GiĹnnh A. AntwniĹdh Tmăma Majhmatikÿn, Panepistămio Krăthc

Arijmhtikă Elleiptikÿn Kampulÿn

To Jeÿrhma tou Mordell

’Ekdosh EPEAEK fifiPROMHJEASflfl Panepistămio Krăthc HrĹkleio, 1999

Sthn Kateriniÿ, thn monaqokìrh mac.

ii

Perieqìmena

Eisagwgă v

1 RhtĹ shmeÐa epipèdwn kampulÿn 1 1. Kwnikèc tomèc me dosmèno rhtì shmeÐo . . . . . . . . . . . . . . . . . . . . . 2 2. ’Uparxh rhtÿn shmeÐwn se kwnikèc tomèc kai kubikèc exisÿseic . . . . . . . . 4 3. RhtĹ shmeÐa kubikÿn kampulÿn kai mÐa prÿth morfă tou jewrămatoc tou Mordell 6 4. ParadeÐgmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 5. Akèraia shmeÐa se kampÔlec . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 6. AlgebrikĹ sÿmata arijmÿn kai h arijmhtikă twn elleiptikÿn kampulÿn . . . 14

2 EpÐpedec algebrikèc kampÔlec 17 1. ApaleÐfousa dÔo poluwnÔmwn . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2. ProbolikoÐ qÿroi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 3. Eisagwgă stic epÐpedec algebrikèc kampÔlec kai stic uperepifĹneiec . . . . . 27 4. ShmeÐa tomăc algebrikÿn kampulÿn kai o bajmìc pollaplìthtĹc touc . . . . 31 5. ShmeÐa kampăc (inflections ă flexes) . . . . . . . . . . . . . . . . . . . . . . . 43

3 RhtĹ shmeÐa kubikÿn kampulÿn 49 1. Domă omĹdac pĹnw se mh-idiĹzousec kubikèc kampÔlec . . . . . . . . . . . . . 49 2. ParadeÐgmata kai mèjodoi upologismoÔ . . . . . . . . . . . . . . . . . . . . . 53 3. Merikèc parathrăseic sta shmeÐa diaÐreshc . . . . . . . . . . . . . . . . . . . 55

4 To Jeÿrhma twn Lutz-Nagell 59 1. To jeÿrhma twn Lutz-Nagell . . . . . . . . . . . . . . . . . . . . . . . . . . 59 iv PERIEQ§OMENA

5 To Jeÿrhma tou Mordell 69 1. Apìdeixh tou jewrămatoc tou Mordell . . . . . . . . . . . . . . . . . . . . . 70 2. ApodeÐxeic twn triÿn lhmmĹtwn . . . . . . . . . . . . . . . . . . . . . . . . . 73 3. Efarmogèc kai paradeÐgmata . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 4. RhtĹ shmeÐa peperasmènhc tĹxhc miĹc klĹshc elleiptikÿn kampulÿn . . . . . 102

ParĹrthma 108 1. DaktÔlioi me monosămanth anĹlush . . . . . . . . . . . . . . . . . . . . . . . 108 2. Ektimăseic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 3. StoiqeÐa JewrÐac SwmĹtwn . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

Eisagwgă

To perieqìmeno tou biblÐou apoteleÐ eisagwgă sthn arijmhtikă twn elleiptikÿn kampulÿn. To kÔrio jèma to opoÐo diapragmateÔetai eÐnai h apìdeixh tou Jewrămatoc tou Mordell. H diapragmĹteush thc Ôlhc gÐnetai me stoiqeiÿdh, katĹ to dunatì, mèsa. ’Etsi to perieqìmenì tou jewreÐtai ìti brÐsketai sto metaÐqmio metaxÔ proptuqiakoÔ kai metaptuqiakoÔ epipèdou. Se merikèc mìno periptÿseic afănoume erwtămata san Ĺskhsh ston anagnÿsth.

Sto prÿto kefĹlaio perigrĹfontai, qwrÐc austhrìthta, basikèc ènnoiec kai teqnikèc kai diatupÿnetai to jeÿrhma tou Mordell.

Sto deÔtero kefĹlaio akoloujeÐ h anagkaÐa gia ta parakĹtw Ôlh apì thn jewrÐa twn epÐpedwn algebrikÿn kampulÿn. StoiqeÐa apì thn ’Algebra qrăsima gia thn katanìhsh tou kefalaÐou autoÔ èqoun prostejeÐ san parĹrthma sto tèloc tou biblÐou.

Sto trÐto kefĹlaio orÐzetai h prìsjesh rhtÿn shmeÐwn mh-idiazousÿn kubikÿn kampulÿn kai apodeiknÔetai, austhrĹ plèon, ìti wc proc aută thn prĹxh apoteloÔn omĹda.

Sto tètarto kefĹlaio apodeiknÔetai to Jeÿrhma twn Lutz-Nagell. To jeÿrhma aforĹ sta rhtĹ shmeÐa peperasmènhc tĹxhc miĹc elleiptikăc kampÔlhc.

Tèloc, sto pèmpto kefĹlaio apodeiknÔetai to Jeÿrhma tou Mordell kai dÐnontai paradeÐgmata upologismoÔ tou bajmoÔ (rank) elleiptikÿn kampulÿn kajÿc kai paradeÐgmata me megĹlo bajmì (rank).

Shmantikÿtato boăjhma gia mac upărxan oi polugrafhmènec, kĹpote duseÔretec, shmeiÿseic twn dialèxewn tou J. Tate, sto Haverford College [28]. Argìtera, èqoun qrhsimopoihjeÐ kai sta biblÐa [7], [10], [25].

To perieqìmeno tou biblÐou didĹqjhke eÐte san metaptuqiakì mĹjhma eÐte san mĹjhma melèthc se metaptuqiakoÔc foithtèc tou Tmămatoc Majhmatikÿn tou PanepisthmÐou Krăthc. Shmantikèc kai qrăsimec ătan oi parathrăseic kai ta sqìlia twn foithtÿn pou to parakoloÔjhsan.

vi Eisagwgă

To biblÐo ekdÐdetai sta plaÐsia tou EPEAEK fifiPROMHJEASflfl tou PanepisthmÐou Krăthc. Jermèc euqaristÐec qrwstÿ ston upeÔjuno tou progrĹmmatoc An. Kajhghtă Giÿrgo TzirÐta. Jermèc epÐshc euqaristÐec qrwstÿ ston metaptuqiakì foithtă tou Tmămatoc Epistămhc Upologistÿn David J. McClurkin gia thn exairetikĹ epimelhmènh hlektronikă epexergasÐa tou keimènou.

GiĹnnhc A. AntwniĹdhc, Kajhghtăc HrĹkleio, 10 OktwbrÐou 1999

KefĹlaio 1

RhtĹ shmeÐa epipèdwn kampulÿn

’Ena shmeÐo sto (x, y)-epÐpedo kaleÐtai rhtì shmeÐo an kai mìno an oi suntetagmènec tou x kai y eÐnai rhtoÐ arijmoÐ.

MÐa eujeÐa ja lègetai rhtă an h exÐswsă thc mporeÐ na grafeÐ me rhtoÔc suntelestèc, dhladă ìtan h exÐswsă thc eÐnai thc morfăc

ax + by + c = 0, a, b, c ∈ Q.

Paratărhsh:

(i) An (x_1, y_1), (x_2, y_2) eÐnai rhtĹ shmeÐa tou epipèdou tìte kai h eujeÐa pou orÐzoun eÐnai epÐshc rhtă.

(ii) DÔo rhtèc eujeÐec tèmnontai se rhtì shmeÐo.

Skopìc tou kefalaÐou eÐnai mÐa prÿth eisagwgă se apotelèsmata kai problămata pou sundèontai me thn perigrafă twn rhtÿn shmeÐwn epÐpedhc kampÔlhc.

ExetĹzoume en suntomÐa to prìblhma thc Ôparxhc enìc rhtoÔ shmeÐou, enÿ to kÔrio endiafèron mac strèfetai sthn dunatìthta eÔreshc parametrikăc morfăc tou sunìlou ìlwn twn rhtÿn shmeÐwn ìtan mac dojeÐ èna apì autĹ.

Autì gÐnetai eÔkola stic kwnikèc tomèc. Stìqoc mac ja eÐnai h melèth twn rhtÿn shmeÐwn mh idiìmorfwn (non-singular) kubikÿn kampulÿn.

1. Kwnikèc tomèc me dosmèno rhtì shmeÐo

MÐa kwnikă tomă ax^2 + bxy + cy^2 + dx + ey + f = 0 ja lègetai rhtă an h exÐswsă thc mporeÐ na grafeÐ me suntelestèc a, b, c, d, e, f rhtoÔc arijmoÔc.

An èna apì ta dÔo shmeÐa tomăc miĹc rhtăc kwnikăc tomăc me rhtă eujeÐa eÐnai rhtì shmeÐo tìte kai to Ĺllo shmeÐo tomăc eÐnai epÐshc rhtì.

Autì to blèpoume lÔnontac to sÔsthma kwnikăc tomăc kai eujeÐac (antikajistÿ to y thc eujeÐac sthn kwnikă tomă). ’Etsi brÐskoume mÐa deuterobĹjmia exÐswsh wc proc x, èstw Ax^2 + Bx + C = 0. An h kwnikă tomă kai h eujeÐa eÐnai rhtèc, tìte A, B, C ∈ Q. To x eÐnai en gènei Ĺrrhth posìthta deutèrou bajmoÔ. Profanÿc an x eÐnai rhtìc tìte kai o y eÐnai rhtìc. To prìblhma loipìn eÐnai isodÔnamo me to ìti an mÐa deuterobĹjmia exÐswsh me rhtoÔc suntelestèc èqei mÐa rhtă lÔsh tìte kai h Ĺllh lÔsh thc ja eÐnai rhtă.

EgkataleÐpoume proc stigmăn to erÿthma thc Ôparxhc enìc rhtoÔ shmeÐou, upojètoume ìti to O eÐnai èna rhtì shmeÐo kwnikăc tomăc kai ja doÔme pwc mporoÔme na broÔme ìla ta rhtĹ shmeÐa autăc.

Sqăma 1.1: Rhtì shmeÐo kwnikăc tomăc

PaÐrnoume mÐa rhtă eujeÐa L kai probĹlloume thn kwnikă tomă C pĹnw sthn eujeÐa L apì to shmeÐo O. ’Etsi èqoume mÐa èna proc èna antistoiqÐa anĹmesa sta shmeÐa thc

1. Kwnikèc tomèc me dosmèno rhtì shmeÐo 3

kwnikăc tomăc P pou eÐnai diĹfora tou O kai sta shmeÐa thc eujeÐac L. AfoÔ to O eÐnai ex upojèsewc rhtì shmeÐo, to P eÐnai rhtì an kai mìno an to Q eÐnai rhtì. (Diìti an kat’ arqăn to P eÐnai rhtì, h eujeÐa OP eÐnai rhtă kai epomènwc h tomă twn eujeiÿn OP kai L eÐnai rhtì shmeÐo. An tÿra to Q eÐnai rhtì shmeÐo, h eujeÐa OQ eÐnai rhtă kai epeidă h kwnikă tomă C eÐnai rhtă kai to èna shmeÐo tomăc, to O eÐnai rhtì èpetai ìti kai to Ĺllo shmeÐo tomăc, to Q ja eÐnai epÐshc rhtì.)

’Wste, ta rhtĹ shmeÐa thc kwnikăc tomăc C, ta diĹfora tou O, brÐskontai se èna proc èna antistoiqÐa me ta rhtĹ shmeÐa thc grammăc L.

ParĹdeigma 1. ’Estw h kwnikă tomă (kÔkloc) x^2 + y^2 = 1.

Sqăma 1.2: Kwnikă tomă

ProbĹlloume kĹje shmeÐo (x, y) tou kÔklou ston Ĺxona twn y, apì to rhtì shmeÐo (−1, 0). H eujeÐa pou pernĹei apì ta shmeÐa (−1, 0) kai (0, t) èqei exÐswsh y = t(1 + x), opìte to sÔsthma twn exisÿsewn x^2 + y^2 = 1 kai y = t(1 + x),

mac dÐnei ìti t^2(1 + x)^2 + x^2 = 1, dhladă t^2(x^2 + 2x + 1) + x^2 = 1 kai epomènwc (1 + t^2)x^2 + 2t^2x + t^2 − 1 = 0. To poluÿnumo autì èqei diakrÐnousa Δ = 4t^4 − 4(t^2 − 1)(t^2 + 1) = 4.

Sunepÿc paÐrnoume tic lÔseic: x = 1 − t^2 1 + t^2 kai x = −1.

H deÔterh lÔsh antistoiqeÐ sto shmeÐo (−1, 0).

’Ara oi lÔseic (x, y) tou parapĹnw sustămatoc dÐnontai apì thn parametrikă morfă x = 1 − t^2 1 + t^2 , y = 2t 1 + t^2 . ParathroÔme ìti to t eÐnai rhtìc tìte kai mìno tìte ìtan to (x, y) eÐnai rhtì shmeÐo tou kÔklou.

An jèloume na pĹroume kai to shmeÐo (−1, 0) ja prèpei na {antikatastăsoume} to t me to Ĺpeiro.

2. ’Uparxh rhtÿn shmeÐwn se kwnikèc tomèc kai kubikèc exisÿseic

EÐdame sthn prohgoÔmenh parĹgrafo, pwc mporoÔme na broÔme ìla ta rhtĹ shmeÐa miĹc kwnikăc tomăc an gnwrÐzoume toulĹqisto èna apì autĹ. UpĹrqoun ìmwc kwnikèc tomèc pou den èqoun kajìlou rhtĹ shmeÐa. ’Etsi enÿ oi kÔkloi x^2 + y^2 = 1 kai x^2 + y^2 = 2 èqoun rhtĹ shmeÐa (o deÔteroc p.q. to (x, y) = (1, 1)). O kÔkloc x^2 + y^2 = 3 den èqei rhtĹ shmeÐa. Apìdeixh: ’Estw ìti èqei to rhtì shmeÐo (x, y) = ( a c , b c ) , ìpou a, b, c ∈ Z kai o mègistoc koinìc diairèthc twn a, b, c eÐnai 1. Epomènwc a^2 + b^2 = 3c^2. ParathroÔme ìti oÔte o a oÔte o b diairoÔntai me 3, giatÐ an o 3 diairoÔse ton a tìte o 3 ja diairoÔse ton b^2 Ĺra kai ton b. Epomènwc, oi a kai b grĹfontan antÐstoiqa sthn morfă 3s kai 3t , dhladă 3^2s^2 + 3^2t^2 = 3c^2 kai epomènwc o 3 ja diairoÔse ton c, dhladă o 3 ja diairoÔse ton (a, b, c) = 1, pou eÐnai Ĺtopo. ’Ara a, b ≡ ±1 (mod 3), dhladă a^2, b^2 ≡ 1 (mod 3), sunepÿc a^2 + b^2 ≡ 2 (mod 3), Ĺtopo, diìti an upărqe lÔsh ja eÐqame a^2 + b^2 ≡ 0 (mod 3). ⊓⊔ Jètoume tÿra to prìblhma thc Ôparxhc enìc rhtoÔ shmeÐou.

O trìpoc pou to kĹname gia thn exÐswsh tou kÔklou x^2 + y^2 = 3 mac deÐqnei thn mèjodo sthn genikă perÐptwsh. UpĹrqei ènac algìrijmoc pou, se peperasmèno plăjoc bhmĹtwn, mac dÐnei to an mÐa rhtă kwnikă tomă èqei toulĹqisto èna rhtì shmeÐo. QreiĹzetai na exetasjeÐ an plhroÔtai mÐa isodunamÐa. EÐnai to perÐfhmo jeÿrhma tou Legendre.

2. ’Uparxh rhtÿn shmeÐwn se kwnikèc tomèc kai kubikèc exisÿseic 5

Jeÿrhma 2 (Jeÿrhma tou Legendre) ’Estw a, b, c akèraioi, diĹforoi tou mhdenìc, twn opoÐwn to ginìmeno abc den diaireÐtai me to tetrĹgwno prÿtou arijmoÔ. Upojètoume ìti den eÐnai kai oi treÐc omìshmoi kai ìti (a, b) = (a, c) = (b, c) = 1. Tìte h exÐswsh ax^2+by^2+cz^2 = 0 èqei mÐa mh-tetrimmènh akèraia lÔsh an kai mìno an

(i) −abRc (ii) −acRb (iii) −bcRa

ìpou −abRc shmaÐnei ìti h isodunamÐa x^2 ≡ −ab (mod c) èqei lÔsh. (Dec [1].)

To jeÿrhma tou Legendre eÐnai eidikă perÐptwsh tou topikoÔ-genikoÔ axiÿmatoc (Hasse):

fifiH topikă epilusimìthta miĹc exÐswshc sunepĹgetai thn genikă epilusimìthta autăc.flfl

Topikă epilusimìthta shmaÐnei ìti h exÐswsh èqei mÐa mh-tetrimmènh lÔsh (mod p^m) gia ìlouc touc prÿtouc p kai gia ìlouc touc ekjètec m kai epiplèon èqei mÐa pragmatikă (dhladă mèsa sto sÿma twn pragmatikÿn arijmÿn R) lÔsh.

To topikì-genikì axÐwma tou Hasse isqÔei gia tetragwnikèc morfèc. Gia kubikèc kampÔlec den eÐnai gnwstă mèjodoc pou na mac kajorÐzei, se peperasmèno arijmì bhmĹtwn, an upĹrqei kĹpoio rhtì shmeÐo pĹnw se dojeÐsa kubikă kampÔlh. FaÐnetai ìti h apĹnthsh s’ autì to jèma eÐnai èna polÔ dÔskolo prìblhma.

H idèa na efarmosteÐ to topikì-genikì axÐwma den eÐnai swstă giatÐ to axÐwma den isqÔei. Sta 1950 o Selmer èdwse to parĹdeigma thc kampÔlhc

3X^3 + 4Y^3 + 5W^3 = 0

sthn opoÐa h topikă epilusimìthta den sunepĹgetai thn genikă epilusimìthta autăc.

Sta epìmena ja upojètoume ìti h kubikă kampÔlh pou jewroÔme èqei pĹntote èna rhtì shmeÐo O.

3. RhtĹ shmeÐa kubikÿn kampulÿn kai mÐa prÿth morfă tou jewrămatoc tou Mordell

H genikă kubikă exÐswsh èqei th morfă:

ax^3 + bx^2y + cxy^2 + dy^3 + ex^2 + fxy + gy^2 + hx + iy + j = 0.

Upojètoume ìti eÐnai rhtă, dhladă ìti oi suntelestèc a, b, c, d, e, f, g, i, j eÐnai rhtoÐ arijmoÐ.

To piì aplì parĹdeigma kubikăc kampÔlhc qwrÐc rhtì shmeÐo eÐnai Ðswc h kampÔlh x^3 + y^3 = 1. H Ôparxh rhtoÔ shmeÐou sthn kampÔlh x^3 + y^3 = 1 eÐnai isodÔnamh me thn Ôparxh akeraÐou shmeÐou sthn exÐswsh X^3 + Y^3 = Z^3 . To ìti h teleutaÐa exÐswsh den èqei, mhtetrimmènh akeraÐa lÔsh (EikasÐa tou Fermat gia ekjèth 3) eÐnai ădh gnwstì.

Skopìc mac eÐnai na perigrĹyoume ta rhtĹ shmeÐa rhtăc kubikăc kampÔlhc ìtan mac dÐnetai èna rhtì shmeÐo autăc.

XanaqrhsimopoioÔme to Ðdio gewmetrikì axÐwma jewrÿntac thn tomă kwnikăc tomăc me eujeÐa.

Kubikèc exisÿseic miĹc metablhtăc mporoÔn na èqoun pollaplèc rÐzec. Ti shmaÐnei autì gewmetrikĹ san shmeÐo tomăc kubikăc kampÔlhc kai eujeÐac?

AfoÔ h x-sunistÿsa tou shmeÐou tomăc plhroÐ mÐa kubikă exÐswsh wc proc x, èpetai ìti ja upĹrqoun trÐa shmeÐa tomăc. Edÿ den isqÔei ìti ta shmeÐa tomăc rhtăc kubikăc kampÔlhc kai rhtăc eujeÐac h opoÐa pernĹei apì rhtì shmeÐo thc kampÔlhc eÐnai epÐshc rhtĹ. IsqÔei ìmwc ìti an dÔo apì ta trÐa shmeÐa tomăc miĹc rhtăc kubikăc kampÔlhc me mÐa rhtă eujeÐa eÐnai rhtĹ, tìte kai to trÐto eÐnai rhtì.

Orismìc 3. ’Estw C anĹgwgh (den analÔetai se ginìmeno poluwnÔmwn mikrìterou bajmoÔ) kubikă kampÔlh. ’Ena shmeÐo O autăc ja lègetai idiĹzon (singular) ìtan kĹje eujeÐa pou pernĹei apì to O tèmnei thn C se akribÿc èna akìmh shmeÐo.

Ac pĹroume to parĹdeigma miĹc kubikăc kampÔlhc pou eÐnai idiĹzousa. H kampÔlh y^2 = x^2(x + a), eÐnai idiĹzousa. To O = (0, 0) eÐnai rhtì kai idiĹzon shmeÐo autăc.

’Estw L rhtă eujeÐa pou pernĹei apì to O kai tèmnei thn kampÔlh se akribÿc èna shmeÐo, èstw P . Profanÿc to P epÐshc rhtì shmeÐo thc kampÔlhc.

’Etsi, ìpwc kai stic kwnikèc tomèc, probĹlloume thn C se kĹpoia rhtă eujeÐa M ta rhtĹ

3. RhtĹ shmeÐa kubikÿn kampulÿn kai mÐa prÿth morfă tou jewrămatoc tou Mordell 7

Sqăma 1.3: IdiĹzousa kampÔlh

shmeÐa thc opoÐac antistoiqoÔn èna proc èna sta rhtĹ shmeÐa thc kampÔlhc ta diĹfora tou O. ’Estw tÿra C mh-idiĹzousa (non-singular) rhtă kubikă kampÔlh. Den mporoÔme na qarakthrÐsoume ta rhtĹ shmeÐa an mac dÐnetai mìno èna rhtì shmeÐo.

ProseggÐzoume loipìn to jèma mac alliÿc. ParathroÔme ìti, an broÔme dÔo rhtĹ shmeÐa pĹnw sthn kampÔlh, tìte brÐskoume kai to trÐto. ArkeÐ na sundèsoume ta dÔo shmeÐa me thn eujeÐa pou orÐzoun. To trÐto shmeÐo ja eÐnai to trÐto shmeÐo tomăc thc eujeÐac autăc me thn kubikă kampÔlh

Profanÿc h eujeÐa L eÐnai rhtă kai tèmnei thn kampÔlh se èna akìmh shmeÐo, èstw P Q, pou eÐnai epÐshc rhtì. Autì eÐnai kĹpoio {eÐdoc} sÔnjeshc dÔo shmeÐwn.

Akìmh kai èna rhtì shmeÐo na èqei h kampÔlh, P , fèrnoume thn efaptomènh sto P kai èqoume èna Ĺllo rhtì shmeÐo, to P P (dhladă sundèoume to P me ton eautì tou). Omoia to P P eÐnai epÐshc rhtì.

Apì lÐga loipìn rhtĹ shmeÐa parĹgoume pollĹ.

MÐa, kĹpwc genikă, anaforĹ tÿra tou perieqomènou tou jewrămatoc tou Mordell (1921), eÐnai:

Se mÐa mh-idiĹzousa (non singular) rhtă kubikă kampÔlh upĹrqei èna peperasmèno sÔnolo rhtÿn shmeÐwn epÐ thc kampÔlhc tètoio ÿste ìla ta rhtĹ shmeÐa autăc na parĹgontai apì

Sqăma 1.4: kubikă kampÔlh

ta peperasmènou plăjouc, mèsw tou parapĹnw gewmetrikoÔ nìmou sÔnjeshc.

O nìmoc autăc thc sÔnjeshc lègetai mèjodoc thc qordăc kai thc efaptomènhc (chord-tangent). Dustuqÿc me ton parapĹnw trìpo sÔnjeshc, den mporoÔme na efodiĹsoume to sÔnolo twn rhtÿn shmeÐwn thc kampÔlhc me kĹpoia domă. EÔkola blèpoume ìti den apoteleÐ, paradèigmatoc qĹrin, omĹda, diìti den upĹrqei oudètero stoiqeÐo, O tètoio ÿste OP = P gia ìla ta P . Autì mporoÔme na to epitÔqoume me katĹllhlh tropopoÐhsh thc mejìdou thc qordăc kai thc efaptomènhc.

Orismìc 4. ’Estw O èna rhtì shmeÐo thc kubikăc kampÔlhc. An P kai Q dÔo opoiadăpote rhtĹ shmeÐa autăc tìte {Ĺjroisma} twn P kai Q orÐzetai na eÐnai to trÐto shmeÐo tomăc thc eujeÐac O, P Q me thn kampÔlh, ìpwc sto sqăma 1.5.

EÔkola diapistÿnei kaneÐc ìti h parapĹnw orisjeÐsa prìsjesh eÐnai antimetajetikă, ìti to O eÐnai oudètero stoiqeÐo wc proc thn prìsjesh

kai ìti kĹje rhtì shmeÐo thc kampÔlhc èqei epÐshc rhtì antÐjeto (H eujeÐa O, OO eÐnai efaptìmenh thc kubikăc kampÔlhc sto O).

O prosetairismìc eÐnai dÔskoloc kai ja gÐnei sto epìmeno kefĹlaio.

4. ParadeÐgmata 9

Sqăma 1.5: ’Ajroisma dÔo shmeÐwn kubikăc kampÔlhc ShmeÐwsh 5. An P, Q, R trÐa shmeÐa pĹnw se mÐa eujeÐa tìte P + Q + R = 0. Orismìc 6. MÐa elleiptikă kampÔlh eÐnai mÐa mh-idiĹzousa (non-singular) kubikă kampÔlh me suntelestèc akeraÐouc arijmoÔc h opoÐa èqei èna rhtì shmeÐo (oudètero stoiqeÐo) kai eÐnai efodiasmènh me thn parapĹnw prĹxh omĹdac.

Jeÿrhma 7 (Jeÿrhma tou Mordell) H omĹda twn rhtÿn shmeÐwn miĹc rhtăc elleiptikăc kampÔlhc eÐnai peperasmèna paragìmenh abeliană omĹda.

H apìdeixh tou jewrămatoc eÐnai o kÔrioc skopìc autoÔ edÿ tou biblÐou.

4. ParadeÐgmata

(aþ) To ginìmeno triÿn diadoqikÿn akeraÐwn eÐnai Ðso me to ginìmeno dÔo Ĺllwn diadoqikÿn akeraÐwn.

H exÐswsh pou sqhmatÐzoume eÐnai y(y + 1) = x(x − 1)(x + 1), dhladă y^2 + y = x^3 − x.

Profanÿc to shmeÐo A = (0, 0) eÐnai èna rhtì shmeÐo autăc.

Sqăma 1.6: Oudètero rhtì stoiqeÐo kubikăc kampÔlhc

JewroÔme to {ep’ Ĺpeiro} shmeÐo thc kampÔlhc san oudètero stoiqeÐo kai me thn mèjodo thc qordăc kai thc efaptomènhc kataskeuĹzoume kai Ĺlla rhtĹ shmeÐa autăc. ParathroÔme ìti an P = (x, y) tìte −P = (x, −1 − y).

ShmeÐwsh: MporeÐ na apodeÐxei kaneÐc ìti h omĹda twn rhtÿn shmeÐwn eÐnai Ĺpeirh, paragìmenh apì to A = (0, 0).

(bþ) JewroÔme thn elleiptikă kampÔlh y^2 + y = x^3 − x^2.

Profanÿc to shmeÐo P = (1, 0) eÐnai rhtì shmeÐo autăc.

ParathroÔme ìti 5P = O, to {ep’ Ĺpeiro} shmeÐo autăc. H omĹda twn rhtÿn shmeÐwn thc kampÔlhc eÐnai peperasmènh kai mĹlista kuklikă tĹxhc 5.

(gþ) H erÿthsh, pìte o y^2 + k eÐnai tèleioc kÔboc eÐnai polÔ paliĹ kai èqei tic rÐzec thc sto èrgo tou Diìfantou.

Edÿ to prìblhmĹ mac eÐnai h eÔresh akeraÐwn lÔsewn thc y^2 = x^3 + k.

(dþ) JewroÔme thn elleiptikă kampÔlh

9y^2 = x^3 − 25x.

Sqăma 1.7: AntÐjeta rhtĹ shmeÐa kubikăc kampÔlhc

To shmeÐo P = (−4, −2) eÐnai èna rhtì shmeÐo thc kampÔlhc. UpologÐzoume to 2P , (to pwc ja to doÔme argìtera), kai brÐskoume sqetikĹ megĹlouc rhtoÔc arijmoÔc san sunistÿsec.

(eþ) DiofĹntou ArijmhtikĹ, Ĺskhsh 14, BiblÐo IV:

DÐnetai akèraioc arijmìc, p.q. o 6. Na analujeÐ se dÔo mèrh, ÿste to ginìmenì touc na eÐnai kĹpoioc kÔboc rhtoÔ arijmoÔ x meÐon ton arijmì x.

OusiastikĹ zhtoÔme na broÔme rhtèc lÔseic thc elleiptikăc kampÔlhc y(6−y) = x^3 −x. ’Estw x = ky − 1, p.q. x = 2y − 1. Tìte 6y − y^2 = 8y^3 − 12y^2 + 4y. H teleutaÐa ja ătan epilÔsimh stouc rhtoÔc an 6 ătan Ðso me to 4. To 6 upĹrqei sthn exÐswsh kai to 4 prokÔptei apì ton suntelestă thc x = 2y − 1. GrĹfoume x = 3y − 1 kai brÐskoume 6y − y^2 = 27y^3 − 27y^2 + 6y, dhladă y = 26 27 , x = 17 9 . 5. Akèraia shmeÐa se kampÔlec

Merikèc forèc zhtoÔme akèraia shmeÐa. ’Opwc ja doÔme argìtera, ìla ta shmeÐa peperasmènhc tĹxhc thc omĹdac twn rhtÿn shmeÐwn dojeÐshc elleiptikăc kampÔlhc èqoun akèraiec

Sqăma 1.8: ParĹdeigma prìsjeshc rhtÿn shmeÐwn

suntetagmènec. Ja prèpei bèbaia edÿ na epishmĹnoume ìti den isqÔei to antÐstrofo.

ParĹdeigma: ’Estw h elleiptikă kampÔlh y^2 + k = x^3.

Gia k = 2, oi mìnec lÔseic eÐnai ìtan (y = ±5, x = 3).

To prìblhma autì anĹgetai pÐsw ston Diìfanto kai lÔjhke apì ton Bachet sta 1621.

H parapĹnw exÐswsh grĹfetai upì thn morfă

(y + √ −k)(y − √ −k) = x^3,

ìpou x kai y prèpei na eÐnai kai oi dÔo perittoÐ gia na isqÔei h exÐswsh modulo 4.

An p prÿtoc pou diaireÐ ton x, tìte o p^3 ja diaireÐ to ginìmeno (y + √ −2)(y − √ −2) (gia

k = 2). An o p diaireÐ to y + √ −2 kai to y − √ −2 tìte o p diaireÐ to 2y kai epeidă p ≠ 2

èpetai ìti o p diaireÐ to y, epomènwc ja diaireÐ to −y^2 + x^3 = 2 pou eÐnai Ĺtopo.

’Ara o mègistoc koinìc diairèthc twn y + √ −2, y − √ −2 ston daktÔlio Z[ √ −2] eÐnai 1.

Sunepÿc o y + √ −2, grĹfetai y + √ −2 = (a + b √ −2)^3,

E(Q) ∼= Z⧸5Z

Sqăma 1.9: ParĹdeigma prìsjeshc rhtÿn shmeÐwn

dhladă y = a^3 − 6ab^2 = a(a^2 − 6b^2) kai 1 = b(3a^2 − 2b^2).

Epomènwc, b = ±1 opìte a = ±1. Sunepÿc y = ±5 kai x = 3. Oi A. Baker kai J. Coates apèdeixan ìti an (x, y) akèraia lÔsh thc y^2 + k = x^3, tìte isqÔei:

max(|x|, |y|) ≤ exp(2^{7·24} k^{109·23}).

To frĹgma autì èqei kalutereÔsei arketĹ ta teleutaÐa qrìnia, suneqÐzei ìmwc na eÐnai arketĹ megĹlo gia na eÐmaste se jèsh na kalÔyoume me hlektronikì upologistă ton èlegqo epilusimìthtac gia ìlec tic endiĹmesec timèc.

GenikĹ gia poluwnumikèc exisÿseic f(x, y) = 0 me rhtoÔc suntelestèc, paÐrnoume to grĹfhmĹ touc kai prosjètoume merikĹ shmeÐa (peperasmènou plăjouc). KataskeuĹzoume ètsi mÐa sumpagă pollaplìthta (manifold) X_f ìpou oi merikèc parĹgwgoi D_xf kai D_yf den mhdenÐzontai sugqrìnwc epÐ thc f(x, y) = 0. TopologikĹ to sÔnolo twn migadikÿn shmeÐwn thc X_f eÐnai mÐa kleistă prosanatolismènh epifĹneia me g trÔpec.

Sqăma 1.10: ParĹdeigma prìsjeshc rhtÿn shmeÐwn

H analloÐwth aută g thc kampÔlhc lègetai gènoc thc kampÔlhc. EujeÐec kai kwnikèc tomèc èqoun gènoc 0, enÿ oi mh-idiĹzousec kubikèc èqoun gènoc g = 1.

Jeÿrhma 8 (Jeÿrhma tou Seigel) Ta akèraia shmeÐa thc mh-idiĹzousac (non-singular) kampÔlhc f(x, y) = 0, gènouc g ≥ 1 eÐnai peperasmènou plăjouc.

Autì isqÔei fusikĹ gia mh-idiĹzouse kubikèc, den isqÔei ìmwc gia idiĹzousec kubikèc kampÔlec. H kampÔlh y^2 = x^3 èqei, profanÿc, tic, Ĺpeirec sto plăjoc, lÔseic (x, y) = (n^2, n^3), n ∈ N.

6. AlgebrikĹ sÿmata arijmÿn kai h arijmhtikă twn elleiptikÿn kampulÿn

H melèth thc eÔreshc twn akeraÐwn shmeÐwn thc kwnikăc tomăc x^2 −Ay^2 = ±1, gia A jetikì kai ìqi tèleio tetrĹgwno, èqei paÐxei polÔ shmantikì rìlo sthn anĹptuxh thc JewrÐac twn Arijmÿn. EÐnai mÐa exÐswsh, h legìmenh exÐswsh tou Pell, kai h kampÔlh pou orÐzei èqei Ĺpeira sto plăjoc akèraia shmeÐa.

MeletoÔme ton daktÔlio Z[ √ A] san upodaktÔlio tou sÿmatoc Q( √ A). Gia u = x + y √ A ∈ Z[ √ A] orÐzoume ū = x − √ A kai thn norm tou u, N(u) = uū =

6. AlgebrikĹ sÿmata arijmÿn kai h arijmhtikă twn elleiptikÿn kampulÿn 15

g = 0, sfaÐra g = 1, samprèlla (torus)

g = 4

Sqăma 1.11: Gènoc kampÔlhc

x^2 − y^2A. H norm eÐnai mÐa pollaplasiastikă sunĹrthsh apì to Z[ √ A] sto Z. Dhladă h exÐswsh tou Pell grĹfetai ±1 = N(u) = uū = x^2 − Ay^2.

Oi akèraiec lÔseic thc exÐswshc tou Pell brÐskontai se amfimonìtimh antistoiqÐa me thn omĹda twn monĹdwn tou daktulÐou Z[ √ A]. GenikĹ, upĹrqei mÐa analogÐa metaxÔ thc

1) omĹdac twn rhtÿn shmeÐwn elleiptikăc kampÔlhc E kai 2) thc omĹdac twn monĹdwn U(F ) algebrikoÔ sÿmatoc arijmÿn F .

Kai oi dÔo eÐnai peperasmèna paragìmenec twn opoÐwn oi upoomĹdec twn shmeÐwn peperasmènhc tĹxhc eÐnai gnwstèc arketĹ kalĹ. Argìtera ja meletăsoume ta shmeÐa peperasmènhc tĹxhc elleiptikăc kampÔlhc. Sta sÿmata arijmÿn to torsion tmăma (stoiqeÐa peperasmènhc tĹxhc) thc omĹdac twn monĹdwn eÐnai oi rÐzec thc monĹdac.

To erÿthma gia ton bajmì (rank) autÿn twn omĹdwn kai thn eÔresh eleÔjerwn gennhtìrwn odhgeÐ se pollĹ Ĺluta problămata.

Gia ta sÿmata arijmÿn r = r_1 + r_2 − 1 eÐnai o bajmìc (rank) ìpou [F : Q] = r_1 + 2r_2. To prìblhma thc kataskeuăc eleujèrwn gennhtìrwn gia thn U(F )⧸U(F )_{torsion} eÐnai dÔskolo prìblhma. An F = Q( √ A) me A > 0 to prìblhma xanagurÐzei pÐsw sthn exÐswsh tou Pell.

Stic elleiptikèc kampÔlec akìma kai h eÔresh tou bajmoÔ (rank) thc omĹdac rhtÿn shmeÐwn eÐnai polÔ dÔskolo prìblhma.

KefĹlaio 2

EpÐpedec algebrikèc kampÔlec

Sto prohgoÔmeno kefĹlaio perigrĹyame thn prìsjesh rhtÿn shmeÐwn kubikÿn kampulÿn mèsw twn fifiidiotătwn tomăsflfl autÿn. Qrhsimopoiăsame idiìthtec tomăc, qwrÐc na tic apodeÐxoume, ìpwc ìti dÔo diakekrimènec metaxÔ touc eujeÐec tèmnontai se akribÿc èna shmeÐo ă ìti mÐa eujeÐa kai mÐa kubikă kampÔlh tèmnontai pĹntote se trÐa akribÿc shmeÐa. Oi idiìthtec autèc isqÔoun mìno ef’ ìson ergazìmaste ston probolikì kai ìqi ston afinikì qÿro.

Skopìc tou parìntoc kefalaÐou eÐnai h melèth twn idiotătwn tomăc epipèdwn algebrikÿn kampulÿn. Eidikă perÐptwsh apoteloÔn oi kubikèc kampÔlec. IdiaÐtera qrăsimo eÐnai to apotèlesma ìti dÔo epÐpedec kubikèc kampÔlec tèmnontai se akribÿc 9 shmeÐa. To apotèlesma autì eÐnai qrăsimo gia thn apìdeixh thc prosetairistikăc idiìthtac thc prìsjeshc rhtÿn shmeÐwn.

1. ApaleÐfousa dÔo poluwnÔmwn

H melèth thc paroÔshc paragrĹfou proüpojètei th gnÿsh stoiqeÐwn jewrÐac daktulÐwn kai jewrÐac swmĹtwn. Gia na dieukolÔnoume ton anagnÿsth èqoume prosjèsei, sto tèloc tou parìntoc biblÐou, èna parĹrthma me antÐstoiqo perieqìmeno.

Kat’ arqĹc apodeiknÔoume thn akìloujh Prìtash 1. Oi parakĹtw protĹseic eÐnai metaxÔ touc isodÔnamec

(1) To sÿma K eÐnai algebrikĹ kleistì.

(2) KĹje poluÿnumo f(x) ∈ K[x] me deg f(x) > 0 analÔetai sto K se ginìmeno grammikÿn paragìntwn.

(3) KĹje anĹgwgo poluÿnumo f(x) ∈ K[x] me deg f(x) > 0 eÐnai grammikì.

(4) An L⧸K eÐnai algebrikă epèktash tìte, kat’ anĹgkh, L = K.

Apìdeixh: (1)⇒(2): AfoÔ K algebrikĹ kleistì, èpetai ìti to f(x) èqei mÐa rÐza sto K, èstw a. To f(x) epomènwc grĹfetai f(x) = (x − a)g(x), ìpou g(x) ∈ K[x]. An deg g(x) > 0, epanalambĹnoume thn Ðdia diadikasÐa gia to g(x) kai suneqÐzoume epagwgikĹ. (2)⇒(3): Profanèc.

(3)⇒(4): ’Estw L⧸K mÐa algebrikă epèktash kai a opoiodăpote stoiqeÐo tou L. Tìte to a eÐnai algebrikì upèr tou K. An f(x) eÐnai to anĹgwgo poluÿnumo tou a uperĹnw tou K tìte, lìgw thc upìjeshc (3), to f(x) ja eÐnai thc morfăc f(x) = x − a ∈ K[x], dhladă a ∈ K. Autì shmaÐnei ìti L ⊆ K kai epomènwc L = K.

(4)⇒(1): ’Estw f(x) ∈ K[x] me deg f(x) > 0. SÔmfwna me gnwstă prìtash (blèpe parĹrthma), upĹrqei epèktash L⧸K sthn opoÐa to f(x) èqei mÐa rÐza, èstw a. H epèktash K(a)⧸K eÐnai peperasmènh, sunepÿc eÐnai algebrikă kai, lìgw thc upìjeshc (4), K(a) = K, dhladă a ∈ K. Epomènwc to f(x) èqei toulĹqisto mÐa rÐza sto K dhladă apodeÐxame thn (1). ⊓⊔ ApodeiknÔoume tÿra thn parakĹtw Prìtash 2. KĹje algebrikĹ kleistì sÿma perièqei Ĺpeiro plăjoc stoiqeÐwn. Apìdeixh: 1^h perÐptwsh: Upojètoume ìti h qarakthristikă tou sÿmatoc K eÐnai mhdèn. Epomènwc upĹrqei ènac monomorfismìc φ : Q → K, dhladă to φ(Q) perièqetai isìmorfa mèsa sto K. To Q ìmwc èqei Ĺpeiro plăjoc stoiqeÐwn, Ĺra kai to K. 2^h perÐptwsh: ’Estw ìti h qarakthristikă tou sÿmatoc K eÐnai p, ìpou p prÿtoc arijmìc. Tìte to K perièqei isìmorfa to prÿto sÿma F_p = Z⧸(p) twn klĹsewn upoloÐpwn (modp). An to K eÐqe peperasmènou plăjouc stoiqeÐa tìte o bajmìc thc epèktashc K⧸F_p ja ătan peperasmènoc, èstw m, opìte to K ja eÐqe p^m stoiqeÐa. Tìte ìmwc h epèktash tou K L = K(a) ìpou a rÐza tou x^{pm+1} − x eÐnai peperasmènh kai epomènwc algebrikă. Epeidă to a den eÐnai rÐza tou poluwnÔmou x^{pm} − x, èpetai ìti L ⫌ K to opoÐo eÐnai Ĺtopo diìti to sÿma K eÐnai algebrikĹ kleistì. Epomènwc to K eÐnai Ĺpeiro. ⊓⊔ Apì edÿ kai mèqri to tèloc thc paragrĹfou me R ja sumbolÐzoume opoiodăpote daktÔlio monosămanthc anĹlushc.

Orismìc 3. H apaleÐfousa dÔo poluwnÔmwn

f(x) = a_0 + a_1x + · · · + a_mx^m (a_m ≠ 0) kai g(x) = b_0 + b_1x + · · · + b_nx^n (b_n ≠ 0) me suntelestèc apì ton daktÔlio R[x], orÐzetai san h orÐzousa tou (m + n) × (m + n) pÐnaka

[R(f, g)] = a_0 a_1 . . . a_m 0 . . . . . . . 0 0 a_0 . . . a_{m−1} a_m . . . . . . . 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 0 . . . a_0 a_1 . . . . . . . a_m b_0 b_1 . . . b_{n−1} b_n 0 . . . 0 0 b_0 . . . . . . . . . . b_{n−1} b_n . . . 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0 . . . b_0 b_1 . . . . . . . . . . . . . b_n

.

Sumbolismìc: R(f, g) := det([R(f, g)]).

Orismìc 4. H diakrÐnousa D(f) enìc poluwnÔmou f(x) = a_nx^n + · · · + a_1x + a_0 orÐzetai apì th sqèsh R(f, f^′) = (−1)^{n(n−1)2} a_nD(f),

ìpou f^′ eÐnai h parĹgwgoc tou f.

’Askhsh: UpologÐste thn diakrÐnousa twn poluwnÔmwn ax^2 + bx + c kai x^3 + px + q.

Prìtash 5. ’Estw f(x) = a_0 +a_1x+· · ·+a_nx^n ∈ R[x], a_n ≠ 0 kai g(x) = b_0 +b_1x+· · ·+ b_mx^m ∈ R[x], b_m ≠ 0, ìpou R daktÔlioc monosămanthc anĹlushc. Oi parakĹtw protĹseic eÐnai mataxÔ touc isodÔnamec:

(1) Ta poluÿnuma f kai g èqoun koinì parĹgonta diĹforo stajerĹc,

(2) R(f, g) = 0.

Apìdeixh: QrhsimopoioÔme to parakĹtw:

Lămma 6. IsqÔoun isodÔnama

(aþ) To (1) thc prìtashc 5

(bþ) UpĹrqoun mh mhdenikĹ poluÿnuma φ kai ψ bajmoÔ mikrìterou apì n kai m antÐstoiqa, ètsi ÿste ψf = φg.

Apìdeixh: fifi⇒flfl:

’Estw f = hφ, g = hψ. Tìte fg = fg, dhladă fhψ = hφg kai epomènwc fψ = φg. AfoÔ deg h > 0 èpetai ìti deg φ < n kai deg ψ < m.

fifi⇐flfl: ’Estw ìti ψf = φg. AnalÔoume to g se ginìmeno prÿtwn paragìntwn. Oi diĹforoi stajerĹc parĹgontec tou g, ă oi sunetairikoÐ touc, perièqontai stouc prÿtouc parĹgontec tou ψf. ’Omwc den mporoÔn na emfanÐzontai ìloi san parĹgontec tou ψ diìti deg ψ < deg g. Sunepÿc upĹrqei toulĹqisto ènac prÿtoc parĹgontac tou g pou eÐnai kai parĹgontac tou f. ’Ara g = hg^′ kai f = hf^′. ⊓⊔ Apìdeixh thc prìtashc 5: =⇒: Apì to lămma èqoume ψf = φg. ’Estw

φ(x) = α_1 + α_2x + · · · + α_nx^{n−1} ∈ R[x] kai ψ(x) = β_1 + β_2x + · · · + β_mx^{m−1} ∈ R[x]

ìpou èna toulĹqisto α_i ≠ 0 kai èna toulĹqisto β_j ≠ 0. H exÐswsh ψf = φg tìte grĹfetai a_0β_1 = b_0α_1 a_1β_1 + a_0β_2 = b_1α_1 + b_0α_2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . a_nβ_m = b_mα_n

(1).

’Eqoume dhladă èna omogenèc kai grammikì sÔsthma wc proc tic (n+m)-metablhtèc β_1, β_2, . . . , β_m, α_1, α_2, . . . , α_n tì opoÐo èqei mh-tetrimmènh lÔsh. Sunepÿc h orÐzousa twn suntelestÿn prèpei na eÐnai 0. ’Ara R(f, g) = 0.

⇐=: An R(f, g) = 0 tìte to sÔsthma (1) èqei mh-terimmènh lÔsh sto sÿma phlÐkwn F tou R. PollaplasiĹzoume me ton koinì paronomastă ìlwn twn ìrwn twn exisÿsewn tou sustămatoc kai sqhmatÐzoume sÔsthma ston R pou èqei toulĹqisto èna apì ta α_i, ă èna apì ta β_j diĹforo tou mhdenìc. An α_i ≠ 0, tìte φ ≠ 0 opìte, apì th sqèsh fψ = gφ, èpetai ìti kai ψ ≠ 0 kai to zhtoÔmeno prokÔptei apì to parapĹnw lămma. ⊓⊔

Orismìc 7. An f(x_0, x_1, · · · , x_n) ∈ R[x_0, x_1, · · · , x_n] omogenèc poluÿnumo bajmoÔ d tètoio ÿste to x_0 na mhn diaireÐ to f, tìte to poluÿnumo

g(x_1, x_2, · · · , x_n) := f(1, x_1, x_2, · · · , x_n)

ja lègetai sunetairikì tou f. Profanÿc deg g = d.

Prìtash 8. KĹje parĹgontac omogenoÔc poluwnÔmou f(x_0, x_1, · · · , x_n) ∈ R[x_0, x_1, . . . , x_n] eÐnai omogenèc poluÿnumo.

Apìdeixh: Ac upojèsoume ìti to f analÔetai se ginìmeno f = h_1h_2 kai ìti to h_1 den eÐnai omogenèc. AnalÔoume ta h_1 kai h_2 se ajroÐsmata omogenÿn h_1 = H_i + H_{i+1} + · · · + H_{i+j}, H_i ≠ 0, H_{i+j} ≠ 0, j > 0. h_2 = H^′_k + H^′_{k+1} + · · · + H^′_{k+l}, H^′_k ≠ 0, H^′_{k+l} ≠ 0, l ≥ 0.

Tìte f = h_1h_2 = H_iH^′_k + (H_{i+1}H^′_k + H_iH^′_{k+1}) + · · · + H_{i+j}H^′_{k+l}, H_iH^′_k ≠ 0 kai H_{i+j}H^′_{k+l} ≠ 0.

AllĹ deg H_iH^′_k = i + k < i + j + k + l = deg H_{i+j}H^′_{k+l}.

Epomènwc, an kĹpoioc parĹgontac tou f den eÐnai omogenèc poluÿnumo tìte kai to f den ja ătan omogenèc, Ĺtopo. ⊓⊔ ’Amesh sunèpeia thc prìtashc 8 eÐnai to Pìrisma 9. An f kai g eÐnai sunetairikĹ poluÿnuma tìte kĹje parĹgontac tou f eÐnai sunetairikìc me kĹpoio parĹgonta tou g kai antistrìfwc. EidikĹ: To f eÐnai anĹgwgo an kai mìno an to g eÐnai anĹgwgo. Prìtash 10. Ta omogenă poluÿnuma F_1(x_0, x_1) = a_0x^n_0 + a_1x^{n−1}_0 x_1 + · · · + a_nx^n_1 ∈ R[x_0, x_1] F_2(x_0, x_1) = b_0x^m_0 + b_1x^{m−1}_0 x_1 + · · · + b_mx^m_1 ∈ R[x_0, x_1] èqoun koinì parĹgonta diĹforo stajerĹc akribÿc tìte ìtan h apaleÐfousa R(F_1, F_2) = 0. Apìdeixh: An a_n = b_m = 0 tìte R(F_1, F_2) = 0. Epeidă loipìn h teleutaÐa stălh tou pÐnaka thc apaleÐfousac ja èqei ìlo mhdenikĹ, èpetai ìti ta F_1 kai F_2 ja èqoun koinì parĹgonta to x_0.

An a_nb_m ≠ 0 paÐrnoume ta sunetairikĹ touc g_1 kai g_2. H prìtash 5 kai to pìrisma 9 mac dÐnoun kai s’ aută thn perÐptwsh thn zhtoÔmenh isodunamÐa.

An tÿra a_n = 0 kai b_m ≠ 0 tìte F_1(x_0, x_1) = x^r_0F^∗_1 (x_0, x_1), ìpou to x_0 den diaireÐ to F^∗_1 . Efarmìzoume xanĹ thn prìtash 5 kai to pìrisma II.1.9 gia ta F^∗_1 kai F_2 kai èqoume ìti ta F^∗_1 kai F_2 èqoun koinì parĹgonta diĹforo stajerĹc akribÿc tìte ìtan R(F^∗_1 , F_2) = 0. ParathroÔme ìti R(F_1, F_2) = ±b^r_mR(F^∗_1 , F_2) kai sunepÿc xanĹ prokÔptei to zhtoÔmeno. ’Omoia na a_n ≠ 0 kai b_m = 0. ⊓⊔ Prìtash 11. An K algebrikĹ kleistì sÿma kai f(x_0, x_1) ∈ K[x_0, x_1] omogenèc poluÿnumo bajmoÔ d, tìte upĹrqoun d zeugĹria stajerÿn a_i, b_i ∈ K tètoia ÿste f(x_0, x_1) = α ∏ (a_ix_1 − b_ix_0), α ≠ 0.

KĹje zeugĹri eÐnai monadikì me thn ènnoia ìti tautÐzoume to (a_i, b_i) me to (ca_i, cb_i), ìpou c ∈ K^∗. Apìdeixh: Epeidă to f(x_0, x_1) eÐnai omogenèc poluÿnumo bajmoÔ d, grĹfetai sthn morfă f(x_0, x_1) = x^r_0f^∗(x_0, x_1) ìpou f^∗(x_0, x_1) omogenèc poluÿnumo bajmoÔ d − r kai x_0 ∤ f^∗. To poluÿnumo f^∗(1, x_1) eÐnai poluÿnumo miĹc metablhtăc bajmoÔ d − r wc proc x_1 kai, afoÔ K algebrikĹ kleistì, f^∗(1, x_1) = α d−r∏ j=1 (x_1 − b_j ). Epomènwc

f^∗(x_0, x_1) = α d−r∏ j=1 (x_1 − b_jx_0) opìte f(x_0, x_1) = x^r_0f^∗(x_0, x_1) = α d∏ j=1 (a_j x_1 − b_j x_0).

H monadikìthta eÐnai apotèlesma tou monosămantou thc anĹlushc. ⊓⊔ Jeÿrhma 12. ’Estw F_n(x_1, x_2, · · · , x_{r−1}, x_r) = A_n + A_{n−1}x_r + · · · + A_0x^n_r kai G_m(x_1, x_2, · · · , x_{r−1}, x_r) = B_m + B_{m−1}x_r + · · · + B_0x^m_r ìpou A_i, B_i, omogenă poluÿnuma bajmoÔ i wc proc tic metablhtèc x_1, x_2, · · · , x_{r−1} kai A_0B_0 ≠ 0. An R(x_1, x_2, · · · , x_{r−1}) eÐnai h apaleÐfousa twn F_n kai G_m wc proc x_r tìte ă R(x_1, x_2, · · · , x_{r−1}) = 0 ă R(x_1, x_2, · · · , x_{r−1}) eÐnai omogenèc poluÿnumo bajmoÔ nm.

Apìdeixh: UpologÐzoume thn apaleÐfousa

R(tx_1, tx_2, · · · , tx_{r−1}) = t^nA_n t^{n−1}A_{n−1} . . . . . . A_0 t^nA_n . . . . . . . . . . . A_0 . . . . . . . . . . . . . . . . . t^nA_n . . . . . . . . . A_0 t^mB_m t^{m−1}B_m . . . . . . tB_1 B_0 t^mB_m . . . . . . . . . . . tB_1 B_0 . . . . . . . . . . . . . . . . . . . . . . t^mA_m . . . . . . . . . . . . . . B_0

.

PollaplasiĹzoume thn i-grammă tou A me t^{m−i+1} kai thn j-grammă tou B me t^{n−j+1} kai brÐskoume t^pR(tx_1, tx_2, · · · , tx_{r−1}) =

= t^{m+n}A_n t^{m+n−1}A_{n−1} . . . . . . . . t^mA_0 t^{m+n−1}A_n . . . . . . . . . . . . . . . . . t^{m−1}A_0 . . . . . . . . . . . . . . . . . . . . . . . . . . t^{n+1}A_n . . . . . . . . . . . . . . . . tA_0 t^{m+n}B_m t^{n+m−1}B_{m−1} . . . . . . . . t^{n+1}B_1 t^nB_0 t^{m+n−1}B_m . . . . . . . . . . . . . . . . . . . . . . . . . . t^{n−1}B_0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . t^{m+1}B_m . . . . . . . . . . . . . . . . . . . . . . . . . tB_0

.

ìpou p = m(m + 1) 2 + n(n + 1) 2 (t^{1+2+···+m} = t^{m(m+1)}2 ). Dhladă t^pR(tx_1, tx_2, · · · , tx_r) = t^{m+n} · t^{m+n−1} · · · t · R(x_1, x_2, · · · , x_{r−1}) = t^q · R(x_1, x_2, · · · , x_{r−1})

ìpou q =

(m + n)(m + n + 1) 2 . Epeidă q − p = mn èqoume ìti R(tx_1, tx_2, · · · , tx_{r−1}) = t^{mn} · R(x_1, x_2, · · · , x_{r−1}) dhladă to zhtoÔmeno. ⊓⊔ Tèloc apodeiknÔoume thn parakĹtw Prìtash 13. An

f(x) = a_0 + a_1x + · · · + a_nx^n ∈ R[x], a_n ≠ 0 kai g(x) = b_0 + b_1x + · · · + b_mx^m ∈ R[x], b_m ≠_0, tìte upĹrqoun poluÿnuma A kai B bajmoÔ to polÔ m−1 kai n−1 antÐstoiqa, ètsi ÿste R(f, g) = Af + Bg. Apìdeixh: ’Eqoume f = a_0+ a_1x+ . . . . . . . . . a_nx^n xf = a_0x+ . . . . . . . . . a_{n−1}x^n+ a_nx^{n+1} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x^{m−1}f = a_0x^{m−1}+ . . . . . . . . . +a_nx^{m+n−1} g = b_0+ b_1x+ . . . . . . . . . +b_mx^m xg = b_0x+ . . . . . . . . . +b_{m−1}x^m +b_mx^{m+1} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x^{n−1}g = b_0x^{n−1}+ . . . . . . . . . +b_mx^{m+n−1} ’Estw A_i ta algebrikĹ sumplhrÿmata twn stoiqeÐwn thc prÿthc stălhc tou pÐnaka tou sustămatoc o opoÐoc eÐnai o h apaleÐfousa twn f kai g.

PollaplasiĹzoume thn i-ostă exÐswsh me to A_i kai prosjètoume katĹ mèlh gia i = 1, 2, · · · , m+ n. BrÐskoume

(A_1 + A_2x + · · · + A_mx^{m−1})f + (A_{m+1} + A_{m+2}x + · · · + A_{m+n}x^{m+n−1})g = R(f, g). ⊓⊔ 2. ProbolikoÐ qÿroi

EpekteÐnoume to afinikì (x, y)-epÐpedo me thn ep’ Ĺpeiro eujeÐa kai sqhmatÐzoume to probolikì epÐpedo. KĹje eujeÐa tou afinikoÔ epipèdou sumplhrÿnetai se mÐa eujeÐa tou probolikoÔ epipèdou me thn prìsjesh enìc ep’ Ĺpeiron shmeÐou, tou shmeÐou tomăc thc dosmènhc eujeÐac me thn ep’ Ĺpeiro eujeÐa. MporoÔme na jewrăsoume thn ep’ Ĺpeiro eujeÐa san parametrikopoihtă thc klÐshc twn afinikÿn eujeiÿn. KĹje shmeÐo thc ep’ Ĺpeiro eujeÐac antistoiqeÐ se mÐa oikogèneia parallălwn eujeiÿn kai eÐnai akribÿc ta zeugĹria ekeÐna twn eujeiÿn ta opoÐa eÐnai parĹllhla ston afinikì mac qÿro, ta opoÐa tèmnontai epÐ thc ep’ Ĺpeiro eujeÐac.

2. ProbolikoÐ qÿroi 25

MÐa basikă gewmetrikă sqèsh anĹmesa sta shmeÐa kai tic eujeÐec tou probolikoÔ epipèdou apoteleÐ h parakĹtw idiìthta.

(P) DÔo diakekrimèna shmeÐa orÐzoun monadikă eujeÐa kai dÔo diakekrimènec eujeÐec tèmnontai se akribÿc èna shmeÐo.

Ac rÐxoume tÿra mÐa matiĹ sthn analutikă perigrafă tou probolikoÔ epipèdou.

JewroÔme ton trisdiĹstato qÿro me suntetagmènec (w, x, y). MÐa eujeÐa grammă pou pernĹei apì thn arqă twn axìnwn (0, 0, 0) orÐzetai monosămanta apì opoiodăpote shmeÐo (w, x, y) diĹforo tou (0, 0, 0). Epiplèon dÔo shmeÐa (w, x, y) kai (w^′, x^′, y^′) orÐzoun thn Ðdia eujeÐa pou pernĹei apì thn arqă (0, 0, 0) tìte kai mìno tìte ìtan upĹrqei mÐa stajerĹ a, a ≠ 0, tètoia ÿste w^′ = aw, x^′ = ax kai y^′ = ay. (2.1)

’Estw P_2 to sÔnolo ìlwn twn eujeiÿn pou pernoÔn apì thn arqă (0, 0, 0). Ta shmeÐa tou P_2 mporoÔn na parametrikopoihjoÔn apì tic klĹseic isodÔnamÐac twn triĹdwn (w, x, y) mèsw thc sqèshc isodunamÐac 2.1 (lègontai omogeneÐc suntetagmènec). Thn klĹsh isodunamÐac tou shmeÐou (w, x, y) thn sumbolÐzoume me [w, x, y].

To erÿthma pou prokÔptei eÐnai apì poiì sÔnolo (sÿma) paÐrnoume tic suntetagmènec w, x, y. (aþ) Sthn klasikă analutikă gewmetrÐa eÐnai to R. (bþ) Se problămata rhtÿn shmeÐwn eÐnai to Q. (gþ) Sthn klasikă algebrikă gewmetrÐa eÐnai to C .

GenikĹ ta w, x, y ja eÐnai stoiqeÐa enìc sÿmatoc k kai to probolikì epÐpedo

P_2(k) := { [w, x, y] | | w, x, y ∈ k}.

EmfuteÔoume to afinikì (x, y)-epÐpedo k^2 sto probolikì P_2(k) wc exăc (x, y) −→ [1, x, y]. KĹje shmeÐo [w, x, y] ∈ P_2(k) me w ≠ 0 paristĹ to shmeÐo ( x w , y w ) tou k^2 diìti [w, x, y] = [ 1, x w , y w ] sto P_2(k).

OrÐzoume eujeÐa sto P_2(k) E = { [w, x, y] | | aw + bx + cy = 0, ìpou (a, b, c) ≠ (0, 0, 0)}.

Gia a = 1, b = 0, c = 0 èqoume w = 0 thn ep’ Ĺpeiro eujeÐa, h opoÐa apoteleÐtai apì ìla ta shmeÐa thc morfăc [0, x, y].

Gia w = 1 paÐrnoume a + bx + cy = 0 pou eÐnai mÐa sunhjismènh afinikă eujeÐa ìtan bc ≠ 0.

DÔo sÔnola suntelestÿn a, b, c kai a^′, b^′, c^′ orÐzoun thn Ðdia eujeÐa tìte kai mìno tìte ìtan upĹrqei u ∈ k, u ≠ 0 tètoio ÿste a^′ = ua, b^′ = ub, c^′ = uc.

Me bĹsh touc parapĹnw orismoÔc shmeÐou kai eujeÐac apodeiknÔetai tÿra eÔkola h alăjeia thc prìtashc (P) pou anafèrame prohgoumènwc. H apìdeixh afănetai san Ĺskhsh ston anagnÿsth.

Gia èna montèlo tou probolikoÔ qÿrou anexĹrthtou apì to sÔsthma suntetagmènwn, paÐrnoume ènan trisdiĹstato dianusmatikì qÿro V upèr to k kai sumbolÐzoume me P(V ) to sÔnolo ìlwn twn monodiĹstatwn upoqÿrwn tou V . Ac shmeiwjeÐ ìti P_2(k) = P(k^3). KĹje grammikì sunarthsioeidèc U : V → k orÐzei mÐa eujeÐa L = { P ∈ P(V ) | | U(P ) = 0}.

’Estw L^+ o purănac tou U. Tìte dimL^+ = 2 kai gia kĹje shmeÐo P tou P(V ) isqÔei P ∈ L akribÿc tìte ìtan P ⊂ L^+.

AfoÔ kĹje 2-diĹstatoc dianusmatikìc upìqwroc tou V eÐnai o purănac kĹpoiou mh mhdenikoÔ sunarthsioeidoÔc, èpetai ìti eÐnai thc morfăc L^+ gia mÐa monadikă eujeÐa L.

’Estw P kai Q dÔo diakekrimèna shmeÐa tou P(V ). H monadikă eujeÐa L pou pernĹei apì ta P kai Q eÐnai aută gia thn opoÐa isqÔei L^+ = P ⊕ Q. H apìdeixh afănetai san Ĺskhsh ston anagnÿsth. Gia dÔo diaforetikèc eujeÐec L kai M to monadikì shmeÐo tomăc eÐnai P = L^+ ∩ M^+. H apìdeixh afănetai epÐshc san Ĺskhsh ston anagnÿsth.

’Omoia mporoÔme na jewrăsoume ton r−diĹstato probolikì qÿro P_r(k) upèr to k

(y_0, y_1, · · · , y_r) ∼ (y^′_0, y^′_1, · · · , y^′_r) ⇔ ∃λ ∈ k − {0} y^′_i = λy_i, y_i ìqi ìla 0.

Orismìc 14. UperepÐpedo tou P_r(k) ja kaleÐtai to sÔnolo lÔsewn thc grammikăc exÐsw- shc a_0y_0 + · · · + a_ry_r = 0, a_i ìqi ìla mhdèn.

An H_i eÐnai to uperepÐpedo y_i = 0 tìte èqoume thn exăc antistoiqÐa k^r ∋ (x_1, x_2, · · · , x_r) −→ (x_1, x_2, · · · , x_i, 1, x_{i+1}, · · · , x_r) ∈ P_r(k) − H_i. Profanÿc isqÔei P(k) = (P_r(k) − H_0) ∪ · · · ∪ (P_r(k) − H_r).

To H_0 lègetai to ep’ Ĺpeiro uperepÐpedo.

3. Eisagwgă stic epÐpedec algebrikèc kampÔlec kai stic uperepifĹneiec

Mèqri stigmăc meletăsame tic eujeÐec ston probolikì qÿro kai eÐdame ìti èqoun exÐswsh l(w, x, y) = 0 ìpou l(w, x, y) omogenèc poluÿnumo prÿtou bajmoÔ.

MÐa epÐpedh algebrikă kampÔlh C_f bajmoÔ d eÐnai to sÔnolo ìlwn twn shmeÐwn [w, x, y] ∈ P_2(k) tètoiwn ÿste f(w, x, y) = 0 ìpou to f eÐnai omogenèc poluÿnumo bajmoÔ d. AfoÔ gia kĹje omogenèc poluÿnumo bajmoÔ d isqÔei f(λw, λx, λy) = λ^df(w, x, y), an gia kĹpoio antiprìswpo (w, x, y) thc klĹshc [w, x, y] isqÔei f(w, x, y) = 0, to Ðdio ja isqÔei kai gia kĹje stoiqeÐo thc klĹshc.

Thn antÐstoiqh afinikă kampÔlh thn paÐrnoume gia w = 1. ’Estw g(x, y) = f(1, x, y). Profanÿc deg g(x, y) ≤ d.

OrÐzoume C^{aff}_g = { (x, y) ∈ k^2 | g(x, y) = 0 } . Profanÿc, isqÔei C^{aff}_g = C_f ∩ k^2.

AntÐstrofa an g(x, y) poluÿnumo bajmoÔ mikrìterou ă Ðsou me d tìte to poluÿnumo f(w, x, y) = w^dg ( x w , y w ) eÐnai omogenèc bajmoÔ d kai f(1, x, y) = g(x, y).

AfoÔ f(w, x, y) = 0 ⇔ f(w, x, y)^2 = 0 to sÔnolo twn shmeÐwn thc C_f den orÐzei monosămanta thn exÐswsh f(w, x, y) = 0. An to f èqei thn anĹlush f = f_1f_2 · · · f_r tìte profanÿc isqÔei: C_f = C_{f1} ∪ C_{f2} ∪ · · · ∪ C_{fr} . An pĹli f | f^′ tìte C_f ⊂ C_f ′ .

Dedomènou ìti h apĹnthsh sto erÿthma pìte to poluÿnumo f analÔetai se ginìmeno paragìntwn kai pìte ìqi exartĹtai apì to sÿma k, ja milĹme gia thn epÐpedh algebrikă kampÔlh upèr to sÿma k. Tèloc, gia na eÐmaste sÐgouroi ìti upĹrqoun arketĹ shmeÐa pĹnw sthn kampÔlh, ja paÐrnoume tic suntetagmènec twn shmeÐwn kĹje forĹ apì sugkekrimènh epèktash K tou k.

Orismìc 15. MÐa anĹgwgh epÐpedh algebrikă kampÔlh C_f bajmoÔ d orismènh upèr to sÿma k orÐzetai apì èna anĹgwgo omogenèc poluÿnumo f(w, x, y) ∈ k[w, x, y] bajmoÔ d kai eÐnai mÐa sunĹrthsh h opoÐa, gia kĹje epèktash K tou k mac dÐnei to sÔnolo

C_f (K) = { [w, x, y] ∈ P_2(K) | f(w, x, y) = 0 } . An h f = f^{a(1)}_1 f^{a(2)}_2 · · · f^{a(r)}_r eÐnai h anĹlush tou omogenoÔc poluwnÔmou f bajmoÔ d tou k[w, x, y] se ginìmenpo prÿtwn paragìntwn tìte isqÔei: C_f (K) = C_{f1} (K) ∪ · · · ∪ C_{fr} (K). H kampÔlh C_{fi} lègetai (anĹgwgh) sunistÿsa thc C_f kai o fusikìc arijmìc a(i) pollaplìthta thc C_{fi} .

• KampÔlec prÿtou bajmoÔ eÐnai oi eujeÐec.

• KampÔlec deutèrou bajmoÔ lègontai kwnikèc tomèc.

• KampÔlec trÐtou bajmoÔ lègontai kubikèc kampÔlec.

• KampÔlec tetĹrtou bajmoÔ lègontai tetradikèc kampÔlec, kai oÔtw kaj’ exăc.

An K ⊂ K^′ epektĹseic tou k tìte isqÔei P_2(K) ⊂ P_2(K^′) kai C_f (K) ⊂ C_f (K^′).

Orismìc 16. MÐa uperepifĹneia H_f ston probolikì qÿro P_n orÐzetai mèsw enìc omogenoÔc poluwnÔmou f(Y_0, Y_1, · · · , Y_n) ∈ k[Y_0, Y_1, · · · , Y_n] bajmoÔ d, ìpou gia mÐa epèktash K⧸ k, to sÔnolo H^f (K) orÐzetai wc exăc H_f (K) = { (y_0, y_1, · · · , y_n) ∈ P_n(K) | f(y_0, y_1, · · · , y_n) = 0 } . ParathroÔme ìti to ep’ Ĺpeiro uperepÐpedo y_0 = 0 perièqetai sto H_f an kai mìno an f(0, y_1, · · · , y_n) = 0 gia kĹje y_i ∈ K, dhladă an kai mìno an y_0|f, to opoÐo sumbĹinei akribÿc tìte ìtan deg g < deg f ìpou g to sunetairikì tou f, dhladă g(x_1, x_2, · · · , x_n) = f(1, x_1, x_2, · · · , x_n).

San afinikì kommĹti thc kampÔlhc orÐzoume

H^{aff}_g (K) = { (x_1, x_2, · · · , x_n) ∈ K^n | g(x_1, x_2, · · · , x_n) = 0 } . Profanÿc isqÔei H^{aff}_g (K) = H_f (K) ∩ K^n.

’Estw f(X) ∈ K[X]. O K[X] eÐnai, wc gnwstì, eukleÐdioc daktÔlioc. Upojètoume ìti deg f(X) > 0. Oi parakĹtw sqèseic eÐnai profaneÐc.

(i) To f(X) diairoÔmeno me X − a dÐnei upìloipo f(a).

(ii) O a ∈ k eÐnai rÐza tou polunÔmou f(X) akribÿc tìte ìtan X − a | | k[X] f(X). (iii) An deg f(X) = n, tìte to f(X) èqei to polÔ n rÐzec mèsa sto k.

Prìtash 17. ’Estw f(x_1, x_2, · · · , x_n) ∈ k[x_1, x_2, · · · , x_n].

Upojètoume ìti f(a_1, a_2, · · · , a_n) = 0 gia ìla ta stoiqeÐa a_1, a_2, · · · , a_n enìc apeÐrou uposunìlou T tou k. Tìte f(x_1, x_2, · · · , x_n) = 0.

Apìdeixh: H (iii) isodunameÐ me thn alăjeia thc prìtashc 17, gia n = 1. ’Estw ìti isqÔei gia poluÿnuma me n − 1 metablhtèc. GrĹfoume

f(x_1, x_2, · · · , x_n) = f_0 + f_1x_n + · · · + f_mx^m_n , m ≥ 0

ìpou f_i ∈ k[x_1, x_2, · · · , x_{n−1}]. An f ≠ 0 mporoÔme na upojèsoume ìti f_m ≠ 0. Apì thn upìjesh thc majhmatikăc epagwgăc èpetai ìti upĹrqoun stoiqeÐa a_1, a_2, · · · , a_{n−1} tou T tètoia ÿste f_m(a_1, a_2, · · · , a_{n−1}) ≠ 0. SÔmfwna me thn (iii) ìmwc tìte ja èqoume n to polÔ dunatìthtec gia to a_n ètsi ÿste f(a_1, a_2, · · · , a_n) = 0, Ĺtopo diìti T Ĺpeiro. ’Ara f = 0. ⊓⊔ EÔkola parathroÔme ìti an f(x_0, x_1, · · · , x_n), g(x_0, x_1, · · · , x_n) ∈ k[x_0, x_1, · · · , x_n] kai f | g tìte H_f (K) ⊂ H_g(K) gia ìlec tic epektĹseic K tou k.

Jeÿrhma 18. ’Estw H_f kai H_f ′ dÔo uperepifĹneiec orismènec upèr to k ston P_n kai èstw ìti to f eÐnai anĹgwgo upèr to k. An H_f (L) ⊂ H_f ′ (L) gia kĹpoia algebrikĹ kleistă epèktash L tou k tìte to f | f^′ kai sunepÿc H_f (K) ⊂ H_f ′ (K) gia ìlec tic epektĹseic K tou k.

Apìdeixh: ’Amesh sunèpeia thc upìjeshc H_f (L) ⊆ H_f ′ (L) eÐnai ìti kai H^{aff}_f (L) := H_f (L)∩ L^n ⊆ H_f ′ (L)∩L^n = H^{aff}_f ′ (L) ìpou g(x_1x_2, · · · , x_n) = f(1, x_1, x_2, x_n) kai g^′(x_1x_2, · · · , x_n) = f^′(1, x_1, x_2, x_n) eÐnai ta afinikĹ poluÿnuma ta sunetairikĹ twn f kai f^′ antÐstoiqa. AnaptÔssoume to g(x_1, x_2, · · · , x_n) wc proc tic dunĹmeic tou x_n,

g(x_1, x_2, . . . , x_{n−1}, x_n) = α_0(x_1, x_2, . . . , x_{n−1}) + . . . + α_d(x_1, x_2, . . . , x_{n−1})x^d_n,

ìpou d > 0 kai a_i(x_1, x_2, . . . , x_{n−1}) ∈ k[x_1, x_2, . . . , x_{n−1}].

An to f^′ = 0 tìte f | f^′. Sthn sunèqeia jewroÔme thn perÐptwsh ìpou g^′ ∈ k[x_1, x_2, . . . , x_{n−1}] kai èstw ìti g^′ ≠ 0. Dedomènou ìti to sÿma L eÐnai Ĺpeiro sÔnolo, upĹrqei toulĹqisto èna shmeÐo (x_1, x_2, . . . , x_{n−1}) tètoio ÿste g^′(x)α_d(x) ≠ 0, x := (x_1, x_2, . . . , x_{n−1}). Epeidă to L eÐnai algebrikĹ kleistì, h poluwnumikă exÐswsh g(x_1, x_2, . . . , x_{n−1}, t) = 0 èqei mÐa lÔsh t = x_n sto L kai sunepÿc to shmeÐo (x_1, x_2, . . . , x_{n−1}) ∈ H^{aff}_g (L) − H^{aff}_g′ (L), Ĺtopo, diìti H^{aff}_g (L) ⊆ H^{aff}_g′ (L). Epomènwc an g^′ ∈ k[x_1, . . . , x_{n−1}], tìte kat’ anĹgkh g^′ = 0.

’Estw tÿra g(x_1, x_2, . . . , x_n) = b_0 + b_1x_n + · · · + b_lx^l_n

ìpou l > 0 kai b_i ∈ k[x_1, x_2, . . . , x_{n−1}].

Apì thn Prìtash 13, èqoume ìti h apaleÐfousa R(x_1, x_2, . . . , x_{n−1}) twn g(x) kai g^′(x) wc proc thn metablhtă x_n èqei thn morfă R(x_1, x_2, . . . , x_{n−1}) = Ag + Bg^′, A, B ∈ k[x_1, x_2, . . . , x_{n−1}, x_n] Epomènwc an g(x_1, x_2, . . . , x_n) = 0, tìte lìgw thc upìjeshc kai g^′(x_1, x_2, . . . , x_n) = 0 kai epomènwc R(x_1, x_2, . . . , x_{n−1}) = 0, (x_1, x_2, . . . , x_n) ∈ L^n. Dhladă H^{aff}_g (L) ⊂ H^{aff}_{R(g,g′)}. ’Omwc epeidă R(g, g^′) ∈ k[x_1, x_2, . . . , x_{n−1}] èpetai ìti R(g, g^′) = 0. H apìdeixh eÐnai entelÿc anĹlogh me thn apìdeixh gia to g pou kĹname piì pĹnw.

To Jeÿrhma 18 dÐnei tÿra ìti g kai g^′ èqoun koină sunistÿsa kai, epeidă g anĹgwgo, ja prèpei g | k[X]g ′ opìte kai f | k[X]f ′. ⊓⊔

Pìrisma 19. ’Estw f kai f^′ dÔo omogenă anĹgwga poluÿnuma tou k[x_1, x_2, . . . , x_n], deg f > 0 kai deg g > 0.

An gia kĹpoio algebrikĹ kleistì sÿma L, k ⊂ L isqÔei H_f (L) = H_f ′ (L) tìte f^′ = cf ìpou c ∈ k \ {0} kai H_f (K) = H_g(K) gia kĹje epèktash K tou k.

Paratărhsh 20. H upìjesh ìti to L eÐnai algebrikĹ kleistì eÐnai ousiÿdhc. An p.q. pĹroume K = Q kai L = R tìte gia ta poluÿnuma

f(W, X, Y ) = W^2 + X^2 + Y^2, f^′(W, X, Y ) = W^2 + 2X^2 + Y^2

èqoume H_f (R) = H_g(R) = ϕ allĹ den eÐnai to g pollaplĹsio tou f epÐ stajerĹ.

Pìrisma 21. ’Estw f = f^{a(1)}_1 f^{a(2)}_2 · · · f^{a(r)}_r kai f^′ = f^′_1^{b(1)}f^′_2^{b(2)} · · · f^′_r^{b(r)} oi analÔseic twn f kai f^′ se ginìmeno prÿtwn paragìntwn, ston daktÔlio k[x_0, x_1, . . . , x_n]. An H_f (L) = H_f ′ (L) gia kĹpoio algebrikĹ kleistì sÿma L, L ⊃ k tìte r = s kai g_i = c_if_i ìpou c_i ∈ k \ {0}. Orismìc 22. O ekjèthc a(i) tou f_i sthn anĹlush tou f lègetai bajmìc pollaplìthtac me ton opoÐo h sunistÿsa H_{fi} emfanÐzetai sthn uperepifĹneia H_f .

4. ShmeÐa tomăc algebrikÿn kampulÿn kai o bajmìc pollaplìthtĹc touc

Sthn parĹgrafo aută upojètoume ìti to sÿma k èqei qarakthristikă mhdèn. Epomènwc to k èqei Ĺpeiro plăjoc stoiqeÐwn. An sthn kampÔlh C_f pou orÐzetai apì to f(W, X, Y ) ∈ k[W, X, Y ] upojèsoume ìti W ∤ f(W, X, Y ) (dhladă ìti h C_f den perièqei san sunistÿsa thn ep’ Ĺpeiro eujeÐa) tìte mporoÔme na jewrăsoume to g(X, Y ) = f(1, X, Y ) kai na parathrăsoume amèswc ìti oi lÔseic thc g(X, Y ) = 0 se kĹpoia epèktash K tou k eÐnai to sÔnolo twn fifipeperasmènwnflfl shmeÐwn thc kampÔlhc C_f (K).

H eleujerÐa eklogăc thc ep’ Ĺpeiro eujeÐac sto afinikì epÐpedo ja eÐnai qrăsimh sta epìmena. AfoÔ to K apeirosÔnolo, upĹrqoun Ĺpeirec eujeÐec ston probolikì qÿro P_2(K), Ĺra upĹrqei toulĹqisto mÐa pou den eÐnai sunistÿsa tou C_f (K). Autăn dialègoume wc ep’ Ĺpeiro eujeÐa.

’Estw P_1 = [w_1, x_1, y_1] kai P_2 = [w_2, x_2, y_2] shmeÐa tou P_2(K). H eujeÐa pou orÐzoun eÐnai h L : λP_1 + μP_2 ìpou λ, μ ∈ K ìqi sugqrìnwc mhdèn. Oi suntetagmènec kĹje shmeÐou tomăc twn L kai C_f (K) ja epalhjeÔoun thn exÐswsh f(λw_1+μw_2, λx_1+μx_2, λy_1+μy_2) = 0. XeqwrÐzoume dÔo periptÿseic:

(i) ’Estw ìti f(λw_1 + μw_2, λx_1 + μx_2, λy_1 + μy_2) = 0 gia ìla ta λ, μ ∈ K. Dialègoume katĹllhlo sÔsthma suntetagmènwn, ètsi ÿste h eujeÐa L na eÐnai h ep’ Ĺpeiro eujeÐa

W = 0. Tìte èqoume f(0, x, y) = 0, ∀x, y ∈ K. H prìtash 17, sel. 29, dÐnei ìti f(0, X, Y ) = 0. Sunepÿc o W eÐnai koinìc parĹgontac twn ìrwn tou f(W, X, Y ) dhladă h eujeÐa L (W = 0) eÐnai sunistÿsa thc C_f (K).

(ii) ’Estw tÿra ìti to f(λP_1 + μP_2) den eÐnai to ek tautìthtac mhdenikì poluÿnumo wc proc λ kai μ. Tìte to f(λP_1 + μP_2) eÐnai omogenèc poluÿnumo bajmoÔ d wc proc λ kai μ. An K eÐnai algebrikĹ kleistì tìte apì thn prìtash 11, sel. 22, sunepĹgetai ìti h exÐswsh f(λP_1 + μP_2) = 0 epalhjeÔetai apì akribÿc d lìgouc λ μ ìpou mÐa rÐza pollaplìthtac r metriètai r−forèc. KĹje lìgoc orÐzei akribÿc èna shmeÐo thc tomăc L ∩ C_f (K). ’Wste:

Prìtash 23. An K algebrikĹ kleistì sÿma tìte mÐa eujeÐa L ă eÐnai sunistÿsa thc C_f (K) ă èqei akribÿc d shmeÐa tomăc (deg f = d).

Prìtash 24. An h kampÔlh C_f upèr to algebrikĹ kleistì sÿma K perièqei mìno aplèc sunistÿsec tìte apì opoiodăpote shmeÐo P ∈ P_2(K) P ∉ C_f (K), pernĹei mÐa eujeÐa pou tèmnei thn C_f (K) se d diakekrimèna shmeÐa.

Apìdeixh: Dialègoume katĹllhla to sÔsthma suntetagmènwn ètsi ÿste to shmeÐo P na eÐnai to [0, 0, 1] kai èstw g(X, Y ) = 0 h antÐstoiqh afinikă exÐswsh thc f. Oi parametrikèc exisÿseic miĹc eujeÐac L_a dierqomènhc apì to P eÐnai x = a, a ∈ K, y = t. ’Otan to t diatrèqei ìla ta stoiqeÐa tou K tìte ta zeugĹria (x, y) diatrèqoun ìla ta peperasmèna shmeÐa thc L_a ektìc tou ep’ Ĺpeiron shmeÐou P . H exaÐresh ìmwc aută den mac dhmiourgeÐ prìblhma diìti endiaferìmaste gia ta shmeÐa tomăc thc eujeÐac L_a me thn kampÔlh C_f (K) kai P ∉ C_f (K) ex upojèsewc.

Ta shmeÐa tomăc twn L_a kai C_f (K) dÐnontai apì tic rÐzec tou poluwnÔmou g(a, t) = 0. To shmeÐo P = [0, 0, 1] den anăkei sthn kampÔlh C_f (K). Autì shmaÐnei ìti f(0, 0, t) ≠ 0, dhladă ìti upĹrqei monÿnumo pou perièqei mìno to Y bajmoÔ d kai sunepÿc deg_t g(a, t) = d. ’Estw ìti gia ìla ta a h g(a, t) = 0 èqei pollaplă rÐza wc proc t. ’Estw D(X) h diakrÐnousa tou poluwnÔmou g(X, Y ) wc proc Y . Tìte h D(a) eÐnai h diakrÐnousa tou g(a, t) wc proc t. Lìgw thc upìjeshc thc Ôparxhc pollaplăc rÐzac èqoume: D(a) = 0, ∀a ∈ K. To D(X) ìmwc eÐnai poluÿnumo wc proc X kai èqei Ĺpeirec rÐzec. Sunepÿc to D(X) eÐnai ek tautìthtoc 0. Epomènwc to g(X, Y ) èqei pollaplă rÐza, dhladă h C_f (K) èqei pollaplă sunistÿsa, Ĺtopo.

’Ara ìla ta shmeÐa tomăc eÐnai diaforetikĹ kai afoÔ K algebrikĹ kleistì, autĹ eÐnai se plăjoc akribÿc d. ⊓⊔

Orismìc 25. ’Estw C_f algebrikă kampÔlh upèr to sÿma k h opoÐa perièqei mìno aplèc sunistÿsec. Ja kaloÔme tĹxh thc C_f (wc proc to k) to mègisto arijmì tomÿn thc C_f me mÐa opoiadăpote eujeÐa L.

ExetĹzoume tÿra to prìblhma twn shmeÐwn tomăc eujeÐac kai algebrikăc kampÔlhc C_f (K) ìtan oi eujeÐec pernoÔn apì dosmèno shmeÐo thc kampÔlhc P ∈ C_f (K). Dialègoume pĹli katĹllhlo sÔsthma suntetagmènwn èsti ÿste oi afinikèc suntetagmènec tou P na eÐnai (a, b), opìte amèswc prokÔptei ìti gia to sunetairikì tou f afinikì poluÿnumo g(X, Y ) isqÔei g(a, b) = 0.

Oi parametrikèc exisÿseic twn eujeiÿn L pou pernoÔn apì to shmeÐo P = (a, b) grĹfontai x = a + λt y = b + μt kai orÐzontai plărwc apì ton lìgo λ μ . Ta shmeÐa tomăc dÐnontai apì thn sqèsh g(a + λt, b + μt) = 0. AnaptÔssoume to aristerì mèloc se seirĹ tou Taylor wc proc t. ’Eqoume ( g_xλ + g_yμ ) t + 1 2 ( g_{xx}λ^2 + 2g_{xy}λμ + g_{yy}μ^2 ) t^2 + · · · = 0

ìpou g_x, g_y shmaÐnei thn prÿth parĹgwgo wc proc X, Y sto shmeÐo P k.o.k. Prÿth perÐptwsh: Upojètoume ìti ta g_x kai g_y den eÐnai sugqrìnwc mhdèn. Autì shmaÐnei ìti t = 0 eÐnai aplă. Sunepÿc kĹje eujeÐa pou pernĹei apì to P èqei aplă tomă me thn C_f sto P . Monadikă exaÐresh apoteleÐ h eujeÐa pou èqei tètoiec timèc sta λ kai μ ètsi ÿste g_xλ + g_yμ = 0.

Orismìc 26. H eujeÐa aută ja lègetai efaptomènh thc C_f sto P .

DeÔterh perÐptwsh: Upojètoume ìti g_x = g_y = 0 allĹ ìqi ìlec oi g_{xx}, g_{xy}, g_{yy} Ðsec me mhdèn.

Tìte kĹje eujeÐa pou pernĹei apì to P èqei shmeÐo tomăc to P me bajmì pollaplìthtac toulĹqisto 2 kai to polÔ 2 eujeÐec pou antistoiqoÔn stic rÐzec thc g_{xx}λ^2 + 2g_{xy}λμ + g_{yy}μ^2 = 0 èqoun bajmì pollaplìthtac megalÔtero tou 2. Oi dÔo autèc exairèseic lègontai efaptìmenec thc C_f sto P (an h parapĹnw exÐswsh èqei diplă rÐza tìte lème ìti sumpÐptoun). r-ostă perÐptwsh: Upojètoume ìti ìlec oi parĹgwgoi thc g, meqri kai (r − 1)-tĹxewc sumperilambanomènhc, mhdenÐzontai sto P , allĹ toulĹqisto mÐa parĹgwgoc r-tĹxewc den mhdenÐzetai sto P . Tìte kĹje eujeÐa pernĹei apì to P èqei shmeÐo tomăc me thn kampÔlh to P me bajmì pollaplìthtac toulĹqiston r kai upĹrqoun akribÿc r eujeÐec pou èqoun pio pollĹ apì r shmeÐa tomăc. Oi exairèsimec autèc eujeÐec lègontai efaptìmenec thc C_f sto P , antistoiqoÔn stic rÐzec tou poluwnÔmou

g_xr λ^r + ( r 1 ) g_xr−1_yλ^{r−1}μ + · · · + (r r ) g_yr μ^r = 0

kai metrioÔntai me pollaplìthta Ðsh proc thn pollaplìthta thc antÐstoiqhc rÐzac thc parapĹnw exÐswshc.

Orismìc 27. Sthn perÐptwsh r ja lème ìti to P eÐnai èna shmeÐo thc kampÔlhc C_f bajmoÔ pollaplìthtac r.

ShmeÐwsh 28. AfoÔ to g(X, Y ) den eÐnai ek tautìthtac mhdèn èpetai ìti h r-ostă perÐptwsh ja sumbaÐnei gia kĹpoio 1 ≤ r ≤ d.

• ’Ena shmeÐo bajmoÔ pollaplìthtac 1, ja lègetai aplì.

• ’Ena shmeÐo bajmoÔ pollaplìthtac 2, ja lègetai diplì, k.o.k.

Orismìc 29. KĹje shmeÐo thc C_f bajmoÔ pollaplìthtac megalÔterou tou 1, ja lègetai idiĹzon.

Profanÿc P = (a, b) idiĹzon shmeÐo, akribÿc tìte ìtan g(a, b) = g_x(a, b) = g_y(a, b) = 0.

Orismìc 30. H C_f ja lègetai mh-idiĹzousa ìtan kĹje shmeÐo thc eÐnai mh-idiĹzon.

Prìtash 31. ’Estw ìti to g(X, Y ) den èqei ìrouc bajmoÔ mikrìterou tou r kai èqei merikoÔc bajmoÔ r. Tìte h arqă twn suntetagmènwn eÐnai èna shmeÐo bajmoÔ pollaplìthtac r thc kampÔlhc g(X, Y ) = 0 kai h kampÔlh pou orÐzetai apì thn exÐswsh g_r(X, Y ) = 0 ìpou g_r(X, Y ) oi ìroi thc g bajmoÔ r èqei san sunistÿsec tic efaptomènec thc g sthn arqă twn suntetagmènwn.

Se probolikèc suntetagmènec isqÔei h Prìtash 32. ’Ena shmeÐo P eÐnai bajmoÔ pollaplìthtac r thc f(W, X, Y ) = 0 akribÿc tìte ìtan ìlec oi parĹgwgoi tĹxewc (r−1) tou f mhdenÐzontai sto P allĹ autì den sumbaÐnei gia ìlec tic paragÿgouc tĹxewc r.

Apìdeixh: AllĹzontac, an qreiasteÐ, to sÔsthma suntetagmènwn, upojètoume ìti P = [w, x, y] me w ≠ 0, dhladă to P den anăkei sthn ep’ Ĺpeiro eujeÐa W = 0. An W | f(W, X, Y ) tìte h f den èqei antÐstoiqh afinikă exÐswsh, allĹ g(x, y) = f(1, x, y) = 0 eÐnai h afinikă exÐswsh miĹc kampÔlhc pou diafèrei apì thn f mìno wc proc thn èlleiyh miĹc sunistÿsac, thc W = 0.

Ef’ ìson h sunistÿsa aută den èqei epÐdrash ston bajmì pollaplìthtac tou shmeÐou P , mporoÔme na jewrăsoume thn g(x, y) = 0 san afinikă exÐswsh thc f(w, x, y) = 0. Epomènwc g(a, b) = 0 tìte kai mìno tìte ìtan f(1, a, b) = 0.

Akìmh èqoume g_x(X, Y ) = f_x(1, X, Y ) kai g_y(X, Y ) = f_y(1, X, Y ).

Dhladă

g_x(a, b) = g_y(a, b) = 0 tìte kai mìno tìte ìtan f_x(1, a, b) = f_y(1, a, b).

AllĹ tìte o tÔpoc tou Euler, h apìdeixh tou opoÐou afănetai san Ĺskhsh ston anagnÿsth, wf_w + xf_x + yf_y = d · f mac dÐnei ìti f(1, a, b) = f_x(1, a, b) = f_y(1, a, b) = 0 akribÿc tìte ìtan f_w(1, a, b) = f_x(1, a, b) = f_y(1, a, b) = 0.

SuneqÐzontac ìmoia brÐskoume ìti g(a, b) = g_x(a, b) = g_y(a, b) = g_x2 (a, b) = · · · = g_yr (a, b) = 0 tìte kai mìno tìte, ìtan f_wr (1, a, b) = f_wr−1_x(1, a, b) = · · · = f_yr (1, a, b) = 0. Apì ton orismì tou bajmoÔ pollaplìthtac r enìc shmeÐou prokÔptei tÿra h prìtash. ⊓⊔ Paratărhsh 33. Profanÿc to shmeÐo P = [1, a, b] eÐnai idiĹzon shmeÐo thc kampÔlhc f(w, x, y) = 0 an kai mìno an f_w(P ) = f_x(P ) = f_y(P ) = 0.

Gia ta mh-idiĹzonta shmeÐa thc kampÔlhc, èqoume Prìtash 34. ’Estw C_f kai C_f ′ dÔo epÐpedec algebrikèc kampÔlec bajmoÔ m kai n antÐstoiqa, orismènec upèr to sÿma k. An gia kĹpoia epèktash K tou k to sÔnolo C_f (K) ∩ C_f ′ (K) èqei piì pollĹ apì mn shmeÐa tìte oi C_f kai C_g èqoun koină sunistÿsa. Apìdeixh: PaÐrnoume mn + 1 apì ta shmeÐa tomăc. KĹje zeugĹri apì ta shmeÐa autĹ orÐzei mÐa eujeÐa. To sÔnolo twn eujeÐwn pou mporoÔme na sqhmatÐsoume eÐnai peperasmènou plăjouc. ’Ara upĹrqei shmeÐo P pou na mhn anăkei se kammÐa apì tic eujeÐec oÔte stic kampÔlec C_f kai C_g. Dialègoume to sÔsthma suntetagmènwn katĹ tètoio trìpo ÿste oi suntetagmènec tou P na eÐnai [0, 0, 1]. GrĹfoume f(W, X, Y ) = A_0Y^m + A_1Y^{m−1} + · · · + A_m f^′(W, X, Y ) = B_0Y^n + B_1Y^{n−1} + · · · + B_n ìpou A_0B_0 ≠ 0, stajerèc kai A_i, B_i, gia i > 0 omogenă poluÿnuma bajmoÔ i wc proc W, X. Apì to jeÿrhma 12, sel. 22 èqoume ìti h apaleÐfousa twn f kai f^′ wc proc Y ,

R(f, f^′)(W, X) eÐnai poluÿnumo bajmoÔ mn wc proc W, X, ă to mhdenikì poluÿnumo. Gia dÔo stoiqeÐa w, x ∈ K isqÔei:

R(f, g)(w, x) = 0 akribÿc tìte ìtan ∃y ∈ K̃, tètoio ÿste f(w, x, y) = f^′(w, x, y) = 0

ìpou K̃ mÐa algebrikă jăkh tou K.

AfoÔ P = [0, 0, 1] ∉ C_f èpetai ìti A_0 ≠ 0 diìti an A_0 = 0 ja eÐqame f([0, 0, 1]) = 0, dhladă P ∈ C_f to opoÐo eÐnai Ĺtopo. OmoÐwc B_0 ≠ 0. ’Ara A_0B_0 ≠ 0. AfoÔ tÿra upĹrqoun mn + 1 shmeÐa (w_i, x_i, y_i) ∈ C_f (K) ∩ C_f ′ (K), i = 0, 1, 2, . . . , mn èpetai ìti to poluÿnumo ∏ 0≤i≤mn (x_iW − w_iX) to opoÐo eÐnai bajmoÔ mn + 1 diaireÐ to poluÿnumo R(f, f^′)(W, X) bajmoÔ mn. Epomènwc kat’ anĹgkh R(f, f^′)(w, x) = 0. Apì thn prìtash 10, sel. 21, paÐrnoume to zhtoÔmeno, ìti dhladă f kai f^′ èqoun koină sunistÿsa C_h ⊂ C_f ∩ C_f ′ . ⊓⊔

Prìtash 35. An K algebrikĹ kleistì sÿma, f kai f^′ ìpwc sthn prohgoÔmenh prìtash, P = [w, x, y] èna shmeÐo thc C_f (K) bajmoÔ pollaplìthtac r kai sugqrìnwc shmeÐo thc C_f ′ (K) bajmoÔ pollaplìthtac s, tìte h apaleÐfousa R(f, f^′)(w, x) den eÐnai mhdenikă, èqei to lìgo w x rÐza bajmoÔ pollaplìthtac toulĹqisto rs, upì thn proôpìjesh bèbaia ìti R(f, f^′)(w, x) ≠ 0.

Apìdeixh: ’Opwc kai sthn prìtash 34 to shmeÐo P_0 = [0, 0, 1] den anăkei oÔte sthn C_f (K) oÔte sthn C_f ′ (K). Epomènwc toulĹqisto mÐa apì tic sunistÿsec w, x eÐnai diĹforh tou mhdenìc. QwrÐc periorismì thc genikìthtac, upojètoume ìti w ≠ 0. KĹnoume allagă suntetagmènwn W^′ = W w , X^′ = X − x w W, Y^′ = Y. To P tÿra èqei suntetagmènec P = [1, 0, y] kai h apaleÐfousa wc proc Y^′ = Y thc metasqhmatisjeÐshc exÐswshc, R(wW^′, X^′ +xW^′) èqei san rÐza ton lìgo 1 : 0 ston Ðdio bajmì pollaplìthtac pou èqei h rÐza w : x tou R(W, X). Sunepÿc, qwrÐc periorismì thc genikìthtac, upojètoume kai pĹli ìti w = 1 kai x = 0.

Ja deÐxoume ìti mporoÔme na upojèsoume ìti y = 0. Proc toÔto jewroÔme thn apaleÐfousa twn

f(W, X, Y +λW ) kai f^′(W, X, Y +λW ) wc proc Y (λ ∈ K).

Aută eÐnai èna poluÿnumo

R(W, X, λ) = c_0 + c_1λ + · · · + c_N λ^N , N ≥ 0 ìpou c_i ∈ K[W, X].

H stajerĹ c_0 = R(f, f^′)(W, X) eÐnai diĹforh tou mhdenìc.

’Estw N > 0 kai c_N ≠ 0. UpĹrqoun profanÿc timèc w, x ∈ K tètoiec ÿste

c_0(w, x)c_N (w, x) ≠ 0.

Lìgw thc upìjeshc ìti to K eÐnai algebrikĹ kleistì sunepĹgetai h Ôparxh λ_0 ∈ K ÿste na isqÔei R(w, x, λ_0) = 0 opìte ta poluÿnuma f(w, x, Y +λ_0w) kai f^′(w, x, Y +λ_0w) èqoun koină rÐza èstw y ∈ K. Epomènwc ta f(w, x, Y ) kai g(w, x, Y ) èqoun mÐa koină rÐza y+λ_0w, kĹti to opoÐo ìmwc eÐnai adÔnato diìti R(w, x, 0) = c_0 ≠ 0. Epomènwc to R(W, X, λ) den perièqei to λ.

AllĹzoume suntetagmènec

W^′ = W, X^′ = X, Y^′ = Y − yW.

To P tÿra èqei thn morfă [1, 0, 0] kai h apaleÐfousa thc kainoÔrgiac exÐswshc eÐnai ìpwc kai thc paliĹc R(W^′, X^′) = R(W, X) (wc proc Y^′ kai Y antÐstoiqa). PernoÔme se afinikèc suntetagmènec.

AfoÔ, lìgw thc upìjeshc tou jewrămatoc, to shmeÐo P = (0, 0) eÐnai r-ostoÔ bajmoÔ pollaplìthtac shmeÐo thc C_f (K) kai s-ostoÔ bajmoÔ pollaplìthtac shmeÐo thc C_f ′ (K) mporoÔme na grĹyoume

f(X, Y ) = f_0X^r + f_1X^{r−1}Y + · · · + f_rY^r + f_{r+1}Y^{r+1} + · · ·

kai g(X, Y ) = g_0X^s + g_1X^{s−1}Y + · · · + g_sY^s + g_{s+1}Y^{s+1} + · · · ìpou f_i, g_i ∈ K.

R(X) = f_0X^r f_1X^{r−1} . . . f_r f_{r+1} . . . f_m f_0X^r . . . f_{r−1}X f_r . . . f_{m−1} f_m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . f_0X^r . . . . . . . . . . . . . . . . . . . . . f_m g_0X^s g_1X^{s−1} . . . g_s g_{s+1} . . . g_{n−1} g_n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . g_0X^s . . . . . . . . . . . . . . g_n s

r

PollaplasiĹzoume thn prÿth grammă me X^s, thn deÔterh me X^{s−1}, · · · kai thn s−stă me X. EpÐshc thn prÿth grammă thc g me X^r, thn deÔterh me X^{r−1}, . . . kai thn r−stă me X. Apì thn i-stălh bgaÐnei koinìc parĹgontac to X^{r+s+1−i} opìte h apaleÐfousa diaireÐtai me X sthn dÔnamh r+s∑ i=1 i − r∑ i=1 i = (r + s)(r + s + 1) 2 − r(r + 1) 2 − s(s + 1) 2 = rs. ⊓⊔ Prìtash 36. An dÔo algebrikèc kampÔlec C_f kai C_f ′ orismènec sto sÿma k bajmoÔ m kai n antÐstoiqa den èqoun koină sunistÿsa sthn epèktash K tou k kai ta shmeÐa tomăc touc èstw P_i (i = 1, 2, . . .) èqoun bajmì pollaplìthtac r_i kai s_i wc proc tic dÔo kampÔlec antÐstoiqa tìte ∑ i r_is_i ≤ mn.

Apìdeixh: ’Opwc kai sthn prìtash 34 (sel. 36) dialègoume ètsi to sÔsthma suntetagmènwn ÿste oi f kai f^′ na grĹfontai wc exăc:

f(W, X, Y ) = A_0Y^m + A_1Y^{m−1} + · · · + A_m, f^′(W, X, Y ) = B_0Y^n + B_1Y^{n−1} + · · · + B_n

ìpou A_0B_0 ≠ 0 kai A_i, B_i gia kĹje i > 0 eÐnai omogenă poluÿnuma bajmoÔ i wc proc W, X kai ètsi ÿste dÔo diaforetikĹ shmeÐa tomăc na mhn brÐskontai pĹnw se kĹpoia eujeÐa thc morfăc xW − wX = 0.

Tìte, sÔmfwna me thn prìtash 35, se kĹje shmeÐo (w, x, y) tomăc twn kampulÿn bajmoÔ pollaplìthtac r_i kai s_i antÐstoiqa, antistoiqeÐ mÐa rÐza w x thc apaleÐfousac R(W, X) bajmoÔ pollaplìthtac toulĹqisto r_is_i. AfoÔ, lìgw eklogăc tou sustămatoc suntetagmènwn, diaforetikĹ shmeÐa dÐnoun diaforetikì lìgo w x èpetai ìti oi rÐzec thc apaleÐfousac R(W, X) pou antistoiqoÔn se diaforetikĹ shmeÐa tomăc eÐnai metaxÔ touc diaforetikèc. ’Wste h R(W, X) èqei toulĹqisto ∑ i r_is_i rÐzec metrhmènec bèbaia me thn pollaplìthtĹ touc, opìte ∑ i r_is_i ≤ mn. ⊓⊔ Paratărhsh 37. H teleutaÐa prìtash eÐnai qrăsimh sthn diapÐstwsh ìti merikèc kampÔlec me {arketĹ} sto plăjoc idiĹzonta shmeÐa, den mporoÔn na eÐnai anĹgwgec p.q. mÐa kubikă kampÔlh me dÔo diplĹ shmeÐa ja prèpei na èqei san sunistÿsa thn eujeÐa pou ta sundèei, diìti alliÿc ta shmeÐa tomăc thc kubikăc kampÔlhc kai thc eujeÐac ja èdinan ∑ i r_is_i = 4 > 3 · 1.

’Wste, mÐa anĹgwgh kubikă kampÔlh perièqei to polÔ èna idiĹzon shmeÐo. MÐa anĹgwgh kwnikă tomă den èqei kanèna.

Prìtash 38. An C_f kai C_f ′ eÐnai dÔo algebrikèc kampÔlec uperĹnw tou sÿmatoc k kai oi dÔo bajmoÔ n, upojètoume ìti gia kĹpoio K ⊃ k isqÔei

#(C_f (K) ∩ C_f ′ (K)) = n^2

kai ìti akribÿc mn shmeÐa tomăc anăkoun se mÐa anĹgwgh kampÔlh bajmoÔ m. Tìte ta upìloipa n(n − m) shmeÐa tomăc brÐskontai pĹnw se kampÔlh bajmoÔ n − m.

Apìdeixh: ’Estw C_h h anĹgwgh kampÔlh bajmoÔ m pou perièqei akribÿc ta m·n shmeÐa tomăc twn C_f kai C_f ′ . BrÐskoume dÔo stajerèc λ_1 kai λ_2 ∈ C èsti ÿste λ_1f + λ_2f^′ na pernĹei apì tuqìn dosmèno shmeÐo P = [w, x, y]. Sth sunèqeia dialègoume to shmeÐo P na brÐsketai pĹnw sthn C_h(K).

’Ara h C_h kai h λ_1f + λ_2f^′ èqoun toulĹqisto mn + 1 shmeÐa koinĹ. Sunepÿc, apì thn prìtash 34, èpetai ìti èqoun koină sunistÿsa. Aută ìmwc eÐnai h C_h, diìti C_h anĹgwgh. ’Ara C_{λ1f+λ2f} ′ = C_h · C_H ìpou h C_H eÐnai bajmoÔ n − m.

H λ_1f + λ_2f^′ ìmwc pernĹei apì n^2 shmeÐa tomăc twn C_f kai C_f ′ . ’Ara, afoÔ h C_h pernĹei apì mn shmeÐa h C_H ja pernĹei apì ta upìloipa (n − m)n. ⊓⊔

Prìtash 39. An C_0 kai C_1 eÐnai dÔo kwnikèc tomèc me akribÿc 4 (P_1, P_2, P_3, P_4) diakekrimèna shmeÐa metaxÔ touc orismènec uperĹnw tou apeÐrou sÿmatoc K. KĹje Ĺllh kwnikă tomă pou pernĹei apì ta shmeÐa P_1, P_2, P_3, P_4 eÐnai thc morfăc

b_0C_0 + b_1C_1, ìpou b_0, b_1 ∈ K.

Apìdeixh: Profanÿc den upĹrqei triĹda apì ta parapĹnw shmeÐa P_1, P_2, P_3, P_4 pou na keÐntai ep’ eujeÐac, diìti alliÿc, sÔmfwna me thn prìtash 34, selÐda 36, oi C_0 kai C_1 ja eÐqan mÐa eujeÐa san koină sunistÿsa.

AfoÔ to K Ĺpeiro, upĹrqei èna pèmpto shmeÐo thc C èstw P diaforetikì apì ta P_i (sthn perÐptwsh pou h C eÐnai ginìmeno dÔo eujeiÿn, san P paÐrnoume to shmeÐo tomăc touc). Dialègoume tÿra ta b_0 kai b_1 ètsi ÿste h kwnikă tomă b_0C_0 + b_1C_1 na pernĹei apì to P . ’Wste oi C kai b_0C_0 + b_1C_1 èqoun 5 diakekrimèna shmeÐa koinĹ. ’Ara èqoun koină sunistÿsa. An h C eÐnai anĹgwgh tìte profanÿc, ìpwc kai sthn prìtash 36, isqÔei C = b_0C_0 + b_1C_1. An h C den eÐnai anĹgwgh tìte èqoume:

C = L_0 ∪ L_1 kai b_0C_0 + b_1C_1 = L_0 ∪ L_2.

H L_0 perièqei to polÔ dÔo shmeÐa tomăc. Apì ta upìloipa trÐa thc L_1 to polÔ èna mporeÐ na anăkei sthn L_0, diìti alliÿc h C ja ătan eujeÐa. ’Ara L_1 kai L_2 èqoun toulĹqisto dÔo koinĹ shmeÐa. Epomènwc oi L_1 kai L_2 tautÐzontai kai sunepÿc kai s’ aută thn perÐptwsh C = b_0C_0 + b_1C_1. ⊓⊔ To epìmeno jeÿrhma eÐnai basikì gia thn apìdeixh thc prosetairistikìthtac sth domă omĹdoc thc prìsjeshc twn rhtÿn shmeÐwn elleiptikăc kampÔlhc.

Jeÿrhma 40. ’Estw Γ_0 kai Γ_1 dÔo kubikèc kampÔlec, oi opoÐec tèmnontai se akribÿc 9 shmeÐa tou P_2(K), ìpou K Ĺpeiro sÿma. An mÐa epÐpedh kubikă kampÔlh Γ pernĹei apì oktÿ apì ta shmeÐa tomăc twn dÔo kampulÿn Γ_0 kai Γ_1, tìte pernĹei kai apì to ènato kai èqei thn morfă Γ = b_0Γ_0 + b_1Γ_1, b_0, b_1 ∈ K.

Apìdeixh: Ac upojèsoume ìti P_1, P_2, . . . , P_9 eÐnai ta shmeÐa tomăc twn duo kampulÿn Γ_0 kai Γ_1 kai ìti h kampÔlh Γ pernĹei apì ta shmeÐa P_1, P_2, . . . , P_8. Ja apodeÐxoume ìti kat’ anĹgkh ja pernĹei kai apì to P_9. Den upĹrqei tetrĹda twn shmeÐwn tomăc pou na brÐsketai pĹnw se mÐa eujeÐa, oÔte eptĹda shmeÐwn pou na brÐsketai pĹnw se mÐa kwnikă tomă. Autì isqÔei diìti, sÔmfwna me thn prìtash 34, h eujeÐa ă h kwnikă tomă ja ătan sunistÿsa twn kampulÿn Γ_0 kai Γ_1 kĹti to opoÐo den isqÔei, diìti èqoume upojèsei ìti oi Γ_0 kai Γ_1 èqoun akribÿc ennèa shmeÐa tomăc.

An tÿra h Γ = b_0Γ_0 + b_1Γ_1, b_0, b_1 ∈ K, tìte teleiÿsame, diìti h Γ ja pernĹei kai apì to ènato koinì shmeÐo tomăc P_9 afoÔ Γ_0 kai Γ_1 kĹnoun to Ðdio.

’Estw ìti oi Γ, Γ_0 kai Γ_1 eÐnai grammikĹ anexĹrthtec. MporoÔme na dialèxoume pĹntote suntelestèc b, b_0 kai b_1 ÿste h kampÔlh

bΓ + b_0Γ_0 + b_1Γ_1

na pernĹei apì dÔo opoiadăpote dosmèna shmeÐa.

Ja apodeÐxoume ìti autì odhgeÐ se Ĺtopo. DiakrÐnoume diĹforec periptÿseic:

(aþ) ’Opwc kĹname kai sthn prìtash 38, blèpoume amèswc ìti pènte shmeÐa, edÿ ta P_4, P_5, P_6, P_7 kai P_8, orÐzoun monadikă kwnikă tomă pou pernĹei ap’ autĹ. Ac onomĹsoume aută thn kwnikă tomă C. EpÐshc P_1, P_2, P_3, anăkoun se eujeÐa L. PaÐrnoume dÔo shmeÐa A ∈ L, B ∉ C ∪ L kai dialègoume ta b, b_0, b_1 ètsi ÿste h kampÔlh bΓ + b_0Γ_0 + b_1Γ_1 na pernĹei apì ta shmeÐa A kai B. H kampÔlh bΓ + b_0Γ_0 + b_1Γ_1 pernĹei epiplèon kai apì ta shmeÐa P_1, . . . , P_8. Epomènwc èqei me thn eujeÐa L tèssera koinĹ shmeÐa, ta P_1, P_2, P_3, A. ’Ara h eujeÐa L eÐnai sunistÿsa thc bΓ + b_0Γ_0 + b_1Γ_1. H Ĺllh sunistÿsa ja eÐnai (prìtash 38, sel. 40) mÐa kwnikă tomă h opoÐa ja èqei 5 koinĹ shmeÐa (P_4, . . . , P_8) me thn C kai sunepÿc ja sumpÐptei me thn C. Autì ìmwc eÐnai Ĺtopo diìti to shmeÐo B den anăkei sthn C.

(bþ) Upojètoume ìti èxi shmeÐa, p.q., ta P_1, . . . , P_6, brÐskontai se kwnikă tomă C kai onomĹzoume L thn eujeÐa pou orÐzoun ta P_7 kai P_8. ’Estw A kĹpoio shmeÐo thc C diĹforo twn P_i, i = 1, . . . , 6 kai B ∉ C ∪ L. Dialègoume pĹli ta b, b_0, b_1 ètsi ÿste h kubikă kampÔlh bΓ + b_0Γ_0 + b_1Γ_1 na pernĹei apì ta A kai B. H kwnikă tomă C kai h kubikă kampÔlh bΓ + b_0Γ_0 + b_1Γ_1 èqoun tÿra eptĹ koinĹ shmeÐa, ta P_1, P_2, P_3, P_4, P_5, P_6 kai A, Ĺra èqoun koină sunistÿsa. Aută eÐnai h Ðdia h C, an h C eÐnai anĹgwgh.

Epomènwc, bΓ + b_0Γ_0 + b_1Γ_1 = C ∪ L^′ ìpou L^′ eujeÐa. AllĹ oi eujeÐec L kai L^′ tautÐzontai diìti èqoun dÔo koinĹ shmeÐa, ta P_7 kai P_8.

Autì ìmwc eÐnai pĹli Ĺtopo, diìti B ∉ C ∪ L, enÿ B ∈ bΓ + b_0Γ_0 + b_1Γ_1. An h C den eÐnai anĹgwgh ja eÐnai ènwsh dÔo eujeiÿn, C = L_1 ∪ L_2. S’ aută thn perÐptwsh mÐa toulĹqisto apì tic dÔo eujeÐec ja eÐqe tèssera koinĹ shmeÐa me thn bΓ + b_0Γ_0 + b_1Γ_1, Ĺtopo.

(gþ) Upojètoume tÿra ìti den upĹrqei triĹda shmeÐwn apì ta P_1, . . . , P_8 ta opoÐa na anăkoun se eujeÐa, oÔte exĹda shmeÐwn ta opoÐa na anăkoun se kĹpoia kwnikă tomă. OnomĹzoume L thn eujeÐa pou orÐzoun ta P_1, P_2 kai C thn kwnikă tomă pou orÐzoun ta P_3, . . . , P_7. Sthn sunèqeia epilègoume dÔo shmeÐa A kai B diaforetikĹ twn P_i, (i = 1, . . . , 8) ta opoÐa anăkoun sthn eujeÐa L allĹ ìqi sthn kwnikă tomă C. Dialègoume ta b, b_0, b_1 ÿste h kubikă kampÔlh bΓ + b_0Γ_0 + b_1Γ_1 na pernĹei apì ta A kai B. ’Opwc kai parapĹnw, h kampÔlh bΓ + b_0Γ_0 + b_1Γ_1 èqei san sunistÿsa thn eujeÐa L (tèssera koinĹ shmeÐa) kai thn kwnikă tomă C diìti bΓ + b_0Γ_0 + b_1Γ_1 = L ∪ C^′ ìpou C^′ ∩ C = {P_3, . . . , P_7} dhladă C^′ = C. To Ĺtopo kai aută th forĹ eÐnai ìti to P_8 anăkei sthn bΓ + b_0Γ_0 + b_1Γ_1 enÿ den anăkei sthn L (alliÿc ja eÐqame trÐa koinĹ shmeÐa me thn L) oÔte anăkei sthn C (diìti ja eÐqame kai pĹli èxi shmeÐa tomăc pĹnw sthn kwnikă tomă C.

5. ShmeÐa kampăc (inflections ă flexes)

Orismìc 41. ’Ena shmeÐo P = [w, x, y] miĹc algebrikăc kampÔlhc C_f ja lègetai shmeÐo kampăc thc C_f akribÿc tìte ìtan

(i) to P eÐnai mh-idiĹzon, kai (ii) o bajmìc pollaplìthtac thc efaptomènhc sto P eÐnai megalÔteroc ă Ðsoc tou 3.

ShmeÐwsh 42. Apì ton orismì èpetai ìti an mÐa kampÔlh èqei san sunistÿsa kĹpoia eujeÐa tìte kĹje mh-idiĹzon shmeÐo thc eÐnai shmeÐo kampăc.

Aută h perÐptwsh den mac endiafèrei, ètsi sta epìmena ja jewroÔme mìno kampÔlec pou den èqoun eujeÐa san sunistÿsa (dèc prìtash 31, selÐda 35).

Lìgw thc prìtashc 31, sel. 35, gia na eÐnai h arqă twn suntetagmènwn [1, 0, 0] èna shmeÐo kampăc me efaptomènh thn eujeÐa bX − aY = 0 ja prèpei to poluÿnumo f(1, X, Y ) na èqei thn exăc morfă:

f(1, X, Y ) = (bX − aY ) + g_2(X, Y ) + · · · + g_d(X, Y ), (2.2)

ìpou to g_i(X, Y ) eÐnai omogenèc poluÿnumo bajmoÔ i gia i = 2, 3, . . . , d kai

g_2(at, bt) = t^2g_2(a, b) = 0.

’Estw tÿra mÐa kwnikă tomă C upèr to sÿma k.

Upojètoume ìti èqei èna idiĹzon shmeÐo. MÐa eujeÐa L pou pernĹei apì to shmeÐo autì tèmnei (mèsa sthn algebrikă jăkh tou k, k̃) thn kwnikă tomă kai se èna Ĺllo shmeÐo. AfoÔ 1 · 2 + 1 · 1 = 3 > 2 h prìtash 36, sel. 39 dÐnei ìti L kai C èqoun koină sunistÿsa dhladă h L eÐnai sunistÿsa thc C, kai epomènwc h C den eÐnai anĹgwgh. Apì thn Ĺllh meriĹ an h C den eÐnai anĹgwgh tìte apoteleÐtai apì èna zeugĹri diakekrimènwn eujeiÿn, opìte to shmeÐo tomăc touc eÐnai idiĹzon ă apì to ginìmeno miĹc eujeÐac me ton eautì thc, opìte ìla ta shmeÐa eÐnai idiĹzonta.

’Wste: h kwnikă tomă C eÐnai anĹgwgh akribÿc tìte ìtan den èqei kanèna idiĹzon shmeÐo.

Prìtash 43. H kwnikă tomă C_f ìpou

f(X_0, X_1, X_2) = 2∑ i,j=0 a_{ij}X_iX_j (me a_{ij} = a_{ji})

eÐnai mh-anĹgwgh tìte kai mìno tìte ìtan h orÐzousa det(a_{ij} ) = 0.

Apìdeixh: H C_f eÐnai mh-anĹgwgh akribÿc tìte ìtan èqei èna idiĹzon shmeÐo, èstw P = [x_0, x_1, x_2]. To teleutaÐo ìmwc eÐnai isodÔnamo me to ìti ∂f ∂x_0 | | |_P = ∂f ∂x_1 | | |_P = ∂f ∂x_2 | | |_P = 0 (prìt. 32, sel. 35) dhladă me to ìti to parapĹnw sÔsthma èqei mÐa mh tetrimmènh lÔsh. Epeidă ∂f ∂x_i = 2 2∑ j=0 a_{ij}x_j , (i = 0, 1, 2), to sÔsthma èqei mh-tetrimmènh lÔsh tìte kai mìno tìte ìtan det ( a_{ij} ) i,j=0,1,2 = 0. ⊓⊔

Prìtash 44. ’Estw tÿra C_f mÐa algebrikă kampÔlh, f(X_0, X_1, X_2) ∈ k[X_0, X_1, X_2]. Ta shmeÐa kampăc eÐnai akribÿc ta mh idiĹzonta shmeÐa thc kampÔlhc ta opoÐa eÐnai shmeÐa tomăc me thn Hessian

H(X_0, X_1, X_2) := det

∂^2f ∂X^2_0

∂^2f ∂X_1∂X_0 ∂^2f ∂X_2∂X_0 ∂^2f ∂X_0∂X_1 ∂^2f ∂X^2_1

∂^2f ∂X_2∂X_1 ∂^2f ∂X_0∂X_2 ∂^2f ∂X_1∂X_2 ∂^2f ∂X^2_2 .

Apìdeixh: ’Estw a = [a_0, a_1, a_2] èna aplì (sel. 34) shmeÐo thc kampÔlhc kai b = [b_0, b_1, b_2] kĹpoio Ĺllo shmeÐo. Me f_i(a) sumbolÐzoume thn merikă parĹgwgo thc f wc proc X_i sto shmeÐo a. AnĹloga orÐzetai to f_{ij}(a) =

∂^2f ∂X_i∂X_j | | a . Apì ton tÔpo tou Taylor prokÔptei f(as + bt) = f(a)s^d + 2∑ i=0 f_i(a)b_is^{d−1}t + 1 2 2∑ i,j=0 f_{ij}(a)b_ib_j s^{d−2}t^2 + · · ·

’Estw L h eujeÐa 2∑ i=0 f_i(a)X_i = 0 kai Q h kwnikă tomă 2∑ i,j=0 f_{ij} (a)X_iX_j = 0. Profanÿc to a eÐnai shmeÐo kampăc akribÿc tìte ìtan h L eÐnai sunistÿsa thc Q dhladă akribÿc tìte ìtan 2∑ i,j=0 f_{ij}(a)b_ib_j = 0 ef’ ìson 2∑ i=0 f_i(a)b_i = 0.

Epomènwc an to a eÐnai shmeÐo kampăc tìte h Q den eÐnai anĹgwgh kai sunepÿc (prìtash 43, sel. 44) H(a) = 0.

AntÐstrofa, an H(a) = 0, tìte apì thn prìtash 43, sel. 44, èpetai ìti h Q den eÐnai anĹgwgh. To shmeÐo a anăkei sthn Q, diìti 2∑ i,j=0 f_{ij}(a)a_ia_j = d(d − 1)f(a) = 0 (genikeumèno jeÿrhma tou Euler).

H efaptomènh thc Q sto shmeÐo a eÐnai 2∑ i,j=0 f_{ij}(a)a_iX_j = 0. To aristerì mèloc ìmwc, lìgw

tou jewrămatoc tou Euler, grĹfetai (d−1) 2∑ j=0 f_j(a)X_j = 0, dhladă 2∑ j=0 f_j(a)X_j = 0. ’Wste h efaptìmenh thc Q sto a eÐnai h eujeÐa L. H Q ìmwc den eÐnai anĹgwgh. Epomènwc h L eÐnai sunistÿsa thc Q, dhladă to shmeÐo a eÐnai shmeÐo kampăc. ⊓⊔ Paratărhsh: AfoÔ f eÐnai omogenèc poluÿnumo bajmoÔ d èpetai ìti h H eÐnai omogenèc poluÿnumo bajmoÔ 3(d − 2). ’Wste:

Pìrisma 45. KĹje mh-idiĹzousa kampÔlh tĹxewc megalÔterhc ă Ðshc tou 3 èqei toulĹqisto èna shmeÐo kampăc. Mia kwnikă tomă den èqei kanèna shmeÐo kampăc.

’Estw tÿra oti mÐa mh-idiĹzousa kubikă kampÔlh èqei to shmeÐo kampăc [1, 0, 0] me efaptomènh eujeÐa thn Y = 0, dhladă ton Ĺxona twn X. H kampÔlh mac ja èqei thn morfă (dec sel. 44)

f(1, X, Y ) = Y + f_2(X, Y ) + f_3(X, Y ) = Y + bXY + aY^2 + f_3(X, Y )

diìti, gia Y = 0, ja prèpei f_2(X, 0) = 0. ’Ara f(W, X, Y ) = W^2Y + aY^2W + bW XY + f_3(X, Y ). An kĹnoume tÿra to Ðdio kai pĹroume to ep’ Ĺpeiro shmeÐo [0, 0, 1] san shmeÐo kampăc, me efaptomènh thn ep’ èpeiro eujeÐa W = 0, tìte katalăgoume sthn exÐswsh tou parakĹtw orismoÔ.

Orismìc 46. H exÐswsh miĹc mh-idiĹzousac kubikăc kampÔlhc C sthn kanonikă thc morfă eÐnai W Y^2 + a_1W XY + a_3W^2Y = X^3 + a_2X^2W + a_4XW^2 + a_6W^3.

(Merikèc forèc lègetai kai genikeumènh morfă tou Weierstrass).

’Wste, gia na pĹroume thn kanonikă morfă prèpei na metafèroume èna shmeÐo kampăc sto Ĺpeiro ètsi ÿste h efaptomènh na eÐnai h ep’ Ĺpeiro eujeÐa.

An h qarakthristikă tou sÿmatoc k eÐnai diaforetikă tou 2, tìte mporoÔme na grĹyoume thn kanonikă morfă wc exăc: W [ Y^2 + 2 ( a_1X + a_3W 2 ) Y + ( a_1X + a_3W 2 )_2] = X^3 + b_2 4 X^2W + b_4 2 XW^2 + b_6 4 W^3

ìpou b_2 = a^2_1 + 4a_2, b_4 = a_1a_3 + 2a_4, b_6 = a^2_3 + 4a_6.

Jètoume b_8 = a^2_1a_6 − a_1a_3a_4 + 4a_2a_6 + a_2a^2_3 − a^2_4.

kai brÐskoume 4b_8 = b_2b_6 − b_4.

Gia ν = Y + a_1 + a_3W 2 h kanonikă morfă gÐnetai

W ν^2 = X^3 + b_2 4 X^2W + b_4 2 XW^2 + b_6 4 W^3.

An h qarakthristikă tou sÿmatoc k eÐnai diĹforh twn 2 kai 3 tìte gia c_4 = b^2 − 24b_4 kai c_6 = −b^3_2 + 36b_2b_4 − 216b_6 kai ξ = x + b_2 12 h kanonikă morfă gÐnetai W ν^2 = ξ^3 − c_4 48 ξW^2 − c_6 864 W^3.

ParathroÔme ìti ta b_2, b_4, b_6, b_8 kai c_4, c_6 eÐnai akèraioi an a_1, a_2, a_3, a_4, a_6 eÐnai akèraioi.

Orismìc 47. Ja lème ìti mÐa mh-idiĹzousa kubikă kampÔlh C èqei exÐswsh sth morfă tou Weierstrass ìtan èqei thn morfă W Y^2 = X^3 + bW^2X + cW^3 Se afinikèc suntetagmènec grĹfetai Y^2 = f(X), f(X) ∈ K[X], kubikì, enadikì poluÿnumo tou opoÐou to Ĺjroisma twn rizÿn eÐnai Ðso me mhdèn.

To poluÿnumo f(X) = X^3 + bX + c èqei diplă rÐza, se kĹpoia epèktash tou K, akribÿc tìte ìtan D(f) = 4b^3 + 27c^2 = 0.

Prìtash 48. ’Ena shmeÐo [1, a, 0] thc C me exÐswsh W Y^2 = X^3 + bXW^2 + cW^3 eÐnai mh-idiĹzon akribÿc tìte ìtan to a eÐnai aplă rÐza tou X^3 + bX + c.

Apìdeixh: Kat’ arqăn parathroÔme ìti to shmeÐo [w, x, y] thc C eÐnai idiĹzon an kai mìno an to shmeÐo [w, x, −y] eÐnai epÐshc idiĹzon. GnwrÐzoume ìmwc ìti mÐa anĹgwgh (dec shmeÐwsh 42, selÐda 43) kubikă kampÔlh èqei to polÔ èna idiĹzon shmeÐo, Ĺra prèpei y = 0, dhladă to shmeÐo ja eÐnai thc morfăc [w, x, 0]. ’Ena shmeÐo P = [1, x, 0] tÿra thc kampÔlhc eÐnai idiĹzon akribÿc tìte ìtan ∂F ∂X | | | P = 0 ∧ ∂F ∂Y | | | P = 0, ìpou F (X, Y ) = Y^2 − X^3 − bX − C. H ∂F ∂Y eÐnai pĹntote Ðsh me mhdèn sto P = [1, x, 0]. ’Omwc ∂F ∂X | |_P = 0 akribÿc tìte ìtan to x eÐnai diplă rÐza tou f(X) = X^3 + bX + c dhladă akribÿc tìte ìtan D(f) = 0. ⊓⊔ ’Wste h kubikă kampÔlh Y^2 = X^3 + bX + c eÐnai mh-idiĹzousa an kai mìno Ĺn D(f) ≠ 0.

48 2. EpÐpedec algebrikèc kampÔlec

KefĹlaio 3

RhtĹ shmeÐa kubikÿn kampulÿn

Sto kefĹlaio autì apodeiknÔoume ìti to sÔnolo twn rhtÿn shmeÐwn miĹc elleiptikăc kampÔlhc me prĹxh thn prìsjesh pou ja orÐsoume apoteleÐ abeliană omĹda. EpÐ plèon meletoÔme rhtĹ shmeÐa P miĹc elleiptikăc kampÔlhc tĹxewc 2 ă 3.

1. Domă omĹdac pĹnw se mh-idiĹzousec kubikèc kampÔlec

Sthn eisagwgă perigrĹyame thn mèjodo thc qordăc kai efaptomènhc sthn sÔnjesh P Q dÔo shmeÐwn P kai Q miĹc kubikăc kampÔlhc upèr to k. Dhladă to P Q eÐnai to trÐto shmeÐo tomăc thc eujeÐac L pou pernĹei apì ta P kai Q. Gia kĹje epèktash K tou k o nìmoc sÔnjeshc eÐnai mÐa sunĹrthsh Γ(K)×Γ(K) −→ Γ(K). (P, Q) −→ P Q. Apì autĹ pou anaptÔqjhkan sto prohgoÔmeno kefĹlaio èqoume tic exăc periptÿseic:

’Estw L mÐa eujeÐa kai C mÐa kubikă kampÔlh orismènec pĹnw sto k. ’Estw k̃ h algebrikă jăkh tou k. Gia ta shmeÐa tomăc loipìn L(k̃) ∩ C(k̃) èqoume

(aþ) An L(k̃)∩C(k̃) = {P_1, P_2, P_3} trÐa shmeÐa ìpou ă pollaplìthta tomăc i(P_i, L, C) = 1 gia i = 1, 2, 3. H sÔnjesh dÐnetai loipìn apì th sqèsh P_iP_j = P_k kai an dÔo apì ta trÐa shmeÐa eÐnai rhtĹ upèr to k tìte to Ðdio eÐnai kai to trÐto.

(bþ) An L(k̃)∩C(k̃) = {P, P^′)} dÔo shmeÐa, ìpou i(P, L, C) = 2 kai i(P^′, L, C) = 1. ’Wste h L eÐnai efaptomènh thc C sto P ă to P eÐnai idiĹzon shmeÐo thc C, kai h sÔnjesh dÐnetai apì th sqèsh P P = P^′ kai P P^′ = P kai, an to P eÐnai rhtì upèr to k, to Ðdio isqÔei kai gia to P^′.

(gþ) L(k̃) ∩ C(k̃) = {P } èna shmeÐo ìpou h pollaplìthta tomăc i(P, L, C) = 3 opìte P P = P kai to P eÐnai shmeÐo kampăc.

Jeÿrhma 1. ’Estw Γ mÐa kubikă kampÔlh pou orÐzetai pĹnw sto sÿma k kai K mÐa epèktash tou k kai èstw O ∈ Γ(K). O nìmoc sÔnjeshc P + Q = O(P Q) kĹnei to Γ(K) abeliană omĹda me O to mhdenikì stoiqeÐo kai −P = P (OO). Epiplèon to O eÐnai shmeÐo kampăc an kai mìno an P + Q + R = O ìpou P, Q, R eÐnai ta trÐa shmeÐa tomăc thc Γ me mÐa eujeÐa. S’ autăn thn perÐptwsh −P = P O.

Apìdeixh: Profanÿc P +Q = Q+P diìti P Q = QP , dhladă isqÔei h antimetajetikìthta. GenikĹ isqÔei P (P Q) = Q. Gia P = O brÐskoume Q = O(OQ) = O + Q. ’Wste to O eÐnai to oudètero stoiqeÐo, dec sqăma 3.2.

Sqăma 3.1: Prìsjesh rhtÿn shmeÐwn

1. Domă omĹdac pĹnw se mh-idiĹzousec kubikèc kampÔlec 51

Gia to antÐjeto jewroÔme thn efaptomènh thc Γ sto O.

Sqăma 3.2: Prìsjesh rhtÿn shmeÐwn

H eujeÐa aută tèmnei thn kampÔlh sto shmeÐo OO. An tÿra P kĹpoio rhtì shmeÐo thc kampÔlhc, h eujeÐa P (OO) tèmnei thn kampÔlh se kĹpoio trÐto shmeÐo, to opoÐo eÐnai to −P , dhladă P = P (OO).

ProtoÔ apodeÐxoume ton prosetairismì, apodeiknÔoume thn teleutaÐa apaÐthsh tou jewrămatoc.

An P, Q, R eÐnai trÐa shmeÐa tomăc thc Γ me mÐa eujeÐa, tìte R = P Q. Tÿra −R = P + Q an kai mìno an −R = (OO)R = O(P Q) = P + Q. Autì ìmwc isqÔei akribÿc tìte ìtan (OO)R = OR ă alliÿc O = OO dhladă akribÿc tìte ìtan to O eÐnai shmeÐo kampăc. Gia ton prosetairistikì nìmo arkeÐ na deÐxoume ìti P (Q + R) = (P + Q)R, dec sqăma 3.3. ’Estw ìti P , Q kai R diakekrimèna metaxÔ touc shmeÐa thc kampÔlhc Γ.

’Eqoume ta akìlouja 8 shmeÐa pĹnw sthn kampÔlh O, P, Q, R, P Q, RQ, P +Q, R+Q. Kajèna ap’ autĹ ta 8 shmeÐa eÐnai shmeÐo miĹc kìkkinhc kai miĹc mplè eujeÐac grammăc. To ginìmeno twn exisÿsewn twn kìkkinwn eujeiÿn dÐnei mÐa kubikă kampÔlh. To Ðdio kai to ginìmeno twn mplè.

Sqăma 3.3: Prosetairismìc prìsjeshc rhtÿn shmeÐwn

To shmeÐo tomăc twn eujeiÿn R, P + Q kai P, R + Q eÐnai to ènato shmeÐo tomăc twn dÔo kubikÿn kampulÿn. H dojeÐsa kubikă kampÔlh Γ èqei 8 koinĹ shmeÐa kai me tic dÔo, Ĺra ja èqei kai to ènato, dhladă oi eujeÐec pou orÐzontai apì ta shmeÐa R, P + Q kai P, R + Q tèmnontai pĹnw sth Γ, dhladă ta shmeÐa R(P + Q) kai P (R + Q) tautÐzontai, opìte (P + Q) + R = P + (Q + R).

Otan ta P, Q kai R den eÐnai diakekrimèna blèpoume ìti, efarmìzontac thn antimetajetikìthta, apomènei na exetasteÐ h perÐptwsh

P + (P + Q) = (P + P ) + Q.

H apìdeixh thc teleutaÐac isìthtac afănetai san Ĺskhsh ston anagnÿsth. □

Orismìc 2. MÐa elleiptikă kampÔlh E upèr to k eÐnai mÐa mh-idiĹzousa kubikă kampÔlh wrismènh upèr to sÿma k mazÐ me èna mhdenikì (oudètero) shmeÐo O ∈ E(k) kai ton antÐstoiqo nìmo sÔnjeshc sto E(K) (gia kĹje epèktash K tou k) pou orÐzetai apì to prohgoÔmeno jeÿrhma.

2. ParadeÐgmata kai mèjodoi upologismoÔ 53

Paratărhsh: An K^φ−→ K^′, ènac k-omomorfismìc swmĹtwn, tìte autìc epĹgei ènan omomorfismì omĹdwn E(K)^{φ̃}−→ E(K^′). 2. ParadeÐgmata kai mèjodoi upologismoÔ

’Estw mÐa kubikă kampÔlh sthn kanonikă thc morfă

C : W Y^2 + a_1W XY + a_3W^2Y = X^3 + a_2X^2W + a_4XW^2 + a_6W^3

orismènh pĹnw sto sÿma k.

H tomă thc kampÔlhc C me thn ep’ Ĺpeiro eujeÐa W = 0 dÐnetai apì th sqèsh X^3 = 0. Dhladă to shmeÐo P = [0, 0, 1] eÐnai to monadikì shmeÐo tomăc thc eujeÐac W = 0 kai thc kampÔlhc C. Epomènwc to shmeÐo autì èqei bajmì pollaplìthtac i(L, C, P ) = 3 dhladă eÐnai shmeÐo kampăc. Autì to shmeÐo paÐrnoume san oudètero stoiqeÐo O.

Ta mh-mhdenikĹ shmeÐa thc kampÔlhc eÐnai lÔseic thc afinikăc exÐswshc

y^2 + a_1xy + a_3y = x^3 + a_2x^2 + a_4x + a_6.

Oi eujeÐec tÿra pou dièrqontai apì to ep’ Ĺpeiro shmeÐo P = [0, 0, 1] eÐnai akribÿc oi kĹjetec ston Ĺxona twn x sto afinikì xy−epÐpedo kai h ep’ Ĺpeiro eujeÐa.

’Ara, an P = (x, y) tìte −P = (x, y^∗) diìti kai ta dÔo shmeÐa brÐskontai pĹnw se mÐa eujeÐa pou pernĹei apì to O, dhladă mÐa eujeÐa kĹjeth proc ton Ĺxona twn x.

AfoÔ tÿra kai ta dÔo y kai y^∗ eÐnai rÐzec thc exÐswshc

Y^2 + (a_1x + a_3)Y = x^3 + a_2x^2 + a_4x + a_6

h opoÐa eÐnai deutèrou bajmoÔ wc proc Y , brÐskoume ìti y + y^∗ = −a_1x − a_3.

’Wste: PĹnw se mÐa elleiptikă kampÔlh E dosmènh se kanonikă morfă

W Y^2 + a_1W XY + a_3W^2Y = X^3 + a_2X^2W + a_4XW^2 + a_6W^3

to antÐjeto tou (x, y) ∈ E(k) dÐnetai apì th sqèsh −P = −(x, y) = (x, −y − a_1x − a_3). ShmeÐwsh 3. An a_1 = 0 tìte −P = −(x, y) = (x, −y − a_3) kai an a_1 = a_3 = 0 tìte −P = −(x, y) = (x, −y).

Sqăma 3.4: Prìsjesh rhtÿn shmeÐwn

Sthn sunèqeia ja projèsoume dÔo shmeÐa P kai Q miĹc elleiptikăc kampÔlhc E. An a_1 = a_3 = 0 tìte to P + Q eÐnai to summetrikì tou P Q wc proc ton Ĺxona twn x. Sthn genikă perÐptwsh grĹfoume P_1P_2 = P_3 ìpou (x_i, y_i) eÐnai oi suntetagmènec tou P_i, i = 1, 2, 3. Ja broÔme tic suntetagmènec tou shmeÐou P_3 sunartăsei autÿn twn P_1 kai P_2.

PerÐptwsh 1^h: An x_1 ≠ x_2 tìte h eujeÐa pou pernĹei apì ta P_1 kai P_2 èqei exÐswsh Y = λX + ν, ìpou λ = y_1 − y_2 x_1 − x_2 . PerÐptwsh 2^h: An P_1 = P_2 = P tìte h efaptomènh sto P èqei exÐswsh Y = λX + ν, ìpou λ = f^′(x_1) − a_1y − 1 2y_1 + a_1x_1 + a_3 . AntikajistoÔme to Y sthn exÐswsh thc kampÔlhc kai brÐskoume (λX + ν)^2 + a_1X(λX + ν) + a_3(λX + ν) = X^3 + a_2X^2 + a_4X + a_6 =⇒ X^3 + (a_2 − λ^2 − λa_1)X^2 + (a_4 − 2λν − a_1ν − λa_3)X + (a_6 − ν^2 − a_3ν) = 0.

Oi treic rÐzec thc kubikăc exÐswshc x_1, x_2, x_3 eÐnai oi X-suntetagmènec twn triÿn shmeÐwn tomăc. Epomènwc x_1 + x_2 + x_3 = −a_2 + λ^2 + λa_1, dhladă x_3 = λ^2 + λa_1 − a_2 − x_1 − x_2 (3.1) kai y_3 = λx_3 + ν. TelikĹ paÐrnoume

(x_1, y_1) + (x_2, y_2) = (x_3, −y_3 − a_1x_3 − a_3) = (x_3, −(λ + a_1)x_3 − ν − a_3).

Paratărhsh 4. ’Ena shmeÐo P = (x, y) eÐnai tĹxhc 2 mèsa sthn omĹda E(k) akribÿc tìte ìtan 2P = O ⇐⇒ P = −P ⇐⇒ (x, y) = (x_3, −y_3 − a_1x_1 − a_3).

An ch(k) ≠ 2 tìte y = − a_1x + a_3 2 . An h E èqei th morfă Y^2 = f(X) = X^3 + aX^2 + bX + c tìte to shmeÐo P = (x, y) eÐnai tĹxhc 2 tìte kai mìno tìte ìtan (x, y) = (x, −y), dhladă akribÿc tìte ìtan y = 0.

’Wste ta shmeÐa tĹxewc 2 eÐnai akribÿc ekeÐna thc morfăc (x, 0) ìpou x lÔsh thc kubikăc exÐswshc X^3 + aX^2 + bX + c = 0 (3.2) Autì shmaÐnei ìti h 2-omĹda strèyewc E(K)_{2-torsion} èqei tĹxh èna, Ĺn kammÐa rÐza thc (3.2) den anăkei sto k.

E(k)_{2-torsion} èqei tĹxh dÔo, Ĺn mÐa rÐza thc (3.2) anăkei sto k. E(k)_{2-torsion} èqei tĹxh 4, Ĺn ìlec oi rÐzec thc (3.2) anăkoun sto k.

Sthn teleutaÐa perÐptwsh h E(k)_{2-torsion} eÐnai isìmorfh me thn tetradikă omĹda tou Klein.

3. Merikèc parathrăseic sta shmeÐa diaÐreshc

Xanajumìmaste tÿra ìti ta 2-shmeÐa diaÐreshc, ta {rhtĹ} dhladă shmeÐa tĹxhc 2 miĹc elleiptikăc kampÔlhc E sthn kanonikă morfă tou Weierstrass

Y^2 = f(X)

ìtan h qarakthristikă tou sÿmatoc k eÐnai diĹforh tou 2 eÐnai ta (α_1, 0), (α_2, 0) kai (α_3, 0) ìpou α_1, α_2, α_3 eÐnai diakekrimènec rÐzec thc kubikăc exÐswshc f(X) = 0. EpÐ plèon isqÔei gia {1, 2, 3} = {i, j, k} ìti (α_i, 0) + (α_j , 0) = (α_k, 0).

’Wste h omĹda twn 2-shmeÐwn diaÐreshc thc E pĹnw apì to sÿma K = k(α_1, α_2, α_3) eÐnai isìmorfh me thn tetradikă omĹda tou Klein Z⧸2Z × Z⧸2Z.

KĹnontac tÿra ènan katĹllhlo afinikì metasqhmatismì X → αX + β, stèlnoume ta shmeÐa (α_1, 0), (α_2, 0) sta (0, 0) kai (1, 0) antÐstoiqa, opìte h exÐswsh paÐrnei thn parakĹtw morfă tou Legendre:

Y^2 = X(X − 1)(X − λ), λ ≠ 0, 1.

Ti gÐnetai tÿra ìtan h qarakthristikă tou k eÐnai 2?

GrĹfoume thn exÐswsh sth morfă

E : Y^2 + a_1XY + a_3Y = X^3 + a_2X^2 + a_4X + a_6.

EÐnai ădh gnwstì ìti an P = (x, y) tìte −P = (x, −y − a_1x − a_3), opìte 2P = O sthn E(k) tìte kai mìno tìte ìtan a_1x + a_3 = 0. Sth sunèqeia xeqwrÐzoume dÔo periptÿseic.

(i) An a_1 ≠ 0. Sthn algebrikă jăkh tou k, k̃ h omĹda twn 2-shmeÐwn diaÐreshc èqei dÔo akribÿc stoiqeÐa O kai (x, y) ìpou x = a_3 a_1 kai y^2 = f ( a_3 a_1 ) . ’Ara eÐnai kuklikă tĹxewc 2.

(ii) An a_1 = 0 tìte antikajistoÔme to Y me a_3Y kai èqoume

a^2_3Y^2 + a_3Y = f(X) =⇒ Y^2 + Y = f^′(X)

opìte to monadikì 2-shmeÐo diaÐreshc eÐnai to O.

Ja kleÐsoume thn paroÔsa parĹgrafo me th melèth twn rhtÿn shmeÐwn tĹxewc 3 miĹc elleiptikăc kampÔlhc.

’Estw E elleiptikă kampÔlh sth morfă tou Weierstrass

Y^2 = X^3 + aX^2 + bX + c

An P = (x, y) ∈ E(k) tìte an 3P = O èqoume 2P = −P , dhladă 2P = −(x, y) = (x, −y). Me Ĺlla lìgia h efaptomènh Y = λX + ν thc E sto P = (x, y) èqei tomă bajmoÔ pollaplìthtac 3 kai sunepÿc ja prèpei na eÐnai shmeÐo kampăc. ’Ara ja èqoume

(λX + ν)^2 = x^3 + ax^2 + bx + c ⇒ x^3 + (a − λ^2)x^2 + (b − 2λν)x + c − ν^2 = 0 me triplă rÐza to x. Epomènwc 3x = λ^2 − a = ( f^′(x) 2y )^2 − a diìti λ = f^′(x) 2y . LÔnoume thn exÐswsh wc proc f^′(x) kai brÐskoume

f^′(x)^2 = (3x + a)4y^2 = 2f(x)(6x + 2a) = 2f(x)f^{′′}(x) dhladă g(x) := f^′(x)^2 − 2f(x)f^{′′}(x) = 0.

Prìtash 5. ’Estw E elleiptikă kampÔlh sth morfă tou Weierstrass Y^2 = f(X) = X^3 + aX^2 + bX + c (i) An h qarakthristikă tou k eÐnai diĹforh tou 3 tìte h omĹda E(k̃) èqei 9 shmeÐa (x, y) tĹxewc 3 ìpou to x eÐnai lÔsh thc exÐswshc 4^{ou} bajmoÔ g(X) = f^′(X)^2 − 2f(X)f^{′′}(X) = 0.

H omĹda autÿn twn shmeÐwn tĹxewc 3 eÐnai isìmorfh proc thn Z⧸3Z × Z⧸3Z. (ii) An h qarakthristikă tou sÿmatoc k eÐnai 3 kai a ≠ 0, tìte h E(k̃) èqei 3 shmeÐa (x, ±y) kai O ìpou x eÐnai h plărwc mh-diaqwrÐsimh rÐza tou 4ac − b^2 4a . H omĹda eÐnai isìmorfh proc thn Z⧸3Z.

(iii) An chk = 3 kai a = 0 tìte E(k)_3-torsion = {O}. Apodeixh:

(i) ArkeÐ na deÐxoume ìti to poluÿnumo g(X) = 0 èqei 4 diakekrimènec rÐzec sto k̃. Kat’ arqăn g^′(X) = 2f^′(X)f^{′′}(X) − 2f^′(X)f^{′′}(X) − 2f(X)f^{′′′}(X) = −12f(X). Mia koină rÐza twn g(X) kai g^′(X) ja ătan koină rÐza kai twn f(X) kai f^′(X). Autì ìmwc den eÐnai dunatì giatÐ h f^′(X) kai f(X) den èqoun koinèc rÐzec, ex orismoÔ thc E. ’Wste, to g(X) den èqei diplă rÐza. Epomènwc kai oi 4 rÐzec tou eÐnai metaxÔ touc diaforetikèc. Dhladă èqoume (x, ±y), ìpou x rÐza tou g(X) sunolikĹ 8 shmeÐa tĹxewc 3 kai to mhdenikì. To gegonìc ìti E(k̃) ∼= Z⧸3Z × Z⧸3Z eÐnai profanèc.

(ii) An tÿra chk = 3 èpetai ìti f^′(X) = 2aX + b kai f^{′′}(X) = 2a opìte g(X) = f^′(X)^2 − 2f(X)f^{′′}(X) = = (2aX + b)^2 − 2(2a)(X^3 + aX^2 + bX + c) = −4aX^3 + b^2 − 4ac.

An a ≠ 0 tìte to x eÐnai kubikă rÐza tou 4ac − b^2 4a . (iii) An a = 0 tìte den upĹrqei shmeÐo tou opoÐou h tĹxh na diaireÐ ton 3 Ĺllo ektìc apì to O.

Paratărhsh 6. Anafèroume proc to parìn ìti an to k eÐnai algebrikĹ kleistì tìte ta n-shmeÐa diaÐreshc thc E(k), dhladă o purănac tou omomorfismoÔ E(k)^ν−→ E(k) P −→ nP eÐnai isìmorfoc proc thn Z⧸nZ × Z⧸nZ upì thn proôpìjesh ìti (n, chk) = 1.

Gia ta p-shmeÐa diaÐreshc se sÿma k qarakthristikăc p èqoume dÔo periptÿseic. (aþ) Kanonikèc kampÔlec (ordinary), ìtan ta shmeÐa autĹ apoteloÔn kuklikă upoomĹda thc E(k̃) tĹxewc p.

(bþ) UperidiĹzousec kampÔlec E ìtan E(k̃)_{p-torsion} = {O}.

KefĹlaio 4

To Jeÿrhma twn Lutz-Nagell

Sto kefĹlaio autì periorizìmaste, gia lìgouc eukolÐac, se elleiptikèc kampÔlec pou eÐnai orismènec pĹnw apì to sÿma twn rhtÿn arjmÿn Q. Sto tèloc tou kefalaÐou Ðswc perigrĹyoume ti gÐnetai se genikìterec periptÿseic.

Skopìc mac eÐnai na qarakthrÐsoume ìla ta shmeÐa peperasmènhc tĹxhc (torsion points) thc omĹdac twn rhtÿn shmeÐwn E(Q) miĹc elleiptikăc kampÔlhc

E : Y^2 = f(X) = X^3 + aX^2 + bX + c ∈ Q[X] (1).

’Oti ta shmeÐa peperasmènhc tĹxhc miĹc abelianăc omĹdac apoteloÔn upoomĹda autăc eÐnai gnwstì kai h apìdeixă tou afănetai san Ĺskhsh ston anagnÿsth.

QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti oi suntelestèc tou poluwnÔmou f(X) eÐnai akèraioi arijmoÐ. An den eÐnai, pollaplasiĹzoume me Z^6 kai antikajistoÔme to Y me to Z^3Y kai to X me to Z^2X, opìte èqoume

Y^2 = X^3 + Z^2aX^2 + Z^4bX + Z^6c.

Me katĹllhlh epilogă tou Z tÿra mporoÔme na exaleÐyoume touc paronomastèc. Epomènwc mporoÔme na upojèsoume ìti

Y^2 = f(X) = X^3 + aX^2 + bX + c ∈ Z[X].

1. To jeÿrhma twn Lutz-Nagell

To kÔrio apotèlesma tou kefalaÐou diatupÿnetai wc exăc:

Jeÿrhma 1 (Jeÿrhma twn Lutz-Nagell) ’Ola ta shmeÐa peperasmènhc tĹxhc P = (x, y) thc E(Q) èqoun akèraiec suntetagmènec x kai y kai mĹlista ă y = 0 (shmeÐa tĹxhc 2) ă y | |D(f) thn diakrÐnousa tou f(X)

(D(f) = −4a^3c + a^2b^2 + 18abc − 4b^3 − 27c^2).

Paratărhsh 2. Lìgw thc prìtashc 13, selÐda 23, isqÔei D(f) = R(f, f^′) = A(X)f(X) + B(X)f^′(X) ìpou A(X), B(X) ∈ Z[X]. An mporoÔme na apodeÐxoume ìti ta rhtĹ shmeÐa peperasmènhc tĹxhc èqoun akèraiec sunistÿsec tìte, me qrăsh tou parapĹnw tÔpou thc diakrÐnousac, mporoÔme na apodeÐxoume ìti y = 0 ă y | |D(f), opìte, metĹ apì peperasmènou plăjouc bhmĹtwn brÐskoume ìla ta dunatĹ y | |D(f), ta antikajistoÔme sthn exÐswsh Y^2 = f(X). AfoÔ f(X) èqei akèraiouc suntelestèc kai suntelestă megalÔterhc dÔnamhc tou X thn monĹda èpetai ìti an to f(X) èqei kĹpoia akeraÐa rÐza, aută ja diaireÐ to stajerì ìro tou poluwnÔmou f(X).

’Etsi eÐmaste exasfalismènoi ìti mporoÔme na broÔme ìla ta shmeÐa peperasmènhc tĹxhc metĹ apì peperasmèno plăjoc bhmĹtwn.

Prosoqă! Den isqurizìmaste ìti kĹje shmeÐo P = (x, y) me akèraiec suntetagmènec kai y | D(f) eÐnai shmeÐo peperasmènhc tĹxhc.

Apìdeixh: Upojètoume kat’ arqăn ìti ta shmeÐa peperasmènhc tĹxhc èqoun akèraiec suntetagmènec. ’Estw P = (x_1, y_1) èna tètoio shmeÐo. Ja apodeÐxoume ìti y_1 = 0 ă y_1 | D(f). EÐnai gnwstì, apì to prohgoÔmeno kefĹlaio, ìti 2P = O ⇐⇒ y_1 = 0.

’Estw tÿra 2P ≠ O. To 2P ja eÐnai tìte ki autì peperasmènhc tĹxhc kai, sÔmfwna me thn upìjesh, ja èqei akèraiec suntetagmènec. ’Estw 2P = (x_2, y_2). O tÔpoc (3.1) thc selÐdac 55 tÿra dÐnei x_2 = λ^2 − a − 2x_1 ìpou λ = f^′(x_1) 2y_1 . AfoÔ a, x_1, x_2 ∈ Z èpetai ìti λ^2 ∈ Z.

Apì th sqèsh λ = f^′(x_1) 2y_1 èpetai ìti o λ eÐnai rhtìc arijmìc, enÿ apì th sqèsh x_2 = λ^2 − a − 2x_1 kai, dedomènou ìti a, x_1, x_2 eÐnai akèraioi, èpetai ìti o λ eÐnai kat’ anĹgkh akèraioc. Epomènwc 2y_1 | f^′(x_1) opìte kai y_1 | f^′(x_1). Epiplèon y_1 | y^2_1 = f(x_1). Sunepÿc, y_1 | D(f) = A(x_1)f(x_1) + B(x_1)f^′(x_1).

Erqìmaste tÿra sto dÔskolo kommĹti thc apìdeixhc. Ja apodeÐxoume ìti ta rhtĹ shmeÐa peperasmènhc tĹxhc miĹc elleiptikăc kampÔlhc èqoun akèraiec suntetagmènec. Gia na apodeÐxoume ìti kĹpoioc rhtìc arijmìc, grammènoc se morfă anagÿgou klĹsmatoc, eÐnai akèraioc, arkeÐ na apodeÐxoume ìti o paronomastăc tou eÐnai Ðsoc me èna. ’Enac trìpoc na apodeÐxoume ìti kĹpoioc akèraioc arijmìc eÐnai Ðsoc me 1 eÐnai na apodeÐxoume ìti den diaireÐtai me kanèna prÿto. ’Wste, mporoÔme na spĹsoume to prìblhma se Ĺpeira kommĹtia kai na deÐxoume ìti ìtan mÐa sunistÿsa tou shmeÐou x mporeÐ na grafeÐ se anĹgwgo klĹsma A B tìte o paronomastăc B den diaireÐtai oÔte me to 2, oÔte me to 3, oÔte mè kanèna Ĺllo prÿto arijmì.

An apodeÐxoume loipìn autì gia touc paronomastèc twn x kai y tìte ja èqoume teleiÿsei, dhladă ja èqoume apodeÐxei ìti x, y ∈ Z.

XanajumÐzoume ìti an o x grĹfetai x = p^r · a b ìpou p ∤ ab tìte èqoume ord_p(x) = r.

Profanÿc loipìn to p diaireÐ ton paronomastă rhtoÔ arijmoÔ x akribÿc tìte ìtan ord_p(x) < 0 kai p diaireÐ ton arijmhtă tou x akribÿc tìte ìtan ord_p(x) > 0. O p den diaireÐ oÔte ton arijmhtă oÔte ton paronomastă an kai mìno an ord_p(x) = 0.

’Estw P = (x, y) kĹpoio rhtì shmeÐo thc E me x = m np^r kai y = d ep^s ìpou r > 0 kai p ∤ mnde. H exÐswsh thc elleiptikăc kampÔlhc mac dÐnei d^2 e^2p^{2s} = m^3 + am^2np^r + bmn^2p^{2r} + cn^3p^{3r} n^3p^{3r}

opìte ord_p ( d^2 e^2p^{2s} ) = −2s. AfoÔ r > 0 kai p ∤ m èpetai ìti

p ∤ (m^3 + am^2np^r + bmn^2p^{2r} + cn^3p^{3r}).

Epomènwc ord_p ( m^3 + am^2np^r + bmn^2p^{2r} + cn^3p^{3r} n^3p^{3r} ) = −3r. ’Ara 2s = 3r kai epomènwc s > 0 (afoÔ r > 0). Autì shmaÐnei ìti to p diaireÐ kai ton paronomastă tou y. Akìmh 3 | s kai an s = 3q èpetai ìti r = 2q, q ∈ Z (q > 0).

An tÿra upojèsoume ìti o p diaireÐ ton paronomastă tou y, tìte, ìmoia brÐskoume ìti p | |x, r = 2q kai s = 3q, q ∈ Z, q > 0, kai fusikĹ p diaireÐ kai ton paronomastă tou x.

’Wste: An kĹpoioc prÿtoc arijmìc diaireÐ ènan apì touc paronomastèc twn x kai y ja diaireÐ kai ton Ĺllo kai mĹlista oi akribeÐc dunĹmeic diarèsewc ja èqoun thn morfă 2q kai 3q antÐstoiqa.

Gia opoiodăpote rhtì shmeÐo P = (x(P ), y(P )) thc elleiptikăc kampÔlhc E, orÐzoume

A(p^r) := { P ∈ E(Q) | |ord_p(denom(x(P ))) ≥ 2r kai ord_p(denom(y(P ))) ≥ 3r} ∪ {O}.

Profanÿc E(Q) ⊃ A(p) ⊃ A(p^2) ⊃ · · ·

Skopìc mac eÐnai na deÐxoume ìti èna shmeÐo peperasmènhc tĹxhc den mporeÐ na anăkei sto A(p). Prÿta ap’ ìla ìmwc ja apodeÐxoume ìti ta A(p^r) apoteloÔn upoomĹdec thc E(Q).

Kat’ arqăn ja allĹxoume suntetagmènec kai ja fèroume to O se kĹpoia {peperasmènh} jèsh.

Jètoume t = X Y kai s = 1 Y opìte h exÐswsh thc kampÔlhc

Y^2 = X^3 + aX^2 + bX + c metasqhmatÐzetai sthn

s = t^3 + at^2s + bts^2 + cs^3 sto (t, s)-epÐpedo.

Sto (t, s)-epÐpedo èqoume tÿra ìla ta shmeÐa tou (x, y)-epipèdou ektìc ekeÐnwn gia ta opoÐa y = 0. To ep’ Ĺpeiro shmeÐo thc kampÔlhc to èqoume tÿra sthn jèsh (0, 0).

SqhmatikĹ loipìn ja mporèsoume na sqediĹsoume thn kampÔlh sta dÔo sustămata suntetagmènwn.

Sto aristerì sqăma blèpoume ìla ta shmeÐa thc kampÔlhc ektìc tou O. Sto dexiì blèpoume ìla ta shmeÐa thc kampÔlhc (kai to O) ektìc twn shmeÐwn tĹxewc 2, dhladă ektìc twn shmeÐwn tomăc me ton Ĺxona twn x. An loipìn exairèsoume to ep’ Ĺpeiron shmeÐo O kai ta shmeÐa tĹxewc 2, ìla ta upìloipa rhtĹ shmeÐa brÐskontai se amfimonosămanth antistoiqÐa metaxÔ touc.

MÐa eujeÐa y = λx + ν tou (x, y)-epipèdou antistoiqeÐ se mÐa eujeÐa tou (t, s)-epipèdou. PrĹgmati, an diairèsoume thn λx + ν me thn νy èqoume 1 ν = λ ν x y + 1 y h opoÐa sto (t, s)-epÐpedo mac dÐnei s = −λ ν t + 1 ν .

Sqăma 4.1: Metasqhmatismìc

Epomènwc sto (t, s)-epÐpedo mporoÔme na prosjèsoume shmeÐa ìpwc kai sto (x, y)-epÐpedo.

JewroÔme ton topikì daktÔlio

R := R_p = { x ∈ Q | | ord_p(x) ≥ 0}

o opoÐoc èqei wc gnwstì (monadikì) mègisto ideÿdec to m = { x ∈ Q | ord_p(x) > 0 } kai omĹda monĹdwn R^∗ = { x ∈ Q | ord_p(x) = 0 } . ’Estw (x, y) ∈ E(Q) tou (x, y)-epipèdou me x = m np^{2q} , y = d ep^{3q} . Tìte t = x y = em dn p^q kai s = 1 y = e d p^{3q}. Sunepÿc: (x, y) ∈ A(p^r) ⇐⇒ (t ∈ p^rR kai s ∈ p^{3r}R). Gia na deÐxoume ìti to sÔnolo A(p^r) eÐnai upoomĹda thc omĹdac E(Q) arkeÐ na deÐxoume ìti eÐnai kleistì wc proc thn prìsjesh, dhladă an kĹpoia dÔnamh tou p diaireÐ tic t-sunistÿsec dÔo rhtÿn shmeÐwn thc kampÔlhc ja diaireÐ kai thn t-sunistÿsa kai tou ajroÐsmatoc.

’Estw P_1 = (t_1, s_1) kai P_2 = (t_2, s_2) dÔo diakekrimèna shmeÐa thc kampÔlhc. An t_1 = t_2, tìte P_1 = −P_2, opìte P_1 +P_2 ∈ A(p^r). Upojètoume loipìn ìti t_1 ≠ t_2 kai èstw s = ρt+σ h eujeÐa pou ta sundèei.

Sqăma 4.2: Prìsjesh rhtÿn shmeÐwn metasqhmatismènhc kampÔlhc

Ta shmeÐa P_1 = (t_1, s_1) kai P_2 = (t_2, s_2) epalhjeÔoun thn exÐswsh thc elleiptikăc kampÔlhc s = t^3 + at^2s + b + s^2 + cs^3. Epomènwc èqoume

s_1 = t^3_1 + at^2_1s_1 + bt_1s^2_1 + cs^3_1

kai s_2 = t^3_2 + at^2s_2 + bt_2s^2 + cs^3_2

AfairoÔme tic teleutaÐec dÔo isìthtec katĹ mèlh

s_2 −s_1 = ( t^3_2 −t^3_1 ) + a [ (t^2 −t^2_1)s_2 + t^2_1(s_2 −s_1) ] + b [ (t_2 −t_1)s^2 + t_1(s^2 −s^2_1) ] + c ( s^3_2 −s^3_1 ) . Sunepÿc

(s_2 −s_1) − at^2_1(s_2 −s_1) − bt_1(s^2 −s^2_1) − c(s^3_2 −s^3_1) = t^3_2 − t^3_1 + a(t^2 −t^2_1)s_2 + b(t_2 −t_1)s^2.

H klÐsh thc eujeÐac pou sundèei ta dÔo shmeÐa P_1 kai P_2 eÐnai ρ = s_2 − s_1 t_2 − t_1 = t^2 + t_1t_2 + t^2_1 + a(t_2 + t_1)s_2 + bs^2 1 − at^2_1 − bt_1(s_2 + s_1) − c(s^2 + s_1s_2 + s^2_1)

(4.1)

OmoÐwc, an P_1 = P_2, h klÐsh thc efaptomènhc thc kampÔlhc sto P_1 eÐnai ρ = ds dt (P_1) =

3t^2_1 + 2at_1s_1 + bs^2_1 1 − at^2_1 − 2bt_1s_1 − 3cs^2_1 , kĹti to opoÐo prokÔptei kai apì thn parapĹnw sqèsh, an jèsoume t_2 = t_1 kai s_2 = s_1. Epomènwc ja ergasjoÔme me thn sqèsh (4.1).

’Estw P_3 = (t_3, s_3) to trÐto shmeÐo tomăc thc eujeÐac s = ρt + σ me thn kampÔlh. Sthn exÐswsh thc kampÔlhc, antikajistoÔme to s me ρt + σ kai paÐrnoume:

ρt + σ = t^3 + at^2(ρt + σ) + bt(ρt + σ)^2 + c(ρt + σ)^3

=⇒ 0 = t^3(1 + aρ + bρ^2 + cρ^3) + t^2(aσ + 2bρσ + 3cρ^2σ) + · · · Apì tic sqèseic rizÿn suntelestÿn prokÔptei:

t_1 + t_2 + t_3 = − aσ + 2bρσ + 3cρ^2σ 1 + aρ + bρ^2 + cρ^3 . AfoÔ h eujeÐa pernĹei apì to shmeÐo P_1 = (t_1, s_1) èpetai ìti σ = s_1 − ρt_1.

Tÿra prèpei na broÔme to P_1 +P_2. Fèroume thn eujeÐa pou pernĹei apì to shmeÐo (t_3, s_3) kai to mhdenikì shmeÐo (0, 0). To trÐto shmeÐo tomăc ja eÐnai to (−t_3, −s_3). Ac kuttĹxoume to ρ. O arijmhtăc tou ρ anăkei sto p^{2r}R diìti t_1, s_1, t_2, s_2 ∈ p^rR. O paronomastăc eÐnai monĹda tou R. ’Ara ρ ∈ p^{2r}R.

Apì tic sqèseic s_1 ∈ p^{3r}R ρ ∈ p^{2r}R t_1 ∈ p^rR

=⇒ σ = s_1 − ρt_1 ∈ p^{3r}R.

O paronomastăc 1 + aρ + bρ^2 + cρ^3 tou t_1 + t_2 + t_3 eÐnai epÐshc monĹda tou R. Sunepÿc

t_1 + t_2 + t_3 ∈ p^{3r}R.

AfoÔ t_1, t_2 ∈ p^rR èpetai ìti t_3 ∈ p^rR, opìte kai −t_3 ∈ p^rR. ApodeÐxame loipìn ìti h t-sunistÿsa tou P_1 + P_2 anăkei sto p^rR.

AfoÔ gia P = (t, s), −P = (−t, −s) èpetai ìti, an P_1, P_2 ∈ A(p^r) tìte P_1 ±P_2 ∈ A(p^r), kai sunepÿc h A(P^r) eÐnai upoomĹda thc E(Q).

Me thn boăjeia twn parapĹnw ja teleiÿsoume thn apìdeixh tou jewrămatoc twn Lutz- Nagell.

Thn t-sunistÿsa enìc shmeÐou I thc kampÔlhc ja thn jewroÔme san sunĹrthsh tou shmeÐou kai ja thn sumbolÐzoume me t(P ). Se kĹje shmeÐo loipìn P ja antistoiqoÔme kĹpoio rhtì arijmì t(P ).

An P_1, P_2 ∈ A(p^r) tìte t_1 + t_2 + t_3 ∈ p^{3r}R, dhladă t(P_1 + P_2) ≡ t(P_1) + t(P_2) (mod p^{3r}R).

Epomènwc h apeikìnish t eÐnai ènac omomorfismìc thc omĹdac A(p^r) sthn omĹda phlÐkwn p^rR⧸ p^{3r}R: A(p^r)^t−→ p^rR⧸p3rR. O purănac thc t eÐnai h omĹda A(p^{3r}), diìti t(P ) ∈ p^{3r}R an kai mìno an P ∈ A(p^{3r}). H apeikìnish t epĹgei ènan monomorfismì omĹdwn, A(p^r )⧸ A(p^{3r}) t−→ p^rR⧸p3rR. ’Estw tÿra P ∈ E(Q)_{torsion} , shmeÐo thc kampÔlhc peperasmènhc tĹxhc, èstw m. Upojètoume ìti P ≠ O, dhladă ìti m ≠ ±1.

An p eÐnai opoiosdăpote prÿtoc arijmìc, ja apodeÐxoume ìti P ∉ A(p).

An P ∈ A(p), tìte upĹrqei r ∈ N tètoioc ÿste P ∈ A(p^r) − A(p^{r+1}). XeqwrÐzoume dÔo periptÿseic, anĹloga me to an p ∤ m ă p | |m. Ac upojèsoume, kat’ arqĹc, ìti p ∤ m. Apì th gnwstă sqèsh t(P_1 + P_2) ≡ t(P_1) + t(P_2) (mod p^{3r}R) me epagwgă brÐskoume ìti

0 = t(mP ) ≡ mt(P ) (mod p^{3r}R).

AfoÔ ìmwc p ∤ m, èpetai ìti

t(P ) ≡ 0 (mod p^{3r}R) kai sunepÿc P ∈ A(p^{3r})

Ĺtopo, diìti P ∉ A(p^{r+1}).

An pĹli p | m, tìte grĹfoume m = pn kai èstw P^′ to shmeÐo n·P . H tĹxh tou stoiqeÐou P^′ eÐnai p. An P ∈ A(p) tìte kai P^′ ∈ A(p) kai èstw pĹli P^′ ∈ A(p^r) − A(p^{r+1}). ’Opwc parapĹnw èqoume 0 ≡ t(pP^′) ≡ p·t(P^′) (mod p^{3r}R) Autì shmaÐnei ìti

t(P^′) ≡ 0 (mod p^{3r−1}R) dhladă ìti P^′ ∈ A(p^{3r−1}),

to opoÐo ìmwc eÐnai Ĺtopo diìti 3r − 1 ≥ r + 1 kai P^′ ∉ A(p^{r+1}).

ApodeÐxame ìti an P rhtì shmeÐo thc kampÔlhc peperasmènhc tĹxhc tìte to P ∉ A(p), gia kĹje prÿto arijmì p, dhladă to jeÿrhma. ⊓⊔ ShmeÐwsh 3. MporeÐ kaneÐc genikìtera na apodeÐxei ìti, ìtan y ≠ 0, tìte ìqi mìnon to y | |D(f), allĹ ìti y2 | |D(f) (dec [24], selÐda 221).

Anafèroume thn tĹxh thc E(Q)_{torsion} apì merikèc elleiptikèc kampÔlec: • y^2 = x^3 − 2, h tĹxh thc eÐnai èna, mìno to mhdenikì stoiqeÐo. • y^2 = x^3 + 8, h tĹxh thc eÐnai 2, (O, (−2, 0)). • y^2 = x^3 − 432, h tĹxh thc eÐnai 3. • y^2 = x^3 + 4x, eÐnai kuklikă, tĹxhc 4.

• y^2 = x^3 − 4x, eÐnai tĹxhc 4 me omĹda thn tetradikă omĹda tou Klein. • y^2 = x^3 − 16·27x + 19·16·27, èqei tĹxh 5 me gennătora to shmeÐo P = (−12, 108). • y^2 = x^3 + 1, h tĹxh thc eÐnai 6.

• y^2 = x^3 − 43x + 166, me tĹxh 8 kai omĹda Z⧸2Z × Z⧸4Z.

To prìblhma thc eÔreshc ìlwn twn dunatÿn abelianÿn omĹdwn pou eÐnai ulopoiăsimec san omĹdec rhtÿn shmeÐwn peperasmènhc tĹxhc elleiptikăc kampÔlhc orismènhc pĹnw apì to Q lÔjhke telikĹ apì ton Mazur to 1976.

Sugkekrimèna apèdeixe to exăc Jeÿrhma 4 (Jeÿrhma tou Mazur) ’Estw E elleiptikă kampÔlh wrismènh pĹnw apì to Q. Oi dunatìthtec thc omĹdac E(Q)_{torsion} eÐnai oi exăc E(Q)_t ∼= Z⧸mZ gia m ≤ 10 ă m = 12 ă E(Q)_t ∼= Z⧸2Z × Z⧸2mZ gia m ≤ 4. H apìdeixh tou jewrămatoc eÐnai polÔ dÔskolh kai, sÔmfwna me thn gnÿmh pollÿn Majhmatikÿn apoteleÐ èna apì ta spoudaiìtera sta MajhmatikĹ epiteÔgmata katĹ thn dekaetÐa tou ebdomănta.

68 4. To Jeÿrhma twn Lutz-Nagell

KefĹlaio 5

To Jeÿrhma tou Mordell

Skopìc tou kefalaÐou autoÔ eÐnai h apìdeixh tou Jewrămatoc tou Mordell ìti

h abeliană omĹda E(Q) twn rhtÿn shmeÐwn, miĹc elleiptikăc kampÔlhc E orismènhc pĹnw apì to Q, eÐnai peperasmèna paragìmenh.

Autì shmaÐnei ìti upĹrqoun peperasmènou plăjouc shmeÐa thc abelianăc omĹdac E(Q), èstw Q_1, Q_2, . . . , Q_n, tètoia ÿste kĹje shmeÐo P thc E(Q) na grĹfetai sthn morfă

P = k_1Q_1 + · · · + k_nQ_n + T

ìpou k_1, k_2, · · · , k_n ∈ Z kai to T na anăkei se kĹpoio peperasmèno uposÔnolo thc E(Q).

MÐa polÔ qrăsimh ènnoia gia ta epìmena eÐnai h ènnoia tou Ôyouc (height, Höhe) enìc rhtoÔ arijmoÔ. An x = m n rhtìc, grammènoc se morfă anagÿgou klĹsmatoc, tìte san Ôyoc tou x, orÐzoume to H(x) = max { |m|, |n| } . MÐa polÔ basikă idiìthta tou Ôyouc eÐnai ìti, gia kĹje jetikì pragmatikì arijmì M, to sÔnolo # { x ∈ Q | H(x) ≤ M } < ∞ eÐnai peperasmèno. H apìdeixh afănetai san Ĺskhsh ston anagnÿsth. ’Estw tÿra Y^2 = f(X) = X^3 + aX^2 + bX + c ∈ Z[X] mÐa elleiptikă kampÔlh kai P = (x, y) ∈ E(Q). ’Uyoc tou shmeÐou P ja kaleÐtai to Ôyoc thc sunistÿsac x autoÔ.

Gia kĹje jetikì pragmatikì arijmì M, to sÔnolo { P ∈ E(Q) | H(P ) ≤ M }

eÐnai peperasmèno diìti upĹrqoun peperasmènou plăjouc dunatìthtec gia to x kai se kĹje x antistoiqoÔn to polÔ dÔo shmeÐa (to polÔ dÔo y).

Gia to ep’ Ĺpeiro tÿra shmeÐo thc kampÔlhc orÐzoume H(O) = 1.

1. Apìdeixh tou jewrămatoc tou Mordell

Gia na apodeiqjeÐ to jeÿrhma, qreiĹzontai trÐa lămmata.

Lămma 1. Gia kĹje rhtì shmeÐo P_0 ∈ E(Q) upĹrqei mÐa jetikă stajerĹ c_0 (exartwmènh apì to P_0) ètsi ÿste

H(P + P_0) ≤ c_0H(P )^2, gia ìla ta P ∈ E(Q).

Lămma 2. UpĹrqei mÐa jetikă stajerĹ c > 0 tètoia ÿste

H(P )^4 ≤ cH(2P ), gia ìla ta shmeÐa P ∈ E(Q).

Lămma 3. O deÐkthc [E(Q) :2E(Q )] eÐnai peperasmènoc.

ShmeÐwsh 4. EÐnai profanèc ìti to sÔnolo

2E(Q) = { P ∈ E(Q) | ∃Q ∈ E(Q) : P = 2Q }

eÐnai upoomĹda thc E(Q).

GenikĹ, gia kĹje fusikì arijmì m ∈ N, orÐzoume thn sunĹrthsh E(Q) ∋ P^m−→ mP ∈ E(Q), h opoÐa eÐnai omomorfismìc omĹdwn. H eikìna thc m eÐnai h upoomĹda mE(Q) thc E(Q).

Upojètoume proc to parìn thn alăjeia twn triÿn lhmmĹtwn, kai ja apodeÐxoume thn alăjeia tou jewrămatoc tou Mordell.

H apìdeixh eÐnai genikă. Ja mporoÔsame na upojèsoume ìti èqoume mÐa prosjetikă abeliană omĹda G kai mÐa sunĹrthsh H : G → N ètsi ÿste na isqÔoun ta trÐa lămmata. Tìte h G eÐnai peperasmèna paragìmenh.

1. Apìdeixh tou jewrămatoc tou Mordell 71

Apìdeixh tou Jewrămatoc: ’Estw A = { Q_1, Q_2, · · · , Q_n } èna plărec sÔsthma antiprosÿpwn twn pleurikÿn klĹsewn thc E(Q)⧸2E(Q). Autì shmaÐnei ìti gia kĹje P ∈ E(Q) upĹrqei i_1 ∈ N_n (exartÿmenoc apì to P ) tètoioc ÿste P − Q_{i1} = 2P_1, P_1 ∈ E(Q).

SuneqÐzoume tÿra thn Ðdia diadikasÐa me to P_1, me to P_2 pou ja broÔme, kai èqoume:

P_1 − Q_{i2} = 2P_2 P_2 − Q_{i3} = 2P_3 . . . . . . . . . . . . . . . . . . . . . . P_{m−1} − Q_{im} = 2P_m . . . . . . . . . . . . . . . . . . . . . . ìpou Q_{i1} , Q_{i2} , · · · , Q_{im} ∈ A kai P_i ∈ E(Q). TelikĹ brÐkoume

P = Q_{i1} + 2P_1 = Q_{i1} + 2(Q_{i2} + 2P_2) = = Q_{i1} + 2Q_{i2} + 4P_2 = · · · = Q_{i1} + 2Q_{i2} + · · · + 2^{m−1}Q_{im} + 2^mP_m.

Apì thn teleutaÐa sqèsh èpetai ìti to P anăkei sthn upoomĹda thc E(Q) pou parĹgetai apì ta Q_{iλ} , λ = 1, 2, · · · , m kai to P_m. H idèa tÿra eÐnai na qrhsimopoiăsoume ta lămmata 1 kai 2 kai na deÐxoume ìti, gia arketĹ megĹlo m, to P_m èqei Ôyoc mikrìtero apì kĹpoio stajerì frĹgma, opìte den èqei shmasÐa apì poiì P arqÐsame. To shmeÐo P_m ja eÐnai stoiqeÐo enìc sugkekrimènou peperasmènou sunìlou stoiqeÐwn thc E(Q) ta opoÐa mazÐ me ta Q_1, Q_2, · · · , Q_m ja parĹgoun thn E(Q).

Ac exetĹsoume thn sqèsh twn uyÿn twn P_{m−1} kai P_m. Ja deÐxoume ìti to H(P_m) eÐnai arketĹ mikrìtero tou H(P_{m−1}).

Efarmìzoume to Lămma 1 gia P_0 = −Q_i, i = 1, 2, · · · , n, kai èqoume

H(P − Q_i) ≤ c_iH(P )^2, gia kĹje P ∈ E(Q).

Gia c^′ := max { c_i | i = 1, 2, · · · , n } èpetai ìti

H(P − Q_i) ≤ c^′H(P )^2, gia kĹje P ∈ E(Q) kai kĹje i = 1, 2, . . . , n.

Efarmìzoume tÿra to Lămma 2 kai brÐskoume ìti

H(P_m)^4 ≤ cH(2P_m) = cH(P_{m−1} − Q_{im} ) ≤ cc^′H(P_{m−1})^2

Thn parapĹnw anisìthta grĹfoume wc exăc:

H(P_m)^4 ≤ 16cc^′ H(P_{m−1})^2 · ( H(P_{m−1}) 2 )_4

=⇒ H(P_m) ≤^4 √ 16cc^′ H(P_{m−1})^2 · H(P_{m−1}) 2 An tÿra upojèsoume ìti

H(P_{m−1})^2 > 16cc^′ ja èqoume =⇒ H(P_m) < H(P_{m−1}) 2 . Autì ìmwc eÐnai Ĺtopo giatÐ h akoloujÐa twn shmeÐwn P_1, P_2, · · · , P_m, · · · mac dÐnei akoloujÐa uyÿn pou teÐnei sto mhdèn.

’Ara, gia arketĹ megĹlo m, isqÔei H(P_m)^2 ≤ 16cc^′

opìte ta shmeÐa Q_1, Q_2, . . . , Q_n mazÐ me ta shmeÐa P gia ta opoÐa H(P ) < 4 √ cc^′ parĹgoun thn E(Q), dhladă èqoume apodeÐxei thn alăjeia tou Jewrămatoc tou Mordell.

ShmeÐwsh 5. SuqnĹ, gia praktikoÔc kurÐwc lìgouc, orÐzoume san Ôyoc enìc shmeÐou P thc E(Q) ton logĹrijmo tou Ôyouc tou P , h(P ) := log H(P ).

ProtoÔ tÿra apodeÐxoume ta lămmata ja kĹnoume dÔo parathrăseic.

Paratărhsh 6. An P = (x, y) ∈ E(Q) tìte x = m e^2 kai y = n e^3 ìpou m, n kai e ∈ Z, e > 0 kai (m, e) = (n, e) = 1.

Apìdeixh thc paratărhshc 6: ’Estw x = m M kai y = n N ìpou ta klĹsmata eÐnai anĹgwga kai M > 0 kai N > 0. H Y^2 = f(X) dÐnei n^2 N^2 = m^3 M^3 + a m^2 M^2 + b m M + c ⇒ M^3n^2 = N^2m^3 + aN^2m^2M + bN^2mM^2 + cN^2M^3 (5.1)

Epomènwc, N^2|M^3n^2, opìte N^2|M^3, diìti (N, n) = 1.

Ja apodeÐxoume kai to antÐstrofo, dhladă ìti M^3|N^2.

Kat’ arqăn apì thn (5.1) paÐrnoume ìti M|N^2m^3, dhladă M|N^2 afoÔ (M, m) = 1. Me bĹsh thn teleutaÐa diairetìthta xanagurÐzoume pÐsw sthn (5.1) kai brÐskoume ìti M^2|N^2m^3, opìte M^2|N^2. Kai pĹli xanagurÐzoume pÐsw sthn (5.1) kai brÐskoume ìti M^2|N^2m^3, epomènwc M^3|N^2.

’Wste M^3 = N^2, opìte gia e = N M èqoume thn epijumhtă èkfrash thc paratărhshc. ⊓⊔

Paratărhsh 7. To Ôyoc shmeÐou orÐsthke mèsw thc x-sunistÿsac tou. An grĹyoume tÿra to shmeÐo P sthn morfă P = ( m e^2 , n e^3 ) , me (m, e) = (n, e) = 1, to Ôyoc H(P ) = max(|m|, e^2), sunepÿc |m| ≤ H(P ) kai e^2 ≤ H(P ).

IsqurÐzomai ìti to Ôyoc dÐnei èna anÿtero frĹgma kai gia to n. Sugkekrimèna ìti upĹrqei k > 0 tètoio ÿste |n| ≤ kH(P )^{3/2}. Apì thn exÐswsh n^2 e^6 = m^3 e^6 + a m^2 e^4 + b m^2 e^4 + c èpetai ìti n^2 = m^3 + am^2e^2 + be^4m + e^6.

Epomènwc |n|^2 ≤ H(P )^3 + |a|H(P )^3 + |b|H(P )^3 + |c|H(P )^3,

opìte mporoume na pĹroume k := √ 1 + |a| + |b| + |c|. Apì ta parapĹnw sumperaÐnoume ìti to Ôyoc enìc shmeÐou P = (x, y) mac dÐnei frĹgma kai thc y-sunistÿsac autoÔ.

Sthn sunèqeia ja apodeÐxoume ta trÐa lămmata.

2. ApodeÐxeic twn triÿn lhmmĹtwn

Apìdeixh tou lămmatoc 1:

An to P_0 = 0 tìte to lămma profanÿc isqÔei. ’Estw ìti P_0 ≠ 0, P_0 = (x_0, y_0). H stajerĹ c_0 ja exartĹtai apì to P_0. EÐnai arketì na deÐxoume thn Ôparxh tètoiac stajerĹc gia sqedìn ìla ta P , ektìc dhladă peperasmènou plăjouc shmeÐwn. Kai autì giatÐ, aploÔstata, mporoÔme na pĹroume touc lìgouc

H(P + P_0) H(P )^2 gia to sÔnolo autì twn peperasmènou plăjouc shmeÐwn kai na dialèxoume telikĹ to c_0 na eÐnai megalÔtero kai apì touc peperasmènouc sto plăjoc autoÔc lìgouc.

Sunepÿc mporoÔme, qwrÐc periorismì thc genikìthtac, na upojèsoume ìti P ≠ P_0, −P_0, O. An P = (x, y), tìte P ≠ P_0, −P_0 sămainei x ≠ x_0. ’Estw P + P_0 = (ξ, η). XanajumÐzoume ìti, apì touc tÔpouc tou ajroÐsmatoc dÔo shmeÐwn, èqoume: ξ = λ^2 − a − x − x_0, ìpou λ = y − y_0 x − x_0 . Epomènwc ξ = (y − y_0)^2 − x(x − x_0)^2 − x_0(x − x_0)^2 − a(x − x_0)^2 (x − x_0)^2 . An antikatastăsoume to y^2 apì thn exÐswsh y^2 = x^3 + ax^2 + bx + c, brÐskoume ξ = Ay + Bx^2 + Cx + D Ex^2 + F x + G ìpou A, B, C, D, E, F kai G rhtoÐ arijmoÐ dosmènoi sunartăsei twn a, b, c kai twn suntetagmènwn tou shmeÐou P_0 = (x_0, y_0). QwrÐc periorismì thc genikìthtac, pollaplasiĹzontac, an qreiasteÐ touc ìrouc tou klĹsmatoc me to elĹqisto koinì pollaplĹsio twn A, B, C, D, E, F , G, mporoume na upojèsoume ìti A, B, C, D, E, F kai G eÐnai akèraioi. AfoÔ to P = (x, y) ∈ E(Q) tuqaÐo rhtì shmeÐo thc kampÔlhc èpetai ìti oi stajerèc A, B, C, D, E, F kai G eÐnai Ðdiec gia ìla ta rhtĹ shmeÐa thc kampÔlhc, P ≠ P_0, −P_0, O, dhladă ìti h stajerĹ c_0 ja exartĹtai apì tic stajerèc kai ìqi apì to shmeÐo P . Sthn sunèqeia grĹfoume x = m e^2 kai y = n e^3

(dec paratărhsh 6) kai brÐskoume ξ = Aen + Bm^2 + Cme^2 + De^4 Em^2 + F me^2 + Ge^4 . ’Etsi èqoume to ξ san èkfrash enìc phlÐkou dÔo akeraÐwn. Den gnwrÐzoume bèbaia ìti to klĹsma eÐnai anĹgwgo, allĹ, tuqìn diagrafă koinoÔ parĹgonta arijmhtă kai paronomastă, ja èkane to Ôyoc mikrìtero.

’Estw H := H(P ) = H(x). QrhsimopoioÔme tic anisìthtec e ≤ H^{1/2}, n ≤ KH^{3/2}, m ≤ H ìpou K stajerĹ pou exartĹtai apì ta a, b, c kai èqoume | |(Aen + Bm^2 + Cme^2 + De^4) | | ≤ (|AK| + |B| + |C| + |D|)H^2 kai | (Em^2 + F me^2 + Ge^4) | ≤ (|E| + |F | + G|)H^2.

Epomènwc H(ξ) ≤ c_0H^2 ìpou c_0 = max {|AK| + |B| + |C| + |D|, |E| + |F | + |G|} . ⊓⊔ Apìdeixh tou Lămmatoc 2:

Dedomènou ìti upĹrqei mìno peperasmèno plăjoc rhtÿn shmeÐwn me thn idiìthta 2P = O, mporoÔme na upojèsoume ìti 2P ≠ O. An P = (x, y) kai 2P = (ξ, η), tìte ξ = λ^2 − 2x − a ìpou λ = f^′(x) 2y . Epomènwc

ξ = (f^′(x))^2 − 8xf(x) − 4af(x) 4f(x) = x^4 + · · · 4x^3 + · · · ìpou f(x) ≠ 0, afoÔ 2P ≠ O. ’Wste to ξ eÐnai phlÐko dÔo poluwnÔmwn wc proc x me suntelestèc akeraÐouc. AfoÔ h kubikă kampÔlh eÐnai mh-idiĹzousa, ta poluÿnuma f(x) kai f^′(x) eÐnai prÿta metaxÔ touc, sunepÿc arijmhtăc kai paronomastăc tou ξ den èqoun koinèc rÐzec. Katafèrame loipìn na anagĹgoume to prìblhma sto parakĹtw lămma gia ta Ôyh. To lămma autì eÐnai genikì kai den èqei kammÐa sqèsh me kubikèc kampÔlec. ⊓⊔

Lămma 2^′. ’Estw φ(X) kai ψ(X) dÔo poluÿnuma me akeraÐouc suntelestèc, ta opoÐa den èqoun koină (migadikă) rÐza. Me d ja sumbolÐzoume to mègisto twn bajmÿn twn φ kai ψ.

1. UpĹrqei akèraioc R ≥ 1, o opoÐoc exartĹtai apì ta φ kai ψ, tètoioc ÿste gia ìlouc touc rhtoÔc arijmoÔc m/n o mègistoc koinìc diairèthc twn akeraÐwn n^dφ(m/n) kai n^dψ(m/n) diaireÐ ton R.

2. UpĹrqoun jetikèc stajerèc c_1 kai c_2 tètoiec ÿste

c_1 ( H (m n )_d) ≤ H ( φ(m/n) ψ(m/n) ) ≤ c_2 ( H ( m n ))_d

gia ìlouc touc rhtoÔc m/n oi opoÐoi den eÐnai rÐza tou poluwnÔou ψ(X).

Apìdeixh:

1. Apì ton orismì tou d èpetai ìti oi posìthtec n^dφ(m/n) kai n^dψ(m/n) eÐnai akèraioi arijmoÐ. Epomènwc èqei nìhma h ènnoia tou megÐstou koinoÔ diairèth autÿn. QwrÐc periorismì thc genikìthtac, upojètoume ìti deg φ = d kai deg ψ = r ≤ d. MporoÔme epomènwc na grĹyoume n^dφ ( m n ) = a_0m^d + a_1m^{d−1}n + · · · + a_dn^d n^dψ ( m n ) = b_0m^rn^{d−r} + b_1m^{r−1}n^{d−r+1} + · · · + b_rn^d

SumbolÐzoume F (m, n) := n^dφ ( m n )

kai G(m, n) := n^dψ ( m n )

Sthn sunèqeia ja prospajăsoume na ektimăsoume ton mègisto koinì diairèth twn F (m, n) kai G(m, n) anexĹrthta twn timÿn m kai n.

Ta poluÿnuma φ(X) kai ψ(X) den èqoun koinèc rÐzec metaxÔ touc. Epomènwc eÐnai prÿta metaxÔ touc ston daktÔlio Q [X]. Autì shmaÐnei ìti upĹrqoun poluÿnuma k(X) ∈ Q [X] kai l(X) ∈ Q [X] tètoia ÿste k(X)φ(X) + l(X)ψ(X) = 1 (5.2) ’Estw A ∈ Z arketĹ megĹloc ÿste ta poluÿnuma Ak(X) kai Al(X) na èqoun akeraÐouc suntelestèc. An pĹli D eÐnai o mègistoc twn bajmÿn twn poluwnÔmwn k(X) kai l(X), pollaplasiĹzoume kai ta dÔo mèlh thc exÐswshc (5.2) me A · n^{D+d} kai jètoume X = m/n, opìte prokÔptei h isìthta: { n^D ·Ak(m/n)· } · F (m, n) + { n^D ·A·l(m/n) } · G(m, n) = A · n^{D+d} ParathroÔme ìti oi posìthtec mèsa stic agkÔlec eÐnai akèraioi arijmoÐ. Autì shmaÐnei ìti an γ := γ(m, n) eÐnai o mègistoc koinìc diairèthc twn F (m, n) kai G(m, n) tìte γ | | A · n^{D+d}. To apotèlesma autì den eÐnai ikanopoihtikì diìti jèloume to γ na diaireÐ kĹpoio akèraio pou na mhn exartĹtai apì to n. Ja deÐxoume ìti γ | A · a^{D+d}_0 .

To γ|F (m, n), Ĺra ja diaireÐ kai to An^{D+d−1}F (m, n) = Aa_0m^d ·n^{D+d−1} + Aa_1m^{d−1}n^{D+d} + · · · + Aa_dn^{D+2d−1} To γ epomènwc diaireÐ to An^{D+d−1}F (m, n) kai to An^{D+d}. Epomènwc ja diaireÐ kai to Aa_0m^d ·n^{D+d−1} kai sunepÿc kai to mègisto koinì diairèth twn Aa_0m^dn^{D+d−1} kai An^{D+d}. Epeidă de (m, n) = 1 èpetai ìti γ|Aa_0n^D + d − 1.

KatebĹsame thn dÔnamh tou n katĹ èna kai pollaplasiĹsame thn posìthta me a_0. SuneqÐzontac ìmoia katalăgoume sto sumpèrasma ìti γ|A · a^{D+d}_0 =: R. 2. H dexiĹ anisìthta tou proc apìdeixh 2. tou lămmatoc 2 den mac qreiĹzetai gia thn apìdeixh tou jewrămatoc tou Mordell kai eÐnai arketĹ pio eÔkolh apì thn aristerĹ. Thn afănoume san Ĺskhsh ston anagnÿsth.

Kat’ arqăn parathroÔme ìti an α rhtìc arijmìc tìte H(α) = H(1/α). Autì shmaÐnei ìti mporoÔme, an qreiasteÐ, na allĹxoume touc rìlouc twn φ kai ψ, na upojèsoume kai pĹli ìti deg φ = d kai ìti deg ψ = r ≤ d.

An tÿra m/n rhtìc o opoÐoc den eÐnai rÐza tou poluwnÔmou ψ ja prospajăsoume na ektimăsoume to Ôyoc tou arijmoÔ

ξ := φ(m/n) ψ(m/n) = n^dφ(m/n) n^dψ(m/n) = F (m, n) G(m, n) . To Ôyoc tou ξ eÐnai, ex orismoÔ, to mègisto twn akeraÐwn |F (m, n)| kai |G(m, n)| an eÐmaste sÐgouroi ìti to klĹsma F (m, n)/G(m, n) eÐnai anĹgwgo. H megalÔterh dunată aplopoÐhsh pou ja mporoÔse na gÐnei eÐnai o mègistoc koinìc diairèthc twn F (m, n) kai G(m, n). KĹnontac qrăsh tou isqurismoÔ tou prÿtou mèrouc tou lămmatoc, èqoume: H(ξ) ≥ 1 R max {|F (m, n)|, |G(m, n)|} = 1 R max { |n^dφ(m/n)|, |n^dψ(m/n)| }

≥ 1 2R ( |n^dφ(m/n)| + |n^dψ(m, n)| ) . Sthn teleutaÐa anisìthta qrhsimopoiăsame thn gnwstă sqèsh max{a, b} ≥ 1 2 (a+b). Stìqoc mac eÐnai na sugkrÐnoume to Ôyoc H(ξ) me to H(m/n)^d = max{|m^d|, |n^d|}.

Epomènwc èqoume H(ξ) H(m/n)^d ≥ 1 2R · |n^dφ(m/n)| + |n^dψ(m/n)| max{|m^d|, |n^d|} = 1 2R · |φ(m/n)| + ψ(m/n)| max {|m/n|^d, 1} . JewroÔme tÿra thn sunĹrthsh

f(t) := |φ(t)| + |ψ(t)| max{|t|^d, 1} kai parathroÔme ìti upĹrqei to ìrio thc f(t) kai eÐnai diĹforo tou mhdenìc ìtan to |t| teÐnei sto Ĺpeiro. To ìrio autì eÐnai |a_0| an deg ψ = r < d kai eÐnai |a_0| + |b_0| an deg ψ = r = d.

Autì shmaÐnei ìti h sunĹrthsh f(t) eÐnai, èxw apì kĹpoio kleistì diĹsthma, fragmènh kai jetikă. Kai mèsa sto kleistì diĹsthma èqoume mÐa suneqă sunĹrthsh h opoÐa den mhdenÐzetai poujenĹ diìti φ(X) kai ψ(X) den èqoun koinèc rÐzec. H f(t) eÐnai epomènwc suneqăc se kĹpoio kleistì diĹsthma kai Ĺra ekeÐ ja paÐrnei tic akrìtatec timèc. Epeidă s’ autì to diĹsthma den mhdenÐzetai, èpetai ìti upĹrqei mÐa stajerĹ c_1 > 0 tètoia ÿste f(t) > c_1 gia kĹje t ∈ R. Epomènwc, H(ξ) ≥ c_1 2R · H(m/n)^d. ⊓⊔ SeirĹ tÿra èqei to trÐto lămma. Gia na apofÔgoume thn qrăsh stoiqeÐwn Algebrikăc JewrÐac Arijmÿn, kĹnoume thn epiplèon upìjesh ìti to poluÿnumo f(x) = x^3 + ax^2 + bx + c èqei toulĹqisto mÐa rhtă rÐza, to opoÐo isodunameÐ me to ìti èqei èna rhtì shmeÐo P tĹxhc dÔo 2P = O.

H mèjodoc aută douleÔei genikĹ. Sthn perÐptwsh pou h upìjesh den isqÔei prèpei na pĹroume mÐa rÐza tou f(x) na thn episunĹyoume sto Q kai na doulèyoume sto sÿma Q(α), ìpou α h rÐza.

Apìdeixh tou Lămmatoc 3:

’Estw f(x) èqei mÐa rhtă rÐza x_0. Aută ja prèpei na eÐnai akèraioc diìti to f(x) eÐnai enadikì, dhladă o suntelestăc thc megalÔterhc dÔnamhc tou x eÐnai 1. AllĹzoume to sÔsthma suntetagmènwn kai stèlnoume to x_0 sthn arqă twn axìnwn. H kainoÔrgia exÐswsh èqei tÿra thn morfă E : y^2 = x^3 + ax^2 + bx = f(x) ìpou a, b pĹli akèraioi. ’Wste to shmeÐo (0, 0) = P_0 eÐnai rhtì shmeÐo thc elleiptikăc kampÔlhc. H diakrÐnousa tou f(x) eÐnai D(f) = b^2(a^2 − 4b) ≠ 0. Epomènwc b ≠ 0 kai a^2 − 4b ≠ 0.

Endiaferìmaste gia ton deÐkth [E(Q) : 2E(Q)]. Ja analÔsoume thn apeikìnish E(Q)^2−→ E(Q) P −→ 2P se dÔo Ĺllec apeikonÐseic. H parapĹnw apeikìnish eÐnai, katĹ kĹpoio trìpo, bajmoÔ 4 diìti h sunĹrthsh pou dÐnei thn x-sunistÿsa tou 2P eÐnai bajmoÔ 4 wc proc thn x-sunistÿsa tou P . Ja analÔsoume loipìn thn apeikìnish aută se 2 Ĺllec bajmoÔ 2 h kajemÐa. MĹlista oi apeikonÐseic autèc den ja eÐnai apì thn kampÔlh ston eautì thc, allĹ apì thn kampÔlh E se mÐa Ĺllh kampÔlh Ē kai apì autăn sthn arqikă.

MazÐ me thn elleiptikă kampÔlh E jewroÔme kai thn Ē pou orÐzetai apì thn E, sugkekrimèna Ē|y^2 = x^3 + āx^2 + b̄x ìpou ā = −2a, b̄ = a^2 − 4b.

Gia lìgouc pou ja doÔme se lÐgo, oi dÔo elleiptikèc kampÔlec eÐnai stenĹ sundedemènec metaxÔ touc kai jewreÐtai polÔ fusikì ìtan meletoÔme thn mÐa na meletoÔme kai thn Ĺllh. MporoÔme tÿra na xanakĹnoume to Ðdio gia thn Ē. BrÐskoume thn

Ē : y2 = x3 + āx2 + b̄x, ìpou ā = −2ā = 4a b̄ = ā2 − 4b̄ = 4a^2 − 4(a^2 − 4b) = 16b

’Wste Ē : y^2 = x^3 + 4ax^2 + 16bx.

H Ē eÐnai ìmwc ousiastikĹ h Ðdia h E: arkeÐ na antikatastăsoume to y me to 8y, to x me to 4x, kai na diairèsoume me to 64. ’Wste Ē(Q)^λ∼= E(Q) mèsw thc λ(x, y) = ( x 4 , y 8 ) . OrÐzoume tÿra mÐa sunĹrthsh φ : E(C ) → Ē(C ) h opoÐa ja eÐnai omomorfismìc omĹdwn kai ja stèlnei thn E(Q) sthn Ē(Q). ’Omoia ja orÐsoume sthn sunèqeia thn ψ : Ē(C ) → Ē(C ). AfoÔ Ē(Q)^λ∼= E(Q) to telikì apotèlesmĹ mac ja eÐnai h ψ ∘ φ pou ja eÐnai pollaplasiasmìc me 2.

Orismìc 8. ’Estw φ : E(C ) ∋ (x, y) −→ (x̄, ȳ) ∈ Ē(C ), ìpou gia x ≠ 0 x̄ = x + a + b x = y^2 x^2 , ȳ = y( x^2 − b x^2 ). OrÐzoume akìma φ(O) = Ō kai φ(P_0) = Ō.

O orismìc mac ja mporoÔse na dikaiologhjeÐ an ìlh h jewrÐa eÐqe sundejeÐ me thn pragmatikă thc phgă tic elleiptikèc sunartăseic.

Kat’ arqăn, h apeikìnish φ eÐnai kalĹ wrismènh prĹgmati, eÔkola upologÐzei kaneÐc ìti x̄^3 + āx̄^2 + b̄x̄ = ȳ^2. Ja apodeÐxoume ìti h φ eÐnai omomorfismìc omĹdwn

φ(P_1 + P_2) = φ(P_1) + φ(P_2).

An P_1 ă P_2 = O tìte den èqoume na apodeÐxoume tÐpota.

An tÿra èna apì ta P_1 ă P_2 eÐnai to P_0, èstw P_1 = P_0, tìte ja deÐxoume ìti

φ(P_0 + P_2) = φ(P_2).

’Estw (ξ, η) to trÐto shmeÐo tomăc thc eujeÐac P_0P_2 me thn kampÔlh E. Tìte P_0 + P_2 = (ξ, −η) opìte φ(P_0 + P_2) = (x̄(P_0 + P_2), ȳ(P_0 + P_2))

ìpou x̄(P_0 + P_2) = ( η ξ )_2 , allĹ η = y x ξ (λ = y x , v = 0), opìte

x̄(P_0 + P_2) = ( η ξ )_2 = ( y x )_2 = x̄(P_2).

’Omoia apodeiknÔoume ìti ȳ(P_0 + P_2) = ȳ(P_2).

An fusikĹ ătan kai to P_2 = P_0 h mèjodoc den douleÔei allĹ tìte

φ(P_0 + P_0) = φ(P_0) + φ(P_0) = O

ex orismoÔ diìti 2P_0 = O, dhladă φ(P_0 + P_2) = Ō kai φ(P_0) = Ō.

’Estw tÿra ìti kanèna apì ta shmeÐa P_1, P_2, P_3 den eÐnai to O ă to P_0. ArkeÐ na deÐxoume ìti

an P_1 + P_2 + P_3 = O tìte φ(P_1) + φ(P_2) + φ(P_3) = Ō (5.3)

Ex orismoÔ thc φ isqÔei φ(x, −y) = (x̄, −ȳ) = −(x̄, ȳ) = −φ(x, y), dhladă φ(−P ) = −φ(P ), opìte an h (5.3) eÐnai alhjăc ja èqoume prĹgmati autì pou zhtoÔme diìti èqoume

P_1 + P_2 + P_3 = O,

opìte

φ(P_1 + P_2) = φ(O − P_3) = φ(−P_3) = −φ(P_3) = φ(P_1) + φ(P_2),

diìti φ(P_1) + φ(P_2) + φ(P_3) = Ō.

ArkeÐ loipìn na apodeÐxoume thn (5.3).

Ac pĹroume thn eujeÐa y = λx + ν kai èstw P_1, P_2, P_3 ta shmeÐa tomăc me thn E(C ). Ja apodeÐxoume ìti ta φ(P_1), φ(P_2), φ(P_3) eÐnai shmeÐa tomăc thc Ē(C ) me kĹpoia eujeÐa.

ParathroÔme ìti ν ≠ 0, diìti an ătan ν = 0 h eujeÐa ja pernoÔse apì to P_0.

An tÿra ν ≠ 0 mporoÔme pĹli na epalhjeÔsoume ìti ta shmeÐa φ(P_1), φ(P_2), φ(P_3) brÐskontai pĹnw sthn eujeÐa

y = λ̄x + ν̄, ìpou λ̄ = νλ − b ν , ν̄ = ν^2 − aνλ + bλ^2 ν . Autì pou ja prèpei na deÐxoume eÐnai ìti x̄(P_1), x̄(P_2) kai x̄(P_3) eÐnai oi treÐc rÐzec thc exÐswshc (λ̄x + ν̄)^2 = f(x) = x^3 + ax^2 + bx.

H apìdeixh aută afănetai san Ĺskhsh ston anagnÿsth.

Lìgw orismoÔ tou φ, eÐnai ker(φ) = { O, P_0 } kai faÐnetai amèswc ìti φ : E(Q) → Ē(Q).

ZhtoÔme thn eikìna Imφ thc E(Q) mèsw tou φ. Profanÿc Ō ∈ Imφ. IsqurÐzomai ìti an x̄ ≠ 0 tìte to shmeÐo

(x̄, ȳ) ∈ Imφ ⇐⇒ x̄ eÐnai tèleio tetrĹgwno rhtoÔ

kai ìti P^′_0 = (0, 0) ∈ Imφ an kai mìno an b̄ = a^2 − 4b eÐnai tèleio tetrĹgwno rhtoÔ. Ac apodeÐxoume kat’ arqăn to teleutaÐo: (0, 0) ∈ Imφ ⇐⇒ ∃(x, y) ∈ E(Q) : x̄ = y^2 x^2

= 0.

To x ìmwc eÐnai diĹforo tou mhdenìc giatÐ an x = 0 tìte kai y = 0 kai sunepÿc ja èprepe φ(P_0) = P^′_0 kĹti to opoÐo den isqÔei diìti, ex orismoÔ, φ(P_0) = O. ’Wste (0, 0) ∈ Imφ ⇐⇒ ∃(x, y) ∈ E(Q), x ≠ 0 kai y = 0. An ìmwc y = 0, tìte 0 = x^3 + ax^2 + bx = x(x^2 + ax + b) kai to x ja prèpei na eÐnai mÐa mh mhdenikă rÐza tou dexioÔ mèlouc, dhladă rÐza tou x^2 + ax + b. To teleutaÐo ìmwc sumbaÐnei akribÿc tìte ìtan b̄ = a^2 − 4b eÐnai tèleio tetrĹgwno sto Q.

’Estw tÿra (x̄, ȳ) ∈ E(Q), (x̄, ȳ) ≠ P^′_0 = (¯0, ¯0) dhladă x̄ ≠ ¯0. An (x̄, ȳ) ∈ Im φ tìte x̄ = ( y x )_2 dhladă tèleio tetrĹgwno rhtoÔ.

Antistrìfwc, èstw ìti x̄ = w^2, w ∈ Q. Jètoume

x_1 = 1 2 ( w^2 − a + ȳ w ) , y_1 = x_1w, x_2 = 1 2 ( w^2 − a − ȳ w ) , y_2 = −x_2w.

Ja deÐxoume ìti gia i = 1, 2 isqÔoun

(aþ) P_i = (x_i, y_i) ∈ E(Q),

(bþ) φ(P_i) = (x̄, ȳ).

Apìdeixh: (aþ) PaÐrnoume

x_1x_2 = 1 4 [ (w^2 − a)^2 − ȳ^2 w^2 ] = 1 4 [ (x̄ − a)^2 − ȳ^2 x̄ ]

= 1 4x̄ (x̄^3 − 2ax̄^2 + a^2x̄ − ȳ^2) = b,

diìti ȳ^2 = x̄^3 − 2ax̄^2 + (a^2 − 4b)x̄,

opìte èqoume

(x_i, y_i) ∈ E(Q) ⇐⇒ y^2_i = x^3_i + ax^2_i + bx_i ⇐⇒ ( y_i x_i )_2 = x_i + a + b x_i ⇐⇒ w^2 = x_1 + a + x_2, diìti b = x_1x_2.

H teleutaÐa sqèsh ìmwc isqÔei lìgw thc eklogăc twn x_1 kai x_2 kai sunepÿc apodeÐxame thn (aþ).

(bþ) ’Eqoume

φ(P_i) = (( y_i x_i )_2 , y_i ( x^2_i − x_1x_2

x^2_i ))

= ( w^2, w(x_1 − x_2) ) , gia i = 1 ( w^2, −w(x_2 − x_1) ) , gia i = 2 = (x̄, ȳ) (dec selÐda 81 gia touc orismoÔc twn x_1 kai x_2). OrÐzoume tÿra, ìpwc akribÿc kai ton φ, èna morfismì ψ^′ : Ē(Q) → Ē(Q) kai jewroÔme thn sÔnjesh ψ = λ ∘ ψ^′ : Ē(Q) → E(Q) ìpou λ o gnwstìc apì ta prohgoÔmena isomorfismìc Ē(Q) ∋ (x, y)^λ−→ ( x 4 , y 8 ) ∈ E(Q). Ja apodeÐxoume ìti isqÔei (ψ ∘ φ)(P ) = 2P , gia kĹje P ∈ E(Q). ’Eqoume

φ(P ) = P̄ = (x̄, ȳ) = ( ( y x )_2 , y x^2 − b

x^2 ) , ψ^′(P̄ ) = (x̄, ȳ), ìpou

x̄ = ( ȳ x̄ )_2 = y^2 ( x^2 − b x^2

)_2 ( y x )_4 = ( x^2 − b y )_2

kai λ(x̄) = ( x^2 − b 2y )_2 . Apì thn Ĺllh meriĹ h x-sunistÿsa tou 2P eÐnai

x^′ = λ^2 − a − 2x =

(3x^2 + 2ax + b)^2 4y^2 − a − 2x = 9x^4 + 4a^2x^2 + b^2 + 12ax^3 + 6bx^2 + 4abx − 4a(x^3 + ax^2 + bx) − 8x(x^3 + ax^2 + bx) 4y^2 = x^4 − 2bx^2 + b^2

4y^2 = ( x^2 − b 2y )_2 = λ(x̄). Gia tic y-sunistÿsec èqoume

ȳ = ȳ x̄^2 − b̄ x̄^2 = y(x^2 − b) x^2 · y^4 − (a^2 − 4b)x^4 y^4 = (x^2 − b) [ (x^2 + ax + b)^2 − (a^2 − 4b)x^2 ] y^3 = (x^2 − b)(x^4 + 2ax^3 + 6bx^2 + 2abx + b^2) y^3 = x^6 + 2ax^5 + 5bx^4 − 5b^2x^2 − 2ab^2x − b^3 y^3 kai λ(ȳ) = ȳ 8 . Apì thn Ĺllh meriĹ h y-sunistÿsa tou shmeÐou 2P eÐnai

y^′ = −y + f^′(x) 2y (x − x^′) = −y +

3x^2 + 2ax + b 2y [ x − ( x^2 − b 2y )_2]

= −y + 3x^2 + 2ax + b 2y · 3x^4 + 4ax^3 + 6bx^2 − b^2 4y^2 = −8(x^3 + ax^2 + bx)^2 + (3x^2 + 2ax + b)(3x^4 + 4ax^3 + 6bx^2 − b^2) 8y^3 = x^6 + 2ax^5 + 5bx^4 − 5b^2x^2 − 2ab^2x − b^3 8y^3 = λ(ȳ). ’Wste

(ψ ∘ φ)(P ) = 2P gia kĹje P ∈ E(Q).

Sthn sunèqeia ja apodeÐxoume ìti [Ē(Q) : φ(E(Q))] < ∞ kai mĹlista [Ē(Q) : φ(E(Q ))] ≤ 2^{s+1} ìpou s o arijmìc twn diakekrimènwn prÿtwn paragìntwn tou b̄ = a^2 − 4b.

OmoÐwc [E(Q) : ψ(Ē(Q))] ≤ 2^{r+1} ìpou r to plăjoc twn diakekrimènwn prÿtwn paragìntwn tou b. Profanÿc arkeÐ na apodeÐxoume mìno mÐa apì autèc. Entelÿc anĹloga apodeiknÔetai kai h deÔterh. Apì ta prohgoÔmena prokÔptei ìti

ψ(Ē(Q)) = { (x, y) ∈ E(Q) | x = w^2 ≠ 0, w ∈ Q}∪{O } ∪ {P_0}, an b tèleio tetrĹgwno ϕ, an b ìqi tèleio tetrĹgwno H idèa thc apìdeixhc eÐnai na broÔme ènan amfimonosămanto omomorfismì thc E(Q) ψ(Ē(Q)) se mÐa peperasmènh omĹda. ’Estw Q^∗ h pollaplasiastikă omĹda twn rhtÿn kai Q^{∗ 2} h upoomĹda twn teleÐwn tetragÿnwn tou Q^∗ . OrÐzoume α : E(Q) −→ Q^∗⧸Q∗ 2

α(O) ≡ 1 (mod Q^{∗ 2}) α(P_0) ≡ b (mod Q^{∗ 2}) α(x, y) ≡ x (mod Q^{∗ 2}), an x ≠ 0.

Ja apodeÐxoume ìti o α eÐnai omomorfismìc omĹdwn kai ìti

ker α = Imψ = ψ(Ē(Q)).

Apìdeixh: ArkeÐ na apodeÐxoume ìti

P_1 + P_2 + P_3 = O =⇒ α(P_1)α(P_2)α(P_3) ≡ 1 (mod Q^{∗ 2}).

AfoÔ gia P = (x, y), −P = (x, −y) èqoume α(−P ) = α(P ) kai afoÔ x ≡ 1 x (mod Q^{∗ 2}) isqÔei α(P )^{−1} = α(P ) opìte h alăjeia thc prìtashc, mèsa stic parenjèseic dÐnei

α(P_3) = α(−(P_1 + P_2)) = α(P_1 + P_2) ≡ α(P_1)·α(P_2) (mod Q^{∗ 2}).

’Estw ìti P_1, P_2, P_3 ∉ {O, P_0} dhladă x_1x_2x_3 ≠ 0.

To gegonìc ìti P_1 + P_2 + P_3 = O shmaÐnei ìti ta shmeÐa P_1, P_2, P_3 brÐskontai pĹnw se mÐa eujeÐa èstw y = λx + ν. Apì ton tÔpo 3.1 sthn selÐda 55 èqoume ìti x_1, x_2, x_3 eÐnai rÐzec tou x^3 + (a − λ^2)x^2 + (b − 2λν)x − ν^2 = 0.

Epomènwc to ginìmeno x_1x_2x_3 = ν^2 ∈ Q^{∗ 2} dhladă

α(P_1)α(P_2)α(P_3) = x_1x_2x_3 = ν^2 ≡ 1 (mod Q^{∗ 2}).

’Estw tÿra ìti èna apì ta shmeÐa p.q. to P_1 = O. Tìte an P_1 + P_2 + P_3 = O èpetai ìti P_2 + P_3 = O, dhladă P_3 = −P_2, pou shmaÐnei ìti x_2 = x_3 opìte α(P_1)α(P_2)α(P_3) = 1 · x_2x_3 ≡ 1 (mod Q^{∗ 2}).

’Estw pĹli ìti to P_1 = P_0 = (0, 0). Tìte h eujeÐa pou orÐzetai apì ta P_1, P_2, P_3 èqei thn morfă y = λx, dhladă ν = 0. Epomènwc x_2x_3 = x_1x_2 + x_2x_3 + x_1x_3 = b. Sunepÿc

α(P_1)α(P_2)α(P_3) = bx_2x_3 = b^2 ≡ 1 (mod Q^{∗ 2}).

’Ara o α eÐnai omomorfismìc omĹdwn. H sqèsh tÿra ker α = Imψ eÐnai profanăc diìti èqoume ădh deÐxei ìti (x, y) ∈ Imψ an kai mìno an x = w^2, w ∈ Q^∗ . Tèloc exetĹzoume thn eikìna α(E(Q)).

To erÿthma eÐnai poioÐ rhtoÐ arijmoÐ x apoteloÔn x-sunistÿsa enìc shmeÐou thc E(Q). EÐdame piì mprostĹ ìti an (x, y) ∈ E(Q) tìte x = m e^2

, y = n e^3 ìpou (m, e) = (n, e) = 1, opìte h y^2 = x^3 + ax^2 + bx mac dÐnei ìti

n^2 = m^3 + am^2e^2 + bme^4 = m(m^2 + ame^2 + be^4).

’Estw d = (m, m^2 + ame^2 + be^4). Tìte m = dm_1 kai d|be^4 opìte d|b diìti (m, e) = 1. GrĹfoume b = db_1 kai èqoume

n^2 = d^2 · m_1(m^2_1d + am_1 + b_1e^4). kai (m_1, m^2_1b + am_1 + b_1e^4) = 1.

Sunepÿc to m_1 eÐnai, kat’ apìluth timă, tèleio tetrĹgwno, opìte an m = ∏ p∈P p^{ap} tìte to m eÐnai to ginìmeno enìc teleÐou tetragÿnou kai tou (±p^{ε1}_1 p^{ε2}_2 · · · p^{εr}_r ) ìpou ta ε_i ja eÐnai 0 ă 1 kai ta p_1, p_2, · · · , p_r oi prÿtoi diairètec tou b. To plăjoc tÿra twn dunatotătwn gia to m (mod Q^{∗ 2}) eÐnai 2^{r+1}.

An bèbaia x = 0, opìte kai m = 0 to parapĹnw epiqeÐrhma den douleÔei, allĹ o orismìc thc α san α(P_0) ≡ b (mod Q^{∗ 2}) deÐqnei ìti to sumpèrasma gia thn tĹxh thc α(E(Q )) isqÔei.

Apì thn isomorfÐa E(Q)⧸ ψ(Ē(Q)) = E(Q)⧸ ker α ≡ α(E(Q)) (5.4)

brÐskoume: [E(Q) : ψ(Ē(Q))] ≤ 2^{r+1}. ’Omoia èqoume [Ē(Q) : φ(E(Q))] ≤ 2^{s+1}.

TelikĹ E(Q) E(Q)

Ē(Q) ⊃ φ(E(Q)) ψ

2

φ

2E(Q) = (ψ ∘ φ)(E(Q)) ≤ ψ(Ē(Q)) ≤ E(Q) [E(Q) : 2E(Q)] = [E(Q) : ψ(Ē(Q))] · [ψ(Ē(Q)) : ψ(φ(E(Q )))].

Apì thn JewrÐa OmĹdwn daneizìmaste to parakĹtw

Lămma 9. ’Estw A kai C abelianèc omĹdec, B upoomĹda thc A kai ψ : A → C omomor-

fismìc omĹdwn. Tìte ψA⧸ ψB ≡ ( A⧸ B ) ( ker ψ⧸ ker ψ ∩ B ) . H apìdeixh afănetai san Ĺskhsh ston anagnÿsth.

’Estw tÿra A = Ē(Q) kai B = φ(E(Q)). ’Eqoume ψ(Ē(Q))⧸ 2E(Q) = ψ(Ē(Q))⧸ ψ(φ(E(Q))) ∼= (¯ E(Q)⧸ φ(E(Q)) ) ( ker ψ⧸ ker ψ ∩ φ(E(Q)) ) , opìte [¯ E(Q) : φ(E(Q )) ] = [ ψ(Ē(Q)) : ψ(φ(E(Q ))) ] [ ker ψ : ker ψ ∩ φ(E(Q)) ]

=⇒ [ψ(Ē(Q)) : ψ(φ(E(Q )))] ≤ [Ē(Q) : φ(E(Q ))] ≤ 2^{s+1}

=⇒ [E(Q) : 2E(Q)] ≤ 2^{r+1} · 2^{s+1} = 2^{r+s+2},

dhladă h plărhc apìdeixh tou Jewrămatoc tou Mordell. ⊓⊔

3. Efarmogèc kai paradeÐgmata

To Jeÿrhma tou Mordell mac lèei ìti h omĹda twn rhtÿn shmeÐwn Γ = E(Q) miĹc elleip-

tikăc kampÔlhc E eÐnai peperasmèna paragìmenh abeliană omĹda. Sunepÿc upĹrqoun r, s ∈

N_0 , p_i ∈ P, ν_i ∈ N(i = 1, 2, . . . , s) tètoioi ÿste

Γ ∼= Z^r ⊕ ( Z⧸ p^{ν1}_1 Z ) ⊕ · · · ⊕ ( Z⧸ p^{νs}_s Z ) (5.5)

opìte 2Γ ∼= (2Z)^r ⊕ ( 2Z⧸ p^{ν1}_1 Z ) ⊕ · · · ⊕ ( 2Z⧸ p^{νs}_s Z )

=⇒ Γ⧸2Γ ∼= ( Z⧸ 2Z )_r ⊕ ( Z⧸ p^{ν1}_1 Z ) ( 2Z⧸ p^{ν1}_1 Z ) ⊕ · · · ⊕ ( Z⧸ p^{νs}_s Z ) ( 2Z⧸ p^{νs}_s Z ) . An p perittìc, tìte 2Z⧸pν Z ∼= Z⧸pν Z. An p = 2 tìte 2Z⧸2ν Z ∼= Z⧸2ν−1Z. Epomènwc gia p perittì o prosjetèoc ( Z⧸ p^ν Z ) ( 2Z⧸ p^ν Z ) dÐnei to monadiaÐo kai exafanÐzetai

apì thn Ĺjroish.

An p = 2 tìte to phlÐko ( Z⧸ 2^ν Z ) ( 2Z⧸ 2^ν Z

) dÐnei Z⧸2Z.

’Estw t = # { j ∈ {1, 2, · · · , s} | | p_j = 2}. Epomènwc E(Q)⧸ 2E(Q) ∼= ( Z⧸ 2Z )_{r+t} . IsqurÐzomai ìti an Γ_2 sumbolÐzei thn omĹda twn Q -rhtÿn shmeÐwn tĹxewc 2 thc E tìte

|Γ_2| = 2^t.

Lìgw thc (5.5) upĹrqoun P_1, P_2, · · · , P_r, Q_1, Q_2, · · · , Q_s ∈ Γ = E(Q) tètoia ÿste

∀P ∈ Γ, P = n_1P_1 + · · · + n_rP_r + m_1Q_1 + m_2Q_2 + · · · m_sQ_s.

Oi akèraioi n_i eÐnai monosămanta orismènoi kai oi m_j orÐzontai mod p^{νj}_j .

’Estw Q èna shmeÐo tĹxewc 2, dhladă 2Q = O.

Q = n_1P_1 + n_2P_2 + · · · n_rQ_r + m_1Q_1 + · · · + m_sQ_s.

2Q = O =⇒ n_i = 0 ∀i = 1, 2, · · · , r 2m_j ≡ 0 (mod p^{νj}_j ) (j ∈ {1, 2, · · · , s}) .

An p_j perittìc, tìte m_j ≡ 0 (mod p^{νj}_j ) enÿ an p_j = 2 tìte m_j ≡ 0 (mod 2^{νj −1}).

Epeidă de m_j eÐnai monosămanta orismèno (mod 2^{νj} ) èpetai ìti m_j ≡ 0 ă 2^{νj −1} (mod 2^{νj} ).

ParathroÔme ìti gia kĹje m_j èqoume dÔo dunatìthtec kai sunepÿc upĹrqoun 2^t shmeÐa Q

me 2Q = O dhladă |Γ_2| = 2^t.

Sumpèrasma:

2^r = | |Γ⧸ 2Γ | | | |Γ_2 | | . Profanÿc | |Γ_2 | | = 2, ìtan a^2 − 4b den eÐnai tèleio tetrĹgwno

4, ìtan a^2 − 4b eÐnai tèleio tetrĹgwno

To lămma 9 thc selÐdac 86 dÐnei ψA⧸ ψB ∼= ( A⧸ B ) ( ker ψ⧸ ker ψ ∩ B ) . Gia A = Γ̄ kai B = φΓ èqoume ψΓ̄⧸ 2Γ ∼= (¯ Γ⧸ φΓ ) ( ker ψ⧸ ker ψ ∩ φΓ ) , ker ψ = { O, (0, 0) } . EpÐshc

(0, 0) ∈ φΓ ⇐⇒ b̄ = a^2 − 4b ∈ Q^{∗ 2}

opìte | |ker ψ⧸ ker ψ ∩ φΓ | | = 2, ìtan a^2 − 4b ∉ Q^{∗ 2}

1, ìtan a^2 − 4b ∈ Q^{∗ 2} = 4 |Γ_2| . Apì ta parapĹnw prokÔptei ìti | |Γ⧸2Γ | | = | |Γ⧸ψΓ̄ | | · | | Γ̄⧸ φΓ | | · 1 4 | Γ_2 | ìloi oi deÐktec eÐnai peperasmènoi

opìte 2^r = | |Γ⧸ψΓ̄ | | · | | Γ̄⧸ φΓ | | 4 , dhladă

2^r =

[Γ : ψΓ̄] [Γ̄ : φΓ] 4 . Apì th sqèsh 5.4 thc selÐdac 86, èqoume [Γ̄ : φΓ] = |ᾱΓ̄|. ’Eqoume loipìn apodeÐxei to

Jeÿrhma 10. An E : y^2 = x^3 + ax^2 + bx (a, b ∈ Z), Ē : y^2 = x^3 − 2ax^2 + (a^2 − 4b)x kai an sumbolÐsoume me Γ = E(Q), Γ̄ = Ē(Q), r = rank(E(Q), isqÔei

2^r = |αΓ| · |ᾱΓ̄| 4 .

Upologismìc thc αΓ

AfoÔ (0, 0) ∈ Γ èpetai ìti to b Q^{∗ 2} anăkei pĹnta sto αΓ. ’Estw tÿra (x, y) ∈ Γ kai y ≠ 0. EÐqame piì mprostĹ katalăxei sto sumpèrasma ìti ja prèpei x = m e^2 , y = n e^3 , (m, e) = (n, e) = 1, e > 0, n^2 = m(m^2 + ame^2 + be^4).

’Estw b_1 := (m, b). Dialègoume to b_1 ètsi ÿste o

m_1 = m b_1

> 0, b_2 := b b_1

, dhladă (m_1, b_2) = 1.

’Eqoume n^2 = b_1m_1(b^2_1m^2_1 + ab_1m_1e^2 + b_1b_2e^4) = b^2_1m_1(b_1m^2_1 + am_1e^2 + b_2e^4)

=⇒ b^2_1 | n^2 =⇒ b_1 | n. ’Estw tÿra n_1 = n b_1

. ’Eqoume

n^2_1 = m_1(b_1m^2_1 + am_1e^2 + b_2e^4).

O mègistoc koinìc diairèthc (m_1, b_1m^2_1 + am_1e^2 + b_2e^4) = (m_1, b_2e^4) = 1 diìti (b_2, m_1) = 1 kai (e, m_1) = 1 (to teleutaÐo diìti (e, m) = 1). Epeidă tÿra m_1 > 0 èpetai ìti upĹrqei M ∈ N tètoioc ÿste m_1 = M^2 kai M | | n_1 (diìti m_1 | | n_1).

GrĹfoume N = n_1 N ∈ N kai èqoume

N^2 = b_1M^4 + a^2M^2e^2 + b_2e^4

ìpou x = b_1M^2

e^2 kai y = b_1MN e^3 . Jeÿrhma 11 (Jeÿrhma tou Tate)

αΓ = { Q^{∗ 2}, bQ^{∗ 2} } ∪ { b_1Q^{∗ 2}, ìpou b_1|b, b = b_1b_2 kai ă z^2 = b_1x^4 + ax^2y^2 + b_2y^4 èqei lÔsh sto Z me xy ≠ 0 } .

Apìdeixh:

fifi⊆flfl: ’Estw c Q^{∗ 2} ∈ αΓ. Tìte upĹrqei P ∈ Γ tètoio ÿste αP = c Q^{∗ 2}. 1^h perÐptwsh: An P = O tìte αP = Q^{∗ 2}. 2^h perÐptwsh: An P = (0, 0) tìte αP = b Q^{∗ 2}. 3^h perÐptwsh: An P = (x, y), y ≠ 0 èqoume ădh apodeÐxei ìti x = b_1M^2 e^2

=⇒ α(P ) ≡ b_1 (mod Q^{∗ 2}).

4^h perÐptwsh: An P = (x, 0) me x ≠ 0 tìte x^2 + ax + b = 0 ìpou x ∈ Q kai a, b ∈ Z , dhladă x ∈ Z kai x|b. GrĹfoume b_1 = x, b_2 = b b_1 kai epomènwc b^2_1 + ab_1 + b_1b_2 = 0. Epeidă x = b_1 ≠ 0 èqoume b_1 + a + b_2 = 0, sunepÿc h z^2 = b_1x^4 + ax^2y^2 + b_2y^4 eÐnai epilÔsimh me (x, y, z) = (1, 1, 0). fifi⊇flfl: ’Estw cQ^{∗ 2}.

1^h perÐptwsh: ’Estw c Q^{∗ 2} = Q^{∗ 2}, b Q^{∗ 2}, isqÔei.

2^h perÐptwsh: ’Estw c Q^{∗ 2} = b_1Q^{∗ 2} me b_1|b, b = b_1b_2 kai èstw (M, e, N) lÔsh thc z^2 = b_1x^4 + ax^2y^2 + b_2y^4 me Me ≠ 0 sto Z. Tìte

N^2 = b_1M^4 + aM^2e^2 + b_2e^4 ⇒ b_1M^2N^2 = b^3_1M^6N^2 + ab^2_1M^4e^2 + bb_1M^2e^4. Sunepÿc P = ( b_1M^2 e^2 , b_1MN e^3 ) ∈ Γ kai αP = b_1Q^{∗ 2} = c Q^{∗ 2}.

PradeÐgmata:

(1) ’Estw h elleiptikă kampÔlh E/y^2 = x^3 − x.

’Eqoume a = 0, b = −1 dhladă −2a = 0, a^2 − 4b = 4. Epomènwc Ē/y^2 = x^3 + 4x. Epeidă to b = −1 gia to b_1 èqoume dÔo dunatìthtec ±1. Gia thn α isqÔoun α(O) ≡ 1 (mod Q^{∗ 2}), α(P_0) ≡ b (mod Q^{∗ 2}). =⇒ αΓ = {Q^{∗ 2}, −Q^{∗ 2}} =⇒ |αΓ| = 2. EpÐshc b̄ = 4, opìte gia to b_1 èqoume tic dunatìthtec b_1 = ±1, ±2, ±4. AllĹ 4 ≡ 1 (mod Q^{∗ 2}) kai −4 ≡ −1 (mod Q^{∗ 2}) opìte h ᾱ(Γ̄) èqei to polÔ tèssera stoiqeÐa: ᾱ(Γ̄) ⊆ { Q^{∗ 2}, −Q^{∗ 2}, 2 Q^{∗ 2}, −2 Q^{∗ 2} } .

Oi exisÿseic gia b_1 = ±1, ±2 eÐnai antÐstoiqa

Z^2 = X^4 + 4Y^4, Z^2 = −X^4 − 4Y^4, Z^2 = 2X^4 + 2Y^4, Z^2 = −2X^4 − 2Y^4.

H deÔterh kai tètarth profanÿc den èqoun akèraia lÔsh. ’Ara, èqoume na elègxoume tic Z^2 = X^4 + 4Y^4 kai Z^2 = 2X^4 + 2Y^4.

H prÿth antistoiqeÐ sto b_1 = 1 kai profanÿc to Q^{∗ 2} anăkei sthn ᾱΓ̄. Kai h deÔterh ja prèpei na èqei lÔsh diìti apì to jeÿrhma 10 thc selÐdac 89 èpetai ìti |αΓ| · |ᾱΓ̄| eÐnai toulĹqisto 4. Sunepÿc

|ᾱΓ̄| = 2 =⇒ |ᾱΓ̄| = {1, 2 (mod Q^{∗ 2})} =⇒ 2^r = 1 ⇒ r = 0.

Tèloc, epeidă h E(Q) eÐnai peperasmènh kai h Ē(Q) eÐnai peperasmènh, èpetai ìti o 1 den eÐnai isodÔnamoc arijmìc. JumÐzoume ìti ènac fusikìc arijmìc m lègetai isodÔnamoc ìtan eÐnai embadì enìc orjogwnÐou trigÿnou me pleurèc rhtoÔc arijmoÔc.

ShmeÐwsh 12. LÔsh thc Z^2 = 2X^4 + 2Y^4 eÐnai 2^2 = 2 · 1^4 + 2 · 1^4.

(2) ’Estw E/y^2 = x^3 + x, Ē/y^2 = x^3 − 4x.

EÔkola brÐskoume ìti r = 0 kai ìti O kai P_0 eÐnai ta mìna shmeÐa peperasmènhc tĹxhc thc E.

(3) ’Estw E/y^2 = x^3 − 5x, a = 0, b = −5 Ē/y^2 = x^3 + 20x. Oi dunatìthtec gia to b_1 = 1, −1, 5, −5. Sunepÿc prèpei na elègxoume an oi parakĹtw exisÿseic eÐnai epilÔsimec:

Z^2 = X^4 − 5Y^4, Z^2 = −X^4 + 5Y^4 (5.6) Z^2 = 5X^4 − Y^4 Z^2 = −5X^4 + Y^4 (5.7) Oi exisÿseic (5.6) eÐnai epilÔsimec an kai mìno an oi exisÿseic (5.7) eÐnai epilÔsimec. ’Eqoume 1^2 = 3^4 − 5 · 2^4 2^2 = (−1)^4 + 5 · 1^4 dhladă ìlec èqoun lÔsh. Epomènwc αΓ = {±1, ±5Q^{∗ 2}} =⇒ |αΓ| = 4. Gia to b̄_1 èqoume tic exăc dunatìthtec: ±1, ±2, ±4, ±5, ±10, ±20. Epeidă ±4 ≡ ±1 (mod Q^{∗ 2}) kai ±20 ≡ ±5 (mod Q^{∗ 2}) èpetai ìti gia to b̄_1 èqoume tic dunatìthtec ±1, ±2, ±5, ±10. Gia b_1b_2 = 20 > 0 èqoume b_1X^4 + b_2Y^4 = Z^2 > 0. Gia b_1 = −1, −2, −5, −10 den èqoume lÔsh. Epomènwc ᾱΓ̄ ⊆ {1, 2, 5, 10 (mod Q^{∗ 2})}.

α(Ō) = 1 =⇒ α(P^′_0) = b̄ = 20 ≡ 5 (mod Q^{∗ 2}).

Apomènei na elegqjeÐ an h exÐswsh

Z^2 = 2X^4 + 10Y^4, èqei lÔsh me XY ≠ 0

(h Ĺllh exÐswsh eÐnai ìmoia, Z^2 = 10X^4 + 2Y^4).

’Estw ìti èqei lÔsh (x_0, y_0, z_0). Profanÿc o z eÐnai Ĺrtioc, z = 2z_1, sunepÿc 2z^2_1 = x^4_0 + 5y^4_0 . Epeidă (M, b_2) = (x_0, 5) = 1 èpetai ìti x^4_0 ≡ 1 (mod 5) dhladă 2z^2_1 ≡ 1 (mod5) ă alliÿc z^2_1 ≡ 3 (mod5) pou shmaÐnei ìti ( 3 5 ) = 1, Ĺtopo, diìti ( 3 5 ) = −1.

’Wste ᾱΓ̄ = { 1, 5 (mod Q^{∗ 2}) } , | ᾱΓ̄ | = 2 =⇒ 2^r =

4 · 2 4 = 2.

Epomènwc o rank thc E eÐnai èna.

ShmeÐwsh 13. ’Iswc faÐnetai lÐgo perÐergo ìti y^2 = x^3 −5x èqei Ĺpeiro plăjoc rhtÿn shmeÐwn enÿ h y^2 = x^3 − x èqei peperasmèno. GenikĹ, eÐnai polÔ dÔskolo apì thn exÐswsh thc elleiptikăc kampÔlhc na bgĹloume sumpèrasma gia to rank autăc.

(4) ’Estw p ∈ P, p ≡ 5 (mod 8).

JewroÔme thn elleiptikă kampÔlh E/y^2 = x^3 +p^2x. ’Eqoume Ē/y^2 = x^3 −4p^2x. ’Estw r_1 = log_2 |αΓ| − 1 kai r_2 = log_2 |ᾱΓ̄| − 1 kai r = rankE(Q). Profanÿc r = r_1 + r_2.

b_1 = ±1, ±p (diìti ±p^2 ≡ 1 (mod Q^{∗ 2})) An b_1 = 1, b = p^2 tìte Q^{∗ 2} ⊆ αΓ.

Oi exisÿseic −X^4 − p^2Y^4 = Z^2 kai −pX^4 − pY^4 = Z^2, den èqoun lÔsh. Epomènwc

αΓ ⊂ {1, p (mod Q^{∗ 2})}.

Sth sunèqeia exetĹzoume an h pX^4 + pY^4 = Z^2, dhladă an h p(X^4 + Y^4) = Z^2 èqei akèraia lÔsh.

’Estw (x, y, z) lÔsh thc exÐswshc me xy ≠ 0. An x ≡ 0 (mod 2) tìte x^4 ≡ 0 (mod 8). An x ≡ 1 (mod 2) tìte x^4 ≡ 1 (mod 8) opìte

x (mod 2) y (mod 2) x^4 +y^4 (mod 8) 0 0 * 0 1 1 1 0 1 1 1 2

Thn ∗ den thn meletoÔme diìti, qwrÐc periorismì thc genikìthtac, mporoÔme na upojèsoume ìti (x, y) = 1. PrĹgmati, x = b_1M^2 e^2

, y = b_1MN e^3

(b_1|b, (M, e) = (N, e) = (b_1, e) = 1). ’Eqoume (b_2, M) = 1 diìti (m_1, b_2) = 1 (b_1 = (m, b) kai m_1 = m b_1 ). EpÐshc (N, M) = 1. PrĹgmati, an p|(N, M) tìte p|b_2e^4 epomènwc p|b_2 dhladă p|(b_2, M) = 1, Ĺtopo.

’Ara x^4 + y^4 ≡ 1, 2 (mod 8) sunepÿc p(x^4 + y^4 ≡ 5, 2 (mod 8). AllĹ p(x^4 + y^4) = z^2 ≡ 0, 1, 4 (mod 8), Ĺtopo.

Epomènwc αΓ = {Q^{∗ 2}} dhladă r_1 = −1.

MeletoÔme sthn sunèqeia thn elleiptikă kampÔlh Ē/y^2 = x^3 − 4p^2x. Profanÿc, {1, −1}Q^{∗ 2} ⊆ ᾱΓ̄ ⊆ {1, 2, p, 2p, −1, −2, −p, −2p}Q^{∗ 2}. JewroÔme thn exÐswsh pX^4 − 4pY^4 = Z^2 ă alliÿc thn p(X^4 − 4Y^4) = Z^2. ’Estw (x, y, z) lÔsh thc teleutaÐac me xy ≠ 0. Tìte x^4 − 4y^4 ≡ 0 (mod p) sunepÿc ( x y )_4 ∼= 4 (mod p). (An ătan y ≡ 0 (mod p) tìte kai x ≡ 0 (mod p) dhladă p|(x, y)).

Epomènwc ( x y )_2 ≡ ±2 (mod p), pou shmaÐnei ìti ( ±2 p ) = 1. AllĹ ( −1 p ) = 1, ( 2 p ) = −1, epomènwc ( ±2 p ) = −1, Ĺtopo. ’Ara pQ^{∗ 2} ∉ ᾱΓ̄ opìte |ᾱΓ̄| ≤ 4.

Sunepÿc r_2 = log_2 |ᾱΓ̄| − 1 ≤ 2 − 1 = 1. ’Ara

r_2 ≤ 1 ⇒ r = r_1 + r_2 ≤ −1 + 1 = 0 ⇒ r = 0.

Pìrisma 14. An p ∈ P, p ≡ 5 (mod 8) tìte h exÐswsh 2(X^4 − p^2Y^4) = Z^2 èqei upèr to Z mìno thn tetrimmènh lÔsh.

Apìdeixh: H 2p(X^4 − Y^4) = Z^2 èqei lÔsh (1, 1, 0) sunepÿc 2pQ^{∗ 2} ∈ ᾱΓ̄. An kai 2Q^{∗ 2} ∈ ᾱΓ̄ èpetai ìti kai to ginìmeno 2pQ^{∗ 2} · 2Q^{∗ 2} = pQ^{∗ 2} ∈ ᾱΓ̄, Ĺtopo diìti sto jeÿrhma apodeÐxame ìti pQ^{∗ 2} ∉ ᾱΓ̄.

Epomènwc 2Q^{∗ 2} ∉ ᾱΓ̄ dhladă h 2(X^4 − p^2Y^4) = Z^2 èqei mìno thn tetrimmènh lÔsh. ⊓⊔

EikasÐa 15 (EikasÐa twn Mordell-Selmer) An p prÿtoc, p ≡ 5 (mod 8), h elleiptikă kampÔlh E/y^3 = x^3 + px èqei rank èna.

Gia p < 1000 epalhjeÔthke apì touc Bremner-Cassels, to 1984. EpÐshc,

• 1948 Wiman, apodeÐqthke ìti upĹrqei elleiptikă kampÔlh me rank r ≥ 4.

• 1974 Penney kai Pomerance, apodeÐqthke ìti upĹrqei elleiptikă kampÔlh me rank r ≥ 6. • 1975 Penney kai Pomerance, apodeÐqthke ìti upĹrqei elleiptikă kampÔlh me rank r ≥ 7. • 1977 Grunewald kai Zimmert, apodeÐqthke ìti upĹrqei elleiptikă kampÔlh me rank r ≥ 8. • 1977 Grunewald kai Zimmert, apodeÐqthke ìti upĹrqei elleiptikă kampÔlh me rank r ≥ 9. • 1979 Nakata, apodeÐqthke ìti upĹrqei elleiptikă kampÔlh me rank r ≥ 9.

• 1981 Mestre, apodeÐqthke ìti upĹrqei elleiptikă kampÔlh me rank r ≥ 10, 11, 12.

• 1984 Kretschmer, apodeÐqthke ìti upĹrqei elleiptikă kampÔlh me rank r = 10 kai tetrimmènh torsion.

• 1985 Mestre, apodeÐqthke ìti upĹrqei elleiptikă kampÔlh me rank r ≥ 14.

• 1993 Nagao, apodeÐqthke ìti upĹrqei elleiptikă kampÔlh me rank r ≥ 20.

• 1994 Nagao kai Kouya, apodeÐqthe ìti upĹrqei elleiptikă kampÔlh me rank r ≥ 21.

• 1998, Fermigier, apodeÐqthke ìti upĹrqei elleiptikă kampÔlh me rank r ≥ 22.

• 1999, Marin, McMillen, apodeÐqthke ìti h elleiptikă kampÔlh

Y^2 + XY + Y = X^3 − 19252966408674012828065964616418441723X +32685500727716376257923347071452044295907443056345614006 èqei rank r ≥ 23.

EikasÐa 16. UpĹrqei elleiptikă kampÔlh orismènh upèr to Q me osodăpote megĹlo rank. Prìsfata o Noam Elkies èjese to erÿthma:

fifiPoiìc eÐnai o pio megĹloc fusikìc arijmìc r gia ton opoÐo upĹrqoun Ĺpeirec elleiptikèc kampÔlec thc morfăc Y^2 = X^3 + A orismènec sto Q tètoiec ÿste na èqoun rank ≥ r? ’Eqei kataskeuasteÐ mÐa tètoia oikogèneia kampulÿn?flfl O Mestre parèpemye sthn ergasÐa tou “Rang de courbes elliptiques d’ invariant nul”, C. R. Acad. Sc. Paris, 321 (1995), 1235-1236 bĹsei thc opoÐac to rekìr mèqri aută th stigmă eÐnai r = 7.

Sthn sunèqeia ja meletăsoume elleiptikèc kampÔlec thc morfăc E|y^2 = x^3 + d, d ∈ Z, d eleÔjeroc tetragÿnou. To shmeÐo (−d, 0) eÐnai rhtì shmeÐo tĹxewc 2. KĹnoume ton metasqhmatismì x → x − d, y → y.

kai paÐrnoume y^2 = (x − d)^3 + d^3, dhladă E/y^2 = x(x^2 − 3dx + 3d^2), A = −3d, B = 3d^2. H isogenăc thc eÐnai Ẽ/y^2 = x^3 + Āx^2 + B̄x, ìpou Ā = −2A = 6d, B̄ = A^2 − 4B = 9d^2 − 12d^2 = −3d^2, dhladă Ẽ/y^2 = x^3 + 6dx^2 − 3d^2x.

’Estw ìti o d eÐnai prÿtoc arijmìc, d = p > 3, B = 3p^2, opìte gia to b_1 èqoume tic akìloujec dunatìthtec: b_1 = ±1, ±3, ±p, ±3p. YĹqnoume gia lÔseic sthn diofantikă exÐswsh

Z^2 = b_1X^4 − 3pX^2Y^2 + b_2Y^4.

’Eqoume {1, 3}Q^{∗ 2} ⊆ αΓ ⊆ {±1, ±3, ±p, ±3p}Q^{∗ 2}. Gia b_1 = −1 h exÐswsh −X^4 − 3pX^2Y^2 − 3p^2Y^4 = Z^2 den èqei lÔsh diìti h tetragwnikă morfă thc paristĹ mìno arnhtikoÔc akèraiouc. OmoÐwc gia b_1 = −3, −p, −3p. ’Wste {1, 3}Q^{∗ 2} ⊆ αΓ ⊆ {1, 3, p, 3p}Q^{∗ 2}.

An b_1 = p tìte b_2 = 3p kai antÐstrofa an b_1 = 3p tìte b_2 = p opìte arkeÐ na exetĹsoume an èqei lÔsh h exÐswsh gia b_1 = p.

|αΓ| = 4, an h Z^2 = pX^4 − 3pX^2Y^2 + 3pY^4 (∗) èqei mh-tetrimmènh akèraia lÔsh 2, alliÿc

PaÐrnoume tÿra thn isogenă thc Ẽ/y^2 = x^3 + 6px^2 − 3p^2x. ’Eqoume {1, −3}Q^{∗ 2} ⊆ ᾱΓ̄ ⊆ {±1, ±3, ±p, ±3p}Q^{∗ 2}. Prèpei na elègxoume thn epilusimìthta thc diofantikăc exÐswshc Z^2 = b_1X^4 + 6pX^2Y^2 + b_2Y^4.

Gia b_1 = ±1 brÐskoume b_2 = ∓3p. Gia b_1 = ±3p brÐskoume b_2 = ∓p. An èqei h mÐa lÔsh tìte ja èqei kai h Ĺllh. Tèloc gia b_1 = 3 èqoume b_2 = −p^2 ≡ −1 (mod Q^{∗ 2}).

’Eqoume loipìn na elègxoume thn epilusimìthta twn diofantikÿn exisÿsewn

Z^2 = −3pX^4 + 6pX^2Y^2 + pY^4 (5.8) Z^2 = 3pX^4 + 6pX^2Y^2 − pY^4 (5.9) Z^2 = 3X^4 + 6pX^2Y^2 − p^2Y^4 (5.10)

’Estw (u, v, w) mÐa mh-tetrimmènh lÔsh thc exÐswshc mÐac, opoiasdăpote, apì tic parapĹnw exisÿseic. An 3|w tìte 3|u^2, dhladă 3|u. Epomènwc 3^2|pv^4, sunepÿc 3|v. Jètoume u → u 3^2 v → v 3 w → w 3 .

Epomènwc ( u 3^2 , v 3 , w 3 ) eÐnai epÐshc lÔsh, opìte, qwrÐc periorismì thc genikìthtac, upojètoume ìti 3 ∤ w.

H (5.10) tÿra (mod 3) dÐnei Z^2 ≡ −p^2Y^4 (mod 3).

’Omwc, epeidă ( −p^2Y^4 3 ) = ( −1 3 ) = −1, èpetai ìti h (5.10) den èqei lÔsh.

An (u, v, w) ìqi tetrimmènh lÔsh thc (5.9) tìte

u^2 ≡ −pw^4 (mod 3) ⇒ p ≡ 2 (mod 3).

AnĹloga gia thn 5.8 brÐskei kaneÐc ìti an èqei mh-tetrimmènh akeraÐa lÔsh tìte p ≡ 1 (mod3). Epomènwc

| |ᾱΓ̄ | | = 4, an p ≡ 2 (mod 3) kai h 5.9 èqei mh-tetrimmènh lÔsh 4, an p ≡ 1 (mod 3) kai h 5.8 èqei mh-tetrimmènh lÔsh 2, s’ ìlec tic Ĺllec periptÿseic

(5.11)

PollaplasiĹzoume thn (5.8) me p^3 kai brÐskoume thn isodÔnamă thc

pZ^2 = −3X^4 + 6X^2Y^2 + Y^4. (5.8^′)

OmoÐwc pZ^2 = 3X^4 + 6X^2Y^2 − Y^4 (5.9^′) eÐnai isodÔnamh thc (5.9).

LÔnoume kai tic dÔo (mod p) wc proc X^2 kai brÐskoume

X^2 ≡ ( 1 ± 2 3 √ 3 ) y^2 (mod p).

Gia na eÐnai epilÔsimh ja prèpei √ 3 ∈ Q_p (sÿma twn p-adikÿn arijmÿn). IsqÔei √ 3 ∈ Q_p ⇐⇒ √ 3 = p^mε, m ∈ Z kai ε p-adikă monĹda.

Ja prèpei loipìn to 3 na eÐnai tèleio tetrĹgwno (modp). Autì sumbaÐnei akribÿc tìte ìtan ( 3 p ) = 1 ă alliÿc (−1) p − 1 2 · ( p 3 ) = 1.

An p ≡ 1 (mod 4) tìte p ≡ 1 (mod 12) kai an p ≡ 3 (mod 4) tìte p ≡ 11 (mod 12). ’Eqoume epomènwc apodeÐxei to akìloujo

Jeÿrhma 17 (G. Frey, Manuscripta Mathematica, 1984) An p ≡ 5 (mod 12) tìte r = rank(E(Q)) = 0.

An p ≡ 7 (mod 12) tìte r = rank(E(Q)) ≤ 1.

IsqÔei r = 1 akribÿc tìte ìtan h exÐswsh 5.11 sthn selÐda 97, èqei mh-tetrimmènh akèraia lÔsh.

An p ≡ 11 (mod 12) tìte rank(E(Q)) ≤ 1 kai mĹlista isqÔei rank(E(Q)) = 1 an kai mìno an h 5.9^′ èqei mh-tetrimmènh lÔsh.

An p ≡ 1 (mod 12) tìte rank(E(Q)) ≤ 2 kai mĹlista rank(E(Q)) = 2 an kai mìno an h 5.8^′ kai 5.11 èqoun mh tetrimmènec lÔseic.

(Edÿ parathroÔme ìti Z^2 ≡ pX^4 (mod 3) èqei lÔsh an kai mìno an p ≡ 1 (mod 3) dhladă an kai mìno an p ≡ 1, 7 (mod 12).

Epanerqìmaste tÿra sto jèma thc eÔreshc elleiptikÿn kampulÿn me megĹlo rank. ’Eqoume apodeÐxei ìti 2^r = |Γ/2Γ| |Γ_2|

=⇒ |Γ/2Γ| = 2^{r+1} =⇒

2^{r+1} = |(Z/2Z)^{r+1}| = |Γ/2Γ| ≥ |Γ/ ker α| = |αΓ|

diìti 2Γ ⊆ ker α. An loipìn gnwrÐzoume to αΓ , gnwrÐzoume èna katÿtero frĹgma gia to rank r thc E. Ja prèpei loipìn na yĹxoume gia a, b ∈ Z tètoia ÿste to |αΓ| na gÐnetai megĹlo. Ja prèpei dhladă to b na èqei ìso piì polloÔc parĹgontec gÐnetai.

OrÐzoume S := { b } ∪ { b_1 | | b_2, b_2 = b/b_1, b_1 + a + b_2 eÐnai tèleio tetrĹgwno.}.

Profanÿc S Q^{∗ 2} ⊆ αΓ.

’Estw B h omĹda pou parĹgetai apì to S Q^{∗ 2}, upoomĹda thc Q^∗⧸Q∗ 2. Epeidă S Q^{∗ 2} ⊆ αΓ èpetai ìti B = ⟨S Q^{∗ 2}⟩ ⊆ αΓ sunepÿc |B| = 2^t, t ∈ N_0 . Epomènwc 2^{r+1} ≥ |αΓ| ≥ |B| = 2^t ⇒ r ≥ t − 1. ArkeÐ loipìn na ftiĹxoume to t katĹ to dunatì megĹlo.

Algìrijmoc 18.

(1) Dialègoume èna b ∈ Z me arketoÔc prÿtouc diairètec.

(2) Dialègoume ètsi to a ÿste ìso gÐnetai piì polloÐ apì touc akeraÐouc b_1 + a + b_2 na eÐnai tèleia tetrĹgwna (b_i ∈ Z, b_1b_2 = b).

(3) BrÐskoume èna kĹtw frĹgma tou r.

Algìrijmoc upologismoÔ tou t, |B| = 2^t: ’Estw p_1, p_2, · · · , p_s (s ∈ N) oi diakekrimènoi metaxÔ touc prÿtoi diairètec tou b kai T = { (−1)^{l0} p^{l1}_1 p^{l2}_2 · · · p^{ls}_s | | l_i ∈ N_0 }

OrÐzoume π : T −→ (Z/2Z)^{s+1} (−1)^{l0} p^{l1}_1 p^{l2}_2 · · · p^{ls}_s −→ ( l_0 (mod 2), · · · , l_s (mod 2) )

O π(S) èqei san pÐnaka |S| × (s + 1) upèr to Z⧸2Z. Epomènwc

t = rank π(S).

ParĹdeigma: ’Estw y^2 = x^3 + 17x^2 + 15x, a = 17, b = 3 · 5. ’Eqoume

−1 + 17 − 15 = 1 3 + 17 + 5 = 5^2 −3 + 17 − 5 = 3^2

Epomènwc S = { 15, −1, 3, −3, −15, 5, −5 } . GrĹfoume S^′ = { 15, −1, 3 } ⊂ S kai brÐskoume thn eikìna tou S mèsw thc apeikìnishc π π(15) = (0, 1, 1) π(−1) = (1, 0, 0) π(3) = (0, 1, 0) =⇒ π(S) = 0 1 1 1 0 0 0 1 0 .

O pÐnakac èqei rank 3. Sunepÿc B = ⟨−1, 3, 5⟩Q^{∗ 2} ⊆ αΓ.

’Ara r ≥ 2. (To b èqei dÔo prÿtouc parĹgontec, den perimènoume kalÔtero frĹgma).

Jeÿrhma 19. An a = 12273038545 kai

b = 2^{10} ·3^6 ·17·19·23·29·31·37·41·43·53 = 17236434803911308288

kai E/Y^2 = X^3 + aX^2 + bX tìte

r = rank(E(Q)) = 10.

Apìdeixh: ’Eqoume Ē/Y^2 = X^3 + āX^2 + b̄X,

ā = −2a = −24546077090, b̄ = a^2 − 4b = 47^2 ·53·q = 81681735911410483873

q := 697675341112349 ∈ P.

’Estw Γ = E(Q), Γ̄ = Ē(Q), r_1 = log_2 |αΓ| − 1 kai r_2 = log_2 |ᾱΓ̄| − 1. Ja apodeÐxoume ìti r_1 = 10 kai r_2 = 0, Ĺra r = r_1 + r_2 = 10. ’Eqoume

B = ⟨2·41, 3·41, 17, 19·41, 23·41, 29, 31·41, 37, 43, 53, −1⟩Q^{∗ 2}.

Epomènwc r_1 ≥ 10. An r_1 = 11 tìte B = αΓ. Sunepÿc ja èprepe h Y^2 = 41X^4 +aX^2 + b 41 na eÐnai epilÔsimh sto Q_q prĹgma to opoÐo den sumbaÐnei diìti ( 41 q ) = −1.

Gia to r_2 ja apodeÐxoume ìti ᾱΓ̄ = { Q^{∗ 2}, b̄ Q^{∗ 2} } . ’Estw b̄_1Q^{∗ 2} ∈ ᾱΓ̄ me b̄_1b̄_2 = b̄. An b̄_1 < 0 tìte b̄_2 < 0 den èqoume lÔsh.

An b̄_1 > 0, b̄_1|b̄ tìte b̄_1 = 47^{ε1} 53^{ε2} q^{ε3} , ε_1 ∈ {0, 1, 2}, ε_2 , ε_3 ∈ {0, 1}. An b̄_1Q^{∗ 2} ∈ ᾱΓ̄ tìte (¯ b_1 19 ) = (¯ b_1 29 ) = 1.

QrhsimopoioÔme to akìloujo

Lămma 20. An p ∈ P, μ = υ_p(a^2 − 4b) ≥ 1 kai p ∤ εb tìte h Y^2 = g(X) epilÔsimh sto Q_p akribÿc tìte ìtan

(i) b_1 (ant. b_2) tetragwnikì upìloipo (mod p) ă

(ii) μ Ĺrtioc kai ( a p ) = 1, an p ≡ 5, 7 (mod 8) −1, an p ≡ 1, 3 (mod 8) ShmeÐwsh 21. ’Eqoume 19, 29 || (ā^2 − 4b̄) = 16b kai 19, 29 ∤ 6b̄. x

p 47 53 q 19 1 −1 −1 29 −1 1 1

( x p ) .

Sunepÿc ε_2 = ε_3 kai ε_1 ≡ 0 (mod 2). Epomènwc

b̄_1Q^{∗ 2} =

Q^{∗ 2}, ìtan ε_2 = ε_3 = 0 53qQ^{∗ 2} = b̄Q^{∗ 2}, ìtan ε_2 = ε_3 = 1 Epomènwc |ᾱΓ̄| = 2 sunepÿc r_2 = 1 − 1 = 0. ’Ara

r = r_1 + r_2 = 10.

Erÿthma: ’Estw M ∈ N. UpĹrqei b ∈ Z me n diakekrimènouc metaxÔ touc prÿtouc parĹgontec kai a ∈ Z ètsi ÿste:

E/y^2 = x^3 + ax^2 + bx, èqei rank(E(Q)) ≥ n;

Gia n = 1, 2, · · · , 6 n b a 1 2 7 2 2^7 ·3^3 169 3 2^7 ·3^3 ·7 997 4 2^7 ·3^4 ·7·13 6865 5 2^8 ·3^3 ·7·11·17 17905 6 2^7 ·3^4 ·13·23·29·31 154465

Se ìlec o rank eÐnai akribÿc n.

EikasÐa 22. Gia kĹje P = {p_1, p_2, · · · , p_n} (n ∈ N) upĹrqei elleiptikă kampÔlh E/Q tètoia ÿste:

(i) rank E(Q) = n

(ii) E_{tor}(Q) ≠ O

(iii) UpĹrqei prÿtoc p ètsi ÿste h E na èqei to polÔ kakă anagwgă sto sÔnolo P ∪ {2, 3, p}. 4. RhtĹ shmeÐa peperasmènhc tĹxhc miĹc klĹshc elleiptikÿn kampulÿn

Ja kleÐsoume to kefĹlaio me th melèth twn dunatotătwn pou èqoume gia thn omĹda twn rhtÿn shmeÐwn peperasmènhc tĹxhc elleiptikÿn kampulÿn pou èqoun èna shmeÐo tĹxhc 2.

JewroÔme thn elleiptikă kampÔlh E/Y^2 = X^3 + aX^2 + bX, a, b ∈ Z. Kat’ arqăn diatupÿnoume èna

Lămma 23. ’Estw P = (x, y) èna torsion shmeÐo thc kampÔlhc diĹforo twn O kai (0, 0). Tìte • x | b, kai • x + a + b x = n^2, n ∈ N_0 .

Apìdeixh: ’Estw kat’ arqăn y ≠ 0, orÐzoume (x_2, y_2) = 2P (≠ O). Epeidă x, y, x_2, y_2 ∈ Z èqoume x = b_1M^2 kai y = b_1MN ìpou b_1, N ∈ N, M ∈ N, b_1|b, b_2 = b b_2

. Sunepÿc

x_2 = λ^2 − 2x_1 − a = ( f^′(x_1) 2y_1

)_2 − (2x_1 + a) = ( 3x^2_1 + 2ax_1 + b 2y_1

)_2

− 2x_1 − a = ( x^2_1 − b 2y_1

)_2

=⇒ x_2 = ( x^2_1 − b 2y )_2 = ( b^2_1M^4 − b_1b_2 2b_1MN )_2 = ( b_1M^4 − b_2 2MN )_2 . Prèpei x_2 ∈ Z sunepÿc M|b_2. ’Eqoume (M, e) = (N, e) = (b_1, e) = 1. EpÐshc (b_2, M) = 1 diìti (m_1, b_2) = 1, opìte, epeidă (b_2, M) = 1 kai M|b_2, sunepĹgetai ìti M = 1, dhladă x = b_1|b. Sunepÿc

b^3_1 + ab^2_1 + bb_1 = (b_1N)^2 = b^2_1N^2 ⇒ b_1 + a + b_2 = N^2.

An tÿra y = 0 tìte 2P = O, opìte apì to jeÿrhma tou Tate isqÔei. ⊓⊔

Lămma 24. ’Estw P = (x, y) torsion shmeÐo thc E me 2P ≠ O. Tìte isqÔoun: • x | b • x + a + b x = n^2, n ∈ N • n^2 | | a2 − 4b.

Apìdeixh: JewroÔme tic sunartăseic φ : E(Q) → Ē(Q) kai ψ : Ē(Q) → E(Q) tic opoÐec èqoume ădh orÐsei se prohgoÔmenh parĹgrafo. To φ(P ) eÐnai torsion shmeÐo thc Ē(Q). Apì thn gnwstă sqèsh (ψ ∘ φ)(P ) = 2P ≠ O èpetai ìti φ(P ) ∉ ker ψ = { O, (0, 0) } . Efarmìzoume tÿra to lămma 23 thc selÐdac 102 gia to shmeÐo φ(P ) kai thn elleiptikă kampÔlh E kai paÐrnoume ìti x(φ(P )) |¯ b an kai mìno an x+a+ b x | | a^2−4b, diìti φ(P ) ≠ (0, 0). ⊓⊔ Jeÿrhma 25. JewroÔme thn elleiptikă kampÔlh

E/Y^2 = X^3 + aX^2 + bX, a, b ∈ Z

kai upojètoume ìti o akèraioc a^2 − 4b eÐnai eleÔjeroc tetragÿnou. H E(Q)_{torsion} eÐnai isìmorfh proc tic akìloujec omĹdec: Z⧸ 2Z, Z⧸ 2Z × Z⧸ 2Z, Z⧸ 4Z, Z⧸ 6Z, Z⧸ 2Z × Z⧸ 4Z. Pio sugkekrimèna,

(i) ’Estw a^2 − 4b = 1, tìte an

(aþ) 1 − a 2 eÐnai tèleio tetrĹgwno fusikoÔ èpetai ìti E(Q)_{tor} ≡ Z⧸2Z × Z⧸4Z.

(bþ) An 1 − a 2 ìqi tèleio tetrĹgwno fusikoÔ tìte E(Q)_{tor} ≡ Z⧸2Z × Z⧸2Z.

(ii) ’Estw a^2 − 4b ≠ 1, tìte an

(aþ) gia kĹje b_1 | | b, b_1 + a + b_2 ≠ 1 isqÔei E(Q)_{tor} ≡ Z⧸ 2Z. (bþ) An upĹrqei b_1 | | b ìpou b_1 + a + b_2 = 1 tìte

(bþ1) An b_1 = b_2 èqoume E(Q)_{tor} ≡ Z⧸4Z.

(bþ2) An b_1 ≠ b_2 tìte E(Q)_{tor} ≡ Z⧸2Z ă Z⧸6Z.

IdiaÐtera E(Q)_{tor} ≡ Z⧸6Z ⇐⇒ b_i = 4b 4b − (a − 1)(a + 3)

, i = 1 ă 2.

Apìdeixh:

(i) ’Estw a^2 − 4b = 1. To X^2 + aX + b èqei rÐzec touc akeraÐouc

x_1 = − 1 2 (a + 1), kai x_2 = − 1 2 (a_1 − 1) =⇒ { O, (0, 0), (x_1, 0), (x_2, 0) } ≤ E(Q)_{tor} .

’Estw ìti upĹrqoun ki Ĺlla torsion shmeÐa, kai èstw P èna apì autĹ. Tìte 2P ≠ O.

AfoÔ a^2 − 4b = 1 to prohgoÔmeno lămma 24 dÐnei x(P ) = b_1 | | b kai b_1 + a + b b_1

= 1.

Epomènwc

b_1 + a + a^2 − 1 4b_1

= 1 =⇒ b^2_1 + (a − 1)b_1 =

1 − a^2 4 =⇒ (b_1 + a − 1 2 )^2 = 1 − a 2 . IsqÔei |a| ≠ 1, diìti alliÿc b = 0, dhladă Δ = 0, sunepÿc E ìqi elleiptikă kampÔlh,

Ĺtopo.

’Estw tÿra:

(aþ) 1 − a 2 = n^2 gia n ∈ N (n ≠ 1 giatÐ alliÿc a = −1). H isìthta tÿra ( b_1 + a − 1 2 )_2 = 1 − a 2 mac dÐnei

(b_1 − n^2)^2 = n^2 ⇒ b^2_1 − 2n^2b_1 + n^4 − n^2 = 0

=⇒ b_1 =

2n^2 ± 2n 2 =⇒ b_1 = n^2 ± n.

PaÐrnoume tÿra ta shmeÐa P_1 = (n^2 + n, n^2 + n) kai P_2 = (n^2 − n, n^2 − n). Ta shmeÐa P_i eÐnai rhtĹ shmeÐa thc kampÔlhc E. PrĹgmati, b_1 + a + b b_1

= 1 , sunepÿc b^2_1 + ab_1 + b = b_1 epomènwc b^3_1 + ab^2_1 + bb_1 = b^2_1, dhladă to shmeÐo (b_1, b_1) eÐnai rhtì shmeÐo thc E kai b_1 = n^2 ± n.

AfoÔ 2P_1 = (n^2, 0) = (x_2, 0) kai 2P_2 = (n^2 − 1, 0) = (x_1, 0) èpetai ìti ta P_1 kai P_2 eÐnai torsion shmeÐa tĹxewc 4. Dhladă 4P_1 = 4P_2 = O. ’Ara E(Q)_{tor} = { O, (0, 0), P_1, P_2, 2P_1 = (x_2, 0), 2P_2 = (x_1, 0), 3P_1, 3P_2 } ∼= Z⧸ 2Z × Z⧸ 4Z. O teleutaÐoc isomorfismìc eÐnai sunèpeia tou apokleismoÔ twn periptÿsewn Z⧸8Z (afoÔ den upĹrqei stoiqeÐo tĹxhc 2) kai thc Z⧸2Z × Z⧸2Z × Z⧸2Z (diìti tìte ìla ta stoiqeÐa ja ătan tĹxhc 2).

(bþ) ’Estw tÿra 1 − a 2 ìqi tèleio tetrĹgwno fusikoÔ arjmoÔ. Tìte apì thn sqèsh ( b_1 + a − 1 a )_2 = 1 − a 2 paÐrnoume 1 − a 2 = 0 kai epomènwc a = 1, Ĺtopo diìti tìte den ja eÐqame shmeÐo tĹxhc megalÔterhc tou 2. Epomènwc E(Q)_{tor} ∼= Z⧸2Z × Z⧸2Z. (ii) Upojètoume tÿra a^2 − 4b eleÔjero tetragÿnou kai diĹforo tou 1. Tìte shmeÐa tĹxhc 2 èqoume mìno ta { O, (0, 0) } . An P kĹpoio Ĺllo shmeÐo peperasmènhc tĹxhc tìte, sÔmfwna me to prohgoÔmeno lămma 24, x(P ) = b_1 | | b kai b_1 + a + b_2 = n^2, ìpou n ∈ N, b_1b_2 = b kai n^2 | a^2 − 4b.

Epeidă a^2 − 4b eleÔjero tetragÿnou, kat’ anĹgkh ja èqoume n = 1. Opìte P = (b_1, b_1) kai −P = (b_1, −b_1) ≠ P . Sunepÿc paÐrnoume to (i) diìti b_1 + a + b_2 = n^2 = 1. ProspajoÔme tÿra na apantăsoume an upĹrqoun kai Ĺlla shmeÐa peperasmènhc tĹxhc ektìc twn O, (0, 0), P, −P . ’Estw Q ≠ O, (0, 0), P, −P . Tìte, ìpwc apodeÐxame parapĹnw kai gia to P , Q = (c_1, c_1) ă Q = (c_1, −c_1). Sunepÿc b = c_1c_2, c_1, c_2 ∈ Z, b_1 ≠ c_1 c_1 + a + c_2 = 1

=⇒ b_1 + a + b_2 = 1 = c_1 + a + c_2 =⇒ b_1 + b_2 = c_1 + c_2 =⇒ (b_1 + b_2)^2 = (c_1 + c_2)^2 =⇒ b^2_1 + 2b_1b_2 + b^2 = c^2_1 + 2c_1c_2 + c^2 =⇒ b_1 + 2b + b^2 = c^2_1 + 2b + c^2 =⇒ (b_1 − c_1)(b_1 + c_1) = (c_2 − b_2)(c_2 + b_2) =⇒ (b_1 − c_1)(b_1 + c_1) = (b_1 − c_1)(c_2 + b_2).

Epeidă b_1 ≠ c_1 èpetai b_1 + c_1 = c_2 + b_2 kai epeidă b_1 + b_2 = c_1 + c_2 èqoume b_2 − c_1 = c_1 − b_2 =⇒ b_2 = c_1 opìte kai b_1 = c_2, dhladă Q = (b_2, b_2) (ă Q = (b_2, −b_2)). Katalăxame tÿra ìti an upĹrqei b_1 | b me b_1 + a + b_2 ≠ 1 ta shmeÐa peperasmènhc tĹxhc thc E eÐnai O, (0, 0), P = (b_1, b_1), −P, Q = (b_2, b_2), −Q.

An b_1 + a + b_2 = 1 kai b_1 = b_2 tìte P = Q kai b = b^2_1 = b^2. Akìma isqÔei x(2P ) = ( b^2_1 − b 2b_1

)_2 = 0. Epomènwc 2P = (0, 0) dhladă to P eÐnai torsion shmeÐo tĹxewc 4, opìte E(Q)_{tor} ≡ ⟨P ⟩ ≡ Z⧸4Z. OmoÐwc apodeiknÔetai kai to (ii, bþ2).

’Estw tÿra b_1 + a + b_2 = 1 kai b_1 ≠ b_2. Auto shmaÐnei ìti P ≠ Q. To shmeÐo P + Q eÐnai to (0, 0), diìti χ(P + Q) = 1 b_1b_2 · ( b_1b_2 − b_2b_1 b_2 − b_1

)_2 = 0 Epomènwc P ∈ E(Q)_{tor} ⇐⇒ Q ∈ E(Q)_{tor} , dhladă h omĹda E(Q)_{tor} eÐnai isìmorfh me thn Z⧸2Z ă me thn Z⧸6Z. Ja apodeÐxoume ìti E(Q)_{tor} ∼= Z⧸6Z ⇐⇒ b_i = 4b 4b − (a − 1)(a + 3) gia i = 1 ă 2 Ac upojèsoume ìti ord(P ) = 6. Epeidă, ìpwc eÔkola diapistÿnoume, 2P ≠ O, 2P ≠ (0, 0) = P +Q, 2P ≠ −P , ja èqoume 2P = Q ă −Q. To Q = (b_2, b_2), −Q = (b_2, −b_2). Epomènwc, 2P = Q ă −Q

⇐⇒ χ(2P ) = b_2 ⇐⇒ ( b^2_1 − b 2b_1

)_2

= b_2 ⇐⇒ (b_1 − b_2)^2 = 4b_2 ⇐⇒ −b^2_1 + 2b − b^2 + 4b_2 = 0 ⇐⇒ ( (a − 1)b_1 + b ) + 2b + ( (a − 1)b_2 + b ) + 4b_2 = 0 (a − 1 = b_1 + b_2) ⇐⇒ (a − 1)b_1 + (a + 3)b_2 + 4b = 0

An pollaplasiĹsoume thn teleutaÐa isìthta me b_2 èqoume thn isodÔnamh thc

(a + 3) ( (1 − a)b_2 − b ) + 4bb_2 + (a − 1)b = 0

diìti (1 − a)b_2 − b = (b_1 + b_2)b_2 − b_1b_2 = b^2.

Epomènwc χ(2P ) = b_2, tìte kai mìno tìte ìtan

[(a + 3)(1 − a) + 4b]b_2 − 4b = 0 ⇐⇒ (a + 3)((1 − a) + 4b)b_2 − 4b = 0 ⇐⇒ b_2 = 4b 4b − (a − 1)(a + 3)

≠ 0

Ac upojèsoume tèloc ìti to b_2 epalhjeÔei thn teleutaÐa isìthta. ’Opwc apodeÐxame lÐgo pio mprostĹ, 2P = Q ă −Q. EpÐshc,

χ(2Q) = ( b^2 − b 2b_2

)_2 = ( b_2 − b_1 2 )_2 = b_2 = χ(2P ) = χ(Q).

Epeidă Q ≠ O èqoume 2Q = −Q, epomènwc 3Q = O kai 6P = O. ⊓⊔

TELOS

ParĹrthma

To parĹrthma autì qrhsimeÔei san boăjhma gia thn anĹptuxh thc jewrÐac twn algebrikÿn kampulÿn.

1. DaktÔlioi me monosămanth anĹlush

’Oloi oi daktÔloi pou jewroÔme edÿ ja eÐnai antimetajetikoÐ me monadiaÐo stoiqeÐo. ’Estw R daktÔlioc. ’Ena stoiqeÐo u ∈ R ja lègetai monĹda tou R an kai mìnon an upĹrqei v ∈ R tètoio ÿste uv = 1.

To sÔnolo twn monĹdwn tou R apoteleÐ omĹda wc proc ton pollaplasiasmì, sumbolÐzetai de me R^∗. An R sÿma tìte, profanÿc, R^∗ = R \ 0. An a, b ∈ R ja lème ìti o a diaireÐ to b (kai grĹfoume a | | b) akribÿc tìte ìtan upĹrqei x ∈ R tètoio ÿste b = ax. Gia kĹje monĹda u ∈ R^∗ isqÔei u | a. DÔo kÔria ideÿdh ⟨a⟩ kai ⟨b⟩ tou daktulÐou R eÐnai Ðsa akribÿc tìte ìtan b = u·a, ìpou u ∈ R^∗.

Orismìc 1. ’Estw p ∈ R. To p lègetai anĹgwgo ìtan apì kĹje anĹlush tou p = ab, sunepĹgetai ìti o a eÐnai monĹda ă o b eÐnai monĹda allĹ ìqi sugqrìnwc kai ta dÔo.

Profanÿc afoÔ 0 = 0 · 0, èpetai ìti to 0 ìqi anĹgwgo kai afoÔ, an u ∈ R^∗, sunepĹgetai ìti u = u_1u_2 dhladă ta u_1, u_2 eÐnai monĹdec, èpetai ìti èna anĹgwgo stoiqeÐo den eÐnai monĹda.

Orismìc 2. ’Enac daktÔlioc R kaleÐtai daktÔlioc monosămanthc anĹlushc ìtan isqÔoun ta akìlouja:

• Gia kĹje a ≠ 0, o a grĹfetai a = up_1p_2 · · · p_r ìpou to u eÐnai monĹda tou R kai ta p_i, i = 1, 2, · · · , r eÐnai anĹgwga kai

2. Ektimăseic 109

• H anĹlush kĹje stoqeÐou a ∈ R eÐnai monadikă, dhladă an a = vq_1q_2 · · · q_s = up_1p_2 · · · p_r, tìte r = s kai, metĹ apì kĹpoia metĹjesh twn q_i isqÔei p_i = u_iq_i ìpou u_i monĹda tou R.

KĹje mh-kenì sÔnolo kurÐwn idewdÿn enìc daktulÐou me monosămanth anĹlush èqei mègista stoiqeÐa. An p anĹgwgo stoiqeÐo tou R kai R daktÔlioc monosămanthc anĹlushc tìte to p eÐnai prÿto, dhladă an o p diaireÐ to ginìmeno dÔo stoiqeÐwn a·b tou R tìte ja diaireÐ kat’ anĹgkh toulĹqiston èna apì ta a, b. An tÿra p prÿto stoiqeÐo tou R tìte to ⟨p⟩ = R·p eÐnai prÿto ideÿdec tou R. KĹje daktÔlioc kurÐwn idewdÿn eÐnai daktÔlioc me monosămanth anĹlush. ’Etsi, o daktÔlioc twn akeraÐwn eÐnai daktÔlioc me monosămanth anĹlush. EpÐshc o daktÔlioc twn poluwnÔmwn K[X], ìpou K sÿma, eÐnai daktÔlioc me monosămanth anĹlush.

Jeÿrhma 3. An R daktÔlioc me monosămanth anĹlush, tìte kai o R[X] eÐnai epÐshc daktÔlioc me monosămanth anĹlush.

Pìrisma 4. An R daktÔlioc me monosămanth anĹlush tìte kai o R[X_1, X_2, . . . , X_n] eÐnai epÐshc daktÔlioc me monosămanth anĹlush.

2. Ektimăseic

’Estw R daktÔlioc me monosămanth anĹlush, F tì sÿma phlÐkwn autoÔ kai p èna prÿto stoiqeÐo tou R. KĹje x ∈ F grĹfetai x = p^r a b , r ∈ Z, a, b ∈ R, p ∤ ab me r kai a b monosămanta wrismèna.

OrÐzoume mÐa sunĹrthsh

ord_p : F^∗ −→ Z, ord_p(x) = r.

Profanÿc isqÔoun

ord_p(xy) = ord_p(x) + ord_p(y) kai ord_p(x + y) ≥ min { ord_p(x), ord_p(y) } . Epiplèon isqÔei ord_p(a) ≥ 0 gia ìla ta prÿta stoiqeÐa p tou R an kai mìno an a ∈ R.

Orismìc 5. MÐa (diakekrimènh) ektÐmhsh se kĹpoio sÿma F eÐnai mia sunĹrthsh ν : F ←→ Z, me (i) ν(0) = ∞

(ii) ν(xy) = ν(x) + ν(y) kai

(iii) ν(x + y) ≥ min { ν(x), ν(y) } gia ìla ta zeÔgh (x, y) tou F .

ProfaneÐc idiìthtec:

(a) ν ( x y ) = ν(x) − ν(y), (opìte an jèsoume x = y = 1 kai x = 1, y = −1 antÐstoiqa paÐrnoume ν(1) = ν(−1) = 0),

(b) ν(x^n) = n·ν(x), kai

(c) An ν(x) < ν(y) tìte ν(x) = ν(x + y).

Apìdeixh: Apì ton orismì èqoume ν(x) ≤ ν(x + y). GrĹfoume, x = (x + y) + (−y) dhladă ν(x) = ν((x + y) + (−y)) ≥ min { ν(x + y), ν(−y) } = min { ν(x + y), ν(y) } . Sunepÿc ν(x) ≥ ν(x + y).

Gia kĹje prÿto arijmì p orÐzetai mÐa ektÐmhsh ord_p sto Q. KaleÐtai p-adikă ektÐmhsh kai apodeiknÔetai ìti ìlec oi Ĺllec ektimăseic prokÔptoun kat’ autìn ton trìpo (h apìluth timă lème ìti antistoiqeÐ ston {Ĺpeiro prÿto}).

Se kĹje ektÐmhsh episunĹptoume èna daktÔlio kurÐwn idewdÿn, sunepÿc èna daktÔlio me monosămanth anĹlush me èna monadikì prÿto stoiqeÐo.

Orismìc 6. ’Estw ν mÐa ektÐmhsh tou sÿmatoc F . JewroÔme to sÔnolo

R_ν = { a ∈ F | | ν(a) ≥ 0} O R_ν eÐnai daktÔlioc diìti an a, b ∈ R_ν tìte ν(a − b) ≥ min { ν(a), ν(b) } ≥ 0, epomènwc a − b ∈ R_ν kai ν(ab) = ν(a) + ν(b) ≥ 0, dhladă ab ∈ R_ν .

O R_ν lègetai daktÔlioc ektimăsewc. H omĹda twn monĹdwn tou eÐnai R^∗_ν = { x ∈ F | ν(x) = 0 } , diìti an x ∈ R_ν sunepĹgetai ìti ν(x) ≥ 0 kai an x monĹda 1 x ∈ R_ν opìte ν ( 1 x ) = ν(1) − ν(x) = −ν(x) ≥ 0 dhladă ν(x) ≤ 0 opìte èqoume ν(x) = 0.

3. StoiqeÐa JewrÐac SwmĹtwn 111

To sÔnolo M_ν = { x ∈ F | | ν(x) > 0} = R_ν − R∗_ν eÐnai to monadikì mègisto ideÿdec tou R_ν .

Apìdeixh: Kat’ arqăn to M_ν eÐnai ideÿdec tou R_ν diìti an pĹroume a, b ∈ M_ν tìte ν(a − b) > 0 kai epomènwc a − b ∈ M_ν . An pĹli r, a ∈ M_ν tìte ν(ra) = ν(r) + ν(a) > 0 dhladă ra ∈ M_ν .

EpÐshc to M_ν eÐnai mègisto, diìti an upĹrqei ideÿdec I tètoio ÿste M_ν ⊂ I kai M_ν ≠ I tìte upĹrqei u ∈ R^∗_ν , u ∈ I, dhladă I = R.

Tèloc to M_ν eÐnai to monadikì mègisto ideÿdec tou R_ν diìti kĹje ideÿdec A ≠ R_ν tou R_ν perièqetai sto M_ν kaj’ ìson den perièqei monĹdec.

’Askhsh 7. ’Estw R akèraia perioqă kai P ≠ R èna prÿto ideÿdec. Tìte to uposÔnolo R_P = { a b | | a ∈ R, b ∈ R − P } tou sÿmatoc phlÐkwn K thc R apoteleÐ topikì daktÔlio, me monadikì mègisto ideÿdec to P^∗ = { a b | | | a ∈ P, b ∈ R − P } . 3. StoiqeÐa JewrÐac SwmĹtwn

’Estw K, L sÿmata tètoia ÿste K ⊂ L. To L ja lègetai epèktash tou K. Sumbolismìc L⧸ K. To L eÐnai K−dianusmatikìc qÿroc. H diĹstash tou L eÐnai o bajmìc thc epèktashc L⧸ K. Profanÿc an [L : K] = 1 tìte L = K.

IsqÔei gia tic epektĹseic L⧸K kai M⧸L

[M : K] = [M : L] [L : K].

’Estw L⧸K epèktash swmĹtwn. ’Ena stoiqeÐo a ∈ L ja lègetai algebrikì an kai mìno an upĹrqei f(x) ∈ K[x], f(x) ≠ 0 me f(x) = 0. An a ∈ L ìqi algebrikì ja lème ìti to a eÐnai uperbatikì.

Prìtash 8. An o bajmìc [L : K] eÐnai peperasmènoc tìte h epèktash L⧸K eÐnai algebrikă.

Apìdeixh: ’Estw [L : K] = n. ’Estw a tuqaÐo stoiqeÐo tou L. Ta 1, a, a^2, · · · , a^n eÐnai grammikĹ exarthmèna upèr to K diìti eÐnai n + 1 > [L : K] = n. Sunepÿc upĹrqei sqèsh λ_01 + λ_1a + · · · λ_na^n, λ_i ∈ K ìpou toulĹqisto èna λ_i eÐnai diĹforo tou mhdenìc. Epomènwc to a eÐnai algebrikì wc rÐza tou poluwnÔmou f(x) = λ_0 + λ_1x + · · · λ_nx^n. ’Ara h epèktash L⧸ K eÐnai algebrikă. ⊓⊔

’Estw tÿra L⧸K ìqi peperasmènh, kai L^′ = { a ∈ L | | a algebrikì upèr to K}. Tìte to L^′ eÐnai upìswma tou L.

Apìdeixh: ’Estw a ≠ 0 kai b ∈ L^′. H epèktash K(a, b)⧸K eÐnai peperasmènh Ĺra algebrikă. ’Ara a − b, ab kai a^{−1} algebrikĹ upèr to K. Sunepÿc a − b, ab kai a^{−1} ∈ L^′. Epomènwc to L^′ eÐnai sÿma.

Orismìc 9. To L^′ lègetai algebrikă jăkh tou K sto L.

IsqÔei akìmh: An a ∈ L, a algebrikì upèr to L^′ tìte a ∈ L^′.

Apìdeixh: H epèktash L^′(a)⧸L′ eÐnai peperasmènh Ĺra kai algebrikă. EpÐshc h L^′⧸K eÐnai algebrikă. Epomènwc L^′⧸K eÐnai algebrikă. Sunepÿc to a eÐnai algebrikì upèr to K. ’Ara a ∈ L^′. ⊓⊔ Dhladă, ìpwc lème to L^′ eÐnai algebrikĹ kleistì sto L.

Orismìc 10. ’Estw Ω sÿma. To Ω lègetai algebrikĹ kleistì ìtan kai mìno ìtan gia kĹje f(x) ∈ Ω[x] me degf(x) > 0, upĹrqei toulĹqisto mÐa rÐza a tou f(x) tètoia ÿste a ∈ Ω. Jemeliÿdec Jeÿrhma thc Algebrac: To C eÐnai algebrikĹ kleistì.

Prìtash 11. ’Estw sÿma K ⊂ Ω, Ω algebrikĹ kleistì. Tìte h algebrikă jăkh K̃ tou K sto Ω eÐnai epÐshc algebrikĹ kleistì sÿma.

Apìdeixh: ’Estw f(x) ∈ K̃[x], degf(x) > 0. Sunepÿc f(x) ∈ Ω[x] kai epomènwc to f(x) èqei ìlec tic rÐzec tou a_1, a_2, · · · , a_n sto Ω. Dhladă a_1, a_2, · · · , a_n ∈ Ω kai eÐnai algebrikă upèr to K̃. ’Ara a_i ∈ K̃. ⊓⊔

Orismìc 12. To L lègetai algebrikă jăkh tou K an kai mìno an

(i) To L eÐnai algebrikĹ kleistì kai

(ii) H epèktash L⧸K eÐnai algebrikă.

Tèloc shmeiÿnoume ìti gia kĹje sÿma K upĹrqei mÐa algebrikă jăkh autoÔ L h opoÐa eÐnai monadikă uperĹnw isomorfÐac.

BibliografÐa

[1] G. A. AntwniĹdh, JewrÐa Arijmÿn katĹ ton 17^o kai 18^o aiÿna, ’Ekdosh EPEAEK fifiPromhjèac flfl, HrĹkleio 1999.

[2] B. J. Birch, Elliptic Curves, Paradìseic, Oxford 1990. [3] R. Bix, Conics and Cubics, Springer-Verlag, New York 1998.

Prìsfato eisagwgikì biblÐo gewmetrÐac twn kubikÿn kampulÿn.

[4] A. Borel, S. Chowla, C. S. Herz, K. Iwasawa, J.-P. Serre, Seminar on Complex Multiplication, Springer-Verlag, Berlin 1966.

[5] J. W. S. Cassels, Diophantine Equations with Special Reference to Elliptic Curves, Journal of the L.M.S. 41 (1996), 193-291.

Episkìphsh thc mèqri tìte bibliografÐac thc sqetikăc me thn perioqă. QrhsimopoieÐ kurÐwc gewmetrikă glÿssa.

[6] J. W. S. Cassels, Lectures on Elliptic Curves, CUP, Cambridge 1991.

Periektikì kai arketĹ suntomogrammèno keÐmeno.

[7] J. S. Chahal, Topics in Number Theory, Plenum Press, New York 1988.

Eisagwgikì biblÐo, anĹlogo tou epipèdou autoÔ pou kratĹte sta qèria sac. [8] W. Fulton, Algebraic Curves, W. A. Benjamin, London 1969.

Klasikì sÔggramma thc jewrÐac twn algebrikÿn kampulÿn. Perissìtero algebrikì kai anwtèrou epipèdou autoÔ tou Walker.

[9] B. H. Gross, Arithmetic on Elliptic Curves with Complex Multiplication, Lecture Notes in Mathematics, Springer-Verlag, New York 1980.

[10] D. Husemöller, Elliptic Curves, Springer-Verlag, New York 1987. [11] H. Kisilevsky, M. Ram Murty, Editors, Elliptic Curves and Related Topics, AMS, Providence 1994.

PraktikĹ SunedrÐou pou ègine sto Montréal to 1993.

[12] A. W. Knapp, Elliptic Curves, Princeton University Press, Princeton, New Jersey 1992.

JaumĹsio biblÐo metaptuqiakoÔ epipèdou. PĹra polÔ kalogrammèno to analutikì mèroc to opoÐo ekteÐnetai mèqri kai thn jewrÐa twn Eichler-Shimura.

[13] N. Koblitz, Introduction to Elliptic Curves and Modular Forms, Springer-Verlag, New York 1984.

PaÐrnei aformă apì to prìblhma twn isodunĹmwn arijmÿn kai anaptÔssei th jewrÐa. Kataplhktikă idèa na èqei o anagnÿsthc èna akìmh kÐnhtro gia th melèth twn elleiptikÿn kampulÿn.

[14] Th. Kretschmer, Konstruction elliptischer Kurven von hohem Rang, Diplomarbeit, Saarbrücken 1983.

[15] K. LĹkkh, ’Algebra, JessalonÐkh 1993.

[16] S. Lang, Elliptic Curves, Diophantine Analysis, Springer-Verlag 1978. [17] S. Lang, Elliptic Functions, Addison Wesley, Reading 1973.

ArketĹ proqwrhmèno biblÐo.

[18] R. Löschel, Kongruente Zahlen, Diplomarbeit, Universität Erlangen-Nürnberg, Erlangen 1990.

[19] H. McKean, V. Moll, Elliptic Curves, CUP, Cambridge 1997.

To biblÐo perièqei kurÐwc thn klasikă jewrÐa twn elleiptikÿn sunartăsewn. [20] J.-S. Milne, Elliptic Curves, Ann-Arbor, Michigan 1996.

Prìkeitai gia shmeiÿseic tou majămatoc pou didĹskontai apì thn suggrafèa sto Ann- Arbor. Tic èqoume pĹrei apì to Internet.

[21] Mordell, Diophantine Equations, Academic Press 1969.

O Mordel dÐnei, metaxÔ Ĺllwn, thn apìdeixh tou. . . jewrămatìc tou!

[22] A. Robert, Elliptic Curves, Lecture Notes in Math 326, Springer-Verlag, Berlin 1973.

JaumĹsiec shmeiÿseic. ’Ena apì ta prÿta biblÐa jewrÐac elleiptikÿn kampulÿn. ’Eqei exantlhjeÐ.

[23] J. P. Serre, A Course in Arithmetic, Springer-Verlag, New York 1973.

Perièqei jaumĹsia eisagwgă sth jewrÐa twn modular sunartăsewn aparaÐthth gia thn melèth twn elleiptikÿn kampulÿn.

[24] J. H. Silverman, The Arithmetic of Elliptic Curves, Springer-Verlag, New York 1986. [25] J. H. Silverman, J. Tate, Rational Points on Elliptic Curves, Springer-Verlag, New York 1992.

JaumĹsio eisagwgikì biblÐo jewrÐac twn elleiptikÿn kampulÿn. To sunistoÔme ènjerma se kĹje endiaferìmeno anagnÿsth.

[26] J. H. Silverman, Advanced Topics in the Arithmetic of Elliptic Curves, Springer-Verlag, New York 1994.

To dÐtomo èrgo tou Silverman eÐnai katĹllhlo gia ton proqwrhmèno metaptuqiakì foithtă kai ton eidikì epistămona thc perioqăc.

[27] R. J. Stroeker, Aspects of Elliptic Curves, An Introduction, Nieuw Archief voor Wiskunde, XXVI (1978).

[28] J. Tate, Rational Points s on Elliptic Curves, Philips Lectures, Haverford College, April, May 1961.

H apìdeixh tou Jewrămatoc tou Mordell tou biblÐou pou kratĹte sta qèria sac eÐnai h apìdeixh tou Tate sto Haverford College. H apìdeixh aută perièqetai kai sta biblÐa [7], [10], [25].

[29] J. Tate, The Arithmetic of Elliptic Curves, Inventiones Math. 23 (1974), 179-206.

Episkìphsh thc mèqri tìte bibliografÐac. QrhsimopoieÐ kurÐwc algebrikă glÿssa.

[30] J. Tate, Elliptic Curves, Austin, Texas 1992.

Prìkeitai gia shmeiÿseic pou krĹthse o kÔrioc Antonios Broumas. [31] R. Walker, Algeberaic Curves, Dover, New York 1962.

ArketĹ kalì, eisagwgikì biblÐo thc jewrÐac twn algebrikÿn kampulÿn. [32] D. B. Zagier, Elliptische Kurven, Paradìseic, Max-Planck Institut für Mathematik, Bonn 1987.