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Eisagwg 

T

a Drinfeld modules emfan�sthkan sth bibliograf�a gia pr¸th for� to 1974 k�tw apì to ìnoma ellipti

modules. S mera, pro tim  tou brabeumènou me Fields dhmiourgoÔ tou, fèroun to ìnoma tou. Apì

tìte mèqri s mera èqoun katakt sei kentrikì rìlo sth jewr�a arijm¸n th peperasmènh qarakthristik  kai

eidikìtera sth jewr�a twn swm�twn sunart sewn, sth jewr�a twn elleiptik¸n kampÔlwn kai twn algebr¸n

me dia�resh. 'Allwste èna apì ta teleuta�a Fields Medals pou dìjhkan an kei sthn perioq .

Me K ja sumbol�zoume to s¸ma sunart sewn m�a an�gwgh kai gewmetrik� sunektik  kampÔlh C upèr

to F

q

: 'Estw 1 m�a jèsh tou K kai A o daktÔlio twn akera�wn w pro to �peiro sunart sewn tou K.

'Estw G

a

to prosjetikì group sheme p�nw apì èna K�sheme S kai  : A �! K omomorfismì daktul�wn.

'Ena K�Drinfeld module taxew r 2 N e�nai èna mh tetrimmèno endomorfismì

' : A �! End

S

(G

a

) ; a 7�! �

a

me

�

��

'

a

= (a) ìpou to � dhl¸nei ton Frobenius endomorfismì kai r ton bajmì tou gennopoioÔ stoiqe�ou th

eikìna.

H ènnoia twn Drinfeld modules t�xew èna  tan gnwst  ston Carlitz apì th dekaet�a tou 30. Ta modules

tou tÔpou autoÔ pa�zoun shmantikì rìlo sthn jewr�a kl�sewn swm�twn prosfèronta m�a kataskeuastik 

prosèggish aut .

b

H

paroÔsa ergas�a qwr�zetai se dÔo anex�rthta mèrh. Sto pr¸to mèro ulopoie�tai h om�da PSL(r; q

d

)

w om�da tou Galois regular kalÔmmato tou P

1

F

q

; gia gd(r; q

d

) = 2 kai ègine se sunergas�a me ton

Gunther Cornelissen.

1

Sto deÔtero mèro upolog�zontai oi modular automorfismo� twn Drinfeld modular

kampÔlwn X

1

(n):

p

T

o kentrikì jèma tou antistrìfou probl mato th jewr�a tou Galois e�nai h eÔresh, gia dosmèno s¸ma

k kai om�da G; enì peperasmènou, gewmetrik� sunektikoÔ kalÔmmato C th probolik  euje�a P

1

k

me

om�da Galois thn G:

Gia k = C analutikè kai topologikè mèjodoi (Riemman existene theorem) d�noun kataskeuastikè

lÔsei. Gia k�je topikì s¸ma k mèjodoi apì thn rigid   thn formal gewmetr�a apantoÔn jetik� sto prìblhma

([18℄).

Antijètw, gia olik� (global) s¸mata polÔ l�ga pr�gmata e�nai gnwst�. H adunam�a aut  ofe�letai kat�

kÔrio lìgo sthn ellip  gn¸sh twn idiot twn twn arijmhtik¸n jemeliwd¸n om�dwn (arithmeti fundamentral

groups). Sthn per�ptwsh tou s¸mato twn rht¸n arijm¸n èqei anaptuqje� m�a poikil�a mejìdwn (rigidity

1

ornelissen�math.uu.nl
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method, Hurwitz spaes), mèsw twn opo�wn ulopoi jhkan eidikè kathgor�e om�dwn (sporadikè, epilÔsime

ktl., de [25℄ kai [16℄).

Akìma ligìtera e�nai gnwst� sth per�ptwsh th jetik  qarakthristik . Gia peperasmèna s¸mata kai

gia om�de me t�xh pr¸th w pro th qarakthristik , gia ti opo�e sumba�nei na gnwr�zoume ìti ulopoioÔntai

upèr to Q, h mèjodo th anagwg  sth jetik  qarakthristik  qrhsimopoie�tai gia thn lÔsh tou probl mato

� arke� bèbaia ta arijmhtik� montèla na e�nai arket� kal� (Wewers;Bekmann): Sthn modular per�ptwsh,

sthn per�ptwsh dhlad  pou h qarakthristik  diaire� thn t�xh th om�da, o Abhyankar anèptuxe kata-

skeuastikè mejìdou gia ligostè om�de, dustuq¸ ìmw, ta ant�stoiqa kalÔmmata den or�zontai p�nta

p�nw apì pr¸ta s¸mata.

Sthn paroÔsa ergas�a parousi�zetai m�a apìdeixh tou jewr mato

'Estw q m�a dÔnamh tou pr¸tou p: Gia k�je zeÔgo arijm¸n (s; d) me s perittì, up�rqei m�a F

q

-regular Galois

epèktash me om�da Galois thn PSL(2s; q

d

):

L�ga lìgia p�nw sthn proðstor�a tou zht mato: 'Estw K = F

q

(T ): E�nai gnwstì ìti h genik  grammik 

om�da GL(m; q

n

) (kai á fortiori h probolik  th ekdoq ) ulopoie�tai w om�da tou Galois upèr to K; afoÔ

e�nai h eikìna th Galois anapar�stash �

p

twn p-torsion shme�wn enì generi Drinfeld module t�xew r;

me p an�gwgo bajmoÔ n sto F

q

[T ℄ ([7℄). O Abhyankar kai oi sunerg�te tou èdeixan to �dio apotèlesma me

stoiqei¸dh ergale�a ([2℄,[1℄). Apì thn �llh meri�, o K.-Y. Shih èqei apode�xei thn ulopo�hsh (upì sunj ke)

twn om�dwn PSL(2; p) w om�dwn tou Galois upèr to Q k�nonta qr sh th jewr�a twn modular kampÔlwn

kai anaparist¸nta thn apìluth om�da tou Galois se om�da metasqhmatism¸n shme�wn peperasmènh t�xew

kat�llhlh elleiptik  kampÔlh. (To prìblhma, sth genikìtht� tou, lÔjhke argìtera apì touMalle kai

Matzat me qr sh rigid mejìdwn [25℄).

H prosèggish pou ed¸ akolouje�tai e�nai èna sunduasmì twn dÔo parap�nw teqnik¸n. Melet�tai m�a

twisted ekdoq  tou moduli spae twn Drinfeld modules t�xew 2s me kat�llhlh level struture. Ta shme�a

diaforopo�hsh apì thn jewr�a tou Shih entop�zontai kur�w sta akìlouja: (a) g�netai qr sh poludi�statwn

varieties kai ètsi probl mata {rhtìthta} twn moduli q¸rwn g�nontai duskolìtera kai (b) den up�rqei Weil

pairing sth kathgor�a twn Drinfeld modules.

Arqik� melet�tai to moduli sheme twn Drinfeld modules t�xew 2s me m�a full �ag upoom�dwn twn

T�rht¸n shme�wn. D�netai akrib  perigraf  autoÔ tou antikeimènou. 'Estw L to s¸ma twn stajer¸n th

det(�)

p

; ìpou �

p

e�nai h proanaferìmenh anapar�stash. Or�zoume

~

Y

2s

w to phl�ko th Y

2s

0

(T )�

K

L me thn

Gal(L=K) � hwi; ìpou o w e�nai m�a involution tÔpou Atkin-Lehner. H dr�sh th w sto Y

2s

perigr�fetai

leptomer¸. Sth sunèqeia de�qnetai ìti to s¸ma sunart sewn tou

~

Y

2s

e�nai rhtì, apodeiknÔonta ìti m�a naive

sumpagopo�hsh tou e�nai Brauer-Severi. Sto deÔtero mèro, or�zetai m�a Galois anapar�stash gia k�je K�

rhtì shme�o tou

~

Y

2s

: Telik�, gia k�je tètoio shme�o kai gia kat�llhlo p 2 F

q

[T ℄ up�rqei m�a anapar�stash

� : Gal(

�

K=K) �! PSL(2s;F

q

[T ℄)=p;

me thn pro�pìjesh ìti èna sugkekrimèno qarakt ra e�nai tetrimmèno. Upolog�zoume ton qarakt ra autìn

qrhsimopoi¸nta to wedge ginìmeno sthn kathgor�a twn t-motives.

a

S

to deÔtero mèro upolog�zontai oi modular automorfismo� twn Drinfeld modular kampÔlwn X

1

(n): Ed¸

me Y

1

(n) sumbol�zoume ton rigid analutikì q¸ro pou antistoiqe� ston (gewmetrikì) q¸ro taxinìmhsh

(moduli spae) twn Drinfeld modules me �

1

(n)-level struture kai meX

1

(n) tìso thn analutik  sumpagopo�hs 

tou ìso kai thn probolik  kampÔlh pou antistoiqe� se autìn.

Oi kampÔle X

1

(n) èqoun kentrikì rìlo sth jewr�a kwd�kwn, afoÔ

� h kataskeu  ep�pedwn montèlwn e�nai sqetik� eÔkolh kai

� èqoun poll� K

+

-rht� shme�a.

'Etsi to er¸thma gia to poia e�nai h om�da twn modular automorfism¸n (dhlad  twn automorfism¸n th Y

1

(n)

pou epekte�nontai se automorfismoÔ th probolik  kampÔlh) e�nai eÔlogo kai ousiastikì.



8 Eisagwg 

H prosèggish sto prìblhma e�nai an�logh th klasik , me thn ènnoia ìti g�netai m�a susthmatik  an�lush

p�nw sth dr�sh th probolik  om�da sto {�nw Drinfeld hmiep�pedo} 
 = P

1

C

n P

1

K

1

. Pio sugkekrimèna,

apodeiknÔetai to je¸rhma:

H om�da twn modular automorfism¸n th X

1

(n) e�nai isìmorfh pro:

1. Thn om�da (A=n)

�

=F

q

�

o (Z=2Z), an q � 3

2. M�a epèktash th (A=n)

�

=F

q

�

me thn (Z=2Z)

n

; an q = 2 kai '(n) � 2; ìpou to n sumbol�zei ton arijmì

twn diaforetik¸n pr¸twn diairet¸n tou n

3 . Thn om�da (Z=2Z)

n

; an q = 2 kai '(n) = 1; ìpou to n sumbol�zei ton arijmì twn diaforetik¸n pr¸twn

diairet¸n tou n kai n = 1   2.

'Estw q dÔnamh pr¸tou, A = F

q

[T ℄ o poluwnumikì daktÔlio m�a metablht  T kai K = F

q

(T ) to

ant�stoiqo s¸ma klasm�twn. Sto K or�zetai h metrik  ja=bj = q

deg a�deg b

: H pl rwsh tou K se sqèsh me

thn metrik  aut  e�nai to s¸ma twn seir¸n Laurent K

1

= F

q

((1=T )): 'Estw C h pl rwsh th algebrik 

kleistìthta tou K

1

: To C efodiasmèno me thn p�adik  topolog�a èqei diaforetikè apì to s¸ma twn

(klasik¸n) migadik¸n arijm¸n C idiìthte. Gia par�deigma oi Cauhy mh mhdenikè akolouj�e e�nai telik�

stajerè, to C w topologikì q¸ro e�nai poujen� sumpag , h epèktash swm�twn C=K

1

e�nai �peirh se

antidiastol  me thn epèktash C =R h opo�a e�nai peperasmènh kai m�lista de�kth dÔo, oi akèraia olìmorfe

sunart sei (entire funtions) sto C den e�nai kat�an�gkh stajerè. M�lista to sÔnolo twn riz¸n twn   e�nai

kenì   sqhmat�zei èna A�lattie � � tètoie sunart sei e�nai F

q

-grammikè kai �-periodikè kai apant¸ntai

sth sqetik  bibliograf�a w ekjetikè.

Sthn klasik  per�ptwsh èqei g�nei arket  doulei� anaforik� me to prìblhma upologismoÔ tou kanoniko-

poiht  ongruene upoom�dwn th SL(2;Z) sthn PSL(2;R): W par�deigma anafèroume thn ergas�a [3℄ sthn

opo�a upolog�zetai o kanonikopoit  th klasik  �

0

(N) kai thn [24℄ ìpou upolog�zetai o kanonikopoiht 

th �

1

(N): Se ìti afor� ti Drinfeld modular kampÔle, o A. Shweizer sto [29℄ upolog�zei thn om�da twn

modular automorfism¸n th modular X

0

(n) gia k�je n:

To prìblhma eÔresh mejìdou ikan  na doulèyei gia k�je ongruene upoom�da paramènei � tìso sthn

klasik  ìso kai sthn Drinfeld modular per�ptwsh � mèqri stigm  anap�nthto.

k

J

a  jela na euqarist sw ton epiblèponta kajhght  k. Gi�nnh Antwni�dh gia thn bo jeia pou mou

prìsfere se ìlh thn di�rkeia twn metaptuqiak¸n spoud¸n mou. Ep�sh ja  jela na euqarist sw ton

sunerg�th mou k. Gunther Cornelissen gia thn polÔtimh bo jeia tou sthn olokl rwsh th melèth sqetik�

me thn ulopo�hsh twn om�dwn PSL p�nw apo to F

p

. Euqarist¸ ep�sh to 'Idruma Kratik¸n Upotrofi¸n tou

opo�ou up rxa upìtrofo.

Euqarist¸ idia�tera tou gone� mou Gi�nnh kai Elènh kai ti adelfè mou Qar�, Ajhn� kai Gewrg�a

gia thn hjik  kai oikonomik  tou sumpar�stash kat� thn di�rkeia twn spoud¸n mou. Tèlo ja  jela na

euqarist sw tou f�lou mou Ariste�dh kai Dhm trh gia thn hjik  tou sumpar�stash.

Rèjumno 15 Ianouar�ou 2003

Mar�na Tripolit�kh





Kef�laio Pr¸to

Elleiptikès kampÔles

Kr�netai skìpimo na paratejoÔn orismo� kai jewr mata apì th jewr�a twn elleiptik¸n kampÔlwn ¸ste na

g�nei saf  h sqèsh antistoiq�a metaxÔ th jewr�a aut  kai th jewr�a twn Drinfeld modules. Sti

mère ma èqei g�nei fanerì ìti ta ergale�a pou prosfèrei h jewr�a twn Drinfeld modules e�nai ta {fusik�}

ergale�a th jetik  qarakthristik . Jewr�e pou o Drinfeld anèptuxe efarmìsthkan sthn sunèqeia

sti elleiptikè kampÔle �ìpw gia par�deigma h jemel�wsh th ènnoia th level struture pou nwr�tera

parous�aze probl mata sti �ne pou thn {tèmnoun}. Pio suggekrimèna, an me Y (N) sumbol�soume to moduli

sheme twn elleiptik¸n kampÔlwn p�nw apì to Q me N�level struture, tìte autì or�zei èna moduli sheme

p�nw apì to Z[1=N ℄, all� mìno met� ton Drinfeld to sheme mpìrese na oriste� kai p�nw apì to Z (toul�qisto

gia {meg�lo N}).

1:1 Orismo�

'Estw !

1

; !

2

dÔo mh-mhdeniko� migadiko� arijmo� me � = !

1

=!

2

mh pragmatikì. Qwr� bl�bh th genikìthta

upojètoume ìti � an kei sto p�nw hmiep�pedo H: To diktuwtì (lattie)

� = Z!

1

+Z!

2

e�nai Z-eleÔjero t�xew 2 kai to phl�ko C =� dèqetai th dom  epif�neia Riemann gènou 1; h opo�a mèsw

tou jewr mato Ôparxh tou Riemman (Riemman existene theorem,   alli¸ analutik  gaga)([16℄,

x11.3) antistoiqe� se m�a mh idiìmorfh, an�gwgh probolik  kampÔlh gènou 1 (nonsingular, irreduible urve

of genus 1), dhlad  se m�a elleiptik  kampÔlh.

1

Orismì 1:1.1. 'Estw k s¸ma. M�a elleiptik  kampÔlh upèr to k e�nai m�a gewmetrik� sunektik , mh

idiìmorfh probolik  kampÔlh gènou 1; maz� me èna k-rhtì shme�o.

Ax�zei na shmeiwje� ìti oi mh-idiìmorfe, gewmetrik� sunektikè kamÔle gènou èna upèr to k e�nai

elleiptikè p�nw apì mia peperasmènh epèktas  tou.

K�je elleiptik  kampÔlh E

k

dèqetai th dom  abelian  om�da. 'Estw L s¸ma me L � k. Me E(L) ja

sumbol�zoume to sÔnolo twn L-rht¸n shme�wn th E; dhlad  to sÔnolo twn morfism¸n Spe(L) �! E: 'Estw

N fusikì arijmì. H om�da Galois Gal(L

alg

=L) dra sta N -shme�a peperasmènh t�xh th E kai or�zei m�a

anapar�stash Gal(L

alg

=L) �! E(L); ìpou L

alg

h algebrik  j kh tou L:

Orismì 1:1.2. 'Estw A daktÔlio. JewroÔme to sÔnolo twn pr¸twn idewd¸n tou A � sumbolik�

Spe(A). Sto Spe(A) b�zoume m�a dom  sunart sewn: gia k�je P 2 Spe(A) or�zoume to fÔtro (stalk)

twn sunart sewn tou P w to daktÔlio A

P

. M�a b�sh kleist¸n sunìlwn tou Spe(A) apoteloÔn ta sÔnola

V (I) := fQ : Q 2 Spe(A); Q � Ig me I ide¸de tou A: Se k�je anoiqtì U � Spe(A) antistoiqoÔme to

{sÔnolo sunart sewn}

O

Spe(A)

(U) := invlim

P2U

A

P

:

Gia par�deigma, an o A e�nai akèraia perioq , tìte O

Spe(A)

(U) := \

P2U

A

P

: To sÔnolo Spe(A), maz� me th

dom  sunart sewn, onom�zetai afinikì sheme.

Gia èna pio genikì orismì th ènnoia tou sheme, kaj¸ kai di�forwn ennoi¸n pou apaitoÔntai se autìn

(p.q separable pre-sheme) de [20℄ kef. 2.

1

W topologikì q¸ro (qwr� analutik  dom ) to C=� e�nai isìmorfo pro to (R=Z)

2

:
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Jum�zoume ìti èna sunartht  (funtor) apì m�a kathgor�a A se m�a kathgor�a B e�nai k�je apeikìnish

apì thn A sthn B pou sèbetai ti domè, dhlad  k�je apeikìnish pou se k�je antike�meno (objet) (se k�je

morfismì antikeimènwn th A) antistoiqe� èna antike�meno th B (morfismì antimeimènwn th B), ètsi ¸ste,

o tautotikì morfismì na apeikon�zetai ston tautotikì kai h sÔnjesh dÔo (opoiwnd pote) morfism¸n th A

na apeikon�zetai sthn sÔnjesh twn eikìnwn twn morfism¸n.

Orismì 1:1.3. 'Estw A;B daktÔlioi jetik  qarakthristik  kai  : A �! B omomorfismì. 'Ena

sheme M maz� me èna fusikì metasqhmatismì 	

M

apì èna sunartht  (funtor) F ston sunartht  twn

shme�wn Mor

M

tou M ja lègetai oarse moduli sheme gia ton funtor F an

� h apeikìnish 	

Spe(K)

: F(Spe(K)) �! M(K) = Mor(Spe(K);M) e�nai sunolojewthtikì isomorfi-

smì

� gia k�je �llo shemeM

0

kai fusikì metasqhmatismì 	

M

0

: F �! Mor

M

0

;

up�rqei monadikì morfismì

� : M �!M

0

ètsi ¸ste o epagìmeno fusikì metasqhmatismì �: Mor

M

�! Mor

M

0

na ikanopoe� th

sqèsh 	

M

0

= � Æ	

M

:

Lème ìti o funtor F e�nai anaparast�simo (representable) apì to M; an isqÔoun ta parap�nw kai epiplèon o

	 e�nai isomorfismì metaxÔ tou F kai tou funtor twn shme�wn tou M:

Tupikì par�deigma mh anaparast�simou moduli sheme e�nai to moduli shemeM

g

twn kampÔlwn gènou

g > 2 (up�rqoun kampÔle me mh tetrimmènou automorfismoÔ). Sta parak�tw ja sunant soume parade�g-

mata anaparast�simwn kai mh moduli shemes. O anagn¸sth ja brei to bibl�o [19℄ polÔ katatopistikì.

1:2 Modular kampÔle

1:2.1 H kampÔlh Y

0

(N)

'Estw N fusikì arijmì kai E

k

; E

0

k

elleiptikè kampÔle. 'Estw L s¸ma me L � k kai C � E

k

(L); C

0

�

E

0

k

(L) kuklikè upoom�de t�xh N: 'Ena isomorfismì apì to (E;C) sto (E

0

; C

0

) e�nai èna isomorfismì

elleiptik¸n kampÔlwn E �! E

0

pou apeikon�zei thn C sthn C

0

:

Oi orismo� auto� mporoÔn na epektajoÔn me fusikì trìpo sthn kathgor�a twn elleiptik¸n kampÔlwn p�nw

apì varieties   shemes.

Orismì 1:2.1. 'Estw S èna k� sheme. Or�zoume E

0;N

(S) w to sÔnolo twn kl�sewn isomorf�a twn

zeug¸n (E;C); ìpou E e�nai m�a elleiptik  kampÔlh upèr to S kai C m�a kuklik  upoom�da th E t�xew N:

O ontravariant funtor

Y

0

(N) :

�

k � shemes

S

�

�!

�

kl�sei isomorf�a zeug¸n

(E;C) upèr to S

�

or�zei èna oarse moduli prìblhma. Me Y

0

(N) ja sumbol�zoume to oarse moduli sheme pou antistoiqe� ston

Y

0

(N):

Sto [23℄ perigr�fontai ta moduli shemes twn elleiptik¸n kampÔlwn me k�je dunat  leptomèreia.

1:2.2 H kampÔlh Y (N)

'Estw N jetikì akèraio, �

N

2 C m�a prwtarqik  N� r�za th mon�do kai k tèleio s¸ma qarakthristik 

p � 0; me p 6 jN kai E �! Spe(k) elleiptik  kampÔlh. P�nw apì thn algebrik  kleistìthta k

alg

tou k, to

sÔnolo twn N -torsion shme�wn th elleiptik  kampÔlh E(k

alg

)

N

; sqhmat�zei m�a om�da t�xew N

2

isìmorfh

pro thn Z=N �Z=N:

'Estw K s¸ma me K � k: M�a N�level struture orismènh p�nw apì to K gia thn elleiptik  kampÔlh E

apotele�tai apì

� m�a Z=N -b�sh N -torsion shme�wn E(K)

N

� K th E;
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� èna Z module isomorfismì

i

N

: E(K)

N

�! (Z=N)

2

� kai èna isomorfismì (gnwstì w Weil pairing)

e

N

: ^

2

E(K)

N

�! h�

N

i

me �

N

m�a prwtarqik  N -r�za th mon�da.

DÔo zeÔgh (E

i

; i

N

); i = 1; 2 e�nai isìmorfa, an up�rqei isomorfismì elleiptik¸n kampÔlwn � : E

1

�! E

2

¸ste to akìloujo di�gramma na e�nai antimetajetikì

E

1

(k)

N

�

//

i

1N

%%JJJJJJJJJ

=

E

2

(k)

N

i

2N

yyttttttttt

(Z=N)

2

Gia k�je k� sheme S; me E

N

(S) ja sumbol�zoume to sÔnolo twn kl�sewn isomorf�a twn zeugari¸n

(E; i

N

); ìpou E e�nai m�a elleiptik  kampÔlh upèr to S kai i

N

m�a N�level stuture th E: O ontravariant

funtor

Y(N) :

�

k � shemes

S

�

�!

�

kl�sei isomorf�a zeug¸n

(E; i

N

) upèr to S

�

or�zei èna moduli prìblhma to opo�o e�nai anaparast�simo (representable) apì èna k� sheme Y (N) (gia

N > 3).

9



Kef�laio DeÔtero

Drinfeld modules

To kef�laio autì apotele� m�a mikr  eisagwg  sti basikè ènnoie pou ja sunant soume parak�tw. KÔrie

phgè th anafor� aut  e�nai to bibl�o tou Gekeler {Drinfeld Modular Curves} [12℄, to bibl�o tou

Goss {The Arithmeti of Funtion Fields} [13℄, oi dialèxei tou sunedr�ou {Drinfeld modules, Drinfeld

modular shemes and appliations} [11℄ kaj¸ ep�sh kai to ereunhtikì �rjro tou Gekeler [10℄. Tèlo m�a

ikanopoihtik  eisagwg  sth sÔgqronh gl¸ssa th Algebrik  Gewmetr�a apotele� to klasikì bibl�o tou

Hartshorne {Algebrai Geometry} [20℄.

2:1 Orismo�

Prosjetik� (additive) group shemes

'Estw B antimetajetikì daktÔlio peperasmènh qarakthristik  p: To prosjetikì (additive) group sheme

upèr to B; to opo�o shmei¸netai me G

a;B

  G

a

gia suntom�a, e�nai ex orismoÔ to afinikì sheme Spe(B[T ℄)

maz� me èna {nìmo pollaplasiasmoÔ}

G

a

� G

a

�! G

a

o opo�o ep�getai apì ton B� omomorfismì

B[T ℄ �! B[T ℄


B

B[T ℄; T 7�! T 
 1 + 1
 T:

To oudètero stoiqe�o tou G

a

kai h antistrof  sto G

a

ep�gontai ant�stoiqa apì tou endomorfismoÔ

f

e

: B[T ℄ �! B[T ℄; T 7�! eT gia e = 0 kai e = �1:

K�je morfismì � : G

a;B

�! G

a;B

ep�getai apì èna endomorfismì b : B[T ℄ �! B[T ℄; o opo�o me th seir�

tou kajor�zetai apì thn eikìna b(T ) tou T: O morfismì b e�nai èna group-sheme endomorfismì, an kai

mìno an

b(T 
 1 + 1
 T ) = b(T 
 1) + b(1
 T ):

Shme�wsh 1. Gia B �peiro daktÔlio End G

a

= f

P

n

i=0

b

i

�

i

: n 2 N; b

i

2 Bg: O daktÔlio twn endomorfism¸n

End

B

(G

a

); e�nai mh-antimetajetikì (8a 2 L; � Æ a = a

p

Æ �) kai par�getai apì ton Frobenious endomorfismì

� : B �! B ; x 7�! x

p

:

Genikìtera me �

i

ja sumbol�zoume ton omomorfismì x 7�! x

p

i

: D�nonta èmfash ston gennopoiì daktÔlio B

gr�foume End

B

(G

a

) = Bf�g:

An B = L s¸ma tìte se k�je endomorfismì f = f(�) 2 Lf�g antistoiqe� èna polu¸numo sthn metablht 

X (sumbolik� to f(X)) to opo�o prokÔptei apì to f(�) me antikat�stash tou �

i

me X

p

i

gia k�je i:

Orismì 2:1.1. 'Estw A;B daktÔlioi jetik  qarakthristik  kai  : A �! B omomorfismì. H A-

qarakthristik  tou B e�nai ex orismoÔ o pur na tou : Lème ìti o B e�nai genik  qarakthristik    ìti h

qarakthristik  tou e�nai 1; an o  e�nai monomorfismì.



2:2 Shme�a peperasmènh t�xh 13

Drinfeld modules kai isogènie

Orismì 2:1.2. 'Ena Drinfeld module upèr to B t�xew r 2 N e�nai èna monomorfismì daktul�wn

� : A �! End

B

(G

a

) ; n 7�! �

n

tètoio ¸ste, gia k�je n 2 A

1. deg�

n

= r � deg n; kai

2.

�

��

(�

n

) = (n) ìpou

�

��

sumbol�zei th diafìrish w pro �:

Mèsw tou � to prosjetikì group sheme G

a;B

g�netai sheme apì A modules.

Orismì 2:1.3. 'Estw � kai  Drinfeld modules upèr to L: 'Ena morfismì u : � �!  e�nai èna

u 2 End

B

(G

a

) tètoio ¸ste gia ìla ta n 2 A to akìloujo di�gramma e�nai antimetajetikì:

G

a

u

//

�

n

��

=

G

a

 

n

��

G

a

u

//
G

a

:

Mh tetrimmènoi morfismo� up�rqoun mìno metaxÔ Drinfeld modules �dia t�xew kai onom�zontai isogènie.

Orismì 2:1.4. 'Estw X m�a le�a, gewmetrik� sunektik , probolik  kampÔlh upèr to F

q

. Epilègoume

èna kleistì (all� ìqi apara�thta F

q

�rhtì) shme�o th X �to opo�o kai ja sumbol�zoume me1. O daktÔlio

A := �(X n f1g;O

X

) = \

P2Xn1

O

P

onom�zetai daktÔlio tou Drinfeld (ed¸ to O

P

den e�nai par� to fÔtro

sunart sewn �stak� tou P ).

Par�deigma 2:1.1. An X = P

1

F

q

� o probolikì q¸ro upèr to F

q

kai 1 to (sÔnhje) ep�peiro shme�o tìte

A = F

q

[T ℄.

Sumbolismì 1. Me Y

r

(1)(L) sumbol�zoume to sÔnolo twn kl�sewn isomorf�a twn Drinfeld modules t�xew

r upèr to L.

Par�deigma 2:1.2. 'Estw A = F

q

[T ℄ ìpw sto par�deigma 2:1.1, kai èstw K = F

q

(T ) to s¸ma klasm�twn.

To na or�sei kane� èna Drinfeld module � upèr to K   p�nw apì m�a epèktash L tou K; e�nai isodÔnamo me

to na or�sei to prosjetikì polu¸numo �

T

= T + 

1

� + � � �+ 

r

�

r

2 Lf�g ìpou 

r

6= 0 kai r = rank(�). 'Ena

Carlitz module e�nai èna Drinfeld module t�xew èna, dhlad  th morf  �

T

= T +��; � 2 K: DÔo Drinfeld

modules � kai �

0

e�nai isìmorfa p�nw apì thn algebrik  kleistìthta L

alg

tou L an kai mìno an up�rqei

u 2 L

alg

n 0 tètoio ¸ste y

0

i

= u

q

i

�1

y

i

gia ìla ta i � 1. 'Ara to Y

r

(1)(L

alg

) mpore� na perigrafe� (gia r � 1)

w èna anoiqtì, puknì subsheme tou (r� 1)�di�statou probolikoÔ q¸rou me b�rh (weighted) upèr to L

alg

.

2:2 Shme�a peperasmènh t�xh

'Ena �nite �at group sheme G p�nw apì èna sheme S e�nai èna morfismì � : G �! S maz� me tou me

tou morfismoÔ pr�xew, ¸ste h � na e�nai �nite, �at, kai m�lista, topik�, p�nw apì k�je anoiqtì afinikì

Spe(A) � S to �

�1

(Spe(A))

�

=

Q

r

i=i

Spe(B), me Spe(B) �! Spe(A) �nite kai �at, gia r 2 N:

Orismì 2:2.1. 'Estw a 2 A kai � èna Drinfeld module upèr to L:Me �[a℄ sumbol�zoume to subsheme twn

a�torsion shme�wn tou G

a;L

efodiasmèno me thn epagìmenh A�module dom . 'Etsi gia k�je L��lgebraM

�(M)[a℄ = fx 2M : �

a

(x) = 0g:

Pio genik�, gia aCA ide¸de, jètoume

�

a

=

\

a2a

�

a

gia opoiod pote (kai ìqi apara�thta kÔrio) ide¸de a tou A. To �

a

e�nai èna �nite �at group sheme bajmoÔ

rank(�) � deg(a): H dom  tou �[a℄ ja perigrafe� analutikìtera sta parak�tw.



14 Drinfeld modules

Jewr�a Kl�sewn Swm�twn � M�a kataskeuastik  prosèggish

Ta shme�a peperasmènh t�xh twn Drinfeld modules t�xew èna sthn jetik  qarakthristik  èqoun idiìthte

an�loge me ti r�ze th mon�do. Oi n�ostè r�ze th mon�do (p - n) ikanopoioÔn thn ex�swsh x

n

�1 = 0

kai sqhmat�zoun èna Z�module, èstw to M: H dr�sh tou Z sto M or�zetai w ex : � 2 M;n 2 Z;

n � � := �

n

: An me K(n) sumbol�soume to s¸ma di�spash (splitting �eld) tou poluwnÔmou x

n

� 1 = 0; h

epèktash K(n)=K e�nai Galois me om�da Galois isìmorfh pro thn (Z=n)

�

: H antistoiq�a e�nai sqedìn pl rh:

Je¸rhma 2:2.1 ([7℄,[5℄). 'Estw � èna Drinfeld module upèr to L t�xew r � 1.

1. An har

A

(L) =1 tìte

(aþ) to �

a

e�nai redued (dhl. qwr� mhdenodÔnama stoiqe�a) gia k�je ide¸de a tou A,

(bþ) �[a℄(L

sep

) = �[a℄(L

alg

) kai

(gþ) �[a℄(L

alg

) =: �[a℄ � (A=a)

r

w A-modules.

2. An p = har

A

(L) e�nai maximal ide¸de me gd(a; p; ) tìte �[a℄(L

alg

) ' (A=a)

r

:

H apìluth om�da Galois G

L

tou L dra sto �[a℄(L

sep

) mèsw A�grammik¸n automorfism¸n. Sunep¸ k�je

Drinfeld module ep�gei m�a Galois anapar�stash sta torsion shme�a tou.

Ta parap�nw sunoy�zontai sta jewr mata twn Carlitz kai Hayes ([21℄):

Je¸rhma 2:2.2. 'Estw A o poluwnumikì daktÔlio F

q

[T ℄ me s¸ma klasm�twn to K. 'Estw � : A �!

Kf�g to Carlitz module �

T

= T + � . Gia k�je mh tetrimmèno ide¸de aC A èstw K(a) := K(�[a℄(K

alg

)) h

epèktash tou K pou genniètai apì ta a-torsion shme�a tou.

1. h K(a)=K e�nai abelian  epèktash tou Galois me om�da Galois isìmorfh pro thn (A=a)

�

. 'Estw �

b

o

automorfismì pou antistoiqe� sthn kl�sh tou b mod a: Tìte 8x 2 �[a℄(K

alg

); �

b

(x) = �

b

(x):

2. An to a = p

n

e�nai primary me p pr¸to ide¸de tìte h epèktash K(a)=K e�nai pl rw diakladizìmenh

sto p kai adiakl�disth se ìle ti �lle peperasmène jèsei.

3. An to a =

s

Y

i=1

a

i

e�nai ginìmeno pr¸twn an� dÔo idewd¸n a

i

tou A; ta s¸mata K(a

i

) e�nai grammik�

diaforetik� (linearly disjoint) kai K =

s

O

i=1

K(a

i

).

4. 'Estw K

+

(a) to s¸ma twn stajer¸n stoiqe�wn th F

q

�

� (A=a)

�

. Tìte to 1 analÔetai pl rw sthn

epèktash K

+

(a)=K kai diaklad�zetai pl rw sthn K(a)=K

+

(a).

5. 'Estw p = h�i pr¸to ide¸de kai pr¸to w pro to a. K�tw apì thn taÔtish Gal(K(a)=K) = (A=a)

�

to

Frobenius stoiqe�o Frob

p

e�nai �so me thn residue lass tou � mod a.

Ta ide¸dh tou A (se sqèsh me thn diairetìthta) sqhmat�zoun èna ant�strofo sÔsthma (inverse system).

Me K(1) sumbol�zoume to s¸ma pou par�getai p�nw apì to K apì ta shme�a peperasmènh t�xh tou

� = T+�: H epèktashK(1)=K e�naiGalois me om�da thn Gal(K(1)=K) = invlim

a

(A=a)

�

, h opo�a taut�zetai

sqedìn pantoÔ me thn peperasmènh kl�sh twn idele tou K. To K(1) e�nai h maximal abelian  epèktash

tou K h opo�a m�lista diaklad�zetai  mera sto 1: To parap�nw je¸rhma e�nai to an�logo tou klasikoÔ

jewr mato twn Kroneker-Weber sthn qarakthristik  p: H jewr�a twn Drinfeld modules prosfèrei m�a

kataskeuastik  prosèggish sth jewr�a kl�sewn swm�twn, ìpou ta shme�a peperasmènh t�xh tou Carlitz

module pa�zoun rìlo an�logo me ti migadikè r�ze th mon�da.
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2:2.1 H jewr�a tou Weierstra�

Sta parak�tw ja perioristoÔme se Dedekind daktul�ou tou Drinfeld th morf  F

q

[T ℄:

Eis�goume tou sumbolismoÔ:

F

q

= F

p

m

To s¸ma qarakthristik  p me q stoiqe�a

A = F

q

[T ℄ O daktÔlio twn poluwnÔmwn upèr to F

q

K = F

q

(T ) To s¸ma phl�kwn tou A:

To 1 =

1

T

or�zei thn p-adik  ekt�mhsh v

1

me v

1

(

1

T

) = 1

K

1

= F

q

((

1

T

)) H pl rwsh tou K se sqèsh me thn v

1

:

'Estw O

1

= fx 2 K

1

jw

1

(q) � 0g;

w

1

epèktash tou v

1

, dhlad 

K

1

= f

P

1

i=m

�

i

� (

1

T

)

i

j�

i

2 F

q

,

i 2 Z kai i � mg

en¸ to O

1

= f

P

1

i=0

�

i

� (

1

T

)

i

j�

i

2 F

q

; i � 0g

C =

^

�

K

1

H pl rwsh th algebrik  kleistìthta tou K

1

:

To C e�nai ep�sh algebrik� kleistì,

kai o bajmì epèktash [C : K℄ =1:


 = C nK

1

To Drinfeld �nw hmiep�pedo.

Orismì 2:2.2. 'Ena lattie � t�xew r tou C (  gia suntom�a èna r-lattie) e�nai èna peperasmèna pa-

ragìmeno (kai �ra probolikì, giat� ta peperasmèna paragìmena modules p�nw apì Dedekind daktul�ou e�nai

probolik�), diakritì (k�je mh ken  sfa�ra tou C èqei peperasmènh tom  me to � � sthn klasik  per�ptwsh

h idiìthta aut  phg�zei apì ton orismì; ed¸ apaite�tai) A-submodule � tou C probolik  t�xew r. AfoÔ to

� e�nai peperasmèna paragìmeno kai probolikì, gia k�je pr¸to ide¸de p tou A to �

p

p�nw apì ton A

p

, e�nai

eleÔjero. Lìgw {sunektikìthta} tou daktul�ou A, h rank tou

A

p

�

p

e�nai anerx�rthth apì to p � o arijmì

autì onom�zetai {probolik  t�xh tou �}.

H ekjetik  sun�rthsh tou �

Se k�je lattie � antistoiqoÔme m�a olìmorfh sun�rthsh me r�ze sta shme�a tou �

e

�

: C! C;

h opo�a or�zetai w to ginìmeno

e

�

(z) = z

Y

0 6=�2�

(1�

z

�

):

E�nai akèraia, ��periodik  kai F

q

�grammik . Gia k�je mh mhdenik  r�za a 2 A jewroÔme to di�gramma

0

//
�

//

a

��

C

e

�

//

a

��

C

9�

�

a

��

//
0

0

//
�

//
C

e

�

//
C

//
0

Oi grammè e�nai akribe�. To aristerì kai to k�jeto mesa�o bèlo dhl¸noun pollaplasiasmì me a: Apo-

deiknÔetai h Ôparxh enì prosjetikoÔ poluwnÔmou �

�

a

�pou exart�tai apì ta a kai �� ¸ste to parap�nw

di�gramma na e�nai antimetajetikì. M�lista, gia k�je a; b 2 A; �

�

a

Æ �

�

b

= �

�

b

Æ �

�

a

= �

�

ab

: Sunoy�zonta

1. �

�

a

2 Cf�g,
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2. deg

�

(�

�

a

) = r � deg(a),

3. h antistoiq�a a 7! �

�

a

or�zei èna omomorfismì daktul�wn, o opo�o me th seir� tou or�zei èna Drinfeld

module t�xew r.

4. 'Ola ta Drinfeld modules upèr to C prokÔptoun me autìn ton trìpo (dhlad  antistoiqoÔn se latties).

To parap�nw sunoy�zontai sthn prìtash 3.1 tou pr¸tou �rjrou tou Drinfeld ([7℄).

Je¸rhma 2:2.3. � K�je Drinfeld module t�xew r upèr to C prokÔptei apì k�poio r-lattie � tou

C.

� DÔo Drinfeld modules �

�

, �

�

0

e�nai isìmorfa, an kai mìno an, up�rqei 0 6=  2 C tètoio ¸ste �

0

=  ��.

Shme�wsh 1. A gur�soume sto par�deigma me ti r�ze th mon�da. H klasik  ekjetik  sun�rthsh exp :

C �! C

�

: z 7�! e

z

e�nai epimorfismì om�dwn me pur na to � := 2�iZ� èna Z� lattie t�xew èna � ta

mh mhdenik� stoiqe�a tou opo�ou antistoiqoÔn sti r�ze ìlwn twn exis¸sewn th morf  x

n

� 1 = 0:

Shme�wsh 2. (Elleiptikè kampÔle). K�je elleiptik  kampÔlh p�nw apì tou migadikoÔ antistoiqe� (kat�

prosèggish isomorfismoÔ) se èna Z-lattie � t�xew 2. 'Estw }

�

h sun�rthsh Weierstra� tou �: H }

�

e�nai

olìmorfh sto C , �-periodik  kai mhdenik  p�nw sto �:

2:2.2 To Drinfeld �nw hmiep�pedo

MporoÔme na perigr�youme to q¸ro twn C-rht¸n shme�wn Y

r

(1)(C) tou Y

r

(1) w ton q¸ro twn kat� pro-

sèggish isomorf�a r-latties, dhlad  w èna genikeumèno �nw hmiep�pedo modulo th dr�sh mia arijmhtik 

om�da.

H genik  per�ptwsh

'Estw r � 1 kai èstw P

(r�1)

(C) to sÔnolo twn C-rht¸n shme�wn tou probolikoÔ (r � 1)-q¸rou P

(r�1)

C

kai




r

:= P

(r�1)

(C) n

[

H(C)

ìpou to H diatrèqei ta K

1

-rht� uperep�peda tou P

(r�1)

C

. 'Ena shme�o ! = (!

1

: : : : : !

r

) an kei sto Drinfeld

�nw hmiep�pedo 


r

an kai mìno an den up�rqei mh-tetrimmènh sqèsh

P

a

i

!

i

= 0 me suntelestè a

i

2 K

1

.

Ta P

(r�1)

(C) kai 


r

dèqontai th dom  rigid analutik¸n q¸rwn. MporoÔme ètsi na miloÔme gia olìmorfe

sunart sei sto 


r

.

'Estw A perioq  kur�wn idewd¸n kai daktÔlio tou Drinfeld. Tìte k�je lattie � t�xew r tou C e�nai

eleÔjero A�module eleÔjera paragìmeno apì r stoiqe�a, � = h!

1

; : : : ; !

r

i: E�nai eÔkolo na diapist¸sei

kane� ìti to � e�nai diakritì an kai mìno an ! := (!

1

: � � � : !

r

) 2 


r

:

Dr�sh arijmhtik¸n om�dwn sto �nw hmiep�pedo

JewroÔme thn profan  dr�sh th arijmhtik  om�da �(1) := GL(r;A) sto 


r

: DÔo shme�a ! kai !

0

tou 


r

or�zoun ìmoia latties (kai w ek toÔtou isìmorfa Drinfeld modules) an e�nai suzug  k�tw apì th dr�sh th

�(1): Sunep¸, pa�rnoume m�a kanonik  isomorf�a

�(1) n


r

� Y

r

(1)(C)

apì ton phlikoq¸ro �(1) n


r

sto sÔnolo twn kl�sewn isomorf�a Y

r

(1)(C).

H per�ptwsh r = 2

Gia r = 2 ja sumbol�zoume me 
 to Drinfeld �nw hmiep�pedo 


2

to opo�o e�nai to P

1

(C) n P

1

(K) = C nK:

1

H om�da �(1) := GL(2;A) dra sto 
 mèsw grammik¸n metasqhmatism¸n

�

a b

 d

�

(z) =

az + b

z + d

:

1

To Drinfeld �nw hmiep�pedo antistoiqe� sto klasikì �nw kai k�tw migadikì hmiep�pedo: C �R = H

+

S

H

�

kai ìqi sto H

+

;

ìpw ja per�mene kane�.
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Modular morfè sto 


M�a modular morf  b�rou k gia thn � e�nai m�a olìmorfh sun�rthsh f : 
 ! C h opo�a ikanopoie� ti

sunj ke

� f

�

az+b

z+d

�

= (z + d)

k

f(z) kai

�

a b

 d

�

2 � kai

� f(z) fr�ssetai se èna upìqwro fz 2 
 : inf

x2K

1

jz � xj > 1g tou 
.

'Estw M

k

o C-dianusmatikì q¸ro twn modular forms gia th � b�rou k. Gia k � 1 to �jroisma

E

k

(z) :=

X

(0;0) 6=(a;b)2A�A

1

(az + b)

k

sugkl�nei kai m�lista or�zei m�a seir�, thn seir� tou Eisenstein b�rou k: Gia k � 0 mod (q � 1) h seir�

tou Eisenstein e�nai m�a modular morf . An� dÔo oi dianusmatiko� q¸roi M

k

e�nai grammik� anex�rthtoi (dhl.

M

k

\M

l

= f0g;8k 6= l). Jètoume

M(�) :=

M

k�0

M

k

:

ApodeiknÔetai ìti o M(�) par�getai apì ti algebrik� anex�rthte Eisenstein seirè E

q�1

kai E

q

2

�1

: E�nai

epomènw èna poluwnumikì daktÔlio se dÔo metablhtè upèr to C:

2:3 Drinfeld modules p�nw apì shemes

Gia na oriste� to moduli shemes twn Drinfeld modules p�nw apì s¸mata (dhlad  o q¸ro taxinìmhsh

tou) e�nai anagka�a h je¸rhsh Drinfeld modules p�nw apì shemes. 'Ena invertible sheaf F p�nw apì èna

sheme S e�nai èna sheaf sunart sewn, ¸ste gia k�je afinikì anoiqtì U = Spe(B) � S, to module F(U)

p�nw apì to B na e�nai isìmorfo pro to B�module B: D�noume ton orismì:

Orismì 2:3.1. 'Estw A = F

q

[T ℄; K = F

q

(T ): 'Estw S èna K� sheme kai L èna invertible sheaf p�nw

apì to S: O funtor

E : fShemes=Sg �! Abelian Groups

o orizìmeno apì thn E(S

0

) = �(S

0

;O

S

0




O

S

0

L) or�zei èna antimetajetikì group sheme upèr to S

0

; tètoio

¸ste, gia k�je afinikì anoiqtì U � S to E

U

(anaforik� me thn Zariski topolog�a) e�nai isìmorfo pro to G

a

:

Me  : A �! �(S

0

) sumbol�zoume ton fusikì omomorfismì.

Orismì 2:3.2. 'Ena Drinfeld module t�xew r upèr to S apotele�tai apì

1. èna invertible sheaf L tou O

S

� maz� me èna funtor E := E

L

ìpw parap�nw,

2. èna endomorfismì daktÔliwn

� : A �! End

S�groups

(E)

a 7�! �

a

:=

m

X

i=0

�

i

(a)�

i

ìpou �

i

: L �! L


p

i

; �

i

(a) 2 L


(1�p

i

)

; �

0

(a) = (a) kai �

m

(a) e�nai m�a generating setion tou L

(dhlad  m�a poujen� mhdenizìmenh global setion) kai m = r � deg(a):

2:3.1 Level struture

O Drinfeld sto [7℄ eis gage thn ènnoia th level struture se Drinfeld A�modules. 'Estw � èna Drinfeld

module kai n 2 A èna mh tetrimmèno ide¸de tou �: To �[n℄ e�nai A submodule sheme ker�

n

� G

a

� to

subsheme twn n shme�wn peperasmènh t�xh tou �:

Prìtash 2:3.1. 'Estw r h t�xh enì Drinfeld module � upèr to L: Tìte:
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1. �[n℄ e�nai èna peperasmèno group sheme t�xew #(A=nA)

r

upèr to L kai

2. an to n e�nai pr¸to w pro th qarakthristik  tou L tìte to �[n℄ e�nai èna eleÔjero A=nA module

t�xew r:

Orismì 2:3.3. M�a n-level struture se èna Drinfeld module � upèr to L e�nai èna morfismì

l : (A=n)

r

�! G

a

(Spe(L)) := Mor(Spe(L); G

a

)

apì A-module shemes tètoio ¸ste sto G

a

X

l(n)

n

2 (A=nA)

r

= �[a℄

(pern¸nta stou ant�stoiqou diairète) na ikanopoie�tai h parap�nw isìthta.

Pio sugkekrimèna, èstw � èna Drinfeld module genik  qarakthristik  t�xew r: M�a n-level struture

upèr to L shma�nei ìti

� to � or�zetai upèr to L

� oi r�ze tou �

n

(X) sqhmat�zoun èna A�module kai e�nai stoiqe�a tou L

� up�rqei èna A�module isomorfismì (A=nA)

r

�! �[n℄:

Shme�wsh 3. 'Estw (�; i) kai ( ; j) dÔo Drinfeld modules upèr to L me n-level struture dosmènh apì ta i kai

j: An (�; i); kai ( ; j) e�nai isìmorfa, tìte up�rqei u 2 L tètoio ¸ste  = u�u

�1

kai to akìloujo di�gramma

na e�nai antimetajetikì.

(

A

n

)

r

i

}}{{
{{

{{
{{

j

!!CC
CC

CC
CC

=

�

n

u

�1

//
 

n

2:4 Moduli shemes

2:4.1 To Moduli sheme Y

r

(1)

JewroÔme ton funtor:

Y

r

(1) :

�

K � shemes

S

�

�!

�

kl�ssei isomorf�a

Drinfeld modules t�xew r upèr to S

�

:

O funtor den e�nai anaparast�simo (representable) apì k�poio S-sheme M

r

(1) (up�rqoun mh tetrimmènoi

automorfismo� Drinfeld modules p�nw apì algebrik� kleist� A�s¸mata). O Y

r

(1) or�zei èna oarse moduli

prìblhma. To (afinikì) sheme pou antistoiqe� se autì sumbol�zetai me Y

r

(1):

2:4.2 To moduli sheme Y

r

(n)

'Estw n mh tetrimmèno polu¸numo kai Y

r

(n) o funtor

Y

r

(n) :

�

K � shemes

S

�

�!

8

<

:

kl�sei isomorf�a apì

Drinfeld modules t�xew r upèr to S

efodiasmèna me m�a n-level struture

9

=

;

:

Je¸rhma 2:4.1 (Drinfeld [7℄). Upojètoume ìti to n diaire�tai apì toul�qiston dÔo diaforetikoÔ

pr¸tou. Tìte o Y

r

(n) e�nai anaparast�simo apì èna le�o afinikì A-sheme Y

r

(n); sqetik  di�stash

(r � 1):



2:4 Moduli shemes 19

Shme�wsh 4. Ta polu¸numa pou ikanopoioÔn thn parap�nw apa�thsh qarakthr�zontai sthn sqetik  bibliogra-

f�a w admissible. To parap�nw je¸rhma genikeÔetai kai gia mh admissible (kai mh tetrimmèna) polu¸numa.

Kai se aut n thn per�ptwsh up�rqei èna A[

1

n

℄-sheme Y

r

(n) pou anaparist� ton funtor. Sthn paroÔsa erga-

s�a ja perioristoÔme se Drinfeld modules pou or�zontai p�nw apì K-�lgebre. 'Etsi, to ant�stoiqo sheme

{or�zetai} p�nw apì to K kai kat� sunèpeia probl mata sqetik� me thn level struture den emfan�zontai.

Kr�noume skìpimo na parajèsoume m�a apìdeixh sto parap�nw je¸rhma. H apìdeixh pou parousi�zoume

ofe�letai en mèrh ston Marius Van Der Put kai br�sketai sto [31℄.

Sta parak�tw ìloi oi daktÔlioi pou jewroÔme upojètoume ìti e�nai daktÔlioi th Noether. Se afinik�

shemes p�nw apì tètoiou daktÔliou oi ènoie twn invertible sheaf, trivial line bundle kai group sheme

taut�zontai, me thn ènoia ìti to k�je èna apì aut� antistoiqe� me monadikì trìpo sta upìloipa. Pio sugke-

krimèna, to tetrimmèno line bundle Spe(R[X ℄) antistoiqe� sto struture sheaf O

Spe(R)

pou me th seir� tou

antistoiqe� sto additive group sheme G

a;R

= Spe(R[X ℄):

'Estw 

1

; : : : ; 

r

algebrik� anex�rthte metablhtè upèr to F

p

kai

n =

d

X

i=0

a

i

T

i

èna mh tetrimmèno polu¸numo tou A = F

q

[T ℄. JewroÔme ton daktÔlio

B := K[

1

; : : : ; 

r

; 

�1

r

; fx

�

g℄

�2(A=n)

r

o opo�o genniètai upèr ton A apì ta 

1

; : : : ; 

r

; 

�1

r

(

r



�1

r

= 1) kai ta x

�

, � 2 (A=n)

r

. Oi sqèsei metaxÔ

twn genhtìrwn ja prosdioristoÔn parak�tw. Or�zoume èna Drinfeld module t�xew r upèr to B w ex :

~

� : A �! B : T 7�! T + 

1

� + � � �+ 

r

�

r

:

Oi sqèsei metaxÔ twn gennhtìrwn e�nai oi ex :

1. x

�

+ x

�

0

= x

�+�

0

kai x

��

= �x

�

gia k�je �; �

0

2 (A=n)

r

. kai � 2 F

p

�

; kai x

0

= 0

2. x

T�

=

~

�

T

(x

�

) = Tx

�

+ 

1

x

p

�

+ � � �+ 

r

x

p

r

�

gia k�je mh mhdenikì stoiqe�o � 2 (A=n)

r

3. To polu¸numo

~

�

n

(X) :=

P

rd

i=0

a

j

X

p

j

isoÔtai me to a

rd

Q

�2A=n

(X � x

�

):

4. Dialègoume èna stoiqe�o �

0

2 (A=n)

r

me �

0

6= 0 kai n � �

0

= 0 kai jètoume x

�

0

= 1.

Ta parap�nw or�zoun èna Drinfeld module (

~

�;

~

i) upèr to Spe(B) t�xew r; me n-level struture dosmènh apì

to monomorfismì

~

i : (A=nA)

r

�! B : � 7�! x

�

kai line bundle to struture sheaf tou Spe(B):

Ja de�xoume ìti to

~

� efodiasmèno me thn parap�nw dom  antiproswpeÔei ton funtor Y

r

(n). 'Estw R

tuqìn daktÔlio me K � R efodiasmèno me

aþ. èna tetrimmèno line bundle L upèr to Spe(R)

bþ. èna Drinfeld module � : A �! End(L) t�xew r

gþ. èna omomorfismì apì A-modules i : A �! L(Spe(R)) ¸ste o pur na tou � na taut�zetai me ton Cartier

divisor tou

P

�2(A=n)

r

i(div(�)):

H setion i(�) ikanopoie� thn sqèsh

~

�(n)i(�) = 0. Apì to mèro g' kai epeid  to polu¸numo �(n)(X) �

�

n

(X) e�nai diaqwr�simo (h diakr�nous� tou e�nai dÔnamh tou n), h setion i(�) den èqei r�ze. Qwr� bl�bh

th genikìthta, mporoÔme na upojèsoume ìti i(�) = 1. Sunep¸, mporoÔme me monadikì trìpo na taut�soume

to line bundle L me to struture sheaf R ¸ste i(�) = 1: Epomènw o omomorfismì � : A �! End(L) d�netai

apì èna omomorfismì th morf  � : A �! Rf�g : �

T

7�! T + d

1

� + � � �+ d

r

�

r

; me d

i

2 R:

AfoÔ ìla ta i(�) e�nai stoiqe�a tou daktul�ou R, h sunj kh g mpore� na metasqhmatiste� sthn sunj kh:

ta polu¸numa �

n

(X) kai d

Q

�

(X � i(�)), gia k�poia kat�llhlh antistrèyimh stajer� d 2 R taut�zontai.
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Or�zoume ton K-omomorfismì h : B �! R ìpou h(x

�

) = i(�) kai h(

i

) = d

i

gia k�je � 2 (A=n)

r

kai i = 1; : : : ; r: O h e�nai kal� orismèno, lìgw twn 1-4 kai a'-g' parap�nw. E�nai safè ìti mèsw tou

h metafèretai h level struture dom  tou {universal} antikeimènou

~

� sto � kai m�lista, o h prosdior�zetai

monadik� apì thn parap�nw idiìthta.

Sunep¸, to Spe(B) anaparist� ton funtor Y

r

(n) upèr to K: De�xame dhlad  to parak�tw je¸rhma:

Je¸rhma 2:4.2 ([7℄, [28℄,[31℄). 'Estw n èna mh mhdenikì ide¸de tou A: Tìte, o funtor M

r

(n)

antiproswpeÔetai apì èna afinikì K� sheme Y

r

(n):

H dr�sh th GL(r;A=n)

H peperasmènh om�da G(n) := GL(r;A=n) dra sto Y

r

(n) metajètonta ti level strutures. Mèsw tou funtor,

h dr�sh aut  pern�ei kai sto sheme Y

r

(n). To Y

r

(1) e�nai to phl�ko tou Y

r

(n) me thn G(n) (to opo�o den

exart�tai apì thn epilog  tou n). 'Eqei m�lista thn idiìthta, ìti toul�qisto ta L-rht� shme�a, gia algebrik�

kleist� A-s¸mata L antistoiqoÔn me trìpo èna pro èna, ep� kai sunarthsiak� (funtorially) sto Y

r

(1)(L).

Ta Drinfeld modules t�xew 2 taxinomoÔntai apì thn afinik  euje�a Y

2

(1) = A

1

: Pr�gmati èstw A =

F

q

[T ℄; K to s¸ma phl�kwn tou A kai  : A �! K dosmèno omomorfismì. 'Estw � : A �! Kf�g èna

Drinfeld module t�xew 2 upèr to K: O omomorfismì � kajor�zetai apì thn tim  �

T

tou T :

�

T

= (T ) + 

1

� + 

2

�

2

ìpou 

i

2 K kai 

r

2 K

�

: Ant�strofa, k�je epilog  f

1

; 

2

g, me 

2

2 K

�

, or�zei èna Drinfeld module t�xew

2: DÔo Drinfeld module � kai �

0

e�nai isìmorfa an kai mìno an up�rqei èna stoiqe�o a 2 K

�

¸ste

8i = 1; 2; 

i

a

p

i

�1

= 

0

i

:

8
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Kef�laio Tr�to

O Weil morfismìs

3:1 H or�zousa enì Drinfeld module

To kef�laio autì den apotele� protìtuph ergas�a. To Weil pairing sthn kathgor�a twn Drinfeld modules e�qe anaferje� apì

ton �dio ton Drinfeld se èna idiwtikì tou gr�mma pro ton Gross; anafèretai de kai sto bibl�o {The arithmeti of funtion �elds}

[14℄ epigrammatik�, kai aut  h anafor� mia gramm   tan h monadik  anafor� gnwst  se em�. Wstìso, gia ma, h kataskeu 

tou e�qe idia�terh shmas�a, afoÔ endiaferìmastan gia thn Galois dr�sh se Drinfeld modules t�xew r kai pw aut  pern�ei

se Drinfeld modules t�xew 1. Anagkast kame loipìn na xanaapode�xoume thn Ôparxh tou. Sthn koÔrsa twn dhmosieÔsewn

wstìso, prohg jhke o Gert-Jan van der Heiden, o opo�o douleÔonta anex�rthta apì em�, parous�ase thn ergas�a tou {Weil

Pairing for Drinfeld Modules} (preprint) [15℄. Sthn paroÔsa ergas�a kr�netai skìpimo na parateje� h diki� ma prossèggish.

'Estw n èna, mh-tetrimmèno, ide¸de tou A kai C to Carlitz module C

T

= T + � upèr to L: Ja sumbol�zoume

me L(n) to s¸ma pou genniètai upèr to L apì ti r�ze tou poluwnÔmou C

n

(X); dhlad  tou poluwnÔmou pou

antistoiqe� sto Carlitz module. Ja sumbol�zoume me K

+

� L(n) thn maximal abelian  epèktash tou K sthn

opo�a to 1 analÔetai pl rw kai me L

+

(n) � L(n) thn maximal abelian  epèktash tou L sthn opo�a to 1

analÔetai pl rw.

Je¸rhma 3:1.1. [21℄ To moduli sheme twn Drinfeld modules t�xew 1 �twn orizìmenwn p�nw apì

K-s¸mata� e�nai to

Y

1

(n) = Spe(K

+

(n)):

Jèloume na or�soume ènan dominant morfismì W

n

: Y

r

(n) �! Y

1

(n) o opo�o ja stèlnei Drinfeld

modules t�xew r me n-level struture se Drinfeld modules t�xew 1 me n-level struture. Sthn kathgor�a

twn Drinfeld modules o morfismì W

n

ja pa�zei rìlo an�logo me eke�no th {Weil Pairing} sthn kathgor�a

twn elleiptik¸n kampÔlwn me level struture. To ti ennooÔme ja g�nei antilhptì sti epìmene paragr�fou.

M�a endiafèrousa efarmog  e�nai o prosdiorismì tou s¸mato orismoÔ tou moduli sheme Y

r

(n):

3:1.1 T�motives

Sthn par�grafo aut  qrhsimopoioÔme ta sÔmbola kai tou orismoÔ tou kef. 5 tou [13℄. 'Estw A =

F

p

[T ℄; � : A �! Lf�g èna Drinfeld module t�xew r kai �

T

= a

r

�

r

+ � � �+ a

1

� + T�

0

: H mh antimetajetik 

L-�lgebraM := Lf�g g�netai m�a A��lgebra mèsw am := m Æ�

a

gia a 2 A kai m 2M: MporoÔme na doÔme

to M w mia B = L


F

p

A��lgebra mèsw tou omomorfismoÔ daktul�wn

B

1
�

//
M

:

Pio sugkekrimèna, toM g�netai m�a B��lgebra mèsw tou (�
a) �m = � �(mÆ�

a

) kaim(�
a) = �

p

�(mÆ�

a

),

gia k�je m 2M; a 2 A kai � 2 L: Shmei¸noume ìti o B e�nai poluwnumikì daktÔlio m�a metablht  upèr

to L, B = L[Y ℄ ìpou Y = 1 
 T: E�nai gnwstì ìti to M e�nai èna eleÔjero module t�xew r upèr to B

me b�sh f1; �; �

2

; : : : ; �

r�1

g: Sunep¸, h {full exterior power} tou

B

M , sumb.

B

V

r

;M e�nai èna eleÔjero

module t�xew èna me b�sh f1 ^ � ^ � � � ^ �

r�1

g:
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Sumbolismì 2. Jètoume �

m

:= �

m

^ � � � ^ �

m+r�1

; m � 0 kai N :=

B

V

r

M:

Or�zoume dr�sh tou � sto N w akoloÔjw

� � (m

1

^ � � � ^m

r

) := �(m

1

) ^ � � � ^ �(m

r

):

H dr�sh aut  e�nai A-grammik  all� ìqi kai B-grammik .

3:1.2 H kataskeu  th or�zousa enì Drinfeld module.

O skopì th paragr�fou aut  e�nai h kataskeu  th or�zousa   alli¸ th full exterior power enì

Drinfeld Module t�xew r: H or�zousa ja e�nai èna Drinfeld module t�xew 1: Gia na thn kataskeu�soume,

ja prèpei na doÔme to N w mia skew

1

L��lgebra paragìmenh apì èna Frobenius endomorfismì (de to l mma

?? parak�tw).

L mma 3:1.1. Sto B o r� Frobenius endomorfismì �

r

isoÔtai me �

0

�

0

+ �

1

� + � � � + �

r�1

�

r�1

; ìpou

�

0

= a

�1

r


 T � a

�1

r

T 
 1 kai �

i

= �a

�1

r

a

i


 1 gia i = 1; : : : ; r � 1:

Apìdeixh. (1
)T � �

0

= �

0

�

T

= �

T

= T 
 1�

0

+ a

1


 1 � � + � � �+ a

r


 1 � �

r

: ❏

L mma 3:1.2. � = (�1)

r�1

�

0

� �

0

:

Apìdeixh. � = �^� � �^�

r

= �^� � �^

P

r�1

i=0

�

i

�

i

= �^� � �^�

0

�

0

= (�1)

r�1

�

0

��

0

^� � �^�

r�1

= (�1)

r�1

�

0

��

0

: ❏

L mma 3:1.3. (1
 T ) � �

m

= T

p

m


 1 � �

0

+ (�1)

r�1

a

p

m

r


 1 � �

m+1

Apìdeixh.

(1
 T ) � �

m

= �

m

�

T

^ � � � ^ �

m+r�1

= (T

p

m

�

m

+ a

p

m

1

�

m+1

+ � � �+ a

p

m

r

�

r+m

) ^ �

m+1

^ � � � ^ �

m+r�1

= T

p

m


 1 � �

0

+ (�1)

r�1

a

p

m

r


 1 � �

m+1

:

❏

L mma 3:1.4. An a 2 A tìte to (1
a) ��

0

e�nai grammikì sunduasmì twn �

0

; : : : ; �

d+1

upèr to L ìpou

d = deg(a):

Apìdeixh. Arke� na apode�xoume to l mma gia 1
 T

m

� �

0

;8m: Gia m = 1;

(1
 T ) � �

0

= �

T

^ � � � ^ �

r�1

= T 
 1 � �

0

+ (�1)

r�1

a

r


 1 � �:

Gia m = 2;

(1
 T

2

) � �

0

= (1
 T ) � (1
 T � �

0

)

= (1
 T )(T 
 1 � �

0

+ (�1)

r�1

a

r


 1 � �)

= T

2

� �

0

+ (�1)

r�1

Ta

r

�+ (�1)

r�1

a

r

((�1)

r�1

a

p

r

�

2

+ T

p

�)

= T

2

�

0

+ (�1)

r�1

a

r

(T + T

p

)�+ a

1+p

r

�

2

:

Upojètoume ìti (1
 T

m

) � �

0

= A

0

�

0

+A

1

�+ � � �+A

m

�

m

�opou A

i

2 L: Tìte,

(1
 T

m+1

) � �

0

= (1
 T )(1
 T

m

� �

0

)

= (1
 T ) � (A

0

�

0

+A

1

�+ � � �+A

m

�

m

)

= A

0

(1
 T � �

0

) +A

1

(1
 T � �) + � � �+A

m

(1
 T � �

m

)

❏

1

mh-antimetajetik 
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Shme�wsh 5. E�nai t¸ra profanè ìti mporoÔme na gr�youme k�je stoiqe�o tou N san polu¸numo tou � upèr

to L:

Mènei na or�soume m�a arister  ��dr�sh sto N:

Orismì 3:1.1. To Lf�g e�nai m�a L-�lgebra paragìmenh upèr to L apì ta f�

m

;m = 0; 1; : : :g me polla-

plasiasmì orismèno w:

� �

i

�

j

= �

i+j

kai

� �� = �

p

�

E�maste t¸ra ètoimoi na apode�xoume to

L mma 3:1.5. To N e�nai m�a skew L��lgebra paragìmenh apì to �:

Apìdeixh. K�je stoiqe�o tou N mpore� na grafte� sth morf  � � �

0

ìpou � =

P

i

�

i


 a

i

2 B:

� � �

0

=

X

i

�

i


 a

i

� �

0

=

X

i

�

i


 1 � (1
 a

i

� �

0

):

Apì to l mma (3:1.4), 8i to (1 
 a

1

) � �

0

e�nai polu¸numo w pro ta �

0

; : : : ; �

deg(a

i

)

, upèr to L: Autì

apodeiknÔei to gegonì ì,ti k�je stoiqe�o tou N mpore� na jewrhje� w èna polu¸numo w pro � upèr to L:

Tèlo, shmei¸noume ìti � � (�
 1) = (�

p


 1) � �: ❏

E�maste t¸ra se jèsh na d¸soume ton orismì th or�zousa enì Drinfeld Module:

Orismì 3:1.2. 'Estw � kai � ìpw parap�nw. H or�zousa ^

r

� tou � e�nai èna Drinfeld module t�xew

èna

^

r

� : A �! Lf�g

dosmèno apì

A �! L


F

p

A �!

V

r

Lf�g

�

�! Lf�g

a 7�! 1
 a 7�! 1
 a � �

0

Akribèstera,

T 7�! T � �

0

+ 

r

(�1)

r�1

�:

Upenjum�zoume ìti me Y

r

(1) sumbol�zoume to moduli sheme twn Drinfeld modules t�xew èna, ta opo�a

or�zontai p�nw apì s¸mata L me L � K. Kle�noume thn par�grafo apodeiknÔonta thn Ôparxh enì morfismoÔ

W : Y

r

(1) �! Y

r

(1) opo�o metafèrei Drinfeld modules t�xew r sti or�zouse tou. A shmeiwje� ìti h

ènnoia th level struture den èqei akìma qrhsimopoihje�. Autì ja g�nei sthn epìmenh par�grafo. 'Eqoume

 dh apode�xei thn akìloujh

Prìtash 3:1.1. Up�rqei èna morfismì

W : Y

r

(1) �! Y

1

(1) ; � 7�! ^

r

�: (3.1)

3:2 Shme�a peperasmènh t�xh kai t-motives.

Oi orismo� �kaj¸ kai oi sumbolismo�� th paragr�fou aut  perièqontai sto [13℄, x5.6, sel. 151-156.

Prokeimènou na apode�xoume thn Ôparxh enì dominant morfismoÔ

W

n

: Y

r

(n) �! Y

1

(n)

ja prèpei na eis�goume sto morfismì (3.1) th level struture. 'Estw (�; i) èna L�rhtì shme�o tou Y

r

(n) ìpou

i : (A=nA)

r

�! �[n℄ e�nai ènaA=nA isomorfismì (dhl. e�nai m�a n-level struture). Tomodule � ja prèpei na

apeikon�zetai mèsw touW

n

sto ^

r

�: O morfismìW

n

ja prèpei na metafèrei thn n� level struture�apì thn

kathgor�a twn Drinfeld modules t�xew r� se m�a n� level struture sthn kathgor�a twn Drinfeld modules
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t�xew èna. Arke� epomènw na deiqje� ìti o epag¸meno omomorfismì ^

r

: ^

r

((A=nA)

r

) �! ^

r

(�[n℄) e�nai

fusikì, dhlad  na deiqte� ìti ta ^

r

(�[n℄) kai (^

r

�)[n℄ e�nai, me kanonikì trìpo, isìmorfa.

'Estw M;N; �; � kai � ìpw parap�nw. Apo ed¸ kai sto ex  ja upojètoume ìti to s¸ma L e�nai tèleio;

sth sunèqeia ja �roume ton periorismì autì. H prosèggish aut  g�netai gia teqnikoÔ lìgou. Upenjum�zoume

ìti me �[n℄ shmei¸noume to sÔnolo twn n shme�wn peperasmènh t�xh tou �; dhlad  ti r�ze tou prosjetikoÔ

poluwnÔmou �

n

(X): Jètoume

(M=nM)

�

:= fm 2M=nM j �m�m 2 nMg:

To je¸rhma tou Lang gia thn GL(r) ma lèei ìti

(M=nM)

�




F

p

L

�

=

M=nM

w dianusmatiko� q¸roi kai B modules (de [13, pìrisma 5.6.4,sel. 152℄). ('Omoioi orismo� kai sumper�smata

isqÔoun kai gia to (N=nN)

�

kai to N=nN .)

Je¸rhma 3:2.1. W A�module to �[n℄ e�nai kanonik� isìmorfo pro to

Hom

A

((M=nM)

�

;Hom

F

p

(A=nA;F

p

)) :

Apìdeixh. E�nai sunduasmì tou jewr mato 5.6.6 kai th prìtash 5.6.3 (kai th shme�wsh k�tw apì aut n)

tou [13℄. ❏

L mma 3:2.1. W B�modules ta

V

r

M

nM

kai

N

nN

e�nai isìmorfa.

Apìdeixh. JewroÔme thn akrib  akolouj�a twn B modules:

0 �! nM �!M �!

M

nM

�! 0:

AfoÔ to

B

M e�nai �at, h akolouj�a

0 �! (nM)


B

M


r�1

�!M


r

�!

M

nM




B

M


r�1

�! 0

e�nai akrib  kai w ek toÔtou, afoÔ (nM)


B

M


r�1

�

=

n(M


r

),

2

èqoume

M

nM




B

M


r�1

�

=

M


r

nM


r

:

Apì thn �llh meri�

M

nM

=

B

nB




B

M kai

M


r

nM


r

=

B

nB




B

M


r

: Autì apodeiknÔei thn isìthta

(

M

nM

)


r

=

M


r

n(M


r

)

: (3.2)

'Estw T to submodule tou M


r

pou par�getai apì ta stoiqe�a th morf 

� � � 
m
 � � � 
m
 � � �

kai èstw T

0

to B submodule tou (

M

nM

)


r

pou par�getai apì stoiqe�a th morf 

� � � 
 (m+ nM)
 � � � 
 (m+ nM)
 � � � :

Ta T

0

kai (T + n(M


r

))=nM


r

antistoiqoÔn to èna sto �llo mèsw th (3.2). 'Etsi, afoÔ N = M


r

=T ,

èqoume ìti

N

nN

=

M


r

=T

n(M


r

=T )

=

M


r

=T

(nM


r

+ T )=T

=

M


r

nM


r

+ T

=

M


r

=n(M


r

)

(n(M


r

) + T )=n(M


r

)

=

(

M

nM

)

r

T

0

=

r

^

(

M

nM

)

r

❏
2

Gia

B

X me nX = 0 e�nai B=nB 


B

X = X
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L mma 3:2.2. 'Estw X;Y dÔo A modules me nX = nY = 0: IsqÔoun ta akìlouja:

1. X kai Y e�nai A isìmorfa an kai mìno an e�nai A=nA isìmorfa.

2. Hom

A

(X;Y) kai Hom

A=nA

(X;Y) e�nai isìmorfa A=nA modules.

Apìdeixh. Shmei¸noume apl� ìti X 


A

A=nA =

X

nX

= X: ❏

Prìtash 3:2.1. IsqÔei ìti ta (^�)[n℄

�

=

^(�[n℄) e�nai isìmorfa w A=nA-modules.

Apìdeixh. Jètoume X = (M=nM)

�

kai Y = Hom

F

p

(A=nA;F

p

) : To F

p

�module Y mpore� na jewrhje� w

èna A module mèsw (a � f)(x) := f(a � x) gia k�je a 2 A; f 2 Y kai x 2 A=nA:

3

Shmei¸noume ìti ta X;Y

mhden�zontai apì to n: W ek toÔtou, efarmìzonta to l mma 3:2.2, apì to Pìr. 5.6.4 tou [13℄ sel.152, X kai

(A=nA)

r

e�nai A isìmorfa �a shmei¸soume me � : (A=nA)

r

�! X autìn ton isomorfismì. Shmei¸noume me

�

�

ton epagìmeno isomorfismì:

�

�

: Hom

A

(X;Y) �! Hom

A

((A=nA)

r

;Y); f 7�! � Æ f:

Ta akìlouja e�nai A=nA isomorfismo� apì A=nA modules:

Hom

A

((A=nA)

r

;Y) = Hom

A=nA

((A=nA)

r

;Y) =

r

M

i=1

Hom

A=nA

(A=nA;Y) = Y

r

T¸ra, pern¸nta sti full exterior powers pa�rnoume èna isomorfismì o opo�o exart�tai mon�qa apì to � :

i :

r

^

Hom

A=nA

(X;Y) �!

r

^

Y

r

:

Me � sumbol�zoume ton fusikì A=nA-isomorfismì � :

V

r

Y

r

�! Y kai me

�

�

: Hom

A=nA

(A=nA;

r

^

Y

r

);

'Etsi

^ (�[n℄) =

r

^

Hom

A=nA

(X;Y )

i

�!

r

^

Y

r

�

�! Hom

A=nA

(A=nA; Y ) �!

Hom

A

(A=nA; Y ) �! Hom

A

(N=nN; Y ) = (^�)[n℄

❏

Sumbolismì 3. 'Estw � : � �!  isogèneia upèr to L: 'EstwM

�

(ant. M

 

) to B�module Lf�g: H isogèneia

� ep�gei èna B�omomorfismì

� :M

 

�!M

�

;m 7! m Æ �:

3

'Estw E = fx

1

; : : : ; x

d

g m�a F

p

b�sh tou A=nA: 'Estw E

�

= fx

1

�

; : : : ; x

d

�

g h du�ik  Hom

F

p

(A=nA;F

p

) : Sumbol�zoume me

� ton isomorfismì x

i

7�! x

�

i

: Me x ja sumbol�zoume ta stoiqe�a tou A=nA kai me x

�

ta ant�stoiqa stoiqe�a tou du�ikoÔ q¸rou

(mèsw th antisto�qish pou or�zetai apì to �). To sÔnolo Hom

F

p

(A=nA;F

p

) g�netai èna A module mèsw

(a � x

�

)(y) = x

�

(a � x);8y 2 A=nA:

K�je stoiqe�o a 2 A or�zei èna F

p

endomorfismì tou A=nA: Shmei¸noume me g

a

=

�

a

ij

�

ton p�naka pou antistoiqe� sto a (se

sqèsh p�nta me to E). Or�zoume m� (nèa) A�dr�sh (?) sto A=nA :

a ? x = �

�1

(a � x

�

):

Shmei¸noume ìti 8a; b 2 A; g

a

g

b

= g

b

g

a

: 'Estw x 2 A=nA; x =

P

i

�

i

x

i

: Tìte, x

�

=

P

i

�

i

x

�

i

kai (a ? x) = �

�1

(a � x

�

): All�

a � x

�

= a �

P

i

�

i

x

�

i

=

P

�

i

a � x

�

i

kai w ek toÔtou, gia k�je j; a � x

�

(x

j

) =

P

i

�

i

x

�

i

(ax

j

) =

P

i

�

i

x

�

i

(g

a

x

j

) =

P

i

�

i

a

ij

: Autì

apodeiknÔei ìti a ? x = g

t

a

� x; ìpou ta g

t

a

sumbol�zoun ton an�strofo p�naka tou g

a

: W ek toÔtou, jewroÔmena w A modules,

ta Hom

F

p

(A=nA;F

p

) kai (A=nA; ?) e�nai isìmorfa.
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Pernìnta sti r exterior powers, pa�rnoume B�omomorfismoÔ

^� :

r

^

M

 

�!

r

^

M

�

;

kai m�a isogèneia

^� : ^� �! ^ :

Je¸rhma 3:2.2. Up�rqei èna morfismì

W

n

: Y

r

(n) �! Y

1

(n)

Apìdeixh. 'Estw � èna Drinfeld module t�xew r orismèno p�nw apì èna s¸ma L � K; me m�a n�level

struture dosmènh apì to

� : (A=nA)

r

�! �[n℄:

'Estw ^� h or�zousa tou �: E�nai profanè ìti o isomorfismì e�nai Gal(K

sep

=K)�anallo�wto. Apì thn

prìtash 3:2.1 èqoume ìti (^�)[n℄ � ^(�[n℄): Pernìnta sti exterior powers, pa�rnoume ton epijumhtì morfismì

(thn level struture)

^� : A=n

�

=

^

(A=nA)

r

�! ^

r

(�[n℄)

�

=

(^�)[n℄:

❏

3:2.1 To s¸ma orismoÔ twn Moduli shemes

Gia èna pr¸to p èstw K(p) to s¸ma pou perièqei to K kai ta p shme�a peperasmènh t�xh tou Carlitz

module C

T

= T + �: Ja shmei¸noume me K

+

(p) th maximal abelian  epèktash tou K; thn perieqìmenh sto

K(p); sthn opo�a to 1 analÔetai pl rw. 'Estw K

+

h maximal abelian  epèktash tou K sthn opo�a to 1

analÔetai pl rw. To moduli sheme twn Drinfeld modules t�xew èna me p level struture h opo�a or�zetai

p�nw apì K�s¸mata e�nai to K

+

(de Goss [13℄ kai Hayes [21℄).

Apì to je¸rhma 3:2.2, gia p pr¸to tou A up�rqei èna dominant morfismì, o Weil morfismì, ¸ste gia

k�je pr¸to ide¸de p tou A = F

p

[T ℄ na èqoume

W

p

: Y

r

(p) �! Y

1

(p):

Pa�rnonta thn duðk  tou W

p

(dhl. pernìnta sti global setions) èqoume èna monomorfismì daktul�wn

�(Y

1

(p);O

Y

1

(p)

) �! �(Y

r

(p);O

Y

r

(p)

):

Epeid  �(Y

1

(p);O

Y

1

(p)

) = K

+

(p) (de 3:1.1), pa�rnoume to akìloujo

Je¸rhma 3:2.3. To s¸ma orismoÔ th Y

r

(p) perièqei to s¸ma K

+

(p):

3:2.2 Dr�sh orizous¸n

'Estw M

m

(a) o ontravariant funtor apì thn kathgor�a twn K� swm�twn sthn kathgor�a twn sunìlwn

M

m

(a) : (K � s¸mata) �! (sÔnola); L 7�! M

m

(a)(L) ìpou M

r

(a)(L) shmei¸nei to sÔnolo twn kl�sewn

isomorf�a twn Drinfeld modules t�xew m twn orizìmenwn upèr to L me a�level struture.

H om�daGL(r; A=n)=F

p

�

dra stoM

r

(n) kai h om�daGL(1; n)=F

p

�

dra stoM

1

(n): 'Estw g 2 GL(r; A=n)=F

p

�

:

JewroÔme to akìloujo di�gramma

M

r

(n)

W

n

��

g

//
M

r

(n)

W

n

��

(�; i)

_

W

n

��

� g

//
(�; i

g

)

W

n

��

M

1

(n)

det g

//
M

1

(n)

(^�;^i)

� det g

//
(�;^i det g)

To parap�nw di�gramma e�nai antimetajetikì. 'Etsi èqoume to akìloujo
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Je¸rhma 3:2.4. H om�da GL(r; A=n)=F

p

�

dra sto K

+

(n) ìpw h or�zousa.

0
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'Estw p pr¸to tou A kai r = 2s �rtio me gd(s; q

d

� 1) = 1: 'Estw Y

r

(p) to moduli sheme twn Drinfeld

modules t�xew r; me p-level struture. H om�da GL(r; A=p)=F

p

�

dra ston Y

r

(p): To phl�ko th dr�sh

e�nai to Y

r

(1) �to moduli sheme twn Drinfeld modules t�xew r: To s¸ma orismoÔ th Y

r

(p) perièqei to

K

+

(p): H om�da GL(r; A=p)=F

p

�

dra sto K

+

(p) ìpw h or�zousa. W ek toÔtou, h upoom�da twn pin�kwn

th GL(r; A=p)=F

p

�

me or�zousa sto F

p

�

dra ston Y

r

(1)� Spe(K

+

(p)) tetrimmèna.

4:1 To moduli sheme Y

r

0

(n)

4:1.1 H kataskeu  tou Y

r

0

(n)

'Estw L s¸ma pou perièqei to K;� èna Drinfeld module genik  qarakthristik  t�xew r pou or�zetai p�nw

apì to L kai n èna mh tetrimmèno polu¸numo tou A: Sumbol�zoume me L

0

to s¸ma di�spash tou diaqwris�mou

poluwnÔmou �

n

(X):

Orismì 4:1.1.

aþ. H Borel upoom�da B(n) tou GL(2; n) e�nai h upoom�da twn �nw trigwnik¸n pin�kwn.

bþ. DÔo A�isomorfismo� i; i

0

: (A=n)

r

�! �[n℄ onom�zontai Borel isodÔnamoi an up�rqei èna stoiqe�o g 2 B(n)

me i = gi

0

:

gþ. M�a full �ag upoom�dwn tou �[n℄ e�nai m�a akolouj�a upoom�dwn tou �[n℄;

C

1

� C

2

� � � � � C

r

= �[n℄

tètoia, ¸ste h C

1

kai oi C

i+1

=C

i

gia i = 1; � � � ; r � 1 na e�nai isìmorfe me to A=nA:

dþ. M�a Borel �ag upoom�dwn �[n℄ e�nai m�a �ag upoom�dwn tou �[n℄ maz� me m�a Borel isodunam�a i :

(A=nA)

r

�! �[n℄

eþ. 'Ena L�rhtì shme�o (�; fC

1

� C

2

� � � � � C

r

= �[n℄g) apotele�tai apì

(aþ) èna Drinfeld module t�xew r orizìmeno upèr to L;

(bþ) m�a Borel �ag upoom�dwn C

1

� C

2

� � � � � C

r

tou �[n℄ upèr L

0

; me C

s

� L kai C

g

i

= C

i

;8i kai

g 2 Gal(K

sep

=L).

Shme�wsh 6. Mèsw th bþ, mporoÔme na taut�soume thn om�da Galois th L

0

=L me m�a upoom�da th B(n) :

JewroÔme ton ontravariant funtor M

r

0

(n) apì thn kathgor�a twn epekt�sewn tou K sthn kathgor�a twn

sunìlwn

M

r

0

(n) : (L : L � K) �! (SÔnola); L 7�!M

r

0

(n)(Spe(L))

o opo�o se èna s¸ma L me L � K antistoiqe� ti kl�sei isomorf�a twn du�dwn (�; ag):

'Estw B o daktÔlio gia ton opo�o to sheme Spe(B) anaparist� ton funtor Y

r

(n). H om�daGL(r; A=n)=F

q

�

dra ston B: 'Estw D o daktÔlio twn analloi¸twn tou B k�tw apì th dr�sh th om�da aut . Sthn parak�tw

prìtash de�qnoume ìti funtor Y

r

0

(n) anapar�statai asjen¸ (oarsly) apì to sheme Spe(D):
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r

0
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Prìtash 4:1.1. To Y

0

(n) := Spe(C) e�nai to oarse moduli sheme tou M

r

0

(n):

Apìdeixh. 'Estw (�; flag) du�da upèr to L; kai èstw L

0

to s¸ma di�spash tou poluwnÔmou �

n

(X): 'Estw

� : Spe(L

0

) �! Spe(L) o kanonikì morfismì. Epekte�nonta ti stajerè to � g�netai Drinfeld module

upèr to L

0

. 'Estw

i : (A=nA)

r

�

�! �[n℄

èna A�isomorfismì upèr to L

0

. O automorfismì autì antistoiqe� se m�a n-level struture tou � upèr

to L

0

� èstw (�; i) h ant�stoiqh du�da. AfoÔ to moduli sheme Y

r

(n) e�nai �ne, to parap�nw zeÔgo

antistoiqe� me monadikì trìpo se èna morfismì �

0

: Spe(L

0

) �! Y

r

(n): H eikìna tou �

0

antistoiqe� se

èna maximal ide¸de tou B èstw to M: AfoÔ h epèktash daktul�wn B=C e�nai akèraia, h probol  tou

M ston C, èstw P, ja e�nai èna maximal ide¸de. Or�zoume w � : Spe(B=P) �! Spe(B) to fusikì

morfismì. E�nai profan  h Ôparxh twn morfism¸n Spe(L

0

) �! Spe(B=P) kai Spe(L) �! Spe(C=P) kai

Spe(L

0

) �! Spe(C=P). Uposthr�zoume ìti up�rqei èna morfismì Spe(L) �! Y

r

0

(n) o opo�o k�nei to

akìloujo di�gramma antimetajetikì:

Spe(L

0

)

//

�

0

&&

��

Spe(B=P)

�

//

�

��

Y

r

(n)

�

��

Spe(L)

9

//
Spe(C=P)

//
Y

r

0

(n)

H om�da automorfism¸n G th L

0

=LemfuteÔetai sthn Borel om�da B(n): èstw g 2 G, tìte o morfismì

Spe(L)

0

g

�! Spe(L)

0

�

0

�! Y

r

(n) antisteiqe� se èna maximal ide¸de M

0

tou B. Sumbol�zoume me g ton

(monadikì) automorfismì tou B pou stèlnei to M sto M

0

: O morfismì �

0

paragontopoie�tai mèsw tou � kai

tou � : Spe(B=P) �! Spe(M), ìpou P e�nai h eikìna tou M mèsw tou �: To s¸ma C=P e�nai upìswma tou

B=M kai m�lista stajeropoie�tai apì ton automorfismì g, gia k�je g 2 G: 'Etsi to s¸ma C=P e�nai upìswma

tou L, apì ìpou kai o morfismì Spe(L) �! Spe(C=P) �! Y

r

(n): Sumbol�zoume me � ton morfismì

Spe(L) �! Y

r

(n):

Uposthr�zoume ìti o � e�nai anex�rthto apì thn epilog  tou i: Pr�gmati, èstw i

0

m�a �llh n�level strutu-

re h opo�a sèbetai thn Borel struture tou �[n℄ dhl. i

0

= gi gia èna g 2 B(n) : 'Estw �

0

: Spe(L

0

) �! Y

r

(n)

kai �

0

: Spe(L) �! Y

r

0

(n) oi ant�stoiqoi morfismo�. E�nai fanerì ìti �

0

Æ g = �

0

kai �ra �

0

= �:

Gia du�de (�; flag) p�nw apì algebrik� kleist� s¸mata k � K o funtorM

r

0

(n) e�nai èna isomorfismì:

arke� na deiqje� ìti gia k�je algebrik� kleistì s¸ma k � K ta k rht� shme�a tou Y

r

0

(n) (me �lla lìgia ta

Y

r

0

(n)(k)) antistoiqoÔn me trìpo monadikì se Drinfeld modules pou or�zontai p�nw apì to k �maz� me m�a

(dosmènh) Borel �ag struture.

'Estw � : Spe(k) �! Y

r

0

(n) morfismì. Ja de�xoume ìti up�rqei m�a du�da (�; ag) pou antiproswpeÔei

to �: AfoÔ to k e�nai s¸ma, h eikìna tou mègistou ide¸dou e�nai èna gewmetrikì shme�o x 2 Y

r

0

(n) me

quot(x) = k: K�je shme�o th �na tou x (se sqèsh me to morfismì �) e�nai ep�sh gewmetrikì k-rhtì shme�o

tou Y

r

(n): 'Estw y 2 Y

r

0

(n) èna apì aut�. O omomorfismì

O

Y

r

0

(n);x

�!O

Y

r

(n);y

ep�gei ton omomorfismì

O

Y

r

0

(n);x

=P

x

�!O

Y

r

(n);y

=P

y

o opo�o me th seir� tou ep�gei ton morfismì (de thn �skhsh 2.7 sth sel. 80 tou [20℄)

� : k �! Y

r

(n)

(ed¸ to O sumbol�zei to struture sheaf en¸ to P

x

sumbol�zei to maximal ide¸de tou O

x

pou antistoiqe�

se autì). 'Estw (�; i

n

) èna Drinfeld module pou antistoiqe� ston �: K�je �llo shme�o z sthn �na tou x
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e�nai B(n)-suzugè tou y; dhl. up�rqei èna g 2 B(n) me g(y) = z: 'Estw ( ; i

0

n

) h du�da pou antistoiqe� sto

z: H B(n) dra sto Y

r

(n) metajètonta apl¸ thn level struture (afoÔ kai h GL(r; A=n)=F

p

�

dra ètsi kai

B(n) � GL(r; A=n)=F

p

�

). 'Etsi, � =  kai i

n

= gi

0

n

: E�nai fanerì ìti h �ag h orizìmenh apì thn � ep�getai

apì thn level struture i

n

{modulo} B(n) ❏

4:1.2 Basikè idiìthte

'Estw L s¸ma pou perièqei to K: 'Estw n kai m pr¸ta metaxÔ tou ide¸dh tou A me d = deg(m) kai r = 2s

�rtiou.

L mma 4:1.1.

aþ. Y

r

(nm) = Y

r

(n)� Y

r

(m)

bþ. Y

r

(n)� Y

r

(m) �! Y

r

(1) e�nai èna normal morfismì (me thn ènnoia th jewr�a tou Galois).

Apìdeixh. 1. 'Estw f : Y

r

(nm) �! Y

r

(n) � Y

r

(m) o morfismì o orizìmeno mèsw tou �ber produt

twn apeikon�sewn: Y

r

(nm) �! Y

r

(n) kai Y

r

(nm) �! Y

r

(m): Or�zoume m�a apeikìnish g : Y

r

(n) �

Y

r

(m) �! Y

r

(nm) w ex : 'Ena stoiqe�o a 2 Y

r

(n) � Y

r

(m) antistoiqe� se èna monadikì Drinfeld

module � me thn ènnoia tou akìloujou antimetajetikoÔ diagr�mmato:

Y

r

(n)� Y

r

(m)

=

�

n

wwppppppppppp
�

m

''NNNNNNNNNNN

Y

r

(n)

''NNNNNNNNNNN
Y

r

(m)

wwppppppppppp

Y

r

(1)

'Etsi, h eikìna tou a mèsw th �

n

e�nai (�; i

n

) kai mèsw th �

m

e�nai (�; i

m

); gia kat�llhle n kai m

level strutures. AfoÔ ta n;m e�nai pr¸ta metaxÔ tou, oi i

n

kai i

m

or�zoun mèsw th

I

nm

: (A=nm)

r

�! (A=nA)

r

� (A=mA)

r

èna A�isomorfismì i

nm

: (A=nmA)

r

�! �[nm℄:

E�nai t¸ra safè, ìti n Æm = 1 kai m Æ n = 1:

2. Profan¸, afoÔ tìso o morfismì Y

r

0

(n) �! Y

r

(1) ìso kai o Y

r

(m) �! Y

r

(1) e�nai normal (de [6,

kef. 3℄).

❏

4:1.3 To moduli sheme Y

r

0

(T ):

'Estw x èna L�rhtì shme�o tou Y

r

0

(T ): 'Estw (�; fC

1

� � � � � C

r

= �[n℄g) h ant�stoiqh du�da pou antistoiqe�

sto x: Jum�zoume ìti to C

s

� L kai to C

g

i

= C

i

gia ìla ta i kai g 2 Gal(K

sep

=L). Epeid  oi suntelestè

tou �

T

an koun L kai epeid  oi peperasmène om�da C

i

e�nai Galois-anallo�wte kai o daktlÔlio Lf�g e�nai

perioq  kur�wn idewd¸n w pro ta dexi� tou ide¸dh, up�rqoun 8i; 9a

i

; b

i

2 L me

�

T

= (a

1

� + b

1

) � � � (a

r

� + b

r

);

kai m�lista oi r�ze tou (a

i

� + b

i

) � � � (a

r

� + b

r

) sqhmat�zoun èna A module isìmorfo pro to C

i

:

Prìtash 4:1.2. To Y

r

0

(T ) e�nai èna rhtì sheme.
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Apìdeixh. 'Estw � èna Drinfeld module orizìmeno upèr to L me m�a full �ag upoom�dwn tou �[T ℄: MporoÔme

na gr�youme to �

T

w èna ginìmeno

�

T

= (a

1

� + b

1

) � � � (a

r�1

� + b

r�1

)(a

r

� + b

r

);

ìpou a

i

; b

i

2 L

�

: AfoÔ oi r�ze tou a

r

X

p

+ b

r

X an koun sto L; up�rqei èna stoiqe�o d

�

2 L me d

p�1

�

=

a

r

b

r

:

Jètoume

u

r

=

b

r

d

�

kai u

i�1

= b

i�1

u

i

gia i = 2; : : : ; r

X

r

= 1 kai X

i�1

=

a

i�1

b

i�1

u

p�1

i+1

gia i = 2; : : : ; r:

Shmei¸noume ìti u

1

= Td

�1

: Tìte,

(a

1

� + b

1

) � � � (a

r�1

� + b

r�1

)(a

r

� + b

r

) =

(a

1

� + b

1

) � � � (a

r�1

� + b

r�1

)b

r

(a

r

b

�1

r

� + 1) =

(a

1

� + b

1

) � � � (a

r�1

� + b

r�1

)b

r

d

�1

�

(d

p

�

� + d

�

) =

(a

1

� + b

1

) � � � (a

r�1

� + b

r�1

)u

r

(� + 1)d

�

=

(a

1

� + b

1

) � � � (a

r�1

u

p

r

� + b

r�1

u

r

)(� + 1)d

�

=

(a

1

� + b

1

) � � � (a

r�1

u

p

r

� + u

r�1

)(� + 1)d

�

=

(a

1

� + b

1

) � � �u

r�1

(

a

r�1

b

r�1

u

p�1

r

� + 1)(� + 1)d

�

=

(a

1

� + b

1

) � � � (a

r�2

u

p

r�1

� + b

r�2

u

r�1

)(X

r�1

� + 1)(� + 1)d

�

=

(a

1

� + b

1

) � � � (a

r�2

u

p

r�1

� + u

r�2

)(X

r�1

� + 1)(� + 1)d

�

=

.

.

.

.

.

.

.

.

.

(a

1

� + b

1

)u

1

(X

2

� + 1) � � � (X

r�2

+ 1)(X

r�1

� + 1)(� + 1)d

�

=

(a

1

T

p

d

�p

�

� + Td

�1

)(X

2

� + 1) � � � (X

r�1

� + 1)(� + 1)d

�

�

d

�

(a

1

T

p

d

�p

�

� + Td

�1

)(X

2

� + 1) � � � (X

r�1

� + 1)(� + 1)d

�

d

�1

�

�

(a

1

T

p

d

1�p

�

� + T )(X

2

� + 1) � � � (X

r�1

� + 1)(� + 1) =

(X

1

� + T ) � � � (X

r�1

� + 1)(� + 1):

'Estw t¸ra ( ; fC

0

1

� � � � � C

0

r

=  [T ℄g) m�a du�da isìmorfh pro thn (�; fC

1

� � � � � C

r

= �[T ℄g): Tìte

up�rqei u 2 L

�

me

� u :  �! � e�nai èna isomorfismì sthn kathgor�a twn Drinfeld modules

� �[T ℄

�

�!  [T ℄ kai uC

i

= C

0

i

:

Tìte

�

T

= u

�1

�

T

u =u

�1

(a

1

� + b

1

) � � � (a

r

� + b

r

)u =

u

�1

(a

1

� + b

1

)uu

�1

(a

2

� + b

2

)u

�1

u � � �uu

�1

(a

r

� + b

r

)u =

(a

1

u

p�1

� + b

1

) � � � (a

r

u

p�1

� + b

r

):

Jètoume d

 

= d

�

u, dhlad , d

p�1

 

=

u

p�1

a

r

b

r

kai

v

r

=

b

r

d

 

kai v

i�1

= b

i�1

v

i

gia ìla ta i = 2; : : : ; r

Y

r

= 1 kai Y

i�1

=

u

p�1

a

i�1

b

i�1

v

p�1

i+1

gia ìla ta i = 2; : : : ; r:

Tìte, uv

i

= u

i

kai X

i

= Y

i

gia ìla i = 1; : : : ; r: ❏

4:2 O Frike automorfismì

'Estw hpi èna pr¸to ide¸de tou A me d := deg p �rtio kai r = 2s 2 N fusikì arijmì. 'Estw x :=

(�; fC

1

� � � � � C

s

� C

s+1

� � � � � C

r

= �[T ℄g) èna L�rhtì shme�o tou Y

r

0

(T ) kai � polu¸numo me r�ze ta

stoiqe�a th C

s

: E�nai eÔkolo na deiqte� ìti up�rqei èna Drinfeld module  isogenè w pro to � me pur na

ti r�ze tou �, dhlad 

� : � �!  ;

isogèneia me pur na to C

s

:
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Orismì 4:2.1. To  anafèretai w {phl�ko} tou � me thn C

s

:

Orismì 4:2.2. Or�zoume m�a involution w sto Y

r

0

(T ) w akoloÔjw: 'Estw x 2 Y

r

0

(T )(L) èna L� rhtì

shme�o to opo�o antiproswpeÔetai apì th du�da (�; fC

1

� � � � � C

r

= �[T ℄g): Me w(x) ja sumbol�zoume to

shme�o pou antiproswpeÔetai apì th du�da

( ; fC

0

1

� � � � � C

0

r

=  [T ℄g)

ìpou

1. to  e�nai èna Drinfeld module-phl�ko tou � me thn C

s

2. C

0

1

= �(C

s+1

); : : : ; C

0

s

= �(C

r

) kai

3. C

0

s+1

=

^

�

�1

(C

1

); : : : ; C

0

r

=

^

�

�1

(C

s

)

kai

^

� duik  isogèneia �: H involution aut  ja onom�zetai Frike involution.

4:2.1 To twisted sheme Y

Sumbolismì 4. 'Estw K

�

= K(

p

p) kai � o mh tetrimmèno automorfismì th K

�

=K: Sumbol�zoume me Z to

phl�ko tou Y

r

0

(T ) k�tw apì th dr�sh th Frike involution w; dhlad  Z = Y

r

0

(T )=w:

Orismì 4:2.3. To sheme Y e�nai to twist tou Y

r

0

(n) se sqèsh me to K

�

; me �lla lìgia to Y e�nai to

phl�ko tou Y

r

0

(T )�K

�

me thn h�wi:

Y

r

0

(T )�K

�

�w

��
�

xxqqqqqqqqqq

&&MMMMMMMMMMM

Y

r

0

(T )

w

&&MMMMMMMMMMMM
Y

��

Z �K

�

wwpppppppppppp

Z

Prìtash 4:2.1. H Frike involution w dra sto Y

r

0

(T ) w èna rhtì metasqhmatismì o opo�o or�zetai

upèr to K:

Apìdeixh. H Frike involution dra sto Y

r

0

(T ) me ton akìloujo trìpo:

(X

1

� + T ) � � � (X

s

� + 1)(X

s+1

+ 1) � � � (� + 1) 7�!

(X

s+1

� + 1) � � � (� + 1)(X

1

� + T ) � � � (X

s

� + 1)

Jètoume d

p�1

s

= X

s

; d

s

2 K

sep

. (Ta tonismèna sÔmbola, ton�zoun thn exèlixh th diadikas�a.) Upèr to

K

sep

h w diasp�tai sta skìlouja b mata:

(X

s+1

� + 1) � � � (X

r�1

� + 1)(� + 1)(X

1

� + T ) � � � (X

s

� + 1) =

(X

s+1

� + 1) � � � (X

r�1

� + 1)(� + 1)(X

1

� + T ) � � � (d

p�1

s

� + 1) =

(X

s+1

� + 1) � � � (� + 1)(X

1

� + T ) � � � (X

s�1

� + 1)d

�1

s

(d

p

s

� + d

s

) �

(X

s+1

� + 1) � � � (X

r�1

� + 1)(� + 1)(X

1

� + T ) � � � (X

s�1

d

�p

s

� + d

�1

s

)(d

p

s

� + d

s

) =

(X

s+1

� + 1) � � � (X

r�1

� + 1)(� + 1)(X

1

� + T ) � � �d

�1

s

(X

s�1

d

1�p

s

� + 1)(d

p

s

� + d

s

) =

(X

s+1

� + 1) � � � (X

r�1

� + 1)(� + 1)(X

1

d

�p

s

� + Td

�1

s

)� � � (X

s�1

d

1�p

s

� + 1)(d

p

s

� + d

s

) �

(X

s+1

� + 1) � � � (X

r�1

� + 1)(� + 1)Td

�1

s

(X

1

d

�p+1

s

T

�1

� + 1) � � � (X

s�1

d

�p+1

s

� + 1)(d

p

s

� + d

s

) =

(X

s+1

� + 1) � � � (d

�p

s

T

p

� + d

�1

s

T )(X

1

d

�p+1

s

T

�1

� + 1) � � � (X

s�1

d

�p+1

s

� + 1)(d

p

s

� + d

s

) =

(d

s

T

�p

X

s+1

� + 1d

�1

s

T )� � � (d

�p

s

T

p

d

s

T

�1

� + 1) � � � (X

s�1

d

�p+1

s

� + 1)(d

p

s

� + d

s

) �

d

s

(d

s

T

�p

X

s+1

� + 1d

�1

s

T ) � � � (d

�p

s

T

p

d

s

T

�1

� + 1) � � � (X

s�1

d

�p+1

s

� + 1)(d

p

s

� + d

s

)d

�1

s

=

(d

1�p

s

T

p

X

s+1

� + T ) � � � (d

�p+1

s

T

p�1

� + 1)(X

1

d

�p+1

s

T

�1

� + 1) � � � (X

s�1

d

�p+1

s

� + 1)(� + 1) =

(X

�1

s

T

p

X

s+1

� + T ) � � � (X

�1

s

T

p�1

� + 1)(X

�1

s

X

1

T

�1

� + 1) � � � (X

�1

s

X

s�1

� + 1)(� + 1)



4:2 O Frike automorfismì 35

W ek toÔtou h w dra sto s¸ma phl�ko K(X

1

; : : : ; X

r�1

) tou Y

r

0

(T ) me ton akìloujo trìpo

(X

1

; � � � ; X

s

; X

s+1

; � � � ; X

r�1

) 7�! (

T

p

X

s+1

X

s

; � � � ;

T

p�1

X

s

;

T

�1

X

1

X

s

;

X

2

X

s

; � � � ;

X

s�1

X

s

):

❏

To Y

r

0

(T ) taut�zetai me èna anoiqtì afinikì subsheme tou Spe(K)[X

1

; ::; X

r�1

℄: Eis�goume m�a akìma

metablht  X

r

kai jewroÔme thn emfÔteush

Y

r

0

(T ) ,! P

r�1

K

; (X

1

; : : : ; X

r�1

) 7! [X

1

; � � � ;X

r�1

; 1℄:

L mma 4:2.1. H Frike involution epekte�netai se ìlo to q¸ro P

r�1

K

:

Apìdeixh. JewroÔme thn apeikìnish

[X

1

;X

2

; � � � ;X

s

;X

s+1

;X

s+2

� � � ;X

r

℄ 7! [T

p

X

s+1

; � � � ; T

p�1

X

r

;

X

1

T

;X

2

; � � � ; X

s�1

; X

s

℄:

H apeokìnish aut  e�nai pr�gmati m�a involution:

[X

1

;X

2

; � � � ;X

s

;X

s+1

;X

s+2

; � � � ;X

r

℄ 7!

[T

p

X

s+1

; � � � ; T

p�1

X

r

; T

�1

X

1

; X

2

; � � � ; X

s�1

; X

s

℄ 7!

[T

p

T

�1

X

1

; � � � ; T

p�1

X

s

; T

�1

T

p

X

s+1

; T

p�1

X

s+2

; � � � ; T

p�1

X

r�1

; T

p�1

X

r

℄ =

[X

1

;X

2

; � � � ;X

s

;X

s+1

;X

s+2

; � � � ;X

r

℄:

❏

Orismì 4:2.4. 'Ena sheme X upèr to K di�stash m onom�zetai Brauer-Severi an e�nai probolikì,

gewmetik� sunektikì kai an up�rqei peperasmènh epèktash F tou K ¸ste to sheme X �

K

L na e�nai

isìmorfo pro to P

m

L

: To s¸ma L onom�zetai s¸ma di�spash tou X:

L mma 4:2.2. To sheme Y (de orismì 4.2.3) e�nai unirational, dhlad  to quot(Y ) e�nai rhtì.

Apìdeixh. 'Estw P = P

r�1

K

kai X = P

w

to phl�ko tou P k�tw apì th dr�sh th w: 'Estw L = K(

p

p) kai

� o mh tetrimmèno automorfismì L=K: To sheme P �

K

L e�nai isìmorfo pro to P

r�1

L

: O automorfismì

� epekte�netai se èna automorfismì tou P �

K

L: DiathroÔme kai gia thn epèktash ton �dio sumbolismì. To

sheme (P �

K

L)

�w

e�nai Brauer-Severi me s¸ma di�spash to L. 'Estw

�

Y := h�win(P �

K

L):

Ja de�xoume ìti to sheme

�

Y e�nai gewmetrik� sunektikì (dhl. quot(

�

Y )\K

sep

= K). Pr�gmati, quot(

�

Y )\

K

sep

� quot(

�

Y )�

K

L) \K

sep

= L: W ek toÔtou

quot(

�

Y ) \K

sep

= quot(

�

Y ) \ L = L(X

1

; � � �X

r�1

)

�w

\ L = K:

'Ena (r � 1)-di�stato Brauer-Severi K�-sheme me èna toul�qisto K-rhtì shme�o e�nai isìmorfo me ton

probolikì q¸ro P

r�1

K

(de [22, prìtash 4.8,sel. 26℄). Ja e�nai loipìn to sheme

�

Y rhtì an èqei èna K-rhtì

(kai �ra gewmetrikì) shme�o. Ja de�xoume arqik� thn Ôparxh enì K� rhtoÔ shme�ou tou P me mh tetrimmènh

om�da diakl�dwsh (gia th jewr�a diaklad¸sewn se genikoÔ daktul�ou de [4℄). 'Estw

B := K[X

1

; � � � ; X

r�1

;

1

X

s

℄;

(r = 2s) kai A = B

w

: To maximal ide¸de

M = (X

1

; � � � ; X

s�1

; X

s+1

; � � � ; X

r�1

; X

s

� 1)

e�nai anallo�wto k�tw apì th dr�sh th w: 'Estw m o periorismì tou M sto A: W ek toÔtou h om�-

da an�lush G

Z

(M=m) = hwi: Apì [4℄, h epèktash epèktash swm�twn (B=M)=(A=m) e�nai kanonik  kai
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G

Z

=G

T

�

=

Aut(B=M=A=M) :M e�nai a K�rhtì shme�o afoÔ B=M = K: W ek toÔtou, m e�nai èna K�rhtì

shme�o kai G

T

= hwi:

'Estw C h akèraia j kh tou B sto L(X

1

; � � � ; X

r�1

) = quot(P �

K

L) kai

N = (X

1

; � � � ; X

s�1

; X

s+1

; � � �X

r�1

; X

s

� 1)C:

To maximal ide¸de N br�sketai p�nw apì to M kai e�nai anallo�wto k�tw apì th dr�sh th �;w kai th

�w: 'Estw G

0

Z

kai G

0

T

h om�da an�lush kai h om�da diakl�dwsh tou N=m sthn epèktash quot(P �

K

L)= quot(P

w

): Tìte, C=N = L;A=m = K kai (L : K) = 2 W ek toÔtou G

0

Z

=G

0

T

èqei t�xh 2 kai jG

0

Z

j = 4 kai

jG

0

T

j = 2:

'Estw t¸ra G

�

T

(antist. G

�

Z

) h om�da diakl�dwsh (antist. h om�da an�lush) tou N sthn epèktash

daktul�wn C=D ìpou D = C \ quot(P �

K

L)

�w

: E�nai profanè ìti G

�

Z

= h�wi:

Up�rqoun dÔo dunatìthte gia thn G

�

T

:   G

�

T

= 1   G

�

T

= h�wi: Gia na katal xoume se �topo upojètoume

ìti G

�

T

= h�wi: 'Estw  2 C èna genn tora tou L upèr to K: Qwr� bl�bh th genikìthta, mporoÔme na

upojèsoume ìti to 

2

2 K: Tìte, �() = � kai �w() �  = �() �  = ��  = �2 2 N; �topo, afoÔ to

�2 e�nai antistrèyimo tou C: Sunep¸ G

�

T

= 1 kai ètsi [(C=N) : D=n)℄ = 2 kai D=n = K: Autì apodeiknÔei

ìti to n e�nai èna K� rhtì shme�o tou

�

Y :

To (r�1)-di�stato K�sheme

�

Y e�nai Brauer-Severi me èna K�rhtì shme�o. W ek toÔtou e�nai isìmorfo

pro to P

r�1

K

:

❏

Jum�zoume ìti èna sheme X upèr to K e�nai rational di�stash n, an up�rqoun birational morfismo�

f : X 9 9 KP

n

K

kai g : P

n

K

9 9 KX me f Æg kai gÆf oi tautotiko� morfismo� eke� pou or�zontai. 'Etsi apodeiknÔetai

h

Prìtash 4:2.2. To Y e�nai èna rhtì sheme.

4:3 M�a bohjhtik  kataskeu 

'Estw r = 2s èna �rtio arijmì me s perittì. 'Estw hpi pr¸to ide¸de tou A me gd(p; T ) = 1; L :=

K(

p

p) kai � o mh tetrimmèno automorfismì tou L=K: 'Estw � èna Drinfeld module t�xew r upèr to

L: 'Estw �

T

=

P

a

i

�

i

: Me �

�

sumbol�zoume to Drinfeld module, to orizìmeno apì thn T 7!

P

a

�

i

�

i

:

Upenjum�zoume gia n 2 A; to �[n℄ sumbol�zei ta n� torsion shme�a tou �: Me M

�

(ant. M

�

�

) sumbol�zoume

to B�module Lf�g -to sqetizìmeno me to � (ant. me to �

�

).

Upìjesh 1. Upojètoume ìti up�rqei isogèneia � : � �! �

�

me

1. ker(�) � �[T ℄

2. ker(�) � L

3. #ker(�) = s kai

4. �(�[T ℄) = ker�

�

:

L mma 4:3.1. 'Estw � : �

1

�! �

2

isogèneia upèr to L; me pur na ker(�) � L: Tìte, k�je �llh isogèneia

� : �

1

�! �

2

me ker(�) = ker(�) e�nai aristerì pollapl�sio tou � me m�a mon�da tou L.

Apìdeixh. 'Ammeso, apì to Je¸rhma 1.4.1 sth sel�da 9 kai Prìtash 1.6.2 sth sel�da 13 tou [13℄. ❏

L mma 4:3.2. 'Estw � : � �! �

�

isogèneia, pou ikanopoie� ti parap�nw upojèsei {1-4}. 'Estw

^

� h duik 

isogèneia tou �: Tìte �

�

= u �

^

� gia kat�llhlo u 2 F

p

�

:

Apìdeixh. H �

�

e�nai pr�gmati m�a isogèneia apì to �

�

sto �: Gia k�je a 2 A; ��

a

= �

�

a

� kai �ra,

�

�

�

�

a

= �

a

�

�

: Ja de�xoume ìti �

�

kai

^

� èqoun ton �dio pur na. 'Estw x 2 ker�

�

: Apì thn upìjesh (4),

up�rqei y 2 �[T ℄ me �(y) = x: Tìte

^

�(x) =

^

��(y) = �

T

(y) = 0; dhlad  x 2 ker

^

�: AfoÔ to deg

^

� = deg �

�

;

kai apì to l mma 4:3.1, up�rqei èna u 2 L me �

�

= u

^

�:
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Apomènei na deiqje� ìti u 2 F

p

�

: 8a 2 A; �

�

Æ �

�

a

= u � (

^

� Æ �

�

a

) = u � (�

a

Æ

^

�) kai apì thn �llh meri�,

�

�

Æ �

�

a

= �

a

(u

^

�): 'Ara, u � (�

a

Æ

^

�) = �

a

�

�

kai u�

a

= �

a

u gia ìla a 2 A; dhlad  h u e�nai m�a isogèneia tou

�: 'Estw �

T

=

P

i

a

i

�

i

: Tìte,

P

i

u

p

i

�1

�

i

=

P

i

a

i

�

i

; kai �ra, gia ìla ta i me a

i

6= 0; u

p

i

�1

= 1; dhlad  to

u e�nai èna stoiqe�o tou (F

p

r

) \ L = F

p

: ❏

'Estw �; p kai � ìpw parap�nw. O periorismì tou � : � �! �

�

sto �[p℄; ep�gei èna A=p�isomorfismì.

�[p℄

�

�! �

�

[p℄:

O parap�nw isomorfismì, ep�gei ènan isomorfismì stou ant�stoiqou probolikoÔ (dianusmatikoÔ) q¸rou

Proj �[p℄

�

�! Proj �

�

[p℄:

A shmeiwje� ìti k�je �llh isogèneia � : � �! �

�

pou ikanopoie� ti upojèsei (1) � (4); d�nei ton �dio

isomomorfismì Proj �[p℄ �! Proj �

�

[p℄:

'Estw G

L

(antist. G

K

) h om�da Galois Gal(K

sep

=L) (ant. Gal(K

sep

=L)). H om�da G

L

dra sto sÔnolo

twn p�torsion shme�wn tou �: Aut  h dr�sh ep�gei thn anapar�stash

�

L

: G

L

�! Proj �[p℄:

kai thn

��

L

: G

L

�! PGL(Proj �[p℄):

Orismì 4:3.1. Or�zoume m�a dr�sh th G

K

sto Proj �[p℄ w akoloÔjw: 'Estw g 2 G

K

kai x 2 �[p℄:

Tìte,

� an g 2 G

L

; tìte x

g

:= g(x) e�nai h eikìna tou x mèsw th g;

� an g 2 G

K

nG

L

tìte g(x) 2 �

�

[p℄: Or�zoume x

g

:= �

�1

(g(x))

Shme�wsh 7. Gia k�je y 2 Proj �

�

[p℄;

^

�(y) = �

�1

(y):

L mma 4:3.3. Me ti parap�nw upojèsei kai orismoÔ se isqÔ, o ��

L

mpore� na epektaje� se èna omomor-

fismì ��

K

: G

K

�! PGL(Proj �[p℄):

Apìdeixh. 'Estw g 2 G

K

n G

L

kai h 2 G

L

: Tìte �

h

= �; (�

�1

)

h

= �

�1

kai �

g

=

^

� = �

�1

ston Proj �[T ℄:

'Estw g

1

; g

2

2 G

K

: Diakr�noume ti peript¸sei:

� An g

1

; g

2

2 G

L

tìte ��

K

(g

1

g

2

) = ��

K

(g

1

)��

K

(g

2

):

� An g

1

2 G

L

all� g

2

2 G

K

nG

L

; tìte, g

1

g

2

2 G

K

nG

L

: 'Ara,

��

K

(g

1

g

2

)(x) = ��

K

(g

1

)(��

K

(g

2

)(x)) ()

�

�1

(g

1

(g

2

(x))) = g

1

(�

�1

(g

2

(x))) ()

�

�1

(g

1

(g

2

(x))) = �

�1

(g

1

(g

2

(x)))

kai

��

K

(g

2

g

1

)(x) = ��

K

(g

2

)��

K

(g

1

)(x) ()

�

�1

(g

2

g

1

(x)) = �

�1

(g

2

(g

1

(x)))

� An g

1

; g

2

62 G

L

tìte g

1

g

2

2 G

L

: 'Ara,

��

k

(g

1

g

2

)(x) = ��

k

(g

1

)��

k

(g

2

)(x) ()

g

1

g

2

(x) = �

�1

(g

1

(�

�1

(g

2

(x)))) ()

�(g

1

g

2

(x)) = g

1

(�

�1

(g

2

(x))) ()

�(g

1

g

2

(x)) = g

1

(�

g

1

(g

2

(x))) ()

�(g

1

g

2

(x)) = �(g

1

g

2

(x)))

❏
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Shme�wsh 8. 'Estw g 2 G

K

n G

L

kai èstw [��

K

(g)℄ h kl�sh tou ��

K

(g) sto PGL(Proj �[p℄): 'Estw x; y 2

[��

K

(g)℄: Tìte to kl�sma

detx

det y

e�nai tetr�gwno (to r e�nai �rtio). MporoÔme ètsi na or�soume to sÔmbolo

tou Jaobi th kl�sh [�

K

(g)℄: Pio sugkekrimèna,

�

[�

K

(g)℄

p

�

:=

�

�

K

(g)

p

�

L mma 4:3.4. 'Estw � èna Drinfeld module, pou ikanopoie� ti upojèsei (1)-(4) th sel�da 36. Tìte

8g 2 G

K

nG

L

�

[�

K

(g)℄

p

�

= �

�

�uT

p

�

ìpou u h stajer� tou l mmato 4:3.2

Apìdeixh. 'Estw L

alg

h algebrik  kleistìthta tou L:O mh tetrimmèno automorfismì � tou L=K epekte�netai

se èna automorfismì tou L

alg

=K; ja sumbol�zoume ep�sh me � ton automorfismì autìn. MporoÔme na doÔme

ta � kai �

�

(epekte�nonta ti stajerè) w Drinfeld modules upèr to L

alg

:

'Estw B = A 


F

p

Lf�g kai

�

M = L

alg

f�g: H isogèneia � ep�gei ènan

�

B = A 


F

p

L

sep

f�g module

omomorfismì

� :

�

M

�

�

�!

�

M

�

m 7�! m Æ �

kai èna A-module omomorfismì

� : (

�

M

�

�

=p

�

M

�

�

)

�

�! (

�

M

�

=p

�

M

�

)

�

m 7�! m Æ �

'Estw x

1

= 1; x

2

= � : : : ; x

s

= �

s�1

; x

s+1

=

^

�; x

s+2

= �

^

�; : : : x

r

= �

s�1

^

�: To sÔnolo fx

1

; : : : ; x

r

g genn�ei

to M upèr to B kai to

�

M upèr to

�

B: To module �

�

[p℄ w A-module, e�nai isìmorfo pro to (A=p)

r

(de

thn apìdeixh tou por�smato 5.6.4, sthn sel�da 152 tou [13℄). 'Estw fy

1

; : : : ; y

r

g èna A�sÔnolo gennhtìrwn

tou (M=pM)

�

�

=

(A=p)

r

: Tìte, fy

1

; : : : ; y

r

g e�nai èna B� sÔnolo gennhtìrwn tou

�

M

�

=p

�

M

�

: MporoÔme na

upojèsoume ìti fy

1

; :::; y

r

g e�nai m�a A=p b�sh touM

�

�

=pM

�

�

:

1

'Estw � = (a

ij

); a

ij

2

�

B kai � = (b

ij

); b

ij

2 A

p�nake pou ikanopoioÔn ti

0

B

�

�(x

1

)

.

.

.

�(x

r

)

1

C

A

= � �

0

B

�

x

�

1

.

.

.

x

�

r

1

C

A

kai

0

B

�

�(y

1

)

.

.

.

�(y

r

)

1

C

A

= � �

0

B

�

y

�

1

.

.

.

y

�

r

1

C

A

'Estw P o p�naka me stoiqe�a apì to

�

B pou metasqhmat�zei th b�sh fy

i

g sthn fx

i

g: Tìte, � = P

�1

� � � P

(o � e�nai

�

B-omomorfismì kai ètsi o p�naka P metasqhmat�zei th b�sh f�(y

i

)g sthn f�(x

i

)g.) E�nai eÔkolo

na dei kane�

� =

0

B

B

B

B

B

B

B

B

�

0 � � � 0 u
 1 � � � 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 � � � 0 0 � � � u
 1

1
 T � � � 0 0 � � � 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 � � � 1
 T 0 � � � 0

1

C

C

C

C

C

C

C

C

A

Lamb�nonta ton parap�nw upologismì upìyhn kaj¸ kai to gegonì ìti h � periorizìmenh sto L dra mh-

tetrimmèna, sun�goume h or�zousa det� �modulo tetr�gwno � isoÔtai pro �

�

�uT

p

�

(afoÔ to s e�nai

perittì arijmì (gd(2s; q

d

� 1) = 2). ❏

1

Apì to je¸rhma tou Lang gia thn GL(r); (

�

M

�

�

=p

�

M

�

�

)

�




F

p

L =M

�

�

=pM

�

�

: To sÔnolo gennhtìrwn fy

1

; : : : ; y

r

g mpore�

na epektaje� se m�a F

p

� b�sh fy

1

; : : : ; y

n

g; n = dim

F

p

(

�

M

�

�

=p

�

M

�

�

)

�

: 'Estw m 2 M

�

�

=pM

�

�

: Tìte, up�rqei �

i

2

�

L me

m =

P

n

i=1

y

i

�

i

: All� 8i = r + 1; : : : ; n; m

i

e�nai èna A�grammikì sunduasmì tou m

1

; : : : ;m

r

: 'Ara, to m e�nai èna

grammikì sunduasmì twn y

1

; : : : ; y

r

upèr to

�

B:
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Apì ta parap�nw den e�nai akìma safè ìti to u den exart�tai apì thn epilog  tou �: To epìmeno l mma

xekajar�zei to top�o.

L mma 4:3.5. To u tou l mmato 4:3.2 den exart�tai apì thn epilog  tou �:

Apìdeixh. 'Estw (�; flag) èna L�rhtì shme�o tou Y

r

0

(T )� L pou antistoiqe� se èna K�rhtì shme�o tou Y:

To � p�nw apì to s¸ma L

0

= L(a

i

) gr�fetai w

�

T

= (a

1

� + T )(a

2

� + 1) � � � (a

r

� + 1):

H or�zousa th isogèneia � : � �! �

�

pou ep�getai sta M

�

;M

�

�

upolog�sthke sto prohgoÔmeno l mma

kai e�nai �sh pro �uT

s

: Akìma, e�nai fanerì ìti to u 2 F

q

e�nai m�a rht  sun�rthsh twn a

1

; a

2

; : : : ; a

r

.

All�zonta to �, pijanìn na all�xoume kai u�wstìso ta pijan� u

1

; : : : ; u

m

or�zoun m�a �nite strati�ation

sto Y: 'Estw Y

i

to subsheme to orizìmeno apì to u

i

; tìte afoÔ k�je Y

i

e�nai kleistì (diìti kajor�zetai

apì m�a algebrik  sqèsh) kai h ènws  tou sqhmat�zei èna apolÔtw an�gwgo sheme upèr to K (to Y ), ja

èqoume kat' an�gkh ìti k�poio Y

i

ja e�nai to Y . 'Etsi, m = 1 kai to u e�nai monadikì. ❏

To je¸rhma anagwgisimìthta tou Hilbert

'Estw F s¸ma, T

1

; : : : ; T

r

; X

1

; : : : ; X

n

uperbatikè, algebrik� anex�rthte metablhtè upèr to F: 'Estw

f

1

(X ;T ); : : : ; f

m

(X;T )

polu¸numa w pro X

1

; : : : ; X

n

me suntetagmène sto F (T ): Upojètoume akìma ìti e�nai an�gwga sto da-

ktÔlio F (T )[X ℄:

Sumbolismì 5. 'Estw g 2 K[T ℄ èna mh mhdenikì polu¸numo. Sumbol�zoume me H

F

(f

1

; : : : ; f

m

; g) to sÔnolo

twn r��dwn a = (a

1

; : : : ; a

r

) 2 K

r

me g(a) 6= 0 kai f

1

(a;X); : : : ; f

m

(a;X) or�zontai kai e�nai an�gwga sto

F [X℄: Ta sÔnola aut� onom�zontai sÔnola tou Hilbert.

Shme�wsh 9. Ta H

L

e�nai pukn� uposÔnola tou K

r

w pro k�je p�adik  topolog�a tou K:

To s¸ma F onom�zetai s¸ma tou Hilbert an ìla ta Hilbert uposÔnol� tou e�nai mh ken�. Ta global s¸mata

e�nai gnwstì ìti e�nai s¸mata tou Hilbert (de je¸rhma B, sth sel�da 218 tou [25℄).

'Estw X �! k morfismì me X an�gwgo sheme di�stash m p�nw apì to global s¸ma k. To je¸rhma

anagwgisimìthta tou Hilbert ma exasfal�zei ìti �peire �ne tou morfismoÔ X �! k paramènoun an�gwge.

Efarmìzoume to je¸rhma anagwgisimìthta touHilbert sthn akìloujh per�ptwsh: 'Estw Y

r

(p)�Y

r

(T ) �!

Y h k�luyh pou perigr�fetai sti paragr�fou 4 & 5. Ta Y

r

(p) kai Y e�nai afinik�, an�gwga kai peperasmè-

nou tÔpou (�nite type) p�nw apì to K. 'Estw K(Y

r

(p)) kai K(Y ) ta s¸mata sunart sewn tou. 'Eqoume dei

ìti K(Y ) = K(X

1

; : : : ; X

r�1

): 'Estw H to sÔnolo twn (r� 1)��dwn (a

1

; : : : ; a

i�1

) 2 K

r�1

pou antistoiqoÔn

se shme�a tou Hilbert th epèktash K(Y

0

(T ) � Y (p))=K(Y ): AfoÔ to Y e�nai èna rhtì sheme, to Y (K)

e�nai puknì uposÔnolo tou K

r�1

:

Ja de�xoume ìti to H \ Y (K) e�nai èna �peiro uposÔnolo tou K

r�1

: 'Estw ìti to H \ Y (K) e�nai pepera-

smèno. 'Estw Z to sumpl rwma tou Y (K) sto A

r�1

K

(K) = K

r�1

: To Z e�nai kleistì uposÔnolo di�stash

� r � 2: To sÔnolo Y (K) èinai uposÔnolo tou sunìlou twn shmèiwn twn (r � 1)-�dwn (a

1

; a

2

; : : : ; a

r�1

) me

a

i

6= 0;8i: MporoÔme na gr�youme to H = H

0

[ H

1

[ � � � [ H

r�1

me H

0

= H \ Y (K) kai H

i

to uposÔnolo

me a

i

= 0: An to H

0

to upojèsoume peperasmèno, tìte, epeid  dimH

i

� r � 2; 8i; ja èqoume dimH � r � 2

��topo afoÔ to H e�nai puknì. 'Eqoume epomènw de�xei to epìmeno

L mma 4:3.6. To sÔnolo Y (K) e�nai �peiro. M�lista, �peira shme�a tou den diaklad�zontai kai den

analÔontai sto k�lumma Y

0

(T )� Y (p) �! Y:

L mma 4:3.7. Gia k�je d � 1, up�rqei an�gwgo polu¸numo p bajmoÔ d tètoio ¸ste to sÔmbolo

�

T

p

�

na

isoÔtai pro to dosmèno " 2 f�1g.

Apìdeixh. Efarmìzonta ton nìmo tetragwnik  antistrof  sta s¸mata sunart sewn, arke� na de�xoume

ìti to

�

p

T

�

pa�rnei th doje�sa tim  ": All� to tetragwnikì sÔmbolo e�nai " an kai mìno an o stajerì ìro

tou p isoÔtai pro " sto F

�

q

=F

� 2

q

. 'Ara, arke� na breje� èna an�gwgo polu¸numo p bajmoÔ d upèr to K pou

o stajerì tou ìro �èstw �� na e�nai

�

�

p

�

= ": All� autì den e�nai par� to je¸rhma twn Hansen-Mullen

(de [17, sel. 642℄). ❏
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4:3.1 To kur�w je¸rhma

Je¸rhma 4:3.1. 'Estw r �rtio fusikì, q = p

d

me gd(r; q � 1) = 2: H apl  om�da PSL(r; p

d

) e�nai

ulopoi simh w om�da tou Galois upèr to K:

Apìdeixh. Dialègoume èna pr¸to polu¸numo p ¸ste sÔmbolo �

�

�uT

p

�

= 1 sÔmfwna me to 4:3.7. SÔmfwna

me to pìrisma 4:3.6 up�rqoun �peira K-rht� shme�a tou Y pou antistoiqoÔn se mh diakladizìmena L-rht�

shme�a tou Y

r

0

(T )�L ta opo�a den analÔontai all� kai den diaklad�zontai sthn Y

r

0

(T )�Y

r

(p). 'Estw y èna

apì aut�. 'Estw x to (monadikì) shme�o 2 Y

0

(T )� L pou br�sketai p�nw apì to y: Se autì antistoiqe� èna

L�rhtì zeÔgo (�; fC

1

� � � � � C

s

� C

s+1

� � � �C

r

g) tou Y

r

0

(T )�L: Sto zeÔgo autì antistoiqe� m�a du�da

(�; ag); ìpou � e�nai èna Drin�eld module orismèno p�nw apì to L kai ag e�nai m�a full �ag Gal(K

sep

=L)

anallo�wtwn upoom�dwn th �[T ℄: Akìma, afoÔ h om�da an�lush G

Z

(x=y) e�nai h h�wi; ta � kai �

�

e�nai

isogen : up�rqei dhlad  isogèneia � : � �! �

�

: E�nai eÔkolo na de�xei kane� ìti h isogèneia � ikanopoie�

ti upojèsei 1-4 th sel�da 36. Pr�gmati, gr�foume �

T

= ab me a; b 2 Lf�g: Tìte, C

s

= ker b: AfoÔ to

(�; flag) e�nai èna shme�o tou Y

r

0

(T ) � L ja e�nai ker� = ker b = C

s

� L kai ker b � kerab = �[T ℄. Gia

thn upìjesh 4: Ja de�xoume ìti kera = ker b

�

. Pr�gmati, afoÔ (�; flag) 7�! (�

�

; f lag

�

) = (�

w

; f lag

w

) ja

e�nai ker b

�

= kera. Akìma epeid  deg

�

a = deg

�

b

�

ja up�rqei u 2 L 6= 0 tètoio ¸ste ua = b

�

: 'Estw t¸ra

x 2 �[T ℄. Tìte 0 = �

T

(x) = ab(x) kai ètsi 0 = uab(x) = b

�

b(x) = �

�

�(x), dhlad  x 2 ker�

�

:

'Estw L

�

to s¸ma di�spash tou poluwnÔmou pou antistoiqe� sto �

p

p�nw apì to L: Tìte, apì upìjesh,

h epèktash L

�

=L e�nai Galois. Ja de�xoume sthn sunèqeia ìti kai h epèktash L

�

=K e�nai Galois. Pr�gmati,

afoÔ gd(T; p) = 1 oi morfismo�

� : �[p℄ �! �

�

[p℄ kai

^

� : �

�

[p℄ �! �[p℄

e�nai isomorfismo�. 'Estw a èna (opoiod pote) p-torsion shme�o tou �: To shme�o �(a) e�nai èna p-torsion

shme�o tou �

�

kai èna poluwnumikì sunduasmì tou a upèr to L: Autì apodeiknÔei ìti to L

�

�

� L

�

:

Qrhsimopoi¸nta thn

^

� ant� th � blèpoume ìti L

�

� L

�

�

:

'Ara, L

�

= L

�

�

kai L

�

=K e�nai Galois.

'Estw

^

G h om�da Galois tou L

�

=K: JewroÔme ton omomorfismì

�

K

: G

K

�! Proj �[p℄:

'Eqoume dei (de to l mma 4:3.4) ìti 8g 2 G

K

h or�zousa det g modulo tetr�gwno isoÔtai pro �

�

�uT

p

�

= 1.

'Etsi h or�zousa det g e�nai tetr�gwno sto daktÔlio A=p kai sunep¸ m�a r-dÔnamh �afoÔ gd(r; q � 1) = 2.

'Ara, o parap�nw morfismì, ep�gei ènan epimorfismì

� : G

K

�! PSL(r; q):

'Estw U o pur na tou �; h L

U

�

=K e�nai epèktash tou Galois me om�da Galois isìmorfh pro thn PSL(r; q): ❏

8



Mèro II

Modular automorfismo�







Kef�laio Pèmpto

Modular automorfismo�

5:1 Dr�sh om�dwn sto 


'Estw q dÔnamh pr¸tou, A = F

q

[T ℄ o poluwnumikì daktÔlio m�a metablht  T kai K = F

q

(T ) to

ant�stoiqo s¸ma phl�kwn. Or�zoume sto K thn ekt�mhsh jf(T )=g(T )j = q

deg f(T )�deg g(T )

: H pl rwsh tou K

w pro thn ekt�mhsh aut  e�nai to s¸ma K

1

= F

q

((1=T )): 'Estw C h pl rwsh th algebrik  kleistìthta

tou K

1

kai 
 = P

1

C

n P

1

K

1

to Drinfeld �nw hmiep�pedo. To 
 dèqetai th dom  enì rigid analutikoÔ

q¸rou upèr to C (de [7℄). H om�da GL(2;K

1

) dra sto 
 me th morf  grammik¸n metasqhmatism¸n: an

g =

�

a b

 d

�

2 GL(2;K

1

) kai z 2 
; tìte

g � z =

az + b

z + d

:

M�a arijmhtik  upoom�da � th GL(2; A) me odhgì n; e�nai m�a ongruene upoom�da th GL(2;A); dhl., m�a

upoom�da th GL(2;A); h opo�a perièqei ton pur na tou omomorfismoÔ

GL(2;A) �! GL(2;A=n)

gia k�poio polu¸numo n tou A:

Parade�gmata tètoiwn upoom�dwn (pou ja sunant soume parak�tw) e�nai:

�

0

(n) =

�

g 2 GL(2; A) ; g =

�

a b

 d

�

;  � 0 mod n

	

�

1

(n) =

�

g 2 GL(2; A) ; g =

�

a b

 d

�

;  � 0 mod n kai a � 1 mod n

	

kai

�

0

1

(n) =

�

g 2 GL(2; A) ; g =

�

a b

 d

�

;  � 0 mod n kai a � d � 1 mod n

	

:

Gia k�je arijmhtik  upoom�da � th GL(2; A); to phl�ko Y (�) := �n
 dèqetai th dom  rigid analutikoÔ

q¸rou (de [8, pìrisma 3.2.7,sel. 49℄). Parist�noume me X(�) thn kanonik  (le�a) sumpagopo�hsh tou Y (�)

(de [8, prìtash 3.2.17,sel. 55℄). Mèsw th GAGA, h X(�) antistoiqe� se m�a probolik , le�a kai an�gwgh

kampÔlh C(�): Sumbol�zoume me N

PGL(2;K

1

)

(�) ton kanonikopoiht  th � sthn PGL(2;K

1

): H om�da

M(�) :=

�

N

PGL(2;K

1

)

(�) �K

�

1

�

=� �K

�

1

mpore� na eidwje� w upoom�da th om�da automorfism¸n th C(�) kai onom�zetai h {om�da twn modular

automorfism¸n} th X(�).

Sthn klasik  per�ptwsh dhl., sthn per�ptwsh twn elleiptik¸n kampÔlwn, èqei g�nei polÔ doulei� se ìti

afor� sto prìblhma upologismoÔ tou kanonikopoiht , ongruene upoom�dwn th SL(2;Z): Gia par�deigma,

sta �rjra [3℄ kai [24℄, upolog�zontai oi kanonikopoihtè twn klasik¸n �

0

(N) kai �

1

(N) sthn PSL(2;R) a-

ntisto�qw. Sthn per�ptwsh twn Drinfeld modules, sthn ergas�a tou A. Shweizer (de [29℄), upolog�zetai

leptomer¸ h om�da twn modular automorfism¸n th Drinfeld modular kampÔlh X(�

0

(n)):

Apì ed¸ kai sto ex , h kampÔlh X(�

1

(n)); ja dhl¸netai gia suntom�a w X

1

(n):
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5:1.1 Idiìthte th kampÔlh X

1

(n)

To gèno

Sto �rjro tou E. Gekeker [10℄, metaxÔ �llwn, upolog�zetai kai to gèno th kampÔlhX

1

(n)

C

to opo�o d�netai

apì th sqèsh

g(X

1

(n)

C

) = 1 +

'(n)

(q

2

� 1)(q � 1)

 

"(n)� (q + 1)

 

q � 2 +

n

Y

i=1

�

d

i

+ 1�

d

i

� 1

q

deg p

i

�

!!

ìpou

n =

n

Y

i=1

p

d

i

i

; '(n) = q

deg(n)

n

Y

i=1

(1� q

�deg(p

i

)

) kai "(n) = q

deg n

n

Y

i=1

(1 + q

�deg p

i

)

EÔkola blèpei kane�, ìti g(X

1

(n)

C

) = 0; dhl., X

1

(n)

C

� P

1

C

; an deg(n) � 2:

To s¸ma orismoÔ

H kampÔlh X

1

(n)

C

or�zetai upèr to K (de [10℄), dhlad  up�rqei m�a gewmetrik� sunektik  kampÔlh, thn

opo�a ja sumbol�zoume ep�sh me X

1

(n); tètoia ¸ste X

1

(n)�

K

C = X

1

(n)

C

:

S¸mata merìmorfwn sunart sewn kai epekt�sei tou Galois

'Estw K(n) to s¸ma pou genn�tai, upèr to s¸ma K apì to ta n-tortion shme�a tou Carlitz module. Me

K

+

(n) ja sumbol�zoume to mègisto upìswma tou K(n); sto opo�o h jèsh 1 adrane�. Sta [9℄ kai [10℄

èqei deiqje� ìti ta K

+

(n) kai K e�nai ta s¸mata orismoÔ twn kampÔlwn X(n)

C

kai X

1

(n)

C

; antisto�qw.

'Estw F (n) to algebrikì s¸ma sunart sewn th X(n) kai F

1

(n) to algebrikì s¸ma sunart sewn th X

1

(n):

'Estw B(n) :=

��

a b

0 d

�

2 GL(2; A=n)=F

q

�

: a; d 2 F

q

�

	

kai j h anallo�wto taxinìmhsh twn Drinfeld modules:

j : GL(2; A)n


�

�! C (de [8, x3 kai pìrisma 3.3.10 sel 63℄). To parak�tw di�gramma de�qnei ti sqèsei

egkleismoÔ twn parap�nw swm�twn, kaj¸ kai ti om�de Galois pou emfan�zontai (de [30, x1.3℄):

GL(2;A=n)=F

q

�

F (n)

B(n)

K

+

(n)
 F

1

(n)

NNNNNNNNNNN

oooooooooooo

K

+

(n)(j)

(A=n)

�

=F

q

�

F

1

(n)

K(j)

ppppppppppp

PPPPPPPPPPPP

5:1.2 Eisagwg 

'Opw ja fane� apì ta parak�tw, gia na upolog�soume ton kanonikopoiht  th

�

�

1

(n) sthn PGL(2;K

1

);

arke� na upolog�soume ton kanonikopoiht  th K

�

1

� �

1

(n) sthn GL(2;K

1

) (de l mma 5:2.1, mèro 3).

Sto l mma 5:2.3 apodukne�etai ìti o kanonikopoiht  th om�da K

�

1

� �

1

(n) sthn GL(2;K

1

) e�nai h om�da

K

�

1

�N

GL(2;K)

(K

�

��

1

(n)) en¸ sto pìrisma 5:2.1 de�qnetai ìtiN

GL(2;K)

(K

�

��

1

(n)) = K

�

�N

GL(2;K)

(F

q

�

��

1

(n)):

5:2 O kanonikopoiht  th K

�

1

� �

1

(n) sthn GL(2; K

1

)

Sthn par�grafo aut  upolog�zoume ton kanonikopoiht  th K

�

1

� �

1

(n) sthn GL(2;K

1

): 'Opw ja fane�

sta parak�tw, o upologismì autì e�nai ousiastikì kai epiplèon aplopoie� to prìblhma (de l mma 5:2.2,

mèro 2).



5:2 O kanonikopoiht  th K

�

1

� �

1

(n) sthn GL(2;K

1

) 45

Sumbolismì 6. 'Estw B daktÔlio me A � B kai � m�a upoom�da th GL(2; B): Gia aplìthta sto sumbolismì

ja gr�foume N

B

(�) ant� gia N

GL(2;B)

(�): To kèntro th GL(2; B) ja dhl¸netai w hB

�

i:

Jum�zoume ìti to F

q

e�nai to s¸ma twn stajer¸n tou pl rou s¸mato K

1

= F

q

((1=T )) kai h om�da F

q

�

e�nai h om�da twn sntistrèyimwn stoiqe�wn tou daktul�ou A = F

q

[T ℄: 'Etsi èqoume to akìloujo l mma:

L mma 5:2.1. Gia k�je s¸ma L me K � L � K

1

isqÔoun ta akìlouja:

1. An g 2 N

L

(L

�

� �

1

(n)) tìte g

�1

�

1

(n)g � F

q

�

� �

1

(n):

2. An g 2 N

L

(L

�

� �

0

1

(n)) tìte g

�1

�

1

(n)g � h�1i � �

0

1

(n):

3. N

L

(L

�

� �

1

(n))=L

�

� �

1

(n)

�

=

N

PGL(2;L)

(

�

�

1

(n))=

�

�

1

(n); ìpou

�

�

1

(n) e�nai h probol  th �

1

(n) sthn PGL(2; L):

Apìdeixh. 1. 'Estw  2 �

1

(n) kai g 2 N

L

(L

�

� �

1

(n)): Tìte, up�rqoun � 2 L

�

kai 

0

2 �

1

(n) me g

�1

g =

� � 

0

: Opìte (pa�rnonta or�zouse) �

2

= det 

0

(det )

�1

dhlad , to � e�nai algebrikì upèr to F

q

kai

�ra an kei sto F

q

�

\ L.

2. 'Estw  2 �

0

1

(n) kai g 2 N

L

(L

�

��

0

1

(n)): Tìte, up�rqoun � 2 L

�

kai 

0

2 �

0

1

(n) me g

�1

g = � �

0

: Opìte

�

2

= det 

0

(det )

�1

= 1 dhlad , to � = �1:

3. Arke� na parathr soume ìti h om�da N

L

(L

�

� �

1

(n)) (ant. h om�da L

�

� �

1

(n)) e�nai h ant�strofh eikìna

th N

PGL(2;L)

(

�

�

1

(n)) (ant. th

�

�

1

(n)) mèsw tou epimorfismoÔ GL(2; L) �! PGL(2; L):

❏

L mma 5:2.2. IsqÔoun ta akìlouja:

1. N

K

(�

0

1

(n)) = N

K

(K

�

� �

0

1

(n))

2. N

K

(K

�

� �

1

(n)) � N

K

(�

0

1

(n))

Apìdeixh. 1. E�nai profanè ìti N

K

(�

0

1

(n)) � N

K

(K

�

� �

0

1

(n)): Antistrìfw, èstw g 2 N

K

(K

�

� �

1

(n)):

MporoÔme, qwr� bl�bh th genikìthta, na upojèsoume ìti ìla ta stoiqe�a tou g an koun ston A kai

m�lista, to ide¸de pou par�goun na e�nai to A:

'Estw  2 �

0

1

(n): Tìte up�rqoun 

0

2 �

0

1

(n) kai � 2 f�1g (de l mma 5:2.1) ¸ste g = � �g

0

: Gr�foume

 = (

x y

z w

) ; g =

�

a b

 d

�

kai 

0

= (

k l

m n

) : JewroÔme thn èkfrash g = � � g

0

modulo n :

�

1 y

0 1

� �

a b

 d

�

=

� �

�

a b

 d

�

(

1 l

0 1

) : An h qarakthristik  p = 2; tìte den èqoume t�pota na de�xoume. Upojètoume loipìn ìti

p � 3: An � = 1 tìte p�li prokÔptei �mesa ìti g 2 N

K

(�

0

1

(n)): An � = �1; èqoume

a+ y = �a; b+ dy = �b� al;  = �; d = �d� l mod n (5.1)

oi opo�e odhgoÔn se �topo,

1

afoÔ eÔkola blèpei kane� ìti tìte, to n diaire� ìla ta stoiqe�a tou g:

'Etsi, � = 1 kai g

�1

g = 

0

2 �

0

1

(n):

2. 'Estw g =

�

a b

 d

�

2 N

K

(K

�

� �

1

(n)): Gia to g upojètoume ìti kai parap�nw, dhlad  ìti g 2 Mat(2; A)

ha; b; ; di = A: Ja de�xoume ìti to g 2 N

K

(K

�

;�

0

1

(n)): 'Estw  = (

x y

z w

) 2 �

0

1

(n): Up�rqoun 

0

=

(

k l

m n

) 2 �

1

(n) kai � 2 F

q

�

(de l mma 5:2.1) ¸ste g = � � g

0

: 'Etsi prokÔptoun oi parak�tw sqèsei

modulo n :

a+ y = �a; b+ dy = �(al + bn);  = �; d = �(l + dn) (5.2)

To zhtoÔmeno e�nai na deiqje� ìti n � 1 mod n: Upojètoume, gia na katal xoume se �topo, ìti n 6� 1

mod n: Tìte to n � 1 e�nai mon�da ston A=n: 'Omw 1 = det(g

�1

g) = �

2

det 

0

2 A kai det 

0

� n

mod n: 'Etsi � 6= 1 kai epomènw to �� 1 e�nai mon�da ston daktÔlio A=n: 'Omw tìte oi sqèsei th

ex�swsh (5.2) odhgoÔn se �topo.

2

Sunep¸ n � 1 mod n:

❏

1

Xek�na apì to 

2

Xek�na apì to 
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Apì to prohgoÔmena l mmata, blèpoume ìti gia na melet soume ton kanonikopoiht  th

�

�

1

(n) sthn

PGL(2; L) arke� na melet soume ton kanonikopoiht  th L

�

� �

1

(n) sthn GL(2; L): Gia opoiad pote arij-

mhtik  om�da � me odhgì n; to epìmeno l mma sundèei ton kanonikopoiht  th K

�

� � sthn GL(2;K) me ton

kanonikopoiht  th L

�

� � sthn GL(2; L); apotele� de, m�a asjen  gen�keush tou l mmato [29, je¸rhma 1,

a)℄, gia ìle ti arijmhtikè om�de tou tÔpou autoÔ.

L mma 5:2.3. 'Estw L=K epèktash swm�twn me L � K

1

kai � arijmhtik  om�da me odhgì n: Tìte,

N

L

(L

�

� �) = L

�

� N

K

(K

�

� �):

Apìdeixh. Profan¸ L

�

� N

K

(K

�

� �) � N

L

(L

�

� �): Antistrìfw, èstw g :=

�

a b

 d

�

p�naka N

L

(L

�

� �):

ParathroÔme arqik� ìti oi p�nake x := (

1 n

0 1

) kai y := (

1 0

n 1

) an koun se k�je arijmhtik  om�da me odhgì

n: AfoÔ ta g

�1

xg kai g

�1

yg prèpei na an koun sth F

q

�

� � (de l mma 5:2.1), ta

nd

det g

;

nd

2

det g

;

n

2

det g

kai ta

nab

det g

;

na

2

det g

;

nb

2

det g

e�nai stoiqe�a tou A: Ep�sh (det g = ad� b):

1.

a

2

det g

�

d

det g

�

ab

det g

�



2

det g

=

a

det g

2 K

2.



2

det g

=

a

det g

d

det g

�



2

det g

b

det g

=)

b

det g

2 K kai

3.

db(ad�b)

det

2

g

=

db

det g

2 K

An t¸ra  6= 0; tìte o p�naka



det g

� g 2 N

K

(K

�

� �). An  = 0; tìte d 6= 0 kai omo�w, o p�naka

d

det g

� g 2 N

K

(K

�

� �): ❏

Pìrisma 5:2.1. N

GL(2;K)

(K

�

� �

1

(n)) = K

�

� N

GL(2;A)

(F

q

�

� �

1

(n)):

5:2.1 O kanonikopoiht  th N

K

(�

0

1

(n))

Gia aplopo�hsh twn pr�xewn (de l mma 5:2.1), all� kai epeid  ja qreiaste� sta parak�tw, arqik� upolog�-

zoume ton kanonikopoiht  N

K

(�

0

1

(n)) th �

0

1

(n) sthn GL(2;K):

L mma 5:2.4. Ta stoiqe�a g 2 N

K

(�

0

1

(n)) mporoÔn na grafoÔn �kat� prosèggish pollaplasiasmoÔ me

p�naka k � Id

2

, k 2 K

�

� sth morf  g =

�

a b

 d

�

ètsi ¸ste ta a; b; ; d 2 A kai ha; b; ; di = A: H or�zousa q tou

g   e�nai mon�da tou A (kai �ra g 2 N

A

(�

0

1

(n)))  

1. q j a; d; gd(q; b) = 1; gd(a; n) = (d; n) = q kai n j  e�te

2. ad = 0; a; d 2 hni = hi kai b e�nai mon�da tou A:

Antistrìfw, ta stoiqe�a k �

�

a b

 d

�

me k 2 K

�

kai a; b; ; d 2 A pou ikanopoioÔn ti parap�nw sqèsei, e�nai

stoiqe�a tou N

K

(�

0

1

(n)):

Apìdeixh. 'Estw g

0

2 N

K

(�

0

1

(n)): AfoÔ to s¸ma phl�kwn tou A e�nai to K kai o A e�nai perioq  kur�wn

idewd¸n, up�rqei � 2 K ¸ste o p�naka � � g

0

=:

�

a b

 d

�

2 N

K

(�

0

1

(n)) kai a; b; ; d 2 A; ha; b; ; di = A:

'Estw q h or�zousa tou g := � � g

0

. An to q e�nai mon�da tìte g 2 N

A

(�

0

1

(n)): An to q den e�nai mon�da

tou A; tìte proqwr�me w ex : Oi p�nake x = (

1 1

0 1

) ; y = (

1 n

0 1

) ; kai z = (

1 0

n 1

) ; an koun sthn �

0

1

(n):

Epeid  g 2 N

A

(�

0

1

(n)); èpetai ìti kai oi p�nake g

�1

xg; g

�1

yg; g

�1

zg 2 �

0

1

(n): Upolog�zoume ta stoiqe�a

twn pin�kwn aut¸n kai lamb�nonta upìyin ton orismì th om�da �

0

1

(n) katal goume sto sumpèrasma ìti

up�rqoun up�rqoun a

i

; b

i

2 A; i = 1; 2; 3 tètoia ¸ste

(1) d = nqa

1

(4) ab = qb

1

(2) d

2

= qa

2

(5) a

2

= qb

2

(3) 

2

= nqa

3

(6) nb

2

= qb

3
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An b = 0 tìte sundu�zonta ti (2); (3); (5) kai ton tÔpo th or�zousa, èqoume ìti d = aa

2

; a

2

b

2

= 1 kai



2

= a

2

a

2

a

3

n; �topo.

3

'Etsi b 6= 0. An�loga de�qnoume (qrhsimopoi¸nta ti (2); (4); (5) kai ton tÔpo th

or�zousa) ìti to  den mpore� ep�sh na e�nai mhdèn.

4

'Estw a = 0: Apì thn (3) (kai ton tÔpo th or�zousa) èqoume ìti � = nba

3

: Pollaplasi�zonta ti (3) kai

(6) kat� mèlh pa�rnoume a

3

b

3

= 1: 'Etsi apì thn (3) èqoume d

2

= b

2

a

2

a

3

n: 'Ara ha; b; ; di � hbi �topo; ektì

e�n to b e�nai mon�da. EÔkola blèpei kane� tìte, ìti to hi = hni = hqi kai (me qr sh th (1)) d � 0 mod n:

Gia lìgou summetr�a, an t¸ra upojèsoume ìti d = 0 tìte mporoÔme na de�xoume ìti b 2 F

q

�

; hi = q = hni

kai a � 0 mod n:

5

Sthn per�ptwsh kat� thn opo�a isqÔei ad = 0 èqoume apode�xei thn (2).

Apì ed¸ kai sto ex , upojètoume ìti ìla ta stoiqe�a tou g e�nai mh mhdenik�. Ja apode�xoume ta akì-

louja:

(1) q j n: Apì ti (2); (3) kai (5) blèpoume ìti k�je pr¸to diairèth tou q diaire� ta a; d kai : Apì

thn (6) blèpoume ìti to q diaire� to nb

2

: An p e�nai pr¸to diairèth tou q tìte den mpore� gd(p; n) = 1, giat�

tìte p j b kai dedomènou ìti diaire� ta a; ; d katal goume se �topo. 'Etsi gd(q; b) = 1 kai q j n:

(2) n j : Pollaplasi�zonta ti (2) kai (3) kat� mèlh kai uy¸nonta thn (1) sto tetr�gwno

6

blèpoume

ìti nq

2

a

2

a

3

= n

2

q

2

a

2

1

, dhl., a

2

a

3

= na

2

1

kai n j a

2

a

3

: Ja de�xoume ìti gd(

n

q

; a

2

) = 1: An gd(

n

q

; a

2

) 6= 1; èstw

p èna pr¸to diairèth tou;

q

2

= (ad� b)

2

= a

2

d

2

+ b

2



2

� 2ab � d =

= q

2

b

2

a

2

+ b

2

nqa

3

� 2q

2

nb

1

a

1

;

kai diair¸nta me q

2

; pa�rnoume 1 = b

2

a

2

+ b

2

n

q

a

3

� 2nb

1

a

1

: To p diaire� ta

n

q

; n; a

2

: 'Ara, apì thn parap�nw

ex�swsh, to p ja diaire� kai to 1; �topo. 'Etsi

n

q

j a

3

: Tìte, apì thn (3) blèpoume ìti to n

2

j 

2

, dhl., n j :

(3) q j a: Apì thn (4) blèpoume ìti q diaire� to ab kai apì to prohgoÔmeno mèro gd(b; q) = 1, ètsi

to q diaire� kai to a:

(4) hq;

n

q

i = A: 'Estw q

0

to ginìmeno twn pr¸twn diairet¸n tou q: Apì thn (2) blèpoume ìti q

0

j d: 'E-

qoume de�xei ìti to q j a; n j : Up�rqoun kat�llhla �; ; Æ 2 A ¸ste a = q�,  = n kai d = q

0

Æ: Tìte,

q = ad� b = qq

0

�Æ � nb; ètsi 1 = q

0

�Æ �

n

q

b: 'Ara, 1 = gd(q

0

;

n

q

) = gd(q;

n

q

):

(5) q j d: Apì thn per�ptwsh (4) prokÔptei ìti o mègisto koinì diairèth tou  kai tou q e�nai èna.

T¸ra (apì thn (1)) afoÔ A 3

d

nq

=

d

q

; blèpoume ìti

d

q

2 A:

(6) ha; ni = hd; ni = hqi: 'Eqoume  dh de�xei ìti q j a; n; d: 'Estw � o mègisto koinì diairèth tou a

kai tou n: To q diaire� to �: AfoÔ to n diaire� to  kai to � diaire� to n; ja prèpei to � na diaire� to : Apì

thn sqèsh q = ad� b blèpoume ìti to � diaire� to q: Omo�w de�qnoume ìti hd; ni = hqi:

3

Tìte a j a; ; d kai �ra to a e�nai mon�da. All� hai = hdi kai �ra kai h or�zousa q = ad e�nai mon�da.

4

a

2

b

2

= 1; d = aa

2

; a = db

2

; b = aa

2

b

1

; q = ad:

5

(3) ) 

2

= �nb

3

= �nba

3

)  = �nba

3

: (4) ) ab = �bb

1

) a = �bb

1

: 'Ara to b diaire� ta a; b; ; d �topo;

ektì kai an to b e�nai mon�da. Pollaplasi�zonta ti (3); (6) kat� mèlh èqoume a

3

b

3

= 1: 'Etsi hi = hni = hqi: Akìma

(4) ) ab = �bb

1

) a = �b

1

2 hni:

6

(2) � (3) ) (d)

2

= nq

2

a

2

a

3

, (1) ) (d)

2

= n

2

q

2

a

2

1

. 'Etsi nq

2

a

2

a

3

= n

2

q

2

a

2

1

) a

2

a

3

= na

2

1

:



48 Modular automorfismo�

Sthn per�ptwsh pou ìla ta stoiqe�a tou g e�nai di�fora mhdenì apode�xame ìti isqÔei h (1) tou l mma-

to. Antistrìfw, an upojèsoume ìti isqÔei h (2); tìte o g ja èqei kat' an�gkh th morf  g = (

0 w

n mn

)  

(

mn w

n 0

) ìpou w e�nai mon�da tou A; ètsi g 2 N

K

(�

0

1

(n)):

Pr�gmati, an h e�nai o tuqìn h :=

�

1+nX Y

nZ 1+nW

�

2 �

0

1

(n); me X;Y; Z;W 2 A; tìte:

(

0 w

n mn

)

�1

h (

0 w

n mn

) =

�

1�Ymw

�1

n+Wn �

Y w

�1

n 1+Y mw

�1

n+Xn

�

2 �

0

1

(n)

(

mn w

n 0

)

�1

h (

mn w

n 0

) =

�

1+Wn+Zmn �

Y w

�1

n�Wmn

2

+Xmw

�1

n

2

�Zm

2

w

�1

n

2

1+Xn�Zmn

�

2 �

0

1

(n)

Tèlo, kle�nonta, ja de�xoume ìti oi p�nake th morf  g =

�

a b

 d

�

me a; b; ; d; �; ; Æ; q 2 A; abd 6= 0; q =

det g; a = q�;  = n; d = qÆ kai gd(n; d) = gd(n; a) = q; gd(n; ) = n; kanonikopoioÔn thn �

0

1

(n): Jètoume

(

a

1

a

2

a

3

a

2

) := g

�1

hg: ApodeiknÔetai h Ôparxh kat�llhlwn stajer¸n x; y; z 2 A me

a

1

= (

d(1 + nx)

q

�

bnz

q

)a + (

dy

q

�

b(1 + nw)

q

) = Æa � b

n

q

+ n � x = 1 + n � x

a

2

=

d(Y d+ b(Xn + 1))

q

�

b(Zbn+ d(Wn+ 1))

q

a

3

= (�

(1 + nX)

q

+

anZ

q

)a + (�

Y

q

+

a(1 + nW )

q

) = n � y

a

4

= (�

(1 + nX)

q

+

anZ

q

)b+ (�

Y

q

+

a(1 + nW )

q

)d = �b

n

q

+ Æa + n � z = 1 + n � z

❏

Sumbolismì 7. Apì dw kai sto ex , èna p�naka {tÔpou A} ja e�nai k�je p�naka th morf  (

0 w

n mn

)  

(

mn w

n 0

) me w 2 F

q

�

;m 2 A kai èna p�naka {tÔpou B} ja e�nai k�je p�naka g =

�

a b

 d

�

ìpou ta a; b; ; d

ikanopoioÔn ti sqèsei tou pr¸tou skèlou tou l mmato 5:2.4. Ep�sh, k�je for� pou anaferìmaste se

èna p�naka g =

�

a b

 d

�

2 N

K

(�

0

1

(n)) {tÔpou B}, ja jewroÔme thn Ôparxh -qwr� kam�a epiplèon anafor�- twn

ant�stoiqwn ellhnik¸n gramm�twn �; ; Æ kai tou gotjikoÔ gr�mmato q = det g; ta opo�a ja upojètoume ìti

ikanopoioÔn ti sqèsei a = q�;  = n; d = qÆ; kai gd(q; b) = 1; gd(a; n) = (d; n) = q:

5:2.2 H dom  th �

1

(n)

Me W ja sumbol�zoume thn upoom�da th �

1

(n) h opo�a apotele�tai apì tou p�nake th morf  (

1 0

0 w

) ìpou

w e�nai mon�da tou A = F

q

[T ℄; h W e�nai kuklik  kai peperasmènh.

L mma 5:2.5. �

1

(n) = �

0

1

(n)oW:

Apìdeixh. ParathroÔme ìti h parak�tw akolouj�a e�nai split, afoÔ F

q

�

�

=

W:

1 �! �

0

1

(n) �! �

1

(n)

det

�! F

q

�

�! 1:

❏

Shme�wsh 10. H t�xh th pollaplasiastik  om�da (A=nA)

�

; me n 2 A e�nai, w gnwstìn �sh pro '(n) =

q

deg(n)

Q

pjn

(1� q

� deg(p)

) (de [30, x1.1℄).

L mma 5:2.6. 'Estw n 2 A èna mh tetrimmèno polu¸numo. Tìte, '(n) = 1 an kai mìno an q = 2 kai to n

e�nai ginìmeno (pr¸twn) poluwnÔmwn bajmoÔ èna.

Apìdeixh. 'Estw n =

Q

p

p

d

p

: Tìte,

'(n) = q

deg(n)

Q

pjn

(1 � q

�deg(p)

) =

Q

pjn

(q

deg(p)d

p

� q

deg(p)d

p

�deg(p)

): 'Ara, '(n) = 1 an kai mìno an,

8p; q

deg(p)d

p

� q

deg(p)d

p

�deg(p)

= 1: 'Etsi, 8p; d

p

= 1; deg(p = 1) kai q = 2: ❏
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W sunèpeia tou l mmato 5:2.5 èqoume to parak�tw

Pìrisma 5:2.2. An q = 2 tìte �

1

(n) = �

0

1

(n) kai an '(n) = 1 tìte �

0

(n) = �

1

(n) = �

0

1

(n):

Apìdeixh. 'Estw g = (

k l

m n

) 2 �

1

(n): Tìte det g = 1 kai k � 1 mod n; m � 0 mod n: Akìma, 1 = kn�lm �

n mod n; dhl., g 2 �

0

1

(n): ❏

5:2.3 O kanonikopoiht  th F

q

�

� �

1

(n) sthn GL(2; A)

L mma 5:2.7. O kanonikopoiht  F

q

�

� �

1

(n) sthn GL(2; A) e�nai h om�da �

0

(n):

Apìdeixh. E�nai profanè ìti h �

0

(n) kanonikopoie� thn F

q

�

;�

1

(n):

7

Antistrìfw, èstw g =

�

a b

 d

�

èna

stoiqe�o tou kanonikopoiht  th F

q

�

��

1

(n) sthn GL(2; A): 'Estw q h or�zousa tou. 'Estw z := (

1 1

0 1

) 2 �

1

(n):

AfoÔ g

�1

zg =

�

1+d=q d

2

=q

�

2

=q 1�d=q

�

2 F

q

�

� �

1

(n); ja prèpei to 

2

� 0 mod n kai to 1 + d=q na e�nai mon�da

modulo n: 'Estw loipìn w 2 F

q

�

tètoio ¸ste w � 1+d=q mod n: 'Omw q = ad�b kai ètsi q

2

� ad(ad�2b)

mod n; dhlad  ta a; d e�nai antistrèyima stoiqe�a tou daktul�ouA=n: An w � 1 mod n; tìte d=q � 0 mod n

kai ètsi ja e�nai  � 0 mod n: An t¸ra w 6� 1 mod n; x tìte + 

2

d=q � w mod n kai ètsi (1� w) � 0

mod n; dhlad  kai se aut  thn per�ptwsh  � 0 mod n: ❏

O kanonikopoiht  th �

1

(n) sthn GL(2;K)

'Estw n 2 A èna mh tetrimmèno polu¸numo kai n =

Q

n

i

p

d

i

i

h paragontopo�hs  tou se ginìmeno anag¸gwn

poluwnÔmwn. Gia k�je i; jètoume q

i

= p

d

i

i

: An n � 2 tìte gia k�je i up�rqoun mh mhdenik� a

i

; b

i

2 A me

q

i

a

i

�

n

q

i

b

i

= 1: (5.3)

Sthn per�ptwsh aut , gia k�je i jètoume

g

q

i

:=

�

q

i

a

i

b

i

n q

i

�

(5.4)

diaforetik� (q

1

= n) jètoume

g

n

:= (

0 1

n 0

) (5.5)

Prìtash 5:2.1. O kanonikopoiht  th K

�

� �

1

(n) sthn GL(2;K) e�nai

1. K

�

� �

0

(n) � h(

0 1

n 0

)i; an q � 3:

2. K

�

� �

0

(n); (

0 1

n 0

) ; an q � 2 kai to n e�nai dÔnamh pr¸tou  

K

�

� �

0

(n); g

q

1

; : : : ; g

q

n

an q = 2 kai '(n) � 2; ìpou ta g

q

i

e�nai ìpw parap�nw. Akìma, gia ìla ta

i; g

q

2

i

2 hK

�

� �

0

(n)i kai

K

�

� h�g

q

1

; : : : ; g

q

n

i \K

�

� h�

0

(n)i = K

�

� hg

2

q

1

; : : : ; g

2

q

n

i:

3. K

�

� �

0

(n) � h(

0 1

n 0

)i; an q = 2; '(n) = 1 kai n = T; T + 1  

hK

�

� �

0

(n); (

0 1

n 0

) ;

�

T 1

T (T+1) T

�

i; an q = 2; '(n) = 1 kai n = T (T + 1):

Apìdeixh. 'Estw g 2 N

K

(K

�

��

1

(n)): Tìte apì to l mma 5:2.2, g 2 N

K

(�

0

1

(n)) kai ètsi, up�rqei k 2 K

�

tètoio

¸ste to g

0

:= k � g na ikanopoie� ti upojèsei tou l mmato 5:2.4. An det g

0

2 A

�

tìte g

0

2 N

A

(F

q

�

� �

1

(n))

kai ètsi apì to l mma 5:2.7, g

0

2 �

0

(n): An det g

0

62 A

�

tìte g

0

= (

0 w

n mn

) ; g

0

= (

mn w

n 0

) me w 2 F

q

�

;m 2 A  

g

0

=

�

q� b

n qÆ

�

me a = �q; b;  = n; d = Æq kai q ìpw to l mma 5:2.4.

An to g

0

e�nai {tÔpou A}, tìte to ginìmeno g

0

(

0 1

n 0

) 2 K

�

� �

0

(n);

8

ètsi h upoom�da pou genniètai apì

to K

�

thn �

0

(n) kai tou {tÔpou A} p�nake e�nai h K

�

� �

0

(n) -h opo�a kanonikopoie� thn K

�

� �

1

(n); afoÔ o

7

'Estw g =

�

a b

 d

�

2 �

0

(n) kai h = (

x y

z w

) �

1

(n): Tìte, g

�1

hg �

�

1

b+dy�bw

a

0 w

�

mod n:

8

An g

0

=

�

0 w

n mn

�

tìte g

0

�

0 1

n 0

�

=

�

nw 0

mn

2

n

�

= nw

�1

�

�

1 0

wmn w

�

2 K

�

� �

1

(n)
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p�naka (

0 1

n 0

) thn kanonikopoie�

9

(de ep�sh to l mma 5:2.7).

An to g

0

e�nai {tÔpou B} me det g = n; tìte g (

0 1

n 0

) 2 K

�

� �

0

(n):

10

(1) q � 3: Ja de�xoume ìti kanèna p�naka g

0

{tÔpou B} den an kei ston kanonikopoiht  - ektì kai

an hdet gi = hni (de parap�nw). 'Estw g

0

:=

�

1 0

0 w

0

�

2 �

1

(n) me w

0

mon�da tou A kai w

0

6= 1: Upojètoume

ìti up�rqei g

0

=

�

a b

 d

�

{tÔpou B} me det g

0

= q; hni 6= hqi kai g

�1

0

g

0

g

0

2 K

�

� �

1

(n): Tìte, kat' an�gkh

g

�1

0

g

0

g

0

2 F

q

� �

1

(n) (de l mma 5:2.1). K�nonta pr�xei, pa�rnoume g

�1

0

g

0

g

0

=

�

1+b



q

(1�w

0

) �

a(w

0

�1)

q

1�

ad

q

(1�w

0

)

�

:

Ja prèpei epomènw, h par�stash 1�

ad

q

(1�w

0

) 2 F

q

�

mod n: 'Estw u 2 F

q

�

¸ste 1�

ad

q

(1�w

0

) � u mod n:

Tìte 1 � u �

a

q

d(1 � w

0

) mod n: An u 6= 1; to 1 � u e�nai mon�da ston A=n kai ètsi e�nai kai to d; �topo,

afoÔ gd(d; n) = q: An to u = 1 tìte kat' an�gkh 1+ b



q

(1�w

0

) � w

0

mod n kai �ra b



q

(1�w

0

) � �(1�w

0

)

mod n: AfoÔ gd(b; n) = 1 kai w

0

6= 1 ja e�nai to kl�sma



q

e�nai antistrèyimo ston A=n; �topo giat� tìte

q = n (gd(; n) = n). 'Etsi, sÔmfwna me ta l mmata 5:2.4 kai 5:2.7, N

K

(K

�

� �

1

(n)) = K

�

� �

0

(n) � h(

0 1

n 0

)i:

Sta parak�tw upojètoume ìti q = 2: SÔmfwna me to pìrisma 5:2.2, �

1

(n) = �

0

1

(n): 'Estw g

0

; g

0

0

dÔo p�-

nake {tÔpou B}. An hdet g

0

i = hdet g

0

0

i = hqi tìte e�nai eÔkolo na dei kane� ìti

1

q

g

0

g

0

0

2 �

0

(n):

11

An

hdet g

0

i 6= hdet g

0

0

i tìte arke� na jewr soume mìno thn per�ptwsh pou gd(det g

0

; det g

0

0

) = 1 diìti tìte o

p�naka g

0

g

0

0

e�nai ep�sh {tÔpou B}. 'Etsi

N

K

(K

�

� �

1

(n)) = K

�

� �

0

(n) � hg

q

1

; : : : ; g

q

n

i an n � 2

N

K

(K

�

� �

1

(n)) = K

�

� �

0

(n) an n = 1:

Suneq�zonta jètoume G := K

�

� hg

q

1

; : : : ; g

q

i

i: E�nai profanè ìti gia k�je i 6= j; g

2

q

i

2 q

i

� �

0

(n) kai

g

q

i

g

q

j

g

�1

q

i

g

�1

q

j

2 �

0

(n):

12

'Etsi

G \ (K

�

� �

0

(n)) = K

�

� hq

2

1

; : : : ; g

2

q

n

i:

'Etsi èqei deiqje� h (2):

(3) q = 2 kai '(n) = 1: Ta monadik� polu¸numa n 2 F

q

[T ℄ gia ta opo�a isqÔei '(n) = 1 e�nai ta T; T +1 kai

T (T + 1): Diakr�noume ti peript¸sei:

(1) H per�ptwsh n = T: Jètoume g

T

:=

�

T T+1

T T

�

kai g

0

:= (

0 1

T 0

) : Tìte g

T

g

0

= T �

�

T+1 1

T 1

�

: 'Ara

N

K

(K

�

� �

1

(n)) = K

�

� �

0

(n) � hg

0

i:

(2) H per�ptwsh n = T + 1: Jètoume g

T+1

:=

�

T+1 T

T+1 T+1

�

kai g

0

:=

�

0 1

T+1 0

�

: Tìte g

T

g

0

= (T + 1) � g

0

; ìpou

g

0

=

�

T 1

T+1 1

�

2 �

0

(n) kai ètsi

N

K

(K

�

� �

1

(n)) = K

�

� �

0

(n) � hg

0

i:

(3) H per�ptwsh n = T (T + 1): Jètoume g

T

:=

�

T 1

T (T+1) T

�

; g

T+1

=

�

T+1 1

T (T+1) T+1

�

kai g

n

= (

0 1

n 0

) : Tìte

g

T

g

T+1

= g

n

: Akìma

N

K

(K

�

� �

1

(n)) = K

�

� �

0

(n) � hg

0

i:

❏

9

g =

�

a b

 d

�

2 �

1

(n): Tìte a � 1 mod n;  � 0 mod n; d 2 F

q

�

mod n kai

�

0 1

n 0

�

�1

g

�

0 1

n 0

�

=

�

d



n

bn a

�

2 K

�

� �

1

(n):

10

g =

�

�n b

n Æn

�

) g

�

0 1

n 0

�

=

�

bn �n

Æn

2

n

�

= n �

�

b �

Æn 

�

2 K

�

� �

0

(n)

11

An g

0

=

�

�q b

n Æq

�

kai g

0

0

=

�

xq y

zn wq

�

tìte

1

q

g

0

g

0

0

=

�

�qx+bz

n

q

bw+�y

qx

n

q

+Æqz

n

q

Æqw+y

n

q

�

12

An g

q

i

=

�

a

i

q

i

b

i

n q

i

�

tìte

1

q

i

� g

2

q

i

=

�

b

i

n

q

i

+a

2

i

q

i

b

i

+a

i

b

i

n(1+a) b

i

n

q

i

+q

i

�

: Akìma, q

i

� g

�1

q

i

=

�

q

i

�b

i

�n a

i

q

i

�

; dhlad  e�nai èna p�naka {tÔpou

B}. An t¸ra g

q

j

=

�

a

j

q

j

b

j

n q

j

�

me i 6= j; tìte o p�naka

1

q

i

q

j

g

q

i

g

q

j

(q

i

� g

�1

q

i

)(q

j

� g

�1

q

j

) e�nai ginìmeno dÔo pin�kwn {tÔpou B} me

�se or�zouse kai �ra an kei sthn �

0

(n):
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Je¸rhma 5:2.1. H om�da twn modular automorfism¸n th �

1

(n)n
 e�nai isìmorfh pro:

1. Thn om�da (A=n)

�

=F

q

�

o (Z=2Z), an q � 3

2. M�a epèktash th (A=n)

�

=F

q

�

me thn (Z=2Z)

n

; an q = 2 kai '(n) � 2; ìpou to n sumbol�zei ton arijmì

twn diaforetik¸n pr¸twn diairet¸n tou n

3. Thn om�da (Z=2Z)

n

; an q = 2 kai '(n) = 1; ìpou to n sumbol�zei ton arijmì twn diaforetik¸n pr¸twn

diairet¸n tou n kai n = 1   2.

Apìdeixh. Se k�je per�ptwsh h om�da K

�

1

� �

0

(n)=K

�

1

� �

1

(n) e�nai kanonik  upoom�da th N

K

1

(K

�

1

�

�

1

(n))=K

�

1

� �

1

(n): Or�zoume ton omomorfismì

K

�

1

� �

0

(n)=K

�

1

� �

1

(n) �! (A=n)

�

=F

�

q

�

�

a b

 d

�

K

�

1

� �

1

(n) 7�!
d
;

o opo�o e�nai sthn pragmatikìthta èna automorfismì: 1. An m 2 A me gd(m; n) = 1; tìte, up�rqoun

a; b 2 A me am+nn = 1; ètsi o p�naka g := (

am bm

n m

) 2 �

0

(n) kai apeikon�zetai stom: 2. 'Estw

�

a b

 d

�

2 �

0

(n)

me

�

a b

 d

�

K

�

1

� �

1

(n) 7�! d � F

q

�

= F

q

�

: Tìte, afoÔ F

q

�

3 u := ad � b ja èqoume u mod n = ad mod n kai

epeid  d 2 F

q

�

up�rqei v 2 F

q

�

me v mod n = d mod n kai ètsi o p�naka v

�1

�

a b

 d

�

2 �

1

(n):

(1) H per�ptwsh q � 3: Apì thn prìtash 5:2.1,

N

K

1

(K

�

1

� �

1

(n)) = K

�

1

� �

0

(n) � h(

0 1

n 0

)i:

H parak�tw akolouj�a

1 �!

K

�

1

� �

0

(n)

K

�

1

� �

1

(n)

�!

N

K

�

1

(K

�

1

� �

1

(n))

K

�

1

� �

1

(n)

�!

K

�

1

� �

1

(n) � h(

0 1

n 0

)i

K

�

1

� �

1

(n)

�! 1

e�nai akrib  kai split afoÔ

Z=2Z� K

�

1

� �

1

(n)h(

0 1

n 0

)i=K

�

1

� �

1

(n)CN

K

�

1

(K

�

1

� �

1

(n))=K

�

1

;�

1

(n):

(2) H per�ptwsh q = 2 kai '(n) � 2: 'Estw n =

Q

n

1

q

i

kai g

q

i

ìpw sthn prìtash 5:2.1. An n = 1

tìte ta pr�gmata èqoun ìpw sthn prohgoÔmenh per�ptwsh. �Estw loipìn ìti n � 2: Apì thn prìtash 5:2.1,

N

K

1

(K

�

1

� �

1

(n)) = K

�

1

� �

0

(n) � hg

q

1

; : : : ; g

q

n

i

kai

K

�

1

� �

0

(n) � hg

q

1

; : : : ; g

q

n

i

K

�

1

� �

0

(n)

� (Z=2Z)

n

:

Apì thn parak�tw akolouj�a

1 �!

K

�

1

� �

0

(n)

K

�

1

� �

1

(n)

�!

N

K

1

(�

1

(n))

K

�

1

� �

1

(n)

�!

N

K

1

(�

1

(n))

K

�

1

� �

0

(n)

�! 1;

ft�noume sto epijumhtì apotèlesma.

1 �! (A=nA)

�

=F

q

�

�!

N

K

1

(�

1

(n))

K

�

1

� �

1

(n)

�! (Z=2Z)

n

�! 0:

(3) H per�ptwsh q = 2 kai '(n) = 1: Sthn per�ptwsh aut  (A=n)

�

= F

q

�

: 'Etsi, apì thn prìtash (5:2.1)

N

K

�

1

(K

�

1

� �

1

(n))

K

�

1

� �

1

(n)

� (

Z

2Z

)

n

ìpou n = 1   2: ❏
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