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Eisagwg 

KÔrioc skopìc tou biblÐou eÐnai h melèth thc zw c kai tou arijmojewrhtikoÔ èrgou

twn Fermat, Euler, Lagrange kai Legendre. Ja melet soume dhlad  thn istorÐa kai ta

apotelèsmata thc JewrÐac Arijm¸n pou anakalÔfjhkan kat� ton 17

o

kai 18

o

ai¸na.

Se mÐa perÐodo ìpou �lloi kl�doi twn Majhmatik¸n anaptÔssontai ragdaÐa kai o anta-

gwnismìc proteraiìthtac eÐnai polÔ meg�loc, h JewrÐa Arijm¸n exelÐssetai me bradeÐc

rujmoÔc kai se erasiteqnik  b�sh.

Stìqoc mac den eÐnai na d¸soume komyèc apodeÐxeic, k�ti pou sun jwc gÐnetai se k�-

je eisagwgikì m�jhma JewrÐac Arijm¸n, all� perissìtero na deÐxoume th diadikasÐa

an�ptuxhc twn ide¸n kaj¸c kai tic prosp�jeiec pou èginan mèqri th swst  diatÔpwsh

kai apìdeixh twn apotelesm�twn. Apeujunìmaste se foithtèc Majhmatik¸n kai �llwn

sunaf¸n proc ta Majhmatik� Tmhm�twn kaj¸c kai se majhtèc LukeÐou pou agapoÔn ta

Majhmatik� kai eidikìtera thn JewrÐa Arijm¸n. ElpÐzoume h melèth tou perieqomènou

tou biblÐou na d¸sei se polloÔc nèouc mac to ènausma thc epèktashc twn gn¸sewc touc

se ènan apì touc arqaiìterouc kai elkustikìterouc kl�douc twn Majhmatik¸n.

To biblÐo ekdÐdetai mèsw tou progr�mmatoc EPEAEK ��PROMHJEAS�� tou Panepi-

sthmÐou Kr thc. Jermèc euqaristÐec qrwst¸ ston upeÔjuno tou progr�mmatoc An.

Kajhtht  kÔrio Gi¸rgo TzirÐta. Tèloc ja  jela na euqarist sw ton majht  mou Ja-

n�sh Bèssh kai ton David J. M

c

Clurkin gia thn hlektronik  epexergasÐa tou keimènou.

Gi�nnhc A. Antwni�dhc, Kajhght c

Hr�kleio, Okt¸brioc 1999
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Kef�laio 1

PrwtoðstorÐa

SÔmfwna me ton Jacobi h jewrÐa twn elleiptik¸n sunart sewn genn jhke an�mesa stic

23/12/1751 kai 27/1/1752. Thn pr¸th hmeromhnÐa h AkadhmÐa twn Episthm¸n tou

BerolÐnou parèdwse ston Euler to dÐtomo èrgo tou Fagnano, Produzioni Mathematiche

to opoÐo eÐqe ekdojeÐ  dh apì to 1750. O Euler èprepe na exet�sei to èrgo kai na gr�yei

kai èna euqarist rio gr�mma ston Fagnano. Thn deÔterh hmeromhnÐa o Euler xekin¸ntac

apì thn ergasÐa tou Fagnano gia to lemniscate (LhmnÐsko) anakoÐnwse sthn AkadhmÐa

Episthm¸n tou BerolÐnou ta apotelèsmata mi�c seir�c ergasi¸n tou, ìpou apodeÐknue

ta jewr mata thc prìsjeshc kai tou pollaplasiasmoÔ elleiptik¸n oloklhrwm�twn.

An prospaj sei kaneÐc, ìpwc gia tic elleiptikèc sunart seic, na brei pìte genn jhke h

JewrÐa twn Arijm¸n, ja diapist¸sei ìti, ìpwc kai o B�kqoc, genn jhke dÔo forèc. H

pr¸th gènnhsh ja prèpei na èqei sumbeÐ metaxÔ 1621 kai 1636. Sta 1621 dhmosieÔjhkan

ta Arijmhtik� tou Diìfantou apì ton Bachet sto ellhnikì prwtìtupo, mazÐ me latinik 

met�frash kai ektetamèna sqìlia. Pìte èpese sta qèria tou Fermat autì to biblÐo

den mac eÐnai gnwstì. Apì thn allhlografÐa tou Fermat ìmwc bgaÐnei to sumpèrasma

ìti mèqri to 1636 ìqi mìno to eÐqe melet sei prosektik� all� eÐqe  dh anaptÔxei kai

dikèc tou idèec p�nw se èna swrì jèmata pou diapragmateÔontai ta Arijmhtik� tou

Diìfantou.
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2 JewrÐa Arijm¸n kat� ton 17

o

kai 18

o

ai¸na

O Fermat prosp�jhse na peÐsei merikoÔc fÐlouc tou, ìpwc o Huygens, o Pascal k.a., na

asqolhjoÔn kai autoÐ me ton agaphmèno tou kl�do, all� den ta kat�fere. O Fermat

pèjane sta 1665. O guiìc tou Samuel exèdwse to biblÐo tou Bachet sta 1670 mazÐ

me tic parathr seic pou prosèjese o patèrac tou sto perij¸rio kai argìtera (1679)

dhmosÐeuse kai mèroc thc allhlografÐac tou. Mèqri na ft�soume sto shmeÐo na èqoun

oi ekdìseic autèc k�poia epÐdrash sta Majhmatik� thc epoq c pèrase misìc ai¸nac kai

sto di�sthma autì fainìtan san na eÐqe pej�nei h JewrÐa twn Arijm¸n.

To p¸c xanagenn jhke h JewrÐa Arijm¸n to xèroume t¸ra epakrib¸c. Sta 1729 o

Euler  tan mèloc thc AkadhmÐac thc AgÐac PetroÔpolhc. O fÐloc tou Goldbach  tan

sthn Mìsqa. H allhlografÐa touc diathr jhke prosektik� kai ekdìjhke sta 1843. Se

èna apì ta gr�mmat� tou o Goldbach (erasitèqnhc majhmatikìc) diatÔpwse thn gnwst 

s mera eikasÐa tou Goldbach (ja anaferjoÔme argìtera s' aut n). Thn 1/12/1729

o Goldbach r¸thse ton Euler tÐ gn¸mh èqei sqetik� me thn eikasÐa tou Fermat ìti ìloi

oi akèraioi arijmoÐ thc morf c

2

2

n

+ 1; n = 0; 1; 2; : : :

eÐnai pr¸toi. Sthn ap�nths  tou o Euler exèfrase k�poiec amfibolÐec all� tÐpote to

kainoÔrgio den emfanÐsthke mèqri thn 4

h

IounÐou opìte o Euler anèfere ìti autìn ton

kairì diab�zei Fermat kai ìti eÐnai polÔ entupwsiasmènoc apì thn eikasÐa tou Fermat

ìti k�je akèraioc mporeÐ na grafeÐ san �jroisma tess�rwn tetrag¸nwn. Apì aut  thn

hmèra arqÐzei mÐa polÔ gìnimh perÐodoc sth JewrÐa twn Arijm¸n apì ton Euler h opoÐa

suneqÐsthke apì touc Lagrange, Legendre gia na fj�sei, me ton Gauss, se polÔ uyhlì

epÐpedo an�ptuxhc.

To ìti o Fermat ephre�sthke apì èna 'Ellhna majhmatikì tou 3

ou

met� Qristì ai¸na,

 rje argìtera sto fwc. Oi gn¸seic mac gia ta majhmatik� twn arqaÐwn aux�nontan

mèra me th mèra. Oi gn¸seic mac p.q. gia to èrgo tou Arqim dh aux jhkan polÔ me

thn anak�luyh thc pergamhn c thc Kwnstantinoupìlewc sta 1906. Arqik� autì pou

eÐqe epiz sei apì ton Diìfanto  tan 6 kef�laia (��biblÐa��) par� to ìti sthn eisagwg 

anafèrontai 13. Sto metaxÔ prìsfata anakalÔfjhke èna akìma biblÐo tou. Skopìc mac
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bèbaia den eÐnai na gurÐsoume pÐsw sta Majhmatik� thc IndÐac, thc MesopotamÐac   thc

KÐnac. Den mporoÔme ìmwc na paraleÐyoume na anafèroume to gegonìc ìti o EukleÐdhc

afièrwse trÐa kef�laia (��biblÐa��) apì ta StoiqeÐa tou sth JewrÐa twn Arijm¸n kai

sugkekrimèna ta VII, VIII kai IX.

Oi ènnoiec tou pr¸tou arijmoÔ, tou diairèth enìc akeraÐou kaj¸c kai tou elaqÐstou

koinoÔ pollaplasÐou prèpei na emfanÐsthkan arket� nwrÐc. O Pl�twn stouc Nìmouc

tou melet�ei ton arijmì 5040 kai brÐskei p.q. ìti èqei 59 diairètec ektìc tou eautoÔ

tou. FaÐnetai ìti sthn AkadhmÐa tou Pl�twna k�ti gn¸rizan oi majhmatikoÐ gia thn

paragontopoÐhsh twn akeraÐwn all� eÐnai dÔskolo na diatup¸soume akrib¸c to eÔroc

aut c thc gn¸shc.

Apì ton EukleÐdh, t¸ra mporoÔme na anafèroume ton om¸numo algìrijmì tou (Eukl.

VII, 1-2) kaj¸c kai thn prìtash ìti up�rqoun �peiroi pr¸toi (Eukl. IX, 20):

��Oi pr¸toi arijmoÐ pleÐouc eisÐ pantìc tou protajèntoc pl jouc

pr¸twn arijm¸n.��

To jemeli¸dec je¸rhma thc arijmhtik c gia mÐa meg�lh kl�sh arijm¸n (Eukl. IQ, 14).

Magikèc kai mustikistikèc idiìthtec twn arijm¸n emfanÐzontai se polloÔc politismoÔc.

'Etsi orÐzontai oi tèleioi arijmoÐ, ekeÐnoi oi akèraioi poÔ eÐnai Ðsoi me to �jroisma twn

gnhsÐwn diairet¸n touc. To teleutaÐo je¸rhma sto kef�laio IX (Eukl. IX, 36), Ðswc

to pio spoudaÐo apì thn doulei� tou EukleÐdh, eÐnai h

Prìtash 1.1 O 2

n

(2

n+1

� 1) eÐnai tèleioc, ìtan o 2

n+1

� 1 eÐnai pr¸toc.

Apìdeixh: 'Estw p o pr¸toc 2

n+1

� 1. O 2

n

(2

n+1

� 1) tìte gr�fetai a = 2

n

p. Oi

diairètec tou a eÐnai

1; 2; 2

2

; � � � ; 2

n

; p; 2p; � � � ; 2

n

p

kai to �jroism� touc eÐnai

2

n+1

� 1

2� 1

� (p+ 1) = 2a;
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dhlad  o a eÐnai tèleioc. ut

Aplèc diofantikèc exis¸seic pr¸tou bajmoÔ, dhlad  exis¸seic thc morf c

aX + bY = m; (a; b;m 2 Z)

twn opoÐwn zhtoÔntai oi akèraiec lÔseic x; y, emfanÐzontai sto Diìfanto, all� èqou-

n proðstorÐa. Ja xanagurÐsoume pÐsw s' autèc ìtan anaferjoÔme sth mèjodo thc

kajìdou tou Fermat.

'Ena �llo prìblhma eÐnai h eÔresh twn legìmenwn pujagoreÐwn tri�dwn, dhlad 

akeraÐwn arijm¸n x; y; z tètoiwn ¸ste

x

2

+ y

2

= z

2

(1.1)

H pio ��apl �� tri�da eÐnai (x; y; z) = (3; 4; 5). 'Enac pÐnakac pou perièqei 15 pujagìreiec

tri�dec eÐnai o paliìc pÐnakac thc Babul¸nac Plimpton 332 pou ekdìjhke apì touc

O. Neugebauer kai A. Sachs, Mathematical Cuneiform Texts, New Haven 1945, pp.

38-41 kai qronologeÐtai metaxÔ twn et¸n 1900 kai 1600 p.Q. Den eÐnai gnwstì pwc

upologÐsthkan autèc oi tri�dec. H lÔsh p�ntwc tou probl matoc  tan gnwst  ston

EukleÐdh (Eukl. Q28, L mma 1).

EÔresh twn pujagoreÐwn tri�dwn

EÐnai profanèc ìti an (x; y; z) eÐnai lÔsh thc (1.1) kai � 2 Z tìte kai (�x; �y; �z) eÐnai

lÔsh. ArkeÐ loipìn na broÔme to sÔnolo twn prwtarqik¸n (primitive) lÔsewn, dhlad 

ekeÐnwn gia tic opoÐec (x; y; z) = 1.

An (x; y; z) = 1 lÔsh thc (1.1) tìte eÔkola sumperaÐnei kaneÐc ìti (x; y) = (y; z) =

(x; z) = 1, oi x kai y den mporoÔn sugqrìnwc na eÐnai �rtioi (diìti tìte kai o z ja

 tan �rtioc, dhlad  (x; y; z) > 1, �topo) oÔte kai oi dÔo perittoÐ diìti tìte ja eÐqame

z

2

� 2 (mod 4), �topo.

'Estw x � 0 (mod2) kai y � 1 (mod2) ) z

2

� 1 (mod 4) ) z perittìc. Gr�foume

x

2

= z

2

� y

2

= (z � y)(z + y). 'Estw z + y = 2u; z � y = 2v ) z = u+ v; y = u� v.
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(z + y; z � y) = 2(z; y) = 2 ) (u; v) = 2. An u kai v sugqrìnwc perittoÐ tìte z; y

�rtioi, �topo. 'Ara, ènac apì touc u; v eÐnai �rtioc kai o �lloc perittìc. T¸ra h sqèsh

�

x

2

�

2

=

z + y

2

�

z � y

2

= uv kai (u; v) = 1 dÐnei u = S

2

, v = T

2

, (S; T ) = 1 ènac �rtioc

kai o �lloc perittìc.

'Wste an (x; y; z) eÐnai mÐa prwtarqik  pujagìreia tri�da tìte 9(S; T ) 2 Z�Z me

(S; T ) = 1 o ènac �rtioc kai o �lloc perittìc ètsi ¸ste

x = 2ST; y = S

2

� T

2

; z = S

2

+ T

2

:

Antistrìfwc: An (S; T ) 2 Z� Z, ènac �rtioc o �lloc perittìc, tìte o x eÐnai �rtioc

y; z eÐnai perittoÐ kai m�lista (x; y) = (y; z) = (x; z) = 1, dhlad  (x; y; z) = 1. Apl 

epal jeush mac dÐnei x

2

+ y

2

= z

2

.

Je¸rhma 1.2 'Olec oi pujagìreiec tri�dec dÐnontai apì

x = 2�ST; y = �(S

2

� T

2

); z = �(S

2

+ T

2

)

me � 2 Z; (S; T ) 2 Z� Z, (S; T ) = 1 ènac �rtioc kai o �lloc perittìc.

To apotèlesma autì pern�ei apì ton EukleÐdh sto Diìfanto kai argìtera, sta 1572,

emfanÐzetai sthn 'Algebra tou Bambelli (to trÐto biblÐo thc opoÐac sthrÐzetai sta

Arijmhtik� tou Diìfantou) kaj¸c kai sto èrgo tou Vi�ete.

An t¸ra, antÐ na zhtoÔme pujagìreiec tri�dec, prospaj soume na lÔsoume k�poio ge-

nikìtero prìblhma, dhlad  poioÐ fusikoÐ arijmoÐ gr�fontai san �jroisma dÔo tetrag¸-

nwn, tìte polÔ qr simh eÐnai h tautìthta

(x

2

+ y

2

)(z

2

+ t

2

) = (xz � yt)

2

+ (xt� yz)

2

: (1.2)

Lìgw twn dÔo dunatot twn pou èqoume wc proc ta prìshma sthn tautìthta (1.2),

qrhsimopoieÐtai suqn� gia na kataskeu�soume arijmoÔc pou gr�fontai san �jroisma

tetrag¸nwn kat� dÔo diaforetikoÔc trìpouc. Gia z = t = 1 èqoume

2(x

2

+ y

2

) = (x + y)

2

+ (x� y)

2

(1.3)
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h opoÐa  tan  dh gnwst  ston EukleÐdh (Eukl. II, 9-10).

H (1.2) ja prèpei na  tan gnwst  ston Diìfanto ìpwc faÐnetai apì thn parak�tw

parat rhs  tou (dec [11], selÐda 11):

��EÐnai sthn fÔsh tou arijmoÔ 65 ìti mporeÐ na grafeÐ san �jroisma dÔo

tetrag¸nwn kat� dÔo diaforetikoÔc trìpouc, 16 + 49 kai 64 + 1. Autì

sumbaÐnei diìti o 65 eÐnai ginìmeno twn 13 kai 5 pou eÐnai �jroisma dÔo

tetrag¸nwn.��

Up�rqei loipìn h eikasÐa ìti h (1.2)  tan k�poio apì ta qamèna porÐsmata tou Diì-

fantou. Apìdeixh p�ntwc thc tautìthtac (1.2) emfanÐzetai sto BiblÐo tou Fibonacci

(Leonardo Pisano) Liber Quadratorum pou ekdìjhke to 1225. (Xanaekdìjhke sta

1987 apì ton ekdotikì oÐko Academic Press.) Se antÐjesh me to pio dhmofilèc (laðkì)

èrgo tou Fibonacci Liber Abaci to Liber Quadratorum  tan xeqasmèno kai duseÔreto.

Ekdìjhke, gia pr¸th for� met� to 1225, apì ton Boncompagni sta 1856.

ProtoÔ poÔme dÔo lèxeic gia to biblÐo tou Fibonacci, ac shmei¸soume ed¸ ìti o Vi�ete

qrhsimopoioÔse thn tautìthta (1.2) ètsi ¸ste apì dosmèna orjog¸nia trÐgwna na pa-

r�gei �lla kai parat rhse th sqèsh thc tautìthtac (1.2) me touc tÔpouc ajroÐsmatoc

kai diafor�c twn trigwnometrik¸n sunart sewn. O Vi�ete endiaferìtan pio polÔ gia thn

�lgebra kai thn trigwnometrÐa par� gia thn JewrÐa Arijm¸n.

E�n

x = r cos a; y = r sin a; z = s cos b; t = s sin b;

tìte

xz � yt = rs cos(a� b); xt� yz = rs sin(a� b)):

O Fibonacci taxÐdeye polÔ,  tan èmporoc, kai gn¸rise touc politismoÔc twn Ar�bwn,

twn Ell nwn kai twn LatÐnwn kaj¸c kai ta majhmatik� thc epoq c tou. K�pote tou

zht jhke na breÐ trÐa tèleia tetr�gwna san diadoqikoÔc ìrouc arijmhtik c proìdou me

lìgo 5, dhlad  na lÔsei stouc rhtoÔc to sÔsthma

y

2

� x

2

= z

2

� y

2

= 5
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 , isodÔnama, na lÔsei stouc akeraÐouc to sÔsthma

Y

2

�X

2

= Z

2

� Y

2

= 5T

2

:

Autì eÐnai to antikeÐmeno to opoÐo diapragmateÔetai sto Liber Quadratorum. Pro-

bl mata pou aforoÔsan tèleia tetr�gwna se arijmhtikèc proìdouc eÐnai arket� pali�

lìgw thc tautìthtac (1.3). To na breÐ kaneÐc tètoia tetr�gwna eÐnai isodÔnamo me to

na breÐ pujagìreiec tri�dec.

Pr�gmati, an X

2

; Y

2

; Z

2

brÐskontai se arijmhtik  prìodo tìte

Y

2

=

1

2

(X

2

+ Z

2

) = U

2

+ V

2

;

ìpou

U =

1

2

(X + Z); V =

1

2

(Z �X)

kai h diafor� (lìgoc) Y

2

� X

2

= Z

2

� Y

2

èqei tim 

1

2

(Z

2

� X

2

) = 2UV , dhlad ,

tetrapl�sia tou embadoÔ tou trig¸nou (U; V; Y ).

Den up�rqei kanèna stoiqeÐo pou na mac deÐqnei ìti o Leonardo gn¸rize thn teleutaÐa

parat rhsh all� se k�poio buzantinì qeirìgrafo tou 11

ou

  12

ou

ai¸na up�rqei to

prìblhma:

Na brejeÐ pujagìreia tri�da embadoÔ 5m

2

.

Eik�zetai loipìn ìti o Fibonacci ja to eÐqe dei kat� thn paramon  tou sthn Kwnstan-

tinoÔpolh. Autìc pou èjese to prìblhma eÐqe  dh apodeÐxei ìti mÐa arijmhtik  prìodoc

 tan h 31

2

, 41

2

, 49

2

. (ElpÐzoume s' autì to prìblhma na mac dojeÐ h eukairÐa na epistrè-

youme argìtera kai na doÔme ta apotelèsmata pou up�rqoun mèqri s mera.) An t¸ra

genikeÔsoume to prìblhma kai zht soume na doÔme poioÐ fusikoÐ arijmoÐ parÐstantai

apì thn tetragwnik  morf 

X

2

�NY

2

ìpou N dosmènoc fusikìc arijmìc, tìte oi tautìthtec pou qreiazìmaste eÐnai

(X

2

�NY

2

)(Z

2

�NT

2

) = (XZ �NY T )

2

� (XT � Y Z)

2

(1.4)

(X

2

+NY

2

)(Z

2

+NT

2

) = (XZ �NY T )

2

+N(XT � Y Z)

2

(1.5)
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Apì montèrna algebrik  skopi� den diafèroun apì tic tautìthtec (1.2), all� autì ègine

antilhptì gia pr¸th for� ton 18

o

ai¸na.

O pio aplìc Ðswc trìpoc gia na tic apodeÐxoume eÐnai na gr�youme

(X + Y

p

N)(Z � T

p

N) = (XZ �NY T )� (XT � Y Z)

p

N

kai thn Ðdia tautìthta me to

p

�N kai na pollaplasi�soume me tic suzugeÐc parast�seic,

dhlad  to

p

�N to antikajistoÔme me to �

p

�N . H apìdeixh aut  emfanÐzetai gia

pr¸th for� sto biblÐo tou Euler, Algebra pou ekdìjhke sta 1770.

Mia kai o EukleÐdhc afier¸nei olìklhro to kef�laio X stic �rrhtec posìthtec deutèrou

bajmoÔ, mporeÐ na fantasteÐ kaneÐc ìti o EukleÐdhc   oi ��di�doqoÐ�� tou ja prèpei na

eÐqan apodeÐxei an�loga tic tautìthtec (1.4), (1.5)   èstw eidikèc peript¸seic aut¸n.

SÐgouro eÐnai ìti o EukleÐdhc gn¸rize thn tautìthta (

p

r +

p

s)(

p

r �

p

s) = r � s kai

ìti h

1

p

r +

p

s

=

p

r

r � s

�

p

s

r � s

(1.6)

(Eukl. Q, 112).

Dustuq¸c to kÐnhtro tou EukleÐdh sto X biblÐo eÐnai h dhmiourgÐa jewrÐac gia thn

kataskeu  kanonik¸n polug¸nwn kai poluèdrwn kai ìqi h algebrik  jewrÐa twn te-

tragwnik¸n swm�twn ìpwc ja èkanan oi montèrnoi majhmatikoÐ. Apomènei loipìn na

upojèsoume ìti oÔte sthn arqaiìthta oÔte argìtera qrhsimopoi jhkan tautìthtec me

tetragwnik  rÐza gia skopoÔc thc arijmhtik c. SÐgouro eÐnai ìti oi Euler kai Lagrange

sta tèlh tou 18

ou

ai¸na sugqaÐroun o ènac ton �llo gia thn faein  idèa na qrhsimopoi-

 soun migadikèc tetragwnikèc rÐzec sthn JewrÐa Arijm¸n.

Exis¸seic thc morf c x

2

�Ny

2

= �m, ìpou m;N dosmènoi fusikoÐ arijmoÐ, ja prèpei

na eÐqan emfanisteÐ sta èrga arqaÐwn Ell nwn polÔ pijanì se sÔndesh me to prìblhma

thc kal c rht c prosèggishc tou �rrhtou

p

N . EÐnai profanèc ìti an x

2

�Ny

2

= �m

kai ta x; y eÐnai meg�la se sÔgkrish proc to m tìte o lìgoc

x

y

mac dÐnei mÐa kal 

prosèggish thc

p

N ìpwc faÐnetai apì thn tautìthta

x

y

�

p

N =

1

y

�

x

2

�Ny

2

x+ y

p

N
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h opoÐa eÐnai eidik  perÐptwsh thc (1.6) tou (Eukl. X, 112).

'Etsi ìtan o Eutìkioc sta sqìli� tou ston Arqim dh jèlei na epalhjeÔsei tic proseg-

gÐseic tou Arqim dh 256=153 kai 1351=780 gia ton arijmì

p

3, gr�fei:

265

2

� 3 � 153

2

= �2; 1351

2

� 3 � 780

2

= 1:

H tautìthta (1.4) t¸ra dÐnei mÐa eÔkolh mèjodo kataskeu c mi�c lÔshc thc

X

2

�NY

2

= �m

an k�poioc gnwrÐzei  dh mÐa �llh lÔsh thcX

2

�NY

2

= �m kai mÐa lÔsh thc �

2

�N�

2

=

�1   (merikèc forèc) thc �

2

�N�

2

= �2.

An p�roume sthn (1.4) N = 3, Z = 5, T = 3 brÐskoume

(5X + 9Y )

2

� 3(3X + 5Y )

2

= �2(X

2

� 3Y

2

):

An t¸ra X

2

� 3Y

2

= �2 tìte oi X kai Y prèpei na eÐnai kai oi dÔo perittoÐ, opìte

5X + 9Y kai 3X + 5Y ja eÐnai �rtioi, dhlad  ja èqoume

�

5X + 9Y

2

�

2

� 3

�

3X + 5Y

2

�

2

= 1:

MÐa lÔsh thc X

2

� 3Y

2

= �2 eÐnai X = 5; Y = 3 opìte

5X + 9Y

2

= 26;

3X + 5Y

2

= 15

eÐnai lÔsh thc X

2

� 3Y

2

= 1. Apì thn parap�nw tautìthta prokÔptei ìti

(5X + 9Y )

2

� 3(3X + 5Y )

2

= �2

kai gia X = 26; Y = 15 brÐskoume ìti

x = 5X + 9Y = 265; kai y = 3Q+ 5U = 153

eÐnai lÔsh thc x

2

� 3y

2

= �2 opìte

X =

5x + 9y

2

= 1351; kai Y =

3x+ 5y

2

= 780
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eÐnai lÔsh thc X

2

� 3Y

2

= 1. SuneqÐzoume ìmoia kai brÐskoume ìsec lÔseic jèloume.

'Ena �llo par�deigma, me thn Ðdia mèjodo, Ðswc palaiìtero apì to prohgoÔmeno, to

opoÐo emfanÐzetai ton deÔtero m.Q. ai¸na apì ton Jèwna ton SmurnaÐo, eÐnai h

eÔresh diadoqik¸n lÔsewn thc

X

2

� 2Y

2

= �1:

XekinoÔme apì thn profan  lÔsh x = y = 1 kai k�noume diadoqik� tic antikatast�seic

(x; y) 7! (x + 2y; x+ y)

H mèjodoc douleÔei ed¸ lìgw thc tautìthtac

(x+ 2y)

2

� 2(x+ y)

2

= �(x

2

� 2y

2

)

h opoÐa prokÔptei apì thn (1.4) gia N = 2, Z = T = 1.

'Iqnh twn tautot twn pou melet same up�rqoun ston Diìfanto all� kai p�li mènei

anap�nthto an oi tautìthtec (1.4) kai (1.5) èqoun thn arq  touc sthn Ell�da (Ðswc sta

qamèna biblÐa tou Diìfantou). SÐgouro eÐnai p�ntwc ìti h tautìthta (1.4) emfanÐzetai

sto èrgo tou IndoÔ majhmatikoÔ Brahmagupta (7

oc

m.Q. ai¸nac) kai m�lista se sÔndesh

me probl mata eÔreshc akeraÐwn lÔsewn thc exÐswshc x

2

�Ny

2

= �m.

O Germanìc logotèqnhc Lessing dhmosÐeuse sta 1773 èna epÐgramma apoteloÔmeno

apì 22 stÐqouc. Prìkeitai gia èna majhmatikì prìblhma pou èsteile o Arqim dhc

stouc majhmatikoÔc thc Alex�ndreiac.

To prìblhma odhgeÐ sth lÔsh mi�c exÐswshc tou Pell, dhlad  diofantik c exÐswshc

thc morf c

x

2

�Ny

2

= 1   � 1:

Autì shmaÐnei ìti o Arqim dhc endiaferìtan gia lÔseic tètoiwn exis¸sewn. Pijanìn

m�lista na eÐqe brei kai trìpo apì mÐa lÔsh na brÐskei �llec k�ti pou fusik� proôpojètei

th gn¸sh thc tautìthtac (1.4).

Exis¸seic tou tÔpou x

2

� Ny

2

= 1 emfanÐzontai ston Diìfanto, all� autìc zht�ei

rhtèc lÔseic, par� to ìti entel¸c sumpwmatik� brÐskei kai akèraiec lÔseic, ìpwc p.q.
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gia

N = m

2

+ 1; brÐskei lÔseic y = 2m; x = 2m

2

+ 1:

XanagurÐzoume pÐsw ston Brahmagupta kai stic exis¸seic thc morf c x

2

�Ny

2

= m,

ìpou N fusikìc kaim akèraioc. O Brahmagupta ègraye thn tautìthta (1.4) san k�poio

��nìmo sÔnjeshc��

((x; y;m); (z; t;n)) =) (xz �Nyt; xt� yz;mn)

kai deÐqnei pwc mÐa lÔsh thc x

2

�Ny

2

= m mazÐ me thn sÔnjesh mi�c lÔshc (p; q; 1) thc

x

2

�Ny

2

= 1 dÐnei �peirec lÔseic thc

x

2

�Ny

2

= m:

'Omoia, an k�poioc p�rei mÐa tri�da (x; y;m) kai thn pollaplasi�sei me ton eautì thc

ja brei mÐa lÔsh (X; Y;m

2

) opìte

�

X

m

;

Y

m

; 1

�

ja eÐnai mÐa rht  lÔsh thc exÐswshc tou

Pell

x

2

�Ny

2

= 1

kai an

X

m

;

Y

m

akèraioi ja eÐnai

�

X

m

;

Y

m

; 1

�

mÐa tri�da.

Genikìtera apì thn tri�da (X; Y ;M) paÐrnoume mÐa

�

X

m

;

Y

m

;�

�

, ìtan M = �m

2

kai

X

m

;

Y

m

akèraioi.

Autèc oi parathr seic epètreyan ston Brahmagupta na lÔsei arketèc exis¸seic tou Pell

x

2

� Ny

2

= 1 (ìpwc p.q. gia N = 92; N = 83) kai na d¸sei k�poio ��kanìna�� lÔsewc

an eÐnai gnwst  mÐa lÔsh thc x

2

�Ny

2

= m ìpou m = �1;�2   � 4.

An (p; q;m) eÐnai mÐa lÔsh thc x

2

�Ny

2

= m kaim = �1;�2 tìte mÐa lÔsh thc exÐswshc

tou Pell eÐnai

�

p

2

+Nq

2

; 2pq; 1

�

 

�

1

2

(p

2

+Nq

2

); pq; 1

�

antistoÐqwc:

An t¸ra p �rtioc kai m = �4 tìte lÔsh eÐnai h (

1

4

(p

2

+Nq

2

);

1

2

pq; 1).
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An ìmwc p perittìc tìte ja prèpei na sqhmatÐsoume thn sÔnjesh thc (p; q;m) me ton

eautì thc dÔo forèc, dhlad 

(p; q;m) � (p; q;m) � (p; q;m) = (P;Q;�1)

kai, an to apotèlesma eÐnai (P;Q;�1), na xanasunjèsoume thn (P;Q;�1) me ton eautì

thc.

O Brahmagupta dÐnei tÔpouc oi opoÐoi apoteloÔntai apì polu¸numa wc proc p kai q,

bajmoÔ 3 sthn pr¸th perÐptwsh kai bajmoÔ 6

ou

sth deÔterh perÐptwsh.

Oi parap�nw parathr seic tou Brahmagupta apèqoun polÔ apì to na d¸soun genik 

lÔsh. Mi� mèjodoc eÔreshc thc genik c lÔshc emfanÐzetai ton 11

o

ai¸na apo ton Jaya-

dera (IndÐa) kai sqedìn panomoiìtuph apì ton Bh�askara (12

oc

ai¸nac). H mèjodoc aut 

lègetai mèjodoc thc kuklik c diadikasÐac (cakrav�ala). 'Opwc se pollèc spoudaÐ-

ec anakalÔyeic ètsi kai sthn perÐptwsh thc kuklik c diadikasÐac mporeÐ kaneÐc ek twn

ustèrwn na parathr sei ìti  tan fusiologik  exèlixh twn  dh uparqìntwn apotelesm�-

twn.

Gia dosmèno N , upojètoume ìti èqoume mÐa tri�da (p; q;m), ìpou m ��sqetik��� mikrìc.

Jèloume t¸ra na broÔme mÐa �llh lÔsh. Kataskeu�zoume mÐa tri�da (x; y;M) me

M = mm

0

kai m

0

mikrì. PaÐrnoume t¸ra to ginìmeno

(p; q;m) � (x; y;M) = (X; Y ;m

2

m

0

):

An sumbeÐ mjX kai mjY tìte èqoume mÐa tri�da (p

0

; q

0

;m

0

), ìpou p

0

=

X

m

; q

0

=

Y

m

.

SuneqÐzoume omoÐwc me thn elpÐda na katal xoume se mÐa tri�da (u; v; 1).

Sthn cakrav�ala autì epiteÔqjhke wc ex c. PaÐrnoume y = 1, opìte M = x

2

� N kai

zhtoÔme kat�llhlh eklog . To ginìmeno twn tri�dwn t¸ra eÐnai:

(p; q;m) � (x; 1;M) = (X; Y ;Mm) me X = px +Nq; Y = p+ qx:

QwrÐc periorismì thc genikìthtac upojètoume ìti (q;m) = 1 diìti an (q;m) > 1, èpetai

ìti d = (p; q) > 1 opìte lìgw thc p

2

� Nq

2

= m ) d

2

jm kai h tri�da (p; q;m) mporeÐ

na antikatastajeÐ apì thn

�

p

d

;

q

d

;

m

d

2

�

.
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Dialègoume t¸ra to x (modm) ètsi ¸ste

Y = p+ qx � 0 (modm):

H lÔsh twn isodunami¸n  tan polÔ pio nwrÐtera gnwst . Gr�foume

q

2

M = q

2

x

2

�Nq

2

= q

2

x

2

� p

2

+m = m �

�

qx+ p

m

�(qx� p) + 1

�

kai blèpoume amèswc ìti mjM diìti (q;m) = 1.

Apì th sqèsh t¸ra X

2

= NY

2

+mM ) m

2

jX

2

, sunep�getai ìti mjX. Kat' autì ton

trìpo kataskeu�same mÐa kainoÔrgia tri�da (p

0

; q

0

;m

0

), X = mp

0

, Y = mq

0

, M = mm

0

.

Gia na fti�xoume tom

0

mikrì dialègoume apì thn kl�sh tou x(modm) san antiprìswpo

ekeÐno to X gia to opoÐo isqÔei X <

p

N < X + jmj. Upojètoume ìti o m eÐnai sqetik�

mikrìc, dhlad  ìti jmj < 2

p

N . Autì shmaÐnei ìti

p

N +Q � 0, opìte

0 < M = N � x

2

= (

p

N � x)(

p

N + x) < 2jmj

p

N =) jm

0

j < 2

p

N:

Efarmìzoume thn Ðdia diadikasÐa sthn tri�da (p

0

; q

0

; m

0

) kai brÐskoume mÐa �llh tri�da

(p

00

; q

00

;m

00

) me jm

00

j < 2

p

N kai oÔtw kaj' ex c. Epeid  oi akèraioi m;m

0

; m

00

; � � � eÐnai

fragmènoi, ja prèpei na epanalamb�nontai kai gi' autì Ðswc onom�zetai h diadikasÐa

kuklik . Fusik� oi IndoÐ gn¸rizan thn mèjodo mìno peiramatik�. Den up�rqei tÐpota

pou na deÐqnei ìti eÐqan apodeÐxeic. Akìma, gia na doulèyei h mèjodoc, qreiazìmaste mÐa

tri�da (p; q;m) me jmj < 2

p

N san arq . San tètoia tri�da autoÐ èpairnan (p

0

; 1;m

0

)

ìpou p

2

0

eÐnai to pio kontinì sto N tèleio tetr�gwno eÐte apì p�nw eÐte apì k�tw tou

N , opìte jm

0

j < 2

p

N .

'Otan o Fermat �rqise thn ��karièra�� tou san arijmojewrhtikìc lÐga eÐqe sthn di�jes 

tou gia melèth. Ektìc apì ta StoiqeÐa tou EukleÐdh eÐqe akìmh ta Arijmhtik� tou

Diìfantou sth èkdosh tou Bachet kai thn parousÐash meg�lou mèrouc tou èrgou tou

Diìfantou mèsa sta Zetetica tou Vi�ete.

Ta piì poll� apì ta probl mata tou Diìfantou an�gontai sthn eÔresh k�poiou shmeÐou

me jetikèc rhtèc suntetagmènec mi�c algebrik c kampÔlhc gènouc 0   1 pou dÐnetai
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apì mÐa   perissìterec exis¸seic. Ed¸ parapèmpoume ton endiaferìmeno anagn¸sth

sto biblÐo: Gi�nnh A. Antwni�dh, Arijmhtik  Elleiptik¸n Kampul¸n, to Je¸rhma tou

Mordell, 'Ekdosh EPEAEK ��PROMHJEAS��, Hr�kleio 1999.

Up�rqoun ìmwc kai �lla probl mata twn arijmhtik¸n pou asqoloÔntai me di�fora

jèmata. Se èna prìblhma rwt�ei o Diìfantoc pìte ènac arijmìc A = 2a+ 1 mporeÐ na

parastajeÐ san �jroisma dÔo tetrag¸nwn (A = x

2

+y

2

). Se �llo èqoume to antÐstoiqo

prìblhma gia to e�n ènac arijmìc thc morf c A = 3a+1 gr�fetai san �jroisma tri¸n

tetrag¸nwn A = x

2

+y

2

+z

2

. H ap�nthsh tou Diìfantou eÐnai ìti ja prèpei A 6= 8n+7.

Se �lla probl mata upojètei ìti k�je dosmènoc fusikìc arijmìc mporeÐ na grafeÐ

san �jroisma tess�swn tetrag¸nwn fusik¸n arijm¸n. 'Iswc autì den eÐnai idiaÐterh

èkplhxh, diìti isqÔei gia ta arijmhtik� dedomèna aut¸n twn problhm�twn.

H ap�nthsh loipìn sto er¸thma ti  xere o Diìfantoc kai oi progenèsteroÐ tou sqetik�

me to prìblhma thc par�stashc enìc fusikoÔ arijmoÔ san �jroisma 2, 3   4 tetrag¸nwn

ja mporoÔse na  tan ìti eÐqe peiramatik  b�sh.

Oi pr¸tec apodeÐxeic sqetik� me to prìblhma thc par�stashc fusikoÔ arijmoÔ mèsw

tetragwnik¸n morf¸n an koun ston Fermat. All� perÐ autoÔ sto epìmeno kef�laio.



Kef�laio 2

Pierre de Fermat (1601-1665)

Genn jhke sthn Beaumont de Lomagne, mikr  pìlh thc nìtiac GallÐac, ìqi polÔ makri�

apì thn pìlh Toulouse, sta 1601. Prin to 1631 pèrase merik� apì ta qrìnia thc zw c

tou sto Bordeaux. Sta 1631 diorÐsthke sÔmbouloc (councilor) sto ��KoinoboÔlio�� thc

TouloÔzhc, jèsh poÔ antistoiqeÐ s mera me aut  tou anwt�tou dioikhtikoÔ upall lou.

Sth jèsh aut  èmeine mèqri ton j�natì tou (12 IanouarÐou 1665). To ep�ggelm� tou toÔ

�fhne polÔ qrìno na asqolhjeÐ me ta Majhmatik�. P re polÔ kal  klasik  paideÐa.

Gn¸rize �rista Latinik�, Ellhnik�, Italik� kai Ispanik�. Thn epoq  aut  zwntan 

episthmonik  zw  èqei h ItalÐa (Galileo, Cavalieri, Ricci, Torricelli). ArketoÐ fÐloi tou

(Carcavi, Mersenne) episkèfjhkan thn ItalÐa. Autìc potè den èfuge makri� apì thn

perioq  pou zoÔse. Den èqoume akrib  stoiqeÐa gia to pìte �rqise na endiafèretai

gia ta Majhmatik�, all� autì ja prèpei na ègine sta tèlh thc dekaetÐac tou 1620

sto Bordeaux. EkeÐ ègine fÐloc me ton dikast  (magistrate), Etienne d' Espagnet.

UpotÐjetai ìti autìc ton enj�rrune sta pr¸ta (majhmatik�) tou b mata. EÐqe sthn

katoq  tou mh dhmosieumènh ergasÐa tou Vi�ete kai thn parèdwse ston Fermat. Pijanìn

na kateÐqe thn pl rh sullog  tou èrgou tou Vi�ete, k�ti pou  tan dÔskolo na brejeÐ

sthn epoq  aut .

Toul�qiston mèqri to 1638 o Fermat antall�ssei skèyeic gÔrw apì ta Majhmatik� me

ton Beaugrand. GÐnetai fÐloc me ton Pierre Carcavi o opoÐoc apì to 1632 mèqri to 1636

15
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èmeine sthn TouloÔzh. Sta 1636 o Carcavi p re met�jesh gia to ParÐsi kai prosq¸rhse

ston kÔklo twn Mersenne, E. Pascal kai Roberval. Thn perÐodo aut  arqÐzei kai h

allhlografÐa tou Fermat me ton Mersenne. Poll� apì ta Majhmatik� tou Fermat

perièqontai sthn allhlografÐa tou me ton Mersenne. 'Oso zoÔse  jele na ekd¸sei

èna biblÐo majhmatikoÔ perieqomènou, all� telik� den kat�fere na pragmatopoi sei to

ìneirì tou. O giìc tou, Samuel Fermat exèdwse ta Arijmhtik� tou Diìfantou (èkdosh

Bachet's tou 1621) mazÐ me tic parathr seic pou eÐqe prosjèsei o Patèrac tou sto

perij¸rio tou biblÐou. Ston tìmo autì prìsjese o Ihsouòthc Jacques de Billy, fÐloc

tou Bachet kai d�skaloc twn Majhmatik¸n sthn Dijon, mÐa ��diatrib �� 36 selÐdwn, thn

Doctrinae Analyticae Inventum Novum h opoÐa sthrizìtan se aposp�smata thc

allhlografÐac tou Fermat.

Sta 1679 akoloÔjhse h èkdosh tou Varia Opera (apoteleÐtai apì grapt� tou Fermat

sqetik� me GewmetrÐa, Algebra, Diaforikì kai Oloklhrwtikì Logismì kai gr�mmat�

tou proc Mersenne, Roberval, Etienne Pascal, Frenicle, Blaise Pascal, Carcavi, Digby,

Gassendi). Poll� apì ta gr�mmata tou Fermat den perièqontai sthn sullog  gia ton

profan  lìgo ìti den st�ljhkan apì touc apodèktec ston giì tou Fermat, Samuel.

S mera, me thn dhmosÐeush twn �pantwn tou Fermat apì touc P. Tannery kai Ch. Henry

(ParÐsi 1891-1912) 4 tìmoi, to Sumpl rwma (Supplement) tou C. de Waard, 1922 kai

tou J. E. Hofmann, Neues �uber Fermats Zahlentheoretische Herausforderungen tou

1657, Abh. Preuss Akad. d. Wissenschaften 1943-44, eÐmaste sqedìn pepeismènoi ìti

katèqoume to sÔnolo tou èrgou tou Fermat.

To stÔl thc doulei�c tou Fermat eÐnai argì, ta gr�mmat� tou, ta opoÐa perièqoun ìlec

tic spoudaÐec ergasÐec tou sthn JewrÐa Arijm¸n, eÐnai lakwnik� kai xer�. Potè den

èdwse apodeÐxeic kai mìno mÐa for� upodeiknÔei th mèjodo thc apìdeixhc. Autì kajist�

dÔskolo ton kajorismì twn prot�sewn pou pr�gmati apìdeixe kai ekeÐnwn pou  tan

eikasÐec sthrigmènec ston upologismì paradeigm�twn. Ja doÔme ìti poll� apì ta

jewr mat� tou den mporoÔn na apodeiqjoÔn eÔkola kai ìti pr¸thc t�xewc majhmatikoÐ

ìpwc o Euler kopÐasan arket� gia na ta apodeÐxoun. Apì thn �llh meri� den up�rqei
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amfibolÐa ìti o Fermat gn¸rize tic apodeÐxeic twn piì poll¸n jewrhm�twn tou. Sth

sunèqeia ja anaferjoÔme se merik� apì ta probl mata me ta opoÐa asqol jhke o

Fermat.

F. 1 'Iswc oi duwnumikoÐ suntelestèc na an koun pio polÔ sthn Algebra par� sthn Je-

wrÐa Arijm¸n par� to ìti o Fermat perigr�fontac èna apì to pr¸ta tou apotelèsmata

sqetik� me duwnumikoÔc suntelestèc shmei¸nei ìti:

��dÔskola mporeÐ na brejeÐ poiì ìmorfo kai piì genikì je¸rhma

twn arijm¸n.��

Oi sundiasmoÐ orÐzontai apì ton anadromikì tÔpo

�

n+m

m+1

�

=

�

n+m�1

m

�

+

�

n+m�1

m+1

�

=

n

X

r=1

�

r+m�1

m

�

kai to je¸rhma tou Fermat den eÐnai tÐpote perissìtero apì thn tautìthta

n

�

n+m�1

m�1

�

= m

�

n+m�1

m

�

:

Argìtera, sta 1654, h tautìthta aut  br ke efarmog  se apotelèsmata tou Fermat

sth JewrÐa Pijanot twn. Sth dekaetÐa ìmwc tou 1630 o Fermat thn qrhsimopoieÐ gia

na upologÐsei ajroÐsmata tou tÔpou

S

m

(N) =

N

X

n=1

n

m

 , pio genik�, ajroÐsmata thc morf c

N

X

n=1

(an + b)

m

:

Sundu�zontac th sqèsh

�

N+m

m+1

�

=

N

X

n=1

�

n+m�1

m

�

me to je¸rhm� tou, ègraye

�

n+m�1

m

�

=

1

m!

n(n+ 1) � � � (n +m� 1)

=

1

m!

(n

m

+ A

1

n

m�1

+ � � �+ A

n

m�1

)
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me (arijmhtikoÔc) suntelestèc A

1

; A

2

; � � � ; A

m�1

, opìte

S

m

(N) + A

1

S

m�1

(N) + � � �+ A

m�1

S

1

(N) =

1

m+ 1

N(N + 1) � � � (N +m)

kai epomènwc, efarmìzontac epagwg  wc proc m, mporoÔme na broÔme touc tÔpouc

twn ajroism�twn S

m

(N). Gia m = 2, o tÔpoc  tan gnwstìc ston Arqim dh kai gia

m = 3 ston Bachet. O Jacob Bernoulli èkane argìtera thn Ðdia anak�luyh pou ton

od ghse ston orismì twn s mera gnwst¸n arijm¸n tou Bernoulli kai poluwnÔmwn

tou Bernoulli twn opoÐwn h spoudaiìthta gia thn JewrÐa twn Arijm¸n emfanÐzetai

argìtera me th doulei� tou Euler.

F. 2 Sta 1640 o Frenicle r¸thse ton Fermat (mèsw Mersenne) an up�rqoun tèleioi

arijmoÐ an�mesa stouc 10

20

kai 10

22

. Fusik� to er¸thma aforoÔse �rtiouc tèleiouc

arijmoÔc, dhlad  arijmoÔc thc morf c:

2

n�1

(2

n

� 1);

mÐa kai den  tan gnwstoÐ perittoÐ tèleioi arijmoÐ (ìpwc kai s mera!).

H 10

20

< 2

n�1

(2

n

� 1) < 10

22

mac dÐnei 34 � n � 37. Gia na eÐnai o 2

n�1

(2

n

� 1) tèleioc,

ja prèpei o 2

n

� 1 na eÐnai pr¸toc. Epeid  de o 2

n

� 1 den eÐnai pr¸toc gia n sÔnjeto,

o Frenicle ousiastik� r¸thse an o 2

37

� 1 eÐnai pr¸toc. O Fermat br ke ìti

2

37

� 1 = 137438953471 = 223 � 616318177

kai epomènwc den up�rqei tèleioc arijmìc ekeÐ an�mesa sta 10

20

kai 10

22

.

H mèjodoc pou ef�rmose gia na paragontopoi sei ton arijmì 2

37

� 1 perigr�fetai apì

ton Ðdio ston Mersenne (IoÔnioc 1640). Bohj jhke apì tic parak�tw prot�seic:

I. An o n den eÐnai pr¸toc, tìte o 2

n

� 1 eÐnai sÔnjetoc.

II. An o n eÐnai pr¸toc, tìte 2nj2

n

� 2.

III. An o n eÐnai pr¸toc kai p pr¸toc diairèthc tou 2

n

� 1, tìte njp� 1.
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H I eÐnai profan c. Oi II kai III eÐnai tupikèc peript¸seic autoÔ pou s mera lèmeMikrì

Je¸rhma tou Fermat:

��An p pr¸toc arijmìc kai 1; a; a

2

; � � � tuqoÔsa gewmetrik  prìodoc

tìte o p diaireÐ k�poion arijmì thc morf c a

n

� 1 me njp� 1. An

t¸ra N eÐnai opoiod pote pollapl�sio tou el�qistou fusikoÔ n

gia ton opoÐo isqÔei h parap�nw prìtash tìte pja

N

� 1.��

H al jeia aut c thc prìtashc epalhjeÔthke kat' arq n peiramatik� (p.q. gia a = 2).

Peiramatik� thn epal jeuse kai o Leibnitz (an�mesa sta 1676-1680), to Ðdio èkane kai

o Euler sta 1731. DÔskola ja mporoÔse na amfib�llei kaneÐc ìti o Fermat akoloÔjhse

kai autìc thn parap�nw peiramatik  mèjodo, par� to ìti sta 1640 isqurÐzetai ìti èqei

mÐa apìdeixh thn opoÐa ja èstelne ston Frenicle an den fobìtan ìti ja  tan arket�

makroskel c.

Up�rqoun dÔo apodeÐxeic tou mikroÔ jewr matoc tou Fermat:

Apìdeixh 1

h

(Euler, 1742)

Gia a = 2:

2

p

= (1 + 1)

p

= 1 +

�

p

1

�

+

�

p

2

�

+ � � �+

�

p

p�1

�

+ 1

EÔkola apodeiknÔetai ìti

p j

�

p

�

�

; 8� = 1; 2; : : : ; p� 1:

'Ara 2

p

� 2(mod p). T¸ra (a+1)

p

� a

p

+1(mod p) kai sunep¸c suneqÐzoume epagwgik�.

ut

Apìdeixh 2

h

(Euler, 1750)

To sÔnolo twn pr¸twn kl�sewn upoloÐpwn (mod p) apoteleÐ pollaplasiastik  om�da

t�xewc p� 1. Sunep¸c gia k�je a 2 Z, p - a, èqoume ìti a

p�1

� 1 (mod p). ut

H deÔterh apìdeixh eÐnai kalÔterh, shmei¸nei o Euler, diìti genikeÔetai sthn prìtash:

a 2 Z; m 2 N ; (a;m) = 1 =) a

�(m)

� 1 (modm)
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(� h gnwst  sun�rthsh tou Euler).

O Fermat apèdeixe ìti o 2

37

� 1 den eÐnai pr¸toc wc ex c:

An pj2

37

� 1 tìte o 37 diaireÐ ton p � 1, sunep¸c p � 1 (mod37) kai epomènwc p �

1 (mod74). O Fermat t¸ra dokÐmase ton p = 149 kai eÐde ìti den diaireÐ ton 2

37

� 1.

P re ton epìmeno p = 223 kai pètuqe.

Askhsh: An a

n

� 1 eÐnai pr¸toc, n > 1 kai a > 1 tìte a = 2 kai n pr¸toc.

Askhsh: An o arijmìc a

n

+ 1 eÐnai pr¸toc kai a > 1, n > 0 tìte o a eÐnai �rtioc kai

o n = 2

r

gia r 2 N .

Gia a = 2 kai n = 2

r

, r = 0; 1; 2; 3; 4 o Fermat diapÐstwse ìti o 2

2

r

+ 1 eÐnai pr¸toc

3; 5; 17; 257; 65537. Se èna gr�mma tou ston Frenicle sta 1640 èdwse kai tic timèc twn

2

2

r

+ 1 gia r = 5, pou eÐnai 4294967297 kai gia r = 6, pou eÐnai 18446744073709551617

kai diatÔpwse thn eikasÐa ìti gia k�je fusikì arijmì r, o 2

2

r

+ 1 eÐnai pr¸toc.

EÐnai lÐgo par�xeno to ìti den dokÐmase th mèjodo pou ef�rmose gia ton 2

37

� 1 gia

na dei ìti o 2

32

+ 1 den eÐnai pr¸toc. To mikrì je¸rhma tou Fermat mac dÐnei ìti oi

pijanoÐ diairètec tou arijmoÔ ja eÐnai thc morf c p � 1(mod64) kai sunep¸c ja èprepe

na dokim�sei touc 193, 257, 449, 577, 641 k.o.k, all�  dh ja diapÐstwne ìti o 641 diaireÐ

ton 2

32

+ 1 sunep¸c o 2

32

+ 1 den eÐnai pr¸toc. Pr�gmati,

641 = 5 � 2

7

+ 1) 5 � 2

7

= 641� 1) 5

4

� 2

28

= (641� 1)

4

= t � 641 + 1; t 2 Z:

EpÐshc

641 = 2

4

+ 5

4

) 5

4

= 641� 2

4

) (641� 2

4

)2

28

� 1 (mod 641)) 641j2

32

+ 1:

Gia r = 6 isqÔei: 274177j2

64

+ 1 (�skhsh).

Stic 29 SeptembrÐou 1999 o Richard Crandall anakoÐnwse ìti se sunergasÐa me touc

Ernst Meyer kai I�sona Papadìpoulo apèdeixan ìti o arijmìc tou Fermat F

24

eÐnai

sÔnjetoc. Mèqri stigm c ìmwc kanènac pr¸toc par�gontac den eÐnai gnwstìc. O arij-

mìc èqei, sto dekadikì sÔsthma, perissìtera apì pènte ekatommÔria yhfÐa. Met� ton

F

4

ìloi oi arijmoÐ tou Fermat pou èqoun elegqjeÐ mèqri s mera eÐnai sÔnjetoi. Prin



2. Pierre de Fermat 21

apì ton F

24

apodeÐqjhke to 1993 ìti o F

22

eÐnai sÔnjetoc. Gia merikoÔc arijmoÔc tou

Fermat pèran tou deÐkth 24 èqei brejeÐ ìti èqoun k�poio mikrì pr¸to par�gonta. O

endiaferìmenoc anagn¸sthc mporeÐ na brei sqetikèc plhroforÐec sto diadÐktuo sthn

dieÔjunsh:

http://vamri.xray.ufl.edu/proths/fermat.html

H epìmenh prìklhsh eÐnai o F

31

o opoÐoc èqei perissìtera apì 600 ekatommÔria dekadik�

yhfÐa.

F. 3 Sta qrìnia apì to 1636 mèqri to 1640 o Fermat asqoleÐtai kurÐwc me diofantikèc

exis¸seic kai to prìblhma tou ajroÐsmatoc twn dÔo tetrag¸nwn.

H exÐswsh x

2

+ y

2

= 2(x + y)z + z

2

den èqei mh-tetrimmènec akèraiec lÔseic. Jètoume

t = z + x + y opìte h exÐswsh gr�fetai 2x

2

+ 2xy + 2y

2

= t

2

. QwrÐc periorismì thc

genikìthtac upojètoume ìti (x; y; t) = 1. 'Eqoume 2jt opìte x; y den mporoÔn na eÐnai

sugqrìnwc kai oi dÔo �rtioi. All� x

2

+xy+y

2

= 2 �t

0

2

, �topo. Dhlad  den èqoume lÔsh

thc isodunamÐac (mod2). H mèjodoc aut  eÐnai h pio apl  mèjodoc gia na apodeÐxoume

ìti mÐa diofantik  exÐswsh den èqei lÔsh.

Sta 1640 o Fermat isqurÐzetai (se gr�mma tou ston Roberval) ìti an (a; b) = 1 den

up�rqei pr¸toc arijmìc thc morf c 4n � 1 pou na diaireÐ ton a

2

+ b

2

. H apìdeixh tou

Fermat ja prèpei na  tan h Ðdia me thn apìdeixh pou anak�luye o Euler ènan ai¸na

argìtera, sta 1742.

Upojètoume ìti o pr¸toc p = 4n� 1 diaireÐ ton a

2

+ b

2

, ìpou (a; b) = 1. Profan¸c ja

prèpei (p; a) = (p; b) = 1. 'Eqoume a

2

� �b

2

(mod p). Jètoume m = 2n� 1, p� 1 = 2m,

opìte brÐskoume a

2m

� �b

2m

(mod p), k�ti to opoÐo ìmwc eÐnai �topo diìti sÔmfwna me

to mikrì je¸rhma tou Fermat a

2m

� b

2m

� 1 (mod p).

H perÐptwsh p = 4n+ 1 duskìleye pio polÔ ton Fermat, ìpwc argìtera kai ton Euler.

Sthn pragmatikìthta ìqi mìno k�je pr¸toc thc morf c 4n+ 1 diaireÐ k�poio �jroisma

thc morf c a

2

+b

2

, all� kai k�je pr¸toc p = 4n+1 gr�fetai san �jroisma 2 tetrag¸nwn

kai m�lista kat� trìpo monadikì.
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H pr¸th apìdeixh ofeÐletai ston Euler, all� o Fermat diatÔpwse aut n thn prìtash

 dh sta 1640. 'Olec oi gnwstèc apodeÐxeic arqÐzoun me thn apìdeixh tou ìti o �1 eÐnai

tetragwnikì upìloipo (mod p) (ìtan p = 4n + 1). O Fermat ja prèpei na eÐqe sto

mualì tou mÐa apìdeixh an�logh m' aut n pou èdwse o Euler.

Apìdeixh: 'Estw p = 4n + 1. Gia opoiousd pote akeraÐouc x kai y pr¸touc proc ton

p, jètoume a = x

n

kai b = y

n

opìte (a

2

� b

2

)(a

2

+ b

2

) = x

4n

� y

4n

.

SÔmfwna me to je¸rhma tou Fermat

x

4n

� y

4n

= x

p�1

� y

p�1

� 0 (mod p) =) pja

2

� b

2

= x

2n

� y

2n

  pja

2

+ b

2

:

An t¸ra o p den diaireÐ kanèna arijmì thc morf c a

2

+b

2

me (p; a) = (p; b) = 1 ja diaireÐ

ìlouc touc arijmoÔc thc morf c x

2n

�y

2n

, sunep¸c gia y = 1 ja eÐqame x

2n

� 1(mod p)

gia ìlouc touc x; 1 � x � p � 1. GnwrÐzoume ìmwc (apì Euler, Lagrange) ìti mÐa

isodunamÐa bajmoÔ d den mporeÐ na èqei pio pollèc apì d lÔseic sto IF

p

. Sthn perÐptws 

mac h isodunamÐa

x

2n

� 1 (mod p)

den mporeÐ na èqei p� 1 = 4n lÔseic. ut

To apotèlesma ìmwc gia to pl joc twn lÔsewn mi�c isodunamÐac den  tan gnwstì ston

Fermat. Eik�zetai ìti o Fermat to je¸rhse san swstì me b�sh arijmhtik� dedomèna.

Fusik� sth GewmetrÐa tou Descartes (1636) up�rqei h prìtash ìti h exÐswsh f(x) = 0

bajmoÔm, den èqei perissìterec apìm lÔseic sto s¸ma R. Sta 1772 o Euler diapÐstwse

ìti h apìdeixh metafèretai apì to R sto IF

p

.

Ac gr�youme thn prìtash pou qreiast kame sthn ex c morf :

'Estw p pr¸toc. Den up�rqei m < p � 1 tètoio ¸ste o a

m

� 1

na eÐnai pollapl�sio tou p gia ìlouc touc akeraÐouc a gia touc

opoÐouc (a; p) = 1.

Sta 1749 o Euler èdwse mÐa diaforetik  apìdeixh aut c thc prìtashc. QrhsimoipoÐhse

ton telest  diafor¸n

(Df)(x) = f(x+ 1)� f(x):
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Epagwgik� wc proc m apodeiknÔetai ìti D

m

f(x) eÐnai grammikìc sundiasmìc twn f(x),

f(x+ 1), . . . , f(x+m) me akeraÐouc suntelestèc. An loipìn gia k�poio m < p� 1 o p

diaireÐ ton a

m

� 1 gia ìla ta a; 1 � a � p� 1 ja prèpei na diaireÐ kai to D

m

f(1) gia

f(x) = x

m

� 1. All�, ìpwc gn¸rize kai o EukleÐdhc (epagwg ), D

m

f(1) = m! opìte

ja èprepe pjm!, pou eÐnai �topo diìti m < p� 1. ut

MÐa �llh apìdeixh gia ton tetragwnikì qarakt ra tou �1 dìjhke apì ton Lagrange

sta 1771 h opoÐa den exart�tai apì thn prohgoÔmenh prìtash, all� apì to je¸rhma

tou Wilson:

(p� 1)! � �1 (mod p); gia k�je pr¸to p:

Gia p = 2m+ 1

(p� 1)! � (1 � 2 � � �m)(p� 1)(p� 2) � � � (p�m)

� m!(�1)

m

m!

� (�1)

m

(m!)

2

(mod p)

opìte, an p = 4n+ 1, èqoume ìti m = 2n dhlad  pj(m!)

2

+ 1.

Se lÐgo ja apodeÐxoume ìti k�je pr¸toc p thc morf c 4n+1 gr�fetai monos manta san

�jroisma dÔo tetrag¸nwn k�nontac qr sh thc arijmhtik c tou s¸matoc Q (i). Bèbaia oi

migadikoÐ arijmoÐ up rqan  dh sth Algebra tou Bombelli tou 1572 all� den up�rqei h

paramikr  èndeixh ìti o Fermat melèthse to biblÐo tou Bombelli. Akìmh kai èna ai¸na

argìtera o Euler, par� to ìti qrhsimopoÐhse suqn� touc migadikoÔc se probl mata

an�lushc, mìno proc to tèloc thc zw c tou qrhsimopoÐhse migadikoÔc kai sthn JewrÐa

twn Arijm¸n. 'Otan loipìn o Fermat ègrafe, ta QristoÔgenna tou 1640 ston Mersenne,

ìti k�je pr¸toc p � 1 (mod4) gr�fetai monos manta san �jroisma 2 tetrag¸nwn

sÐgoura eÐqe mÐa diaforetik  apìdeixh sto mualì tou. Eutuq¸c mac èdwse mÐa idèa

thc mejìdou tou argìtera sta 1659 sthn allhlografÐa tou me ton Huygens. Thn

mèjodì tou thn onom�zei ��mèjodo thc kajìdou�� kai isqurÐzetai ìti an up�rqei pr¸toc

p � 1 (mod4), ìpou p 6= a

2

+ b

2

tìte mporeÐ na brei pr¸to p

0

< p, p

0

� 1 (mod 4) tètoio

¸ste p

0

6= a

2

+b

2

��kai oÔtw kaj' ex c mèqri na ft�sw sto 5��, �topo. O Huygens sÐgoura
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kat�labe lÐga apì th mèjodo. EmeÐc ìmwc eÐmaste tuqeroÐ diìti o Euler (an�mesa sta

1742 kai 1747) mac èdwse mÐa apìdeixh pou h idèa thc eÐnai akrib¸c ìmoia thc idèac tou

Fermat.

Apìdeixh: 'Estw p pr¸toc thc morf c p = 4n+1. 'Eqoume  dh apodeÐxei ìti up�rqoun

akèraioi a; b, pr¸toi proc ton p, tètoioi ¸ste pja

2

+ b

2

. 'Estw r o mikrìteroc jetikìc

antiprìswpoc thc kl�shc a (mod p) (to upìloipo thc diaÐreshc tou a me ton p). An

r � 2n jètoume a

0

= r alli¸c isqÔei 0 < p� r � 2n opìte jètoume a

0

= p� r. 'Omoia

kataskeu�zoume to b

0

apì to b kai antikajistoÔme ta a; b me ta a

0

; b

0

. 'Eqoume pja

2

+ b

2

,

a > 0; b > 0 kai a; b <

p

2

opìte a

2

+ b

2

<

p

2

2

. To Ðdio isqÔei, an touc arijmoÔc a

kai b touc diairèsoume me (a; b) opìte, qwrÐc periorismì thc genikìthtac, mporoÔme na

upojèsoume ìti (a; b) = 1. Gr�foume N = a

2

+ b

2

. An q pr¸toc, qjN , q 6= p tìte

q <

N

p

<

p

2

=2

p

=

p

2

:

'Omwc qjN = a

2

+ b

2

sunep¸c q = 2   q = 4m + 1.

Ja deÐxoume t¸ra ìti:

An ìloi oi pr¸toi par�gontec q 6= p tou N eÐnai �jroisma dÔo

tetrag¸nwn, to Ðdio isqÔei kai gia ton p.

O Euler to apèdeixe me tic dÔo parak�tw mejìdouc.

1

h

mèjodoc: Lìgw thc tautìthtac

(a

2

+ b

2

)(x

2

+ y

2

) = (ax� by)

2

+ (ay � bx)

2

(2.1)

kai epeid  8qjN; q 6= p, o q gr�fetai san �jroisma duo tetrag¸nwn, èqoume

N

p

= x

2

+y

2

,

opìte:

p =

a

2

+ b

2

x

2

+ y

2

=

�

ax� by

x

2

+ y

2

�

2

+

�

ay � bx

x

2

+ y

2

�

2

:

2

h

mèjodoc: An N = a

2

+ b

2

kai N

0

= c

2

+ d

2

, èqoume NN

0

= (ac+ bd)

2

+ (ad� bc)

2

.

H teleutaÐa par�stash tou NN

0

san �jroisma dÔo tetrag¸nwn ja lème ìti apoteleÐ

thn sÔnjesh twn parast�sewn tou N kai N

0

. Tìte isqÔei:
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Gia k�je N = a

2

+ b

2

kai q = x

2

+ y

2

pr¸toc pou diaireÐ ton N , o

N

q

èqei mÐa par�stash thc morf c u

2

+ v

2

tètoia ¸ste h par�stash

tou N eÐnai h sÔnjesh twn parast�sewn twn

N

q

kai q.

Apìdeixh thc prìtashc: H tautìthta (2.1) dÐnei

Nq = (ax� by)

2

+ (ay � bx)

2

: (2.2)

O qjNy

2

� b

2

q = a

2

y

2

� b

2

x

2

= (ay � bx)(ay + bx), sunep¸c o q diaireÐ ènan apì touc

duo arijmoÔc ay � bx kai ay + bx.

Dialègoume kat�llhla to prìshmo sthn (2.2) kai èqoume ìti o q diaireÐ to Nq kai ton

dexiì ìro tou ajroÐsmatoc, �ra diaireÐ kai ton aristerì ìro. 'Eqoume loipìn

ax� by = qu; ay � bx = qv (2.3)

Epomènwc

N

q

=

Nq

q

2

=

�

ax� by

q

�

2

+

�

ay � bx

q

�

2

= u

2

+ v

2

:

LÔnoume thn (2.3) wc proc a kai b kai brÐskoume

a = ux+ vy; b = �(uy � vx)

dhlad  h prìtash. ut

T¸ra suneqÐzoume ìpwc kai pio mprost�. O p eÐnai o pio meg�loc diairèthc tou N =

a

2

+ b

2

me (a; b) = 1 kai ìloi oi pr¸toi diairètec tou N ektìc tou p eÐnai thc morf c

x

2

+ y

2

. Efarmìzoume thn prohgoÔmenh prìtash gia k�je pr¸to q, qjN , q 6= N met�

gia k�je pr¸to diairèth tou

N

q

di�foro tou p k.o.k. mèqri pou na katal xoume se mÐa

par�stash tou p san �jroisma dÔo tetrag¸nwn. ut

San telikì sumpèrasma apì ta parap�nw bgaÐnei ìti

o n = s

2

n

0

eÐnai �jroisma dÔo tetrag¸nwn an kai mìnon ean k�je

pr¸toc p pou diaireÐ ton n

0

eÐnai p = 2   p � 1 (mod 4).
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O Fermat  dh apì to 1640 jètei to er¸thma kai gia to pl joc twn parast�sewn N =

x

2

+ y

2

ìpou sto mètrhma to prìshmo twn x; y kai h seir� touc den paÐzoun kanèna

rìlo.

Mia par�stash ja lègetai gn sia an kai mìno an (x; y) = 1.

An h par�stash N = x

2

+ y

2

den eÐnai gn sia, tìte x = dx

0

, y = dy

0

, N = d

2

N

0

kai

x

0

; y

0

eÐnai gn sia par�stash tou N

0

. T¸ra an o N = x

2

+y

2

èqei mÐa gn sia par�stash

oi perittoÐ pr¸toi par�gontèc tou ja prèpei na eÐnai thc morf c 4n + 1. Sugqrìnwc o

N den mporeÐ na eÐnai pollapl�sio tou 4, diìti alli¸c ja èprepe 2j(x; y). An p�li  tan

N = 2N

0

me N

0

perittì tìte k�je par�stash tou N

0

= x

0

2

+ y

0

2

dÐnei mÐa par�stash

tou N = x

2

+ y

2

me x = x

0

+ y

0

kai y = x

0

� y

0

kai antistrìfwc, an N = x

2

+ y

2

, tìte

x; y perittoÐ opìte jètoume x

0

=

x + y

2

, y

0

=

x� y

2

kai N

0

= x

0

2

+ y

0

2

. 'Eqoume dhlad 

mÐa amfimonos manth antistoiqÐa an�mesa stic parast�seic twn N kai N

0

.

ArkeÐ loipìn na melet soume parast�seic peritt¸n akeraÐwn. H pr¸th parat rhsh

tou Fermat eÐnai ìti an p pr¸toc Ðsoc me 4n + 1 tìte èqei monadik  par�stash thc

morf c

p = x

2

+ y

2

:

Apìdeixh: Autì prokÔptei amèswc apì thn prohgoÔmenh prìtash. PaÐrnoume N = q.

Tìte

N

q

= 1 = u

2

+ v

2

) (u; v) = (�1; 0)   (0;�1)

opìte oi tÔpoi ((a = ux + vy; b = �(uy � vx)) orÐzoun thn Ðdia par�stash tou q mÐa

kai h (x; y) eÐnai, profan¸c, gn sia. ut

Apì thn prohgoÔmenh prìtash prokÔptei ìti k�je par�stash enìc akeraÐou N prokÔptei

san sÔnjesh parast�sewn twn pr¸twn paragìntwn autoÔ.

Argìtera ja anaferjoÔme se èna tÔpo pou mac dÐnei to pl joc twn parast�sewn enìc

fusikoÔ arijmoÔ N san �jroisma dÔo tetrag¸nwn.

Th mèjodo thc kajìdou (in�nite descent) qrhsimopoÐhse o Fermat gia na apodeÐxei ìti:

Den up�rqei pujagìreio orjog¸nio trÐgwno to opoÐo na èqei em-
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badì tèleio tetr�gwno   to dipl�sio teleÐou tetrag¸nou.

O Fermat gr�fei: ��An to embadì enìc tètoiou trig¸nou  tan tèleio tetr�gwno tìte ja

up rqe k�poio mikrìtero me thn Ðdia idiìthta kai oÔtw kaj' ex c, to opoÐo eÐnai adÔnato.��

Apìdeixh: 'Estw (x; y; z) pujagìreia tri�da, ìpou (x; y; z) = 1. Tìte up�rqoun (s; t) 2

Z� Z; (s; t) = 1, o ènac �rtioc kai o �lloc perittìc tètoioi ¸ste

x = 2st; y = s

2

� t

2

; z = s

2

+ t

2

; s > t:

To embadì tou trig¸nou me pleurèc x; y; z eÐnai st(s + t)(s� t) ìpou k�je par�gontac

eÐnai pr¸toc proc touc �llouc treic. An loipìn to embadì  tan tèleio tetr�gwno ja

èprepe ìloi oi par�gontec na  tan tèleia tetr�gwna, sunep¸c

s = a

2

; t = b

2

; s+ t = c

2

; s� t = d

2

me c; d perittoÔc kai (c; d) = 1. Oi arijmoÐ loipìn a; b kai f = cd eÐnai lÔsh thc exÐswshc

a

4

� b

4

= f

2

kai d

2

; a

2

; c

2

eÐnai diadoqikoÐ ìroi arijmhtik c proìdou me lìgo b

2

= t. 'Ara

2b

2

= c

2

� d

2

=) 2b

2

= (c� d)(c+ d):

Epeid  de (c� d; c + d) = 2(c; d) èpetai ìti ènac apì touc c + d; c� d eÐnai thc morf c

2k

2

, opìte mporoÔme na gr�youme

c = k

2

+ 2�

2

; �d = k

2

� 2�

2

; b = 2k�

=) a

2

=

1

2

(c

2

+ d

2

) = k

4

+ 4�

4

epomènwc h (k

2

; 2�

2

; a) eÐnai mÐa pujagìreia tri�da embadoÔ (k�)

2

thc opoÐac h upoteÐnou-

sa eÐnai mikrìterh apì thn upoteÐnousa z

4

tou arqikoÔ trig¸nou kai autì sumplhr¸nei

pl rwc thc apìdeixh me th mèjodo thc kajìdou.

An t¸ra upojèsoume ìti to embadì eÐnai dÔo forèc k�poio tèleio tetr�gwno tìte gr�-

foume kai p�li

(s+ t = c

2

; s� t = d

2

) kai
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(s = a

2

; t = 2b

2

)   (s = 2a

2

; t = b

2

):

Epeid  c kai d eÐnai perittoÐ kai 2s = c

2

+ d

2

, o s prèpei na eÐnai perittìc opìte (s =

a

2

; t = 2b

2

). Tìte 4b

2

= c

2

� d

2

= (c� d)(c + d) kai, lìgw tou ìti (c + d; c� d) = 2,

èqoume

c+ d = 2k

2

; c� d = 2�

2

; c = k

2

+ �

2

; d = k

2

� �

2

opìte x

2

=

1

2

(c

2

+ d

2

) = k

4

+ �

4

.

To (pujagìreio) trÐgwno (k

2

; �

2

; x) èqei embadì 2(

k�

2

)

2

kai, ìpwc kai parap�nw, telei¸-

same. ut

Parathr seic:

� Oi exis¸seic x

4

� y

4

= z

2

den èqoun mh-tetrimmènec lÔseic.

� Se mÐa pujagìreia tri�da (x; y; z) den mporeÐ x kai y na eÐnai sugqrìnwc tèleia

tetr�gwna diìti tìte to embadì ja  tan

xy

2

, to dipl�sio enìc tetrag¸nou. Ta x

kai z den mporoÔn epÐshc na eÐnai sugqrìnwc tèleia tetr�gwna diìti gia x = a

2

,

z = b

2

ja eÐqame b

4

� a

4

= y

2

.

Apì thn teleutaÐa parat rhsh bg�zoume to ex c sumpèrasma:

Den up�rqei trigwnikìc arijmìc diaforetikìc tou 1 o opoÐoc na eÐnai k�-

poia tet�rth dÔnamh. TrigwnikoÐ arijmoÐ lègontai oi arijmoÐ thc morf c

1

2

n(n + 1); n = 1; 2; 3; : : :

An loipìn

1

2

n(n+ 1) = x

4

=) n(n + 1) = 2x

4

=) fn; n+ 1g = fs

4

; 2t

4

g

opìte ja eÐqame

s

4

� 2t

4

= �1:
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An s > 1, jewroÔme to pujagìreio trÐgwno

a = s

2

; b =

1

2

(s

4

� 1); c =

1

2

(s

4

+ 1):

An s

4

� 2t

4

= 1, tìte a kai b tèleia tetr�gwna.

An s

4

� 2t

4

= �1, tìte a kai c tèleia tetr�gwna, k�ti pou antif�skei stic parap�nw

parathr seic. An t¸ra jewr soume to trÐgwno

a = s

2

�

2

; b =

1

2

(s

4

� �

4

); c =

1

2

(s

4

+ �

4

)

blèpoume ìti h exÐswsh s

4

� �

4

= 2�

2

den èqei mh-tetrimmènh lÔsh k�ti pou antistoiqeÐ

sthn apìdeixh pou èdwse o Euler sta 1738.

ProtoÔ suneqÐsoume ja d¸soume mÐa �llh apìdeixh thc prìtashc tou ajroÐsmatoc dÔo

tetrag¸nwn. Ja qreiastoÔme ìmwc pio mprost� na melet soume thn perioq  tou Gauss

Z[i].

Oi akèraioi tou Gauss

'Estw n 2 N kai x; y 2 Z tètoioi ¸ste x

2

+ y

2

= n. Gr�foume (x + iy)(x� iy) = n.

To sÔnolo Z[i] = fx + iyjx; y 2 Zg ja to lème sÔnolo twn akeraÐwn tou Gauss, kai

touc migadikoÔc arijmoÔc thc morf c x+ iy 2 Z[i] akeraÐouc tou Gauss. Profan¸c

Z[i] eÐnai akèraia perioq  kai ja thn lème apì dw kai pèra perioq  tou Gauss.

An � = x+ iy opoiosd pote migadikìc, o suzug c tou ja eÐnai o �

0

= x� iy. OrÐzoume

thn norm tou �, N(�) = ���

0

.

IsqÔoun:

(i) H N(�) eÐnai mh-arnhtikìc pragmatikìc arijmìc.

(ii) N(�) = 0 tìte kai mìno tìte ìtan � = 0.

(iii) IsqÔei N(��) = N(�)N(�), gia k�je �; � 2 Z[i].
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(iv) An � 2 Z[i] tìte N(�) 2 Z.

(v) An � 2 Z[i] tìte o � eÐnai mon�da tou Z[i], an kai mìno an N(�) = 1.

(vi) H om�da twn mon�dwn tou Z[i] eÐnai E(Z[i]) = f�1;�ig (�skhsh).

Ja prospaj soume t¸ra na kataskeu�soume mÐa jewrÐa diairetìthtac kai monos man-

thc an�lushc sthn perioq  tou Gauss, entel¸c an�loghc m' ekeÐnh twn akeraÐwn.

'Estw �; � 2 Z[i]. Ja lème ìti o � diaireÐ ton � (�j�) an kai mìno an up�rqei  2 Z[i]

tètoioc ¸ste � = �, alli¸c ja lème ìti o � den diaireÐ ton � (� - �) p.q. 2 + ij7 + i.

To mègejoc enìc akeraÐou tou Gauss metriètai mèsw thc norm tou. To an�logo tou

algìrijmou thc diaÐreshc me upìloipo ja eÐnai:

'Estw �; � 2 Z[i], � 6= 0. Up�rqoun ; � 2 Z[i] tètoioi ¸ste

� = � + �; kai 0 � N(�) < N(�):

Apìdeixh: 'Eqoume � = a+ bi, � = c+ di, ìpou a; b; c; d 2 Z.

�

�

=

a+ bi

c+ di

c� di

c� di

=

ac+ bd

c

2

+ d

2

+

bc� ad

c

2

+ d

2

i = e+ fi

ìpou e; f 2 Q

e =

ac + bd

c

2

+ d

2

; f =

bc� ad

c

2

+ d

2

:

Up�rqoun g; h 2 Z tètoia ¸ste jg � ej �

1

2

, jh � f j �

1

2

. Jètoume  = g + hi kai

brÐskoume

�

�

=  + (e� g) + (f � h)i =) � = � + f(e� g) + (f � h)ig�:

'Estw � := f(e � g) + (f � h)ig�. Tìte � = � + �. Epeid   2 Z[i], èqoume � =

�� � 2 Z[i]. T¸ra:

N(�) = N((e� g) + (f � h)i)N(�) = N(�) � f(e� g)

2

+ (f � h)

2

g

� N(�f

1

4

+

1

4

g =

1

2

N(�) < N(�)
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diìti N(�) 6= 0 kaj' ìson � 6= 0. ut

OrÐzoume t¸ra, entel¸c an�loga, ton mègisto koinì diairèth twn akeraÐwn tou Gauss

� kai � wc ex c:  = (�; �) an kai mìno an

� j� kai j�

� An � 2 Z[i], kai �j�, �j� tìte �j.

H diafor� me ton mègisto koinì diairèth twn akeraÐwn eÐnai ìti zhtoÔme o mègistoc

koinìc diairèthc sto Z na eÐnai jetikìc. Autì den mporoÔme na to k�noume sto Z[i] kai

autì èqei san sunèpeia o mègistoc koinìc diairèthc sto Z[i] na mhn eÐnai monadikìc.

DÔo akèraioi tou Gauss �; � ja lègontai sunetairikoÐ an kai mìno e�n up�rqei " 2

E(Z[i]) ètsi ¸ste � = "�, dhlad  o � kai � eÐnai sunetairikoÐ sunep¸c an kai mìno an

o � eÐnai k�poioc apì touc �;��; i�;�i�.

An p�li �; � 2 Z[i], �� 6= 0, tìte opoioid pote mègistoi koinoÐ

diairètec twn �; � eÐnai metaxÔ touc sunetairikoÐ.

Apìdeixh: 'Estw � 6= 0 kai 

1

; 

2

dÔo mègistoi koinoÐ diairètec twn � kai �. Ex orismoÔ

tou mègistou koinoÔ diairèth èqoume



1

j�; 

1

j�; 

2

j�; 

2

j�

kaj¸c kai 

1

j

2

; 

2

j

1

. Epeid  � 6= 0, èqoume



1

6= 0; 

2

= h

1

; 

1

= �

2

; h; � 2 Z[i]:

Sunep¸c 

1

= h�

1

, dhlad  h� = 1) � =

1

h

2 Z[i]. Epomènwc �; h;2 E(Z[i]), dhlad 

ta 

1

; 

2

eÐnai sunetairik�. ut

Sth sunèqeia ja apodeÐxoume thn Ôparxh tou mègistou koinoÔ diairèth.

'Estw �; � 2 Z[i]; �; � 6= 0 kai

S = f��+ �h j �; h 2 Z[i]g:
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Epeid  � = � � 1 + � � 0 kai � = � � 0 + � � 1 2 S, èpetai ìti to S perièqei mh-mhdenikoÔc

arijmoÔc. Dialègoume  2 S tètoio ¸ste N() na eÐnai o el�qistoc fusikìc (giatÐ

mporoÔme na broÔme ton ;). IsqurÐzomai ìti o  eÐnai ènac mègistoc koinìc diairèthc

twn � kai �.

Pr�gmati, to gegonìc ìti  2 S, sunep�getai ìti up�rqoun �

0

; �

0

2 Z[i] tètoioi ¸ste

 = a�

0

+ ��

0

.

An loipìn �j� kai �j�, èqoume � = ��; � = � opìte  = �(��

0

+ ��

0

), sunep¸c �j.

Ja deÐxoume t¸ra ìti k�je stoiqeÐo tou S (kai sunep¸c kai ta �; �) eÐnai pollapl�sio

tou .

Kat' arq n parathroÔme ìti an "; � 2 S kai � 2 Z[i] tìte "� �� 2 S.

Pr�gmati: 'Estw " = ��

1

+ ��

1

; � = ��

2

+ ��

2

. Tìte

"� �� = �(�

1

� ��

2

) + �(�

1

� ��

2

) 2 S:

'Estw t¸ra ! tuqaÐo stoiqeÐo tou S. Gr�foume ! = � + �, �; � 2 Z[i], 0 � N(�) <

N(). Epeid  ! kai  2 S, èpetai ìti!�� 2 S, dhlad  � 2 S opìte, lìgw thc eklog c

tou , N(�) = 0 sunep¸c � = 0. 'Ara ! = �, to opoÐo shmaÐnei (ex orismoÔ) ìti j!.

'Amesh sunèpeia twn parap�nw eÐnai ìti an �; � 2 Z[i], �� 6= 0 kai  ènac mègistoc

koinìc diairèthc twn � kai �, up�rqoun � kai � 2 Z[i] tètoioi ¸ste

 = �� + ��:

Sthn sunèqeia ja orÐsoume pr¸touc arijmoÔc sthn perioq  tou Gauss. Kat' arq�c

parathroÔme ìti k�je akèraioc tou Gauss  diaireÐtai apì tic mon�dec �1;�i kai touc

sunetairikoÔc tou �;�i.

� 'Enac akèraioc tou Gauss � ja lègetai pr¸toc, an kai mìno an den eÐnai mon�da

kai oi mìnoi diairètec tou eÐnai oi mon�dec tou daktulÐou Z[i] kai oi sunetairikoÐ

tou �.

� 'Estw � akèraioc tou Gauss tètoioc ¸ste N(�) = p, ìpou p pr¸toc arijmìc.

EÔkola faÐnetai ìti o � eÐnai pr¸toc.
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Pr�gmati, èstw �j�. Tìte � = �, ìpou  2 Z[i]. Sunep¸c

N(�) = N(�)N() =) p = N(�)N() =) N() = 1;   N(�) = 1:

Epomènwc    � eÐnai mon�da, dhlad  � = ��;�i�;�1;�i.

T¸ra ja deÐxoume ìti:

An � pr¸toc tou Z[i] kai �; � akèraioi tou Gauss tìte

(�j�� =) �ja   �j�):

Pr�gmati, èstw ìti �j��, all� � - �. Ja deÐxoume ìti �j�. Oi mìnoi diairètec tou � eÐnai

�1;�i;�� kai �i�. Epeid  � - �, èpetai ìti ènac mègistoc koinìc diairèthc (�; �) eÐnai

mÐa mon�da tou Z[i], dhlad  ènac mègistoc koinìc diairèthc (�; �) = 1, opìte up�rqoun

�; � 2 Z[i] tètoioi ¸ste 1 = �� + ��, dhlad  � = �(��) + (��)�. Epeid  �j��, èpetai

ìti �j�. ut

Ac prospaj soume t¸ra na paragontopoi soume akeraÐouc tou Gauss se ginìmeno pr¸-

twn. Opwc den paragontopoioÔme to 0;�1 sto Z ètsi den paragontopoioÔme 0;�1;�i

ston Z[i]. Ja apodeÐxoume ìti

K�je akèraioc tou Gauss  6= 0;�1;�i analÔetai se ginìmeno pr¸-

twn paragìntwn.

Pr�gmati, ja to apodeÐxoume epagwgik� wc proc thn N(). Profan¸c N() � 2. An

N() = 2 tìte (sÔmfwna me thn prohgoÔmenh parat rhsh) o  eÐnai pr¸toc.

Upojètoume t¸ra ìtiN() > 2 kai ìti k�je akèraioc tou Gauss pou èqei norm mikrìterh

thc norm tou , analÔetai se ginìmeno pr¸twn paragìntwn. An o  eÐnai pr¸toc,

telei¸same. 'Estw ìti o  den eÐnai pr¸toc. Tìte up�rqoun �; � 2 Z[i] ìqi mon�dec

tètoioi ¸ste  = ��. Tìte 1 < N(�); N(�) < N() kai, lìgw thc upìjeshc thc

majhmatik c epagwg c,

� = �

1

�

2

� � ��

s

; � = �

1

�

2

� � � �

t
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ìpou �

i

; �

j

pr¸toi tou Z[i]. Sunep¸c

 = �� = �

1

�

2

� � ��

s

�

1

�

2

� � ��

t

:

ut

Sth sunèqeia ja exet�soume an h an�lush aut  eÐnai monos manth (monadik ). Bèbaia,

an èqoume mÐa an�lush mporoÔme na b�loume mon�dec mèsa sto ginìmeno, all� aut n

thn an�lush den ja thn jewroÔme diaforetik . EpÐshc den zhtoÔme h seir� twn pr¸twn

paragìntwn na eÐnai h Ðdia. Ja apodeÐxoume loipìn ìti:

'Estw  akèraioc tou Gauss diaforetikìc twn 0;�1;�i.

O  gr�fetai san ginìmeno pr¸twn. An

 = �

1

�

2

� � ��

s

= �

1

�

2

� � � �

t

dÔo analÔseic tou  se ginìmeno pr¸twn, tìte s = t kai, all�zontac Ðswc thn seir� twn

�

1

; �

2

; � � � ; �

s

, èqoume �

1

; �

1

eÐnai sunetairikoÐ, �

2

; �

2

eÐnai sunetairikoÐ, � � � ; �

s

; �

s

eÐnai

sunaiterikoÐ.

Apìdeixh: Epagwg  wc proc thn N(). 'Estw  6= 0;�1;�i. Tìte N() � 2. An

N() = 2 tìte o  eÐnai pr¸toc opìte  = �

1

= �

1

, isqÔei. Upojètoume ìti N() > 2

kai ìti h prìtash eÐnai alhj c gia ìlouc touc akeraÐouc tou Gauss me norm mikrìterh

thc N(). QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti s > 1. Tìte

�

1

j�

1

�

2

� � ��

s

) �

1

j�

1

�

2

� � � �

t

, dhlad  �

1

j�

j

gia k�poio j. Ac to onom�soume autì �

1

,

dhlad  �

1

j�

1

. Epeid  �

1

pr¸toc sunep�getai ìti �

1

= �

1

", " mon�da tou Z[i], dhlad 

�

1

; �

1

eÐnai sunetairik�. H sqèsh  = �

1

�

2

� � ��

s

= �

1

�

2

� � � �

t

gr�fetai

�

2

�

3

� � ��

s

= ("�

2

)�

3

� � ��

t

:

Epeid  N(�

1

) � 2 kai s > 1 èpetai

1 < N(�

2

�

3

� � ��

s

) < N(�

1

�

2

� � ��

s

) = N():
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Lìgw thc upìjeshc thc majhmatik c epagwg c èqoume s � 1 = t � 1 kai, all�zontac

Ðswc thn jèsh, (�

2

; �

2

); : : : ; (�

s

; �

s

) sunetairik�. ut

Ja d¸soume t¸ra mÐa kainoÔrgia apìdeixh tou probl matoc, poioÐ fusikoÐ mporoÔn na

grafoÔn san �jroisma dÔo tetrag¸nwn akeraÐwn arijm¸n.

'Estw x

2

+ y

2

= n. Tìte (x+ iy)(x� iy) = n, opìte to prìblhma gÐnetai:

Na brejoÔn ìloi oi akèraioi tou Gauss me

N(x + iy) = x

2

+ y

2

= n:

Gia na lÔsoume autì to prìblhma ja prèpei na perigr�youme epakrib¸c ìlouc touc

pr¸touc tou Z[i]. Epeid  k�je sunetairikìc pr¸tou eÐnai epÐshc pr¸toc, ja melet soume

touc pr¸touc kat� prosèggish sunetairik¸n.

'Estw � pr¸toc tou Z[i]. Tìte up�rqei akrib¸c ènac pr¸toc tou Z, p

tètoioc ¸ste �jp.

Apìdeixh: 'Eqoume N(�) 2 Z sunep¸c N(�) = p

1

p

2

� � � p

t

; p

i

2 Z, pr¸toi. Epeid 

N(�) = ��

0

èpetai �jp

1

p

2

� � � p

t

dhlad  �jp

i

gia k�poio i. Den mporeÐ na diaireÐ kanènan

�llo, diìti an �jp kai �jq me p 6= q tìte 1 = px + qy sunep¸c �jpx + qy = 1 epomènwc

�� = 1 �ra � =

1

�

eÐnai akèraioc tou Gauss, pou shmaÐnei ìti o � eÐnai mon�da, �topo.

ut

ArkeÐ loipìn na paragontopoi soume ìlouc touc akeraÐouc ston Z[i]. An p = 2 tìte

2 = �i(1+ i)

2

kai 1+ i eÐnai pr¸toc tou Z[i], diìti N(1+ i) = 2. Dhlad  ìloi oi pr¸toi

tou Z[i]; �j2 eÐnai sunetairikoÐ tou 1 + i.

'Estw t¸ra p perittìc pr¸toc kai èstw � = x + iyjp, dhlad  o p gr�fetai p = ��; � 2

Z[i]. Epomènwc

p

2

= N(p) = N(�)N(�) =) N(�) = p   p

2

:

Epeid  x

2

+ y

2

� 0; 1; 2 (mod p), den mporeÐ na isqÔei x

2

+ y

2

= p ìtan p � 3 (mod4).

S' aut  thn perÐptwsh ja prèpei na isqÔei x

2

+ y

2

= p

2

, epomènwc

p

2

= N(p) = N(�)N(�) = p

2

N(�) =) N(�) = 1
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dhlad  � mon�da tou Z[i]. Epomènwc, an p � 3 (mod 4) tìte � kai p eÐnai sunetairik�.

'Estw t¸ra p � 1 (mod 4). H isodunamÐa z

2

� �1 (mod p) (1) èqei lÔsh. 'Estw z

0

mÐa

lÔsh thc (1). Tìte

pjz

2

0

+ 1) �jz

2

0

+ 1) �j(z

0

� i)(z

0

+ i)) �jz

0

� i   �jz

0

+ i:

Shmei¸noume t¸ra ìti p - z� i kai p - z+ i diìti

1

p

z�

1

p

i =2 Z[i]. Autì shmaÐnei ìti sthn

perÐptwsh p � 1(mod 4) oi � kai p den eÐnai sunetairikoÐ. Epomènwc N(�) 6= N(p) = p

2

dhlad  N(�) = p �ra ��

0

= p kai sunep¸c o p diaireÐtai apì touc � kai �

0

. Gia na

prosdiorÐsoume pl rwc ìlouc touc pr¸touc tou Z[i], ja prèpei na doÔme pìte oi � kai

�

0

eÐnai sunetairikoÐ. 'Estw loipìn � = x + iy tètoioc ¸ste N(�) = x

2

+ y

2

= p.

Upojètoume ìti � kai �

0

eÐnai sunetairik�, dhlad  � = "�

0

, " = �1;�i, �

0

= x� iy.

An " = 1 tìte x+iy = x�iy dhlad  y = 0 tìte x

2

= p, �topo. 'Omoia an " = �1; x = 0

kai y

2

= p, �topo.

An " = i tìte x + iy = i(x � iy) = y + ix, dhlad  x = y kai p = x

2

+ x

2

= 2x

2

, �topo.

An " = �i tìte x = �y opìte 2x

2

= p, �topo.

ApodeÐxame loipìn to ex c

Je¸rhma 2.1 'Estw p pr¸toc arijmìc. H an�lush tou p sthn perioq  tou Gauss eÐnai:

� An p = 2, tìte p = �i�

2

, ìpou � pr¸toc tou Z[i] kai N(�) = 2.

� An p � 3 (mod 4), tìte p = � eÐnai pr¸toc kai N(�) = p

2

.

� An p � 1 (mod 4), tìte p = ��

0

, ìpou � kai �

0

pr¸toi mh-sunetairikoÐ kai N(�) =

N(�

0

) = p.

XanagurÐzoume t¸ra sto prìblhma tou kajorismoÔ twn jetik¸n akeraÐwn arijm¸n pou

eÐnai norm akeraÐwn tou daktulÐou tou Gauss. 'Estw � 6= 0;�1;�i. AnalÔoume ton �

se ginìmeno pr¸twn stoiqeÐwn tou Z[i]. 'Estw � = �

1

�

2

� � ��

s

, ìpou �

i

pr¸toi tou Z[i].

Tìte N(�) = N(�

1

)N(�

2

) � � �N(�

s

). Upojètoume ìti �

i

jp

i

; i = 1; 2; � � � ; s; p

i

pr¸toc
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akèraioc. Tìte N(�) = p

a

1

1

p

a

2

2

� � �p

a

s

s

, ìpou

8

<

:

a

i

= 2; an p

i

� 3 (mod4)

a

i

= 1; an p

i

= 2   p

i

� 1 (mod4)

9

=

;

Blèpoume loipìn ìti N(�) = m

2

q

1

q

2

� � � q

t

; m 2 Z kai q

1

; q

2

; � � � ; q

t

pr¸toi arijmoÐ

diakekrimènoi metaxÔ touc kai Ðsoi me 2   isodÔnamoi me 1 (mod 4).

IsqÔei kai to antÐstrofo, ìti dhlad  k�je tètoioc fusikìc arijmìc gr�fetai san �jroi-

sma duo tetrag¸nwn. D¸same epomènwc mÐa �llh apìdeixh thc prìtashc thc selÐdac

25.

XanagurÐzoume ìmwc pÐsw ston Fermat.

F. 4 Sta 1654 o Fermat anafèrei merikèc apì tic anakalÔyeic tou sqetik� me touc

��arijmoÔc�� ston Pascal. AsqoleÐtai me tic tetragwnikèc morfèc x

2

+ 2y

2

; x

2

+ 3y

2

,

anafèrei èna ��genikì kanìna�� eÔreshc dÔo arijm¸n a; b tètoiwn ¸ste p = a

2

+ b

2

(p

pr¸toc, p � 1 (mod4)) kai parathreÐ ìti

��K�je arijmìc thc morf c 3n+ 1 parÐstatai apì thn x

2

+ 3y

2

��

kaj¸c kai ìti

��K�je arijmìc thc morf c 8n+1; 8n+3 parÐstatai apì thn x

2

+2y

2

.��

Gr�foume tic tautìthtec (1.4), (1.5), selÐda 7 mazÐ:

(x

2

+ Ay

2

)(z

2

+ At

2

) = (xz � Ayt)

2

+ A(xt� yz)

2

ìpou t¸ra A 2 Z. ParathroÔme ìti h prìtash thc selÐdac 25 metafèretai autoÔsia gia

thn morf  x

2

+ Ay

2

kai k�je A 2 Z. Oi tÔpoi (2.3) thc selÐdac 25 t¸ra dÐnoun

ax� Aby = qu; ay � bx = qv

a = ux+ Avy; b = �(uy � vx):
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To sumpèrasma loipìn eÐnai, ìpwc kai pio mprost� gia A = 1, ìti kai gia A > 1 ènac

pr¸toc q den mporeÐ na parastajeÐ apì thn x

2

+ Ay

2

kat� perissìterouc apì ènan

trìpouc diìti tìte gia k�je N = q ja eÐqame 1 = u

2

+ Av

2

h opoÐa èqei monadik 

lÔsh (u = �1, v = 0). An A < 0 tìte odhgoÔmaste kai p�li sthn exÐswsh tou Pell,

x

2

� (�A)y

2

= 1.

Entel¸c ìmoia, ìpwc pio mprost�, apodeiknÔoume ìti an o pr¸toc arijmìc pjN = a

2

+

Ab

2

kai an upojètontac ìti k�je �lloc pr¸toc diairèthc tou N mporeÐ na grafteÐ san

x

2

+ Ay

2

, tìte to Ðdio isqÔei kai gia ton p.

Apìdeixh: Ja lème ìti o perittìc pr¸toc p eÐnai ènac pr¸toc diairèthc thc morf c

x

2

+Ay

2

, an kai mìno an o p diaireÐ k�poion N = a

2

+ Ab

2

me (a; p) = (b; p) = 1. Autì

sumbaÐnei tìte kai mìnon tìte ìtan o �A eÐnai tetragwnikì upìloipo (mod p).

'Estw loipìn p ènac tètoioc pr¸toc kai a; b pr¸toi proc ton p tètoioi ¸ste pja

2

+ Ab

2

.

'Estw r tì upìloipo thc diaÐreshc tou a me p. Jètoume a

0

= r   p � r an�loga me to

poiìc eÐnai mikrìteroc. 'Omoia orÐzoume to b

0

. AntikajistoÔme ta a; b me ta a

0

; b

0

kai

diairoÔme me to mègisto koinì diairèth touc. QwrÐc periorimì thc genikìthtac loipìn

upojètoume ìti a; b eÐnai pr¸toi metaxÔ touc kai mikrìteroi tou

p

2

. 'Estw N = a

2

+Ab

2

.

An A = 2 tìte N <

3p

2

4

kai epomènwc ìloi oi pr¸toi diairètec tou N , (ektìc tou p)

eÐnai mikrìteroi tou

3p

4

. Upojètoume ìti ìloi autoÐ mporoÔn na graftoÔn sthn morf 

x

2

+2y

2

(kai o 2 an kei s' aut  thn kat gorÐa an N �rtioc). Efarmìzoume thn prìtash

thc selÐdac 25 kai èqoume telei¸sei. ut

Askhsh: K�nte to Ðdio gia A = 3;�2. Profan¸c k�je arijmìc thc morf c x

2

+3y

2

pou

den diaireÐtai me 3 eÐnai isodÔnamoc 1 (mod 3) opìte h �skhsh dÐnei th mÐa kateÔjunsh

thc:

K�je pr¸toc diairèthc thc x

2

+ 3y

2

eÐnai thc morf c 3n + 1.

Ja apodeÐxoume thn �llh kateÔjunsh thc isodunamÐac. Gr�foume p = 3n+1 kai k�noume

qr sh thc

x

3n

� 1 = (x

n

� 1)(x

2n

+ x

n

+ 1):
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Gia k�je x, gia ton opoÐo (x; p) = 1 o p diaireÐ to aristerì mèloc (mikrì je¸rhma

tou Fermat). Lìgw thc prìtashc thc selÐdac 22 èpetai ìti up�rqei k�poioc pr¸toc x

pr¸toc proc ton p, tètoioc ¸ste o p diaireÐ ton x

2n

+ x

n

+ 1. Epomènwc o p diaireÐ ton

4(x

2n

+ x

n

+ 1) = (2x

n

+ 1)

2

+ 3, dhlad  eÐnai ènac pr¸toc diairèthc thc x

2

+ 3y

2

. ut

Sta 1657 o Fermat prìteine proc lÔsh to akìloujo prìblhma:

Na brejeÐ k�poioc arijmìc pou na eÐnai trÐth dÔnamh akeraÐou

(kÔboc) kai to �jroisma twn diairet¸n tou na eÐnai tèleio tetr�-

gwno.

Par�deigma: O 7

3

èqei �jroisma diairet¸n 1 + 7 + 7

2

+ 7

3

= 20

2

.

An loipìn èqoume p

3

ìpou p pr¸toc arijmìc tìte gia na apotelèsei lÔsh sto prìblhma

tou Fermat ja prèpei

1 + p+ p

2

+ p

3

= (p+ 1)(p

2

+ 1) = x

2

; x 2 Z:

AfoÔ to 2 den apoteleÐ lÔsh èpetai ìti (p+ 1; p

2

+ 1) = 2, sunep¸c

p+ 1 = 2s

2

; p

2

+ 1 = 2t

2

ìpou (s; t) eÐnai lÔsh thc (2X

2

� 1)

2

= 2Y

2

� 1.

O Fermat ègraye ston Huygens sta 1659 ìti h teleutaÐa exÐswsh den èqei �llec lÔseic

ektìc twn (�1;�1) kai (�2;�5). Autì apodeÐqjhke apì ton Genochi (1883) k�nontac

qr sh tou gegonìtoc ìti h exÐswsh

X

4

� Y

4

= 2Z

2

den èqei mh-tetrimmènec akèraiec lÔseic (k�ti pou gn¸rize o Euler kai Ðswc kai o Fermat).

O Fermat melèthse epÐshc thn exÐswsh tou PellX

2

�NY

2

= 1, tic diofantikèc exis¸seic

X

2

+2 = Y

3

, X

2

+4 = Y

3

, to prìblhma thc eÔreshc twn pleur¸n orjogwnÐou trig¸nou

(Q;U; Z), me Z kai Q + U tèleia tetr�gwna (h pio mikr  lÔsh dìjhke apì ton Fermat

Q = 4565486027761, U = 1061652293520, Z = 4687298610289).



40 JewrÐa Arijm¸n kat� ton 17

o

kai 18

o

ai¸na

PerÐfhmh eÐnai h eikasÐa tou Fermat (  kai meg�lo ��je¸rhma�� tou Fermat) ìti h

exÐswsh:

X

n

+ Y

n

= Z

n

; n 2 N ; n � 3

den èqei mh-tetrimmènh (dhlad  gia XY Z 6= 0), akèraia lÔsh.

H eikasÐa tou Fermat apodeÐqjhke telik� sta 1993 apì ton A. Wiles. H apìdeixh sth-

rÐzetai se mÐa idèa tou G. Frey na sundèsei to prìblhma me �llo anoiqtì prìblhma

thc jewrÐac twn elleiptik¸n kampÔlwn (EikasÐa Shimura-Taniyama) kai se shmanti-

k� endi�mesa apotelèsmata twn G. Frey, J.-P. Serre, K. Ribet kai �llwn. P�ra polÔ

shmantik   tan kai h suneisfor� tou Richard Taylor, majht  tou A. Wiles, sth sw-

st  apìdeixh epimèrouc apotelèsmatoc to opoÐo den eÐqe diatupwjeÐ orj� apì ton A.

Wiles. H apìdeixh èqei dhmosieujeÐ to 1995 sto periodikì Annals of Mathematics.

Gia thn apìdeixh thc eikasÐac tou Fermat apaiteÐtai h isqÔc mèrouc mìno thc eikasÐac

twn Shimura-Taniyama. H pl rhc eikasÐa Shimura-Taniyama apodeÐqjhke fètoc, to

swt rion ètoc 1999.



Kef�laio 3

Leonhard Euler (1707-1783)

O patèrac tou Leonhard, Paul Euler eÐqe spoud�sei JeologÐa sto Panepist mio thc

BasileÐac (Basel), all� kat� th di�rkeia twn spoud¸n tou parakoloujoÔse kai tic

paradìseic tou Jacob Bernoulli. EpijumÐa tou  tan na gÐnei kai o guiìc tou pap�c ìpwc

kai o Ðdioc.

'Otan genn jhke o L. Euler sta 1707 o Jacob Bernoulli eÐqe pej�nei kai ton eÐqe diadeqjeÐ

o Johann Bernoulli, ta paidi� tou opoÐou (Nicolas kai Daniel) akoloÔjhsan thn par�dosh

thc oikogèneiac kai asqol jhkan kai autoÐ me ta Majhmatik�. O Euler ègine fÐloc twn

Nicolas kai Daniel Bernoulli kai majht c tou Johann Bernoulli.

Treic mon�rqec èpaixan apofasistikì rìlo sthn stadiodromÐa tou Euler. O Pètroc o

Mègac, o FreiderÐkoc o Mègac kai h AikaterÐnh h Meg�lh. O Pètroc o Mègac pèjane

sta 1725 en¸ eÐqe k�nei  dh sqèdia gia th dhmiourgÐa mi�c AkadhmÐac twn Episthm¸n,

sth nèa tou prwteÔousa thn PetroÔpolh, sqèdia ta opoÐa ektelèsthkan pist� apì th

q ra tou. To 1725 proskl jhkan oi Nicolas kai Daniel Bernoulli sthn PetroÔpolh kai

ton Ðdio qrìno èfjase kai o Euler. Htan mikrìteroc apì 20 qrìnwn all� eÐqe kerdÐsei èna

brabeÐo sth Nauphgik  qwrÐc na deÐ potè èna ploÐo na taxideÔei. Sta 1733 p re th jèsh

tou Daniel Bernoulli (o opoÐoc xanagÔrise sth BasileÐa) sthn AkadhmÐa twn Episthm¸n.

H episthmonik  paragwg  tou, par� th sqetik  tou apomìnwsh sthn PetroÔpolh (lìgw

41
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thc anaq¸rhshc tou Daniel Bernoulli) xepern�ei k�je prosdokÐa. Diakìptetai gia lÐgo

lìgw k�poiac sobar c asjèneiac h opoÐa tou kostÐzei to tou èna m�ti. H f mh tou

apl¸netai sig�-sig� s' ìlh thn Eur¸ph. Me to j�nato thc TsarÐnac h Kubèrnhsh

adiaforeÐ gia thn AkadhmÐa ki ètsi o Euler dèqetai thn prìsklhsh tou FreiderÐkou tou

II na gÐnei mèloc thc neoðdrujeÐshc AkadhmÐac twn Episthm¸n thc PrwssÐac (BerolÐno,

1741). Sto BerolÐno zeÐ 24 apì ta upìloipa qrìnia thc zw c tou. Sugqrìnwc kr�thse

kai thn idiìtht� tou san mèlouc thc AkadhmÐac Episthm¸n thc PetroÔpolhc. To pl joc

twn ergasi¸n tou kat� thn perÐodo aut  xepern�ei tic 200. AsqoleÐtai me ìlouc touc

kl�douc twn kajar¸n kai efarmosmènwn Majhmatik¸n. Oso pernoÔsan ta qrìnia oi

sqèseic tou Euler me ton FreiderÐko ton II ìlo kai qeirotèreuan. O mon�rqhc, jaumast c

thc gallik c koultoÔrac,  jele na fèrei ton d'Alembert kai na ton jèsei epikefal c

thc AkadhmÐac. Apì to 1763 o Euler arqÐzei na skèpetai na epistrèyei sthn RwsÐa.

Sta 1762 anebaÐnei ston jrìno thc RwsÐac h AikaterÐnh h Meg�lh. Apì touc pr¸touc

thc stìqouc eÐnai kai to na epanafèrei thn AkadhmÐa sthn pali� thc dìxa. Autì eÐnai

sqedìn tautìshmo (sun¸numo) me thn epistrof  tou Euler.

Oi diapragmateÔseic kratoÔn trÐa qrìnia. Sta 1766 o Euler, par� thn prosp�jeia tou

FreiderÐkou na ton krat sei (sto metaxÔ kat�labe ti q�nei), epistrèfei sthn PetroÔ-

polh.

Aut  thn perÐodo prosb�lletai kai to �llo tou m�ti apì katarr�kth kai ètsi o Euler

q�nei to f¸c tou. O Ðdioc, apant¸ntac se èna gr�mma tou Lagrange, sta 1770 gr�fei:

��Mou di�basan ìlouc touc logariasmoÔc pou k�nate gia na lÔ-

sete thn exÐswsh 101 = p

2

�13q

2

kai eÐmai apìluta pepeismènoc ìti

eÐnai swstoÐ. Epeid  ìmwc den mpor¸ oÔte na diab�sw oÔte na

gr�yw, ja prèpei na omolog sw ìti den mpor¸ me thn fantasÐa

mou na parakolouj sw thn logik  ìlwn twn bhm�twn thc apì-

deixhc, oÔte na sugkrat sw ìlouc touc sumbolismoÔc sac sto

mualì mou. EÐnai al jeia ìti h enasqìlhsh me tètoia jèmata

 tan gia mèna palaiìtera mÐa idiaÐterh euqarÐsthsh kai ìti diè-
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jesa polÔ qrìno asqoloÔmenoc m' aut�. T¸ra ìmwc asqoloÔmai

me (jèmata) pou mpor¸ na k�nw me to mualì mou an kai suqn�

ja prèpei na upoqrewj¸ se k�poio fÐlo gia na mou k�nei touc

logariasmoÔc pou qrei�zomai.��

'Ezhse ta telautaÐa qrìnia thc zw c tou tim¸menoc kai ektim¸menoc. To pl joc twn

ergasi¸n tou aut c thc periìdou xepern�ei kat� polÔ tic 100, arijmìc ikanìc gia na

gemÐzei tic selÐdec tou periodikoÔ thc AkadhmÐac gia poll� akìmh qrìnia met� to j�natì

tou, ìpwc èlege kai o Ðdioc. Pèjane stic 18 SeptembrÐou 1783.

To èrgo tou Euler sth JewrÐa Arijm¸n kalÔptei mìno 4 tìmouc apì touc perissìterouc

twn 70 pou kalÔptoun ta �pant� tou. Kai mìno autì ja  tan arketì gia na meÐnei o

Euler sthn IstorÐa thc Epist mhc san ènac apì touc pio meg�louc majhmatikoÔc ìlwn

twn epoq¸n. H JewrÐa Arijm¸n anaptÔssetai ragdaÐa ton 18

o

ai¸na se antÐjesh me

ton 17

o

. Merikèc apì tic apodeÐxeic tou Euler tic èqoume  dh anafèrei sto prohgoÔmeno

Kef�laio.

To endiafèron tou Euler gia thn JewrÐa Arijm¸n arqÐzei me to er¸thma tou Goldbach

(13/10/1729), an h eikasÐa tou Fermat ìti ìloi oi arijmoÐ thc morf c 2

2

n

+ 1 eÐnai

pr¸toi.

LÐgo argìtera o Goldbach isqurÐzetai ìti apèdeixe ìti den up�rqei trÐgwnoc arijmìc

pou na eÐnai tèleio tetr�gwno (dec Kef�laio 2). O Euler brÐskei amèswc to l�joc.

Jètei x = 2n + 1 kai brÐskei ìti to prìblhma eÐnai isodÔnamo me thn eÔresh lÔshc thc

exÐswshc tou Pell x

2

� 8y

2

= 1, h opoÐa èqei profan¸c akèraiec lÔseic p.q. x = 17,

y = 6.

Qronologik� ta kuriìtera jèmata me ta opoÐa asqol jhke eÐnai ta ex c:

(i) To (mikrì) je¸rhma tou Fermat, h pollaplasiastik  om�da twn akeraÐwn (modN)

kai stoiqeÐa thc JewrÐac Om�dwn.

(ii) 'Ajroisma tetrag¸nwn kai ��oiqei¸dhc�� jewrÐa twn tetragwnik¸n morf¸n.
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(iii) Diofantikèc exis¸seic 2

ou

bajmoÔ.

(iv) Diofantikèc exis¸seic 3

ou

kai 4

ou

bajmoÔ.

(v) Elleiptik� oloklhr¸mata.

(vi) Suneq  kl�smata, exÐswsh tou Pell kai anadromikèc akoloujÐec (seirèc).

(vii) H �-sun�rthsh, h tim  thc gia tim  thc metablht c �rtio fusikì kai �llec sunar-

t seic pou sqetÐzontai me thn �.

(viii) To ��Partitio numerorum�� kai tupikèc seirèc dun�mewn.

(ix) Pr¸toi diairètec tetragwnik¸n morf¸n.

(x) Meg�loi pr¸toi arijmoÐ.

Me merik� apì ta parap�nw ja asqolhjoÔme sta epìmena.

K�nontac qr sh tou (mikroÔ) jewr matoc tou Fermat kai thc parat rhshc ìti gia

p = 4n + 1 pr¸to h x

2n

� 1 (mod p) den epalhjeÔetai gia k�je x, 1 � x � p � 1, o

Euler apodeiknÔei sta 1749 ìti:

An p = mn + 1 eÐnai pr¸toc arijmìc kai pj(a

m

� 1) tìte o a eÐnai

n-ostì upìloipo (mod p).

Pr�gmati, an a

m

� 1 (mod p) kai gr�youme thn tautìthta

x

mn

� a

m

� (x

n

� a)(x

(m�1)n

+ ax

(m�2)n

+ � � �+ a

m�1

)

ìpou mn = p � 1, to mikrì je¸rhma tou Fermat dÐnei ìti to aristerì mèloc eÐnai

pollapl�sio tou p gia ìla ta x ta pr¸ta proc ton p, en¸ h prìtash tou Euler gia

to pl joc twn lÔsewn thc isodunamÐac mac dÐnei ìti o deÔteroc par�gontac tou dexioÔ

mèlouc den mporeÐ na èqei aut  thn idiìthta. Sunep¸c gia k�poio x (pr¸to proc ton p)

ja isqÔei kat' an�gkh x

n

� a (mod p).
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Gia a = �1 kai n = 2 h prìtash aut  eÐnai autì pou èleipe kat� tic prohgoÔmenec

prosp�jeiec gia na apodeiqjeÐ to je¸rhma tou Fermat gia to �jroisma twn dÔo tetra-

g¸nwn. PaÐrnontac kour�gio (dÔnamh) apì aut  tou thn epituqÐa kai apì thn epituqÐa

pou eÐqe to biblÐo tou Introductio in Analysin In�nitorum (1748), o Euler erg�zetai

p�nw sthn JewrÐa Arijm¸n kai etoim�zei èna biblÐo, Eisagwg  sthn JewrÐa Arijm¸n.

Gr�fei 16 ��kef�laia�� kai stamat�ei. Ekdìjhke sta 1849 k�tw apì ton tÐtlo Tracta-

tus de numerorum doctrina. Moi�zei arket� me to perieqìmeno twn tri¸n pr¸twn

kefalaÐwn tou biblÐou tou Gauss, Disquisitiones Arithmeticae (dec [5]).

Eis�gei kat' arq n thn � (sun�rthsh tou Euler) h opoÐa mac dÐnei to pl joc twn fusik¸n

arijm¸n twn mikrotèrwn proc to n kai pr¸twn proc ton n. Sth sunèqeia akoloujeÐ mÐa

stoiqei¸dhc perigraf  autoÔ pou o Gauss argìtera onom�zei isodunamÐa wc proc

èna modulus. H antÐstoiqh lèxh tou Euler eÐnai ��o diairèthc��. Gia k�poio diairèth

d, ìloi oi akèraioi r + dx ja lème ìti an koun sthn Ðdia ��kl�sh�� kai ja jewroÔntai

wc ��isodÔnamoi��. K�je antiprìswpoc thc kl�sewc enìc akeraÐou a ja kaleÐtai ��èna

upìloipo�� tou a. H apeikìnish tou a sthn kl�sh tou èqei idiìthtec tètoiec pou s mera

orÐzoun ton omomorfismì daktulÐwn.

Gia k�poio diairèth d sqhmatÐzoume thn arijmhtik  prìodo a; a+b; a+2b; � � � (se sÔgqro-

nh gl¸ssa, tic pleurikèc om�dec thc upoom�dac pou par�getai apì to b sthn prosjetik 

om�da (mod d)). 'Etsi brÐskei to mègisto koinì diairèth twn b kai d kai lÔnei thn iso-

dunamÐa bx � m (mod d). Sth sunèqeia ereun� thn pollaplasiastik  om�da (modd)

kai deÐqnei ìti an (b; d) = 1 ta upìloipa pou paÐrnoume apì thn 1; b; b

2

; � � � sqhmatÐzoun

sÔnolo kleistì proc ton pollaplasiasmì kai thn diaÐresh (mod d), dhlad  ìti aut  h

om�da perièqetai sthn om�da twn akeraÐwn (modd) pr¸twn proc ton d kai katal gei

sthn

d j b

�(d)

�1;

to gnwstì je¸rhma tou Euler.

Ed¸ xanajumÐzoume ìti o Euler parat rhse ìti h apìdeixh tou Descartes, ìti mÐa exÐswsh

f(x) = 0 bajmoÔ n èqei to polÔ n rÐzec, metafèretai se opoiod pote s¸ma.
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An a rÐza thc f(x) = 0 diairoÔme to f(x) me x � a kai gr�foume f(x) = (x� a)f

1

(x).

Oi rÐzec thc f(x) = 0 eÐnai x = a kai oi rÐzec thc f

1

(x) = 0. O bajmìc deg f

1

(x) = n�1

(kai k�nontac qr sh thc majhmatik c epagwg c), telei¸same.

O Euler parathreÐ ìti an a eÐnai mÐa lÔsh thc isodunamÐac f(x) � 0 (mod p), tìte

gr�foume f(a) = mp, m 2 Z opìte to a eÐnai mÐa rÐza thc exÐswshc f(x) � mp = 0.

Gr�foume loipìn f(x)�mp = (x� a)f

1

(x) kai suneqÐzoume epagwgik�.

To je¸rhma autì qrhsimopoieÐtai sth sunèqeia gia na apodeÐxei thn Ôparxh prwtarqi-

k¸n riz¸n (mod p).

'Olh tou thn zw  endiaferìtan gia thn par�stash twn fusik¸n arijm¸n san �jroisma

2 terag¸nwn   mèsw tetragwnik¸n morf¸n thc morf c X

2

+NY

2

  akìma genikìtera

thc morf c �X

2

+ �Y

2

me N; �; � 2 Z. Me th genik  perÐptwsh aX

2

+ bXY + CY

2

asqol jhke mìno ta teleutaÐa qrìnia thc zw c tou kai m�lista Ôstera apì epÐdrash tou

Lagrange o opoÐoc asqol jhke entatik� m' aut . Me thn par�stash fusik¸n arijm¸n

mèsw tetragwnik¸n morf¸n ja asqolhjoÔme argìtera.

Ed¸ anafèroume mìno thn apl  parat rhsh tou Fermat ìti

� oÔte o 4mn�m� 1

� oÔte o 4mn�m� n� 1, m;n 2 N

mporoÔn na eÐnai tèleio teter�gwno, èstw a

2

, diìti autì ja eÐqe san sunèpeia

m(4n� 1) = 1 + a

2

; (4m� 1)(4n� 1) = 1 + 4a

2

;

dhlad  k�poioc arijmìc thc morf c 4n� 1 ja diairoÔse èna �jroisma dÔo tetrag¸nwn

x

2

+ y

2

me (x; y) = 1 k�ti pou eÐnai adÔnato kai pou  tan  dh gnwstì ston Fermat.

Sta gr�mmat� tou o Euler asqoleÐtai me th dunatìthta par�stashc enìc fusikoÔ arij-

moÔ san �jroisma tri¸n   tess�rwn tetrag¸nwn. Pragmatik  prìodo k�nei s' aut� ta

probl mata to 1747 ìtan anakalÔptei ìti to ginìmeno dÔo arijm¸n pou eÐnai �jroisma

tess�rwn tetrag¸nwn eÐnai epÐshc �jroisma tess�rwn tetrag¸nwn. IsqÔei loipìn h

tautìthta:
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An

m = a

2

+ b

2

+ c

2

+ d

2

kai n = p

2

+ q

2

+ r

2

+ s

2

tìte

mn = A

2

+B

2

+ C

2

+D

2

;

ìpou

A = ap+ bq + cr + ds; B = aq � bp� cs+ dr;

C = ar + bs� cp� dq; D = as� br + cq � dp:

Profan¸c isqÔei kai

m

n

=

�

A

n

�

2

+

�

B

n

�

2

+

�

C

n

�

2

+

�

D

n

�

2

:

Ton epìmeno qrìno èqei  dh lÔsei to prìblhma tou ajroÐsmatoc dÔo tetrag¸nwn kai

prospajeÐ na apodeÐxei ìti

K�je fusikìc arijmìc gr�fetai san �jroisma tess�rwn terag¸-

nwn

k�nontac qr sh thc mejìdou pou qrhsimopoÐhse gia to �jroisma dÔo teterag¸nwn kai

thc parap�nw tautìthtac pou èqei anakalÔyei. Sthn arq  apodeiknÔei ìti k�je pr¸toc

p diaireÐ k�poio �jroisma tess�rwn tetrag¸nwn. ApodeiknÔei k�ti parap�nw, ìti

dhlad  gia k�je pr¸to p h isodunamÐa

x

2

+ y

2

+ z

2

� 0 (mod p)

èqei mÐa mh tetrimmènh lÔsh (dhl. (x; y; z) 6= (0; 0; 0)) kai, lÐgo argìtera, genikeÔei,

apodeiknÔontac ìti h isodunamÐa

�x

2

+ �y

2

+ �z

2

� 0 (mod p)

èqei mh tetrimmènh lÔsh.
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H parat rhsh tou Euler eÐnai ìti h sun�rthsh x 7! �x

2

(mod p) paÐrnei

p+ 1

2

dia-

foretikèc timèc (thn tim  0 kai

p� 1

2

mh-isodÔnama tetragwnik� upìloipa (mod p)

(dec [2]). To Ðdio k�nei kai h sun�rthsh x 7! ��x

2

� �. An ìlec oi lÔseic  tan me-

taxÔ touc diaforetikèc tìte h isodunamÐa ja eÐqe perissìterec apì p lÔseic, �topo.

'Ara up�rqei mÐa koin  lÔsh, dhlad  mÐa mh-tetrimmènh lÔsh (x; y; 1) thc isodunamÐac

�x

2

+ �y

2

+ �z

2

� 0 (mod p).

Sth sunèqei prospajeÐ na deÐxei ìti k�je pr¸toc p pou diaireÐ èna �jroisma a

2

+b

2

+c

2

+d

2

me (a; b; c; d) = 1 (merikoÐ apì touc a; b; c; d mporeÐ na eÐnai 0) eÐnai kai o Ðdioc �jroi-

sma tess�rwn tetrag¸nwn. Autì pou katafèrnei eÐnai na apodeÐxei ìti eÐnai �jroisma

tess�rwn rht¸n tetrag¸nwn.

Pr�gmati, èstw ìti autì den isqÔei kai èstw p o el�qistoc pr¸toc pou den mporeÐ na

grafteÐ san �jroisma tess�rwn rht¸n tetrag¸nwn. 'Estw (a; b; c) mÐa mh-tetrimmènh

lÔsh thc x

2

+ y

2

+ z

2

� 0 (mod p). Opwc kai sto �jroisma dÔo tetrag¸nwn mproÔme na

upojèsoume ìti 0 � a; b; c <

p

2

. Jètoume N = a

2

+ b

2

+ c

2

= pN

0

, opìte N <

3

4

p

2

kai

N

0

< p. 'Oloi oi pr¸toi par�gontec tou N

0

eÐnai mikrìteroi tou p. Sunep¸c gr�fontai

san �jroisma tess�rwn rht¸n tetrag¸nwn kai sunep¸c kai o N

0

, lìgw thc gnwst c

tautìthtac, opìte p =

N

N

0

, �jroisma tess�rwn rht¸n tetrag¸nwn.

Sta 1772 (perissìtero apì 20 qrìnia argìtera) p re o Euler thn pl rh apìdeixh pou

tou èsteile o Lagrange. O Euler xanapi�netai me to jèma kai se mÐa jaum�sia ergasÐa

sto Nova Acta Eruditorium tou 1773, afoÔ sugqaÐrei kat' arq n ton Lagrange gia

thn epituqÐa tou kai afoÔ qarakthrÐzei thn apìdeixh tou Lagrange \far-fetched and

laborious" dÐnei thn dik  tou komy  apìdeixh.

Apìdeixh: 'Estw p perittìc pr¸toc o opoÐoc diaireÐ to

4

X

i=1

a

2

i

, (a

1

; a

2

; a

3

; a

4

) = 1 kai

0 � a

i

<

p

2

. Gr�foume

4

X

i=1

a

2

i

= pm kai èqoume m < p. An m = 2 tìte ja prèpei dÔo

apì touc a

i

na eÐnai �rtioi kai dÔo perittoÐ, opìte

p =

�

a

1

+ a

2

2

�

2

+

�

a

1

� a

2

2

�

2

+

�

a

3

+ a

4

2

�

2

+

�

a

3

� a

4

2

�

2

:
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'Estw t¸ra ìti m > 2. Gia k�je i gr�foume

a

i

= b

i

+mc

i

; jb

i

j �

m

2

:

4

X

i=1

b

2

i

� 0 (modm); èstw

4

X

i=1

b

2

i

= mn:

Epeid  (a

1

; a

2

; a

3

; a

4

) = 1, èpetai ìti den mporeÐ na eÐnai ìla ta b

i

= 0   �

p

2

. Epomènwc

0 <

4

X

i=1

b

2

i

< m

2

=) 0 < n < m:

Efarmìzoume t¸ra thn tautìthta tou Euler sta ajroÐsmata

P

4

i=1

a

2

i

;

P

4

i=1

b

2

i

kai brÐ-

skoume

m

2

pn =

4

X

i=1

A

2

i

; me A

1

=

4

X

i=1

a

i

b

i

; kai

A

2

= a

1

b

2

� a

2

b

1

� a

3

b

4

+ a

4

b

3

= m(c

1

b

2

� c

2

b

1

� c

3

b

4

+ c

4

b

3

)

(ìmoioi tÔpoi proc to A

2

gia A

3

kai A

4

). Epeid  m

2

jA

2

2

; A

2

3

; A

2

4

kai m

2

pn, èpetai ìti

m

2

jA

2

1

, opìte A

i

= mB

i

kai pn =

4

X

i=1

B

2

i

.

An d := (B

1

; B

2

; B

3

; B

4

), B

i

= da

0

i

, tìte d

2

jpn. Epeid  0 < n < m < p to d ja prèpei na

eÐnai pr¸to proc to p kai to d

2

ja prèpei na diaireÐ to n. Jètoume n = d

2

m

0

, opìte pm

0

=

4

X

i=1

a

0

i

2

�jroisma tess�rwn tetrag¸nwn (a

0

1

; a

0

2

; a

0

3

; a

0

4

) = 1 kai pm

0

< pm. SuneqÐzoume

ìmoia mèqri pou m

0

= 1, dhlad  to p �jroisma tess�rwn akeraÐwn tetrag¸nwn. ut

Perissìtero apì ènan ai¸na met� thn apìdeixh tou Euler, o Hurwicz èdwse mÐa apìdeixh

thc prìtashc k�nontac qr sh tetradik¸n arijm¸n (quaternions). Sthn pragmatikìthta

prìkeitai gia mÐa metafor� thc apìdeixhc tou Euler sth gl¸ssa twn quaternions.

Gia ta apotelèsmata tou Euler sth lÔsh exis¸sewn tou Pell ja anaferjoÔme sto epì-

meno Kef�laio.

Me ton Euler genn jhke o kl�doc thc JewrÐac twn Arijm¸n pou qrhsimopoieÐ analutikèc

mejìdouc kai, wc ek toÔtou, onom�sthke Analutik  JewrÐa Arijm¸n.

Kat' arq n eÐnai gnwst  h gewmetrik  seir�

1 + x + x

2

+ � � � =

1

1� x

; gia jxj < 1: (3.1)
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An antikatast soume to x me to �x èqoume

1� x + x

2

� x

3

+ x

4

+ � � � =

1

1 + x

; gia jxj < 1: (3.2)

PaÐrnontac to aìristo olokl rwma kai twn dÔo mel¸n thc teleutaÐac brÐskoume

log(1 + x) = x�

x

2

2

+

x

3

3

+ � � � ; gia jxj < 1: (3.3)

Jumìmaste t¸ra to je¸rhma orÐou tou Abel (Abel's limit theorem, Abel-

scher Grenzwertsatz). 'Estw

1

X

n=0

a(n)X

n

dunamoseir� me aktÐna sÔgklishc 1 kai

èstw f(x) =

1

X

n=0

a(n)X

n

gia jXj < 1. An h seir� sugklÐnei kai gia X = 1 (dhlad  an h

seir�

1

X

n=0

a(n) sugklÐnei) tìte

lim

x!1

�

f(x) =

1

X

n=0

a(n):

Efarmìzoume t¸ra to je¸rhma autì gia thn sun�rthsh f(x) = log(1 + x) kai, afou

1

X

0

(�1)

n�1

�

1

n

sugklÐnei, èqoume

log(2) = 1�

1

2

+

1

3

� � � � (3.4)

An gr�youme p�li thn (3.2) gia to x

2

paÐrnoume:

1

1 + x

2

= 1� x

2

+ x

4

� x

6

+ � � � ; jxj < 1:

H olokl rwsh twn dÔo mel¸n mac dÐnei

arctanx = x�

x

3

5

+

x

5

7

� � � � ; jxj < 1 (3.5)

kai efarmìzontac kai p�li to parap�nw je¸rhma tou Abel prokÔptei ìti

�

4

= arctan 1 = 1�

1

3

+

1

5

�

1

7

� � � =

1

X

n=1

(�1)

n

1

2n+ 1

: (3.6)

Ac jewr soume t¸ra tic seirèc

�(s) =

1

X

n=1

1

n

s

kai L(s) =

1

X

n=1

(�1)

n

(2n+ 1)

s

; (s 2 R):
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H (3.6) mac dÐnei thn tim  L(1) =

�

4

.

H �-sun�rthsh �(s) profan¸c apoklÐnei gia s = 1. ApodeiknÔetai eÔkola ìti h

�(s) =

1

X

n=1

1

n

s

sugklÐnei gia s > 1 kai apoklÐnei gia s � 1. H apìdeixh af netai san

�skhsh ston anagn¸sth.

Genniètai loipìn to er¸thma poi� eÐnai h tim  twn �(s) kai L(s) gia s = 2; 3; 4; � � � Prì-

keitai gia èna klasikì er¸thma me to opoÐo asqol jhkan oi Leibnitz kai oi aderfoÐ

Bernoulli prin apì ton Euler, qwrÐc ìmwc epituqÐa. Akìmh kai h eÔresh k�poiac pro-

seggistik c tim c gia to �(n)  tan dÔskolh lìgw thc arg c sÔgklishc thc parap�nw

dunamoseir�c.

Sta 1728 o Daniel Bernoulli gr�fei ston Goldbach ìti to �jroisma thc

seir�c �(2) eÐnai ��polÔ kont� sto

8

5

��.

OGoldbach qrhsimopoieÐ mÐa polÔ stoiqei¸dh mèjodo kai apant� ìti to �(2)�1 brÐsketai

an�mesa stic timèc

16223

25200

kai

30197

46800

;

dhlad  0; 6437 � �(2)� 1 � 0; 6453.

O Euler gÐnetai gn¸sthc tou perieqomènou thc allhlografÐac twn D. Bernoulli kai

Goldbach kai sÔntoma dÐnei mÐa polÔ kalÔterh ektÐmhsh

�(2) � 1; 644934

k�nontac idiofu  qr sh tou oloklhrwtikoÔ logismoÔ. Argìtera dÐnei polÔ kalÔterh

ektÐmhsh tou �(2) me 20 dekadik� yhfÐa:

�(2) � 1; 64493406684822643647 � � �

DÐnei epÐshc timèc twn �(3) me 15 dekadik� yhfÐa, �(4) me 16 dekadik� yhfÐa kaj¸c

kai thn s mera onomazìmenh ��stajer� tou Euler�� me 16 yhfÐa kai to � me 15 dekadik�

yhfÐa.

Sta 1735 o Euler gr�fei:
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��PolÔ doulei� èqei gÐnei gia th seir� �(s) kai faÐnetai ìti eÐnai

dÔskolo na brei kaneÐc k�ti kainoÔrgio. Kai eg¸ o Ðdioc, par�

tic epaneillhmènec prosp�jeièc mou, den mpìresa na br¸ tÐpote

perissìtero apì proseggistikèc timèc gia merik� n. Autì mèqri

prìsfata, pou, ekeÐ pou den to perÐmene kaneÐc, anak�luya èna

polÔ ìmorfo tÔpo gia to �(2).��

O tÔpoc pou anak�luye o Euler  tan

�(2) =

�

2

6

:

LÐgo argìtera anak�luye tÔpouc thc tim c thc �(s) gia ìlouc touc �rtiouc fusikoÔc

2n.

All� ac p�roume ta pr�gmata me th seir�. 'Estw f(z) =

z

e

z

� 1

, ìpou z ed¸ migadikìc

arijmìc. H sun�rthsh eÐnai analutik  gia jzj < 2� kai sunep¸c mporoÔme na broÔme

to an�ptugma Taylor aut c gia z = 0:

f(z) =

1

X

n=0

B

n

n

z

n

:

Orismìc 3.1 Touc suntelestèc B

n

ja touc lème arijmoÔc tou Bernoulli (sth mn -

mh tou Jacob Bernoulli).

Apì

1 =

 

1

X

n=0

z

n

(n + 1)

!

�

 

1

X

n=0

B

n

n

z

n

!

kai lìgw tou gnwstoÔ jewr matoc pou mac lèei ìti mporoÔme na pollaplasi�soume dÔo

apolÔtwc sugklÐnousec seirèc ìpwc kai ta polu¸numa, prokÔptei: B

0

= 1 kai gia k�je

n � 1

c

n

=

n

X

k=0

B

k

k!

�

1

(n� k + 1)!

= 0 =) B

n

= �

n�1

X

k=0

B

k

k!

�

n!

(n� k + 1)!

(3.7)

'Eqoume loipìn ènan anadromikì tÔpo apì ton opoÐo bgaÐnei to sumpèrasma ìti oi

arijmoÐ tou Bernoulli eÐnai rhtoÐ arijmoÐ.
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Ac upologÐsoume merikoÔc ap' autoÔc:

B

0

= 1; B

1

= �

1

2

; B

2

=

1

6

; B

3

= 0; B

4

= �

1

30

B

5

= 0; B

6

=

1

42

; B

7

= 0; B

8

= �

1

30

; B

9

= 0

B

10

=

5

66

; B

11

= 0; B

12

= �

691

2730

; � � �

O Euler upolìgise ìlouc touc B

k

gia k � 30. Oi arijmoÐ tou Bernoulli qrhsimopoioÔntai

ìqi mìno se p�ra poll� kef�laia thc JewrÐac twn Arijm¸n, all� kai se �llouc kl�douc

twn Majhmatik¸n, ìpwc p.q. h Algebrik  TopologÐa. EpikrateÐ h aÐsjhsh ìti èqoun

na k�noun me p�ra polÔ baji� kai spoudaÐa probl mata.

An t¸ra pollaplasi�soume th sqèsh

n

X

k=0

1

k!(n� k + 1)

B

k

= 0 me (n+ 1)!

brÐskoume

n

X

k=0

�

n+1

k

�

B

k

= 0 gia k�je n � 1: (3.8)

An t¸ra gia P (X) =

n

X

k=0

a

k

X

k

qrhsimopoi soume ton sumbolismì

P (B) :=

n

X

k=0

a

k

B

k

tìte h (3.8) mporeÐ na grafteÐ:

(1 +B)

n+1

� B

n+1

= 0; n � 1: (3.9)

Apì ton pÐnaka twn B

n

faÐnetai ìti ja prèpei na isqÔei:

B

n

= 0 gia k�je perittì n > 1: (3.10)

Apìdeixh: 'Eqoume

z

e

z

� 1

=

1

X

k=0

B

k

k!

z

k

opìte

�z

e

�z

� 1

=

1

X

k=0

B

k

k!

(�1)

k

z

k

:
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Afair¸ntac kat� mèlh paÐrnoume

z

e

z

� 1

�

�z

e

�z

� 1

= 2

1

X

k�1(2) k�1

B

k

k!

z

k

= �z + 2

1

X

k�1(2) k>1

B

k

k!

z

k

:

Epeid 

z

e

z

� 1

�

�z

e

�z

� 1

=

z

e

z

� 1

+

ze

z

1� e

z

=

z

e

z

� 1

�

ze

z

e

z

� 1

=

z(1� e

z

)

e

z

� 1

= �z =) 2

1

X

k�1(2) k>1

B

k

k!

z

k

= 0

=) B

n

= 0; gia k�je perittì n, n > 1.

ut

Oi arijmoÐ tou Bernoulli emfanÐsthkan gia pr¸th for� ston tÔpo:

1

k

+ 2

k

+ � � �+ (n� 1)

k

=

1

k + 1

((n+B)

k+1

� B

k+1

): (3.11)

Gia k = 1; 2; 3 o tÔpoc autìc dÐdei antÐstoiqa ajroÐsmata

1

2

(n� 1)n;

1

6

n(n� 1)(2n� 1);

1

4

n

2

(n� 1)

2

:

Apìdeixh: 'Eqoume

e

nz

� 1

z

�

z

e

z

� 1

=

n�1

X

r=0

e

rz

=

n�1

X

r=0

1

X

k=0

r

k

k!

z

k

=

1

X

k=0

(

n�1

X

r=0

r

k

k!

)z

k

:

Apì thn �llh meri�, k�nontac qr sh tou ginomènou seir¸n brÐskoume:

e

nz

� 1

z

�

z

e

z

� 1

=

 

1

X

s=0

n

s+1

z

s

(s+ 1)!

!

�

 

1

X

t=0

B

t

t!

z

t

!

=

1

X

k=0

 

k

X

s=0

n

s+1

B

k�s

(s+ 1)!(k � s)!

!

z

k

:

SugkrÐnontac ta apotelèsmata brÐskoume

n�1

X

r=0

r

k

k!

=

k

X

s=0

n

s+1

B

k�s

(s+ 1)!(k � s)!

:
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Pollaplasi�zoume me k! kai paÐrnoume

n�1

X

r=0

r

k

=

1

(k + 1)

k

X

s=0

(k + 1)!

(s+ 1)!(k � s)!

n

s+1

B

k�s

=

1

(k + 1)

k

X

s=0

�

k+1

s+1

�

n

s+1

B

k�s

=

1

(k + 1)

((n+B)

k+1

� B

k+1

):

Erqìmaste t¸ra sto pio fhmismèno je¸rhma tou Euler.

Je¸rhma 3.2 IsqÔei

�(2k) =

1

X

n=1

1

n

2k

=

2

2k�1

jB

2k

j

(2k)!

�

2k

gia k�je k = 1; 2; 3; : : : IdiaÐtera gia k = 1; 2; 3 èqoume

1

X

n=1

1

n

2

=

�

2

6

;

1

X

n=1

1

n

4

=

�

4

90

;

1

X

n=1

1

n

6

=

�

6

945

:

Apìdeixh: Ja qrhsimopoi soume (qwrÐc apìdeixh) èna apotèlesma thc jewrÐac twn

migadik¸n sunart sewn, gia thn sunefaptomènh

� cot�z =

1

z

+

1

X

n=1

�

1

z + n

+

1

z � n

�

:

(O endiaferìmenoc anagn¸sthc mporeÐ na deÐ to [1], selÐda 189.) Jètoume z = 2ix sthn

z

e

z

� 1

kai brÐskoume

2ix

e

2ix

� 1

=

1

X

k=0

B

k

k!

(2ix)

k

=

1

X

k=0

2

k

i

k

B

k

k!

x

k

= 1� ix +

1

X

k=1

2

2k

(�1)

k

B

k

(2k)!

x

2k

;

diìti B

k

= 0 gia k�je k perittì kai gnhsÐwc megalÔtero tou 1.

Apì thn �llh meri�

x cot x = x

cos x

sin x

= x �

�

e

ix

+e

�ix

2

�

�

e

ix

�e

�ix

2i

�

= ix �

2 + e

2ix

� 1

e

2ix

� 1

=

2ix

e

2ix

� 1

+ ix
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kai epomènwc:

x cot x = 1 +

1

X

k=1

2

2k

(�1)

k

B

2k

(2k)!

x

2k

:

Gia x = �z, gr�foume t¸ra:

x cot x = �z(cot �z) = 1 + z

1

X

n=1

�

1

z + n

+

1

z � n

�

= 1 +

x

�

1

X

n=1

�

1

x

�

+ n

+

1

x

�

� n

�

= 1 + x

1

X

n=1

�

1

x+ �n

+

1

x� �n

�

= 1 + 2

1

X

n=1

x

2

x

2

� �

2

n

2

= 1� 2

1

X

n=1

x

2

n

2

�

2

 

1

1�

x

2

n

2

�

2

!

= 1�

1

X

n=1

x

2

n

2

�

2

 

1

X

k=0

x

2k

n

2k

�

2k

!

(gewmetrik  prìodoc)

= 1� 2

1

X

k=0

 

1

X

n=1

1

n

2k+2

!

x

2k+2

�

2k+2

(apìluth sÔgklish)

= 1� 2

1

X

k=1

 

1

X

n=1

1

n

2k

!

x

2k

�

2k

:

SugkrÐnontac touc suntelestèc twn dÔo parast�sewn thc x cot x, paÐrnoume:

1

X

n=1

1

n

2k

=

2

2k�1

�

2k

(�1)

k+1

B

2k

(2k)!

:

ut

Prìsfata, o Apery apèdeixe ìti o �(3) eÐnai �rrhtoc (1980). Gia thn tim  thc � sun�r-

thshc �(n) ìpou n perittìc, èqoume ��maÔra mes�nuqta�� mèqri s mera.

O Euler apèdeixe ìti (gia s > 1)

�(s) =

Y

p pr¸toc

1

1�

1

p

s

kai qrhsimopoÐhse aut  th sqèsh gia na apodeÐxei ìti up�rqoun �peiroi pr¸toi arijmoÐ.

K�je par�gontac tou deÔterou mèlouc thc parap�nw isìthtac gr�fetai:

1

1�

1

p

s

= 1 +

1

p

s

+

1

p

2s

+ � � �+

1

p

rs

+ � � �
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h opoÐa profan¸c sugklÐnei apìluta gia p = p

1

; p

2

; p

3

; : : : ìpou

2 = p

1

< 3 = p

2

< p

3

< � � �

h akoloujÐa twn pr¸twn.

Kat' arq�c parathroÔme ìti

1 �

Y

p>n

1

1�

1

p

s

=

Y

p>n

�

1 +

1

p

s

+

1

p

s

� (p

s

� 1)

�

�

Y

p>n

�

1 +

2

p

s

�

� e

2

P

p>n

1

p

s

n!1

�! 1:

Apì thn �llh meri� isqÔei:

Y

p�n

1

1�

1

p

s

=

X

(a

1

;a

2

;���;a

k

)2N

k

1

(p

a

1

1

p

a

2

2

� � � p

a

k

k

)

s

(3.12)

ìpou p

1

; p

2

; � � � ; p

k

oi pr¸toi arijmoÐ oi mikrìteroi   Ðsoi me n. To jemeli¸dec je¸rhma

thc arijmhtik c m�c exasfalÐzei ìti

1 +

1

2

s

+

1

3

s

+ � � �+

1

n

s

�

Y

p�n

1

1�

1

p

s

� �(s) <1

opìte �(s) =

Y

p

1

1�

1

p

s

:

An t¸ra up rqan mìno peperasmènou pl jouc pr¸toi arijmoÐ tìte:

Y

p

�

1�

1

p

�

�1

<1:

Apì thn �llh meri� ìmwc

Y

p

�

1�

1

p

�

�1

=

Y

p

�

1 + p

�1

+ p

�2

+ � � �

�

=

1

X

n=1

1

n

=1:

To �topo autì mac dÐnei �llh mÐa apìdeixh ìti up�rqoun �peiroi pr¸toi arijmoÐ. ut

MporeÐ akìmh na apodeÐxei kaneÐc ìti h seir�

X

p2IP

1

p

apoklÐnei.

Mia �mesh sunèpeia autoÔ eÐnai ìti oi pr¸toi arijmoÐ eÐnai piì puknoÐ apì ta tèleia

tetr�gwna, diìti

1

X

n=1

1

n

2

=

�

2

6

<1.
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Fusik� h seir�

X

p2IP

1

p

apoklÐnei polÔ arg�. To merikì �jroisma met� apì 50 ekatommÔria

ìrouc eÐnai akìmh mikrìtero tou 4.

'Ena polÔ spoudaÐo prìblhma eÐnai to prìblhma thc katanom c twn pr¸twn arijm¸n.

'Estw x > 0 kai �(x) h sun�rthsh pou mac dÐnei to pl joc twn pr¸twn arijm¸n pou den

xepernoÔn ton x. Profan¸c �(x) ! 1 kaj¸c x ! 1 diìti up�rqoun �peiroi pr¸toi

arijmoÐ. H sumperifor� thc �(x) san sun�rthsh tou x apetèlese antikeÐmeno melèthc

fhmismènwn Majhmatik¸n  dh apì ton 19

o

ai¸na. Apì pÐnakec pou èftiaxan gia na doun

thn sumperifor� thc �(x) oi Gauss (1792) kai Legendre (1798) diatÔpwsan thn eikasÐa

ìti h �(x) eÐnai asumptwtik  proc thn

x

logx

dhlad 

lim

x!1

�(x)

�

x

log x

�

= 1:

Gia pr¸th for� apodeÐqthke sta 1896 apì ton Hadamard kai ton de la Vall�ee Poussin

me qr sh mèswn thc migadik c an�lushc. MÐa stoiqei¸dhc apìdeixh dìjhke sta 1949

apì ton A. Selberg kai, anex�rthta, apì ton P. Erd�os.

Sthn prosp�jei� tou na lÔsei to prìblhma tou ajroÐsmatoc twn tess�rwn tetrag¸nwn

o Euler jewreÐ th seir� f(x) =

1

X

n=0

x

n

2

, h opoÐa profan¸c sugklÐnei gia jxj < 1 kai

paÐrnei thn f(x)

4

=

1

X

n=0

�(n)x

n

. H �(n) mac deÐqnei kat� pìsouc trìpouc mporeÐ na

grafteÐ o n san �jroisma tess�rwn tetrag¸nwn. Gia na apodeÐxoume loipìn ìti k�je

fusikìc arijmìc eÐnai �jroisma tess�rwn tetrag¸nwn arkeÐ na deÐxoume to isodÔnamo

�(n) > 0; 8n 2 N :

Autì den to kat�fere o Euler. To apèdeixe o C. G. Jacobi (19

oc

ai¸nac) k�nontac

qr sh thc jewrÐac twn elleiptik¸n sunart sewn. Blèpoume p�ntwc pwc èna kajar�

arijmhtikì prìblhma metafèretai se èna analutikì prìblhma.

H idèa ìmwc tou Euler eÐnai polÔ piì genik . MÐa diamèrish enìc fusikoÔ arijmoÔ eÐnai

mÐa par�stash tou arijmoÔ san �jroisma fusik¸n arijm¸n. DÔo diamerÐseic ja eÐnai
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Ðdiec an diafèroun mìno sth seir� twn prosjetèwn. MporoÔme loipìn na upojèsoume

ìti se mÐa diamèrish tou n = n

1

+ n

2

� � �+ n

k

isqÔei n

1

� n

2

� � � � � n

k

.

'Estw p(n) to pl joc twn diamerÐsewn tou n (p.q. p(2) = 2; p(3) = 3; p(4) = 5; p(5) =

7). H ènnoia thc diamèrishc orÐsthke se èna gr�mma tou Leibnitz proc ton J. Bernoulli

(1663). EÐnai p�ra polÔ dÔskolo na upologÐsoume to p(n) gia tuqaÐo n. H p(n) eÐnai

mÐa arijmhtik  sun�rthsh. Se k�je arijmhtik  sun�rthsh f : N ! N o Euler orÐzei mÐa

generating function thc f

F (x) :=

1

X

n=0

f(n)x

n

; me f(0) := 1:

An h f(n) den plhsi�zei proc to1 kaj¸c megal¸nei to n, h seir� èqei mÐa jetik  aktÐna

sÔgklishc. Gia f = p h aktÐna sÔgklishc eÐnai 1. O Euler apèdeixe to

Je¸rhma 3.3 Gia jxj < 1, isqÔei

1

X

n=0

p(n)x

n

=

1

Y

m=1

1

1� x

m

(p(0) = 1);

kai merik� qrìnia argìtera, to

Je¸rhma 3.4

1

Y

m=1

(1� x

m

) =

+1

X

k=�1

(�1)

k

x

3k

2

+k

2

:

O Jacobi  tan kai p�li autìc pou èdwse thn pr¸th ��fusik �� apìdeixh tou teleutaÐou

jewr matoc kai autì ègine kai p�li me thn qr sh thc jewrÐac twn elleiptik¸n sunart -

sewn.

MÐa parat rhsh tou Euler  tan ìti oi arijmoÐ

d = 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 12; 13; 15; 16; 18; 21; : : : ; 1320; 1365; 1848

(to pl joc touc eÐnai 65) èqoun thn ex c idiìthta:
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An ab = d kai an k�poioc arijmìc gr�fetai kat� trìpo monadikì

san ax

2

+ by

2

me (ax; by) = 1 tìte o arijmìc autìc ja eÐnai thc

morf c p, 2p   2

k

ìpou p pr¸toc arijmìc.

IdiaÐtera k�je perittìc arijmìc megalÔteroc tou 1 pou gr�fetai monadik� kat' autì ton

trìpo eÐnai pr¸toc. O Euler mac dÐnei to par�deigma d = 57. O 1000003 gr�fetai

monadik� san 19 � 8

2

+ 3 � 577

2

, sunep¸c eÐnai pr¸toc. Gia d = 1848 o 18518809 èqei

monadik  par�stash 197

2

+ 1848 � 100

2

, dhlad  eÐnai pr¸toc.

Oi arijmoÐ autoÐ d lègontai numeri idonei. Mèqri s mera eÐnai �gnwsto an up�rqoun

kai �lloi, ektìc twn 65 gnwst¸n, numeri idonei.

MÐa �llh parat rhsh tou Euler  tan ìti oi timèc tou poluwnÔmou

x

2

+ x+ 41

gia x = 0; 1; 2; � � � ; 39 eÐnai pr¸toi arijmoÐ. To fainìmeno ja exhghjeÐ sto epìmeno

kef�laio.

San teleutaÐo anafèroume thn eikasÐa tou Euler ìti h diofantik  exÐswsh x

4

+

y

4

+ z

4

= w

4

den èqei jetik  akèraia lÔsh, apodeÐqthke prìsfata l�joc. O

Noam Elkies k�nontac qr sh tou computer tou Harvard, br ke mÐa lÔsh to 1987, thn:

1682440

4

+ 15365639

4

+ 18796760

4

= 20615673

4

:

Thn Ðdia qroni� o Roger Frye, k�nontac kai autìc qr sh hlektronikoÔ upologist , br ke

thn piì mikr  lÔsh thc parap�nw exÐswshc

95800

4

+ 217519

4

+ 414560

4

= 422560

4

:



Kef�laio 4

Josef Louis Lagrange (1736-1813),

Adrie-Marie Legendre (1752-1833)

O Lagrange genn jhke sta 1736 sto TourÐno. O patèrac tou eÐqe gallik  katagwg 

kai h mhtèra tou italik . To endiafèron tou periorizìtan sthn arq  sthn melèth twn

klasik¸n glwss¸n, ¸spou èpese sta qèria tou mÐa ergasÐa tou Halley. Se sÔntomo

qronikì di�sthma melèthse se pl�toc kai se b�joc ìlh thn an�lush thc epoq c. Sta 19

tou qrìnia ègine kajhght c thc Basilik c Sqol c PurobolikoÔ tou TourÐno, ìpou kai

èmeine perÐ ta 10 qrìnia. H paramon  tou sto TourÐno diakìphke mìno apì èna taxÐdi

pou èkane perÐ ta tèlh tou 1763 sto ParÐsi ìpou kai gnwrÐsthke me ìlouc touc G�llouc

MajhmatikoÔc thc epoq c ìpwc Clairaut, Lalande, d' Alembert, Condorcet. O Clairaut

perigr�fei ton Lagrange se èna gr�mma tou proc ton Daniel Bernoulli, wc ex c:

'Enac nearìc, axioprìsektoc ìqi mìno gia to talènto tou all� kai

gia thn tapeinofrosÔnh tou. To tamperamènto tou eÐnai  remo kai

melagqolikì. Den gnwrÐzei �llh euqarÐsthsh ektìc thc melèthc.

Me ton d' Alembert �rqise allhlografÐa h opoÐa kr�thse mèqri to j�nato tou d'

Alembert sta 1783. Me prìtash tou d' Alembert, diadèqjhke o Lagrange ton Euler

sthn AkadhmÐa Episthm¸n thc PrwssÐac (BerolÐno) sta 1766. Sta 1787 egkatèleiye

61
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to BerolÐno gia thn AkadhmÐa twn ParisÐwn. EjewreÐto, met� ton j�nato tou Euler, o

pio meg�loc en zw  Majhmatikìc.

Kat� th di�rkeia thc Gallik c Epan�stashc èqase dÔo apì touc kalÔterouc fÐlouc tou,

ton Lavoisier kai ton Condorcet. H suneisfor� tou up rxe shmantik  sthn An�lush kai

idiaÐtera stouc kl�douc tou logismoÔ metabol¸n, diaforik¸n exis¸sewn kai mhqanik c.

Sto ParÐsi den asqoleÐtai me thn èreuna, all� did�skei sthn Ecole Normale kai sthn

Ecole Polytechnique maj mata prwtoporiak� gia thn epoq  touc ìpwc:

� Theorie des Fonctions Analytiques (1797)

� Le�cons sur le Calcul des Fonctions (1806)

Proc ta telautaÐa qrìnia thc zw c tou analamb�nei na xanagr�yei thn

� Mechanique Analytique (1788), all� den prolabaÐnei na telei¸sei to èrgo tou.

Pèjane stic 8 AprilÐou tou 1813, tim jhke idiaÐtera apì ton Napolèonta kai t�fhke

sto P�njeo.

Se antÐjesh proc ton enjousiasmì tou Euler proc tic anakalÔyeic tou, o Lagrange

qairìtan piì polÔ tic anakalÔyeic twn �llwn. Se èna gr�mma tou ston Laplace, gr�fei:

PolÔ megalÔterh qar� mou dÐnei h doulei� twn �llwn, se antÐje-

sh me thn proswpik  mou doulei� apì thn opoÐa potè den eÐmai

euqaristhmènoc.

H doulei� tou sthn JewrÐa Arijm¸n ègine kat� ta qrìnia thc paramon c tou sto Be-

rolÐno. Prìkeitai gia kurÐwc 3 ergasÐec:

� Solution d' un probleme d' arithmetique (1768), sthn apoÐa o Lagrange melet�

thn exÐswsh x

2

� dy

2

= 1.
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� Demonstration d' un theor�eme d' arithmetique (1770), ìpou dÐnei thn pr¸th apì-

deixh ìti k�je fusikìc gr�fetai san �jroisma tess�rwn tetrag¸nwn, akeraÐwn

arijm¸n.

� Recherches d' arithmetique (1773), sthn opoÐa o Lagrange anaptÔssei thn genik 

jewrÐa twn tetragwnik¸n morf¸n apì thn opoÐa san eidikèc peript¸seic dÐnei ta

apotelèsmata tou Fermat gia thn par�stash pr¸twn arijm¸n apì tic morfèc

x

2

+ 2y

2

kai x

2

+ 3y

2

.

Ja xekin soume apì thn teleutaÐa ergasÐa tou sthn opoÐa anaptÔssetai susthmatik�

mÐa pl rhc arijmhtik  jewrÐa h epÐdrash thc opoÐac sthn an�ptuxh thc JewrÐac twn

Arijm¸n kai thc 'Algebrac den mporeÐ na paragnwristeÐ. Eikosipènte qrìnia argìtera

h jewrÐa twn (binary) tetragwnik¸n morf¸n p re apo ton Gauss (sqedìn) thn telik 

thc morf . Sthn an�ptuxh thc jewrÐac ja qrhsimopoi soume thn orologÐa tou Gauss.

O Lagrange loipìn parat rhse ìti mporeÐ kaneÐc na melet sei to prìblhma thc par�-

stashc enìc fusikoÔ arijmoÔ mèsw mi�c tetragwnik c morf c

q(X; Y ) = aX

2

+ bXY + cY

2

; (a; b; c 2 Z):

Genik�: Ja lème ìti o arijmìc m parÐstatai apì thn tetragwnik  morf  q(X; Y ) tìte

kai mìnon tìte ìtan

9(x; y) 2 Z� Z : q(x; y) = m:

Sqedìn antigr�fontac lèxh proc lèxh ton Lagrange apodeiknÔoume to

Je¸rhma 4.1 'Estw ìti o r eÐnai ènac diairèthc k�poiou arijmoÔ pou parÐstatai apì

thn tetragwnik  morf  q(X; Y ) = aX

2

+ bXY + cY

2

gia X = x

0

, Y = y

0

, (x

0

; y

0

) = 1.

Tìte kai o r mporeÐ na parastajeÐ mèsw mi�c tetragwnik c morf c Q(X; Y ) = AX

2

+

BXY + CY

2

gia X = X

0

, Y = Y

0

, (X

0

; Y

0

) = 1. IsqÔei de kai B

2

� 4AC = b

2

� 4ac.

Apìdeixh: 'Estw rs = ax

2

0

+ bx

0

y

0

+ cy

2

0

kai èstw t = (s; y

0

), dhlad , s = tu, y

0

= tX

0

kai (u;X

0

) = 1. Autì mac dÐnei:

rtu = ax

2

0

+ bx

0

tX

0

+ ct

2

X

2

0

;
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dhlad  tjax

2

0

. Epeid  (x

0

; y

0

) = 1, èpetai ìti (t; x

0

) = 1. Autì shmaÐnei ìti kat' an�gkh

tja, èstw a = et. An t¸ra diairèsoume kai ta dÔo mèlh me t brÐskoume

ru = ex

2

0

+ bx

0

X

0

+ ctX

2

0

:

Epeid  u kai X

0

eÐnai pr¸toi metaxÔ touc mporoÔme na gr�youme to x

0

sth morf 

x

0

= uY

0

+ wX

0

opìte h teleutaÐa exÐswsh gÐnetai

ru = e(uY

0

+ wX

0

)

2

+ b(uY

0

+ wX

0

)X

0

+ ctX

2

0

= (ew

2

+ bw + ct)X

2

0

+ (2euw + bu)X

0

Y

0

+ eu

2

Y

2

0

:

Epeid  (u;X

0

) = 1 kai uj(ew

2

+ bw + ct)X

2

0

prokÔptei ìti ujew

2

+ bw + ct. 'Estw

A :=

eu

2

+ bw + ct

u

; B := 2ew + b; C := ew:

H teleutaÐa sqèsh gr�fetai

r = AX

2

0

+BX

0

Y

0

+ CY

2

0

me (X

0

; Y

0

) = 1;

dhlad  o r parÐstatai apì thn tetragwnik  morf  Q(X; Y ) = AX

2

+ BXY + CY

2

.

EÔkola diapist¸nei kaneÐc ìti 4AC � B

2

= 4ac� b

2

. ut

Ja lème ìti o m parÐstatai gn sia apì thn tetragwnik  morf  q(X; Y ), an up�rqoun

(x; y) 2 Z� Z, (x; y) = 1 tètoioi ¸ste m = q(x; y).

O m ja lègetai diairèthc thc tetragwnik c morf c q(X; Y ) ìtan o m eÐnai diairèthc

k�poiou arijmoÔ s pou parÐstatai gn sia apì thn q(X; Y ). H èkfrash 4ac � b

2

ja

lègetai diakrÐnousa thc tetragwnik c morf c q(X; Y ).

To je¸rhma 4.1 mporeÐ t¸ra na grafeÐ wc ex c:

Je¸rhma 4.1

0

: An o m eÐnai ènac diairèthc thc teragwnik c morf c q(X; Y ) tìte kai

o m parÐstatai gn sia apì mÐa tetragwnik  morf  thc Ðdiac diakrÐnousac.
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Sta epìmena antÐ thc tetragwnik c morf c aX

2

+ bXY + cY

2

ja jewroÔme thn pio

eidik  tetragwnik  morf 

aX

2

+ 2bXY + cY

2

:

To je¸rhma 4.1, 4.1

0

isqÔei diìti o B eÐnai �rtioc an kai mìno e�n o b eÐnai �rtioc mÐa

kai B = 2ew + b.

MporoÔme t¸ra na gr�youme thn tetragwnik  morf  san ginìmeno pin�kwn:

aX

2

+ 2bXY + cY

2

= (X; Y )

�

a

b

b

c

��

X

Y

�

:

ParathroÔme ìti k�je tetragwnik  morf  perigr�fetai pl rwc apì touc suntelestèc

thc a; b; c   kalÔtera mèsw enìc 2� 2 pÐnaka twn suntelest¸n. Me q(X; Y ) ja sumbo-

lÐzoume thn tetragwnik  morf  aX

2

+ 2bXY + cY

2

kai me

� := det

�

a

c

b

c

�

= ac� b

2

:

Sta epìmena ja upojètoume p�nta ìti � 6= 0.

DÔo tetragwnikèc q(x; y) kai Q(X; Y ) ja lègontai isodÔnamec an h mÐa mporeÐ na

d¸sei thn �llh mèsw enìc antistrèyimou akèraiou grammikoÔ metasqhmatismoÔ twn

metablht¸n, dhlad 

8

<

:

X = �x+ �y

Y = x+ �y

9

=

;

me

�

�



�

�

�

2 GL

2

(Z)

ìpou GL

2

(Z) eÐnia h om�da twn antistreyÐmwn akeraÐwn 2� 2 pin�kwn.

Oi tetragwnikèc morfèc ja lègontai gn sia isodÔnamec an isqÔoun ta parap�nw gia

pÐnakec

�

�



�

�

�

2 SL

2

(Z); dhlad 

�

�



�

�

�

2 GL

2

(Z) kai det

�

�



�

�

�

= 1:

Upì morf  pÐnaka, o metasqhmatismìc gr�fetai:

�

X

Y

�

=

�

�



�

�

��

x

y

�

; opìte
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(X; Y )

�

A

B

B

C

��

X

Y

�

= (x; y)

�

�



�

�

��

A

B

B

C

��

�



�

�

��

x

y

�

= (x; y)

�

a

b

b

c

��

x

y

�

'Wste dÔo pÐnakec

�

a

b

b

c

�

,

�

A

B

B

C

�

orÐzoun isodÔnamec (gn sia isodÔnamec)

tetragwnikèc morfèc tìte kai mìno tìte ìtan

Up�rqei T 2 GL

2

(Z) (T 2 SL

2

(Z)) tètoio ¸ste

�

A

B

B

C

�

= T

t

�

a

b

b

c

�

T;

ìpou T

t

o an�strofoc tou T .

H ènnoia thc isodunamÐac (antÐstoiqa gn siac isodunamÐac) eÐnai sqèsh isodunamÐac.

H apìdeixh af netai san �skhsh ston anagn¸sth. IsodÔnamec morfèc paristoÔn touc

Ðdiouc arijmoÔc kai èqoun thn Ðdia diakrÐnousa diìti isqÔei (detT )

2

= 1.

MÐa tetragwnik  morf  q(x; y) = ax

2

+ bxy + cy

2

ja lègetai jetik  (arnhtik ) an

q(x; y) � 0; 8x; y 2 Z (q(x; y) � 0; 8x; y 2 Z). An mÐa morf  eÐnai jetik    arnhtik 

ja lègetai de�nite, alli¸c ja lègetai inde�nite.

An gr�youme

q(x; y) = ax

2

+ 2bxy + cy

2

= a(x +

b

a

y)

2

+ cy

2

�

b

2

a

y

2

blèpoume ìti h q(x; y) eÐnai jetik  an kai mìno e�n (� > 0 kai a > 0) antÐstoiqa (q(x; y)

eÐnai arnhtik  an kai mìno e�n � > 0 kai a < 0), en¸ q(x; y) eÐnai inde�nite an kai mìno

e�n � < 0.

Sta epìmena ja perioristoÔme mìno se de�nite tetragwnikèc morfèc. O lìgoc eÐnai ìti

oi inde�nite sumperifèrontai entel¸c diaforetik� apì tic de�nite.

An t¸ra q(x; y) = ax

2

+ 2bxy + cy

2

jetik , tetragwnik  morf , tìte � > 0 kai a > 0.

An thn pollaplasi�soume me to �1 brÐskoume thn tetragwnik  morf  q

0

(x; y) = �ax

2

�

2bxy � cy

2

me thn Ðdia diakrÐnousa � = ac � b

2

> 0 kai a

0

= �a < 0, dhlad  q

0

(x; y)

eÐnai arnhtik .



4. Josef Louis Lagrange, Adrie-Marie Legendre 67

ParathroÔme ìti an q(x; y) eÐnai jetik  tìte kai k�je gn sia isodÔnamh proc aut n

eÐnai epÐshc jetik . ArkeÐ loipìn na melet soume tic kl�seic isodunamÐac jetik¸n

tetragwnik¸n morf¸n.

Ja endiaferìmastan na èqoume èna pl rec sÔsthma antipros¸pwn twn kl�sewn, dhlad 

mÐa mèjodo me thn opoÐa apì k�je kl�sh ja mporoÔsame na dialègoume akrib¸c mÐa

tetragwnik  morf .

OrÐzoume kat' arq n an�gwgec tetragwnikèc morfèc ekeÐnec twn opoÐwn ta stoiqeÐa

tou pÐnaka

�

a

b

b

c

�

plhroÔn tic sqèseic �

a

2

< b �

a

2

, a � c kai, an a = c tìte

0 � b �

a

2

.

Je¸rhma 4.2 K�je jetik  tetragwnik  morf  Q(X; Y ) eÐnai gn sia isodÔnamh proc

mÐa an�gwgh kai se k�je kl�sh isodunamÐac up�rqei akrib¸c mÐa an�gwgh. Tèloc isqÔei

ìti

a � 2

r

�

3

(� := ac� b

2

):

Apìdeixh: 'Estw Q(X; Y ) tetragwnik  morf  pou dÐnetai apì ton pÐnaka

�

A

B

B

C

�

kai

èstw ìti o a eÐnai o el�qistoc fusikìc arijmìc, di�foroc tou mhdenìc, pou parÐstatai

apì thn Q. Dhlad  up�rqoun (X

0

; Y

0

) 2 Z � Z, a = AX

2

0

+ BX

0

Y

0

+ CY

2

0

. Lìgw

thc upìjeshc gia ton a ja èqoume (X

0

; Y

0

) = 1, dhlad  h par�stash ja eÐnai gn sia.

Epomènwc up�rqoun (�; �) 2 Z� Z tètoia ¸ste �X

0

+ �Y

0

= 1 kai epomènwc

T =

�

X

0

��

Y

0

�

�

2 SL

2

(Z);

opìte brÐskoume k�poion kainoÔrgio pÐnaka pou orÐzei gn sia isodÔnamh tetragwnik 

morf , ton

T

�

A

B

B

C

�

T

t

=

�

X

0

��

Y

0

�

��

A

B

B

C

��

X

0

Y

0

��

�

�

=

�

a

B

0

B

0

C

0

�

me B

0

; C

0

2 Z. Epanalamb�noume to Ðdio t¸ra me k�poio pÐnaka

�

1

k

0

1

�

2 SL

2

(Z),

k 2 Z. 'Eqoume

�

1

k

0

1

��

a

B

0

B

0

C

0

��

1

0

k

1

�

=

�

a

B

0

+ak

B

0

+ka

�

�

:
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Dialègoume to k 2 Z ètsi ¸ste �

a

2

< B

0

+ ka �

a

2

kai jètoume b := B

0

+ ka,

c = �, opìte o pÐnakac

�

a

b

b

c

�

eÐnai, lìgw kataskeu c, gn sia isodÔnamoc proc ton

�

A

B

B

C

�

, plhroÐ tic �

a

2

< b �

a

2

kai a � c (h teleutaÐa anisìthta, diìti o c parÐstatai

apì thn Q(X; Y ) gia X = 0, Y = 1, en¸ o a eÐnai o el�qistoc m' aut  thn idiìthta). An

t¸ra sumbeÐ a = c kai eÐnai b < 0 tìte qrhsomopoioÔme ton pÐnaka

�

0

1

�1

0

�

2 SL

2

(Z) :

�

0

1

�1

0

��

a

b

b

a

��

0

�1

1

0

�

=

�

a

�b

�b

a

�

kai o teleutaÐoc eÐnai gn sia isodÔnamoc proc

�

A

B

B

C

�

me �

a

2

< b �

a

2

, a � c kai an

a = c, tìte b > 0.

ApodeÐxame loipìn mèqri stigm c ìti k�je jetik  tetragwnik  morf  eÐnai isodÔnamh

proc mÐa an�gwgh.

Ja apodeÐxoume t¸ra kai th monadikìthta. 'Oti dhlad  an dÔo jetikèc tetragwnikèc

morfèc eÐnai an�gwgec kai gn sia isodÔnamec, tìte kat' an�gkh oi pÐnakec eÐnai Ðsoi.

Kat' arq n apodeiknÔoume ìti, an

�

a

b

b

c

�

an�gwgoc, tìte o a eÐnai o el�qistoc fu-

sikìc arijmìc, diaforetikìc tou mhdenìc, pou parÐstatai apì thn tetragwnik  morf 

Q(X; Y ) = aX

2

+ bXY + cY

2

, dhlad  o a orÐzetai monos manta.

Pr�gmati, an

�

a

c

b

d

�

an�gwgoc, tìte h tetragwnik  morf  Q(X; Y ) dÐnei timèc

Q(x; y) � a gia x; y 2 Z kai autì diìti

� Gia 0 < jxj � jyj èpetai ìti 2bxy + cy

2

� a, dhlad  Q(x; y) � ax

2

� a.

� Gia 0 < jyj � jxj sunep�getai ax

2

+ 2bxy � 0, epomènwc Q(x; y) � cy

2

� a.

� Gia x = 0   y = 0 èpetai ìti Q(x; y) � a.

Gia x = �1, y = 0 brÐskoume t¸ra ìti par�gmati o a eÐnai o el�qistoc fusikìc pou

parÐstatai apì thn Q(X; Y ).

An t¸ra isqÔei a < c tìte oi timèc x = �1; y = 0 eÐnai oi mìnec timèc pou mac epitrèpoun

na p�roume san tim  thc tetragwnik c morf c thn el�qisth tim  a kai autì diìti
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� Gia jxj > 1 kai y = 0 èpetai ìti Q(x; y) = ax

2

> a.

� Gia x; y 6= 0, an x � y � 1 èqoume ax

2

+2bxy+cy

2

� cy

2

� a, en¸ an jyj � jxj � 1,

isqÔei ax

2

+ 2bxy + cy

2

� ax

2

� a.

'Estw t¸ra ìti oi tetragwnikèc morfèc pou antistoiqoÔn stouc pÐnakec

�

a

B

B

C

�

kai

�

a

c

b

d

�

eÐnai an�gwgec kai gn sia isodÔnamec. Up�rqei loipìn ènac pÐnakac

�

�



�

�

�

2 SL

2

(Z)

tètoioc ¸ste

�

a

B

B

C

�

=

�

�

�



�

��

a

c

b

d

��

�



�

�

�

=

�

a�

2

+2b�

2

+c

2

�

�

�

�

=) a = a�

2

+ 2b� + c

2

=) ( = 0; � = �1):

Epomènwc

�

a

B

B

C

�

=

�

�1

�

0

�1

��

a

c

b

d

��

�1

0

�

�1

�

=

�

a

�

b� �a

�

�

:

Epeid  de kai oi dÔo pÐnakec

�

a

B

B

C

�

kai

�

a

c

b

d

�

eÐnai an�gwgoi, èpetai ìti �

a

2

< b,

B �

a

2

, opìte ja prèpei � = 0, d lad  B = b.

Apì th sqèsh tèloc AC � B

2

= ac� b

2

èpetai ìti c = C dhlad 

�

A

B

B

C

�

=

�

a

b

b

c

�

:

Ja apodeÐxoume t¸ra to Ðdio sthn perÐptwsh ìpou a = c, 0 � b <

a

2

. Ed¸ h el�qisth

tim  a ��pi�netai�� ìtan (x = �1, y = 0) kai (x = 0, y = �1). H gn sia isodunamÐa

metaxÔ twn

�

a

B

B

C

�

kai

�

a

b

b

c

�

ekfr�zetai t¸ra wc ex c:

�

a

B

B

C

�

=

�

�1

�

0

�1

��

a

b

b

a

��

�1

0

�

�1

�

 

�

a

B

B

C

�

=

�

0

�1

�1

�

��

a

b

b

a

��

0

�1

�1

�

�

;
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opìte brÐskoume B = �a� + b, B = �aB � b. Oi anisìthtec 0 � b, B �

a

2

t¸ra dÐnoun

p�li � = 0, kai sunep¸c

�

a

B

B

C

�

=

�

a

b

b

c

�

:

An tèloc a = c kai b =

a

2

tìte a = c = 2b kai o pÐnakac eÐnai:

�

a

b

b

c

�

= b

�

2

1

1

2

�

:

ArkeÐ loipìn na jewr soume ton pÐnaka

�

2

1

1

2

�

. H el�qisth tim  2 dÐnetai t¸ra gia tic

timèc (x = �1; y = 0), (x = 0; y = �1), (x = �1; y = �1). Kai p�li to sumpèrasma

eÐnai B = b kai C = c.

ApodeÐxame loipìn kai thn monadikìthta.

Oi � = ac� b

2

, jbj �

a

2

kai a � c dÐnoun

4a

2

� 4ac = 4(� + b

2

) = 4� + 4b

2

� 4� + 4

a

2

4

� 4� + a

2

:

Epomènwc apì thn 3a

2

� � sunep�getai ìti a �

q

�

3

.

Pìrisma 4.3 Up�rqoun peperasmènou pl jouc (gn siec) kl�seic isodunamÐac te-

tragwnik¸n morf¸n dosmènhc diakrÐnousac �.

Apìdeixh: SÔmfwna me to je¸rhma, se k�je kl�sh isodunamÐac antistoiqeÐ mÐa akri-

b¸c an�gwgh tetragwnik  morf 

�

a

b

b

c

�

. 'Eqoume  dh deÐxei ìti a � 2

r

�

3

, dhlad 

up�rqoun peperasmènou pl jouc a. Apì th sqèsh�

a

2

< b �

a

2

èpetai ìti jbj �

a

2

epomè-

nwc jbj �

r

�

3

, dhlad  up�rqoun peperasmènou pl jouc b. Tèloc h sqèsh � = ac� b

2

mac dÐnei peperasmènou pl jouc c. ut

Par�deigma: 'Estw � = ac� b

2

= 9. 'Eqoume 2

q

�

3

= 2

p

3 (perÐpou 3; 4). Epomènwc

gia to a èqoume treic dunatìthtec a = 1; 2; 3. T¸ra jbj �

q

�

3

epomènwc jbj � 1; 74

dhlad  b = �1; 0; 1 en¸ ja prèpei �

a

2

< b �

a

2

.

An a = 1 tìte �

1

2

< b �

1

2

, �ra b = 0.
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An a = 2 tìte �1 < b � 1, �ra b = 0; 1.

An a = 3 tìte �

3

2

< b �

3

2

, �ra b = �1; 0; 1.

a b � = ac� b

2

) c =

�+ b

2

a

2 Z

1 0 c = 9

2 0, 1 c = 5 gia b = 1 (H b = 0 den dÐnei c 2 Z)

3 �1, 0, �1 c = 3, gia b = 0

Epomènwc oi tetragwnikèc morfèc eÐnai

�

a

b

b

c

�

=

�

1

0

0

9

�

;

�

2

1

1

5

�

;

�

3

0

0

3

�

:

� Jetikèc an�gwgec tetragwnikèc morfèc

1

�

1

0

0

1

�

2

�

1

0

0

2

�

3

�

1

0

0

3

�

;

�

2

1

1

2

�

4

�

1

0

0

4

�

;

�

2

0

0

2

�

5

�

1

0

0

5

�

;

�

2

1

1

3

�

6

�

1

0

0

6

�

;

�

2

0

0

3

�

7

�

1

0

0

7

�

;

�

2

1

1

4

�

8

�

1

0

0

8

�

;

�

2

0

0

4

�

;

�

3

1

1

3

�

9

�

1

0

0

9

�

;

�

2

1

1

5

�

;

�

3

0

0

3

�

10

�

1

0

0

10

�

;

�

2

0

0

5

�
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Sth sunèqeia o Lagrange ereÔnhse to prìblhma poioÐ pr¸toi arijmoÐ parÐstantai apì

thn tetragwnik  morf  x

2

+ ay

2

; a 2 Z�f0g. Dièkrine dÔo peript¸seic an�loga me to

an p = 4n� 1   p = 4n+ 1. Kat' arq n apèdeixe to:

Je¸rhma 4.4 'Estw a 2 Z� f0g. O pr¸toc arijmìc p = 4n � 1 eÐnai diairèthc thc

morf c x

2

� ay

2

tìte kai mìno tìte ìtan o p den eÐnai diairèthc thc morf c x

2

+ ay

2

.

Apìdeixh: 'Estw ìti p = 4n�1 eÐnai o diairèthc thc x

2

�ay

2

. Tìte up�rqoun (x

0

; y

0

) 2

Z�Z, tètoioi ¸ste (x

0

; y

0

) = 1 pou ikanopoioÔn thn isodunamÐa x

2

0

� ay

2

0

(mod p). Epeid 

(y

0

; p) = 1, èpetai ìti o a eÐnai tetragwnikì upìloipo (mod p). An o p  tan diairèthc kai

thc teragwnik c morf c x

2

+ ay

2

, tìte kai o arijmìc �a ja  tan tetragwnikì upìloipo

(mod p). Kat� sunèpeia o �1 ja  tan tetragwnikì upìloipo (mod p), �topo diìti

p = 4n� 1. Epomènwc an o p diaireÐ thn x

2

� ay

2

tìte den ja diaireÐ thn x

2

+ ay

2

.

'Estw t¸ra ìti o p den diaireÐ thn x

2

� ay

2

. Ja prèpei na deÐxoume ìti tìte ja diaireÐ

thn x

2

+ay

2

, dhlad  ìti o �a eÐnai tetragwnikì upìloipo (mod p), upì thn proôpìjesh

ìti o a den eÐnai. To krit rio tou Euler

�

a

p

�

� a

p�1

2

(mod p)

mac dÐnei t¸ra ìti arkeÐ na apodeÐxoume pj1 + a

p�1

2

. Epeid 

a

p�1

� 1 =

�

a

(p�1)

2

� 1

��

a

(p�1)

2

+ 1

�

� 0 (mod p) (mikrì je¸rhma Fermat)

arkeÐ na deÐxoume ìti o p den diaireÐ ton a

p�1

2

� 1.

'Estw ìti pja

(p�1)

2

� 1. Ja isqÔei loipìn

x

p�1

� 1 � x

p�1

� a

(p�1)

2

(mod p):

To polu¸numo ìmwc x

p�1

� 1 = (x

2

)

p�1

2

� a

p�1

2

diaireÐtai me to x

2

� a. Tì x

p�1

� 1

analÔetai se ginìmeno grammik¸n paragìntwn sto s¸ma IF

p

. 'Ara kai to x

2

� a ja

k�nei to Ðdio, dhlad  h isodunamÐa x

2

� a � 0 (mod p) èqei lÔsh. Epomènwc up�rqei

x

0

2 Z tètoio ¸ste o p na diaireÐ to x

2

0

� a dhlad  o p eÐnai diairèthc thc x

2

� ay

2

(gia

x = x

0

; y = 1), �topo. ut

Entel¸c an�loga, mporeÐ kaneÐc na apodeÐxei ìti:
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Je¸rhma 4.5 K�je inde�nite tetragwnik  morf  eÐnai gn sia isodÔnamh proc mÐa thc

opoÐac o pÐnakac

�

a

b

b

c

�

èqei stoiqeÐa pou plhroÔn tic parak�tw sqèseic:

jaj � jcj; jbj �

a

2

:

ShmeÐwsh: En gènei h an�gwgh morf  mi�c inde�nite tetragwnik c morf c den eÐnai

monos manta orismènh. Epeid  � = ac�b

2

< 0 èpetai ìti ac < 0 kai sunep¸c j�j � 5b

2

,

dhlad  jbj �

r

j�j

5

.

'Opwc kai stic jetikèc tetragwnikèc morfèc mporoÔme na fti�xoume èna pÐnaka:

� An�gwgec inde�nite tetr. morfèc (ìqi kat' an�gkh mh isodÔnamec)

�2

�

1

0

0

�2

�

;

�

�1

0

0

2

�

�3

�

1

0

0

�3

�

;

�

�1

0

0

3

�

�5

�

1

0

0

�5

�

;

�

�1

1

1

5

�

;

�

2

1

1

�2

�

;

�

�2

1

1

2

�

�6

�

1

0

0

�6

�

;

�

�1

0

0

6

�

;

�

2

0

0

�3

�

;

�

�2

0

0

3

�

Ja d¸soume t¸ra merikèc efarmogèc:

(i) K�je pr¸toc thc morf c p = 8n + 3 parÐstatai apì thn tetragwnik 

morf  X

2

+ 2Y

2

.

(ii) K�je pr¸toc thc morf c p = 12n + 7 parÐstatai apì thn tetragwnik 

morf  X

2

+ 3Y

2

.

(iii) K�je pr¸toc thc morf c p = 24n + 7 parÐstatai apì thn tetragwnik 

morf  X

2

+ 6Y

2

.

Apìdeixh:
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(i) 'Estw ìti o p eÐnai diairèthc thc X

2

� 2Y

2

. SÔmfwna me to Je¸rhma 4.1, up�rqei

tetragwnik  morf  me Ðdia diakrÐnousa pou parist� ton p. SÔmfwna me ton pÐnaka

o p ja parÐstatai apì tetragwnik  morf  X

2

� 2Y

2

  �X

2

+ 2Y

2

. H X

2

� 2Y

2

dÐnei ìmwc (mod 8) �1 kai ìqi 3 (to Ðdio kai h �X

2

+ 2Y

2

). 'Ara o p den eÐnai

diairèthc thc X

2

� 2Y

2

sunep¸c o p eÐnai diairèthc thc X

2

+ 2Y

2

. H diakrÐnousa

thc teleutaÐac eÐnai 2. Epeid  de up�rqei mìno mÐa kl�sh èpetai ìti o p parÐstatai

apì thn X

2

+ 2Y

2

.

(ii) 'Estw ìti o pr¸toc p = 12n + 7 eÐnai gn sioc diairèthc thc X

2

� 3Y

2

. Ja parÐ-

statai lopìn apì thn X

2

� 3Y

2

  �X

2

+ 3Y

2

. An jewr soume tic tetragwnikèc

morfèc (mod 12) ta dunat� peritt� upìloipa (mod 12) eÐnai �1;�9;�3 all� ìqi

7. Epomènwc o p den eÐnai diairèthc thc X

2

� 3Y

2

kai, sÔmfwna me to teleutaÐo

je¸rhma, ja eÐnai k�poioc diairèthc thc X

2

+ 3Y

2

(H �llh an�gwgh tetragwnik 

morf  diakrÐnousac 3, 2X

2

+ 2XY + 2Y

2

parist� mìno �rtiouc). Wste:

K�je pr¸toc p = 12n+ 7 parÐstatai apì thn X

2

+ 3Y

2

.

(iii) Upojètoume ìti o p = 24n + 7 eÐnai ènac diairèthc thc X

2

� 6Y

2

. Tìte (dec

prohgoÔmeno pÐnaka) ja parÐstatai apì k�poia twn tetragwnik¸n morf¸n

�(X

2

� 6Y

2

);   � (2X

2

� 3Y

2

):

EÔkola blèpei kaneÐc ìti autèc oi tetragwnikèc morfèc den dÐnoun 7 (mod 24).

Epomènwc o p parÐstatai apì thn X

2

+ 6Y

2

  2X

2

+ 3Y

2

. H deÔterh den dÐnei

7 (mod24) sunep¸c o p parÐstatai apì thn X

2

+ 6Y

2

. ut

An�loga o Lagrange apodeiknÔei ìti, an o p eÐnai thc morf c p = 4n+ 1, tìte o p eÐnai

diairèthc thc X

2

+ aY

2

an kai mìno an o p eÐnai diairèthc thc X

2

� aY

2

kai bg�zei

sumper�smata ìpwc:

� K�je pr¸toc arijmìc thc morf c p = 8n+ 1 parÐstatai apì thn X

2

+ 2Y

2

.

� K�je pr¸toc arijmìc thc morf c p = 12n+ 1 parÐstatai apì thn X

2

+ 3Y

2

.
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� K�je pr¸toc arijmìc thc morf c p = 20n+ 1 parÐstatai apì thn X

2

+ 5Y

2

.

'Estw t¸ra Q jetik  tetragwnik  morf  parist¸menh apì ton pÐnaka M . 'Enac pÐnakac

T 2 GL

2

(Z) ja lègetai mÐa mon�da (  ènac automorfismìc) thc Q an kai mìno an

T

t

MT =M , dhlad  ìtan o T stèlnei thn Q ston eautì thc.

MÐa mon�da (automorfismìc) thc Q ja lègetai gn sia an det(T ) = 1. To sÔ-

nolo twn gnhsÐwn mon�dwn thc Q apoteleÐ upoom�da thc SL

2

(Z), èstw U

Q

. An dÔo

tetragwnikèc morfèc Q kai Q

0

pou parÐstantai apì touc pÐnakec M kai N eÐnai gn sia

isodÔnamec, dhlad 

M = U

t

NU; me U 2 SL

2

(Z)

tìte h sun�rthsh T ! UTU

�1

eÐnai isomorfismìc metaxÔ twn om�dwn U

Q

kai U

Q

0

.

H apìdeixh tou teleutaÐou isqurismoÔ af netai san �skhsh ston anagn¸sth.

QwrÐc periorismì thc genikìthtac t¸ra mporoÔme na upojèsoume ìti hQ eÐnai an�gwgh.

IsqÔei to ex c: (qwrÐc apìdeixh, dec ìmwc thn apìdeixh tou Jewr matoc 2)

Je¸rhma 4.6 Oi gn siec mon�dec thc Q(X; Y ) = a(X

2

+ Y

2

) eÐnai

�

�

1

0

0

1

�

kai

�

0

�1

�1

0

�

:

Thc Q(X; Y ) = a(X

2

+ 2XY + Y

2

) eÐnai

�

�

1

0

0

1

�

;

�

0

�1

�1

1

�

kai

�

�1

�1

�1

0

�

:

K�je �llh an�gwgh tetragwnik  morf  èqei mon�dec �

�

1

0

0

1

�

.

'Ena �llo prìblhma me to opoÐo asqol jhke o Lagrange  tan h exÐswsh (tou Fermat)

x

2

� dy

2

= 1:

Gia na lÔsei autì to prìblhma o Lagrange k�nei qr sh kai epekteÐnei th jewrÐa twn

suneq¸n klasm�twn. Ac jewr soume kat' arq n thn tetragwnik  morf  pou parÐstatai
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apì ton pÐnaka:

�

1

0

0

�d

�

. Tìte o

�

x

y

u

v

�

2 GL

2

(Z) eÐnai mon�da an kai mìno an

�

x

u

y

v

�

�

1

0

0

�d

��

x

y

u

v

�

=

�

1

0

0

�d

�

dhlad 

�

x

y

u

v

�

mon�da tìte kai mìno tìte ìtan

x

2

� dy

2

= 1; xu� dyv = 0; u

2

� dv

2

= �d:

Gia (x = �1; y = 0) brÐskoume u = 0, v = �1. Gia x; y 6= 0 èqoume

u =

dyv

x

; �d =

d

2

y

2

v

2

x

2

� dv

2

:

Sunep¸c

dy

2

v

2

� v

2

x

2

= �x

2

=) v

2

(x

2

� dy

2

) = x

2

=) v

2

= x

2

=) v = �x:

Epomènwc kai u = �dy. Oi mon�dec loipìn eÐnai

�

�

1

0

0

1

�

; �

�

1

0

0

�1

�

;

�

x

y

dy

x

�

;

�

x

y

�dy

�x

�

kai oi mon�dec me orÐzousa 1

�

�

1

0

0

1

�

;

�

x

y

dy

x

�

O Lagrange anèptuxe kat� susthmatikì trìpo th jewrÐa twn suneq¸n klasm�twn.

'Estw � 2 R. An � 62 Z orÐzoume � := a

0

+

1

�

1

me a

0

:= [�]; �

1

> 1. SuneqÐzoume ìmoia:

�

1

:= a

1

+

1

�

2

; me a

1

:= [�

1

]; �

2

> 1 an �

1

62 Z:

�

n

:= a

n

+

1

�

n+1

; me a

n

:= [�

n

]; �

n+1

> 1 an �

n

62 Z:

MporoÔme loipìn na gr�youme

� = a

0

+

1

a

1

+

1

a

2

+

.

.

.

+

1

a

n

+

1

�

n+1
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H akoloujÐa a

1

; a

1

; a

2

; : : : kaleÐtai to an�ptugma tou � se suneqèc kl�sma.

Ed¸ ja asqolhjoÔme en suntomÐa me ta apotelèsmata thc jewrÐac. O endiaferìmenoc

mporeÐ na breÐ tic apodeÐxeic sto [3]   sto [9].

S.K. 1 To an�ptugma se suneqèc kl�sma tou arijmoÔ � eÐnai peperasmèno an kai

mìno an � 2 Q .

Suneq  kl�smata twn

� : 3; 7; 15; 1; 293; : : :

e : 2; 1; 2; 1; 1; 4; 1; 1; 6; 1; : : :

p

2 : 1; 2; 2; 2; : : :

p

3 : 1; 1; 2; 1; 2; 1; : : :

p

5 : 2; 4; 4; 4; : : :

p

6 : 2; 2; 4; 2; 4; 2; : : :

An a

0

; a

1

; � � � ; a

n

2 R, a

1

; a

2

; � � � ; a

n

� 1 gr�foume

ha

0

; a

1

; � � � ; a

n

i := a

0

+

1

a

1

+

1

a

2

+

.

.

.

+

1

a

n�1

+

1

a

n

An a

n

> 1 mproÔme na gr�youme a

n

= a

n

� 1 +

1

1

, opìte

ha

0

; a

1

; a

2

; � � � ; a

n

i = ha

0

; a

1

; � � � ; a

n�1

; a

n

�1; 1i :

To suneqèc kl�sma, loipìn, rhtoÔ arijmoÔ eÐnai monos manta orismèno, all� èqei, kat�

boÔlhsh, �rtio   perittì m koc.

S.K. 2: An ha

0

; a

1

; � � � ; a

m

i = hb

0

; b

1

; � � � ; b

n

i, a

i

; b

j

2 Z, a

i

� 1, b

j

� 1 kai a

m

; b

n

> 1

tìte m = n kai a

i

= b

i

gia k�je i = 1; 2; 3 � � � ; m. An � = ha

0

; a

1

; � � �a

n

i to suneqèc

kl�sma rhtoÔ arjmoÔ (a

n

> 1) tìte o rhtìc arijmìc

P

i

Q

i

= ha

o

; a

1

; � � � ; a

i

i ja lègetai i-

ostìc sugklÐnwn tou suneqoÔc kl�smatoc. Jètoume P

�2

= Q

�1

= 0, P

�1

= Q

�2

= 1.
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S.K. 3: IsqÔei:

8

<

:

P

i

= a

i

P

i�1

+ P

i�2

Q

i

= a

i

Q

i�1

+Q

i�2

9

=

;

0 � i � n:

S.K. 4: IsqÔoun ta akìlouja:

(i) P

k

Q

k�1

�Q

k

P

k�1

= (�1)

k�1

, gia 1 � k � n.

(ii) Gia k�je k tètoio ¸ste 0 � k � n, isqÔei (P

k

; Q

k

) = 1.

(iii)

P

k

Q

k

�

P

k�1

Q

k�1

=

(�1)

k�1

Q

k

Q

k+1

.

(iv)

P

k

Q

k

�

P

k�2

Q

k�2

=

(�1)

k

a

k

Q

k

Q

k�2

.

(v) Q

i

� Q

i�1

, gia k�je i, 1 � i � n (m�lista de me austhr¸c jetik  anisìthta gia

i > 1, opìte prokÔptei ìti Q

i

> i gia k�je i = 1; 2; : : : ; n).

(vi)

P

0

Q

0

<

P

2

Q

2

< � � � <

P

n

Q

n

< � � � <

P

3

Q

3

<

P

1

Q

1

(vii) Gia k�je i, 1 � i � n isqÔei:

j��

P

i

Q

i

j < j��

P

i�1

Q

i�1

j kai j�Q

i

� P

i

j < j�Q

i�1

� P

i�1

j:

ShmeÐwsh: 'Olec oi idiìthtec thc S.K. 4 isqÔoun kai gia �peira suneq  kl�smata,

arkeÐ na egkataleÐyoume ta �nw fr�gmata gia touc deÐktec.

PaÐrnoume thn akoloujÐa

�

P

2k

Q

2k

�

k�0

h opoÐa eÐnai aÔxousa kai fragmènh apì p�nw kai

�

P

2k+1

Q

2k+1

�

k�0

h opoÐa eÐnai fjÐnousa kai fragmènh apì k�tw. An

lim

k!1

P

2k

Q

2k

= S kai lim

k!1

P

2k+1

Q

2k+1

= T

apodeiknÔetai ìti S = T , dhlad  k�je �peiro suneqèc kl�sma ha

0

; a

1

; � � � ; a

n

; : : :i

parist� èna pragmatikì arjmì (profan¸c lìgw S.K. 1, �rrhto).
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IsqÔei de kai to antÐstrofo, dhlad  ìti

S.K. 5: K�je �rrhtoc arijmìc, parÐstatai san suneqèc kl�sma kat� trìpo monadikì.

K�je suneqèc kl�sma thc morf c ha

0

; a

1

; : : : ; a

n�1

; b

1

; b

2

; : : : ; b

k

; b

1

; b

2

; : : : ; b

k

; : : :i ja lè-

getai periodikì (gr�fetai




a

0

; a

1

; : : : ; a

n�1

; b

1

; b

2

; : : : ; b

k

�

).

IsqÔei:

S.K. 6: O � 2 R anaptÔssetai se periodikì suneqèc kl�sma an kai mìno an � =

� + �

p

d, �; � 2 Q kai d 2 N , d ìqi tèleio tetr�gwno.

E�n t¸ra h perÐodoc arqÐzei apì thn arq , d lad  � = ha

0

; a

1

; : : : ; a

n�1

i tìte to suneqèc

kl�sma lègetai kajar� periodikì. IsqÔei de

S.K. 7: O � = �+ �

p

d anaptÔssetai se kajar� periodikì kl�sma tìte kai mìno tìte

ìtan � > 1 kai �1 < �

0

< 0 ìpou �

0

= �� �

p

d.

Me thn bo jeia t¸ra twn parap�nw apodeiknÔetai to

Je¸rhma 4.7 'Olec oi jetikèc lÔseic thc x

2

�dy

2

= �1 dÐnontai apì touc sugklÐnontec

tou anaptÔgmatoc tou suneqoÔc kl�smatoc tou arijmoÔ

p

d. An n eÐnai to m koc thc

periìdou tou suneqoÔc kl�smatoc

p

d kai o n eÐnai �rtioc tìte h x

2

� dy

2

= �1 den

èqei lÔsh. S' aut  thn perÐptwsh ìlec oi jetikèc lÔseic thc x

2

� dy

2

= 1 dÐnontai apì

x = P

nj�1

, y = Q

nj�1

gia j = 1; 2; 3; : : :. An t¸ra o n eÐnai perittìc, ìlec oi jetikèc

lÔseic thc x

2

� dy

2

= �1 dÐnontai apì x = P

nj�1

kai y = Q

nj�1

; j = 1; 3; 5; : : : kai ìlec

oi jetikèc lÔseic thc x

2

� dy

2

= 1 apì x = P

nj�1

; y = Q

nj�1

, gia j = 2; 4; 6; : : :

IsqÔei akìmh kai to

Je¸rhma 4.8 'Estw (x

1

; y

1

) h el�qisth lÔsh thc x

2

�dy

2

= 1. 'Olec oi jetikèc lÔseic

tìte dÐnontai apì tic sqèseic

x

n

+ y

n

p

d = (x

1

+ y

1

p

d)

n

n = 1; 2; 3; : : :

ParadeÐgmata:
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(1) 'Estw d = 2, dhlad  èqoume thn exÐswsh x

2

� 2y

2

= 1. IsqÔei:

p

2 = 1 + (

p

2� 1) = 1 +

1

p

2 + 1

= 1 +

1

2 + (

p

2� 1)

=




1; 2

�

:

O n = 1, perittìc. Epomènwc ìlec oi lÔseic dÐnontai apì

x = P

j�1

; y = Q

j�1

; j = 2; 4; 6; � � �

H pio mikr  x = P

1

, y = Q

1

�2 �1 0 1 2

a

i

1 2 2

P

i

0 1 1 3 7

Q

i

1 0 1 2 5

Epomènwc �

1

= 3 +

p

2 kai x

n

+ y

n

p

2 = (3 + 2

p

2)

n

, n = 1; 2; 3; : : :.

(2) 'Estw d = 33,

p

33 = [5; 1; 2; 1; 10] kai n = 4 �rtioc.

�2 �1 0 1 2 3 4

a

i

5 1 2 1 10

P

i

0 1 5 6 17 23 247

Q

i

1 0 1 1 3 4 43

Oi lÔseic ja eÐnai:

x = P

4j�1

; y = Q

4j�1

:

H mikrìterh x = P

3

= 23; y = Q

3

= 4. 'Ara ìlec oi �llec x

n

+ y

n

p

d =

(23 + 4

p

33)

n

; n 2 N .
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O Adrien-Marie Legendre genn jhke sto ParÐsi to 1752. 'Opwc kai o Lagrange up rxe

gìnoc ploÔsiac oikogeneÐac. Sta 1770 �rqise tic spoudèc tou sta Majhmatik� kai th

Fusik . 'Htan oikonomik� anex�rthtoc kai ètsi mporoÔse na afier¸nei ton qrìno tou

sthn èreuna. Apì to 1775 mèqri to 1780  tan d�skaloc thc Ecole Militaire sto ParÐsi.

Met� to 1783 katalamb�nei di�forec jèseic sth Gallik  AkadhmÐa, sthn arq  san

di�doqoc tou Laplace san \adjoint mecanicien" kai argìtera apì to 1785 san \associe".

To 1782 kèrdise èna brabeÐo thc AkadhmÐac tou BerolÐnou me mÐa ergasÐa me jèma apì

thn perioq  thc Ballistik c. Autì up rxe kai h aitÐa pou ton prìsexe o Lagrange.

Argìtera dhmosÐeuse ergasÐec p�nw sthn JewrÐa Arijm¸n, Our�nio Mhqanik  kai sth

JewrÐa twn Elleiptik¸n Sunart sewn. Kat� th Gallik  Epan�stash èqase ìlh tou

thn periousÐa kai upoqre¸jhke na paraithjeÐ apì th jèsh tou sthn AkadhmÐa. Apì to

1799 mèqri to 1815  tan exetast c thc Ecole Polytechnique. Apì to 1813 kai mèqri to

j�natì tou to 1833 diadèqjhke ton Lagrange sto Bureau des Longitudes.

To èrgo tou sth JewrÐa twn Arijm¸n apoteleÐtai apì mÐa ergasÐa me tÐtlo \Recherches

d' Analyse Ind�etermin�ees" pou ègine dekt  sthn Gallik  AkadhmÐa to 1785 (dhmosieÔ-

jhke sta 1788) ('Otan o Gauss anak�luye thn ergasÐa aut  sth biblioj kh tou Pane-

pisthmÐou tou G�ottingen, ègraye ston d�skalì tou Zimmerman ton ex c qarakthrismì

gia to biblÐo \eine vortre�iche Abhandlung") kai èna biblÐo JewrÐac Arijm¸n to

opoÐa ekdìjhke sta 1798 me ton tÐtlo: Essai sur la theorie des nombres. Sto biblÐo

perigr�fei tic gn¸seic JewrÐac Arijm¸n thc epoq c (metaxÔ �llwn apotelèsmata twn

Euler, Lagrange) kaj¸c kai polloÔc pÐnakec gia na deÐxei apotelèsmata pou pÐsteue

thn al jeia touc all� den mporoÔse na apodeÐxei. To èrgo xanaekdìjhke me pollèc

prosj kec sta 1808 kai, dÐtomo, sta 1830 me tÐtlo ��JewrÐa Arijm¸n��. Ja prèpei Ðswc

na parathr sei kaneÐc ìti to perieqìmeno tou biblÐou uperker�sthke apì to sta 1801

ekdojèn biblÐo tou Gauss \Disquisitiones Arithmeticae".

'Ena apì ta basik� jewr mata pou apèdeixe o Legendre sto trÐto mèroc twn Recherches

tou eÐnai to akìloujo:

Je¸rhma 4.9 'Estw ìti a; b; c eÐnai akèraioi ìqi kai oi treic me to Ðdio prìshmo kai
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abc eleÔjerou tetrag¸nou. H exÐswsh aX

2

+ bY

2

+ cZ

2

= 0 èqei mÐa akèraia lÔsh me

(x; y; z) 6= (0; 0; 0) tìte kai mìno tìte ìtan �bc;�ca;�ab eÐnai tetragwnik� upìloipa

(mod jaj); (mod jbj) kai (mod jcj) antÐstoiqa.

MÐa apìdeixh tou jewr matoc autoÔ ja d¸soume argìtera.

Sto tètarto mèroc thc ergasÐac tou (Recherches) o Legendre qrhsimopoieÐ to je¸rhma

autì sthn prosp�jei� tou na apodeÐxei ton gnwstì s mera san tetragwnikì nìmo

antistrof c. 'Opwc eÐnai gnwstì, prìkeitai gia mÐa sqèsh an�mesa sto legìmeno

s mera sÔmbolo tou Legendre

�

p

q

�

kai

�

q

p

�

to opoÐo eis qjh apì ton Legendre sta

1798. Sthn prosp�jei� tou aut  o Legendre eÐqe mìno merik  epituqÐa. Autì pou k�nei

eÐnai na xeqwrÐzei 8 peript¸seic an�loga me tic timèc twn p kai q (mod4) kai thc tim c

�

p

q

�

. To Ðdio epiqeÐrhma qrhsimopoieÐ kai o Gauss sthn pr¸th tou apìdeixh (dec [5],

�rjro 136). Se k�je mÐa apì autèc tic peript¸seic o Legendre eis�gei mÐa kat�llhlh

exÐswsh thc morf c aX

2

+bY

2

+cZ

2

= 0 me a � b � c � 1(mod4). H exÐswsh aut  den

èqei mh-tetrimmènh lÔsh diìti h isodunamÐa aX

2

+ bY

2

+ cZ

2

� 0 (mod 4) den èqei lÔsh.

SÔmfwna loipìn me to prohgoÔmeno je¸rhma, den mporoÔn oi arijmoÐ �bc;�ca;�ab na

eÐnai kai oi treÐc tetragwnik� upìloipa (mod jaj), (mod jbj) kai (mod jcj) antistoÐqwc.

Se k�je parÐptwsh o Legendre prospajeÐ na dialèxei ta a; b; c kat� tètoio trìpo ¸ste

na èqei to apotèlesma pou jèlei.

PaÐrnei kat' arq n

p � 1 (mod4); q � �1 (mod 4);

�

p

q

�

= �1

kai jewreÐ thn exÐswsh X

2

+ pY

2

� qZ

2

= 0. Lìgw thc

�

�1

q

�

= �1 èpetai

�

�p

q

�

= 1.

Epeid 

�

pq

1

�

= 1 kai

�

�p

q

�

= 1 èqoume

�

q

p

�

= �1 ìpwc pr�gmati qrei�zetai gia na

isqÔei o tetragwnikìc nìmoc antistrof c.

To Ðdio mporoÔme na k�noume gia q � q

0

� �1 (mod4) kai

�

q

q

0

�

= 1, k�nontac qr sh

thc exÐswshc

X

2

� qY

2

� q

0

Z

2

= 0:
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T¸ra paÐrnoume q � q

0

� �1(mod4),

�

q

q

0

�

= �1 kai jewroÔme thn pX

2

�qY

2

�q

0

Z

2

= 0

ìpou o p eÐnai k�poioc pr¸toc pou plhroÐ tic sunj kec

p � 1 (mod4);

�

p

q

�

= �1;

�

p

q

0

�

= �1:

Opìte, ìpwc kai parap�nw, ja prèpei

�

q

0

q

�

= 1, dhlad  na isqÔei kai ed¸ o tetragwnikìc

nìmoc antistrof c.

To prìblhma bèbaia pou mènei anoiqtì eÐnai an up�rqei pr¸toc me autèc tic idiìthtec.

Up�rqei tètoioc pr¸toc an h arijmhtik  prìodoc

n

4qq

0

x +mjme x 2 Z kai 0 < m < 4qq

0

tètoio ¸ste m � 1 (mod4);

�

m

q

�

= �1;

�

m

q

0

�

= �1

o

perièqei ènan pr¸to. O Legendre  tan pepeismènoc ìti k�je arijmhtik  prìodoc fax +

bjx 2 Z me (a; b) = 1g perièqei �peirouc to pl joc pr¸touc.

��'Iswc eÐnai anagkaÐo na apodeiqjeÐ autì prosektik���, ègrafe sta 1785. ��Den

prèpei na amfib�lloume gi' autì��, ègraye sta 1798. H pr¸th p�ntwc apìdeixh,

an kei ston Dirichlet (1837) o opoÐoc anèptuxe mÐa pèra gia pèra prwtìtuph mèjodo.

To apotèlesma autì jewreÐtai mÐa apì tic pio spoudaÐec suneisforèc tou Dirichlet sta

Majhmatik�.

O Legendre je¸rhse to je¸rhma autì tou Dirichlet san èna eÐdoc axi¸matoc kai sunè-

qise all� met�  rjan ta. . . qeirìtera.

Ac p�roume t¸ra thn perÐptwsh pou p � p

0

� 1 (mod 4), kai ac jewr soume thn pX

2

+

p

0

Y

2

� qZ

2

= 0 ìpou q eÐnai pr¸toc arijmìc pou plhroÐ tic sqèseic:

q � �1 (mod 4);

�

q

p

0

�

= 1;

�

p

q

�

= �1

  thn exÐswsh X

2

+ pY

2

� p

0

qZ

2

= 0, ìpou q pr¸toc q � �1 (mod4),

�

p

q

�

= �1. To

prìblhma ìmwc eÐnai kai p�li an up�rqei tètoioc pr¸toc.

K�ti tètoio ja mporoÔse na  tan sunèpeia tou jewr matoc tou Dirichlet kai tou tetra-

gwnikoÔ nìmou antistrof c! Kat' autìn ton trìpo ��braqukukl¸jhke�� h apìdeixh tou
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Legendre, en¸ eÐnai amfÐbolo, ìpwc shmeÐwse kai o Gauss sto �rjro 297, an mporoÔse

na apodeiqjeÐ alli¸c. Autì ìmwc to ��braqukÔklwma�� den apètreye ton Legendre apì

to na dhl¸nei pikramènoc se gr�mma tou proc ton Jacobi sta 1827 ìti �dika o Gauss

isqurÐzetai ìti anak�luye pr¸toc ton tetragwnikì nìmo antistrof c.

'Opwc eÐpame kai piì mprost� h eikasÐa tou Fermat eÐqe lujeÐ gia n = 4 apì ton Ðdio

ton Fermat kai gia n = 3 apì ton Euler. Apì tìte to prìblhma apoteloÔse prìklhsh

gia touc arijmojewrhtikoÔc. Stic ekdìseic tou 1798 kai tou 1808 tou biblÐou tou o

Legendre den èdwse tÐpote perissìtero apì tic apodeÐxeic twn Fermat kai Euler gia

n = 4 kai 3 antÐstoiqa. To endiafèron gia to prìblhma xanazwnt�neye sto ParÐsi tic

epìmenec dekaetÐec, idiaÐtera met� thn anakoÐnwsh thc Gallik  AkadhmÐac na d¸sei èna

brabeÐo se ergasÐa sqetik  me th JewrÐa Arijm¸n. O Olbers epèsthse thn prosoq 

tou Gauss s' autì to gegonìc, kai o Gauss ap�nthse ìti den ton endiafèrei polÔ to

prìblhma all� h lÔsh tou ja prokÔyei kat� th gn¸mh tou, mèsw thc epèktashc thc

jewrÐac thc an¸terhc arijmhtik c (einer grossen Erweiterung der h�oheren Arithmetik).

Sto metaxÔ �rqise na douleÔei sto prìblhma h Sophie Germain kai anak�luye sÔntoma

endiafèronta apotelèsmata.

Sta 1825 oi Dirichlet kai Legendre apèdeixan thn eikasÐa tou Fermat gia n = 5 (k�no-

ntac qr sh thc mejìdou thc kajìdou tou Fermat). O Dirichlet apèdeixe pr¸toc ìti h

exÐswsh x

5

+ y

5

+ z

5

= 0 den èqei mh-tetrimmènh akèraia lÔsh sthn perÐptwsh pou ènac

apì touc agn¸stouc eÐnai pollapl�sio tou 10. O Legendre qrhsimopoÐhse tic teqnikèc

tou Dirichlet kai èluse to prìblhma qwrÐc periorismì. Sto tèloc thc zw c tou euqa-

rist jhke idiaitèrwc pou eÐde th jewrÐa twn elleiptik¸n sunart sewn na epekteÐnetai

tìso me thn suneisfor� twn Abel kai Jacobi.

Ja kleÐsoume me th melèth thc diofantik c exÐswshc

ax

2

+ by

2

+ cz

2

= 0

ìpou oi a; b; c den diairoÔntai me to tetr�gwno pr¸tou arijmoÔ kai (a; b) = (b; c) =

(a; c) = 1.
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Gia na èqei h exÐswsh mh-tetrimmènh lÔsh ja prèpei na mhn eÐnai ìloi oi a; b; c sugqrìnwc

jetikoÐ   ìloi sugqrìnwc arnhtikoÐ.

'Estw m kai n mh mhdenikoÐ akèraioi. Me mRn sumbolÐzoume thn prìtash:

��O m eÐnai tetragwnikì upìloipo (modn)��

Epanalamb�noume to je¸rhma tou Legendre:

Je¸rhma 4.10 'Estw a; b; c akèraioi di�foroi tou mhdenìc twn opoÐwn to ginìmeno den

diaireÐtai me to tetr�gwno pr¸tou arijmoÔ. Upojètoume akìmh ìti den eÐnai kai oi treic

omìdhmoi kai (a; b) = (b; c) = (a; c) = 1. Tìte h exÐswsh aX

2

+ bY

2

+ cZ

2

= 0 èqei mÐa

mh-tetrimmènh akèraia lÔsh an kai mìno an

(i) �abRc

(ii) �acRb

(iii) �bcRa.

Kat' arq n apodeiknÔoume ta parak�tw dÔo l mmata:

L mma 4.11 'Estw �; �; � jetikoÐ pragmatikoÐ arijmoÐ me ginìmeno ��� = m, m akè-

raioc. Tìte k�je isodunamÐa thc morf c �x+�y+z � 0(modm) èqei mÐa mh-tetrimmènh

lÔsh (x; y; z), tètoia ¸ste jxj � �; jyj � �; jzj � �.

Apìdeixh: 'Estw ìti to x diatrèqei touc 0; 1; 2; : : : ; [�], to y touc 0; 1; 2; : : : ; [�] kai to

z touc 0; 1; 2; : : : ; [�]. Sunolik� èqoume (1 + [�])(1 + [�])(1 + [�]) diaforetikèc tri�dec

(x; y; z). AfoÔ (1 + [�])(1 + [�])(1 + [�]) > ��� = m èpetai ìti up�rqoun dÔo tri�dec

(x

1

; y

1

; z

1

) kai (x

2

; y

2

; z

2

) tètoiec ¸ste:

�x

1

+ �y

1

+ z

1

� �x

2

+ �y

2

+ z

2

(modm)

=) �(x

1

� x

2

) + �(y

1

� y

2

) + (z

1

� z

2

) � 0 (modm)

ìpou jx

1

� x

2

j � [�] � �, jy

1

� y

2

j � �, jz

1

� z

2

j � �. ut
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L mma 4.12 Upojètoume ìti h tetragwnik  morf  aX

2

+ bY

2

+ cZ

2

analÔetai se

ginìmeno prwtob�jmiwn paragìntwn mod m kai mod n. An (m;n) = 1 tìte aX

2

+ bY

2

+

cZ

2

analÔetai se ginìmeno grammik¸n paragìntwn (modmn).

Apìdeixh: 'Eqoume

aX

2

+ bY

2

+ cZ

2

� (�

1

X + �

1

Y + 

1

Z)(�

2

X + �

2

Y + 

2

Z) (modm)

aX

2

+ bY

2

+ cZ

2

� (�

3

X + �

3

Y + 

3

Z)(�

4

X + �

4

Y + 

4

Z) (modn)

Dialègoume �; �; ; �

0

; �

0

; 

0

ètsi ¸ste:

� � �

1

; � � �

1

;  � 

1

; �

0

� �

2

; �

0

� �

2

; 

0

� 

2

(modm)

� � �

3

; � � �

3

;  � 

3

; �

0

� �

4

; �

0

� �

4

; 

0

� 

4

(modn)

(je¸rhma upoloÐpwn tou Kinèzou). Tìte h isodunamÐa

aX

2

+ bY

2

+ cZ

2

� (�X + �Y + Z)(�

0

X + �

0

Y + 

0

Z)

isqÔei (modm) kai (modn). Epomènwc eÐnai swst  kai (modmn). ut

Apìdeixh tou jewr matoc:

'Estw aX

2

+bY

2

+cZ

2

= 0, èqei mÐa lÔsh (x

0

; y

0

; z

0

) 6= 0. DiairoÔme touc x

0

; y

0

; z

0

me ton

mègisto koinì diairèth (x

0

; y

0

; z

0

) kai brÐskoume mÐa lÔsh (x

1

; y

1

; z

1

) me (x

1

; y

1

; z

1

) = 1.

IsqÔei (c; x

1

) = 1. 'Estw p pr¸toc, pjc kai pjx

1

. AfoÔ abc den diaireÐtai me to tetr�gwno

pr¸tou arijmoÔ èpetai ìti o p den diaireÐ ton b. All� pjcx

1

sunep¸c pjby

2

1

, epomènwc

pjy

1

, dhlad  p

2

j(ax

2

1

+ by

2

1

) apì to opoÐo sumperaÐnoume ìti p

2

jcz

2

1

dhlad  pjz

2

1

) pjz

1

.

Epomènwc ja eÐqame pj(x

1

; y

1

; z

1

) = 1, �topo.

'Estw u h lÔsh thc isodunamÐac ux

1

� 1 (mod c). H exÐswsh ax

2

1

+ by

2

1

+ cz

2

1

= 0

dÐnei ax

2

1

+ by

2

1

� 0 (mod c) epomènwc u

2

b

2

y

2

1

� �ab (mod c) dhlad  �abRc. 'Omoia

apodeiknÔetai ìti �bcRa kai �acRb.

Antistrìfwc, upojètoume ìti isqÔoun oi sqèseic (i), (ii) kai (iii). Profan¸c den all�-

zoun an ta a; b; c ta antikatast soume me �a;�b;�c antÐstoiqa. QwrÐc periorismì thc
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genikìthtac loipìn upojètoume ìti a > 0, b < 0, c < 0.

'Estw r mÐa lÔsh thc isodunamÐac r

2

� �ab(mod c), kai a

1

mÐa lÔsh thc aa

1

� 1(mod c).

Epomènwc

aX

2

+ bY

2

� aa

1

(aX

2

+ bY

2

) � a

1

(a

2

X

2

+ abY

2

)

� a

1

(a

2

X

2

� r

2

Y

2

) � a

1

(aX � rY )(aX + rY )

� (X � a

1

rY )(aX + rY ) (mod c)

=) aX

2

+ bY

2

+ cZ

2

� (X � a

1

rY )(aX + rY ) (mod c):

ApodeÐxame loipìn ìti to aX

2

+ bY

2

+ cZ

2

analÔetai se ginìmeno dÔo prwtobajmÐwn

paragìntwn (mod c). 'Omoia apodeiknÔetai to Ðdio (mod a) kai (mod b). Apì to L mma

4.2 t¸ra paÐrnoume:

aX

2

+ bY

2

+ cZ

2

� (�X + �Y + Z)(�

0

X + �

0

Y + 

0

Z) (modabc):

Efarmìzoume to L mma 1 sthn isodunamÐa �X + �Y + Z � 0 (modabc) me � :=

p

bc,

� :=

p

jacj, � :=

p

jabj kai sumperaÐnoume ìti h isodunamÐa èqei lÔsh x

1

; y

1

; z

1

me

jx

1

j �

p

bc; jy

1

j �

p

jacj; jz

1

j �

p

jabj

Epeid  (b; c) = 1, parathroÔme ìti

p

bc 2 Z tìte kai mìno ìtan bc = 1. Epomènwc

jx

1

j �

p

bc dhlad  x

2

1

� bc (M�lista h isìthta x

2

1

= bc isqÔei tìte kai mìno tìte ìtan

b = c = 1).

'Omoia y

2

1

� �ac (y

2

1

= �ac an kai mìno an a = 1, c = �1).

z

2

1

� �ab (z

2

1

= �ab an kai mìno an a = 1; b = �1).

'Ara, ektìc apì thn perÐptwsh b = c = �1, isqÔei ax

2

1

+ by

2

1

+ cz

2

1

� ax

2

1

< abc kai

ax

2

1

+ by

2

1

+ cz

2

1

� by

2

1

+ cz

2

1

> b(�ac) + c(�ab) = �2abc:

An exairèsoume loipìn thn perÐptwsh b = c = �1 èqoume

�2abc < ax

2

1

+ by

2

1

+ cz

2

1

< abc:



88 JewrÐa Arijm¸n kat� ton 17

o

kai 18

o

ai¸na

H tri�da ìmwc (x

1

; y

1

; z

1

) eÐnai lÔsh thc isodunamÐac

ax

2

+ by

2

+ cz

2

� 0 (modabc) =) ax

2

1

+ by

2

1

+ cz

2

1

= 0   � abc:

Sthn pr¸th perÐptwsh, h (x

1

; y

1

; z

1

) eÐnai lÔsh thc ax

2

+ by

2

+ cz

2

= 0. Sthn deÔterh

perÐptwsh mÐa lÔsh eÐnai h

x

2

= �by

1

+ x

1

z

1

; y

2

= ax

1

+ y

1

z

1

; z

2

= z

2

1

+ ab:

'Estw t¸ra b = c = �1. Tìte �1Ra. Epomènwc an R(a) sumbolÐzei to pl joc twn

lÔsewn thc isodunamÐac X

2

� �1(mod a), tìte R(a) > 0. 'Estw akìmh Q(n) to pl joc

twn lÔsewn thc exÐswshc X

2

+ Y

2

= n, (X; Y ) = 1. QwrÐc apìdeixh ed¸ anafèroume

ìti isqÔei Q(1) = 4, Q(n) = 4R(n) gia n � 1.

'Ara Q(a) > 0. Sunep¸c h exÐswsh U

2

+Z

2

= a èqei k�poia lÔsh y

1

; z

1

me (y

1

; z

1

) = 1. H

Q = 1, U = y

1

, Z = z

1

eÐnai mÐa mh-tetrimmènh lÔsh thc exÐswshc aX

2

+ bY

2

+ cZ

2

= 0.

ut

'Ena polÔ spoudaÐo pìrisma tou jewr matoc eÐnai to legìmeno ��AxÐwma tou Hasse��.

Se genikèc grammèc to axÐwma eÐnai:

��H topik  (local) epilusimìthta mi�c exÐswshc sunep�getai thn

genik  (global) epilusimìthta��.

Topik  epilusimìthta shmaÐnei ìti h exÐswsh èqei mÐa mh-tetrimmènh lÔshmodulo p

m

gia

ìlouc touc pr¸touc arijmoÔc p kai ìlouc touc jetikoÔc akeraÐouc m kai mÐa pragmatik ,

sto s¸ma R, lÔsh.

Genik  epilusimìthta shmaÐnei ìti èqei lÔsh stouc akeraÐouc.

To axÐwma tou Hasse isqÔei gia tetragwnikèc morfèc all� eÐnai, en gènei, l�joc gia

exis¸seic bajmoÔ anwtèrou tou dÔo. ParadeÐgmatoc q�rin, ja mporoÔse na apodeÐxei

kaneÐc ìti h exÐswsh X

4

� 17Y

4

= 2Z

4

èqei mh-tetrimmènh lÔsh modulo p

m

gia k�je

pr¸to p kai jetikì m kai mÐa pragmatik  lÔsh, all� den èqei lÔsh stouc akeraÐouc

([8]).
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Pìrisma 4.13 'Estw a; b; c akèraioi twn opoÐwn to ginìmeno den diaireÐtai me to te-

tr�gwno pr¸tou arijmoÔ. Upojètoume akìmh ìti den eÐnai ìloi touc omìshmoi kai ìti

(a; b) = (b; c) = (c; a) = 1. An h isodunamÐa aX

2

+ bY

2

+ cZ

2

� 0 (mod p

m

) èqei akèraia

lÔsh x; y; z gia k�je dÔnamh p

m

, ìpou o pr¸toc p den diaireÐ ton mègisto koinì diairèth

(x; y; z), tìte h aX

2

+ bY

2

+ cZ

2

= 0 èqei mh-tetrimmènh akeraÐa lÔsh.

Apìdeixh: 'Estw m = 2 kai pja. Tìte an (x; y; z) eÐnai mÐa lÔsh, sÔmfwna me tic

upojèseic tou porÐsmatoc, ja deÐxoume ìti o p den diaireÐ to yz.

An pjy tìte pjcz

2

kai epomènwc, afoÔ (a; c) = 1, èqoume pjz. Wste p

2

jax

2

kai afoÔ o

p den diaireÐ to x èpetai ìti p

2

ja, �topo. Sunep¸c p - y. 'Omoia apodeiknÔetai ìti kai

p - z, dhlad  p - yz.

Epomènwc by

2

+ cz

2

� 0 (mod p). AfoÔ (p; z) = 1, èpetai ìti up�rqei u tètoio ¸ste

uz � 1 (mod p). Pollaplasi�zoume me u

2

b kai brÐskoume

u

2

b

2

y

2

+ bcu

2

z

2

� 0 (mod p) =) (uby)

2

� �bc (mod p) =) �bcRp:

EÐnai gnwstì ìti an (m;n) = 1 tìte aRm kai aRn sunep�getai ìti aRmn. H apìdeixh

af netai san �skhsh ston anagn¸sth. Epeid  t¸ra �bcRp isqÔei gia k�je pr¸to diai-

rèth p tou a kai a eleÔjeroc tetrag¸nou, èqoume �bcRa. Epomènwc èqoume �bcRa.

'Omoia brÐskoume ìti �abRa kai �acRa. To pìrisma eÐnai �mesh sunèpeia tou jewr -

matoc. ut

TELOS
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