Panepistămio Krăthc Tmăma Majhmatikÿn

Didaktorikă Diatribă

Drinfeld modules kai efarmogès sto antÐstrofo prìblhma ths jewrÐas tou Galois

MarÐna TripolitĹkh

HrĹkleio 29 Maòou 2003

H ergasÐa aută ekponăjhke sta plaÐsia twn upoqreÿsewn thc MarÐnac TripolitĹkh gia thn apìkthsh didaktorikoÔ diplÿmatoc sta majhmatikĹ sto tmăma majhmatikÿn tou panepisthmÐou krăthc.

H trimelăc epitropă: G. AntwniĹdhs D. Deriziÿthc A. KoubidĹkhc

OI MEN IPPH�N STROTON OI DE PESD�N OI DE NA�N �AIS EPI GAN MELAINAN EMENE KALLISTON EG� DE KHN OTT� TIS ERATAI SAP�A

Perieqìmena

Eisagwgă 6

1 Elleiptikèc kampÔlec 9 1.1 OrismoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 1.2 Modular kampÔlec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.2.1 H kampÔlh Y_0(N) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.2.2 H kampÔlh Y (N) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Drinfeld modules 12 2.1 OrismoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.2 ShmeÐa peperasmènhc tĹxhc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.2.1 H jewrÐa tou Weierstraß . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.2.2 To Drinfeld Ĺnw hmiepÐpedo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 2.3 Drinfeld modules pĹnw apì schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.3.1 Level structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.4 Moduli schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2.4.1 To Moduli scheme Y^r(1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2.4.2 To moduli scheme Y^r(n) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

I H omĹda PSL 21

3 O Weil morfismìc 23 3.1 H orÐzousa enìc Drinfeld module . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.1.1 T −motives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.1.2 H kataskeuă thc orÐzousac enìc Drinfeld module. . . . . . . . . . . . . . . . . . . . . 24 3.2 ShmeÐa peperasmènhc tĹxhc kai t-motives. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 3.2.1 To sÿma orismoÔ twn Moduli schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 3.2.2 DrĹsh orizousÿn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4 H ulopoÐhsh thc PSL 30 4.1 To moduli scheme Y^r_0 (n) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 4.1.1 H kataskeuă tou Y^r_0 (n) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 4.1.2 Basikèc idiìthtec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 4.1.3 To moduli scheme Y^r_0 (T ). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 4.2 O Fricke automorfismìc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 4.2.1 To twisted scheme Y . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 4.3 MÐa bohjhtikă kataskeuă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

PERIEQ§OMENA 5

4.3.1 To kurÐwc jeÿrhma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

II Modular automorfismoÐ 41

5 Modular automorfismoÐ 43 5.1 DrĹsh omĹdwn sto Ω . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 5.1.1 Idiìthtec thc kampÔlhc X_1(n) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 5.1.2 Eisagwgă . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 5.2 O kanonikopoihtăc thc K^∗_∞ · Γ_1(n) sthn GL(2, K_∞) . . . . . . . . . . . . . . . . . . . . . . . . 44 5.2.1 O kanonikopoihtăc thc N_K (Γ^′_1(n)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 5.2.2 H domă thc Γ_1(n) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 5.2.3 O kanonikopoihtăc thc F_q^∗ · Γ_1(n) sthn GL(2, A) . . . . . . . . . . . . . . . . . . . . . 49

1

Eisagwgă

T^{a Drinfeld modules emfanÐsthkan sth bibliografÐa gia prÿth forĹ to 1974 kĹtw apì to ìnoma elliptic}

modules. Sămera, proc timă tou brabeumènou me Fields dhmiourgoÔ touc, fèroun to ìnoma tou. Apì tìte mèqri sămera èqoun kataktăsei kentrikì rìlo sth jewrÐa arijmÿn thc peperasmènhc qarakthristikăc kai eidikìtera sth jewrÐa twn swmĹtwn sunartăsewn, sth jewrÐa twn elleiptikÿn kampÔlwn kai twn algebrÿn me diaÐresh. ’Allwste èna apì ta teleutaÐa Fields Medals pou dìjhkan anăkei sthn perioqă.

Me K ja sumbolÐzoume to sÿma sunartăsewn mÐac anĹgwghc kai gewmetrikĹ sunektikăc kampÔlhc C upèr to F_q . ’Estw ∞ mÐa jèsh tou K kai A o daktÔlioc twn akeraÐwn wc proc to Ĺpeiro sunartăsewn tou K. ’Estw G_a to prosjetikì group scheme pĹnw apì èna K−scheme S kai γ : A −→ K omomorfismìc daktulÐwn. ’Ena K−Drinfeld module taxewc r ∈ N eÐnai ènac mh tetrimmènoc endomorfismìc φ: A −→ End_S (G_a ) ; a −→ ϕ_a me^∂_{∂τ} φ_a = γ(a) ìpou to τ dhlÿnei ton Frobenius endomorfismì kai r ton bajmì tou gennopoioÔ stoiqeÐou thc eikìnac.

H ènnoia twn Drinfeld modules tĹxewc èna ătan gnwstă ston Carlitz apì th dekaetÐa tou 30. Ta modules tou tÔpou autoÔ paÐzoun shmantikì rìlo sthn jewrÐa klĹsewn swmĹtwn prosfèrontac mÐa kataskeuastikă prosèggish autăc. b H^{paroÔsa ergasÐa qwrÐzetai se dÔo anexĹrthta mèrh. Sto prÿto mèroc ulopoieÐtai h omĹda PSL(r, qd)}

wc omĹda tou Galois regular kalÔmmatoc tou P^1_{Fq} , gia gcd(r, q^d) = 2 kai ègine se sunergasÐa me ton Gunther Cornelissen.^1 Sto deÔtero mèroc upologÐzontai oi modular automorfismoÐ twn Drinfeld modular kampÔlwn X_1(n). p T^{o kentrikì jèma tou antistrìfou problămatoc thc jewrÐac tou Galois eÐnai h eÔresh, gia dosmèno sÿma}

k kai omĹda G, enìc peperasmènou, gewmetrikĹ sunektikoÔ kalÔmmatoc C thc probolikăc eujeÐac P^1_k me omĹda Galois thn G.

Gia k = C analutikèc kai topologikèc mèjodoi (Riemman existence theorem) dÐnoun kataskeuastikèc lÔseic. Gia kĹje topikì sÿma k mèjodoi apì thn rigid ă thn formal gewmetrÐa apantoÔn jetikĹ sto prìblhma ([18]).

Antijètwc, gia olikĹ (global) sÿmata polÔ lÐga prĹgmata eÐnai gnwstĹ. H adunamÐa aută ofeÐletai katĹ kÔrio lìgo sthn ellipă gnÿsh twn idiotătwn twn arijmhtikÿn jemeliwdÿn omĹdwn (arithmetic fundamentral groups). Sthn perÐptwsh tou sÿmatoc twn rhtÿn arijmÿn èqei anaptuqjeÐ mÐa poikilÐa mejìdwn (rigidity

1cornelissen@math.uu.nl

method, Hurwitz spaces), mèsw twn opoÐwn ulopoiăjhkan eidikèc kathgorÐec omĹdwn (sporadikèc, epilÔsimec ktl., dec [25] kai [16]).

Akìma ligìtera eÐnai gnwstĹ sth perÐptwsh thc jetikăc qarakthristikăc. Gia peperasmèna sÿmata kai gia omĹdec me tĹxh prÿth wc proc th qarakthristikă, gia tic opoÐec sumbaÐnei na gnwrÐzoume ìti ulopoioÔntai upèr to Q, h mèjodoc thc anagwgăc sth jetikă qarakthristikă qrhsimopoieÐtai gia thn lÔsh tou problămatoc - arkeÐ bèbaia ta arijmhtikĹ montèla na eÐnai arketĹ kalĹ (W ewers, Beckmann). Sthn modular perÐptwsh, sthn perÐptwsh dhladă pou h qarakthristikă diaireÐ thn tĹxh thc omĹdac, o Abhyankar anèptuxe kataskeuastikèc mejìdouc gia ligostèc omĹdec, dustuqÿc ìmwc, ta antÐstoiqa kalÔmmata den orÐzontai pĹnta pĹnw apì prÿta sÿmata.

Sthn paroÔsa ergasÐa parousiĹzetai mÐa apìdeixh tou jewrămatoc

’Estw q mÐa dÔnamh tou prÿtou p. Gia kĹje zeÔgoc arijmÿn (s, d) me s perittì, upĹrqei mÐa F_q -regular Galois epèktash me omĹda Galois thn PSL(2s, q^d).

LÐga lìgia pĹnw sthn proðstorÐa tou zhtămatoc: ’Estw K = F_q(T ). EÐnai gnwstì ìti h genikă grammikă omĹda GL(m, q^n) (kai á fortiori h probolikă thc ekdoqă) ulopoieÐtai wc omĹda tou Galois upèr to K, afoÔ eÐnai h eikìna thc Galois anaparĹstashc ρ_p twn p-torsion shmeÐwn enìc generic Drinfeld module tĹxewc r, me p anĹgwgo bajmoÔ n sto F_q [T ] ([7]). O Abhyankar kai oi sunergĹtec tou èdeixan to Ðdio apotèlesma me stoiqeiÿdh ergaleÐa ([2],[1]). Apì thn Ĺllh meriĹ, o K.-Y. Shih èqei apodeÐxei thn ulopoÐhsh (upì sunjăkec) twn omĹdwn PSL(2, p) wc omĹdwn tou Galois upèr to Q kĹnontac qrăsh thc jewrÐac twn modular kampÔlwn kai anaparistÿntac thn apìluth omĹda tou Galois se omĹda metasqhmatismÿn shmeÐwn peperasmènhc tĹxewc katĹllhlhc elleiptikăc kampÔlhc. (To prìblhma, sth genikìthtĹ tou, lÔjhke argìtera apì touc Malle kai Matzat me qrăsh rigid mejìdwn [25]).

H prosèggish pou edÿ akoloujeÐtai eÐnai ènac sunduasmìc twn dÔo parapĹnw teqnikÿn. MeletĹtai mÐa twisted ekdoqă tou moduli space twn Drinfeld modules tĹxewc 2s me katĹllhlh level structure. Ta shmeÐa diaforopoÐhshc apì thn jewrÐa tou Shih entopÐzontai kurÐwc sta akìlouja: (a) gÐnetai qrăsh poludiĹstatwn varieties kai ètsi problămata {rhtìthtac} twn moduli qÿrwn gÐnontai duskolìtera kai (b) den upĹrqei Weil pairing sth kathgorÐa twn Drinfeld modules.

ArqikĹ meletĹtai to moduli scheme twn Drinfeld modules tĹxewc 2s me mÐa full flag upoomĹdwn twn T −rhtÿn shmeÐwn. DÐnetai akribăc perigrafă autoÔ tou antikeimènou. ’Estw L to sÿma twn stajerÿn thc det(ρ)_p, ìpou ρ_p eÐnai h proanaferìmenh anaparĹstash. OrÐzoume Ỹ^{2s} wc to phlÐko thc Y^{2s}_0 (T ) ×_K L me thn Gal(L/K) × ⟨w⟩, ìpou o w eÐnai mÐa involution tÔpou Atkin-Lehner. H drĹsh thc w sto Y^{2s} perigrĹfetai leptomerÿc. Sth sunèqeia deÐqnetai ìti to sÿma sunartăsewn tou Ỹ^{2s} eÐnai rhtì, apodeiknÔontac ìti mÐa naive sumpagopoÐhsh tou eÐnai Brauer-Severi. Sto deÔtero mèroc, orÐzetai mÐa Galois anaparĹstash gia kĹje K− rhtì shmeÐo tou Ỹ^{2s}. TelikĹ, gia kĹje tètoio shmeÐo kai gia katĹllhlo p ∈ F_q [T ] upĹrqei mÐa anaparĹstash

ρ: Gal(K̄/K) −→ PSL(2s, F_q[T ])/p,

me thn proôpìjesh ìti ènac sugkekrimènoc qaraktărac eÐnai tetrimmènoc. UpologÐzoume ton qaraktăra autìn qrhsimopoiÿntac to wedge ginìmeno sthn kathgorÐa twn t-motives. a S^{to deÔtero mèroc upologÐzontai oi modular automorfismoÐ twn Drinfeld modular kampÔlwn X1(n). Edÿ}

me Y_1(n) sumbolÐzoume ton rigid analutikì qÿro pou antistoiqeÐ ston (gewmetrikì) qÿro taxinìmhshc (moduli space) twn Drinfeld modules me Γ_1(n)-level structure kai me X_1(n) tìso thn analutikă sumpagopoÐhsă tou ìso kai thn probolikă kampÔlh pou antistoiqeÐ se autìn.

Oi kampÔlec X_1(n) èqoun kentrikì rìlo sth jewrÐa kwdÐkwn, afoÔ

• h kataskeuă epÐpedwn montèlwn eÐnai sqetikĹ eÔkolh kai

• èqoun pollĹ K_+-rhtĹ shmeÐa.

’Etsi to erÿthma gia to poia eÐnai h omĹda twn modular automorfismÿn (dhladă twn automorfismÿn thc Y_1(n) pou epekteÐnontai se automorfismoÔc thc probolikăc kampÔlhc) eÐnai eÔlogo kai ousiastikì.

H prosèggish sto prìblhma eÐnai anĹlogh thc klasikăc, me thn ènnoia ìti gÐnetai mÐa susthmatikă anĹlush pĹnw sth drĹsh thc probolikăc omĹdac sto {Ĺnw Drinfeld hmiepÐpedo} Ω = P^1_C \ P^1_{K∞} . Pio sugkekrimèna, apodeiknÔetai to jeÿrhma:

H omĹda twn modular automorfismÿn thc X_1(n) eÐnai isìmorfh proc:

1. Thn omĹda (A/n)^∗/F_q^∗ ⋊ (Z/2Z), an q ≥ 3 2. MÐa epèktash thc (A/n)^∗/F_q^∗ me thn (Z/2Z)^n, an q = 2 kai φ(n) ≥ 2, ìpou to n sumbolÐzei ton arijmì twn diaforetikÿn prÿtwn diairetÿn tou n

3 . Thn omĹda (Z/2Z)^n, an q = 2 kai φ(n) = 1, ìpou to n sumbolÐzei ton arijmì twn diaforetikÿn prÿtwn diairetÿn tou n kai n = 1 ă 2.

’Estw q dÔnamh prÿtou, A = F_q[T ] o poluwnumikìc daktÔlioc mÐac metablhtăc T kai K = F_q (T ) to antÐstoiqo sÿma klasmĹtwn. Sto K orÐzetai h metrikă |a/b| = q^{deg a−deg b}. H plărwsh tou K se sqèsh me thn metrikă aută eÐnai to sÿma twn seirÿn Laurent K_∞ = F_q((1/T )). ’Estw C h plărwsh thc algebrikăc kleistìthtac tou K_∞. To C efodiasmèno me thn p−adikă topologÐa èqei diaforetikèc apì to sÿma twn (klasikÿn) migadikÿn arijmÿn C idiìthtec. Gia parĹdeigma oi Cauchy mh mhdenikèc akoloujÐec eÐnai telikĹ stajerèc, to C wc topologikìc qÿroc eÐnai poujenĹ sumpagăc, h epèktash swmĹtwn C/K_∞ eÐnai Ĺpeirh se antidiastolă me thn epèktash C /R h opoÐa eÐnai peperasmènh kai mĹlista deÐkth dÔo, oi akèraia olìmorfec sunartăseic (entire functions) sto C den eÐnai katflanĹgkh stajerèc. MĹlista to sÔnolo twn rizÿn twn ă eÐnai kenì ă sqhmatÐzei èna A−lattice Λ - tètoiec sunartăseic eÐnai F_q-grammikèc kai Λ-periodikèc kai apantÿntai sth sqetikă bibliografÐa wc ekjetikèc.

Sthn klasikă perÐptwsh èqei gÐnei arketă douleiĹ anaforikĹ me to prìblhma upologismoÔ tou kanonikopoihtă congruence upoomĹdwn thc SL(2, Z) sthn PSL(2, R). Wc parĹdeigma anafèroume thn ergasÐa [3] sthn opoÐa upologÐzetai o kanonikopoităc thc klasikăc Γ_0(N) kai thn [24] ìpou upologÐzetai o kanonikopoihtăc thc Γ_1(N). Se ìti aforĹ tic Drinfeld modular kampÔlec, o A. Schweizer sto [29] upologÐzei thn omĹda twn modular automorfismÿn thc modular X_0(n) gia kĹje n.

To prìblhma eÔreshc mejìdou ikanăc na doulèyei gia kĹje congruence upoomĹda paramènei - tìso sthn klasikă ìso kai sthn Drinfeld modular perÐptwsh - mèqri stigmăc anapĹnthto. k J^{a ăjela na euqaristăsw ton epiblèponta kajhghtă k. GiĹnnh AntwniĹdh gia thn boăjeia pou mou}

prìsfere se ìlh thn diĹrkeia twn metaptuqiakÿn spoudÿn mou. EpÐshc ja ăjela na euqaristăsw ton sunergĹth mou k. Gunther Cornelissen gia thn polÔtimh boăjeia tou sthn oloklărwsh thc melèthc sqetikĹ me thn ulopoÐhsh twn omĹdwn PSL pĹnw apo to F_p. Euqaristÿ epÐshc to ’Idruma Kratikÿn Upotrofiÿn tou opoÐou upărxa upìtrofoc.

Euqaristÿ idiaÐtera touc goneÐc mou GiĹnnh kai Elènh kai tic adelfèc mou QarĹ, AjhnĹ kai GewrgÐa gia thn hjikă kai oikonomikă touc sumparĹstash katĹ thn diĹrkeia twn spoudÿn mou. Tèloc ja ăjela na euqaristăsw touc fÐlouc mou AristeÐdh kai Dhmătrh gia thn hjikă touc sumparĹstash.

Rèjumno 15 IanouarÐou 2003

MarÐna TripolitĹkh c

KefĹlaio Prÿto

Elleiptikès kampÔles

KrÐnetai skìpimo na paratejoÔn orismoÐ kai jewrămata apì th jewrÐa twn elleiptikÿn kampÔlwn ÿste na gÐnei safăc h sqèsh antistoiqÐac metaxÔ thc jewrÐac autăc kai thc jewrÐac twn Drinfeld modules. Stic mèrec mac èqei gÐnei fanerì ìti ta ergaleÐa pou prosfèrei h jewrÐa twn Drinfeld modules eÐnai ta {fusikĹ} ergaleÐa thc jetikăc qarakthristikăc. JewrÐec pou o Drinfeld anèptuxe efarmìsthkan sthn sunèqeia stic elleiptikèc kampÔlec -ìpwc gia parĹdeigma h jemelÐwsh thc ènnoiac thc level structure pou nwrÐtera parousÐaze problămata stic Ðnec pou thn {tèmnoun}. Pio suggekrimèna, an me Y (N) sumbolÐsoume to moduli scheme twn elleiptikÿn kampÔlwn pĹnw apì to Q me N−level structure, tìte autì orÐzei èna moduli scheme pĹnw apì to Z[1/N], allĹ mìno metĹ ton Drinfeld to scheme mpìrese na oristeÐ kai pĹnw apì to Z (toulĹqisto gia {megĹlo N}).

1.1 OrismoÐ

’Estw ω_1, ω_2 dÔo mh-mhdenikoÐ migadikoÐ arijmoÐ me τ = ω_1/ω_2 mh pragmatikì. QwrÐc blĹbh thc genikìthtac upojètoume ìti τ anăkei sto pĹnw hmiepÐpedo H. To diktuwtì (lattice)

Λ = Zω_1 + Zω_2

eÐnai Z-eleÔjero tĹxewc 2 kai to phlÐko C /Λ dèqetai th domă epifĹneiac Riemann gènouc 1, h opoÐa mèsw tou jewrămatoc Ôparxhc tou Riemman (Riemman existence theorem, ă alliÿc analutikă gaga)([16], §11.3) antistoiqeÐ se mÐa mh idiìmorfh, anĹgwgh probolikă kampÔlh gènouc 1 (nonsingular, irreducible curve of genus 1), dhladă se mÐa elleiptikă kampÔlh.^1

Orismìc 1.1.1. ’Estw k sÿma. MÐa elleiptikă kampÔlh upèr to k eÐnai mÐa gewmetrikĹ sunektikă, mh idiìmorfh probolikă kampÔlh gènouc 1, mazÐ me èna k-rhtì shmeÐo.

AxÐzei na shmeiwjeÐ ìti oi mh-idiìmorfec, gewmetrikĹ sunektikèc kamÔlec gènouc èna upèr to k eÐnai elleiptikèc pĹnw apì mia peperasmènh epèktasă tou.

KĹje elleiptikă kampÔlh E_k dèqetai th domă abelianăc omĹdac. ’Estw L sÿma me L ⊃ k. Me E(L) ja sumbolÐzoume to sÔnolo twn L-rhtÿn shmeÐwn thc E, dhladă to sÔnolo twn morfismÿn Spec(L) −→ E. ’Estw N fusikìc arijmìc. H omĹda Galois Gal(L^{alg}/L) dra sta N-shmeÐa peperasmènhc tĹxhc thc E kai orÐzei mÐa anaparĹstash Gal(L^{alg} /L) −→ E(L), ìpou L^{alg} h algebrikă jăkh tou L.

Orismìc 1.1.2. ’Estw A daktÔlioc. JewroÔme to sÔnolo twn prÿtwn idewdÿn tou A - sumbolikĹ Spec(A). Sto Spec(A) bĹzoume mÐa domă sunartăsewn: gia kĹje P ∈ Spec(A) orÐzoume to fÔtro (stalk) twn sunartăsewn tou P wc to daktÔlio A_P . MÐa bĹsh kleistÿn sunìlwn tou Spec(A) apoteloÔn ta sÔnola V (I) := {Q: Q ∈ Spec(A), Q ⊃ I} me I ideÿdec tou A. Se kĹje anoiqtì U ⊂ Spec(A) antistoiqoÔme to {sÔnolo sunartăsewn} O_{Spec(A)}(U) := invlim_{P ∈U} A_P .

Gia parĹdeigma, an o A eÐnai akèraia perioqă, tìte O_{Spec(A)}(U) := ∩_{P ∈U} A_P . To sÔnolo Spec(A), mazÐ me th domă sunartăsewn, onomĹzetai afinikì scheme.

Gia èna pio genikì orismì thc ènnoiac tou scheme, kajÿc kai diĹforwn ennoiÿn pou apaitoÔntai se autìn (p.q separable pre-scheme) dec [20] kef. 2.

1Wc topologikìc qÿroc (qwrÐc analutikă domă) to C /Λ eÐnai isìmorfo proc to (R/Z)^2.

10 Elleiptikèc kampÔlec

JumÐzoume ìti ènac sunarthtăc (functor) apì mÐa kathgorÐa A se mÐa kathgorÐa B eÐnai kĹje apeikìnish apì thn A sthn B pou sèbetai tic domèc, dhladă kĹje apeikìnish pou se kĹje antikeÐmeno (object) (se kĹje morfismì antikeimènwn thc A) antistoiqeÐ èna antikeÐmeno thc B (morfismì antimeimènwn thc B), ètsi ÿste, o tautotikìc morfismìc na apeikonÐzetai ston tautotikì kai h sÔnjesh dÔo (opoiwndăpote) morfismÿn thc A na apeikonÐzetai sthn sÔnjesh twn eikìnwn twn morfismÿn.

Orismìc 1.1.3. ’Estw A, B daktÔlioi jetikăc qarakthristikăc kai γ : A −→ B omomorfismìc. ’Ena scheme M mazÐ me èna fusikì metasqhmatismì Ψ_M apì èna sunarthtă (functor) F ston sunarthtă twn shmeÐwn Mor_M tou M ja lègetai coarse moduli scheme gia ton functor F an

• h apeikìnish Ψ_{Spec(K)} : F(Spec(K)) −→ M(K) = Mor(Spec(K), M) eÐnai sunolojewthtikìc isomorfismìc

• gia kĹje Ĺllo scheme M^′ kai fusikì metasqhmatismì Ψ_M ′ : F −→ Mor_M ′_, upĹrqei monadikìc morfismìc π : M −→ M^′ ètsi ÿste o epagìmenoc fusikìc metasqhmatismìc Π: Mor_M −→ Mor_M ′ na ikanopoeÐ th sqèsh Ψ_M ′ = Π ∘ Ψ_M .

Lème ìti o functor F eÐnai anaparastĹsimoc (representable) apì to M, an isqÔoun ta parapĹnw kai epiplèon o Ψ eÐnai isomorfismìc metaxÔ tou F kai tou functor twn shmeÐwn tou M.

Tupikì parĹdeigma mh anaparastĹsimou moduli scheme eÐnai to moduli scheme M_g twn kampÔlwn gènouc g > 2 (upĹrqoun kampÔlec me mh tetrimmènouc automorfismoÔc). Sta parakĹtw ja sunantăsoume paradeÐgmata anaparastĹsimwn kai mh moduli schemes. O anagnÿsthc ja brei to biblÐo [19] polÔ katatopistikì.

1.2 Modular kampÔlec

1.2.1 H kampÔlh Y_0(N)

’Estw N fusikìc arijmìc kai E_k, E^′_k elleiptikèc kampÔlec. ’Estw L sÿma me L ⊃ k kai C ≤ E_k(L), C^′ ≤ E^′_k(L) kuklikèc upoomĹdec tĹxhc N. ’Enac isomorfismìc apì to (E, C) sto (E^′, C^′) eÐnai ènac isomorfismìc elleiptikÿn kampÔlwn E −→ E^′ pou apeikonÐzei thn C sthn C^′.

Oi orismoÐ autoÐ mporoÔn na epektajoÔn me fusikì trìpo sthn kathgorÐa twn elleiptikÿn kampÔlwn pĹnw apì varieties ă schemes.

Orismìc 1.2.1. ’Estw S èna k− scheme. OrÐzoume E_{0,N} (S) wc to sÔnolo twn klĹsewn isomorfÐac twn zeugÿn (E, C), ìpou E eÐnai mÐa elleiptikă kampÔlh upèr to S kai C mÐa kuklikă upoomĹda thc E tĹxewc N. O contravariant functor

Y_0(N): { k − schemes S } −→ { klĹseic isomorfÐac zeugÿn (E, C) upèr to S }

orÐzei èna coarse moduli prìblhma. Me Y_0(N) ja sumbolÐzoume to coarse moduli scheme pou antistoiqeÐ ston Y_0(N).

Sto [23] perigrĹfontai ta moduli schemes twn elleiptikÿn kampÔlwn me kĹje dunată leptomèreia.

1.2.2 H kampÔlh Y (N)

’Estw N jetikìc akèraioc, ζ_N ∈ C mÐa prwtarqikă N− rÐza thc monĹdoc kai k tèleio sÿma qarakthristikăc p ≥ 0, me p ̸|N kai E −→ Spec(k) elleiptikă kampÔlh. PĹnw apì thn algebrikă kleistìthta k^{alg} tou k, to sÔnolo twn N-torsion shmeÐwn thc elleiptikăc kampÔlhc E(k^{alg} )_N , sqhmatÐzei mÐa omĹda tĹxewc N^2 isìmorfh proc thn Z/N × Z/N. ’Estw K sÿma me K ⊃ k. MÐa N−level structure orismènh pĹnw apì to K gia thn elleiptikă kampÔlh E apoteleÐtai apì

• mÐa Z/N-bĹsh N-torsion shmeÐwn E(K)_N ⊂ K thc E,

1.2 Modular kampÔlec 11

• èna Z module isomorfismì i_N : E(K)_N −→ (Z/N)^2 • kai èna isomorfismì (gnwstì wc Weil pairing)

e_N : ∧^2E(K)_N −→ ⟨ζ_N ⟩

me ζ_N mÐa prwtarqikă N-rÐza thc monĹdac.

DÔo zeÔgh (E_i, i_N ), i = 1, 2 eÐnai isìmorfa, an upĹrqei isomorfismìc elleiptikÿn kampÔlwn π : E_1 −→ E_2 ÿste to akìloujo diĹgramma na eÐnai antimetajetikì

E_1(k)_N^π �

i_{1N} � � �_=

E_2(k)_N i_{2N} � � � (Z/N)^2 Gia kĹje k− scheme S, me E_N (S) ja sumbolÐzoume to sÔnolo twn klĹsewn isomorfÐac twn zeugariÿn (E, i_N ), ìpou E eÐnai mÐa elleiptikă kampÔlh upèr to S kai i_N mÐa N−level stucture thc E. O contravariant functor Y(N): { k − schemes S } −→ { klĹseic isomorfÐac zeugÿn (E, i_N ) upèr to S }

orÐzei èna moduli prìblhma to opoÐo eÐnai anaparastĹsimo (representable) apì èna k− scheme Y (N) (gia N > 3).

9

KefĹlaio DeÔtero

Drinfeld modules

To kefĹlaio autì apoteleÐ mÐa mikră eisagwgă stic basikèc ènnoiec pou ja sunantăsoume parakĹtw. KÔriec phgèc thc anaforĹc autăc eÐnai to biblÐo tou Gekeler {Drinfeld Modular Curves} [12], to biblÐo tou Goss {The Arithmetic of Function Fields} [13], oi dialèxeic tou sunedrÐou {Drinfeld modules, Drinfeld modular schemes and applications} [11] kajÿc epÐshc kai to ereunhtikì Ĺrjro tou Gekeler [10]. Tèloc mÐa ikanopoihtikă eisagwgă sth sÔgqronh glÿssa thc Algebrikăc GewmetrÐac apoteleÐ to klasikì biblÐo tou Hartshorne {Algebraic Geometry} [20].

2.1 OrismoÐ

ProsjetikĹ (additive) group schemes

’Estw B antimetajetikìc daktÔlioc peperasmènhc qarakthristikăc p. To prosjetikì (additive) group scheme upèr to B, to opoÐo shmeiÿnetai me G_{a,B} ă G_a gia suntomÐa, eÐnai ex orismoÔ to afinikì scheme Spec(B[T ]) mazÐ me èna {nìmo pollaplasiasmoÔ} G_a × G_a −→ G_a o opoÐoc epĹgetai apì ton B− omomorfismì B[T ] −→ B[T ] ⊗_B B[T ], T −→ T ⊗ 1 + 1 ⊗ T. To oudètero stoiqeÐo tou G_a kai h antistrofă sto G_a epĹgontai antÐstoiqa apì touc endomorfismoÔc f_e : B[T ] −→ B[T ], T −→ eT gia e = 0 kai e = −1. KĹje morfismìc β : G_{a,B} −→ G_{a,B} epĹgetai apì èna endomorfismì b : B[T ] −→ B[T ], o opoÐoc me th seirĹ tou kajorÐzetai apì thn eikìna b(T ) tou T. O morfismìc b eÐnai ènac group-scheme endomorfismìc, an kai mìno an b(T ⊗ 1 + 1 ⊗ T ) = b(T ⊗ 1) + b(1 ⊗ T ).

ShmeÐwsh 1. Gia B Ĺpeiro daktÔlio End G_a = { ∑_n i=0 b_iτ^i : n ∈ N, b_i ∈ B}. O daktÔlioc twn endomorfismÿn End_B (G_a ), eÐnai mh-antimetajetikìc (∀a ∈ L, τ ∘ a = a^p ∘ τ) kai parĹgetai apì ton Frobenious endomorfismì τ : B −→ B ; x −→ x^p. Genikìtera me τ^i ja sumbolÐzoume ton omomorfismì x −→ x^{pi} . DÐnontac èmfash ston gennopoiì daktÔlio B grĹfoume End_B (G_a ) = B{τ}.

An B = L sÿma tìte se kĹje endomorfismì f = f(τ) ∈ L{τ} antistoiqeÐ èna poluÿnumo sthn metablhtă X (sumbolikĹ to f(X)) to opoÐo prokÔptei apì to f(τ) me antikatĹstash tou τ^i me X^{pi} gia kĹje i.

Orismìc 2.1.1. ’Estw A, B daktÔlioi jetikăc qarakthristikăc kai γ : A −→ B omomorfismìc. H Aqarakthristikă tou B eÐnai ex orismoÔ o purănac tou γ. Lème ìti o B eÐnai genikăc qarakthristikăc ă ìti h qarakthristikă tou eÐnai ∞, an o γ eÐnai monomorfismìc.

Drinfeld modules kai isogèniec Orismìc 2.1.2. ’Ena Drinfeld module upèr to B tĹxewc r ∈ N eÐnai ènac monomorfismìc daktulÐwn

ϕ : A −→ End_B (G_a ) ; n −→ ϕ_n

tètoioc ÿste, gia kĹje n ∈ A

1. deg ϕ_n = r · deg n, kai

2.^∂_{∂τ} (ϕ_n) = γ(n) ìpou^∂_{∂τ} sumbolÐzei th diafìrish wc proc τ. Mèsw tou ϕ to prosjetikì group scheme G_{a,B} gÐnetai scheme apì A modules.

Orismìc 2.1.3. ’Estw ϕ kai ψ Drinfeld modules upèr to L. ’Enac morfismìc u : ϕ −→ ψ eÐnai èna u ∈ End_B(G_a ) tètoio ÿste gia ìla ta n ∈ A to akìloujo diĹgramma eÐnai antimetajetikì:

G_a^u �

ϕ_n � = G_a ψ_n � G_a^u � G_a .

Mh tetrimmènoi morfismoÐ upĹrqoun mìno metaxÔ Drinfeld modules Ðdiac tĹxewc kai onomĹzontai isogèniec. Orismìc 2.1.4. ’Estw X mÐa leÐa, gewmetrikĹ sunektikă, probolikă kampÔlh upèr to F_q. Epilègoume èna kleistì (allĹ ìqi aparaÐthta F_q -rhtì) shmeÐo thc X -to opoÐo kai ja sumbolÐzoume me ∞. O daktÔlioc A := Γ(X \ {∞}, O_X ) = ∩_{P ∈X\∞}O_P onomĹzetai daktÔlioc tou Drinfeld (edÿ to O_P den eÐnai parĹ to fÔtro sunartăsewn -stack- tou P ).

ParĹdeigma 2.1.1. An X = P^1_{Fq} - o probolikìc qÿroc upèr to F_q kai ∞ to (sÔnhjec) epĹpeiro shmeÐo tìte A = F_q [T ].

Sumbolismìc 1. Me Y^r(1)(L) sumbolÐzoume to sÔnolo twn klĹsewn isomorfÐac twn Drinfeld modules tĹxewc r upèr to L.

ParĹdeigma 2.1.2. ’Estw A = F_q [T ] ìpwc sto parĹdeigma 2.1.1, kai èstw K = F_q(T ) to sÿma klasmĹtwn. To na orÐsei kaneÐc èna Drinfeld module ϕ upèr to K ă pĹnw apì mÐa epèktash L tou K, eÐnai isodÔnamo me to na orÐsei to prosjetikì poluÿnumo ϕ_T = T + c_1τ + · · · + c_rτ^r ∈ L{τ} ìpou c_r ≠ 0 kai r = rank(ϕ). ’Ena Carlitz module eÐnai èna Drinfeld module tĹxewc èna, dhladă thc morfăc ϕ_T = T + ατ, α ∈ K. DÔo Drinfeld modules ϕ kai ϕ^′ eÐnai isìmorfa pĹnw apì thn algebrikă kleistìthta L^{alg} tou L an kai mìno an upĹrqei u ∈ L^{alg} \ 0 tètoio ÿste y^′_i = u^{qi−1}y_i gia ìla ta i ≥ 1. ’Ara to Y^r(1)(L^{alg}) mporeÐ na perigrafeÐ (gia r ≥ 1) wc èna anoiqtì, puknì subscheme tou (r − 1)-diĹstatou probolikoÔ qÿrou me bĹrh (weighted) upèr to L^{alg}.

2.2 ShmeÐa peperasmènhc tĹxhc

’Ena finite flat group scheme G pĹnw apì èna scheme S eÐnai ènac morfismìc π : G −→ S mazÐ me touc me touc morfismoÔc prĹxewc, ÿste h π na eÐnai finite, flat, kai mĹlista, topikĹ, pĹnw apì kĹje anoiqtì afinikì Spec(A) ⊂ S to π^{−1}(Spec(A)) ∼= ∏_r i=i Spec(B), me Spec(B) −→ Spec(A) finite kai flat, gia r ∈ N.

Orismìc 2.2.1. ’Estw a ∈ A kai ϕ èna Drinfeld module upèr to L. Me ϕ[a] sumbolÐzoume to subscheme twn a-torsion shmeÐwn tou G_{a,L} efodiasmèno me thn epagìmenh A-module domă. ’Etsi gia kĹje L-Ĺlgebra M ϕ(M)[a] = {x ∈ M : ϕ_a(x) = 0}. Pio genikĹ, gia a ◁ A ideÿdec, jètoume ϕ_a = ⋂ a∈a ϕ_a gia opoiodăpote (kai ìqi aparaÐthta kÔrio) ideÿdec a tou A. To ϕ_a eÐnai èna finite flat group scheme bajmoÔ rank(ϕ) · deg(a). H domă tou ϕ[a] ja perigrafeÐ analutikìtera sta parakĹtw.

JewrÐa KlĹsewn SwmĹtwn - MÐa kataskeuastikă prosèggish

Ta shmeÐa peperasmènhc tĹxhc twn Drinfeld modules tĹxewc èna sthn jetikă qarakthristikă èqoun idiìthtec anĹlogec me tic rÐzec thc monĹdoc. Oi n-ostèc rÐzec thc monĹdoc (p ∤ n) ikanopoioÔn thn exÐswsh x^n − 1 = 0 kai sqhmatÐzoun èna Z-module, èstw to M. H drĹsh tou Z sto M orÐzetai wc exăc: ζ ∈ M, n ∈ Z, n ∗ ζ := ζ^n. An me K(n) sumbolÐsoume to sÿma diĹspashc (splitting field) tou poluwnÔmou x^n − 1 = 0, h epèktash K(n)/K eÐnai Galois me omĹda Galois isìmorfh proc thn (Z/n)^∗. H antistoiqÐa eÐnai sqedìn plărhc:

Jeÿrhma 2.2.1 ([7],[5]). ’Estw ϕ èna Drinfeld module upèr to L tĹxewc r ≥ 1.

1. An char_A(L) = ∞ tìte

(aþ) to ϕ_a eÐnai reduced (dhl. qwrÐc mhdenodÔnama stoiqeÐa) gia kĹje ideÿdec a tou A,

(bþ) ϕ[a](L^{sep}) = ϕ[a](L^{alg}) kai

(gþ) ϕ[a](L^{alg}) =: ϕ[a] ∼ (A/a)^r wc A-modules.

2. An p = char_A(L) eÐnai maximal ideÿdec me gcd(a, p, ) tìte ϕ[a](L^{alg}) ≃ (A/a)^r.

H apìluth omĹda Galois G_L tou L dra sto ϕ[a](L^{sep}) mèsw A-grammikÿn automorfismÿn. Sunepÿc kĹje Drinfeld module epĹgei mÐa Galois anaparĹstash sta torsion shmeÐa tou.

Ta parapĹnw sunoyÐzontai sta jewrămata twn Carlitz kai Hayes ([21]):

Jeÿrhma 2.2.2. ’Estw A o poluwnumikìc daktÔlioc F_q [T ] me sÿma klasmĹtwn to K. ’Estw ρ: A −→ K{τ} to Carlitz module ρ_T = T + τ. Gia kĹje mh tetrimmèno ideÿdec a ◁ A èstw K(a) := K(ρ[a](K^{alg})) h epèktash tou K pou genniètai apì ta a-torsion shmeÐa tou.

1. h K(a)/K eÐnai abeliană epèktash tou Galois me omĹda Galois isìmorfh proc thn (A/a)^∗. ’Estw σ_b o automorfismìc pou antistoiqeÐ sthn klĹsh tou b mod a. Tìte ∀x ∈ ρ[a](K^{alg}), σ_b(x) = ρ_b(x).

2. An to a = p^n eÐnai primary me p prÿto ideÿdec tìte h epèktash K(a)/K eÐnai plărwc diakladizìmenh sto p kai adiaklĹdisth se ìlec tic Ĺllec peperasmènec jèseic.

3. An to a = s∏ i=1 a_i eÐnai ginìmeno prÿtwn anĹ dÔo idewdÿn a_i tou A, ta sÿmata K(a_i) eÐnai grammikĹ

diaforetikĹ (linearly disjoint) kai K = s⨂ i=1 K(a_i).

4. ’Estw K_+(a) to sÿma twn stajerÿn stoiqeÐwn thc F_q^∗ ≤ (A/a)^∗. Tìte to ∞ analÔetai plărwc sthn epèktash K_+(a)/K kai diakladÐzetai plărwc sthn K(a)/K_+(a).

5. ’Estw p = ⟨π⟩ prÿto ideÿdec kai prÿto wc proc to a. KĹtw apì thn taÔtish Gal(K(a)/K) = (A/a)^∗ to Frobenius stoiqeÐo Frob_p eÐnai Ðso me thn residue class tou π mod a.

Ta ideÿdh tou A (se sqèsh me thn diairetìthta) sqhmatÐzoun èna antÐstrofo sÔsthma (inverse system). Me K(∞) sumbolÐzoume to sÿma pou parĹgetai pĹnw apì to K apì ta shmeÐa peperasmènhc tĹxhc tou ρ = T +τ. H epèktash K(∞)/K eÐnai Galois me omĹda thn Gal(K(∞)/K) = invlim_a (A/a)^∗, h opoÐa tautÐzetai sqedìn pantoÔ me thn peperasmènh klĹsh twn idele tou K. To K(∞) eÐnai h maximal abeliană epèktash tou K h opoÐa mĹlista diakladÐzetai ămera sto ∞. To parapĹnw jeÿrhma eÐnai to anĹlogo tou klasikoÔ jewrămatoc twn Kronecker-Weber sthn qarakthristikă p. H jewrÐa twn Drinfeld modules prosfèrei mÐa kataskeuastikă prosèggish sth jewrÐa klĹsewn swmĹtwn, ìpou ta shmeÐa peperasmènhc tĹxhc tou Carlitz module paÐzoun rìlo anĹlogo me tic migadikèc rÐzec thc monĹdac.

2.2.1 H jewrÐa tou Weierstraß

Sta parakĹtw ja perioristoÔme se Dedekind daktulÐouc tou Drinfeld thc morfăc F_q [T ].

EisĹgoume touc sumbolismoÔc:

F_q = F_pm To sÿma qarakthristikăc p me q stoiqeÐa

A = F_q [T ] O daktÔlioc twn poluwnÔmwn upèr to F_q

K = F_q (T ) To sÿma phlÐkwn tou A. To ∞ =^1_T orÐzei thn p-adikă ektÐmhsh v_∞ me v_∞(^1_T ) = 1

K_∞ = F_q ((^1_T )) H plărwsh tou K se sqèsh me thn v_∞. ’Estw O_∞ = {x ∈ K_∞|w_∞(q) ≥ 0}, w_∞ epèktash tou v_∞, dhladă K_∞ = { ∑_∞ i=m α_i · (^1_T )^i|α_i ∈ F_q , i ∈ Z kai i ≥ m} enÿ to O_∞ = { ∑_∞ i=0 α_i · (^1_T )^i|α_i ∈ F_q , i ≥ 0}

C = ^̄K_∞ H plărwsh thc algebrikăc kleistìthtac tou K_∞. To C eÐnai epÐshc algebrikĹ kleistì, kai o bajmìc epèktashc [C : K] = ∞.

Ω = C \ K_∞ To Drinfeld Ĺnw hmiepÐpedo.

Orismìc 2.2.2. ’Ena lattice Λ tĹxewc r tou C (ă gia suntomÐa èna r-lattice) eÐnai èna peperasmèna paragìmeno (kai Ĺra probolikì, giatÐ ta peperasmèna paragìmena modules pĹnw apì Dedekind daktulÐouc eÐnai probolikĹ), diakritì (kĹje mh kenă sfaÐra tou C èqei peperasmènh tomă me to Λ - sthn klasikă perÐptwsh h idiìthta aută phgĹzei apì ton orismì; edÿ apaiteÐtai) A-submodule Λ tou C probolikăc tĹxewc r. AfoÔ to Λ eÐnai peperasmèna paragìmeno kai probolikì, gia kĹje prÿto ideÿdec p tou A to Λ_p pĹnw apì ton A_p, eÐnai eleÔjero. Lìgw {sunektikìthtac} tou daktulÐou A, h rank tou_{Ap} Λ_p eÐnai anerxĹrthth apì to p - o arijmìc autìc onomĹzetai {probolikă tĹxh tou Λ}.

H ekjetikă sunĹrthsh tou Λ

Se kĹje lattice Λ antistoiqoÔme mÐa olìmorfh sunĹrthsh me rÐzec sta shmeÐa tou Λ

e_Λ : C → C,

h opoÐa orÐzetai wc to ginìmeno e_Λ(z) = z ∏ 0≠λ∈Λ (1 − z λ ). EÐnai akèraia, Λ−periodikă kai F_q−grammikă. Gia kĹje mh mhdenikă rÐza a ∈ A jewroÔme to diĹgramma

0 � Λ � a � C^{eΛ} � a � C ∃ϕ^Λ_a � � 0

0 � Λ � C^{eΛ} � C � 0

Oi grammèc eÐnai akribeÐc. To aristerì kai to kĹjeto mesaÐo bèloc dhlÿnoun pollaplasiasmì me a. ApodeiknÔetai h Ôparxh enìc prosjetikoÔ poluwnÔmou ϕ^Λ_a -pou exartĹtai apì ta a kai Λ- ÿste to parapĹnw diĹgramma na eÐnai antimetajetikì. MĹlista, gia kĹje a, b ∈ A, ϕ^Λ_a ∘ ϕ^Λ_b = ϕ^Λ_b ∘ ϕ^Λ_a = ϕ^Λ_{ab}. SunoyÐzontac

1. ϕ^Λ_a ∈ C{τ},

2. deg_τ (ϕ^Λ_a ) = r · deg(a),

3. h antistoiqÐa a → ϕ^Λ_a orÐzei èna omomorfismì daktulÐwn, o opoÐoc me th seirĹ tou orÐzei èna Drinfeld module tĹxewc r.

4. ’Ola ta Drinfeld modules upèr to C prokÔptoun me autìn ton trìpo (dhladă antistoiqoÔn se lattices). To parapĹnw sunoyÐzontai sthn prìtash 3.1 tou prÿtou Ĺrjrou tou Drinfeld ([7]).

Jeÿrhma 2.2.3. • KĹje Drinfeld module tĹxewc r upèr to C prokÔptei apì kĹpoio r-lattice Λ tou C. • DÔo Drinfeld modules ϕ^Λ, ϕ^{Λ′} eÐnai isìmorfa, an kai mìno an, upĹrqei 0 ≠ c ∈ C tètoio ÿste Λ^′ = c · Λ.

ShmeÐwsh 1. Ac gurÐsoume sto parĹdeigma me tic rÐzec thc monĹdac. H klasikă ekjetikă sunĹrthsh exp : C −→ C^∗ : z −→ e^z eÐnai epimorfismìc omĹdwn me purăna to Λ := 2πiZ - èna Z− lattice tĹxewc èna - ta mh mhdenikĹ stoiqeÐa tou opoÐou antistoiqoÔn stic rÐzec ìlwn twn exisÿsewn thc morfăc x^n − 1 = 0. ShmeÐwsh 2. (Elleiptikèc kampÔlec). KĹje elleiptikă kampÔlh pĹnw apì touc migadikoÔc antistoiqeÐ (katĹ prosèggish isomorfismoÔ) se èna Z-lattice Λ tĹxewc 2. ’Estw ℘_Λ h sunĹrthsh Weierstraß tou Λ. H ℘_Λ eÐnai olìmorfh sto C , Λ-periodikă kai mhdenikă pĹnw sto Λ.

2.2.2 To Drinfeld Ĺnw hmiepÐpedo

MporoÔme na perigrĹyoume to qÿro twn C-rhtÿn shmeÐwn Y^r(1)(C) tou Y^r(1) wc ton qÿro twn katĹ prosèggish isomorfÐac r-lattices, dhladă wc èna genikeumèno Ĺnw hmiepÐpedo modulo th drĹsh miac arijmhtikăc omĹdac.

H genikă perÐptwsh

’Estw r ≥ 1 kai èstw P^{(r−1)}(C) to sÔnolo twn C-rhtÿn shmeÐwn tou probolikoÔ (r − 1)-qÿrou P^{(r−1)}_C kai

Ω^r := P^{(r−1)}(C) \ ⋃ H(C)

ìpou to H diatrèqei ta K_∞-rhtĹ uperepÐpeda tou P^{(r−1)}_C . ’Ena shmeÐo ω = (ω_1 : . . . : ω_r) anăkei sto Drinfeld Ĺnw hmiepÐpedo Ω^r an kai mìno an den upĹrqei mh-tetrimmènh sqèsh ∑ a_iω_i = 0 me suntelestèc a_i ∈ K_∞.

Ta P^{(r−1)}(C) kai Ω^r dèqontai th domă rigid analutikÿn qÿrwn. MporoÔme ètsi na miloÔme gia olìmorfec sunartăseic sto Ω^r.

’Estw A perioqă kurÐwn idewdÿn kai daktÔlioc tou Drinfeld. Tìte kĹje lattice Λ tĹxewc r tou C eÐnai eleÔjero A−module eleÔjera paragìmeno apì r stoiqeÐa, Λ = ⟨ω_1, . . . , ω_r⟩. EÐnai eÔkolo na diapistÿsei kaneÐc ìti to Λ eÐnai diakritì an kai mìno an ω := (ω_1 : · · · : ω_r) ∈ Ω^r.

DrĹsh arijmhtikÿn omĹdwn sto Ĺnw hmiepÐpedo

JewroÔme thn profană drĹsh thc arijmhtikăc omĹdac Γ(1) := GL(r, A) sto Ω^r. DÔo shmeÐa ω kai ω^′ tou Ω^r orÐzoun ìmoia lattices (kai wc ek toÔtou isìmorfa Drinfeld modules) an eÐnai suzugă kĹtw apì th drĹsh thc Γ(1). Sunepÿc, paÐrnoume mÐa kanonikă isomorfÐa

Γ(1) \ Ω^r ∼ Y^r(1)(C)

apì ton phlikoqÿro Γ(1) \ Ω^r sto sÔnolo twn klĹsewn isomorfÐac Y^r(1)(C).

H perÐptwsh r = 2

Gia r = 2 ja sumbolÐzoume me Ω to Drinfeld Ĺnw hmiepÐpedo Ω^2 to opoÐo eÐnai to P^1(C) \ P^1(K) = C \ K.^1 H omĹda Γ(1) := GL(2, A) dra sto Ω mèsw grammikÿn metasqhmatismÿn ( a b c d ) (z) = az + b cz + d . 1To Drinfeld Ĺnw hmiepÐpedo antistoiqeÐ sto klasikì Ĺnw kai kĹtw migadikì hmiepÐpedo: C − R = H^+ ⋃ H^− kai ìqi sto H^+, ìpwc ja perÐmene kaneÐc.

2.3 Drinfeld modules pĹnw apì schemes 17

Modular morfèc sto Ω MÐa modular morfă bĹrouc k gia thn Γ eÐnai mÐa olìmorfh sunĹrthsh f : Ω → C h opoÐa ikanopoieÐ tic sunjăkec • f (_{az+b} cz+d ) = (cz + d)^kf(z) kai (_{a b} c d ) ∈ Γ kai

• f(z) frĹssetai se èna upìqwro {z ∈ Ω : inf_{x∈K∞} |z − x| > 1} tou Ω.

’Estw M_k o C-dianusmatikìc qÿro twn modular forms gia th Γ bĹrouc k. Gia k ≥ 1 to Ĺjroisma

E_k (z) := ∑ (0,0)≠(a,b)∈A×A 1 (az + b)^k sugklÐnei kai mĹlista orÐzei mÐa seirĹ, thn seirĹ tou Eisenstein bĹrouc k. Gia k ≡ 0 mod (q − 1) h seirĹ tou Eisenstein eÐnai mÐa modular morfă. AnĹ dÔo oi dianusmatikoÐ qÿroi M_k eÐnai grammikĹ anexĹrthtoi (dhl. M_k ∩ M_l = {0}, ∀k ≠ l). Jètoume M(Γ) := ⨁ k≥0 M_k. ApodeiknÔetai ìti o M(Γ) parĹgetai apì tic algebrikĹ anexĹrthtec Eisenstein seirèc E_{q−1} kai E_q2_{−1}. EÐnai epomènwc ènac poluwnumikìc daktÔlioc se dÔo metablhtèc upèr to C.

2.3 Drinfeld modules pĹnw apì schemes

Gia na oristeÐ to moduli schemes twn Drinfeld modules pĹnw apì sÿmata (dhladă o qÿroc taxinìmhshc touc) eÐnai anagkaÐa h jeÿrhsh Drinfeld modules pĹnw apì schemes. ’Ena invertible sheaf F pĹnw apì èna scheme S eÐnai èna sheaf sunartăsewn, ÿste gia kĹje afinikì anoiqtì U = Spec(B) ⊂ S, to module F(U) pĹnw apì to B na eÐnai isìmorfo proc to B−module B. DÐnoume ton orismì:

Orismìc 2.3.1. ’Estw A = F_q[T ], K = F_q (T ). ’Estw S èna K− scheme kai L èna invertible sheaf pĹnw apì to S. O functor E : {Schemes/S} −→ Abelian Groups o orizìmenoc apì thn E(S^′) = Γ(S^′, O_S′ ⊗_{OS′} L) orÐzei èna antimetajetikì group scheme upèr to S^′, tètoio ÿste, gia kĹje afinikì anoiqtì U ⊂ S to E_U (anaforikĹ me thn Zariski topologÐa) eÐnai isìmorfo proc to G_a .

Me γ : A −→ Γ(S^′) sumbolÐzoume ton fusikì omomorfismì.

Orismìc 2.3.2. ’Ena Drinfeld module tĹxewc r upèr to S apoteleÐtai apì

1. èna invertible sheaf L tou O_S − mazÐ me èna functor E := E_L ìpwc parapĹnw,

2. èna endomorfismì daktÔliwn ϕ : A −→ End_{S−groups}(E)

a −→ ϕ_a := m∑ i=0 α_i(a)τ^i

ìpou τ^i : L −→ L^{⊗pi} , α_i(a) ∈ L^{⊗(1−pi )}, α_0(a) = γ(a) kai α_m(a) eÐnai mÐa generating section tou L (dhladă mÐa poujenĹ mhdenizìmenh global section) kai m = r · deg(a).

2.3.1 Level structure

O Drinfeld sto [7] eisăgage thn ènnoia thc level structure se Drinfeld A− modules. ’Estw ϕ èna Drinfeld module kai n ∈ A èna mh tetrimmèno ideÿdec tou ϕ. To ϕ[n] eÐnai A submodule scheme ker ϕ_n ⊂ G_a - to subscheme twn n shmeÐwn peperasmènhc tĹxhc tou ϕ.

Prìtash 2.3.1. ’Estw r h tĹxh enìc Drinfeld module ϕ upèr to L. Tìte:

1. ϕ[n] eÐnai èna peperasmèno group scheme tĹxewc #(A/nA)^r upèr to L kai

2. an to n eÐnai prÿto wc proc th qarakthristikă tou L tìte to ϕ[n] eÐnai èna eleÔjero A/nA module tĹxewc r.

Orismìc 2.3.3. MÐa n-level structure se èna Drinfeld module ϕ upèr to L eÐnai ènac morfismìc

l : (A/n)^r −→ G_a (Spec(L)) := Mor(Spec(L), G_a )

apì A-module schemes tètoioc ÿste sto G_a ∑ l(n)_n ∈ (A/nA)^r = ϕ[a]

(pernÿntac stouc antÐstoiqouc diairètec) na ikanopoieÐtai h parapĹnw isìthta.

Pio sugkekrimèna, èstw ϕ èna Drinfeld module genikăc qarakthristikăc tĹxewc r. MÐa n-level structure upèr to L shmaÐnei ìti

• to ϕ orÐzetai upèr to L

• oi rÐzec tou ϕ_n(X) sqhmatÐzoun èna A−module kai eÐnai stoiqeÐa tou L

• upĹrqei ènac A−module isomorfismìc (A/nA)^r −→ ϕ[n].

ShmeÐwsh 3. ’Estw (ϕ, i) kai (ψ, j) dÔo Drinfeld modules upèr to L me n-level structure dosmènh apì ta i kai j. An (ϕ, i), kai (ψ, j) eÐnai isìmorfa, tìte upĹrqei u ∈ L tètoio ÿste ψ = uϕu^{−1} kai to akìloujo diĹgramma na eÐnai antimetajetikì. (^A_n )^r i � � �^j � � � � = ϕ_{n u−1} � ψ_n

2.4 Moduli schemes

2.4.1 To Moduli scheme Y^r(1)

JewroÔme ton functor:

Y^r(1): { K − schemes S } −→ { klĹsseic isomorfÐac Drinfeld modules tĹxewc r upèr to S } . O functor den eÐnai anaparastĹsimoc (representable) apì kĹpoio S-scheme M^r(1) (upĹrqoun mh tetrimmènoi automorfismoÐ Drinfeld modules pĹnw apì algebrikĹ kleistĹ A−sÿmata). O Y^r(1) orÐzei èna coarse moduli prìblhma. To (afinikì) scheme pou antistoiqeÐ se autì sumbolÐzetai me Y^r(1).

2.4.2 To moduli scheme Y^r(n)

’Estw n mh tetrimmèno poluÿnumo kai Y^r(n) o functor

Y^r(n): { K − schemes S } −→ klĹseic isomorfÐac apì Drinfeld modules tĹxewc r upèr to S efodiasmèna me mÐa n-level structure .

Jeÿrhma 2.4.1 (Drinfeld [7]). Upojètoume ìti to n diaireÐtai apì toulĹqiston dÔo diaforetikoÔc prÿtouc. Tìte o Y^r(n) eÐnai anaparastĹsimoc apì èna leÐo afinikì A-scheme Y^r(n), sqetikăc diĹstashc (r − 1).

2.4 Moduli schemes 19

ShmeÐwsh 4. Ta poluÿnuma pou ikanopoioÔn thn parapĹnw apaÐthsh qarakthrÐzontai sthn sqetikă bibliografÐa wc admissible. To parapĹnw jeÿrhma genikeÔetai kai gia mh admissible (kai mh tetrimmèna) poluÿnuma. Kai se autăn thn perÐptwsh upĹrqei èna A[^1_n ]-scheme Y^r(n) pou anaparistĹ ton functor. Sthn paroÔsa ergasÐa ja perioristoÔme se Drinfeld modules pou orÐzontai pĹnw apì K-Ĺlgebrec. ’Etsi, to antÐstoiqo scheme {orÐzetai} pĹnw apì to K kai katĹ sunèpeia problămata sqetikĹ me thn level structure den emfanÐzontai.

KrÐnoume skìpimo na parajèsoume mÐa apìdeixh sto parapĹnw jeÿrhma. H apìdeixh pou parousiĹzoume ofeÐletai en mèrh ston Marius Van Der Put kai brÐsketai sto [31].

Sta parakĹtw ìloi oi daktÔlioi pou jewroÔme upojètoume ìti eÐnai daktÔlioi thc Noether. Se afinikĹ schemes pĹnw apì tètoiouc daktÔliouc oi ènoiec twn invertible sheaf, trivial line bundle kai group scheme tautÐzontai, me thn ènoia ìti to kĹje èna apì autĹ antistoiqeÐ me monadikì trìpo sta upìloipa. Pio sugkekrimèna, to tetrimmèno line bundle Spec(R[X]) antistoiqeÐ sto structure sheaf O_{Spec(R)} pou me th seirĹ tou antistoiqeÐ sto additive group scheme G_{a,R} = Spec(R[X]).

’Estw c_1, . . . , c_r algebrikĹ anexĹrthtec metablhtèc upèr to F_p kai n = d∑ i=0 a_iT^i èna mh tetrimmèno poluÿnumo tou A = F_q[T ]. JewroÔme ton daktÔlio B := K[c_1, . . . , c_r, c^{−1}_r , {x_α}]_{α∈(A/n)}r o opoÐoc genniètai upèr ton A apì ta c_1, . . . , c_r, c^{−1}_r (c_rc^{−1}_r = 1) kai ta x_α, α ∈ (A/n)^r. Oi sqèseic metaxÔ twn genhtìrwn ja prosdioristoÔn parakĹtw. OrÐzoume èna Drinfeld module tĹxewc r upèr to B wc exăc: ϕ̃: A −→ B : T −→ T + c_1τ + · · · + c_rτ^r. Oi sqèseic metaxÔ twn gennhtìrwn eÐnai oi exăc:

1. x_α + x_α′ = x_{α+α}′ kai x_{λα} = λx_α gia kĹje α, α^′ ∈ (A/n)^r. kai λ ∈ F_p^∗, kai x_0 = 0

2. x_{T α} = ϕ̃_T (x_α) = T x_α + c_1x^p_α + · · · + c_rx^{pr}_α gia kĹje mh mhdenikì stoiqeÐo α ∈ (A/n)^r

3. To poluÿnumo ϕ̃_n(X) := ∑_{rd} i=0 a_j X^{pj} isoÔtai me to a_{rd} ∏ α∈A/n (X − x_α). 4. Dialègoume èna stoiqeÐo α_0 ∈ (A/n)^r me α_0 ≠ 0 kai n · α_0 = 0 kai jètoume x_{α0} = 1.

Ta parapĹnw orÐzoun èna Drinfeld module (ϕ̃,ĩ) upèr to Spec(B) tĹxewc r, me n-level structure dosmènh apì to monomorfismì ĩ: (A/nA)^r −→ B : α −→ x_α kai line bundle to structure sheaf tou Spec(B).

Ja deÐxoume ìti to ϕ̃ efodiasmèno me thn parapĹnw domă antiproswpeÔei ton functor Y^r(n). ’Estw R tuqìn daktÔlioc me K ⊂ R efodiasmènoc me

aþ. èna tetrimmèno line bundle L upèr to Spec(R)

bþ. èna Drinfeld module ϕ: A −→ End(L) tĹxewc r

gþ. èna omomorfismì apì A-modules i: A −→ L(Spec(R)) ÿste o purănac tou ϕ na tautÐzetai me ton Cartier divisor tou ∑ α∈(A/n)^r i(div(α)). H section i(α) ikanopoieÐ thn sqèsh ϕ̃(n)i(α) = 0. Apì to mèroc g’ kai epeidă to poluÿnumo ϕ(n)(X) ≡ ϕ_n(X) eÐnai diaqwrÐsimo (h diakrÐnousĹ tou eÐnai dÔnamh tou n), h section i(α) den èqei rÐzec. QwrÐc blĹbh thc genikìthtac, mporoÔme na upojèsoume ìti i(α) = 1. Sunepÿc, mporoÔme me monadikì trìpo na tautÐsoume to line bundle L me to structure sheaf R ÿste i(α) = 1. Epomènwc o omomorfismìc ϕ: A −→ End(L) dÐnetai apì èna omomorfismì thc morfăc ϕ: A −→ R{τ}: ϕ_T −→ T + d_1τ + · · · + d_rτ^r, me d_i ∈ R.

AfoÔ ìla ta i(α) eÐnai stoiqeÐa tou daktulÐou R, h sunjăkh g mporeÐ na metasqhmatisteÐ sthn sunjăkh: ta poluÿnuma ϕ_n(X) kai d ∏ α(X − i(α)), gia kĹpoia katĹllhlh antistrèyimh stajerĹ d ∈ R tautÐzontai.

OrÐzoume ton K-omomorfismì h: B −→ R ìpou h(x_α) = i(α) kai h(c_i) = d_i gia kĹje α ∈ (A/n)^r kai i = 1, . . . , r. O h eÐnai kalĹ orismènoc, lìgw twn 1-4 kai a’-g’ parapĹnw. EÐnai safèc ìti mèsw tou h metafèretai h level structure domă tou {universal} antikeimènou ϕ̃ sto ϕ kai mĹlista, o h prosdiorÐzetai monadikĹ apì thn parapĹnw idiìthta.

Sunepÿc, to Spec(B) anaparistĹ ton functor Y^r(n) upèr to K. DeÐxame dhladă to parakĹtw jeÿrhma:

Jeÿrhma 2.4.2 ([7], [28],[31]). ’Estw n èna mh mhdenikì ideÿdec tou A. Tìte, o functor M^r(n) antiproswpeÔetai apì èna afinikì K− scheme Y^r(n).

H drĹsh thc GL(r, A/n)

H peperasmènh omĹda G(n) := GL(r, A/n) dra sto Y^r(n) metajètontac tic level structures. Mèsw tou functor, h drĹsh aută pernĹei kai sto scheme Y^r(n). To Y^r(1) eÐnai to phlÐko tou Y^r(n) me thn G(n) (to opoÐo den exartĹtai apì thn epilogă tou n). ’Eqei mĹlista thn idiìthta, ìti toulĹqisto ta L-rhtĹ shmeÐa, gia algebrikĹ kleistĹ A-sÿmata L antistoiqoÔn me trìpo èna proc èna, epÐ kai sunarthsiakĹ (functorially) sto Y^r(1)(L).

Ta Drinfeld modules tĹxewc 2 taxinomoÔntai apì thn afinikă eujeÐa Y^2(1) = A^1 . PrĹgmati èstw A = F_q [T ], K to sÿma phlÐkwn tou A kai γ : A −→ K dosmènoc omomorfismìc. ’Estw ϕ : A −→ K{τ} èna Drinfeld module tĹxewc 2 upèr to K. O omomorfismìc ϕ kajorÐzetai apì thn timă ϕ_T tou T :

ϕ_T = γ(T ) + c_1τ + c_2τ^2

ìpou c_i ∈ K kai c_r ∈ K^∗. AntÐstrofa, kĹje epilogă {c_1, c_2}, me c_2 ∈ K^∗, orÐzei èna Drinfeld module tĹxewc 2. DÔo Drinfeld module ϕ kai ϕ^′ eÐnai isìmorfa an kai mìno an upĹrqei èna stoiqeÐo a ∈ K^∗ ÿste ∀i = 1, 2, c_ia^{pi −1} = c^′_i.

8

Mèroc I

H omĹda PSL

c

KefĹlaio TrÐto

O Weil morfismìs

3.1 H orÐzousa enìc Drinfeld module

To kefĹlaio autì den apoteleÐ protìtuph ergasÐa. To Weil pairing sthn kathgorÐa twn Drinfeld modules eÐqe anaferjeÐ apì ton Ðdio ton Drinfeld se èna idiwtikì tou grĹmma proc ton Gross; anafèretai de kai sto biblÐo {The arithmetic of function fields} [14] epigrammatikĹ, kai aută h anaforĹ miac grammăc ătan h monadikă anaforĹ gnwstă se emĹc. Wstìso, gia mac, h kataskeuă tou eÐqe idiaÐterh shmasÐa, afoÔ endiaferìmastan gia thn Galois drĹsh se Drinfeld modules tĹxewc r kai pwc aută pernĹei se Drinfeld modules tĹxewc 1. Anagkastăkame loipìn na xanaapodeÐxoume thn Ôparxh tou. Sthn koÔrsa twn dhmosieÔsewn wstìso, prohgăjhke o Gert-Jan van der Heiden, o opoÐoc douleÔontac anexĹrthta apì emĹc, parousÐase thn ergasÐa tou {Weil Pairing for Drinfeld Modules} (preprint) [15]. Sthn paroÔsa ergasÐa krÐnetai skìpimo na paratejeÐ h dikiĹ mac prossèggish.

’Estw n èna, mh-tetrimmèno, ideÿdec tou A kai C to Carlitz module C_T = T + τ upèr to L. Ja sumbolÐzoume me L(n) to sÿma pou genniètai upèr to L apì tic rÐzec tou poluwnÔmou C_n(X), dhladă tou poluwnÔmou pou antistoiqeÐ sto Carlitz module. Ja sumbolÐzoume me K^+ ⊂ L(n) thn maximal abeliană epèktash tou K sthn opoÐa to ∞ analÔetai plărwc kai me L_+(n) ⊂ L(n) thn maximal abeliană epèktash tou L sthn opoÐa to ∞ analÔetai plărwc.

Jeÿrhma 3.1.1. [21] To moduli scheme twn Drinfeld modules tĹxewc 1 -twn orizìmenwn pĹnw apì K-sÿmata- eÐnai to Y^1(n) = Spec(K_+(n)).

Jèloume na orÐsoume ènan dominant morfismì W_n : Y^r(n) −→ Y^1(n) o opoÐoc ja stèlnei Drinfeld modules tĹxewc r me n-level structure se Drinfeld modules tĹxewc 1 me n-level structure. Sthn kathgorÐa twn Drinfeld modules o morfismìc W_n ja paÐzei rìlo anĹlogo me ekeÐno thc {Weil Pairing} sthn kathgorÐa twn elleiptikÿn kampÔlwn me level structure. To ti ennooÔme ja gÐnei antilhptì stic epìmenec paragrĹfouc. MÐa endiafèrousa efarmogă eÐnai o prosdiorismìc tou sÿmatoc orismoÔ tou moduli scheme Y^r(n).

3.1.1 T −motives

Sthn parĹgrafo aută qrhsimopoioÔme ta sÔmbola kai touc orismoÔc tou kef. 5 tou [13]. ’Estw A = F_p[T ], ϕ: A −→ L{τ} èna Drinfeld module tĹxewc r kai ϕ_T = a_rτ^r + · · · + a_1τ + T τ^0. H mh antimetajetikă L-Ĺlgebra M := L{τ} gÐnetai mÐa A−Ĺlgebra mèsw am := m ∘ ϕ_a gia a ∈ A kai m ∈ M. MporoÔme na doÔme to M wc mia B = L ⊗_{Fp} A−Ĺlgebra mèsw tou omomorfismoÔ daktulÐwn B^{1⊗ϕ} � M . Pio sugkekrimèna, to M gÐnetai mÐa B−Ĺlgebra mèsw tou (κ⊗a)·m = κ·(m∘ϕ_a) kai m(κ⊗a) = κ^p ·(m∘ϕ_a), gia kĹje m ∈ M, a ∈ A kai κ ∈ L. Shmeiÿnoume ìti o B eÐnai poluwnumikìc daktÔlioc mÐac metablhtăc upèr to L, B = L[Y ] ìpou Y = 1 ⊗ T. EÐnai gnwstì ìti to M eÐnai èna eleÔjero module tĹxewc r upèr to B me bĹsh {1, τ, τ^2, . . . , τ^{r−1}}. Sunepÿc, h {full exterior power} tou_B M, sumb._B ⋀_r , M eÐnai èna eleÔjero module tĹxewc èna me bĹsh {1 ∧ τ ∧ · · · ∧ τ^{r−1}}.

Sumbolismìc 2. Jètoume μ^m := τ^m ∧ · · · ∧ τ^{m+r−1}, m ≥ 0 kai N :=_B ⋀_r M. OrÐzoume drĹsh tou τ sto N wc akoloÔjwc τ · (m_1 ∧ · · · ∧ m_r) := τ(m_1) ∧ · · · ∧ τ(m_r ).

H drĹsh aută eÐnai A-grammikă allĹ ìqi kai B-grammikă.

3.1.2 H kataskeuă thc orÐzousac enìc Drinfeld module.

O skopìc thc paragrĹfou autăc eÐnai h kataskeuă thc orÐzousac ă alliÿc thc full exterior power enìc Drinfeld Module tĹxewc r. H orÐzousa ja eÐnai èna Drinfeld module tĹxewc 1. Gia na thn kataskeuĹsoume, ja prèpei na doÔme to N wc mia skew^1 L−Ĺlgebra paragìmenh apì èna Frobenius endomorfismì (dec to lămma ?? parakĹtw).

Lămma 3.1.1. Sto B o r− Frobenius endomorfismìc τ^r isoÔtai me σ_0τ^0 + σ_1τ + · · · + σ_{r−1}τ^{r−1}, ìpou σ_0 = a^{−1}_r ⊗ T − a^{−1}_r T ⊗ 1 kai σ_i = −a^{−1}_r a_i ⊗ 1 gia i = 1, . . . , r − 1.

Apìdeixh. (1⊗)T · τ^0 = τ^0ϕ_T = ϕ_T = T ⊗ 1τ^0 + a_1 ⊗ 1 · τ + · · · + a_r ⊗ 1 · τ^r . Lămma 3.1.2. μ = (−1)^{r−1}σ_0 · μ^0. Apìdeixh. μ = τ ∧· · ·∧τ^r = τ ∧· · ·∧ ∑_{r−1} i=0 σ_iτ^i = τ ∧· · ·∧σ_0τ^0 = (−1)^{r−1}σ_0·τ^0∧· · ·∧τ^{r−1} = (−1)^{r−1}σ_0·μ^0.

Lămma 3.1.3. (1 ⊗ T ) · μ^m = T^{pm} ⊗ 1 · μ^0 + (−1)^{r−1}a^{pm}_r ⊗ 1 · μ^{m+1} Apìdeixh. (1 ⊗ T ) · μ^m = τ^mϕ_T ∧ · · · ∧ τ^{m+r−1} = (T^{pm} τ^m + a^{pm}_1 τ^{m+1} + · · · + a^{pm}_r τ^{r+m}) ∧ τ^{m+1} ∧ · · · ∧ τ^{m+r−1} = T^{pm} ⊗ 1 · μ^0 + (−1)^{r−1}a^{pm}_r ⊗ 1 · μ^{m+1}.

Lămma 3.1.4. An a ∈ A tìte to (1 ⊗ a) · μ^0 eÐnai grammikìc sunduasmìc twn μ^0, . . . , μ^{d+1} upèr to L ìpou d = deg(a).

Apìdeixh. ArkeÐ na apodeÐxoume to lămma gia 1 ⊗ T^m · μ^0, ∀m. Gia m = 1, (1 ⊗ T ) · μ^0 = ϕ_T ∧ · · · ∧ τ^{r−1} = T ⊗ 1 · μ^0 + (−1)^{r−1}a_r ⊗ 1 · μ.

Gia m = 2, (1 ⊗ T^2) · μ^0 = (1 ⊗ T ) · (1 ⊗ T · μ^0) = (1 ⊗ T )(T ⊗ 1 · μ^0 + (−1)^{r−1}a_r ⊗ 1 · μ) = T^2 · μ^0 + (−1)^{r−1}T a_rμ + (−1)^{r−1}a_r((−1)^{r−1}a^p_r μ^2 + T^pμ) = T^2μ^0 + (−1)^{r−1}a_r(T + T^p)μ + a^{1+p}_r μ^2.

Upojètoume ìti (1 ⊗ T^m) · μ^0 = A_0μ^0 + A_1μ + · · · + A_mμ^m flopou A_i ∈ L. Tìte, (1 ⊗ T^{m+1}) · μ^0 = (1 ⊗ T )(1 ⊗ T^m · μ^0) = (1 ⊗ T ) · (A_0μ^0 + A_1μ + · · · + A_mμ^m) = A_0(1 ⊗ T · μ^0) + A_1(1 ⊗ T · μ) + · · · + A_m(1 ⊗ T · μ^m)

1mh-antimetajetikă

ShmeÐwsh 5. EÐnai tÿra profanèc ìti mporoÔme na grĹyoume kĹje stoiqeÐo tou N san poluÿnumo tou μ upèr to L. Mènei na orÐsoume mÐa aristeră μ−drĹsh sto N.

Orismìc 3.1.1. To L{μ} eÐnai mÐa L-Ĺlgebra paragìmenh upèr to L apì ta {μ^m, m = 0, 1, . . .} me pollaplasiasmì orismèno wc:

• μ^iμ^j = μ^{i+j} kai • μκ = κ^pμ EÐmaste tÿra ètoimoi na apodeÐxoume to

Lămma 3.1.5. To N eÐnai mÐa skew L−Ĺlgebra paragìmenh apì to μ.

Apìdeixh. KĹje stoiqeÐo tou N mporeÐ na grafteÐ sth morfă β · μ^0 ìpou β = ∑ i κ_i ⊗ a_i ∈ B. β · μ^0 = ∑ i κ_i ⊗ a_i · μ^0 = ∑ i κ_i ⊗ 1 · (1 ⊗ a_i · μ^0).

Apì to lămma (3.1.4), ∀i to (1 ⊗ a_1) · μ^0 eÐnai poluÿnumo wc proc ta μ^0, . . . , μ^{deg(ai )}, upèr to L. Autì apodeiknÔei to gegonìc ì,ti kĹje stoiqeÐo tou N mporeÐ na jewrhjeÐ wc èna poluÿnumo wc proc μ upèr to L. Tèloc, shmeiÿnoume ìti μ · (κ ⊗ 1) = (κ^p ⊗ 1) · μ.

EÐmaste tÿra se jèsh na dÿsoume ton orismì thc orÐzousac enìc Drinfeld Module:

Orismìc 3.1.2. ’Estw ϕ kai μ ìpwc parapĹnw. H orÐzousa ∧^rϕ tou ϕ eÐnai èna Drinfeld module tĹxewc èna ∧^rϕ : A −→ L{μ} dosmèno apì A −→ L ⊗_{Fp} A −→ ⋀_r L{τ}^∼−→ L{μ} a −→ 1 ⊗ a −→ 1 ⊗ a · μ^0 Akribèstera, T −→ T · μ^0 + c_r(−1)^{r−1}μ. UpenjumÐzoume ìti me Y^r(1) sumbolÐzoume to moduli scheme twn Drinfeld modules tĹxewc èna, ta opoÐa orÐzontai pĹnw apì sÿmata L me L ⊃ K. KleÐnoume thn parĹgrafo apodeiknÔontac thn Ôparxh enìc morfismoÔ W : Y^r(1) −→ Y^r(1) opoÐoc metafèrei Drinfeld modules tĹxewc r stic orÐzousec touc. Ac shmeiwjeÐ ìti h ènnoia thc level structure den èqei akìma qrhsimopoihjeÐ. Autì ja gÐnei sthn epìmenh parĹgrafo. ’Eqoume ădh apodeÐxei thn akìloujh

Prìtash 3.1.1. UpĹrqei ènac morfismìc

W : Y^r(1) −→ Y^1(1) ; ϕ −→ ∧^rϕ. (3.1)

3.2 ShmeÐa peperasmènhc tĹxhc kai t-motives.

Oi orismoÐ -kajÿc kai oi sumbolismoÐ- thc paragrĹfou autăc perièqontai sto [13], §5.6, sel. 151-156. Prokeimènou na apodeÐxoume thn Ôparxh enìc dominant morfismoÔ

W_n : Y^r(n) −→ Y^1(n)

ja prèpei na eisĹgoume sto morfismì (3.1) th level structure. ’Estw (ϕ, i) èna L−rhtì shmeÐo tou Y^r(n) ìpou i : (A/nA)^r −→ ϕ[n] eÐnai ènac A/nA isomorfismìc (dhl. eÐnai mÐa n-level structure). To module ϕ ja prèpei na apeikonÐzetai mèsw tou W_n sto ∧^rϕ. O morfismìc W_n ja prèpei na metafèrei thn n−level structure -apì thn kathgorÐa twn Drinfeld modules tĹxewc r- se mÐa n− level structure sthn kathgorÐa twn Drinfeld modules tĹxewc èna. ArkeÐ epomènwc na deiqjeÐ ìti o epagÿmenoc omomorfismìc ∧^r : ∧^r((A/nA)^r) −→ ∧^r(ϕ[n]) eÐnai fusikìc, dhladă na deiqteÐ ìti ta ∧^r(ϕ[n]) kai (∧^r ϕ)[n] eÐnai, me kanonikì trìpo, isìmorfa.

’Estw M, N, τ, μ kai ϕ ìpwc parapĹnw. Apo edÿ kai sto exăc ja upojètoume ìti to sÿma L eÐnai tèleio; sth sunèqeia ja Ĺroume ton periorismì autì. H prosèggish aută gÐnetai gia teqnikoÔc lìgouc. UpenjumÐzoume ìti me ϕ[n] shmeiÿnoume to sÔnolo twn n shmeÐwn peperasmènhc tĹxhc tou ϕ, dhladă tic rÐzec tou prosjetikoÔ poluwnÔmou ϕ_n(X). Jètoume (M/nM)^τ := {m ∈ M/nM | τm − m ∈ nM}. To jeÿrhma tou Lang gia thn GL(r) mac lèei ìti (M/nM)^τ ⊗_{Fp} L ∼= M/nM wc dianusmatikoÐ qÿroi kai B modules (dec [13, pìrisma 5.6.4,sel. 152]). (’Omoioi orismoÐ kai sumperĹsmata isqÔoun kai gia to (N/nN)^μ kai to N/nN.)

Jeÿrhma 3.2.1. Wc A−module to ϕ[n] eÐnai kanonikĹ isìmorfo proc to Hom_A((M/nM)^τ , Hom_{Fp} (A/nA, F_p)) .

Apìdeixh. EÐnai sunduasmìc tou jewrămatoc 5.6.6 kai thc prìtashc 5.6.3 (kai thc shmeÐwshc kĹtw apì autăn) tou [13]. Lămma 3.2.1. Wc B−modules ta ⋀_{r M} nM kai^N_{nN} eÐnai isìmorfa.

Apìdeixh. JewroÔme thn akribă akoloujÐa twn B modules: 0 −→ nM −→ M −→ M nM −→ 0. AfoÔ to_B M eÐnai flat, h akoloujÐa 0 −→ (nM) ⊗_B M^{⊗r−1} −→ M^{⊗r} −→ M nM ⊗_B M^{⊗r−1} −→ 0 eÐnai akribăc kai wc ek toÔtou, afoÔ (nM) ⊗_B M^{⊗r−1} ∼= n(M^{⊗r}),^2 èqoume M nM ⊗_B M^{⊗r−1} ∼= M^{⊗r} nM^{⊗r} . Apì thn Ĺllh meriĹ^M_{nM} =^B_{nB} ⊗_B M kai^{M ⊗r}_{nM ⊗r} =^B_{nB} ⊗_B M^{⊗r}. Autì apodeiknÔei thn isìthta ( M nM )^{⊗r} = M^{⊗r} n(M^{⊗r})

. (3.2)

’Estw T to submodule tou M^{⊗r} pou parĹgetai apì ta stoiqeÐa thc morfăc · · · ⊗ m ⊗ · · · ⊗ m ⊗ · · · kai èstw T^′ to B submodule tou (^M_{nM} )^{⊗r} pou parĹgetai apì stoiqeÐa thc morfăc · · · ⊗ (m + nM) ⊗ · · · ⊗ (m + nM) ⊗ · · · . Ta T^′ kai (T + n(M^{⊗r}))/nM^{⊗r} antistoiqoÔn to èna sto Ĺllo mèsw thc (3.2). ’Etsi, afoÔ N = M^{⊗r}/T , èqoume ìti N nN = M^{⊗r}/T n(M^{⊗r}/T ) = M^{⊗r}/T (nM^{⊗r} + T )/T = M^{⊗r} nM^{⊗r} + T = M^{⊗r}/n(M^{⊗r}) (n(M^{⊗r}) + T )/n(M^{⊗r}) = (^M_{nM} )^r T^′ = r⋀ ( M nM )^r

2Gia_B X me nX = 0 eÐnai B/nB ⊗_B X = X

Lămma 3.2.2. ’Estw X, Y dÔo A modules me nX = nY = 0. IsqÔoun ta akìlouja:

1. X kai Y eÐnai A isìmorfa an kai mìno an eÐnai A/nA isìmorfa.

2. Hom_A(X, Y) kai Hom_{A/nA}(X, Y) eÐnai isìmorfa A/nA modules.

Apìdeixh. Shmeiÿnoume aplĹ ìti X ⊗_A A/nA =^X_{nX} = X.

Prìtash 3.2.1. IsqÔei ìti ta (∧ϕ)[n] ∼= ∧(ϕ[n]) eÐnai isìmorfa wc A/nA-modules.

Apìdeixh. Jètoume X = (M/nM)^τ kai Y = Hom_{Fp} (A/nA, F_p) . To F_p− module Y mporeÐ na jewrhjeÐ wc èna A module mèsw (a · f)(x) := f(a · x) gia kĹje a ∈ A, f ∈ Y kai x ∈ A/nA.^3 Shmeiÿnoume ìti ta X, Y mhdenÐzontai apì to n. Wc ek toÔtou, efarmìzontac to lămma 3.2.2, apì to Pìr. 5.6.4 tou [13] sel.152, X kai (A/nA)^r eÐnai A isìmorfa -ac shmeiÿsoume me κ : (A/nA)^r −→ X autìn ton isomorfismì. Shmeiÿnoume me κ^∗ ton epagìmeno isomorfismì:

κ^∗ : Hom_A(X, Y) −→ Hom_A((A/nA)^r, Y), f −→ κ ∘ f.

Ta akìlouja eÐnai A/nA isomorfismoÐ apì A/nA modules:

Hom_A((A/nA)^r, Y) = Hom_{A/nA}((A/nA)^r, Y) = r⨁ i=1 Hom_{A/nA}(A/nA, Y) = Y^r

Tÿra, pernÿntac stic full exterior powers paÐrnoume èna isomorfismì o opoÐoc exartĹtai monĹqa apì to κ : i: r⋀ Hom_{A/nA}(X, Y) −→ r⋀ Y^r. Me ν sumbolÐzoume ton fusikì A/nA-isomorfismì ν : ⋀_r Y^r −→ Y kai me

ν^∗ : Hom_{A/nA}(A/nA, r⋀ Y^r),

’Etsi

∧ (ϕ[n]) = r⋀ Hom_{A/nA}(X, Y )^i−→ r⋀ Y^{r ν}−→ Hom_{A/nA}(A/nA, Y ) −→ Hom_A(A/nA, Y ) −→ Hom_A(N/nN, Y ) = (∧ϕ)[n]

Sumbolismìc 3. ’Estw λ : ϕ −→ ψ isogèneia upèr to L. ’Estw M_ϕ (ant. M_ψ) to B−module L{τ}. H isogèneia λ epĹgei èna B−omomorfismì λ : M_ψ −→ M_ϕ, m → m ∘ λ. 3’Estw E = {x_1, . . . , x_d} mÐa F_p bĹsh tou A/nA. ’Estw E^∗ = {x_1^∗, . . . , x_d^∗} h duïkă Hom_{Fp} (A/nA, F_p) . SumbolÐzoume me κ ton isomorfismì x_i −→ x^∗_i . Me x ja sumbolÐzoume ta stoiqeÐa tou A/nA kai me x^∗ ta antÐstoiqa stoiqeÐa tou duïkoÔ qÿrou (mèsw thc antistoÐqishc pou orÐzetai apì to κ). To sÔnolo Hom_{Fp} (A/nA, F_p) gÐnetai èna A module mèsw (a · x^∗)(y) = x^∗(a · x), ∀y ∈ A/nA. KĹje stoiqeÐo a ∈ A orÐzei èna F_p endomorfismì tou A/nA. Shmeiÿnoume me g_a = ( a_{ij} ) ton pÐnaka pou antistoiqeÐ sto a (se sqèsh pĹnta me to E). OrÐzoume mĹ (nèa) A−drĹsh (⋆) sto A/nA : a ⋆ x = κ^{−1}(a · x^∗). Shmeiÿnoume ìti ∀a, b ∈ A, g_ag_b = g_bg_a. ’Estw x ∈ A/nA, x = ∑ i λ_ix_i. Tìte, x^∗ = ∑ i λ_ix^∗_i kai (a ⋆ x) = κ^{−1}(a · x^∗). AllĹ a · x^∗ = a · ∑ i λ_ix^∗_i = ∑ λ_ia · x^∗_i kai wc ek toÔtou, gia kĹje j, a · x^∗(x_j ) = ∑ i λ_ix^∗_i (ax_j ) = ∑ i λ_ix^∗_i (g_ax_j ) = ∑ i λ_ia_{ij} . Autì apodeiknÔei ìti a ⋆ x = g^t_a · x, ìpou ta g^t_a sumbolÐzoun ton anĹstrofo pÐnaka tou g_a. Wc ek toÔtou, jewroÔmena wc A modules, ta Hom_{Fp} (A/nA, F_p) kai (A/nA, ⋆) eÐnai isìmorfa.

Pernìntac stic r exterior powers, paÐrnoume B−omomorfismoÔc ∧λ : r⋀ M_ψ −→ r⋀ M_ϕ, kai mÐa isogèneia ∧λ : ∧ϕ −→ ∧ψ. Jeÿrhma 3.2.2. UpĹrqei ènac morfismìc

W_n : Y^r(n) −→ Y^1(n)

Apìdeixh. ’Estw ϕ èna Drinfeld module tĹxewc r orismèno pĹnw apì èna sÿma L ⊇ K, me mÐa n−level structure dosmènh apì to α : (A/nA)^r −→ ϕ[n]. ’Estw ∧ϕ h orÐzousa tou ϕ. EÐnai profanèc ìti o isomorfismìc eÐnai Gal(K^{sep}/K)−analloÐwtoc. Apì thn prìtash 3.2.1 èqoume ìti (∧ϕ)[n] ∼ ∧(ϕ[n]). Pernìntac stic exterior powers, paÐrnoume ton epijumhtì morfismì (thn level structure) ∧α : A/n ∼= ⋀ (A/nA)^r −→ ∧^r(ϕ[n]) ∼= (∧ϕ)[n].

3.2.1 To sÿma orismoÔ twn Moduli schemes

Gia èna prÿto p èstw K(p) to sÿma pou perièqei to K kai ta p shmeÐa peperasmènhc tĹxhc tou Carlitz module C_T = T + τ. Ja shmeiÿnoume me K_+(p) th maximal abeliană epèktash tou K, thn perieqìmenh sto K(p), sthn opoÐa to ∞ analÔetai plărwc. ’Estw K_+ h maximal abeliană epèktash tou K sthn opoÐa to ∞ analÔetai plărwc. To moduli scheme twn Drinfeld modules tĹxewc èna me p level structure h opoÐa orÐzetai pĹnw apì K−sÿmata eÐnai to K_+ (dec Goss [13] kai Hayes [21]).

Apì to jeÿrhma 3.2.2, gia p prÿto tou A upĹrqei ènac dominant morfismìc, o Weil morfismìc, ÿste gia kĹje prÿto ideÿdec p tou A = F_p[T ] na èqoume

W_p : Y^r(p) −→ Y^1(p).

PaÐrnontac thn duðkă tou W_p (dhl. pernìntac stic global sections) èqoume èna monomorfismì daktulÐwn

Γ(Y^1(p), O_Y 1_{(p)}) −→ Γ(Y^r(p), O_Y r_{(p)}).

Epeidă Γ(Y^1(p), O_Y 1_{(p)}) = K_+(p) (dec 3.1.1), paÐrnoume to akìloujo

Jeÿrhma 3.2.3. To sÿma orismoÔ thc Y^r(p) perièqei to sÿma K_+(p).

3.2.2 DrĹsh orizousÿn

’Estw M^m(a) o contravariant functor apì thn kathgorÐa twn K− swmĹtwn sthn kathgorÐa twn sunìlwn M^m(a) : (K − sÿmata) −→ (sÔnola), L −→ M^m(a)(L) ìpou M^r(a)(L) shmeiÿnei to sÔnolo twn klĹsewn isomorfÐac twn Drinfeld modules tĹxewc m twn orizìmenwn upèr to L me a−level structure.

H omĹda GL(r, A/n)/F_p^∗ dra sto M^r(n) kai h omĹda GL(1, n)/F_p^∗ dra sto M^1(n). ’Estw g ∈ GL(r, A/n)/F_p^∗. JewroÔme to akìloujo diĹgramma

M^r(n)

W_n � g � Mr(n) W_n � (ϕ, i)� W_n �

�^g � (ϕ, i_g )

W_n � M^1(n)^{det g} � M^1(n) (∧ϕ, ∧i) �^{det g}� (ϕ, ∧i det g)

To parapĹnw diĹgramma eÐnai antimetajetikì. ’Etsi èqoume to akìloujo

Jeÿrhma 3.2.4. H omĹda GL(r, A/n)/F_p^∗ dra sto K_+(n) ìpwc h orÐzousa.

0

KefĹlaio Tètarto

H ulopoÐhsh ths PSL

’Estw p prÿtoc tou A kai r = 2s Ĺrtioc me gcd(s, q^d − 1) = 1. ’Estw Y^r(p) to moduli scheme twn Drinfeld modules tĹxewc r, me p-level structure. H omĹda GL(r, A/p)/F_p^∗ dra ston Y^r(p). To phlÐko thc drĹshc eÐnai to Y^r(1) -to moduli scheme twn Drinfeld modules tĹxewc r. To sÿma orismoÔ thc Y^r(p) perièqei to K_+(p). H omĹda GL(r, A/p)/F_p^∗ dra sto K_+(p) ìpwc h orÐzousa. Wc ek toÔtou, h upoomĹda twn pinĹkwn thc GL(r, A/p)/F_p^∗ me orÐzousa sto F_p^∗ dra ston Y^r(1) × Spec(K_+(p)) tetrimmèna.

4.1 To moduli scheme Y^r_0 (n)

4.1.1 H kataskeuă tou Y^r_0 (n)

’Estw L sÿma pou perièqei to K, ϕ èna Drinfeld module genikăc qarakthristikăc tĹxewc r pou orÐzetai pĹnw apì to L kai n èna mh tetrimmèno poluÿnumo tou A. SumbolÐzoume me L^′ to sÿma diĹspashc tou diaqwrisÐmou poluwnÔmou ϕ_n(X).

Orismìc 4.1.1.

aþ. H Borel upoomĹda B(n) tou GL(2, n) eÐnai h upoomĹda twn Ĺnw trigwnikÿn pinĹkwn.

bþ. DÔo A−isomorfismoÐ i, i^′ : (A/n)^r −→ ϕ[n] onomĹzontai Borel isodÔnamoi an upĹrqei èna stoiqeÐo g ∈ B(n) me i = gi^′. gþ. MÐa full flag upoomĹdwn tou ϕ[n] eÐnai mÐa akoloujÐa upoomĹdwn tou ϕ[n],

C_1 ≤ C_2 ≤ · · · ≤ C_r = ϕ[n]

tètoia, ÿste h C_1 kai oi C_{i+1}/C_i gia i = 1, · · · , r − 1 na eÐnai isìmorfec me to A/nA.

dþ. MÐa Borel flag upoomĹdwn ϕ[n] eÐnai mÐa flag upoomĹdwn tou ϕ[n] mazÐ me mÐa Borel isodunamÐa i : (A/nA)^r −→ ϕ[n] eþ. ’Ena L−rhtì shmeÐo (ϕ, {C_1 ≤ C_2 ≤ · · · ≤ C_r = ϕ[n]}) apoteleÐtai apì

(aþ) èna Drinfeld module tĹxewc r orizìmeno upèr to L, (bþ) mÐa Borel flag upoomĹdwn C_1 ≤ C_2 ≤ · · · ≤ C_r tou ϕ[n] upèr L^′, me C_s ≤ L kai C^g_i = C_i, ∀i kai g ∈ Gal(K^{sep}/L).

ShmeÐwsh 6. Mèsw thc bþ, mporoÔme na tautÐsoume thn omĹda Galois thc L^′/L me mÐa upoomĹda thc B(n) . JewroÔme ton contravariant functor M^r_0(n) apì thn kathgorÐa twn epektĹsewn tou K sthn kathgorÐa twn sunìlwn M^r_0(n) : (L: L ⊃ K) −→ (SÔnola), L −→ M^r_0(n)(Spec(L))

o opoÐoc se èna sÿma L me L ⊃ K antistoiqeÐ tic klĹseic isomorfÐac twn duĹdwn (ϕ, flag).

’Estw B o daktÔlioc gia ton opoÐo to scheme Spec(B) anaparistĹ ton functor Y^r (n). H omĹda GL(r, A/n)/F_q^∗ dra ston B. ’Estw D o daktÔlioc twn analloiÿtwn tou B kĹtw apì th drĹsh thc omĹdac autăc. Sthn parakĹtw prìtash deÐqnoume ìti functor Y^r_0 (n) anaparÐstatai asjenÿc (coarsly) apì to scheme Spec(D).

4.1 To moduli scheme Y^r_0 (n) 31

Prìtash 4.1.1. To Y_0(n) := Spec(C) eÐnai to coarse moduli scheme tou M^r_0(n).

Apìdeixh. ’Estw (ϕ, flag) duĹda upèr to L, kai èstw L^′ to sÿma diĹspashc tou poluwnÔmou ϕ_n(X). ’Estw μ : Spec(L^′) −→ Spec(L) o kanonikìc morfismìc. EpekteÐnontac tic stajerèc to ϕ gÐnetai Drinfeld module upèr to L^′. ’Estw i : (A/nA)^{r ∼}−→ ϕ[n] ènac A−isomorfismìc upèr to L^′. O automorfismìc autìc antistoiqeÐ se mÐa n-level structure tou ϕ upèr to L^′- èstw (ϕ, i) h antÐstoiqh duĹda. AfoÔ to moduli scheme Y^r(n) eÐnai fine, to parapĹnw zeÔgoc antistoiqeÐ me monadikì trìpo se èna morfismì ξ^′ : Spec(L^′) −→ Y^r(n). H eikìna tou ξ^′ antistoiqeÐ se èna maximal ideÿdec tou B èstw to M. AfoÔ h epèktash daktulÐwn B/C eÐnai akèraia, h probolă tou M ston C, èstw P, ja eÐnai èna maximal ideÿdec. OrÐzoume wc ξ : Spec(B/P) −→ Spec(B) to fusikì morfismì. EÐnai profanăc h Ôparxh twn morfismÿn Spec(L^′) −→ Spec(B/P) kai Spec(L) −→ Spec(C/P) kai Spec(L^′) −→ Spec(C/P). UposthrÐzoume ìti upĹrqei ènac morfismìc Spec(L) −→ Y^r_0 (n) o opoÐoc kĹnei to akìloujo diĹgramma antimetajetikì:

Spec(L^′) � ξ^′ �

� Spec(B/P)_ξ � μ � Y^r(n) π � Spec(L)^∃ � Spec(C/P) � Y^r_0 (n)

H omĹda automorfismÿn G thc L^′/LemfuteÔetai sthn Borel omĹda B(n): èstw g ∈ G, tìte o morfismìc

Spec(L)^{′ g}−→ Spec(L)^{′ ξ′}−→ Y^r(n) antisteiqeÐ se èna maximal ideÿdec M^′ tou B. SumbolÐzoume me g ton (monadikì) automorfismì tou B pou stèlnei to M sto M^′. O morfismìc ξ^′ paragontopoieÐtai mèsw tou ξ kai tou μ: Spec(B/P) −→ Spec(M), ìpou P eÐnai h eikìna tou M mèsw tou π. To sÿma C/P eÐnai upìswma tou B/M kai mĹlista stajeropoieÐtai apì ton automorfismì g, gia kĹje g ∈ G. ’Etsi to sÿma C/P eÐnai upìswma tou L, apì ìpou kai o morfismìc Spec(L) −→ Spec(C/P) −→ Y^r(n). SumbolÐzoume me ν ton morfismì Spec(L) −→ Y^r(n).

UposthrÐzoume ìti o ν eÐnai anexĹrthtoc apì thn epilogă tou i. PrĹgmati, èstw i^′ mÐa Ĺllh n−level structure h opoÐa sèbetai thn Borel structure tou ϕ[n] dhl. i^′ = gi gia èna g ∈ B(n) . ’Estw χ^′ : Spec(L^′) −→ Y^r(n) kai ν^′ : Spec(L) −→ Y^r_0 (n) oi antÐstoiqoi morfismoÐ. EÐnai fanerì ìti ξ^′ ∘ g = ξ^′ kai Ĺra ν^′ = ν.

Gia duĹdec (ϕ, flag) pĹnw apì algebrikĹ kleistĹ sÿmata k ⊃ K o functor M^r_0(n) eÐnai ènac isomorfismìc: arkeÐ na deiqjeÐ ìti gia kĹje algebrikĹ kleistì sÿma k ⊃ K ta k rhtĹ shmeÐa tou Y^r_0 (n) (me Ĺlla lìgia ta Y^r_0 (n)(k)) antistoiqoÔn me trìpo monadikì se Drinfeld modules pou orÐzontai pĹnw apì to k -mazÐ me mÐa (dosmènh) Borel flag structure.

’Estw ν : Spec(k) −→ Y^r_0 (n) morfismìc. Ja deÐxoume ìti upĹrqei mÐa duĹda (ϕ, flag) pou antiproswpeÔei to ν. AfoÔ to k eÐnai sÿma, h eikìna tou mègistou ideÿdouc eÐnai èna gewmetrikì shmeÐo x ∈ Y^r_0 (n) me quot(x) = k. KĹje shmeÐo thc Ðnac tou x (se sqèsh me to morfismì π) eÐnai epÐshc gewmetrikì k-rhtì shmeÐo tou Y^r(n). ’Estw y ∈ Y^r_0 (n) èna apì autĹ. O omomorfismìc

O_Y r_{0 (n),x}−→O_Y r_{(n),y}

epĹgei ton omomorfismì O_Y r_{0 (n),x}/P_x−→O_Y r_{(n),y}/P_y o opoÐoc me th seirĹ tou epĹgei ton morfismì (dec thn Ĺskhsh 2.7 sth sel. 80 tou [20])

α : k −→ Y^r(n)

(edÿ to O sumbolÐzei to structure sheaf enÿ to P_x sumbolÐzei to maximal ideÿdec tou O_x pou antistoiqeÐ se autì). ’Estw (ϕ, i_n) èna Drinfeld module pou antistoiqeÐ ston α. KĹje Ĺllo shmeÐo z sthn Ðna tou x eÐnai B(n)-suzugèc tou y, dhl. upĹrqei èna g ∈ B(n) me g(y) = z. ’Estw (ψ, i^′_n) h duĹda pou antistoiqeÐ sto z. H B(n) dra sto Y^r(n) metajètontac aplÿc thn level structure (afoÔ kai h GL(r, A/n)/F_p^∗ dra ètsi kai B(n) ≤ GL(r, A/n)/F_p^∗). ’Etsi, ϕ = ψ kai i_n = gi^′_n. EÐnai fanerì ìti h flag h orizìmenh apì thn ν epĹgetai apì thn level structure i_n {modulo} B(n)

4.1.2 Basikèc idiìthtec

’Estw L sÿma pou perièqei to K. ’Estw n kai m prÿta metaxÔ touc ideÿdh tou A me d = deg(m) kai r = 2s Ĺrtiouc.

Lămma 4.1.1.

aþ. Y^r(nm) = Y^r(n) × Y^r(m) bþ. Y^r(n) × Y^r(m) −→ Y^r(1) eÐnai ènac normal morfismìc (me thn ènnoia thc jewrÐac tou Galois). Apìdeixh. 1. ’Estw f : Y^r(nm) −→ Y^r(n) × Y^r(m) o morfismìc o orizìmenoc mèsw tou fiber product twn apeikonÐsewn: Y^r(nm) −→ Y^r(n) kai Y^r(nm) −→ Y^r(m). OrÐzoume mÐa apeikìnish g : Y^r(n) × Y^r(m) −→ Y^r(nm) wc exăc: ’Ena stoiqeÐo a ∈ Y^r(n) × Y^r(m) antistoiqeÐ se èna monadikì Drinfeld module ϕ me thn ènnoia tou akìloujou antimetajetikoÔ diagrĹmmatoc: Y^r(n) × Y^r(m)

= π_n � � � �_{πm} � � � � Y^r(n) � � � � Y^r(m) � � � � Y^r(1) ’Etsi, h eikìna tou a mèsw thc π_n eÐnai (ϕ, i_n) kai mèsw thc π_m eÐnai (ϕ, i_m), gia katĹllhlec n kai m level structures. AfoÔ ta n, m eÐnai prÿta metaxÔ touc, oi i_n kai i_m orÐzoun mèsw thc I_{nm} : (A/nm)^r −→ (A/nA)^r × (A/mA)^r èna A−isomorfismì i_{nm} : (A/nmA)^r −→ ϕ[nm]. EÐnai tÿra safèc, ìti n ∘ m = 1 kai m ∘ n = 1.

2. Profanÿc, afoÔ tìso o morfismìc Y^r_0 (n) −→ Y^r(1) ìso kai o Y^r(m) −→ Y^r(1) eÐnai normal (dec [6, kef. 3]).

4.1.3 To moduli scheme Y^r_0 (T ).

’Estw x èna L−rhtì shmeÐo tou Y^r_0 (T ). ’Estw (ϕ, {C_1 ≤ · · · ≤ C_r = ϕ[n]}) h antÐstoiqh duĹda pou antistoiqeÐ sto x. JumÐzoume ìti to C_s ≤ L kai to C^g_i = C_i gia ìla ta i kai g ∈ Gal(K^{sep}/L). Epeidă oi suntelestèc tou ϕ_T anăkoun L kai epeidă oi peperasmènec omĹdac C_i eÐnai Galois-analloÐwtec kai o daktlÔlioc L{τ} eÐnai perioqă kurÐwn idewdÿn wc proc ta dexiĹ tou ideÿdh, upĹrqoun ∀i, ∃a_i, b_i ∈ L me ϕ_T = (a_1τ + b_1) · · · (a_rτ + b_r), kai mĹlista oi rÐzec tou (a_iτ + b_i) · · · (a_rτ + b_r) sqhmatÐzoun èna A module isìmorfo proc to C_i. Prìtash 4.1.2. To Y^r_0 (T ) eÐnai èna rhtì scheme.

Apìdeixh. ’Estw ϕ èna Drinfeld module orizìmeno upèr to L me mÐa full flag upoomĹdwn tou ϕ[T ]. MporoÔme na grĹyoume to ϕ_T wc èna ginìmeno

ϕ_T = (a_1τ + b_1) · · · (a_{r−1}τ + b_{r−1})(a_rτ + b_r),

ìpou a_i, b_i ∈ L^∗. AfoÔ oi rÐzec tou a_rX^p + b_rX anăkoun sto L, upĹrqei èna stoiqeÐo d_ϕ ∈ L me d^{p−1}_ϕ =^{ar}_{br} . Jètoume u_r =^{br}_{dϕ} kai u_{i−1} = b_{i−1}u_i gia i = 2, . . . , r X_r = 1 kai X_{i−1} =^{ai−1}_{bi−1} u^{p−1}_{i+1} gia i = 2, . . . , r.

Shmeiÿnoume ìti u_1 = T d^{−1}. Tìte,

(a_1τ + b_1) · · · (a_{r−1}τ + b_{r−1})(a_rτ + b_r) = (a_1τ + b_1) · · · (a_{r−1}τ + b_{r−1})b_r (a_rb^{−1}_r τ + 1) = (a_1τ + b_1) · · · (a_{r−1}τ + b_{r−1})b_r d^{−1}_ϕ (d^p_ϕτ + d_ϕ) = (a_1τ + b_1) · · · (a_{r−1}τ + b_{r−1})u_r(τ + 1)d_ϕ = (a_1τ + b_1) · · · (a_{r−1}u^p_r τ + b_{r−1}u_r)(τ + 1)d_ϕ = (a_1τ + b_1) · · · (a_{r−1}u^p_rτ + u_{r−1})(τ + 1)d_ϕ = (a_1τ + b_1) · · · u_{r−1}(^{ar−1}_{br−1} u^{p−1}_r τ + 1)(τ + 1)d_ϕ = (a_1τ + b_1) · · · (a_{r−2}u^p_{r−1}τ + b_{r−2}u_{r−1})(X_{r−1}τ + 1)(τ + 1)d_ϕ = (a_1τ + b_1) · · · (a_{r−2}u^p_{r−1}τ + u_{r−2})(X_{r−1}τ + 1)(τ + 1)d_ϕ = . . . . . . (a_1τ + b_1)u_1(X_2τ + 1) · · · (X_{r−2} + 1)(X_{r−1}τ + 1)(τ + 1)d_ϕ = (a_1T^pd^{−p}_ϕ τ + T d^{−1})(X_2τ + 1) · · · (X_{r−1}τ + 1)(τ + 1)d_ϕ ∼ d_ϕ(a_1T^pd^{−p}_ϕ τ + T d^{−1})(X_2τ + 1) · · · (X_{r−1}τ + 1)(τ + 1)d_ϕd^{−1}_ϕ ∼ (a_1T^pd^{1−p}_ϕ τ + T )(X_2τ + 1) · · · (X_{r−1}τ + 1)(τ + 1) = (X_1τ + T ) · · · (X_{r−1}τ + 1)(τ + 1).

’Estw tÿra (ψ, {C^′_1 ≤ · · · ≤ C^′_r = ψ[T ]}) mÐa duĹda isìmorfh proc thn (ϕ, {C_1 ≤ · · · ≤ C_r = ϕ[T ]}). Tìte upĹrqei u ∈ L^∗ me

• u : ψ −→ ϕ eÐnai ènac isomorfismìc sthn kathgorÐa twn Drinfeld modules

• ϕ[T ]^∼−→ ψ[T ] kai uC_i = C^′_i . Tìte ϕ_T = u^{−1}ϕ_T u =u^{−1}(a_1τ + b_1) · · · (a_rτ + b_r)u = u^{−1}(a_1τ + b_1)uu^{−1}(a_2τ + b_2)u^{−1}u · · · uu^{−1}(a_rτ + b_r)u = (a_1u^{p−1}τ + b_1) · · · (a_ru^{p−1}τ + b_r).

Jètoume d_ψ = d_ϕu, dhladă, d^{p−1}_ψ =^{up−1ar}_{br} kai

v_r =^{br}_{dψ} kai v_{i−1} = b_{i−1}v_i gia ìla ta i = 2, . . . , r Y_r = 1 kai Y_{i−1} =^{up−1 ai−1}_{bi−1} v^{p−1}_{i+1} gia ìla ta i = 2, . . . , r.

Tìte, uv_i = u_i kai X_i = Y_i gia ìla i = 1, . . . , r.

4.2 O Fricke automorfismìc

’Estw ⟨p⟩ ènac prÿto ideÿdec tou A me d := deg p Ĺrtio kai r = 2s ∈ N fusikì arijmì. ’Estw x := (ϕ, {C_1 ≤ · · · ≤ C_s ≤ C_{s+1} ≤ · · · ≤ C_r = ϕ[T ]}) èna L−rhtì shmeÐo tou Y^r_0 (T ) kai λ poluÿnumo me rÐzec ta stoiqeÐa thc C_s. EÐnai eÔkolo na deiqteÐ ìti upĹrqei èna Drinfeld module ψ isogenèc wc proc to ϕ me purăna tic rÐzec tou λ, dhladă λ: ϕ −→ ψ, isogèneia me purăna to C_s.

Orismìc 4.2.1. To ψ anafèretai wc {phlÐko} tou ϕ me thn C_s.

Orismìc 4.2.2. OrÐzoume mÐa involution w sto Y^r_0 (T ) wc akoloÔjwc: ’Estw x ∈ Y^r_0 (T )(L) èna L− rhtì shmeÐo to opoÐo antiproswpeÔetai apì th duĹda (ϕ, {C_1 ≤ · · · ≤ C_r = ϕ[T ]}). Me w(x) ja sumbolÐzoume to shmeÐo pou antiproswpeÔetai apì th duĹda (ψ, {C^′_1 ≤ · · · ≤ C^′_r = ψ[T ]}) ìpou

1. to ψ eÐnai èna Drinfeld module-phlÐko tou ϕ me thn C_s

2. C^′_1 = λ(C_{s+1}), . . . , C^′_s = λ(C_r ) kai

3. C^′_{s+1} = λ̂^{−1}(C_1), . . . , C^′_r = λ̂^{−1}(C_s)

kai λ̂ duikă isogèneia λ. H involution aută ja onomĹzetai Fricke involution.

4.2.1 To twisted scheme Y

Sumbolismìc 4. ’Estw K_∗ = K( √ p) kai σ o mh tetrimmènoc automorfismìc thc K_∗/K. SumbolÐzoume me Z to phlÐko tou Y^r_0 (T ) kĹtw apì th drĹsh thc Fricke involution w, dhladă Z = Y^r_0 (T )/w. Orismìc 4.2.3. To scheme Y eÐnai to twist tou Y^r_0 (n) se sqèsh me to K_∗, me Ĺlla lìgia to Y eÐnai to phlÐko tou Y^r_0 (T ) × K_∗ me thn ⟨σw⟩.

Y^r_0 (T ) × K_∗ σw � σ � � � � � � � � Y^r_0 (T ) w � � � � � Y � Z × K_∗

� � � � Z Prìtash 4.2.1. H Fricke involution w dra sto Y^r_0 (T ) wc ènac rhtìc metasqhmatismìc o opoÐoc orÐzetai upèr to K.

Apìdeixh. H Fricke involution dra sto Y^r_0 (T ) me ton akìloujo trìpo:

(X_1τ + T ) · · · (X_sτ + 1)(X_{s+1} + 1) · · · (τ + 1) −→ (X_{s+1}τ + 1) · · · (τ + 1)(X_1τ + T ) · · · (X_sτ + 1)

Jètoume d^{p−1}_s = X_s, d_s ∈ K^{sep}. (Ta tonismèna sÔmbola, tonÐzoun thn exèlixh thc diadikasÐac.) Upèr to K^{sep} h w diaspĹtai sta skìlouja bămata:

(X_{s+1}τ + 1) · · · (X_{r−1}τ + 1)(τ + 1)(X_1τ + T ) · · · (X_sτ + 1) = (X_{s+1}τ + 1) · · · (X_{r−1}τ + 1)(τ + 1)(X_1τ + T ) · · · (d^{p−1}_s τ + 1) = (X_{s+1}τ + 1) · · · (τ + 1)(X_1τ + T ) · · · (X_{s−1}τ + 1)d^{−1}_s (d^p_s τ + d_s) ∼ (X_{s+1}τ + 1) · · · (X_{r−1}τ + 1)(τ + 1)(X_1τ + T ) · · · (X_{s−1}d^{−p}_s τ + d^{−1}_s )(d^p_s τ + d_s) = (X_{s+1}τ + 1) · · · (X_{r−1}τ + 1)(τ + 1)(X_1τ + T ) · · · d^{−1}_s (X_{s−1}d^{1−p}_s τ + 1)(d^p_s τ + d_s) = (X_{s+1}τ + 1) · · · (X_{r−1}τ + 1)(τ + 1)(X_1d^{−p}_s τ + T d^{−1}_s )· · · (X_{s−1}d^{1−p}_s τ + 1)(d^p_s τ + d_s) ∼ (X_{s+1}τ + 1) · · · (X_{r−1}τ + 1)(τ + 1)T d^{−1}_s (X_1d^{−p+1}_s T^{−1}τ + 1) · · · (X_{s−1}d^{−p+1}_s τ + 1)(d^p_s τ + d_s) = (X_{s+1}τ + 1) · · · (d^{−p}_s T^pτ + d^{−1}_s T )(X_1d^{−p+1}_s T^{−1}τ + 1) · · · (X_{s−1}d^{−p+1}_s τ + 1)(d^p_s τ + d_s) = (d_sT^{−p}X_{s+1}τ + 1d^{−1}_s T )· · · (d^{−p}_s T^pd_sT^{−1}τ + 1) · · · (X_{s−1}d^{−p+1}_s τ + 1)(d^p_s τ + d_s) ∼ d_s(d_sT^{−p}X_{s+1}τ + 1d^{−1}_s T ) · · · (d^{−p}_s T^pd_sT^{−1}τ + 1) · · · (X_{s−1}d^{−p+1}_s τ + 1)(d^p_s τ + d_s)d^{−1}_s = (d^{1−p}_s T^pX_{s+1}τ + T ) · · · (d^{−p+1}_s T^{p−1}τ + 1)(X_1d^{−p+1}_s T^{−1}τ + 1) · · · (X_{s−1}d^{−p+1}_s τ + 1)(τ + 1) = (X^{−1}_s T^pX_{s+1}τ + T ) · · · (X^{−1}_s T^{p−1}τ + 1)(X^{−1}_s X_1T^{−1}τ + 1) · · · (X^{−1}_s X_{s−1}τ + 1)(τ + 1)

Wc ek toÔtou h w dra sto sÿma phlÐko K(X_1, . . . , X_{r−1}) tou Y^r_0 (T ) me ton akìloujo trìpo (X_1, · · · , X_s, X_{s+1}, · · · , X_{r−1}) −→ ( T^pX_{s+1} X_s , · · · , T^{p−1} X_s , T^{−1}X_1 X_s , X_2 X_s , · · · , X_{s−1} X_s ).

To Y^r_0 (T ) tautÐzetai me èna anoiqtì afinikì subscheme tou Spec(K)[X_1, .., X_{r−1}]. EisĹgoume mÐa akìma metablhtă X_r kai jewroÔme thn emfÔteush

Y^r_0 (T ) → P^{r−1}_K , (X_1, . . . , X_{r−1}) → [X_1; · · · ; X_{r−1}; 1].

Lămma 4.2.1. H Fricke involution epekteÐnetai se ìlo to qÿro P^{r−1}_K .

Apìdeixh. JewroÔme thn apeikìnish

[X_1; X_2; · · · ; X_s; X_{s+1}; X_{s+2} · · · ; X_r] → [T^pX_{s+1}, · · · , T^{p−1}X_r,

X_1 T , X_2, · · · , X_{s−1}, X_s]. H apeokìnish aută eÐnai prĹgmati mÐa involution:

[X_1; X_2; · · · ; X_s; X_{s+1}; X_{s+2}, · · · ; X_r] → [T^pX_{s+1}, · · · , T^{p−1}X_r, T^{−1}X_1, X_2, · · · , X_{s−1}, X_s] → [T^pT^{−1}X_1, · · · , T^{p−1}X_s, T^{−1}T^pX_{s+1}, T^{p−1}X_{s+2}, · · · , T^{p−1}X_{r−1}, T^{p−1}X_r] = [X_1; X_2; · · · ; X_s; X_{s+1}; X_{s+2}, · · · ; X_r].

Orismìc 4.2.4. ’Ena scheme X upèr to K diĹstashc m onomĹzetai Brauer-Severi an eÐnai probolikì, gewmetikĹ sunektikì kai an upĹrqei peperasmènh epèktash F tou K ÿste to scheme X ×_K L na eÐnai isìmorfo proc to P^m_L . To sÿma L onomĹzetai sÿma diĹspashc tou X.

Lămma 4.2.2. To scheme Y (dec orismì 4.2.3) eÐnai unirational, dhladă to quot(Y ) eÐnai rhtì.

Apìdeixh. ’Estw P = P^{r−1}_K kai X = P^w to phlÐko tou P kĹtw apì th drĹsh thc w. ’Estw L = K( √ p) kai σ o mh tetrimmènoc automorfismìc L/K. To scheme P ×_K L eÐnai isìmorfo proc to P^{r−1}_L . O automorfismìc σ epekteÐnetai se èna automorfismì tou P ×_K L. DiathroÔme kai gia thn epèktash ton Ðdio sumbolismì. To scheme (P ×_K L)^{σw} eÐnai Brauer-Severi me sÿma diĹspashc to L. ’Estw Ȳ := ⟨σw⟩\(P ×_K L).

Ja deÐxoume ìti to scheme Ȳ eÐnai gewmetrikĹ sunektikì (dhl. quot(Ȳ )∩K^{sep} = K). PrĹgmati, quot(Ȳ )∩ K^{sep} ⊂ quot(Ȳ ) ×_K L) ∩ K^{sep} = L. Wc ek toÔtou

quot(Ȳ ) ∩ K^{sep} = quot(Ȳ ) ∩ L = L(X_1, · · · X_{r−1})^{σw} ∩ L = K.

’Ena (r − 1)-diĹstato Brauer-Severi K−-scheme me èna toulĹqisto K-rhtì shmeÐo eÐnai isìmorfo me ton probolikì qÿro P^{r−1}_K (dec [22, prìtash 4.8,sel. 26]). Ja eÐnai loipìn to scheme Ȳ rhtì an èqei èna K-rhtì (kai Ĺra gewmetrikì) shmeÐo. Ja deÐxoume arqikĹ thn Ôparxh enìc K− rhtoÔ shmeÐou tou P me mh tetrimmènh omĹda diaklĹdwshc (gia th jewrÐa diakladÿsewn se genikoÔc daktulÐouc dec [4]). ’Estw B := K[X_1, · · · , X_{r−1}, 1 X_s ], (r = 2s) kai A = B^w. To maximal ideÿdec M = (X_1, · · · , X_{s−1}, X_{s+1}, · · · , X_{r−1}, X_s − 1) eÐnai analloÐwto kĹtw apì th drĹsh thc w. ’Estw m o periorismìc tou M sto A. Wc ek toÔtou h omĹda anĹlushc G_Z (M/m) = ⟨w⟩. Apì [4], h epèktash epèktash swmĹtwn (B/M)/(A/m) eÐnai kanonikă kai

G_Z /G_T ∼= Aut(B/M/A/M) . M eÐnai a K− rhtì shmeÐo afoÔ B/M = K. Wc ek toÔtou, m eÐnai èna K− rhtì shmeÐo kai G_T = ⟨w⟩.

’Estw C h akèraia jăkh tou B sto L(X_1, · · · , X_{r−1}) = quot(P ×_K L) kai N = (X_1, · · · , X_{s−1}, X_{s+1}, · · · X_{r−1}, X_s − 1)C. To maximal ideÿdec N brÐsketai pĹnw apì to M kai eÐnai analloÐwto kĹtw apì th drĹsh thc σ, w kai thc σw. ’Estw G^′_Z kai G^′_T h omĹda anĹlushc kai h omĹda diaklĹdwshc tou N/m sthn epèktash quot(P ×_K L)/ quot(P^w). Tìte, C/N = L, A/m = K kai (L : K) = 2 Wc ek toÔtou G^′_Z /G^′_T èqei tĹxh 2 kai |G^′_Z | = 4 kai |G^′_T | = 2. ’Estw tÿra G^∗_T (antist. G^∗_Z ) h omĹda diaklĹdwshc (antist. h omĹda anĹlushc) tou N sthn epèktash daktulÐwn C/D ìpou D = C ∩ quot(P ×_K L)^{σw}. EÐnai profanèc ìti G^∗_Z = ⟨σw⟩.

UpĹrqoun dÔo dunatìthtec gia thn G^∗_T : ă G^∗_T = 1 ă G^∗_T = ⟨σw⟩. Gia na katalăxoume se Ĺtopo upojètoume ìti G^∗_T = ⟨σw⟩. ’Estw c ∈ C ènac gennătorac tou L upèr to K. QwrÐc blĹbh thc genikìthtac, mporoÔme na upojèsoume ìti to c^2 ∈ K. Tìte, σ(c) = −c kai σw(c) − c = σ(c) − c = −c − c = −2c ∈ N, Ĺtopo, afoÔ to −2c eÐnai antistrèyimo tou C. Sunepÿc G^∗_T = 1 kai ètsi [(C/N) : D/n)] = 2 kai D/n = K. Autì apodeiknÔei ìti to n eÐnai èna K− rhtì shmeÐo tou Ȳ .

To (r −1)-diĹstato K−scheme Ȳ eÐnai Brauer-Severi me èna K−rhtì shmeÐo. Wc ek toÔtou eÐnai isìmorfo proc to P^{r−1}_K .

JumÐzoume ìti èna scheme X upèr to K eÐnai rational diĹstashc n, an upĹrqoun birational morfismoÐ f : X P^n_K kai g : P^n_K X me f ∘g kai g ∘f oi tautotikoÐ morfismoÐ ekeÐ pou orÐzontai. ’Etsi apodeiknÔetai h Prìtash 4.2.2. To Y eÐnai èna rhtì scheme.

4.3 MÐa bohjhtikă kataskeuă

’Estw r = 2s ènac Ĺrtioc arijmìc me s perittì. ’Estw ⟨p⟩ prÿto ideÿdec tou A me gcd(p, T ) = 1, L := K( √ p) kai σ o mh tetrimmènoc automorfismìc tou L/K. ’Estw ϕ èna Drinfeld module tĹxewc r upèr to L. ’Estw ϕ_T = ∑ a_iτ^i. Me ϕ^σ sumbolÐzoume to Drinfeld module, to orizìmeno apì thn T → ∑ a^σ_i τ^i. UpenjumÐzoume gia n ∈ A, to ϕ[n] sumbolÐzei ta n− torsion shmeÐa tou ϕ. Me M_ϕ (ant. M_ϕσ ) sumbolÐzoume to B−module L{τ} -to sqetizìmeno me to ϕ (ant. me to ϕ^σ ).

Upìjesh 1. Upojètoume ìti upĹrqei isogèneia λ : ϕ −→ ϕ^σ me

1. ker(λ) ≤ ϕ[T ]

2. ker(λ) ≤ L

3. # ker(λ) = s kai

4. λ(ϕ[T ]) = ker λ^σ .

Lămma 4.3.1. ’Estw ν : ϕ_1 −→ ϕ_2 isogèneia upèr to L, me purăna ker(ν) ≤ L. Tìte, kĹje Ĺllh isogèneia μ : ϕ_1 −→ ϕ_2 me ker(ν) = ker(μ) eÐnai aristerì pollaplĹsio tou ν me mÐa monĹda tou L.

Apìdeixh. ’Ammeso, apì to Jeÿrhma 1.4.1 sth selÐda 9 kai Prìtash 1.6.2 sth selÐda 13 tou [13].

Lămma 4.3.2. ’Estw λ : ϕ −→ ϕ^σ isogèneia, pou ikanopoieÐ tic parapĹnw upojèseic {1-4}. ’Estw λ̂ h duikă isogèneia tou λ. Tìte λ^σ = u · λ̂ gia katĹllhlo u ∈ F_p^∗.

Apìdeixh. H λ^σ eÐnai prĹgmati mÐa isogèneia apì to ϕ^σ sto ϕ: Gia kĹje a ∈ A, λϕ_a = ϕ^σ_a λ kai Ĺra, λ^σ ϕ^σ_a = ϕ_aλ^σ . Ja deÐxoume ìti λ^σ kai λ̂ èqoun ton Ðdio purăna. ’Estw x ∈ ker λ^σ . Apì thn upìjesh (4), upĹrqei y ∈ ϕ[T ] me λ(y) = x. Tìte λ̂(x) = λ̂λ(y) = ϕ_T (y) = 0, dhladă x ∈ ker λ̂. AfoÔ to deg λ̂ = deg λ^σ , kai apì to lămma 4.3.1, upĹrqei èna u ∈ L me λ^σ = uλ̂.

Apomènei na deiqjeÐ ìti u ∈ F_p^∗. ∀a ∈ A, λ^σ ∘ ϕ^σ_a = u · (λ̂ ∘ ϕ^σ_a ) = u · (ϕ_a ∘ λ̂) kai apì thn Ĺllh meriĹ, λ^σ ∘ ϕ^σ_a = ϕ_a(uλ̂). ’Ara, u · (ϕ_a ∘ λ̂) = ϕ_aλ^σ kai uϕ_a = ϕ_au gia ìla a ∈ A, dhladă h u eÐnai mÐa isogèneia tou ϕ. ’Estw ϕ_T = ∑ i a_iτ^i. Tìte, ∑ i u^{pi−1}τ^i = ∑ i a_iτ^i, kai Ĺra, gia ìla ta i me a_i ≠ 0, u^{pi−1} = 1, dhladă to u eÐnai èna stoiqeÐo tou (F_pr ) ∩ L = F_p.

’Estw ϕ, p kai λ ìpwc parapĹnw. O periorismìc tou λ : ϕ −→ ϕ^σ sto ϕ[p], epĹgei èna A/p−isomorfismì.

ϕ[p]^∼−→ ϕ^σ [p].

O parapĹnw isomorfismìc, epĹgei ènan isomorfismì stouc antÐstoiqouc probolikoÔc (dianusmatikoÔc) qÿrouc

Proj ϕ[p]^∼−→ Proj ϕ^σ [p].

Ac shmeiwjeÐ ìti kĹje Ĺllh isogèneia μ : ϕ −→ ϕ^σ pou ikanopoieÐ tic upojèseic (1) − (4), dÐnei ton Ðdio isomomorfismì Proj ϕ[p] −→ Proj ϕ^σ [p].

’Estw G_L (antist. G_K ) h omĹda Galois Gal(K^{sep}/L) (ant. Gal(K^{sep}/L)). H omĹda G_L dra sto sÔnolo twn p−torsion shmeÐwn tou ϕ. Aută h drĹsh epĹgei thn anaparĹstash

ρ_L : G_L −→ Proj ϕ[p].

kai thn ρ̄_L : G_L −→ PGL(Proj ϕ[p]).

Orismìc 4.3.1. OrÐzoume mÐa drĹsh thc G_K sto Proj ϕ[p] wc akoloÔjwc: ’Estw g ∈ G_K kai x ∈ ϕ[p]. Tìte,

• an g ∈ G_L, tìte x^g := g(x) eÐnai h eikìna tou x mèsw thc g;

• an g ∈ G_K \ G_L tìte g(x) ∈ ϕ^σ [p]. OrÐzoume x^g := λ^{−1}(g(x))

ShmeÐwsh 7. Gia kĹje y ∈ Proj ϕ^σ [p], λ̂(y) = λ^{−1}(y).

Lămma 4.3.3. Me tic parapĹnw upojèseic kai orismoÔc se isqÔ, o ρ̄_L mporeÐ na epektajeÐ se èna omomorfismì ρ̄_K : G_K −→ PGL(Proj ϕ[p]).

Apìdeixh. ’Estw g ∈ G_K \ G_L kai h ∈ G_L. Tìte λ^h = λ, (λ^{−1})^h = λ^{−1} kai λ^g = λ̂ = λ^{−1} ston Proj ϕ[T ]. ’Estw g_1, g_2 ∈ G_K . DiakrÐnoume tic periptÿseic:

• An g_1, g_2 ∈ G_L tìte ρ̄_K (g_1g_2) = ρ̄_K (g_1)ρ̄_K (g_2).

• An g_1 ∈ G_L allĹ g_2 ∈ G_K \ G_L, tìte, g_1g_2 ∈ G_K \ G_L. ’Ara,

ρ̄_K (g_1g_2)(x) = ρ̄_K (g_1)(ρ̄_K (g_2)(x)) ⇐⇒ λ^{−1}(g_1(g_2(x))) = g_1(λ^{−1}(g_2(x))) ⇐⇒ λ^{−1}(g_1(g_2(x))) = λ^{−1}(g_1(g_2(x))) kai ρ̄_K (g_2g_1)(x) = ρ̄_K (g_2)ρ̄_K (g_1)(x) ⇐⇒ λ^{−1}(g_2g_1(x)) = λ^{−1}(g_2(g_1(x)))

• An g_1, g_2 ∉ G_L tìte g_1g_2 ∈ G_L. ’Ara,

ρ̄_k(g_1g_2)(x) = ρ̄_k(g_1)ρ̄_k(g_2)(x) ⇐⇒ g_1g_2(x) = λ^{−1}(g_1(λ^{−1}(g_2(x)))) ⇐⇒ λ(g_1g_2(x)) = g_1(λ^{−1}(g_2(x))) ⇐⇒ λ(g_1g_2(x)) = g_1(λ^{g1} (g_2(x))) ⇐⇒ λ(g_1g_2(x)) = λ(g_1g_2(x)))

ShmeÐwsh 8. ’Estw g ∈ G_K \ G_L kai èstw [ρ̄_K (g)] h klĹsh tou ρ̄_K (g) sto PGL(Proj ϕ[p]). ’Estw x, y ∈ [ρ̄_K (g)]. Tìte to klĹsma^{det x}_{det y} eÐnai tetrĹgwno (to r eÐnai Ĺrtioc). MporoÔme ètsi na orÐsoume to sÔmbolo tou Jacobi thc klĹshc [ρ_K (g)]. Pio sugkekrimèna, ( [ρ_K (g)] p ) := ( ρ_K (g) p )

Lămma 4.3.4. ’Estw ϕ èna Drinfeld module, pou ikanopoieÐ tic upojèseic (1)-(4) thc selÐdac 36. Tìte ∀g ∈ G_K \ G_L ( [ρ_K (g)] p ) = − ( −uT p )

ìpou u h stajerĹ tou lămmatoc 4.3.2

Apìdeixh. ’Estw L^{alg} h algebrikă kleistìthta tou L. O mh tetrimmènoc automorfismìc σ tou L/K epekteÐnetai se èna automorfismì tou L^{alg}/K; ja sumbolÐzoume epÐshc me σ ton automorfismì autìn. MporoÔme na doÔme ta ϕ kai ϕ^σ (epekteÐnontac tic stajerèc) wc Drinfeld modules upèr to L^{alg}.

’Estw B = A ⊗_{Fp} L{τ} kai M̄ = L^{alg}{τ}. H isogèneia λ epĹgei ènan B̄ = A ⊗_{Fp} L^{sep}{τ} module omomorfismì λ : M̄_ϕσ −→ M̄_ϕ m −→ m ∘ λ kai èna A-module omomorfismì

λ : (M̄_ϕσ /pM̄_ϕσ )^τ −→ (M̄_ϕ/pM̄_ϕ)^τ m −→ m ∘ λ ’Estw x_1 = 1, x_2 = τ . . . , x_s = τ^{s−1}, x_{s+1} = λ̂, x_{s+2} = τλ̂, . . . x_r = τ^{s−1}λ̂. To sÔnolo {x_1, . . . , x_r} gennĹei to M upèr to B kai to M̄ upèr to B̄. To module ϕ^σ [p] wc A-module, eÐnai isìmorfo proc to (A/p)^r (dec thn apìdeixh tou porÐsmatoc 5.6.4, sthn selÐda 152 tou [13]). ’Estw {y_1, . . . , y_r} èna A− sÔnolo gennhtìrwn tou (M/pM)^τ ∼= (A/p)^r. Tìte, {y_1, . . . , y_r} eÐnai èna B− sÔnolo gennhtìrwn tou M̄_ϕ/pM̄_ϕ. MporoÔme na upojèsoume ìti {y_1, ..., y_r} eÐnai mÐa A/p bĹsh tou M_ϕσ /pM_ϕσ .^1 ’Estw α = (a_{ij} ), a_{ij} ∈ B̄ kai β = (b_{ij} ), b_{ij} ∈ A pÐnakec pou ikanopoioÔn tic

λ(x_1) . . λ(x_r ) = α · x^σ_1 . . x^σ_r kai λ(y_1) . . λ(y_r) = β · y^σ_1 . . y^σ_r ’Estw P o pÐnakac me stoiqeÐa apì to B̄ pou metasqhmatÐzei th bĹsh {y_i} sthn {x_i}. Tìte, β = P^{−1} · α · P (o λ eÐnai B̄-omomorfismìc kai ètsi o pÐnakac P metasqhmatÐzei th bĹsh {λ(y_i)} sthn {λ(x_i)}.) EÐnai eÔkolo na dei kaneÐc

α =

0 · · · 0 u ⊗ 1 · · · 0 . . .. . . . . . .. . . . 0 · · · 0 0 · · · u ⊗ 1 1 ⊗ T · · · 0 0 · · · 0 . . .. . . . . . .. . . . 0 · · · 1 ⊗ T 0 · · · 0 LambĹnontac ton parapĹnw upologismì upìyhn kajÿc kai to gegonìc ìti h σ periorizìmenh sto L dra mhtetrimmèna, sunĹgoume h orÐzousa det σ -modulo tetrĹgwno - isoÔtai proc − (_{−uT} p ) (afoÔ to s eÐnai perittìc arijmìc (gcd(2s, q^d − 1) = 2).

1Apì to jeÿrhma tou Lang gia thn GL(r), (M̄_ϕσ /pM̄_ϕσ )^τ ⊗_{Fp} L = M_ϕσ /pM_ϕσ . To sÔnolo gennhtìrwn {y_1, . . . , y_r } mporeÐ na epektajeÐ se mÐa F_p− bĹsh {y_1, . . . , y_n}, n = dim_{Fp} (M̄_ϕσ /pM̄_ϕσ )^τ . ’Estw m ∈ M_ϕσ /pM_ϕσ . Tìte, upĹrqei κ_i ∈ L̄ me m = ∑_n i=1 y_iκ_i. AllĹ ∀i = r + 1, . . . , n, m_i eÐnai ènac A−grammikìc sunduasmìc tou m_1, . . . , m_r . ’Ara, to m eÐnai ènac grammikìc sunduasmìc twn y_1, . . . , y_r upèr to B̄.

Apì ta parapĹnw den eÐnai akìma safèc ìti to u den exartĹtai apì thn epilogă tou ϕ. To epìmeno lămma xekajarÐzei to topÐo.

Lămma 4.3.5. To u tou lămmatoc 4.3.2 den exartĹtai apì thn epilogă tou ϕ.

Apìdeixh. ’Estw (ϕ, flag) èna L−rhtì shmeÐo tou Y^r_0 (T ) × L pou antistoiqeÐ se èna K−rhtì shmeÐo tou Y. To ϕ pĹnw apì to sÿma L^′ = L(a_i) grĹfetai wc

ϕ_T = (a_1τ + T )(a_2τ + 1) · · · (a_rτ + 1).

H orÐzousa thc isogèneiac λ: ϕ −→ ϕ^σ pou epĹgetai sta M_ϕ, M_ϕσ upologÐsthke sto prohgoÔmeno lămma kai eÐnai Ðsh proc −uT^s. Akìma, eÐnai fanerì ìti to u ∈ F_q eÐnai mÐa rhtă sunĹrthsh twn a_1, a_2, . . . , a_r. AllĹzontac to ϕ, pijanìn na allĹxoume kai u -wstìso ta pijanĹ u_1, . . . , u_m orÐzoun mÐa finite stratification sto Y. ’Estw Y_i to subscheme to orizìmeno apì to u_i; tìte afoÔ kĹje Y_i eÐnai kleistì (diìti kajorÐzetai apì mÐa algebrikă sqèsh) kai h ènwsă touc sqhmatÐzei èna apolÔtwc anĹgwgo scheme upèr to K (to Y ), ja èqoume kat’ anĹgkh ìti kĹpoio Y_i ja eÐnai to Y . ’Etsi, m = 1 kai to u eÐnai monadikì.

To jeÿrhma anagwgisimìthtac tou Hilbert

’Estw F sÿma, T_1, . . . , T_r, X_1, . . . , X_n uperbatikèc, algebrikĹ anexĹrthtec metablhtèc upèr to F. ’Estw f_1(X, T ), . . . , f_m(X, T ) poluÿnuma wc proc X_1, . . . , X_n me suntetagmènec sto F (T ). Upojètoume akìma ìti eÐnai anĹgwga sto daktÔlio F (T )[X].

Sumbolismìc 5. ’Estw g ∈ K[T ] èna mh mhdenikì poluÿnumo. SumbolÐzoume me H_F (f_1, . . . , f_m; g) to sÔnolo twn r−Ĺdwn a = (a_1, . . . , a_r) ∈ K^r me g(a) ≠ 0 kai f_1(a, X), . . . , f_m(a, X) orÐzontai kai eÐnai anĹgwga sto F [X]. Ta sÔnola autĹ onomĹzontai sÔnola tou Hilbert.

ShmeÐwsh 9. Ta H_L eÐnai puknĹ uposÔnola tou K^r wc proc kĹje p−adikă topologÐa tou K.

To sÿma F onomĹzetai sÿma tou Hilbert an ìla ta Hilbert uposÔnolĹ tou eÐnai mh kenĹ. Ta global sÿmata eÐnai gnwstì ìti eÐnai sÿmata tou Hilbert (dec jeÿrhma B, sth selÐda 218 tou [25]).

’Estw X −→ k morfismìc me X anĹgwgo scheme diĹstashc m pĹnw apì to global sÿma k. To jeÿrhma anagwgisimìthtac tou Hilbert mac exasfalÐzei ìti Ĺpeirec Ðnec tou morfismoÔ X −→ k paramènoun anĹgwgec.

Efarmìzoume to jeÿrhma anagwgisimìthtac tou Hilbert sthn akìloujh perÐptwsh: ’Estw Y^r(p)×Y^r(T ) −→ Y h kĹluyh pou perigrĹfetai stic paragrĹfouc 4 & 5. Ta Y^r(p) kai Y eÐnai afinikĹ, anĹgwga kai peperasmènou tÔpou (finite type) pĹnw apì to K. ’Estw K(Y^r(p)) kai K(Y ) ta sÿmata sunartăsewn touc. ’Eqoume dei ìti K(Y ) = K(X_1, . . . , X_{r−1}). ’Estw H to sÔnolo twn (r − 1)−Ĺdwn (a_1, . . . , a_{i−1}) ∈ K^{r−1} pou antistoiqoÔn se shmeÐa tou Hilbert thc epèktashc K(Y_0(T ) × Y (p))/K(Y ). AfoÔ to Y eÐnai èna rhtì scheme, to Y (K) eÐnai puknì uposÔnolo tou K^{r−1}.

Ja deÐxoume ìti to H ∩ Y (K) eÐnai èna Ĺpeiro uposÔnolo tou K^{r−1}. ’Estw ìti to H ∩ Y (K) eÐnai peperasmèno. ’Estw Z to sumplărwma tou Y (K) sto A^{r−1}_K (K) = K^{r−1}. To Z eÐnai kleistì uposÔnolo diĹstashc ≤ r − 2. To sÔnolo Y (K) èinai uposÔnolo tou sunìlou twn shmèiwn twn (r − 1)-Ĺdwn (a_1, a_2, . . . , a_{r−1}) me a_i ≠ 0, ∀i. MporoÔme na grĹyoume to H = H^′ ∪ H_1 ∪ · · · ∪ H_{r−1} me H^′ = H ∩ Y (K) kai H_i to uposÔnolo me a_i = 0. An to H^′ to upojèsoume peperasmèno, tìte, epeidă dim H_i ≤ r − 2, ∀i, ja èqoume dim H ≤ r − 2 -Ĺtopo afoÔ to H eÐnai puknì. ’Eqoume epomènwc deÐxei to epìmeno

Lămma 4.3.6. To sÔnolo Y (K) eÐnai Ĺpeiro. MĹlista, Ĺpeira shmeÐa tou den diakladÐzontai kai den analÔontai sto kĹlumma Y_0(T ) × Y (p) −→ Y.

Lămma 4.3.7. Gia kĹje d ≥ 1, upĹrqei anĹgwgo poluÿnumo p bajmoÔ d tètoio ÿste to sÔmbolo (_T p ) na isoÔtai proc to dosmèno ε ∈ {±1}.

Apìdeixh. Efarmìzontac ton nìmo tetragwnikăc antistrofăc sta sÿmata sunartăsewn, arkeÐ na deÐxoume ìti to

(_p T ) paÐrnei th dojeÐsa timă ε. AllĹ to tetragwnikì sÔmbolo eÐnai ε an kai mìno an o stajerìc ìroc tou p isoÔtai proc ε sto F^∗_q /F^{∗ 2}_q . ’Ara, arkeÐ na brejeÐ èna anĹgwgo poluÿnumo p bajmoÔ d upèr to K pou

o stajerìc tou ìroc -èstw ξ- na eÐnai (_ξ p ) = ε. AllĹ autì den eÐnai parĹ to jeÿrhma twn Hansen-Mullen (dec [17, sel. 642]).

4.3.1 To kurÐwc jeÿrhma

Jeÿrhma 4.3.1. ’Estw r Ĺrtioc fusikìc, q = p^d me gcd(r, q − 1) = 2. H aplă omĹda PSL(r, p^d) eÐnai ulopoiăsimh wc omĹda tou Galois upèr to K.

Apìdeixh. Dialègoume èna prÿto poluÿnumo p ÿste sÔmbolo − (_{−uT} p ) = 1 sÔmfwna me to 4.3.7. SÔmfwna me to pìrisma 4.3.6 upĹrqoun Ĺpeira K-rhtĹ shmeÐa tou Y pou antistoiqoÔn se mh diakladizìmena L-rhtĹ shmeÐa tou Y^r_0 (T ) × L ta opoÐa den analÔontai allĹ kai den diakladÐzontai sthn Y^r_0 (T ) × Y^r(p). ’Estw y èna apì autĹ. ’Estw x to (monadikì) shmeÐo ∈ Y_0(T ) × L pou brÐsketai pĹnw apì to y. Se autì antistoiqeÐ èna L−rhtì zeÔgoc (ϕ, {C_1 ≤ · · · ≤ C_s ≤ C_{s+1} ≤ · · · C_r}) tou Y^r_0 (T ) × L. Sto zeÔgoc autì antistoiqeÐ mÐa duĹda (ϕ, flag), ìpou ϕ eÐnai èna Drinfleld module orismèno pĹnw apì to L kai flag eÐnai mÐa full flag Gal(K^{sep}/L) analloÐwtwn upoomĹdwn thc ϕ[T ]. Akìma, afoÔ h omĹda anĹlushc G_Z (x/y) eÐnai h ⟨σw⟩, ta ϕ kai ϕ^σ eÐnai isogenă: upĹrqei dhladă isogèneia λ : ϕ −→ ϕ^σ . EÐnai eÔkolo na deÐxei kaneÐc ìti h isogèneia λ ikanopoieÐ tic upojèseic 1-4 thc selÐdac 36. PrĹgmati, grĹfoume ϕ_T = ab me a, b ∈ L{τ}. Tìte, C_s = ker b. AfoÔ to (ϕ, flag) eÐnai èna shmeÐo tou Y^r_0 (T ) × L ja eÐnai ker λ = ker b = C_s ≤ L kai ker b ≤ ker ab = ϕ[T ]. Gia thn upìjesh 4: Ja deÐxoume ìti ker a = ker b^σ. PrĹgmati, afoÔ (ϕ, flag) −→ (ϕ^σ , flag^σ) = (ϕ^w , flag^w) ja eÐnai ker b^σ = ker a. Akìma epeidă deg_τ a = deg_τ b^σ ja upĹrqei u ∈ L ≠ 0 tètoio ÿste ua = b^σ . ’Estw tÿra x ∈ ϕ[T ]. Tìte 0 = ϕ_T (x) = ab(x) kai ètsi 0 = uab(x) = b^σ b(x) = λ^σ λ(x), dhladă x ∈ ker λ^σ .

’Estw L_ϕ to sÿma diĹspashc tou poluwnÔmou pou antistoiqeÐ sto ϕ_p pĹnw apì to L. Tìte, apì upìjesh, h epèktash L_ϕ/L eÐnai Galois. Ja deÐxoume sthn sunèqeia ìti kai h epèktash L_ϕ/K eÐnai Galois. PrĹgmati, afoÔ gcd(T, p) = 1 oi morfismoÐ

λ : ϕ[p] −→ ϕ^σ [p] kai λ̂ : ϕ^σ [p] −→ ϕ[p]

eÐnai isomorfismoÐ. ’Estw a èna (opoiodăpote) p-torsion shmeÐo tou ϕ. To shmeÐo λ(a) eÐnai èna p-torsion shmeÐo tou ϕ^σ kai ènac poluwnumikìc sunduasmìc tou a upèr to L. Autì apodeiknÔei ìti to L_ϕσ ⊂ L_ϕ. Qrhsimopoiÿntac thn λ̂ antÐ thc λ blèpoume ìti L_ϕ ⊂ L_ϕσ_. ’Ara, L_ϕ = L_ϕσ kai L_ϕ/K eÐnai Galois.

’Estw Ĝ h omĹda Galois tou L_ϕ/K. JewroÔme ton omomorfismì

ρ_K : G_K −→ Proj ϕ[p].

’Eqoume dei (dec to lămma 4.3.4) ìti ∀g ∈ G_K h orÐzousa det g modulo tetrĹgwno isoÔtai proc − (_{−uT} p ) = 1.

’Etsi h orÐzousa det g eÐnai tetrĹgwno sto daktÔlio A/p kai sunepÿc mÐa r-dÔnamh -afoÔ gcd(r, q − 1) = 2. ’Ara, o parapĹnw morfismìc, epĹgei ènan epimorfismì α : G_K −→ PSL(r, q). ’Estw U o purănac tou α; h L^U_ϕ /K eÐnai epèktash tou Galois me omĹda Galois isìmorfh proc thn PSL(r, q).

8

Mèroc II

Modular automorfismoÐ

c

KefĹlaio Pèmpto

Modular automorfismoÐ

5.1 DrĹsh omĹdwn sto Ω

’Estw q dÔnamh prÿtou, A = F_q[T ] o poluwnumikìc daktÔlioc mÐa metablhtăc T kai K = F_q(T ) to antÐstoiqo sÿma phlÐkwn. OrÐzoume sto K thn ektÐmhsh |f(T )/g(T )| = q^{deg f (T )−deg g(T )}. H plărwsh tou K wc proc thn ektÐmhsh aută eÐnai to sÿma K_∞ = F_q ((1/T )). ’Estw C h plărwsh thc algebrikăc kleistìthtac tou K_∞ kai Ω = P^1_C \ P^1_{K∞} to Drinfeld Ĺnw hmiepÐpedo. To Ω dèqetai th domă enìc rigid analutikoÔ qÿrou upèr to C (dec [7]). H omĹda GL(2, K_∞) dra sto Ω me th morfă grammikÿn metasqhmatismÿn: an g = (_{a b} c d ) ∈ GL(2, K_∞) kai z ∈ Ω, tìte g · z = az + b cz + d . MÐa arijmhtikă upoomĹda Γ thc GL(2, A) me odhgì n, eÐnai mÐa congruence upoomĹda thc GL(2, A), dhl., mÐa upoomĹda thc GL(2, A), h opoÐa perièqei ton purăna tou omomorfismoÔ

GL(2, A) −→ GL(2, A/n)

gia kĹpoio poluÿnumo n tou A.

ParadeÐgmata tètoiwn upoomĹdwn (pou ja sunantăsoume parakĹtw) eÐnai:

Γ_0(n) = { g ∈ GL(2, A) ; g = (_{a b} c d ) , c ≡ 0 mod n }

Γ_1(n) = { g ∈ GL(2, A) ; g = (_{a b} c d ) , c ≡ 0 mod n kai a ≡ 1 mod n } kai Γ^′_1(n) = { g ∈ GL(2, A) ; g = (_{a b} c d ) , c ≡ 0 mod n kai a ≡ d ≡ 1 mod n } . Gia kĹje arijmhtikă upoomĹda Γ thc GL(2, A), to phlÐko Y (Γ) := Γ\Ω dèqetai th domă rigid analutikoÔ qÿrou (dec [8, pìrisma 3.2.7,sel. 49]). ParistĹnoume me X(Γ) thn kanonikă (leÐa) sumpagopoÐhsh tou Y (Γ) (dec [8, prìtash 3.2.17,sel. 55]). Mèsw thc GAGA, h X(Γ) antistoiqeÐ se mÐa probolikă, leÐa kai anĹgwgh kampÔlh C(Γ). SumbolÐzoume me N_{PGL(2,K∞)}(Γ) ton kanonikopoihtă thc Γ sthn PGL(2, K_∞). H omĹda

M(Γ) := ( N_{PGL(2,K∞)}(Γ) · K^∗_∞ ) /Γ · K^∗_∞ mporeÐ na eidwjeÐ wc upoomĹda thc omĹdac automorfismÿn thc C(Γ) kai onomĹzetai h {omĹda twn modular automorfismÿn} thc X(Γ).

Sthn klasikă perÐptwsh dhl., sthn perÐptwsh twn elleiptikÿn kampÔlwn, èqei gÐnei polÔ douleiĹ se ìti aforĹ sto prìblhma upologismoÔ tou kanonikopoihtă, congruence upoomĹdwn thc SL(2, Z). Gia parĹdeigma, sta Ĺrjra [3] kai [24], upologÐzontai oi kanonikopoihtèc twn klasikÿn Γ_0(N) kai Γ_1(N) sthn PSL(2, R) antistoÐqwc. Sthn perÐptwsh twn Drinfeld modules, sthn ergasÐa tou A. Schweizer (dec [29]), upologÐzetai leptomerÿc h omĹda twn modular automorfismÿn thc Drinfeld modular kampÔlhc X(Γ_0(n)).

Apì edÿ kai sto exăc, h kampÔlh X(Γ_1(n)), ja dhlÿnetai gia suntomÐa wc X_1(n).

5.1.1 Idiìthtec thc kampÔlhc X_1(n)

To gènoc

Sto Ĺrjro tou E. Gekeker [10], metaxÔ Ĺllwn, upologÐzetai kai to gènoc thc kampÔlh X_1(n)_C to opoÐo dÐnetai apì th sqèsh

g(X_1(n)_C) = 1 + φ(n) (q^2 − 1)(q − 1) ( ε(n) − (q + 1) ( q − 2 + n∏ i=1 ( d_i + 1 − d_i − 1 q^{deg pi} )))

ìpou n = n∏ i=1 p^{di}_i , φ(n) = q^{deg(n)} n∏ i=1 (1 − q^{− deg(pi)}) kai ε(n) = q^{deg n} n∏ i=1 (1 + q^{− deg pi} )

EÔkola blèpei kaneÐc, ìti g(X_1(n)_C) = 0, dhl., X_1(n)_C ∼ P^1_C, an deg(n) ≤ 2.

To sÿma orismoÔ

H kampÔlh X_1(n)_C orÐzetai upèr to K (dec [10]), dhladă upĹrqei mÐa gewmetrikĹ sunektikă kampÔlh, thn opoÐa ja sumbolÐzoume epÐshc me X_1(n), tètoia ÿste X_1(n) ×_K C = X_1(n)_C.

Sÿmata merìmorfwn sunartăsewn kai epektĹseic tou Galois

’Estw K(n) to sÿma pou gennĹtai, upèr to sÿma K apì to ta n-tortion shmeÐa tou Carlitz module. Me K_+(n) ja sumbolÐzoume to mègisto upìswma tou K(n), sto opoÐo h jèsh ∞ adraneÐ. Sta [9] kai [10] èqei deiqjeÐ ìti ta K_+(n) kai K eÐnai ta sÿmata orismoÔ twn kampÔlwn X(n)_C kai X_1(n)_C, antistoÐqwc. ’Estw F (n) to algebrikì sÿma sunartăsewn thc X(n) kai F_1(n) to algebrikì sÿma sunartăsewn thc X_1(n). ’Estw B(n) := {(_{a b} 0 d ) ∈ GL(2, A/n)/F_q^∗ : a, d ∈ F_q^∗ } kai j h analloÐwtoc taxinìmhshc twn Drinfeld modules:

j : GL(2, A)\Ω^∼−→ C (dec [8, §3 kai pìrisma 3.3.10 sel 63]). To parakĹtw diĹgramma deÐqnei tic sqèseic egkleismoÔ twn parapĹnw swmĹtwn, kajÿc kai tic omĹdec Galois pou emfanÐzontai (dec [30, §1.3]):

GL(2,A/n)/F_q^∗

F (n)

B(n)

K_+(n) ⊗ F_1(n) � � � � � � � K_+(n)(j)

(A/n)^∗/F_q^∗

F_1(n)

K(j)

� � � � � � � �

5.1.2 Eisagwgă

’Opwc ja faneÐ apì ta parakĹtw, gia na upologÐsoume ton kanonikopoihtă thc Γ̄_1(n) sthn PGL(2, K_∞), arkeÐ na upologÐsoume ton kanonikopoihtă thc K^∗_∞ · Γ_1(n) sthn GL(2, K_∞) (dec lămma 5.2.1, mèroc 3). Sto lămma 5.2.3 apodukneÐetai ìti o kanonikopoihtăc thc omĹdac K^∗_∞ · Γ_1(n) sthn GL(2, K_∞) eÐnai h omĹda K^∗_∞·N_{GL(2,K)}(K^∗·Γ_1(n)) enÿ sto pìrisma 5.2.1 deÐqnetai ìti N_{GL(2,K)}(K^∗·Γ_1(n)) = K^∗·N_{GL(2,K)}(F_q^∗ ·Γ_1(n)).

5.2 O kanonikopoihtăc thc K^∗_∞ · Γ_1(n) sthn GL(2, K_∞)

Sthn parĹgrafo aută upologÐzoume ton kanonikopoihtă thc K^∗_∞ · Γ_1(n) sthn GL(2, K_∞). ’Opwc ja faneÐ sta parakĹtw, o upologismìc autìc eÐnai ousiastikìc kai epiplèon aplopoieÐ to prìblhma (dec lămma 5.2.2, mèroc 2).

Sumbolismìc 6. ’Estw B daktÔlioc me A ⊂ B kai Δ mÐa upoomĹda thc GL(2, B). Gia aplìthta sto sumbolismì ja grĹfoume N_B (Δ) antÐ gia N_{GL(2,B)}(Δ). To kèntro thc GL(2, B) ja dhlÿnetai wc ⟨B^∗⟩.

JumÐzoume ìti to F_q eÐnai to sÿma twn stajerÿn tou plărouc sÿmatoc K_∞ = F_q ((1/T )) kai h omĹda F_q^∗ eÐnai h omĹda twn sntistrèyimwn stoiqeÐwn tou daktulÐou A = F_q [T ]. ’Etsi èqoume to akìloujo lămma:

Lămma 5.2.1. Gia kĹje sÿma L me K ⊂ L ⊂ K_∞ isqÔoun ta akìlouja:

1. An g ∈ N_L(L^∗ · Γ_1(n)) tìte g^{−1}Γ_1(n)g ⊂ F_q^∗ · Γ_1(n).

2. An g ∈ N_L(L^∗ · Γ^′_1(n)) tìte g^{−1}Γ_1(n)g ⊂ ⟨−1⟩ · Γ^′_1(n).

3. N_L(L^∗ · Γ_1(n))/L^∗ · Γ_1(n) ∼= N_{PGL(2,L)}(Γ̄_1(n))/Γ̄_1(n), ìpou Γ̄_1(n) eÐnai h probolă thc Γ_1(n) sthn PGL(2, L).

Apìdeixh. 1. ’Estw γ ∈ Γ_1(n) kai g ∈ N_L(L^∗ · Γ_1(n)). Tìte, upĹrqoun κ ∈ L^∗ kai γ^′ ∈ Γ_1(n) me g^{−1}γg = κ · γ^′. Opìte (paÐrnontac orÐzousec) κ^2 = det γ^′(det γ)^{−1} dhladă, to κ eÐnai algebrikì upèr to F_q kai Ĺra anăkei sto F_q^∗ ∩ L.

2. ’Estw γ ∈ Γ^′_1(n) kai g ∈ N_L(L^∗ · Γ^′_1(n)). Tìte, upĹrqoun κ ∈ L^∗ kai γ^′ ∈ Γ^′_1(n) me g^{−1}γg = κ · γ^′. Opìte κ^2 = det γ^′(det γ)^{−1} = 1 dhladă, to κ = ±1.

3. ArkeÐ na parathrăsoume ìti h omĹda N_L(L^∗ · Γ_1(n)) (ant. h omĹda L^∗ · Γ_1(n)) eÐnai h antÐstrofh eikìna thc N_{PGL(2,L)}(Γ̄_1(n)) (ant. thc Γ̄_1(n)) mèsw tou epimorfismoÔ GL(2, L) −→ PGL(2, L).

Lămma 5.2.2. IsqÔoun ta akìlouja:

1. N_K (Γ^′_1(n)) = N_K (K^∗ · Γ^′_1(n))

2. N_K (K^∗ · Γ_1(n)) ⊂ N_K (Γ^′_1(n))

Apìdeixh. 1. EÐnai profanèc ìti N_K (Γ^′_1(n)) ⊂ N_K (K^∗ · Γ^′_1(n)). Antistrìfwc, èstw g ∈ N_K (K^∗ · Γ_1(n)).

MporoÔme, qwrÐc blĹbh thc genikìthtac, na upojèsoume ìti ìla ta stoiqeÐa tou g anăkoun ston A kai mĹlista, to ideÿdec pou parĹgoun na eÐnai to A.

’Estw γ ∈ Γ^′_1(n). Tìte upĹrqoun γ^′ ∈ Γ^′_1(n) kai κ ∈ {±1} (dec lămma 5.2.1) ÿste γg = κ·gγ^′. GrĹfoume γ = (^{x y}_{z w} ) , g = (_{a b} c d ) kai γ^′ = (^{k l}_{m n} ) . JewroÔme thn èkfrash γg = κ · gγ^′ modulo n :

(_{1 y} 0 1 ) (_{a b} c d ) = κ · (_{a b} c d ) (^{1 l}_{0 1} ) . An h qarakthristikă p = 2, tìte den èqoume tÐpota na deÐxoume. Upojètoume loipìn ìti p ≥ 3. An κ = 1 tìte pĹli prokÔptei Ĺmesa ìti g ∈ N_K (Γ^′_1(n)). An κ = −1, èqoume a + cy = −a, b + dy = −b − al, c = −c, d = −d − cl mod n (5.1) oi opoÐec odhgoÔn se Ĺtopo,^1 afoÔ eÔkola blèpei kaneÐc ìti tìte, to n diaireÐ ìla ta stoiqeÐa tou g. ’Etsi, κ = 1 kai g^{−1}γg = γ^′ ∈ Γ^′_1(n).

2. ’Estw g = (_{a b} c d ) ∈ N_K (K^∗ · Γ_1(n)). Gia to g upojètoume ìti kai parapĹnw, dhladă ìti g ∈ Mat(2, A) ⟨a, b, c, d⟩ = A. Ja deÐxoume ìti to g ∈ N_K (K^∗, Γ^′_1(n)). ’Estw γ = (^{x y}_{z w} ) ∈ Γ^′_1(n). UpĹrqoun γ^′ = (^{k l}_{m n} ) ∈ Γ_1(n) kai κ ∈ F_q^∗ (dec lămma 5.2.1) ÿste γg = κ · gγ^′. ’Etsi prokÔptoun oi parakĹtw sqèseic modulo n : a + cy = κa, b + dy = κ(al + bn), c = κc, d = κ(cl + dn) (5.2) To zhtoÔmeno eÐnai na deiqjeÐ ìti n ≡ 1 mod n. Upojètoume, gia na katalăxoume se Ĺtopo, ìti n ≢ 1 mod n. Tìte to n − 1 eÐnai monĹda ston A/n. ’Omwc 1 = det(g^{−1}γg) = κ^2 det γ^′ ∈ A kai det γ^′ ≡ n mod n. ’Etsi κ ≠ 1 kai epomènwc to κ − 1 eÐnai monĹda ston daktÔlio A/n. ’Omwc tìte oi sqèseic thc exÐswshc (5.2) odhgoÔn se Ĺtopo.^2 Sunepÿc n ≡ 1 mod n.

1XekÐna apì to c 2XekÐna apì to c

Apì to prohgoÔmena lămmata, blèpoume ìti gia na meletăsoume ton kanonikopoihtă thc Γ̄_1(n) sthn PGL(2, L) arkeÐ na meletăsoume ton kanonikopoihtă thc L^∗ · Γ_1(n) sthn GL(2, L). Gia opoiadăpote arijmhtikă omĹda Γ me odhgì n, to epìmeno lămma sundèei ton kanonikopoihtă thc K^∗ · Γ sthn GL(2, K) me ton kanonikopoihtă thc L^∗ · Γ sthn GL(2, L); apoteleÐ de, mÐa asjenă genÐkeush tou lămmatoc [29, jeÿrhma 1, a)], gia ìlec tic arijmhtikèc omĹdec tou tÔpou autoÔ.

Lămma 5.2.3. ’Estw L/K epèktash swmĹtwn me L ⊂ K_∞ kai Γ arijmhtikă omĹda me odhgì n. Tìte,

N_L(L^∗ · Γ) = L^∗ · N_K (K^∗ · Γ).

Apìdeixh. Profanÿc L^∗ · N_K (K^∗ · Γ) ⊂ N_L(L^∗ · Γ). Antistrìfwc, èstw g := (_{a b} c d ) pÐnakac N_L(L^∗ · Γ).

ParathroÔme arqikĹ ìti oi pÐnakec x := (^{1 n}_{0 1} ) kai y := (^{1 0}_{n 1} ) anăkoun se kĹje arijmhtikă omĹda me odhgì n. AfoÔ ta g^{−1}xg kai g^{−1}yg prèpei na anăkoun sth F_q^∗ · Γ (dec lămma 5.2.1), ta^{ndc}_{det g} ,^{nd2}_{det g} ,^{nc2}_{det g} kai ta nab det g , na^2 det g , nb^2 det g eÐnai stoiqeÐa tou A. EpÐshc (det g = ad − cb):

1.^{a2}_{det g} ·^{dc}_{det g} −^{ab}_{det g} ·^{c2}_{det g} =^{ac}_{det g} ∈ K

2.^{c2}_{det g} =^{ca}_{det g}^{cd}_{det g} −^{c2}_{det g}^{cb}_{det g} =⇒^{cb}_{det g} ∈ K kai 3.^{db(ad−bc)} det^2 g = db det g ∈ K An tÿra c ≠ 0, tìte o pÐnakac^c_{det g} · g ∈ N_K (K^∗ · Γ). An c = 0, tìte d ≠ 0 kai omoÐwc, o pÐnakac d det g · g ∈ NK (K ∗ · Γ). Pìrisma 5.2.1. N_{GL(2,K)}(K^∗ · Γ_1(n)) = K^∗ · N_{GL(2,A)}(F_q^∗ · Γ_1(n)).

5.2.1 O kanonikopoihtăc thc N_K (Γ^′_1(n))

Gia aplopoÐhsh twn prĹxewn (dec lămma 5.2.1), allĹ kai epeidă ja qreiasteÐ sta parakĹtw, arqikĹ upologÐzoume ton kanonikopoihtă N_K (Γ^′_1(n)) thc Γ^′_1(n) sthn GL(2, K).

Lămma 5.2.4. Ta stoiqeÐa g ∈ N_K (Γ^′_1(n)) mporoÔn na grafoÔn -katĹ prosèggish pollaplasiasmoÔ me pÐnaka k · Id_2, k ∈ K^∗- sth morfă g = (_{a b} c d ) ètsi ÿste ta a, b, c, d ∈ A kai ⟨a, b, c, d⟩ = A. H orÐzousa q tou g ă eÐnai monĹda tou A (kai Ĺra g ∈ N_A(Γ^′_1(n))) ă

1. q | a, d, gcd(q, b) = 1, gcd(a, n) = (d, n) = q kai n | c eÐte

2. ad = 0, a, d ∈ ⟨n⟩ = ⟨c⟩ kai b eÐnai monĹda tou A.

Antistrìfwc, ta stoiqeÐa k · (_{a b} c d ) me k ∈ K^∗ kai a, b, c, d ∈ A pou ikanopoioÔn tic parapĹnw sqèseic, eÐnai stoiqeÐa tou N_K (Γ^′_1(n)).

Apìdeixh. ’Estw g^′ ∈ N_K (Γ^′_1(n)). AfoÔ to sÿma phlÐkwn tou A eÐnai to K kai o A eÐnai perioqă kurÐwn idewdÿn, upĹrqei κ ∈ K ÿste o pÐnakac κ · g^′ =: (_{a b} c d ) ∈ N_K (Γ^′_1(n)) kai a, b, c, d ∈ A, ⟨a, b, c, d⟩ = A. ’Estw q h orÐzousa tou g := κ · g^′. An to q eÐnai monĹda tìte g ∈ N_A(Γ^′_1(n)). An to q den eÐnai monĹda tou A, tìte proqwrĹme wc exăc: Oi pÐnakec x = (^{1 1}_{0 1} ) , y = (^{1 n}_{0 1} ) , kai z = (^{1 0}_{n 1} ) , anăkoun sthn Γ^′_1(n). Epeidă g ∈ N_A(Γ^′_1(n)), èpetai ìti kai oi pÐnakec g^{−1}xg, g^{−1}yg, g^{−1}zg ∈ Γ^′_1(n). UpologÐzoume ta stoiqeÐa twn pinĹkwn autÿn kai lambĹnontac upìyin ton orismì thc omĹdac Γ^′_1(n) katalăgoume sto sumpèrasma ìti upĹrqoun upĹrqoun a_i, b_i ∈ A, i = 1, 2, 3 tètoia ÿste

(1) cd = nqa_1 (4) ab = qb_1 (2) d^2 = qa_2 (5) a^2 = qb_2 (3) c^2 = nqa_3 (6) nb^2 = qb_3

An b = 0 tìte sunduĹzontac tic (2), (3), (5) kai ton tÔpo thc orÐzousac, èqoume ìti d = aa_2, a_2b_2 = 1 kai c^2 = a^2a_2a_3n, Ĺtopo.^3 ’Etsi b ≠ 0. AnĹloga deÐqnoume (qrhsimopoiÿntac tic (2), (4), (5) kai ton tÔpo thc orÐzousac) ìti to c den mporeÐ epÐshc na eÐnai mhdèn.^4 ’Estw a = 0. Apì thn (3) (kai ton tÔpo thc orÐzousac) èqoume ìti −c = nba_3. PollaplasiĹzontac tic (3) kai (6) katĹ mèlh paÐrnoume a_3b_3 = 1. ’Etsi apì thn (3) èqoume d^2 = b^2a_2a_3n. ’Ara ⟨a, b, c, d⟩ ⊂ ⟨b⟩ Ĺtopo; ektìc eĹn to b eÐnai monĹda. EÔkola blèpei kaneÐc tìte, ìti to ⟨c⟩ = ⟨n⟩ = ⟨q⟩ kai (me qrăsh thc (1)) d ≡ 0 mod n.

Gia lìgouc summetrÐac, an tÿra upojèsoume ìti d = 0 tìte mporoÔme na deÐxoume ìti b ∈ F_q^∗, ⟨c⟩ = q = ⟨n⟩ kai a ≡ 0 mod n.^5

Sthn perÐptwsh katĹ thn opoÐa isqÔei ad = 0 èqoume apodeÐxei thn (2).

Apì edÿ kai sto exăc, upojètoume ìti ìla ta stoiqeÐa tou g eÐnai mh mhdenikĹ. Ja apodeÐxoume ta akìlouja:

(1) q | n. Apì tic (2), (3) kai (5) blèpoume ìti kĹje prÿtoc diairèthc tou q diaireÐ ta a, d kai c. Apì thn (6) blèpoume ìti to q diaireÐ to nb^2. An p eÐnai prÿtoc diairèthc tou q tìte den mporeÐ gcd(p, n) = 1, giatÐ tìte p | b kai dedomènou ìti diaireÐ ta a, c, d katalăgoume se Ĺtopo. ’Etsi gcd(q, b) = 1 kai q | n.

(2) n | c. PollaplasiĹzontac tic (2) kai (3) katĹ mèlh kai uyÿnontac thn (1) sto tetrĹgwno^6 blèpoume ìti nq^2a_2a_3 = n^2q^2a^2_1, dhl., a_2a_3 = na^2_1 kai n | a_2a_3. Ja deÐxoume ìti gcd(^n_q , a_2) = 1. An gcd(^n_q , a_2) ≠ 1, èstw p ènac prÿtoc diairèthc tou;

q^2 = (ad − bc)^2 = a^2d^2 + b^2c^2 − 2ab · cd = = q^2b_2a_2 + b^2nqa_3 − 2q^2nb_1a_1,

kai diairÿntac me q^2, paÐrnoume 1 = b_2a_2 + b^{2 n}_q a_3 − 2nb_1a_1. To p diaireÐ ta^n_q , n, a_2. ’Ara, apì thn parapĹnw exÐswsh, to p ja diaireÐ kai to 1, Ĺtopo. ’Etsi^n_q | a_3. Tìte, apì thn (3) blèpoume ìti to n^2 | c^2, dhl., n | c.

(3) q | a. Apì thn (4) blèpoume ìti q diaireÐ to ab kai apì to prohgoÔmeno mèroc gcd(b, q) = 1, ètsi to q diaireÐ kai to a.

(4) ⟨q,^n_q ⟩ = A. ’Estw q^′ to ginìmeno twn prÿtwn diairetÿn tou q. Apì thn (2) blèpoume ìti q^′ | d. ’Eqoume deÐxei ìti to q | a, n | c. UpĹrqoun katĹllhla α, γ, δ ∈ A ÿste a = qα, c = nγ kai d = q^′δ. Tìte, q = ad − bc = qq^′αδ − nbγ, ètsi 1 = q^′αδ −^n_q bγ. ’Ara, 1 = gcd(q^′,^n_q ) = gcd(q,^n_q ).

(5) q | d. Apì thn perÐptwsh (4) prokÔptei ìti o mègistoc koinìc diairèthc tou γ kai tou q eÐnai èna. Tÿra (apì thn (1)) afoÔ A ∋^{cd}_{nq} =^{γd}_q , blèpoume ìti^d_q ∈ A.

(6) ⟨a, n⟩ = ⟨d, n⟩ = ⟨q⟩. ’Eqoume ădh deÐxei ìti q | a, n, d. ’Estw θ o mègistoc koinìc diairèthc tou a kai tou n. To q diaireÐ to θ. AfoÔ to n diaireÐ to c kai to θ diaireÐ to n, ja prèpei to θ na diaireÐ to c. Apì thn sqèsh q = ad − bc blèpoume ìti to θ diaireÐ to q. OmoÐwc deÐqnoume ìti ⟨d, n⟩ = ⟨q⟩.

3Tìte a | a, c, d kai Ĺra to a eÐnai monĹda. AllĹ ⟨a⟩ = ⟨d⟩ kai Ĺra kai h orÐzousa q = ad eÐnai monĹda. 4a_2b_2 = 1, d = aa_2 , a = db_2 , b = aa_2 b_1, q = ad.

5(3) ⇒ c^2 = −nbc_3 = −nbca_3 ⇒ c = −nba_3. (4) ⇒ ab = −bcb_1 ⇒ a = −bb_1. ’Ara to b diaireÐ ta a, b, c, d Ĺtopo; ektìc kai an to b eÐnai monĹda. PollaplasiĹzontac tic (3), (6) katĹ mèlh èqoume a_3 b_3 = 1. ’Etsi ⟨c⟩ = ⟨n⟩ = ⟨q⟩. Akìma (4) ⇒ ab = −bcb_1 ⇒ a = −cb_1 ∈ ⟨n⟩. 6(2) · (3) ⇒ (cd)^2 = nq^2a_2a_3, (1) ⇒ (cd)^2 = n^2q^2a^2_1. ’Etsi nq^2a_2a_3 = n^2q^2a^2_1 ⇒ a_2a_3 = na^2_1.

48 Modular automorfismoÐ

Sthn perÐptwsh pou ìla ta stoiqeÐa tou g eÐnai diĹfora mhdenìc apodeÐxame ìti isqÔei h (1) tou lămmatoc. Antistrìfwc, an upojèsoume ìti isqÔei h (2), tìte o g ja èqei kat’ anĹgkh th morfă g = (^{0 w}_{n mn} ) ă (^{mn w}_{n 0} ) ìpou w eÐnai monĹda tou A; ètsi g ∈ N_K (Γ^′_1(n)).

PrĹgmati, an h eÐnai o tuqìn h :=

(_{1+nX Y}

nZ 1+nW ) ∈ Γ^′_1(n), me X, Y, Z, W ∈ A, tìte:

(^{0 w}_{n mn} )^{−1} h (^{0 w}_{n mn} ) = (_{1−Y mw−1n+W n ∗} Y w^{−1}n 1+Y mw^{−1}n+Xn ) ∈ Γ^′_1(n)

(^{mn w}_{n 0} )^{−1} h (^{mn w}_{n 0} ) = (_{1+W n+Zmn ∗} Y w^{−1}n−W mn^2 +Xmw^{−1}n^2 −Zm^2 w^{−1}n^2 1+Xn−Zmn ) ∈ Γ^′_1(n)

Tèloc, kleÐnontac, ja deÐxoume ìti oi pÐnakec thc morfăc g = (_{a b} c d ) me a, b, c, d, α, γ, δ, q ∈ A, abcd ≠ 0, q = det g, a = qα, c = nγ, d = qδ kai gcd(n, d) = gcd(n, a) = q, gcd(n, c) = n, kanonikopoioÔn thn Γ^′_1(n). Jètoume (^{a1 a2}_{a3 a2} ) := g^{−1}hg. ApodeiknÔetai h Ôparxh katĹllhlwn stajerÿn x, y, z ∈ A me

a_1 = ( d(1 + nx) q − bnz q )a + ( dy q − b(1 + nw) q )c = δa − bγ n q + n · x = 1 + n · x

a_2 = d(Y d + b(Xn + 1)) q − b(Zbn + d(W n + 1)) q a_3 = (− c(1 + nX) q + anZ q )a + (− cY q + a(1 + nW ) q )c = n · y

a_4 = (− c(1 + nX) q + anZ q )b + (− cY q + a(1 + nW ) q )d = −bγ n q + δa + n · z = 1 + n · z

Sumbolismìc 7. Apì dw kai sto exăc, ènac pÐnakac {tÔpou A} ja eÐnai kĹje pÐnakac thc morfăc (^{0 w}_{n mn} ) ă (^{mn w}_{n 0} ) me w ∈ F_q^∗, m ∈ A kai ènac pÐnakac {tÔpou B} ja eÐnai kĹje pÐnakac g = (_{a b} c d ) ìpou ta a, b, c, d ikanopoioÔn tic sqèseic tou prÿtou skèlouc tou lămmatoc 5.2.4. EpÐshc, kĹje forĹ pou anaferìmaste se èna pÐnaka g = (_{a b} c d ) ∈ N_K (Γ^′_1(n)) {tÔpou B}, ja jewroÔme thn Ôparxh -qwrÐc kamÐa epiplèon anaforĹ- twn antÐstoiqwn ellhnikÿn grammĹtwn α, γ, δ kai tou gotjikoÔ grĹmmatoc q = det g, ta opoÐa ja upojètoume ìti ikanopoioÔn tic sqèseic a = qα, c = nγ, d = qδ, kai gcd(q, b) = 1, gcd(a, n) = (d, n) = q.

5.2.2 H domă thc Γ_1(n)

Me W ja sumbolÐzoume thn upoomĹda thc Γ_1(n) h opoÐa apoteleÐtai apì touc pÐnakec thc morfăc (^{1 0}_{0 w} ) ìpou w eÐnai monĹda tou A = F_q [T ]; h W eÐnai kuklikă kai peperasmènh.

Lămma 5.2.5. Γ_1(n) = Γ^′_1(n) ⋊ W.

Apìdeixh. ParathroÔme ìti h parakĹtw akoloujÐa eÐnai split, afoÔ F_q^∗ ∼= W.

1 −→ Γ^′_1(n) −→ Γ_1(n)^{det}−→ F_q^∗ −→ 1.

ShmeÐwsh 10. H tĹxh thc pollaplasiastikăc omĹdac (A/nA)^∗, me n ∈ A eÐnai, wc gnwstìn Ðsh proc φ(n) = q^{deg(n)} ∏ p|n(1 − q^{− deg(p)}) (dec [30, §1.1]).

Lămma 5.2.6. ’Estw n ∈ A èna mh tetrimmèno poluÿnumo. Tìte, φ(n) = 1 an kai mìno an q = 2 kai to n eÐnai ginìmeno (prÿtwn) poluwnÔmwn bajmoÔ èna.

Apìdeixh. ’Estw n = ∏ p p^{dp} . Tìte, φ(n) = q^{deg(n)} ∏ p|n(1 − q^{− deg(p)}) = ∏ p|n(q^{deg(p)dp} − q^{deg(p)dp−deg(p)}). ’Ara, φ(n) = 1 an kai mìno an, ∀p, q^{deg(p)dp} − q^{deg(p)dp−deg(p)} = 1. ’Etsi, ∀p, d_p = 1, deg(p = 1) kai q = 2.

Wc sunèpeia tou lămmatoc 5.2.5 èqoume to parakĹtw

Pìrisma 5.2.2. An q = 2 tìte Γ_1(n) = Γ^′_1(n) kai an φ(n) = 1 tìte Γ_0(n) = Γ_1(n) = Γ^′_1(n).

Apìdeixh. ’Estw g = (^{k l}_{m n} ) ∈ Γ_1(n). Tìte det g = 1 kai k ≡ 1 mod n, m ≡ 0 mod n. Akìma, 1 = kn−lm ≡ n mod n, dhl., g ∈ Γ^′_1(n).

5.2.3 O kanonikopoihtăc thc F_q^∗ · Γ_1(n) sthn GL(2, A)

Lămma 5.2.7. O kanonikopoihtăc F_q^∗ · Γ_1(n) sthn GL(2, A) eÐnai h omĹda Γ_0(n).

Apìdeixh. EÐnai profanèc ìti h Γ_0(n) kanonikopoieÐ thn F_q^∗, Γ_1(n).^7 Antistrìfwc, èstw g = (_{a b} c d ) èna stoiqeÐo tou kanonikopoihtă thc F_q^∗ · Γ_1(n) sthn GL(2, A). ’Estw q h orÐzousa tou. ’Estw z := (^{1 1}_{0 1} ) ∈ Γ_1(n). AfoÔ g^{−1}zg = (_{1+cd/q d2/q} −c^2/q 1−cd/q ) ∈ F_q^∗ · Γ_1(n), ja prèpei to c^2 ≡ 0 mod n kai to 1 + cd/q na eÐnai monĹda modulo n. ’Estw loipìn w ∈ F_q^∗ tètoio ÿste w ≡ 1+cd/q mod n. ’Omwc q = ad−bc kai ètsi q^2 ≡ ad(ad−2bc) mod n, dhladă ta a, d eÐnai antistrèyima stoiqeÐa tou daktulÐou A/n. An w ≡ 1 mod n, tìte cd/q ≡ 0 mod n kai ètsi ja eÐnai c ≡ 0 mod n. An tÿra w ≢ 1 mod n, x tìte c + c^2d/q ≡ wc mod n kai ètsi (1 − w)c ≡ 0 mod n, dhladă kai se aută thn perÐptwsh c ≡ 0 mod n.

O kanonikopoihtăc thc Γ_1(n) sthn GL(2, K)

’Estw n ∈ A èna mh tetrimmèno poluÿnumo kai n = ∏_n i p^{di}_i h paragontopoÐhsă tou se ginìmeno anagÿgwn poluwnÔmwn. Gia kĹje i, jètoume q_i = p^{di}_i . An n ≥ 2 tìte gia kĹje i upĹrqoun mh mhdenikĹ a_i, b_i ∈ A me

q_ia_i − n q_i b_i = 1. (5.3)

Sthn perÐptwsh aută, gia kĹje i jètoume g_{qi} := (_{qiai bi} n q_i ) (5.4)

diaforetikĹ (q_1 = n) jètoume g_n := (^{0 1}_{n 0} ) (5.5)

Prìtash 5.2.1. O kanonikopoihtăc thc K^∗ · Γ_1(n) sthn GL(2, K) eÐnai

1. K^∗ · Γ_0(n) · ⟨(^{0 1}_{n 0} )⟩, an q ≥ 3.

2. K^∗ · Γ_0(n), (^{0 1}_{n 0} ) , an q ≥ 2 kai to n eÐnai dÔnamh prÿtou ă K^∗ · Γ_0(n), g_{q1} , . . . , g_{qn} an q = 2 kai φ(n) ≥ 2, ìpou ta g_{qi} eÐnai ìpwc parapĹnw. Akìma, gia ìla ta i, g_q2_i ∈ ⟨K^∗ · Γ_0(n)⟩ kai

K^∗ · ⟨·g_{q1} , . . . , g_{qn} ⟩ ∩ K^∗ · ⟨Γ_0(n)⟩ = K^∗ · ⟨g^2_{q1} , . . . , g^2_{qn} ⟩.

3. K^∗ · Γ_0(n) · ⟨(^{0 1}_{n 0} )⟩, an q = 2, φ(n) = 1 kai n = T, T + 1 ă ⟨K^∗ · Γ_0(n), (^{0 1}_{n 0} ) ,

(_{T 1}

T (T +1) T ) ⟩, an q = 2, φ(n) = 1 kai n = T (T + 1).

Apìdeixh. ’Estw g ∈ N_K (K^∗ ·Γ_1(n)). Tìte apì to lămma 5.2.2, g ∈ N_K (Γ^′_1(n)) kai ètsi, upĹrqei k ∈ K^∗ tètoio ÿste to g_0 := k · g na ikanopoieÐ tic upojèseic tou lămmatoc 5.2.4. An det g_0 ∈ A^∗ tìte g_0 ∈ N_A(F_q^∗ · Γ_1(n)) kai ètsi apì to lămma 5.2.7, g_0 ∈ Γ_0(n). An det g_0 ∉ A^∗ tìte g_0 = (^{0 w}_{n mn} ) , g_0 = (^{mn w}_{n 0} ) me w ∈ F_q^∗, m ∈ A ă g_0 = (_{qα b} nγ qδ ) me a = αq, b, c = γn, d = δq kai q ìpwc to lămma 5.2.4.

An to g_0 eÐnai {tÔpou A}, tìte to ginìmeno g_0 (^{0 1}_{n 0} ) ∈ K^∗ · Γ_0(n);^8 ètsi h upoomĹda pou genniètai apì to K^∗ thn Γ_0(n) kai touc {tÔpou A} pÐnakec eÐnai h K^∗ · Γ_0(n) -h opoÐa kanonikopoieÐ thn K^∗ · Γ_1(n), afoÔ o

7’Estw g = (_{a b} c d ) ∈ Γ_0(n) kai h = (^{x y}_{z w} ) Γ_1(n). Tìte, g^{−1}hg ≡ (_{1 b+dy−bw} a 0 w ) mod n.

8An g_0 =

(_{0 w}

n mn ) tìte g_0

(_{0 1} n 0 ) = (_{nw 0}

mn2 n ) = nw^{−1} ·

(_{1 0} wmn w ) ∈ K^∗ · Γ_1(n)

50 Modular automorfismoÐ

pÐnakac (^{0 1}_{n 0} ) thn kanonikopoieÐ^9 (dec epÐshc to lămma 5.2.7).

An to g_0 eÐnai {tÔpou B} me det g = n, tìte g (^{0 1}_{n 0} ) ∈ K^∗ · Γ_0(n).^{10}

(1) q ≥ 3. Ja deÐxoume ìti kanènac pÐnakac g_0 {tÔpou B} den anăkei ston kanonikopoihtă - ektìc kai an ⟨det g⟩ = ⟨n⟩ (dec parapĹnw). ’Estw g^′ :=

(_{1 0} 0 w^′ ) ∈ Γ_1(n) me w^′ monĹda tou A kai w^′ ≠ 1. Upojètoume ìti upĹrqei g_0 = (_{a b} c d ) {tÔpou B} me det g_0 = q, ⟨n⟩ ≠ ⟨q⟩ kai g^{−1}_0 g^′g_0 ∈ K^∗ · Γ_1(n). Tìte, kat’ anĹgkh

g^{−1}_0 g^′g_0 ∈ F_q · Γ_1(n) (dec lămma 5.2.1). KĹnontac prĹxeic, paÐrnoume g^{−1}_0 g^′g_0 = (_{1+b cq (1−w′) ∗} ac(w′ −1) q 1−^{ad}_q (1−w^′) ) . Ja prèpei epomènwc, h parĹstash 1−^{ad}_q (1−w^′) ∈ F_q^∗ mod n. ’Estw u ∈ F_q^∗ ÿste 1−^{ad}_q (1−w^′) ≡ u mod n. Tìte 1 − u ≡^a_q d(1 − w^′) mod n. An u ≠ 1, to 1 − u eÐnai monĹda ston A/n kai ètsi eÐnai kai to d; Ĺtopo, afoÔ gcd(d, n) = q. An to u = 1 tìte kat’ anĹgkh 1 + b^c_q (1 − w^′) ≡ w^′ mod n kai Ĺra b^c_q (1 − w^′) ≡ −(1 − w^′) mod n. AfoÔ gcd(b, n) = 1 kai w^′ ≠ 1 ja eÐnai to klĹsma^c_q eÐnai antistrèyimo ston A/n; Ĺtopo giatÐ tìte q = n (gcd(c, n) = n). ’Etsi, sÔmfwna me ta lămmata 5.2.4 kai 5.2.7, N_K (K^∗ · Γ_1(n)) = K^∗ · Γ_0(n) · ⟨(^{0 1}_{n 0} )⟩.

Sta parakĹtw upojètoume ìti q = 2. SÔmfwna me to pìrisma 5.2.2, Γ_1(n) = Γ^′_1(n). ’Estw g_0, g^′_0 dÔo pÐnakec {tÔpou B}. An ⟨det g_0⟩ = ⟨det g^′_0⟩ = ⟨q⟩ tìte eÐnai eÔkolo na dei kaneÐc ìti^1_q g_0g^′_0 ∈ Γ_0(n).^{11} An ⟨det g_0⟩ ≠ ⟨det g^′_0⟩ tìte arkeÐ na jewrăsoume mìno thn perÐptwsh pou gcd(det g_0, det g^′_0) = 1 diìti tìte o pÐnakac g_0g^′_0 eÐnai epÐshc {tÔpou B}. ’Etsi

N_K (K^∗ · Γ_1(n)) = K^∗ · Γ_0(n) · ⟨g_{q1} , . . . , g_{qn} ⟩ an n ≥ 2 N_K (K^∗ · Γ_1(n)) = K^∗ · Γ_0(n) an n = 1.

SuneqÐzontac jètoume G := K^∗ · ⟨g_{q1} , . . . , g_{qi} ⟩. EÐnai profanèc ìti gia kĹje i ≠ j, g^2_{qi} ∈ q_i · Γ_0(n) kai g_{qi} g_{qj} g^{−1}_{qi} g^{−1}_{qj} ∈ Γ_0(n).^{12} ’Etsi G ∩ (K^∗ · Γ_0(n)) = K^∗ · ⟨q^2_1, . . . , g^2_{qn} ⟩.

’Etsi èqei deiqjeÐ h (2).

(3) q = 2 kai φ(n) = 1. Ta monadikĹ poluÿnuma n ∈ F_q[T ] gia ta opoÐa isqÔei φ(n) = 1 eÐnai ta T, T + 1 kai T (T + 1). DiakrÐnoume tic periptÿseic:

(1) H perÐptwsh n = T. Jètoume g_T :=

(_{T T +1} T T ) kai g_0 := (^{0 1}_{T 0} ) . Tìte g_T g_0 = T ·

(_{T +1 1} T 1 ) . ’Ara

N_K (K^∗ · Γ_1(n)) = K^∗ · Γ_0(n) · ⟨g_0⟩.

(2) H perÐptwsh n = T + 1. Jètoume g_{T +1} :=

(_{T +1 T}

T +1 T +1 ) kai g_0 :=

(_{0 1}

T +1 0 ) . Tìte g_T g_0 = (T + 1) · g^′, ìpou g^′ =

(_{T 1}

T +1 1 ) ∈ Γ_0(n) kai ètsi

N_K (K^∗ · Γ_1(n)) = K^∗ · Γ_0(n) · ⟨g_0⟩.

(3) H perÐptwsh n = T (T + 1). Jètoume g_T :=

(_{T 1}

T (T +1) T ) , g_{T +1} =

(_{T +1 1}

T (T +1) T +1 ) kai g_n = (^{0 1}_{n 0} ) . Tìte g_T g_{T +1} = g_n. Akìma

N_K (K^∗ · Γ_1(n)) = K^∗ · Γ_0(n) · ⟨g_0⟩.

9g = (_{a b} c d ) ∈ Γ_1(n). Tìte a ≡ 1 mod n, c ≡ 0 mod n, d ∈ F_q^∗ mod n kai

(_{0 1} n 0 )_{−1} g (_{0 1} n 0 ) = (_{d cn} bn a ) ∈ K^∗ · Γ_1(n).

10g = (_{αn b} γn δn ) ⇒ g (_{0 1} n 0 ) = (_{bn αn} δn2 γn ) = n · (_{b α} δn γ ) ∈ K^∗ · Γ_0(n)

11An g_0 = (_{αq b} γn δq ) kai g^′_0 = (_{xq y} zn wq ) tìte^1_q g_0g^′_0 = (_{αqx+bz nq bw+αy} γqx nq +δqz nq δqw+γy nq )

12An g_{qi} = (_{aiqi bi} n qi ) tìte^1_{qi} · g^2_{qi} = (_{bi nq} i +a2i qi bi +aibi n(1+a) bi nq i +qi ) . Akìma, q_i · g^{−1}_{qi} = (_{qi −bi} −n aiqi ) , dhladă eÐnai ènac pÐnakac {tÔpou

B}. An tÿra g_{qj} = (_{aj qj bj} n qj ) me i ≠ j, tìte o pÐnakac^1_{qiqj} g_{qi} g_{qj} (q_i · g^{−1}_{qi} )(q_j · g^{−1}_{qj} ) eÐnai ginìmeno dÔo pinĹkwn {tÔpou B} me Ðsec orÐzousec kai Ĺra anăkei sthn Γ_0(n).

Jeÿrhma 5.2.1. H omĹda twn modular automorfismÿn thc Γ_1(n)\Ω eÐnai isìmorfh proc:

1. Thn omĹda (A/n)^∗/F_q^∗ ⋊ (Z/2Z), an q ≥ 3 2. MÐa epèktash thc (A/n)^∗/F_q^∗ me thn (Z/2Z)^n, an q = 2 kai φ(n) ≥ 2, ìpou to n sumbolÐzei ton arijmì twn diaforetikÿn prÿtwn diairetÿn tou n 3. Thn omĹda (Z/2Z)^n, an q = 2 kai φ(n) = 1, ìpou to n sumbolÐzei ton arijmì twn diaforetikÿn prÿtwn diairetÿn tou n kai n = 1 ă 2.

Apìdeixh. Se kĹje perÐptwsh h omĹda K^∗_∞ · Γ_0(n)/K^∗_∞ · Γ_1(n) eÐnai kanonikă upoomĹda thc N_{K∞} (K^∗_∞ · Γ_1(n))/K^∗_∞ · Γ_1(n). OrÐzoume ton omomorfismì

K^∗_∞ · Γ_0(n)/K^∗_∞ · Γ_1(n) −→ (A/n)^∗/F^∗_q · (_{a b} c d ) K^∗_∞ · Γ_1(n) −→ d,

o opoÐoc eÐnai sthn pragmatikìthta ènac automorfismìc: 1. An m ∈ A me gcd(m, n) = 1, tìte, upĹrqoun a, b ∈ A me am+nn = 1; ètsi o pÐnakac g := (^{am bm}_{n m} ) ∈ Γ_0(n) kai apeikonÐzetai sto m. 2. ’Estw (_{a b} c d ) ∈ Γ_0(n) me (_{a b} c d ) K^∗_∞ · Γ_1(n) −→ d · F_q^∗ = F_q^∗. Tìte, afoÔ F_q^∗ ∋ u := ad − bc ja èqoume u mod n = ad mod n kai epeidă d ∈ F_q^∗ upĹrqei v ∈ F_q^∗ me v mod n = d mod n kai ètsi o pÐnakac v^{−1} (_{a b} c d ) ∈ Γ_1(n).

(1) H perÐptwsh q ≥ 3. Apì thn prìtash 5.2.1,

N_{K∞} (K^∗_∞ · Γ_1(n)) = K^∗_∞ · Γ_0(n) · ⟨(^{0 1}_{n 0} )⟩.

H parakĹtw akoloujÐa 1 −→ K^∗_∞ · Γ_0(n) K^∗_∞ · Γ_1(n) −→ N_K∗_∞ (K^∗_∞ · Γ_1(n)) K^∗_∞ · Γ_1(n) −→ K^∗_∞ · Γ_1(n) · ⟨(^{0 1}_{n 0} )⟩ K^∗_∞ · Γ_1(n) −→ 1 eÐnai akribăc kai split afoÔ

Z/2Z ∼ K^∗_∞ · Γ_1(n)⟨(^{0 1}_{n 0} )⟩/K^∗_∞ · Γ_1(n) ◁ N_K∗_∞ (K^∗_∞ · Γ_1(n))/K^∗_∞, Γ_1(n).

(2) H perÐptwsh q = 2 kai φ(n) ≥ 2. ’Estw n = ∏_n 1 q_i kai g_{qi} ìpwc sthn prìtash 5.2.1. An n = 1 tìte ta prĹgmata èqoun ìpwc sthn prohgoÔmenh perÐptwsh. flEstw loipìn ìti n ≥ 2. Apì thn prìtash 5.2.1,

N_{K∞} (K^∗_∞ · Γ_1(n)) = K^∗_∞ · Γ_0(n) · ⟨g_{q1} , . . . , g_{qn} ⟩ kai K^∗_∞ · Γ_0(n) · ⟨g_{q1} , . . . , g_{qn} ⟩ K^∗_∞ · Γ_0(n) ∼ (Z/2Z)^n. Apì thn parakĹtw akoloujÐa 1 −→ K^∗_∞ · Γ_0(n) K^∗_∞ · Γ_1(n) −→ N_{K∞} (Γ_1(n)) K^∗_∞ · Γ_1(n) −→ N_{K∞} (Γ_1(n)) K^∗_∞ · Γ_0(n) −→ 1, ftĹnoume sto epijumhtì apotèlesma. 1 −→ (A/nA)^∗/F_q^∗ −→ N_{K∞} (Γ_1(n)) K^∗_∞ · Γ_1(n) −→ (Z/2Z)^n −→ 0.

(3) H perÐptwsh q = 2 kai φ(n) = 1. Sthn perÐptwsh aută (A/n)^∗ = F_q^∗. ’Etsi, apì thn prìtash (5.2.1) N_K∗_∞ (K^∗_∞ · Γ_1(n)) K^∗_∞ · Γ_1(n) ∼ ( Z 2Z )^n

ìpou n = 1 ă 2.

BibliografÐa

[1] Abhyankar, S. S., and Keskar, P. Descent principle in modular galois theory. Proc. Indian Acad.

Sci 111, 2 (2001), 139–149.

[2] Abhyankar, S. S., and Sundaram, G. Galois groups of generalized iterates of generic vectorial polynomials. Finite Fields Appl. 7, 1 (2001), 92–109.

[3] Atkin, A. O. L., and Lehner, J. Hecke operators on Γ_0(m). Math. Ann. 185 (1970), 134–160. [4] Bourbaki, N. Commutative algebra. Chapters 1–7. Springer-Verlag, Berlin, 1998. Translated from the French, Reprint of the 1989 English translation.

[5] Deligne, P., and Husemoller, D. Survey of Drinfel^′d modules. In Current trends in arithmetical algebraic geometry (Arcata, Calif., 1985). Amer. Math. Soc., Providence, RI, 1987, pp. 25–91.

[6] DeMeyer F., I. E. Separable algebras over commutative rings. Springer-Verlag, Berlin, 1971. Lectures Notes in Mathematics, Vol. 181.

[7] Drinfel^′d, V. G. Elliptic modules. Mat. Sb. (N.S.) 94(136) (1974), 594–627, 656. [8] Gekeler, E.-U. Drinfeld-Moduln und modulare Formen über rationalen Funktionenkörpern. Universität Bonn, Mathematisches Institut, Bonn, 1980. Dissertation, Rheinische Friedrich-Wilhelms- Universität, Bonn, 1979.

[9] Gekeler, E.-U. Modulare Einheiten fuer Funktionenkoerper. J. Reine Angew. Math. 348 (1984), 94–115.

[10] Gekeler, E.-U. Invariants of some algebraic curves related to Drinfeld modular curves. J. Number Theory 90, 1 (2001), 166–183.

[11] Gekeler, E.-U., van der Put, M., Reversat, M., and Van Geel, J., Eds. Drinfeld modules, modular schemes and applications, World Scientific Publishing Co. Inc. River Edge, NJ, 1997.

[12] Gekeler, E.-U., Drinfeld modular Curves, Lecture Notes in Mathematics, Vol. 1231, Springer-Verlag, Berlin, 1986.

[13] Goss, D. Basic structures of function field arithmetic. Springer-Verlag, Berlin, 1996. [14] Goss, D., Hayes, D. R.,Rosen, M. I., editors. The arithmetic of function fields, Ohio State University Mathematical Research Institute Publications, 2, 1992. Proceedings of the workshop held at The Ohio State University, Columbus, Ohio, June 17–26, 1991.

[15] van der Heiden, G., J. Weil Pairing for Drinfeld Modules, preprint, Groningen 2002.

BIBLIOGRAF§IA 53

[16] H., Voelklein. Group as Galois groups, An introduction. Cambridge Univ. Press, Cambridge, 1996.

Cambridge Studies in Advanced Mathematics, Vol. 53.

[17] Hansen, T., and Mullen, G. L. Primitive polynomials over finite fields. Math. Comp. 59, 200 (1992), 639–643, S47–S50.

[18] Harbater, D. Abhyankar’s conjecture on Galois groups over curves Invent. Math. 117, No.1, 1-25 (1994).

[19] Harris J., M. I. Moduli of curves. Springer-Verlag, Berlin, 1998. Graduate Texts in Mathematics, Vol. 187.

[20] Hartshorne, R. Algebraic geometry. Springer-Verlag, New York, 1977. Graduate Texts in Mathematics, No. 52.

[21] Hayes, D. R. Explicit class field theory for rational function fields. Trans. Amer. Math. Soc. 189 (1974), 77–91.

[22] Jahnel, J. The brauer-severi variety associated with a central simple algebra: A survey.

Linear Algebraic Groups and Related Structures 52 (2000), 1–60. available in electronic form at http://www.mathematik.uni-bielefeld.de/LAG.

[23] Katz, Nicholas M. and Mazur, Barry. Arithmetic moduli of elliptic curves. Princeton University Press, 1985. Annals of Mathematics Studies, Vol. 108.

[24] Kim, C. H., and Koo, J. K. The normalizer of Γ_1(N) in P SL_2(R). Commun. Algebra 28, 11 (2000), 5303–5310.

[25] Matzat, B. H. Konstruktive Galoistheorie. Springer-Verlag, Berlin, 1987.

[26] Mumford, D., Fogarty, J., and Kirwan, F. Geometric invariant theory, third ed. Springer-Verlag, Berlin, 1994.

[27] Nagata, M. Local rings. Interscience Publishers a division of John Wiley & Sons New York-London, 1962.

[28] Saïdi, M. Moduli schemes of Drinfeld modules. In Drinfeld modules, modular schemes and applications (Alden-Biesen, 1996). World Sci. Publishing, River Edge, NJ, 1997, pp. 17–31.

[29] Schweizer, A. Modular automorphisms of the Drinfeld modular curves X_0(n). Collect. Math. 48, 1-2 (1997), 209–216.

[30] Shweizer, A. Zur Arithmetik der Drinfeld’schen Modulkurven X_0(n). PhD thesis, Universität Saarbrücken, 1996.

[31] van der Put, M., and Top, J. Algebraic compactification and modular interpretation. In Drinfeld modules, modular schemes and applications (Alden-Biesen, 1996). World Sci. Publishing, River Edge, NJ, 1997, pp. 141–166.

p