GiĹnnh A. AntwniĹdh Tmăma Majhmatikÿn, Panepistămio Krăthc

JewrÐa Arijmÿn II

L-seirèc

’Ekdosh EPEAEK <<PROMHJEAS>> Panepistămio Krăthc HrĹkleio, 1999

Sto guiì mac ton prwtìtoko, ton Antÿnh.

ii

Perieqìmena

Eisagwgă v 1 Zăta sunartăseic kai L-seirèc 1

1.1 Qaraktărec peperasmènwn abelianÿn omĹdwn . . . . . . . . . . . . . . . . . 1 1.2 Seirèc tou Dirichlet (genikìthtec) . . . . . . . . . . . . . . . . . . . . . . . . 9 1.3 Seirèc tou Dirichlet (tupikèc idiìthtec) . . . . . . . . . . . . . . . . . . . . . 18 1.4 Oi L-seirèc tou Dirichlet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 1.5 Merìmorfh epèktash kai sunarthsiakă exÐswsh thc ζ(s) . . . . . . . . . . . 25

2 H zăta sunĹrthsh algebrikÿn swmĹtwn arijmÿn 35

2.1 Katanomă akeraÐwn idewdÿn se klĹseic . . . . . . . . . . . . . . . . . . . . . 35 2.2 H zăta sunĹrthsh tou Dedekind algebrikoÔ sÿmatoc arijmÿn . . . . . . . . 52 2.2.1 Orismìc kai idiìthtec . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 2.2.2 Upologismìc tou arijmoÔ klĹsewn mèsw tou Jewrămatoc (2.2.2) . . 54 2.3 O tÔpoc tou arijmoÔ klĹsewn gia tetragwnikĹ sÿmata arijmÿn . . . . . . . 60 2.3.1 TetragwnikĹ migadikĹ sÿmata arijmÿn. . . . . . . . . . . . . . . . . 60 2.3.2 TetragwnikĹ pragmatikĹ sÿmata arijmÿn. . . . . . . . . . . . . . . . 63

3 Arijmìc klĹsewn idewdÿn abelianÿn epektĹsewn tou Q 67

3.1 H anĹlush thc zăta sunĹrthshc abelianÿn epektĹsewn tou Q . . . . . . . . 67 3.2 O arijmìc klĹsewn tou L = Q (ζ_p ), p ∈ P, p ≠ 2 . . . . . . . . . . . . . . . . 71

4 Abelianèc L-seirèc 91

4.1 Jewrămata puknìthtac prÿtwn idewdÿn . . . . . . . . . . . . . . . . . . . . 91 4.2 Abelianèc L-seirèc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 iii

4.3 To Jeÿrhma puknìthtac tou Čebotarev. . . . . . . . . . . . . . . . . . . . 102

5 StoiqeÐa jewrÐac klĹsewn swmĹtwn 107

5.1 H apeikìnish tou Artin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 5.2 Apìdeixh thc prÿthc anisìthtac gia epektĹseic tou Galois: L/K . . . . . . 116

6 Oi L-seirèc tou Artin 121

6.1 Orismìc twn L-seirÿn tou Artin . . . . . . . . . . . . . . . . . . . . . . . . 121 6.2 Idiìthtec twn L-seirÿn tou Artin . . . . . . . . . . . . . . . . . . . . . . . . 126 6.3 DÔo lìgia gia tic eikasÐec tou Stark . . . . . . . . . . . . . . . . . . . . . . 147

BibliografÐa 151

Eisagwgă

Prÿtoc o Euler, katĹ ton 18^o aiÿna, ìrise thn zăta sunĹrthsh kai èkane qrăsh twn idiotătwn thc gia na dÿsei mÐa epiplèon, allĹ entelÿc diaforetikă, apìdeixh tou gnwstoÔ Jewrămatoc tou EukleÐdh ìti upĹrqoun Ĺpeiroi prÿtoi arijmoÐ.

H anĹptuxh thc migadikăc anĹlushc katĹ ton 19^o aiÿna èdwse nèa ÿjhsh sth qrăsh analutikÿn mejìdwn gia thn apìdeixh apotelesmĹtwn thc JewrÐac twn Arijmÿn. O Dirichlet ìrizei tic omÿnumec L-seirèc kai apodeiknÔei, metaxÔ Ĺllwn, ìti se kĹje arijmhtikă prìodo {a + kn|(a, n) = 1, k ∈ Z} upĹrqoun Ĺpeiroi prÿtoi arijmoÐ. O Kummer apodeiknÔei shmantikĹ apotelèsmata sqetikĹ me thn eikasÐa tou Fermat. H zăta sunĹrthsh meletĹtai apì ton Riemann gia migadikă metablhtă kai, èktote, apokaleÐtai proc timă tou zăta sunĹrthsh tou Riemann. AkoloujeÐ o orismìc thc zăta sunĹrthshc tou Dedekind algebrikoÔ

sÿmatoc arijmÿn kajÿc kai twn abelianÿn L-seirÿn.

Stic arqèc tou 20^{ou} aiÿna orÐzontai oi L-seirèc tou Artin, oi opoÐec apoteloÔn genÐkeush autÿn tou Dirichlet kai thc zăta sunĹrthshc tou Dedekind. ’Ena megĹlo mèroc

thc JewrÐac KlĹsewn SwmĹtwn (Class Field Theory) sthrÐzetai stic idiìthtec autÿn

twn seirÿn. Tìsh eÐnai h epirroă autÿn twn ideÿn stic mèrec mac, ÿste o G. Harder na parathrăsei:

<<H zăta sunĹrthsh gnwrÐzei ta pĹnta gia to algebrikì sÿma arijmÿn. Den èqoume parĹ na thn peÐsoume na mac ta apokalÔyei.>>

(Dec [34], selÐda 113.)

KÔrioc skopìc tou biblÐou eÐnai mÐa eisagwgă ston fantastikì autìn klĹdo thc JewrÐac twn Arijmÿn. To perieqìmenì tou poikÐllei, wc proc ton bajmì duskolÐac, anĹloga me to kefĹlaio.

Sto prÿto kefĹlaio meletoÔme idiìthtec thc zăta sunĹrthshc tou Riemann kai twn Lseirÿn tou Dirichlet. Gia thn katanìhsă twn apaitoÔntai apokleistikĹ gnÿseic migadikăc anĹlushc.

Sth sunèqeia, sto deÔtero kefĹlaio, meletoÔme thn katanomă twn akeraÐwn idewdÿn algebrikoÔ sÿmatoc arijmÿn se klĹseic idewdÿn, orÐzoume thn zăta sunĹrthsh tou Dedekind algebrikoÔ sÿmatoc arijmÿn kai meletoÔme ton arijmì klĹsewn idewdÿn tetragwnikÿn swmĹtwn arijmÿn.

Sto trÐto kefĹlaio meletoÔme ton arijmì klĹsewn idewdÿn abelianÿn epektĹsewn tou sÿmatoc twn rhtÿn arijmÿn (kuklotomikÿn swmĹtwn).

Sto tètarto kefĹlaio meletoÔme jewrămata puknìthtac prÿtwn idewdÿn. KÔria ergaleÐa prosèggishc tou jèmatoc autoÔ apoteloÔn oi idiìthtec twn abelianÿn L-seirÿn kai korwnÐda apoteleÐ h apìdeixh tou jewrămatoc tou Čebotarev, to opoÐo genikeÔei to jeÿrhma tou Dirichlet gia arijmhtikèc proìdouc. H katanìhsh tou perieqomènou tou deÔterou, trÐtou kai tètartou kefalaÐou proôpojètei gnÿseic enìc, metaptuqiakoÔ epipèdou, majămatoc algebrikăc jewrÐac arijmÿn, ìpwc, paradeÐgmatoc qĹrh, autèc perigrĹfontai stic shmeiÿseic [2].

Sto pèmpto kefĹlaio gÐnetai mikră eisagwgă sth JewrÐa KlĹsewn SwmĹtwn. Sto èkto kefĹlaio meletÿntai oi idiìthtec twn L-seirÿn tou Artin (mh-abelianèc L-seirèc). Sto kefĹlaio autì apaitoÔntai, pèran twn Ĺllwn, kai gnÿseic jewrÐac parastĹsewn peperasmènwn omĹdwn. En suntomÐa anafèrontai orismoÐ kai idiìthtec. Gia mÐa plărh anĹptuxh thc apaitoÔmenhc jewrÐac parapèmpoume sto [3].

To kefĹlaio autì kleÐnei me mÐa mikră anaforĹ stic eikasÐec tou Stark. Prokeimènou na krathjeÐ o ìgkoc tou biblÐou se anektĹ ìria den sumperilĹbame Ĺllec zăta sunartăseic kai L-seirèc, ìpwc autèc twn algebrikÿn swmĹtwn sunartăsewn miĹc metablhtăc me sÿma stajerÿn èna peperasmèno sÿma, L-seirèc twn modular sunartăsewn, k.l.p., oÔte anaferjăkame sth shmasÐa pou èqoun oi L-seirèc elleiptikÿn kampulÿn gia thn melèth thc arijmhtikăc autÿn twn kampulÿn.

’Ola autĹ ja apotelèsoun, elpÐzoume, to perieqìmeno enìc Ĺllou biblÐou. To perieqìmeno tou parìntoc biblÐou èqei didaqjeÐ eÐte san metaptuqiakì mĹjhma eÐte san mĹjhma melèthc se metaptuqiakoÔc foithtèc tou Tmămatìc mac. Ta sqìlia kai oi parathrăseic touc ătan gia mèna polÔ qrăsima.

To biblÐo ekdÐdetai mèsw tou progrĹmmatoc EPEAEK <<PROMHJEAS>> tou PanepisthmÐou Krăthc. Jermèc euqaristÐec qrwstÿ ston upeÔjuno tou progrĹmmatoc An. Kajhthtă kÔrio Giÿrgo TzirÐta. Tèloc ja ăjela na euqaristăsw ton ptuqioÔqo Majhmatikì Pantelă StoupĹ kajÿc kai ton metaptuqiakì foithtă tou Tmămatoc Epistămhc Upologistÿn David J. McClurkin gia thn exairetikĹ epimelhmènh hlektronikă epexergasÐa tou keimènou.

GiĹnnhc A. AntwniĹdhc, Kajhghtăc HrĹkleio, Oktÿbrioc 1999

KefĹlaio 1

Zăta sunartăseic kai L-seirèc

1.1 Qaraktărec peperasmènwn abelianÿn omĹdwn

Orismìc 1.1.1 ’Estw G mÐa peperasmènh omĹda. KĹje omomorfismìc omĹdwn χ : G −→ C^∗ ja lègetai qaraktărac thc G.

To ginìmeno dÔo qaraktărwn χ kai χ^′ thc G orÐzetai wc exăc: ( χ · χ^′ ) (g) := χ(g)χ^′(g) gia kĹje stoiqeÐo g thc G.

O antÐstrofoc enìc qaraktăra χ thc omĹdac G orÐzetai χ^{−1}(g) := χ(g)^{−1} gia kĹje stoiqeÐo g thc G.

JewroÔme to sÔnolo ^G = {χ | χ qaraktărac thc G}. Profanÿc to sÔnolo ^G apoteleÐ omĹda me prĹxh ton pollaplasiasmì qaraktărwn.

Jeÿrhma 1.1.2 An G eÐnai peperasmènh abeliană omĹda tìte ^G ∼= G. IdiaÐtera

isqÔei: [ ^ G : 1 ] = [ G : 1 ] . Apìdeixh: H omĹda G analÔetai se eujÔ Ĺjroisma kuklikÿn omĹdwn. An g_1, g_2, . . . , g_k oi

gennătorec autÿn twn kuklikÿn omĹdwn tĹxewn n_1, n_2, . . . , n_k antÐstoiqa, tìte kĹje g ∈ G grĹfetai sthn morfă g = g^{r1}_1 g^{r2}_2 . . . g^{rk}_k , r_1, r_2, . . . , r_k ∈ Z

An χ ∈ ^G kai χ(g_i) = ξ_i (i = 1, 2, . . . , k) tìte ξ^{ni}_i = χ(g_i)^{ni} = χ(g^{ni}_i ) = χ(e) = 1 kai χ(g) = χ ( g^{r1}_1 g^{r2}_2 . . . g^{rk}_k ) = χ(g_1)^{r1} χ(g_2)^{r2} . . . χ(g_k)^{rk} = ξ^{r1}_1 ξ^{r2}_2 . . . ξ^{rk}_k dhladă ξ_i n_i-rÐzec thc monĹdac kai o χ orÐzetai mèsw twn ξ_i.

AntÐstrofa, an ξ_1, ξ_2, . . . , ξ_k ∈ C^∗ me ξ^{ni}_i = 1 , i = 1, 2, . . . , k tìte h χ : G → C^∗ χ ( g^{r1}_1 g^{r2}_2 . . . g^{rk}_k ) := ξ^{r1}_1 ξ^{r2}_2 . . . ξ^{rk}_k eÐnai qaraktărac. UpĹrqei loipìn mÐa amfimonosămanth antistoiqÐa anĹmesa stouc qaraktărec χ thc G kai stic k-Ĺdec (ξ_1, ξ_2, . . . , ξ_k) me ξ^{ni}_i = 1 ìpou to ginìmeno twn qaraktărwn antistoiqeÐ sto ginìmeno twn ξ_i. Sunepÿc ^G ∼= {(ξ_1, ξ_2, . . . , ξ_k) ∈ C^∗ | ξ^n1_1 = ξ^n2_2 = . . . = ξ^nk_k = 1}

∼= ZŒ_{n1} Z × ZŒ_{n2} Z × · · · × ZŒ_{nk} Z ∼= G. ⊓⊔

Paratărhsh: An G peperasmènh tìte χ(g) eÐnai rÐza thc monĹdac, dhladă gia kĹje g ∈ G

èqoume ìti |χ(g)| = 1 ⇒ χ(g)χ(g) = 1, opìte mporoÔme na orÐsoume ton suzugă qaraktăra χ tou χ wc exăc: χ(g) := χ(g) ∀ g ∈ G.

Orismìc 1.1.3 ’Estw N ∈ Nr{0}. KĹje qaraktărac thc Z^∗_N = { n(modN) | (n, N) = 1 } ja lègetai qaraktărac Dirichlet mod N.

Apì ton orismì èqoume ìti o χ orÐzetai mìno sta n gia ta opoÐa (n, N) = 1. EpekteÐnome loipìn ton orismì wc exăc:

χ(n) := χ (n mod N), ìtan (n, N) = 1 0, ìtan (n, N) > 1 kai ja to onomĹzoume kai pĹli qaraktăra tou Dirichlet.

’Wste qaraktărac tou Dirichlet mod N eÐnai mÐa sunĹrthsh χ : Z → C me tic exăc idiìthtec:

1. χ(n) = 0 ⇐⇒ (n, N) > 0

2. χ pollaplasiastikă, dhladă χ(mn) = χ(m)χ(n) ∀ m, n ∈ Z

3. χ(n) exartĹtai mìno apì n mod N Apì to Jeÿrhma 1.1.2 èqoume ìti ∃ ! φ(N) = N ∏ p|N ( 1 − 1 p ) qaraktărec tou Dirichlet mod N.

ParadeÐgmata:

1. ∀N ∈ N \ {0} o kÔrioc qaraktărac mod N orÐzetai wc exăc:

χ_0(n) :=

1, ìtan (n, N) = 1 0, ìtan (n, N) > 1 2. Gia N = 2 èqoume φ(N) = 1 , sunepÿc o χ_o eÐnai monadikìc qaraktărac mod 2.

Gia N = 3, 4, 6 èqoume ìti φ(N) = 2 opìte upĹrqei akìmh ènac ektìc tou kurÐou p.q. gia N = 3

n 0 1 2 3 4 5 6 . . . ε_3(n) 0 1 −1 0 1 −1 0 . . .

gia N = 4 n 0 1 2 3 4 5 6 . . .

ε_4(n) 0 1 0 −1 0 1 0 . . .

gia N = 5, φ(N) = 5 ( 1 − 1 5 ) = 4 upĹrqoun akìma 3 qaraktărec

n (mod 5) 0 1 2 3 4 0 1 i −i −1 χ(n) 0 1 −1 −1 1 0 1 −i i −1 3. An p ∈ P to sÔmbolo tou Legendre (Kronecker) eÐnai qaraktărac Dirichlet mod p ( n p ) = 0, ìtan o p diaireÐ to n 1, ìtan o p den diaireÐ to n kai n tetragwnikì upìloipo mod p −1, ìtan p den diaireÐ to n kai n ìqi tetragwnikì upìloipo mod p

Jeÿrhma 1.1.4 An χ qaraktărac Dirichlet mod N tìte isqÔei h

S := ∑ n mod N χ(n) = φ(N), gia χ = χ_o 0, gia χ ≠ χ_o

(1.1)

Apìdeixh: An χ = χ_o, profanÿc S = φ(N). An χ ≠ χ_o tìte ∃ n_o mod N, (n_o, N) = 1,

tètoio ÿste χ(n_o) ≠ 1. ’Otan to n diatrèqei èna plărec sÔsthma antiprosÿpwn prÿtwn klĹsewn upoloÐpwn mod N to Ðdio kĹnei kai to nn_o (dhladă (n, N) = 1 ⇔ (nn_o, N) = 1). Sunepÿc S = ∑ n mod N χ(n_on) = χ(n_o)S Ĺra, epeidă χ(n_o) ≠ 1, èqome ìti S = 0. ⊓⊔

Pìrisma 1.1.5 An χ_1 , χ_2 eÐnai qaraktărec tou Dirichlet mod N tìte 1 φ(N) ∑ n(mod N)

χ_1(n)χ_2(n) =

1, ìtan χ_1 = χ_2 0, ìtan χ_1 ≠ χ_2

(1.2)

Apìdeixh: Efarmìzoume to jeÿrhma gia ton qaraktăra χ := χ_1χ_2. ⊓⊔

EĹn tÿra ajroÐsoume wc prìc touc qaraktărec, èqoume to akìloujo jeÿrhma.

Jeÿrhma 1.1.6 Gia kĹje akèraio n isqÔei ∑ χ χ(n) = φ(N), ìtan n ≡ 1 (mod N) 0, ìtan n ≢ 1 (mod N) ìpou to χ sthn Ĺjroish diatrèqei ìlouc touc qaraktărec Dirichlet mod N.

Apìdeixh: An n ≡ 1 (mod N) tìte gia ìlouc touc qaraktărec Dirichlet mod N χ isqÔei

ìti χ(n) = 1. To plăjoc autÿn eÐnai φ(N). Epomènwc, ìtan n ≡ 1 (mod N) èqoume to zhtoÔmeno.

An tÿra (n, N) > 1 to jeÿrhma isqÔei diìti gia ìlouc touc qaraktărec Dirichlet mod N ja isqÔei χ(n) = 0. ’Estw loipìn n ≢ 1 (mod N), (n, N) = 1 kai χ_1 ènac qaraktărac tou Dirichlet mod N tètoioc ÿste χ_1(n) ≠ 1. UpĹrqei tètoioc qaraktărac diìti oi qaraktărec χ me χ(n) = 1 eÐnai qaraktărec thc omĹdac phlÐkwn (ZŒ_N Z )_∗ / ⟨n⟩ thc opoÐac h tĹxh eÐnai mikrìterh thc tĹxhc thc (ZŒ_N Z )_∗ . ’Eqoume loipìn: ( 1 − χ_1(n) ) ∑ χ χ(n) = ∑ χ [χ(n) − χ_1χ(n)] = ∑ χ χ(n) − ∑ χ χ(n) = 0.

Lìgw thc sqèshc χ_1(n) ≠ 1 èpetai ìti ∑ χ χ(n) = 0. ⊓⊔ Pìrisma 1.1.7 An a, b ∈ Z, (b, N) = 1, tìte isqÔei: 1 φ(N) ∑ χ χ(a)χ(b) = 1, ìtan a ≡ b (mod N) 0, ìtan a ≢ b (mod N) Apìdeixh: Efarmìzoume to jeÿrhma gia n, nb ≡ a (mod N). ⊓⊔

’Estw tÿra N_1 | N, N_1 ≠ N kai χ_1 ènac qaraktărac mod N_1. H sÔnjesh

Z^∗_N Z^∗_{N1} C^∗

χ_1

χ

ìpou h prÿth apeikìnish eÐnai h anagwgă mod N_1, orÐzei èna qaraktăra mod N. O χ ja lème ìti epĹgetai apì ton χ_1 kai ja lègetai mă prwtarqikìc, alliÿc ja lègetai

prwtarqikìc.

ShmeÐwsh: O kÔrioc qaraktărac χ_0 (modN) gia N > 1 den eÐnai potè prwtarqikìc diìti

epĹgetai apì ton tetrimmèno qaraktăra mod 1.

Gia kĹje qaraktăra tou Dirichlet χ (mod N) upĹrqei elĹqistoc fusikìc N_1 tètoioc ÿste o χ epĹgetai apì ton χ_1 (mod N_1) ìpou o χ_1 eÐnai prwtarqikìc mod N_1. Ton fusikì autìn ton N_1 ja ton onomĹzome odhgì tou qaraktăra χ.

Endiaferìmaste propantìc gia pragmatikoÔc qaraktărec (χ = χ) dhladă tètoiouc pou paÐrnoun timèc pragmatikoÔc arijmoÔc. Epeidă oi timèc touc eÐnai rÐzec thc monĹdac ă mhdèn oi qaraktărec autoÐ paÐrnoun timèc 0, −1, +1. To epìmeno jeÿrhma ja mac dÿsei ìlouc touc

prwtarqikoÔc pragmatikoÔc qaraktărec. Prÿta ìmwc dÐnoume ton parakĹtw orismì. Orismìc 1.1.8 ’Estw D akèraioc. O D ja lègetai jemeliÿdhc diakrÐnousa ìtan

isqÔoun:

• o D ≡ 1 (mod 4) kai den diaireÐtai me to tetrĹgwno akeraÐou megalÔterou tou èna (square free), ă

• o D ≡ 0 (mod 4), o D 4 eÐnai square free kai D 4 = 2 ă 3 (mod 4).

’Estw D jemeliÿdhc diakrÐnousa. OrÐzoume th sunĹrthsh χ_D : N −→ Z wc exăc:

1. χ_D (p) = ( D p ) , ìpou p ∈ P \ {2}

2. χ_D (2) =

0, ìtan D ≡ 0 (mod 4) 1, ìtan D ≡ 1 (mod 8) −1, ìtan D ≡ 5 (mod 8) 3. χ_D ( p^{n1}_1 p^{n2}_2 . . . p^{nk}_k ) = χ_D (p_1)^{n1} χ_D (p_2)^{n2} · · · χ_D (p_k)^{nk}

IsqÔei loipìn to akìloujo

Jeÿrhma 1.1.9 ’Estw D jemeliÿdhc diakrÐnousa. H sunĹrthsh n −→ χ_D (n) eÐnai periodikă mod | |D | | kai orÐzei ènan prwtarqikì qaraktăra tou Dirichlet mod | |D | |, ìpou

χ_D(−1) =

1, ìtan D > 0 −1, ìtan D < 0 KĹje prwtarqikìc pragmatikìc qaraktărac tou Dirichlet eÐnai qaraktărac thc morfăc χ_D.

Apìdeixh: ’Estw N = p^{r1}_1 p^{r2}_2 . . . p^{rk}_k h anĹlush tou N se ginìmeno prÿtwn paragìntwn.

Gia kĹje klĹsh a mod N orÐzoume tic <<sunistÿsec>> a_i a_i ≡ a mod p^{ri}_i a_i ≡ 1 mod N p^{ri}_i Jeÿrhma upoloÐpwn tou Kinèzou

Epomènwc èqoume a ≡ a_1a_2 . . . a_k (mod N).

OrÐzoume χ_i(a) := χ(a_i) ìpou χ kĹpoioc qaraktărac Dirichlet (modN). Profanÿc h χ_i eÐnai qaraktărac tou Dirichlet modp^{ri}_i kai χ(a) = χ(a_1)χ(a_2) . . . χ(a_k) = χ_1 (a) χ_2 (a) . . . χ_k (a) = (χ_1χ_2 . . . χ_k) (a), sunepÿc χ = χ_1χ_2 . . . χ_k. H parapĹnw anĹlush eÐnai monadikă. PrĹgmati an χ = χ^′_1χ^′_2 . . . χ^′_k tìte χ_i(a) = χ(a_i) = χ^′_1(a_i)χ^′_2(a_i) . . . χ^′_k(a_i) = χ^′_i(a_i) = χ^′_i(a) diìti χ^′_j(a_i) = 1 gia kĹje i ≠ j kaj’ ìson a_i ≡ 1 mod p^{rj}_j (j ≠ i). Sunepÿc χ_i = χ^′_i. ’Eqoume loipìn to akìloujo antimetajetikì diĹgramma:

(ZŒ_N Z )_∗ (ZŒ p^{r1}_1 Z )_∗ × (ZŒ_{pr22} Z )_∗ × · · · × (ZŒ_{prkk} Z )_∗

C^∗ χ

∼=

χ_1 × χ_2 × . . . × χ_k

Epomènwc o χ eÐnai prwtarqikìc qaraktărac mod N akribÿc tìte ìtan ìloi oi χ_i eÐnai

prwtarqikoÐ modp^{ri}_i . Gia thn taxinìmhsh ìlwn autÿn twn qaraktărwn arkeÐ na exetĹsoume

thn perÐptwsh N = p^r, p ∈ P.

1. ’Estw p ∈ P me p ≠ 2. EÐnai gnwstì ìti h omĹda (ZŒ_{pr} Z )_∗ eÐnai kuklikă. ’Estw x ènac gennătorac thc omĹdac autăc (prwtarqikă rÐza mod p^r!). An o qaraktărac χ eÐnai pragmatikìc kai χ ≠ χ_0 tìte ja prèpei χ(x) = −1 kai sunepÿc upĹrqei to polÔ ènac tètoioc qaraktărac. Apì thn Ĺllh meriĹ h apeikìnish n → ( n p ) eÐnai ènac pragmatikìc qaraktărac (modp^r) diĹforoc tou χ_0 o opoÐoc èqei odhgì to p. ’Wste, gia kĹje prÿto p ≠ 2, upĹrqei akribÿc ènac pragmatikìc prwtarqikìc qaraktărac χ (mod p). Autìc eÐnai o χ_p(n) = ( n p ) . Den upĹrqei pragmatikìc prwtarqikìc qaraktărac mod p^r gia r > 1.

2. EĹn p = 2 tìte gia r = 1 h omĹda

(ZŒ_2 Z )_∗ eÐnai tetrimmènh, dhladă èqei mìno ton qaraktăra χ = χ_0. Gia r = 2 èqoume

(ZŒ_{2r} Z )_∗ ∼ = ZŒ_2 Z, sunepÿc o ε^4 eÐnai o monadikìc qaraktărac diafo-

retikìc apì ton χ_0 o opoÐoc eÐnai prwtarqikìc. Gia r = 3 èqoume

(ZŒ_{2r} Z )_∗ ∼ = (ZŒ_2 Z ) × (ZŒ_2 Z ) kai upĹrqoun akribÿc 2 qaraktărec oi opoÐoi dÐnontai apì ton parakĹtw pÐnaka.

n (mod 8) 0 1 2 3 4 5 6 7 . . .

ε^′_8(n) 0 1 0 −1 0 −1 0 1 . . . ε^{′′}_8(n) 0 1 0 1 0 −1 0 −1 . . .

ε^′_8 kai ε^{′′}_8 eÐnai pragmatikoÐ prwtarqikoÐ qaraktărec. (An χ(3) = α kai χ(5) = β tìte χ(7) = χ(3 · 5) = αβ, α, β ∈ {−1, +1} kai apì tic tèsseric dunatìthtec pou èqoume oi dÔo mĹc dÐnoun touc mh-prwtarqikoÔc qaraktărec χ_0 kai ε_4). Gia r > 3 isqÔei ìti an n ≡ 1 (mod 8) tìte n ≡ k^2 mod 2^r ìpou k ∈ Z. (Dec [38], selÐda 241, Proposition A11.) Opìte gia χ pragmatikì èqoume ìti χ(n) = χ ( k^2 ) = χ^2(k) = (±1)^2 = 1,

dhladă o χ den mporeÐ na eÐnai prwtarqikìc. Epomènwc upĹrqei monadikìc pragmatikìc prwtarqikìc qaraktărac ε_4 mod 4 kai upĹrqoun dÔo pragmatikoÐ prwteÔontec qaraktărec ε^′_8 kai ε^{′′}_8 mod 8.

Gia r ≠ 2, 3 den upĹrqoun pragmatikoÐ prwtarqikoÐ qaraktărec mod 2^r.

’Oloi loipìn oi pragmatikoÐ prwtarqikoÐ qaraktărec èqoun odhgì thc morfăc:

1 ă 4 ă 8 epÐ ginìmeno perittÿn prÿtwn = 1 ă 4 ă 8 epÐ kĹpoion perittì <<square free>> akèraio.

KĹnontac tÿra qrăsh tou tetragwnikoÔ nìmou antistrofăc èqoume χ_p′ (n) = ( n p ) gia p^′ = (−1)^{p−1}2 p, p ≠ 2 kai

ε_4(n) = ( −4 n ) = χ_{−4} (n) ε^′_8(n) = ( 8 n ) = χ_8 (n) ε^{′′}_8(n) = ( −8 n ) = χ_{−8} (n).

Apì thn Ĺllh meriĹ to ginìmeno dÔo jemeliwdÿn dikrinousÿn D_1 kai D_2 me (D_1, D_2) = 1 eÐnai epÐshc jemeliÿdhc diakrÐnousa kai isqÔei χ_{D1D2} = χ_{D1} ·χ_{D2} . ApodeÐqthke dhladă ìti oi pragmatikoÐ prwtarqikoÐ qaraktărec eÐnai akribÿc oi χ_D ìpou to D ginìmeno prÿtwn metaxÔ touc arijmÿn apì to sÔnolo { −4, +8, −8, p prÿtoc ( an p ≡ 1 (mod 4) ) , −p ( an p ≡ 3 (mod 4) )} . Apì thn Ĺllh meriĹ kĹje jemeliÿdhc diakrÐnousa eÐnai autăc thc morfăc, dhladă D = m, −4m, 8m, −8m kai m square free, m ≡ 1 (mod 4).

Apomènei na apodeÐxome thn telikă èkfrash tou jewrămatoc. ArkeÐ na to doÔme gia diakrÐnousa −4, +8, −8, p (p ≡ 1 (mod 4)), −p (p ≡ 3 (mod 4)). PrĹgmati:

χ_{−4}(−1) = ε_4(−1) = −1 = sign(−4) χ_8(−1) = ε^′_8(−1) = 1 = sign(8) χ_{−8}(−1) = ε^{′′}_8(−1) = −1 = sign(−8)

χ_p′ (−1) = ( −1 p ) = 1, p ≡ 1 (mod 4) −1, p ≡ 3 (mod 4) to opoÐo eÐnai Ðso me sign(p^′).

⊓⊔ 1.2 Seirèc tou Dirichlet (genikìthtec)

Oi seirèc tou Dirichlet paÐzoun sthn analutikă jewrÐa arijmÿn, tìso shmantikì rìlo ìso oi dunamoseirèc sth jewrÐa migadikÿn sunartăsewn. Sth jewrÐa twn dunamoseirÿn paÐrnei kaneÐc thn sunĹrthsh z → z^n (n ∈ N) kai prospajeÐ opoiadăpote Ĺllh sunĹrthsh na thn parastăsei san Ĺpeiro grammikì sunduasmì tètoiwn. Stic seirèc Dirichlet paÐrnoume thn ekjetikă sunĹrthsh z −→ e^{−λz} (λ ∈ R) kai, afoÔ to R eÐnai uperarijmăsimo, periorizìmaste se mÐa akoloujÐa { z → e^{−λnz} } n∈N ìpou λ_n akoloujÐa pragmatikÿn arijmÿn me λ_1 < λ_2 < · · · < λ_n → ∞. H migadikă metablhtă ja sumbolÐzetai me s = σ + it.

Orismìc 1.2.1 MÐa seirĹ Dirichlet eÐnai mÐa seirĹ thc morfăc ∞∑ n=1 a_ne^{−λns} ìpou {λ_n} akoloujÐa pragmatikÿn arijmÿn me λ_1 < λ_2 < . . . < λ_n → ∞, a_n aujaÐretoi migadikoÐ arijmoÐ kai s = σ + it ∈ C .

ParadeÐgmata:

1. ’Estw ìti λ_n = n gia kĹje fusikì arijmì n. S’ autăn thn perÐptwsh dèn odhgoÔmaste se kammÐa kainoÔrgia jewrÐa diìti h antikatĹstash z = e^{−s} dÐnei thn morfă ∑ a_nz^n dhladă s’ autăn th perÐptwsh, h jewrÐa twn seirÿn Dirichlet tautÐzetai me th jewrÐa twn dunamoseirÿn.

2. ’Estw λ_n = log n, opìte h seirĹ grĹfetai ∞∑ n=1 a_n n^s . Aută th morfă ja qreiastoÔme kai m’ aută ja asqolhjoÔme parakĹtw. Apì edÿ kai pèra ja th lème sunăjh seirĹ Dirichlet.

To prÿto prìblhma pou ja exetĹsoume, eÐnai to pìte kai poÔ sugklÐnei mÐa seirĹ Dirichlet.

Gia tic dunamoseirèc gnwrÐzoume paradeÐgmatoc qĹrin thn Ôparxh thc aktÐnac sÔgklishc opìte gia λ_n = n kai z = e^{−s} pou eÐqame sto parĹdeigma (1) mporoÔme na bgĹloume to exăc sumpèrasma: upĹrqei σ_0 = log ( 1 R ) ∈ R tètoio ÿste h seirĹ tou Dirichlet sugklÐnei gia kĹje s = σ + it ∈ C me Re(σ) > σ_0, apoklÐnei gia kĹje s ∈ C

me Re(σ) < σ_0 enÿ den mporoÔme na poÔme tÐpota gia σ = σ_0. Skopìc mac tÿra eÐnai na to apodeÐxome gia ìlec tic seirèc tou Dirichlet. An kai h apìdeixh eÐnai Ðdia sthn genikă perÐptwsh emeÐc edÿ ja perioristoÔme, apì edÿ kai kĹtw, stic sunăjeic

seirèc Dirichlet.

Jeÿrhma 1.2.2 An h seirĹ Dirichlet ∞∑ n=1 a_n n^s sugklÐnei gia s = s_0, tìte sugklÐnei gia

ìla ta s me Re(s) > Re(s_0) kai mĹlista omoiìmorfa se sumpagă uposÔnola tou hmiepipèdou Re(s) > Re(s_0).

Apìdeixh: Ja apodeÐxome kĹti genikìtero, ìti dhladă se kĹje tìpo thc morfăc | |arg(s − s_0) | | ≤ π 2 − θ < π 2 èqoume omoiìmorfh sÔgklish, opìte teleiÿnoume afoÔ kĹje sumpagèc uposÔnolo tou hmiepipèdou Re(s) > Re(s_0) perièqetai se kĹpoio tètoio tìpo. Kat’ arqăn, qwrÐc periorismì thc genikìthtac, mporoÔme na upojèsoume ìti s_0 = 0. (_∞∑ n=1 a_n n^s = ∞∑ n=1 a_n n^{s0} · 1 n^{s−s0} = ∞∑ n=1 b_n n^{s−s0} opìte sÔgklish thc arqikăc seirĹc gia s = s_0 eÐnai isodÔnamh me th sÔgklish thc teleutaÐac gia s − s_0 = 0. )

AfoÔ loipìn ex upojèsewc sugklÐnei gia s_0 = 0 èqoume ìti h ∞∑ n=1 a_n sugklÐnei, dhladă

∀ ε > 0 ∃ N_0 ∈ N tètoioc ÿste |A(M, N)| ≤ ε gia ìla ta N > M ≥ N_0

ìpou A(M, N) := N∑ n=M a_n, A(N) := N∑ n=1 a_n kai A(M, M − 1) := 0.

Epomènwc gia N > M ≥ N_0 isqÔei N∑ n=M a_ne^{−λns} = N∑ n=M [ A(M, n) − A(M, n − 1) ] e^{−λns} = A(M, M)e^{−λM s} − A(M, M)e^{−λM+1 s} + A(M, M + 1)e^{−λM+1 s} − A(M, M + 1)e^{−λM+2 s} . . + A(M, N − 1)e^{−λN−1 s} − A(M, N − 1)e^{−λN s} + A(M, N)e^{−λN s} = N−1∑ n=M A(M, n) [ e^{−λns} − e^{−λn+1s} ] + A(M, N)e^{−λN s}. H parapĹnw diadikasÐa eÐnai to legìmeno lămma tou Abel. Tÿra | |e^{−λ}n^s − e^{−λ}n+1^s | | = | | s ∫_{λn+1} λn e^{−su}du | |

≤ |s| ∫_{λn+1} λn | |e^{−su} | |du = |s| ∫_{λn+1} λn e^{−σu}du = |s| σ ( e^{−λnσ} − e^{−λn+1σ} ) . Gia s mèsa sthn perioqă pou orÐsame, èqoume: |s| σ = 1 cos | arg s| ≤ 1 cos (_π 2 − θ ) = 1 sin θ

opìte, gia σ > 0, èqoume | | | | N∑ n=M a_ne^{−λns} | | | | ≤ N−1∑ n=M | |A(M, n) | | · | |e^{−λ}n^s − e^{−λ}n+1^s | | + | |A(M, N) | | · | |e^{−λ}N^s | |

≤ 1 sin θ ε N−1∑ n=M ( e^{−λnσ} − e^{−λn+1σ} ) + εe^{−λN σ} ≤ 1 sin θ εe^{−λM σ} + εe^{−λN σ} < ( 1 sin θ + 1 ) e^{−λN0 σ} ε, dhladă apodeÐxame thn alăjeia tou jewrămatoc. ⊓⊔ To jeÿrhma autì mĹc dÐnei ìti mÐa seirĹ tou Dirichlet sugklÐnei se kĹpoio hmiepÐpedo.

PrĹgmati an U = { σ ∈ R | | | ∞∑ n=1 a_n n^s sugklÐnei } kai

L = { σ ∈ R | | | ∞∑ n=1 a_n n^s apoklÐnei ∀s : Re(s) = σ }

tìte kĹje stoiqeÐo tou U eÐnai megalÔtero apì kĹje stoiqeÐo tou L kai h taxinìmhsh aută orÐzei ènan pragmatikì σ_0 tètoio ÿste na èqoume sÔgklish gia kĹje σ > σ_0 kai apìklish gia kĹje σ < σ_0.

An U = ∅ tìte σ_0 = +∞ An L = ∅ tìte σ_0 = −∞

Orismìc 1.2.3 To shmeÐo σ_0 ja lègetai shmeÐo arqăc thc sÔgklishc. H eujeÐa σ = σ_0 eÐnai h grammă sÔgklishc kai to hmiepÐpedo σ > σ_0 eÐnai to hmiepÐpedo sÔgklishc thc seirĹc Dirichlet.

’Askhsh: Na deiqjeÐ ìti h seirĹ ∞∑ n=1 n! n^s den sugklÐnei poujenĹ, dhladă to shmeÐo arqăc thc

sÔgklishc σ_0 eÐnai sto +∞, enÿ h seirĹ ∞∑ n=1 1 n!n^s sugklÐnei pantoÔ, dhladă σ_0 = −∞.

SunduĹzontac tÿra to jeÿrhma 1.2.2 kai to gnwstì jeÿrhma tou Weierstrass gia seirèc sunartăsewn (dec [1], selÐda 176).

Jeÿrhma 1.2.4 KĹje seirĹ Dirichlet paristĹ sto hmiepÐpedo sÔgklisăc thc mÐa olìmorfh sunĹrthsh tou s thc opoÐac oi diadoqikèc parĹgwgoi lambĹnontai paragwgÐzontac th seirĹ katĹ ìrouc.

FusiologikĹ tÐjetai to erÿthma sth sunèqeia gia thn eÔresh tou σ_0 kai th sumperiforĹ thc sunĹrthshc (ìrio sÔgklishc thc seirĹc Dirichlet sto σ > σ_0) sth grammă sÔgklishc σ = σ_0. ’Eqoume to anĹlogo thc aktÐnac sÔgklishc twn dunamoseirÿn? Ja apodeÐxoume to akìloujo

Jeÿrhma 1.2.5 ’Estw ∞∑ n=1 a_ne^{−λns} mÐa seirĹ tou Dirichlet kai èstw ìti h ∞∑ n=1 a_n apoklÐnei.

Tìte σ_0 = lim sup N→∞ log | A(N) | λ_N

( A(N) := N∑ n=1 a_n ) .

ParĹdeigma: An ∞∑ n=1 a_n sugklÐnei tìte to jeÿrhma isqÔei kai pĹli arkeÐ na antikatastă-

soume to A(N) me to ∞∑ N a_n. EpÐshc mporoÔme pĹnta na metafèroume th seirĹ ètsi ÿste

σ_0 > 0, dhladă h seirĹ ∞∑ n=1 a_n na apoklÐnei.

Apìdeixh: Gia lìgouc eukolÐac ja apodeÐxoume to jeÿrhma gia sunăjeic seirèc Dirich-

let, dhladă gia λ_N = log N. Gia thn apìdeixh thc genikăc perÐptwshc parapèmpoume ton

endiaferìmeno anagnÿsth sto biblÐo tou T. M. Apostol [5], selÐda 161. Ja prèpei loipìn

na deÐxoume ìti

σ_0 = γ := lim sup_{N→∞} log | A(N) | log N

= inf { α | | α > 0, A(N) = O(N^α)} (O sumbolismìc A(N) = O (N^α) shmaÐnei ìti upĹrqei B > 0 t.w |A(N)| ≤ BN^α gia

ìla ta N). ’Estw σ > σ_0 . Tìte h seirĹ ∑ a_nn^{−σ} sugklÐnei. ’Ara ja èqoume ìti | | | N∑ n=1 a_nn^{−σ} | | | < C gia ìla ta N ∈ N kai katĹllhlh stajerĹ C. ’Opwc kai pio mprostĹ, kĹnontac qrăsh tou

lămmatoc tou Abel, èqoume |A(N)| = | | | N−1∑ n=1 ( a_nn^{−σ} ) n^σ | | | = | | | N−1∑ n=1 (_n ∑ m=1 a_mm^{−σ} ) ( n^σ − (n + 1)^σ ) + (_N ∑ n=1 a_nn^{−σ} ) N^σ | | | (σ>0) ≤ N−1∑ n=1 | | | n∑ m=1 a_mm^{−σ} | | | ( (n + 1)^σ − n^σ ) + | | | N∑ n=1 a_nn^{−σ} | | | N^σ

< C N−1∑ n=1 ( (n + 1)^σ − n^σ ) +CN^σ < 2CN^σ.

An tÿra γ := inf { α | | | ∃N0 ∈ N t.w. ∀N ≥ N0 log^fiA(N)^fi log N < α } tìte o γ ja eÐnai, ex

orismoÔ, mikrìteroc eÐte Ðsoc proc ton σ kai, afoÔ autì isqÔei gia ìla ta σ me σ > σ_0, ja

èqoume ìti γ ≤ σ_0. ’Estw tÿra σ > γ. Efarmìzontac xanĹ to lămma tou Abel brÐskoume N∑ n=1 a_nn^{−σ} = N−1∑ n=1 A(n) ( n^{−σ} − (n+1)^{−σ} ) +A(N)N^{−σ}. (1.3)

Dialègoume α me γ < α < σ kai mÐa stajerĹ C me | | A(N) | |≤ CN α gia kĹje N, opìte

èqoume: | | |A(n) ( n^{−σ} − (n + 1)^{−σ} )| |^{(σ>0)}≤ Cn^α ( n^{−σ} − (n + 1)^{−σ} )

= Cn^ασ ∫_{n+1} n x^{−σ−1}dx < Cσn^{α−σ−1} kai | A(N)N^{−σ} | ≤ CN^{α−σ} → 0 kajÿc N → ∞. H sÔgklish thc seirĹc ∞∑ n=1 n^{α−σ−1} mac dÐnei èna peperasmèno ìrio kajÿc N → ∞. Epomènwc to dexÐ mèloc thc (1.3) sugklÐnei,

ìtan N → ∞, sunepÿc kai h seirĹ ∞∑ n=1 a_nn^{−σ} sugklÐnei Ĺra σ ≥ σ_0 kai (afoÔ isqÔei gia

kĹje σ > γ) èpetai ìti γ ≥ σ_0, dhladă telikĹ γ = σ_0. ⊓⊔

ParadeÐgmata:

1. ’Estw ζ(s) = ∞∑ n=1 1 n^s h perÐfhmh zăta sunĹrthsh tou Riemann. ’Eqoume

a_n = 1, A(N) = N =⇒ σ_0 = γ = 1

dhladă h seirĹ sugklÐnei gia σ > 1.

2. ’Estw tÿra h ψ(s) := 1 − 1 2^s + 1 3^s − · · · edÿ

a_n = (−1)^{n−1}, A(N) :=

1, ìtan N eÐnai perittìc

0, ìtan N eÐnai Ĺrtioc

sunepÿc σ_0 = γ = 0 dhladă h seirĹ sugklÐnei gia σ > 0 kai orÐzei sto hmiepÐpedo

autì mÐa olìmorfh sunĹrthsh. Gia σ > 1 ìmwc eÐnai profanèc ìti ψ(s) = ζ(s) − 2 ( 1 2^s + 1 4^s + . . . ) = ( 1 − 2^{1−s} ) ζ(s), dhladă èqoume mÐa mèjodo na epekteÐnoume thn ζ(s) merìmorfa sto hmiepÐpedo σ > 0,

ìpou oi pijanoÐ pìloi brÐskontai to polÔ sta shmeÐa

s = 1, 1 ± 2πi log 2 , 1 ± 4πi log 2 , . . . ìpou mhdenÐzetai o 1 − 2^{1−s}.

Shmantikă diaforĹ apì tic dunamoseirèc.

O tÔpoc R = lim inf | a_n |_− 1_n dÐnei amèswc ìti oi ∑ a_nz^n kai ∑| a_n | z^n èqoun thn Ðdia aktÐna sÔgklishc kai mĹlista ìpou sugklÐnei h seirĹ mèsa ston anoiktì dÐsko

sÔgklishc ekeÐ sugklÐnei kai apìluta.

Sto parĹdeigma mac ìmwc h ψ(s) sugklÐnei gia σ > 0, enÿ sugklÐnei apìluta gia σ > 1.

Sthn perÐptwsh thc sunăjouc seirĹc Dirichlet isqÔei to

Jeÿrhma 1.2.6 ’Estw ìti h seirĹ Dirichlet ∞∑ n=1 a_nn^{−s} èqei shmeÐo arqăc sÔgklishc σ_0

enÿ h ∞∑ n=1 | |a_n | |n^{−s} to σ_1. Tìte isqÔei:

σ_1 ≤ σ_0 + 1, dhladă 0 ≤ σ_1 − σ_0 ≤ 1.

Apìdeixh: ArkeÐ na deÐxoume ìti an h ∑ a_n n^s sugklÐnei gia kĹpoia timă s_0 tìte ja sugklÐnei

apìluta gia ìla ta s me σ > σ_0 + 1. ’Estw A èna Ĺnw frĹgma twn arijmÿn | | an n^{s0} | |. (UpĹrqei tètoio afoÔ ex upojèsewc gia s = s_0 h seirĹ ∑ a_n n^{s0} sugklÐnei). Epomènwc | |an n^s | | = | | an n^{s0} | | · | | 1 n^{s−s0} | | ≤ A n^{σ−σ0} gia σ > σ_0 + 1 =⇒ σ − σ_0 > 1 =⇒ ∑ 1 n^{σ−σ0} sugklÐnei, Ĺra kai h seirĹ ∑| | a_n n^s | | sugklÐnei. ⊓⊔

To jeÿrhma isqÔei mìno gia sunăjeic seirèc Dirichlet (antiparadeÐgmata ja breÐte para-

deÐgmatoc qĹrin sto [10], selÐda 115).

UpĹrqei kai Ĺllh polÔ pio spoudaÐa diaforĹ twn seirÿn Dirichlet apì aută twn dunamosei-

rÿn.

Stic dunamoseirèc, an h ∑ a_nz^n paristĹ mia sunĹrthsh h opoÐa epekteÐnetai olìmorfa

ston anoiktì dÐsko |z| < r tìte aută sugklÐnei s’ autìn ton dÐsko. Autì den isqÔei gia sei-

rèc Dirichlet (mporeÐ na dei kaneÐc ìti ψ(s) h opoÐa orÐzetai gia σ > 0 epekteÐnetai olìmorfa

sflolo to migadikì epÐpedo, allĹ h seirĹ ψ(s) = ∞∑ n=0 (−1)^n 1 n^s sugklÐnei mìno gia σ > 0.

IsqÔei ìmwc, san eidikă perÐptwsh, to parakĹtw jeÿrhma.

Jeÿrhma 1.2.7 (Jeÿrhma tou Landau) ’Estw σ_0 ∈ R to arqikì shmeÐo sÔgklishc thc

seirĹc ∞∑ n=1 a_nn^{−s} kai èstw ìti a_n ∈ R gia kĹje n ∈ N kai a_n ≥ 0. Tìte h sunĹrthsh f(s) pou orÐzetai apì th seirĹ Dirichlet f(s) = ∞∑ n=1 a_n n^s gia σ > σ_0

èqei anwmalÐa sto σ = σ_0.

Apìdeixh: AfoÔ a_n ≥ 0 èqoume σ_1 = σ_0 (gia ton orismì tou σ_1 dec prohgoÔmeno

jeÿrhma). QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti σ_0 = 0. An f(s) olìmorfh sto s = 0 tìte aută ja ătan olìmorfh se kĹpoio dÐsko |s| < ε kai (afoÔ gia σ > σ_0 = 0 eÐnai olìmorfh (dec Jeÿrhma 1.2.4) to anĹptugma Taylor thc f(s) sto shmeÐo s = 1 ja eÐqe aktÐna sÔgklishc R > 1. Ja upărqe loipìn èna s ∈ R, s < 0 gia to opoÐo, to anĹptugma Taylor ∞∑ ν=0 (s − 1)^ν ν! f^{(ν)}(1)

ja sunèkline. AllĹ gia σ > 0, f(s) = ∞∑ n=1 a_ne^{−s log n}, opìte apì Jeÿrhma 1.2.4, èqoume

f^{(ν)}(s) = ∞∑ n=1 a_n (− log n)^ν n^s kai gia s = 1

f^{(ν)}(1) = ∞∑ n=1 a_n (− log n)^ν n To anĹptugma Taylor loipìn thc f gia s = 1 eÐnai: ∞∑ ν=0 (s − 1)^ν ν! ∞∑ n=1 a_n(− log n)^ν n = ∞∑ ν=0 (1 − s)^ν ν! ∞∑ n=1 a_n(log n)^ν n . Thc diploseirĹc ìloi oi ìroi eÐnai mh-arnhtikoÐ, an s < 0 (èqoume dhladă apìluth sÔgklish!) opìte mporoÔme na allĹxoume th seirĹ prìsjeshc, sunepÿc h prohgoÔmenh sqèsh mporeÐ na pĹrei th morfă ∞∑ n=1 a_n n ∞∑ ν=0 (1 − s)^ν(log n)^ν ν! ’Eqoume loipìn sÔgklish autăc thc serĹc gia kĹpoio s < 0. EpÐshc èqoume ìti ∞∑ ν=0 (1 − s)^ν(log n)^ν ν! = e^{(1−s) log n} = n^{1−s}.

Epomènwc h seirĹ ∞∑ n=1 a_nn^{−s} sugklÐnei gia kĹpoio s < 0 to opoÐo eÐnai Ĺtopo, diìti σ_0 = 0, dhladă ja prèpei h f(s) na èqei anwmalÐa sto s = 0. ⊓⊔ Ja kleÐsoume autăn thn parĹgrafo me èna jeÿrhma monadikìthtac twn suntelestÿn miac seirĹc Dirichlet. Sugkekrimèna ja apodeÐxoume to

Jeÿrhma 1.2.8 An oi seirèc Dirichlet ∞∑ n=1 a_n n^s kai ∞∑ n=1 b_n n^s sugklÐnoun se kĹpoio koinì hmiepÐpedo kai oi sunartăseic pou orÐzoun, èstw f_1(s) kai f_2(s), sumpÐptoun se kĹpoio mh-kenì, anoiktì sÔnolo pou perièqetai sto hmiepÐpedo koinăc sÔgklishc, tìte a_n = b_n gia ìla ta n ≥ 1.

Apìdeixh: JewroÔme th seirĹ Dirichlet ∞∑ n=1 ( a_n − b_n ) n^s Aută sugklÐnei sto hmiepÐpedo σ > σ_0 ìpou kai orÐzei olìmorfh sunĹrthsh, èstw f(s). H sunĹrthsh aută mhdenÐzetai se kĹpoio anoiktì sÔnolo pou perièqetai sto hmiepÐpedo σ > σ_0. Epomènwc f(s) ≡ 0 sto σ > σ_0. ’Estw M o elĹqistoc fusikìc tètoioc ÿste a_M ≠ b_M kai èstw c_n = a_n − b_n. Gia σ > σ_0 èqoume loipìn ∞∑ n=1 c_n n^σ = ∞∑ n=M c_n n^σ = 0 ă c_M M^σ = − ∞∑ n=M+1 c_n n^σ . Epomènwc | c_M | ≤ ∞∑ n=M+1 | c_n | (M n )_σ , σ > σ_0 + 1

An tÿra pĹroume to σ tètoio ÿste σ > σ_0 + 2 tìte, lìgw omoiìmorfhc sÔgklishc, an σ → ∞ èpetai ìti c_M = 0 to opoÐo eÐnai Ĺtopo. Sunepÿc den upĹrqei tètoio M kai epomènwc isqÔei a_n = b_n gia kĹje n ≥ 1. ⊓⊔

ShmeÐwsh: H ènnoia thc seirĹc tou Dirichlet eÐnai eidikă perÐptwsh thc ènnoiac tou meta-

sqhmatismoÔ Laplace wc proc kĹpoio mètro μ. Autì eÐnai exorismoÔ h sunĹrthsh ∫_∞ 0 e^{−zt}dμ(t). H perÐptwsh twn seirÿn Dirichlet pou jewroÔme edÿ eÐnai gia μ èna diakritì (discrete) mètro.

1.3 Seirèc tou Dirichlet (tupikèc idiìthtec)

H prìsjesh seirÿn Dirichlet orÐzetai teleÐwc fusiologikĹ san h seirĹ pou èqei suntelestèc to Ĺjroisma twn antistoÐqwn suntelestÿn. TÐ gÐnetai ìmwc me to ginìmeno? ’Estw f(s) = ∞∑ n=1 a_nn^{−s} kai g(s) = ∞∑ m=1 b_mm^{−s} dÔo sunartăseic oi opoÐec orÐzontai se kĹpoio anoiktì sÔnolo U mèsw thc apìluthc

sÔgklishc twn seirÿn Dirichlet pou tic orÐzoun. Sto U loipìn èqoume f(s)g(s) = ∞∑ n=1 ∞∑ m=1 a_nb_mn^{−s}m^{−s}

= ∞∑ n,m=1 a_nb_m(nm)^{−s} = ∞∑ k=1 c_kk^{−s}

ìpou c_k = ∞∑ n,m>1 mn=k a_nb_m = ∑ n|k a_nb k_n

H parapĹnw èkfrash twn suntelestÿn c_k pou eÐnai pollaplasiastikă, se antÐjesh me tic dunamoseirèc pou eÐnai prosjetikă, eÐnai aută gia thn opoÐa oi seirèc Dirichlet èqoun megÐsth shmasÐa gia th JewrÐa twn Arijmÿn.

EÔkola apodeiknÔetai ìti h seirĹ ∞∑ k=1 c_kk^{−s} sugklÐnei ìtan toulĹqiston mÐa apì autèc sugklÐnei aplĹ kai h Ĺllh apìluta.

ParadeÐgmata:

1. ’Estw d(n) to plăjoc twn jetikÿn diairetÿn tou fusikoÔ arijmoÔ n. Tìte, gia σ > 1, ∞∑ n=1 d(n) n^s = ζ(s)^2 diìti d(n) = ∑ d|n 1×1

2. ’Estw τ(n) to Ĺjroisma twn jetikÿn diairetÿn tou n ă genikìtera

σ_k(n) = ∑ d|n d^k = 1×d^k tìte isqÔei ∞∑ n=1 σ_k(n) n^s = ζ(s) ζ(s − k) (σ > k + 1).

Kai sta dÔo paradeÐgmata oi sunartăseic mèsw twn opoÐwn orÐzontai oi suntelestèc twn seirÿn eÐnai pollaplasiastikèc. XanajumÐzoume ton orismì.

1.3 Seirèc tou Dirichlet (tupikèc idiìthtec) 19

Orismìc 1.3.1 H sunĹrthsh f : N → C ja lègetai pollaplasistikă sunĹrthsh ìtan f(mn) = f(m)f(n) gia ìlouc touc fusikoÔc m, n prÿtouc metaxÔ touc kai upĹrqei toulĹqisto ènac fusikìc n_0 tètoioc ÿste f(n_0) ≠ 0. Epiplèon ja lègetai plărwc pollaplasiastikă sunĹrthsh ìtan apaleÐyoume ton periorismì (m, n) = 1.

Sta 1737 o Euler anakĹluye kai apèdeixe to parakĹtw jeÿrhma.

Jeÿrhma 1.3.2 (Ginìmeno Euler) An f pollaplasiastikă kai ∞∑ n=1 f(n) apolÔtwc sugklÐnousa tìte ∞∑ n=1 f(n) = ∏ p∈P { 1 + f(p) + f(p^2) + · · · }

kai to apeiroginìmeno sugklÐnei apolÔtwc. An f plărwc pollaplasiastikă tìte ∞∑ n=1 f(n) = ∏ p∈P 1 1 − f(p) . Apìdeixh: Kat’ arqăn orÐzoume P (x) := ∏ p≤x { 1 + f(p) + f(p^2) + · · · } . To P (x) eÐnai peperasmèno ginìmeno apìluta sugklinousÿn seirÿn, sunepÿc mporoÔme na pollaplasiĹsoume ă na allĹxoume th seirĹ twn ìrwn, qwrÐc na allĹxei to Ĺjroisma. Ja èqoume dhladă ginìmena thc morfăc

f(p^{α1}_1 )f(p^{α2}_2 ) · · · f(p^{αν}_ν ) = f(p^{α1}_1 p^{α2}_2 · · · p^{αν}_ν ).

To jemeliÿdec jeÿrhma thc arijmhtikăc mac dÐnei

P (x) = ∑ n ∈ A f(n) ìpou A = { n ∈ N^| oi prÿtoi parĹgontec tou n eÐnai ìloi ≤ x^}. Epomènwc ∞∑ n=1 f(n) − P (x) = ∑ n ∈ B f(n) ìpou B = { n ∈ N^| ∃ p ∈ P, p|n, tètoioc ÿste p > x^}. ’Ara | | | ∞∑ n=1 f(n) − P (x) | | | ≤ ∑ n ∈ B | |f(n) | | ≤ ∑ n>x | |f(n) | |.

Tÿra afoÔ h ∑_∞ n=1 |f(n)| sugklÐnei, èpetai ìti gia x → ∞ to ∑_∞ n>x |f(n)| → 0. EpÐshc eÐnai gnwstì ìti: ∏ (1 + a_n) sugklÐnei apìluta ⇐⇒ ∑| |a_n | | sugklÐnei

(dec [1], selÐda 192).

EpÐshc èqoume ìti ∑ p≤x | f(p) + f(p^2) + . . . | ≤ ∑ p≤x (| |f(p)| + |f(p^2)| + . . . ) ≤ ∞∑ n=2 | f(n) | .

AfoÔ ìla ta merikĹ ajroÐsmata eÐnai peperasmèna, h seirĹ jetikÿn ìrwn ∑ p∈P | f(p) + f(p^2) + · · · |

sugklÐnei, opìte kai to antÐstoiqo apeiroginìmeno sugklÐnei apìluta. Tÿra an h f eÐnai

plărwc pollaplasiastikă tìte f(p^n) = f(p)^n gia kĹje prÿto p kai èqoume sugklÐnousec

gewmetrikèc seirèc me Ĺjroisma 1 1 − f(p) . ⊓⊔

Jeÿrhma 1.3.3 An upojèsoume ìti h seirĹ Dirichlet ∞∑ n=1 f(n) n^s sugklÐnei apìluta gia

σ > σ_0, ìpou f pollaplasiastikă sunĹrthsh, tìte ∞∑ n=1 f(n) n^s = ∏ p∈P { 1 + f(p) p^s + f(p^2) p^{2s} + · · · } , gia σ > σ_0.

An f plărwc pollaplasiastikă sunĹrthsh, tìte ∞∑ n=1 f(n) n^s = ∏ p∈P 1 1 − f(p) p^{−s} , gia σ > σ_0

To parapĹnw jeÿrhma einai Ĺmesh sunèpeia tou jewrămatoc 1.3.2 gia g(n) = f(n) n^s . ParadeÐgmata:

1. ζ(s) = ∞∑ n=1 1 n^s = ∏ p∈P 1 1 − p^{−s} , gia σ > 1

2. ∞∑ n=1 d(n) n^s = ζ(s)^2 = ∏ p∈P ( 1 − p^{−s} )_{−2}

1.4 Oi L-seirèc tou Dirichlet

Sth sunèqeia ja sundèsoume th jewrÐa twn seirÿn tou Dirichlet me thn jewrÐa twn qaraktărwn peperasmènwn omĹdwn pou anaptÔxame sthn prÿth parĹgrafo.

’Estw N ∈ N kai χ ènac qaraktărac Dirichlet mod N. H L-seirĹ Dirichlet orÐzetai wc exăc: L(s/χ) = ∞∑ n=1 χ(n) n^s (1.4)

AfoÔ | |χ(n) | | ≤ 1 gia kĹje fusikì arijmì n, sunepĹgetai ìti | | χ(n) n^s | | ≤ 1 n^σ , Ĺra h L(s/χ) sugklÐnei apìluta gia σ > 1.

AfoÔ χ pollaplasiastikă sunĹrthsh ja èqoume ìti L(s/χ) = ∏ p∈P ( 1 + χ(p) p^s + χ(p^2) p^{2s} + · · · )

kai mĹlista, afoÔ χ plărwc pollaplasistikă, L(s/χ) = ∏ p∈P 1 1 −^{χ(p)}_{ps} (σ > 1) (1.5)

IdiaÐtera gia χ = χ_0 èqoume L(s/χ_0) = ∏ p∈P ( 1 − χ_0(p)p^{−s} )_{−1}

= ∏ p-N ( 1 − p^{−s} )_{−1}

= ∏ p|N ( 1 − p^{−s} ) ∏ p∈P ( 1 − p^{−s} )_{−1}

= ζ(s) ∏ p|N ( 1 − p^{−s} ) , dhladă h L-seirĹ Dirichlet gia χ = χ_0 eÐnai Ðsh me th zăta sunĹrthsh tou Riemann pollaplasiasmènh me stajerĹ pou exartĹtai mìno apì to N.

An deqtoÔme san gnwstă thn idiìthta thc zăta sunĹrthshc tou Riemann, ìti epekteÐnetai merìmorfa s’ ìlo to migadikì epÐpedo kai mĹlista èqei monadikì aplì pìlo sth jèsh s = 1 kai upìloipo Ðso me 1, kĹti to opoÐo ja apodeÐxoume se epìmenh parĹgrafo, tìte to sumpèrasma gia thn L(s/χ_0) eÐnai ìti epekteÐnetai merìmorfa sflolo to migadikì epÐpedo me monadikì pìlo sth jèsh s = 1 kai upìloipo Ðso proc ∏ p|N ( 1 − p^{−1} ) = φ(N) N .

An tÿra χ ≠ χ_0 kai x → ∞ tìte | | | x∑ n=1 χ(n) | | | = | | | | N[^x_N ]∑ n=1 χ(n) + x∑ n=N[^x_N ]+1 χ(n) | | | |

= | | | | [ x N ] ∑ n(modN) χ(n) + x∑ n=N[^x_N ]+1 χ(n) | | | |

= | | | | x∑ n=N[^x_N ]+1 χ(n) | | | | ≤ | |x − N [ x N ]| | ≤ N = O(1) opìte, apì jeÿrhma 1.2.5, èqoume ìti σ_0 ≤ 0. Epeidă h seirĹ apoklÐnei gia σ_0 < 0 ja

èqoume kat’ anĹgkh σ_0 = 0.

Epomènwc gia χ ≠ χ_0 kai σ > 0 h L(s/χ) eÐnai mÐa olìmorfh sunĹrthsh. Gia χ ≠ χ_0

mporeÐ na apodeiqjeÐ ìti h L(s, χ) epidèqetai olìmorfh epèktash s’ ìlo to migadikì

epÐpedo (dec [44], selÐda 51).

H pio shmantikă Ðswc idiìthta twn L-seirÿn tou Dirichlet perièqetai sto:

Jeÿrhma 1.4.1 An χ ≠ χ_0 tìte L(1/χ) ≠ 0. Apìdeixh: ’Estw

F (s) := ∏ χ L(s/χ) (1.6) ìpou to χ diatrèqei ìlouc touc qaraktărec Dirichlet mod N. Lìgw tou ginomènou Euler

(1.5) gia σ > 1 isqÔei:

log F (s) = ∑ χ ∑ p∈P log ( 1 − χ(p)p^{−s} )_{−1}

= ∑ χ ∑ p∈P ∞∑ r=1 1 r χ(p)^r p^{rs} = ∑ χ χ(p)^r ∑ p∈P ∞∑ r=1 1 rp^{rs} = φ(N) ∑ p∈P p^r≡1 modN ∞∑ r=1 1 rp^{rs} diìti ∑ χ χ(n) := φ(N), ìtan n ≡ 1 (mod N) 0, ìtan n ≢ 1 (mod N).

IdiaÐtera gia s ∈ R kai s > 1 isqÔei log F (s) ≥ 0. Dhladă lim inf s→1^+ s∈R F (s) ≥ 1. (1.7)

To ginìmeno (1.6) perièqei mìno èna aplì pìlo sth jèsh s = 1 pou prokÔptei apì thn L(s/χ_0). An L(1/χ) = 0 gia dÔo ă perissìterouc qaraktărec χ ≠ χ_0 tìte o aplìc pìloc thc L(s/χ_0) sto s = 1 ja anairoÔntan apì thn mÐa L(s/χ) me L(1/χ) = 0 opìte h F (s) ja ătan olìmorfh sth jèsh s = 1 kai ja èpairne gia s = 1 thn timă 0 lìgw tou mhdenismoÔ thc Ĺllhc L-seirĹc, Ĺtopo, lìgw thc (1.7). ’Ara to polÔ gia èna qaraktăra χ ≠ χ_0 mporeÐ na isqÔei L(1/χ) = 0.

’An tÿra L(1/χ) = 0 tìte L(1/χ) = L(1/χ) = 0, opìte ja èprepe kai χ = χ, dhladă o χ ja èprepe na eÐnai pragmatikìc qaraktărac. ’Estw loipìn χ pragmatikìc qaraktărac me L(1/χ) = 0. OrÐzoume ψ(s) := L(s/χ)ζ(s) = ∞∑ n=1 ρ(n) n^s ìpou ρ(n) = ∑ d|n χ(d)

ψ(s) = ∏ p 1 (1 − χ(p)p^{−s}) (1 − p^{−s}) = ∏ χ(p)=1 1 (1 − p^{−s})^2 ∏ χ(p)=0 1 1 − p^{−s} ∏ χ(p)=−1 1 1 − p^{−2s} = ∏ χ(p)=1 ( 1+ 2 p^s + 3 p^{2s} +· · · ) ∏ χ(p)=0 ( 1+ 1 p^s + 1 p^{2s} +· · · ) ∏ χ(p)=−1 ( 1+ 1 p^{2s} + 1 p^{4s} +· · · ) .

Epomènwc

ρ(n) ≥ 0 ∀ n ∈ N kai mĹlista ρ(n^2) ≥ 1. (1.8)

Tÿra, lìgw thc upìjeshc ìti L(1/χ) = 0 (kai epeidă h ζ(s) èqei pìlo prÿthc tĹxhc, mìno gia s = 1 (σ > 0) ), èpetai ìti h ψ(s) den èqei anÿmalo shmeÐo gia σ > 0 kai h (1.5) kai to Jeÿrhma Landau mac exasfalÐzoun th sÔgklish thc seirĹc ∑ ρ(n)n^{−s} gia σ > 0. Apì

thn Ĺllh meriĹ ìmwc, h seirĹ ∞∑ n=1 ρ(n) n^{1/2} ≥ ∞∑ n=1 ρ(n^2) n ≥ ∞∑ n=1 1 n = ∞

apoklÐnei kai sunepÿc, katalăxame se Ĺtopo. Sunepÿc

L(1/χ) ≠ 0 gia kĹje qaraktăra χ ≠ χ_0. ⊓⊔

Pìrisma 1.4.2 (jeÿrhma tou Dirichlet gia arijmhtikèc proìdouc) An N fusikìc

arijmìc kai a akèraioc prÿtoc proc ton N, tìte h arijmhtikă prìodoc { Nk + a } k∈N perièqei Ĺpeiro plăjoc prÿtwn kai mĹlista ∑ p∈P p≡a (mod N) 1 p = ∞

Apìdeixh: Gia σ > 1 ∑ p p^r≡a (mod N) ∑ r≥1 1 rp^{rs} = ∑ p p^r≡a (mod N) ∑ r≥1 1 φ(N) ∑ χ χ(a) χ(p^r) 1 rp^{rs}

= 1 φ(N) ∑ χ χ(a) ∑ p p^r≡a (mod N) ∑ r=1 χ(p)^r rp^{rs} = 1 φ(N) ∑ χ χ(a) log L(s/χ)

= 1 φ(N) log L(s/χ_0) + ∑ χ≠χ_0 χ(a) log L(s/χ) (1.9)

(H enallagă twn ∑ p kai ∑ χ epitrèpetai diìti oi seirèc sugklÐnoun apìluta. Ta ajroÐsmata

diatrèqoun, wc sunăjwc, ìlouc touc prÿtouc arijmoÔc kai ìlouc touc qaraktărec modN

antÐstoiqa).

H log L(s/χ_0) gia s → 1 teÐnei sto ∞ enÿ gia χ ≠ χ_0 h log L(s/χ) eÐnai fragmènh lìgw tou jewrămatoc 1.4.1, Ĺra to dexÐ mèloc thc (1.9) gia s = 1 apoklÐnei. AllĹ ∑ p p^r≡a (mod N) ∑ r>1 1 rp^r ≤ ∑ p p^r≡a (mod N) ∞∑ r=2 1 rp^r

≤ ∑ p p^r≡a (mod N) ∞∑ r=2 1 2p^r = ∑ p 1 2p(p − 1)

≤ ∞∑ n=2 1 2n(n − 1) = 1 2 , dhladă h seirĹ sugklÐnei gia r > 1, sunepÿc apoklÐnei gia r = 1, opìte ∑ p p≡a (mod N) 1 p = ∞. ⊓⊔

1.5 Merìmorfh epèktash kai sunarthsiakă exÐswsh thc ζ(s)

To prìtupo gia pollèc apì tic sunartăseic stic opoÐec ja anaferjoÔme parakĹtw apoteleÐ

h zăta sunĹrthsh tou Riemann. Ja meletăsoume loipìn thn epèktash thc sflolo to migadikì

epÐpedo kai ja apodeÐxoume th sunarthsiakă thc exÐswsh.

Kat’ arqăn qreiazìmaste merikèc idiìthtec thc Γ-sunĹrthshc.

H Γ-sunĹrthsh orÐzetai wc exăc:

Γ(s) := ∫_∞ 0 e^{−t}t^s dt t , gia Re(s) > 0.

Idiìthtec:

1. Γ(1) = 1

2. Γ(s + 1) = sΓ(s), Re(s) > 0

Apìdeixh:

1. Ja apodeÐxoume ìti Γ(1) = 1. ’Eqoume loipìn ìti

Γ(1) = lim_{z→+∞} ∫_z 0 e^{−t}dt = lim_{z→+∞} [ −e^{−t} | |^z 0 ]

= e^{−0} − lim_{z→+∞} 1 e^z = 1.

2. Gia th deÔterh idiìthta èqoume

Γ(s + 1) = ∫_∞ 0 t^se^{−t}dt = lim_{z→0}

∫_1 z t^se^{−t}dt + lim_{z→∞} ∫_z 1 t^se^{−t}dt. Oloklărwsh katĹ mèrh dÐnei: ∫_1 z t^se^{−t}dt = −t^se^{−t} | |^1 z +s ∫_1 z t^{s−1}e^{−t}dt = z^s e^z − 1 e + s ∫_1 z t^{s−1}e^{−t}dt, opìte

lim_{z→0}

∫_1 z t^se^{−t}dt = − 1 e + s ∫_1 0 t^{s−1}e^{−t}dt. EpÐshc ∫_z 1 t^se^{−t}dt = 1 e − z^s e^z + s ∫_z 1 t^{s−1}e^{−t}dt =⇒ lim_{z→∞} ∫_z 1 t^se^{−t}dt = 1 e + s lim_{z→∞} ∫_z 1 t^{s−1}e^{−t}dt. TelikĹ

Γ(s + 1) = s ∫_∞ 0 t^{s−1}e^{−t}dt = sΓ(s). ⊓⊔ QwrÐc apìdeixh anafèroume tèloc tic idiìthtec:

3. Γ(s) = lim_{n→∞} n^sn! s(s + 1) · · · (s + n)

. Edÿ gia ìla ta s ∈ C \ { −n | n ∈ N0^}, dhladă h Γ(s)

epekeÐnetai merìmorfa s’ ìlo to migadikì epÐpedo me monadikoÔc aploÔc pìlouc ta

shmeÐa s = −n, n ∈ N_0 kai upìloipo Ðso me

(−1)^n n! . 4. Γ(s)Γ(1 − s) = π sin(πs) ∀s ∈ C \ Z 5. Γ( s 2 )Γ( s + 1 2 ) = √ π2^{1−s}Γ(s) ∀s ∈ C \ { −n | | n ∈ N_0 }

Gia tic apodeÐxeic autÿn twn idiotătwn parapèmpoume sta biblÐa [6], [31], [41].

GiatÐ tÿra h sunĹrthsh Γ(s) eÐnai spoudaÐa gia th jewrÐa twn seirÿn Dirichlet?

’Eqoume gia u = tn ∫_∞ 0 t^{s−1}e^{−nt}dt = n^{−s} ∫_∞ 0 u^{s−1}e^{−u}du = Γ(s)n^{−s}, dhladă sthn perioqă apìluthc sÔgklishc, ∞∑ n=1 a_n n^s = 1 Γ(s) ∫_∞ 0 (_∞ ∑ n=1 a_ne^{−nt} ) t^{s−1}dt Autì shmaÐnei ìti h sunhjismènh seirĹ Dirichlet f(s) = ∞∑ n=1 a_nn^{−s} kai h dunamoseirĹ me touc Ðdiouc suntelestèc

F (s) = ∞∑ n=1 a_nz^n sqetÐzontai metaxÔ touc wc exăc: f(s) = 1 Γ(s) ∫_∞ 0 F (e^{−t})t^{s−1}dt (1.10)

dhladă mèsw tou legìmenou metasqhmatismoÔ Mellin. Edÿ ja prèpei na shmeiÿsoume ìti h 1 Γ(s) eÐnai olìmorfh gia kĹje s ∈ C kai autì eÐnai sunèpeia tou tÔpou tou Weierstrass (dec [1], selÐda 199). 1 Γ(s) = se^{γs} ∞∏ n=1 [( 1 + s n ) e^{− sn} ]

ìpou to apeiroginìmeno sugklÐnei pantoÔ (to γ eÐnai h gnwstă stajerĹ tou Euler). Qreiazìmaste kai kĹti apì th jewrÐa twn metasqhmatismÿn Fourier. ’Estw F o dianusmatikìc qÿroc twn sunartăsewn f : R → C oi opoÐec èqoun parĹgwgo kĹje tĹxhc (Ĺpeira diaforÐsimec) kai oi opoÐec fjÐnoun sto Ĺpeiro pio grăgora apì ìti kĹje arnhtikă dÔnamh, dhladă |x|^N f(x) → 0 ìtan x → ±∞ gia ìla ta N.

ParadeÐgmata: (i) f(x) = e^{−πx2} (ii) f(x) = e^{−x2}

Gia kĹje tètoia sunĹrthsh f ∈ F orÐzoume ton metasqhmatismì Fourier f̂ wc exăc: f̂(y) := ∫_{+∞} −∞ e^{−2πixy}f(x)dx EÐnai eÔkolo na apodeiqjeÐ ìti to oloklărwma sugklÐnei gia ìla ta y kai mĹlista ìti f̂ ∈ F (p.q. [26], selÐdec 24-25). EpÐshc isqÔoun oi akìloujec idiìthtec:

(i) An a ∈ R kai g(x) = f(x + a) tìte ĝ(y) = e^{2πiay}f̂(y) (ii) An a ∈ R kai g(x) = e^{2πiax}f(x) tìte ĝ(y) = f̂(y − a) (iii) An b > 0 kai g(x) = f(bx) tìte ĝ(y) =^1_b f̂(^y_b )

Apìdeixh: Oi (i) kai (ii) eÐnai profaneÐc.

Gia thn idiìthta (iii) èqoume

ĝ(y) = ∫_{+∞} −∞ e^{−2πixy}f(bx)dx = ∫_{+∞} −∞ e^{−2πi xb y}f(x) dx b = 1 b f̂ (y b ) . ⊓⊔

Prìtash 1.5.1 An f(x) = e^{−πx2} tìte f̂ = f. Apìdeixh: f̂(y) = ∫_{+∞} −∞ e^{−2πiyx}f(x)dx. ParagwgÐzoume wc proc y.

f̂^′(y) = d dy [∫_{+∞} −∞ e^{−2πixy}f(x)dx ] = ∫_{+∞} −∞ (−2πix)e^{−2πixy}f(x)dx = −2πi ∫_{+∞} −∞ e^{−2πixy}xe^{−πx2} dx Oloklhrÿnoume katĹ mèrh kai èqoume: f̂^′(y) = −2πie^{−2πixy} · 1 −2π e^{−πx2} | |^{+∞} −∞ +2πi ∫_{+∞} −∞ (−2πiy)e^{−2πiyx} e^{−πx2} −2π dx = −2πy ∫_{+∞} −∞ e^{−2πiyx}f(x)dx = −2πyf̂(y) Epomènwc h f̂ epalhjeÔei th diaforikă exÐswsh f̂ ′(y) f̂(y) = −2πy h opoÐa èqei lÔsh f̂(y) = Ce^{−πy2} . H stajerĹ C upologÐzetai an jèsoume y = 0, dhladă C = f̂(0) = ∫_{+∞} −∞ e^{−πx2} dx = 1. ⊓⊔

ShmeÐwsh: Upologismìc teleutaÐou oloklhrwmatoc. C^2 = ∫_{+∞} −∞ e^{−πx2} dx ∫_{+∞} −∞ e^{−πy2} dy = ∫ R e^{−π(x2+y2)}dxdy.

KĹnoume allagă metablhtăc x = r cos θ y = r sin θ

, kai èqoume

C^2 = ∫_{+∞} 0 e^{−πr2} 2πrdr = ∫_{+∞} 0 e^{−u}du = 1.

Prìtash 1.5.2 (Poisson Summation Formula) An g ∈ F tìte: +∞∑ m=−∞ g(m) = +∞∑ m=−∞ ĝ(m) Apìdeixh: OrÐzoume h(x) := ∞∑ k=−∞ g(x + k) H sunĹrthsh h(x) eÐnai periodikă me perÐodo 1 kai èqei anĹptugma Fourier h(x) = +∞∑ m=−∞ c_me^{2πimx} ìpou c_m =

∫_1 0 h(x)e^{−2πimx}dx = ∫_1 0 +∞∑ k=−∞ g(x + k)e^{−2πimx}dx = ∫_{+∞} −∞ g(x)e^{−2πimx}dx = ĝ(m) ìpou, gia thn teleutaÐa isìthta, allĹxame Ĺjroish me oloklărwsh kajÿc kai th metablhtă x + k me to x. To aristerì mèroc thc proc apìdeixh sqèshc eÐnai h(0) ex orismoÔ thc h(x) kai to dexiì eÐnai epÐshc h(0) to opoÐo to blèpoume an sthn isìthta h(x) = ∞∑ m=−∞ c_me^{2πix} jèsoume x = 0 tìte ja èqoume ìti h(0) = +∞∑ m=−∞ c_m = +∞∑ m=−∞ ĝ(m). ⊓⊔

OrÐzoume tÿra thn jăta sunĹrthsh Θ(t) := +∞∑ n=−∞ e^{−πtn2} (t > 0) kai ja apodeÐxoume thn parakĹtw prìtash:

Prìtash 1.5.3 H jăta sunĹrthsh Θ(t) epalhjeÔei thn parakĹtw sunarthsiakă exÐswsh

Θ(t) = 1 √ t Θ ( 1 t )

Apìdeixh: PaÐrnoume g(x) := e^{−πtx2} gia stajerì t > 0 kai efarmìzoume ton tÔpo Ĺjroi-

shc tou Poisson (prìtash 1.5.2) +∞∑ m=−∞ g(m) = +∞∑ m=−∞ ĝ(m)

grĹfoume g(x) = f( √ t x) ìpou f(x) = e^{−πx2} . Apì (1.5.1) èqoume f̂ = f kai apì idiìthta

(iii) twn seirÿn Fourier paÐrnoume gia b = √ t > 0 ìti

ĝ(y) = t^{− 12} f̂ ( y √ t ) = t^{− 12} e^{− πy2t} .

To aristerì mèloc tou tÔpou Ĺjroishc tou Poisson eÐnai Ðso me Θ(t) kai to dexÐ Ðso me

t^{− 1}2 Θ (1 t ) . ⊓⊔ ShmeÐwsh: Merikèc forèc jewroÔme thn Θ(t) san sunĹrthsh migadikoÔ t ìpou upojèsame

ìti Re(t) > 0. H prìtash 1.5.3 suneqÐzei na isqÔei gia migadikì t lìgw tou axiÿmatoc thc

analutikăc sunèqishc. ’Eqoume dhladă ìti kai ta dÔo mèlh thc sunarthsiakăc exÐswshc thc

jăta sunĹrthshc (dec prìtash 1.5.3) eÐnai analutikèc sunartăseic tou t sto dexiì hmiepÐpedo.

AfoÔ sumpÐptoun sth jetikă pragmatikă hmieujeÐa ja sumpÐptoun pantoÔ gia Re(t) > 0 .

Prìtash 1.5.4 Gia t → 0^+ èqoume: | Θ(t) − t^{− 12} | < e^{−c/t} ìpou c jetikă stajerĹ.

Apìdeixh:

Θ(t) − t^{− 12} = 1 √ t Θ ( 1 t ) − t^{− 12} = t^{− 12} [ Θ ( 1 t ) − 1 ]

= t^{− 12} (_{+∞} ∑ n=−∞ e^{−πn2t} − 1 ) = 2t^{− 12} +∞∑ n=1 e^{−πn2t} . Upojètoume ìti to t eÐnai arketĹ mikrì tètoio ÿste √ t > 4e^{− 1t} kai e^{− 3πt} < 1 2 .

Tìte | | Θ(t) − t_−^1_2 | | < 1 2 e^{1t} ( e^{− πt} + e^{− 4πt} + · · · )

< 1 2 e^{− π−1t} ( 1 + 1 2 + 1 4 + 1 8 + · · · )

= e^{− π−1t} = e^{−c/t} gia c := π − 1. ⊓⊔

Sth sunèqeia ja susqetÐsoume thn jăta sunĹrthsh me thn zăta sunĹrthsh tou Riemann. QontrikĹ ja mporoÔse na pei kĹpoioc ìti h ζ(s) eÐnai o metasqhmatismìc Mellin thc Θ(t). Ja deÐxoume to kÔrio jeÿrhma thc paragrĹfou:

Jeÿrhma 1.5.5 H zăta sunĹrthsh tou Riemann h opoÐa orÐzetai, kat’ arqăn, gia Re(s) > 1 epekteÐnetai analutikĹ s’ ìlo to migadikì s-epÐpedo, ektìc apì monadikì aplì pìlo sth jèsh s = 1 me upìloipo Ðso prìc 1. An Λ(s) := π^{−s/2}Γ ( s 2 ) ζ(s) tìte h Λ(s) paramènei analloÐwth an

s → 1 − s Λ(s) = Λ(1 − s)

dhladă h ζ(s) epalhjeÔei th sunarthsiakă exÐswsh

π^{− s2} Γ ( s 2 ) ζ(s) = π^{− 1−s2} Γ ( 1 − s 2 ) ζ(1 − s). Apìdeixh: H basikă idèa eÐnai na jewrăsoume ton metasqhmatismì Mellin ∫_∞ 0 Θ(t)t^s dt t . ’Omwc qreiĹzetai prosoqă. Gia megĹlo t h jăta sunĹrthsh teÐnei asumptwtikĹ sto 1 (diìti

Θ(t) = ∞∑ n=−∞ e^{−πtn2} ìloi oi ìroi gia n ≠ 0 fjÐnoun grăgora sto mhdèn kai apomènei gia

n = 0 h timă 1) enÿ gia t mikrì, kontĹ sto mhdèn, h prìtash 1.5.3 mac lèei ìti h Θ(t) eÐnai asumptwtikĹ Ðsh me t^{−1/2}. An loipìn jèloume sÔgklish kai sta dÔo Ĺkra ja èprepe na prosjèsoume diorjwtikoÔc ìrouc. Epiplèon ja prèpei to s na to antikatastăsoume me to s 2 , alliÿc ja <<prosgeiwjoÔme>> sto ζ(2s). OrÐzoume loipìn

ϕ(s) := ∫_∞ 1 t^{s2} ( Θ(t) − 1 )dt t + ∫_1 0 t^{s2} ( Θ(t) − 1 √ t ) dt t Sto prÿto oloklărwma h èkfrash

Θ(t) − 1 = 2 ∞∑ n=1 e^{−πn2t} teÐnei sto mhdèn polÔ grăgora gia t → ∞. Epomènwc to oloklărwma sugklÐnei kai mporeÐ

na upologisteÐ ìro proc ìro gia kĹje s . H prìtash 1.5.3 mac dÐnei ìti to deÔtero olo-

klărwma sugklÐnei gia kĹje s. AfoÔ h Θ(t) eÐnai fragmènh apì mÐa stajerĹ epÐ t^{− 1}2 sto

diĹsthma (0, 1], an pĹroume s tètoio ÿste Re(s) > 1, to deÔtero oloklărwma eÐnai ∫_1 0 t^{s2} Θ(t) dt t − ∫_1 0 t^{s−12} dt t = ∫_1 0 t^{s2} Θ(t) dt t − 2 s − 1 . Epomènwc gia s ∈ C me Re(s) > 1 èqoume

ϕ(s) = 2 ∞∑ n=1 ∫_∞ 1 e^{−πn2t} t^{s2} dt t + (∫_1 0 t^{s2} dt t + 2 ∞∑ n=1 ∫_1 0 e^{−πn2t} t^{s2} dt t − 2 s − 1 )

= 2 ∫_∞ 0 e^{−πn2t} t^{s2} dt t + 2 s − 2 s − 1 . Tÿra kĹnoume qrăsh tou metasqhmatismoÔ Mellin (1.10) ∫_∞ 0 t^{s−1}e^{−nt}dt = n^{−s}Γ(s) kalÔtera, gia kĹje stajerĹ c > 0, isqÔei: ∫_∞ 0 t^se^{−ct} dt t = c^{−s}Γ(s). Ac jèsoume c = πn^2 kai to s → s 2 1 2 ϕ(s) = ∞∑ n=1 ( πn^2 )_− s_2 Γ ( s 2 ) + 1 s + 1 1 − s = π^{− s2} Γ ( s 2 ) ζ(s) + 1 s + 1 1 − s ìpou, pĹntote sta parapĹnw, Re(s) > 1.

Tÿra h ϕ(s) eÐnai mÐa akèraia sunĹrthsh tou s, afoÔ ta oloklhrÿmata pou ìrisan thn

ϕ(s) sugklÐnoun gia kĹje s, ìpwc eÐdame pio mprostĹ. Epomènwc, upĹrqei merìmorfh

sunĹrthsh tou s se ìlo to migadikì epÐpedo, h

π^s2 Γ (_s 2 ) ( 1 2 ϕ(s) − 1 s + 1 s − 1 )

h opoÐa eÐnai h ζ(s) gia Re(s) > 1. Epeidă π^{s/2}, 1 Γ(s/2) , ϕ(s) eÐnai ìlec akèraiec, èpetai

ìti oi mìnoi pijanoÐ pìloi eÐnai gia s = 0 kai s = 1. AllĹ kontĹ sto s = 0 mporoÔme na

antikatastăsoume to sΓ (_s 2 ) tou paronomastă me 2 ( s 2 ) Γ ( s 2 ) = 2Γ ( s 2 + 1 ) ≠ 0 kajÿc s → 0.

’Ara èqoume monadikì pìlo gia s = 1 tou opoÐou to upìloipo eÐnai

lim_{s→1}(s − 1) π^s2 Γ (_s 2 ) ( 1 2 ϕ(s) − 1 s + 1 s − 1 ) = π^12 Γ (_1 2 ) = 1. Apomènei h apìdeixh thc sunarthsiakăc exÐswshc. ’Eqoume

Λ(s) = 1 2 ϕ(s) − 1 s − 1 s − 1 . Epeidă h s → 1−s afănei analloÐwto to 1 s + 1 s − 1 arkeÐ ϕ(s) = ϕ(s − 1).

Tÿra qreiazìmaste thn sunarthsiakă exÐswsh thc jăta sunĹrthshc (prìtash 1.5.3)

Θ(t) = 1 √ t Θ ( 1 t ) . An ston orismì thc ϕ(s) antikatastăsoume to t me^1_t paÐrnoume: ϕ(s) = ∫_1 0 t^{− s2} [ Θ ( 1 t ) − 1 ] dt t + ∫_∞ 1 t^{− s2} [ Θ ( 1 t ) − √ t ] dt t opìte h prìtash 1.5.2 dÐnei

(1.5) =

∫_1 0 t^{− s2} ( √ t Θ(t) − 1 ) dt t + ∫_∞ 1 t^{− s2} ( √ tΘ(t) − √ t ) dt t = ∫_1 0 t^{1−s2} ( Θ(t) − 1 √ t ) dt t + ∫_∞ 1 t^{1−s2} ( Θ(t) − 1 ) dt t = ϕ(1 − s). ⊓⊔

34 1. Zăta sunartăseic kai L-seirèc

KefĹlaio 2

H zăta sunĹrthsh algebrikÿn swmĹtwn arijmÿn

Tic idèec twn prohgoumènwn paragrĹfwn ja prospajăsoume tÿra na genikeÔsoume se algebrikĹ sÿmata arijmÿn. Gia thn katanìhsh thc Ôlhc apì edÿ kai pèra eÐnai aparaÐthth h gnÿsh tou perieqomènou enìc majămatoc algebrikăc jewrÐac arijmÿn, ìpwc autèc perigrĹfontai paradeÐgmatoc qĹrin sto [2].

2.1 H katanomă twn akeraÐwn idewdÿn enìc algebrikoÔ sÿmatoc arijmÿn K se klĹseic idewdÿn.

Upojètoume ìti K eÐnai èna opoiodăpote algebrikì sÿma arijmÿn. An n eÐnai o bajmìc thc epèktashc KŒQ , s to plăjoc twn pragmatikÿn emfuteÔsewn kai t to plăjoc twn mh suzugÿn migadikÿn emfuteÔsewn tou K sto C , tìte n = s + 2t. ’Estw { σ_1, σ_2, . . . , σ_s, σ_{s+1}, σ_{s+1}, . . . , σ_{s+t}, σ_{s+t} }

to sÔnolo twn emfuteÔsewn tou K sto C . Xanajumìmaste thn logarijmikă emfÔteush tou K^∗ sto R^{s+t}

L(x) := L (σ(x)) = ( log |σ_1(x)|, log |σ_2(x)|, . . . , log |σ_s(x)|, 2 log |σ_{s+1}(x)|, . . . , 2 log |σ_{s+t}(x)| )

An R eÐnai o daktÔlioc twn akeraÐwn algebrikÿn tou K kai E(R) h omĹda twn monĹdwn autoÔ me L(E(R)) ja sumbolÐzoume thn eikìna thc omĹdac E(R) mèsw thc apeikìnishc L. O purănac Ker L(E(R)) =: W eÐnai h omĹda twn rizÿn thc monĹdac pou anăkoun sto K. H W eÐnai peperasmènh omĹda kai mĹlista kuklikă Ĺrtiac tĹxhc. Akìmh L(E(R)) eÐnai diktuwtì

tou R^{s+t} kai mĹlista perièqetai sto uperepÐpedo H = { (y_1, y_2, . . . , y_{s+t}) | | s+t∑ i=1 y_i = 0 }

An orÐsoume tÿra e_i = 1, gia i = 1, 2, . . . , s 2, gia i = s+1, . . . , s+t kai jumhjoÔme thn kanonikă emfÔteush

σ : K → R^s × C^t

σ(x) = ( σ_1(x), σ_2(x), . . . , σ_s(x), σ_{s+1}(x), . . . , σ_{s+t}(x) )

mporoÔme na grĹyoume th logarijmikă emfÔteush san sÔnjesh dÔo sunartăsewn K^{∗ σ}−→ R^{∗ s} × C^{∗ t L}−→ R^{∗ s+t}

α −→ ( σ_1(α), . . . , σ_{s+t}(α) ) −→ ( log |σ_1(α)|^{e1} , . . . , log |σ_{s+t}(α)|^{es+t} )

An ε_1, ε_2, . . . , ε_{s+t−1} eÐnai èna sÔsthma jemeliwdÿn monĹdwn tou K (Jeÿrhma monĹdwn tou Dirichlet) tìte orÐzoume ton omalopoihtă (regulator) autoÔ tou sustămatoc

Reg_K ( ⟨ε_1, ε_2, . . . , ε_{s+t−1}⟩ ) = | |det(log |σ_i(ε_j )|_{ei} ) | |

gia i = 1, 2, . . . , s + t, i ≠ i_0, j = 1, 2, . . . , s + t − 1 kai i_0 ∈ {1, 2, . . . , s + t}. ApodeiknÔetai ìti o orismìc eÐnai anexĹrthtoc thc eklogăc tou sustămatoc kai ìti exartĹtai mìno apì to K. Ja grĹfoume loipìn gia ton omalopoihtă opoioudăpote sustămatoc jemeliwdÿn monĹdwn Reg_K. An tèloc E(R) = W × ⟨ε_1⟩ × ⟨ε_2⟩ × · · · × ⟨ε_r⟩, r := s + t − 1 tìte ja sumbolÐzoume me E_0(R) := ⟨ε_1⟩ × ⟨ε_2⟩ × · · · × ⟨ε_r⟩.

Prìtash 2.1.1 (gewmetrikă shmasÐa tou omalopoihtă)

O ìgkoc tou diktuwtoÔ L(E(R)) èinai Ðsoc prìc √ s + t Reg_K.

Apìdeixh:

L(E(R)) = Z log(ε_1) ⊕ Z log(ε_2) ⊕ · · · ⊕ Z log(ε_{s+t−1}) ⊆ H

ìpou H = { (x_1, x_2, . . . , x_{s+t}) ∈ R^{s+t} | | x_1 + x_2 + · · · + x_{s+t} = 0}.

To diĹnusma −→r = 1 √ s + t (1, 1, . . . , 1 s , 1, 1, . . . , 1 t ) eÐnai kĹjeto sto uperepÐpedo H Ĺra kai

sto diktuwtì L(E(R)) kai eÐnai kai monadiaÐo, dhladă ‖−→r ‖ = 1. Epomènwc Vol ( L(E(R)) ) = | |det ( log(ε_1), log(ε_2), . . . , log(ε_{s+t−1}), −→r )| |

= 1 √ s + t

| | | | | | | det log |σ_1(ε_1)|^{e1} log |σ_1(ε_2)|^{e2} . . . log |σ_1(ε_r)|^{er} 1

log |σ_2(ε_1)|^{e1} log |σ_2(ε_2)|^{e2} . . . log |σ_2(ε_r)|^{er} 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . log |σ_{s+t}(ε_1)|^{e1} log |σ_{s+t}(ε_2)|^{e2} . . . log |σ_{s+t}(ε_r)|^{er} 1

| | | | | | | ìpou r := s + t − 1. Prosjètoume ìlec tic grammèc sthn i_0 grammă kai èqoume

= 1 √ s + t

| | | | | | | | | | det log |σ_1(ε_1)|^{e1} log |σ_1(ε_2)|^{e2} . . . log |σ_1(ε_r)|^{er} 1

log |σ_2(ε_1)|^{e1} log |σ_2(ε_2)|^{e2} . . . log |σ_2(ε_r)|^{er} 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 0 . . . 0 s + t . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . log |σ_{s+t}(ε_1)|^{e1} log |σ_{s+t}(ε_2)|^{e2} . . . log |σ_{s+t}(ε_r)|^{er} 1

| | | | | | | | | |

AnaptÔssoume thn orÐzousa katĹ ta stoiqeÐa thc i_0 grammăc kai èqoume to zhtoÔmeno. ⊓⊔

Sumbolismìc 2.1.2 An K h omĹda klĹsewn idewdÿn tou sÿmatoc K, k ∈ K kai t ∈ R_+

Ak(t) := { A ∈ k^| A akèraio ideÿdec, N_{K/Q}(A) ≤ t^}

A(t) := { A | | A akèraio ideÿdec tou K, N_{K/}Q(A) ≤ t}

Skopìc autăc thc paragrĹfou eÐnai na apodeÐxoume to akìloujo:

Jemeliÿdec Jeÿrhma 2.1.3 IsqÔei Ak(t) = λ · t + εk(t) ìpou εk(t) = O(t^{1− 1n} ) kai λ :=

2^{s+t}π^sReg_K w √ |D_K | Paratărhsh: O w sumbolÐzei thn tĹxh thc omĹdac twn rizÿn thc monĹdac W tou K kai D_K thn diakrÐnousa tou sÿmatoc K. Epeidă o λ eÐnai anexĹrthtoc thc klĹshc idewdÿn k, prokÔptei amèswc ìti: A(t) = λht + O(t^{1− 1n} ). H apìdeixh eÐnai arketĹ makroskelăc.

Kat’ arqăn dialègoume èna ideÿdec B thc klĹshc k^{−1} to opoÐo to kratoÔme stajerì. Epomènwc A ∈ K ⇐⇒ ∃ α ∈ K^∗ t.w. A·B = (α). EpÐshc eÐnai profaneÐc oi isodunamÐec

A akèraio ideÿdec tou K ⇐⇒ A ⊆ R ⇔ (α) = AB ⊆ R · B = B ⇔ α ∈ B

kajÿc kai N_{K/}Q(A) ≤ t ⇐⇒ N_{K/}Q(AB) = | N_{K/}Q(α) | ≤ N_{K/}Q(B)t. Epomènwc # { A ∈ k^| A akèraio ideÿdec tou K kai N_{K/Q}(A) ≤ t^} = # { (α) | | α ∈ B r {0} kai |N_{K/}Q(α)| ≤ N_{K/}Q(B)t } . To prìblhma brÐsketai sto ìti eÐnai dunatìn na isqÔei ìti (α) = (α^′) gia α ≠ α^′. GnwrÐzoume ìti (α) = (α^′) ⇔ α^′ = εα me ε ∈ E(R). ’Ara ja prèpei na broÔme èna plărec sÔsthma antiprosÿpwn α (me tic parapĹnw idiìthtec) modulo E(R).

Lămma 2.1.4 An D èna plărec sÔsthma antiprosÿpwn tou K^∗ modulo thn omĹda E_0(R) ∼= E(R)Œ W , tìte

Ak(t) = 1 w · # { α | | (α) ∈ B ∩ D kai |N_{K/}Q(α)| ≤ N_{K/}Q(B) · t}

Apìdeixh: H apìdeixh eÐnai Ĺmesh sunèpeia twn amèswc prohgoumènwn eisagwgikÿn para-

thrăsewn. ⊓⊔ Sth sunèqeia ja apodeÐxoume èna apotèlesma thc jewrÐac omĹdwn.

Lămma 2.1.5 ’Estw f : G → G^′ omomorfismìc omĹdwn kai U ≤ G , U^′ ≤ G^′ upoomĹdec

twn G kai G^′ antÐstoiqa, tètoiec ÿste h f|_U : U → U^′ na eÐnai amfimonosămanth. Tìte, an D^′ eÐnai plărec sÔsthma antiprosÿpwn thc U^′ sthn G^′ kai to D := f^{−1}(D^′) ja eÐnai plărec sÔsthma antiprosÿpwn thc U sthn G.

Apìdeixh: Arkei na apodeÐxoume ìti

(1) G = ⋃ d∈D dU kai ìti (2) An d_1, d_2 ∈ D kai d_1U = d_2U tìte d_1 = d_2 Gia thn apìdeixh thc (1), ex upojèsewc èqoume ìti G^′ =˙ ⋃ d^′∈D^′ d ′U^′. Sunepÿc

G = f^{−1}(G^′) = ⋃ d∈D df^{−1}(U^′) = ⋃ d∈D d · Ker f · U = ⋃ d∈D dU. H teleutaÐa isìthta isqÔei diìti D = f^{−1}(D^′) ⇒ d · Ker f ⊆ D. Gia thn apìdeixh thc (2) èqoume

d_1U = d_2U ⇐⇒ d^{−1}_1 d_2 ∈ U =⇒ f(d^{−1}_1 d_2) ∈ f(U) = U^′ =⇒ f(d^{−1}_1 )f(d_2) ∈ U^′ =⇒ f(d_1)U^′ = f(d_2)U^′.

Autì shmaÐnei ìti ta f(d_1) kai f(d_2) orÐzoun thn Ðdia klĹsh mod U^′. Epeidă ìmwc f(d_1) ∈ D^′ kai f(d_2) ∈ D^′ kai D^′ eÐnai plărec sÔsthma antiprosÿpwn ja èqoume f(d_1) = f(d_2) ⇒ f(d_1d^{−1}_2 ) = 1 kai epeidă h f eÐnai èna proc èna, èpetai ìti d_1d^{−1}_2 = 1, dhladă d_1 = d_2. ⊓⊔ GiatÐ apodeÐqjhke to lămma autì ja faneÐ se lÐgo.

Lămma 2.1.6 ’Estw D èna plărec sÔsthma antiprosÿpwn tou R^{∗s} × C^{∗t} wc prìc thn σ(E_0)

(ìpou σ eÐnai h kanonikă emfÔteush tou K^∗ sto R^{∗s} × C^{∗t} ). Tìte isqÔei

Ak(t) = 1 w · # { x ∈ σ(B) ∩ D | | | |N(x) | | ≤ N_{K/}Q(B)t }

ìpou h N(x), gia x = (x_1, x_2, . . . , x_s, x_{s+1}, . . . , x_{s+t}) orÐzetai

N(x) := x_1x_2 · · · x_s|x_{s+1}|^2 · · · |x_{s+t}|^2.

Apìdeixh: O σ eÐnai monomorfismìc daktulÐwn (dec [2]), opìte èqoume to sqăma K^{∗ σ}→ σ(K^∗) E_0 → σ(E_0)

An D plărec sÔsthma antiprosÿpwn thc omĹdac K^�ŒE_0(R) tìte to σ(D) eÐnai epÐshc plărec

sÔsthma antiprosÿpwn thc omĹdac σ(K^�)Œσ(E_0(R)). Tèloc arkeÐ na parathrăsoume ìti | N_{K/}Q(α) | ≤ N_{K/}Q(B)t ⇐⇒ | N(x) | ≤ N_{K/}Q(B)t, to opoÐo eÐnai profanèc. ⊓⊔

Lămma 2.1.7 ’Estw D^′ plărec sÔsthma antiprosÿpwn tou R^{s+t} wc prìc L(σ(E_0(R))).

Tìte D := L^{−1}(D^′) eÐnai plărec sÔsthma antiprosÿpwn wc proc thn σ(E_0(R)).

Apìdeixh: SÔmfwna me to lămma (2.1.5), arkeÐ na deÐxoume ìti h apeikìnish L | σ(E_0) : σ(E0) =⇒ L(σ(E0))

eÐnai amfimonosămanth. Edÿ gia lìgouc eukolÐac sumbolÐzoume to E_0(R) me E_0. Profanÿc

eÐnai epÐ. EÐnai kai èna proc èna. PrĹgmati èqoume deÐxei ìti Ker ( L(σ(K^∗)) ) = σ(W ) =⇒ Ker ( L(σ(E_0)) ) = σ(W ) ∩ σ(E_0).

Epeidă σ monomorfismìc, èpetai ìti

σ(W ) ∩ σ(E_0) = σ(W ∩ E_0) = {1}. ⊓⊔

Skopìc mac eÐnai na kataskeuĹsoume èna plărec sÔsthma antiprosÿpwn D^′ thc R^{s+t} wc

prìc thn upoomĹda L(σ(E_0)). To pleonèkthma eÐnai ìti to L(σ(E_0)) eÐnai diktuwtì.

ParĹdeigma: Gia n = 2, s = 2, t = 0, K tetragwnikì pragmatikì sÿma arijmÿn èqoume

R^{s+t} = R^s = R^2 H = { (x_1, x_2) | x_1 + x_2 = 0 } E_0 = ⟨ε_0⟩

H x + y = 0

L(σ(ε_0))

u

PaÐrnoume u⊥H. Profanÿc D^′ = [0, 1) · L(σ(ε_0 )) ⊕ Ru L(u_1, u_2) = (log |u_1|, log |u_2|) kai L^{−1}(x_1, x_2) = (±e^{x1} , ±e^{x2} ) opìte L^{−1}(D^′) eÐnai o tìpoc anĹmesa stic eujeÐec (±e^x, ±e^x) kai (±e^x, ±e^xε_0) (dec parakĹtw sqăma).

x + y = 0

Ac epistrèyoume sth genikă perÐptwsh. Entelÿc ìmoia prokÔptei ìti

Jeÿrhma 2.1.8 An u ∈ R^{s+t} r H kai F := [0, 1) · L(σ(ε_1)) ⊕ [0, 1) · L(σ(ε_2)) ⊕ · · · ⊕ [0, 1) · L(σ(ε_r)) Tìte D^′ = F ⊕ Ru eÐnai èna plărec sÔsthma antiprosÿpwn thc R^{s+t} modulo L(σ(E_0)).

Epomènwc, an D^′ ìpwc sto jeÿrhma 2.1.8 tìte

D = L^{−1}(D^′) = { x ∈ R^{∗s} × C^{∗t |} L(x) ∈ F ⊕ Ru^} ja lègetai mÐa jemeliÿdhc perioqă gia to σ(E_0).

Sumbolismìc 2.1.9 An D ⊆ R^{∗ s} × C^{∗t} kai a ∈ R_+ tìte sumbolÐzoume me

D_a := { x ∈ D | | |N(x)| ≤ a} ìpou N(x) = x_1x_2 . . . x_s|x_{s+1}|^2 . . . |x_{s+t}|^2.

Paratărhsh 2.1.10 An u = (1, 1, . . . , 1 s , 2, 2, . . . , 2 t ) tìte h D_a eÐnai omogenăc kai isqÔei:

D_a =^n √ aD_1 Apìdeixh: ArkeÐ na deÐxoume ìti h D eÐnai omogenăc, dhladă ìti λx ∈ D gia kĹje x ∈ D

kai kĹje λ ∈ R. PrĹgmati an x ∈ D =⇒ L(λx) = L(x) + log | |λ | |(1, 1, . . . , 1 s , 2, 2, . . . , 2 t )

to opoÐo anăkei sto D^′ lìgw thc eklogăc tou u. ⊓⊔

Lămma 2.1.11 An D mÐa jemeliÿdhc perioqă, ìpwc sto Jeÿrhma 2.1.8, me u = (1, . . . , 1 s , 2, . . . , 2 t ), tìte isqÔei:

Ak(t) = 1 w · # { x ∈ σ(B) ⋂_n√ t · N_{K/}Q(B) · D_1 } . Apìdeixh: ’Eqoume ădh deÐxei ìti

Ak(t) = 1 w · # { x ∈ σ(B) ⋂ D | | |N(x)| ≤ t · N_{K/} Q(B) }

kai afoÔ D_α = { x ∈ D | | |N(x)| ≤ α}, D_α = n√α D_1, gia α := tN_{K/}Q(B) èqoume

Ak(t) = 1 w · # { x ∈ σ(B) ⋂ D_α } = 1 w · # { x ∈ σ(B) ⋂_n√ tN_{K/}Q(A) · D_1 } . ⊓⊔

Lămma 2.1.12 ’Estw Γ èna n-diĹstato diktuwtì tou R^n kai B ⊆ R^n to opoÐo èqei arketĹ

kalì sÔnoro, eÐnai dhladă to sÔnorì tou (n − 1)-Lipschitz parametrăsimo, tìte gia kĹje a ∈ R+ # ( Γ ⋂ aB ) = Vol(B) Vol(Γ)

· a^n + O(a^{n−1})

Orismìc 2.1.13 ’Ena M ⊆ R^n ja lègetai (n−1)-Lipschitz parametrăsimo, ìtan upĹr-

qoun peperasmènou plăjouc sunartăseic f_i : [0, 1]^{n−1} −→ R^n (i = 1, 2, . . . , m) t.w. M ⊆ ⋃ i f_i ( [0, 1]^{n−1} ) kai (2.1) sup x,y∈[0,1]^{n−1} x≠y |f_i(x) − f_i(y)| |x − y| < ∞ gia kĹje i = 1, 2, . . . , m. (2.2)

Apìdeixh tou Lămmatoc 2.1.12: Ja apodeÐxoume ìti mporoÔme na anĹgoume to prìblhma

sthn eidikă perÐptwsh pou Γ = Z^n. UpĹrqei kĹpoioc grammikìc metasqhmatismìc ℓ tou R^n

pou stèlnei to diktuwtì Γ sto Z^n. H sunjăkh tou Lipschitz diathreÐtai mèsw grammikÿn

metasqhmatismÿn, dhladă to B^′ = ℓ(B) èqei arketĹ kalì sÔnoro. Epomènwc # ( Γ ⋂ aB ) = # ( ℓ^{−1}(Z^n) ⋂ aB ) = # ( Z^{n ⋂} a ℓ(B)^) .

Opìte, an deqtoÔme proc stigmăn ìti to lămma isqÔei gia to Z^n, èqoume ìti h parapĹnw

sqèsh eÐnai Ðsh me

Vol(ℓ(B)) · a^n + O(a^{n−1}).

Gnwstì ìti, an o ℓ eÐnai grammikìc metasqhmatismìc, tìte

Vol(ℓ(B)) = | det(ℓ) | · Vol(B). KĹje grammikìc metasqhmatismìc diathreÐ thn analogÐa ìgkwn

Vol(Z^n) = Vol(ℓ(Γ)) = | |det(ℓ) | | · Vol(Γ) ⇒ Vol(ℓ(B)) = Vol(B) Vol(Γ) , dhladă # ( Γ ⋂ aB ) = Vol(B) Vol(Γ) · a^n + O(a^{n−1}). Apomènei na deÐxoume ton tÔpo gia Γ = Z^n. Ac pĹroume to monadiaÐo n−kÔbo [0, 1]^n kai

ac ton topojetăsoume ètsi ÿste to kèntro tou na eÐnai èna shmeÐo tou diktuwtoÔ. Ac jewrăsoume metaforèc autoÔ tou kÔbou. Ja tic onomĹzoume aplÿc n-kÔbouc. AfoÔ kĹje

kÔboc èqei ìgko 1 tìte to plăjoc twn kÔbwn mèsa sto aB eÐnai perÐpou #(Z^n ∩ aB) kai

epÐshc perÐpou ìso o ìgkoc Vol(aB). ’Eqoume dhladă ìti # ( Z^n ∩ aB^) = Vol(aB) + γ(a)

ìpou γ(a) ≤ # { n-kÔbwn Q me Q ∩ ∂(aB) ≠ ∅ } . ArkeÐ epomènwc na na deÐxoume ìti γ(a) =

O(a^{n−1}). To ìti to sÔnoro tou B eÐnai Lipschitz-parametrăsimo sunepĹgetai ìti ∂B ⊆ ⋃ f f ( [0, 1]^{n−1} )

kai oi sunartăseic f eÐnai peperasmènou plăjouc. PaÐrnoume ton (n−1)-kÔbo [0, 1]^{n−1} kai

ton diairoÔme se Ðsouc upokÔbouc, akmăc 1 [a] . QwrÐc periorismì thc genikìthtac upojètoume

ìti a ≥ 1. ’Eqoume loipìn [0, 1]^{n−1} = [a]⋃ ν=1 S_ν. Amèswc faÐnetai ìti h diĹmetroc kĹje kÔbou

S_ν eÐnai δ(S_ν ) = √ n − 1 [a] . Epomènwc δ (f(S_ν)) ≤ λ √ n − 1 [a] kai λ mÐa stajerĹ tou Lipschitz

gia ìlec tic sunartăseic f. Sunepÿc δ (af(S_ν)) ≤ λ a [a] √ n − 1 = λα √ n − 1 < 2λ √ n − 1. Tÿra, ac stajeropoiăsoume proc to parìn thn f kai to ν kai ac upologÐsoume to # { Q | | Q ⋂ af(S_ν) ≠ ∅, Q = n-kÔboc}.

Ac pĹroume èna stajerì shmeÐo tou af(S_ν) kai ac jewrăsoume thn n−diĹstath sfaÐra

pou èqei kèntro autì to shmeÐo kai aktÐna 2λ √ n − 1. Profanÿc h sfaÐra aută perièqei to

af(S_ν) kai tèmnei to polÔ μ = ( 4λ √ (n − 1) + 2 )_n

apì touc n-kÔbouc. (μ anexĹrthto tou a). Epomènwc # { Q | | n − kÔboc, Q ⋂ af(S_ν) ≠ ∅ gia kĹpoia f kai ν }

≤ ( 4λ √ (n − 1) + 2 )_n · #f · #{S_ν} ≤ (stajerĹ) · a^{n−1}.

TelikĹ dhladă ja èqoume ∂(aB) = a∂B ⊆ a ⋃ f f ( [0, 1]^{n−1} ) = ⋃ f,Sν af (S_ν) =⇒ # { Q | | | Q ⋂ ∂(aB) ≠ ∅ } ≤ (stajerĹ) · a^{n−1}

Sth sunèqeia apodeiknÔoume to akìloujo

Lămma 2.1.14 Gia mÐa jemeliÿdh perioqă D tou σ(E_0) to sÔnorì thc, èstw D_1 (dèc sum-

bolismì 2.1.9), eÐnai (n−1)-Lipschitz parametrăsimo.

Apìdeixh: D_1 = { x ∈ R^{∗ s} × C^{∗ t |} L(x) ∈ F ⊕ Rυ kai N(x) ≤ 1^} Skopìc mac eÐnai, kat’ arqăn, na broÔme mÐa katĹllhlh parametrikopoÐhsh thc D_1. PaÐrnoume pĹli san υ to diĹnusma υ = (1, 1, . . . , 1 s , 2, 2, . . . , 2 t )

F = [0, 1)υ_1 ⊕ · · · ⊕ [0, 1)υ_{s+t−1} = L(σ(E_0(R))) ìpou υ_i := L(σ(ε_i)). UpenjumÐzoume ìti gia x = (x_1, x_2, . . . , x_s, x_{s+1}, . . . , x_{s+t}) N(x) := x_1x_2 · · · x_s|x_{s+1}|^2 · |x_{s+2}|^2 · · · |x_{s+t}|^2 kai L(x) = (log |x_1|, . . . , log |x_s|, 2 log |x_{s+1}|, . . . , 2 log |x_{s+t}|) . OrÐzoume D^+_1 := { x ∈ D_1 | x_1, x_2, . . . , x_s ≥ 0 } . Profanÿc isqÔoun:

1. Vol(D_1) = 2^s · Vol(D^+_1 ),

2. An ∂D^+_1 eÐnai (n−1)-Lipschitz parametrăsimo tìte kai to ∂D eÐnai (n−1)-Lipschitz parametrăsimo.

Sth sunèqeia ja parametrăsoume to D_1. To x ∈ D^+_1 akribÿc tìte ìtan x ∈ D_1 kai x_1, x_2, . . . , x_s ≥ 0. Tÿra, x ∈ D_1 sunepĹgetai ìti L(x) ∈ F ⊕ Rυ, ìpou υ = (1, 1, . . . , 1 s , 2, 2, . . . , 2 t ), dhladă

L(x) = (log |x_1|, log |x_2|, . . . , log |x_s|, 2 log |x_{s+1}|, . . . , 2 log |x_{s+t}|) ∈ F ⊕ Rυ Lìgw tou ìti x_1, x_2, . . . , x_s ≥ 0, èpetai ìti |x_i| = x_i gia i = 1, 2, . . . , s. Epomènwc, upĹrqei

u ∈ R tètoio ÿste log x1 ∈ F + u, log x2 ∈ F + u, . . . , log xs ∈ F + u, 2 log |xs+1| ∈ F + 2u,

2 log |x_{s+2}| ∈ F + 2u, . . . , 2 log |x_{s+t}| ∈ F + 2u. Sunepÿc, log x_i = r∑ k=1 λ_kυ^{(i)}_k + u gia i = 1, 2, . . . , s, kai 2 log |x_j| = r∑ k=1 λ_kυ^{(j)}_k + 2u gia j = s+1, s+2, . . . , s+t, ìpou r := s + t − 1.

ParathroÔme ìti N(x) ≤ 1 ⇐⇒ u ≤ 0. PrĹgmati, | |N(x) | | ≤ 1 ⇐⇒ log | |N(x) | | ≤ 0 ⇐⇒^r ∑ k=1 λ_k s+t∑ i=1 υ^{(i)}_k + nu ≤ 0.

Epeidă υ_k = L(σ(ε_k)) ∈ L(σ(E_0(R))) ⊆ H, èpetai ìti s+t∑ i=1 υ^{(i)}_k = 0.

Epomènwc N(x) ≤ 1 ⇐⇒ nu ≤ 0 ⇐⇒ u ≤ 0.

Apì ta parapĹnw sumperaÐnoume ìti x ∈ D^+_1 ⇐⇒ L(x) ∈ F ⊕ (−∞, 0] · (1, 1, . . . , 1 s , 2, 2, . . . , 2 t ).

Sth sunèqeia ja prospajăsoume na apallagoÔme tou u. Proc toÔto eisĹgoume mÐa kainoÔrgia metablhtă λ_{s+t} := e^u. Profanÿc isqÔei: u ∈ (−∞, 0] ⇐⇒ λ_{s+t} ∈ (0, 1]. ’Ara, èqoume ìti x ∈ D^+_1 tìte kai mìno tìte ìtan x_i = λ_{s+t} · e^{∑rk=1 λkυ(i)k} , gia i = 1, 2, . . . , s kai

|x_j| = λ_{s+t} · e^{12 ∑rk=1 λkυ(j)k} gia j = s+1, s+2, . . . , s+t

ìpou 0 ≤ λ_k < 1 gia 1 ≤ k ≤ s+t−1 kai 0 < λ_{s+t} ≤ 1.

KalÔtera, lìgw tou ìti x_1, x_2, . . . , x_s ≥ 0, èqoume ìti x ∈ D^+_1 akribÿc tìte ìtan

x_i = λ_{s+t} · e^{∑rk=1 λkυ(i)}k gia i = 1, 2, . . . , s kai x_j = λ_{s+t} · e^12^{∑rk=1 λkυ(j)k} gia j = s+1, s+2, . . . , s+t (2.3)

ìpou 0 ≤ λ_k < 1 gia k = 1, 2, . . . , r := s+t−1, kai 0 < λ_{s+t} ≤ 1.

H isodunamÐa aută mĹc dÐnei mÐa parametrikopoÐhsh tou D^+_1 mèsw enìc hmianoiqtoÔ nkÔbou. An epitrèyoume sta λ_k na pĹroun kai tic sunoriakèc touc timèc (Ðson me mhdèn ă èna) tìte èqoume mÐa parametrikopoÐhsh thc jăkhc D^+_1 .

Ac orÐsoume mÐa sunĹrthsh

f : R^n −→ R^s × C^t = R^n ,

mèsw thc isodunamÐac (2.3), wc exăc:

(λ_1, λ_2, . . . , λ_n) −→ (x_1, x_2, . . . , x_{s+t}).

Ja deÐxoume ìti ∂D^+_1 ⊆ F (∂([0, 1]^n)), dhladă ja efarmìsoume ton orismì thc Lipschitz parametrhsimìthtac gia mÐa mìno sunĹrthsh, thn f. ArkeÐ na deÐxoume ìti:

1. f([0, 1]^n) ⊇ D^+_1 , kai

2. to (0, 1)^n apeikonÐzetai sto eswterikì tou D^+_1 , dhladă f((0, 1)^n) ⊆^oD^+_1 .

Apìdeixh thc 1: Profanÿc, h f eÐnai suneqăc kai [0, 1]^n sumpagèc. Sunepÿc to f([0, 1]^n)

eÐnai epÐshc sumpagèc. IdiaÐtera to f([0, 1]^n) eÐnai kleistì kai perièqei, ex orismoÔ thc f, to D^+_1 . Epomènwc D^+_1 ⊆ f([0, 1]^n).

Apìdeixh thc 2: ArkeÐ na apodeÐxoume ìti h f eÐnai anoiqtă apeikìnish. Gia na to

epitÔqoume autì, analÔoume thn f se ginìmeno katallălwn sunartăsewn.

λ_1

λ_1 . . λ_n

f_1 −→ λ_1

λ_2 . . λ_{s+t−1} log λ_{s+t}

log λ_{s+t+1} . . log λ_n

f_2 −→ log λ_{s+t} + ∑ λ_kυ^{(i)}_k . . 2 log λ_{s+t} + ∑ λ_kυ^{(j)}_k . . λ_{s+t+1} . . λ_n i = 1, 2, . . . , s

j = s+1, s+2, . . . , s+t

f_3 −→ e^{∑rk=1 λkυ(i)}k . . e^12^{∑rk=1 λkυ(j)k} . . 2πλ_{s+t+1} . . 2πλ_n i = 1, 2, . . . , s

j = s+1, s+2, . . . , s+t

f_4 −→ e^{∑rk=1 λkυ(i)}k . . e^12^{∑rk=1 λkυ(j)k} cos 2πλ_{s+t+1}

e^12^{∑rk=1 λkυ(j)k} sin 2πλ_{s+t+1}

e^12^{∑rk=1 λkυ(j)k} cos 2πλ_n

e^12^{∑rk=1 λkυ(j)k} sin 2πλ_n i = 1, 2, . . . , s

j = s+1, s+2, . . . , s+t

Ta pedÐa orismoÔ kai ta pedÐa timÿn twn sunartăsewn:

(0, 1)^{n f1}−→ R^{n f2}−→ R^{n f3}−→ R^s ×(0, ∞)^t ×R^{t f4}−→ R^s ×C^t

ArkeÐ na apodeÐxoume ìti oi f_1, f_2, f_3, f_4 eÐnai anoiqtèc. H f_1 eÐnai anoiqtă, eÐnai èna prìc èna kai epÐ, h f_3 eÐnai anoiqtă, afoÔ eÐnai h ekjetikă sunĹrthsh, h f_4 eÐnai epÐshc anoiqtă. H f_2 eÐnai grammikă, arkeÐ loipìn na deÐxoume ìti èqei rank n. Autì ìmwc eÐnai profanèc diìti ta υ_k kai to (1, 1, . . . , 1 s , 2, 2, . . . , 2 t ) eÐnai grammikĹ anexĹrthta dianÔsmata tou R^{r+s} , dhladă kai h f_2 eÐnai anoiqtă.

Epomènwc kai h f eÐnai anoiqtă. Apomènei na apodeÐxoume ìti h f eÐnai Lipschitz orismènh sto [0, 1]^n. ArkeÐ na parathrăsoume ìti upĹrqoun ìlec oi merikèc parĹgwgoi kai eÐnai suneqeÐc. Sunepÿc ìlec oi merikèc parĹgwgoi eÐnai fragmènec ston kÔbo [0, 1]^n. O kÔboc [0, 1]^n eÐnai sumpagèc sÔnolo kai h f suneqăc se sumpagèc, Ĺra eÐnai fragmènh kai, sunepÿc, Lipschitz, dhladh to lămma. ⊓⊔

H apìdeixh tou jewrămatoc ja èqei teleiÿsei eĹn tèloc apodeÐxoume to parakĹtw lămma.

Lămma 2.1.15 An D jemeliÿdhc perioqă tou σ(E_0) tìte

Vol(D_1) = 2^sπ^tReg_K.

Apìdeixh: Gia thn iakwbiană thc f, isqÔei:

| |J(f) | | =^4 ∏ i=1 | |J(f_i) | | kai èqoume |J(f_1)| = 1 λ_{s+t} , |J(f_3)| = (2π)^tx_1x_2 · · · x_s · 1 2 |x_{s+1}| · · · |x_{s+t}|, |J(f_4)| = |x_{s+1}| · · · |x_{s+t}|, kai

|J(f_2)| = det υ_1 . . υ_{s+t+1} 1, 1, . . . , 1, 2, 2, . . . , 2 0

0 1 ... 1

= det υ_1 . . υ_{s+t+1} 1, 1, . . . , 1, 2, 2, . . . , 2 .

Prsjètoume ìlec tic stălec sthn teleutaÐa stălh kai lambĹnoume up’ ìyin ìti υ^{(1)}_k + · · · + υ^{(s+1)}_k = log | N_{K/}Q(ε_k) | = log 1 = 0 |J(f_2)| = n · det(υ_i) = n · Reg_K . Sunepÿc |J(f)| = 1 λ_{s+k} · n · Reg_K · π^t|N(x)|

= nπ^tReg_K · 1 λ_{s+t} · λ^n_{s+t} · e (_{s+t−1} ∑ k=1 s+t−1∑ i=1 λ_kυ^{(i)}_k )

= nπ^tReg_K 1 λ_{s+t} λ^n_{s+t} = n · π^t · Reg_K · λ^{n−1}_{s+t} Epomènwc, Vol(D^+_1 ) =

∫_1 0 ∫_1 0 · · · ∫_1 0 nπ^tReg_K · λ^{n−1}_{s+t} dλ_1dλ_2 · · · dλ_n = ∫_1 0 nπ^tReg_Kλ^n_{s+t}dλ_{s+t} = π^tReg_K. ⊓⊔

An tÿra pĹroume san B = D_1 sto (2.1.12) kai to sunduĹsoume me to (2.1.11) èqoume

Ak(t) = 1 w · # { x ∈ σ(B) ⋂_n√ tN_{K/}Q(B) · D_1 }

= 1 w Vol(D_1) Vol(σ(B))

· t · N_{K/}Q(B) + O(t^{1− 1n} ) (∗) = 1 w 2^sπ^tReg_K 2^{−t}|D_K |^{1/2}N_{K/}Q(B)

· t · N_{K/}Q(B) + O(t^{1− 1n} ) = 2^s(2π)^tReg_K w √ |D_K | · t + O(t^{1− 1n} )

H isìthta (∗) eÐnai Ĺmeso apotèlesma gnwstăc prìtashc thc Algebrikăc JewrÐac Arijmÿn.

Sth sunèqeia ja genikeÔsoume to jemeliÿdec jeÿrhma autăc thc paragrĹfou genikeÔontac

thn ènnoia thc omĹdac klĹsewn idewdÿn. I_K ătan h omĹda ìlwn twn idewdÿn tou K, H_K h

omĹda twn kurÐwn idewdÿn autoÔ kai K = I^KŒH_K h omĹda klĹsewn idewdÿn tou sÿmatoc K.

Tÿra ja dhmiourgăsoume klĹseic isodunamÐac mèsw miĹc mikrìterhc omĹdac.

Orismìc 2.1.16 1. To α ∈ K ja lègetai plărwc jetikì (total positive) α ≫ 0 ìtan

kai mìnon ìtan ìloi oi pragmatikoÐ suzugeÐc tou α eÐnai jetikoÐ, dhladă σ_1(α), . . . , σ_s(α) > 0.

2. San kÔria klĹsh me thn stenă ènnoia ja orÐsoume thn omĹda

H^+_K = { (α) | | α ∈ K^∗, α ≫ 0}.

3. H omĹda K^+ = I^KŒH +_K lègetai omĹda klĹsewn me thn stenă ènnoia.

Orismìc 2.1.17 ’Estw m èna akèraio ideÿdec tou K .

1. H upoomĹda

H^+m := { (α) | | α ∈ K_∗, α ≫ 0, α = α1 α_2

, α_i ∈ R_K , a_i ≡ 1 (mod m) }

ja lègetai n aktÐna modulo m tou K. (Edÿ aktÐna metafrĹzoume th lèxh Strahl

apì ta germanikĹ ă th lèxh ray apì ta agglikĹ.)

2. ’Estw Am h omĹda idewdÿn tou K ta opoÐa eÐnai prÿta proc ton m (dhladă kanèna prÿto ideÿdec P , P | m, den emfanÐzetai sthn anĹlush twn A ∈ Am). H omĹda K^+m =

Am/H^+Œm ja lègetai omĹda klĹsewn modulo m sto K (Strahlklassengruppe modulo

m ă ray class group tou K).

QwrÐc apìdeixh anafèroume to

Jeÿrhma 2.1.18 H omĹda klĹsewn modulo m tou K, K^+m eÐnai peperasmènhc tĹxhc.

Jeÿrhma 2.1.19 Gia kĹje klĹsh k^+_m ∈ K^+m isqÔei

AK^+m(t) = # { A ∈ K^+m^| A akèraio, N_{K/Q}(A) ≤ t^} = ( λ h |K^+m|^t ) + O(t^{1− 1n} )

ìpou λ ìpwc sto Jemeliÿdec Jeÿrhma 2.1.3.

Apìdeixh: AnĹlogh tou Jemeliÿdouc Jewrămatoc 2.1.3. ⊓⊔

2.2 H zăta sunĹrthsh tou Dedekind algebrikoÔ sÿmatoc arijmÿn 2.2.1 Orismìc kai idiìthtec

AnĹloga proc th zăta sunĹrthsh tou Riemann ja orÐsoume tÿra th zăta sunĹrthsh tou Dedekind enìc algebrikoÔ sÿmatoc arijmÿn K. Gia lìgouc eukolÐac ja sumbolÐzoume thn norm enìc ideÿdouc A tou K me N(A) antÐ N_{K/}Q(A). OrÐzoume

ζ_K(s) := ∑ A∈I_K A akèraio 1 (N(A))^s , s ∈ C , Re(s) > 1.

H zăta sunĹrthsh tou Riemann eÐnai h zăta sunĹrthsh tou Dedekind gia to sÿma Q.

Lămma 2.2.1 H zăta sunĹrthsh tou Dedekind ζ_K(s) sugklÐnei apìluta gia Re(s) > 1

kai paristĹ, s’ autì to hmiepÐpedo mÐa olìmorfh sunĹrthsh.

Apìdeixh: ζ_K(s) = ∞∑ m=1 a_m m^s ìpou a_m = # { A ∈ I_K | A akèraio, N(A) = m } . Epomènwc

A(t) = ∑ m≤t a_m

(h seirĹ apoklÐnei), Ĺra mporoÔme na efarmìsoume to jeÿrhma (1.2.5). Epeidă A(t) = λ · h · t + O(t^{1− 1n} ) = O(t). ja èqoume ìti h ζ_K(s) sugklÐnei gia Re(s) > 1 kai epeidă a_m ∈ N gia kĹje fusikì m, ja sugklÐnei kai apolÔtwc gia Re(s) > 1 kai sÔmfwna me to jeÿrhma 1.2.4 paristĹ mÐa olìmorfh sunĹrthsh sto en lìgw hmiepÐpedo. ⊓⊔ To kÔrio jeÿrhma thc paroÔshc paragrĹfou eÐnai to:

Jemeliÿdec Jeÿrhma 2.2.2 (analutikìc tÔpoc tou arijmoÔ klĹsewn)

’Estw K algebrikì sÿma arijmÿn, n = (K : Q). H ζ_K (s) epekteÐnetai se mÐa merìmorfh

sunĹrthsh sto hmiepÐpedo Re(s) > 1−^1_n me monadikì aplì pìlo gia s = 1 kai

Res_{s=1}(ζ_K (s)) = lim_{s→1+}(s − 1)ζ_K(s) = λ · h =

2^s(2π)^t Reg_K w √ |D_K | · h. ShmeÐwsh: Sthn oriakă perÐptwsh pou r = s + t − 1 = 0, jètoume Reg_K = 1. Apìdeixh: Ja kĹnoume qrăsh tou jewrămatoc 1.5.5 thc selÐdac 31, ìti h ζ(s) eÐnai merì-

morfh sto C (edÿ ftĹnei to Re(s) > 0) me monadikì aplì pìlo gia s = 1 kai upìloipo Ðso me 1.

ζ_K(s) = ∞∑ m=1 a_m m^s = ∞∑ m=1 a_m − λ · h m^s + λ · h · ζ(s)

Profanÿc ∑ m≤t (a_m − λh) = A(t) − [t]λ h = A(t) − λ t h + O(1) j. 2.1.3= O(t1−^1_n ) + O(1) = O(t1−^1_n )

Epomènwc

1. H ∞∑ m=1 a_m − λ h m^s eÐnai olìmorfh gia Re(s) > 1 − 1 n (dec Jewrămata 1.2.5 kai 1.2.6).

2. H ζ_K(s) epekteÐnetai sto hmiepÐpedo Re(s) > 1 − 1 n kai èqei monadikì aplì pìlo sth jèsh s = 1. 3. Res ζ_K(s)_{s=1} = λ · h · Res ζ(s)_{s=1} = λ · h

EÔkola mporeÐ na deÐxei kaneÐc ìti a_m a_n = a_{mn} gia (m, n) = 1 (dec p.q. [19], selÐda 144).

Tÿra efarmìzoume to jeÿrhma 1.3.2.

ζ_K(s) = ∑ A∈I_K A akèraio 1 N(A)^s = ∏ P ∈P(K) { 1 + 1 N(P )^s + 1 N(P )^{2s} + · · · }

= ∏ P ∈P(K) 1 1 − N(P )^{−s} (Ginìmeno Euler)

To P(K) sumbolÐzei to sÔnolo ìlwn twn prÿtwn idewdÿn tou algebrikoÔ sÿmatoc arijmÿn K. ⊓⊔ 2.2.2 Upologismìc tou arijmoÔ klĹsewn mèsw tou Jewrămatoc (2.2.2)

’Estw K = Q( √ d) tetragwnikì sÿma arijmÿn diakrÐnousac d. O nìmoc anĹlushc sto K

eÐnai:

pR_K = P P^′, N(P ) = N(P^′) = p, an ( d p ) = 1 P, N(P ) = p^2, an ( d p ) = −1

P^2, N(P ) = p, an ( d p ) = 0 opìte h zăta sunĹrthsh tou K grĹfetai:

ζ_K (s) = ∏ P ∈P(K) 1 1 − N(P )^{−s} = ∏ (_d p ) =1 1 (1 − p^{−s})^2 ∏ (_d p ) =−1 1 1 − p^{−2s} ∏ (_d p ) =0 1 1 − p^{−s} = ∏ p∈P 1 1 − p^{−s} ∏ (_d p ) =1 1 1 − p^{−s} ∏ (_d p ) =−1 1 1 + p^{−s} ∏ (_d p ) =0 1 1 − 0·p^{−s} = ζQ(s) ∏ p∈P 1 1 − ( d p ) p^{−s} = ζQ(s)L(s/χ)

ìpou χ(p) = ( d p ) kai ζQ(s) eÐnai h zăta sunĹrthsh tou Riemann, ζ(s).

Autì to apotèlesma eÐnai eidikă perÐptwsh enìc genikìterou jewrămatoc. Proèkuye san

sunduasmìc tou ginomènou Euler gia th zăta sunĹrthsh tou Dedekind kai tou nìmou anĹlu-

shc enìc tetragwnikoÔ algebrikoÔ sÿmatoc arijmÿn.

An tÿra perĹsoume sta upìloipa thc ζ_K(s) = ζQ(s)L(s/χ) sth jèsh s = 1 gia K = Q( √ d) me d = D_K , dhladă n = 2, t = 1, s = 0, Reg_K = 1, tìte brÐskoume: 2π w √ |d| h_K = 1 · L(1/χ) = L(1/χ). San eidikă perÐptwsh enìc jewrămatoc pou ja apodeÐxoume parakĹtw prokÔptei ìti gia d < 0 | |L(1/χ) | | = π |d| √ |d| | | | ∑ (ν,d)=1 0<ν<|d| χ(ν)ν | | | .

Epomènwc: TÔpoc arijmoÔ klĹsewn gia migadikĹ tetragwnikĹ sÿmata

h_K = w 2|d| | | | | ∑ (ν,d)=1 0<ν<|d| χ(ν)ν | | | | ParadeÐgmata:

1. Gia d = −4, p ∈ P, p ≠ 2, χ(p) = ( −4 p ) = ( −1 p ) Ĺra h = 4 2 · 4 | χ(1) · 1 + χ(3) · 3 | = 1 2 | 1 − 3 | = 1 2. Gia d = −20, χ(p) = ( −20 p ) = ( −5 p ) p≠2 = (−1)^{p−1}2 ( p 5 ) =

= 1, ìtan p ≡ ±1 (mod 5)

−1, ìtan p ≡ ±2 (mod 5)

hQ_(^√_{−20)} = 1 20 ( χ(1)·1 + χ(3)·3 + χ(7)·7 + χ(9)·9 + χ(11)·11 +

+χ(13)·13 + χ(17)·17 + χ(19)·19 )

Gia ν = 1, 3, 7, 9, 11, 13, 17, 19 èqoume χ(ν) = 1, 1, 1, 1, −1, −1, −1, −1 antÐstoiqa.

Epomènwc

hQ_(^√_{−20)} = 1 20 | 1+3+7+9−11−13−17−19 | = 1 20 | 20−60 | = 2.

Orismìc 2.2.3 ’Enac qaraktărac Dirichlet mod N ja lègetai Ĺrtioc an χ(−1) = 1 kai

perittìc an χ(−1) = −1. Xanajumìmaste ton orismì twn ajroismĹtwn Gauss. An ζ

eÐnai mÐa prwtarqikă N-rÐza thc monĹdac, χ qaraktărac Dirichlet modulo N kai a ∈ Z

τ_a(χ) := ∑ x mod N χ(x)ζ^{ax}

τ_1(χ) := τ(χ)

Jeÿrhma 2.2.4 ’Estw χ prwtarqikìc qaraktărac modulo N, N > 1. An χ Ĺrtioc tìte L(1/χ) = − τ(χ) N ∑ 0<ν<N (ν,N)=1 χ(ν) log |1 − ζ^{−ν}|

ìpou ζ = e^{2πiN} . An χ perittìc tìte

L(1/χ) = πiτ(χ) N^2 ∑ 0<ν<N (ν,N)=1 χ(ν)ν

ìpou χ o suzugăc tou χ.

UpenjumÐzoume merikèc idiìthtec twn ajroismĹtwn Gauss, gia prwtarqikì qaraktăra mod

N, N > 1, qrăsimec gia ta parakĹtw.

(1) | |τ_a(χ) | | = √ N, an (a, N) = 1

0, an (a, N) ≠ 1

(2) τ_a(χ) = χ(a)τ(χ)

(3) ∑ ν mod N

ζ^{ν r} =

N, ìtan r ≡ 0(N)

0, ìtan r ≢ 0(N)

H idiìthta (3) eÐnai profanăc. ApodeÐxeic twn (1) kai (2) mporeÐ na breÐ o endiaferìmenoc

anagnÿsthc sto [20], selÐda 91. To ìti gia (a, N) > 1 isqÔei τ_α(χ) = 0 prokÔptei ădh apì

thn (1).

ProqwroÔme tÿra sthn apìdeixh tou jewrămatoc 2.2.4.

Apìdeixh: L(s/χ) = ∞∑ n=1 χ(n) n^s = ∑ x mod N (x,N)=1 χ(x) ( ∑ n≡x mod N 1 n^s (∗)

)

ìpou h (∗) = ∞∑ n=1 c_n n^s me c_n =

1, an n ≡ x (mod N) 0, an n ≢ x (mod N).

H idiìthta (3) twn ajroismĹtwn Gauss mac dÐnei L(s/χ) = ∑ x mod N (x,N)=1 χ(x) ∞∑ n=1 1 N ∑ ν mod N ζ^{(x−n)ν} · 1 n^s

= 1 N ∑ ν mod N ∑ x mod N (x,N)=1 χ(x)ζ^{xν} ∞∑ n=1 ζ^{−nν} n^s

= 1 N ∑ ν mod N τ_ν(x) ∞∑ n=1 ζ^{−nν} n^s An (ν, N) ≠ 1, tìte τ_ν(x) = 0. Epomènwc L(s/χ) = 1 N ∑ ν mod N (ν,N)=1 τ_ν(x) ∞∑ n=1 ζ^{−nν} n^s IsqurÐzomai ìti:

(4) An ν ≢ 0 (mod N) tìte h ∞∑ n=1 ζ^{−nν} n^s sugklÐnei gia Re(s) > 0 kai eÐnai suneqăc sto dexiì

hmiepÐpedo Re(s) > 0.

PrĹgmati:

gia ν ≢ 0 (mod N) èqoume ìti A(t) = ∑ n≤t ζ^{−νn} = O(1) kai epomènwc to jeÿrhma 1.2.4

dÐnei ìti h seirĹ sugklÐnei gia Re(s) > 0 kai eÐnai olìmorfh s’ autì to hmiepÐpedo. ’Eqoume

loipìn: L(1/χ) = 1 N ∑ ν mod N (ν,N)=1 τ_ν(χ) ∞∑ n=1 (ζ^{−ν})^n n Gia ζ^{−ν} ≠ 1 (dhladă gia |ζ^{−ν}| < 1) h teleutaÐa seirĹ grĹfetai ∞∑ n=1 ζ^{−nν} n = − log(1 − ζ^{−ν})

(O prwteÔwn klĹdoc tou logarÐjmou). Autì kai h idiìthta 2 twn ajroismĹtwn Gauss τ_a(χ) =

χ(a)τ(χ) mac dÐnoun:

Lămma 2.2.5 An χ kai N ìpwc sto jeÿrhma (2.2.4) tìte L(1/χ) = − τ(χ) N ∑ ν mod N (ν,N)=1 χ(ν) log(1 − ζ^{−ν})

Ac sumbolÐsoume

S_χ := ∑ ν mod N χ(ν) log(1 − ζ^{−ν})

Lămma 2.2.6 An ζ = e^{2πi/N} tìte

S_χ := ∑ ν mod N (ν,N)=1 χ(ν) log |1 − ζ^{−ν}| gia χ(−1) = 1

kai

S_χ = π i N ∑ 0<ν<N (ν,N)=1 χ(ν) ν gia χ(−1) = −1

Paratărhsh: ’Amesh sunèpeia twn lhmmĹtwn (2.2.5) kai (2.2.6) eÐnai h alăjeia tou jewră-

matoc 2.2.4. ⊓⊔

Gia thn apìdeixh tou lămmatoc (2.2.6) qreiazìmaste prÿta to

Lămma 2.2.7 An 0 < ν < N kai (ν, N) = 1 gia ton prwteÔonta klĹdo tou logarÐjmou

èqoume:

log(1 − ζ^{−ν}) = log | 1 − ζ^{−ν} | + iπ ( 1 2 − ν N )

log(1 − ζ^ν) = log | |1 − ζ^ν | | − iπ ( 1 2 − ν N )

ìpou ζ := e^{2πi/N} .

Apìdeixh: ’Estw Θ := e^{−2πiν/2N} , dhladă Θ^2 = ζ^{−ν} opìte ja èqoume

1 − ζ^{−ν} = 1 − Θ^2 = ( Θ − Θ ) Θ = ( 2 sin πν N ) i Θ = ( 2 sin πν N ) e^{πi}(^{12 − νN} )

=⇒ log(1 − ζ^{−ν}) = log | 1 − ζ^{−ν} | + iπ ( 1 2 − ν N ) .

’Omoia apodeiknÔetai kai h deÔterh sqèsh. ⊓⊔

Gia thn apìdeixh tou lămmatoc (2.2.6) èqoume:

Apìdeixh: An χ Ĺrtioc tìte sunepĹgetai ìti χ(ν) = χ(−ν) opìte:

S_χ = N−1∑ ν=1 (ν,N)=1 χ(ν) log(1 − ζ^{−ν})

= N−1∑ ν=1 (ν,N)=1 χ(−ν) log(1 − ζ^{−ν}).

An antikatastăsoume to −ν me ν èqoume

S_χ = N−1∑ ν=1 (ν,N)=1 χ(ν) log(1 − ζ^ν).

Prosjètoume katĹ mèlh tic dÔo ekfrĹseic tou S_χ kai èqoume

S_χ = 1 2 N−1∑ ν=1 (ν,N)=1 χ(ν) { log(1 − ζ^{−ν}) + log(1 − ζ^ν) }

= N−1∑ ν=1 (ν,N)=1 χ(ν) log |1 − ζ^{−ν}|

’Estw tÿra ìti χ perittìc, tìte χ(−1) = −1 sunepÿc χ(−ν) = −χ(ν) Ĺra ja èqoume ìti

S_χ = 1 2 N−1∑ ν=1 (ν,N)=1 χ(ν) { log(1 − ζ^{−ν}) − log(1 − ζ^ν) }

= πi N−1∑ ν=1 (ν,N)=1 χ(ν) ( 1 2 − ν N )

= − πi N N−1∑ ν=1 (ν,N)=1 χ(ν)ν + πi 2 N−1∑ ν=1 (ν,N)=1 χ(ν)

= − πi N N−1∑ ν=1 (ν,N)=1 χ(ν)ν

H teleutaÐa isìthta prokÔptei, epeidă χ ≠ χ_0. ⊓⊔

2.3 O tÔpoc tou arijmoÔ klĹsewn gia tetragwnikĹ sÿmata arijmÿn 2.3.1 TetragwnikĹ migadikĹ sÿmata arijmÿn.

’Estw K = Q( √ d) tetragwnikì migadikì sÿma arijmÿn dikrÐnousac d . ’Eqoume ădh apodeÐxei ìti ζ_K(s) = ζQ(s)L(s/χ) ìpou χ o qaraktărac χ_d pou antistoiqeÐ sthn jemeliÿdh diakrÐnousa d.

To jeÿrhma (1.1.9) mac exasfalÐzei ìti o χ_d eÐnai prwtarqikìc qaraktărac mod|d| kai ìti

χ_d(−1) =

1, an d > 0 −1, an d < 0 ’Estw tÿra d < 0, sunepÿc o χ_d eÐnai perittìc. O tÔpoc gia ton arijmì klĹsewn eÐnai: h_K 2π w √ d = L(1/χ). To kÔrio jeÿrhma thc prohgoÔmenhc paragrĹfou dÐnei 2π w √ |d| h_K = π·i·τ(χ) d^2 ∑ 0<ν<|d| (ν,|d|)=1 χ(ν)ν.

IsqÔei akìmh to

Jeÿrhma 2.3.1 An χ prwtarqikìc tetragwnikìc qaraktărac modulo N tìte

τ(χ) = √ N, ìtan χ Ĺrtioc i √ N, ìtan χ perittìc

Apìdeixh tou jewrămatoc autoÔ mporeÐ na breÐ o endiaferìmenoc sto [8], kefĹlaio 5, jeÿrhma 7. Epomènwc

Jeÿrhma 2.3.2 (tÔpoc tou arijmoÔ klĹsewn)

h_K = − w 2 |d| ∑ 0<x<|d| (x,d)=1 χ(x) x

Jeÿrhma 2.3.3 Gia d < −4, d jemeliÿdhc diakrÐnousa, isqÔei:

h_K = w 2 · 1 2 − χ(2) · ∑ 0<ν<^{|d|}_2 (ν,|d|)=1 χ(ν)

Apìdeixh: Upojètoume ìti o d eÐnai perittìc. ’Estw

U := |d|−1∑

ν=1 χ(ν) ν

An o ν eÐnai Ĺrtioc, grĹfoume ν = 2k me 0 < k < |d| 2 kai an o ν eÐnai perittìc tìte

grĹfoume ν = 2k − |d| ìpou |d| 2 < k < |d|. Epomènwc U = ∑ 0<k<^{|d|}_2 χ(2k) 2k + ∑ |d| 2 <k<|d| χ(2k − |d|) (2k − |d|)

= ∑ 0<k<^{|d|}_2 χ(2k) 2k + ∑ |d| 2 <k<|d| χ(2k) (2k − |d|)

= 2 ∑ 0<k<|d| χ(2k) k − |d| ∑ |d| 2 <k<|d| χ(2k)

= 2χ(2)U − |d|χ(2) ∑ |d| 2 <x<|d| χ(k)

Sunepÿc U = |d|χ(2) 2χ(2) − 1 · ∑ |d| 2 <k<|d| χ(k)

Epeidă χ(2) = ±1 h stajerĹ grĹfetai |d| 2 − χ(2) kai epeidă ∑ 0<k<|d| χ(k) = 0 èqoume

U = −|d| 2 − χ(2) · ∑ 0<k<^{|d|}_2 χ(k),

dhladă èqoume apodeÐxei to jeÿrhma gia d perittì.

H perÐptwsh katĹ thn opoÐa d Ĺrtioc afănetai san Ĺskhsh ston anagnÿsth. ⊓⊔

An tÿra d = −p, p ≡ 3 (mod 4) tìte χ(x) = ( −p x ) = ( x p ) kai

χ(2) = ( 2 p ) = −1, p ≡ 3 (mod 8)

1, p ≡ 7 (mod 8)

Epomènwc

Jeÿrhma 2.3.4 ’Estw p prÿtoc, p ≠ 3 , p ≡ 3 (mod 4), h := hQ_(^√_{−p)}. Tìte

h = 1 3 (R − N), ìtan p ≡ 3 (mod 8) R − N, ìtan p ≡ 7 (mod 8) ’Opou R, N to plăjoc twn tetragwnikÿn upoloÐpwn (ìqi upoloÐpwn) mod p sto diĹsthma (0, p/2). ParĹdeigma: Gia d = −19 sto [0, 9] èqoume 6 tetragwnikĹ upìloipa 1,4,5,6,7,9 kai 3 ìqi

tetragwnikĹ upìloipa 2,3,8. Epomènwc h(−19) = 1 3 (6 − 3) = 1.

O Gauss upolìgise to h(d) gia 0 > d > −10.000 kai den brăke Ĺllh jemeliÿdh diakrÐnousa me h(d) = 1 ektìc twn d = −3, −4, −7, −8, −11, −19, −43, −67, −163. DiatÔpwse thn eikasÐa ìti den upĹrqoun Ĺlla migadikĹ tetragwnikĹ sÿmata arijmÿn me h(d) = 1 kai ìti h(d) −→ ∞ gia d → −∞. (2.4) H (2.4) apodeÐqthke to 1934 apo ton Heilbronn. To 1935 o Siegel apèdeixe kĹti polÔ pio isqurì:

gia kĹje ε > 0 isqÔei h(d) > C |d|^{12 −ε} ìpou C katĹllhlh, allĹ mh exartÿmenh apì to ε, stajerĹ. EÐnai eÔkolo na deiqteÐ ìti h(d) < c^′ |d|^{12 +ε}, dhladă èqome to jeÿrhma tou Siegel: lim d→−∞ log h(d) log |d| = 1 2 . To ìti den upĹrqei Ĺllo tetragwnikì migadikì sÿma arijmÿn me h(d) = 1, eÐnai apotèlesma tou Heegner (1952), h apìdeixh tou opoÐou ìmwc eÐqe èna <<kenì>> to opoÐo èkleise sta tèlh thc dekaetÐac tou 1960, arqèc thc dekaetÐac tou 1970. Sto jèma autì Ðswc epanèljoume, se proseqă mac èkdosh.

2.3.2 TetragwnikĹ pragmatikĹ sÿmata arijmÿn.

O arijmìc klĹsewn gia pragmatikì tetragwnikì sÿma arijmÿn

K = Q (^√d), diakrÐnousac d > 0.

H gnwstă ădh sqèsh Res ζ_K(s)_{s=1} = L(1/χ) dÐnei

2^{s+t}π^tReg_K · h_K w √ |d| = − τ(χ) |d| · ∑ 0<x<|d| (x,d)=1 χ(x) log |1 − ζ^x|

ìpou ζ = e^{2πi|d|} , s = 2, t = 0, w = 2, Reg_K = log ε_0 me ε_0 thn kanonikopoihmènh (ε_0 > 1)

jemeliÿdh monĹda tou K.

Lìgw twn gnwstÿn idiotătwn, τ(χ) = √ d, | |1 − ζ^x | | = | |1 − ζ^{−x} | | kai χ(−x) = χ(x) (diìti d > 0 sunepÿc o χ eÐnai Ĺrtioc) ja èqoume

dexiì mèloc = − 2 √ d ∑ 0<x<^{|d|}_2 (x,d)=1 χ(x) log | 1 − ζ^x | .

Epeidă, gia x, 0 < x <^{|d|}_2 | |1 − ζ^x | | = | |ζ^{− x}_2 − ζ^x_2 | | = | |e^{− 2πix}_{2d} − e^{+ 2πix}_{2d} | | = 2 sin πx d èqoume

dexiì mèloc = − 2 √ d ∑ 0<x<^d_2 (x,d)=1 χ(x) ( log 2 + log sin πx d )

= − 2 √ d ∑ 0<x<^d_2 (x,d)=1 χ(x) log ( sin πx d ) .

Epomènwc èqoume

Jeÿrhma 2.3.5 ’Estw K = Q ( √ d) tetragwnikì pragmatikì sÿma arijmÿn diakrÐnousac

d > 0, χ o prwtarqikìc qaraktărac pou antistoiqeÐ sthn d kai ε_0 > 1 jemeliÿdhc monĹda tou. Tìte

h_K · log ε_0 = log

∏ 0<x<^d_2 χ(x)=−1 sin πx d ∏ 0<x<^d_2 χ(x)=1 sin πx d

ParĹdeigma:

K = Q(^√5), d = 5. GrĹfoume ton tÔpo san

ε^{hK}_0 =

∏ 0<x<^d_2 χ(x)=−1 sin πx d ∏ 0<x<^d_2 χ(x)=1 sin πx d

ìpou ε_0 =^{1+} √ 5 2 . Ja èqoume loipìn ìti

dexiì mèloc = sin^{2π}_5 sin^π_5

= 2 cos π 5 = 1 + √ 5 2 =⇒ h_K = 1.

Ja prospajăsoume tÿra na dÿsoume arijmhtikì perieqìmeno ston tÔpo tou arijmoÔ klĹ-

sewn. ’Eqoume to akìloujo diĹgramma:

Q (ζ_d ) {1}

Q (^√d) H

Q G = Gal^(Q^{(ζd )}ŒQ^{) ∼}= Z^∗_d

τ(χ) = ± √ d

Lămma 2.3.6 ’Estw

H^∗_d = { a ∈ Z^∗_d^| χ(a) = 1^}

kai σ o isomorfismìc Z^∗_d ∼= G σ(a) −→ σ_a ìpou σ_a : ζ_d −→ ζ^a_d (ζ_d = e^{2πi}d ). Tìte H = σ(H^∗_d ). Apìdeixh: Epeidă τ(χ) = ± √ d, ja isqÔei K = Q ( √ d) = Q (τ(χ)). To σ_a ∈ H akribÿc

tìte ìtan σ_a(τ(χ)) ∈ Q (τ(x)) allĹ

σ_a(τ(χ)) = σ_a ( ∑ z mod d ∗ χ(z)ζ^z_d ) = ∑ z mod d ∗ χ(z)ζ^{az}_d = χ(a) ∑ z mod d ∗ χ(az)ζ^{az}_d = χ(a) · τ(χ) opìte σ_a(τ(χ)) = τ(χ) ⇐⇒ χ(a) = 1. To ∗ sthn Ĺjroish shmaÐnei, Ĺjroish wc proc ìla

ta z mod d gia ta opoÐa (z, d) = 1. ⊓⊔

Lămma 2.3.7 ’Estw N ∈ N \ {1} kai (a, N) = (a^′, N) = 1. O arijmìc 1 − ζ^a_N 1 − ζ^{a′}_N eÐnai monĹda tou kuklotomikoÔ sÿmatoc arijmÿn Q (ζ_N ). Oi monĹdec autèc lègontai ku-

klotomikèc.

Apìdeixh: Epeidă (a^′, N) = 1 ja èqoume ìti upĹrqei x mod N tètoio ÿste a^′x ≡ a (mod N)

opìte 1 − ζ^a_N 1 − ζ^{a′}_N = 1 − ζ^{a′x}_N 1 − ζ^{a′}_N = 1 + ζ^{a′}_N + · · · + ζ^{a′(x−1)}_N ∈ Z[ζ_N].

OmoÐwc apodeiknÔetai ìti 1 − ζ^{a′}_N 1 − ζ^a_N ∈ Z[ζN]. ⊓⊔ O tÔpoc gia ton arijmì klĹsewn tropopoieÐtai wc exăc:

2h_K · log ε_0 = log

| | | | | | |

∏ x mod d χ(x)=−1 (1 − ζ^x) ∏ x mod d χ(x)=1 (1 − ζ^x)

| | | | | | | Tÿra paÐrnoume èna x_0 tètoio ÿste χ(x_0) = −1 kai grĹfoume:

2h_K · log ε_0 = log | | | | | ∏ x mod d χ(x)=1 (1 − ζ^{xx0} ) (1 − ζ^x)

| | | | | = log | | | | ∏ x∈H^∗_d σ_x ( 1 − ζ^{x0} 1 − ζ ) | | | | = log | | |N Q(ζ_d)Q_{(√d)} ( 1 − ζ^{x0} 1 − ζ )| | |

Epomènwc 2h_K = log |E_0| log(ε_0) ìpou E_0 := NQ(ζ_d )ŒQ_(√_{d)} ( 1 − ζ^{x0} 1 − ζ ) , dhladă apodeÐxame to jeÿrh- ma Jeÿrhma 2.3.8 An K = Q ( √ d) èna pragmatikì tetragwnikì sÿma arijmÿn diakrÐnousac d > 0, tìte isqÔei:

2h_K = [ ⟨ε_0⟩ : ⟨|E_0|⟩ ] = [ ⟨E(K)⟩ : ⟨±E_0⟩ ]

ìpou E_0 ìpwc parapĹnw kai x_0 tètoio ÿste χ(x_0) = −1. ⊓⊔

Sto epìmeno kefĹlaio ja meletăsoume analutikĹ ton arijmì klĹsewn idewdÿn abelianÿn epektĹsewn tou Q. Ja apodeÐxoume ìti o h_K grĹfetai san ginìmeno dÔo fusikÿn arijmÿn, o ènac apì touc opoÐouc eÐnai deÐkthc upoomĹdac thc omĹdac twn monĹdwn tou K kai o Ĺlloc rhtă èkfrash pou moiĹzei me thn perÐptwsh twn migadikÿn tetragwnikÿn swmĹtwn arijmÿn.

KefĹlaio 3

Arijmìc klĹsewn idewdÿn abelianÿn epektĹsewn tou Q

3.1 H anĹlush thc zăta sunĹrthshc abelianÿn epektĹsewn tou Q .

Sto trÐto kefĹlaio ja meletăsoume th zăta sunĹrthsh algebrikÿn swmĹtwn arijmÿn ta opoÐa eÐnai abelianèc epektĹseic tou Q. An L èna tètoio sÿma tìte, sÔmfwna me to gnwstì jeÿrhma twn Kronecker - Weber (dec [2], selÐda 14), perièqetai se kĹpoio kuklotomikì sÿma

Q (ζN ) ìpou ζN mÐa prwtarqikă N-rÐza thc monĹdac.

O elĹqistoc fusikìc arijmìc m tètoioc ÿste L ⊆ Q (ζ_m ) lègetai odhgìc (conductor, Führer) tou sÿmatoc L.

O nìmoc anĹlushc sto L (dec [2], selÐda 184) Q (ζm ) {1}

L H = H^∗_m

Q Z^∗_m n mac dÐnei ìti gia kĹje prÿto p ∈ P tètoio ÿste p - m, o deÐkthc diaklĹdwshc e := e_L(p) = e_L (P Œ_pZ^) = 1 kai o bajmìc adraneÐac f = fL(p) = fL^{(P}Œ_pZ^) = ord(p mod H^∗_m).

Ac jewrăsoume tÿra th zăta sunĹrthsh tou L.

ζ_L(s) = ∏ P ∈P(L) 1 1 − N(P )^{−s} .

H N(P ) = p^f ìpou p prÿtoc pou orÐzetai apì th sqèsh pZ = P ∩ Z kai f o bajmìc adraneÐac tou p sto L, f = f_L(p) = f_L (_P pZ ) . Epeidă gia stajerì p ∈ P, ìla ta P ∈ P(L) tètoia ÿste P | | p èqoun ton Ðdio bajmì adraneÐac, mporoÔme na grĹyoume

ζ_L(s) = ∏ p∈P ∏ P ∈P(L)_{P |p} ( 1 − p^{−sfL(p)} )_{−1}

= ∏ p∈P_{p|m} ∏ P ∈P(L)_{P |p} ( 1 − p^{−sfL(p)} )_{−1} · ∏ p∈P_p -m ∏ P |p ( 1 − p^{−sfL(p)} )_{−1}

= ∏ p∈P_{p|m} ∏ P |p ( 1 − p^{−sfL(p)} )_{−1} · ∏ p∈P_p -m ( 1 − p^{−sfL(p)} )_− n_{fL(p)}

diìti n f_L(p) eÐnai to plăjoc twn prÿtwn idewdÿn P tou L tètoiwn ÿste P | |p. Tÿra paÐrnoume ton teleutaÐo parĹgonta ( 1 − 1 p^{sfL(p)} ) n_{fL(p)} = f_L(p)∏

k=1 ( 1 − ζ^k p^s )^n_{fL(p)}

ìpou ζ := e^{2πifL(p)} .

H kuklikă omĹda pou parĹgetai apì to stoiqeÐo p mod H^∗_m thc omĹdac phlÐkwn Z^{�m}ŒH�_m èqei tĹxh f_L(p) kai h antÐstoiqh omĹda qaraktărwn eÐnai isìmorfh proc autăn kai parĹgetai apì ton qaraktăra χ gia ton opoÐo isqÔei χ ((p mod H^∗_m)^ν ) = ζ^ν. Epomènwc ( 1 − p^{−sfL(p)} ) n_{fL(p)} = ∏ χ∈(⟨ [p H^∗_m⟩) ( 1 − χ(pH^∗_m) p^s ) n_{fL (p)}

KĹje tètoioc qaraktărac epekteÐnetai se qaraktărec ìlhc thc omĹdac Z^{�m}ŒH�_m se plăjoc akribÿc ìso o deÐkthc [ Z^�_mŒ_{H�m} : pH∗_m ] = ord ( Z^�_mŒ_{H�m} ) ord (pH^∗_m) = [Z^∗_m : H^∗_m] f_L(p) = n f_L(p) .

3.1 H anĹlush thc zăta sunĹrthshc abelianÿn epektĹsewn tou Q 69

’Oloi autoÐ oi qaraktărec dÐnoun thn Ðdia timă sthn pH^∗_m dhladă ( 1 − p^{−sfL(p)} )_− n_{fL(p)} = ∏ χ∈ ( “ Z^∗_m/H^∗_m^) ( 1 − χ(pH^∗_m)p^{−s} )

’Eqoume loipìn to

Jeÿrhma 3.1.1 An L abeliană epèktash tou Q me odhgì m kai H^∗_m h upoomĹda thc Z^∗_m

pou antistoiqeÐ sto L, tìte h zăta sunĹrthsh tou sÿmatoc L paragontopoieÐtai

ζ_L(s) = ∏ p∈P_{p|m} ∏ P ∈P(L)_{P |p} ( 1 − p^{−sfL(p)} )_{−1} · ∏ χ∈ ( “ Z^∗_m/H^∗_m^) ∏ p∈P_p -m ( 1 − χ(p)p^{−s} )_{−1}

ìpou χ(p) := χ(pH^∗_m).

To gegonìc ìti kĹje qaraktărac χ ∈ ^Z^∗_m epĹgetai apì kĹpoion prwtarqikì qaraktăra χ^′ mod λ ìpou λ|φ(m) kai ìti an G peperasmènh abeliană omĹda kai H upoomĹda thc G, H ≤ G, oi akìloujec omĹdec { χ ∈ ^G | | χ|_H = 1} ∼= ( [G/H) χ −→ χ̂, ìpou χ̂(gH) := χ(g) eÐnai metaxÔ touc isìmorfec, mac dÐnei

Jeÿrhma 3.1.2 An L abeliană epèktash tou Q me odhgì m kai H^∗_m h upoomĹda thc Z^∗_m

pou antistoiqeÐ sto L, tìte ζ_L(s) = G(s) · ∏ χ∈^Z^∗_m χ|_H∗_m =1 L(s/χ^′)

ìpou

G(s) := ∏ p|m

∏ χ∈ “ Z^∗_m/H^∗_m ( 1 − χ^′(p) p^s )

∏ P |p ( 1 − p^{−sfL(p)} ) .

Tÿra, ìpwc kai sthn zăta sunĹrthsh tou Riemann ζ(s) = ζQ(s) thc paragrĹfou 1.5 tou kefalaÐou 1, mporoÔme na apodeÐxoume th sunarthsiakă exÐswsh thc ζ_L(s) (dec [19], [23], [43]) kai, kĹnontac qrăsh autăc, mporoÔme na doÔme ìti

Jeÿrhma 3.1.3 G(s) = 1

QwrÐc apìdeixh. (Dec [42], selÐda 371 ă [43], selÐda 427.) Ac doÔme dÔo eidikèc periptÿseic tou jewrămatoc 3.1.3

1. An m = p o mìnoc diakladizìmenoc prÿtoc sto Q (ζ_p ) eÐnai o p, pR = P^{p−1} ìpou P = ⟨1 − ζ_p⟩. KĹje qaraktărac χ ≠ χ_0 eÐnai prwtarqikìc, dhladă χ = χ^′ kai χ^′(p) = 0, Ĺra

G(s) = 1 − 1 p^s 1 − 1 p^s = 1.

2. An L tetragwnikì sÿma arijmÿn tìte èqoume ădh deÐxei ìti ζ_L(s) = ζQ(s) · L(s/χ). Epomènwc èqoume to parakĹtw jeÿrhma:

Jeÿrhma 3.1.4 (kÔrio jeÿrhma thc paragrĹfou)

’Estw L mÐa abeliană epĹktash tou Q me odhgì m, L ⊆ Q (ζ_m ) kai H^∗_m h upoomĹda thc

Z^∗_m pou antistoiqeÐ sto L. Tìte èqoume

ζ_L(s) = ∏ χ∈^Z^∗_m χ|_H∗_m =1 L(s/χ^′) = ζQ(s) · ∏ χ∈^Z^∗_m χ|_H∗_m =1, χ≠χ_0 L(s/χ^′)

ìpou o χ epĹgetai apì ton prwtarqikì qaraktăra χ^′.

Jeÿrhma 3.1.5 (tÔpoc arijmoÔ klĹsewn)

An to sÿma L eÐnai ìpwc sto Jeÿrhma 3.1.4, o arijmìc klĹsewn autoÔ h_L dÐnetai apì th sqèsh:

h_L = w √ |D_K | 2^{s+t}π^tReg_L · ∏ χ≠χ_0 χ|_H∗_m =1 L(1/χ^′)

Apìdeixh: Apì to Jeÿrhma 3.1.4 èpetai ìti to upìloipo Resζ_L(s)_{s=1} = ∏ χ≠χ_0 χ|_H∗_m =1 L(1/χ^′)

Sth sunèqeia efarmìzoume to Jemeliÿdec Jeÿrhma 2.2.2. ⊓⊔

3.2 O arijmìc klĹsewn tou L = Q (ζ_p ), p 2 P, p 6= 2

UpenjumÐzoume ìti o daktÔlioc twn akeraÐwn algebrikÿn tou L eÐnai R = Z[ζ_p], mÐa bĹsh akeraiìthtac eÐnai to sÔnolo { 1, ζ_p, . . . , ζ^{p−2}_p } kai h diakrÐnousa tou L eÐnai (−1)^{p−12} p^{p−2}, w = 2p kai pR = P^{p−1}, ìpou P = ⟨1−ζ_p⟩, opìte to jeÿrhma 3.1.5 dÐnei

h_L = 2p · p^{p−2}2 2^{p−1}2 π^{p−1}2 Reg_L ∏ χ∈^Z^∗_{pχ≠χ0} L(1/χ^′).

Tÿra gnwrÐzoume ìti

τ(χ) = √ p, an χ(−1) = 1 i √ p, an χ(−1) = −1, to opoÐo, se sunduasmì me to jeÿrhma (2.2.4), mac dÐnei th sqèsh ∏ χ∈^Z^∗_m χ≠χ_0 L(1/χ^′) = ± π^{p−1}2 p^{p−2}2 ∏ χ≠χ_0 S(χ)

ìpou

S(χ) = ∑ 0<x<p χ(x) log |1 − ζ^x|, an χ Ĺrtioc 1 p ∑ 0<x<p χ(x) x, an χ perittìc Edÿ qrhsimopoiăsame kai to gegonìc ìti:

Prìtash 3.2.1 UpĹrqoun akribÿc^{p − 1}_2 Ĺrtioi qaraktărec kai^{p − 1}_2 perittoÐ. Apìdeixh: ’Estw ^Z^∗_p^+ :=^{χ ∈^^Z^∗_p^| χ Ĺrtioc^}.

An χ^∗ opoiosdăpote perittìc qaraktărac thc Z^∗_p, tìte profanÿc

^Z^∗_p =^^Z^∗_p^{+ ˙⋃} χ^{∗ ^}Z^∗_p^+

opìte kĹje pleurikă klĹsh ja èqei to Ðdio plăjoc qaraktărwn p − 1 2 . ArkeÐ loipìn na apodeÐxoume ìti upĹrqei pĹntote toulĹqisto ènac perittìc qaraktărac χ^∗ thc Z^+_p . An den upărqe, tìte gia kĹje qaraktăra χ thc Z^∗_p ja eÐqame

χ(−1) = 1, dhladă ìloi oi qaraktărec ja ătan Ĺrtioi, Ĺra

#^Z^∗_p = # “ ( Z^∗_p {±1} ) ⇒ p − 1 = p − 1 2 Sunepÿc katalăxame se Ĺtopo. ⊓⊔

Ac parathrăsoume akìma ìti

1. To ginìmeno Q L(1/χ^′) eÐnai pragmatikì (apì ton tÔpo tou arijmoÔ klĹsewn) kai

2. S(χ) = S(χ)

TelikĹ èqoume

Prìtash 3.2.2

2^{p−32} · Reg_L · h_L = ±p · ∏ χ∈^Z^∗_{pχ≠χ0} S(χ)

ìpou

S(χ) = ∑ 0<x<p χ(x) log | 1 − ζ^x | , an χ Ĺrtioc 1 p ∑ 0<x<p χ(x) x, an χ perittìc

Sth sunèqeia ja grĹyoume ton h_L san ginìmeno

h_L = h_0h^∗

ìpou

h_0 := 1 Reg_L

| | | | | ∏ χ≠χ_0 χ Ĺrtioc S(χ) | | | | | kai h^∗ := p 2^{p−3}2 | | | | ∏ χ perittìc S(χ) | | | | .

(EnnoeÐtai ìti pĹntote ta χ eÐnai qaraktărec thc Z^∗_p. SÔntoma ja allĹxoume to sumbolismì

mac se h^∗ = h_1 kai h_0 = h_2 kai ja touc onomĹzoume o prÿtoc kai o deÔteroc parĹgontac

tou arijmoÔ klĹsewn antistoÐqwc.)

Jeÿrhma 3.2.3 O h_0 eÐnai Ðsoc proc ton deÐkth (E : E_0) ìpou E h upoomĹda ìlwn twn pragmatikÿn jetikÿn monĹdwn tou L kai E_0 h omĹda pou parĹgetai apì tic kuklotomikèc monĹdec Θ_k = ζ^k − ζ^{−k} ζ − ζ^{−1} , gia k = 2, . . . , p − 1 2 h_0 = ( E : E_0 ).

Jeÿrhma 3.2.4 O h^∗ eÐnai fusikìc arijmìc.

Paratărhsh 3.2.5 O h_0 eÐnai o arijmìc klĹsewn tou megÐstou pragmatikoÔ uposÿmatoc L_0 = Q (ζ_p ) ∩ R tou L, h_0 = h_{L0} . Apìdeixh: (Tou jewrămatoc 3.2.3)

Kat’ arqăn apodeiknÔoume to lămma.

Lămma 3.2.6 An ε_1, ε_2, . . . , ε_r eÐnai anexĹrthtec monĹdec tou algebrikoÔ sÿmatoc arijmÿn L oi opoÐec parĹgoun mÐa upoomĹda A thc E(R) modulo rÐzec thc monĹdac kai ξ_1, ξ_2, . . . , ξ_r eÐnai epÐshc anexĹrthtec monĹdec tou L oi opoÐec parĹgoun mÐa upoomĹda B, tìte an A ⊆ B kai o deÐkthc thc upoomĹdac A sthn omĹda B eÐnai peperasmènoc, ja èqoume

[ B : A ] =

R_L (ε_1, ε_2, . . . , ε_r) R_L (ξ_1, ξ_2, . . . , ξ_r) . Apìdeixh: GrĹfoume ε_i = ∏ ℓ n^{aiℓ}_{iℓ} · (rÐzec thc monĹdoc) me a_{iℓ} ∈ Z.

Sunepÿc

e_j log | σ_j(ε_i) | = ∑ ℓ a_{iℓ}e_j log | σ_j(ξ_ℓ) |

(ìpou e_j = 1 ă 2 anĹloga me thn emfÔteush). ’Ara

R_L(ε_1, ε_2, . . . , ε_r) = | |det(a_{iℓ}) | | · | |R_L(ξ_1, ξ_2, . . . , ξ_r) | |. EÐnai gnwstì ìmwc ìti (dec [2], selÐda 85)

[ B : A ] = | |det(a_{iℓ}) | | kai sunepÿc èqoume to zhtoÔmeno. ⊓⊔

Lămma 3.2.7 Gia L = Q (ζ_p) , p ∈ P (p ≠ 2) kĹje sÔsthma jemeliwdÿn monĹdwn tou L^+ = L ∩ R eÐnai sÔsthma jemeliwdÿn monĹdwn kai tou L, kai mĹlista E(R_L) = W · E(R_L+ ) Apìdeixh: ArkeÐ na apodeÐxoume ìti kĹje monĹda ε tou L grĹfetai

ε = με^′ ìpou | | | | μ eÐnai rÐza thc monĹdac ε^′ eÐnai monĹda tou L^+ An to apodeÐxoume tìte ja èqoume teleiÿsei diìti kĹje jemeliÿdhc monĹda paramènei jemeliÿdhc an pollaplasiasteÐ me rÐza thc monĹdac. ’Estw

μ := ε ε = ε σ_{−1}(ε) To μ eÐnai rÐza thc monĹdac. ArkeÐ na deÐxoume ìti ìloi oi suzugeÐc tou èqoun mètro 1.

σ_χ(μ) = σ_χ(ε) 1 σ_χσ_{−1}(ε) = σ_χ(ε) σ_{−1}(σ_χ(ε)) = σ_χ(ε) σ_χ(ε) . Sunepÿc | |σ_χ(μ) | | = 1 ∀χ ∈ Z^∗_p. Epomènwc ε^2 εε = μ = ±ζ^ν_p , ν ∈ Z =⇒ ε^2 = ±ζ^ν_p |ε|^2.

IsqurÐzomai ìti to swstì prìshmo eÐnai to jetikì. An to deqjoÔme autì tìte èqoume teleiÿsei, diìti

ε^2 = ζ^{2ν′}_p · |ε|^2, diìti 2 - p =⇒ ε = ±ζ^{ν′}_p · |ε|, kai ε monĹda tou L^+.

’Estw ìti to prìshmo eÐnai arnhtikì, dhladă ε^2 = −ζ^ν_p |ε|^2 =⇒ ε = −ζ^ν_p · ε. Tÿra

ε = a_0 + a_1(1 − ζ_p) + . . . + a_{p−2}(1 − ζ_p)^{p−2} p ≃ P^{p−1}, P = ⟨1 − ζ^ν_p ⟩, p - ν ε = a_0 + a_1(1 − ζ^{−1}_p ) + . . . + a_{p−2}(1 − ζ^{−1}_p )^{p−2} =⇒ ε ≡ ε_0 ≡ a_0 mod P.

Epomènwc ε(1 + ζ^ν_p ) ≡ 0 mod P kai ε monĹda, dhladă 1 + ζ^ν_p ≡ 0 mod P.

AllĹ kai 1 − ζ^ν_p ≡ 0 mod P Sunepÿc 2 ≡ 0 mod P =⇒ 2 ∈ P =⇒ p = 2, Ĺra ftĹsame se Ĺtopo diìti p ≠ 2. ⊓⊔ Me τ ja sumbolÐzoume ton Q-automorfismì tou L o opoÐoc stèlnei kĹje stoiqeÐo tou L sto suzugèc tou. H omĹda tou Galois Gal ( LŒQ^) =^{Id, τ^{} ˙⋃} p−1 2⋃ x=2 { σ_x, σ_{−x} } .

O rank E(R_L) = p − 1 2 . Gia na sqhmatÐsoume ton Reg_L dialègoume touc {σ_x}_{x=2,3,... ,} p−1_2 Epomènwc Reg_L ( Θ_2, Θ_3, . . . , Θ p−1_2 ) = | |det (log |σ_x(Θ_k)|_2) | | x,k=2,... ,^{p−1}_2 log |σ_x(Θ_k)|^2 = ξ_{kx} − ξ_x ìpou ξ_y := log |ζ^y − ζ^{−y}|^2.

Tÿra ja qrhsimopoiăsoume to akìloujo

Lămma 3.2.8 ’Estw G peperasmènh abeliană omĹda, U ≤ G kai èstw ξ : G → R mÐa

sunĹrthsh me tic parakĹtw idiìthtec:

1. ξ_g := ξ(g) exartĹtai mìno apì thn pleurikă klĹsh gU.

2. ∀g ∈ G : ∑ h mod U

(ξ_{gh} − ξ_h) = 0.

Tìte isqÔei

| |det(ξgh − ξh) g,h mod U_{g,h ∉ U} | | =

| | | | | | ∏ χ∈ ([_{G/U}^) χ≠χ_0

∑ g mod U χ(g)ξ_g

| | | | | | .

ProtoÔ apodeÐxoume to lămma, ac to efarmìsoume tÿra gia G = Z^∗_p kai U = {±1}, opìte

èqoume ( [_{G/U}^)_=^{_{χ ∈} ^Z∗_p^|_{χ Ĺrtioc}^} kai

ξ_x := log | ζ^x − ζ^{−x} |_2 .

Oi apaităseic (1) kai (2) tou lămmatoc 3.2.8 isqÔoun sthn perÐptwsh mac. PrĹgmati h (1)

isqÔei lìgw thc apìluthc timăc ston orismì ξ_x. Gia thn (2) èqoume ∑ x mod {±1} (ξ_{yx} − ξ_x) = ∑ x mod {±1} ( log | (ζ^{yx} − ζ^{−yx} |_2 − log | (ζ^x − ζ^{−x} |_2)

= ∑ x mod {±1} 2 log (| |(ζ^{yx} − ζ^{−yx} | | 1 |(ζ^x − ζ^{−x}| )

= 2 log | | | | ∏ x mod {±1} ζ^{yx} − ζ^{−yx} ζ^x − ζ^{−x} | | | | = 2 log | | | | ∏ x mod {±1} σ_x ζ^y − ζ^{−y} ζ − ζ^{−1} | | | | = 2 log | N_L+_/Q (θ_y) | = 2 log 1 = 0.

Epomènwc to lămma 3.2.8 dÐnei:

Reg_L(Θ_2, Θ_3, . . . , Θ p−1_2 ) = | | | | | det ( ξ_{xy} − ξ_x )_{x,y∈} Z^∗_p mod {±1} x,y∉{±1}

| | | | |

=

| | | | | | | ∏ χ∈^Z^∗_p χ(−1)=1 χ≠χ_0

∑ x mod {±1} χ(x) log |ζ^x − ζ^{−x}|^2

| | | | | | |

= | | | | | ∏ χ Ĺrtioc χ≠χ_0 S(χ) | | | | | diìti ∑ x∈Z^∗_p x mod {±1} χ(x) log |ζ^x − ζ^{−x}|^2 = ∑ x∈Z^∗_p χ(x) log |ζ^x(1 − ζ^{−2x})|

= χ(2) ∑ y∈Z^∗_p χ(y) log | 1 − ζ^{−y}) |

Epomènwc, lìgw tou orismoÔ tou h_0 sth selÐda 72, èqoume

h_0 =

Reg_L(Θ_2, Θ_3, . . . , Θ p−1_2 )

Reg_L

(l. 3.2.6) = [ L(E(R_L)) : L(Θ_2, Θ_3, . . . , Θ p−1_2 ) ]

= [ E(R_L) : ⟨Θ_2, Θ_3, . . . , Θ p−1_2 ⟩ · W ] . Apo to lămma 3.2.7 èqoume ìti E(R_L) = E · W opìte

h_0 = [ E : ⟨Θ_2, Θ_3, . . . , Θ p−1_2 ⟩ ] . Apìdeixh: (Tou lămmatoc 3.2.8).

’Estw A = ( ξ_{gh} − ξ_h )_{g,h mod U} g,h∉U B = ( χ(g) ) χ∈([_{G/U)−{χ0}} g mod U g∉U

BA = ( γ_{χ,h} ) χ,h me γ_{χ,h} = ∑ g mod U g∉U χ(g)(ξ_{gh} − ξ_h)

γ_{χ,h} = ∑ g mod U χ(g)(ξ_{gh} − ξ_h) = ∑ g mod U χ(g)ξ_{gh} − ξ_h ∑ g mod U χ(g) = ∑ g mod U χ(g)ξ_{gh} = χ(h) ∑ g^′ mod U χ(g^′)ξ_g′

Epomènwc

det(B · A) = ± ( ∏ χ≠χ_0 ( ∑ g mod U χ(g)ξ_g )) det (χ(h))

=⇒ | |det B | | · | |det A | | = | | | | ∏ χ=χ_0 ( ∑ g mod U χ(g)ξ_g ) | | | | · | |det (B) | |.

Epeidă | det B | = | det B | , an deÐxoume ìti det B ≠ 0, ja èqoume teleiÿsei. Proc toÔto

paÐrnoume

det(B B^⊤) = det(δ_{χψ})

ìpou

δ_{χψ} = ∑ g mod U g∉U χ(g)ψ(g) = ∑ g mod U ( χψ^{−1} ) (g) − 1

= [ G : U ] − 1, an χ = ψ −1, an χ ≠ ψ. Epomènwc gia u = [ G : U ] èqoume

det(BB^⊤) = u−1 −1 . . . . . . −1 −1 u−1 ... . . . . ... ... ... . . . . ... ... −1 −1 −1 . . . −1 u−1

= u^{u−2} ≠ 0.

⊓⊔

Apìdeixh tou jewrămatoc 3.2.4:

h^∗ = p 2^{p−3}2 | | | | ∏ χ perittìc S(χ) | | | | ìpou S(χ) = 1 p ∑ 0<x<p χ(x)x. Z^∗_p eÐnai kuklikă tĹxhc p − 1 = ⟨g⟩ me ord(g) = p − 1. OmoÐwc^^Z^∗_p = ⟨ψ0⟩ me ord(ψ0) = p − 1

ìpou ξ := ψ_0(g) eÐnai prwtarqikă (p − 1)-rÐza thc monĹdac. Profanÿc

1. ψ_0 eÐnai perittìc.

2. O χ eÐnai perittìc akribÿc tìte ìtan χ = ψ^k_0 kai 2 - k.

Orismìc 3.2.9

1. g_s := min (g^s ∩ N)

2. F (x) := p−2∑ s=0 g_sx^s Paratărhsh:

h^∗ = 1 (2p)^{p−3}2 p−2∏ k=1 2-k F (ξ^k)

Apìdeixh: Kat’ arqăn o χ eÐnai perittìc an kai mìno an

χ = ψ^k_0 gia 1 ≤ k ≤ p − 2, 2 - k,

opìte S(χ) = 1 p ∑ 0<x<p χ(x)x = 1 p p−2∑ s=0 χ(g^s)g_s

= 1 p p−2∑ s=0 g_sξ^{ks} = 1 p F (ξ^k).

Teleiÿnontac èqoume ìti to plăjoc twn paragìntwn eÐnai p − 1 2 . ⊓⊔ Lămma 3.2.10

2^{p−32} | | | p−2∏ k=1 2-k F (ξ^k).

Apìdeixh: m =^{p−1}_2 . ’Ara g^m ≡ −1 (mod p) kai ξ^m = −1. IsqurÐzomai ìti g_{m+s} ≢ g_s (mod 2), gia s = 0, . . . , m−1. (3.1) PrĹgmati g_{m+s} + g_s ≡ g^{m+s} + g^s ≡ g^s(g^m + 1) ≡ 0(mod p) =⇒ g_{m+s} + g_s = νp =⇒ g_{m+s} + g_s = p ⇒ g_{m+s} + g_s ≢ 0(mod 2) dhladă h (3.1) isqÔei. ’Estw tÿra k ≢ 0 (mod 2).

F (ξ^k) = p−2∑ s=0 g_sξ^{ks} = m−1∑ s=0 ( g_sξ^{ks} + g_{m+s}ξ^{k(m+s)} )

= m−1∑ s=0 (g_s − g_{m+s}) ξ^{ks} (3.2) kai epeidă g_{m+s} − g_s ≡ 1 (mod 2), to dexÐ mèloc thc (3.2) eÐnai isodÔnamo me m−1∑ s=0 ξ^{ks} (mod 2) ìpou h isodunamÐa ennoeÐtai ston Z[ζ_p]. Apì thn Ĺllh meriĹ m−1∑ s=0 ξ^{ks} = 1 − ξ^{mk} 1 − ξ^k = 2 1 − ξ^k . Epomènwc F (ξ^k)(1 − ξ^k) ≡ 0 (mod 2) =⇒ p−2∏ k=1 2-k F (ξ^k)(1 − ξ^k) ≡ 0 (mod 2^{p−12} ).

Tÿra p−2∏ k=1 2-k (1 − ξ^k) = 2. PrĹgmati

p−2∏ k=1 (1 − ξ^k) = x^{p−1} − 1 x − 1 | | x=1 = p − 1 kai p−2∏ k=1 2|k (1 − ξ^k) = p−3 2∏ ν=1 (1 − ξ^{2ν}) | | x=1 = p − 1 2 .

Sunepÿc apodeÐxame ton isqurismì tou lămmatoc 3.2.10. ⊓⊔

Lămma 3.2.11 p^{p−32} | | p−2∏ k=1 2-k F (ξ) Apìdeixh: F (x) ≡ p−2∑ s=0 (gx)^s (mod p),

ìpou p−2∑ s=0 (gx)^s = 1 − (gx)^{p−1} 1 − gx . ’Ara F (x)(1 − gx) ≡ 1 − (gx)^{p−1} ≡ 1 − x^{p−1} (mod p) kai epomènwc (1) F (ξ)(1 − gξ^k) ≡ 0 mod p Z[ζ_p].

Tÿra ja meletăsoume touc parĹgontec tou 1 − gξ^k. UpenjumÐzoume thn (2) anĹlush tou p sto Q (ξ) = Q (e^{2πip−1} ). AfoÔ p ≡ 1 (mod (p−1)) sunepĹgetai ìti o p analÔetai plărwc sto Q (ξ), Ĺra pR = ∏ k mod (p−1) (k,p−1)=1 σ_k(P ), σ_k : ξ −→ ξ^k

ìpou P kĹpoio prÿto ideÿdec tou Q (ζ), P | |p kai σ_k(P ) ìla metaxÔ touc ana dÔo diaforetikĹ. Ac sumbolÐsoume P_k := σ_k(P ) gia (k, p−1) = 1.

(3) IsqurÐzomai tÿra ìti:

(aþ). P | |⟨1 − gξ⟩ = (1 − gξ)R me kĹpoio katĹllhla eklegmèno P , P | |p. (bþ). P_k | |⟨1 − gξk⟩ gia (k, p−1) = 1. (gþ). An (k, p − 1) ≠ 1 tìte gia kĹje k^′ me (k^′, p−1) = 1 èqoume P_k′ - ⟨1 − gξ^k⟩. (dþ). Ta ⟨1−gξ^k⟩, k (mod(p−1)) eÐnai anĹ dÔo ìqi isodÔnama mod P^′ gia ìla ta ideÿdh P^′ | p. Apìdeixh: Gia to (g’) èqoume: (k, p − 1) = d > 1, sunepÿc ξ^{k p−1}d = 1. ’Estw ìti P^′ | |1 − gξ^k =⇒ gξ^k ≡ 1 (mod P^′) =⇒ g^{p−1d} ξ^{k p−1d} ≡ 1 (mod P^′) =⇒ g^{p−1d} ≡ 1 (mod P^′).

Epeidă g ∈ Z kai d | p−1, èpetai ìti g^{p−1}d ∈ Z. Epomènwc g^{p−1}d ∈ P^′ ∩ Z = pZ, Ĺra

g^{p−1d} ≡ 1 (mod p) =⇒ p − 1 |p − 1 d =⇒ d = 1. Sunepÿc katalăxame se Ĺtopo. Gia thn apìdeixh tou (a’) èqoume:

∏ k mod (p−1)

(1 − gξ^k) = (1 − g^{p−1}) ∈ p Z[ξ] =⇒ ∏ k mod (p−1) (1 − gξ^k) ∈ p Z[ξ] ⊆ P.

UpĹrqei loipìn k me ⟨1 − gξ^k⟩ ⊆ P , (k, p−1) = 1, Ĺra upĹrqei k, (k, p−1) = 1, tètoio ÿste P | 1−gξ^k. Gia thn apìdeixh tou (d’) èqoume:

’Estw 1−gξ^k ≡ 1−gξ^{k′} (mod P^′) gia kĹpoio P^′ | |p. ’Ara gξk ≡ gξk^′ (mod P ′) kai afoÔ g ∉ P ′, ξ^k ≡ ξ^{k′} (mod P^′). An k ≢ k^′ (mod p−1) tìte P^′ | 1 − ξ^{k−k′} |^{p−2}∏ ν=1 (1 − ξ^ν) = x^{p−1} − 1 x − 1 | | |_{x=1} = p − 1

to opoÐo ìmwc eÐnai Ĺtopo. ⊓⊔ Apì ta parapĹnw sunĹgoume ìti ξ^k = ξ^{k′} opìte upĹrqei akribÿc èna P , P | p, tètoio ÿste P | ⟨1−gξ⟩ kai epomènwc

P_k = σ_k(P ) | σ_k(1 − gξ) = (1 − gξ^k),

dhladă to (b’).

Apì (1) kai (3) èqoume: (4) F (ξ^k) ≡ 0 (mod p), gia (k, p − 1) ≠ 1 F (ξ^k) ≡ 0 (mod p/P_k), gia (k, p − 1) = 1 Apì (2) èqoume ìti pZ[ζ] = ∏ k mod (p−1) (k,p−1)=1 P_k. Epomènwc

p−2∏ k=1 2-k F (ξ^k) ≡ 0 mod p^{p−1}2 ∏ k mod (p−1) (k,p−1)=1 P_k = p^{p−32} .

ApodeÐxame kai to lămma 3.2.11. ⊓⊔ Apì ta lămmata 3.2.10 kai 3.2.11 èpetai h alăjeia tou jewrămatoc 3.2.4. ⊓⊔

Tÿra ja exetĹsoume sunjăkec kĹtw apì tic opoÐec p^fi h^∗.

JewroÔme to kÔrio ideÿdec pou parĹgetai apì ton arijmì h^∗ sto Q(ξ). ( 2^{p−32} h^∗ ) = p−2∏ k=1 2-k F (ξ^k)P_k p (3.3)

ìpou

P_k = σ_k(P ), an (k, p − 1) = 1 (1), an (k, p − 1) ≠ 1 Profanÿc an p|h^∗ tìte h^∗ ∈ P_k ∀k, 1 ≤ k ≤ p−2, (k, p−1) = 1 diìti pZ = P_k ∩ Z ∀ k. An pĹli h^∗ ∈ P_k gia kĹpoio k tìte h^∗ ∈ P_k ∩ Z = p Z ⇒ p|h^∗. ’Ara p|h^∗ ⇐⇒ h^∗ ∈ P_k gia kĹpoio k QwrÐc periorismì thc genikìthtac paÐrnoume to P_{−1} kai èqoume p|h^∗ ⇐⇒ P_{−1} | |h^∗ Lìgw thc (4) to dexÐ mèloc thc (3.3) eÐnai ginìmeno akeraÐwn idewdÿn. Epomènwc P_{−1} | h^∗ ⇐⇒ ∃ k = 1, 2, . . . , p−2, 2 - k, tètoio ÿste P_{−1} | |F (ξ^k)Pk p ⇐⇒ ∃ k = 1, 2, . . . , p−2, 2 - k, tètoio ÿste P^2_{−1} | |F (ξ_k)P_k ⇐⇒ ∃ k = 1, 2, . . . , p−2, 2 - k, tètoio ÿste P^2_{−1} | |F (ξ^k), ìtan k ≢ −1 (mod p−1) P_{−1} | |F (ξ^k), ìtan k ≡ −1 (mod p−1).

IsqurÐzomai ìti (i). P_{−1} - F (ξ^{−1})

F (ξ) = p−2∑ s=0 (gξ)^s ≡ p−2∑ s=0 1 ≡ p − 1 ≡ −1 (mod p) diìti P | |1−gξ =⇒ gξ ≡ 1 (mod P ). Epomènwc F (ξ^{−1}) ≡ p − 1 ≡ −1 ≢ 0 (mod P_{−1}).

Apì ta parapĹnw sumperaÐnoume ìti:

(ii). p | h^∗ ⇒ ∃ k = 1, 2, . . . , p−3, 2 - k, t.w P^2_{−1} / F (ξ^k) Dialègoume tÿra thn prwtarqikă rÐza ètsi ÿste

(iii). g^{p−1} ≡ 1 (mod p^2).

(GiatÐ eÐnai autì dunatì?) Sunepÿc p−2∏ k=0 (1 − gξ^k) = 1 − g^{p−1} ≡ 0 (mod p^2),

opìte

P^2_k | |(1 − gξ^k), k mod (p−1) (k, p−1) = 1. Gia k ≡ −1 (mod p−1) èqoume loipìn

(iv). P^2_{−1} | 1 − gξ^{−1} =⇒ g ≡ ξ mod P^2_{−1}.

Apì thn (iv) èpetai ìti:

F (ξ^k) = p−2∑ s=0 g_sg^{sk} mod P^2_{−1}.

Dhladă

p | h^∗ ⇐⇒ ∃ k = 1, 2, . . . , p−4, 2 - k, t.w p−2∑ s=0 g_sg^{ks} ≡ 0 (mod P^2_{−1})

⇐⇒ ∃ k = 1, 2, . . . , p−4, 2 - k, t.w p−2∑ s=0 g_sg^{ks} ≡ 0 (mod p^2).

An tÿra sumbolÐsoume

S_k(p) := p−1∑ n=1 n^k tìte èqoume to:

Jeÿrhma 3.2.12 IsqÔei h isodunamÐa: p | h^∗ ⇐⇒ ∃ k = 2, 4, . . . , p−3, t.w p^2 | S_{k+1}(p). Apìdeixh:

g_s ≡ g^s + a_sp (mod p^2) ìpou a_s =^1_p (g_s − g^s). ’Ara g^{k+1}_s ≡ (g^s + a_sp)^{k+1} (mod p^2) =⇒ g^{k+1}_s ≡ g^{s(k+1)} + (k + 1)a_sg^{sk}p (mod p^2) ≡ g^{s(k+1)} + (k + 1)g^{sk}g_s − (k + 1)g^{s(k+1)} (mod p^2) =⇒ (k + 1)g^{sk}g_s ≡ g^{k+1}_s + kg^{s(k+1)} (mod p^2) =⇒ (k + 1) p−2∑ s=0 g^{sk}g_s ≡ p−2∑ s=0 g^{k+1}_s + k p−2∑ s=0 g^{s(k+1)} (mod p^2)

=⇒ (k + 1) p−2∑ s=0 g^{sk}g_s ≡ S_{k+1}(p) (mod p^2). ⊓⊔

Epomènwc to prìblhmĹ mac eÐnai na broÔme pìte p^2 | S_{k+1} (mod p).

Edÿ ja orÐsoume touc arijmoÔc Bernoulli.

Orismìc 3.2.13 z e^z − 1 = ∞∑ k=0 B_k k! z^k, ìpou |z| < 1.

SuqnĹ paÐrnoume f(x) = m∑ μ=0 a_μx^μ kai sth sunèqeia

f(x, z) = ∞∑ n=0 f(x)z^n ∈ C [x] [ [z] ] ,

opìte an jèsoume f_m(B) := m∑ μ=0 a_μB_μ tìte mporoÔme na grĹyoume

f(B, z) = ∞∑ n=0 f_n(B)z^n, dhladă z e^z − 1

= e^{Bz}, (f(x, z) = e^{xz}). IsqÔoun 1. e^{az}e^{Bz} = e^{(a+B)z} gia a ∈ C 2. (1 + B)^m − B^m = 0 gia m ≥ 2, dhladă mB_{m−1} + m−2∑ k=0 (m k ) B_k = 0

3. B_k = 0 gia 2 - k , k ≥ 3

SÔndesh arijmÿn Bernoulli me S_k(p) . Jeÿrhma 3.2.14

(k + 1)S_k(n) = (n + B)^{k+1} − B^{k+1}

Apìdeixh: ∞∑ k=0 ( (n + B)^{k+1} − B^k ) zk k! = e^{(n+B)z} − e^{Bz} = e^{Bz} (e^{nz} − 1)

= z e^{nz} − 1 e^z − 1 = z n−1∑ x=0 e^{xz} = z n−1∑ x=0 ∞∑ k=0 x^kz^k k! = ∞∑ k=0 (_{n−1} ∑ x=0 x^k ) z^{k+1} k! = ∞∑ k=0 ( (k + 1)S_k(n) ) z^{k+1} (k + 1)! = ∞∑ k=0 ( kS_{k−1}(n) ) z^n n! ⊓⊔

Jeÿrhma 3.2.15 (Jeÿrhma tou von Staudt) ’Estw p ∈ P, p ≠ 2 kai k ∈ N, 2 | k. Tìte

1. An (p − 1) - k tìte o B_k eÐnai p-akèraioc.

2. An (p − 1) | k tìte

pB_k eÐnai p-akèraioc

pB_k ≡ −1 (mod p)

Paratărhsh: To jeÿrhma isqÔei kai gia p = 2.

Orismìc 3.2.16 ’Enac rhtìc arijmìc^a_b , (a, b) = 1, ja lègetai p-akèraioc ìtan kai mìno

ìtan p - b. O

R_p = {a b | | a, b ∈ Z, p - b}

lègetai daktÔlioc twn p-akeraÐwn arijmÿn.

’Estw A, B p-akèraioi. OrÐzoume

A ≡ B (mod p) tìte kai mìno tìte ìtan p | (A−B) sto R_p, dhladă ìtan A − B ∈ pR_p ⇐⇒ A ≡ B (mod pR_p).

Apìdeixh tou jewrămatoc 3.2.15:

(1) IsqurÐzomai ìti:

pB_k eÐnai p-akèraioc ∀ k ∈ N pB_k ≡ S_k(p) (mod p) Apìdeixh: (tou (1)). To p eÐnai stajerì. Ja efarmìsoume th mèjodo thc majhmati-

kăc epagwgăc wc proc k. Apì to jeÿrhma 3.2.14 èpetai ìti

(k + 1)S_k(p) = (k + 1)pB_k + k−1∑ m=0 ( k+1 m ) p^{k−m}pB_m.

Lămma 3.2.17^1_{k + 1} ( k + 1 m ) p^{k−m} eÐnai p-akèraioc kai mĹlista ≡ 0 (mod p).

To lămma ja apodeiqteÐ lÐgo argìtera.

Apì to lămma 3.2.17 sunepĹgetai ìti pB_k = S_k(p) − k−1∑ m=0 (( k + 1 m ) p^{k−m} k + 1 ) pB_m (3.4)

eÐnai p-akèraioc. Akìmh pB_k ≡ S_k(p) (mod p).

(2) IsqurÐzomai ìti

S_k(p) ≡ 0 (mod p), ìtan p−1 - k S_k(p) ≡ −1 (mod p), ìtan p−1 | |k. Paratărhsh: Apì (1) kai (2) èpetai to jeÿrhma 3.2.15. Apìdeixh: (tou (2))

S_k(p) = p−1∑ x=1 x^k = p−2∑ s=0 g^{ks} ìpou g eÐnai prwtarqikă rÐza mod p. An p−1 - k tìte (1 − g^k)S_k(p) = 1 − g^{k(p−1)} ≡ 0 (mod p) enÿ 1 − g^k ≢ 0 (mod p). ’Ara S_k(p) ≡ 0 (mod p). An p − 1 | |k tìte

S_k(p) = p−1∑ x=1 x^k ≡ p−1∑ x=1 1 (mod p) ≡ p − 1 ≡ −1 (mod p). ⊓⊔

Jeÿrhma 3.2.18 Gia p ≠ 2 kai k = 2, . . . , p−1, 2 - k, èqoume pB_k ≡ S_k(p) (mod p^2).

Apìdeixh: Logw thc sqèshc (3.4) kai gia m ≤ k −1 < p−1, p−1 - m, èqoume ìti o B_m

eÐnai p-akèraioc, dhladă k−1∑ m=0 (( k + 1 m ) p^{k−m} k + 1 ) pB_m ≡ 0 (mod p^2))

=⇒ pB_k ≡ S_k(p) (mod p^2). ⊓⊔

Apìdeixh: (Tou lămmatoc 3.2.17)

Kat’ arqăn isqurÐzomai ìti gia r ∈ N kai p ∈ P an e(r) eÐnai o mègistoc p-ekjèthc tou r, tìte

e(r!) = ∞∑ n=1 [ r p^n ] . H apìdeixh afănetai san Ĺskhsh ston anagnÿsth. An loipìn p ≠ 2 tìte èqoume e(r!) ≤ ∞∑ n=1 r p^n = r 1 p 1 −^1_p = r p − 1 < r 2 < r − 1

=⇒ (_{k+1} m ) k + 1 = (k + 1) · · · (m + 1) (m + 1 − k)! kai e ( (m+1−k)! ) < m−k, opìte e (_{k+1} m ) k + 1 p^{m−k} > m − k − (m − k) ≥ 0. ⊓⊔

Jeÿrhma 3.2.19 ’Estw p ∈ P, p ≠ 2. Tìte isqÔei p | |h^∗ ⇐⇒ ∃ k = 2, 3, . . . , p−3, 2 | |k kai p | |B_k. An p = 2 tìte h^∗ = 1.

Apìdeixh: SunĹgetai eÔkola me qrăsh twn jewrhmĹtwn 3.2.12 kai 3.2.18. ⊓⊔

Parathrăseic:

1. ’Estw k ≤ p − 3 tìte (p − 1) - B_k sunepÿc o B_k eÐnai p-akèraioc.

2. ArkeÐ na upologÐsoume to B_k mod p diìti an R_p o dĹktulioc twn p-akeraÐwn tìte

R_pŒ pR_p ∼= ZŒ_p Z =⇒ ∀ k ≤ p−3 ∃ β_k ∈ Z, B_k = β_k (mod p). To β_k mporoÔme na to upologÐsoume apì touc anadromikoÔc tÔpouc mod p

(β + 1)^m ≡ β^m (mod p) =⇒ m∑ n=0 (m n ) β_n ≡ β_m (mod p)

=⇒ mβ_{m−1} + m−2∑ n=0 (m n ) β_n ≡ 0 (mod p).

3. An p | |h^∗ tìte p | |hQ_{(ζp)} = h_0h^∗.

QwrÐc apodeÐxeic anafèroume ta parakĹtw.

Jeÿrhma 3.2.20 p - h^∗ =⇒ p - h0. Gia thn apìdeixh qreiazìmaste p-adikèc mejìdouc.

EikasÐa 3.2.21 PĹntote isqÔei p - h_0.

H eikasÐa eÐnai anoiqtă mèqri sămera.

Apì to jeÿrhma 3.2.19 kai an deqtoÔme thn eikasÐa 3.2.21 prokÔptei to

Jeÿrhma 3.2.22 ’Estw p ∈ P, p ≠ 2 kai h := hQ_{(ζp)}. Tìte p | | h ⇐⇒ ∃ k ∈ {2, 3, . . . , p−3}, 2 | | k kai p | | B_k. Orismìc 3.2.23 O prÿtoc p, p ≠ 2, ja lègetai omalìc (regular) ⇐⇒ p - hQ_{(ζp)}, anÿmaloc (irregular) ⇐⇒ p | | hQ_{(ζp)}. <<PeiramatikĹ>> blèpoume ìti upĹrqoun pio polloÐ omaloÐ ap’ ìti anÿmaloi prÿtoi.

EikasÐa 3.2.24 UpĹrqoun Ĺpeiroi omaloÐ prÿtoi. Jeÿrhma 3.2.25 UpĹrqoun Ĺpeiroi anÿmaloi prÿtoi.

37, 59 kai 67 eÐnai oi monadikoÐ anÿmaloi prÿtoi pou eÐnai mikrìteroi apì to 100.

KefĹlaio 4

Abelianèc L-seirèc

4.1 Jewrămata puknìthtac prÿtwn idewdÿn

Sthn parĹgrafo aută ja meletăsoume thn katanomă twn prÿtwn idewdÿn algebrikoÔ sÿmatoc arijmÿn K. To jemeliÿdec jeÿrhma 2.2.2 mĹc dÐnei ìti lim_{s→1+}(s − 1)ζ_K (s) � 0. (4.1) Apì edÿ kai kĹtw to s ∈ R, s > 1. Apì th sqèsh (4.1) èqoume ìti: log ζ_K(s) = − log(s−1) + O(1) gia s → 1^+ Lămma 4.1.1 IsqÔei ìti log ζ_K(s) = ∑ P ∈P(K) 1 N(P )^s + O(1) gia s → 1^+.

Apìdeixh:

log ζ_K(s) = log ∏ P ∈P(K) 1 1 −^1_{N(P )s} = ∑ P ∈P(K) ∞∑ m=1 1 mN(P )^{sm} = ∑ P ∈P(K) 1 N(P )^s + ∑ P ∈P(K) ∑ m≥2 1 mN(P )^{sm} Tÿra ∑ P ∈P(K) ∑ m≥2 1 mN(P )^{sm} ≤ ( K : Q ) ∑ p∈P ∑ m≥2 1 p^{sm} = ( K : Q ) ∑ p∈P 1 p^{2s} 1 −^1_{ps}

≤ ( K : Q ) ∑ p∈P 2 1 p^{2s} ≤ ( K : Q ) · 2ζQ(2) < ∞. ⊓⊔ Epomènwc

Jeÿrhma 4.1.2 ∑ P ∈P(K) 1 N(P )^s = − log(s−1) + O(1)

kajÿc s → 1^+.

Parathrăseic: ’Amesh sunèpeia tou jewrămatoc eÐnai

1. To sÔnolo # P(K) eÐnai Ĺpeiro, kai idiaÐtera,

2. an K = Q tìte to sÔnolo # P(Q) = P eÐnai Ĺpeiro.

Lămma 4.1.3 ’Estw A ⊆ P(K) me # { P ∈ A | | f_P = f ( PŒ_p^) = 1^} < ∞. Tìte ∑ P ∈A 1 N(P )^s = O(1)

Apìdeixh: An f_P = f ( PŒ_p^) ≠ 1 tìte N(P ) ≥ p^2, sunepÿc ∑ P ∈A 1 N(P )^s = ∑ P ∈A f_P ≠1 1 N(P )^s + O(1)

ìpou ∑ P ∈A f_P ≠1 1 N(P )^s ≤ ( K : Q ) ∑ p∈P 1 p^{2s} ≤ ( K : Q )ζ(2) < ∞. ⊓⊔

Epomènwc

Jeÿrhma 4.1.4 ∑ P ∈P(K) f_P =1 1 N(P )^s = − log(s−1) + O(1).

Sunepÿc upĹrqoun Ĺpeira prÿta ideÿdh prÿtou bajmoÔ sto K.

Orismìc 4.1.5 ’Estw A ⊆ P(K) tètoio ÿste na upĹrqei δ = δ(A) > 0 me ∑ P ∈A 1 N(P )^s = −δ log(s−1) + O(1)

kajÿc s → 1^+. Tìte o δ ja lègetai puknìthta tou Dirichlet tou A.

’Eqoume loipìn to akìloujo

Jeÿrhma 4.1.6 H puknìthta tou Dirichlet ìlwn twn prÿtwn idewdÿn tou K bajmoÔ èna,

upĹrqei kai eÐnai Ðsh me èna.

Paratărhsh 4.1.6^′: ’Estw A ⊆ B ⊆ P(K) kai # { P ∈ B r A | f_P = 1 } < ∞. Tìte an upĹrqei h puknìthta tou Dirichletgia èna toulĹqisto apì ta sÔnola A, B ja upĹrqei kai gia to Ĺllo kai mĹlista δ(A) = δ(B).

To prìblhma pou ja mac apasqolăsei parakĹtw eÐnai to exăc:

’Estw LŒK epèktash algebrikÿn swmĹtwn arijmÿn. MporoÔme na qarakthrÐsoume to L mèsw thc anĹlushc ìlwn twn P ∈ P(K) sto L?

H apĹnthsh eÐnai NAI an LŒK epèktash tou Galois. UpenjumÐzoume ìti gia kĹje epèktash algebrikÿn swmĹtwn arijmÿn LŒK, ìpou (L : K) = n, isqÔoun: P ∈ P(K) =⇒ P RL = Q^{e1}_1 · · · Q^{er}_r f_i = f ( Q_i P ) = ( R_L Q_i : R_K P )

N_{L/K} (Q_i) = N_{K/Q}(P )^{fi} e_1f_1 + e_2f_2 + · · · + e_rf_r = n An r = n tìte lème ìti o P analÔetai plărwc sto L. An P den diakladÐzetai sto L kai r = 1 (opìte f = n) tìte lème ìti P adraneÐ sto L . H plărhc anĹlush kai h adrĹneia eÐnai dÔo akraÐec katastĹseic sthn anĹlush twn prÿtwn idewdÿn tou K. ’Estw tÿra LŒK epèktash tou Galois. UpĹrqoun Ĺpeira prÿta ideÿdh kai twn dÔo tÔpwn ă ìqi?

En gènei autì den eÐnai swstì. PrĹgmati an P adraneÐ sto L tìte P R_L = Q kai to sÔmbolo tou Frobenious ( L/K Q ) èqei tĹxh f = n, dhladă parĹgei ìlh thn omĹda tou Galois G = G ( LŒ_K^). ’Epomènwc tètoio P mporeÐ na upĹrqei mìno an h G eÐnai kuklikă.

Kai to antÐstrofo eÐnai alhjèc, ja xanagurÐsoume s’ autì ìtan anaferjoÔme sto jeÿrhma

puknìthtac tou Tchebotarev (Čebotarev).

’Estw tÿra A_{L/K} := { P ∈ P(K)^| P analÔetai plărwc sto L^}.

Jeÿrhma 4.1.7 ’Estw^LŒ_K epèktash tou Galois. Tìte isqÔei δ ( A_{L/K} ) = 1 ( L : K )

Apìdeixh: An P ∈ A_{L/K} tìte P R_L = Q_1Q_2 . . . Q_n ìpou n eÐnai o bajmìc thc epèktashc LŒ_K kai N(Q1) = . . . = N(Qn) = N(P ). Sunepÿc ∑ P ∈A_{L/K} 1 N(P )^s = 1 n ∑ Q/P ∈A_{L/K} 1 N(Q)^s (4.2)

IsqurÐzomai ìti

A := { Q ∈ P(L)^| f ( Q pZ ) = 1, e ( Q Q ∩ R_K ) = 1 }

⊆ { Q ∈ P(L)^| ∃ P ∈ A_{L/K} Q^|P^} =: B. (4.3) Apì th sqèsh (4.3), to jeÿrhma 4.1.6 kai thn paratărhsh 4.1.6^′ èpetai ìti ∑ Q/P ∈A_{L/K} 1 N(Q)^s = − log(s−1) + O(1) gia s → 1^+,

opìte h (4.2) dÐnei ìti δ(A_{L/K} ) = 1 n = 1 (L : K) . Apìdeixh thc sqèshc (4.3):

’Estw ìti Q | |P . AfoÔ LŒ K Galois ja èqoume ìti

f_1 = f_2 = . . . = f_r = f ( Q P ) = 1 kai e_1 = e_2 = . . . = e_r = e ( Q P ) = 1 opìte P ∈ A_{L/K} . ⊓⊔

Lămma 4.1.8 ’Estw^{L1}Œ_K,^{L2}Œ_K epektĹseic algebrikÿn swmĹtwn arijmÿn kai L = L_1 · L_2.

Tìte ( to P ∈ P(K) analÔetai plărwc sto L_1 · L_2 ) tìte kai mìno tìte ìtan ( to P analÔetai

plărwc sta L_1 kai L_2 ) . Apìdeixh: H apìdeixh eÐnai gnwstă ìtan^{L1}Œ_K kai^{L2}Œ_K eÐnai kanonikèc epektĹseic ([22],

selÐda 128). Tèloc, arkeÐ na parathrăsoume ìti to P ∈ P(K) analÔetai plărwc sthn LŒK

tìte kai mìnon tìte ìtan analÔetai plărwc sthn EŒK ìpou E h kanonikă jăkh tou L sto K. ⊓⊔

Lămma 4.1.9 ’Estw^LŒ_K epèktash algebrikÿn swmĹtwn arijmÿn kai E h kanonikă jăkh

thc LŒK. Tìte to P ∈ P(K) analÔetai plărwc sto E tìte kai mìnon tìte ìtan analÔetai plărwc sto L.

Apìdeixh: Kat’ arqăn, an o P analÔetai plărwc sto E, tìte ja analÔetai plărwc kai sto

sÿma L. AntÐstrofa, èstw ìti o P analÔetai plărwc sto L. O P ja analÔetai plărwc kai se kĹje suzugèc σ(L) tou L, ìpou to σ diatrèqei ìlouc touc K-monomorfismoÔc tou L.

An tÿra Q ∈ P(E) tètoio ÿste Q | P , tìte to sÿma anĹlushc tou Q sto E ja perièqei ìla ta suzugă σ(L). Epomènwc ja perièqei kai thn sÔnjesă touc (ginìmeno), dhladă to E. Autì shmaÐnei ìti to E tautÐzetai me to sÿma anĹlushc tou Q, dhladă ìti o P analÔetai plărwc sto E. ⊓⊔

Jeÿrhma 4.1.10 An^LŒ_K epèktash algebrikÿn swmĹtwn arijmÿn, tìte δ(A_{L/K} ) = 1 (E : K) ìpou E h kanonikă jăkh thc LŒK.

Apìdeixh: Sunèpeia tou jewrămatoc 4.1.7 kai tou lămmatoc 4.1.9. ⊓⊔ Jemeliÿdec Jeÿrhma 4.1.11 An^LŒ_K epèktash tou Galois, algebrikÿn swmĹtwn arij-

mÿn, tìte to L prosdiorÐzetai monosămanta apì to A_{L/K}.

To Jeÿrhma apoteleÐ jetikă apĹnthsh sto prìgramma pou prìteine o Kronecker na qarakthrÐsoume tic epektĹseic tou K mazÐ me ìlec tic algebrikèc kai arijmhtikèc idiìthtèc touc, apokleistikĹ mèsw sunìlwn prÿtwn idewdÿn tou sÿmatoc K. KatĹ trìpo anĹlogo, pou to jeÿrhma tou Cauchy qarakthrÐzei th sunĹrthsh mèsw twn timÿn thc sto sÔnoro. (In ähnlicher Weise wie nach dem Cauchysehen Satz eine Funktion durch ihre Randwerte bestimmt ist).

To jeÿrhma eÐnai sunèpeia tou:

Lămma 4.1.12 ’Estw^{L1}Œ_K,^{L2}Œ_K epektĹseic tou Galois algebrikÿn swmĹtwn arijmÿn kai

èstw δ ( A_{L1/K} − A_{L2/K} ) = δ ( A_{L2/K} − A_{L1/K} ) = 0 (dhladă A_{L1/K} kai A_{L2/K} diafèroun katĹ kĹpoio sÔnolo me puknìthta Dirichlet Ðsh me 0). Tìte L_1 = L_2.

Apìdeixh: (Tou lămmatoc).

’Estw L = L_1L_2. H (4.1.8) dÐnei A_{L/K} = A_{L1/K} ∩ A_{L2/K}

=⇒ δ(A_{L/K} ) = δ ( A_{L1/K} ∩ A_{L2/K} ) = δ ( A_{L1/K} ) − δ ( A_{L1/K} − A_{L2/K} ) = δ ( A_{L1/K} ) + 0 = δ ( A_{L1/K} ) = 1 (L_1 : K) . AllĹ δ ( A_{L/K} ) = 1 (L : K)

=⇒ (L : K) = (L_1 : K) kai L_1 ⊆ L =⇒ L = L_1.

OmoÐwc δ ( A_{L/K} ) = δ ( A_{L1/K} ∩ A_{L2/K} ) = δ ( A_{L2/K} ) =⇒ (L : K) = (L_2 : K) kai L_2 ⊆ L =⇒ L = L_2.

Epomènwc

L_1 = L_2 ⊓⊔

Parathrăseic:

1. Gia K = Q kai L = Q (ζ_m ) kai A_{L/K} = { (p) | p ∈ P, p ≡ 1 (mod m)^} = H^+_m ∩ P(K)

ìpou H^+_m eÐnai h kÔria klĹsh mod m me stenă shmasÐa.

2. JewrÐa klĹsewn swmĹtwn.

(i) QwrÐc apìdeixh anafèroume: An LŒK abeliană epèktash algebrikÿn swmĹtwn arijmÿn, tìte upĹrqei m akèraio ideÿdec tou K kai U omĹda me

Am ⊇ U ⊇ H^+m

tètoia ÿste A_{L/K} = U ∩ P(K). (ii) Se kĹje upoomĹda U tètoia ÿste

Am ⊇ U ⊇ H^+m

upĹrqei akribÿc mÐa abeliană epèktash L/K me A_{L/K} = U ∩ P(K) me exaÐresh to polÔ peperasmènou plăjouc prÿtwn idewdÿn P tou K.

4.2 Abelianèc L-seirèc

’Estw tÿra LŒK mÐa epèktash Galois algebrikÿn swmĹtwn arijmÿn G = Gal (L Œ_K^). ’Estw P ∈ P(K) kai Q ∈ P(L),^QŒ_P . UpenjumÐzoume ìti h akoloujÐa 1 −−−→ G_T ( QŒ_P^) −−−→ GZ^{(Q}Œ_P^) −−−→ G^{(L}Œ_K^) −−−→ 1 eÐnai akribăc, ìpou L = SŒQ, K = RŒP eÐnai ta swmĹta upoloÐpwn twn L, K antÐstoiqa (dec [2], selÐda 161).

An P den diakladÐzetai sthn LŒK tìte G_T (QŒP ) = {1}, opìte G_Z (Q Œ_P^{) ∼}= G^{(L}Œ_K^) =^⟨ [ L/K Q ] ⟩

An σ ∈ G tìte G_Z (σQ Œ_P^) = σGZ^{(Q}Œ_P^)σ^{−1} G_T (σQ Œ_P^) = σGT^{(Q}Œ_P^)σ^{−1}

kai [ L/K σ(Q) ] = σ [ L/K Q ] σ^{−1}

An G abeliană, tìte G_Z (Q Œ_P^), GT^{(Q}Œ_P^) kai [ L/K Q ] exĹrtÿntai mìno apì to P kai ja

grĹfoume G_Z(P ), G_T (P ) kai [ L/K P ] , antÐstoiqa.

’Estw tÿra χ ∈ ^G. Ston χ antistoiqoÔme ènan qaraktăra thc omĹdac

I_K (D_K ) := { A ∈ I_K | A prÿto proc D_K }

(D_K eÐnai h diakrÐnousa tou sÿmatoc K) ton opoÐo ja sumbolÐzoume pĹli me χ kai ton orÐzoume wc exăc: ’Estw, kat’ arqăn, P ∈ P(K), Q ∈ P(L), Q | |P ta opoÐa ta kratoÔme stajerĹ. ’Estw σ_P èna

stoiqeÐo thc G_Z(P ) to opoÐo apeikonÐzetai ston automorfismì tou Frobenius x −→ x^{N(P )} sthn G (L Œ_K^).

KĹje Ĺllo stoiqeÐo pou apeikonÐzetai ston automorfismì eÐnai thc morfăc

σ_P σ, ìpou σ ∈ G_T (P ).

Orismìc 4.2.1 OrÐzoume

χ(P ) := χ(σ_P ) · 1 e_P ∑ σ∈G_T (P ) χ(σ)

ìpou e_P eÐnai o deÐkthc diaklĹdwshc tou P sto L.

Parathrăseic:

(1). O orismìc exartĹtai mìno apì to P kai ìqi apì to σ_P .

(2). An G_T (P ) ⊄ Ker(χ) tìte χ(P ) = 0.

(3). An G_T (P ) ⊂ Ker(χ) tìte χ(P ) = χ(σ_P ).

H diapÐstwsh autÿn twn idiotătwn afănetai san Ĺskhsh ston anagnÿsth. Apì paratărhsh (3) èpetai ìti, ìtan P den diakladÐzetai sto L, tìte χ(P ) = χ ( [L/K P ] ) .

EpekteÐnoume tÿra ton orismì tou χ pollaplasiastikĹ sto I_K. O χ dhladă apeikonÐzei thn I_K sto T ∪ {0} ìpou T = { z ∈ C^| |z| = 1^} kai thn IK (DK ) sto T . O χ eÐnai ènac qaraktărac thc I_K(D_K ) sto T .

Orismìc 4.2.2 Se kĹje qaraktăra χ, ìpwc ton orÐsame parapĹnw, orÐzoume thn abeliană L-sunĹrthsh L ( s, χ, LŒK ) = ∑ A∈I_K A akèraio χ(A) N(A)^s

me Re(s) > 1.

QwrÐc apìdeixh anafèroume merikèc idiìthtèc thc.

Jeÿrhma 4.2.3

1. H L ( s, χ, LŒK ) sugklÐnei gia Re(s) > 1 kai paristĹ olìmorfh sunĹrthsh s’ autì to hmiepÐpedo.

2. Ginìmeno Euler L ( s, χ, LŒK ) = ∏ P ∈P(K) ( 1 − χ(P ) N(P )^s )_{−1} , (Re(s) > 1)

3. IsqÔei

ζ_L(s) = ∏ χ∈ ^G L ( s, χ, LŒK ) , (Re(s) > 1)

4. H L ( s, χ, LŒK ) èqei analutikă epèktash san merìmorfh sunĹrthsh tou s.

An χ = χ_0 tìte h L ( s, χ_0, LŒK ) èqei aplì pìlo sth jèsh s = 1 kai eÐnai olìmorfh gia ìla ta Ĺlla s.

An χ ≠ χ_0 tìte L ( s, χ, LŒK ) eÐnai akèraia sunĹrthsh tou s.

ShmeÐwsh: Oi apodeÐxeic moiĹzoun me autèc pou ădh dÿsame gia tic seirèc tou Dirichlet. O endiaferìmenoc anagnÿsthc ìmwc mporeÐ na dei [15], selÐdec 164-171. H (4) sthrÐzetai se dÔskolo apotèlesma. Gia χ = χ_0 èqoume L ( s, χ_0, LŒK ) = ζ_K(s), opìte oi protĹseic 3. kai 4. tou jewrămatoc 4.2.3 dÐnoun:

5. ζ^L(s)Œζ_K (s) eÐnai akèraia sunĹrthsh.

6. An χ ≠ χ_0, tìte L ( 1, χ, LŒK ) ≠ 0, ∞. Apìdeixh: H prìtash 4. tou jewrămatoc 4.2.3 mac dÐnei ìti L ( 1, χ, LŒK ) ≠ ∞. EpÐshc L ( 1, χ, LŒK ) ≠ 0 diìti o mhdenismìc kĹpoiac L-seirĹc sthn jèsh s=1 ja anairoÔse ton pìlo thc L ( s, χ_0, LŒK ) gia s=1 opìte h ζ_L(s) ja ătan olìmorfh gia s = 1, Ĺtopo. ⊓⊔

Jeÿrhma 4.2.4 (Jeÿrhma tou Dirichlet) An^LŒ_K eÐnai mÐa abeliană epèktash algebri-

kÿn swmĹtwn arijmÿn kai σ ∈ G = Gal (L Œ_K^), orÐzoume

A(σ) := { P ∈ P(K)^| [ L/K P ] = σ } . To A(σ) èqei puknìthta Dirichlet δ(A(σ)) = 1 (L : K) = 1 n ìpou n = (L : K).

Apìdeixh: Kat’ arqăn kĹnontac qrăsh tou lămmatoc 4.1.1 kai tou jewrămatoc 4.1.2 mporeÐ

kaneÐc na dei ìti: An A eÐnai kĹpoio sÔnolo prÿtwn idewdÿn tou K tìte

to A èqei puknìthta Dirichlet δ(A) ⇐⇒ ∃ lim_{s→1+} log ∏ P ∈A (1 − N(P )^{−s})^{−1}

log ζ_K(s) = δ(A). Epomènwc arkeÐ na deÐxoume ìti

lim_{s→1+} log ∏ P ∈A(σ) (1 − N(P )^{−s})^{−1}

log ζ_K (s) = 1 n . To aristerì mèloc thc parapĹnw sqèshc eÐnai Ðso me

lim_{s→1+} − ∑ P ∈A(σ) log(1 − N(P )^{−s})

log ζ_K(s)

= lim_{s→1+} ∑ P ∈A(σ) ∞∑ m=1 (m^{−1}N(P )^{−ms}) log ζ_K(s)

(4.4)

OrÐzoume tÿra

T (s) := n^{−1} ∑ χ∈ ^G χ(σ^{−1}) log L ( s, χ, LŒK ) kai èqoume

lim_{s→1+} T (s) log ζ_K(s) = 1 n + lim_{s→1+} n^{−1} ∑ χ≠χ_0 χ(σ^{−1}) log L ( s, χ, LŒK )

log ζ_K(s) = 1 n . (4.5)

Apì thn Ĺllh meriĹ T (s) = −n^{−1} ∑ χ∈ ^G χ(σ^{−1}) ∑ P ∈P(K) ∞∑ m=1 χ(P ) mN(P )^{ms} = −n^{−1} ∑ P ∈P(K) ∞∑ m=1 m^{−1}N(P )^{−ms} ∑ χ∈ ^G χ(σ^{−1})χ(P ). Gia ìla sqedìn ta P , èqoume

χ(P ) = [ L/K P ]

opìte apì tic gnwstèc sqèseic orjogwniìthtac prokÔptei ìti ∑ χ∈ ^G χ ( σ^{−1} [ L/K P ] ) = n, ìtan [_{L/K} P ] = σ 0, alliÿc.

Epomènwc

lim_{s→1+} T (s) log ζ_K(s)

= lim_{s→1+} − ∞∑ m=1 ∑ P ∈A(σ) m^{−1}N(P )^{−ms} log ζ_K(s)

(4.6)

opìte oi sqèseic (4.4), (4.5), (4.6) mac dÐnoun to zhtoÔmeno. ⊓⊔

Pìrisma 4.2.5 ’Estw^LŒ_K abeliană epèktash algebrikÿn swmĹtwn arijmÿn kai èstw (f, r) ènac tÔpoc anĹlushc gia thn epèktash LŒK. Ikană kai anagkaÐa sunjăkh gia na upĹrqoun Ĺpeira prÿta ideÿdh P ∈ P(K) tou tÔpou (f, r) eÐnai h G na èqei èna stoiqeÐo tĹxhc f. An tÿra

n_f := # { g ∈ G | | ord(g) = f}

tìte to sÔnolo A_{L/K} = { P ∈ P(K)^| P èqei tÔpo anĹlushc (f, r)^}

èqei puknìthta Dirichlet δ(A_{L/K} ) = n_f n .

Apìdeixh: ’Estw P ∈ P(K) mh-diakladizìmeno sthn epèktash^LŒ_K kai èstw ìti o bajmìc

adrĹneiac tou P sthn LŒK eÐnai f. Tìte h G èqei toulĹqiston èna stoiqeÐo tĹxhc f, to [ L/K P ] . AntÐstrofa tÿra. ’Estw n_f ≥ 1 to plăjoc twn stoiqeÐwn thc G tĹxhc f. To jeÿrhma (4.2.4) sunepĹgetai ìti to sÔnolo ìlwn twn prÿtwn idewdÿn tou K pou den diakladÐzontai sthn LŒK kai tètoia ÿste [ L/K P ] na èqei tĹxh f sthn G èqei puknìthta Dirichlet Ðsh me n_f n . AllĹ [ L/K P ] èqei tĹxh f sthn G shmaÐnei ìti o bajmìc adrĹneiac tou P sthn G eÐnai f, dhladă ìti to ideÿdec P eÐnai tou tÔpou (f, r). ⊓⊔

Pìrisma 4.2.6 (Jeÿrhma tou Dirichlet gia arijmhtikèc proìdouc) ’Estw a ∈ Z , m ∈ N , (a, m) = 1. Tìte to sÔnolo { p ∈ P^| p ≡ a (mod m)^}

èqei puknìthta Dirichlet 1 φ(m) . IdiaÐtera upĹrqoun Ĺpeiroi prÿtoi arijmoÐ p, p ≡ a (mod m).

Apìdeixh: ’Estw L = Q (ζ_m ). An to σ ∈ Gal ( LŒQ^) orÐzetai apì σ(ζm) = ζ^a_m ìpou

(a, m) = 1, tìte (dec [2], selÐda 146) èqoume [ L/Q pZ ] = σ ⇐⇒ p ≡ a (mod m). To pìrisma eÐnai tÿra Ĺmesh sunèpeia tou jewrămatoc 4.2.4. ⊓⊔

O skopìc mac eÐnai na genikèusoume to jeÿrhma 4.2.4 gia epektĹseic tou Galois ìqi kat’ anĹgkh abelianèc.

4.3 To Jeÿrhma puknìthtac tou Čebotarev.

’Estw LŒK mÐa epèktash tou Galois algebrikÿn swmĹtwn arijmÿn, G := Gal (L Œ_K^). ’Estw P ∈ P(K) kai Q ∈ P(L), Q^|P . An σ ∈ G tìte, wc gnwstì, [ L/K σ(Q) ] = σ [ L/K Q ] σ^{−1}. Epomènwc, ìtan to Q diatrèqei ìla ta prÿta ideÿdh tou L tètoia ÿste Q | P ìpou P mh diakladizìmeno prÿto ideÿdec tou K, tìte ta [ L/K Q ] diatrèqoun mÐa klĹsh suzugÐac thc G. H klĹsh aută suzugÐac ja lègetai sÔmbolo tou Artin sto P kai ja sumbolÐzetai

(kataqrhstikĹ) pĹli me [ L/K P ] . An LŒK abeliană tìte to sÔmbolo tou Artin sto P eÐnai to gnwstì (monosÔnolo !) [ L/K P ]

(o automorfismìc tou Forbenius sto P ).

’Estw tÿra C mia klĹsh suzugÐac thc G me c = #C. Ja apodeÐxoume to akìloujo

Jeÿrhma 4.3.1 (Jeÿrhma puknìthtac tou Čebotarev) An ALŒ_{K,C} = { P ∈ P(K)^| P mh diakladizìmeno sthn^LŒ_K kai [ L/K P ] = C }

tìte to sÔnolo ALŒ_{K,C} èqei puknìthta Dirichlet δ(ALŒ_{K,C}) = c n . Apìdeixh: (McCluer, Acta Arithmetica, XV, 1969, 45-48)

Kat’ Ĺrqăn apodeiknÔoume to akìloujo

Lămma 4.3.2 ’Estw Q ∈ P(L), Q ∩ K = P kai e(Q/P ) = 1. ’Estw M endiĹmeso sÿma K ⊆ M ⊆ L tètoio ÿste kĹje U ∈ P(M), U ∩ K = P , adraneÐ sthn LŒM. ’Estw [ L/K Q ] = σ. Tìte upĹrqoun [Z_G(σ) : H] prÿta ideÿdh U, U | | P sthn MŒ K tètoia ÿste [ M/K U ] = σ.

(Z_G(σ) eÐnai o centralizer tou σ sthn G kai H = ⟨σ⟩.)

Apìdeixh tou lămmatoc: ’Estw U ∈ P(M), U | | P . Epeidă to U adraneÐ sthn LŒ M arkeÐ na deÐxoume ìti ∃ [Z_G(σ) : H], Q ∈ P(L), Q | | P tètoio ÿste [ L/K Q ] = σ. KĹje tètoio ideÿdec eÐnai thc morfăc τQ, τ ∈ G.

Tÿra [ L/K τ(Q) ] = σ ⇐⇒ τστ^{−1} = σ ⇐⇒ τ ∈ Z_G(σ). Apì thn Ĺllh meriĹ

τ_1(Q) = τ_2(Q) ⇐⇒ τ_1τ^{−1}_2 (Q) = Q ⇐⇒ τ_1τ^{−1}_2 ∈ G_Z (Q/P ).

AllĹ to P eÐnai mh diakladizìmeno sthn L/K, sunepÿc G_Z(Q/P ) = ⟨[ L/K Q ]⟩ = ⟨σ⟩ = H.

Epomènwc

τ_1(Q) = τ_2(Q) ⇐⇒ τ_1τ^{−1}_2 ∈ H

kai sunepÿc upĹrqoun [Z_G(σ) : H] tètoia Q. ⊓⊔ ProqwroÔme tÿra sthn apìdeixh tou jewrămatoc (4.3.1). ArkeÐ na apodeÐxoume ìti ∑ [_{L/K} P ] =C 1 NP^s = − c n log(s−1) + O(1)

kajÿc s → 1^+.

Dialègoume èna σ ∈ C kai èstw H = ⟨σ⟩ ≤ G. An M to sÿma stajerÿn stoiqeÐwn thc H tìte LŒM kuklikă me Gal ( LŒ_M^) = H.

K

M

L

G

H

{1}

Epomènwc, to Jeÿrhma tou Dirichlet (Jeÿrhma 4.2.4) mac dÐnei ∑ [_{L/M} U ] =σ NU^{−s} = −[H : 1]^{−1} ·log(s−1) + O(1)

ìpou U ∈ P(M) kai s → 1^+. Tÿra an f(U/P ) = 1 tìte NU = NP . Epeidă gia U ∈ P(M) me f(U/P ) ≠ 1, tìte ∑ U 1 (NU)^s = O(1) kajÿc s → 1^+, èqoume ∑ [_{L/M} U ] =σ f(U/P )=1 NP^{−s} = −[H : 1]^{−1} ·log(s−1) + O(1)

kajÿc s → 1^+.

Tÿra isqurÐzomai ìti to M plhreÐ tic upojèseic tou lămmatoc (4.3.2) gia kĹje U ∈ P(M),

U ∩ K = P . PrĹgmati an [ L/M U ] = σ tìte

G_Z ( QŒ_U^) = ⟨σ⟩ = H, opìte [H : G_Z(Q/U)] = 1 sunepĹgetai ìti upĹrqei akribÿc èna Q ∈ P(L) tètoio ÿste Q | | U sthn LŒM. Epomènwc apì to lămma 4.3.2 sunepĹgetai

[Z_G(σ) : H] · ∑ [_{L/K} P ] =C f_P =1

NP^{−s} = −[H : 1]^{−1} log(s−1) + O(1)

kajÿc s → 1^+, diìti [ L/M U ] = σ ⇐⇒ [_{L/K} P ] = C.

Epeidă (ìpwc kai pio mprostĹ) to Ĺjroisma gia f_P > 1 eÐnai thc tĹxhc O(1) èqoume ∑ [_{L/K} P ] =C NP^{−s} = − 1 [Z_G(σ) : H][H : 1] log(s−1) + O(1)

me s → 1^+. H stajerĹ tèloc grĹfetai 1 [Z_G(σ) : H][H : 1] = 1 [Z_G(σ) : 1] = [G : Z_G(σ)] [G : 1] = c n . ⊓⊔

Paratărhsh: Me megalÔtero kìpo ja mporoÔse kaneÐc na apodeÐxei ìti gia x ∈ R, an

N_{AL}Œ_{K,C} (x) = # { P ∈ P(K)^| P ∈ AL_{ŒK,C} me N_{K/Q}(P ) ≤ x^} tìte N_{AL}Œ_{K,C} (x) = ( c n + o(1) ) · x log x . ParĹdeigma: ’Estw^LŒ_K kubikă, ìqi kanonikă epèktash algebrikÿn swmĹtwn arijmÿn.

An P ∈ P(K) mă-diakladizìmeno sthn LŒK tìte èqoume treÐc dunatìthtec anĹlushc se

ginìmeno prÿtwn idewdÿn sto L.

(1) P S = Q_1Q_2Q_3, me f_i = f ( Q_iŒ P ) = 1 gia i = 1, 2, 3,

(2) P S = Q_1Q_2, me f_1 = f ( Q_1Œ P ) = 1, f_2 = f ( Q_2Œ P ) = 2,

(3) P S = Q, me f = f ( QŒ_P^) = 3.

Jèloume na upologÐsoume thn puknìthta twn prÿtwn idewdÿn P tou K se kĹje mÐa apì tic parapĹnw periptÿseic. ’Estw N h kanonikă jăkh thc epèktashc LŒK. H NŒK eÐnai kanonikă epèktash bajmoÔ 6 me omĹda Galois thn omĹda S_3. Ja meletăsoume thn anĹlush tou P sto N. Jumìmaste ìti ta prÿta ideÿdh tou N pou diairoÔn to P èqoun ìla ton Ðdio bajmì. ’Etsi an P anăkei sthn perÐptwsh (1), tìte h

(1^′) P R_N = Q^′_1Q^′_2 . . . Q^′_6 me f ( Q^′_i/P ) = 1 gia kĹje i = 1, 2, 3, 4, 5, 6, ă (1^{′′}) P R_N = Q^′_1Q^′_2Q^′_3 me f ( Q^′_i/P ) = 2 gia kĹje i = 1, 2, 3.

H perÐptwsh (1^{′′}), lìgw tou lămmatoc 4.1.9, den mporeÐ na sumbaÐnei. An tÿra P anăkei sthn perÐptwsh (2), ja prèpei na èqoume

(2^′) P R_N = Q_2Q^′_1Q^′_2 me f_1 = f ( Q^′_1/P ) = f ( Q^′_2/P ) = 2 kai Q_1R_N = Q^′_1Q^′_2

(afoÔ ja prèpei ìloi oi bajmoÐ na eÐnai Ðdioi). An P anăkei sth perÐptwsh (3) èqoume:

(3^′) P R_N = Q me f(Q/P ) = 6, ă (3^{′′}) P R_N = Q^′_1Q^′_2 me f_i = f(Q^′_i/P ) = 3 gia kĹje i = 1, 2.

H (3^′) den mporeÐ na sumbeÐ diìti ja eÐqame sthn S_3 èna stoiqeÐo tĹxhc 6, to [ N/K Q ] , Ĺtopo.

’Ara isqÔei h (3^{′′}).

Tÿra jumìmaste ìti h tĹxh tou [_{N/K} Q^′ ] eÐnai Ðsh me to bajmì f(Q^′/P ). Epomènwc gia kĹje Q^′

tou P(N), Q^{′ |} P , èqoume^{[ N/K}_Q′^] eÐnai stoiqeÐo tĹxhc 1, 2, 3 anĹloga me tic treÐc periptÿseic

(1), (2) ă (3).

Sthn S_3 upĹrqei mìno èna stoiqeÐo tĹxhc 1, upĹrqoun dÔo stoiqeÐa tĹxhc 2, enÿ upĹrqoun trÐa stoiqeÐa tĹxhc 3. Epomènwc apì to jeÿrhma tou Čebotarev prokÔptei ìti oi antÐstoiqec puknìthtec eÐnai 1 6 , 1 2 , 1 3 .

KefĹlaio 5

StoiqeÐa jewrÐac klĹsewn swmĹtwn

5.1 H apeikìnish tou Artin kai h problhmatikă thc jewrÐac klĹsewn swmĹtwn.

’Estw LŒK abeliană epèktash algebrikÿn swmĹtwn arijmÿn, m èna akèraio ideÿdec tou K to opoÐo perièqei ìla ta prÿta ideÿdh tou K pou diakladÐzontai sto L, dhladă, an P diakladÐzetai sto L tìte P | m. Me Im_K ja sumbolÐzoume thn upoomĹda thc IK Im_K = {A ∈ I_K | | A prÿto proc to m} .

Gia kĹje P ∈ P(K), P ∈ Im_K, mporoÔme na orÐsoume to sÔmbolo tou Artin [ L/K P ] , dhladă èqoume kat’ Ĺrqăn mÐa apeikìnish

φ_LŒ_K : P(K) ∩ Im_K −→ G = Gal(L/K)

ìpou

φ_LŒ_K (P ) = [ L/K P ] . Thn epekteÐnoume pollaplasiastikĹ s’ ìlo to Im_K. ’Etsi an A ∈ I_K kai A = ∏ P ∈P(K) P^{νP (A)} tìte

φ_LŒ_K (A) := ∏ P ∈P(K) φ_LŒ_K (P )^{νP (A)}.

Orismìc 5.1.1 H apeikìnish φ_LŒ_K (A) : Im_K −→ G = Gal(L/K) lègetai apeikìnish tou Artin thc L/K.

Shmeiÿnoume ìti orÐzetai mìno gia akèraia ideÿdh tou K mh diakladizìmena sto L.

Jeÿrhma 5.1.2 H apeikìnish tou Artin eÐnai epimorfismìc omĹdwn. Apìdeixh: Ex orismoÔ h φ_LŒ_K eÐnai omomorfismìc omĹdwn. ’Estw H := φ_LŒ_K (Im_K) < G kai F to sÿma twn stajerÿn stoiqeÐwn pou antistoiqeÐ sthn H.

K

F

L

G(L/K)

H

{1}

’Estw P ∈ P(K) ∩ I_K. IsqurÐzomai ìti An φ_LŒ_K (P ) ∈ H tìte P analÔetai plărwc sto F. (5.1) Apìdeixh thc (5.1): An φ_LŒ_K (P ) ∈ H tìte sunepĹgetai ìti ∀α ∈ F φ_LŒ_K (P )(α) = α =⇒ ∀α ∈ F α ≡ α^{NK}Œ^{Q (P )}mod Q, ìpou Q ∈ P(L), Q ∩ K = P =⇒ ∀α ∈ F α ≡ α^{NK}Œ^{Q (P )}mod Q_F , ìpou Q_F ∈ P(F ), Q ∩ F = Q_F , opìte #(R_F /Q_F ) ≤ N_KŒ_Q (P ).

Apì thn Ĺllh meriĹ eÐnai profanèc ìti #(R_F /Q_F ) = N_FŒ_Q (Q_F ) = N_KŒ_Q (P )^{f(QF /P )} ≥ N_KŒ_Q (P ) (Dec [2], selÐda 119). Sunepÿc N_FŒ_Q (Q_F ) = N_KŒ_Q (P ), dhladă f = f(Q_F /P ) = 1.

Epeidă kai e = e(Q_F /P ) = 1 Ĺra P analÔetai plărwc sto F kai epomènwc isqÔei h (5.1). Tÿra apì to P(K) ∩ I_K leÐpoun mìno peperasmènou plăjouc prÿta ideÿdh tou K, dhladă

δ (P(K) ∩ Im_K) = 1.

Apì thn Ĺllh meriĹ, lìgw thc (5.1), φ_LŒ_K (P ) ∈ H =⇒ f = f(Q_F /P ) = 1, opìte to Jeÿrhma 4.1.6 mĹc dÐnei δ ({ P ∈ P(K) ∩ Im_K^| P analÔetai plărwc sto F^{})} = 1.

Epomènwc 1 = δ (P(K) ∩ Im_K ) = δ ({ P ∈ P(K) ∩ Im_K^| P analÔetai plărwc sto F^{})}

J. 4.1.7= 1

(F : K) , opìte 1 (F : K)

= 1 =⇒ F = K =⇒ H = G, sunepÿc o φ_LŒ_K eÐnai epimorfismìc. ⊓⊔ To Jeÿrhma 5.1.2 sunepĹgetai ìti

Im_KŒ_{Ker φ} LŒ_K ∼= G(L/K), A Ker φ_LŒ_K −→ φ_LŒ_K (A).

ParĹdeigma:

’Estw K = Q kai L = Q (ζ_m ), ζ_m = e^{2πi/m} kai m = (m) = mR_L . An , A, akèraio ideÿdec

tou Q prÿto proc to m, A = Zα, α ∈ Z, α > 0, tìte φ_LŒ_K (A) = σα.

Apì ta parapĹnw prokÔptei ìti h domă thc omĹdoc G(L/K), mac eÐnai gnwstă, an gnwrÐzoume ton purăna Ker φ_LŒ_K . PoiĹ ìmwc eÐnai h shmasÐa tou purăna? Mac dÐnetai sto epìmeno

Jeÿrhma 5.1.3 (Nìmoc AnĹlushc) ’Estw^LŒ_K abeliană epèktash algebrikÿn swmĹ-

twn arijmÿn. Tìte isqÔei:

To P ∈ P(K) ∩ Im_K èqei sto L thn anĹlush

P R_L = Q_1Q_2 . . . Q_r

ìpou rf = n = (L : K) me f = ord ( P ·Ker φ_LŒ_K ) . Apìdeixh: Wc gnwstìn, f = ord ( G_Z (Q_1/P ) ) = ord ( ⟨φ_LŒ_K (P )⟩ ) = ord(φ_LŒ_K (P )) = ord ( P Ker φ_LŒ_K ) . ⊓⊔

ParĹdeigma:

K = Q, L = Q (ζm ), m = ⟨m⟩ = mR_L

K_m = Ker φ_LŒ_K = { x | | x ∈ Z , x ≡ 1 mod m , x > 0} Apì to Jeÿrhma 5.1.3 èqoume ìti gia kĹje prÿto p - m

f = ord (⟨p⟩K_m) = ord (p mod m)

(Dec [2], selÐda 184).

ApodeÐxame ădh ta exăc shmantikĹ:

1. O Ker φ_LŒ_K kajorÐzei thn G(L/K). 2. O Ker φ_LŒ_K kajorÐzei to Nìmo AnĹlushc.

Paratărhsh 5.1.4 H abeliană epèktash L/K kajorÐzetai monosămanta apì to sÿma K kai ton purăna Ker φ_LŒ_K .

Apìdeixh: To sÔnolo Ker ϕ_LŒ_K ∩ P(K) perièqei ta prÿta ideÿdh tou K pou analÔontai

plărwc sto K ektìc apì peperasmènou plăjouc, sunepÿc

Ker φ_LŒ_K ∩ P(K) ˙= A_LŒ_K .

To sumpèrasma tÿra eÐnai sunèpeia tou lămmatoc 4.1.12. ⊓⊔ Entelwc fusiologikĹ prokÔptei tÿra to erÿthma: ’Estw ìti L/K diatrèqei ìlec tic

abelianèc epektĹseic tou K. Poièc upoomĹdec thc Im_K emfanÐzontai san Ker φ_LŒ_K gia kĹpoio L? Kat’ arqăn ja <<ektimăsoume>> tic Ker φ_LŒ_K apì kĹtw.

Orismìc 5.1.5 ’Estw L/K epèktash algebrikÿn swmĹtwn arijmÿn Q ∈ P(K), P = Q∩K.

OrÐzoume

N_LŒ_K (Q) := P^{f(Q/P )} sqetikă norm tou Q wc proc K kai epekteÐnoume pollaplasiastikĹ.

Gia idiìthtec thc sqetikăc norm parapèmpoume ton anagnÿsth sto biblÐo [42], selÐdec 140- 142. Edÿ aplĹ anafèroume ìti isqÔei

N_LŒ_K (α R_L ) = R_K N_LŒ_K (α) gia kĹje α ∈ L. Orismìc 5.1.6 Im_L := {A ∈ I_L | | | prÿto proc to R_L ·m }

ìpou m akèraio ideÿdec tou K to opoÐo perièqei ìla ta prÿta ideÿdh tou K pou diakladÐzontai sto L.

Jeÿrhma 5.1.7 ’Estw^LŒ_K abeliană epèktash algebrikÿn swmĹtwn arijmÿn. Tìte isqÔei Im_K ⊇ Ker φ_L

Œ_K^{⊇ NL}Œ_K^{(I}

m_L ).

Apìdeixh: ArkeÐ na deÐxoume ìti: ∀ Q ∈ P(L) ∩ Im_L isqÔei φ_LŒ_K ( N_LŒ_K (Q) ) = i d_L . PrĹgmati an P = Q ∩ K tìte, apì ton orismì, èqoume

N_LŒ_K (Q) = P^{f(Q/P )}.

Apì thn Ĺllh meriĹ,

f(Q/P ) = #G_Z (Q/P ) = ord ( φ_LŒ_K (P ) )

=⇒ φ_LŒ_K ( N_LŒ_K (Q) ) = φ_LŒ_K (P )^{f(Q/P )} = φ_LŒ_K (P )^{ordφL}ŒK^{(P )} = i d_L . ⊓⊔

Sth sunèqeia ja prospajăsoume na prosdiorÐsoume akribèstera ton purăna Ker φ_LŒ_K . To sÔnolo

S^+m := H^+m = { ⟨α⟩ = αR_K | | α = α1 α_2

, α_i ∈ R_K , α_i prÿtoi proc to m, α_1 ≡ α_2 (mod m) kai α ≫ 0 }

ja lègetai klĹsh aktÐnac mod m me th stenă ènnoia “engere Strahlklasse mod m”.

Jeÿrhma 5.1.8 (H deÔterh anisìthta) ’Estw^LŒ_K abeliană epèktash algebrikÿn sw-

mĹtwn arijmÿn kai m ìpwc pio mprostĹ. An oi ekjètec twn prÿtwn idewdÿn pou perièqontai sthn anĹlush tou m eÐnai arketĹ megĹloi, tìte

Ker φ_LŒ_K ⊇ S^+m .

IdiaÐtera, lìgw tou jewrămatoc 5.1.7, èqoume [ Im_K : N_L Œ_K^{(I} m_L )·S+m ] ≥ (L : K). PrĹgmati

Im_K ⊇ Ker φ_L

Œ_K^{⊇ NL}Œ_K^{(I} m_L )·S+m kai [ Im_K : Ker φ_L

Œ_K ] = | |G(L/K) | | = (L : K). Apìdeixh: H apìdeixh xefeÔgei kĹpwc apì to stìqo tou parìntoc biblÐou. QrhsimopoioÔ-

ntai jewrÐa sunomologÐac omĹdwn kai p-adikèc mèjodoi. Wc ek toÔtou paraleÐpetai. O endiaferìmenoc anagnÿsthc mporeÐ na deÐ thn apìdeixh se opoiodăpote biblÐo jewrÐac klĹsewn swmĹtwn.

IsqÔei ìmwc kai to

Jeÿrhma 5.1.9 (h prÿth anisìthta) ’Estw^LŒ_K abeliană epèktash algebrikÿn swmĹ-

twn arijmÿn kai m ìpwc prin. Tìte isqÔei [ Im_K : N_L Œ_K^{(I} m_L ) · S+m ] ≤ (L : K). Apìdeixh: To jeÿrhma ja apodeiqjeÐ sthn epìmenh parĹgrafo.

Parathrăseic:

1. Den èqoume jèsei kanèna periorismì stouc ekjètec twn prÿtwn idewdÿn pou diairoÔn

to m.

2. H prÿth anisìthta eÐnai swstă kai sthn perÐptwsh mh-abelianăc epèktashc tou Galois. (Sthn apìdeixh spoudaÐo rìlo paÐzei to jeÿrhma tou Čebotarev).

San Ĺmesh sunèpeia twn parapĹnw èqoume to:

Jemeliÿdec Jeÿrhma 5.1.10 ’Estw^LŒ_K abeliană epèktash algebrikÿn swmĹtwn a-

rijmÿn kai m ìpwc parapĹnw. An oi ekjètec twn prÿtwn idewdÿn pou emfanÐzontai sthn anĹlush tou eÐnai arketĹ megĹloi tìte Ker φ_LŒ_K = N_LŒ_K ( Im_L ) · S+m . Sunepÿc èqoume apodeÐxei to exăc: ’Estw LŒK abeliană epèktash algebrikÿn swmĹtwn arijmÿn. UpĹrqei akèraio ideÿdec tou K m tètoio ÿste:

1. An P diakladÐzetai sto L tìte P | m. 2. Im_K ⊇ Ker φ_LŒ_K ⊇ S^+m .

AntÐstrofa tÿra: ’Estw m ∈ I_K akèraio kai U upoomĹda thc Im_K tètoia ÿste Im_K ⊇ U ⊇ S+m . UpĹrqei abeliană epèktash LŒK algebrikÿn swmĹtwn arijmÿn me tic idiìthtec (1) An P diakladÐzetai sto L tìte P | | m kai

(2) Ker φ_LŒ_K = U ;

(5.2)

Paratărhsh: An upĹrqei tètoio L tìte, lìgw thc paratărhshc 5.1.4, autì eÐnai monadikì.

Orismìc 5.1.11 MÐa abeliană epèktash^LŒ_K algebrikÿn swmĹtwn arijmÿn me tic idiìth-

tec (5.2) ja lègetai sÿma klĹsewn thc U.

Orismìc 5.1.12 KĹje upoomĹda U thc Im_K ìpou Im_K ⊇ U ⊇ S^+m gia katĹllhla eklegmèno

akèraio ideÿdec m ∈ I_K ja lègetai isodunamomĹda thc I_K (Kongruenzuntergruppe von I_K ).

Epomènwc to jemeliÿdec jeÿrhma 5.1.10 gÐnetai

Jemeliÿdec Jeÿrhma 5.1.10^′ KĹje abeliană epèktash^LŒ_K algebrikÿn swmĹtwn arij-

mÿn eÐnai sÿma klĹsewn miĹc isodunamomĹdac thc I_K .

IsqÔei ìmwc kai to antÐstrofo:

Jemeliÿdec Jeÿrhma 5.1.13 Se kĹje isodunamomĹda tou I_K upĹrqei (antistoiqeÐ) akribÿc èna sÿma klĹsewn.

Apìdeixh: Kat’ arqăn arkeÐ na deÐxoume thn Ôparxh sÿmatoc klĹsewn wc proc thn S^+m ,

diìti isqÔei to

Jeÿrhma 5.1.14 ’Estw U, U_0 isodunamomĹdec thc I_K me

Im_K ⊇ U_0 ⊇ U ⊇ S+m

kai èstw L sÿma klĹsewn thc U. Tìte to sÿma stajerÿn stoiqeÐwn thc φ_LŒ_K (U_0 ), èstw L_0 , èinai sÿma klĹsewn thc U_0 .

Apìdeixh: ArkeÐ na deÐxoume ìti

Ker φ_{L0}Œ_K = U_0 . (5.3)

IsqurÐzomai ìti gia kĹje A ∈ Im_K isqÔei

φ_{L0}Œ_K (A) = φ_LŒ_K (A) | |_{L0} . (5.4)

Apìdeixh thc (5.4): ArkeÐ na perioristoÔme se prÿta ideÿdh P ∈ P(K) ∩ Im_K . PrĹgmati,

φ_{L0}Œ_K (P ) = [ L_0 /K P ] = [ L/K P ] | | |_{L0} = φLŒ_K (P ) | | L_0 .

H mesaÐa isìthta eÐnai gnwstă idiìthta tou sumbolismoÔ tou Artin (dec [2], selÐda 189). Tÿra proqwroÔme sthn apìdeixh thc (5.3): A ∈ Ker φ_{L0}Œ_K ⇐⇒ φ_{L0}Œ_K (A) = i d_{L0}

(5.4)

⇐⇒ φ_LŒ_K (A) | |_{L0} = id_{L0} ⇐⇒ φ_LŒ_K (A) ∈ Aut (L/L_0) ⇐⇒ φ_LŒ_K (A) ∈ φ_LŒ_K (U_0 ) ⇐⇒ A ∈ U_0 · Ker φ_LŒ_K = U_0 U = U_0 .

Epomènwc Ker φ_LŒ_K = U_0 . ⊓⊔ Apìdeixh tou jemeliÿdouc jewrămatoc 5.1.13 sthn eidikă perÐptwsh K = Q.

ArkeÐ na deÐxoume ìti ∀ m ∈ N upĹrqei sÿma klĹsewn tou S^+m ìpou m = ⟨m⟩. (1) IsqurÐzomai ìti L = Q (ζ_m ) eÐnai sÿma klĹsewn thc S^+_{(m)}. EÐnai gnwstì ìti, an o p diakladÐzetai sto L, tìte p | | m. Tÿra ja deÐxoume ìti

(2)

| | | | | |

H φ_LŒ_Q : I^{⟨m⟩}_Q −→ G = Gal(Q (ζ_m )/Q) a −→ φ_LŒ_Q (a) èqei purăna Ker φ_LŒ_Q = S^+_{⟨m⟩}.

Gia thn apìdeixh thc (2) qreiazìmaste thn: (3) | | | | An ⟨x⟩ ∈ I^m_Q , x = x_1 x_2

, x_i ∈ Z, x_i prÿta prìc to m tìte: φ_LŒ_Q (⟨x⟩) = σ_{|x1|}σ^{−1}_{|x2|}. Apìdeixh thc (3): ArkeÐ na thn apodeÐxoume gia prÿto p ∈ P, p - m, to opoÐo ìmwc eÐnai gnwstì, kaj’ ìson φ_LŒQ(⟨p⟩) = σ_p. Apìdeixh thc (2): fi⊆fl ’Estw ìti ⟨x⟩ = xR_L anăkei ston Ker φ_{L/}Q kai x = x_1/x_2 ìpwc sthn (3). JĹ èqoume loipìn σ_{|x1|}σ^{−1}_{|x2|} = 1Q_{(ζm)} ⇒ |x_1| = |x_2| (mod m), dhladă, ⟨x⟩ = xR_L = ⟨ |x_1| |x_2| ⟩ ∈ S^+_{(m)}. Tÿra to antÐstrofo fi⊇fl. ’Estw ⟨x⟩ = xR_L ∈ S^+_{(m)} ⇒ ⟨x⟩ = ⟨ |x_1| |x_2| ⟩ ìpou x_1, x_2 > 0, x_1 ≡ x_2 (mod m). Lìgw thc (3) èqoume: φ_LŒQ(⟨x⟩) = σ_{x1} σ^{−1}_{x2} = 1Q_{(ζm )} diìti x_1 ≡ x_2 (mod m), kai Ĺra ⟨x⟩ ∈ Ker φ_LŒQ. ⊓⊔

Parathrăseic: An K = Q kurÐarqo rìlo paÐzei h (aplĹ) periodikă ekjetikă sunĹrth- sh. An K eÐnai tetragwnikì migadikì tìte spoudaÐo rìlo paÐzoun oi modular sunartăseic (diplĹ periodikèc).

ParadeÐgmatoc qĹrin, gia K = Q ( √ −d), d > 0, d eleÔjero tetragÿnou, d ≡ 3 (mod 4),

m = ⟨m⟩, m ∈ N, tìte to sÿma klĹsewn thc S^+m eÐnai to K ( j( √ −d), p(^1_m |Z + Z √ −d) Δ( √ −d) g_2( √ −d) · g_3( √ −d) )

ìpou:

p(^1_m |Z + Z √ −d) Δ( √ −d) · g_2( √ −d) · g_3( √ −d) m-stì shmeÐo diaÐreshc miac elleiptikăc kampÔlhc kai j( √ −d) eÐnai h suneisforĹ mèsw twn suntelestÿn thc elleiptikăc kampÔlhc.

5.2 Apìdeixh thc prÿthc anisìthtac gia epektĹseic tou Galois: L/K

Jeÿrhma 5.2.1 ’Estw m akèraio ideÿdec tou K kai U ≤ Im_K me (Im_K : U) < ∞ kai thn

akìloujh idiìthta:

∃λ ∈ R^+ tètoio ÿste giĹ kĹje k ∈ I m_KŒ_U

na isqÔei ìti

Ak(t) = # {A ∈ k|Aakèraio, N(A) ≤ t} (5.5)

= λt + O(t^{1− 1L:K} ), ìtan t → ∞. (5.6)

Gia kĹje uposÔnolo S tou P(K) ⋂ U, gia to opoÐo upĹrqei h puknìthta tou Dirichlet, isqÔei: δ(S) ≤ 1 (Im_k : U).

Paratărhsh 5.2.2 Oi upojèseic tou jewrămatoc 5.2.1 isqÔoun gia kĹje upoomĹda U ìpou Im_K ⊇ U ⊇ S+m . (Dec Jeÿrhma 2.1.19.)

Lămma 5.2.3 ’Estw U ìpwc sto jeÿrhma 5.2.1. Gia kĹje qaraktăra χ thc Im_U /U h seirĹ

tou Dirichlet L(s, χ) = ∑ A akèraio χ(A) N(A)^s , ìpou Re(s) > 1

sugklÐnei, eÐnai diĹforh tou mhdenìc kai olìmorfh. Edÿ

χ(A) :=

0, an A ìqi prÿto proc to m χ(AU), alliÿc. An χ ≠ χ_0, tìte h L(s, χ) epekteÐnetai olìmorfa sto hmiepÐpedo Re(s) > 1 − 1 (K : Q) . Apìdeixh: SÔgklish kai olomorfÐa eÐnai Ĺmesa sumperĹsmata (ìpwc akribÿc to kĹname pio

mprostĹ se anĹlogec L-seirèc). To diĹforo tou mhdenìc eÐnai Ĺmesh sunèpeia tou gegonìtoc ìti h L(s, χ) grĹfetai se morfă ginomènou Euler.

Tÿra grĹfoume: L(s, χ) = ∑ k∈^ImKŒ_U χ(k)ζ(s, k), ìpou ζ(s, k) = ∑ A akèraio A∈k 1 N(A)^s

= ∞∑ m=1 a_m(k) m^s kai a_m(k) = # { A akèraio ∈ k | | N(A) = m}. ’Opwc kai sthn zăta sunĹrthsh tou Riemann, grĹfoume ζ(s, k) = λ ∞∑ m=1 1 m^s + ∞∑ m=1 a_m(k) − λ m^s Epeidă de χ ≠ χ_0, èpetai ìti L(s, χ) = ∑ k χ(k)^{∞∑}_{m=1}^{am(}k^{) − λ}_{ms} .

AllĹ M∑ m=1 λ − a_m(k) = λM − # { A | | A akèraio, A ∈ k kai N(A) ≤ M}

= O(M^{1− 1(K:}Q^) ).

Sunepÿc apì to jeÿrhma 1.1.2 sunepĹgetai ìti h L(s, χ) gia χ ≠ χ_0 epekteÐnetai olìmorfa sto hmiepÐpedo

Re(s) > 1 − 1 (K : Q) . ⊓⊔

Apìdeixh tou jewrămatoc 5.2.1: ’Opwc kĹname kai pio mprostĹ, se anĹlogh perÐptwsh, log ( L(s, χ) ) = ∑ P ∈P(K) P -m χ(P ) N(P )^s + O(1), gia s → 1^+.

Epomènwc ∑ χ log L(s, χ) = ∑ P ∈P(K) P -m 1 N(P )^s ∑ χ∈ “_(Im_KŒ_{U)} χ(P ) + O(1).

To eswterikì Ĺjroisma eÐnai Ðso proc (Im_K : U) an P ∈ U kai me mhdèn alliÿc. Epomènwc ∑ χ log L(s, χ) = (Im_K : U) · ∑ P ∈P(K) P -m_{P ∈U} 1 N(P )^s + O(1), gia s → 1^+ (5.7)

Tÿra paÐrnoume s pragmatikì, s > 1.

Apì to lămma 5.2.3 sunepĹgetai ìti h timă L(s, χ) upĹrqei gia kĹje χ ≠ χ_0 kai s → 1^+

=⇒ log |L(s, χ)| ≤ 0 + O(1), gia s → 1^+,

opìte, apì (5.7), èqoume log | |L(s, χ_0) | | ≥ (Im_K : U) ∑ P ∈U 1 N(P )^s + O(1).

Sth sunèqeia pernoÔme sta upìloipa

lim_{s→1+}(s − 1)L(s, χ_0) = Res_{s=1}ζ_K (s) > 0

=⇒ log((s − 1)L(s, χ_0))

O(1)

− log(s − 1) ≥ (Im_K : U) ∑ P ∈U 1 N(P )^s + O(1), gia s → 1^+

=⇒ − log(s − 1) ≥ (Im_K : U) ∑ P ∈S 1 N(P )^s + O(1)

=⇒ 1 (Im_K : U) ≥ lim_{s→1+} ∑ P ∈S 1 N(P )^s log(s − 1) = δ(S). Apìdeixh tÿra thc prÿthc anisìthtac: ’Estw LŒK epèktash tou Galois, algebrikÿn swmĹtwn arijmÿn,

U = NLŒ_K (Im_L ) · S^+m ,

m akèraio ideÿdec tou K me tic gnwstèc idiìthtec pou èqoume upojèsei apì thn arqă tou

pèmptou kefalaÐou. IsqurÐzomai ìti to sÔnolo

S := { P ∈ P(K) ∩ Im_K^| P analÔetai plărwc sto L^} ⊆ P(K) ∩ U. (5.8)

An deqjoÔme thn alăjeia thc (5.8) tìte teleiÿnoume wc exăc: Gnwstì: To P analÔetai plărwc sto L eĹn kai mìno eĹn

σ_P = [ L/K P ] = 1 kai {1} apoteleÐ (profanÿc) mÐa klĹsh suzugÐac thc G. To Jeÿrhma Čebotarev tÿra mac dÐnei δ(S) = 1 (L : K) . Apì thn Ĺllh meriĹ to jeÿrhma 5.2.1 sunepĹgetai ìti δ(S) ≤ 1 (Im_K : U) =⇒ 1 (L : K) ≤ 1 (Im_K : U) =⇒ (Im_K : U) ≤ (L : K). ⊓⊔

AkoloujeÐ h apìdeixh thc (5.8):

To ìti P ∈ S sunepĹgetai ìti P analÔetai plărwc sto L

=⇒ ∃Q ∈ P(L) tètoio ÿste Q | | P kai f(Q/P ) = 1 =⇒ NLŒ_K (Q) = P kai (epeidă P - m, dhladă kai Q - mm =⇒ Q ∈ Im_L ) =⇒ P = NLŒ_K (Q) ∈ NLŒ_K (Im_L ). ⊓⊔

KefĹlaio 6

Oi L-seirèc tou Artin

6.1 Orismìc twn L-seirÿn tou Artin

Für die Untersuchung beliebiger, auch nicht Abelscher algebraischer Zahlkörper benötigt man eine Reihe neuer analytischer Funktionen, die mit FROBENIUSschen Gruppencharakteren gebildet sind und im Abelschen Falle mit den gewöhnlichen L-Reihen zusammenfallen. Ihrer Untersurchung sind die folgenden Zeilen gewidmet.

E. Artin, Über eine neue Art von L-Reihen, Abh. Math. Sem. Hamburg 3 (1923), p. 89

Prospajÿntac na katanoăsoume thn arijmhtikă algebrikÿn swmĹtwn arijmÿn kai sthn perÐptwsh kanonikÿn, ìqi kat’ anĹgkh abelianÿn, epektĹsewn, skeptìmaste (o Artin kai gia mac!) na orÐsoume L-seirèc, oi opoÐec ja genikeÔoun fusikĹ tic gnwstèc abelianèc. O orismìc edÿ eÐnai entelÿc diĹforoc twn prohgoumènwn kai h jewrÐa anaptÔqjhke se treÐc ergasÐec tou E. Artin. Prÿth aută pou mìlic anafèrame kai epiplèon oi: Beweis des allgemeinen Reziprozitätsgesetzes, Abh. Math. Sem. Hamburg 5 (1927) kai Zur Theorie der L-Reihen mit allgemeinen Gruppencharakterenn Abh. Math. Sem. Hamburg 8 (1931).

Jemeliÿdeic ènnoiec gia ton orismì twn L-seirÿn tou Artin eÐnai oi jewrÐa qaraktărwn (jewrÐa parastĹsewn omĹdwn) kai o automorfismìc tou Frobenius.

’Estw loipìn LŒK mÐa peperasmènh epèktash tou Galois algebrikÿn swmĹtwn arijmÿn.

Kat’ arqĹc upenjumÐzoume ston anagnÿsth merikĹ gnwstĹ apotelèsmata apì thn jewrÐa parastĹsewn peperasmènwn omĹdwn. Gia apodeÐxeic parapèmpoume sta [3], [16]. Gia d ∈ N, GL_d(C ) ja sumbolÐzei thn omĹda ìlwn twn antistreyÐmwn d×d pinĹkwn upèr to C kai an V dianusmatikìc qÿroc peperasmènhc diĹstashc d upèr to C , GL(V ) = { f : V → V | | f eÐnai C -grammikă kai antistrèyimh}.

Orismìc 6.1.1 ParĹstash miĹc peperasmènhc omĹdac G mèsw pinĹkwn upèr to C ja eÐnai

kĹje omomorfismìc omĹdwn

ρ : G → GL_d(C ) (ParĹstash thc G upèr ton V ja lègetai kĹje omomorfismìc ρ : G → GL(V ).)

To d ja lègetai bajmìc thc ρ. ’Etsi se kĹje g antistoiqoÔme ènan (antistrèyimo) d×d pÐnaka M(g). Qaraktărac thc ρ orÐzetai h apeikìnish χ_ρ : G → C tètoia ÿste

χ_ρ(g) = tr(M(g)) gia kĹje g ∈ G.

Profanÿc χ_ρ(g) exartĹtai mìno apì thn klĹsh suzugÐac tou g kai ìqi apì to Ðdio to g.

Orismìc 6.1.2 DÔo parastĹseic thc G { M_1(g) } g∈G, { M_2(g) } g∈G bajmÿn d kai d^′ antÐstoiqa ja lègontai isodÔnamec eĹn kai mìno eĹn d = d^′ kai ∃ P ∈ GL_d(C ) tètoio ÿste P M_1(g)P^{−1} = M_2(g) gia kĹje g ∈ G.

IsqÔei h

Prìtash 6.1.3 DÔo parastĹseic ρ_1, ρ_2 thc G eÐnai isodÔnamec eĹn kai mìno eĹn χ_{ρ1} = χ_{ρ2} . Orismìc 6.1.4 H parĹstash { M_1(g) } g∈G ja lègetai ìqi anĹgwgh (reducible) ìtan eÐnai isodÔnamh proc { M_2(g) } g∈G ìpou

M_2(g) =

A_1(g) 0 0 A_2(g)

, gia ìla ta stoiqeÐa g ∈ G,

alliÿc ja lègetai anĹgwgh.

(H G drĹ ston V g·v = ρ(g)·v kai o dianusmatikìc qÿroc V gÐnetai G-module, opìte h parĹstash ρ ja eÐnai anĹgwgh an den èqei gnăsia G-upomodules. Akìmh (ρ, V ) ∼ (ρ, V^′) ⇐⇒ V ∼= V^′ san G-modules.)

Jeÿrhma 6.1.5 KĹje parĹstash (ρ, V ) thc G analÔetai se eujÔ Ĺrjroisma anagÿgwn

parastĹsewn (ρ_α, V_α). An metrăsoume kai thn pollaplìthta emfĹnishc r_α thc ρ_α tìte grĹfoume ρ ∼ ∑ α r_αρ_α.

Orismìc 6.1.6 O qaraktărac χ_α miĹc anĹgwghc parĹstashc ρ_α ja lègetai anĹgwgoc (ă aplìc).

Apì to jeÿrhma 6.1.5 èpetai ìti an ρ ∼ ∑ α r_αρ_α tìte

χ_ρ = ∑ α r_αχ_α ìpou χ_α anĹgwgoi qaraktărec thc G.

Prìtash 6.1.7 To plăjoc twn aplÿn qaraktărwn thc G eÐnai Ðso me ton arijmì twn klĹ-

sewn suzugÐac thc G.

Jeÿrhma 6.1.8 (sqèseic orjogwniìthtac) ∑ g∈G χ_1(g)χ_2(g) = n, an χ_1 = χ_2 0, an χ_1 ≠ χ_2 IdiaÐtera, ∑ g∈G χ(g) = n, an χ = χ_0 0, alliÿc ìpou χ_0 o kÔrioc qaraktărac thc G, dhladh autìc pou antistoiqeÐ sthn parĹstash M(g) = 1 gia ìla ga stoiqeÐa g thc G.

An tÿra ψ_1, ψ_2, . . . , ψ_t eÐnai ìloi oi aploÐ qaraktărec thc G tìte t∑ i=1 ψ_i(g)ψ_i(g^′) = 0, an ⟨g⟩ ≠ ⟨g^′⟩ #G #⟨g⟩ , an ⟨g⟩ = ⟨g^′⟩ ìpou ψ_i eÐnai o migadikìc suzugăc tou ψ_i kai ⟨g⟩ eÐnai h klĹsh suzugÐac tou g.

Sthn eidikă perÐptwsh pou g = g^′ = 1 èqoume t∑ i=1 n^2_i = #G = n, ìpou ψ_i(1) = n_i fusikìc arijmìc o opoÐoc lègetai bajmìc thc ψ_i. An pĹli G abeliană,

tìte epeidă gia kĹje g ∈ G, #⟨g⟩ = 1, èqoume t = n, dhladă n_i = 1, opìte oi ψ_i : G →

T =^{z ∈ C^| |z| = 1^} eÐnai abelianoÐ qaraktărec. L Q

K P

Tÿra èstw P ∈ P(K), mă-diakladizìmeno sthn LŒK kai [ L/K Q ] to sÔmbolo tou Frobenius.

An ρ : G = Gal ( LŒ_K^) −→ GL_d(C ) mÐa parĹstash thc G kai ρ ([ L/K Q ]) = M ([ L/K Q ])

tìte jewroÔme to <<qarakthristikì>> poluÿnumo stou pÐnaka M ([ L/K Q ])

det [ I_d − M ([ L/K Q ]) X ] . An pĹroume mÐa isodÔnamh parĹstash thc G, èstw ρ^′, tìte to ρ^′ ([ L/K Q ]) = M^′ ([ L/K Q ])

eÐnai pÐnakac ìmoioc prìc ton M ([_{L/K} Q ]) kai sunepÿc to <<qarakthristikì>> poluÿnumo den

allĹzei, dhladă exartĹtai apì ton qaraktăra kai ìqi apì thn parĹstash. EpÐshc an

pĹroume Q^′ ∈ P(L), Q^′ ⋂ K = P , tìte to [ L/K Q ] eÐnai suzugèc tou [ L/K Q^0 ] , dhladă kai pĹli

den metabĹlletai to qarakthristikì poluÿnumo, exartĹtai loipìn apì to P kai ìqi apì ta Q. MporoÔme tÿra na jèsoume ìpou X, N(P )^{−s} kai na orÐsoume (proswrinĹ) thn L-seirĹ

tou Artin gia mh-diakladizìmenouc prÿtouc.

Orismìc 6.1.9 (proswrinìc) L ( s, χ, LŒK ) := ∏ P ∈P(K) P -D(^LŒ_K) det ( I − M ([ L/K Q ]) · N(P )^{−s} )_{−1}

ìpou D (L Œ_K^) h (sqetikă) diakrÐnousa thc epèktashc^LŒ_K.

O plărhc orismìc autÿn twn L-seirÿn dìjhke apì ton Artin sthn ergasÐa toÔ 1931. To

prìblhma eÐnai ta diakladizìmena prÿta ideÿdh.

GenikĹ loipìn tÿra èstw LŒK epèktash tou Galois, G = Gal (L Œ_K^), V ènac C -

dianusmatikìc qÿroc peperasmènhc diĹstashc kai ρ : G (L Œ_K^) −→ GL(V )

mÐa parĹstash thc G me qaraktăra χ := χ_ρ. SumbolÐzoume thn drĹsh thc G epÐ tou V me σv kai ennooÔme ρ(σ)v.

’Estw tÿra opoiodăpote (dhladă kai diakladizìmeno!) P ∈ P(K). ’Estw kĹpoio Q ∈

P(L), Q^⋂ K = P , GZ := GZ^{(Q}Œ_P^), GT := GT^{(Q}Œ_P^) oi omĹdec anĹlushc kai diakladÿsewc

antÐstoiqa. EÐnai gnwstì ìti G_ZŒ G_T ∼= G = Gal(LŒ K )

ìpou L = SŒQ kai K = RŒP . AllĹzontac kai pĹli lÐgo touc orismoÔc mac, kĹje stoiqeÐo thc G^ZŒG_T pou apeikonÐzetai ston Frobenius thc G, dhladă sto σ : SŒQ ∋ s = s + Q → s^{N(}P^) = s^{N(}P^) + Q ∈ SŒQ ja to lème èna automorfismì tou Frobenius twn QŒP kai ja to sumbolÐzoume me φ_QŒ_P ∈ G_Z. EÐnai profanèc ìti φ_QŒ_P eÐnai ènac antiprìswpoc thc pleurikăc omĹdac (coset) φ_QŒ_P · G_T (QŒP ).

OrÐzoume tÿra

V^{GT (Q}Œ^{P )} := { x ∈ V | ρ(g)(x) = x ∀ g ∈ G_T (Q Œ_P^{)}} kai Orismìc 6.1.10 (telikìc) ’Estw s ∈ C me Re(s) > 1. H sunĹrthsh L ( s, χ, LŒK ) := ∏ P ∈P(K) det [( 1_V − NP^{−s} · ρ(φ_QŒ_P ) ) |V^{GT} ]_{−1}

ja lègetai L-seirĹ tou Artin wc proc ton qaraktăra χ.

Kat’ arqăn parathroÔme ìti, an P - D (L Œ_K^) tìte GT = {1}, V^{GT} = V kai o orismìc

tautÐzetai me ton prohgoÔmeno.

Tÿra gia na èqei o orismìc nìhma ja prèpei na diapistÿsoume ta exăc:

(aþ) ρ(φ_QŒ_P ) : V^{GT} −→ V^{GT} .

Apìdeixh: Epeidă G_T C G_Z , an g ∈ G_T tìte φ^{−1}gφ = g^′ ∈ G_T , dhladă upĹrqei g^′ ∈ G_T tètoio ÿste gφ = φg^′, opìte gia kĹje x ∈ V^{GT} èqoume gφ(x) = φ(g^′(x)) = φ(x) kai autì profanÿc isqÔei gia kĹje g ∈ G_T , dhladă φ(x) ∈ V^{GT} (φ := φ_QŒ_P ). ⊓⊔

(bþ) An φ^′ kĹpoioc Ĺlloc automorfismìc tou Frobenius tìte profanÿc φ^′ = φ · g, me g ∈ G_T , opìte gia kĹje x ∈ V^{GT} èqoume φ^′(x) = (φg)(x) = φ(g(x)) = φ(x), dhladă o orismìc mac den exartĹtai apì thn epilogă tou φ. ⊓⊔

(gþ) ρ(φ) | |_{V GT} antistrèyimoc.

Apìdeixh: ρ(φ) | |_{V GT} eÐnai ènac endomorfismìc tou dianusmatikoÔ qÿrou V^GT peperasmènhc tĹxhc. Epomènwc oi idiotimèc tou eÐnai rÐzec thc monĹdac. Sunepÿc to

mhdèn den eÐnai idiotimă tou [ 1_V − NP^{−s} · ρ(φ) ] V^GT gia s ∈ C me Re(s) > 0. Epomènwc eÐnai automorfismìc. ⊓⊔

(dþ) H orÐzousa tou automorfismoÔ anexĹrthth thc epilogăc tou Q. ( Q | |P ) Apìdeixh: ’Estw Q kai Q^′ ∈ P(L). Q ∩ K = P = Q^′ ∩ K. GnwrÐzoume ìti: G_Z′ = σG_Z σ^{−1}, G_T ′ = σG_T σ^{−1} kai φ^′ = σφσ^{−1} (dec [2], selÐda 177), ìpou σ ∈ G (L Œ_K^)

tètoio ÿste σ(Q) = Q^′, dhladă o φ^′ eÐnai suzugăc tou φ kai sunepÿc h orÐzousa den allĹzei timă. ⊓⊔

Tèloc isqÔei:

(eþ) H orÐzousa exartĹtai mìno apì ton qaraktăra χ kai ìqi apì thn parĹstash ρ.

PrĹgmati, an ρ : G (L Œ_K^) → GL(V ) kai ρ^′ : G^{(L}Œ_K^) → GL(V^′) dÔo isodÔnamec

parastĹseic tìte (ex orismoÔ) ∃ f : V^{∼=}−→ V^′ me f ∘ ρ(g) = ρ^′(g) ∘ f gia kĹje g ∈ G, opìte f | |_{V GT} : V^{GT} −→ V^{′GT} isomorfismìc kai f ∘ ρ(φ) = ρ^′(φ) ∘ f, sunepÿc ρ^′(φ) | | V^{′GT} = f | | V^GT ∘ ρ(φ) | | V^GT ∘ ( f | | V^GT )_{−1} . Apì thn teleutaÐa sqèsh suzugÐac èpetai to ametĹblhto thc orÐzousac. ⊓⊔

SunolikĹ loipìn èqoume: H L ( s, χ, LŒK ) eÐnai kalĹ wrismènh kai den exartĹtai apì

thn parĹstash pou antistoiqeÐ ston qaraktăra χ.

6.2 Idiìthtec twn L-seirÿn tou Artin

Jeÿrhma 6.2.1 H L ( s, χ, LŒK ) sugklÐnei apìluta sto hmiepÐpedo Re(s) > 1 kai omoiìmorfa se sumpagă uposÔnolĹ tou.

Apìdeixh: ’Estw dimC V = m. Gia kĹje P ∈ P(K) èstw dimC V^{GT} = m_P ≤ m, ìpou G_T = G_T (Q Œ_P^) gia kĹpoio Q ∈ P(L), Q|P , kai èstw εP,1, εP,2, . . . , εP,m_P oi idiotimèc tou

endomorfismoÔ ρ(φ_QŒ_P )|_V G_T , oi opoÐec, ìpwc parathrăsame pio mprostĹ, eÐnai rÐzec thc mo-

nĹdoc.

Epomènwc L ( s, χ, LŒK ) = ∏ P ∈P(K) m_P∏ j=1 ( 1 − ε_{P,j} NP^s )_{−1} .

EÐnai gnwstì ìti arkeÐ na apodeÐxoume ta sumperĹsmata tou jewrămatoc gia thn seirĹ

S := ∑ P ∈P(K) m_P∑

j=1 | | εP,j NP^s | | .

Epeidă |ε_{P,j}| = 1 gia kĹje P ∈ P(K) kai gia kĹje j = 1, 2, . . . , m_P , kai m_P ≤ m gia kĹje

P ∈ P(K), èqoume: S ≤ m ∑ P ∈P(K) 1 |NP^s| ≤ m(K : Q) · ∑ p∈P 1 p^σ ≤ m(K : Q)|ζ(s)| < ∞, (s = σ + it)

opìte èqoume thn apìluth sÔgklish kai thn omoiomorfÐa se sumpagă uposÔnola tou Re(s) >

1, afoÔ autì isqÔei gia thn ζ(s). ⊓⊔

Jeÿrhma 6.2.2 ’Estw tÿra^LŒ_K peperasmènh abeliană epèktash algebrikÿn swmĹtwn

arijmÿn kai χ ènac pistìc qaraktărac thc G (L Œ_K^) = G. Me χ̃ sumbolÐzoume tÿra ton

antÐstoiqo abelianì qaraktăra thc G (dec selÐda 98, orismìc 4.2.1). Tìte L ( s, χ, LŒK ) = L(s, χ̃), dhladă oi L-seirèc tou Artin genikeÔoun tic antÐstoiqec abelianèc L-seirèc.

Apìdeixh: ’Estw ρ mÐa 1-diĹstath parĹstash ρ : G (L Œ_K^) → GL(C ) thc G^{(L}Œ_K^) me qara-

ktăra ton χ. Epeidă ρ monodiĹstath, èqoume ρ(g)(x) = χ(g)·x gia kĹje g ∈ G (L Œ_K^). An

tÿra P ∈ P(K) mh-diakladizìmeno tìte V = V^{GT (Q/P )}, opìte det [( 1_V − NP^{−s}ρ(φ_QŒ_P ) ) | |V^GT ]

= det [( 1_V − NP^{−s}χ(φ_QŒ_P ) ) | |V ]

= 1 − χ̃(P ) NP^s .

An P ∈ P(K) diakladÐzetai, tìte V^{GT} = {0} diìti, gia kĹje x ∈ V^{GT} kai g ∈ G_T − {1} èqoume χ(g) ≠ 1 kai x = ρ(g)(x) = χ(g)·x, dhladă kat’ anĹgkh x = 0, opìte det [ (1_V − ρ(φ)NP^{−s})|V^{GT} ] = 1.

Apì thn Ĺllh meriĹ,

χ̃(P ) = χ(φ_QŒ_P ) · 1 e_P · ∑ τ∈G_T χ(τ)

kai epeidă χ ≠ χ_0 èpetai ìti ∑ τ∈G_T χ(τ) = 0,

dhladă ìti χ̃(P ) = 0. ⊓⊔

Jeÿrhma 6.2.3 An χ = χ_0 o monadikìc qaraktărac thc G := G (L Œ_K^), tìte L^(s, χ0,^LŒ_K^) =

ζ_K(s). Autì shmaÐnei ìti oi L-seirèc tou Artin genikeÔoun kai tic zăta sunartăseic tou Dedekind.

Apìdeixh: An ρ eÐnai h tetrimmènh parĹstash ρ : G −→ GL(C ), ρ(g) ≡ 1 gia kĹje g ∈ G,

tìte det [ 1 − ρ(φ_QŒ_P )NP^{−s} ] = 1 − NP^{−s}, gia kĹje P ∈ P(K). ⊓⊔

Jeÿrhma 6.2.4 An χ_1, χ_2 qaraktărec thc G (L Œ_K^) tìte

L(s, χ_1 +χ_2LŒK) = L ( s, χ_1, LŒK ) · L ( s, χ_2, LŒK ) . Apìdeixh: ’Estw V_1, V_2 dianusmatikoÐ qÿroi peperasmènhc diĹstashc kai

ρ_1 : G (L Œ_K^) −→ GL(V1), ρ_2 : G (L Œ_K^) −→ GL(V2) parastĹseic me qaraktărec χ_1, χ_2 antÐstoiqa. ’Estw V := V_1 ⊕ V_2. Epomènwc

ρ := ρ_1 ⊕ ρ_2 : G (L Œ_K^) −→ GL(V )

eÐnai mÐa parĹstash thc G (L Œ_K^) me qaraktăra ton χ1 + χ2. Gia kĹje P ∈ P(K) èqoume det [( 1_V − NP^{−s}ρ(φ) ) | V^{GT} ] = det [( 1_V − NP^{−s}ρ_1(φ) ⊕ ρ_2(φ) ) | V^{GT} ] = det [( 1_{V1} − NP^{−s} · ρ_1(φ) ) | V^{GT}_1 ] · det [( 1_{V2} − NP^{−s} · ρ_2(φ) ) | V^{GT}_2 ] , diìti

(V_1 ⊕ V_2)^{GT} = V^{GT}_1 ⊕ V^{GT}_2

kai sunepÿc to jeÿrhma. ⊓⊔

Jeÿrhma 6.2.5 ’Estw^LŒ_K peperasmènh epèktash tou Galois kai L^′ èna endiĹmeso sÿma

tètoio ÿste h epèktash L^0ŒK na eÐnai epÐshc Galois. ’Estw χ^′ ènac qaraktărac thc G (L0 Œ_K^)

kai èstw χ o qaraktărac (lifting) tou χ^′, dhladă, G C GŒ_H g

gH χ^′ χ χ(g) := χ^′(gH) gia kĹje g ∈ G

ìpou H := G (L Œ_L0^)

Tìte L ( s, χ, LŒK ) = L ( s, χ^′, L^0ŒK ) . Apìdeixh:

K G = G (L Œ_K^)

L^′ H = G (L Œ_L0^)

L {1}

G (L0 Œ_K^{) ∼}=^GŒ_H

’Estw Q ∈ P(L). Q ∩ L^′ = Q^′, Q ∩ K = P . ’Estw φ_QŒ_P ènac automorfismìc tou Frobenius

thc LŒK gia ta QŒP . Gnwstì ìti

φ_{Q0}Œ_P = φ_QŒ_P | | L^′

eÐnai ènac automorfismìc tou Frobenius gia Q^0ŒP . ’Estw V dianusmatikìc qÿroc pepera-

smènhc diĹstashc /C kai ρ^′ : G (L0 Œ_K^) −→ GL(V ) mÐa parĹstash thc G^{(L0}Œ_K^) me qaraktăra

ton χ^′. H parĹstash thc G (L Œ_K^), ρ, pou eÐnai lifting thc ρ^′

G (L Œ_K^) GL(V ) G (L0 Œ_K^) =^GŒ_H g

gH ρ ρ^′

eÐnai mÐa parĹstash me qaraktăra tou χ. Epeidă G_T ( Q^0Œ P ) = { g | L^′ | | g ∈ G_T (Q Œ_P^{)}} èqoume: V^{GT (Q/P )} = { x ∈ V | ρ(g)(x) = x, ∀g ∈ G (Q Œ_P^{)}} = { x ∈ V | ρ^′(g|_L′ )(x) = x, ∀g ∈ G_T (Q Œ_P^{)}} = { x ∈ V | ρ^′(g^′)(x) = x, ∀g^′ ∈ G_T (Q0 Œ_P^{)}} = V^{GT (Q′/P )}. Gia ìla loipìn ta P ∈ P(K), isqÔei det [( 1_V − NP^{−s}ρ(φ_QŒ_P ) ) | V^{GT (Q}Œ^{P )} ]

= det [( 1_V − NP^{−s}ρ^′(φ_QŒ_P |L^′) ) | V^{GT (Q}Œ^{P )} ]

= det [( 1_V − NP^{−s} · ρ^′(φ_{Q0}Œ_P ) ) | V^{GT (Q0}Œ^{P )} ] , dhladă to zhtoÔmeno. ⊓⊔

Sth sunèqeia ja anaferjoÔme se mÐa polÔ shmantikă idiìthta twn L-seirÿn tou Artin h

opoÐa qreiĹzetai perissìtera stoiqeÐa apì thn jewrÐa parastĹsewn peperasmènwn omĹdwn

kai èna polÔ shmantikì jeÿrhma autăc, to jeÿrhma tou Brauer (ă Brauer-Tate).

H sqèsh anĹmesa stouc qaraktărec thc G kai stouc qaraktărec twn upoomĹdwn thc H

eÐnai jemeliÿdouc shmasÐac gia thn melèth thc domăc thc G. An ρ mÐa parĹstash thc G

ρ : G −→ GL(V ), ìpou V C -dianusmatikìc qÿroc peperasmènhc diĹstashc kai H < G. O periorismìc thc ρ sthn H ρ | |_H eÐnai, profanÿc, parĹstash thc H. An χ o qaraktărac thc ρ tìte me χ|_H ja sumbolÐzoume kai pĹli periorismì tou χ sthn H.

Profanÿc h apeikìnish periorismìc eÐnai grammikă kai diathreÐ to ginìmeno qaraktărwn. Epomènwc epĹgei ènan fusikì omomorfismì res : Ĝ −→ Ĥ. KĹti to opoÐo den eÐnai tìso profanèc eÐnai ìti upĹrqei epÐshc mÐa apeikìnish apì Ĥ → Ĝ h opoÐa epÐshc orÐzetai katĹ entelÿc fusiologikì trìpo.

’Estw g_i, i ≤ i ≤ m, èna plărec sÔsthma antiprosÿpwn twn pleurikÿn omĹdwn thc H wc proc thn G kai ψ mÐa parĹstash me pÐnakec thc H bajmoÔ d. EpekteÐnoume ton orismì thc ψ se ìla ta stoiqeÐa thc G jètontac ψ(g) := [0]_{d×d} ∀g ∈ G − H. Me thn boăjeia thc ψ orÐzoume tÿra mÐa apeikìnish ψ^∗ : G −→ M_{md}(C ) wc exăc: ψ^∗(g) = ( ψ(g_igg^{−1}_j ) ) (6.1) O ψ^∗(g) eÐnai loipìn ènac m×m-pÐnakac o opoÐoc sthn (i, j)-jèsh tou èqei ton d×d-pÐnaka ψ(g_igg^{−1}_j ). IsqÔei to:

H apeikìnish ψ^∗ ìpwc orÐzetai sthn 6.1 eÐnai mÐa parĹstash thc G bajmoÔ [G:H]·deg ψ (dec [16], selÐda 135).

’Estw tÿra S = {Hg_i | 1 ≤ i ≤ m}. H G drĹ pĹnw sto S wc exăc: π_g(Hg_i) = Hg_ig gia kĹje g ∈ G.

H drĹsh aută orÐzei mÐa metĹjesh tou sunìlou S. Akìmh isqÔei π_xπ_y = π_{xy} gia x, y ∈ G. Epomènwc h apeikìnish π_H (g) = π_g eÐnai omomorfismìc thc G sthn summetrikă omĹda S_m twn stoiqeÐwn tou S. An K = Kerπ_H tìte g ∈ K ⇐⇒ g stajeropoieÐ kĹje Hg_i ⇐⇒ ∀i, 1 ≤ i ≤ m, Hg_ig = Hg_i ⇐⇒ g ∈ g^{−1}_i Hg_i ∀i = 1, 2, . . . , m, dhladă K = m⋂ i=1 H^{gi} .

H π_H (G) ∼= GŒK eÐnai isìmorfh me mÐa omĹda metajèsewn tou S kai drĹ metabatikĹ epÐ tou S. Gi’ autì ja lègetai h π_H h (metabatikă) parĹstash metajèsewn thc S. Genikÿtera, kĹje omomorfismìc thc G mèsa sthn summetrikă omĹda enìc sunìlou S ja lègetai

parĹstash metajèsewn thc G epÐ tou S.

An tÿra, eidikĹ, H = {1} (perÐptwsh idiaÐterhc spoudaiìthtac) tìte K = Kerπ_H = {1} opìte ρ = π_H eÐnai ènac isomorfismìc thc G mèsa sthn summetrikă omĹda twn |G|- stoiqeÐwn. H parĹstash aută ja lègetai omală (regular) parĹstash thc G.

Tÿra isqÔei to exăc:

Jeÿrhma 6.2.6 ’Estw H < G kai ψ h tetrimmènh parĹstash thc H. H parĹstash ψ^∗

thc G eÐnai h parĹstash metajèsewn tou S (S = {Hg_i | 1 ≤ i ≤ m}). IdiaÐtera an H ◁G tìte h ψ^∗ eÐnai h regular parĹstash thc GŒH. (Dec [16], selÐda 135.)

Orismìc 6.2.7 H ψ^∗ ja lègetai h parĹstash thc G h epagomènh apì thn parĹstash ψ

thc H. Sunăjwc ja thn sumbolÐzoume

ψ^∗ = Ind^G_H ψ

An χ o qaraktărac thc ψ tìte ja sumbolÐzoume me χ^∗ = Ind^G_H χ ton (epagìmeno) qaraktăra thc ψ^∗.

QwrÐc apìdeixh pĹli anafèroume merikèc idiìthtec:

1. χ^∗(g) := 1 [H :1] ∑ u∈G χ ( ugu^{−1} ) , gia kĹje g ∈ G

2. χ^∗(g) = 0, ìtan to g den eÐnai suzugèc stoiqeÐou thc H.

3. An Ker χ ◁ G tìte Ker χ ⊆ Ker χ^∗.

4. An H ◁ G, tìte Ker χ^∗ ⊆ Ker χ.

5. IsodÔnamec parastĹseic thc H epĹgoun ton Ðdio qaraktăra thc G.

6. An H ≤ K ≤ G kai χ qaraktărac thc H kai èstw χ̃ o qaraktărac thc K pou epĹgetai apì ton χ, tìte χ^∗ = (χ̃)^∗ .

7. Sthn Ĝ orÐzoume eswterikì ginìmeno ⟨χ_1 , χ_2 ⟩_G := 1 |G| ∑ g∈G χ_1 (g)χ_2 (g).

AllĹ kai sthn H èqoume to Ðdio.

O nìmoc antistrofăc tou Frobenius mĹc dÐnei: ⟨χ_1 , χ_2 |_H ⟩_H = ⟨Ind^G_H χ_1 , χ_2 ⟩_G .

Edÿ χ_1 eÐnai qaraktărac thc H kai χ_2 qaraktărac thc G. Tÿra eÐmaste se jèsh na diatupÿsoume to:

Jeÿrhma 6.2.8 ’Estw mÐa^LŒ_K epèktash tou Galois algebrikÿn swmĹtwn arijmÿn. ’Estw K ⊆ M ⊆ L endiĹmeso sÿma kai èstw χ qaraktărac thc H := G (L Œ_M^) kai χ^∗ =: Ind^G_H χ

o apì ton χ epagìmenoc qaraktărac thc G = G (L Œ_K^). Tìte isqÔei: L ( s, Ind^G_H χ, LŒK ) = L ( s, χ, LŒM ) . Apìdeixh: ’Opwc kai pio mprostĹ, an P ∈ P(K) kai Q ∈ P(L) tètoio ÿste Q ∩ K = P oi

omĹdec analÔsewc kai adraneÐac ja sumbolÐzontai me G_Z = G_Z (Q Œ_P^) kai GT = GT^{(Q}Œ_P^)

antÐstoiqa. UpenjumÐzoume ìti G^ZŒG_T ∼= G = Gal (L Œ_K^) ìpou L kai K ta sÿmata upoloÐpwn

(residue fields) twn L kai K wc proc Q kai P antÐstoiqa. EpÐshc me φ_QŒ_P ja sumbolÐzoume ènan automorfismì tou Frobenius, φ_QŒ_P ∈ G_Z.

’Estw tÿra V kĹpoioc C -dianusmatikìc qÿroc me dimC V = d < ∞. An ρ : H −→ GL(V ) eÐnai mÐa parĹstash thc H h opoÐa èqei san qaraktăra ton dosmèno χ kai ρ^∗ := Ind^G_H ρ : G := G (L Œ_K^) −→ GL(V^∗)

h epagomènh apì ton ρ parĹstash thc G, tìte h ρ^∗ èqei san qaraktăra ton χ^∗ := Ind^G_H χ.

An tÿra Q_1, Q_2, . . . , Q_t eÐnai oi prÿtoi tou L oi opoÐoi diairoÔn to P ∈ P(K) kai q_i oi upokeÐmenoi twn Q_i prÿtoi tou M, q_i = Q_i ∩ M, tìte arkeÐ na apodeÐxoume ìti: L

M

K

Q_1 Q_2 · · · Q_t

q_1 q_2 · · · q_t

P ∈ P(K)

det [( Id_V ∗ − NP^{−s} · ρ^∗(φ_{Q1}Œ_P ) ) | | V^{∗GT (Q1}Œ^{P )} ]

= t∏ i=1 det [( Id_V − Nq^{−s}_i · ρ(φ_{Qi}Œ_{qi} ) ) | | | V^{GT (Qi}Œ^{qi)} ] . (6.2)

H idèa gia ton upologismì thc ρ^∗ eÐnai h epilogă katĹllhlou sustămatoc antiprosÿpwn twn pleurikÿn omĹdwn thc GŒH. Gia kĹje j = 1, 2, . . . , t èstw σ_j ∈ G tètoio ÿste σ_j(Q_1) = Q_j (gnwrÐzoume ìti autì pĹntote upĹrqei diìti h drĹsh thc G sto sÔnolo {Q_1, Q_2, . . . , Q_t} eÐnai metabatikă), kai m_j := e (q_i Œ_P^) · f^{(qi}Œ_P^).

JewroÔme tic omĹdec anĹlushc G_{Zj} := G_Z (Q_j Œ_p^) kai G^′_{Zj} := GZ^{(Qj}Œ_{qj}^).

EÐnai gnwstì ìti G^′_{Zj} = G_{Zj} ∩ H. ’Estw G_{Zj} = m_{j�} ⋃ ν=1 G^′_{Zj} · γ_{jν} h anĹlush thc G_{Zj} se dexièc pleurikèc omĹdec wc proc thn G^′_{Zj} (γ_{jν} ∈ G_{Zj} ).

MÐa anĹlush tÿra thc G se pleurikèc omĹdec thc H eÐnai h akìloujh: G = �⋃ j∈{1,2,... ,t} �⋃ ν∈{1,2,... ,m_j } H · γ_{jν} · σ_j. (6.3) Apìdeixh thc (6.3).

To plăjoc twn pleurikÿn omĹdwn eÐnai t∑ j=1 m_j. EpÐshc, [G : H] = (M : K) = t∑ m=1 m_j.

Epomènwc arkeÐ na deÐxoume ìti oi H · γ_{jν} · σ_j dÐdoun anĹ dÔo diaforetikèc metaxÔ touc pleurikèc omĹdec. PrĹgmati, èstw H · γ_{jν} · σ_j = H · γ_{kμ} · σ_k. Autì shmaÐnei ìti to stoiqeÐo σ := γ_{jν}σ_jσ^{−1}_k ∈ H = G (L Œ_M^)

kai sunepÿc

σ(q_k) = q_k. (6.4)

Apì thn Ĺllh meriĹ,

σ(q_k) = γ_{jν}σ_jσ^{−1}_k γ^{−1}_{kμ} (q_k).

Tÿra, epeidă γ_{kμ} ∈ G_{Zk} , èpetai ìti γ_{kμ}(q_k) = q_k, opìte

σ(q_k) = γ_{jν}σ_jσ^{−1}_k (q_k) = γ_{jν}σ_j(q_1) = γ_{jν}(q_j) = q_j. (6.5)

Apì tic sqèseic (6.4) kai (6.5) èpetai ìti j = k. Autì shmaÐnei ìti σ = γ_{jν}γ^{−1}_{kμ} ∈ G_{Zj} ∩ H = G^′_{Zj} . Epeidă ìmwc to sÔnolo {γ_{jν}} apoteleÐ plărec sÔsthma antiprosÿpwn twn pleurikÿn klĹsewn thc G_{Zj} wc proc thn G^′_{Zj} , èpetai ìti ν = μ, dhladă h (6.3).

’Estw tÿra R : H −→ GL(d, C ) mÐa parĹstash dia pinĹkwn thc H h opoÐa antistoiqeÐ sthn ρ. Lìgw thc (6.3), h epagìmenh parĹstash

R^∗ : G −→ GL ( d·(M : K), C )

orÐzetai wc exăc:

R^∗(σ) = ( R(γ_{kμ}σ_kσσ^{−1}_j γ_{jν}) ) (j,ν),(k,μ) kai eÐnai mÐa parĹstash dia pinĹkwn thc G pou antistoiqeÐ sthn ρ^∗.

Edÿ (j, ν) eÐnai o deÐkthc twn grammÿn, (k, μ) o deÐkthc twn sthlÿn kai R(σ) = 0 gia kĹje σ ∈ G − H. Apì edÿ kai kĹtw me Q ja sumbolÐzoume ton prÿto Q_1. Gia na proqwrăsoume qreiazìmaste to akìloujo

Lămma 6.2.9 An G perperasmènh omĹda kai χ qaraktărac (ìqi kat’ anĹgkh monodiĹsta-

toc!) kai ρ : G −→ GL(V ) mÐa parĹstash thc G ston (peperasmènhc diĹstashc) C - dianusmatikì qÿro V , me qaraktăra χ, tìte h apeikìnish Φ := 1 #(G) · ∑ τ∈G ρ(τ) eÐnai mÐa probolă tou V ston

V^G = { x ∈ V | ρ(σ)(x) = x gia kĹje σ ∈ G } .

Apìdeixh tou lămmatoc 6.2.9 An v ∈ V tìte x := Φ(v) =^1_{#G} · ∑ τ∈G ρ(τ)(v), opìte,

gia kĹje σ ∈ G, isqÔei:

ρ(σ)(x) = ρ(σ)(Φ(v)) = 1 #G · ∑ τ∈G ρ(σ)(ρ(τ)(v)) = 1 #G · ∑ τ∈G ρ(στ)(v) = 1 #G · ∑ τ∈G ρ(t)(v) = x, diìti, ìtan to τ diatrèqei ta stoiqeÐa thc G, to Ðdio kĹnei kai to στ. Epomènwc, h apeikìnish

Φ eÐnai ènac endomorfismìc tou V ston V^G ≤ V .

Ja apodeÐxoume ìti tautodÔnamoc, dhladă ìti Φ^2 = Φ, prĹgma pou sunepĹgetai ìti o

Φ eÐnai probolă. PrĹgmati,

(Φ ∘ Φ)(v) = Φ(Φ(v)) = 1 #G · ∑ τ∈G ρ(τ)(Φ(v))

= 1 #G · ∑ τ∈G ρ(τ) ( 1 #G · ∑ σ∈G ρ(σ)(v) )

= 1 #G · ( 1 #G · ∑ τ∈G ∑ σ∈G ρ(στ)(v) ) . PĹli, ìtan to τ eÐnai stajerì kai to σ diatrèqei ta stoiqeÐa thc G, tìte kai to στ diatrèqei

ta stoiqeÐa thc G. Epomènwc, ∑ σ∈G ρ(στ)(v) = ∑ σ∈G ρ(σ)(v), opìte kai ∑ τ∈G ( ∑ σ∈G ρ(σ)(x) ) = | G | · ∑ σ∈G ρ(σ)(x).

TelikĹ, Φ^2 = 1 #G · ∑ τ∈G ρ(τ)(v) = Φ(v), dhladă h Φ eÐnai probolă, kai sunepÿc to lămma. ⊓⊔ ShmeÐwsh 6.2.10 Epiplèon isqÔei ìti dim^GC = χ(G), ìpou

χ(G) := 1 #G · ∑ σ∈G χ(σ). Autì ìmwc den ja to qreiastoÔme sta epìmena.

Apì to lămma 6.2.9 tÿra èpetai ìti h Φ := 1 e(Q/P ) · ∑ τ∈G_T (Q/P ) ρ^∗(τ) eÐnai probolă tou

V^∗ ston V^{∗GT (Q/P )}. Epomènwc, det [( Id_V ∗ − NP^{−s} · ρ^∗(φ_QŒ_P ) )| (V^∗)^{GT (Q/P )} ]

= det

Id_{V ∗} − 1 e(Q/P ) · NP^{−s} · ∑ τ∈G_T (Q/P ) ρ^∗(φ_QŒ_P · τ)

. (6.6)

OmoÐwc, an

Φ_j := 1 e(Q_j/q_j) · ∑ τ∈G_T (Q_j /q_j ) ρ(τ)

tìte Φ_j probolă tou V ston V^{GT (Qj /qj )} (j = 1, 2, . . . , t). Epomènwc, det [ ( Id_V − Nq^{−s}_j · ρ(φ_{Qj}Œ_{qj} ) )| V^{GT (Qj /qj )} ] = det [ Id_V − Nq^{−s}_j · ρ(φ_{Qj}Œ_{qj} ) · Φ_j ] . (6.7) An τ ∈ G_T (Q Œ_P^), tìte èqoume:

R^∗(φ_QŒ_P · τ) = ( R(γ_{kμ}σ_kφ_QŒ_P τσ^{−1}_j γ^{−1}_{jν} ) ) (j,ν),(k,μ). To σ = γ_{kμ}σ_kφ_QŒ_P τσ^{−1}_j γ^{−1}_{jk} apeikonÐzei to Q_j sto Q_k, σ(Q_j) = Q_k.

Tÿra gia σ ∈ G \ H, èqoume R(σ) = 0 enÿ, an σ ∈ H tìte σ(q_j) = q_j. Epomènwc k = j kai

R^∗(φ_QŒ_P · τ) =

A_{1,τ} 0 ... 0 At,τ (6.8)

ìpou A_{j,τ} = ( R(γ_{jμ}σ_jφ_QŒ_P τσ^{−1}_j γ^{−1}_{jν} ) ) (ν,μ). Sth sunèqeia ja eklèxoume katĹllhlo sÔsthma suntetagmènwn (plărec sÔsthma antiprosÿpwn twn pleurikÿn omĹdwn) {γ_{jν}} thc G_{Zj} wc proc thn G^′_{Zj} .

Kat’ arqăn upenjumÐzoume ìti

φ_{Qj /P} = σ_jφ_QŒ_P σ^{−1}_j .

’Estw { τ_{j,a} | a ∈ {1, 2, . . . , e(q_i/p)} } èna plărec sÔsthma antiprosÿpwn twn pleurikÿn omĹdwn thc G_{Tj} wc proc thn G_T (Q_j Œ_p^).

G^′_{Zj} G^′_{Tj}

G_{Tj}

G_{Zj}

G^′_{Zj} ·G_{Tj}

e (q_j Œ_p^)

m_j f (Q_j Œ_{qj}^) f (q_j Œ_p^)

H omĹda G^{Zj}ŒG_{Tj} eÐnai kuklikă tĹxhc f (Q_j Œ_p^) paragomènh apì ton automorfismì tou

Frobenius φ_{Qj /p}. Sunepÿc kai h G^{Zj}ŒG0_{Zj} · G_{Tj} eÐnai kuklikă tĹxhc f(q_i/p).

’Ena plărec sÔsthma antiprosÿpwn twn pleurikÿn omĹdwn thc G_{Zj} wc proc thn G^′_{Zj} ·G_{Tj} eÐnai to { φ^ℓ_{Qj}Œ_p | ℓ ∈ {0, 1, 2, . . . , f(q_j/p)−1} } . Epomènwc, èna plărec sÔsthma antiprosÿpwn twn pleurikÿn omĹdwn thc G_{Zj} wc proc thn G^′_{Zj} ja eÐnai to sÔnolo { τ_{j,a} · φ^ℓ_{Qj}Œ_p | a ∈ {1, 2, . . . , e(q_i/p), ℓ ∈ {0, 1, 2, . . . , f(q_i/p) − 1} } . Wc proc to <<kainoÔrgio>> autì sÔsthma oi pÐnakec A_{j,τ} grĹfontai: A_{jτ} = ( R(τ_{j,a}φ^l_{Qj}Œ_P σ_jφ_QŒ_P τσ^{−1}_j φ^{−m}_{Qj}Œ_P τ^{−1}_{j,b} ) ) (a,l),(b,m) ìpou to (a, l) eÐnai deÐkthc grammăc kai to (b, m) deÐkthc stălhc.

’Otan τ ∈ G_{T1} = G_T (Q_1 Œ_p^) diatrèqei thn omĹda GT_1 ta σjτσ^{−1}_j diatrèqoun thn omĹda G_{Tj} = G_T (Q_j Œ_P^). Epomènwc,

A_j = ∑ τ∈G_{T1} A_{j,τ} = ∑ τ∈G_{Tj} ( R(τ_{j,a}φ^{l+1}_{Qj}Œ_p τφ^{−m}_{Qj}Œ_p τ^{−1}_{j,b} ) ) (a,l),(b,m). Tÿra G_{Tj} E G_{Zj} , opìte τ · φ^{−m}_{Qj}Œ_P = φ^{−m}_{Qj}Œ_P · τ kai, ìtan to τ diatrèqei ta stoiqeÐa thc G_{Tj} , to Ðdio kĹnoun tìso ta τ_{j,a}τ ìso kai ta τ_{j,a}ττ^{−1}_{j,b} .

Sunepÿc,

A_j = ∑ τ∈G_{Tj} ( R(φ^{l+1−m} Q_jŒ p ) · τ ) (a,l),(b,m) (6.9)

= B_j · · · B_j . . . . B_j · · · B_j , (6.10)

ìpou

B_j = ∑ τ∈G_{Tj} R(φ^{l+1−m} Q_jŒ P ) · τ (l,m) eÐnai e (q_j Œ_P^)×e^{(qj}Œ_P^)-blocks kai a, b ∈^{1, 2, . . . , e^{(qj}Œ_P^{)}}. To τ ∈ G_{Tj} = G_T (Q_j Œ_P^) kai to φ^{l+1−m}_{Qj}Œ_P ∈ GZ_j = GZ^{(Qj}Œ_P^). Epomènwc, φ^{l+1−m}_{Qj}Œ_P · τ ∈ H

an kai mìno an φ^{l+1−m} Q_jŒ P ∈ G^′_{Zj} = G_Z (Q_j Œ_{qj}^) kai τ ∈ G_{Tj} = G_T (Q_j Œ_{qj}^) .

Tÿra, φ^{l+1−m}

Q_jŒ P ∈ G^′_{Zj} an kai mìno an l + 1 − m ≡ 0 (mod f (q_i Œ_P^)). Epomènwc,

B_j =

0 c_j 0 . . 0 c_j

... ... 0 0 cj D_j 0

.

Gia l := f (q_j Œ_P^) − 1 kai gia m = 0 paÐrnoume to

D_j = ∑ τ∈G^′_{Tj} R ( φ_{Qj}Œ_{qj} τ ) = R ( φ_{Qj}Œ_{qj} ) · c_j,

ìpou c_j = ∑ t∈G^′_{Tj} R(τ). (UpenjumÐzoume ìti qrhsimopoiăsame thn gnwstă idiìthta Frobenius φ^{f(qj}Œ^{P )} Q_jŒ P = φ_{Qj}Œ_{qj} .)

SunoyÐzontac ìla ta parapĹnw, èqoume:

det Id_{V ∗} − 1 e (Q Œ_P^{) · NP} −s · ∑ τ∈G_T ρ^∗ ( φ_QŒ_P · τ ) = t∏ j=1 det ( I − NP^{−s} e (Q Œ_P^{) · Aj} ) ,

det ( I − NP^{−s} e (Q Œ_P^{) · Aj} ) = det ( I − e (q_j P ) · NP^{−s} e (Q Œ_P^{) · Bj} )

kai

det ( I − e (q_j Œ_P^) ·^{NP −s}_e(_Q Œ_P^{) · Bj} ) = det

I −p_jc_j 0 . .. ...

... ... 0^{..}. −pjcj −p_jD_j 0 . . . . . . . I

,

ìpou p_j := NP^{−s} e (Q_j Œ_{qj}^) ( e (Q Œ_P^) := e^{(Qj}Œ_P^) = e^{(Qj}Œ_{qj}^) · e^{(qj}Œ_P^{))}. TelikĹ,

det ( I − NP^{−s} e (q Œ_P^{) · Aj} ) = det ( I − p_j · D_j · (p_j · c_j)^{f(qi/p)−1} )

= det ( I − R(φ_{Qj}Œ_{qj} ) · (p_j · c_j)^{f(qi}Œ^{p)} )

= det I − Nq^{−s}j · R(φ^QjŒ_{qj} ) · 1 e (Q_j Œ_{qj}^{) ·} ∑ τ∈G^′_{Tj} R(τ) f(^qjŒ_P )

= det ( Id_V − Nq^{−s}_j · ρ(φ_{Qj}Œ_{qj} ) ) · Φ^{f(qj} Œ_p) j = det ( Id_V − Nq^{−s}_j · ρ(φ_{Qj}Œ_{qj} ) ∘ Φ_j ) , dhladă to jeÿrhma. ⊓⊔

Pìrisma 6.2.11 ’Estw^LŒ_K mÐa epèktash tou Galois algebrikÿn swmĹtwn arijmÿn. IsqÔei

ζ_L(s) = ζ_K(s) · ∏ χ anĹg. χ≠χ_0 L ( s, χ, LŒK )_{χ(1)} ,

ìpou to χ diatrèqei ìlouc touc anĹgwgouc qaraktărec thc G (L Œ_K^), χ ≠ χ0.

Apìdeixh: ’Estw L^′ endiĹmeso sÿma tètoio ÿste K ⊆ L^′ ⊆ L kai^{L0}Œ_K Galois. An χ_0 o

tetrimmènoc qaraktărac thc G (L Œ_L0^), χ0(g) = 1 gia kĹje g ∈ G^{(L}Œ_L0^) = H. H^{L0}Œ_K eÐnai

epèktash tou Galois. Epomènwc h H eÐnai kanonikă upoomĹda thc G = G (L Œ_K^).

To jeÿrhma 6.2.6 loipìn dÐnei: O Ind^G_H χ_0 eÐnai o qaraktărac pou eÐnai lifted apì ton

omalì (regular) qaraktăra χ_r thc^GŒ_H = Gal (L0 Œ_K^). Epomènwc,

ζ_L′ (s) = ∏ Q^′∈P(L^′) ( 1 − NQ^{′−s} )_{−1}

= L ( s, χ_0, LŒL0 ) j.6.2.8= L(s, IndG H χ_0, LŒK ) j.6.2.5= L(s, χ r, L^0ŒK ) . Tÿra, èstw L^′ = L, ⇒ χ_r = Ind^G_H χ_0 o omalìc (regular) qaraktărac thc G (L Œ_K^). Epomènwc

χ_r = ∑ χ anĹg.

χ(1) · χ (dec [16], selÐda 96, jeÿrhma 6.1.4)

=⇒ ζ_L(s) = L ( s, ∑ χ anĹg. χ(1)·χ, LŒK )

j.6.2.4= ∏

χ anĹg. L ( s, χ, LŒK )_{χ(1)} .

An χ_0 o kÔrioc qaraktărac thc G (L Œ_K^) (χ0(g) = 1 ∀g ∈ G) èqoume χ0(1) = 1, opìte:

ζ_L(s) = L ( s, χ_0, LŒK ) · ∏ χ anĹg. χ≠χ_0 L ( s, χ, LŒK )_{χ(1)}

= ζ_K(s) · ∏ χ anĹg. χ≠χ_0 L ( s, χ, LŒK )_{χ(1)}

⊓⊔ To arqikì prìblhma pou endièfere ton Artin ătan an eÐnai swstă h eikasÐa ìti ζ^L(s)Œζ_K (s)

eÐnai olìmorfh s’ ìlo to migadikì epÐpedo.

To teleutaÐo pìrisma mĹc deÐqnei ìti h olomorfÐa thc ζ^L(s)Œζ_K (s) ja ătan Ĺmesh sunèpeia

thc:

EIKASIAS TOU ARTIN: Gia kĹje anĹgwgo qaraktăra χ ≠ χ_0 h L-seirĹ tou Artin L ( s, χ, LŒK ) epekteÐnetai olìmorfa s’ ìlo to C .

Ti gnwrÐzoume mèqri sămera gia thn eikasÐa tou Artin?

Kat’ arqăn ja ătan Ðswc euktaÐa h apìdeixh thc merìmorfhc epèktashc thc L ( s, χ, LŒK ) s’ ìlo to C . ParĹ thn prospĹjeiĹ tou o Artin den ta katĹfere. H apìdeixh ărje argìtera apì ton R. Brauer.

To sÔnolo twn qaraktărwn miĹc omĹdac G eÐnai kleistì wc proc thn prìsjesh kai wc proc ton pollaplasiasmì. Gia lìgouc eukolÐac orÐzoume san <<qaraktăra>> kai thn dia-

forĹ dÔo qaraktărwn. Tètoiouc qaraktărec ja touc lème genikeumènouc qaraktărec.

’Enac genikeumènoc qaraktărac thc G eÐnai loipìn mÐa sunĹrthsh klĹsewn (class function) thc G (migadikă, afoÔ emeÐc douleÔoume sto C ). To erÿthma eÐnai: Pìte mÐa sunĹrthsh klĹsewn (class function) θ thc G eÐnai genikeumènoc qaraktărac thc G? Ex orismoÔ, an χ eÐnai ènac genikeumènoc qaraktărac thc G kai H ≤ G (tuqoÔsa) tìte χ | |_H eÐnai epÐshc genikeumènoc qaraktărac thc G. Dhladă o χ ja eÐnai genikeumènoc qaraktărac kĹje upoomĹdac H thc G. To jeÿrhma tou Brauer bebaiÿnei kai to antÐstrofo: An χ sunĹrthsh klĹsewn (class function) thc G tètoia ÿste o periorismìc χ | |_E eÐnai genikeumènoc qaraktărac thc G gia ìlec tic stoiqeiÿdeic (elementary) upoomĹdec thc E, tìte o χ eÐnai genikeumènoc qaraktărac thc G.

H alăjeia thc parapĹnw prìtashc eÐnai Ĺmesh sunèpeia tou:

Jeÿrhma 6.2.12 (Jemeliÿdec jeÿrhma tou Brauer) KĹje qaraktărac thc G eÐnai

grammikìc sunduasmìc qaraktărwn thc G me suntelestèc apì to Z, oi opoÐoi qaraktărec

epĹgontai apì grammikoÔc (monodiĹstatouc!) qaraktărec twn stoiqeiwdÿn (elementary)

upoomĹdwn thc G.

Apìdeixh: (Dec [3], selÐda 135, [16], selÐdec 160-170.) ⊓⊔

Orismìc 6.2.13 MÐa omĹda E ja lègetai stoiqeiÿdhc (elementary) ìtan eÐnai eujÔ gi-

nìmeno miĹc p-omĹdac kai miĹc kuklikăc q-omĹdac, p, q ∈ P, p ≠ q.

’Estw tÿra χ ≠ χ_0 anĹgwgoc qaraktărac thc G (L Œ_K^). Ton grĹfoume, sÔmfwna me to

jeÿrhma tou Brauer, sthn morfă

χ = k∑ j=1 m_jχ^∗_j

ìpou m_j ∈ Z kai χ^∗_j o epagìmenoc qaraktărac tou grammikoÔ qaraktăra χ_j thc stoiqeÐÿdouc (elementary) upoomĹdac H_j thc G.

’Estw K_j to sÿma stajerÿn stoiqeÐwn thc H_j kai L_j to sÿma twn stajerÿn stoiqeÐwn

tou Ker χ_j.

K G (L Œ_K^)

K_j H_j = G (L Œ_{Kj}^)

L_j Kerχ_j

L {1}

H epèktash L^jŒK_j eÐnai kuklikă kai o monodiĹsta-

toc qaraktărac thc χ_j eÐnai lifted tou grammikoÔ

pistoÔ qaraktăra,

χ^′_j : G (L_j Œ_{Kj}^) =^{Hj}Œ_{Ker χj} −→ C ìpou σ · Ker χ_j −→ χ_j(σ).

Lìgw twn jewrhmĹtwn 6.2.4, 6.2.8 kai 6.2.5 èqoume:

L ( s, χ, LŒK ) = k∏ j=1 L ( s, χ^∗_j , LŒK )_{mj}

= k∏ j=1 L ( s, χ_j, LŒK_j )_{mj}

= k∏ j=1 L ( s, χ^′_j, L^jŒK_j )_{mj} .

Tÿra L^jŒK_j eÐnai kuklikă kai χ^′_j ènac qaraktărac thc, Ĺra apì to jeÿrhma 6.2.2 sunepĹgetai ìti L ( s, χ^′_j, L^jŒK_j ) = L(s, χ̃_j). TelikĹ èqoume:

L ( s, χ, LŒK ) = k∏ j=1 L ( s, χ̃_j )_{mj}

dhladă to <<jaÔma>> oi L-seirèc tou Artin na eÐnai ginìmeno dunĹmewn abelianÿn L-seirÿn

me ekjètec akeraÐouc.

To parapĹnw jeÿrhma se sunduasmì me to jeÿrhma 4.2.3, 4., selÐda 99 mac dÐnei to

Jeÿrhma 6.2.14 Gia kĹje anĹgwgo qaraktăra χ thc G (L Œ_K^), χ ≠ χ0, h L^(s, χ,^LŒ_K^) epekteÐnetai merìmorfa s’ ìlo to migadikì epÐpedo.

ShmeÐwsh: An to jeÿrhma tou Brauer mĹc exasfĹlize m_j ∈ N, ja eÐqame san sumpèrasma

thn eikasÐa tou Artin. Edÿ ac shmeiwjeÐ ìti h parĹstash χ = ∑ m_jχ^∗_j den eÐnai monadikă.

Ac epanalĹboume loipìn to erÿthma: TÐ eÐnai gnwstì gia thn eikasÐa tou Artin?

(aþ) EÐnai gnwstă gia parastĹseic ρ diĹstashc 1. S’ autăn thn perÐptwsh tautÐzontai oi L-seirèc tou Artin m’ autèc tou Hecke gia tic opoÐec eÐnai gnwstă h olìmorfh epèktash. Tic seirèc tou Hecke den ja tic orÐsoume edÿ. AplĹ mìno ja upenjumÐsoume ìti h tautìthta aută eÐnai o nìmoc antistrofăc tou Artin. Oi Artin kai Hecke, parĹ to ìti ergĹzontan sto Ðdio panepistămio (Hamburg), oudèpote suneidhtopoÐhsan thc diasundèseic pou eÐqan ta ereunhtikĹ touc apotelèsmata. Autì ègine gia prÿth forĹ apì ton Langlands arqăc genomènhc apì thn dekaetÐa tou 60 tou opoÐou h <<filosofÐa>> èqei san stìqo thn dhmiourgÐa miĹc mh-abelianăc class field theory.

(bþ) Gia merikèc parastĹseic diĹstashc 2, sugkekrimèna gia ekeÐnec pou h probolikă eikìna thc G (L Œ_K^) mèsw thc ρ, ρ̃^(G^{(L}Œ_K^{)) ∼}= D2n, A4, S4, G ρ

ρ̃ GL_2(C )

P GL_2(C ) = GL^2(C )ŒC �

(D_{2n} eÐnai h dÐedrh omĹda tĹxhc 2n.) Gia tic A_4, S_4 ta apotelèsmata eÐnai thc dekaetÐac tou 70, arqèc dekaetÐac tou 80 kai ofeÐlontai stouc Langlands, Tunnell.

MerikĹ sugkekrimèna paradeÐgmata eÐnai gnwstĹ sthn perÐptwsh tou ρ̃(G) = A_5 kai ofeÐlontai ston J. Buhler (Lecture Notes in Math. 654 (1978)). EpÐshc parapèmpoume ton endiaferìmeno anagnÿsth sto [12].

’Ena shmantikì prìsfato apotèlesma sqetikĹ me thn eikasÐa tou Artin eÐnai to akìloujo:

Jeÿrhma 6.2.15 (K. Buzzard, M. Dickinson, N. Shepherd-Barron, R. Taylor)

An ρ : Gal (QŒ Q ) −→ GL_2(C ) anĹgwgh parĹstash Galois kai ρ̃ : Gal (QŒ Q ) −→ P GL_2(C ) h epagìmenh probolikă parĹstash thc ρ tètoia ÿste

1. H eikìna thc ρ̃, Im(ρ̃), na eÐnai isìmorfh proc thn omĹda A_5,

2. h ρ̃ na eÐnai mh-diakladizomènh stouc prÿtouc 2 kai 5, kai 3. o automorfismìc tou Frobenius thc ρ̃ ston prÿto 2 èqei tĹxh 3

tìte h ρ epalhjeÔei thn eikasÐa tou Artin.

ShmeÐwsh 6.2.16 To apotèlesma autì eÐnai upì dhmosÐeush. Anakoinÿjhke sto Sunèdrio

thc Journees Arithmetiques ton IoÔlio tou 1999 sth Rÿmh.

Ja prèpei akìmh na parathrăsoume ìti h L-seirĹ tou Artin orÐzetai topikĹ, dhladă kat’ arqăn gia kĹje P ∈ P(K). MÐa mh-topikă prosèggish ìpwc stic abelianèc L-seirèc den eÐnai mèqri sămera gnwstă. ’Iswc pĹntwc autìc eÐnai o lìgoc pou mac dhmiourgeÐ duskolÐec sthn epèktasă thc s’ ìlo to C .

Tèloc ja prèpei na poÔme ìti h L-seirĹ tou Artin pollaplasiasmènh me katĹllhlouc <<Γ-parĹgontec>> dÐnei thn Λ ( s, χ, LŒK ) gia thn opoÐa èqoume mÐa sunarthsiakă exÐswsh Λ ( s, χ, LŒK ) = W (x)Λ(1−s, χ) ìpou W (χ) mÐa stajerĹ me |W (χ)| = 1 (Artin’s Wurzelzahl), h opoÐa èqei jemeliÿdec arijmhtikì perieqìmeno.

Ja kleÐsoume thn parĹgrafo me èna parĹdeigma. ’Estw G = G (L Œ_K^{) ∼}= S3. H S3 èqei

3-klĹseic suzugÐac: C_1 : (1), C_2 : (1, 2, 3), (3, 2, 1) kai C_3 : (1, 2), (2, 3), (3, 1). Epomènwc èqei 3-anĹgwgouc qaraktărec. ’Estw ψ_1 o kÔrioc, ψ_2 autìc pou stèlnei ta stoiqeÐa tou C_1 ∪ C_2 sto +1 kai ta stoiqeÐa thc C_3 sto −1.

Oi ψ_1, ψ_2 eÐnai monodiĹstatoi 1^2 + 1^2 + n^2_3 = # | S_3 | = 6 =⇒ n_3 = 2 =⇒ o ψ_3 ja eÐnai diĹstashc 2. Oi sqèseic orjogwniìthtac (jeÿrhma (6.1.8), selÐda 123) dÐnoun:

ψ_1(g) + ψ_2(g) + 2ψ_3(g) =

6, ìtan g = 1 0, alliÿc.

PÐnakac twn qaraktărwn ψ_1 ψ_2 ψ_3 C_1 1 1 2 C_2 1 1 −1 C_3 1 −1 0

UpologÐzoume tÿra touc epagìmenouc qaraktărec χ^∗ pou antistoiqoÔn stouc qaraktărec χ twn upoomĹdwn thc S_3.

(i) H = A_3 χ^∗_1 χ^∗_2 χ^∗_3 C_1 2 2 2 C_2 2 −1 −1 C_3 0 0 0

(ii) H = {1, (1, 2)} χ^∗_4 χ^∗_5 C_1 3 3 C_2 0 0 C_3 1 −1

(iii) H = {1} χ^∗_6 C_1 6 C_2 0 C_3 0 Apì touc parapĹnw pÐnakec blèpei kaneÐc ìti èqoume tic akìloujec sqèseic:

χ^∗_1 = ψ_1 + ψ_2, χ^∗_2 = χ^∗_3 = ψ_3,

χ^∗_4 = ψ_1 + ψ_3, χ^∗_5 = ψ_2 + ψ_3 kai

χ^∗_6 = ψ_1 + ψ_2 + 2ψ_3.

H S_3 tÿra eÐnai h omĹda tou Galois kĹje mh-abelianăc epèktashc tou Galois LŒK bajmoÔ 6. An K_1 kai K_2 eÐnai ta sÿmata stajerÿn stoiqeÐwn twn A_3 kai {1, (12)} antÐstoiqa, tìte [K_1 :K] = 2 kai [K_2 :K] = 3, epomènwc LŒK_1 kai LŒK_2 abelianèc epektĹseic.

Akìmh K^1ŒK epÐshc abeliană: ’Eqoume loipìn

ζ_L(s) = L ( s, χ_0, LŒL ) = L ( s, ψ_1 + ψ_2 + 2ψ_3, LŒK ) = L ( s, ψ_1, LŒK ) · L ( s, ψ_2, LŒK ) · L ( s, ψ_3, LŒK )_2

ζ_{K1} (s) = L ( s, χ_0, LŒK_1 ) = L ( s, ψ_1 + ψ_2, LŒK_1 ) = L ( s, ψ_1, LŒK ) · L ( s, ψ_2, LŒK )

ζ_{K2} (s) = L ( s, χ_0, LŒK_2 ) = L ( s, ψ_1 + ψ_3, LŒK ) = L ( s, ψ_1, LŒK ) · L ( s, ψ_3, LŒK ) kai ζ_K(s) = L ( s, χ_0, LŒK ) = L ( s, ψ_1, LŒK ) . Lìgw twn gnwstÿn idiotătwn tÿra èqoume L ( s, ψ_2, LŒK ) = L ( s, χ_5, K^1ŒK )

kai L ( s, ψ_3, LŒK ) = L ( s, χ_2, LŒK_1 )

Epomènwc oi L ( s, ψ_2, LŒK ) kai L ( s, ψ_3, LŒK ) eÐnai olìmorfec sunartăseic. SumptwmatikĹ, to parĹdeigma deÐqnei ìti h eikasÐa tou Artin eÐnai swstă gia Gal (L Œ_K^) = S3.

Mèsw thc parapĹnw jewrÐac brÐskoume sqèseic anĹmesa stic zăta sunartăseic algebrikoÔ sÿmatoc arijmÿn L kai twn uposwmĹtwn autoÔ. Sqèseic anĹmesa stic diakrÐnousec kai tou omalopoihtă (Regulator) tou L kai twn uposwmĹtwn mĹc dÐnoun sqèseic anĹmesa stouc arijmoÔc klĹsewn. Proc aută thn kateÔjunsh èqoume pollèc ergasÐec.

H prÿth eÐnai h R. Brauer, Beziehungen zwischen Klassenzahlen von Teilkörpern eines galoisscher Körpers, Math. Nach. 4 (1951), 158-174. Anafèroume kai mÐa prìsfath: Ch. Parry, Bicyclic Bicubic Fields, Can. J. Math. Vol XLII (1990), 491-507.

6.3 DÔo lìgia gia tic eikasÐec tou Stark

Se mÐa seirĹ tessĹrwn polÔ shmantikÿn ergasiÿn o H. M. Stark sto Advances in Mathematics (apì to 1971 mèqri to 1980) epexèteine thn jewrÐa kai diatÔpwse eikasÐec gia ton stajerì ìro tou anaptÔgmatoc Taylor miĹc L-seirĹc tou Artin sthn jèsh s = 0. Tic eikasÐec tou autèc apèdeixe sthn perÐptwsh pou to sÿma K = Q ă tetragwgikì migadikì sÿma arijmÿn. Se eidikèc periptÿseic shmantikă eÐnai h suneisforĹ tou Sands (dekaetÐa tou 80). Oi eikasÐec mporoÔn na jewrhjoÔn san polÔ plateiĹ kai bajeiĹ genÐkeush tou tÔpou gia

ton arijmì klĹsewn tou Dirichlet kai tou limit formula tou Kronecker. O Stark

protimĹ thn timă thc L-seirĹc sthn jèsh s = 0 kai ìqi s = 1. Ta epiqeirămatĹ tou ja ta deÐte sto Ĺrjro tou Values of Zeta and L-functions (Dedekinds Festschrift, Braunschweig 1981).

FusikĹ h melèth aută sthn jèsh s = 0 den ătan dunată thn epoqă tou Dedekind, diìti h sunarthsiakă exÐswsh thc ζ_K(s) apodeÐqjhke gia prÿth forĹ to 1917 apì to Hecke kai twn L-seirÿn tou Artin sthn dekaetÐa tou 1920.

XanajumÐzoume ìti, an K algebrikì sÿma arijmÿn tìte (1) lim_{s→1}(s−1)ζ_K (s) =

2^{r1} ·(2π)^{r2} ·h_K ·RegK w √ |D_K | , ìpou n = (K : Q) = r_1 + 2r_2. ’Estw tÿra (2) ξ_K (s) := ( |D_K | 2^{2r2} π^n )_{s/2} Γ (s/2)^{r1} Γ(s)^{r2} ζ_K(s).

H sunarthsiakă exÐswsh tìte eÐnai:

(3) ξ_K(s) = ξ_K(1−s). Apì tic (1) kai (2) sunepĹgetai ìti

lim_{s→1}(s−1)ξ_K (s) = |D_K |^{1/2} 2^{r2} π^{n/2} · π^{r1/2} · 2^{r1+r2} π^{r2} h_K ·R w √ |D_K | Γ(1/2) = √ π Γ(1) = 1 n/2 = r_1/2 + r_2

| | | | | = 2^{r1} h_K ·RegK w .

H (3) sunepĹgetei ìti

lim_{s→1}(s−1)ξ_K (s) = lim_{s→1}(s−1)ξ_K (1−s) = lim_{s→0}(−s)ξ_K(s) = 2^{r1} · h_K ·Reg_K w AllĹ

lim_{s→0}(−s)ξ_K(s) = lim_{s→0}(−s)Γ(s/2)^{r1} Γ(s)^{r2} ζ_K(s).

H ζ_K(s) eÐnai olìmorfh sto s = 0, h Γ-sunĹrthsh ìmwc èqei stic jèseic −m, m ∈ N_0 pìlouc prÿthc tĹxhc me upìloipa (4) lim_{z→−m}(z+m)Γ(z) =

(−1)^m m! . (dec [30], selÐda 261).

To upìloipo sthn jèsh s = 0 eÐnai loipìn 1, opìte:

lim_{s→0}(−s)ξ_K(s) = lim_{s→0} ζ_K(s) s^{r1·r2−1} · 1 2^{r1} · [ s 2 Γ ( s 2 )]_{r1} · [s·Γ(s)]^{r2} = − 1 2^{r1}

· lim_{s→0} ζ_K(s) s^r me r := r_1 + r_2 − 1. ’Eqoume loipìn:

(5) lim_{s→0} ζ_K(s) s^r = − h_K · Reg_K w ’Estw tÿra LŒK epèktash tou Galois algebrikÿn swmĹtwn arijmÿn, G = G ( LŒ_K^), kai

χ ènac qaraktărac kĹpoiac parĹstashc thc G.

XanajumoÔmaste autì pou eÐpame, kai den apodeÐxame piì mprostĹ, ìti an ξ(s, χ) = ( katĹllhloi Γ-parĹgontec ) · L ( s, χ, LŒK )

tìte (6) ξ(1−s, χ) = W (χ)ξ(s, χ) ìpou | |W (χ) | | = 1.

Gia touc prosektikoÔc kai akribolìgouc, ξ(s, χ) = ( |D_K |·NfŒ π^{n(K)χ(1)} )_{s/2} Γ ( s 2 )_a ( Γ ( s + 1 2 )_b · L ( s, χ, LŒK ) )

ìpou f eÐnai o odhgìc tou χ wc proc to K, n(K) = (K :Q) kai a + b = n(K)·χ(1).

EikasÐa tou Stark

’Estw ìti o χ den perièqei ton χ_1 sthn anĹlusă tou se anĹgwgouc. Tìte L ( 1, χ, LŒK ) = W (χ)·2^a ·π^b (|D_K |Nf)^{1/2} · Θ(χ)·R(χ) ă isidÔnama,

lim_{s→0} L ( s, χ, LŒK ) s^α = Θ(x)·R(x) ìpou Θ(χ) ∈ Q̃ (algebrikìc arijmìc) kai R(χ) h orÐzousa enìc a×a pÐnaka tou opoÐou ta stoiqeÐa eÐnai grammikèc morfèc apì logarÐjmouc apolÔtwn timÿn monĹdwn tou

sÿmatoc K kai twn suzugÿn tou.

’Estw tÿra K = Q kai σ_0 ∈ Gal (L ŒQ^) o Q-automorfismìc tou L pou stèlnei ta

stoiqeÐa tou L sta migadikĹ suzuză touc an L * R kai σ_0 = 1 alliÿc.

’Estw A(σ) = (a_{ij}(σ)), σ ∈ G, mÐa parĹstash me pÐnakec thc G (L ŒQ^) h opoÐa èqei san

qaraktăra ton χ. MporoÔme na upojèsoume ìti o A(σ) eklèqthke ètsi ÿste

A(σ_0) = ( I_a 0 0 −I_b )

UpĹrqei mÐa monĹda ε tou L tètoia ÿste σ_0(ε) = ε kai upĹrqei akribÿc mÐa sqèsh anĹmesa stic r(L)+1 monĹdec ε^{σ−1} gia σ ∈ G_0, ìpou G_0 plărec sÔsthma aristerÿn antiprosÿpwn thc G, G modulo thn upoomĹda {1, σ_0}, kai h sqèsh aută eÐnai ∏ σ∈G_0 ε^{σ−1} = ±1.

’Estw tÿra

(7)

| | | | | | c_{ij} := ∑ σ∈G a_{ij}(σ) log |ε^σ| 1 ≤ i ≤ a 1 ≤ j ≤ b Me ta c_{ij} ìpwc sthn (7) èqoume

Jeÿrhma 6.3.1 (Jeÿrhma tou Stark) ’Estw χ rhtìc qaraktărac. Tìte h eikasÐa i-

sqÔei gia R(χ) = R(χ, ε) = det(c_{ij}). Orismìc 6.3.2 O qaraktărac χ ja lègetai rhtìc ìtan paÐrnei timèc sto Q, dhladă ìtan

gia kĹje σ thc omĹdac tou Galois G (L Œ_K^) isqÔei χ^σ = χ.

’Ena spoudaÐo biblÐo gia kĹpoio anĹlogo seminĹrio eÐnai to [39]. Tèloc anafèroume kai to pio prìsfato [32].

TELOS

BibliografÐa

[1] Lars V. Ahlfors, Complex Analysis, McGraw-Hill, London 1979. [2] GiĹnnh A. AntwniĹdh, JewrÐa Arijmÿn I, Algebrikă JewrÐa Arijmÿn, Shmeiÿseic, Panepistămio Krăthc, HrĹkleio 1988.

[3] GiĹnnh A. AntwniĹdh, JewrÐa ParastĹsewn Peperasmènwn OmĹdwn, ’Ekdosh EPEAEK <<Promhjèac>>, Panepistămio Krăthc, HrĹkleio 1998.

[4] Tom M. Apostol, Introduction to Analytic Number Theory, Springer-Verlag, New York 1976.

[5] Tom M. Apostol, Modular Functions and Dirichlet Series in Number Theory, Springer- Verlag, New York 1976.

[6] Emil Artin, The Gamma Function, Holt-Rinehart-Winston, New York 1964. [7] Emil Artin, John Tate, Class Field Theory, W. A. Benjamin, London, 1967. [8] Senon I. Borewicz, Igor R. Šafarevič, Zahlentheorie, Birkhäuser, Basel, 1966. [9] J. W. S. Cassels, A. Fröhlich (editors), Algebraic Number Theory, Academic Press, London 1967.

[10] Komaravolu Chandrasekharan, Introduction to Analytic Number Theorey, Springer- Verlag, Berlin 1968.

[11] David A. Cox, Primes of the Form x^2 + ny^2, Fermat, Class Field Theory and Complex Multiplication, John Wiley and Sons, New York 1989.

[12] Gerhard Frey (editor), On Artin’s Conjecture for Odd 2-Dimensional Representations, L.N.M. 1585, Springer-Verlag, Berlin 1994.

[13] A. Fröhlich (editor), Algebraic Number Fields, L-Functions and Galois Properties, Academic Press, London 1977.

[14] A. Fröhlich, M. J. Taylor, Algebraic Number Theory, Cambridge University Press, Cambridge 1993.

[15] Larry J. Goldstein, Analytic Number Theory, Prentice-Hall, Englewood Cliffs 1971. [16] Daniel Gorenstein, Finite Groups, Chelsea, New York 1980.

[17] Helmut Hasse, Vorlesungen über Klassenkörpertheorie, Physica-Verlag, Würzburg 1967.

[18] Helmut Hasse, Zahlbericht, Physica-Verlag, Würzburg 1970.

[19] Erich Hecke, Lectures on the Theory of Algebraic Numbers, Springer-Verlag, New York 1981.

[20] Kenneth Ireland, Michael Rosen, A Classical Introduction to Modern Number Theory, Springer-Verlag, New York 1990.

[21] Shokichi Iyanaga (editor), The Theory of Numbers, North-Holland, 1975. [22] Gerald J. Janusz, Algebraic Number Fields, Second Edition, American Mathematical Society 1996.

[23] Serge Lang, Algebraic Number Theory, Addison-Wesley, New York 1970. [24] Serge Lang, Cyclotomic Fields, Springer-Verlag, New York 1978. [25] Serge Lang, Cyclotomic Fields II, Springer-Verlag, New York 1980. [26] M. J. Lighthill, Einführung in die Theorie der Fourier Analysis, Bibliographisches Institut, Mannheim 1966.

[27] Robert Long, Algebraic Number Theory, Marcel Dekker, New York 1977. [28] Falko Lorenz, Algebraische Zahlentheorie, Bibliographisches Institut, Mannheim 1993. [29] Daniel A. Marcus, Number Fields, Springer-Verlag, Berlin 1977.

[30] A. I. Markushevich, The Theory of Analytic Functions: A Brief Course, Mir Publishers, Moscow 1983.

[31] Curt Meyer, Einführung in die Theorie der Gammafunction, paradìseic, qeimerinì exĹmhno 1983/84, KolwnÐa 1984.

[32] Ram M. Murty, Kumar V. Murty, Non-Vanishing of L-functions and Applications, Birkhäuser, Basel 1997.

[33] Jürgen Neukirch, Klassenkörpertheorie, Bibliographishes Institut, Mannheim 1969. [34] Jürgen Neukirch, Class Field Theory, Springer-Verlag, Berlin 1986. [35] Jürgen Neukirch, Algebraische Zahlentheorie, Springer-Verlag, Berlin 1992. [36] Jean-Pierre Serre, A Course in Arithmetic, Springer-Verlag, New York 1973. [37] Stephen S. Shatz, Profinite Groups, Arithmetic, and Geometry, Princeton University Press, Princeton 1972.

[38] Ian Stewart, David Tall, Algebraic Number Theory, Chapman and Hall, London 1979. [39] John Tate, Les Conjectures de Stark sur les Fonctions L d’ Artin en s = 0, Birkhäuser, Basel 1984.

[40] Lawrence C. Washington, Introduction to Cyclotomic Fields, Springer-Verlag, New York 1982.

[41] E. T. Whittaker, G. W. Watson, A Course in Modern Analysis, 4th edition, Cambridge University Press, Cambridge 1937.

[42] Wladyslaw Narkiewicz, Elementary and Analytic Theory of Algebraic Numbers, Polish Scientific Publishers, Warszawa 1974.

[43] Wladyslaw Narkiewicz, Elementary and Analytic Theory of Algebraic Numbers, Springer-Verlag, Berlin 1990.

[44] Don B. Zagier, Zetafunktionen und Quadratische Körper (Eine Einführung in die höhere Zahlentheorie), Springer-Verlag, Berlin 1981.