstw ~� o qarakt rac thc K pou

ep�getai apì ton �, tìte

�

�

= (~�)

�

:

7. Sthn

^

G orÐzoume eswterikì ginìmeno

h�

1

; �

2

i

G

:=

1

jGj

X

g2G

�

1

(g)�

2

(g):

All� kai sthn H èqoume to Ðdio.

O nìmoc antistrof c tou Frobenius m�c dÐnei:

h�

1

; �

2

j

H

i

H

= hInd

G

H

�

1

; �

2

i

G

:

Ed¸ �

1

eÐnai qarakt rac thc H kai �

2

qarakt rac thc G.

T¸ra eÐmaste se jèsh na diatup¸soume to:

Je¸rhma 6.2.8 'Estw mÐa

L

�

K

epèktash tou Galois algebrik¸n swm�twn arijm¸n. 'Estw

K �M � L endi�meso s¸ma kai èstw � qarakt rac thc H := G

�

L

�

M

�

kai �

�

=: Ind

G

H

�

o apì ton � epagìmenoc qarakt rac thc G = G

�

L

�

K

�

. Tìte isqÔei:

L

�

s; Ind

G

H

�;

L

�

K

�

= L

�

s; �;

L

�

M

�

:

Apìdeixh: 'Opwc kai pio mprost�, an P 2 P(K) kai Q 2 P(L) tètoio ¸ste Q \K = P oi

om�dec analÔsewc kai adraneÐac ja sumbolÐzontai me G

Z

= G

Z

�

Q

�

P

�

kai G

T

= G

T

�

Q

�

P

�

antÐstoiqa. UpenjumÐzoume ìti

G

Z

�

G

T

�

=

G = Gal

�

L

�

K

�

ìpou L kai K ta s¸mata upoloÐpwn

(residue �elds) twn L kai K wc proc Q kai P antÐstoiqa. EpÐshc me '

Q

�

P

ja sumbolÐzoume

ènan automorfismì tou Frobenius, '

Q

�

P

2 G

Z

.

'Estw t¸ra V k�poioc C -dianusmatikìc q¸roc me dim

C

V = d <1. An

� : H �! GL(V )

eÐnai mÐa par�stash thc H h opoÐa èqei san qarakt ra ton dosmèno � kai

�

�

:= Ind

G

H

� : G := G

�

L

�

K

�

�! GL(V

�

)

h epagomènh apì ton � par�stash thc G, tìte h �

�

èqei san qarakt ra ton �

�

:= Ind

G

H

�.
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An t¸ra Q

1

; Q

2

; : : : ; Q

t

eÐnai oi pr¸toi tou L oi opoÐoi diairoÔn to P 2 P(K) kai q

i

oi

upokeÐmenoi twn Q

i

pr¸toi tou M , q

i

= Q

i

\M , tìte arkeÐ na apodeÐxoume ìti:

L

M

K

Q

1

Q

2

� � �

Q

t

q

1

q

2

� � �

q

t

P 2 P(K)

det

h�

Id

V

�

�NP

�s

� �

�

('

Q

1

�

P

)

�

�

�

�

V

�

G

T

(

Q

1

�

P

)

i

=

t

Y

i=1

det

��

Id

V

�Nq

�s

i

� �('

Q

i

�

q

i

)

�

�

�

�

V

G

T

(

Q

i

�

q

i

)

�

: (6.2)

H idèa gia ton upologismì thc �

�

eÐnai h epilog  kat�llhlou sust matoc antipros¸pwn twn

pleurik¸n om�dwn thc

G

�

H

. Gia k�je j = 1; 2; : : : ; t èstw �

j

2 G tètoio ¸ste �

j

(Q

1

) = Q

j

(gnwrÐzoume ìti autì p�ntote up�rqei diìti h dr�sh thc G sto sÔnolo fQ

1

; Q

2

; : : : ; Q

t

g eÐnai

metabatik ), kai m

j

:= e

�

q

i

�

P

�

� f

�

q

i

�

P

�

.

JewroÔme tic om�dec an�lushc

G

Z

j

:= G

Z

�

Q

j

�

p

�

kai G

0

Z

j

:= G

Z

�

Q

j

�

q

j

�

:

EÐnai gnwstì ìti G

0

Z

j

= G

Z

j

\H. 'Estw G

Z

j

=

m

j

�

[

�=1

G

0

Z

j

� 

j�

h an�lush thc G

Z

j

se dexièc

pleurikèc om�dec wc proc thn G

0

Z

j

(

j�

2 G

Z

j

).

MÐa an�lush t¸ra thc G se pleurikèc om�dec thc H eÐnai h akìloujh:

G =

�

[

j2f1;2;::: ;tg

�

[

�2f1;2;::: ;m

j

g

H � 

j�

� �

j

: (6.3)

Apìdeixh thc (6.3).

To pl joc twn pleurik¸n om�dwn eÐnai

t

X

j=1

m

j

. EpÐshc, [G : H] = (M : K) =

t

X

m=1

m

j

.

Epomènwc arkeÐ na deÐxoume ìti oi H � 

j�

� �

j

dÐdoun an� dÔo diaforetikèc metaxÔ touc

pleurikèc om�dec. Pr�gmati, èstw H � 

j�

� �

j

= H � 

k�

� �

k

. Autì shmaÐnei ìti to stoiqeÐo

� := 

j�

�

j

�

�1

k

2 H = G

�

L

�

M

�

kai sunep¸c

�(q

k

) = q

k

: (6.4)
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Apì thn �llh meri�,

�(q

k

) = 

j�

�

j

�

�1

k



�1

k�

(q

k

):

T¸ra, epeid  

k�

2 G

Z

k

, èpetai ìti 

k�

(q

k

) = q

k

, opìte

�(q

k

) = 

j�

�

j

�

�1

k

(q

k

) = 

j�

�

j

(q

1

) = 

j�

(q

j

) = q

j

: (6.5)

Apì tic sqèseic (6.4) kai (6.5) èpetai ìti j = k. Autì shmaÐnei ìti

� = 

j�



�1

k�

2 G

Z

j

\H = G

0

Z

j

:

Epeid  ìmwc to sÔnolo f

j�

g apoteleÐ pl rec sÔsthma antipros¸pwn twn pleurik¸n kl�sewn

thc G

Z

j

wc proc thn G

0

Z

j

, èpetai ìti � = �, dhlad  h (6.3).

'Estw t¸ra R : H �! GL(d; C ) mÐa par�stash dia pin�kwn thc H h opoÐa antistoiqeÐ

sthn �. Lìgw thc (6.3), h epagìmenh par�stash

R

�

: G �! GL

�

d�(M : K); C

�

orÐzetai wc ex c:

R

�

(�) =

�

R(

k�

�

k

��

�1

j



j�

)

�

(j;�);(k;�)

kai eÐnai mÐa par�stash dia pin�kwn thc G pou antistoiqeÐ sthn �

�

.

Ed¸ (j; �) eÐnai o deÐkthc twn gramm¸n, (k; �) o deÐkthc twn sthl¸n kai R(�) = 0 gia

k�je � 2 G�H.

Apì ed¸ kai k�tw me Q ja sumbolÐzoume ton pr¸to Q

1

.

Gia na proqwr soume qreiazìmaste to akìloujo

L mma 6.2.9 An G perperasmènh om�da kai � qarakt rac (ìqi kat' an�gkh monodi�sta-

toc!) kai � : G �! GL(V ) mÐa par�stash thc G ston (peperasmènhc di�stashc) C -

dianusmatikì q¸ro V , me qarakt ra �, tìte h apeikìnish � :=

1

#(G)

�

X

�2G

�(�) eÐnai mÐa

probol  tou V ston

V

G

=

�

x 2 V

�

�

�(�)(x) = x gia k�je � 2 G

	

:
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Apìdeixh tou l mmatoc 6.2.9 An v 2 V tìte x := �(v) =

1

#G

�

P

�2G

�(�)(v), opìte,

gia k�je � 2 G, isqÔei:

�(�)(x) = �(�)(�(v)) =

1

#G

�

X

�2G

�(�)(�(�)(v))

=

1

#G

�

X

�2G

�(��)(v) =

1

#G

�

X

�2G

�(t)(v) = x;

diìti, ìtan to � diatrèqei ta stoiqeÐa thc G, to Ðdio k�nei kai to �� . Epomènwc, h apeikìnish

� eÐnai ènac endomorfismìc tou V ston V

G

� V .

Ja apodeÐxoume ìti tautodÔnamoc, dhlad  ìti �

2

= �, pr�gma pou sunep�getai ìti o

� eÐnai probol . Pr�gmati,

(� � �)(v) = �(�(v))

=

1

#G

�

X

�2G

�(�)(�(v))

=

1

#G

�

X

�2G

�(�)

 

1

#G

�

X

�2G

�(�)(v)

!

=

1

#G

�

 

1

#G

�

X

�2G

X

�2G

�(��)(v)

!

:

P�li, ìtan to � eÐnai stajerì kai to � diatrèqei ta stoiqeÐa thc G, tìte kai to �� diatrèqei

ta stoiqeÐa thc G. Epomènwc,

X

�2G

�(��)(v) =

X

�2G

�(�)(v);

opìte kai

X

�2G

 

X

�2G

�(�)(x)

!

=

�

�

G

�

�

�

X

�2G

�(�)(x):

Telik�, �

2

=

1

#G

�

X

�2G

�(�)(v) = �(v), dhlad  h � eÐnai probol , kai sunep¸c to l mma.

ut

ShmeÐwsh 6.2.10 Epiplèon isqÔei ìti dim

G

C

= �(G), ìpou

�(G) :=

1

#G

�

X

�2G

�(�):

Autì ìmwc den ja to qreiastoÔme sta epìmena.
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Apì to l mma 6.2.9 t¸ra èpetai ìti h � :=

1

e(Q=P )

�

X

�2G

T

(Q=P )

�

�

(�) eÐnai probol  tou

V

�

ston V

�

G

T

(Q=P )

. Epomènwc,

det

h

�

Id

V

�

�NP

�s

� �

�

('

Q

�

P

)

�

�

�

(V

�

)

G

T

(Q=P )

i

= det

2

4

Id

V

�

�

1

e(Q=P )

�NP

�s

�

X

�2G

T

(Q=P )

�

�

('

Q

�

P

� �)

3

5

: (6.6)

OmoÐwc, an

�

j

:=

1

e(Q

j

=q

j

)

�

X

�2G

T

(Q

j

=q

j

)

�(�)

tìte �

j

probol  tou V ston V

G

T

(Q

j

=q

j

)

(j = 1; 2; : : : ; t). Epomènwc,

det

�

�

Id

V

�Nq

�s

j

� �('

Q

j

�

q

j

)

�

�

�

V

G

T

(Q

j

=q

j

)

�

= det

�

Id

V

�Nq

�s

j

� �('

Q

j

�

q

j

) � �

j

�

: (6.7)

An � 2 G

T

�

Q

�

P

�

, tìte èqoume:

R

�

('

Q

�

P

� �) =

�

R(

k�

�

k

'

Q

�

P

��

�1

j



�1

j�

)

�

(j;�);(k;�)

:

To � = 

k�

�

k

'

Q

�

P

��

�1

j



�1

jk

apeikonÐzei to Q

j

sto Q

k

, �(Q

j

) = Q

k

.

T¸ra gia � 2 G nH, èqoume R(�) = 0 en¸, an � 2 H tìte �(q

j

) = q

j

. Epomènwc k = j

kai

R

�

('

Q

�

P

� �) =

2

6

6

6

4

A

1;�

0

.

.

.

0 A

t;�

3

7

7

7

5

(6.8)

ìpou

A

j;�

=

�

R(

j�

�

j

'

Q

�

P

��

�1

j



�1

j�

)

�

(�;�):

Sth sunèqeia ja eklèxoume kat�llhlo sÔsthma suntetagmènwn (pl rec sÔsthma a-

ntipros¸pwn twn pleurik¸n om�dwn) f

j�

g thc G

Z

j

wc proc thn G

0

Z

j

.

Kat' arq n upenjumÐzoume ìti

'

Q

j

=P

= �

j

'

Q

�

P

�

�1

j

:

'Estw

�

�

j;a

�

�

a 2 f1; 2; : : : ; e(q

i

=p)g

	

èna pl rec sÔsthma antipros¸pwn twn pleurik¸n om�-

dwn thc G

T

j

wc proc thn G

T

�

Q

j

�

p

�

.
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G

0

Z

j

G

0

T

j

G

T

j

G

Z

j

G

0

Z

j

�G

T

j

e

�

q

j

�

p

�

m

j

f

�

Q

j

�

q

j

�

f

�

q

j

�

p

�

H om�da

G

Z

j

�

G

T

j

eÐnai kuklik  t�xhc f

�

Q

j

�

p

�

paragomènh apì ton automorfismì tou

Frobenius '

Q

j

=p

. Sunep¸c kai h

G

Z

j

�

G

0

Z

j

�G

T

j

eÐnai kuklik  t�xhc f(q

i

=p).

'Ena pl rec sÔsthma antipros¸pwn twn pleurik¸n om�dwn thc G

Z

j

wc proc thn G

0

Z

j

�G

T

j

eÐnai to

�

'

`

Q

j

�

p

�

�

` 2 f0; 1; 2; : : : ; f(q

j

=p)�1g

	

:

Epomènwc, èna pl rec sÔsthma antipros¸pwn twn pleurik¸n om�dwn thc G

Z

j

wc proc thn

G

0

Z

j

ja eÐnai to sÔnolo

�

�

j;a

� '

`

Q

j

�

p

�

�

a 2 f1; 2; : : : ; e(q

i

=p); ` 2 f0; 1; 2; : : : ; f(q

i

=p)� 1g

	

:

Wc proc to <<kainoÔrgio>> autì sÔsthma oi pÐnakec A

j;�

gr�fontai:

A

j�

=

�

R(�

j;a

'

l

Q

j

�

P

�

j

'

Q

�

P

��

�1

j

'

�m

Q

j

�

P

�

�1

j;b

)

�

(a;l);(b;m)

ìpou to (a; l) eÐnai deÐkthc gramm c kai to (b;m) deÐkthc st lhc.

'Otan � 2 G

T

1

= G

T

�

Q

1

�

p

�

diatrèqei thn om�da G

T

1

ta �

j

��

�1

j

diatrèqoun thn om�da

G

T

j

= G

T

�

Q

j

�

P

�

. Epomènwc,

A

j

=

X

�2G

T

1

A

j;�

=

X

�2G

T

j

�

R(�

j;a

'

l+1

Q

j

�

p

�'

�m

Q

j

�

p

�

�1

j;b

)

�

(a;l);(b;m)

:

T¸ra G

T

j

E G

Z

j

, opìte � �'

�m

Q

j

�

P

= '

�m

Q

j

�

P

� � kai, ìtan to � diatrèqei ta stoiqeÐa thc G

T

j

, to

Ðdio k�noun tìso ta �

j;a

� ìso kai ta �

j;a

��

�1

j;b

.
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Sunep¸c,

A

j

=

X

�2G

T

j

�

R('

l+1�m

Q

j

�

p

) � �

�

(a;l);(b;m)

(6.9)

=

2

6

6

6

4

B

j

� � � B

j

.

.

.

.

.

.

B

j

� � � B

j

3

7

7

7

5

; (6.10)

ìpou

B

j

=

0

@

X

�2G

T

j

R('

l+1�m

Q

j

�

P

) � �

1

A

(l;m)

eÐnai e

�

q

j

�

P

�

�e

�

q

j

�

P

�

-blocks kai a; b 2

�

1; 2; : : : ; e

�

q

j

�

P

�	

.

To � 2 G

T

j

= G

T

�

Q

j

�

P

�

kai to '

l+1�m

Q

j

�

P

2 G

Z

j

= G

Z

�

Q

j

�

P

�

. Epomènwc, '

l+1�m

Q

j

�

P

� � 2 H

an kai mìno an

8

>

>

>

<

>

>

>

:

'

l+1�m

Q

j

�

P

2 G

0

Z

j

= G

Z

�

Q

j

�

q

j

�

kai

� 2 G

T

j

= G

T

�

Q

j

�

q

j

�

9

>

>

>

=

>

>

>

;

:

T¸ra, '

l+1�m

Q

j

�

P

2 G

0

Z

j

an kai mìno an l + 1�m � 0 (mod f

�

q

i

�

P

�

). Epomènwc,

B

j

=

2

6

6

6

6

6

6

6

6

6

6

4

0 c

j

0

.

.

. 0 c

j

.

.

.

.

.

.

0 0 c

j

D

j

0

3

7

7

7

7

7

7

7

7

7

7

5

:

Gia l := f

�

q

j

�

P

�

� 1 kai gia m = 0 paÐrnoume to

D

j

=

X

�2G

0

T

j

R

�

'

Q

j

�

q

j

�

�

= R

�

'

Q

j

�

q

j

�

� c

j

;

ìpou c

j

=

X

t2G

0

T

j

R(�). (UpenjumÐzoume ìti qrhsimopoi same thn gnwst  idiìthta Frobenius

'

f(

q

j

�

P

)

Q

j

�

P

= '

Q

j

�

q

j

.)
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SunoyÐzontac ìla ta parap�nw, èqoume:

det

2

4

Id

V

�

�

1

e

�

Q

�

P

�

�NP

�s

�

X

�2G

T

�

�

�

'

Q

�

P

� �

�

3

5

=

t

Y

j=1

det

 

I �

NP

�s

e

�

Q

�

P

�

�A

j

!

;

det

 

I �

NP

�s

e

�

Q

�

P

�

�A

j

!

= det

 

I � e

�

q

j

P

�

�

NP

�s

e

�

Q

�

P

�

� B

j

!

kai

det

 

I � e

�

q

j

�

P

�

�

NP

�s

e

�

Q

�

P

�

�B

j

!

= det

2

6

6

6

6

6

6

6

6

6

6

4

I �p

j

c

j

0

.

.

.

.

.

.

.

.

.

.

.

.

0

.

.

.

�p

j

c

j

�p

j

D

j

0 : : : : : : : I

3

7

7

7

7

7

7

7

7

7

7

5

;

ìpou p

j

:=

NP

�s

e

�

Q

j

�

q

j

�

�

e

�

Q

�

P

�

:= e

�

Q

j

�

P

�

= e

�

Q

j

�

q

j

�

� e

�

q

j

�

P

�

�

. Telik�,

det

 

I �

NP

�s

e

�

q

�

P

�

� A

j

!

= det

�

I � p

j

�D

j

� (p

j

� c

j

)

f(q

i

=p)�1

�

= det

�

I �R('

Q

j

�

q

j

) � (p

j

� c

j

)

f(

q

i

�

p

)

�

= det

0

B

B

@

I �Nq

�s

j

� R('

Q

j

�

q

j

) �

2

6

4

1

e

�

Q

j

�

q

j

�

�

X

�2G

0

T

j

R(�)

3

7

5

f(

q

j

�

P

)

1

C

C

A

= det

�

Id

V

�Nq

�s

j

� �('

Q

j

�

q

j

)

�

� �

f(

q

j

�

p

)

j

= det

�

Id

V

�Nq

�s

j

� �('

Q

j

�

q

j

) � �

j

�

;

dhlad  to je¸rhma. ut

Pìrisma 6.2.11 'Estw

L

�

K

mÐa epèktash tou Galois algebrik¸n swm�twn arijm¸n. IsqÔei

�

L

(s) = �

K

(s) �

Y

� an�g.

� 6=�

0

L

�

s; �;

L

�

K

�

�(1)

;

ìpou to � diatrèqei ìlouc touc an�gwgouc qarakt rec thc G

�

L

�

K

�

, � 6= �

0

.
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Apìdeixh: 'Estw L

0

endi�meso s¸ma tètoio ¸ste K � L

0

� L kai

L

0

�

K

Galois. An �

0

o

tetrimmènoc qarakt rac thc G

�

L

�

L

0

�

, �

0

(g) = 1 gia k�je g 2 G

�

L

�

L

0

�

= H. H

L

0

�

K

eÐnai

epèktash tou Galois. Epomènwc h H eÐnai kanonik  upoom�da thc G = G

�

L

�

K

�

.

To je¸rhma 6.2.6 loipìn dÐnei: O Ind

G

H

�

0

eÐnai o qarakt rac pou eÐnai lifted apì ton

omalì (regular) qarakt ra �

r

thc

G

�

H

= Gal

�

L

0

�

K

�

. Epomènwc,

�

L

0

(s) =

Y

Q

0

2P(L

0

)

�

1�NQ

0

�s

�

�1

= L

�

s; �

0

;

L

�

L

0

�

j.6:2:8

= L

�

s; Ind

G

H

�

0

;

L

�

K

�

j.6:2:5

= L

�

s; �

r

;

L

0

�

K

�

:

T¸ra, èstw L

0

= L,) �

r

= Ind

G

H

�

0

o omalìc (regular) qarakt rac thc G

�

L

�

K

�

. Epomènwc

�

r

=

X

� an�g.

�(1) � � (dec [16], selÐda 96, je¸rhma 6.1.4)

=) �

L

(s) = L

�

s;

X

� an�g.

�(1)��;

L

�

K

�

j.6.2.4

=

Y

� an�g.

L

�

s; �;

L

�

K

�

�(1)

:

An �

0

o kÔrioc qarakt rac thc G

�

L

�

K

�

(�

0

(g) = 1 8g 2 G) èqoume �

0

(1) = 1, opìte:

�

L

(s) = L

�

s; �

0

;

L

�

K

�

�

Y

� an�g.

� 6=�

0

L

�

s; �;

L

�

K

�

�(1)

= �

K

(s) �

Y

� an�g.

� 6=�

0

L

�

s; �;

L

�

K

�

�(1)

ut

To arqikì prìblhma pou endièfere ton Artin  tan an eÐnai swst  h eikasÐa ìti

�

L

(s)

�

�

K

(s)

eÐnai olìmorfh s' ìlo to migadikì epÐpedo.

To teleutaÐo pìrisma m�c deÐqnei ìti h olomorfÐa thc

�

L

(s)

�

�

K

(s)

ja  tan �mesh sunèpeia

thc:

EIKASIAS TOU ARTIN: Gia k�je an�gwgo qarakt ra � 6= �

0

h L-seir� tou Artin

L

�

s; �;

L

�

K

�

epekteÐnetai olìmorfa s' ìlo to C .

Ti gnwrÐzoume mèqri s mera gia thn eikasÐa tou Artin?
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Kat' arq n ja  tan Ðswc euktaÐa h apìdeixh thc merìmorfhc epèktashc thc

L

�

s; �;

L

�

K

�

s' ìlo to C . Par� thn prosp�jei� tou o Artin den ta kat�fere. H apìdei-

xh  rje argìtera apì ton R. Brauer.

To sÔnolo twn qarakt rwn mi�c om�dac G eÐnai kleistì wc proc thn prìsjesh kai wc

proc ton pollaplasiasmì. Gia lìgouc eukolÐac orÐzoume san <<qarakt ra>> kai thn dia-

for� dÔo qarakt rwn. Tètoiouc qarakt rec ja touc lème genikeumènouc qarakt rec.

'Enac genikeumènoc qarakt rac thc G eÐnai loipìn mÐa sun�rthsh kl�sewn (class function)

thc G (migadik , afoÔ emeÐc douleÔoume sto C ). To er¸thma eÐnai: Pìte mÐa sun�rthsh

kl�sewn (class function) � thc G eÐnai genikeumènoc qarakt rac thc G? Ex orismoÔ, an

� eÐnai ènac genikeumènoc qarakt rac thc G kai H � G (tuqoÔsa) tìte �

�

�

H

eÐnai epÐshc

genikeumènoc qarakt rac thc G. Dhlad  o � ja eÐnai genikeumènoc qarakt rac k�je upo-

om�dac H thc G. To je¸rhma tou Brauer bebai¸nei kai to antÐstrofo: An � sun�rthsh

kl�sewn (class function) thc G tètoia ¸ste o periorismìc �

�

�

E

eÐnai genikeumènoc qarakt rac

thc G gia ìlec tic stoiqei¸deic (elementary) upoom�dec thc E, tìte o � eÐnai genikeumènoc

qarakt rac thc G.

H al jeia thc parap�nw prìtashc eÐnai �mesh sunèpeia tou:

Je¸rhma 6.2.12 (Jemeli¸dec je¸rhma tou Brauer) K�je qarakt rac thc G eÐnai

grammikìc sunduasmìc qarakt rwn thc G me suntelestèc apì to Z, oi opoÐoi qarakt rec

ep�gontai apì grammikoÔc (monodi�statouc!) qarakt rec twn stoiqeiwd¸n (elementary)

upoom�dwn thc G.

Apìdeixh: (Dec [3], selÐda 135, [16], selÐdec 160-170.) ut

Orismìc 6.2.13 MÐa om�da E ja lègetai stoiqei¸dhc (elementary) ìtan eÐnai eujÔ gi-

nìmeno mi�c p-om�dac kai mi�c kuklik c q-om�dac, p; q 2 P, p 6= q.

'Estw t¸ra � 6= �

0

an�gwgoc qarakt rac thc G

�

L

�

K

�

. Ton gr�foume, sÔmfwna me to

je¸rhma tou Brauer, sthn morf 

� =

k

X

j=1

m

j

�

�

j

ìpou m

j

2 Z kai �

�

j

o epagìmenoc qarakt rac tou grammikoÔ qarakt ra �

j

thc stoi-

qeÐ¸douc (elementary) upoom�dac H

j

thc G.
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'Estw K

j

to s¸ma stajer¸n stoiqeÐwn thc H

j

kai L

j

to s¸ma twn stajer¸n stoiqeÐwn

tou Ker�

j

.

K

G

�

L

�

K

�

K

j

H

j

= G

�

L

�

K

j

�

L

j

Ker�

j

L

f1g

H epèktash

L

j

�

K

j

eÐnai kuklik  kai o monodi�sta-

toc qarakt rac thc �

j

eÐnai lifted tou grammikoÔ

pistoÔ qarakt ra,

�

0

j

: G

�

L

j

�

K

j

�

=

H

j

�

Ker�

j

�! C

ìpou � �Ker�

j

7�! �

j

(�):

Lìgw twn jewrhm�twn 6.2.4, 6.2.8 kai 6.2.5 èqoume:

L

�

s; �;

L

�

K

�

=

k

Y

j=1

L

�

s; �

�

j

;

L

�

K

�

m

j

=

k

Y

j=1

L

�

s; �

j

;

L

�

K

j

�

m

j

=

k

Y

j=1

L

�

s; �

0

j

;

L

j

�

K

j

�

m

j

:

T¸ra

L

j

�

K

j

eÐnai kuklik  kai �

0

j

ènac qarakt rac thc, �ra apì to je¸rhma 6.2.2 sunep�getai

ìti

L

�

s; �

0

j

;

L

j

�

K

j

�

= L(s; ~�

j

):

Telik� èqoume:

L

�

s; �;

L

�

K

�

=

k

Y

j=1

L

�

s; ~�

j

�

m

j

dhlad  to <<jaÔma>> oi L-seirèc tou Artin na eÐnai ginìmeno dun�mewn abelian¸n L-seir¸n

me ekjètec akeraÐouc.

To parap�nw je¸rhma se sunduasmì me to je¸rhma 4.2.3, 4., selÐda 99 mac dÐnei to
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Je¸rhma 6.2.14 Gia k�je an�gwgo qarakt ra � thc G

�

L

�

K

�

, � 6= �

0

, h L

�

s; �;

L

�

K

�

epekteÐnetai merìmorfa s' ìlo to migadikì epÐpedo.

ShmeÐwsh: An to je¸rhma tou Brauer m�c exasf�lize m

j

2 N, ja eÐqame san sumpèrasma

thn eikasÐa tou Artin. Ed¸ ac shmeiwjeÐ ìti h par�stash � =

P

m

j

�

�

j

den eÐnai monadik .

Ac epanal�boume loipìn to er¸thma: TÐ eÐnai gnwstì gia thn eikasÐa tou Artin?

(aþ) EÐnai gnwst  gia parast�seic � di�stashc 1. S' aut n thn perÐptwsh tautÐzontai oi

L-seirèc tou Artin m' autèc tou Hecke gia tic opoÐec eÐnai gnwst  h olìmorfh epèktash.

Tic seirèc tou Hecke den ja tic orÐsoume ed¸. Apl� mìno ja upenjumÐsoume ìti h

tautìthta aut  eÐnai o nìmoc antistrof c tou Artin. Oi Artin kai Hecke, par�

to ìti erg�zontan sto Ðdio panepist mio (Hamburg), oudèpote suneidhtopoÐhsan thc

diasundèseic pou eÐqan ta ereunhtik� touc apotelèsmata. Autì ègine gia pr¸th for�

apì ton Langlands arq c genomènhc apì thn dekaetÐa tou 60 tou opoÐou h <<filosofÐa>>

èqei san stìqo thn dhmiourgÐa mi�c mh-abelian c class �eld theory.

(bþ) Gia merikèc parast�seic di�stashc 2, sugkekrimèna gia ekeÐnec pou h probolik  eikìna

thc G

�

L

�

K

�

mèsw thc �, ~�

�

G

�

L

�

K

��

�

=

D

2n

; A

4

; S

4

,

G

�

~�

GL

2

(C )

PGL

2

(C ) =

GL

2

(C )

�

C

�

(D

2n

eÐnai h dÐedrh om�da t�xhc 2n.) Gia tic A

4

, S

4

ta apotelèsmata eÐnai thc dekaetÐac tou

70, arqèc dekaetÐac tou 80 kai ofeÐlontai stouc Langlands, Tunnell.

Merik� sugkekrimèna paradeÐgmata eÐnai gnwst� sthn perÐptwsh tou ~�(G) = A

5

kai

ofeÐlontai ston J. Buhler (Lecture Notes in Math. 654 (1978)). EpÐshc parapèmpoume ton

endiaferìmeno anagn¸sth sto [12].

'Ena shmantikì prìsfato apotèlesma sqetik� me thn eikasÐa tou Artin eÐnai to akìloujo:

Je¸rhma 6.2.15 (K. Buzzard, M. Dickinson, N. Shepherd-Barron, R. Taylor)

An � : Gal

�

Q

�

Q

�

�! GL

2

(C ) an�gwgh par�stash Galois kai ~� : Gal

�

Q

�

Q

�

�! PGL

2

(C )

h epagìmenh probolik  par�stash thc � tètoia ¸ste

1. H eikìna thc ~�, Im(~�), na eÐnai isìmorfh proc thn om�da A

5

,
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2. h ~� na eÐnai mh-diakladizomènh stouc pr¸touc 2 kai 5, kai

3. o automorfismìc tou Frobenius thc ~� ston pr¸to 2 èqei t�xh 3

tìte h � epalhjeÔei thn eikasÐa tou Artin.

ShmeÐwsh 6.2.16 To apotèlesma autì eÐnai upì dhmosÐeush. Anakoin¸jhke sto Sunèdrio

thc Journees Arithmetiques ton IoÔlio tou 1999 sth R¸mh.

Ja prèpei akìmh na parathr soume ìti h L-seir� tou Artin orÐzetai topik�, dhlad  kat'

arq n gia k�je P 2 P(K). MÐa mh-topik  prosèggish ìpwc stic abelianèc L-seirèc den

eÐnai mèqri s mera gnwst . 'Iswc p�ntwc autìc eÐnai o lìgoc pou mac dhmiourgeÐ duskolÐec

sthn epèktas  thc s' ìlo to C .

Tèloc ja prèpei na poÔme ìti h L-seir� tou Artin pollaplasiasmènh me kat�llhlouc

<<�-par�gontec>> dÐnei thn �

�

s; �;

L

�

K

�

gia thn opoÐa èqoume mÐa sunarthsiak  exÐswsh

�

�

s; �;

L

�

K

�

= W (x)�(1�s; �)

ìpou W (�) mÐa stajer� me jW (�)j = 1 (Artin's Wurzelzahl), h opoÐa èqei jemeli¸dec

arijmhtikì perieqìmeno.

Ja kleÐsoume thn par�grafo me èna par�deigma. 'Estw G = G

�

L

�

K

�

�

=

S

3

. H S

3

èqei

3-kl�seic suzugÐac: C

1

: (1), C

2

: (1; 2; 3); (3; 2; 1) kai C

3

: (1; 2); (2; 3); (3; 1). Epomènwc

èqei 3-an�gwgouc qarakt rec. 'Estw  

1

o kÔrioc,  

2

autìc pou stèlnei ta stoiqeÐa tou

C

1

[C

2

sto +1 kai ta stoiqeÐa thc C

3

sto �1.

Oi  

1

;  

2

eÐnai monodi�statoi 1

2

+ 1

2

+ n

2

3

= #

�

�

S

3

�

�

= 6 =) n

3

= 2 =) o  

3

ja eÐnai

di�stashc 2. Oi sqèseic orjogwniìthtac (je¸rhma (6.1.8), selÐda 123) dÐnoun:

 

1

(g) +  

2

(g) + 2 

3

(g) =

8

>

<

>

:

6; ìtan g = 1

0; alli¸c:

PÐnakac twn qarakt rwn

 

1

 

2

 

3

C

1

1 1 2

C

2

1 1 �1

C

3

1 �1 0
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UpologÐzoume t¸ra touc epagìmenouc qarakt rec �

�

pou antistoiqoÔn stouc qarakt rec

� twn upoom�dwn thc S

3

.

(i) H = A

3

�

�

1

�

�

2

�

�

3

C

1

2 2 2

C

2

2 �1 �1

C

3

0 0 0

(ii) H = f1; (1; 2)g

�

�

4

�

�

5

C

1

3 3

C

2

0 0

C

3

1 �1

(iii) H = f1g

�

�

6

C

1

6

C

2

0

C

3

0

Apì touc parap�nw pÐnakec blèpei kaneÐc ìti èqoume tic akìloujec sqèseic:

�

�

1

=  

1

+  

2

; �

�

2

= �

�

3

=  

3

;

�

�

4

=  

1

+  

3

; �

�

5

=  

2

+  

3

kai

�

�

6

=  

1

+  

2

+ 2 

3

:

H S

3

t¸ra eÐnai h om�da tou Galois k�je mh-abelian c epèktashc tou Galois

L

�

K

bajmoÔ

6. An K

1

kai K

2

eÐnai ta s¸mata stajer¸n stoiqeÐwn twn A

3

kai f1; (12)g antÐstoiqa, tìte

[K

1

:K] = 2 kai [K

2

:K] = 3, epomènwc

L

�

K

1

kai

L

�

K

2

abelianèc epekt�seic.

Akìmh

K

1

�

K

epÐshc abelian : 'Eqoume loipìn

�

L

(s) = L

�

s; �

0

;

L

�

L

�

= L

�

s;  

1

+  

2

+ 2 

3

;

L

�

K

�

= L

�

s;  

1

;

L

�

K

�

� L

�

s;  

2

;

L

�

K

�

� L

�

s;  

3

;

L

�

K

�

2

�

K

1

(s) = L

�

s; �

0

;

L

�

K

1

�

= L

�

s;  

1

+  

2

;

L

�

K

1

�

= L

�

s;  

1

;

L

�

K

�

� L

�

s;  

2

;

L

�

K

�

�

K

2

(s) = L

�

s; �

0

;

L

�

K

2

�

= L

�

s;  

1

+  

3

;

L

�

K

�

= L

�

s;  

1

;

L

�

K

�

� L

�

s;  

3

;

L

�

K

�
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kai

�

K

(s) = L

�

s; �

0

;

L

�

K

�

= L

�

s;  

1

;

L

�

K

�

:

Lìgw twn gnwst¸n idiot twn t¸ra èqoume

L

�

s;  

2

;

L

�

K

�

= L

�

s; �

5

;

K

1

�

K

�

kai

L

�

s;  

3

;

L

�

K

�

= L

�

s; �

2

;

L

�

K

1

�

Epomènwc oi L

�

s;  

2

;

L

�

K

�

kai L

�

s;  

3

;

L

�

K

�

eÐnai olìmorfec sunart seic. Sumptwmatik�,

to par�deigma deÐqnei ìti h eikasÐa tou Artin eÐnai swst  gia Gal

�

L

�

K

�

= S

3

.

Mèsw thc parap�nw jewrÐac brÐskoume sqèseic an�mesa stic z ta sunart seic algebri-

koÔ s¸matoc arijm¸n L kai twn uposwm�twn autoÔ. Sqèseic an�mesa stic diakrÐnousec

kai tou omalopoiht  (Regulator) tou L kai twn uposwm�twn m�c dÐnoun sqèseic an�mesa

stouc arijmoÔc kl�sewn. Proc aut  thn kateÔjunsh èqoume pollèc ergasÐec.

H pr¸th eÐnai h R. Brauer, Beziehungen zwischen Klassenzahlen von Teilk�orpern eines

galoisscher K�orpers, Math. Nach. 4 (1951), 158-174. Anafèroume kai mÐa prìsfath: Ch.

Parry, Bicyclic Bicubic Fields, Can. J. Math. Vol XLII (1990), 491-507.

6.3 DÔo lìgia gia tic eikasÐec tou Stark

Se mÐa seir� tess�rwn polÔ shmantik¸n ergasi¸n o H. M. Stark sto Advances in Math-

ematics (apì to 1971 mèqri to 1980) epexèteine thn jewrÐa kai diatÔpwse eikasÐec gia ton

stajerì ìro tou anaptÔgmatoc Taylor mi�c L-seir�c tou Artin sthn jèsh s = 0. Tic eika-

sÐec tou autèc apèdeixe sthn perÐptwsh pou to s¸ma K = Q   tetragwgikì migadikì s¸ma

arijm¸n. Se eidikèc peript¸seic shmantik  eÐnai h suneisfor� tou Sands (dekaetÐa tou 80).

Oi eikasÐec mporoÔn na jewrhjoÔn san polÔ platei� kai bajei� genÐkeush tou tÔpou gia

ton arijmì kl�sewn tou Dirichlet kai tou limit formula tou Kronecker. O Stark

protim� thn tim  thc L-seir�c sthn jèsh s = 0 kai ìqi s = 1. Ta epiqeir mat� tou ja ta

deÐte sto �rjro tou Values of Zeta and L-functions (Dedekinds Festschrift, Braunschweig

1981).
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Fusik� h melèth aut  sthn jèsh s = 0 den  tan dunat  thn epoq  tou Dedekind, diìti

h sunarthsiak  exÐswsh thc �

K

(s) apodeÐqjhke gia pr¸th for� to 1917 apì to Hecke kai

twn L-seir¸n tou Artin sthn dekaetÐa tou 1920.

XanajumÐzoume ìti, an K algebrikì s¸ma arijm¸n tìte

(1) lim

s!1

(s�1)�

K

(s) =

2

r

1

�(2�)

r

2

�h

K

�RegK

w

p

jD

K

j

,

ìpou n = (K : Q) = r

1

+ 2r

2

. 'Estw t¸ra

(2) �

K

(s) :=

�

jD

K

j

2

2r

2

�

n

�

s=2

� (s=2)

r

1

�(s)

r

2

�

K

(s).

H sunarthsiak  exÐswsh tìte eÐnai:

(3) �

K

(s) = �

K

(1�s).

Apì tic (1) kai (2) sunep�getai ìti

lim

s!1

(s�1)�

K

(s) =

jD

K

j

1=2

2

r

2

�

n=2

� �

r

1=2

�

2

r

1

+r

2

�

r

2

h

K

�R

w

p

jD

K

j

�(1=2) =

p

�

�(1) = 1

n=2 = r

1

=2 + r

2

�

�

�

�

�

�

�

�

�

= 2

r

1

h

K

�RegK

w

:

H (3) sunep�getei ìti

lim

s!1

(s�1)�

K

(s) = lim

s!1

(s�1)�

K

(1�s)

= lim

s!0

(�s)�

K

(s)

= 2

r

1

�

h

K

�Reg

K

w

All�

lim

s!0

(�s)�

K

(s) = lim

s!0

(�s)�(s=2)

r

1

�(s)

r

2

�

K

(s):

H �

K

(s) eÐnai olìmorfh sto s = 0, h �-sun�rthsh ìmwc èqei stic jèseic �m;m 2 N

0

pìlouc pr¸thc t�xhc me upìloipa

(4) lim

z!�m

(z+m)�(z) =

(�1)

m

m!

.

(dec [30], selÐda 261).

To upìloipo sthn jèsh s = 0 eÐnai loipìn 1, opìte:

lim

s!0

(�s)�

K

(s) = lim

s!0

�

K

(s)

s

r

1

�r

2

�1

�

1

2

r

1

�

h

s

2

�

�

s

2

�i

r

1

� [s��(s)]

r

2

= �

1

2

r

1

� lim

s!0

�

K

(s)

s

r
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me r := r

1

+ r

2

� 1. 'Eqoume loipìn:

(5) lim

s!0

�

K

(s)

s

r

= �

h

K

�Reg

K

w

'Estw t¸ra

L

�

K

epèktash tou Galois algebrik¸n swm�twn arijm¸n, G = G

�

L

�

K

�

, kai

� ènac qarakt rac k�poiac par�stashc thc G.

XanajumoÔmaste autì pou eÐpame, kai den apodeÐxame piì mprost�, ìti an

�(s; �) =

�

kat�llhloi �-par�gontec

�

� L

�

s; �;

L

�

K

�

tìte

(6) �(1�s; �) = W (�)�(s; �)

ìpou

�

�

W (�)

�

�

= 1.

Gia touc prosektikoÔc kai akribolìgouc,

�(s; �) =

�

jD

K

j�Nf

�

�

n(K)�(1)

�

s=2

�

�

s

2

�

a

 

�

�

s+ 1

2

�

b

� L

�

s; �;

L

�

K

�

!

ìpou f eÐnai o odhgìc tou � wc proc to K, n(K) = (K :Q) kai a+ b = n(K)��(1).

EikasÐa tou Stark

'Estw ìti o � den perièqei ton �

1

sthn an�lus  tou se an�gwgouc. Tìte

L

�

1; �;

L

�

K

�

=

W (�)�2

a

��

b

(jD

K

jN f)

1=2

��(�)�R(�)

  isidÔnama,

lim

s!0

L

�

s; �;

L

�

K

�

s

�

= �(x)�R(x)

ìpou �(�) 2

~

Q (algebrikìc arijmìc) kai R(�) h orÐzousa enìc a�a pÐnaka tou opoÐou ta

stoiqeÐa eÐnai grammikèc morfèc apì logarÐjmouc apolÔtwn tim¸n mon�dwn tou

s¸matoc K kai twn suzug¸n tou.

'Estw t¸ra K = Q kai �

0

2 Gal

�

L

�

Q

�

o Q-automorfismìc tou L pou stèlnei ta

stoiqeÐa tou L sta migadik� suzuz  touc an L * R kai �

0

= 1 alli¸c.

'Estw A(�) = (a

ij

(�)), � 2 G, mÐa par�stash me pÐnakec thc G

�

L

�

Q

�

h opoÐa èqei san

qarakt ra ton �. MporoÔme na upojèsoume ìti o A(�) eklèqthke ètsi ¸ste

A(�

0

) =

�

I

a

0

0

�I

b

�
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Up�rqei mÐa mon�da " tou L tètoia ¸ste �

0

(") = " kai up�rqei akrib¸c mÐa sqèsh an�mesa

stic r(L)+1 mon�dec "

��1

gia � 2 G

0

, ìpou G

0

pl rec sÔsthma arister¸n antipros¸pwn

thc G, G modulo thn upoom�da f1; �

0

g, kai h sqèsh aut  eÐnai

Y

�2G

0

"

�

�1

= �1:

'Estw t¸ra

(7)

�

�

�

�

�

�

�

�

�

�

c

ij

:=

X

�2G

a

ij

(�) log j"

�

j

1 � i � a

1 � j � b

Me ta c

ij

ìpwc sthn (7) èqoume

Je¸rhma 6.3.1 (Je¸rhma tou Stark) 'Estw � rhtìc qarakt rac. Tìte h eikasÐa i-

sqÔei gia

R(�) = R(�; ") = det(c

ij

):

Orismìc 6.3.2 O qarakt rac � ja lègetai rhtìc ìtan paÐrnei timèc sto Q , dhlad  ìtan

gia k�je � thc om�dac tou Galois G

�

L

�

K

�

isqÔei �

�

= �.

'Ena spoudaÐo biblÐo gia k�poio an�logo semin�rio eÐnai to [39]. Tèloc anafèroume kai

to pio prìsfato [32].

TELOS
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