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Eisagwg 

To perieqìmeno tou bibl�ou apotele� eisagwg  sthn arijmhtik  twn elleiptik¸n kam-

pul¸n. To kÔrio jèma to opo�o diapragmateÔetai e�nai h apìdeixh tou Jewr mato
 tou

Mordell. H diapragm�teush th
 Ôlh
 g�netai me stoiqei¸dh, kat� to dunatì, mèsa. 'Etsi to

perieqìmenì tou jewre�tai ìti br�sketai sto meta�qmio metaxÔ proptuqiakoÔ kai metaptuqiakoÔ

epipèdou. Se merikè
 mìno peript¸sei
 af noume erwt mata san �skhsh ston anagn¸sth.

Sto pr¸to kef�laio perigr�fontai, qwr�
 austhrìthta, basikè
 ènnoie
 kai teqnikè
 kai

diatup¸netai to je¸rhma tou Mordell.

Sto deÔtero kef�laio akolouje� h anagka�a gia ta parak�tw Ôlh apì thn jewr�a twn

ep�pedwn algebrik¸n kampul¸n. Stoiqe�a apì thn 'Algebra qr sima gia thn katanìhsh tou

kefala�ou autoÔ èqoun prosteje� san par�rthma sto tèlo
 tou bibl�ou.

Sto tr�to kef�laio or�zetai h prìsjesh rht¸n shme�wn mh-idiazous¸n kubik¸n kampul¸n

kai apodeiknÔetai, austhr� plèon, ìti w
 pro
 aut  thn pr�xh apoteloÔn om�da.

Sto tètarto kef�laio apodeiknÔetai to Je¸rhma twn Lutz-Nagell. To je¸rhma afor�

sta rht� shme�a peperasmènh
 t�xh
 mi�
 elleiptik 
 kampÔlh
.

Tèlo
, sto pèmpto kef�laio apodeiknÔetai to Je¸rhma touMordell kai d�nontai parade�g-

mata upologismoÔ tou bajmoÔ (rank) elleiptik¸n kampul¸n kaj¸
 kai parade�gmata me

meg�lo bajmì (rank).

Shmantik¸tato bo jhma gia ma
 up rxan oi polugrafhmène
, k�pote duseÔrete
, shmei¸-

sei
 twn dialèxewn tou J. Tate, sto Haverford College [28℄. Argìtera, èqoun qrhsimopoihje�

kai sta bibl�a [7℄, [10℄, [25℄.

To perieqìmeno tou bibl�ou did�qjhke e�te san metaptuqiakì m�jhma e�te san m�jhma

melèth
 se metaptuqiakoÔ
 foithtè
 tou Tm mato
 Majhmatik¸n tou Panepisthm�ou Kr th
.

Shmantikè
 kai qr sime
  tan oi parathr sei
 kai ta sqìlia twn foitht¸n pou to parakoloÔ-

jhsan.
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vi Eisagwg 

To bibl�o ekd�detai sta pla�sia tou EPEAEK ��PROMHJEAS�� tou Panepisthm�ou

Kr th
. Jermè
 euqarist�e
 qrwst¸ ston upeÔjuno tou progr�mmato
 An. Kajhght  Gi¸r-

go Tzir�ta. Jermè
 ep�sh
 euqarist�e
 qrwst¸ ston metaptuqiakì foitht  tou Tm mato


Epist mh
 Upologist¸n David J. M




Clurkin gia thn exairetik� epimelhmènh hlektronik 

epexergas�a tou keimènou.

Gi�nnh
 A. Antwni�dh
, Kajhght 


Hr�kleio, 10 Oktwbr�ou 1999



Kef�laio 1

Rht� shme�a epipèdwn kampul¸n

'Ena shme�o sto (x; y)-ep�pedo kale�tai rhtì shme�o an kai mìno an oi suntetagmène
 tou

x kai y e�nai rhto� arijmo�.

M�a euje�a ja lègetai rht  an h ex�sws  th
 mpore� na grafe� me rhtoÔ
 suntelestè
,

dhlad  ìtan h ex�sws  th
 e�nai th
 morf 


ax+ by + 
 = 0; a; b; 
 2 Q :

Parat rhsh:

(i) An (x

1

; y

1

); (x

2

; y

2

) e�nai rht� shme�a tou epipèdou tìte kai h euje�a pou or�zoun e�nai

ep�sh
 rht .

(ii) DÔo rhtè
 euje�e
 tèmnontai se rhtì shme�o.

Skopì
 tou kefala�ou e�nai m�a pr¸th eisagwg  se apotelèsmata kai probl mata pou

sundèontai me thn perigraf  twn rht¸n shme�wn ep�pedh
 kampÔlh
.

Exet�zoume en suntom�a to prìblhma th
 Ôparxh
 enì
 rhtoÔ shme�ou, en¸ to kÔrio endi-

afèron ma
 strèfetai sthn dunatìthta eÔresh
 parametrik 
 morf 
 tou sunìlou ìlwn twn

rht¸n shme�wn ìtan ma
 doje� èna apì aut�.

Autì g�netai eÔkola sti
 kwnikè
 tomè
. Stìqo
 ma
 ja e�nai h melèth twn rht¸n shme�wn

mh idiìmorfwn (non-singular) kubik¸n kampul¸n.

1



2 1. Rht� shme�a epipèdwn kampul¸n

1. Kwnikè
 tomè
 me dosmèno rhtì shme�o

M�a kwnik  tom 

ax

2

+ bxy + 
y

2

+ dx+ ey + f = 0

ja lègetai rht  an h ex�sws  th
 mpore� na grafe� me suntelestè
 a; b; 
; d; e; f rhtoÔ


arijmoÔ
.

An èna apì ta dÔo shme�a tom 
 mi�
 rht 
 kwnik 
 tom 
 me rht  euje�a e�nai rhtì

shme�o tìte kai to �llo shme�o tom 
 e�nai ep�sh
 rhtì.

Autì to blèpoume lÔnonta
 to sÔsthma kwnik 
 tom 
 kai euje�a
 (antikajist¸ to y th


euje�a
 sthn kwnik  tom ). 'Etsi br�skoume m�a deuterob�jmia ex�swsh w
 pro
 x, èstw

Ax

2

+ Bx + C = 0. An h kwnik  tom  kai h euje�a e�nai rhtè
, tìte A;B;C 2 Q . To x

e�nai en gènei �rrhth posìthta deutèrou bajmoÔ. Profan¸
 an x e�nai rhtì
 tìte kai o y

e�nai rhtì
. To prìblhma loipìn e�nai isodÔnamo me to ìti an m�a deuterob�jmia ex�swsh me

rhtoÔ
 suntelestè
 èqei m�a rht  lÔsh tìte kai h �llh lÔsh th
 ja e�nai rht .

Egkatale�poume pro
 stigm n to er¸thma th
 Ôparxh
 enì
 rhtoÔ shme�ou, upojètoume

ìti to O e�nai èna rhtì shme�o kwnik 
 tom 
 kai ja doÔme pw
 mporoÔme na broÔme ìla ta

rht� shme�a aut 
.

P QO

L

Sq ma 1.1: Rhtì shme�o kwnik 
 tom 


Pa�rnoume m�a rht  euje�a L kai prob�lloume thn kwnik  tom  C p�nw sthn euje�a

L apì to shme�o O. 'Etsi èqoume m�a èna pro
 èna antistoiq�a an�mesa sta shme�a th




1. Kwnikè
 tomè
 me dosmèno rhtì shme�o 3

kwnik 
 tom 
 P pou e�nai di�fora tou O kai sta shme�a th
 euje�a
 L. AfoÔ to O e�nai

ex upojèsew
 rhtì shme�o, to P e�nai rhtì an kai mìno an to Q e�nai rhtì. (Diìti an kat'

arq n to P e�nai rhtì, h euje�a OP e�nai rht  kai epomènw
 h tom  twn eujei¸n OP kai

L e�nai rhtì shme�o. An t¸ra to Q e�nai rhtì shme�o, h euje�a OQ e�nai rht  kai epeid  h

kwnik  tom  C e�nai rht  kai to èna shme�o tom 
, to O e�nai rhtì èpetai ìti kai to �llo

shme�o tom 
, to Q ja e�nai ep�sh
 rhtì.)

'Wste, ta rht� shme�a th
 kwnik 
 tom 
 C, ta di�fora tou O, br�skontai se èna pro


èna antistoiq�a me ta rht� shme�a th
 gramm 
 L.

Par�deigma 1. 'Estw h kwnik  tom  (kÔklo
) x

2

+ y

2

= 1.

(0,t)

(-1,0)

(x,y)

Sq ma 1.2: Kwnik  tom 

Prob�lloume k�je shme�o (x; y) tou kÔklou ston �xona twn y, apì to rhtì shme�o (�1; 0).

H euje�a pou pern�ei apì ta shme�a (�1; 0) kai (0; t) èqei ex�swsh y = t(1 + x), opìte to

sÔsthma twn exis¸sewn

x

2

+ y

2

= 1 kai y = t(1 + x);

ma
 d�nei ìti t

2

(1+x)

2

+x

2

= 1, dhlad  t

2

(x

2

+2x+1)+x

2

= 1 kai epomènw
 (1+ t

2

)x

2

+

2t

2

x + t

2

� 1 = 0. To polu¸numo autì èqei diakr�nousa � = 4t

4

� 4(t

2

� 1)(t

2

+ 1) = 4.



4 1. Rht� shme�a epipèdwn kampul¸n

Sunep¸
 pa�rnoume ti
 lÔsei
:

x =

1� t

2

1 + t

2

kai x = �1:

H deÔterh lÔsh antistoiqe� sto shme�o (�1; 0).

'Ara oi lÔsei
 (x; y) tou parap�nw sust mato
 d�nontai apì thn parametrik  morf 

x =

1� t

2

1 + t

2

; y =

2t

1 + t

2

:

ParathroÔme ìti to t e�nai rhtì
 tìte kai mìno tìte ìtan to (x; y) e�nai rhtì shme�o tou

kÔklou.

An jèloume na p�roume kai to shme�o (�1; 0) ja prèpei na {antikatast soume} to t me to

�peiro.

2. 'Uparxh rht¸n shme�wn se kwnikè
 tomè
 kai kubikè
 ex-

is¸sei


E�dame sthn prohgoÔmenh par�grafo, pw
 mporoÔme na broÔme ìla ta rht� shme�a mi�


kwnik 
 tom 
 an gnwr�zoume toul�qisto èna apì aut�. Up�rqoun ìmw
 kwnikè
 tomè
 pou

den èqoun kajìlou rht� shme�a. 'Etsi en¸ oi kÔkloi x

2

+y

2

= 1 kai x

2

+y

2

= 2 èqoun rht�

shme�a (o deÔtero
 p.q. to (x; y) = (1; 1)). O kÔklo
 x

2

+ y

2

= 3 den èqei rht� shme�a.

Apìdeixh: 'Estw ìti èqei to rhtì shme�o (x; y) =

�

a




;

b




�

, ìpou a; b; 
 2 Z kai o mègisto


koinì
 diairèth
 twn a; b; 
 e�nai 1. Epomènw
 a

2

+ b

2

= 3


2

. ParathroÔme ìti oÔte o a

oÔte o b diairoÔntai me 3, giat� an o 3 diairoÔse ton a tìte o 3 ja diairoÔse ton b

2

�ra kai ton b. Epomènw
, oi a kai b gr�fontan ant�stoiqa sthn morf  3s kai 3t , dhlad 

3

2

s

2

+ 3

2

t

2

= 3


2

kai epomènw
 o 3 ja diairoÔse ton 
, dhlad  o 3 ja diairoÔse ton

(a; b; 
) = 1, pou e�nai �topo. 'Ara a; b � �1 (mod 3), dhlad  a

2

; b

2

� 1 (mod 3), sunep¸


a

2

+ b

2

� 2 (mod 3), �topo, diìti an up rqe lÔsh ja e�qame a

2

+ b

2

� 0 (mod 3). ut

Jètoume t¸ra to prìblhma th
 Ôparxh
 enì
 rhtoÔ shme�ou.

O trìpo
 pou to k�name gia thn ex�swsh tou kÔklou x

2

+ y

2

= 3 ma
 de�qnei thn mèjodo

sthn genik  per�ptwsh. Up�rqei èna
 algìrijmo
 pou, se peperasmèno pl jo
 bhm�twn, ma


d�nei to an m�a rht  kwnik  tom  èqei toul�qisto èna rhtì shme�o. Qrei�zetai na exetasje�

an plhroÔtai m�a isodunam�a. E�nai to per�fhmo je¸rhma tou Legendre.



2. 'Uparxh rht¸n shme�wn se kwnikè
 tomè
 kai kubikè
 exis¸sei
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Je¸rhma 2 (Je¸rhma tou Legendre) 'Estw a; b; 
 akèraioi, di�foroi tou mhdenì
, twn

opo�wn to ginìmeno ab
 den diaire�tai me to tetr�gwno pr¸tou arijmoÔ. Upojètoume ìti den

e�nai kai oi tre�
 omìshmoi kai ìti (a; b) = (a; 
) = (b; 
) = 1. Tìte h ex�swsh ax

2

+by

2

+
z

2

=

0 èqei m�a mh-tetrimmènh akèraia lÔsh an kai mìno an

(i) �abR


(ii) �a
Rb

(iii) �b
Ra

ìpou �abR
 shma�nei ìti h isodunam�a x

2

� �ab (mod 
) èqei lÔsh. (De
 [1℄.)

To je¸rhma tou Legendre e�nai eidik  per�ptwsh tou topikoÔ-genikoÔ axi¸mato


(Hasse):

��H topik  epilusimìthta mi�
 ex�swsh
 sunep�getai thn genik  epilusimìth-

ta aut 
.��

Topik  epilusimìthta shma�nei ìti h ex�swsh èqei m�a mh-tetrimmènh lÔsh (mod p

m

)

gia ìlou
 tou
 pr¸tou
 p kai gia ìlou
 tou
 ekjète
 m kai epiplèon èqei m�a pragmatik 

(dhlad  mèsa sto s¸ma twn pragmatik¸n arijm¸n R) lÔsh.

To topikì-genikì ax�wma tou Hasse isqÔei gia tetragwnikè
 morfè
.

Gia kubikè
 kampÔle
 den e�nai gnwst  mèjodo
 pou na ma
 kajor�zei, se peperasmèno

arijmì bhm�twn, an up�rqei k�poio rhtì shme�o p�nw se doje�sa kubik  kampÔlh. Fa�netai

ìti h ap�nthsh s' autì to jèma e�nai èna polÔ dÔskolo prìblhma.

H idèa na efarmoste� to topikì-genikì ax�wma den e�nai swst  giat� to ax�wma den isqÔei.

Sta 1950 o Selmer èdwse to par�deigma th
 kampÔlh


3X

3

+ 4Y

3

+ 5W

3

= 0

sthn opo�a h topik  epilusimìthta den sunep�getai thn genik  epilusimìthta aut 
.

Sta epìmena ja upojètoume ìti h kubik  kampÔlh pou jewroÔme èqei p�ntote èna

rhtì shme�o O.



6 1. Rht� shme�a epipèdwn kampul¸n

3. Rht� shme�a kubik¸n kampul¸n kai m�a pr¸th morf  tou

jewr mato
 tou Mordell

H genik  kubik  ex�swsh èqei th morf :

ax

3

+ bx

2

y + 
xy

2

+ dy

3

+ ex

2

+ fxy + gy

2

+ hx+ iy + j = 0:

Upojètoume ìti e�nai rht , dhlad  ìti oi suntelestè
 a; b; 
; d; e; f; g; i; j e�nai rhto� arijmo�.

To piì aplì par�deigma kubik 
 kampÔlh
 qwr�
 rhtì shme�o e�nai �sw
 h kampÔlh x

3

+

y

3

= 1. H Ôparxh rhtoÔ shme�ou sthn kampÔlh x

3

+ y

3

= 1 e�nai isodÔnamh me thn Ôparxh

akera�ou shme�ou sthn ex�swsh X

3

+ Y

3

= Z

3

. To ìti h teleuta�a ex�swsh den èqei, mh-

tetrimmènh akera�a lÔsh (Eikas�a tou Fermat gia ekjèth 3) e�nai  dh gnwstì.

Skopì
 ma
 e�nai na perigr�youme ta rht� shme�a rht 
 kubik 
 kampÔlh
 ìtan ma
 d�netai

èna rhtì shme�o aut 
.

XanaqrhsimopoioÔme to �dio gewmetrikì ax�wma jewr¸nta
 thn tom  kwnik 
 tom 
 me

euje�a.

Kubikè
 exis¸sei
 mi�
 metablht 
 mporoÔn na èqoun pollaplè
 r�ze
. Ti shma�nei autì

gewmetrik� san shme�o tom 
 kubik 
 kampÔlh
 kai euje�a
?

AfoÔ h x-sunist¸sa tou shme�ou tom 
 plhro� m�a kubik  ex�swsh w
 pro
 x, èpetai ìti

ja up�rqoun tr�a shme�a tom 
. Ed¸ den isqÔei ìti ta shme�a tom 
 rht 
 kubik 
 kampÔlh


kai rht 
 euje�a
 h opo�a pern�ei apì rhtì shme�o th
 kampÔlh
 e�nai ep�sh
 rht�. IsqÔei

ìmw
 ìti an dÔo apì ta tr�a shme�a tom 
 mi�
 rht 
 kubik 
 kampÔlh
 me m�a rht  euje�a

e�nai rht�, tìte kai to tr�to e�nai rhtì.

Orismì
 3. 'Estw C an�gwgh (den analÔetai se ginìmeno poluwnÔmwn mikrìterou bajmoÔ)

kubik  kampÔlh. 'Ena shme�o O aut 
 ja lègetai idi�zon (singular) ìtan k�je euje�a pou

pern�ei apì to O tèmnei thn C se akrib¸
 èna akìmh shme�o.

A
 p�roume to par�deigma mi�
 kubik 
 kampÔlh
 pou e�nai idi�zousa.

H kampÔlh y

2

= x

2

(x + a), e�nai idi�zousa. To O = (0; 0) e�nai rhtì kai idi�zon shme�o

aut 
.

'Estw L rht  euje�a pou pern�ei apì to O kai tèmnei thn kampÔlh se akrib¸
 èna shme�o,

èstw P . Profan¸
 to P ep�sh
 rhtì shme�o th
 kampÔlh
.

'Etsi, ìpw
 kai sti
 kwnikè
 tomè
, prob�lloume thn C se k�poia rht  euje�a M ta rht�



3. Rht� shme�a kubik¸n kampul¸n kai m�a pr¸th morf  tou jewr mato
 tou Mordell 7

Q

M

P

O

L

Sq ma 1.3: Idi�zousa kampÔlh

shme�a th
 opo�a
 antistoiqoÔn èna pro
 èna sta rht� shme�a th
 kampÔlh
 ta di�fora tou

O.

'Estw t¸ra C mh-idi�zousa (non-singular) rht  kubik  kampÔlh. Den mporoÔme na

qarakthr�soume ta rht� shme�a an ma
 d�netai mìno èna rhtì shme�o.

Prosegg�zoume loipìn to jèma ma
 alli¸
. ParathroÔme ìti, an broÔme dÔo rht� shme�a

p�nw sthn kampÔlh, tìte br�skoume kai to tr�to. Arke� na sundèsoume ta dÔo shme�a me thn

euje�a pou or�zoun. To tr�to shme�o ja e�nai to tr�to shme�o tom 
 th
 euje�a
 aut 
 me thn

kubik  kampÔlh

Profan¸
 h euje�a L e�nai rht  kai tèmnei thn kampÔlh se èna akìmh shme�o, èstw PQ,

pou e�nai ep�sh
 rhtì. Autì e�nai k�poio {e�do
} sÔnjesh
 dÔo shme�wn.

Akìmh kai èna rhtì shme�o na èqei h kampÔlh, P , fèrnoume thn efaptomènh sto P kai

èqoume èna �llo rhtì shme�o, to PP (dhlad  sundèoume to P me ton eautì tou). Omoia to

PP e�nai ep�sh
 rhtì.

Apì l�ga loipìn rht� shme�a par�goume poll�.

M�a, k�pw
 genik , anafor� t¸ra tou perieqomènou tou jewr mato
 tou Mordell (1921),

e�nai:

Se m�a mh-idi�zousa (non singular) rht  kubik  kampÔlh up�rqei èna peperasmèno sÔnolo

rht¸n shme�wn ep� th
 kampÔlh
 tètoio ¸ste ìla ta rht� shme�a aut 
 na par�gontai apì
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PL
Q

PQ

Sq ma 1.4: kubik  kampÔlh

ta peperasmènou pl jou
, mèsw tou parap�nw gewmetrikoÔ nìmou sÔnjesh
.

O nìmo
 aut 
 th
 sÔnjesh
 lègetai mèjodo
 th
 qord 
 kai th
 efaptomènh


(
hord-tangent). Dustuq¸
 me ton parap�nw trìpo sÔnjesh
, den mporoÔme na efodi�-

soume to sÔnolo twn rht¸n shme�wn th
 kampÔlh
 me k�poia dom . EÔkola blèpoume ìti den

apotele�, paradèigmato
 q�rin, om�da, diìti den up�rqei oudètero stoiqe�o, O tètoio ¸ste

OP = P gia ìla ta P . Autì mporoÔme na to epitÔqoume me kat�llhlh tropopo�hsh th


mejìdou th
 qord 
 kai th
 efaptomènh
.

Orismì
 4. 'Estw O èna rhtì shme�o th
 kubik 
 kampÔlh
. An P kai Q dÔo opoiad pote

rht� shme�a aut 
 tìte {�jroisma} twn P kai Q or�zetai na e�nai to tr�to shme�o tom 
 th


euje�a
 O;PQ me thn kampÔlh, ìpw
 sto sq ma 1.5.

EÔkola diapist¸nei kane�
 ìti h parap�nw orisje�sa prìsjesh e�nai antimetajetik , ìti

to O e�nai oudètero stoiqe�o w
 pro
 thn prìsjesh

kai ìti k�je rhtì shme�o th
 kampÔlh
 èqei ep�sh
 rhtì ant�jeto (H euje�a O;OO e�nai

efaptìmenh th
 kubik 
 kampÔlh
 sto O).

O prosetairismì
 e�nai dÔskolo
 kai ja g�nei sto epìmeno kef�laio.
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O

Q
P

P+Q

PQ

Sq ma 1.5: 'Ajroisma dÔo shme�wn kubik 
 kampÔlh


Shme�wsh 5. An P;Q;R tr�a shme�a p�nw se m�a euje�a tìte P +Q+R = 0.

Orismì
 6. M�a elleiptik  kampÔlh e�nai m�a mh-idi�zousa (non-singular) kubik  kampÔlh

me suntelestè
 akera�ou
 arijmoÔ
 h opo�a èqei èna rhtì shme�o (oudètero stoiqe�o) kai e�nai

efodiasmènh me thn parap�nw pr�xh om�da
.

Je¸rhma 7 (Je¸rhma tou Mordell) H om�da twn rht¸n shme�wn mi�
 rht 
 elleip-

tik 
 kampÔlh
 e�nai peperasmèna paragìmenh abelian  om�da.

H apìdeixh tou jewr mato
 e�nai o kÔrio
 skopì
 autoÔ ed¸ tou bibl�ou.

4. Parade�gmata

(aþ) To ginìmeno tri¸n diadoqik¸n akera�wn e�nai �so me to ginìmeno dÔo �llwn diadoqik¸n

akera�wn.

H ex�swsh pou sqhmat�zoume e�nai

y(y + 1) = x(x� 1)(x + 1); dhlad  y

2

+ y = x

3

� x:

Profan¸
 to shme�o A = (0; 0) e�nai èna rhtì shme�o aut 
.
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PO
P+O=P

O

Sq ma 1.6: Oudètero rhtì stoiqe�o kubik 
 kampÔlh


JewroÔme to {ep' �peiro} shme�o th
 kampÔlh
 san oudètero stoiqe�o kai me thn mèjodo

th
 qord 
 kai th
 efaptomènh
 kataskeu�zoume kai �lla rht� shme�a aut 
.

ParathroÔme ìti an P = (x; y) tìte �P = (x;�1� y).

Shme�wsh: Mpore� na apode�xei kane�
 ìti h om�da twn rht¸n shme�wn e�nai �peirh,

paragìmenh apì to A = (0; 0).

(bþ) JewroÔme thn elleiptik  kampÔlh y

2

+ y = x

3

� x

2

.

Profan¸
 to shme�o P = (1; 0) e�nai rhtì shme�o aut 
.

ParathroÔme ìti 5P = O, to {ep' �peiro} shme�o aut 
. H om�da twn rht¸n shme�wn

th
 kampÔlh
 e�nai peperasmènh kai m�lista kuklik  t�xh
 5.

(gþ) H er¸thsh, pìte o y

2

+ k e�nai tèleio
 kÔbo
 e�nai polÔ pali� kai èqei ti
 r�ze
 th


sto èrgo tou Diìfantou.

Ed¸ to prìblhm� ma
 e�nai h eÔresh akera�wn lÔsewn th
 y

2

= x

3

+ k.

(dþ) JewroÔme thn elleiptik  kampÔlh

9y

2

= x

3

� 25x:
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P

O

OO

Q=-P

Sq ma 1.7: Ant�jeta rht� shme�a kubik 
 kampÔlh


To shme�o P = (�4;�2) e�nai èna rhtì shme�o th
 kampÔlh
. Upolog�zoume to 2P ,

(to pw
 ja to doÔme argìtera), kai br�skoume sqetik� meg�lou
 rhtoÔ
 arijmoÔ
 san

sunist¸se
.

(eþ) Diof�ntou Arijmhtik�, �skhsh 14, Bibl�o IV:

D�netai akèraio
 arijmì
, p.q. o 6. Na analuje� se dÔo mèrh, ¸ste to ginìmenì tou


na e�nai k�poio
 kÔbo
 rhtoÔ arijmoÔ x me�on ton arijmì x.

Ousiastik� zhtoÔme na broÔme rhtè
 lÔsei
 th
 elleiptik 
 kampÔlh
 y(6�y) = x

3

�x.

'Estw x = ky � 1, p.q. x = 2y � 1. Tìte 6y � y

2

= 8y

3

� 12y

2

+ 4y. H teleuta�a

ja  tan epilÔsimh stou
 rhtoÔ
 an 6  tan �so me to 4. To 6 up�rqei sthn ex�swsh

kai to 4 prokÔptei apì ton suntelest  th
 x = 2y � 1. Gr�foume x = 3y � 1 kai

br�skoume

6y � y

2

= 27y

3

� 27y

2

+ 6y; dhlad  y =

26

27

; x =

17

9

:

5. Akèraia shme�a se kampÔle


Merikè
 forè
 zhtoÔme akèraia shme�a. 'Opw
 ja doÔme argìtera, ìla ta shme�a peperas-

mènh
 t�xh
 th
 om�da
 twn rht¸n shme�wn doje�sh
 elleiptik 
 kampÔlh
 èqoun akèraie
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5A=(1/4,-5/8)

A=(0,0)

-A=(0,-1)

-3A=(-1,0)

3A=(-1,-1)
-2A=(1,-1)

2A=(1,0)

y=-1/2

x

y

Sq ma 1.8: Par�deigma prìsjesh
 rht¸n shme�wn

suntetagmène
. Ja prèpei bèbaia ed¸ na epishm�noume ìti den isqÔei to ant�strofo.

Par�deigma: 'Estw h elleiptik  kampÔlh y

2

+ k = x

3

.

Gia k = 2, oi mìne
 lÔsei
 e�nai ìtan (y = �5; x = 3).

To prìblhma autì an�getai p�sw ston Diìfanto kai lÔjhke apì ton Ba
het sta 1621.

H parap�nw ex�swsh gr�fetai upì thn morf 

(y +

p

�k)(y �

p

�k) = x

3

;

ìpou x kai y prèpei na e�nai kai oi dÔo peritto� gia na isqÔei h ex�swsh modulo 4.

An p pr¸to
 pou diaire� ton x, tìte o p

3

ja diaire� to ginìmeno (y+

p

�2)(y �

p

�2) (gia

k = 2). An o p diaire� to y+

p

�2 kai to y�

p

�2 tìte o p diaire� to 2y kai epeid  p 6= 2

èpetai ìti o p diaire� to y, epomènw
 ja diaire� to �y

2

+ x

3

= 2 pou e�nai �topo.

'Ara o mègisto
 koinì
 diairèth
 twn y +

p

�2; y �

p

�2 ston daktÔlio Z[

p

�2℄ e�nai 1.

Sunep¸
 o y +

p

�2, gr�fetai

y +

p

�2 = (a+ b

p

�2)

3

;
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2P=(0,0) P=(1,0)

3P=(0,-1)
4P=(1,-1)

5P=0

E(Q)

�

=

Z

�

5Z

Sq ma 1.9: Par�deigma prìsjesh
 rht¸n shme�wn

dhlad 

y = a

3

� 6ab

2

= a(a

2

� 6b

2

) kai 1 = b(3a

2

� 2b

2

):

Epomènw
, b = �1 opìte a = �1. Sunep¸
 y = �5 kai x = 3. Oi A. Baker kai J. Coates

apèdeixan ìti an (x; y) akèraia lÔsh th
 y

2

+ k = x

3

, tìte isqÔei:

max(jxj; jyj) � exp(2

7�2

4

k

109�23

):

To fr�gma autì èqei kalutereÔsei arket� ta teleuta�a qrìnia, suneq�zei ìmw
 na e�nai ar-

ket� meg�lo gia na e�maste se jèsh na kalÔyoume me hlektronikì upologist  ton èlegqo

epilusimìthta
 gia ìle
 ti
 endi�mese
 timè
.

Genik� gia poluwnumikè
 exis¸sei
 f(x; y) = 0 me rhtoÔ
 suntelestè
, pa�rnoume to

gr�fhm� tou
 kai prosjètoume merik� shme�a (peperasmènou pl jou
). Kataskeu�zoume

ètsi m�a sumpag  pollaplìthta (manifold) X

f

ìpou oi merikè
 par�gwgoi D

x

f kai D

y

f

den mhden�zontai sugqrìnw
 ep� th
 f(x; y) = 0. Topologik� to sÔnolo twn migadik¸n

shme�wn th
 X

f

e�nai m�a kleist  prosanatolismènh epif�neia me g trÔpe
.



14 1. Rht� shme�a epipèdwn kampul¸n

-3P

2P=(1681/144, 62279/5184)

x

y

-P=(-4,2)

P=(-4,-2)

Sq ma 1.10: Par�deigma prìsjesh
 rht¸n shme�wn

H anallo�wth aut  g th
 kampÔlh
 lègetai gèno
 th
 kampÔlh
. Euje�e
 kai kwnikè


tomè
 èqoun gèno
 0, en¸ oi mh-idi�zouse
 kubikè
 èqoun gèno
 g = 1.

Je¸rhma 8 (Je¸rhma tou Seigel) Ta akèraia shme�a th
 mh-idi�zousa
 (non-singular)

kampÔlh
 f(x; y) = 0, gènou
 g � 1 e�nai peperasmènou pl jou
.

Autì isqÔei fusik� gia mh-idi�zouse kubikè
, den isqÔei ìmw
 gia idi�zouse
 kubikè


kampÔle
. H kampÔlh y

2

= x

3

èqei, profan¸
, ti
, �peire
 sto pl jo
, lÔsei
 (x; y) =

(n

2

; n

3

), n 2 N.

6. Algebrik� s¸mata arijm¸n kai h arijmhtik  twn elleip-

tik¸n kampul¸n

H melèth th
 eÔresh
 twn akera�wn shme�wn th
 kwnik 
 tom 
 x

2

�Ay

2

= �1, gia A jetikì

kai ìqi tèleio tetr�gwno, èqei pa�xei polÔ shmantikì rìlo sthn an�ptuxh th
 Jewr�a
 twn

Arijm¸n. E�nai m�a ex�swsh, h legìmenh ex�swsh tou Pell, kai h kampÔlh pou or�zei èqei

�peira sto pl jo
 akèraia shme�a.

MeletoÔme ton daktÔlio Z[

p

A℄ san upodaktÔlio tou s¸mato
 Q(

p

A).

Gia u = x + y

p

A 2 Z[

p

A℄ or�zoume �u = x �

p

A kai thn norm tou u, N(u) = u�u =
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g = 0; sfa�ra g = 1; samprèlla (torus)

g = 4

Sq ma 1.11: Gèno
 kampÔlh


x

2

� y

2

A. H norm e�nai m�a pollaplasiastik  sun�rthsh apì to Z[

p

A℄ sto Z. Dhlad  h

ex�swsh tou Pell gr�fetai

�1 = N(u) = u�u = x

2

�Ay

2

:

Oi akèraie
 lÔsei
 th
 ex�swsh
 tou Pell br�skontai se amfimonìtimh antistoiq�a me thn om�da

twn mon�dwn tou daktul�ou Z[

p

A℄.

Genik�, up�rqei m�a analog�a metaxÔ th


1) om�da
 twn rht¸n shme�wn elleiptik 
 kampÔlh
 E kai

2) th
 om�da
 twn mon�dwn U(F ) algebrikoÔ s¸mato
 arijm¸n F .

Kai oi dÔo e�nai peperasmèna paragìmene
 twn opo�wn oi upoom�de
 twn shme�wn peperas-

mènh
 t�xh
 e�nai gnwstè
 arket� kal�. Argìtera ja melet soume ta shme�a peperasmènh


t�xh
 elleiptik 
 kampÔlh
. Sta s¸mata arijm¸n to torsion tm ma (stoiqe�a peperasmènh


t�xh
) th
 om�da
 twn mon�dwn e�nai oi r�ze
 th
 mon�da
.
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To er¸thma gia ton bajmì (rank) aut¸n twn om�dwn kai thn eÔresh eleÔjerwn gennhtìr-

wn odhge� se poll� �luta probl mata.

Gia ta s¸mata arijm¸n r = r

1

+ r

2

� 1 e�nai o bajmì
 (rank) ìpou [F : Q ℄ = r

1

+ 2r

2

.

To prìblhma th
 kataskeu 
 eleujèrwn gennhtìrwn gia thn

U(F )

�

U(F )

torsion

e�nai dÔskolo

prìblhma. An F = Q(

p

A) me A > 0 to prìblhma xanagur�zei p�sw sthn ex�swsh tou Pell.

Sti
 elleiptikè
 kampÔle
 akìma kai h eÔresh tou bajmoÔ (rank) th
 om�da
 rht¸n shme�-

wn e�nai polÔ dÔskolo prìblhma.



Kef�laio 2

Ep�pede
 algebrikè
 kampÔle


Sto prohgoÔmeno kef�laio perigr�yame thn prìsjesh rht¸n shme�wn kubik¸n kampul¸n

mèsw twn ��idiot twn tom s�� aut¸n. Qrhsimopoi same idiìthte
 tom 
, qwr�
 na ti
 apode�xoume,

ìpw
 ìti dÔo diakekrimène
 metaxÔ tou
 euje�e
 tèmnontai se akrib¸
 èna shme�o   ìti m�a

euje�a kai m�a kubik  kampÔlh tèmnontai p�ntote se tr�a akrib¸
 shme�a. Oi idiìthte
 autè


isqÔoun mìno ef' ìson ergazìmaste ston probolikì kai ìqi ston afinikì q¸ro.

Skopì
 tou parìnto
 kefala�ou e�nai h melèth twn idiot twn tom 
 epipèdwn algebrik¸n

kampul¸n. Eidik  per�ptwsh apoteloÔn oi kubikè
 kampÔle
. Idia�tera qr simo e�nai to

apotèlesma ìti dÔo ep�pede
 kubikè
 kampÔle
 tèmnontai se akrib¸
 9 shme�a. To apotèlesma

autì e�nai qr simo gia thn apìdeixh th
 prosetairistik 
 idiìthta
 th
 prìsjesh
 rht¸n

shme�wn.

1. Apale�fousa dÔo poluwnÔmwn

H melèth th
 paroÔsh
 paragr�fou pro�upojètei th gn¸sh stoiqe�wn jewr�a
 daktul�wn kai

jewr�a
 swm�twn. Gia na dieukolÔnoume ton anagn¸sth èqoume prosjèsei, sto tèlo
 tou

parìnto
 bibl�ou, èna par�rthma me ant�stoiqo perieqìmeno.

Kat' arq�
 apodeiknÔoume thn akìloujh

Prìtash 1. Oi parak�tw prot�sei
 e�nai metaxÔ tou
 isodÔname


(1) To s¸ma K e�nai algebrik� kleistì.

(2) K�je polu¸numo f(x) 2 K[x℄ me deg f(x) > 0 analÔetai sto K se ginìmeno gram-

mik¸n paragìntwn.

17



18 2. Ep�pede
 algebrikè
 kampÔle


(3) K�je an�gwgo polu¸numo f(x) 2 K[x℄ me deg f(x) > 0 e�nai grammikì.

(4) An

L

�

K

e�nai algebrik  epèktash tìte, kat' an�gkh, L = K.

Apìdeixh: (1))(2): AfoÔ K algebrik� kleistì, èpetai ìti to f(x) èqei m�a r�za sto

K, èstw a. To f(x) epomènw
 gr�fetai f(x) = (x � a)g(x), ìpou g(x) 2 K[x℄. An

deg g(x) > 0, epanalamb�noume thn �dia diadikas�a gia to g(x) kai suneq�zoume epagwgik�.

(2))(3): Profanè
.

(3))(4): 'Estw

L

�

K

m�a algebrik  epèktash kai a opoiod pote stoiqe�o tou L. Tìte to

a e�nai algebrikì upèr tou K. An f(x) e�nai to an�gwgo polu¸numo tou a uper�nw tou

K tìte, lìgw th
 upìjesh
 (3), to f(x) ja e�nai th
 morf 
 f(x) = x� a 2 K[x℄, dhlad 

a 2 K. Autì shma�nei ìti L � K kai epomènw
 L = K.

(4))(1): 'Estw f(x) 2 K[x℄ me deg f(x) > 0. SÔmfwna me gnwst  prìtash (blèpe par�rth-

ma), up�rqei epèktash

L

�

K

sthn opo�a to f(x) èqei m�a r�za, èstw a. H epèktash

K(a)

�

K

e�nai peperasmènh, sunep¸
 e�nai algebrik  kai, lìgw th
 upìjesh
 (4), K(a) = K, dhlad 

a 2 K. Epomènw
 to f(x) èqei toul�qisto m�a r�za sto K dhlad  apode�xame thn (1). ut

ApodeiknÔoume t¸ra thn parak�tw

Prìtash 2. K�je algebrik� kleistì s¸ma perièqei �peiro pl jo
 stoiqe�wn.

Apìdeixh: 1

h

per�ptwsh: Upojètoume ìti h qarakthristik  tou s¸mato
 K e�nai mhdèn.

Epomènw
 up�rqei èna
 monomorfismì
 ' : Q ! K, dhlad  to '(Q) perièqetai isìmorfa

mèsa sto K. To Q ìmw
 èqei �peiro pl jo
 stoiqe�wn, �ra kai to K.

2

h

per�ptwsh: 'Estw ìti h qarakthristik  tou s¸mato
 K e�nai p, ìpou p pr¸to
 arijmì
.

Tìte to K perièqei isìmorfa to pr¸to s¸ma F

p

=

Z

�

(p)

twn kl�sewn upolo�pwn (modp).

An to K e�qe peperasmènou pl jou
 stoiqe�a tìte o bajmì
 th
 epèktash


K

�

F

p

ja  tan

peperasmèno
, èstw m, opìte to K ja e�qe p

m

stoiqe�a. Tìte ìmw
 h epèktash tou K

L = K(a) ìpou a r�za tou x

p

m+1

�x e�nai peperasmènh kai epomènw
 algebrik . Epeid  to

a den e�nai r�za tou poluwnÔmou x

p

m

� x, èpetai ìti L % K to opo�o e�nai �topo diìti to

s¸ma K e�nai algebrik� kleistì. Epomènw
 to K e�nai �peiro. ut

Apì ed¸ kai mèqri to tèlo
 th
 paragr�fou me R ja sumbol�zoume opoiod pote daktÔlio

monos manth
 an�lush
.

Orismì
 3. H apale�fousa dÔo poluwnÔmwn

f(x) = a

0

+ a

1

x+ � � � + a

m

x

m

(a

m

6= 0) kai g(x) = b

0

+ b

1

x+ � � �+ b

n

x

n

(b

n

6= 0)
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me suntelestè
 apì ton daktÔlio R[x℄, or�zetai san h or�zousa tou (m+n)� (m+n) p�naka

[R(f; g)℄ =

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

�

a

0

a

1

: : : a

m

0 : : : : : : : 0

0 a

0

: : : a

m�1

a

m

: : : : : : : 0

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

0 0 : : : a

0

a

1

: : : : : : : a

m

b

0

b

1

: : : b

n�1

b

n

0 : : : 0

0 b

0

: : : : : : : : : : b

n�1

b

n

: : : 0

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

0 : : : b

0

b

1

: : : : : : : : : : : : : b

n

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

:

Sumbolismì
: R(f; g) := det([R(f; g)℄).

Orismì
 4. H diakr�nousa D(f) enì
 poluwnÔmou f(x) = a

n

x

n

+ � � �+ a

1

x+ a

0

or�zetai

apì th sqèsh

R(f; f

0

) = (�1)

n(n�1)

2

a

n

D(f);

ìpou f

0

e�nai h par�gwgo
 tou f .

'Askhsh: Upolog�ste thn diakr�nousa twn poluwnÔmwn ax

2

+ bx+ 
 kai x

3

+ px+ q.

Prìtash 5. 'Estw f(x) = a

0

+a

1

x+ � � �+a

n

x

n

2 R[x℄; a

n

6= 0 kai g(x) = b

0

+b

1

x+ � � �+

b

m

x

m

2 R[x℄; b

m

6= 0, ìpou R daktÔlio
 monos manth
 an�lush
. Oi parak�tw prot�sei


e�nai mataxÔ tou
 isodÔname
:

(1) Ta polu¸numa f kai g èqoun koinì par�gonta di�foro stajer�
,

(2) R(f; g) = 0.

Apìdeixh: QrhsimopoioÔme to parak�tw:

L mma 6. IsqÔoun isodÔnama

(aþ) To (1) th
 prìtash
 5

(bþ) Up�rqoun mh mhdenik� polu¸numa ' kai  bajmoÔ mikrìterou apì n kai m ant�s-

toiqa, ètsi ¸ste  f = 'g.
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Apìdeixh: ��)��:

'Estw f = h'; g = h . Tìte fg = fg, dhlad  fh = h'g kai epomènw
 f = 'g. AfoÔ

deg h > 0 èpetai ìti deg' < n kai deg < m.

��(��: 'Estw ìti  f = 'g. AnalÔoume to g se ginìmeno pr¸twn paragìntwn. Oi di�foroi

stajer�
 par�gonte
 tou g,   oi sunetairiko� tou
, perièqontai stou
 pr¸tou
 par�gonte


tou  f . 'Omw
 den mporoÔn na emfan�zontai ìloi san par�gonte
 tou  diìti deg < deg g.

Sunep¸
 up�rqei toul�qisto èna
 pr¸to
 par�gonta
 tou g pou e�nai kai par�gonta
 tou

f . 'Ara g = hg

0

kai f = hf

0

. ut

Apìdeixh th
 prìtash
 5: =): Apì to l mma èqoume  f = 'g. 'Estw

'(x) = �

1

+ �

2

x+ � � �+ �

n

x

n�1

2 R[x℄ kai  (x) = �

1

+ �

2

x+ � � �+ �

m

x

m�1

2 R[x℄

ìpou èna toul�qisto �

i

6= 0 kai èna toul�qisto �

j

6= 0.

H ex�swsh  f = 'g tìte gr�fetai

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

a

0

�

1

= b

0

�

1

a

1

�

1

+ a

0

�

2

= b

1

�

1

+ b

0

�

2

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

a

n

�

m

= b

m

�

n

9

>

>

>

>

>

>

=

>

>

>

>

>

>

;

(1):

'Eqoume dhlad  èna omogenè
 kai grammikì sÔsthma w
 pro
 ti
 (n+m)-metablhtè


�

1

; �

2

; : : : ; �

m

; �

1

; �

2

; : : : ; �

n

tì opo�o èqei mh-tetrimmènh lÔsh. Sunep¸
 h or�zousa twn suntelest¸n prèpei na e�nai 0.

'Ara R(f; g) = 0.

(=: An R(f; g) = 0 tìte to sÔsthma (1) èqei mh-terimmènh lÔsh sto s¸ma phl�kwn

F tou R. Pollaplasi�zoume me ton koinì paronomast  ìlwn twn ìrwn twn exis¸sewn tou

sust mato
 kai sqhmat�zoume sÔsthma ston R pou èqei toul�qisto èna apì ta �

i

,   èna

apì ta �

j

di�foro tou mhdenì
. An �

i

6= 0, tìte ' 6= 0 opìte, apì th sqèsh f = g',

èpetai ìti kai  6= 0 kai to zhtoÔmeno prokÔptei apì to parap�nw l mma. ut

Orismì
 7. An f(x

0

; x

1

; � � � ; x

n

) 2 R[x

0

; x

1

; � � � ; x

n

℄ omogenè
 polu¸numo bajmoÔ d tètoio

¸ste to x

0

na mhn diaire� to f , tìte to polu¸numo

g(x

1

; x

2

; � � � ; x

n

) := f(1; x

1

; x

2

; � � � ; x

n

)

ja lègetai sunetairikì tou f . Profan¸
 deg g = d.
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Prìtash 8. K�je par�gonta
 omogenoÔ
 poluwnÔmou

f(x

0

; x

1

; � � � ; x

n

) 2 R[x

0

; x

1

; : : : ; x

n

℄

e�nai omogenè
 polu¸numo.

Apìdeixh: A
 upojèsoume ìti to f analÔetai se ginìmeno f = h

1

h

2

kai ìti to h

1

den e�nai

omogenè
. AnalÔoume ta h

1

kai h

2

se ajro�smata omogen¸n

h

1

= H

i

+H

i+1

+ � � �+H

i+j

; H

i

6= 0; H

i+j

6= 0; j > 0:

h

2

= H

0

k

+H

0

k+1

+ � � �+H

0

k+l

; H

0

k

6= 0; H

0

k+l

6= 0; l � 0:

Tìte

f = h

1

h

2

= H

i

H

0

k

+ (H

i+1

H

0

k

+H

i

H

0

k+1

) + � � � +H

i+j

H

0

k+l

;

H

i

H

0

k

6= 0 kai H

i+j

H

0

k+l

6= 0:

All� degH

i

H

0

k

= i+ k < i+ j + k + l = degH

i+j

H

0

k+l

:

Epomènw
, an k�poio
 par�gonta
 tou f den e�nai omogenè
 polu¸numo tìte kai to f den

ja  tan omogenè
, �topo. ut

'Amesh sunèpeia th
 prìtash
 8 e�nai to

Pìrisma 9. An f kai g e�nai sunetairik� polu¸numa tìte k�je par�gonta
 tou f e�nai

sunetairikì
 me k�poio par�gonta tou g kai antistrìfw
.

Eidik�: To f e�nai an�gwgo an kai mìno an to g e�nai an�gwgo.

Prìtash 10. Ta omogen  polu¸numa

F

1

(x

0

; x

1

) = a

0

x

n

0

+ a

1

x

n�1

0

x

1

+ � � �+ a

n

x

n

1

2 R[x

0

; x

1

℄

F

2

(x

0

; x

1

) = b

0

x

m

0

+ b

1

x

m�1

0

x

1

+ � � �+ b

m

x

m

1

2 R[x

0

; x

1

℄

èqoun koinì par�gonta di�foro stajer�
 akrib¸
 tìte ìtan h apale�fousa R(F

1

; F

2

) = 0.

Apìdeixh: An a

n

= b

m

= 0 tìte R(F

1

; F

2

) = 0. Epeid  loipìn h teleuta�a st lh tou

p�naka th
 apale�fousa
 ja èqei ìlo mhdenik�, èpetai ìti ta F

1

kai F

2

ja èqoun koinì

par�gonta to x

0

.

An a

n

b

m

6= 0 pa�rnoume ta sunetairik� tou
 g

1

kai g

2

. H prìtash 5 kai to pìrisma 9 ma
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d�noun kai s' aut  thn per�ptwsh thn zhtoÔmenh isodunam�a.

An t¸ra a

n

= 0 kai b

m

6= 0 tìte F

1

(x

0

; x

1

) = x

r

0

F

�

1

(x

0

; x

1

), ìpou to x

0

den diaire� to F

�

1

.

Efarmìzoume xan� thn prìtash 5 kai to pìrisma II.1.9 gia ta F

�

1

kai F

2

kai èqoume ìti ta

F

�

1

kai F

2

èqoun koinì par�gonta di�foro stajer�
 akrib¸
 tìte ìtan R(F

�

1

; F

2

) = 0.

ParathroÔme ìti R(F

1

; F

2

) = �b

r

m

R(F

�

1

; F

2

) kai sunep¸
 xan� prokÔptei to zhtoÔmeno.

'Omoia na a

n

6= 0 kai b

m

= 0. ut

Prìtash 11. An K algebrik� kleistì s¸ma kai f(x

0

; x

1

) 2 K[x

0

; x

1

℄ omogenè
 polu¸numo

bajmoÔ d, tìte up�rqoun d zeug�ria stajer¸n a

i

; b

i

2 K tètoia ¸ste

f(x

0

; x

1

) = �

Y

(a

i

x

1

� b

i

x

0

); � 6= 0:

K�je zeug�ri e�nai monadikì me thn ènnoia ìti taut�zoume to (a

i

; b

i

) me to (
a

i

; 
b

i

), ìpou


 2 K

�

.

Apìdeixh: Epeid  to f(x

0

; x

1

) e�nai omogenè
 polu¸numo bajmoÔ d, gr�fetai sthn morf 

f(x

0

; x

1

) = x

r

0

f

�

(x

0

; x

1

) ìpou f

�

(x

0

; x

1

) omogenè
 polu¸numo bajmoÔ d � r kai x

0

- f

�

.

To polu¸numo f

�

(1; x

1

) e�nai polu¸numo mi�
 metablht 
 bajmoÔ d � r w
 pro
 x

1

kai,

afoÔ K algebrik� kleistì, f

�

(1; x

1

) = �

d�r

Y

j=1

(x

1

� b

j

). Epomènw


f

�

(x

0

; x

1

) = �

d�r

Y

j=1

(x

1

� b

j

x

0

)

opìte

f(x

0

; x

1

) = x

r

0

f

�

(x

0

; x

1

) = �

d

Y

j=1

(a

j

x

1

� b

j

x

0

):

H monadikìthta e�nai apotèlesma tou monos mantou th
 an�lush
. ut

Je¸rhma 12. 'Estw

F

n

(x

1

; x

2

; � � � ; x

r�1

; x

r

) = A

n

+A

n�1

x

r

+ � � �+A

0

x

n

r

kai

G

m

(x

1

; x

2

; � � � ; x

r�1

; x

r

) = B

m

+B

m�1

x

r

+ � � � +B

0

x

m

r

ìpou A

i

; B

i

, omogen  polu¸numa bajmoÔ i w
 pro
 ti
 metablhtè
 x

1

; x

2

; � � � ; x

r�1

kai

A

0

B

0

6= 0. An R(x

1

; x

2

; � � � ; x

r�1

) e�nai h apale�fousa twn F

n

kai G

m

w
 pro
 x

r

tìte

  R(x

1

; x

2

; � � � ; x

r�1

) = 0  

R(x

1

; x

2

; � � � ; x

r�1

) e�nai omogenè
 polu¸numo bajmoÔ nm:
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Apìdeixh: Upolog�zoume thn apale�fousa

R(tx

1

; tx

2

; � � � ; tx

r�1

) =

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

�

t

n

A

n

t

n�1

A

n�1

: : : : : : A

0

t

n

A

n

: : : : : : : : : : : A

0

: : : : : : : : : : : : : : : : :

t

n

A

n

: : : : : : : : : A

0

t

m

B

m

t

m�1

B

m

: : : : : : tB

1

B

0

t

m

B

m

: : : : : : : : : : : tB

1

B

0

: : : : : : : : : : : : : : : : : : : : : :

t

m

A

m

: : : : : : : : : : : : : : B

0

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

:

Pollaplasi�zoume thn i-gramm  tou A me t

m�i+1

kai thn j-gramm  tou B me t

n�j+1

kai

br�skoume t

p

R(tx

1

; tx

2

; � � � ; tx

r�1

) =

=

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

�

t

m+n

A

n

t

m+n�1

A

n�1

: : : : : : : : t

m

A

0

t

m+n�1

A

n

: : : : : : : : : : : : : : : : : t

m�1

A

0

: : : : : : : : : : : : : : : : : : : : : : : : : :

t

n+1

A

n

: : : : : : : : : : : : : : : : tA

0

t

m+n

B

m

t

n+m�1

B

m�1

: : : : : : : : t

n+1

B

1

t

n

B

0

t

m+n�1

B

m

: : : : : : : : : : : : : : : : : : : : : : : : : : t

n�1

B

0

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

t

m+1

B

m

: : : : : : : : : : : : : : : : : : : : : : : : : tB

0

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

:

ìpou p =

m(m+ 1)

2

+

n(n+ 1)

2

(t

1+2+���+m

= t

m(m+1)

2

). Dhlad 

t

p

R(tx

1

; tx

2

; � � � ; tx

r

) = t

m+n

� t

m+n�1

� � � t � R(x

1

; x

2

; � � � ; x

r�1

)

= t

q

� R(x

1

; x

2

; � � � ; x

r�1

)

ìpou q =

(m+ n)(m+ n+ 1)

2

. Epeid  q � p = mn èqoume ìti

R(tx

1

; tx

2

; � � � ; tx

r�1

) = t

mn

�R(x

1

; x

2

; � � � ; x

r�1

)

dhlad  to zhtoÔmeno. ut

Tèlo
 apodeiknÔoume thn parak�tw

Prìtash 13. An

f(x) = a

0

+ a

1

x+ � � �+ a

n

x

n

2 R[x℄; a

n

6= 0
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kai

g(x) = b

0

+ b

1

x+ � � �+ b

m

x

m

2 R[x℄; b

m

6=

0

;

tìte up�rqoun polu¸numa A kai B bajmoÔ to polÔ m�1 kai n�1 ant�stoiqa, ètsi ¸ste

R(f; g) = Af +Bg:

Apìdeixh: 'Eqoume

f = a

0

+ a

1

x+ : : : : : : : : : a

n

x

n

xf = a

0

x+ : : : : : : : : : a

n�1

x

n

+ a

n

x

n+1

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

x

m�1

f = a

0

x

m�1

+ : : : : : : : : : +a

n

x

m+n�1

g = b

0

+ b

1

x+ : : : : : : : : : +b

m

x

m

xg = b

0

x+ : : : : : : : : : +b

m�1

x

m

+b

m

x

m+1

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

x

n�1

g = b

0

x

n�1

+ : : : : : : : : : +b

m

x

m+n�1

'Estw A

i

ta algebrik� sumplhr¸mata twn stoiqe�wn th
 pr¸th
 st lh
 tou p�naka tou

sust mato
 o opo�o
 e�nai o h apale�fousa twn f kai g.

Pollaplasi�zoume thn i-ost  ex�swsh me to A

i

kai prosjètoume kat� mèlh gia i = 1; 2; � � � ;m+

n. Br�skoume

(A

1

+A

2

x+ � � �+A

m

x

m�1

)f + (A

m+1

+A

m+2

x+ � � �+A

m+n

x

m+n�1

)g = R(f; g):

ut

2. Proboliko� q¸roi

Epekte�noume to afinikì (x; y)-ep�pedo me thn ep' �peiro euje�a kai sqhmat�zoume to probo-

likì ep�pedo. K�je euje�a tou afinikoÔ epipèdou sumplhr¸netai se m�a euje�a tou probolikoÔ

epipèdou me thn prìsjesh enì
 ep' �peiron shme�ou, tou shme�ou tom 
 th
 dosmènh
 euje�a


me thn ep' �peiro euje�a. MporoÔme na jewr soume thn ep' �peiro euje�a san parametrikopoi-

ht  th
 kl�sh
 twn afinik¸n eujei¸n. K�je shme�o th
 ep' �peiro euje�a
 antistoiqe� se m�a

oikogèneia parall lwn eujei¸n kai e�nai akrib¸
 ta zeug�ria eke�na twn eujei¸n ta opo�a

e�nai par�llhla ston afinikì ma
 q¸ro, ta opo�a tèmnontai ep� th
 ep' �peiro euje�a
.
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M�a basik  gewmetrik  sqèsh an�mesa sta shme�a kai ti
 euje�e
 tou probolikoÔ epipèdou

apotele� h parak�tw idiìthta.

(P) DÔo diakekrimèna shme�a or�zoun monadik  euje�a kai dÔo diakekrimène
 euje�e
 tèmnon-

tai se akrib¸
 èna shme�o.

A
 r�xoume t¸ra m�a mati� sthn analutik  perigraf  tou probolikoÔ epipèdou.

JewroÔme ton trisdi�stato q¸ro me suntetagmène
 (w; x; y). M�a euje�a gramm  pou

pern�ei apì thn arq  twn axìnwn (0; 0; 0) or�zetai monos manta apì opoiod pote shme�o

(w; x; y) di�foro tou (0; 0; 0). Epiplèon dÔo shme�a (w; x; y) kai (w

0

; x

0

; y

0

) or�zoun thn �dia

euje�a pou pern�ei apì thn arq  (0; 0; 0) tìte kai mìno tìte ìtan up�rqei m�a stajer� a,

a 6= 0, tètoia ¸ste

w

0

= aw; x

0

= ax kai y

0

= ay: (2.1)

'Estw P

2

to sÔnolo ìlwn twn eujei¸n pou pernoÔn apì thn arq  (0; 0; 0). Ta shme�a tou

P

2

mporoÔn na parametrikopoihjoÔn apì ti
 kl�sei
 isodÔnam�a
 twn tri�dwn (w; x; y) mèsw

th
 sqèsh
 isodunam�a
 2.1 (lègontai omogene�
 suntetagmène
). Thn kl�sh isodunam�a
 tou

shme�ou (w; x; y) thn sumbol�zoume me [w; x; y℄.

To er¸thma pou prokÔptei e�nai apì poiì sÔnolo (s¸ma) pa�rnoume ti
 suntetagmène


w; x; y.

(aþ) Sthn klasik  analutik  gewmetr�a e�nai to R.

(bþ) Se probl mata rht¸n shme�wn e�nai to Q .

(gþ) Sthn klasik  algebrik  gewmetr�a e�nai to C .

Genik� ta w; x; y ja e�nai stoiqe�a enì
 s¸mato
 k kai to probolikì ep�pedo

P

2

(k) :=

�

[w; x; y℄

�

�

w; x; y 2 k

	

:

EmfuteÔoume to afinikì (x; y)-ep�pedo k

2

sto probolikì P

2

(k) w
 ex 


(x; y) 7�! [1; x; y℄:

K�je shme�o [w; x; y℄ 2 P

2

(k) me w 6= 0 parist� to shme�o

�

x

w

;

y

w

�

tou k

2

diìti

[w; x; y℄ =

h

1;

x

w

;

y

w

i

sto P

2

(k):
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Or�zoume euje�a sto P

2

(k)

E =

�

[w; x; y℄

�

�

aw + bx+ 
y = 0; ìpou (a; b; 
) 6= (0; 0; 0)

	

:

Gia a = 1; b = 0; 
 = 0 èqoume w = 0 thn ep' �peiro euje�a, h opo�a apotele�tai apì ìla

ta shme�a th
 morf 
 [0; x; y℄.

Gia w = 1 pa�rnoume a+ bx+ 
y = 0 pou e�nai m�a sunhjismènh afinik  euje�a ìtan b
 6= 0.

DÔo sÔnola suntelest¸n a; b; 
 kai a

0

; b

0

; 


0

or�zoun thn �dia euje�a tìte kai mìno tìte

ìtan up�rqei u 2 k; u 6= 0 tètoio ¸ste a

0

= ua, b

0

= ub, 


0

= u
.

Me b�sh tou
 parap�nw orismoÔ
 shme�ou kai euje�a
 apodeiknÔetai t¸ra eÔkola h al -

jeia th
 prìtash
 (P) pou anafèrame prohgoumènw
. H apìdeixh af netai san �skhsh ston

anagn¸sth.

Gia èna montèlo tou probolikoÔ q¸rou anex�rthtou apì to sÔsthma suntetagmènwn,

pa�rnoume ènan trisdi�stato dianusmatikì q¸ro V upèr to k kai sumbol�zoume me P(V ) to

sÔnolo ìlwn twn monodi�statwn upoq¸rwn tou V . A
 shmeiwje� ìti P

2

(k) = P(k

3

).

K�je grammikì sunarthsioeidè
 U : V ! k or�zei m�a euje�a

L =

�

P 2 P(V )

�

�

U(P ) = 0

	

:

'Estw L

+

o pur na
 tou U . Tìte dimL

+

= 2 kai gia k�je shme�o P tou P(V ) isqÔei

P 2 L akrib¸
 tìte ìtan P � L

+

.

AfoÔ k�je 2-di�stato
 dianusmatikì
 upìqwro
 tou V e�nai o pur na
 k�poiou mh mh-

denikoÔ sunarthsioeidoÔ
, èpetai ìti e�nai th
 morf 
 L

+

gia m�a monadik  euje�a L.

'Estw P kai Q dÔo diakekrimèna shme�a tou P(V ). H monadik  euje�a L pou pern�ei

apì ta P kai Q e�nai aut  gia thn opo�a isqÔei L

+

= P � Q. H apìdeixh af netai san

�skhsh ston anagn¸sth. Gia dÔo diaforetikè
 euje�e
 L kai M to monadikì shme�o tom 


e�nai P = L

+

\M

+

. H apìdeixh af netai ep�sh
 san �skhsh ston anagn¸sth.

'Omoia mporoÔme na jewr soume ton r�di�stato probolikì q¸ro P

r

(k) upèr to k

(y

0

; y

1

; � � � ; y

r

) � (y

0

0

; y

0

1

; � � � ; y

0

r

), 9� 2 k � f0g y

0

i

= �y

i

; y

i

ìqi ìla 0:

Orismì
 14. Uperep�pedo tou P

r

(k) ja kale�tai to sÔnolo lÔsewn th
 grammik 
 ex�sw-

sh


a

0

y

0

+ � � � + a

r

y

r

= 0; a

i

ìqi ìla mhdèn:
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An H

i

e�nai to uperep�pedo y

i

= 0 tìte èqoume thn ex 
 antistoiq�a

k

r

3 (x

1

; x

2

; � � � ; x

r

) 7�! (x

1

; x

2

; � � � ; x

i

; 1; x

i+1

; � � � ; x

r

) 2 P

r

(k)�H

i

:

Profan¸
 isqÔei

P(k) = (P

r

(k)�H

0

) [ � � � [ (P

r

(k)�H

r

):

To H

0

lègetai to ep' �peiro uperep�pedo.

3. Eisagwg  sti
 ep�pede
 algebrikè
 kampÔle
 kai sti
 up-

erepif�neie


Mèqri stigm 
 melet same ti
 euje�e
 ston probolikì q¸ro kai e�dame ìti èqoun ex�swsh

l(w; x; y) = 0 ìpou l(w; x; y) omogenè
 polu¸numo pr¸tou bajmoÔ.

M�a ep�pedh algebrik  kampÔlh C

f

bajmoÔ d e�nai to sÔnolo ìlwn twn shme�wn

[w; x; y℄ 2 P

2

(k) tètoiwn ¸ste f(w; x; y) = 0 ìpou to f e�nai omogenè
 polu¸numo bajmoÔ

d.

AfoÔ gia k�je omogenè
 polu¸numo bajmoÔ d isqÔei f(�w; �x; �y) = �

d

f(w; x; y), an

gia k�poio antiprìswpo (w; x; y) th
 kl�sh
 [w; x; y℄ isqÔei f(w; x; y) = 0, to �dio ja isqÔei

kai gia k�je stoiqe�o th
 kl�sh
.

Thn ant�stoiqh afinik  kampÔlh thn pa�rnoume gia w = 1. 'Estw g(x; y) = f(1; x; y).

Profan¸
 deg g(x; y) � d.

Or�zoume C

a�

g

=

�

(x; y) 2 k

2

�

�

g(x; y) = 0

	

:

Profan¸
, isqÔei C

a�

g

= C

f

\ k

2

:

Ant�strofa an g(x; y) polu¸numo bajmoÔ mikrìterou   �sou me d tìte to polu¸numo

f(w; x; y) = w

d

g

�

x

w

;

y

w

�

e�nai omogenè
 bajmoÔ d kai f(1; x; y) = g(x; y).

AfoÔ f(w; x; y) = 0 , f(w; x; y)

2

= 0 to sÔnolo twn shme�wn th
 C

f

den or�zei

monos manta thn ex�swsh f(w; x; y) = 0. An to f èqei thn an�lush f = f

1

f

2

� � � f

r

tìte

profan¸
 isqÔei:

C

f

= C

f

1

[ C

f

2

[ � � � [ C

f

r

:

An p�li f

�

�

f

0

tìte C

f

� C

f

0

.
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Dedomènou ìti h ap�nthsh sto er¸thma pìte to polu¸numo f analÔetai se ginìmeno

paragìntwn kai pìte ìqi exart�tai apì to s¸ma k, ja mil�me gia thn ep�pedh algebrik 

kampÔlh upèr to s¸ma k. Tèlo
, gia na e�maste s�gouroi ìti up�rqoun arket� shme�a p�nw

sthn kampÔlh, ja pa�rnoume ti
 suntetagmène
 twn shme�wn k�je for� apì sugkekrimènh

epèktash K tou k.

Orismì
 15. M�a an�gwgh ep�pedh algebrik  kampÔlh C

f

bajmoÔ d orismènh

upèr to s¸ma k or�zetai apì èna an�gwgo omogenè
 polu¸numo f(w; x; y) 2 k[w; x; y℄

bajmoÔ d kai e�nai m�a sun�rthsh h opo�a, gia k�je epèktash K tou k ma
 d�nei to sÔnolo

C

f

(K) =

�

[w; x; y℄ 2 P

2

(K)

�

�

f(w; x; y) = 0

	

:

An h f = f

a(1)

1

f

a(2)

2

� � � f

a(r)

r

e�nai h an�lush tou omogenoÔ
 poluwnÔmou f bajmoÔ d tou

k[w; x; y℄ se ginìmenpo pr¸twn paragìntwn tìte isqÔei:

C

f

(K) = C

f

1

(K) [ � � � [ C

f

r

(K):

H kampÔlh C

f

i

lègetai (an�gwgh) sunist¸sa th
 C

f

kai o fusikì
 arijmì
 a(i) pol-

laplìthta th
 C

f

i

.

� KampÔle
 pr¸tou bajmoÔ e�nai oi euje�e
.

� KampÔle
 deutèrou bajmoÔ lègontai kwnikè
 tomè
.

� KampÔle
 tr�tou bajmoÔ lègontai kubikè
 kampÔle
.

� KampÔle
 tet�rtou bajmoÔ lègontai tetradikè
 kampÔle
, kai oÔtw kaj' ex 
.

An K � K

0

epekt�sei
 tou k tìte isqÔei P

2

(K) � P

2

(K

0

) kai C

f

(K) � C

f

(K

0

).

Orismì
 16. M�a uperepif�neia H

f

ston probolikì q¸ro P

n

or�zetai mèsw enì
 o-

mogenoÔ
 poluwnÔmou f(Y

0

; Y

1

; � � � ; Y

n

) 2 k[Y

0

; Y

1

; � � � ; Y

n

℄ bajmoÔ d, ìpou gia m�a epèktash

K

�

k

, to sÔnolo H

f

(K) or�zetai w
 ex 


H

f

(K) =

�

(y

0

; y

1

; � � � ; y

n

) 2 P

n

(K)

�

�

f(y

0

; y

1

; � � � ; y

n

) = 0

	

:

ParathroÔme ìti to ep' �peiro uperep�pedo y

0

= 0 perièqetai sto H

f

an kai mìno an

f(0; y

1

; � � � ; y

n

) = 0 gia k�je y

i

2 K, dhlad  an kai mìno an y

0

jf , to opo�o sumb�inei
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akrib¸
 tìte ìtan deg g < deg f ìpou g to sunetairikì tou f , dhlad  g(x

1

; x

2

; � � � ; x

n

) =

f(1; x

1

; x

2

; � � � ; x

n

).

San afinikì komm�ti th
 kampÔlh
 or�zoume

H

a�

g

(K) =

�

(x

1

; x

2

; � � � ; x

n

) 2 K

n

�

�

g(x

1

; x

2

; � � � ; x

n

) = 0

	

:

Profan¸
 isqÔei

H

a�

g

(K) = H

f

(K) \K

n

:

'Estw f(X) 2 K[X℄. O K[X℄ e�nai, w
 gnwstì, eukle�dio
 daktÔlio
. Upojètoume ìti

deg f(X) > 0. Oi parak�tw sqèsei
 e�nai profane�
.

(i) To f(X) diairoÔmeno me X � a d�nei upìloipo f(a).

(ii) O a 2 k e�nai r�za tou polunÔmou f(X) akrib¸
 tìte ìtan X � a

�

�

�

k[X℄

f(X).

(iii) An deg f(X) = n, tìte to f(X) èqei to polÔ n r�ze
 mèsa sto k.

Prìtash 17. 'Estw f(x

1

; x

2

; � � � ; x

n

) 2 k[x

1

; x

2

; � � � ; x

n

℄.

Upojètoume ìti f(a

1

; a

2

; � � � ; a

n

) = 0 gia ìla ta stoiqe�a a

1

; a

2

; � � � ; a

n

enì
 ape�rou upo-

sunìlou T tou k. Tìte f(x

1

; x

2

; � � � ; x

n

) = 0.

Apìdeixh: H (iii) isoduname� me thn al jeia th
 prìtash
 17, gia n = 1. 'Estw ìti isqÔei

gia polu¸numa me n� 1 metablhtè
. Gr�foume

f(x

1

; x

2

; � � � ; x

n

) = f

0

+ f

1

x

n

+ � � �+ f

m

x

m

n

; m � 0

ìpou f

i

2 k[x

1

; x

2

; � � � ; x

n�1

℄. An f 6= 0 mporoÔme na upojèsoume ìti f

m

6= 0.

Apì thn upìjesh th
 majhmatik 
 epagwg 
 èpetai ìti up�rqoun stoiqe�a a

1

; a

2

; � � � ; a

n�1

tou T tètoia ¸ste f

m

(a

1

; a

2

; � � � ; a

n�1

) 6= 0. SÔmfwna me thn (iii) ìmw
 tìte ja èqoume

n to polÔ dunatìthte
 gia to a

n

ètsi ¸ste f(a

1

; a

2

; � � � ; a

n

) = 0, �topo diìti T �peiro.

'Ara f = 0. ut

EÔkola parathroÔme ìti an f(x

0

; x

1

; � � � ; x

n

); g(x

0

; x

1

; � � � ; x

n

) 2 k[x

0

; x

1

; � � � ; x

n

℄ kai

f j g tìte H

f

(K) � H

g

(K) gia ìle
 ti
 epekt�sei
 K tou k.

Je¸rhma 18. 'Estw H

f

kai H

f

0

dÔo uperepif�neie
 orismène
 upèr to k ston P

n

kai

èstw ìti to f e�nai an�gwgo upèr to k. An H

f

(L) � H

f

0

(L) gia k�poia algebrik� kleist 

epèktash L tou k tìte to f j f

0

kai sunep¸
 H

f

(K) � H

f

0

(K) gia ìle
 ti
 epekt�sei
 K

tou k.
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Apìdeixh: 'Amesh sunèpeia th
 upìjesh
 H

f

(L) � H

f

0

(L) e�nai ìti kai H

a�

f

(L) := H

f

(L)\

L

n

� H

f

0

(L)\L

n

= H

a�

f

0

(L) ìpou g(x

1

x

2

; � � � ; x

n

) = f(1; x

1

; x

2

; x

n

) kai g

0

(x

1

x

2

; � � � ; x

n

) =

f

0

(1; x

1

; x

2

; x

n

) e�nai ta afinik� polu¸numa ta sunetairik� twn f kai f

0

ant�stoiqa. Anap-

tÔssoume to g(x

1

; x

2

; � � � ; x

n

) w
 pro
 ti
 dun�mei
 tou x

n

,

g(x

1

; x

2

; : : : ; x

n�1

; x

n

) = �

0

(x

1

; x

2

; : : : ; x

n�1

) + : : :+ �

d

(x

1

; x

2

; : : : ; x

n�1

)x

d

n

;

ìpou d > 0 kai a

i

(x

1

; x

2

; : : : ; x

n�1

) 2 k[x

1

; x

2

; : : : ; x

n�1

℄.

An to f

0

= 0 tìte f j f

0

. Sthn sunèqeia jewroÔme thn per�ptwsh ìpou g

0

2 k[x

1

; x

2

; : : : ; x

n�1

℄

kai èstw ìti g

0

6= 0. Dedomènou ìti to s¸ma L e�nai �peiro sÔnolo, up�rqei toul�qisto èna

shme�o (x

1

; x

2

; : : : ; x

n�1

) tètoio ¸ste g

0

(x)�

d

(x) 6= 0; x := (x

1

; x

2

; : : : ; x

n�1

). Epeid  to

L e�nai algebrik� kleistì, h poluwnumik  ex�swsh g(x

1

; x

2

; : : : ; x

n�1

; t) = 0 èqei m�a lÔsh

t = x

n

sto L kai sunep¸
 to shme�o (x

1

; x

2

; : : : ; x

n�1

) 2 H

a�

g

(L) � H

a�

g

0

(L), �topo, diìti

H

a�

g

(L) � H

a�

g

0

(L). Epomènw
 an g

0

2 k[x

1

; : : : ; x

n�1

℄, tìte kat' an�gkh g

0

= 0.

'Estw t¸ra

g(x

1

; x

2

; : : : ; x

n

) = b

0

+ b

1

x

n

+ � � �+ b

l

x

l

n

ìpou l > 0 kai b

i

2 k[x

1

; x

2

; : : : ; x

n�1

℄.

Apì thn Prìtash 13, èqoume ìti h apale�fousa R(x

1

; x

2

; : : : ; x

n�1

) twn g(x) kai g

0

(x) w


pro
 thn metablht  x

n

èqei thn morf 

R(x

1

; x

2

; : : : ; x

n�1

) = Ag +Bg

0

; A;B 2 k[x

1

; x

2

; : : : ; x

n�1

; x

n

℄

Epomènw
 an g(x

1

; x

2

; : : : ; x

n

) = 0, tìte lìgw th
 upìjesh
 kai g

0

(x

1

; x

2

; : : : ; x

n

) = 0

kai epomènw
 R(x

1

; x

2

; : : : ; x

n�1

) = 0; (x

1

; x

2

; : : : ; x

n

) 2 L

n

. Dhlad  H

a�

g

(L) � H

a�

R(g;g

0

)

.

'Omw
 epeid  R(g; g

0

) 2 k[x

1

; x

2

; : : : ; x

n�1

℄ èpetai ìti R(g; g

0

) = 0. H apìdeixh e�nai entel¸


an�logh me thn apìdeixh gia to g pou k�name piì p�nw.

To Je¸rhma 18 d�nei t¸ra ìti g kai g

0

èqoun koin  sunist¸sa kai, epeid  g an�gwgo, ja

prèpei g

�

�

k[X℄

g

0

opìte kai f

�

�

k[X℄

f

0

. ut

Pìrisma 19. 'Estw f kai f

0

dÔo omogen  an�gwga polu¸numa tou k[x

1

; x

2

; : : : ; x

n

℄, deg f >

0 kai deg g > 0.

An gia k�poio algebrik� kleistì s¸ma L; k � L isqÔei H

f

(L) = H

f

0

(L) tìte f

0

= 
f ìpou


 2 k n f0g kai H

f

(K) = H

g

(K) gia k�je epèktash K tou k.
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Parat rhsh 20. H upìjesh ìti to L e�nai algebrik� kleistì e�nai ousi¸dh
. An p.q.

p�roume K = Q kai L = R tìte gia ta polu¸numa

f(W;X; Y ) =W

2

+X

2

+ Y

2

; f

0

(W;X; Y ) =W

2

+ 2X

2

+ Y

2

èqoume H

f

(R) = H

g

(R) = � all� den e�nai to g pollapl�sio tou f ep� stajer�.

Pìrisma 21. 'Estw f = f

a(1)

1

f

a(2)

2

� � � f

a(r)

r

kai f

0

= f

0

1

b(1)

f

0

2

b(2)

� � � f

0

r

b(r)

oi analÔsei
 twn

f kai f

0

se ginìmeno pr¸twn paragìntwn, ston daktÔlio k[x

0

; x

1

; : : : ; x

n

℄. An H

f

(L) =

H

f

0

(L) gia k�poio algebrik� kleistì s¸ma L; L � k tìte r = s kai g

i

= 


i

f

i

ìpou




i

2 k n f0g.

Orismì
 22. O ekjèth
 a(i) tou f

i

sthn an�lush tou f lègetai bajmì
 pollaplìthta


me ton opo�o h sunist¸sa H

f

i

emfan�zetai sthn uperepif�neia H

f

.

4. Shme�a tom 
 algebrik¸n kampul¸n kai o bajmì
 pol-

laplìtht�
 tou


Sthn par�grafo aut  upojètoume ìti to s¸ma k èqei qarakthristik  mhdèn. Epomènw
 to

k èqei �peiro pl jo
 stoiqe�wn. An sthn kampÔlh C

f

pou or�zetai apì to f(W;X; Y ) 2

k[W;X; Y ℄ upojèsoume ìti W - f(W;X; Y ) (dhlad  ìti h C

f

den perièqei san sunist¸sa thn

ep' �peiro euje�a) tìte mporoÔme na jewr soume to g(X;Y ) = f(1;X; Y ) kai na parathr -

soume amèsw
 ìti oi lÔsei
 th
 g(X;Y ) = 0 se k�poia epèktash K tou k e�nai to sÔnolo

twn ��peperasmènwn�� shme�wn th
 kampÔlh
 C

f

(K).

H eleujer�a eklog 
 th
 ep' �peiro euje�a
 sto afinikì ep�pedo ja e�nai qr simh sta

epìmena. AfoÔ to K apeirosÔnolo, up�rqoun �peire
 euje�e
 ston probolikì q¸ro P

2

(K),

�ra up�rqei toul�qisto m�a pou den e�nai sunist¸sa tou C

f

(K). Aut n dialègoume w
 ep'

�peiro euje�a.

'Estw P

1

= [w

1

; x

1

; y

1

℄ kai P

2

= [w

2

; x

2

; y

2

℄ shme�a tou P

2

(K). H euje�a pou or�zoun

e�nai h L : �P

1

+�P

2

ìpou �; � 2 K ìqi sugqrìnw
 mhdèn. Oi suntetagmène
 k�je shme�ou

tom 
 twn L kai C

f

(K) ja epalhjeÔoun thn ex�swsh f(�w

1

+�w

2

; �x

1

+�x

2

; �y

1

+�y

2

) = 0.

Xeqwr�zoume dÔo peript¸sei
:

(i) 'Estw ìti f(�w

1

+ �w

2

; �x

1

+ �x

2

; �y

1

+ �y

2

) = 0 gia ìla ta �; � 2 K. Dialègoume

kat�llhlo sÔsthma suntetagmènwn, ètsi ¸ste h euje�a L na e�nai h ep' �peiro euje�a
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W = 0. Tìte èqoume

f(0; x; y) = 0; 8x; y 2 K:

H prìtash 17, sel. 29, d�nei ìti f(0;X; Y ) = 0. Sunep¸
 o W e�nai koinì
 par�gonta


twn ìrwn tou f(W;X; Y ) dhlad  h euje�a L (W = 0) e�nai sunist¸sa th
 C

f

(K).

(ii) 'Estw t¸ra ìti to f(�P

1

+ �P

2

) den e�nai to ek tautìthta
 mhdenikì polu¸numo w


pro
 � kai �. Tìte to f(�P

1

+�P

2

) e�nai omogenè
 polu¸numo bajmoÔ d w
 pro
 �

kai �. An K e�nai algebrik� kleistì tìte apì thn prìtash 11, sel. 22, sunep�getai

ìti h ex�swsh f(�P

1

+�P

2

) = 0 epalhjeÔetai apì akrib¸
 d lìgou


�

�

ìpou m�a r�za

pollaplìthta
 r metriètai r�forè
. K�je lìgo
 or�zei akrib¸
 èna shme�o th
 tom 


L \ C

f

(K). 'Wste:

Prìtash 23. An K algebrik� kleistì s¸ma tìte m�a euje�a L   e�nai sunist¸sa th


C

f

(K)   èqei akrib¸
 d shme�a tom 
 (deg f = d).

Prìtash 24. An h kampÔlh C

f

upèr to algebrik� kleistì s¸ma K perièqei mìno aplè


sunist¸se
 tìte apì opoiod pote shme�o P 2 P

2

(K) P 62 C

f

(K), pern�ei m�a euje�a pou

tèmnei thn C

f

(K) se d diakekrimèna shme�a.

Apìdeixh: Dialègoume kat�llhla to sÔsthma suntetagmènwn ètsi ¸ste to shme�o P na

e�nai to [0; 0; 1℄ kai èstw g(X;Y ) = 0 h ant�stoiqh afinik  ex�swsh th
 f . Oi parametrikè


exis¸sei
 mi�
 euje�a
 L

a

dierqomènh
 apì to P e�nai

x = a; a 2 K; y = t:

'Otan to t diatrèqei ìla ta stoiqe�a tou K tìte ta zeug�ria (x; y) diatrèqoun ìla ta

peperasmèna shme�a th
 L

a

ektì
 tou ep' �peiron shme�ou P . H exa�resh ìmw
 aut  den

ma
 dhmiourge� prìblhma diìti endiaferìmaste gia ta shme�a tom 
 th
 euje�a
 L

a

me thn

kampÔlh C

f

(K) kai P 62 C

f

(K) ex upojèsew
.

Ta shme�a tom 
 twn L

a

kai C

f

(K) d�nontai apì ti
 r�ze
 tou poluwnÔmou g(a; t) = 0. To

shme�o P = [0; 0; 1℄ den an kei sthn kampÔlh C

f

(K). Autì shma�nei ìti f(0; 0; t) 6= 0, dhlad 

ìti up�rqei mon¸numo pou perièqei mìno to Y bajmoÔ d kai sunep¸
 deg

t

g(a; t) = d.

'Estw ìti gia ìla ta a h g(a; t) = 0 èqei pollapl  r�za w
 pro
 t. 'Estw D(X) h
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diakr�nousa tou poluwnÔmou g(X;Y ) w
 pro
 Y . Tìte h D(a) e�nai h diakr�nousa tou

g(a; t) w
 pro
 t. Lìgw th
 upìjesh
 th
 Ôparxh
 pollapl 
 r�za
 èqoume:

D(a) = 0; 8a 2 K:

To D(X) ìmw
 e�nai polu¸numo w
 pro
 X kai èqei �peire
 r�ze
. Sunep¸
 to D(X) e�nai

ek tautìthto
 0. Epomènw
 to g(X;Y ) èqei pollapl  r�za, dhlad  h C

f

(K) èqei pollapl 

sunist¸sa, �topo.

'Ara ìla ta shme�a tom 
 e�nai diaforetik� kai afoÔ K algebrik� kleistì, aut� e�nai se

pl jo
 akrib¸
 d. ut

Orismì
 25. 'Estw C

f

algebrik  kampÔlh upèr to s¸ma k h opo�a perièqei mìno aplè


sunist¸se
. Ja kaloÔme t�xh th
 C

f

(w
 pro
 to k) to mègisto arijmì tom¸n th
 C

f

me m�a opoiad pote euje�a L.

Exet�zoume t¸ra to prìblhma twn shme�wn tom 
 euje�a
 kai algebrik 
 kampÔlh
 C

f

(K)

ìtan oi euje�e
 pernoÔn apì dosmèno shme�o th
 kampÔlh
 P 2 C

f

(K).

Dialègoume p�li kat�llhlo sÔsthma suntetagmènwn èsti ¸ste oi afinikè
 suntetagmène
 tou

P na e�nai (a; b), opìte amèsw
 prokÔptei ìti gia to sunetairikì tou f afinikì polu¸numo

g(X;Y ) isqÔei g(a; b) = 0.

Oi parametrikè
 exis¸sei
 twn eujei¸n L pou pernoÔn apì to shme�o P = (a; b) gr�fontai

8

<

:

x = a+ �t

y = b+ �t

9

=

;

kai or�zontai pl rw
 apì ton lìgo

�

�

.

Ta shme�a tom 
 d�nontai apì thn sqèsh

g(a+ �t; b+ �t) = 0:

AnaptÔssoume to aristerì mèlo
 se seir� tou Taylor w
 pro
 t. 'Eqoume

�

g

x

�+ g

y

�

�

t+

1

2

�

g

xx

�

2

+ 2g

xy

��+ g

yy

�

2

�

t

2

+ � � � = 0

ìpou g

x

; g

y

shma�nei thn pr¸th par�gwgo w
 pro
 X;Y sto shme�o P k.o.k.

Pr¸th per�ptwsh: Upojètoume ìti ta g

x

kai g

y

den e�nai sugqrìnw
 mhdèn. Autì shma�nei

ìti t = 0 e�nai apl . Sunep¸
 k�je euje�a pou pern�ei apì to P èqei apl  tom  me thn C

f
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sto P . Monadik  exa�resh apotele� h euje�a pou èqei tètoie
 timè
 sta � kai � ètsi ¸ste

g

x

�+ g

y

� = 0.

Orismì
 26. H euje�a aut  ja lègetai efaptomènh th
 C

f

sto P .

DeÔterh per�ptwsh: Upojètoume ìti g

x

= g

y

= 0 all� ìqi ìle
 oi g

xx

; g

xy

; g

yy

�se
 me

mhdèn.

Tìte k�je euje�a pou pern�ei apì to P èqei shme�o tom 
 to P me bajmì pollaplìthta


toul�qisto 2 kai to polÔ 2 euje�e
 pou antistoiqoÔn sti
 r�ze
 th
 g

xx

�

2

+ 2g

xy

�� +

g

yy

�

2

= 0 èqoun bajmì pollaplìthta
 megalÔtero tou 2. Oi dÔo autè
 exairèsei
 lègontai

efaptìmene
 th
 C

f

sto P (an h parap�nw ex�swsh èqei dipl  r�za tìte lème ìti sump�ptoun).

r-ost  per�ptwsh: Upojètoume ìti ìle
 oi par�gwgoi th
 g, meqri kai (r�1)-t�xew


sumperilambanomènh
, mhden�zontai sto P , all� toul�qisto m�a par�gwgo
 r-t�xew
 den

mhden�zetai sto P . Tìte k�je euje�a pern�ei apì to P èqei shme�o tom 
 me thn kampÔlh to

P me bajmì pollaplìthta
 toul�qiston r kai up�rqoun akrib¸
 r euje�e
 pou èqoun pio

poll� apì r shme�a tom 
. Oi exairèsime
 autè
 euje�e
 lègontai efaptìmene
 th
 C

f

sto P , antistoiqoÔn sti
 r�ze
 tou poluwnÔmou

g

x

r

�

r

+

�

r

1

�

g

x

r�1

y

�

r�1

�+ � � �+

�

r

r

�

g

y

r

�

r

= 0

kai metrioÔntai me pollaplìthta �sh pro
 thn pollaplìthta th
 ant�stoiqh
 r�za
 th
 para-

p�nw ex�swsh
.

Orismì
 27. Sthn per�ptwsh r ja lème ìti to P e�nai èna shme�o th
 kampÔlh
 C

f

ba-

jmoÔ pollaplìthta
 r.

Shme�wsh 28. AfoÔ to g(X;Y ) den e�nai ek tautìthta
 mhdèn èpetai ìti h r-ost  per�ptwsh

ja sumba�nei gia k�poio 1 � r � d.

� 'Ena shme�o bajmoÔ pollaplìthta
 1, ja lègetai aplì.

� 'Ena shme�o bajmoÔ pollaplìthta
 2, ja lègetai diplì, k.o.k.

Orismì
 29. K�je shme�o th
 C

f

bajmoÔ pollaplìthta
 megalÔterou tou 1, ja lègetai

idi�zon.
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Profan¸
 P = (a; b) idi�zon shme�o, akrib¸
 tìte ìtan g(a; b) = g

x

(a; b) = g

y

(a; b) = 0.

Orismì
 30. H C

f

ja lègetai mh-idi�zousa ìtan k�je shme�o th
 e�nai mh-idi�zon.

Prìtash 31. 'Estw ìti to g(X;Y ) den èqei ìrou
 bajmoÔ mikrìterou tou r kai èqei

merikoÔ
 bajmoÔ r. Tìte h arq  twn suntetagmènwn e�nai èna shme�o bajmoÔ pollaplìthta


r th
 kampÔlh
 g(X;Y ) = 0 kai h kampÔlh pou or�zetai apì thn ex�swsh g

r

(X;Y ) = 0 ìpou

g

r

(X;Y ) oi ìroi th
 g bajmoÔ r èqei san sunist¸se
 ti
 efaptomène
 th
 g sthn arq  twn

suntetagmènwn.

Se probolikè
 suntetagmène
 isqÔei h

Prìtash 32. 'Ena shme�o P e�nai bajmoÔ pollaplìthta
 r th
 f(W;X; Y ) = 0 akrib¸


tìte ìtan ìle
 oi par�gwgoi t�xew
 (r�1) tou f mhden�zontai sto P all� autì den sumba�nei

gia ìle
 ti
 parag ģou
 t�xew
 r.

Apìdeixh: All�zonta
, an qreiaste�, to sÔsthma suntetagmènwn, upojètoume ìti P =

[w; x; y℄ me w 6= 0, dhlad  to P den an kei sthn ep' �peiro euje�a W = 0. An W

�

�

f(W;X; Y )

tìte h f den èqei ant�stoiqh afinik  ex�swsh, all�

g(x; y) = f(1; x; y) = 0

e�nai h afinik  ex�swsh mi�
 kampÔlh
 pou diafèrei apì thn f mìno w
 pro
 thn èlleiyh mi�


sunist¸sa
, th
 W = 0.

Ef' ìson h sunist¸sa aut  den èqei ep�drash ston bajmì pollaplìthta
 tou shme�ou P ,

mporoÔme na jewr soume thn g(x; y) = 0 san afinik  ex�swsh th
 f(w; x; y) = 0.

Epomènw


g(a; b) = 0 tìte kai mìno tìte ìtan f(1; a; b) = 0:

Akìmh èqoume g

x

(X;Y ) = f

x

(1;X; Y )

kai g

y

(X;Y ) = f

y

(1;X; Y ):

Dhlad 

g

x

(a; b) = g

y

(a; b) = 0 tìte kai mìno tìte ìtan f

x

(1; a; b) = f

y

(1; a; b):

All� tìte o tÔpo
 tou Euler, h apìdeixh tou opo�ou af netai san �skhsh ston anagn¸sth,

wf

w

+ xf

x

+ yf

y

= d � f
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ma
 d�nei ìti

f(1; a; b) = f

x

(1; a; b) = f

y

(1; a; b) = 0

akrib¸
 tìte ìtan f

w

(1; a; b) = f

x

(1; a; b) = f

y

(1; a; b) = 0:

Suneq�zonta
 ìmoia br�skoume ìti

g(a; b) = g

x

(a; b) = g

y

(a; b) = g

x

2
(a; b) = � � � = g

y

r

(a; b) = 0

tìte kai mìno tìte, ìtan

f

w

r

(1; a; b) = f

w

r�1

x

(1; a; b) = � � � = f

y

r

(1; a; b) = 0:

Apì ton orismì tou bajmoÔ pollaplìthta
 r enì
 shme�ou prokÔptei t¸ra h prìtash. ut

Parat rhsh 33. Profan¸
 to shme�o P = [1; a; b℄ e�nai idi�zon shme�o th
 kampÔlh


f(w; x; y) = 0

an kai mìno an

f

w

(P ) = f

x

(P ) = f

y

(P ) = 0:

Gia ta mh-idi�zonta shme�a th
 kampÔlh
, èqoume

Prìtash 34. 'Estw C

f

kai C

f

0

dÔo ep�pede
 algebrikè
 kampÔle
 bajmoÔ m kai n an-

t�stoiqa, orismène
 upèr to s¸ma k. An gia k�poia epèktash K tou k to sÔnolo C

f

(K) \

C

f

0

(K) èqei piì poll� apì mn shme�a tìte oi C

f

kai C

g

èqoun koin  sunist¸sa.

Apìdeixh: Pa�rnoume mn + 1 apì ta shme�a tom 
. K�je zeug�ri apì ta shme�a aut�

or�zei m�a euje�a. To sÔnolo twn euje�wn pou mporoÔme na sqhmat�soume e�nai peperasmènou

pl jou
. 'Ara up�rqei shme�o P pou na mhn an kei se kamm�a apì ti
 euje�e
 oÔte sti


kampÔle
 C

f

kai C

g

. Dialègoume to sÔsthma suntetagmènwn kat� tètoio trìpo ¸ste oi

suntetagmène
 tou P na e�nai [0; 0; 1℄. Gr�foume

f(W;X; Y ) = A

0

Y

m

+A

1

Y

m�1

+ � � �+A

m

f

0

(W;X; Y ) = B

0

Y

n

+B

1

Y

n�1

+ � � � +B

n

ìpou A

0

B

0

6= 0, stajerè
 kai A

i

; B

i

, gia i > 0 omogen  polu¸numa bajmoÔ i w
 pro


W;X. Apì to je¸rhma 12, sel. 22 èqoume ìti h apale�fousa twn f kai f

0

w
 pro
 Y ,
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R(f; f

0

)(W;X) e�nai polu¸numo bajmoÔ mn w
 pro
 W;X,   to mhdenikì polu¸numo.

Gia dÔo stoiqe�a w; x 2 K isqÔei:

R(f; g)(w; x) = 0 akrib¸
 tìte ìtan 9y 2

~

K; tètoio ¸ste f(w; x; y) = f

0

(w; x; y) = 0

ìpou

~

K m�a algebrik  j kh tou K.

AfoÔ P = [0; 0; 1℄ 62 C

f

èpetai ìti A

0

6= 0 diìti an A

0

= 0 ja e�qame f([0; 0; 1℄) = 0,

dhlad  P 2 C

f

to opo�o e�nai �topo.

Omo�w
 B

0

6= 0. 'Ara A

0

B

0

6= 0.

AfoÔ t¸ra up�rqoun mn+ 1 shme�a

(w

i

; x

i

; y

i

) 2 C

f

(K) \C

f

0

(K); i = 0; 1; 2; : : : ;mn

èpetai ìti to polu¸numo

Y

0�i�mn

(x

i

W � w

i

X) to opo�o e�nai bajmoÔ mn + 1 diaire� to

polu¸numo R(f; f

0

)(W;X) bajmoÔ mn. Epomènw
 kat' an�gkh R(f; f

0

)(w; x) = 0.

Apì thn prìtash 10, sel. 21, pa�rnoume to zhtoÔmeno, ìti dhlad  f kai f

0

èqoun koin 

sunist¸sa C

h

� C

f

\ C

f

0

. ut

Prìtash 35. An K algebrik� kleistì s¸ma, f kai f

0

ìpw
 sthn prohgoÔmenh prìtash,

P = [w; x; y℄ èna shme�o th
 C

f

(K) bajmoÔ pollaplìthta
 r kai sugqrìnw
 shme�o th


C

f

0

(K) bajmoÔ pollaplìthta
 s, tìte h apale�fousa R(f; f

0

)(w; x) den e�nai mhdenik , è-

qei to lìgo

w

x

r�za bajmoÔ pollaplìthta
 toul�qisto rs, upì thn pro�pìjesh bèbaia ìti

R(f; f

0

)(w; x) 6= 0.

Apìdeixh: 'Opw
 kai sthn prìtash 34 to shme�o P

0

= [0; 0; 1℄ den an kei oÔte sthn C

f

(K)

oÔte sthn C

f

0

(K). Epomènw
 toul�qisto m�a apì ti
 sunist¸se
 w; x e�nai di�forh tou

mhdenì
. Qwr�
 periorismì th
 genikìthta
, upojètoume ìti w 6= 0. K�noume allag  sunte-

tagmènwn

W

0

=

W

w

; X

0

= X �

x

w

W; Y

0

= Y:

To P t¸ra èqei suntetagmène
 P = [1; 0; y℄ kai h apale�fousa w
 pro
 Y

0

= Y th


metasqhmatisje�sh
 ex�swsh
, R(wW

0

;X

0

+xW

0

) èqei san r�za ton lìgo 1 : 0 ston �dio

bajmì pollaplìthta
 pou èqei h r�za w : x tou R(W;X). Sunep¸
, qwr�
 periorismì th


genikìthta
, upojètoume kai p�li ìti w = 1 kai x = 0.
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Ja de�xoume ìti mporoÔme na upojèsoume ìti y = 0.

Pro
 toÔto jewroÔme thn apale�fousa twn

f(W;X; Y +�W ) kai f

0

(W;X; Y +�W ) w
 pro
 Y (� 2 K):

Aut  e�nai èna polu¸numo

R(W;X; �) = 


0

+ 


1

�+ � � �+ 


N

�

N

; N � 0 ìpou 


i

2 K[W;X℄:

H stajer� 


0

= R(f; f

0

)(W;X) e�nai di�forh tou mhdenì
.

'Estw N > 0 kai 


N

6= 0. Up�rqoun profan¸
 timè
 w; x 2 K tètoie
 ¸ste




0

(w; x)


N

(w; x) 6= 0:

Lìgw th
 upìjesh
 ìti to K e�nai algebrik� kleistì sunep�getai h Ôparxh �

0

2 K ¸ste

na isqÔei R(w; x; �

0

) = 0 opìte ta polu¸numa f(w; x; Y+�

0

w) kai f

0

(w; x; Y+�

0

w) èqoun

koin  r�za èstw y 2 K. Epomènw
 ta f(w; x; Y ) kai g(w; x; Y ) èqoun m�a koin  r�za y+�

0

w,

k�ti to opo�o ìmw
 e�nai adÔnato diìti R(w; x; 0) = 


0

6= 0. Epomènw
 to R(W;X; �) den

perièqei to �.

All�zoume suntetagmène


W

0

=W; X

0

= X; Y

0

= Y � yW:

To P t¸ra èqei thn morf  [1; 0; 0℄ kai h apale�fousa th
 kainoÔrgia
 ex�swsh
 e�nai ìpw


kai th
 pali�
 R(W

0

;X

0

) = R(W;X) (w
 pro
 Y

0

kai Y ant�stoiqa).

PernoÔme se afinikè
 suntetagmène
.

AfoÔ, lìgw th
 upìjesh
 tou jewr mato
, to shme�o P = (0; 0) e�nai r-ostoÔ bajmoÔ

pollaplìthta
 shme�o th
 C

f

(K) kai s-ostoÔ bajmoÔ pollaplìthta
 shme�o th
 C

f

0

(K)

mporoÔme na gr�youme

f(X;Y ) = f

0

X

r

+ f

1

X

r�1

Y + � � �+ f

r

Y

r

+ f

r+1

Y

r+1

+ � � �

kai

g(X;Y ) = g

0

X

s

+ g

1

X

s�1

Y + � � �+ g

s

Y

s

+ g

s+1

Y

s+1

+ � � �
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ìpou f

i

; g

i

2 K.

R(X) =

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

�

f

0

X

r

f

1

X

r�1

: : : f

r

f

r+1

: : : f

m

f

0

X

r

: : : f

r�1

X f

r

: : : f

m�1

f

m

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

f

0

X

r

: : : : : : : : : : : : : : : : : : : : : f

m

g

0

X

s

g

1

X

s�1

: : : g

s

g

s+1

: : : g

n�1

g

n

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

g

0

X

s

: : : : : : : : : : : : : : g

n

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

9

>

>

>

>

>

>

=

>

>

>

>

>

>

;

s

9

>

>

>

=

>

>

>

;

r

Pollaplasi�zoume thn pr¸th gramm  me X

s

, thn deÔterh me X

s�1

; � � � kai thn s�st  me

X. Ep�sh
 thn pr¸th gramm  th
 g me X

r

, thn deÔterh me X

r�1

; : : : kai thn r�st  me X.

Apì thn i-st lh bga�nei koinì
 par�gonta
 to X

r+s+1�i

opìte h apale�fousa diaire�tai me

X sthn dÔnamh

r+s

X

i=1

i�

r

X

i=1

i =

(r + s)(r + s+ 1)

2

�

r(r + 1)

2

�

s(s+ 1)

2

= rs:

ut

Prìtash 36. An dÔo algebrikè
 kampÔle
 C

f

kai C

f

0

orismène
 sto s¸ma k bajmoÔ m

kai n ant�stoiqa den èqoun koin  sunist¸sa sthn epèktash K tou k kai ta shme�a

tom 
 tou
 èstw P

i

(i = 1; 2; : : :) èqoun bajmì pollaplìthta
 r

i

kai s

i

w
 pro
 ti
 dÔo

kampÔle
 ant�stoiqa tìte

X

i

r

i

s

i

� mn:

Apìdeixh: 'Opw
 kai sthn prìtash 34 (sel. 36) dialègoume ètsi to sÔsthma suntetagmènwn

¸ste oi f kai f

0

na gr�fontai w
 ex 
:

f(W;X; Y ) = A

0

Y

m

+A

1

Y

m�1

+ � � �+A

m

;

f

0

(W;X; Y ) = B

0

Y

n

+B

1

Y

n�1

+ � � �+B

n

ìpou A

0

B

0

6= 0 kai A

i

; B

i

gia k�je i > 0 e�nai omogen  polu¸numa bajmoÔ i w
 pro


W;X kai ètsi ¸ste dÔo diaforetik� shme�a tom 
 na mhn br�skontai p�nw se k�poia euje�a

th
 morf 


xW � wX = 0:
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Tìte, sÔmfwna me thn prìtash 35, se k�je shme�o (w; x; y) tom 
 twn kampul¸n bajmoÔ

pollaplìthta
 r

i

kai s

i

ant�stoiqa, antistoiqe� m�a r�za

w

x

th
 apale�fousa
 R(W;X)

bajmoÔ pollaplìthta
 toul�qisto r

i

s

i

. AfoÔ, lìgw eklog 
 tou sust mato
 suntetag-

mènwn, diaforetik� shme�a d�noun diaforetikì lìgo

w

x

èpetai ìti oi r�ze
 th
 apale�fousa


R(W;X) pou antistoiqoÔn se diaforetik� shme�a tom 
 e�nai metaxÔ tou
 diaforetikè
.

'Wste h R(W;X) èqei toul�qisto

X

i

r

i

s

i

r�ze
 metrhmène
 bèbaia me thn pollaplìtht�

tou
, opìte

X

i

r

i

s

i

� mn:

ut

Parat rhsh 37. H teleuta�a prìtash e�nai qr simh sthn diap�stwsh ìti merikè
 kampÔle


me {arket�} sto pl jo
 idi�zonta shme�a, den mporoÔn na e�nai an�gwge
 p.q. m�a kubik 

kampÔlh me dÔo dipl� shme�a ja prèpei na èqei san sunist¸sa thn euje�a pou ta sundèei, diìti

alli¸
 ta shme�a tom 
 th
 kubik 
 kampÔlh
 kai th
 euje�a
 ja èdinan

X

i

r

i

s

i

= 4 > 3 � 1.

'Wste, m�a an�gwgh kubik  kampÔlh perièqei to polÔ èna idi�zon shme�o. M�a an�gwgh

kwnik  tom  den èqei kanèna.

Prìtash 38. An C

f

kai C

f

0

e�nai dÔo algebrikè
 kampÔle
 uper�nw tou s¸mato
 k kai oi

dÔo bajmoÔ n, upojètoume ìti gia k�poio K � k isqÔei

#(C

f

(K) \ C

f

0

(K)) = n

2

kai ìti akrib¸
 mn shme�a tom 
 an koun se m�a an�gwgh kampÔlh bajmoÔ m. Tìte ta

upìloipa n(n�m) shme�a tom 
 br�skontai p�nw se kampÔlh bajmoÔ n�m.

Apìdeixh: 'Estw C

h

h an�gwgh kampÔlh bajmoÔ m pou perièqei akrib¸
 ta m�n shme�a

tom 
 twn C

f

kai C

f

0

. Br�skoume dÔo stajerè
 �

1

kai �

2

2 C èsti ¸ste �

1

f + �

2

f

0

na

pern�ei apì tuqìn dosmèno shme�o P = [w; x; y℄. Sth sunèqeia dialègoume to shme�o P na

br�sketai p�nw sthn C

h

(K).

'Ara h C

h

kai h �

1

f + �

2

f

0

èqoun toul�qisto mn + 1 shme�a koin�. Sunep¸
, apì thn

prìtash 34, èpetai ìti èqoun koin  sunist¸sa. Aut  ìmw
 e�nai h C

h

, diìti C

h

an�gwgh.

'Ara

C

�

1

f+�

2

f

0

= C

h

� C

H

ìpou h C

H

e�nai bajmoÔ n�m:
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H �

1

f +�

2

f

0

ìmw
 pern�ei apì n

2

shme�a tom 
 twn C

f

kai C

f

0

. 'Ara, afoÔ h C

h

pern�ei

apì mn shme�a h C

H

ja pern�ei apì ta upìloipa (n�m)n. ut

Prìtash 39. An C

0

kai C

1

e�nai dÔo kwnikè
 tomè
 me akrib¸
 4 (P

1

; P

2

; P

3

; P

4

) di-

akekrimèna shme�a metaxÔ tou
 orismène
 uper�nw tou ape�rou s¸mato
 K. K�je �llh

kwnik  tom  pou pern�ei apì ta shme�a P

1

; P

2

; P

3

; P

4

e�nai th
 morf 


b

0

C

0

+ b

1

C

1

; ìpou b

0

; b

1

2 K:

Apìdeixh: Profan¸
 den up�rqei tri�da apì ta parap�nw shme�a P

1

; P

2

; P

3

; P

4

pou na

ke�ntai ep' euje�a
, diìti alli¸
, sÔmfwna me thn prìtash 34, sel�da 36, oi C

0

kai C

1

ja

e�qan m�a euje�a san koin  sunist¸sa.

AfoÔ to K �peiro, up�rqei èna pèmpto shme�o th
 C èstw P diaforetikì apì ta P

i

(sthn

per�ptwsh pou h C e�nai ginìmeno dÔo eujei¸n, san P pa�rnoume to shme�o tom 
 tou
).

Dialègoume t¸ra ta b

0

kai b

1

ètsi ¸ste h kwnik  tom  b

0

C

0

+ b

1

C

1

na pern�ei apì to P .

'Wste oi C kai b

0

C

0

+b

1

C

1

èqoun 5 diakekrimèna shme�a koin�. 'Ara èqoun koin  sunist¸sa.

An h C e�nai an�gwgh tìte profan¸
, ìpw
 kai sthn prìtash 36, isqÔei C = b

0

C

0

+ b

1

C

1

.

An h C den e�nai an�gwgh tìte èqoume:

C = L

0

[ L

1

kai b

0

C

0

+ b

1

C

1

= L

0

[ L

2

:

H L

0

perièqei to polÔ dÔo shme�a tom 
. Apì ta upìloipa tr�a th
 L

1

to polÔ èna mpore�

na an kei sthn L

0

, diìti alli¸
 h C ja  tan euje�a. 'Ara L

1

kai L

2

èqoun toul�qisto dÔo

koin� shme�a. Epomènw
 oi L

1

kai L

2

taut�zontai kai sunep¸
 kai s' aut  thn per�ptwsh

C = b

0

C

0

+ b

1

C

1

. ut

To epìmeno je¸rhma e�nai basikì gia thn apìdeixh th
 prosetairistikìthta
 sth dom 

om�do
 th
 prìsjesh
 twn rht¸n shme�wn elleiptik 
 kampÔlh
.

Je¸rhma 40. 'Estw �

0

kai �

1

dÔo kubikè
 kampÔle
, oi opo�e
 tèmnontai se akrib¸
 9

shme�a tou P

2

(K), ìpou K �peiro s¸ma. An m�a ep�pedh kubik  kampÔlh � pern�ei apì

okt¸ apì ta shme�a tom 
 twn dÔo kampul¸n �

0

kai �

1

, tìte pern�ei kai apì to ènato kai

èqei thn morf 

� = b

0

�

0

+ b

1

�

1

; b

0

; b

1

2 K:

Apìdeixh: A
 upojèsoume ìti P

1

; P

2

; : : : ; P

9

e�nai ta shme�a tom 
 twn duo kampul¸n �

0

kai �

1

kai ìti h kampÔlh � pern�ei apì ta shme�a P

1

; P

2

; : : : ; P

8

. Ja apode�xoume ìti kat'
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an�gkh ja pern�ei kai apì to P

9

. Den up�rqei tetr�da twn shme�wn tom 
 pou na br�sketai

p�nw se m�a euje�a, oÔte ept�da shme�wn pou na br�sketai p�nw se m�a kwnik  tom . Autì

isqÔei diìti, sÔmfwna me thn prìtash 34, h euje�a   h kwnik  tom  ja  tan sunist¸sa twn

kampul¸n �

0

kai �

1

k�ti to opo�o den isqÔei, diìti èqoume upojèsei ìti oi �

0

kai �

1

èqoun

akrib¸
 ennèa shme�a tom 
.

An t¸ra h � = b

0

�

0

+ b

1

�

1

, b

0

; b

1

2 K, tìte telei¸same, diìti h � ja pern�ei kai apì

to ènato koinì shme�o tom 
 P

9

afoÔ �

0

kai �

1

k�noun to �dio.

'Estw ìti oi �;�

0

kai �

1

e�nai grammik� anex�rthte
. MporoÔme na dialèxoume p�ntote

suntelestè
 b; b

0

kai b

1

¸ste h kampÔlh

b� + b

0

�

0

+ b

1

�

1

na pern�ei apì dÔo opoiad pote dosmèna shme�a.

Ja apode�xoume ìti autì odhge� se �topo. Diakr�noume di�fore
 peript¸sei
:

(aþ) 'Opw
 k�name kai sthn prìtash 38, blèpoume amèsw
 ìti pènte shme�a, ed¸ ta P

4

, P

5

,

P

6

, P

7

kai P

8

, or�zoun monadik  kwnik  tom  pou pern�ei ap' aut�. A
 onom�soume

aut  thn kwnik  tom  C. Ep�sh
 P

1

; P

2

; P

3

, an koun se euje�a L. Pa�rnoume dÔo shme�a

A 2 L;B 62 C [ L kai dialègoume ta b; b

0

; b

1

ètsi ¸ste h kampÔlh b� + b

0

�

0

+ b

1

�

1

na pern�ei apì ta shme�a A kai B. H kampÔlh b� + b

0

�

0

+ b

1

�

1

pern�ei epiplèon

kai apì ta shme�a P

1

; : : : ; P

8

. Epomènw
 èqei me thn euje�a L tèssera koin� shme�a,

ta P

1

; P

2

; P

3

; A. 'Ara h euje�a L e�nai sunist¸sa th
 b� + b

0

�

0

+ b

1

�

1

. H �llh

sunist¸sa ja e�nai (prìtash 38, sel. 40) m�a kwnik  tom  h opo�a ja èqei 5 koin�

shme�a (P

4

; : : : ; P

8

) me thn C kai sunep¸
 ja sump�ptei me thn C.

Autì ìmw
 e�nai �topo diìti to shme�o B den an kei sthn C.

(bþ) Upojètoume ìti èxi shme�a, p.q., ta P

1

; : : : ; P

6

, br�skontai se kwnik  tom  C kai

onom�zoume L thn euje�a pou or�zoun ta P

7

kai P

8

. 'Estw A k�poio shme�o th


C di�foro twn P

i

; i = 1; : : : ; 6 kai B 62 C [ L. Dialègoume p�li ta b; b

0

; b

1

ètsi

¸ste h kubik  kampÔlh b� + b

0

�

0

+ b

1

�

1

na pern�ei apì ta A kai B. H kwnik 

tom  C kai h kubik  kampÔlh b� + b

0

�

0

+ b

1

�

1

èqoun t¸ra ept� koin� shme�a, ta

P

1

; P

2

; P

3

; P

4

; P

5

; P

6

kai A, �ra èqoun koin  sunist¸sa. Aut  e�nai h �dia h C, an h

C e�nai an�gwgh.

Epomènw
, b� + b

0

�

0

+ b

1

�

1

= C [ L

0
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ìpou L

0

euje�a. All� oi euje�e
 L kai L

0

taut�zontai diìti èqoun dÔo koin� shme�a,

ta P

7

kai P

8

.

Autì ìmw
 e�nai p�li �topo, diìti B 62 C [ L, en¸ B 2 b� + b

0

�

0

+ b

1

�

1

.

An h C den e�nai an�gwgh ja e�nai ènwsh dÔo eujei¸n, C = L

1

[ L

2

. S' aut  thn

per�ptwsh m�a toul�qisto apì ti
 dÔo euje�e
 ja e�qe tèssera koin� shme�a me thn

b� + b

0

�

0

+ b

1

�

1

, �topo.

(gþ) Upojètoume t¸ra ìti den up�rqei tri�da shme�wn apì ta P

1

; : : : ; P

8

ta opo�a na an koun

se euje�a, oÔte ex�da shme�wn ta opo�a na an koun se k�poia kwnik  tom . Onom�zoume

L thn euje�a pou or�zoun ta P

1

; P

2

kai C thn kwnik  tom  pou or�zoun ta P

3

; : : : ; P

7

.

Sthn sunèqeia epilègoume dÔo shme�a A kai B diaforetik� twn P

i

; (i = 1; : : : ; 8) ta

opo�a an koun sthn euje�a L all� ìqi sthn kwnik  tom  C. Dialègoume ta b; b

0

; b

1

¸ste h kubik  kampÔlh b� + b

0

�

0

+ b

1

�

1

na pern�ei apì ta A kai B. 'Opw
 kai

parap�nw, h kampÔlh b� + b

0

�

0

+ b

1

�

1

èqei san sunist¸sa thn euje�a L (tèssera

koin� shme�a) kai thn kwnik  tom  C diìti b�+ b

0

�

0

+ b

1

�

1

= L[C

0

ìpou C

0

\C =

fP

3

; : : : ; P

7

g dhlad  C

0

= C. To �topo kai aut  th for� e�nai ìti to P

8

an kei sthn

b� + b

0

�

0

+ b

1

�

1

en¸ den an kei sthn L (alli¸
 ja e�qame tr�a koin� shme�a me thn

L) oÔte an kei sthn C (diìti ja e�qame kai p�li èxi shme�a tom 
 p�nw sthn kwnik 

tom  C.

5. Shme�a kamp 
 (in
e
tions   
exes)

Orismì
 41. 'Ena shme�o P = [w; x; y℄ mi�
 algebrik 
 kampÔlh
 C

f

ja lègetai shme�o

kamp 
 th
 C

f

akrib¸
 tìte ìtan

(i) to P e�nai mh-idi�zon, kai

(ii) o bajmì
 pollaplìthta
 th
 efaptomènh
 sto P e�nai megalÔtero
   �so
 tou 3.

Shme�wsh 42. Apì ton orismì èpetai ìti an m�a kampÔlh èqei san sunist¸sa k�poia euje�a

tìte k�je mh-idi�zon shme�o th
 e�nai shme�o kamp 
.

Aut  h per�ptwsh den ma
 endiafèrei, ètsi sta epìmena ja jewroÔme mìno kampÔle
 pou den

èqoun euje�a san sunist¸sa (dè
 prìtash 31, sel�da 35).

Lìgw th
 prìtash
 31, sel. 35, gia na e�nai h arq  twn suntetagmènwn [1; 0; 0℄ èna
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shme�o kamp 
 me efaptomènh thn euje�a

bX � aY = 0

ja prèpei to polu¸numo f(1;X; Y ) na èqei thn ex 
 morf :

f(1;X; Y ) = (bX � aY ) + g

2

(X;Y ) + � � � + g

d

(X;Y ); (2.2)

ìpou to g

i

(X;Y ) e�nai omogenè
 polu¸numo bajmoÔ i gia i = 2; 3; : : : ; d kai

g

2

(at; bt) = t

2

g

2

(a; b) = 0:

'Estw t¸ra m�a kwnik  tom  C upèr to s¸ma k.

Upojètoume ìti èqei èna idi�zon shme�o. M�a euje�a L pou pern�ei apì to shme�o autì

tèmnei (mèsa sthn algebrik  j kh tou k;

~

k) thn kwnik  tom  kai se èna �llo shme�o. AfoÔ

1 � 2 + 1 � 1 = 3 > 2 h prìtash 36, sel. 39 d�nei ìti L kai C èqoun koin  sunist¸sa dhlad 

h L e�nai sunist¸sa th
 C, kai epomènw
 h C den e�nai an�gwgh. Apì thn �llh meri� an

h C den e�nai an�gwgh tìte apotele�tai apì èna zeug�ri diakekrimènwn eujei¸n, opìte to

shme�o tom 
 tou
 e�nai idi�zon   apì to ginìmeno mi�
 euje�a
 me ton eautì th
, opìte ìla

ta shme�a e�nai idi�zonta.

'Wste: h kwnik  tom  C e�nai an�gwgh akrib¸
 tìte ìtan den èqei kanèna idi�zon

shme�o.

Prìtash 43. H kwnik  tom  C

f

ìpou

f(X

0

;X

1

;X

2

) =

2

X

i;j=0

a

ij

X

i

X

j

(me a

ij

= a

ji

)

e�nai mh-an�gwgh tìte kai mìno tìte ìtan h or�zousa det(a

ij

) = 0.

Apìdeixh: H C

f

e�nai mh-an�gwgh akrib¸
 tìte ìtan èqei èna idi�zon shme�o, èstw P =

[x

0

; x

1

; x

2

℄. To teleuta�o ìmw
 e�nai isodÔnamo me to ìti

�f

�x

0

�

�

�

�

P

=

�f

�x

1

�

�

�

�

P

=

�f

�x

2

�

�

�

�

P

= 0 (prìt. 32, sel. 35)

dhlad  me to ìti to parap�nw sÔsthma èqei m�a mh tetrimmènh lÔsh. Epeid 

�f

�x

i

= 2

2

X

j=0

a

ij

x

j

; (i = 0; 1; 2);

to sÔsthma èqei mh-tetrimmènh lÔsh tìte kai mìno tìte ìtan det

�

a

ij

�

i;j=0;1;2

= 0. ut
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Prìtash 44. 'Estw t¸ra C

f

m�a algebrik  kampÔlh, f(X

0

;X

1

;X

2

) 2 k[X

0

;X

1

;X

2

℄. Ta

shme�a kamp 
 e�nai akrib¸
 ta mh idi�zonta shme�a th
 kampÔlh
 ta opo�a e�nai shme�a tom 


me thn Hessian

H(X

0

;X

1

;X

2

) := det

0

B

B

B

�

�

2

f

�X

2

0

�

2

f

�X

1

�X

0

�

2

f

�X

2

�X

0

�

2

f

�X

0

�X

1

�

2

f

�X

2

1

�

2

f

�X

2

�X

1

�

2

f

�X

0

�X

2

�

2

f

�X

1

�X

2

�

2

f

�X

2

2

1

C

C

C

A

:

Apìdeixh: 'Estw a = [a

0

; a

1

; a

2

℄ èna aplì (sel. 34) shme�o th
 kampÔlh
 kai b = [b

0

; b

1

; b

2

℄

k�poio �llo shme�o. Me f

i

(a) sumbol�zoume thn merik  par�gwgo th
 f w
 pro
 X

i

sto

shme�o a. An�loga or�zetai to f

ij

(a) =

�

2

f

�X

i

�X

j

�

�

�

�

a

.

Apì ton tÔpo tou Taylor prokÔptei

f(as+ bt) = f(a)s

d

+

2

X

i=0

f

i

(a)b

i

s

d�1

t+

1

2

2

X

i;j=0

f

ij

(a)b

i

b

j

s

d�2

t

2

+ � � �

'Estw L h euje�a

2

X

i=0

f

i

(a)X

i

= 0 kai Q h kwnik  tom 

2

X

i;j=0

f

ij

(a)X

i

X

j

= 0. Profan¸
 to

a e�nai shme�o kamp 
 akrib¸
 tìte ìtan h L e�nai sunist¸sa th
 Q dhlad  akrib¸
 tìte

ìtan

2

X

i;j=0

f

ij

(a)b

i

b

j

= 0 ef' ìson

2

X

i=0

f

i

(a)b

i

= 0.

Epomènw
 an to a e�nai shme�o kamp 
 tìte h Q den e�nai an�gwgh kai sunep¸
 (prìtash

43, sel. 44) H(a) = 0.

Ant�strofa, an H(a) = 0, tìte apì thn prìtash 43, sel. 44, èpetai ìti h Q den e�nai

an�gwgh. To shme�o a an kei sthn Q, diìti

2

X

i;j=0

f

ij

(a)a

i

a

j

= d(d � 1)f(a) = 0 (genikeumèno je¸rhma tou Euler):

H efaptomènh th
 Q sto shme�o a e�nai

2

X

i;j=0

f

ij

(a)a

i

X

j

= 0. To aristerì mèlo
 ìmw
, lìgw

tou jewr mato
 tou Euler, gr�fetai (d�1)

2

X

j=0

f

j

(a)X

j

= 0, dhlad 

2

X

j=0

f

j

(a)X

j

= 0. 'Wste

h efaptìmenh th
 Q sto a e�nai h euje�a L. H Q ìmw
 den e�nai an�gwgh. Epomènw
 h L

e�nai sunist¸sa th
 Q, dhlad  to shme�o a e�nai shme�o kamp 
. ut

Parat rhsh: AfoÔ f e�nai omogenè
 polu¸numo bajmoÔ d èpetai ìti h H e�nai omogenè


polu¸numo bajmoÔ 3(d� 2).

'Wste:
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Pìrisma 45. K�je mh-idi�zousa kampÔlh t�xew
 megalÔterh
   �sh
 tou 3 èqei toul�qisto

èna shme�o kamp 
. Mia kwnik  tom  den èqei kanèna shme�o kamp 
.

'Estw t¸ra oti m�a mh-idi�zousa kubik  kampÔlh èqei to shme�o kamp 
 [1; 0; 0℄ me efap-

tomènh euje�a thn Y = 0, dhlad  ton �xona twn X. H kampÔlh ma
 ja èqei thn morf  (de


sel. 44)

f(1;X; Y ) = Y + f

2

(X;Y ) + f

3

(X;Y ) = Y + bXY + aY

2

+ f

3

(X;Y )

diìti, gia Y = 0, ja prèpei f

2

(X; 0) = 0. 'Ara

f(W;X; Y ) =W

2

Y + aY

2

W + bWXY + f

3

(X;Y ):

An k�noume t¸ra to �dio kai p�roume to ep' �peiro shme�o [0; 0; 1℄ san shme�o kamp 
, me

efaptomènh thn ep' èpeiro euje�a W = 0, tìte katal goume sthn ex�swsh tou parak�tw

orismoÔ.

Orismì
 46. H ex�swsh mi�
 mh-idi�zousa
 kubik 
 kampÔlh
 C sthn kanonik  th
 mor-

f  e�nai

WY

2

+ a

1

WXY + a

3

W

2

Y = X

3

+ a

2

X

2

W + a

4

XW

2

+ a

6

W

3

:

(Merikè
 forè
 lègetai kai genikeumènh morf  tou Weierstrass).

'Wste, gia na p�roume thn kanonik  morf  prèpei na metafèroume èna shme�o kamp 
 sto

�peiro ètsi ¸ste h efaptomènh na e�nai h ep' �peiro euje�a.

An h qarakthristik  tou s¸mato
 k e�nai diaforetik  tou 2, tìte mporoÔme na gr�youme

thn kanonik  morf  w
 ex 
:

W

"

Y

2

+ 2

�

a

1

X + a

3

W

2

�

Y +

�

a

1

X + a

3

W

2

�

2

#

= X

3

+

b

2

4

X

2

W +

b

4

2

XW

2

+

b

6

4

W

3

ìpou

b

2

= a

2

1

+ 4a

2

; b

4

= a

1

a

3

+ 2a

4

; b

6

= a

2

3

+ 4a

6

:

Jètoume

b

8

= a

2

1

a

6

� a

1

a

3

a

4

+ 4a

2

a

6

+ a

2

a

2

3

� a

2

4

:

kai br�skoume

4b

8

= b

2

b

6

� b

4

:
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Gia � = Y +

a

1

+ a

3

W

2

h kanonik  morf  g�netai

W�

2

= X

3

+

b

2

4

X

2

W +

b

4

2

XW

2

+

b

6

4

W

3

:

An h qarakthristik  tou s¸mato
 k e�nai di�forh twn 2 kai 3 tìte gia




4

= b

2

2

� 24b

4

kai 


6

= �b

3

2

+ 36b

2

b

4

� 216b

6

kai � = x+

b

2

12

h kanonik  morf  g�netai

W�

2

= �

3

�




4

48

�W

2

�




6

864

W

3

:

ParathroÔme ìti ta b

2

; b

4

; b

6

; b

8

kai 


4

; 


6

e�nai akèraioi an a

1

; a

2

; a

3

; a

4

; a

6

e�nai akèraioi.

Orismì
 47. Ja lème ìti m�a mh-idi�zousa kubik  kampÔlh C èqei ex�swsh sth morf  tou

Weierstrass ìtan èqei thn morf 

WY

2

= X

3

+ bW

2

X + 
W

3

Se afinikè
 suntetagmène
 gr�fetai

Y

2

= f(X); f(X) 2 K[X℄;

kubikì, enadikì polu¸numo tou opo�ou to �jroisma twn riz¸n e�nai �so me mhdèn.

To polu¸numo f(X) = X

3

+ bX+ 
 èqei dipl  r�za, se k�poia epèktash tou K, akrib¸


tìte ìtan D(f) = 4b

3

+ 27


2

= 0.

Prìtash 48. 'Ena shme�o [1; a; 0℄ th
 C me ex�swsh WY

2

= X

3

+ bXW

2

+ 
W

3

e�nai

mh-idi�zon akrib¸
 tìte ìtan to a e�nai apl  r�za tou X

3

+ bX + 
.

Apìdeixh: Kat' arq n parathroÔme ìti to shme�o [w; x; y℄ th
 C e�nai idi�zon an kai mìno

an to shme�o [w; x;�y℄ e�nai ep�sh
 idi�zon. Gnwr�zoume ìmw
 ìti m�a an�gwgh (de
 shme�wsh

42, sel�da 43) kubik  kampÔlh èqei to polÔ èna idi�zon shme�o, �ra prèpei y = 0, dhlad 

to shme�o ja e�nai th
 morf 
 [w; x; 0℄. 'Ena shme�o P = [1; x; 0℄ t¸ra th
 kampÔlh
 e�nai

idi�zon akrib¸
 tìte ìtan

�F

�X

�

�

�

�

P

= 0 ^

�F

�Y

�

�

�

�

P

= 0; ìpou F (X;Y ) = Y

2

�X

3

� bX �C:

H

�F

�Y

e�nai p�ntote �sh me mhdèn sto P = [1; x; 0℄. 'Omw


�F

�X

�

�

�

P

= 0 akrib¸
 tìte ìtan to

x e�nai dipl  r�za tou f(X) = X

3

+ bX + 
 dhlad  akrib¸
 tìte ìtan D(f) = 0. ut

'Wste h kubik  kampÔlh Y

2

= X

3

+ bX+ 
 e�nai mh-idi�zousa an kai mìno �n D(f) 6= 0.
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Kef�laio 3

Rht� shme�a kubik¸n kampul¸n

Sto kef�laio autì apodeiknÔoume ìti to sÔnolo twn rht¸n shme�wn mi�
 elleiptik 
 kampÔlh


me pr�xh thn prìsjesh pou ja or�soume apotele� abelian  om�da. Ep� plèon meletoÔme rht�

shme�a P mi�
 elleiptik 
 kampÔlh
 t�xew
 2   3.

1. Dom  om�da
 p�nw se mh-idi�zouse
 kubikè
 kampÔle


Sthn eisagwg  perigr�yame thn mèjodo th
 qord 
 kai efaptomènh
 sthn sÔnjesh PQ dÔo

shme�wn P kai Q mi�
 kubik 
 kampÔlh
 upèr to k. Dhlad  to PQ e�nai to tr�to shme�o

tom 
 th
 euje�a
 L pou pern�ei apì ta P kai Q. Gia k�je epèktash K tou k o nìmo


sÔnjesh
 e�nai m�a sun�rthsh

�(K)��(K) �! �(K):

(P;Q) 7�! PQ:

Apì aut� pou anaptÔqjhkan sto prohgoÔmeno kef�laio èqoume ti
 ex 
 peript¸sei
:

'Estw L m�a euje�a kai C m�a kubik  kampÔlh orismène
 p�nw sto k. 'Estw

~

k h

algebrik  j kh tou k. Gia ta shme�a tom 
 loipìn L(

~

k) \ C(

~

k) èqoume

(aþ) An L(

~

k)\C(

~

k) = fP

1

; P

2

; P

3

g tr�a shme�a ìpou   pollaplìthta tom 
 i(P

i

; L; C) = 1

gia i = 1; 2; 3. H sÔnjesh d�netai loipìn apì th sqèsh P

i

P

j

= P

k

kai an dÔo apì ta

tr�a shme�a e�nai rht� upèr to k tìte to �dio e�nai kai to tr�to.

(bþ) An L(

~

k)\C(

~

k) = fP; P

0

)g dÔo shme�a, ìpou i(P;L;C) = 2 kai i(P

0

; L; C) = 1. 'Wste

h L e�nai efaptomènh th
 C sto P   to P e�nai idi�zon shme�o th
 C, kai h sÔnjesh

49
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d�netai apì th sqèsh PP = P

0

kai PP

0

= P kai, an to P e�nai rhtì upèr to k, to

�dio isqÔei kai gia to P

0

.

(gþ) L(

~

k) \ C(

~

k) = fPg èna shme�o ìpou h pollaplìthta tom 
 i(P;L;C) = 3 opìte

PP = P kai to P e�nai shme�o kamp 
.

Je¸rhma 1. 'Estw � m�a kubik  kampÔlh pou or�zetai p�nw sto s¸ma k kai K m�a epèk-

tash tou k kai èstw O 2 �(K). O nìmo
 sÔnjesh
 P + Q = O(PQ) k�nei to �(K)

abelian  om�da me O to mhdenikì stoiqe�o kai �P = P (OO). Epiplèon to O e�nai shme�o

kamp 
 an kai mìno an P +Q+ R = O ìpou P;Q;R e�nai ta tr�a shme�a tom 
 th
 � me

m�a euje�a. S' aut n thn per�ptwsh �P = PO.

Apìdeixh: Profan¸
 P+Q = Q+P diìti PQ = QP , dhlad  isqÔei h antimetajetikìthta.

Genik� isqÔei P (PQ) = Q. Gia P = O br�skoume Q = O(OQ) = O +Q. 'Wste to O e�nai

to oudètero stoiqe�o, de
 sq ma 3.2.

P
Q

O

PQ

P+Q = O(PQ)

Sq ma 3.1: Prìsjesh rht¸n shme�wn
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Gia to ant�jeto jewroÔme thn efaptomènh th
 � sto O.

Q=Q+0=O(QO)
QO

O

Sq ma 3.2: Prìsjesh rht¸n shme�wn

H euje�a aut  tèmnei thn kampÔlh sto shme�o OO. An t¸ra P k�poio rhtì shme�o th


kampÔlh
, h euje�a P (OO) tèmnei thn kampÔlh se k�poio tr�to shme�o, to opo�o e�nai to �P ,

dhlad  P = P (OO).

ProtoÔ apode�xoume ton prosetairismì, apodeiknÔoume thn teleuta�a apa�thsh tou jew-

r mato
.

An P;Q;R e�nai tr�a shme�a tom 
 th
 � me m�a euje�a, tìte R = PQ. T¸ra �R = P +Q

an kai mìno an �R = (OO)R = O(PQ) = P + Q. Autì ìmw
 isqÔei akrib¸
 tìte ìtan

(OO)R = OR   alli¸
 O = OO dhlad  akrib¸
 tìte ìtan to O e�nai shme�o kamp 
.

Gia ton prosetairistikì nìmo arke� na de�xoume ìti P (Q+R) = (P +Q)R, de
 sq ma 3.3.

'Estw ìti P , Q kai R diakekrimèna metaxÔ tou
 shme�a th
 kampÔlh
 �.

'Eqoume ta akìlouja 8 shme�a p�nw sthn kampÔlh

O; P; Q; R; PQ; RQ; P+Q; R+Q:

Kajèna ap' aut� ta 8 shme�a e�nai shme�o mi�
 kìkkinh
 kai mi�
 mplè euje�a
 gramm 
.

To ginìmeno twn exis¸sewn twn kìkkinwn eujei¸n d�nei m�a kubik  kampÔlh. To �dio kai to

ginìmeno twn mplè.
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O

Q+R

QR

PQ

P+Q

(P+Q)R=P(Q+R)

R
Q

P

Sq ma 3.3: Prosetairismì
 prìsjesh
 rht¸n shme�wn

To shme�o tom 
 twn eujei¸n R;P + Q kai P;R + Q e�nai to ènato shme�o tom 
 twn dÔo

kubik¸n kampul¸n. H doje�sa kubik  kampÔlh � èqei 8 koin� shme�a kai me ti
 dÔo, �ra ja

èqei kai to ènato, dhlad  oi euje�e
 pou or�zontai apì ta shme�a R;P + Q kai P;R + Q

tèmnontai p�nw sth �, dhlad  ta shme�a R(P + Q) kai P (R + Q) taut�zontai, opìte

(P +Q) +R = P + (Q+R).

Otan ta P;Q kai R den e�nai diakekrimèna blèpoume ìti, efarmìzonta
 thn antimetajetikìth-

ta, apomènei na exetaste� h per�ptwsh

P + (P +Q) = (P + P ) +Q:

H apìdeixh th
 teleuta�a
 isìthta
 af netai san �skhsh ston anagn¸sth. �

Orismì
 2. M�a elleiptik  kampÔlh E upèr to k e�nai m�a mh-idi�zousa kubik  kampÔlh

wrismènh upèr to s¸ma k maz� me èna mhdenikì (oudètero) shme�o O 2 E(k) kai ton

ant�stoiqo nìmo sÔnjesh
 sto E(K) (gia k�je epèktash K tou k) pou or�zetai apì to

prohgoÔmeno je¸rhma.
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Parat rhsh: An K

'

�! K

0

, èna
 k-omomorfismì
 swm�twn, tìte autì
 ep�gei ènan omo-

morfismì om�dwn

E(K)

~'

�! E(K

0

):

2. Parade�gmata kai mèjodoi upologismoÔ

'Estw m�a kubik  kampÔlh sthn kanonik  th
 morf 

C :WY

2

+ a

1

WXY + a

3

W

2

Y = X

3

+ a

2

X

2

W + a

4

XW

2

+ a

6

W

3

orismènh p�nw sto s¸ma k.

H tom  th
 kampÔlh
 C me thn ep' �peiro euje�a W = 0 d�netai apì th sqèsh X

3

= 0.

Dhlad  to shme�o P = [0; 0; 1℄ e�nai to monadikì shme�o tom 
 th
 euje�a
 W = 0 kai th


kampÔlh
 C. Epomènw
 to shme�o autì èqei bajmì pollaplìthta
 i(L;C; P ) = 3 dhlad 

e�nai shme�o kamp 
. Autì to shme�o pa�rnoume san oudètero stoiqe�o O.

Ta mh-mhdenik� shme�a th
 kampÔlh
 e�nai lÔsei
 th
 afinik 
 ex�swsh


y

2

+ a

1

xy + a

3

y = x

3

+ a

2

x

2

+ a

4

x+ a

6

:

Oi euje�e
 t¸ra pou dièrqontai apì to ep' �peiro shme�o P = [0; 0; 1℄ e�nai akrib¸
 oi k�jete


ston �xona twn x sto afinikì xy�ep�pedo kai h ep' �peiro euje�a.

'Ara, an P = (x; y) tìte �P = (x; y

�

) diìti kai ta dÔo shme�a br�skontai p�nw se m�a

euje�a pou pern�ei apì to O, dhlad  m�a euje�a k�jeth pro
 ton �xona twn x.

AfoÔ t¸ra kai ta dÔo y kai y

�

e�nai r�ze
 th
 ex�swsh


Y

2

+ (a

1

x+ a

3

)Y = x

3

+ a

2

x

2

+ a

4

x+ a

6

h opo�a e�nai deutèrou bajmoÔ w
 pro
 Y , br�skoume ìti y + y

�

= �a

1

x� a

3

.

'Wste: P�nw se m�a elleiptik  kampÔlh E dosmènh se kanonik  morf 

WY

2

+ a

1

WXY + a

3

W

2

Y = X

3

+ a

2

X

2

W + a

4

XW

2

+ a

6

W

3

to ant�jeto tou (x; y) 2 E(k) d�netai apì th sqèsh

�P = �(x; y) = (x;�y � a

1

x� a

3

):

Shme�wsh 3. An a

1

= 0 tìte �P = �(x; y) = (x;�y � a

3

) kai an a

1

= a

3

= 0 tìte

�P = �(x; y) = (x;�y).
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y

x

P
Q

P+Q

PQ

Sq ma 3.4: Prìsjesh rht¸n shme�wn

Sthn sunèqeia ja projèsoume dÔo shme�a P kai Q mi�
 elleiptik 
 kampÔlh
 E.

An a

1

= a

3

= 0 tìte to P +Q e�nai to summetrikì tou PQ w
 pro
 ton �xona twn x.

Sthn genik  per�ptwsh gr�foume P

1

P

2

= P

3

ìpou (x

i

; y

i

) e�nai oi suntetagmène
 tou

P

i

, i = 1; 2; 3. Ja broÔme ti
 suntetagmène
 tou shme�ou P

3

sunart sei aut¸n twn P

1

kai

P

2

.

Per�ptwsh 1

h

: An x

1

6= x

2

tìte h euje�a pou pern�ei apì ta P

1

kai P

2

èqei ex�swsh

Y = �X + �; ìpou � =

y

1

� y

2

x

1

� x

2

:

Per�ptwsh 2

h

: An P

1

= P

2

= P tìte h efaptomènh sto P èqei ex�swsh

Y = �X + �; ìpou � =

f

0

(x

1

)� a

1

y � 1

2y

1

+ a

1

x

1

+ a

3

:

AntikajistoÔme to Y sthn ex�swsh th
 kampÔlh
 kai br�skoume

(�X + �)

2

+ a

1

X(�X + �) + a

3

(�X + �) = X

3

+ a

2

X

2

+ a

4

X + a

6

=) X

3

+ (a

2

� �

2

� �a

1

)X

2

+ (a

4

� 2�� � a

1

� � �a

3

)X + (a

6

� �

2

� a

3

�) = 0:

Oi trei
 r�ze
 th
 kubik 
 ex�swsh
 x

1

; x

2

; x

3

e�nai oi X-suntetagmène
 twn tri¸n shme�wn

tom 
. Epomènw


x

1

+ x

2

+ x

3

= �a

2

+ �

2

+ �a

1

;
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dhlad 

x

3

= �

2

+ �a

1

� a

2

� x

1

� x

2

(3.1)

kai y

3

= �x

3

+ �. Telik� pa�rnoume

(x

1

; y

1

) + (x

2

; y

2

) = (x

3

;�y

3

� a

1

x

3

� a

3

) = (x

3

;�(�+ a

1

)x

3

� � � a

3

):

Parat rhsh 4. 'Ena shme�o P = (x; y) e�nai t�xh
 2 mèsa sthn om�da E(k) akrib¸


tìte ìtan

2P = O () P = �P () (x; y) = (x

3

;�y

3

� a

1

x

1

� a

3

):

An 
h(k) 6= 2 tìte y = �

a

1

x+ a

3

2

:

An h E èqei th morf  Y

2

= f(X) = X

3

+ aX

2

+ bX + 
 tìte to shme�o P = (x; y) e�nai

t�xh
 2 tìte kai mìno tìte ìtan (x; y) = (x;�y), dhlad  akrib¸
 tìte ìtan y = 0.

'Wste ta shme�a t�xew
 2 e�nai akrib¸
 eke�na th
 morf 
 (x; 0) ìpou x lÔsh th
 kubik 


ex�swsh


X

3

+ aX

2

+ bX + 
 = 0 (3.2)

Autì shma�nei ìti h 2-om�da strèyew
 E(K)

2-torsion

èqei t�xh èna, �n kamm�a r�za th
 (3.2)

den an kei sto k.

E(k)

2-torsion

èqei t�xh dÔo, �n m�a r�za th
 (3.2) an kei sto k.

E(k)

2-torsion

èqei t�xh 4, �n ìle
 oi r�ze
 th
 (3.2) an koun sto k.

Sthn teleuta�a per�ptwsh h E(k)

2-torsion

e�nai isìmorfh me thn tetradik  om�da touKlein.

3. Merikè
 parathr sei
 sta shme�a dia�resh


Xanajumìmaste t¸ra ìti ta 2-shme�a dia�resh
, ta {rht�} dhlad  shme�a t�xh
 2 mi�
 elleip-

tik 
 kampÔlh
 E sthn kanonik  morf  tou Weierstrass

Y

2

= f(X)

ìtan h qarakthristik  tou s¸mato
 k e�nai di�forh tou 2 e�nai ta (�

1

; 0), (�

2

; 0) kai (�

3

; 0)

ìpou �

1

; �

2

; �

3

e�nai diakekrimène
 r�ze
 th
 kubik 
 ex�swsh
 f(X) = 0. Ep� plèon isqÔei

gia f1; 2; 3g = fi; j; kg ìti

(�

i

; 0) + (�

j

; 0) = (�

k

; 0):
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'Wste h om�da twn 2-shme�wn dia�resh
 th
 E p�nw apì to s¸ma K = k(�

1

; �

2

; �

3

) e�nai

isìmorfh me thn tetradik  om�da tou Klein

Z

�

2Z

�

Z

�

2Z

.

K�nonta
 t¸ra ènan kat�llhlo afinikì metasqhmatismì X 7! �X + �, stèlnoume ta

shme�a (�

1

; 0); (�

2

; 0) sta (0; 0) kai (1; 0) ant�stoiqa, opìte h ex�swsh pa�rnei thn parak�tw

morf  tou Legendre:

Y

2

= X(X � 1)(X � �); � 6= 0; 1:

Ti g�netai t¸ra ìtan h qarakthristik  tou k e�nai 2?

Gr�foume thn ex�swsh sth morf 

E : Y

2

+ a

1

XY + a

3

Y = X

3

+ a

2

X

2

+ a

4

X + a

6

:

E�nai  dh gnwstì ìti an P = (x; y) tìte �P = (x;�y � a

1

x � a

3

), opìte 2P = O sthn

E(k) tìte kai mìno tìte ìtan a

1

x+ a

3

= 0. Sth sunèqeia xeqwr�zoume dÔo peript¸sei
.

(i) An a

1

6= 0. Sthn algebrik  j kh tou k,

~

k h om�da twn 2-shme�wn dia�resh
 èqei dÔo

akrib¸
 stoiqe�a O kai (x; y) ìpou x =

a

3

a

1

kai y

2

= f

�

a

3

a

1

�

.

'Ara e�nai kuklik  t�xew
 2.

(ii) An a

1

= 0 tìte antikajistoÔme to Y me a

3

Y kai èqoume

a

2

3

Y

2

+ a

3

Y = f(X) =) Y

2

+ Y = f

0

(X)

opìte to monadikì 2-shme�o dia�resh
 e�nai to O.

Ja kle�soume thn paroÔsa par�grafo me th melèth twn rht¸n shme�wn t�xew
 3 mi�
 elleip-

tik 
 kampÔlh
.

'Estw E elleiptik  kampÔlh sth morf  tou Weierstrass

Y

2

= X

3

+ aX

2

+ bX + 


An P = (x; y) 2 E(k) tìte an 3P = O èqoume 2P = �P , dhlad  2P = �(x; y) = (x;�y).

Me �lla lìgia h efaptomènh Y = �X + � th
 E sto P = (x; y) èqei tom  bajmoÔ

pollaplìthta
 3 kai sunep¸
 ja prèpei na e�nai shme�o kamp 
. 'Ara ja èqoume

(�X + �)

2

= x

3

+ ax

2

+ bx+ 
) x

3

+ (a� �

2

)x

2

+ (b� 2��)x+ 
� �

2

= 0



3. Merikè
 parathr sei
 sta shme�a dia�resh
 57

me tripl  r�za to x. Epomènw


3x = �

2

� a = (

f

0

(x)

2y

)

2

� a

diìti � =

f

0

(x)

2y

. LÔnoume thn ex�swsh w
 pro
 f

0

(x) kai br�skoume

f

0

(x)

2

= (3x+ a)4y

2

= 2f(x)(6x + 2a) = 2f(x)f

00

(x)

dhlad  g(x) := f

0

(x)

2

� 2f(x)f

00

(x) = 0:

Prìtash 5. 'Estw E elleiptik  kampÔlh sth morf  tou Weierstrass

Y

2

= f(X) = X

3

+ aX

2

+ bX + 


(i) An h qarakthristik  tou k e�nai di�forh tou 3 tìte h om�da E(

~

k) èqei 9 shme�a

(x; y) t�xew
 3 ìpou to x e�nai lÔsh th
 ex�swsh
 4

ou

bajmoÔ

g(X) = f

0

(X)

2

� 2f(X)f

00

(X) = 0:

H om�da aut¸n twn shme�wn t�xew
 3 e�nai isìmorfh pro
 thn

Z

�

3Z

�

Z

�

3Z

.

(ii) An h qarakthristik  tou s¸mato
 k e�nai 3 kai a 6= 0, tìte h E(

~

k) èqei 3 shme�a

(x;�y) kai O ìpou x e�nai h pl rw
 mh-diaqwr�simh r�za tou

4a
� b

2

4a

:

H om�da e�nai isìmorfh pro
 thn

Z

�

3Z

.

(iii) An 
hk = 3 kai a = 0 tìte E(k)

3-torsion

= fOg.

Apodeixh:

(i) Arke� na de�xoume ìti to polu¸numo g(X) = 0 èqei 4 diakekrimène
 r�ze
 sto

~

k. Kat'

arq n

g

0

(X) = 2f

0

(X)f

00

(X)� 2f

0

(X)f

00

(X) � 2f(X)f

000

(X) = �12f(X):

Mia koin  r�za twn g(X) kai g

0

(X) ja  tan koin  r�za kai twn f(X) kai f

0

(X).

Autì ìmw
 den e�nai dunatì giat� h f

0

(X) kai f(X) den èqoun koinè
 r�ze
, ex orismoÔ

th
 E. 'Wste, to g(X) den èqei dipl  r�za. Epomènw
 kai oi 4 r�ze
 tou e�nai metaxÔ

tou
 diaforetikè
. Dhlad  èqoume (x;�y), ìpou x r�za tou g(X) sunolik� 8 shme�a

t�xew
 3 kai to mhdenikì. To gegonì
 ìti E(

~

k)

�

=

Z

�

3Z

�

Z

�

3Z

e�nai profanè
.
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(ii) An t¸ra 
hk = 3 èpetai ìti

f

0

(X) = 2aX + b kai f

00

(X) = 2a

opìte g(X) = f

0

(X)

2

� 2f(X)f

00

(X) =

= (2aX + b)

2

� 2(2a)(X

3

+ aX

2

+ bX + 
) = �4aX

3

+ b

2

� 4a
:

An a 6= 0 tìte to x e�nai kubik  r�za tou

4a
� b

2

4a

.

(iii) An a = 0 tìte den up�rqei shme�o tou opo�ou h t�xh na diaire� ton 3 �llo ektì
 apì

to O.

Parat rhsh 6. Anafèroume pro
 to parìn ìti an to k e�nai algebrik� kleistì tìte ta

n-shme�a dia�resh
 th
 E(k), dhlad  o pur na
 tou omomorfismoÔ

8

<

:

E(k)

�

�! E(k)

P 7�! nP

e�nai isìmorfo
 pro
 thn

Z

�

nZ

�

Z

�

nZ

upì thn pro�pìjesh ìti (n; 
hk) = 1.

Gia ta p-shme�a dia�resh
 se s¸ma k qarakthristik 
 p èqoume dÔo peript¸sei
.

(aþ) Kanonikè
 kampÔle
 (ordinary), ìtan ta shme�a aut� apoteloÔn kuklik  upoom�da

th
 E(

~

k) t�xew
 p.

(bþ) Uperidi�zouse
 kampÔle
 E ìtan

E(

~

k)

p-torsion

= fOg:



Kef�laio 4

To Je¸rhma twn Lutz-Nagell

Sto kef�laio autì periorizìmaste, gia lìgou
 eukol�a
, se elleiptikè
 kampÔle
 pou e�nai

orismène
 p�nw apì to s¸ma twn rht¸n arjm¸n Q . Sto tèlo
 tou kefala�ou �sw
 perigr�y-

oume ti g�netai se genikìtere
 peript¸sei
.

Skopì
 ma
 e�nai na qarakthr�soume ìla ta shme�a peperasmènh
 t�xh
 (torsion points)

th
 om�da
 twn rht¸n shme�wn E(Q) mi�
 elleiptik 
 kampÔlh


E : Y

2

= f(X) = X

3

+ aX

2

+ bX + 
 2 Q [X ℄ (1):

'Oti ta shme�a peperasmènh
 t�xh
 mi�
 abelian 
 om�da
 apoteloÔn upoom�da aut 
 e�nai

gnwstì kai h apìdeix  tou af netai san �skhsh ston anagn¸sth.

Qwr�
 periorismì th
 genikìthta
 mporoÔme na upojèsoume ìti oi suntelestè
 tou poluwnÔ-

mou f(X) e�nai akèraioi arijmo�. An den e�nai, pollaplasi�zoume me Z

6

kai antikajistoÔme

to Y me to Z

3

Y kai to X me to Z

2

X, opìte èqoume

Y

2

= X

3

+ Z

2

aX

2

+ Z

4

bX + Z

6


:

Me kat�llhlh epilog  tou Z t¸ra mporoÔme na exale�youme tou
 paronomastè
. Epomènw


mporoÔme na upojèsoume ìti

Y

2

= f(X) = X

3

+ aX

2

+ bX + 
 2 Z[X℄:

1. To je¸rhma twn Lutz-Nagell

To kÔrio apotèlesma tou kefala�ou diatup¸netai w
 ex 
:

59
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Je¸rhma 1 (Je¸rhma twn Lutz-Nagell) 'Ola ta shme�a peperasmènh
 t�xh
 P = (x; y)

th
 E(Q) èqoun akèraie
 suntetagmène
 x kai y kai m�lista   y = 0 (shme�a t�xh


2)   y

�

�

D(f) thn diakr�nousa tou f(X)

(D(f) = �4a

3


+ a

2

b

2

+ 18ab
� 4b

3

� 27


2

):

Parat rhsh 2. Lìgw th
 prìtash
 13, sel�da 23, isqÔei

D(f) = R(f; f

0

) = A(X)f(X) +B(X)f

0

(X) ìpou A(X); B(X) 2 Z[X℄:

An mporoÔme na apode�xoume ìti ta rht� shme�a peperasmènh
 t�xh
 èqoun akèraie
 sunist¸s-

e
 tìte, me qr sh tou parap�nw tÔpou th
 diakr�nousa
, mporoÔme na apode�xoume ìti y = 0  

y

�

�

D(f), opìte, met� apì peperasmènou pl jou
 bhm�twn br�skoume ìla ta dunat� y

�

�

D(f), ta

antikajistoÔme sthn ex�swsh Y

2

= f(X). AfoÔ f(X) èqei akèraiou
 suntelestè
 kai sun-

telest  megalÔterh
 dÔnamh
 tou X thn mon�da èpetai ìti an to f(X) èqei k�poia akera�a

r�za, aut  ja diaire� to stajerì ìro tou poluwnÔmou f(X).

'Etsi e�maste exasfalismènoi ìti mporoÔme na broÔme ìla ta shme�a peperasmènh
 t�xh


met� apì peperasmèno pl jo
 bhm�twn.

Prosoq ! Den isqurizìmaste ìti k�je shme�o P = (x; y) me akèraie
 suntetagmène
 kai

y

�

�

D(f) e�nai shme�o peperasmènh
 t�xh
.

Apìdeixh: Upojètoume kat' arq n ìti ta shme�a peperasmènh
 t�xh
 èqoun akèraie
 sun-

tetagmène
. 'Estw P = (x

1

; y

1

) èna tètoio shme�o. Ja apode�xoume ìti y

1

= 0   y

1

�

�

D(f).

E�nai gnwstì, apì to prohgoÔmeno kef�laio, ìti

2P = O () y

1

= 0:

'Estw t¸ra 2P 6= O. To 2P ja e�nai tìte ki autì peperasmènh
 t�xh
 kai, sÔmfwna me thn

upìjesh, ja èqei akèraie
 suntetagmène
. 'Estw 2P = (x

2

; y

2

). O tÔpo
 (3.1) th
 sel�da


55 t¸ra d�nei

x

2

= �

2

� a� 2x

1

ìpou � =

f

0

(x

1

)

2y

1

:

AfoÔ a; x

1

; x

2

2 Z èpetai ìti �

2

2 Z.

Apì th sqèsh � =

f

0

(x

1

)

2y

1

èpetai ìti o � e�nai rhtì
 arijmì
, en¸ apì th sqèsh x

2

=

�

2

� a � 2x

1

kai, dedomènou ìti a; x

1

; x

2

e�nai akèraioi, èpetai ìti o � e�nai kat' an�gkh

akèraio
. Epomènw
 2y

1

�

�

f

0

(x

1

) opìte kai y

1

�

�

f

0

(x

1

). Epiplèon y

1

�

�

y

2

1

= f(x

1

). Sunep¸
,

y

1

�

�

D(f) = A(x

1

)f(x

1

) +B(x

1

)f

0

(x

1

):
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Erqìmaste t¸ra sto dÔskolo komm�ti th
 apìdeixh
. Ja apode�xoume ìti ta rht� shme�-

a peperasmènh
 t�xh
 mi�
 elleiptik 
 kampÔlh
 èqoun akèraie
 suntetagmène
. Gia na

apode�xoume ìti k�poio
 rhtì
 arijmì
, grammèno
 se morf  anag¸gou kl�smato
, e�nai

akèraio
, arke� na apode�xoume ìti o paronomast 
 tou e�nai �so
 me èna. 'Ena
 trìpo


na apode�xoume ìti k�poio
 akèraio
 arijmì
 e�nai �so
 me 1 e�nai na apode�xoume ìti den

diaire�tai me kanèna pr¸to. 'Wste, mporoÔme na sp�soume to prìblhma se �peira komm�tia

kai na de�xoume ìti ìtan m�a sunist¸sa tou shme�ou x mpore� na grafe� se an�gwgo kl�sma

A

B

tìte o paronomast 
 B den diaire�tai oÔte me to 2, oÔte me to 3, oÔte mè kanèna �llo

pr¸to arijmì.

An apode�xoume loipìn autì gia tou
 paronomastè
 twn x kai y tìte ja èqoume telei¸sei,

dhlad  ja èqoume apode�xei ìti x; y 2 Z.

Xanajum�zoume ìti an o x gr�fetai x = p

r

�

a

b

ìpou p - ab tìte èqoume ord

p

(x) = r.

Profan¸
 loipìn to p diaire� ton paronomast  rhtoÔ arijmoÔ x akrib¸
 tìte ìtan ord

p

(x) <

0 kai p diaire� ton arijmht  tou x akrib¸
 tìte ìtan ord

p

(x) > 0.

O p den diaire� oÔte ton arijmht  oÔte ton paronomast  an kai mìno an ord

p

(x) = 0.

'Estw P = (x; y) k�poio rhtì shme�o th
 E me

x =

m

np

r

kai y =

d

ep

s

ìpou r > 0 kai p - mnde:

H ex�swsh th
 elleiptik 
 kampÔlh
 ma
 d�nei

d

2

e

2

p

2s

=

m

3

+ am

2

np

r

+ bmn

2

p

2r

+ 
n

3

p

3r

n

3

p

3r

opìte ord

p

�

d

2

e

2

p

2s

�

= �2s. AfoÔ r > 0 kai p - m èpetai ìti

p - (m

3

+ am

2

np

r

+ bmn

2

p

2r

+ 
n

3

p

3r

):

Epomènw


ord

p

�

m

3

+ am

2

np

r

+ bmn

2

p

2r

+ 
n

3

p

3r

n

3

p

3r

�

= �3r:

'Ara 2s = 3r kai epomènw
 s > 0 (afoÔ r > 0). Autì shma�nei ìti to p diaire� kai ton

paronomast  tou y.

Akìmh 3

�

�

s kai an s = 3q èpetai ìti r = 2q; q 2 Z (q > 0).

An t¸ra upojèsoume ìti o p diaire� ton paronomast  tou y, tìte, ìmoia br�skoume ìti p

�

�

x,

r = 2q kai s = 3q, q 2 Z, q > 0, kai fusik� p diaire� kai ton paronomast  tou x.
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'Wste: An k�poio
 pr¸to
 arijmì
 diaire� ènan apì tou
 paronomastè
 twn x kai y ja

diaire� kai ton �llo kai m�lista oi akribe�
 dun�mei
 diarèsew
 ja èqoun thn morf  2q kai

3q ant�stoiqa.

Gia opoiod pote rhtì shme�o P = (x(P ); y(P )) th
 elleiptik 
 kampÔlh
 E, or�zoume

A(p

r

) :=

�

P 2 E(Q)

�

�

ord

p

(denom(x(P ))) � 2r kai ord

p

(denom(y(P ))) � 3r

	

[

�

O

	

:

Profan¸
 E(Q) � A(p) � A(p

2

) � � � �

Skopì
 ma
 e�nai na de�xoume ìti èna shme�o peperasmènh
 t�xh
 den mpore� na an kei sto

A(p). Pr¸ta ap' ìla ìmw
 ja apode�xoume ìti ta A(p

r

) apoteloÔn upoom�de
 th
 E(Q).

Kat' arq n ja all�xoume suntetagmène
 kai ja fèroume to O se k�poia {peperasmènh}

jèsh.

Jètoume t =

X

Y

kai s =

1

Y

opìte h ex�swsh th
 kampÔlh


Y

2

= X

3

+ aX

2

+ bX + 
 metasqhmat�zetai sthn

s = t

3

+ at

2

s+ bts

2

+ 
s

3

sto (t; s)-ep�pedo:

Sto (t; s)-ep�pedo èqoume t¸ra ìla ta shme�a tou (x; y)-epipèdou ektì
 eke�nwn gia ta opo�a

y = 0. To ep' �peiro shme�o th
 kampÔlh
 to èqoume t¸ra sthn jèsh (0; 0).

Sqhmatik� loipìn ja mporèsoume na sqedi�soume thn kampÔlh sta dÔo sust mata sun-

tetagmènwn.

Sto aristerì sq ma blèpoume ìla ta shme�a th
 kampÔlh
 ektì
 tou O. Sto dexiì

blèpoume ìla ta shme�a th
 kampÔlh
 (kai to O) ektì
 twn shme�wn t�xew
 2, dhlad  ektì


twn shme�wn tom 
 me ton �xona twn x. An loipìn exairèsoume to ep' �peiron shme�o O kai

ta shme�a t�xew
 2, ìla ta upìloipa rht� shme�a br�skontai se amfimonos manth antistoiq�a

metaxÔ tou
.

M�a euje�a y = �x+ � tou (x; y)-epipèdou antistoiqe� se m�a euje�a tou (t; s)-epipèdou.

Pr�gmati, an diairèsoume thn �x+ � me thn �y èqoume

1

�

=

�

�

x

y

+

1

y

h opo�a sto (t; s)-ep�pedo ma
 d�nei

s =

��

�

t+

1

�

:
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y

x

s

t

Sq ma 4.1: Metasqhmatismì


Epomènw
 sto (t; s)-ep�pedo mporoÔme na prosjèsoume shme�a ìpw
 kai sto (x; y)-ep�pedo.

JewroÔme ton topikì daktÔlio

R := R

p

=

�

x 2 Q

�

�

ord

p

(x) � 0

	

o opo�o
 èqei w
 gnwstì (monadikì) mègisto ide¸de
 to

m =

�

x 2 Q

�

�

ord

p

(x) > 0

	

kai om�da mon�dwn R

�

=

�

x 2 Q

�

�

ord

p

(x) = 0

	

:

'Estw (x; y) 2 E(Q) tou (x; y)-epipèdou me

x =

m

np

2q

; y =

d

ep

3q

:

Tìte t =

x

y

=

em

dn

p

q

kai s =

1

y

=

e

d

p

3q

:

Sunep¸
:

(x; y) 2 A(p

r

) () (t 2 p

r

R kai s 2 p

3r

R):

Gia na de�xoume ìti to sÔnolo A(p

r

) e�nai upoom�da th
 om�da
 E(Q) arke� na de�xoume ìti

e�nai kleistì w
 pro
 thn prìsjesh, dhlad  an k�poia dÔnamh tou p diaire� ti
 t-sunist¸se


dÔo rht¸n shme�wn th
 kampÔlh
 ja diaire� kai thn t-sunist¸sa kai tou ajro�smato
.

'Estw P

1

= (t

1

; s

1

) kai P

2

= (t

2

; s

2

) dÔo diakekrimèna shme�a th
 kampÔlh
. An t

1

= t

2

,

tìte P

1

= �P

2

, opìte P

1

+P

2

2 A(p

r

). Upojètoume loipìn ìti t

1

6= t

2

kai èstw s = �t+�

h euje�a pou ta sundèei.
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s

t
P =(t ,s )

P =(t ,s )

1

3 3 3

1

2 2 2

1P =(t ,s )

Sq ma 4.2: Prìsjesh rht¸n shme�wn metasqhmatismènh
 kampÔlh


Ta shme�a P

1

= (t

1

; s

1

) kai P

2

= (t

2

; s

2

) epalhjeÔoun thn ex�swsh th
 elleiptik 


kampÔlh
 s = t

3

+ at

2

s+ b+ s

2

+ 
s

3

. Epomènw
 èqoume

s

1

= t

3

1

+ at

2

1

s

1

+ bt

1

s

2

1

+ 
s

3

1

kai s

2

= t

3

2

+ at

2

2

s

2

+ bt

2

s

2

2

+ 
s

3

2

AfairoÔme ti
 teleuta�e
 dÔo isìthte
 kat� mèlh

s

2

�s

1

=

�

t

3

2

�t

3

1

�

+ a

�

(t

2

2

�t

2

1

)s

2

+ t

2

1

(s

2

�s

1

)

�

+ b

�

(t

2

�t

1

)s

2

2

+ t

1

(s

2

2

�s

2

1

)

�

+ 


�

s

3

2

�s

3

1

�

:

Sunep¸


(s

2

�s

1

)� at

2

1

(s

2

�s

1

)� bt

1

(s

2

2

�s

2

1

)� 
(s

3

2

�s

3

1

) = t

3

2

� t

3

1

+ a(t

2

2

�t

2

1

)s

2

+ b(t

2

�t

1

)s

2

2

:

H kl�sh th
 euje�a
 pou sundèei ta dÔo shme�a P

1

kai P

2

e�nai

� =

s

2

� s

1

t

2

� t

1

=

t

2

2

+ t

1

t

2

+ t

2

1

+ a(t

2

+ t

1

)s

2

+ bs

2

2

1� at

2

1

� bt

1

(s

2

+ s

1

)� 
(s

2

2

+ s

1

s

2

+ s

2

1

)

(4.1)

Omo�w
, an P

1

= P

2

, h kl�sh th
 efaptomènh
 th
 kampÔlh
 sto P

1

e�nai

� =

ds

dt

(P

1

) =

3t

2

1

+ 2at

1

s

1

+ bs

2

1

1� at

2

1

� 2bt

1

s

1

� 3
s

2

1

;
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k�ti to opo�o prokÔptei kai apì thn parap�nw sqèsh, an jèsoume t

2

= t

1

kai s

2

= s

1

.

Epomènw
 ja ergasjoÔme me thn sqèsh (4.1).

'Estw P

3

= (t

3

; s

3

) to tr�to shme�o tom 
 th
 euje�a
 s = �t+ � me thn kampÔlh. Sthn

ex�swsh th
 kampÔlh
, antikajistoÔme to s me �t+ � kai pa�rnoume:

�t+ � = t

3

+ at

2

(�t+ �) + bt(�t+ �)

2

+ 
(�t+ �)

3

=) 0 = t

3

(1 + a�+ b�

2

+ 
�

3

) + t

2

(a� + 2b�� + 3
�

2

�) + � � �

Apì ti
 sqèsei
 riz¸n suntelest¸n prokÔptei:

t

1

+ t

2

+ t

3

= �

a� + 2b�� + 3
�

2

�

1 + a�+ b�

2

+ 
�

3

:

AfoÔ h euje�a pern�ei apì to shme�o P

1

= (t

1

; s

1

) èpetai ìti � = s

1

� �t

1

.

T¸ra prèpei na broÔme to P

1

+P

2

. Fèroume thn euje�a pou pern�ei apì to shme�o (t

3

; s

3

)

kai to mhdenikì shme�o (0; 0). To tr�to shme�o tom 
 ja e�nai to (�t

3

;�s

3

). A
 kutt�xoume

to �. O arijmht 
 tou � an kei sto p

2r

R diìti t

1

; s

1

; t

2

; s

2

2 p

r

R. O paronomast 
 e�nai

mon�da tou R. 'Ara � 2 p

2r

R.

Apì ti
 sqèsei


s

1

2 p

3r

R

� 2 p

2r

R

t

1

2 p

r

R

9

>

>

>

=

>

>

>

;

=) � = s

1

� �t

1

2 p

3r

R:

O paronomast 
 1 + a�+ b�

2

+ 
�

3

tou t

1

+ t

2

+ t

3

e�nai ep�sh
 mon�da tou R. Sunep¸


t

1

+ t

2

+ t

3

2 p

3r

R:

AfoÔ t

1

; t

2

2 p

r

R èpetai ìti t

3

2 p

r

R, opìte kai �t

3

2 p

r

R. Apode�xame loipìn ìti h

t-sunist¸sa tou P

1

+ P

2

an kei sto p

r

R.

AfoÔ gia P = (t; s), �P = (�t;�s) èpetai ìti, an P

1

; P

2

2 A(p

r

) tìte P

1

�P

2

2 A(p

r

),

kai sunep¸
 h A(P

r

) e�nai upoom�da th
 E(Q).

Me thn bo jeia twn parap�nw ja telei¸soume thn apìdeixh tou jewr mato
 twn Lutz-

Nagell.

Thn t-sunist¸sa enì
 shme�ou I th
 kampÔlh
 ja thn jewroÔme san sun�rthsh tou

shme�ou kai ja thn sumbol�zoume me t(P ). Se k�je shme�o loipìn P ja antistoiqoÔme

k�poio rhtì arijmì t(P ).

An P

1

; P

2

2 A(p

r

) tìte t

1

+ t

2

+ t

3

2 p

3r

R; dhlad 
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t(P

1

+ P

2

) � t(P

1

) + t(P

2

) (mod p

3r

R):

Epomènw
 h apeikìnish t e�nai èna
 omomorfismì
 th
 om�da
 A(p

r

) sthn om�da phl�kwn

p

r

R

�

p

3r

R

:

A(p

r

)

t

�!

p

r

R

�

p

3r

R

:

O pur na
 th
 t e�nai h om�da A(p

3r

), diìti t(P ) 2 p

3r

R an kai mìno an P 2 A(p

3r

).

H apeikìnish t ep�gei ènan monomorfismì om�dwn,

A(p

r

)

�

A(p

3r

)

t

�!

p

r

R

�

p

3r

R

:

'Estw t¸ra P 2 E(Q)

torsion

, shme�o th
 kampÔlh
 peperasmènh
 t�xh
, èstw m. Upojètoume

ìti P 6= O, dhlad  ìti m 6= �1.

An p e�nai opoiosd pote pr¸to
 arijmì
, ja apode�xoume ìti P 62 A(p).

An P 2 A(p), tìte up�rqei r 2 N tètoio
 ¸ste P 2 A(p

r

)�A(p

r+1

). Xeqwr�zoume dÔo

peript¸sei
, an�loga me to an p - m   p

�

�

m. A
 upojèsoume, kat' arq�
, ìti p - m. Apì th

gnwst  sqèsh

t(P

1

+ P

2

) � t(P

1

) + t(P

2

) (mod p

3r

R)

me epagwg  br�skoume ìti

0 = t(mP ) � mt(P ) (mod p

3r

R):

AfoÔ ìmw
 p - m, èpetai ìti

t(P ) � 0 (mod p

3r

R) kai sunep¸
 P 2 A(p

3r

)

�topo, diìti P 62 A(p

r+1

).

An p�li p

�

�

m, tìte gr�foume m = pn kai èstw P

0

to shme�o n�P . H t�xh tou stoiqe�ou

P

0

e�nai p. An P 2 A(p) tìte kai P

0

2 A(p) kai èstw p�li P

0

2 A(p

r

) � A(p

r+1

). 'Opw


parap�nw èqoume

0 � t(pP

0

) � p�t(P

0

) (mod p

3r

R)

Autì shma�nei ìti

t(P

0

) � 0 (mod p

3r�1

R) dhlad  ìti P

0

2 A(p

3r�1

);

to opo�o ìmw
 e�nai �topo diìti 3r � 1 � r + 1 kai P

0

62 A(p

r+1

).
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Apode�xame ìti an P rhtì shme�o th
 kampÔlh
 peperasmènh
 t�xh
 tìte to

P 62 A(p); gia k�je pr¸to arijmì p;

dhlad  to je¸rhma. ut

Shme�wsh 3. Mpore� kane�
 genikìtera na apode�xei ìti, ìtan y 6= 0, tìte ìqi mìnon to

y

�

�

D(f), all� ìti y

2

�

�

D(f) (de
 [24℄, sel�da 221).

Anafèroume thn t�xh th
 E(Q)

torsion

apì merikè
 elleiptikè
 kampÔle
:

� y

2

= x

3

� 2, h t�xh th
 e�nai èna, mìno to mhdenikì stoiqe�o.

� y

2

= x

3

+ 8, h t�xh th
 e�nai 2, (O; (�2; 0)).

� y

2

= x

3

� 432, h t�xh th
 e�nai 3.

� y

2

= x

3

+ 4x, e�nai kuklik , t�xh
 4.

� y

2

= x

3

� 4x, e�nai t�xh
 4 me om�da thn tetradik  om�da tou Klein.

� y

2

= x

3

� 16�27x + 19�16�27, èqei t�xh 5 me genn tora to shme�o P = (�12; 108).

� y

2

= x

3

+ 1, h t�xh th
 e�nai 6.

� y

2

= x

3

� 43x+ 166, me t�xh 8 kai om�da

Z

�

2Z

�

Z

�

4Z

.

To prìblhma th
 eÔresh
 ìlwn twn dunat¸n abelian¸n om�dwn pou e�nai ulopoi sime


san om�de
 rht¸n shme�wn peperasmènh
 t�xh
 elleiptik 
 kampÔlh
 orismènh
 p�nw apì to

Q lÔjhke telik� apì ton Mazur to 1976.

Sugkekrimèna apèdeixe to ex 


Je¸rhma 4 (Je¸rhma tou Mazur) 'Estw E elleiptik  kampÔlh wrismènh p�nw apì to

Q . Oi dunatìthte
 th
 om�da
 E(Q)

torsion

e�nai oi ex 


E(Q)

t

�

=

Z

�

mZ

gia m � 10   m = 12

  E(Q)

t

�

=

Z

�

2Z

�

Z

�

2mZ

gia m � 4:

H apìdeixh tou jewr mato
 e�nai polÔ dÔskolh kai, sÔmfwna me thn gn¸mh poll¸n Ma-

jhmatik¸n apotele� èna apì ta spoudaiìtera sta Majhmatik� epiteÔgmata kat� thn dekaet�a

tou ebdom nta.
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Kef�laio 5

To Je¸rhma tou Mordell

Skopì
 tou kefala�ou autoÔ e�nai h apìdeixh tou Jewr mato
 tou Mordell ìti

h abelian  om�da E(Q) twn rht¸n shme�wn, mi�
 elleiptik 


kampÔlh
 E orismènh
 p�nw apì to Q , e�nai peperasmèna

paragìmenh.

Autì shma�nei ìti up�rqoun peperasmènou pl jou
 shme�a th
 abelian 
 om�da
 E(Q), èstw

Q

1

; Q

2

; : : : ; Q

n

, tètoia ¸ste k�je shme�o P th
 E(Q) na gr�fetai sthn morf 

P = k

1

Q

1

+ � � � + k

n

Q

n

+ T

ìpou k

1

; k

2

; � � � ; k

n

2 Z kai to T na an kei se k�poio peperasmèno uposÔnolo th
 E(Q).

M�a polÔ qr simh ènnoia gia ta epìmena e�nai h ènnoia tou Ôyou
 (height, H�ohe) enì


rhtoÔ arijmoÔ. An x =

m

n

rhtì
, grammèno
 se morf  anag¸gou kl�smato
, tìte san Ôyo


tou x, or�zoume to H(x) = max

�

jmj; jnj

	

.

M�a polÔ basik  idiìthta tou Ôyou
 e�nai ìti, gia k�je jetikì pragmatikì arijmì M , to

sÔnolo

#

�

x 2 Q

�

�

H(x) �M

	

<1

e�nai peperasmèno. H apìdeixh af netai san �skhsh ston anagn¸sth. 'Estw t¸ra Y

2

=

f(X) = X

3

+ aX

2

+ bX + 
 2 Z[X℄ m�a elleiptik  kampÔlh kai P = (x; y) 2 E(Q). 'Uyo


tou shme�ou P ja kale�tai to Ôyo
 th
 sunist¸sa
 x autoÔ.

69
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Gia k�je jetikì pragmatikì arijmì M , to sÔnolo

�

P 2 E(Q)

�

�

H(P ) �M

	

e�nai peperasmèno diìti up�rqoun peperasmènou pl jou
 dunatìthte
 gia to x kai se k�je

x antistoiqoÔn to polÔ dÔo shme�a (to polÔ dÔo y).

Gia to ep' �peiro t¸ra shme�o th
 kampÔlh
 or�zoume H(O) = 1.

1. Apìdeixh tou jewr mato
 tou Mordell

Gia na apodeiqje� to je¸rhma, qrei�zontai tr�a l mmata.

L mma 1. Gia k�je rhtì shme�o P

0

2 E(Q) up�rqei m�a jetik  stajer� 


0

(exartwmènh

apì to P

0

) ètsi ¸ste

H(P + P

0

) � 


0

H(P )

2

; gia ìla ta P 2 E(Q):

L mma 2. Up�rqei m�a jetik  stajer� 
 > 0 tètoia ¸ste

H(P )

4

� 
H(2P ); gia ìla ta shme�a P 2 E(Q):

L mma 3. O de�kth
 [E(Q) :2E(Q )℄ e�nai peperasmèno
.

Shme�wsh 4. E�nai profanè
 ìti to sÔnolo

2E(Q) =

�

P 2 E(Q)

�

�

9Q 2 E(Q) : P = 2Q

	

e�nai upoom�da th
 E(Q).

Genik�, gia k�je fusikì arijmì m 2 N, or�zoume thn sun�rthsh

E(Q) 3 P

m

7�! mP 2 E(Q);

h opo�a e�nai omomorfismì
 om�dwn. H eikìna th
 m e�nai h upoom�da mE(Q) th
 E(Q).

Upojètoume pro
 to parìn thn al jeia twn tri¸n lhmm�twn, kai ja apode�xoume thn

al jeia tou jewr mato
 tou Mordell.

H apìdeixh e�nai genik . Ja mporoÔsame na upojèsoume ìti èqoume m�a prosjetik  a-

belian  om�da G kai m�a sun�rthsh H : G ! N ètsi ¸ste na isqÔoun ta tr�a l mmata.

Tìte h G e�nai peperasmèna paragìmenh.
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Apìdeixh tou Jewr mato
:

'Estw A =

�

Q

1

; Q

2

; � � � ; Q

n

	

èna pl re
 sÔsthma antipros¸pwn twn pleurik¸n kl�sewn

th


E(Q)

�

2E(Q)

. Autì shma�nei ìti gia k�je P 2 E(Q) up�rqei i

1

2 N

n

(exart¸meno
 apì

to P ) tètoio
 ¸ste

P �Q

i

1

= 2P

1

; P

1

2 E(Q):

Suneq�zoume t¸ra thn �dia diadikas�a me to P

1

, me to P

2

pou ja broÔme, kai èqoume:

P

1

�Q

i

2

= 2P

2

P

2

�Q

i

3

= 2P

3

: : : : : : : : : : : : : : : : : : : : : :

P

m�1

�Q

i

m

= 2P

m

: : : : : : : : : : : : : : : : : : : : : :

ìpou Q

i

1

; Q

i

2

; � � � ; Q

i

m

2 A kai P

i

2 E(Q).

Telik� br�koume

P = Q

i

1

+ 2P

1

= Q

i

1

+ 2(Q

i

2

+ 2P

2

) =

= Q

i

1

+ 2Q

i

2

+ 4P

2

= � � �

= Q

i

1

+ 2Q

i

2

+ � � �+ 2

m�1

Q

i

m

+ 2

m

P

m

:

Apì thn teleuta�a sqèsh èpetai ìti to P an kei sthn upoom�da th
 E(Q) pou par�getai

apì ta Q

i

�

, � = 1; 2; � � � ;m kai to P

m

. H idèa t¸ra e�nai na qrhsimopoi soume ta l mmata

1 kai 2 kai na de�xoume ìti, gia arket� meg�lo m, to P

m

èqei Ôyo
 mikrìtero apì k�poio

stajerì fr�gma, opìte den èqei shmas�a apì poiì P arq�same. To shme�o P

m

ja e�nai

stoiqe�o enì
 sugkekrimènou peperasmènou sunìlou stoiqe�wn th
 E(Q) ta opo�a maz� me ta

Q

1

; Q

2

; � � � ; Q

m

ja par�goun thn E(Q).

A
 exet�soume thn sqèsh twn uy¸n twn P

m�1

kai P

m

. Ja de�xoume ìti to H(P

m

) e�nai

arket� mikrìtero tou H(P

m�1

).

Efarmìzoume to L mma 1 gia P

0

= �Q

i

, i = 1; 2; � � � ; n, kai èqoume

H(P �Q

i

) � 


i

H(P )

2

; gia k�je P 2 E(Q):

Gia 


0

:= max

�




i

�

�

i = 1; 2; � � � ; n

	

èpetai ìti

H(P �Q

i

) � 


0

H(P )

2

; gia k�je P 2 E(Q) kai k�je i = 1; 2; : : : ; n:
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Efarmìzoume t¸ra to L mma 2 kai br�skoume ìti

H(P

m

)

4

� 
H(2P

m

) = 
H(P

m�1

�Q

i

m

) � 



0

H(P

m�1

)

2

Thn parap�nw anisìthta gr�foume w
 ex 
:

H(P

m

)

4

�

16



0

H(P

m�1

)

2

�

�

H(P

m�1

)

2

�

4

=) H(P

m

) �

4

s

16



0

H(P

m�1

)

2

�

H(P

m�1

)

2

An t¸ra upojèsoume ìti

H(P

m�1

)

2

> 16



0

ja èqoume =) H(P

m

) <

H(P

m�1

)

2

:

Autì ìmw
 e�nai �topo giat� h akolouj�a twn shme�wn P

1

; P

2

; � � � ; P

m

; � � � ma
 d�nei akolouj�a

uy¸n pou te�nei sto mhdèn.

'Ara, gia arket� meg�lo m, isqÔei H(P

m

)

2

� 16



0

opìte ta shme�a Q

1

; Q

2

; : : : ; Q

n

maz� me ta shme�a P gia ta opo�a H(P ) < 4

p





0

par�goun

thn E(Q), dhlad  èqoume apode�xei thn al jeia tou Jewr mato
 tou Mordell.

Shme�wsh 5. Suqn�, gia praktikoÔ
 kur�w
 lìgou
, or�zoume san Ôyo
 enì
 shme�ou P th


E(Q) ton log�rijmo tou Ôyou
 tou P , h(P ) := logH(P ).

ProtoÔ t¸ra apode�xoume ta l mmata ja k�noume dÔo parathr sei
.

Parat rhsh 6. An P = (x; y) 2 E(Q) tìte

x =

m

e

2

kai y =

n

e

3

ìpou m;n kai e 2 Z, e > 0 kai (m; e) = (n; e) = 1.

Apìdeixh th
 parat rhsh
 6: 'Estw x =

m

M

kai y =

n

N

ìpou ta kl�smata e�nai an�gwga

kai M > 0 kai N > 0. H Y

2

= f(X) d�nei

n

2

N

2

=

m

3

M

3

+ a

m

2

M

2

+ b

m

M

+ 


)M

3

n

2

= N

2

m

3

+ aN

2

m

2

M + bN

2

mM

2

+ 
N

2

M

3

(5.1)
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Epomènw
, N

2

jM

3

n

2

, opìte N

2

jM

3

, diìti (N;n) = 1.

Ja apode�xoume kai to ant�strofo, dhlad  ìti M

3

jN

2

.

Kat' arq n apì thn (5.1) pa�rnoume ìti M jN

2

m

3

, dhlad  M jN

2

afoÔ (M;m) = 1. Me b�sh

thn teleuta�a diairetìthta xanagur�zoume p�sw sthn (5.1) kai br�skoume ìti M

2

jN

2

m

3

, opìte

M

2

jN

2

. Kai p�li xanagur�zoume p�sw sthn (5.1) kai br�skoume ìti M

2

jN

2

m

3

, epomènw


M

3

jN

2

.

'Wste M

3

= N

2

, opìte gia e =

N

M

èqoume thn epijumht  èkfrash th
 parat rhsh
. ut

Parat rhsh 7. To Ôyo
 shme�ou or�sthke mèsw th
 x-sunist¸sa
 tou. An gr�youme

t¸ra to shme�o P sthn morf  P =

�

m

e

2

;

n

e

3

�

, me (m; e) = (n; e) = 1, to Ôyo
 H(P ) =

max(jmj; e

2

), sunep¸
 jmj � H(P ) kai e

2

� H(P ).

Isqur�zomai ìti to Ôyo
 d�nei èna an¸tero fr�gma kai gia to n. Sugkekrimèna ìti up�rqei

k > 0 tètoio ¸ste jnj � kH(P )

3=2

.

Apì thn ex�swsh

n

2

e

6

=

m

3

e

6

+ a

m

2

e

4

+ b

m

2

e

4

+ 


èpetai ìti

n

2

= m

3

+ am

2

e

2

+ be

4

m+ e

6

:

Epomènw


jnj

2

� H(P )

3

+ jajH(P )

3

+ jbjH(P )

3

+ j
jH(P )

3

;

opìte mporoume na p�roume

k :=

p

1 + jaj+ jbj+ j
j:

Apì ta parap�nw sumpera�noume ìti to Ôyo
 enì
 shme�ou P = (x; y) ma
 d�nei fr�gma kai

th
 y-sunist¸sa
 autoÔ.

Sthn sunèqeia ja apode�xoume ta tr�a l mmata.

2. Apode�xei
 twn tri¸n lhmm�twn

Apìdeixh tou l mmato
 1:

An to P

0

= 0 tìte to l mma profan¸
 isqÔei. 'Estw ìti P

0

6= 0, P

0

= (x

0

; y

0

). H stajer�




0

ja exart�tai apì to P

0

. E�nai arketì na de�xoume thn Ôparxh tètoia
 stajer�
 gia sqedìn
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ìla ta P , ektì
 dhlad  peperasmènou pl jou
 shme�wn. Kai autì giat�, aploÔstata, m-

poroÔme na p�roume tou
 lìgou


H(P + P

0

)

H(P )

2

gia to sÔnolo autì twn peperasmènou pl jou


shme�wn kai na dialèxoume telik� to 


0

na e�nai megalÔtero kai apì tou
 peperasmènou
 sto

pl jo
 autoÔ
 lìgou
.

Sunep¸
 mporoÔme, qwr�
 periorismì th
 genikìthta
, na upojèsoume ìti P 6= P

0

;�P

0

;O.

An P = (x; y), tìte P 6= P

0

;�P

0

s mainei x 6= x

0

. 'Estw P + P

0

= (�; �). Xanajum�zoume

ìti, apì tou
 tÔpou
 tou ajro�smato
 dÔo shme�wn, èqoume:

� = �

2

� a� x� x

0

; ìpou � =

y � y

0

x� x

0

:

Epomènw


� =

(y � y

0

)

2

� x(x� x

0

)

2

� x

0

(x� x

0

)

2

� a(x� x

0

)

2

(x� x

0

)

2

:

An antikatast soume to y

2

apì thn ex�swsh y

2

= x

3

+ ax

2

+ bx+ 
, br�skoume

� =

Ay +Bx

2

+ Cx+D

Ex

2

+ Fx+G

ìpou A, B, C, D, E, F kai G rhto� arijmo� dosmènoi sunart sei twn a; b; 
 kai twn sunte-

tagmènwn tou shme�ou P

0

= (x

0

; y

0

). Qwr�
 periorismì th
 genikìthta
, pollaplasi�zonta
,

an qreiaste� tou
 ìrou
 tou kl�smato
 me to el�qisto koinì pollapl�sio twn A, B, C, D,

E, F , G, mporoume na upojèsoume ìti A, B, C, D, E, F kai G e�nai akèraioi.

AfoÔ to P = (x; y) 2 E(Q) tuqa�o rhtì shme�o th
 kampÔlh
 èpetai ìti oi stajerè
 A, B,

C, D, E, F kai G e�nai �die
 gia ìla ta rht� shme�a th
 kampÔlh
, P 6= P

0

;�P

0

;O, dhlad 

ìti h stajer� 


0

ja exart�tai apì ti
 stajerè
 kai ìqi apì to shme�o P .

Sthn sunèqeia gr�foume x =

m

e

2

kai y =

n

e

3

(de
 parat rhsh 6) kai br�skoume

� =

Aen+Bm

2

+ Cme

2

+De

4

Em

2

+ Fme

2

+Ge

4

:

'Etsi èqoume to � san èkfrash enì
 phl�kou dÔo akera�wn. Den gnwr�zoume bèbaia ìti to

kl�sma e�nai an�gwgo, all�, tuqìn diagraf  koinoÔ par�gonta arijmht  kai paronomast ,

ja èkane to Ôyo
 mikrìtero.

'Estw H := H(P ) = H(x). QrhsimopoioÔme ti
 anisìthte


e � H

1=2

; n � KH

3=2

; m � H

ìpou K stajer� pou exart�tai apì ta a; b; 
 kai èqoume

�

�

(Aen+Bm

2

+ Cme

2

+De

4

)

�

�

� (jAKj+ jBj+ jCj+ jDj)H

2

kai

�

�

(Em

2

+ Fme

2

+Ge

4

)

�

�

� (jEj+ jF j+Gj)H

2

:
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Epomènw


H(�) � 


0

H

2

ìpou 


0

= max fjAKj+ jBj+ jCj+ jDj; jEj+ jF j+ jGjg :

ut

Apìdeixh tou L mmato
 2:

Dedomènou ìti up�rqei mìno peperasmèno pl jo
 rht¸n shme�wn me thn idiìthta 2P = O,

mporoÔme na upojèsoume ìti 2P 6= O. An P = (x; y) kai 2P = (�; �), tìte � = �

2

� 2x�a

ìpou � =

f

0

(x)

2y

. Epomènw


� =

(f

0

(x))

2

� 8xf(x)� 4af(x)

4f(x)

=

x

4

+ � � �

4x

3

+ � � �

ìpou f(x) 6= 0, afoÔ 2P 6= O. 'Wste to � e�nai phl�ko dÔo poluwnÔmwn w
 pro
 x me

suntelestè
 akera�ou
. AfoÔ h kubik  kampÔlh e�nai mh-idi�zousa, ta polu¸numa f(x) kai

f

0

(x) e�nai pr¸ta metaxÔ tou
, sunep¸
 arijmht 
 kai paronomast 
 tou � den èqoun koinè


r�ze
. Katafèrame loipìn na anag�goume to prìblhma sto parak�tw l mma gia ta Ôyh. To

l mma autì e�nai genikì kai den èqei kamm�a sqèsh me kubikè
 kampÔle
. ut

L mma 2

0

. 'Estw '(X) kai  (X) dÔo polu¸numa me akera�ou
 suntelestè
, ta opo�a den

èqoun koin  (migadik ) r�za. Me d ja sumbol�zoume to mègisto twn bajm¸n twn ' kai  .

1. Up�rqei akèraio
 R � 1, o opo�o
 exart�tai apì ta ' kai  , tètoio
 ¸ste gia ìlou


tou
 rhtoÔ
 arijmoÔ
 m=n o mègisto
 koinì
 diairèth
 twn akera�wn n

d

'(m=n) kai

n

d

 (m=n) diaire� ton R.

2. Up�rqoun jetikè
 stajerè
 


1

kai 


2

tètoie
 ¸ste




1

�

H

�

m

n

�

d

�

� H

�

'(m=n)

 (m=n)

�

� 


2

�

H

�

m

n

��

d

gia ìlou
 tou
 rhtoÔ
 m=n oi opo�oi den e�nai r�za tou poluwnÔou  (X).

Apìdeixh:

1. Apì ton orismì tou d èpetai ìti oi posìthte
 n

d

'(m=n) kai n

d

 (m=n) e�nai akèraioi

arijmo�. Epomènw
 èqei nìhma h ènnoia tou meg�stou koinoÔ diairèth aut¸n. Qwr�
 periorismì

th
 genikìthta
, upojètoume ìti deg' = d kai deg = r � d. MporoÔme epomènw
 na
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gr�youme

n

d

'

�

m

n

�

= a

0

m

d

+ a

1

m

d�1

n+ � � �+ a

d

n

d

n

d

 

�

m

n

�

= b

0

m

r

n

d�r

+ b

1

m

r�1

n

d�r+1

+ � � �+ b

r

n

d

Sumbol�zoume

F (m;n) := n

d

'

�

m

n

�

kai G(m;n) := n

d

 

�

m

n

�

Sthn sunèqeia ja prospaj soume na ektim soume ton mègisto koinì diairèth twn F (m;n)

kai G(m;n) anex�rthta twn tim¸n m kai n.

Ta polu¸numa '(X) kai  (X) den èqoun koinè
 r�ze
 metaxÔ tou
. Epomènw
 e�nai pr¸ta

metaxÔ tou
 ston daktÔlio Q [X℄. Autì shma�nei ìti up�rqoun polu¸numa k(X) 2 Q [X℄

kai l(X) 2 Q [X ℄ tètoia ¸ste

k(X)'(X) + l(X) (X) = 1 (5.2)

'Estw A 2 Z arket� meg�lo
 ¸ste ta polu¸numa Ak(X) kai Al(X) na èqoun akera�ou


suntelestè
. An p�li D e�nai o mègisto
 twn bajm¸n twn poluwnÔmwn k(X) kai l(X),

pollaplasi�zoume kai ta dÔo mèlh th
 ex�swsh
 (5.2) me A � n

D+d

kai jètoume X = m=n,

opìte prokÔptei h isìthta:

�

n

D

�Ak(m=n)�

	

� F (m;n) +

�

n

D

�A�l(m=n)

	

�G(m;n) = A � n

D+d

ParathroÔme ìti oi posìthte
 mèsa sti
 agkÔle
 e�nai akèraioi arijmo�. Autì shma�nei ìti an


 := 
(m;n) e�nai o mègisto
 koinì
 diairèth
 twn F (m;n) kai G(m;n) tìte 


�

�

A � n

D+d

.

To apotèlesma autì den e�nai ikanopoihtikì diìti jèloume to 
 na diaire� k�poio akèraio pou

na mhn exart�tai apì to n. Ja de�xoume ìti 


�

�

A � a

D+d

0

.

To 
jF (m;n), �ra ja diaire� kai to

An

D+d�1

F (m;n) = Aa

0

m

d

�n

D+d�1

+Aa

1

m

d�1

n

D+d

+ � � �+Aa

d

n

D+2d�1

To 
 epomènw
 diaire� to An

D+d�1

F (m;n) kai to An

D+d

. Epomènw
 ja diaire� kai to

Aa

0

m

d

�n

D+d�1

kai sunep¸
 kai to mègisto koinì diairèth twn Aa

0

m

d

n

D+d�1

kai An

D+d

.

Epeid  de (m;n) = 1 èpetai ìti 
jAa

0

n

D

+ d� 1.
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Kateb�same thn dÔnamh tou n kat� èna kai pollaplasi�same thn posìthta me a

0

.

Suneq�zonta
 ìmoia katal goume sto sumpèrasma ìti 
jA � a

D+d

0

=: R.

2. H dexi� anisìthta tou pro
 apìdeixh 2. tou l mmato
 2 den ma
 qrei�zetai gia thn apìdeixh

tou jewr mato
 tou Mordell kai e�nai arket� pio eÔkolh apì thn arister�. Thn af noume

san �skhsh ston anagn¸sth.

Kat' arq n parathroÔme ìti an � rhtì
 arijmì
 tìte H(�) = H(1=�). Autì shma�nei

ìti mporoÔme, an qreiaste�, na all�xoume tou
 rìlou
 twn ' kai  , na upojèsoume kai p�li

ìti deg' = d kai ìti deg = r � d.

An t¸ra m=n rhtì
 o opo�o
 den e�nai r�za tou poluwnÔmou  ja prospaj soume na

ektim soume to Ôyo
 tou arijmoÔ

� :=

'(m=n)

 (m=n)

=

n

d

'(m=n)

n

d

 (m=n)

=

F (m;n)

G(m;n)

:

To Ôyo
 tou � e�nai, ex orismoÔ, to mègisto twn akera�wn jF (m;n)j kai jG(m;n)j an

e�maste s�gouroi ìti to kl�sma F (m;n)=G(m;n) e�nai an�gwgo. H megalÔterh dunat 

aplopo�hsh pou ja mporoÔse na g�nei e�nai o mègisto
 koinì
 diairèth
 twn F (m;n) kai

G(m;n). K�nonta
 qr sh tou isqurismoÔ tou pr¸tou mèrou
 tou l mmato
, èqoume:

H(�) �

1

R

max fjF (m;n)j; jG(m;n)jg

=

1

R

max

n

jn

d

'(m=n)j; jn

d

 (m=n)j

o

�

1

2R

�

jn

d

'(m=n)j + jn

d

 (m;n)j

�

:

Sthn teleuta�a anisìthta qrhsimopoi same thn gnwst  sqèsh maxfa; bg �

1

2

(a+b). Stìqo


ma
 e�nai na sugkr�noume to Ôyo
 H(�) me to H(m=n)

d

= maxfjm

d

j; jn

d

jg.

Epomènw
 èqoume

H(�)

H(m=n)

d

�

1

2R

�

jn

d

'(m=n)j + jn

d

 (m=n)j

maxfjm

d

j; jn

d

jg

=

1

2R

�

j'(m=n)j +  (m=n)j

max fjm=nj

d

; 1g

:

JewroÔme t¸ra thn sun�rthsh

f(t) :=

j'(t)j + j (t)j

maxfjtj

d

; 1g

kai parathroÔme ìti up�rqei to ìrio th
 f(t) kai e�nai di�foro tou mhdenì
 ìtan to jtj te�nei

sto �peiro. To ìrio autì e�nai ja

0

j an deg = r < d kai e�nai ja

0

j+ jb

0

j an deg = r = d.

Autì shma�nei ìti h sun�rthsh f(t) e�nai, èxw apì k�poio kleistì di�sthma, fragmènh kai

jetik . Kai mèsa sto kleistì di�sthma èqoume m�a suneq  sun�rthsh h opo�a den mhden�zetai
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poujen� diìti '(X) kai  (X) den èqoun koinè
 r�ze
. H f(t) e�nai epomènw
 suneq 
 se

k�poio kleistì di�sthma kai �ra eke� ja pa�rnei ti
 akrìtate
 timè
. Epeid  s' autì to

di�sthma den mhden�zetai, èpetai ìti up�rqei m�a stajer� 


1

> 0 tètoia ¸ste f(t) > 


1

gia

k�je t 2 R. Epomènw
,

H(�) �




1

2R

�H(m=n)

d

:

ut

Seir� t¸ra èqei to tr�to l mma. Gia na apofÔgoume thn qr sh stoiqe�wn Algebrik 


Jewr�a
 Arijm¸n, k�noume thn epiplèon upìjesh ìti to polu¸numo f(x) = x

3

+ax

2

+bx+


èqei toul�qisto m�a rht  r�za, to opo�o isoduname� me to ìti èqei èna rhtì shme�o P t�xh


dÔo 2P = O.

H mèjodo
 aut  douleÔei genik�. Sthn per�ptwsh pou h upìjesh den isqÔei prèpei na

p�roume m�a r�za tou f(x) na thn episun�youme sto Q kai na doulèyoume sto s¸ma Q(�),

ìpou � h r�za.

Apìdeixh tou L mmato
 3:

'Estw f(x) èqei m�a rht  r�za x

0

. Aut  ja prèpei na e�nai akèraio
 diìti to f(x) e�nai

enadikì, dhlad  o suntelest 
 th
 megalÔterh
 dÔnamh
 tou x e�nai 1. All�zoume to

sÔsthma suntetagmènwn kai stèlnoume to x

0

sthn arq  twn axìnwn. H kainoÔrgia ex�swsh

èqei t¸ra thn morf  E : y

2

= x

3

+ ax

2

+ bx = f(x) ìpou a; b p�li akèraioi.

'Wste to shme�o (0; 0) = P

0

e�nai rhtì shme�o th
 elleiptik 
 kampÔlh
. H diakr�nousa tou

f(x) e�nai D(f) = b

2

(a

2

� 4b) 6= 0. Epomènw
 b 6= 0 kai a

2

� 4b 6= 0.

Endiaferìmaste gia ton de�kth [E(Q) : 2E(Q)℄. Ja analÔsoume thn apeikìnish

8

<

:

E(Q)

2

�! E(Q)

P 7�! 2P

se dÔo �lle
 apeikon�sei
. H parap�nw apeikìnish e�nai, kat� k�poio trìpo, bajmoÔ 4 diìti

h sun�rthsh pou d�nei thn x-sunist¸sa tou 2P e�nai bajmoÔ 4 w
 pro
 thn x-sunist¸sa

tou P . Ja analÔsoume loipìn thn apeikìnish aut  se 2 �lle
 bajmoÔ 2 h kajem�a. M�lista

oi apeikon�sei
 autè
 den ja e�nai apì thn kampÔlh ston eautì th
, all� apì thn kampÔlh E

se m�a �llh kampÔlh

�

E kai apì aut n sthn arqik .

Maz� me thn elleiptik  kampÔlh E jewroÔme kai thn

�

E pou or�zetai apì thn E, sug-

kekrimèna

�

Ejy

2

= x

3

+ �ax

2

+

�

bx ìpou �a = �2a;

�

b = a

2

� 4b:
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Gia lìgou
 pou ja doÔme se l�go, oi dÔo elleiptikè
 kampÔle
 e�nai sten� sundedemène
 metaxÔ

tou
 kai jewre�tai polÔ fusikì ìtan meletoÔme thn m�a na meletoÔme kai thn �llh.

MporoÔme t¸ra na xanak�noume to �dio gia thn

�

E. Br�skoume thn

�

�

E : y

2

= x

3

+

�

�ax

2

+

�

�

bx; ìpou

8

>

>

>

<

>

>

>

:

�

�a = �2�a = 4a

�

�

b = �a

2

� 4

�

b

= 4a

2

� 4(a

2

� 4b) = 16b

'Wste

�

�

E : y

2

= x

3

+ 4ax

2

+ 16bx:

H

�

�

E e�nai ìmw
 ousiastik� h �dia h E: arke� na antikatast soume to y me to 8y, to x me

to 4x, kai na diairèsoume me to 64. 'Wste

�

�

E(Q)

�

�

=

E(Q) mèsw th
 �(x; y) =

�

x

4

;

y

8

�

.

Or�zoume t¸ra m�a sun�rthsh ' : E(C ) !

�

E(C ) h opo�a ja e�nai omomorfismì
 om�dwn

kai ja stèlnei thn E(Q) sthn

�

E(Q). 'Omoia ja or�soume sthn sunèqeia thn  :

�

E(C ) !

�

�

E(C ). AfoÔ

�

�

E(Q)

�

�

=

E(Q) to telikì apotèlesm� ma
 ja e�nai h  Æ ' pou ja e�nai

pollaplasiasmì
 me 2.

Orismì
 8. 'Estw

' : E(C ) 3 (x; y) 7�! (�x; �y) 2

�

E(C );

ìpou gia x 6= 0

�x = x+ a+

b

x

=

y

2

x

2

; �y = y(

x

2

� b

x

2

):

Or�zoume akìma '(O) =

�

O kai '(P

0

) =

�

O.

O orismì
 ma
 ja mporoÔse na dikaiologhje� an ìlh h jewr�a e�qe sundeje� me thn prag-

matik  th
 phg  ti
 elleiptikè
 sunart sei
.

Kat' arq n, h apeikìnish ' e�nai kal� wrismènh pr�gmati, eÔkola upolog�zei kane�
 ìti

�x

3

+ �a�x

2

+

�

b�x = �y

2

. Ja apode�xoume ìti h ' e�nai omomorfismì
 om�dwn

'(P

1

+ P

2

) = '(P

1

) + '(P

2

):

An P

1

  P

2

= O tìte den èqoume na apode�xoume t�pota.

An t¸ra èna apì ta P

1

  P

2

e�nai to P

0

, èstw P

1

= P

0

, tìte ja de�xoume ìti

'(P

0

+ P

2

) = '(P

2

):
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'Estw (�; �) to tr�to shme�o tom 
 th
 euje�a
 P

0

P

2

me thn kampÔlh E. Tìte P

0

+ P

2

=

(�;��) opìte

'(P

0

+ P

2

) = (�x(P

0

+ P

2

); �y(P

0

+ P

2

))

ìpou �x(P

0

+ P

2

) =

�

�

�

�

2

, all� � =

y

x

� (� =

y

x

, v = 0), opìte

�x(P

0

+ P

2

) =

�

�

�

�

2

=

�

y

x

�

2

= �x(P

2

):

'Omoia apodeiknÔoume ìti �y(P

0

+ P

2

) = �y(P

2

).

An fusik�  tan kai to P

2

= P

0

h mèjodo
 den douleÔei all� tìte

'(P

0

+ P

0

) = '(P

0

) + '(P

0

) = O

ex orismoÔ diìti 2P

0

= O, dhlad  '(P

0

+ P

2

) =

�

O kai '(P

0

) =

�

O.

'Estw t¸ra ìti kanèna apì ta shme�a P

1

; P

2

; P

3

den e�nai to O   to P

0

. Arke� na

de�xoume ìti

an P

1

+ P

2

+ P

3

= O tìte '(P

1

) + '(P

2

) + '(P

3

) =

�

O (5.3)

Ex orismoÔ th
 ' isqÔei '(x;�y) = (�x;��y) = �(�x; �y) = �'(x; y), dhlad  '(�P ) =

�'(P ), opìte an h (5.3) e�nai alhj 
 ja èqoume pr�gmati autì pou zhtoÔme diìti èqoume

P

1

+ P

2

+ P

3

= O;

opìte

'(P

1

+ P

2

) = '(O � P

3

) = '(�P

3

)

= �'(P

3

) = '(P

1

) + '(P

2

);

diìti

'(P

1

) + '(P

2

) + '(P

3

) =

�

O:

Arke� loipìn na apode�xoume thn (5.3).

A
 p�roume thn euje�a y = �x + � kai èstw P

1

; P

2

; P

3

ta shme�a tom 
 me thn E(C ).

Ja apode�xoume ìti ta '(P

1

); '(P

2

); '(P

3

) e�nai shme�a tom 
 th


�

E(C ) me k�poia euje�a.

ParathroÔme ìti � 6= 0, diìti an  tan � = 0 h euje�a ja pernoÔse apì to P

0

.
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An t¸ra � 6= 0 mporoÔme p�li na epalhjeÔsoume ìti ta shme�a '(P

1

); '(P

2

); '(P

3

)

br�skontai p�nw sthn euje�a

y =

�

�x+ ��; ìpou

�

� =

��� b

�

; �� =

�

2

� a��+ b�

2

�

:

Autì pou ja prèpei na de�xoume e�nai ìti �x(P

1

); �x(P

2

) kai �x(P

3

) e�nai oi tre�
 r�ze
 th


ex�swsh


(

�

�x+ ��)

2

= f(x) = x

3

+ ax

2

+ bx:

H apìdeixh aut  af netai san �skhsh ston anagn¸sth.

Lìgw orismoÔ tou ', e�nai ker(') =

�

O; P

0

	

kai fa�netai amèsw
 ìti ' : E(Q) !

�

E(Q).

ZhtoÔme thn eikìna Im' th
 E(Q) mèsw tou '. Profan¸


�

O 2 Im'. Isqur�zomai ìti an

�x 6= 0 tìte to shme�o

(�x; �y) 2 Im'() �x e�nai tèleio tetr�gwno rhtoÔ

kai ìti P

0

0

= (0; 0) 2 Im' an kai mìno an

�

b = a

2

� 4b e�nai tèleio tetr�gwno rhtoÔ. A


apode�xoume kat' arq n to teleuta�o:

(0; 0) 2 Im'() 9(x; y) 2 E(Q) : �x =

y

2

x

2

= 0:

To x ìmw
 e�nai di�foro tou mhdenì
 giat� an x = 0 tìte kai y = 0 kai sunep¸
 ja èprepe

'(P

0

) = P

0

0

k�ti to opo�o den isqÔei diìti, ex orismoÔ, '(P

0

) = O. 'Wste

(0; 0) 2 Im' () 9(x; y) 2 E(Q); x 6= 0 kai y = 0:

An ìmw
 y = 0, tìte 0 = x

3

+ ax

2

+ bx = x(x

2

+ ax+ b) kai to x ja prèpei na e�nai m�a mh

mhdenik  r�za tou dexioÔ mèlou
, dhlad  r�za tou x

2

+ ax+ b. To teleuta�o ìmw
 sumba�nei

akrib¸
 tìte ìtan

�

b = a

2

� 4b e�nai tèleio tetr�gwno sto Q .

'Estw t¸ra (�x; �y) 2 E(Q); (�x; �y) 6= P

0

0

= (

�

0;

�

0) dhlad  �x 6=

�

0. An (�x; �y) 2 Im' tìte

�x =

�

y

x

�

2

dhlad  tèleio tetr�gwno rhtoÔ.

Antistrìfw
, èstw ìti �x = w

2

; w 2 Q . Jètoume

x

1

=

1

2

�

w

2

� a+

�y

w

�

; y

1

= x

1

w;

x

2

=

1

2

�

w

2

� a�

�y

w

�

; y

2

= �x

2

w:

Ja de�xoume ìti gia i = 1; 2 isqÔoun
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(aþ) P

i

= (x

i

; y

i

) 2 E(Q),

(bþ) '(P

i

) = (�x; �y).

Apìdeixh: (aþ) Pa�rnoume

x

1

x

2

=

1

4

�

(w

2

� a)

2

�

�y

2

w

2

�

=

1

4

�

(�x� a)

2

�

�y

2

�x

�

=

1

4�x

(�x

3

� 2a�x

2

+ a

2

�x� �y

2

) = b;

diìti

�y

2

= �x

3

� 2a�x

2

+ (a

2

� 4b)�x;

opìte èqoume

(x

i

; y

i

) 2 E(Q) () y

2

i

= x

3

i

+ ax

2

i

+ bx

i

()

�

y

i

x

i

�

2

= x

i

+ a+

b

x

i

() w

2

= x

1

+ a+ x

2

; diìti b = x

1

x

2

:

H teleuta�a sqèsh ìmw
 isqÔei lìgw th
 eklog 
 twn x

1

kai x

2

kai sunep¸
 apode�xame

thn (aþ).

(bþ) 'Eqoume

'(P

i

) =

 

�

y

i

x

i

�

2

; y

i

�

x

2

i

� x

1

x

2

x

2

i

�

!

=

8

>

<

>

:

�

w

2

; w(x

1

� x

2

)

�

; gia i = 1

�

w

2

;�w(x

2

� x

1

)

�

; gia i = 2

= (�x; �y)

(de
 sel�da 81 gia tou
 orismoÔ
 twn x

1

kai x

2

). Or�zoume t¸ra, ìpw
 akrib¸
 kai ton ',

èna morfismì  

0

:

�

E(Q) !

�

�

E(Q) kai jewroÔme thn sÔnjesh  = � Æ  

0

:

�

E(Q) ! E(Q)

ìpou � o gnwstì
 apì ta prohgoÔmena isomorfismì


�

�

E(Q) 3 (x; y)

�

7�!

�

x

4

;

y

8

�

2 E(Q):

Ja apode�xoume ìti isqÔei ( Æ ')(P ) = 2P , gia k�je P 2 E(Q). 'Eqoume

'(P ) =

�

P = (�x; �y) =

�

�

y

x

�

2

; y

x

2

� b

x

2

�

;

 

0

(

�

P ) = (

�

�x;

�

�y);
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ìpou

�

�x =

�

�y

�x

�

2

=

y

2

�

x

2

� b

x

2

�

2

�

y

x

�

4

=

�

x

2

� b

y

�

2

kai �(

�

�x) =

�

x

2

� b

2y

�

2

:

Apì thn �llh meri� h x-sunist¸sa tou 2P e�nai

x

0

= �

2

� a� 2x =

(3x

2

+ 2ax+ b)

2

4y

2

� a� 2x

=

9x

4

+ 4a

2

x

2

+ b

2

+ 12ax

3

+ 6bx

2

+ 4abx� 4a(x

3

+ ax

2

+ bx)� 8x(x

3

+ ax

2

+ bx)

4y

2

=

x

4

� 2bx

2

+ b

2

4y

2

=

�

x

2

� b

2y

�

2

= �(

�

�x):

Gia ti
 y-sunist¸se
 èqoume

�

�y = �y

�x

2

�

�

b

�x

2

=

y(x

2

� b)

x

2

�

y

4

� (a

2

� 4b)x

4

y

4

=

(x

2

� b)

�

(x

2

+ ax+ b)

2

� (a

2

� 4b)x

2

�

y

3

=

(x

2

� b)(x

4

+ 2ax

3

+ 6bx

2

+ 2abx+ b

2

)

y

3

=

x

6

+ 2ax

5

+ 5bx

4

� 5b

2

x

2

� 2ab

2

x� b

3

y

3

kai �(

�

�y) =

�

�y

8

:

Apì thn �llh meri� h y-sunist¸sa tou shme�ou 2P e�nai

y

0

= �y +

f

0

(x)

2y

(x� x

0

) = �y +

3x

2

+ 2ax+ b

2y

"

x�

�

x

2

� b

2y

�

2

#

= �y +

3x

2

+ 2ax+ b

2y

�

3x

4

+ 4ax

3

+ 6bx

2

� b

2

4y

2

=

�8(x

3

+ ax

2

+ bx)

2

+ (3x

2

+ 2ax+ b)(3x

4

+ 4ax

3

+ 6bx

2

� b

2

)

8y

3

=

x

6

+ 2ax

5

+ 5bx

4

� 5b

2

x

2

� 2ab

2

x� b

3

8y

3

= �(

�

�y):

'Wste

( Æ ')(P ) = 2P gia k�je P 2 E(Q):

Sthn sunèqeia ja apode�xoume ìti [

�

E(Q) : '(E(Q))℄ <1 kai m�lista [

�

E(Q) : '(E(Q ))℄ �

2

s+1

ìpou s o arijmì
 twn diakekrimènwn pr¸twn paragìntwn tou

�

b = a

2

� 4b.
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Omo�w
 [E(Q) :  (

�

E(Q))℄ � 2

r+1

ìpou r to pl jo
 twn diakekrimènwn pr¸twn paragìntwn

tou b. Profan¸
 arke� na apode�xoume mìno m�a apì autè
. Entel¸
 an�loga apodeiknÔetai

kai h deÔterh. Apì ta prohgoÔmena prokÔptei ìti

 (

�

E(Q)) =

�

(x; y) 2 E(Q)

�

�

x = w

2

6= 0; w 2 Qg[fO

	

[

8

<

:

fP

0

g; an b tèleio tetr�gwno

�; an b ìqi tèleio tetr�gwno

H idèa th
 apìdeixh
 e�nai na broÔme ènan amfimonos manto omomorfismì th


E(Q)

 (

�

E(Q))

se m�a peperasmènh om�da. 'Estw Q

�

h pollaplasiastik  om�da twn rht¸n kai Q

�

2

h

upoom�da twn tele�wn tetrag¸nwn tou Q

�

. Or�zoume

� : E(Q) �!

Q

�

�

Q

�

2

�(O) � 1 (mod Q

�

2

)

�(P

0

) � b (mod Q

�

2

)

�(x; y) � x (mod Q

�

2

); an x 6= 0:

Ja apode�xoume ìti o � e�nai omomorfismì
 om�dwn kai ìti

ker� = Im =  (

�

E(Q)):

Apìdeixh: Arke� na apode�xoume ìti

P

1

+ P

2

+ P

3

= O =) �(P

1

)�(P

2

)�(P

3

) � 1 (mod Q

�

2

):

AfoÔ gia P = (x; y); �P = (x;�y) èqoume �(�P ) = �(P ) kai afoÔ x �

1

x

(mod Q

�

2

)

isqÔei �(P )

�1

= �(P ) opìte h al jeia th
 prìtash
, mèsa sti
 parenjèsei
 d�nei

�(P

3

) = �(�(P

1

+ P

2

)) = �(P

1

+ P

2

) � �(P

1

)��(P

2

) (mod Q

�

2

):

'Estw ìti P

1

; P

2

; P

3

62 fO; P

0

g dhlad  x

1

x

2

x

3

6= 0.

To gegonì
 ìti P

1

+ P

2

+ P

3

= O shma�nei ìti ta shme�a P

1

; P

2

; P

3

br�skontai p�nw se m�a

euje�a èstw y = �x+ �. Apì ton tÔpo 3.1 sthn sel�da 55 èqoume ìti x

1

; x

2

; x

3

e�nai r�ze


tou

x

3

+ (a� �

2

)x

2

+ (b� 2��)x� �

2

= 0:
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Epomènw
 to ginìmeno x

1

x

2

x

3

= �

2

2 Q

�

2

dhlad 

�(P

1

)�(P

2

)�(P

3

) = x

1

x

2

x

3

= �

2

� 1 (mod Q

�

2

):

'Estw t¸ra ìti èna apì ta shme�a p.q. to P

1

= O. Tìte an P

1

+ P

2

+ P

3

= O èpetai

ìti P

2

+ P

3

= O, dhlad  P

3

= �P

2

, pou shma�nei ìti x

2

= x

3

opìte �(P

1

)�(P

2

)�(P

3

) =

1 � x

2

x

3

� 1 (mod Q

�

2

).

'Estw p�li ìti to P

1

= P

0

= (0; 0). Tìte h euje�a pou or�zetai apì ta P

1

; P

2

; P

3

èqei

thn morf  y = �x, dhlad  � = 0. Epomènw
 x

2

x

3

= x

1

x

2

+ x

2

x

3

+ x

1

x

3

= b. Sunep¸


�(P

1

)�(P

2

)�(P

3

) = bx

2

x

3

= b

2

� 1 (mod Q

�

2

):

'Ara o � e�nai omomorfismì
 om�dwn. H sqèsh t¸ra ker� = Im e�nai profan 
 diìti

èqoume  dh de�xei ìti (x; y) 2 Im an kai mìno an x = w

2

; w 2 Q

�

.

Tèlo
 exet�zoume thn eikìna �(E(Q)).

To er¸thma e�nai poio� rhto� arijmo� x apoteloÔn x-sunist¸sa enì
 shme�ou th
 E(Q).

E�dame piì mprost� ìti an (x; y) 2 E(Q) tìte x =

m

e

2

, y =

n

e

3

ìpou (m; e) = (n; e) = 1,

opìte h y

2

= x

3

+ ax

2

+ bx ma
 d�nei ìti

n

2

= m

3

+ am

2

e

2

+ bme

4

= m(m

2

+ ame

2

+ be

4

):

'Estw d = (m;m

2

+ ame

2

+ be

4

). Tìte m = dm

1

kai djbe

4

opìte djb diìti (m; e) = 1.

Gr�foume b = db

1

kai èqoume

n

2

= d

2

�m

1

(m

2

1

d+ am

1

+ b

1

e

4

):

kai

(m

1

;m

2

1

b+ am

1

+ b

1

e

4

) = 1:

Sunep¸
 to m

1

e�nai, kat' apìluth tim , tèleio tetr�gwno, opìte an m =

Y

p2P

p

a

p

tìte to

m e�nai to ginìmeno enì
 tele�ou tetrag¸nou kai tou (�p

"

1

1

p

"

2

2

� � � p

"

r

r

) ìpou ta "

i

ja e�nai

0   1 kai ta p

1

; p

2

; � � � ; p

r

oi pr¸toi diairète
 tou b.

To pl jo
 t¸ra twn dunatot twn gia to m (mod Q

�

2

) e�nai 2

r+1

.

An bèbaia x = 0, opìte kai m = 0 to parap�nw epiqe�rhma den douleÔei, all� o orismì


th
 � san �(P

0

) � b (mod Q

�

2

) de�qnei ìti to sumpèrasma gia thn t�xh th
 �(E(Q ))

isqÔei.
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Apì thn isomorf�a

E(Q)

�

 (

�

E(Q))

=

E(Q)

�

ker�

� �(E(Q)) (5.4)

br�skoume: [E(Q) :  (

�

E(Q))℄ � 2

r+1

. 'Omoia èqoume [

�

E(Q) : '(E(Q))℄ � 2

s+1

.

Telik�

E(Q) E(Q)

-

�

E(Q) � '(E(Q))

6

H

H

H

H

H

H

H

H

H

Hj

 

2

'

2E(Q) = ( Æ ')(E(Q)) �  (

�

E(Q)) � E(Q)

[E(Q) : 2E(Q)℄ = [E(Q) :  (

�

E(Q))℄ � [ (

�

E(Q)) :  ('(E(Q )))℄:

Apì thn Jewr�a Om�dwn daneizìmaste to parak�tw

L mma 9. 'Estw A kai C abelianè
 om�de
, B upoom�da th
 A kai  : A! C omomor-

fismì
 om�dwn. Tìte

 A

�

 B

�

�

A

�

B

�

�

�

�

ker 

�

ker \B

�

:

H apìdeixh af netai san �skhsh ston anagn¸sth.

'Estw t¸ra A =

�

E(Q) kai B = '(E(Q)). 'Eqoume

 (

�

E(Q))

�

2E(Q)

=

 (

�

E(Q))

�

 ('(E(Q)))

�

=

�

�

E(Q)

�

'(E(Q))

�

�

�

�

ker 

�

ker \ '(E(Q))

�

;

opìte

�

�

E(Q) : '(E(Q ))

�

=

�

 (

�

E(Q)) :  ('(E(Q )))

� �

ker : ker \ '(E(Q))

�

=) [ (

�

E(Q)) :  ('(E(Q )))℄ � [

�

E(Q) : '(E(Q ))℄ � 2

s+1

=) [E(Q) : 2E(Q)℄ � 2

r+1

� 2

s+1

= 2

r+s+2

;

dhlad  h pl rh
 apìdeixh tou Jewr mato
 tou Mordell. ut
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3. Efarmogè
 kai parade�gmata

To Je¸rhma tou Mordell ma
 lèei ìti h om�da twn rht¸n shme�wn � = E(Q) mi�
 elleip-

tik 
 kampÔlh
 E e�nai peperasmèna paragìmenh abelian  om�da. Sunep¸
 up�rqoun r; s 2

N

0

; p

i

2 P; �

i

2 N(i = 1; 2; : : : ; s) tètoioi ¸ste

�

�

=

Z

r

�

�

Z

�

p

�

1

1

Z

�

� � � � �

�

Z

�

p

�

s

s

Z

�

(5.5)

opìte 2�

�

=

(2Z)

r

�

�

2Z

�

p

�

1

1

Z

�

� � � � �

�

2Z

�

p

�

s

s

Z

�

=)

�

�

2�

�

=

�

Z

�

2Z

�

r

�

�

Z

�

p

�

1

1

Z

�

�

�

�

2Z

�

p

�

1

1

Z

�

� � � � �

�

Z

�

p

�

s

s

Z

�

�

�

�

2Z

�

p

�

s

s

Z

�

:

An p perittì
, tìte

2Z

�

p

�

Z

�

=

Z

�

p

�

Z

.

An p = 2 tìte

2Z

�

2

�

Z

�

=

Z

�

2

��1

Z

.

Epomènw
 gia p perittì o prosjetèo


�

Z

�

p

�

Z

�

�

�

�

2Z

�

p

�

Z

�

d�nei to monadia�o kai exafan�zetai

apì thn �jroish.

An p = 2 tìte to phl�ko

�

Z

�

2

�

Z

�

�

�

�

2Z

�

2

�

Z

�

d�nei

Z

�

2Z

.

'Estw t = #

�

j 2 f1; 2; � � � ; sg

�

�

p

j

= 2

	

. Epomènw


E(Q)

�

2E(Q)

�

=

�

Z

�

2Z

�

r+t

:

Isqur�zomai ìti an �

2

sumbol�zei thn om�da twn Q -rht¸n shme�wn t�xew
 2 th
 E tìte

j�

2

j = 2

t

:

Lìgw th
 (5.5) up�rqoun P

1

; P

2

; � � � ; P

r

; Q

1

; Q

2

; � � � ; Q

s

2 � = E(Q) tètoia ¸ste

8P 2 �; P = n

1

P

1

+ � � � + n

r

P

r

+m

1

Q

1

+m

2

Q

2

+ � � �m

s

Q

s

:

Oi akèraioi n

i

e�nai monos manta orismènoi kai oi m

j

or�zontai mod p

�

j

j

.

'Estw Q èna shme�o t�xew
 2, dhlad  2Q = O.

Q = n

1

P

1

+ n

2

P

2

+ � � �n

r

Q

r

+m

1

Q

1

+ � � � +m

s

Q

s

:

2Q = O =)

8

<

:

n

i

= 0 8i = 1; 2; � � � ; r

2m

j

� 0 (mod p

�

j

j

) (j 2 f1; 2; � � � ; sg)

9

=

;

:
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An p

j

perittì
, tìte m

j

� 0 (mod p

�

j

j

) en¸ an p

j

= 2 tìte m

j

� 0 (mod 2

�

j

�1

).

Epeid  de m

j

e�nai monos manta orismèno (mod 2

�

j

) èpetai ìti m

j

� 0   2

�

j

�1

(mod 2

�

j

).

ParathroÔme ìti gia k�je m

j

èqoume dÔo dunatìthte
 kai sunep¸
 up�rqoun 2

t

shme�a Q

me 2Q = O dhlad  j�

2

j = 2

t

.

Sumpèrasma:

2

r

=

�

�

�

�

�

2�

�

�

�

�

�

�

2

�

�

:

Profan¸


�

�

�

2

�

�

=

8

>

<

>

:

2; ìtan a

2

� 4b den e�nai tèleio tetr�gwno

4; ìtan a

2

� 4b e�nai tèleio tetr�gwno

To l mma 9 th
 sel�da
 86 d�nei

 A

�

 B

�

=

�

A

�

B

�

�

�

�

ker 

�

ker \ B

�

:

Gia A =

�

� kai B = '� èqoume

 

�

�

�

2�

�

=

�

�

�

�

'�

�

�

�

�

ker 

�

ker \ '�

�

;

ker =

�

O; (0; 0)

	

:

Ep�sh


(0; 0) 2 '� ()

�

b = a

2

� 4b 2 Q

�

2

opìte

�

�

�

ker 

�

ker \ '�

�

�

�

=

8

>

<

>

:

2; ìtan a

2

� 4b 62 Q

�

2

1; ìtan a

2

� 4b 2 Q

�

2

=

4

j�

2

j

:

Apì ta parap�nw prokÔptei ìti

�

�

�

�

�

2�

�

�

�

=

�

�

�

�

�

 

�

�

�

�

�

�

�

�

�

�

�

�

'�

�

�

�

�

1

4

�

�

�

2

�

�

0

�

ìloi oi de�kte


e�nai peperasmènoi

1

A

opìte 2

r

=

�

�

�

�

�

 

�

�

�

�

�

�

�

�

�

�

�

�

'�

�

�

�

4

; dhlad 

2

r

=

[� :  

�

�℄ [

�

� : '�℄

4

:

Apì th sqèsh 5.4 th
 sel�da
 86, èqoume [

�

� : '�℄ = j��

�

�j. 'Eqoume loipìn apode�xei to
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Je¸rhma 10. An E : y

2

= x

3

+ ax

2

+ bx (a; b 2 Z),

�

E : y

2

= x

3

� 2ax

2

+ (a

2

� 4b)x kai

an sumbol�soume me � = E(Q);

�

� =

�

E(Q); r = rank(E(Q), isqÔei

2

r

=

j��j � j��

�

�j

4

:

Upologismì
 th
 ��

AfoÔ (0; 0) 2 � èpetai ìti to bQ

�

2

an kei p�nta sto ��. 'Estw t¸ra (x; y) 2 � kai y 6= 0.

E�qame piì mprost� katal xei sto sumpèrasma ìti ja prèpei

x =

m

e

2

; y =

n

e

3

; (m; e) = (n; e) = 1; e > 0;

n

2

= m(m

2

+ ame

2

+ be

4

):

'Estw b

1

:= (m; b). Dialègoume to b

1

ètsi ¸ste o

m

1

=

m

b

1

> 0; b

2

:=

b

b

1

; dhlad  (m

1

; b

2

) = 1:

'Eqoume n

2

= b

1

m

1

(b

2

1

m

2

1

+ ab

1

m

1

e

2

+ b

1

b

2

e

4

) = b

2

1

m

1

(b

1

m

2

1

+ am

1

e

2

+ b

2

e

4

)

=) b

2

1

�

�

n

2

=) b

1

�

�

n:

'Estw t¸ra n

1

=

n

b

1

. 'Eqoume

n

2

1

= m

1

(b

1

m

2

1

+ am

1

e

2

+ b

2

e

4

):

O mègisto
 koinì
 diairèth
 (m

1

; b

1

m

2

1

+ am

1

e

2

+ b

2

e

4

) = (m

1

; b

2

e

4

) = 1 diìti (b

2

;m

1

) = 1

kai (e;m

1

) = 1 (to teleuta�o diìti (e;m) = 1). Epeid  t¸ra m

1

> 0 èpetai ìti up�rqei

M 2 N tètoio
 ¸ste m

1

=M

2

kai M

�

�

n

1

(diìti m

1

�

�

n

1

).

Gr�foume N =

n

1

N

2 N kai èqoume

N

2

= b

1

M

4

+ a

2

M

2

e

2

+ b

2

e

4

ìpou x =

b

1

M

2

e

2

kai y =

b

1

MN

e

3

:

Je¸rhma 11 (Je¸rhma tou Tate)

�� =

�

Q

�

2

; bQ

�

2

	

[

�

b

1

Q

�

2

; ìpou b

1

jb; b = b

1

b

2

kai   z

2

= b

1

x

4

+ ax

2

y

2

+ b

2

y

4

èqei lÔsh sto Z me xy 6= 0

	

:
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Apìdeixh:

�����: 'Estw 
Q

�

2

2 ��. Tìte up�rqei P 2 � tètoio ¸ste �P = 
Q

�

2

.

1

h

per�ptwsh: An P = O tìte �P = Q

�

2

.

2

h

per�ptwsh: An P = (0; 0) tìte �P = bQ

�

2

.

3

h

per�ptwsh: An P = (x; y); y 6= 0 èqoume  dh apode�xei ìti

x =

b

1

M

2

e

2

=) �(P ) � b

1

(mod Q

�

2

):

4

h

per�ptwsh: An P = (x; 0) me x 6= 0 tìte x

2

+ ax + b = 0 ìpou x 2 Q kai a; b 2 Z ,

dhlad  x 2 Z kai xjb. Gr�foume b

1

= x, b

2

=

b

b

1

kai epomènw
 b

2

1

+ ab

1

+ b

1

b

2

= 0. Epeid 

x = b

1

6= 0 èqoume b

1

+ a+ b

2

= 0, sunep¸
 h z

2

= b

1

x

4

+ ax

2

y

2

+ b

2

y

4

e�nai epilÔsimh me

(x; y; z) = (1; 1; 0).

�����: 'Estw 
Q

�

2

.

1

h

per�ptwsh: 'Estw 
Q

�

2

= Q

�

2

; bQ

�

2

, isqÔei.

2

h

per�ptwsh: 'Estw 
Q

�

2

= b

1

Q

�

2

me b

1

jb; b = b

1

b

2

kai èstw (M; e;N) lÔsh th


z

2

= b

1

x

4

+ ax

2

y

2

+ b

2

y

4

me Me 6= 0 sto Z. Tìte

N

2

= b

1

M

4

+ aM

2

e

2

+ b

2

e

4

) b

1

M

2

N

2

= b

3

1

M

6

N

2

+ ab

2

1

M

4

e

2

+ bb

1

M

2

e

4

:

Sunep¸


P =

�

b

1

M

2

e

2

;

b

1

MN

e

3

�

2 � kai �P = b

1

Q

�

2

= 
Q

�

2

:

Prade�gmata:

(1) 'Estw h elleiptik  kampÔlh E=y

2

= x

3

� x.

'Eqoume a = 0; b = �1 dhlad  �2a = 0; a

2

� 4b = 4. Epomènw


�

E=y

2

= x

3

+ 4x.

Epeid  to b = �1 gia to b

1

èqoume dÔo dunatìthte
 �1. Gia thn � isqÔoun

�(O) � 1 (mod Q

�

2

); �(P

0

) � b (mod Q

�

2

):

=) �� = fQ

�

2

;�Q

�

2

g =) j��j = 2:

Ep�sh


�

b = 4, opìte gia to b

1

èqoume ti
 dunatìthte


b

1

= �1; �2; �4:

All� 4 � 1 (mod Q

�

2

) kai �4 � �1 (mod Q

�

2

) opìte h ��(

�

�) èqei to polÔ tèssera

stoiqe�a:

��(

�

�) �

n

Q

�

2

;�Q

�

2

; 2Q

�

2

;�2Q

�

2

o

:
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Oi exis¸sei
 gia b

1

= �1;�2 e�nai ant�stoiqa

Z

2

= X

4

+ 4Y

4

;

Z

2

= �X

4

� 4Y

4

;

Z

2

= 2X

4

+ 2Y

4

;

Z

2

= �2X

4

� 2Y

4

:

H deÔterh kai tètarth profan¸
 den èqoun akèraia lÔsh. 'Ara, èqoume na elègxoume

ti
 Z

2

= X

4

+ 4Y

4

kai Z

2

= 2X

4

+ 2Y

4

.

H pr¸th antistoiqe� sto b

1

= 1 kai profan¸
 to Q

�

2

an kei sthn ��

�

�. Kai h deÔterh

ja prèpei na èqei lÔsh diìti apì to je¸rhma 10 th
 sel�da
 89 èpetai ìti j��j � j��

�

�j

e�nai toul�qisto 4. Sunep¸


j��

�

�j = 2 =) j��

�

�j = f1; 2 (mod Q

�

2

)g

=) 2

r

= 1) r = 0:

Tèlo
, epeid  h E(Q) e�nai peperasmènh kai h

�

E(Q) e�nai peperasmènh, èpetai ìti

o 1 den e�nai isodÔnamo
 arijmì
. Jum�zoume ìti èna
 fusikì
 arijmì
 m lègetai

isodÔnamo
 ìtan e�nai embadì enì
 orjogwn�ou trig¸nou me pleurè
 rhtoÔ
 arijmoÔ
.

Shme�wsh 12. LÔsh th
 Z

2

= 2X

4

+ 2Y

4

e�nai 2

2

= 2 � 1

4

+ 2 � 1

4

.

(2) 'Estw E=y

2

= x

3

+ x;

�

E=y

2

= x

3

� 4x.

EÔkola br�skoume ìti r = 0 kai ìti O kai P

0

e�nai ta mìna shme�a peperasmènh
 t�xh


th
 E.

(3) 'Estw E=y

2

= x

3

� 5x, a = 0, b = �5

�

E=y

2

= x

3

+ 20x. Oi dunatìthte
 gia

to b

1

= 1; �1; 5; �5. Sunep¸
 prèpei na elègxoume an oi parak�tw exis¸sei
 e�nai

epilÔsime
:

Z

2

= X

4

� 5Y

4

; Z

2

= �X

4

+ 5Y

4

(5.6)

Z

2

= 5X

4

� Y

4

Z

2

= �5X

4

+ Y

4

(5.7)

Oi exis¸sei
 (5.6) e�nai epilÔsime
 an kai mìno an oi exis¸sei
 (5.7) e�nai epilÔsime
.

'Eqoume

1

2

= 3

4

� 5 � 2

4

2

2

= (�1)

4

+ 5 � 1

4
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dhlad  ìle
 èqoun lÔsh. Epomènw


�� = f�1;�5Q

�

2

g =) j��j = 4:

Gia to

�

b

1

èqoume ti
 ex 
 dunatìthte
:

�1; �2; �4; �5; �10; �20:

Epeid  �4 � �1 (modQ

�

2

) kai �20 � �5 (modQ

�

2

) èpetai ìti gia to

�

b

1

èqoume ti


dunatìthte
 �1;�2;�5;�10. Gia b

1

b

2

= 20 > 0 èqoume b

1

X

4

+ b

2

Y

4

= Z

2

> 0. Gia

b

1

= �1;�2;�5;�10 den èqoume lÔsh.

Epomènw
 ��

�

� � f1; 2; 5; 10 (mod Q

�

2

)g.

�(

�

O) = 1 =) �(P

0

0

) =

�

b = 20 � 5 (mod Q

�

2

):

Apomènei na elegqje� an h ex�swsh

Z

2

= 2X

4

+ 10Y

4

; èqei lÔsh me XY 6= 0

(h �llh ex�swsh e�nai ìmoia, Z

2

= 10X

4

+ 2Y

4

).

'Estw ìti èqei lÔsh (x

0

; y

0

; z

0

). Profan¸
 o z e�nai �rtio
, z = 2z

1

, sunep¸
 2z

2

1

=

x

4

0

+ 5y

4

0

. Epeid  (M; b

2

) = (x

0

; 5) = 1 èpetai ìti x

4

0

� 1 (mod 5) dhlad  2z

2

1

�

1 (mod5)   alli¸
 z

2

1

� 3 (mod5) pou shma�nei ìti

�

3

5

�

= 1, �topo, diìti

�

3

5

�

= �1.

'Wste ��

�

� =

�

1; 5 (mod Q

�

2

)

	

;

�

�

��

�

�

�

�

= 2

=) 2

r

=

4 � 2

4

= 2:

Epomènw
 o rank th
 E e�nai èna.

Shme�wsh 13. 'Isw
 fa�netai l�go per�ergo ìti y

2

= x

3

�5x èqei �peiro pl jo
 rht¸n

shme�wn en¸ h y

2

= x

3

� x èqei peperasmèno. Genik�, e�nai polÔ dÔskolo apì thn

ex�swsh th
 elleiptik 
 kampÔlh
 na bg�loume sumpèrasma gia to rank aut 
.

(4) 'Estw p 2 P, p � 5 (mod 8).

JewroÔme thn elleiptik  kampÔlh E=y

2

= x

3

+p

2

x. 'Eqoume

�

E=y

2

= x

3

�4p

2

x. 'Estw

r

1

= log

2

j��j � 1 kai r

2

= log

2

j��

�

�j � 1 kai r = rankE(Q). Profan¸
 r = r

1

+ r

2

.



3. Efarmogè
 kai parade�gmata 93

b

1

= �1;�p (diìti �p

2

� 1 (mod Q

�

2

))

An b

1

= 1; b = p

2

tìte Q

�

2

� ��.

Oi exis¸sei
 �X

4

� p

2

Y

4

= Z

2

kai �pX

4

� pY

4

= Z

2

, den èqoun lÔsh. Epomènw


�� � f1; p (mod Q

�

2

)g:

Sth sunèqeia exet�zoume an h pX

4

+ pY

4

= Z

2

, dhlad  an h p(X

4

+ Y

4

) = Z

2

èqei

akèraia lÔsh.

'Estw (x; y; z) lÔsh th
 ex�swsh
 me xy 6= 0.

An x � 0 (mod 2) tìte x

4

� 0 (mod 8).

An x � 1 (mod 2) tìte x

4

� 1 (mod 8) opìte

x (mod 2) y (mod 2) x

4

+y

4

(mod 8)

0 0 *

0 1 1

1 0 1

1 1 2

Thn � den thn meletoÔme diìti, qwr�
 periorismì th
 genikìthta
, mporoÔme na upojè-

soume ìti (x; y) = 1.

Pr�gmati, x =

b

1

M

2

e

2

, y =

b

1

MN

e

3

(b

1

jb, (M; e) = (N; e) = (b

1

; e) = 1). 'Eqoume

(b

2

;M) = 1 diìti (m

1

; b

2

) = 1 (b

1

= (m; b) kai m

1

=

m

b

1

).

Ep�sh
 (N;M) = 1. Pr�gmati, an pj(N;M) tìte pjb

2

e

4

epomènw
 pjb

2

dhlad 

pj(b

2

;M) = 1, �topo.

'Ara x

4

+ y

4

� 1; 2 (mod 8) sunep¸
 p(x

4

+ y

4

� 5; 2 (mod 8). All� p(x

4

+ y

4

) =

z

2

� 0; 1; 4 (mod 8), �topo.

Epomènw
 �� = fQ

�

2

g dhlad  r

1

= �1.

MeletoÔme sthn sunèqeia thn elleiptik  kampÔlh

�

E=y

2

= x

3

� 4p

2

x. Profan¸
,

f1;�1gQ

�

2

� ��

�

� � f1; 2; p; 2p;�1;�2;�p;�2pgQ

�

2

:

JewroÔme thn ex�swsh pX

4

� 4pY

4

= Z

2

  alli¸
 thn p(X

4

� 4Y

4

) = Z

2

.

'Estw (x; y; z) lÔsh th
 teleuta�a
 me xy 6= 0. Tìte x

4

� 4y

4

� 0 (mod p) sunep¸


�

x

y

�

4

�

=

4 (modp). (An  tan y � 0 (modp) tìte kai x � 0 (modp) dhlad  pj(x; y)).
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Epomènw


�

x

y

�

2

� �2 (mod p), pou shma�nei ìti

�

�2

p

�

= 1. All�

�

�1

p

�

= 1,

�

2

p

�

= �1, epomènw


�

�2

p

�

= �1, �topo. 'Ara pQ

�

2

62 ��

�

� opìte j��

�

�j � 4.

Sunep¸
 r

2

= log

2

j��

�

�j � 1 � 2� 1 = 1. 'Ara

r

2

� 1 ) r = r

1

+ r

2

� �1 + 1 = 0 ) r = 0:

Pìrisma 14. An p 2 P, p � 5 (mod 8) tìte h ex�swsh 2(X

4

� p

2

Y

4

) = Z

2

èqei upèr to

Z mìno thn tetrimmènh lÔsh.

Apìdeixh: H 2p(X

4

� Y

4

) = Z

2

èqei lÔsh (1; 1; 0) sunep¸
 2pQ

�

2

2 ��

�

�. An kai

2Q

�

2

2 ��

�

� èpetai ìti kai to ginìmeno 2pQ

�

2

� 2Q

�

2

= pQ

�

2

2 ��

�

�, �topo diìti sto je¸rhma

apode�xame ìti pQ

�

2

62 ��

�

�.

Epomènw
 2Q

�

2

62 ��

�

� dhlad  h 2(X

4

� p

2

Y

4

) = Z

2

èqei mìno thn tetrimmènh lÔsh. ut

Eikas�a 15 (Eikas�a twn Mordell-Selmer) An p pr¸to
, p � 5 (mod 8), h elleiptik 

kampÔlh E=y

3

= x

3

+ px èqei rank èna.

Gia p < 1000 epalhjeÔthke apì tou
 Bremner-Cassels, to 1984. Ep�sh
,

� 1948 Wiman, apode�qthke ìti up�rqei elleiptik  kampÔlh me rank r � 4.

� 1974 Penney kai Pomeran
e, apode�qthke ìti up�rqei elleiptik  kampÔlh me rank r �

6.

� 1975 Penney kai Pomeran
e, apode�qthke ìti up�rqei elleiptik  kampÔlh me rank r �

7.

� 1977 Grunewald kai Zimmert, apode�qthke ìti up�rqei elleiptik  kampÔlh me rank

r � 8.

� 1977 Grunewald kai Zimmert, apode�qthke ìti up�rqei elleiptik  kampÔlh me rank

r � 9.

� 1979 Nakata, apode�qthke ìti up�rqei elleiptik  kampÔlh me rank r � 9.
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� 1981 Mestre, apode�qthke ìti up�rqei elleiptik  kampÔlh me rank r � 10; 11; 12.

� 1984 Krets
hmer, apode�qthke ìti up�rqei elleiptik  kampÔlh me rank r = 10 kai

tetrimmènh torsion.

� 1985 Mestre, apode�qthke ìti up�rqei elleiptik  kampÔlh me rank r � 14.

� 1993 Nagao, apode�qthke ìti up�rqei elleiptik  kampÔlh me rank r � 20.

� 1994 Nagao kai Kouya, apode�qthe ìti up�rqei elleiptik  kampÔlh me rank r � 21.

� 1998, Fermigier, apode�qthke ìti up�rqei elleiptik  kampÔlh me rank r � 22.

� 1999, Marin, M
Millen, apode�qthke ìti h elleiptik  kampÔlh

Y

2

+XY + Y = X

3

� 19252966408674012828065964616418441723X

+32685500727716376257923347071452044295907443056345614006

èqei rank r � 23.

Eikas�a 16. Up�rqei elleiptik  kampÔlh orismènh upèr to Q me osod pote meg�lo rank.

Prìsfata o Noam Elkies èjese to er¸thma:

��Poiì
 e�nai o pio meg�lo
 fusikì
 arijmì
 r gia ton opo�o up�rqoun �peire


elleiptikè
 kampÔle
 th
 morf 


Y

2

= X

3

+A

orismène
 sto Q tètoie
 ¸ste na èqoun rank � r? 'Eqei kataskeuaste� m�a tètoia

oikogèneia kampul¸n?��

O Mestre parèpemye sthn ergas�a tou \Rang de 
ourbes elliptiques d' invariant nul", C.

R. A
ad. S
. Paris, 321 (1995), 1235-1236 b�sei th
 opo�a
 to rekìr mèqri aut  th stigm 

e�nai r = 7.

Sthn sunèqeia ja melet soume elleiptikè
 kampÔle
 th
 morf 
 Ejy

2

= x

3

+ d, d 2 Z,

d eleÔjero
 tetrag¸nou. To shme�o (�d; 0) e�nai rhtì shme�o t�xew
 2. K�noume ton

metasqhmatismì

x 7! x� d; y 7! y:
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kai pa�rnoume y

2

= (x � d)

3

+ d

3

, dhlad  E=y

2

= x(x

2

� 3dx + 3d

2

), A = �3d;B = 3d

2

.

H isogen 
 th
 e�nai

~

E=y

2

= x

3

+

�

Ax

2

+

�

Bx, ìpou

�

A = �2A = 6d,

�

B = A

2

� 4B =

9d

2

� 12d

2

= �3d

2

, dhlad 

~

E=y

2

= x

3

+ 6dx

2

� 3d

2

x:

'Estw ìti o d e�nai pr¸to
 arijmì
, d = p > 3, B = 3p

2

, opìte gia to b

1

èqoume ti


akìlouje
 dunatìthte
:

b

1

= �1;�3;�p;�3p:

Y�qnoume gia lÔsei
 sthn diofantik  ex�swsh

Z

2

= b

1

X

4

� 3pX

2

Y

2

+ b

2

Y

4

:

'Eqoume

f1; 3gQ

�

2

� �� � f�1;�3;�p;�3pgQ

�

2

:

Gia b

1

= �1 h ex�swsh �X

4

� 3pX

2

Y

2

� 3p

2

Y

4

= Z

2

den èqei lÔsh diìti h tetragwnik 

morf  th
 parist� mìno arnhtikoÔ
 akèraiou
. Omo�w
 gia b

1

= �3;�p;�3p.

'Wste f1; 3gQ

�

2

� �� � f1; 3; p; 3pgQ

�

2

.

An b

1

= p tìte b

2

= 3p kai ant�strofa an b

1

= 3p tìte b

2

= p opìte arke� na exet�soume

an èqei lÔsh h ex�swsh gia b

1

= p.

j��j =

8

<

:

4; an h Z

2

= pX

4

� 3pX

2

Y

2

+ 3pY

4

(�) èqei mh-tetrimmènh akèraia lÔsh

2; alli¸


Pa�rnoume t¸ra thn isogen  th


~

E=y

2

= x

3

+ 6px

2

� 3p

2

x. 'Eqoume

f1;�3gQ

�

2

� ��

�

� � f�1;�3;�p;�3pgQ

�

2

:

Prèpei na elègxoume thn epilusimìthta th
 diofantik 
 ex�swsh
 Z

2

= b

1

X

4

+ 6pX

2

Y

2

+

b

2

Y

4

.

Gia b

1

= �1 br�skoume b

2

= �3p.

Gia b

1

= �3p br�skoume b

2

= �p.

An èqei h m�a lÔsh tìte ja èqei kai h �llh.

Tèlo
 gia b

1

= 3 èqoume b

2

= �p

2

� �1 (mod Q

�

2

).
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'Eqoume loipìn na elègxoume thn epilusimìthta twn diofantik¸n exis¸sewn

Z

2

= �3pX

4

+ 6pX

2

Y

2

+ pY

4

(5.8)

Z

2

= 3pX

4

+ 6pX

2

Y

2

� pY

4

(5.9)

Z

2

= 3X

4

+ 6pX

2

Y

2

� p

2

Y

4

(5.10)

'Estw (u; v; w) m�a mh-tetrimmènh lÔsh th
 ex�swsh
 m�a
, opoiasd pote, apì ti
 parap�nw

exis¸sei
. An 3jw tìte 3ju

2

, dhlad  3ju. Epomènw
 3

2

jpv

4

, sunep¸
 3jv. Jètoume

8

>

>

>

<

>

>

>

:

u !

u

3

2

v !

v

3

w !

w

3

9

>

>

>

=

>

>

>

;

:

Epomènw


�

u

3

2

;

v

3

;

w

3

�

e�nai ep�sh
 lÔsh, opìte, qwr�
 periorismì th
 genikìthta
, upojètoume

ìti 3 - w.

H (5.10) t¸ra (mod 3) d�nei

Z

2

� �p

2

Y

4

(mod 3):

'Omw
, epeid 

�

�p

2

Y

4

3

�

=

�

�1

3

�

= �1, èpetai ìti h (5.10) den èqei lÔsh.

An (u; v; w) ìqi tetrimmènh lÔsh th
 (5.9) tìte

u

2

� �pw

4

(mod 3)) p � 2 (mod 3):

An�loga gia thn 5.8 br�skei kane�
 ìti an èqei mh-tetrimmènh akera�a lÔsh tìte p � 1 (mod3).

Epomènw


�

�

��

�

�

�

�

=

8

>

>

>

<

>

>

>

:

4; an p � 2 (mod 3) kai h 5.9 èqei mh-tetrimmènh lÔsh

4; an p � 1 (mod 3) kai h 5.8 èqei mh-tetrimmènh lÔsh

2; s' ìle
 ti
 �lle
 peript¸sei


(5.11)

Pollaplasi�zoume thn (5.8) me p

3

kai br�skoume thn isodÔnam  th


pZ

2

= �3X

4

+ 6X

2

Y

2

+ Y

4

: (5.8

0

)

Omo�w


pZ

2

= 3X

4

+ 6X

2

Y

2

� Y

4

(5.9

0

)
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e�nai isodÔnamh th
 (5.9).

LÔnoume kai ti
 dÔo (mod p) w
 pro
 X

2

kai br�skoume

X

2

�

�

1�

2

3

p

3

�

y

2

(mod p):

Gia na e�nai epilÔsimh ja prèpei

p

3 2 Q

p

(s¸ma twn p-adik¸n arijm¸n). IsqÔei

p

3 2 Q

p

()

p

3 = p

m

"; m 2 Z kai " p-adik  mon�da:

Ja prèpei loipìn to 3 na e�nai tèleio tetr�gwno (modp). Autì sumba�nei akrib¸
 tìte ìtan

�

3

p

�

= 1   alli¸
 (�1)

p� 1

2

�

�

p

3

�

= 1.

An p � 1 (mod 4) tìte p � 1 (mod 12) kai

an p � 3 (mod 4) tìte p � 11 (mod 12). 'Eqoume epomènw
 apode�xei to akìloujo

Je¸rhma 17 (G. Frey, Manus
ripta Mathemati
a, 1984) An p � 5 (mod 12) tìte

r = rank(E(Q)) = 0.

An p � 7 (mod 12) tìte r = rank(E(Q)) � 1.

IsqÔei r = 1 akrib¸
 tìte ìtan h ex�swsh 5.11 sthn sel�da 97, èqei mh-tetrimmènh akèraia

lÔsh.

An p � 11 (mod 12) tìte rank(E(Q)) � 1 kai m�lista isqÔei rank(E(Q)) = 1 an kai mìno

an h 5.9

0

èqei mh-tetrimmènh lÔsh.

An p � 1 (mod 12) tìte rank(E(Q)) � 2 kai m�lista rank(E(Q)) = 2 an kai mìno an h

5.8

0

kai 5.11 èqoun mh tetrimmène
 lÔsei
.

(Ed¸ parathroÔme ìti Z

2

� pX

4

(mod 3) èqei lÔsh an kai mìno an p � 1 (mod 3) dhlad 

an kai mìno an p � 1; 7 (mod 12).

Epanerqìmaste t¸ra sto jèma th
 eÔresh
 elleiptik¸n kampul¸n me meg�lo rank. 'E-

qoume apode�xei ìti

2

r

=

j�=2�j

j�

2

j

=) j�=2�j = 2

r+1

=)

2

r+1

= j(Z=2Z)

r+1

j = j�=2�j � j�= ker�j = j��j

diìti 2� � ker�. An loipìn gnwr�zoume to �� , gnwr�zoume èna kat¸tero fr�gma gia to

rank r th
 E. Ja prèpei loipìn na y�xoume gia a; b 2 Z tètoia ¸ste to j��j na g�netai

meg�lo. Ja prèpei dhlad  to b na èqei ìso piì polloÔ
 par�gonte
 g�netai.
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Or�zoume S :=

�

b

	

[

�

b

1

�

�

b

2

; b

2

= b=b

1

; b

1

+ a+ b

2

e�nai tèleio tetr�gwno:

	

.

Profan¸
 S Q

�

2

� ��.

'Estw B h om�da pou par�getai apì to S Q

�

2

, upoom�da th


Q

�

�

Q

�

2

. Epeid  S Q

�

2

� ��

èpetai ìti B = hS Q

�

2

i � �� sunep¸
 jBj = 2

t

; t 2 N

0

. Epomènw


2

r+1

� j��j � jBj = 2

t

) r � t� 1:

Arke� loipìn na fti�xoume to t kat� to dunatì meg�lo.

Algìrijmo
 18.

(1) Dialègoume èna b 2 Z me arketoÔ
 pr¸tou
 diairète
.

(2) Dialègoume ètsi to a ¸ste ìso g�netai piì pollo� apì tou
 akera�ou
 b

1

+ a+ b

2

na

e�nai tèleia tetr�gwna (b

i

2 Z; b

1

b

2

= b).

(3) Br�skoume èna k�tw fr�gma tou r.

Algìrijmo
 upologismoÔ tou t, jBj = 2

t

: 'Estw p

1

; p

2

; � � � ; p

s

(s 2 N) oi diakekrimènoi

metaxÔ tou
 pr¸toi diairète
 tou b kai

T =

n

(�1)

l

0

p

l

1

1

p

l

2

2

� � � p

l

s

s

�

�

l

i

2 N

0

o

Or�zoume

� :

8

<

:

T �! (Z=2Z)

s+1

(�1)

l

0

p

l

1

1

p

l

2

2

� � � p

l

s

s

7�!

�

l

0

(mod 2); � � � ; l

s

(mod 2)

�

O �(S) èqei san p�naka jSj � (s+ 1) upèr to

Z

�

2Z

. Epomènw


t = rank�(S):

Par�deigma: 'Estw y

2

= x

3

+ 17x

2

+ 15x; a = 17; b = 3 � 5. 'Eqoume

�1 + 17� 15 = 1

3 + 17 + 5 = 5

2

�3 + 17� 5 = 3

2
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Epomènw
 S =

�

15;�1; 3;�3;�15; 5;�5

	

. Gr�foume S

0

=

�

15;�1; 3

	

� S kai br�skoume

thn eikìna tou S mèsw th
 apeikìnish
 �

8

>

>

>

<

>

>

>

:

�(15) = (0; 1; 1)

�(�1) = (1; 0; 0)

�(3) = (0; 1; 0)

9

>

>

>

=

>

>

>

;

=) �(S) =

0

B

B

B

�

0 1 1

1 0 0

0 1 0

1

C

C

C

A

:

O p�naka
 èqei rank 3. Sunep¸
 B = h�1; 3; 5iQ

�

2

� ��.

'Ara r � 2. (To b èqei dÔo pr¸tou
 par�gonte
, den perimènoume kalÔtero fr�gma).

Je¸rhma 19. An a = 12273038545 kai

b = 2

10

�3

6

�17�19�23�29�31�37�41�43�53 = 17236434803911308288

kai E=Y

2

= X

3

+ aX

2

+ bX tìte

r = rank(E(Q)) = 10:

Apìdeixh: 'Eqoume

�

E=Y

2

= X

3

+ �aX

2

+

�

bX,

�a = �2a = �24546077090;

�

b = a

2

� 4b = 47

2

�53�q = 81681735911410483873

q := 697675341112349 2 P:

'Estw � = E(Q),

�

� =

�

E(Q), r

1

= log

2

j��j � 1 kai r

2

= log

2

j��

�

�j � 1.

Ja apode�xoume ìti r

1

= 10 kai r

2

= 0, �ra r = r

1

+ r

2

= 10. 'Eqoume

B = h2�41; 3�41; 17; 19�41; 23�41; 29; 31�41; 37; 43; 53;�1iQ

�

2

:

Epomènw
 r

1

� 10. An r

1

= 11 tìte B = ��. Sunep¸
 ja èprepe h Y

2

= 41X

4

+aX

2

+

b

41

na e�nai epilÔsimh sto Q

q

pr�gma to opo�o den sumba�nei diìti

�

41

q

�

= �1.

Gia to r

2

ja apode�xoume ìti

��

�

� =

�

Q

�

2

;

�

bQ

�

2

	

:

'Estw

�

b

1

Q

�

2

2 ��

�

� me

�

b

1

�

b

2

=

�

b.

An

�

b

1

< 0 tìte

�

b

2

< 0 den èqoume lÔsh.

An

�

b

1

> 0;

�

b

1

j

�

b tìte

�

b

1

= 47

"

1

53

"

2

q

"

3

; "

1

2 f0; 1; 2g; "

2

; "

3

2 f0; 1g.

An

�

b

1

Q

�

2

2 ��

�

� tìte

�

�

b

1

19

�

=

�

�

b

1

29

�

= 1.

QrhsimopoioÔme to akìloujo
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L mma 20. An p 2 P, � = �

p

(a

2

� 4b) � 1 kai p - "b tìte h Y

2

= g(X) epilÔsimh sto

Q

p

akrib¸
 tìte ìtan

(i) b

1

(ant. b

2

) tetragwnikì upìloipo (mod p)  

(ii) � �rtio
 kai

�

a

p

�

=

8

>

<

>

:

1; an p � 5; 7 (mod 8)

�1; an p � 1; 3 (mod 8)

Shme�wsh 21. 'Eqoume 19; 29 jj (�a

2

� 4

�

b) = 16b kai 19; 29 - 6

�

b.

x

p

47 53 q

19 1 �1 �1

29 �1 1 1

�

x

p

�

.

Sunep¸
 "

2

= "

3

kai "

1

� 0 (mod 2). Epomènw


�

b

1

Q

�

2

=

8

>

<

>

:

Q

�

2

; ìtan "

2

= "

3

= 0

53qQ

�

2

=

�

bQ

�

2

; ìtan "

2

= "

3

= 1

Epomènw
 j��

�

�j = 2 sunep¸
 r

2

= 1� 1 = 0. 'Ara

r = r

1

+ r

2

= 10:

Er¸thma: 'Estw M 2 N. Up�rqei b 2 Z me n diakekrimènou
 metaxÔ tou
 pr¸tou


par�gonte
 kai a 2 Z ètsi ¸ste:

E=y

2

= x

3

+ ax

2

+ bx; èqei rank(E(Q)) � n;

Gia n = 1; 2; � � � ; 6

n b a

1 2 7

2 2

7

�3

3

169

3 2

7

�3

3

�7 997

4 2

7

�3

4

�7�13 6865

5 2

8

�3

3

�7�11�17 17905

6 2

7

�3

4

�13�23�29�31 154465
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Se ìle
 o rank e�nai akrib¸
 n.

Eikas�a 22. Gia k�je P = fp

1

; p

2

; � � � ; p

n

g (n 2 N) up�rqei elleiptik  kampÔlh E=Q

tètoia ¸ste:

(i) rankE(Q) = n

(ii) E

tor

(Q) 6= O

(iii) Up�rqei pr¸to
 p ètsi ¸ste h E na èqei to polÔ kak  anagwg  sto sÔnolo P [

f2; 3; pg.

4. Rht� shme�a peperasmènh
 t�xh
 mi�
 kl�sh
 elleiptik¸n

kampul¸n

Ja kle�soume to kef�laio me th melèth twn dunatot twn pou èqoume gia thn om�da twn rht¸n

shme�wn peperasmènh
 t�xh
 elleiptik¸n kampul¸n pou èqoun èna shme�o t�xh
 2.

JewroÔme thn elleiptik  kampÔlh E=Y

2

= X

3

+ aX

2

+ bX, a; b 2 Z. Kat' arq n

diatup¸noume èna

L mma 23. 'Estw P = (x; y) èna torsion shme�o th
 kampÔlh
 di�foro twn O kai (0; 0).

Tìte

� x j b, kai

� x+ a+

b

x

= n

2

, n 2 N

0

.

Apìdeixh: 'Estw kat' arq n y 6= 0, or�zoume (x

2

; y

2

) = 2P (6= O). Epeid  x; y; x

2

; y

2

2 Z

èqoume x = b

1

M

2

kai y = b

1

MN ìpou b

1

, N 2 N, M 2 N, b

1

jb; b

2

=

b

b

2

. Sunep¸


x

2

= �

2

� 2x

1

� a =

�

f

0

(x

1

)

2y

1

�

2

� (2x

1

+ a)

=

�

3x

2

1

+ 2ax

1

+ b

2y

1

�

2

� 2x

1

� a =

�

x

2

1

� b

2y

1

�

2

=) x

2

=

�

x

2

1

� b

2y

�

2

=

�

b

2

1

M

4

� b

1

b

2

2b

1

MN

�

2

=

�

b

1

M

4

� b

2

2MN

�

2

:

Prèpei x

2

2 Z sunep¸
 M jb

2

. 'Eqoume (M; e) = (N; e) = (b

1

; e) = 1. Ep�sh
 (b

2

;M) = 1

diìti (m

1

; b

2

) = 1, opìte, epeid  (b

2

;M) = 1 kai M jb

2

, sunep�getai ìti M = 1, dhlad 
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x = b

1

jb. Sunep¸


b

3

1

+ ab

2

1

+ bb

1

= (b

1

N)

2

= b

2

1

N

2

) b

1

+ a+ b

2

= N

2

:

An t¸ra y = 0 tìte 2P = O, opìte apì to je¸rhma tou Tate isqÔei. ut

L mma 24. 'Estw P = (x; y) torsion shme�o th
 E me 2P 6= O. Tìte isqÔoun:

� x

�

�

b

� x+ a+

b

x

= n

2

; n 2 N

� n

2

�

�

a

2

� 4b.

Apìdeixh: JewroÔme ti
 sunart sei
 ' : E(Q) !

�

E(Q) kai  :

�

E(Q) ! E(Q) ti
 opo�e


èqoume  dh or�sei se prohgoÔmenh par�grafo. To '(P ) e�nai torsion shme�o th


�

E(Q). Apì

thn gnwst  sqèsh

( Æ ')(P ) = 2P 6= O

èpetai ìti

'(P ) 62 ker =

�

O; (0; 0)

	

:

Efarmìzoume t¸ra to l mma 23 th
 sel�da
 102 gia to shme�o '(P ) kai thn elleiptik 

kampÔlh E kai pa�rnoume ìti x('(P ))

�

�
�

b an kai mìno an x+a+

b

x

�

�

�

a

2

�4b, diìti '(P ) 6= (0; 0).

ut

Je¸rhma 25. JewroÔme thn elleiptik  kampÔlh

E=Y

2

= X

3

+ aX

2

+ bX; a; b 2 Z

kai upojètoume ìti o akèraio
 a

2

� 4b e�nai eleÔjero
 tetrag¸nou. H E(Q)

torsion

e�nai

isìmorfh pro
 ti
 akìlouje
 om�de
:

Z

�

2Z

;

Z

�

2Z

�

Z

�

2Z

;

Z

�

4Z

;

Z

�

6Z

;

Z

�

2Z

�

Z

�

4Z

:

Pio sugkekrimèna,

(i) 'Estw a

2

� 4b = 1, tìte an

(aþ)

1� a

2

e�nai tèleio tetr�gwno fusikoÔ èpetai ìti E(Q)

tor

�

Z

�

2Z

�

Z

�

4Z

.
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(bþ) An

1� a

2

ìqi tèleio tetr�gwno fusikoÔ tìte E(Q)

tor

�

Z

�

2Z

�

Z

�

2Z

.

(ii) 'Estw a

2

� 4b 6= 1, tìte an

(aþ) gia k�je b

1

�

�

b, b

1

+ a+ b

2

6= 1 isqÔei E(Q)

tor

�

Z

�

2Z

.

(bþ) An up�rqei b

1

�

�

b ìpou b

1

+ a+ b

2

= 1 tìte

(bþ1) An b

1

= b

2

èqoume E(Q)

tor

�

Z

�

4Z

.

(bþ2) An b

1

6= b

2

tìte E(Q)

tor

�

Z

�

2Z

 

Z

�

6Z

.

Idia�tera

E(Q)

tor

�

Z

�

6Z

() b

i

=

4b

4b� (a� 1)(a + 3)

; i = 1   2:

Apìdeixh:

(i) 'Estw a

2

� 4b = 1. To X

2

+ aX + b èqei r�ze
 tou
 akera�ou


x

1

= �

1

2

(a+ 1); kai x

2

= �

1

2

(a

1

� 1)

=)

�

O; (0; 0); (x

1

; 0); (x

2

; 0)

	

� E(Q)

tor

:

'Estw ìti up�rqoun ki �lla torsion shme�a, kai èstw P èna apì aut�. Tìte 2P 6= O.

AfoÔ a

2

� 4b = 1 to prohgoÔmeno l mma 24 d�nei x(P ) = b

1

�

�

b kai b

1

+ a+

b

b

1

= 1.

Epomènw


b

1

+ a+

a

2

� 1

4b

1

= 1 =) b

2

1

+ (a� 1)b

1

=

1� a

2

4

=) (b

1

+

a� 1

2

)

2

=

1� a

2

:

IsqÔei jaj 6= 1, diìti alli¸
 b = 0, dhlad  � = 0, sunep¸
 E ìqi elleiptik  kampÔlh,

�topo.

'Estw t¸ra:

(aþ)

1� a

2

= n

2

gia n 2 N (n 6= 1 giat� alli¸
 a = �1). H isìthta t¸ra

�

b

1

+

a� 1

2

�

2

=

1� a

2

ma
 d�nei

(b

1

� n

2

)

2

= n

2

) b

2

1

� 2n

2

b

1

+ n

4

� n

2

= 0

=) b

1

=

2n

2

� 2n

2

=) b

1

= n

2

� n:
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Pa�rnoume t¸ra ta shme�a P

1

= (n

2

+ n; n

2

+ n) kai P

2

= (n

2

� n; n

2

� n). Ta

shme�a P

i

e�nai rht� shme�a th
 kampÔlh
 E. Pr�gmati, b

1

+a+

b

b

1

= 1 , sunep¸


b

2

1

+ ab

1

+ b = b

1

epomènw
 b

3

1

+ ab

2

1

+ bb

1

= b

2

1

, dhlad  to shme�o (b

1

; b

1

) e�nai

rhtì shme�o th
 E kai b

1

= n

2

� n.

AfoÔ 2P

1

= (n

2

; 0) = (x

2

; 0) kai 2P

2

= (n

2

� 1; 0) = (x

1

; 0) èpetai ìti ta P

1

kai P

2

e�nai torsion shme�a t�xew
 4. Dhlad  4P

1

= 4P

2

= O. 'Ara

E(Q)

tor

=

�

O; (0; 0); P

1

; P

2

; 2P

1

= (x

2

; 0); 2P

2

= (x

1

; 0); 3P

1

; 3P

2

	

�

=

Z

�

2Z

�

Z

�

4Z

:

O teleuta�o
 isomorfismì
 e�nai sunèpeia tou apokleismoÔ twn peript¸sewn

Z

�

8Z

(afoÔ den up�rqei stoiqe�o t�xh
 2) kai th


Z

�

2Z

�

Z

�

2Z

�

Z

�

2Z

(diìti tìte ìla

ta stoiqe�a ja  tan t�xh
 2).

(bþ) 'Estw t¸ra

1� a

2

ìqi tèleio tetr�gwno fusikoÔ arjmoÔ. Tìte apì thn sqèsh

�

b

1

+

a� 1

a

�

2

=

1� a

2

pa�rnoume

1� a

2

= 0 kai epomènw
 a = 1, �topo diìti

tìte den ja e�qame shme�o t�xh
 megalÔterh
 tou 2. Epomènw


E(Q)

tor

�

=

Z

�

2Z

�

Z

�

2Z

:

(ii) Upojètoume t¸ra a

2

� 4b eleÔjero tetrag¸nou kai di�foro tou 1. Tìte shme�a t�xh


2 èqoume mìno ta

�

O; (0; 0)

	

. An P k�poio �llo shme�o peperasmènh
 t�xh
 tìte,

sÔmfwna me to prohgoÔmeno l mma 24, x(P ) = b

1

�

�

b kai b

1

+a+b

2

= n

2

, ìpou n 2 N,

b

1

b

2

= b kai n

2

�

�

a

2

� 4b.

Epeid  a

2

� 4b eleÔjero tetrag¸nou, kat' an�gkh ja èqoume n = 1. Opìte P =

(b

1

; b

1

) kai �P = (b

1

;�b

1

) 6= P . Sunep¸
 pa�rnoume to (i) diìti b

1

+a+ b

2

= n

2

= 1.

ProspajoÔme t¸ra na apant soume an up�rqoun kai �lla shme�a peperasmènh
 t�xh-


 ektì
 twn O; (0; 0); P;�P . 'Estw Q 6= O; (0; 0); P;�P . Tìte, ìpw
 apode�xame

parap�nw kai gia to P , Q = (


1

; 


1

)   Q = (


1

;�


1

). Sunep¸


b = 


1




2

; 


1

; 


2

2 Z; b

1

6= 


1




1

+ a+ 


2

= 1

=) b

1

+ a+ b

2

= 1 = 


1

+ a+ 


2

=) b

1

+ b

2

= 


1

+ 


2

=) (b

1

+ b

2

)

2

= (


1

+ 


2

)

2

=) b

2

1

+ 2b

1

b

2

+ b

2

2

= 


2

1

+ 2


1




2

+ 


2

2

=) b

1

+ 2b+ b

2

2

= 


2

1

+ 2b+ 


2

2

=) (b

1

� 


1

)(b

1

+ 


1

) = (


2

� b

2

)(


2

+ b

2

)

=) (b

1

� 


1

)(b

1

+ 


1

) = (b

1

� 


1

)(


2

+ b

2

):
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Epeid  b

1

6= 


1

èpetai b

1

+ 


1

= 


2

+ b

2

kai epeid  b

1

+ b

2

= 


1

+ 


2

èqoume

b

2

� 


1

= 


1

� b

2

=) b

2

= 


1

opìte kai b

1

= 


2

, dhlad  Q = (b

2

; b

2

) (  Q = (b

2

;�b

2

)). Katal xame t¸ra ìti an

up�rqei b

1

�

�

b me b

1

+ a+ b

2

6= 1 ta shme�a peperasmènh
 t�xh
 th
 E e�nai

O; (0; 0); P = (b

1

; b

1

); �P; Q = (b

2

; b

2

); �Q:

An b

1

+ a+ b

2

= 1 kai b

1

= b

2

tìte P = Q kai b = b

2

1

= b

2

2

.

Akìma isqÔei x(2P ) =

�

b

2

1

� b

2b

1

�

2

= 0. Epomènw
 2P = (0; 0) dhlad  to P e�nai

torsion shme�o t�xew
 4, opìte

E(Q)

tor

� hP i �

Z

�

4Z

:

Omo�w
 apodeiknÔetai kai to (ii, bþ2).

'Estw t¸ra b

1

+ a+ b

2

= 1 kai b

1

6= b

2

. Auto shma�nei ìti P 6= Q. To shme�o P +Q

e�nai to (0; 0), diìti

�(P +Q) =

1

b

1

b

2

�

�

b

1

b

2

� b

2

b

1

b

2

� b

1

�

2

= 0

Epomènw


P 2 E(Q)

tor

() Q 2 E(Q)

tor

;

dhlad  h om�da E(Q)

tor

e�nai isìmorfh me thn

Z

�

2Z

  me thn

Z

�

6Z

. Ja apode�xoume

ìti

E(Q)

tor

�

=

Z

�

6Z

() b

i

=

4b

4b� (a� 1)(a + 3)

gia i = 1   2

A
 upojèsoume ìti ord(P ) = 6. Epeid , ìpw
 eÔkola diapist¸noume, 2P 6= O, 2P 6=

(0; 0) = P+Q, 2P 6= �P , ja èqoume 2P = Q   �Q. To Q = (b

2

; b

2

), �Q = (b

2

;�b

2

).

Epomènw
, 2P = Q   �Q

() �(2P ) = b

2

()

�

b

2

1

� b

2b

1

�

2

= b

2

() (b

1

� b

2

)

2

= 4b

2

() �b

2

1

+ 2b� b

2

2

+ 4b

2

= 0

()

�

(a� 1)b

1

+ b

�

+ 2b+

�

(a� 1)b

2

+ b

�

+ 4b

2

= 0 (a� 1 = b

1

+ b

2

)

() (a� 1)b

1

+ (a+ 3)b

2

+ 4b = 0
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An pollaplasi�soume thn teleuta�a isìthta me b

2

èqoume thn isodÔnamh th


(a+ 3)

�

(1� a)b

2

� b

�

+ 4bb

2

+ (a� 1)b = 0

diìti

(1� a)b

2

� b = (b

1

+ b

2

)b

2

� b

1

b

2

= b

2

2

:

Epomènw
 �(2P ) = b

2

, tìte kai mìno tìte ìtan

[(a+ 3)(1 � a) + 4b℄b

2

� 4b = 0

() (a+ 3)((1 � a) + 4b)b

2

� 4b = 0

() b

2

=

4b

4b� (a� 1)(a + 3)

6= 0

A
 upojèsoume tèlo
 ìti to b

2

epalhjeÔei thn teleuta�a isìthta. 'Opw
 apode�xame

l�go pio mprost�, 2P = Q   �Q. Ep�sh
,

�(2Q) =

�

b

2

2

� b

2b

2

�

2

=

�

b

2

� b

1

2

�

2

= b

2

= �(2P ) = �(Q):

Epeid  Q 6= O èqoume 2Q = �Q, epomènw
 3Q = O kai 6P = O. ut

TELOS



Par�rthma

To par�rthma autì qrhsimeÔei san bo jhma gia thn an�ptuxh th
 jewr�a
 twn algebrik¸n

kampul¸n.

1. DaktÔlioi me monos manth an�lush

'Oloi oi daktÔloi pou jewroÔme ed¸ ja e�nai antimetajetiko� me monadia�o stoiqe�o. 'Estw R

daktÔlio
. 'Ena stoiqe�o u 2 R ja lègetai mon�da tou R an kai mìnon an up�rqei v 2 R

tètoio ¸ste uv = 1.

To sÔnolo twn mon�dwn tou R apotele� om�da w
 pro
 ton pollaplasiasmì, sumbol�ze-

tai de me R

�

. An R s¸ma tìte, profan¸
, R

�

= R n 0. An a; b 2 R ja lème ìti o a diaire�

to b (kai gr�foume a

�

�

b) akrib¸
 tìte ìtan up�rqei x 2 R tètoio ¸ste b = ax. Gia k�-

je mon�da u 2 R

�

isqÔei u

�

�

a. DÔo kÔria ide¸dh hai kai hbi tou daktul�ou R e�nai �sa

akrib¸
 tìte ìtan b = u�a, ìpou u 2 R

�

.

Orismì
 1. 'Estw p 2 R. To p lègetai an�gwgo ìtan apì k�je an�lush tou p = ab,

sunep�getai ìti o a e�nai mon�da   o b e�nai mon�da all� ìqi sugqrìnw
 kai ta dÔo.

Profan¸
 afoÔ 0 = 0 �0, èpetai ìti to 0 ìqi an�gwgo kai afoÔ, an u 2 R

�

, sunep�getai

ìti u = u

1

u

2

dhlad  ta u

1

; u

2

e�nai mon�de
, èpetai ìti èna an�gwgo stoiqe�o den e�nai

mon�da.

Orismì
 2. 'Ena
 daktÔlio
 R kale�tai daktÔlio
 monos manth
 an�lush
 ìtan isqÔoun ta

akìlouja:

� Gia k�je a 6= 0, o a gr�fetai a = up

1

p

2

� � � p

r

ìpou to u e�nai mon�da tou R kai ta

p

i

; i = 1; 2; � � � ; r e�nai an�gwga kai

108
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 109

� H an�lush k�je stoqe�ou a 2 R e�nai monadik , dhlad  an a = vq

1

q

2

� � � q

s

=

up

1

p

2

� � � p

r

, tìte r = s kai, met� apì k�poia met�jesh twn q

i

isqÔei p

i

= u

i

q

i

ìpou u

i

mon�da tou R.

K�je mh-kenì sÔnolo kur�wn idewd¸n enì
 daktul�ou me monos manth an�lush èqei

mègista stoiqe�a. An p an�gwgo stoiqe�o tou R kai R daktÔlio
 monos manth
 an�lush


tìte to p e�nai pr¸to, dhlad  an o p diaire� to ginìmeno dÔo stoiqe�wn a �b tou R tìte

ja diaire� kat' an�gkh toul�qiston èna apì ta a; b. An t¸ra p pr¸to stoiqe�o tou R tìte

to hpi = R �p e�nai pr¸to ide¸de
 tou R. K�je daktÔlio
 kur�wn idewd¸n e�nai daktÔlio


me monos manth an�lush. 'Etsi, o daktÔlio
 twn akera�wn e�nai daktÔlio
 me monos manth

an�lush. Ep�sh
 o daktÔlio
 twn poluwnÔmwn K[X℄, ìpou K s¸ma, e�nai daktÔlio
 me

monos manth an�lush.

Je¸rhma 3. An R daktÔlio
 me monos manth an�lush, tìte kai o R[X℄ e�nai ep�sh
 dak-

tÔlio
 me monos manth an�lush.

Pìrisma 4. An R daktÔlio
 me monos manth an�lush tìte kai o R[X

1

;X

2

; : : : ;X

n

℄ e�nai

ep�sh
 daktÔlio
 me monos manth an�lush.

2. Ektim sei


'Estw R daktÔlio
 me monos manth an�lush, F tì s¸ma phl�kwn autoÔ kai p èna pr¸to

stoiqe�o tou R. K�je x 2 F gr�fetai

x = p

r

a

b

; r 2 Z; a; b 2 R; p - ab

me r kai

a

b

monos manta wrismèna.

Or�zoume m�a sun�rthsh

ord

p

: F

�

�! Z; ord

p

(x) = r:

Profan¸
 isqÔoun

ord

p

(xy) = ord

p

(x) + ord

p

(y) kai

ord

p

(x+ y) � min

�

ord

p

(x); ord

p

(y)

	

:

Epiplèon isqÔei ord

p

(a) � 0 gia ìla ta pr¸ta stoiqe�a p tou R an kai mìno an a 2 R.



110 Par�rthma

Orismì
 5. M�a (diakekrimènh) ekt�mhsh se k�poio s¸ma F e�nai mia sun�rthsh

� : F  ! Z; me

(i) �(0) =1

(ii) �(xy) = �(x) + �(y) kai

(iii) �(x+ y) � min

�

�(x); �(y)

	

gia ìla ta zeÔgh (x; y) tou F .

Profane�
 idiìthte
:

(a) �

�

x

y

�

= �(x) � �(y), (opìte an jèsoume x = y = 1 kai x = 1; y = �1 ant�stoiqa

pa�rnoume �(1) = �(�1) = 0),

(b) �(x

n

) = n��(x), kai

(
) An �(x) < �(y) tìte �(x) = �(x+ y).

Apìdeixh: Apì ton orismì èqoume �(x) � �(x + y). Gr�foume, x = (x + y) + (�y)

dhlad  �(x) = �((x + y) + (�y)) � min

�

�(x + y); �(�y)

	

= min

�

�(x + y); �(y)

	

.

Sunep¸
 �(x) � �(x+ y).

Gia k�je pr¸to arijmì p or�zetai m�a ekt�mhsh ord

p

sto Q . Kale�tai p-adik  ekt�mhsh

kai apodeiknÔetai ìti ìle
 oi �lle
 ektim sei
 prokÔptoun kat' autìn ton trìpo (h apìluth

tim  lème ìti antistoiqe� ston {�peiro pr¸to}).

Se k�je ekt�mhsh episun�ptoume èna daktÔlio kur�wn idewd¸n, sunep¸
 èna daktÔlio me

monos manth an�lush me èna monadikì pr¸to stoiqe�o.

Orismì
 6. 'Estw � m�a ekt�mhsh tou s¸mato
 F . JewroÔme to sÔnolo

R

�

=

�

a 2 F

�

�

�(a) � 0

	

O R

�

e�nai daktÔlio
 diìti an a; b 2 R

�

tìte �(a � b) � min

�

�(a); �(b)

	

� 0, epomènw


a� b 2 R

�

kai �(ab) = �(a) + �(b) � 0, dhlad  ab 2 R

�

.

O R

�

lègetai daktÔlio
 ektim sew
.

H om�da twn mon�dwn tou e�nai R

�

�

=

�

x 2 F

�

�

�(x) = 0

	

, diìti an x 2 R

�

sunep�getai

ìti �(x) � 0 kai an x mon�da

1

x

2 R

�

opìte �

�

1

x

�

= �(1) � �(x) = ��(x) � 0 dhlad 

�(x) � 0 opìte èqoume �(x) = 0.
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To sÔnolo M

�

=

�

x 2 F

�

�

�(x) > 0

	

= R

�

�R

�

�

e�nai to monadikì mègisto ide¸de


tou R

�

.

Apìdeixh: Kat' arq n to M

�

e�nai ide¸de
 tou R

�

diìti an p�roume a; b 2 M

�

tìte

�(a � b) > 0 kai epomènw
 a� b 2 M

�

. An p�li r; a 2 M

�

tìte �(ra) = �(r) + �(a) > 0

dhlad  ra 2M

�

.

Ep�sh
 to M

�

e�nai mègisto, diìti an up�rqei ide¸de
 I tètoio ¸ste M

�

� I kai M

�

6= I

tìte up�rqei u 2 R

�

�

; u 2 I, dhlad  I = R.

Tèlo
 to M

�

e�nai to monadikì mègisto ide¸de
 tou R

�

diìti k�je ide¸de
 A 6= R

�

tou

R

�

perièqetai sto M

�

kaj' ìson den perièqei mon�de
.

'Askhsh 7. 'Estw R akèraia perioq  kai P 6= R èna pr¸to ide¸de
. Tìte to uposÔnolo

R

P

=

�

a

b

�

�

a 2 R; b 2 R � P

	

tou s¸mato
 phl�kwn K th
 R apotele� topikì daktÔlio,

me monadikì mègisto ide¸de
 to P

�

=

�

a

b

�

�

�

�

a 2 P; b 2 R� P

�

.

3. Stoiqe�a Jewr�a
 Swm�twn

'Estw K;L s¸mata tètoia ¸ste K � L. To L ja lègetai epèktash tou K. Sumbolismì


L

�

K

.

To L e�nai K�dianusmatikì
 q¸ro
. H di�stash tou L e�nai o bajmì
 th
 epèktash


L

�

K

. Profan¸
 an [L : K℄ = 1 tìte L = K.

IsqÔei gia ti
 epekt�sei


L

�

K

kai

M

�

L

[M : K℄ = [M : L℄ [L : K℄:

'Estw

L

�

K

epèktash swm�twn. 'Ena stoiqe�o a 2 L ja lègetai algebrikì an kai mìno

an up�rqei f(x) 2 K[x℄, f(x) 6= 0 me f(x) = 0. An a 2 L ìqi algebrikì ja lème ìti to a

e�nai uperbatikì.

Prìtash 8. An o bajmì
 [L : K℄ e�nai peperasmèno
 tìte h epèktash

L

�

K

e�nai algebrik .

Apìdeixh: 'Estw [L : K℄ = n. 'Estw a tuqa�o stoiqe�o tou L. Ta 1; a; a

2

; � � � ; a

n

e�nai

grammik� exarthmèna upèr to K diìti e�nai n+1 > [L : K℄ = n. Sunep¸
 up�rqei sqèsh

�

0

1+�

1

a+ � � � �

n

a

n

; �

i

2 K ìpou toul�qisto èna �

i

e�nai di�foro tou mhdenì
. Epomènw


to a e�nai algebrikì w
 r�za tou poluwnÔmou f(x) = �

0

+ �

1

x+ � � � �

n

x

n

. 'Ara h epèktash

L

�

K

e�nai algebrik . ut
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'Estw t¸ra

L

�

K

ìqi peperasmènh, kai L

0

=

�

a 2 L

�

�

a algebrikì upèr to K

	

. Tìte to

L

0

e�nai upìswma tou L.

Apìdeixh: 'Estw a 6= 0 kai b 2 L

0

. H epèktash

K(a; b)

�

K

e�nai peperasmènh �ra algebrik .

'Ara a � b; ab kai a

�1

algebrik� upèr to K. Sunep¸
 a � b; ab kai a

�1

2 L

0

. Epomènw


to L

0

e�nai s¸ma.

Orismì
 9. To L

0

lègetai algebrik  j kh tou K sto L.

IsqÔei akìmh: An a 2 L, a algebrikì upèr to L

0

tìte a 2 L

0

.

Apìdeixh: H epèktash

L

0

(a)

�

L

0

e�nai peperasmènh �ra kai algebrik . Ep�sh
 h

L

0

�

K

e�nai

algebrik . Epomènw


L

0

�

K

e�nai algebrik . Sunep¸
 to a e�nai algebrikì upèr to K. 'Ara

a 2 L

0

. ut

Dhlad , ìpw
 lème to L

0

e�nai algebrik� kleistì sto L.

Orismì
 10. 'Estw 
 s¸ma. To 
 lègetai algebrik� kleistì ìtan kai mìno ìtan gia

k�je f(x) 2 
[x℄ me degf(x) > 0, up�rqei toul�qisto m�a r�za a tou f(x) tètoia ¸ste

a 2 
.

Jemeli¸de
 Je¸rhma th
 Algebra
: To C e�nai algebrik� kleistì.

Prìtash 11. 'Estw s¸ma K � 
; 
 algebrik� kleistì. Tìte h algebrik  j kh

~

K tou

K sto 
 e�nai ep�sh
 algebrik� kleistì s¸ma.

Apìdeixh: 'Estw f(x) 2

~

K[x℄; degf(x) > 0. Sunep¸
 f(x) 2 
[x℄ kai epomènw
 to f(x)

èqei ìle
 ti
 r�ze
 tou a

1

; a

2

; � � � ; a

n

sto 
. Dhlad  a

1

; a

2

; � � � ; a

n

2 
 kai e�nai algebrik 

upèr to

~

K. 'Ara a

i

2

~

K. ut

Orismì
 12. To L lègetai algebrik  j kh tou K an kai mìno an

(i) To L e�nai algebrik� kleistì kai

(ii) H epèktash

L

�

K

e�nai algebrik .

Tèlo
 shmei¸noume ìti gia k�je s¸ma K up�rqei m�a algebrik  j kh autoÔ L h opo�a

e�nai monadik  uper�nw isomorf�a
.
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