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Eisagwg 

Estw G mia peperasmènh om�da. Ti ja e�nai mia par�stash th G; Akrib  orismì ja

d¸soume se l�go. Genik� p�ntw ja mporoÔsame na poÔme ìti e�nai èna omomorfismì th

G se m�a �llh om�da G

0

; h opo�a jewre�tai pio {sugkekrimènh}, dhlad  om�da sthn opo�a

mporoÔme na {logari�zoume} pio eÔkola. H om�da G

0

mpore� na e�nai, parade�gmato q�rin,

mia om�da metajèsewn   mia om�da pin�kwn me suntelestè apì èna s¸ma.

H jewr�a prwtoanaptÔqjhke sta tèlh tou perasmènou kai sti arqè tou eikostoÔ

ai¸na kur�w apì tou Frobenius, Burnside kai Shur. Sthn sunèqeia shmantik  up rxe

kai h suneisfor� th E. Noether h opo�a eis gage sta 1929 thn ènnoia tou module. Kat�

thn per�odo 1930�1950 akoloÔjhsan jemeli¸dh apotelèsmata tou R. Brauer. Almat¸dh

up rxe h an�ptux  th met� ton deÔtero pagkìsmio pìlemo kai, den ja  tan uperbol  an

k�poio upost rize ìti, s mera qrhsimopoie�tai se k�je sqedìn kl�do twn Majhmatik¸n,

qwr� na anaferjoÔme sti efarmogè pou br�skei kai se �llou kl�dou twn fusik¸n

episthm¸n.

Akolouje�tai pist� h Ôlh tou om¸numou maj mato pou did�sketai stou metaptuqi-

akoÔ foithtè tou MajhmatikoÔ Tm mato tou Panepisthm�ou Kr th. Oi gn¸sei pou

pro�upojètei e�nai sqedìn ìle proptuqiakoÔ epipèdou kai autì epitrèpei ston prwtoet 

metaptuqiakì, all� �sw kai proptuqiakì endiaferìmeno, foitht  mia eÔkolh prìsbash.

Sto tèlo tou bibl�ou akolouje� par�rthma ìpou d�nontai ìloi oi anagka�oi orismo� kai

diatup¸nontai oi prot�sei pou qrhsimopoioÔntai sthn an�ptuxh th Ôlh tou bibl�ou. Bè-

baia meletoÔntai kai pio sÔnjeta apotelèsmata, ìpw to je¸rhma tou Brauer (Brauer's

theorem on indued haraters), to je¸rhma twn Aramata-Brauer, k.l.p. Se genikè gram-

mè ja mporoÔse na pe� kane� ìti kalÔptetai ìlh sqedìn h Ôlh tou I kai II mèrou tou

bibl�ou tou Serre ([Se℄).

Ena apì tou skopoÔ th èkdosh tou parìnto bibl�ou e�nai na qrhsimopoihjoÔn gia

thn proetoimas�a metaptuqiak¸n foitht¸n pou metakinoÔntai sta di�fora Panepist mia

tou eurwpa�ikoÔ diapanepisthmiakoÔ diktÔou ERASMUS (Majhmatik� kai Jemeli¸dei E-

farmogè ICP-G-1010). Ja  jela na ekfr�sw ti euqarist�e mou pro ton suntonist  tou
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progr�mmato sun�delfo SpÔro Pneumatikì o opo�o mou èkane thn tim  na sumperil�bei

to parìn bibl�o sthn seir� episthmonik¸n monografi¸n tou progr�mmatì tou.

Jermè ep�sh euqarist�e qrwst¸ stou majhtè mou Jan�sh Bèssh kai Ariste�dh

Kontoge¸rgh gia thn hlektronik  epexergas�a tou keimènou.

Hr�kleio 1.10.1996,

Gi�nnh A. Antwni�dh

Shme�wsh To parìn bibl�o epanekd�detai mèsw tou progr�mmato EPEAEK {PROMH-

JEAS}. O suggrafèa epijume� na ekfr�sei ti jermè tou euqarist�e pro thn episth-

monik  epitrop  axiolìghsh kai idia�tera pro ton episthmonikì upeÔjuno tou progr�m-

mato, An. Kajhght  kÔrio Gi¸rgo Tzir�ta.

Hr�kleio, 22.12.1998
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1 Klasik  jemel�wsh th jewr�a parast�sewn

1.1 Jemeli¸dei ènnoie

Orismì 1.1 Estw G mia peperasmènh om�da kai K èna s¸ma.

(1) Mia (grammik ) par�stash th G upèr to K e�nai èna omomorfismì

� : G �! GL(V )

th om�da G sthn genik  grammik  om�da GL(V ); enì, peperasmènh di�stash,

K�dianusmatikoÔ q¸rou V:OK-dianusmatikì q¸ro V ja lègetai q¸ro par�stash

th � kai h dim

K

V ja lègetai bajmì th par�stash � kai ja sumbol�zetai me deg�:

(2) Mia par�stash dia pin�kwn M th G upèr to K e�nai èna omomorfismì

M : G �! GL

n

(K)

th om�da G sthn genik  grammik  om�da n-ostoÔ bajmoÔ upèr to K; GL

n

(K) ìpou

n k�poio fusikì arijmì.

O fusikì autì arijmì n ja lègetai bajmì th par�stash dia pin�kwn M:

Parathr sei :

(1) Parast�sei dia pin�kwn kai (grammikè) parast�sei me q¸ro par�stash ton K

n

;

e�nai to �dio pr�gma, an taut�sei kane� thn om�da GL(K

n

) me thn GL

n

(K); mèsw tou

isomorfismoÔ

�

e

: GL(K

n

)

�

=

�! GL

n

(K) (e e�nai h kanonik  b�sh tou K

n

:)

(2) Gia k�je b�sh u tou V h doje�sa par�stash � : G! GL(V ) ep�gei mia par�stash

dia pin�kwn th G; thn

�

u

:= �

u

Æ � : G �! GL

n

(K) (n = dim

K

V ):

H �

u

ja lègetai par�stash dia pin�kwn ant�stoiqh th par�stash � w pro thn

b�sh u:
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An p�li, ant�strofa, M : G ! GL

n

(K) e�nai mia par�stash dia pin�kwn th G

kai V èna K-dianusmatikì q¸ro di�stash n; tìte, doje�sh mia b�sh u tou

V; up�rqei (grammik ) par�stash �

u

: G ! GL(V ) tètoia ¸ste M = �

u

= �

u

Æ �;

dhlad  to akìloujo di�gramma

G GL(K

n

) = GL(V )

-

GL

n

(K)

?

H

H

H

H

H

H

H

H

Hj

�

u

�

u

M

e�nai antimetajetikì.

(3) An M

1

e�nai mia par�stash dia pin�kwn th � w pro thn b�sh u

1

tou V kai M

2

ep�sh mia par�stash dia pin�kwn th G w pro thn b�sh u

2

tou V; tìte profan¸

up�rqei T 2 GL

n

(K) tètoio ¸ste:

M

2

(�) = T �M

1

(�) � T

�1

; 8� 2 G:

O T e�nai o p�naka metasqhmatismoÔ twn dÔo b�sewn. Fusiologikì loipìn e�nai o

akìloujo:

Orismì 1.2 Estw G peperasmènh om�da, K s¸ma kai V

1

; V

2

dÔo K-dianusmatiko� q¸roi

peperasmènh di�stash.

DÔo parast�sei dia pin�kwn th G; M

i

: G! GL

n

i

(K) (i = 1; 2) ja lègontai isodÔname

ìtan n

1

= n

2

:= n kai up�rqei T 2 GL

n

(K) tètoio ¸ste

M

2

(�) = T �M

1

(�) � T

�1

; (8� 2 G):

Apì ta parap�nw g�netai fanerì ìti se k�je par�stash � th G antistoiqe� mia kl�sh

isodun�mwn parast�sewn dia pin�kwn th G:

Orismì 1.3 DÔo (grammikè) parast�sei

�

i

: G �! GL(V

i

) (i = 1; 2)

2



ja lègontai isodÔname (�

1

� �

2

) ìtan up�rqei isomorfismì dianusmatik¸n q¸rwn

' : V

1

�

=

�! V

2

tètoio ¸ste

�

2

(�) = ' Æ �

1

(�) Æ '

�1

(8� 2 G);

dhlad  to di�gramma:

V

1

V

1

V

2

V

2

-

-

? ?

�

=

'

'

�

=

�

1

(�) �

2

(�)

�

=

�

=

e�nai gia k�je � 2 G antimetajetikì.

To ìti dÔo parast�sei �

1

kai �

2

e�nai isodÔname, shma�nei ìti, an taut�soume tou V

1

kai V

2

mèsw tou isomorfismoÔ '; tìte oi �

1

kai �

2

taut�zontai. An loipìn jewr soume mia

b�sh u

1

tou V

1

kai u

2

:= '(u

1

) tou V

2

; tìte oi ant�stoiqe parast�sei dia pin�kwn M

1

kai M

2

th G w pro ti b�sei autè sump�ptoun. Autì shma�nei ìti oi parast�sei dia

pin�kwn pou antistoiqoÔn sti (grammikè) parast�sei �

1

kai �

2

w pro thn kat�llhlh

(sumbibast ) eklog  twn b�sewn taut�zontai kai e�nai isodÔname metaxÔ tou w pro

opoiad pote eklog  twn b�sewn.

Ant�strofa, upojètoume ìti gia k�poia eklog  b�sewn u

1

kai u

2

twn V

1

kai V

2

antisto�qw

oi parast�sei �

1

kai �

2

or�zoun isodÔname parast�sei dia pin�kwn M

1

kai M

2

: Tìte me

kat�llhlh eklog  twn b�sewn oi �

1

kai �

2

or�zoun tautotikè parast�sei dia pin�kwn

kai sunep¸ oi �

1

kai �

2

e�nai metaxÔ tou isodÔname.

Epomènw: Up�rqei mia amfimonos manth apeikìnish an�mesa sti kl�sei isodun�mwn

parast�sewn th G upèr to K kai sti kl�sei isodun�mwn parast�sewn dia pin�kwn th

G upèr to K:

Parade�gmata :

(1) H monadia�a par�stash n-ostoÔ bajmoÔ:

�

0

: G �! GL(V ); �

0

(�) = id

V

8� 2 G;
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ìpou dim

K

V = n:

(1

0

) H monadia�a par�stash tou q¸rou V = f0g ja lègetai mhdenik  par�stash.

(2) Parast�sei 1ou bajmoÔ e�nai oi omomorfismo� om�dwn:

G �! K

�

(= GL

1

(K)

�

=

GL(K)):

(3) Estw �

i

: G! GL(V

i

) i = 1; 2 parast�sei th om�da G: H par�stash:

�

1

� �

2

:

8

<

:

G �! GL(V

1

� V

2

)

� 7�! (�

1

(�); �

2

(�))

ja lègetai eujÔ �jroisma twn �

1

kai �

2

. An M

1

;M

2

e�nai parast�sei dia pin�kwn

th G ant�stoiqe twn �

1

; �

2

; tìte:

(M

1

�M

2

)(�) =

0

�

M

1

(�) 0

0 M

2

(�)

1

A

; 8� 2 G:

Profan¸, deg(�

1

� �

2

) = deg�

1

+ deg�

2

:

(4) Parast�sei th summetrik  om�do n-stoiqe�wn S

n

:

Estw V K-dianusmatikì q¸ro me di�stash dim

K

V = n kai èstw v = (v

1

; v

2

; � � � ; v

n

)

mia b�sh autoÔ. K�je � 2 S

n

or�zei ènan automorfismì tou V

�(�) :

8

<

:

V �! V

v

i

7�! v

�(i)

(i = 1; 2; � � � ; n)

H apeikìnish

� :

8

<

:

S

n

�! GL(V )

� 7�! �(�)

e�nai monomorfismì.

Epomènw h � e�nai mia n-di�stath par�stash th S

n

:

H ant�stoiqh par�stash dia pin�kwn th � w pro thn b�sh v e�nai:

�

v

(�) =:M(�) = (Æ

i;�(j)

)

i=1;2;���;nj=1;2;���;n

= (e

�(1)

; e

�(2)

; � � � ; e

�(n)

):
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O p�naka st lh e

�(j)

èqei pantoÔ 0 ektì th th jèsew �(j) ìpou èqei 1: Profan¸

oM(�) èqei se k�je gramm  kai se k�je st lh akrib¸ mia jèsh, di�forh tou mhdenì

kai m�lista �sh me 1: Tètoioi p�nake ja lègontai p�nake metajèsewn.

(5) Parast�sei dia metajèsewn:

Mia par�stash dia metajèsewn e�nai ex orismoÔ èna omomorfismì om�dwn

P : G �! S

n

gia k�poio n 2 N : O n ja lègetai bajmì th P:

An t¸ra �

0

: S

n

�! GL(V ) par�stash th S

n

tìte, lìgw tou parade�gmato 4;

mèsw k�je par�stash dia metajèsewn P : G! S

n

pa�rnoume mia par�stash th G

� = �

0

Æ P : G

P

�! S

n

�

0

�! GL(V ):

Profan¸ mia par�stash � : G ! GL(V ) prokÔptei apì k�poia par�stash dia

metajèsewn ann up�rqei k�poia b�sh v = (v

1

; v

2

; � � � ; v

n

) tou V tètoia ¸ste gia

k�je � 2 G na isqÔei ìti h �(�) metajètei thn b�sh v; dhlad 

�(�)(v

i

) 2 fv

1

; v

2

; � � � ; v

n

g; 8i = 1; 2; � � � ; n:

(6) H omal  (kanonik , regular) par�stash:

Orismì 1.4 H par�stash � : G ! GL(V ) ja lègetai omal  par�stash th G ìtan

up�rqei mia èna pro èna apeikìnish

f : G �! V (� 7! u

�

);

tètoia ¸ste:

(1) To fu

�

j� 2 Gg na e�nai b�sh tou V kai

(2) 8�; � 2 G; �(�)(u

�

) = u

��

:

M�a omal  par�stash dia pin�kwn e�nai, ex orismoÔ, mia par�stash dia pin�kwn mi�

omal  par�stash th G:
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Idiìthte 1.5

(1) An � omal , tìte, profan¸, deg� = #G = dim

K

V:

(2) Estw �; �

0

: G! GL(V ) isodÔname parast�sei th G:

IsqÔei

(� omal ), (�

0

omal )

(dhlad  h ènnoia th omal  par�stash e�nai idiìthta twn kl�sewn isodun�mwn

parast�sewn th G)

Apìdeixh Estw � omal . AfoÔ � isodÔnamh me thn �

0

; up�rqei isomorfismì

' : V ! V

0

; tètoio ¸ste:

�

0

(�) = ' Æ �(�) Æ '

�1

; 8� 2 G:

Estw fu

�

j� 2 Gg b�sh tou V; ìpou

�(�)(u

�

) = u

��

; 8�; � 2 G:

Or�zoume '(u

�

) =: u

0

�

: Profan¸, to sÔnolo fu

0

�

j� 2 Gg e�nai b�sh tou V

0

kai

�

0

(�)(u

0

�

) = (' Æ �(�) Æ '

�1

)(u

0

�

) = ' Æ �(�) Æ '

�1

'(u

�

) =

= (' Æ �(�))(u

�

) = '(u

��

) = u

0

��

:

Ara h �

0

e�nai omal .

(3) Se k�je om�da G kataskeu�zoume mia omal  par�stash. Estw V èna

K-dianusmatikì q¸ro me di�stash dim

K

V = #G: Pa�rnoume mia èna pro èna

apeikìnish

f : G! V me fu

�

j� 2 Gg

b�sh tou V (autì e�nai p�ntote dunatì afoÔ #G = dim

K

V ). Or�zoume sthn sunèqeia

� : G! GL(V ) w ex :

8�; � 2 G �(�)(u

�

) = u

��

:

Tìte h � e�nai omal  par�stash th G:
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Apìdeixh : Estw � 2 G; stajerì. Profan¸ �(�) : V ! V omomorfismì dianus-

matik¸n q¸rwn kai m�lista automorfismì diìti

fu

��

j� 2 Gg = fu

�

j� 2 Gg;

dhlad  �(�) 2 GL(V ); 8� 2 G: Arke� na de�xoume ìti:

�(��

0

) = �(�) Æ �(�

0

); 8�; �

0

2 G:

Pr�gmati gia k�je �; �

0

2 G èqoume:

(�(�) Æ �(�

0

))(u

�

) = �(�)u

�

0

�

= u

�(�

0

�)

= u

(��

0

)�

= �(��

0

)(u

�

):

(4) An �; �

0

e�nai omalè parast�sei th G upèr to K tìte e�nai isodÔname

(dhlad  up�rqei akrib¸ mia kl�sh omal¸n parast�sewn th G).

Apìdeixh : AfoÔ oi parast�sei:

� : G! GL(V ); kai �

0

: G! GL(V

0

) e�nai omalè, èpetai

ìti deg� = deg�

0

= #G = dim

K

V = dim

K

V

0

: Estw

fu

�

j� 2 Gg; fu

0

�

j� 2 Gg;

oi b�sei twn V; V

0

antisto�qw pou antistoiqoÔn (de orismì omal  par�stash)

sti parast�sei �; �

0

: Or�zoume:

' :

8

<

:

V ! V

0

u

�

7! u

0

�

kai epekte�noume grammik� se ìla stoiqe�a tou V: O ' e�nai èna K-isomorfismì

dianusmatik¸n q¸rwn. T¸ra gia k�je � 2 G; isqÔei:

(' Æ �(�) Æ '

�1

)(u

0

�

) = (' Æ �(�))(u

�

) = '(u

��

) = u

0

��

= �

0

(�)(u

0

�

):

Epomènw gia k�je � 2 G; isqÔei �

0

(�) = ' Æ �(�) Æ'

�1

dhlad  oi parast�sei � kai

�

0

e�nai isodÔname.
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(5) Mia par�stash � : G ! GL(V ) e�nai omal  tìte kai mìno tìte ìtan up�rqei u 2 V

tètoio ¸ste to sÔnolo f�(�)(u)j� 2 Gg e�nai b�sh tou V:

Apìdeixh : An h � e�nai omal , tìte èpetai ìti, up�rqei b�sh fu

�

j� 2 Gg tou V

tètoia ¸ste

8�; � 2 G; �(�)(u

�

) = u

��

:

Epomènw, gia k�je � 2 G; stajerì

fu

�

j� 2 Gg = f�(�)(u

�

)j� 2 Gg:

Ant�strofa. Estw ìti up�rqei u 2 V tètoio ¸ste f�(�)(u)j� 2 Gg na e�nai b�sh

tou V: Or�zoume u

�

:= �(�)(u): Ex upojèsew, fu

�

j� 2 Gg e�nai b�sh tou V kai

m�lista:

�(�)(u

�

) = �(�)(�(�)(u)) = (�(�) Æ �(�))(u) = �(��)(u) = u

��

:

Ara h � e�nai omal  par�stash.

Ja kle�soume thn paroÔsa par�grafo me mia pio susthmatik  melèth twn parast�sewn

dia metajèsewn:

Orismì 1.6 Ena n � n p�naka M ja lègetai p�naka metajèsewn ìtan èqei se k�je

gramm  tou kai se k�je st lh tou akrib¸ èna 1 kai se ìle ti �lle jèsei 0:

An S

n

h summetrik  om�da ìlwn twn metajèsewn tou f1; 2; � � � ; ng kai M èna p�naka

metajèsewn, tìte up�rqei met�jesh s 2 S

n

tètoia ¸ste M = ((Æ

i;s(j)

))

i=1;2;���;n;j=1;2;���;n

:

To sÔnolo ìlwn twn pin�kwn metajèsewn, ja to sumbol�zoume me Perm(n;K):

An t¸ra me K

n

sumbol�zoume ton n-di�stato K-dianusmatikì q¸ro ìlwn twn dianus-

m�twn st lh {m kou} n me suntelestè apì to K kai E = fe

1

; e

2

; � � � ; e

n

g h kanonik 

b�sh, tìte, or�zoume thn kanonik  par�stash th S

n

:

� :

8

<

:

S

n

�! GL(K

n

)

� 7�! �(�)

;

ìpou �(�)(e

j

) = e

�(j)

: H par�stash dia pin�kwn th G ant�stoiqh th � w pro thn b�sh

E e�nai:

P := '

E

Æ � : S

n

�! GL

n

(K):
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Profan¸ P (�) = (Æ

i;�(j)

)

i=1;2;���;n;j=1;2;���;n

; diìti

�(�)(e

j

) =

n

X

i=1

Æ

i;�(j)

e

i

:

IsqÔei epi plèon: �(�)(e

j

) = P (�)(e

j

):

H par�stash:

P :

8

<

:

S

n

�! GL

n

(K)

� 7�! ((Æ

i;�(j)

))

i=1;2;���;n;j=1;2;���;n

e�nai èna pro èna (gia � 6= �

0

; isqÔei P (�) 6= P (�

0

)) kai sunep¸ h Perm(n;K) e�nai mia

upoom�da th GL

n

(K) isìmorfh pro thn S

n

:

Orismì 1.7 H par�stash P lègetai par�stash dia metajèsewn th S

n

:

Shme�wsh : Thn par�stash dia metajèsewn P mporoÔme na thn or�soume w pro k�je

dianusmatikì q¸ro V; di�stash n upèr to K: Pro toÔto, pa�rnoume opoiad pote b�sh

u = fu

1

; u

2

; � � � ; u

n

g tou V kai or�zoume

� :

8

<

:

S

n

�! GL(V )

� 7�! �(�)

ìpou �(�)(u

j

) = u

�(j)

: H P = '

u

Æ � e�nai par�stash dia metajèsewn th S

n

:

Orismì 1.8 Mia om�da metajèsewn G � S

n

lègetai metabatik  sto sÔnolo

M; M � f1; 2; � � � ; ng ìtan

(up�rqei èna stoiqe�o a 2M tètoio ¸ste f�(a)j� 2 Gg =M)

Prìtash 1.9 Upojètoume ìti h G e�nai metabatik  ep� tou M:

(1) An x; y 2M tìte up�rqei � 2 G tètoio ¸ste �(x) = y:

(2) Estw x èna tuqa�o stoiqe�o tou M: Tìte:

f�(x)j� 2 Gg =M:

Apìdeixh :

9



(1) Ex orismoÔ up�rqei � 2 G tètoio ¸ste �(a) = x kai up�rqei �

0

2 G tètoio ¸ste

�

0

(a) = y: Epomènw �

0

�

�1

(x) = y: Or�zoume � = �

0

�

�1

:

(2) Gia k�je � th G; gia x 2 M; èqoume:

�(x) = �(�(a)) = (��)(a) 2M:

Gia ton ant�strofo egkleismì, a p�roume y 2M: Tìte up�rqei, lìgw th (1); � 2 G

tètoio ¸ste �(x) = y:

Prìtash 1.10 Estw G peperasmènh om�da t�xh n: Estw � : G ! S

n

omomorfismì

om�dwn. Estw ìti h �(G) � S

n

e�nai metabatik  sto sÔnolo f1; 2; � � � ; ng: Tìte h

� Æ � : G! GL(K

n

);

e�nai omal  par�stash th G kai h P Æ � : G ! GL

n

(K) omal  par�stash dia pin�kwn

th G:

Apìdeixh :

(1) IsqÔei:

A := f(� Æ �)(�)(e

1

)j� 2 Gg = fe

�(�)(1)

j� 2 Gg

Epeid  ìmw h �(G) e�nai metabatik  sto sÔnolo f1; 2; � � � ; ng èqoume A = fe

1

; e

2

; � � � ; e

n

g:

Epomènw h par�stash e�nai omal  lìgw th idiìthta 5 (sel�da 7).

(2) Amesh sunèpeia tou (1):

Parat rhsh : Gia na kataskeu�soume omal  par�stash th G ja prèpei na kataskeu�-

soume ènan omomorfismì th G sthn S

n

o opo�o na èqei ti idiìthte th prìtash 1:10:

Thn Ôparxh autoÔ tou omomorfismoÔ ma thn exasfal�zei to je¸rhma tou Cayley (de

par�rthma, sel. 151).

1.2 Anagwgisimìthta, je¸rhma tou Mashke

Sthn paroÔsa par�grafo G ja e�nai mia peperasmènh om�da, K èna s¸ma kai V èna

K-dianusmatikì q¸ro peperasmènh di�stash.
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Orismì 1.11 Estw � : G ! GL(V ) mia par�stash th G: Ena upìqwro W � V ja

lègetai �-anallo�wto (  G-anallo�wto w pro thn �) ìtan:

[8� 2 G; �(�)(W ) � W ℄;

(dhlad  ìtan o isomorfismì rest

W

�(�) e�nai automorfismì tou W ):

An loipìn or�soume:

�

1

:

8

<

:

G �! GL(W )

� 7�! �

1

(�) := rest

W

�(�)

tìte profan¸ h �

1

e�nai par�stash th G ston W:

H �

1

ja lègetai h ston W antistoiqoÔsa upopar�stash th � (kai o W o ant�stoiqo

q¸ro par�stash th �

1

). An h �

1

e�nai upopar�stash th r tìte ja lème ìti h �

1

perièqetai sthn � kai ja gr�foume �

1

� �:

K�je par�stash � èqei mia tetrimmènh upopar�stash, thn mhdenik :

�

0

(�)(W ) � W; 8� 2 G; ìpou W = f0g:

Mia upopar�stash �

1

th � ja lègetai gn sia ìtan �

1

6= � kai �

1

6= �

0

: H � ja lègetai

an�gwgh ìtan den èqei gn sia upopar�stash.

Par�deigma : K�je par�stash � th G di�stash deg� = 1 e�nai an�gwgh, afoÔ oi

mìnoi upoq¸roi enì dianusmatikoÔ q¸rou V di�stash 1 e�nai o V kai o f0g:

Je¸rhma 1.12 Estw � : G ! GL(V ) mia omal  par�stash th G: H � perièqei mia

monadia�a par�stash pr¸tou bajmoÔ san upopar�stash.

Apìdeixh : Arke� na de�xoume ìti up�rqei W � V me

dimW = 1 kai 8� 2 G; rest

W

�(�) = id

W

:

AfoÔ, ex upojèsew, h � e�nai omal , lìgw th idiìthta 1:5(5) èqoume ìti up�rqei

u 2 V tètoio ¸ste f�(t)(u)jt 2 Gg e�nai b�sh tou V: Epomènw to w :=

P

t2G

�(t)(u) 6= 0:

Estw W :=< w >= Kw � V; dim

K

W = 1: Arke� loipìn na apode�xoume ìti gia k�je

� 2 G; �(�)(w) = w: Pr�gmati,

8� 2 G; �(�)(w) =

X

t2G

�(�) � �(t)(u) 6=

X

t2G

�(�t)(u) =

X

t

0

2G

�(t

0

)(u) = w:
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Je¸rhma 1.13 Estw � : G ! GL(V ) kai �

0

: G ! GL(V

0

) dÔo isodÔname parast�sei

th G: Estw �

1

upopar�stash th �: Tìte up�rqei upopar�stash �

0

1

th �

0

; tètoia ¸ste

oi �

0

1

kai �

1

na e�nai isodÔname. Akìmh isqÔei ìti h �

0

1

e�nai gn sia tìte kai mìnon tìte

ìtan h �

1

e�nai gn sia.

Apìdeixh : Ex upojèsew, up�rqei isomorfismì K-dianusmatik¸n q¸rwn ' : V ! V

0

tètoio ¸ste:

8� 2 G; �

0

(�) = ' Æ �(�) Æ '

�1

:

Or�zoume thn �

0

1

ètsi ¸ste:

8� 2 G; �

0

1

(�) = '

0

Æ �

1

(�) Æ '

�1

0

ìpou '

0

= rest

W

'

kai W � V o upìqwro par�stash th �

1

: O W

0

:= '(W ) e�nai upìqwro tou V

0

kai

�

0

1

(�) 2 GL(W

0

): Tèlo

�

0

1

(�)(W

0

) = '

0

Æ �

1

(�) Æ '

�1

0

(W

0

) = '

0

Æ �

1

(�)(W ) � '

0

(W ) = W

0

;

dhlad  h �

0

1

e�nai upopar�stash th �

0

kai m�lista isodÔnamh me thn �

1

: Tèlo h �

0

1

e�nai

tetrimmènh akrib¸ tìte ìtan h �

1

e�nai tetrimmènh.

Amesh sunèpeia tou teleuta�ou jewr mato e�nai to:

Je¸rhma 1.14 An oi parast�sei � : G ! GL(V ); �

0

: G ! GL(V

0

) th G e�nai

isodÔname, tìte h � e�nai an�gwgh akrib¸ tìte ìtan h �

0

e�nai an�gwgh. Dhlad  h

anagwgisimìthta e�nai idiìthta (k�poiwn) kl�sewn isodun�mwn parast�sewn.

Je¸rhma 1.15 Estw � : G ! GL(V ) par�stash th G me deg� = n: Oi parak�tw

prot�sei e�nai metaxÔ tou isodÔname.

(1) H � e�nai mh-an�gwgh.

(2) Up�rqoun parast�sei dia pin�kwn M

1

: G ! GL

n

1

(K) kai M

2

: G ! GL

n

2

(K)

kai mia par�stash dia pin�kwn th G ant�stoiqh th � M

�

: G! GL

n

(K); tètoia

¸ste:

8� 2 G; M

�

(�) =

0

�

M

1

(�) �

0 M

2

(�)

1

A

gn

1

gn

2

:
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(3) Up�rqei n

1

2 N ; n

1

< n kai mia par�stash dia pin�kwn th G ant�stoiqh th

�; M

�

: G! GL

n

(V ) tètoia ¸ste:

8� 2 G; M

�

(�) =

0

�

� �

0 �

1

A

gn

1

gn

2

= n� n

1

Apìdeixh : {(1)) (2)}

An � mh-an�gwgh par�stash th G; tìte up�rqei mia gn sia upopar�stash �

1

th

�; �

1

� �: Estw W

1

o q¸ro par�stash th �

1

; B

1

= fu

1

; u

2

; � � � ; u

n

1

g mia b�sh tou

W

1

kai

M

1

:= �

B

1

Æ �

1

: G �! GL

n

1

(K):

Epekte�noume thn B

1

se b�sh tou V; èstw B = fu

1

; u

2

; � � � ; u

n

g kai èstw

M

�

:= �

B

Æ � : G �! GL

n

(K)

h par�stash dia pin�kwn th G pou e�nai ant�stoiqh th � w pro thn b�sh B: Estw

M

�

(�) = ((a

ij

))

i;j=1;2;���;n

: Epomènw �(�)(u

j

) =

P

n

i=1

a

ij

u

i

: Epeid 

�(�)(W

1

) =W

1

kai rest

W

1

�(�) = �

1

(�);

èqoume ìti gia k�je j � n

1

; isqÔei:

�(�)(u

j

) = �

0

(�)(u

j

) =

n

1

X

i=1

a

ij

u

i

;

dhlad  a

ij

= 0; an j � n

1

kai i > n

1

: T¸ra M

1

(�) = ((a

ij

))

i;j=1;2;���;n

1

; opìte:

M

�

(�) =

0

�

M

1

(�) �

0 A(�)

1

A

:

Epeid  M

�

(�) mh-idi�zwn n � n p�naka, sunep�getai ìti o A(�) e�nai mh-idi�zwn n

2

� n

2

p�naka, ìpou n

2

= n� n

1

: Ja prèpei akìmh na apode�xoume ìti h

A :

8

<

:

G �! GL

n

2

(K)

� 7�! A(�)

e�nai par�stash dia pin�kwn, dhlad  ìti, A(��) = A(�)A(�) gia k�je �; � 2 G: Pr�gmati

M

�

(��) =

0

�

M

0

(��) �

0 A(��)

1

A

=M

�

(�)M

�

(�) =
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=

0

�

M

1

(�) �

0 A(�)

1

A

�

0

�

M

1

(�) �

0 A(�)

1

A

=

0

�

M

1

(��) �

0 A(�)A(�)

1

A

to opo�o ma apodeiknÔei to zhtoÔmeno.

{(2)) (3)} Profan .

{(3)) (1)}

Upojètoume ìti h M

�

èqei thn morf  pou d�netai sthn (3). Estw B = fu

1

; u

2

; � � � ; u

n

g

b�sh tou V tètoia ¸ste M

�

= �

B

Æ �: Estw W

1

=< u

1

; u

2

; � � � ; u

n

1

>< V; W

1

6= V: Lìgw

th upìjesh th morf  tou p�naka isqÔei:

(8� 2 G; �(�)(u

j

) =

n

X

i=1

a

ij

u

i

)

kai a

ij

= 0 gia j � n

1

kai i > n

1

: Epomènw gia k�je � 2 G; �(�)(W

1

) � W

1

: Sunep¸

o W

1

e�nai �-anallo�wto, dhlad  isqÔei h (1):

Orismì 1.16 Estw � : G ! GL(V ) par�stash th G; �

1

; �

2

; � � � ; �

r

upoparast�sei

th G oi opo�e èqoun tou upìqwrou tou V; W

1

;W

2

; � � � ;W

r

san ant�stoiqou q¸rou

parast�sewn. An V = W

1

�W

2

� � � � �W

r

; tìte ja lème ìti h � e�nai to eujÔ �jroisma

twn �

1

; �

2

; � � � ; �

r

kai ja to sumbol�zoume w ex :

� = �

1

� �

2

� � � � � �

r

:

Je¸rhma 1.17 Estw � : G! GL(V ) par�stash th G kai èstw � = �

1

� �

2

� � � � � �

r

:

Estw tèlo M

i

parast�sei dia pin�kwn th G ant�stoiqe twn �

i

: An gia k�je � 2 G;

or�soume:

M(�) := diag(M

1

(�);M

2

(�); � � � ;M

r

(�));

tìte h M e�nai mia par�stash dia pin�kwn th �:

Apìdeixh : Estw W

i

q¸roi par�stash twn �

i

: Ex upojèsew isqÔei:

V = W

1

�W

2

� � � � �W

r

:

Estw B

i

b�sei twn dianusmatik¸n q¸rwn W

i

mèsw twn opo�wn ma d�nontai oi M

i

: Pro-

fan¸ h ènwsh B = [

i

B

i

e�nai b�sh tou V: Akìmh isqÔei M = �

B

Æ �; diìti gia k�je

u

(i)

j

2 B

i

; isqÔei:

�(�)(u

(i)

j

) = �

i

(�)(u

(i)

j

):
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IsqÔei kai to ant�strofo:

Je¸rhma 1.18 Estw � : G ! GL(V ) par�stash th G: Upojètoume ìti up�rqoun

n

1

; n

2

; � � � ; n

r

2 N kai mia par�stash dia pin�kwn th G M; ant�stoiqh th �; tètoia

¸ste:

8� 2 G; M(�) = diag(A

1

(�); A

2

(�); � � � ; A

r

(�))

me A

i

(�) 2 GL

n

i

(K): Tìte isqÔoun:

(1) M

i

:

8

<

:

G ! GL

n

i

(K)

� 7! A

i

(�)

e�nai p�naka parast�sewn dia pin�kwn

th G gia k�je i = 1; 2; � � � ; n:

(2) H � analÔetai sthn morf  � = �

1

� �

2

� � � � � �

r

; ìpou �

i

parast�sei th G me

ant�stoiqe parast�sei dia pin�kwn ti M

i

:

H apìdeixh af netai san �skhsh ston anagn¸sth.

Orismì 1.19 Estw � : G! GL(V ) par�stash th G kai �

0

upopar�stash th �: H �

0

ja lègetai eujÔ prosjeta�o th � ìtan up�rqei �

1

� � tètoia ¸ste � = �

0

� �

1

:

H �

0

ja lègetai pl rw analÔsimh ìtan k�je �

0

� � e�nai eujÔ prosjeta�o th �:

Shme�wsh : Profan¸ k�je an�gwgh par�stash e�nai pl rw analÔsimh.

Je¸rhma 1.20 An � : G! GL(V ) e�nai pl rw analÔsimh par�stash th G; tìte:

(1) K�je �

0

� � e�nai ep�sh pl rw analÔsimh.

(2) H � èqei mia an�lush th morf : � = �

1

� �

2

� � � � � �

r

ìpou oi �

i

e�nai an�gwge

parast�sei gia k�je i = 1; 2; � � � ; r:

Apìdeixh :

(1) Estw �

0

� � kaiW

0

� V o ant�stoiqo q¸ro par�stash th �: Estw t¸ra �

1

� �

0

upopar�stash th �

0

: Arke� na de�xoume ìti h �

1

e�nai eujÔ prosjeta�o th �

0

:
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Estw W

1

� W

0

o q¸ro par�stash th �

1

: Epeid  �

1

� � kai � pl rw analÔsimh,

sunep�getai ìti � = �

1

� �

0

1

; ìpou �

0

1

� �: Ara up�rqei W

0

1

� V o opo�o e�nai

�-anallo�wto tètoio ¸ste V =W

1

�W

0

1

: Profan¸

W

0

=W

0

\ V = (W

0

\W

1

)� (W

0

\W

0

1

) =W

1

� (W

0

\W

0

1

):

Apomènei na apode�xoume ìti o W

0

1

\W

0

e�nai �

0

-anallo�wto.

Oi W

0

1

kai W

0

e�nai �-anallo�wtoi, dhlad :

�(�)(W

0

1

\W

0

) � W

0

1

\W

0

; 8� 2 G:

All�

�(�)(W

0

1

\W

0

) = rest

(W

0

1

\W

0

)

� = rest

(W

0

1

\W

0

)

�

0

dhlad  o W

0

\W

0

1

e�nai �

0

-anallo�wto.

(2) Epagwgik� w pro ton bajmì th par�stash �:

An n e�nai 0   1; tìte den qrei�zetai na apode�xoume t�pota. Estw n > 1 kai èstw

ìti to je¸rhma isqÔei gia k�je fusikì n

0

; n

0

< n:

Per�ptwsh 1 : Estw ìti h � e�nai an�gwgh. Tìte to je¸rhma isqÔei, gia r = 1:

Per�ptwsh 2 : Estw ìti h � e�nai mh-an�gwgh. Tìte up�rqei gn sia upopar�stash

�

1

� �: SÔmfwna me thn upìjesh tou jewr mato

� = �

1

� �

0

1

; me deg�

1

; deg�

0

1

< deg�:

Lìgw th upìjesh th majhmatik  epagwg  isqÔei:

�

0

= �

1

� � � � � �

r

0

kai �

0

0

= �

r

0

+1

� � � � � �

r

ìpou �

i

(i = 1; 2; � � � ; r) an�gwge. Epomènw � = �

1

� � � � � �

r

:

Stìqo th paroÔsh paragr�fou e�nai h apìdeixh tou

Je¸rhma 1.21 ( Mashke ) (1

o

kÔrio je¸rhma tou Kefala�ou)

Estw G peperasmènh om�da t�xh g: Upojètoume ìti h qarakthristik  tou s¸mato K den

diaire� to g: Tìte k�je par�stash th G upèr to K e�nai pl rw analÔsimh kai (sÔmfwna

me to prohgoÔmeno je¸rhma) eujÔ �jroisma anag ģwn upoparast�sewn.
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Apìdeixh : Estw V K-dianusmatikì q¸ro, � : G ! GL(V ) par�stash th G:

Estw �

0

� � kai W èna q¸ro par�stash th �

0

: Arke� na apode�xoume ìti up�rqei

�

1

� � tètoia ¸ste � = �

0

� �

1

; dhlad  ìti up�rqei �-anallo�wto q¸ro W

1

� V tètoio

¸ste V = W �W

1

: Apì thn Grammik  Algebra, e�nai gnwstì ìti up�rqei W

0

� V (ìqi

monos manta orismèno) tètoio ¸ste V = W �W

0

: Estw

p :

8

<

:

V �! W

v = w + w

0

7�! w

mia probol  tou V ston W:

Profan¸ h p e�nai epimorfismì dianusmatik¸n q¸rwn me kerp = W

0

kai rest

W

p =

id

W

: Y�qnoume na broÔme mia probol  p

1

tou V ston W me pur na èna �-anallo�wto

sumpl rwma tou W: Ja apode�xoume ìti o K-endomorfismì tou V :

p

1

:=

1

g

X

t2G

�(t) � p � �(t

�1

) =

1

g

X

t2G

�(t) � p � �(t)

�1

èqei aut  thn idiìthta ( o p

1

or�zetai diìti h qarakthristik  tou s¸mato K den diaire� to

g): Kat' arq n 8v 2 V isqÔei

p

1

(v) =

1

g

X

t2G

�(t) � p � �(t

�1

)(v) =

1

g

X

t2G

�(t) � p(v

1

) =

1

g

X

t2G

�(t)(w

1

) � W;

diìti o W e�nai �-anallo�wto. Epomènw p

1

(V ) � W (1):

Ja apode�xoume ìti rest

W

p

1

= id

W

(2):

Pr�gmati, èstw w 2 W: AfoÔ o W e�nai �-anallo�wto, èqoume ìti �(t

�1

)(w) 2 W;

dhlad  p � �(t

�1

)(w) = �(t

�1

)(w); opìte:

p

1

(w) =

1

g

X

t2G

�(t) � p � �(t

�1

)(w) =

1

g

X

t2G

�(t) � �(t

�1

)(w) =

1

g

gw = w:

Profan¸ h (2) sunep�getai ìti �

1

(V ) =W: Sthn sunèqeia ja apode�xoume ìti o

(W

1

:= kerp

1

e�nai �-analo�wto) (3).

Estww

1

2 W

1

kai � 2 G: Arkei na de�xoume ìti �(�)(w

1

) 2 W

1

; dhlad  ìti p

1

(�(�)(w

1

)) =

0: Eqoume

p

1

(�(�)(w

1

)) =

1

g

X

t2G

�(t) � p � �(t

�1

)(�(�(w

1

))) =

1

g

X

t2G

�(t) _p � �(t

�1

�)(w

1

)

Jètoume t

1

:= �

�1

t; dhlad  t = �t

1

: Epomènw:

p

1

(�(�)(w

1

)) =

1

g

X

t

1

2G

�(�t

1

) � p � �(t

�1

1

)(w

1

) =
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= �(�) �

1

g

X

t

1

2G

�(t

1

) � p � �(t

�1

1

)(w

1

) = �(�)(p

1

(w

1

)) = 0;

diìti w

1

2 kerp

1

; opìte �(�)(w

1

) 2 kerp

1

=W

1

:

Tèlo ja apode�xoume ìti o W

1

e�nai èna orjog¸nio sumpl rwma tou W: An v 2 V; to

gr�foume sthn morf  v = p

1

(v) + v � p

1

(v): IsqÔei p

1

(v) 2 W (de (1)) kai v � p

1

(v) 2

W

1

:= kerp

1

; diìti p

1

(v � p

1

(v)) = p

1

(v)� p

1

(v) = 0: Epomènw V =W +W

1

:

An v 2 W \W

1

; tìte v 2 W opìte (de (2)) p

1

(v) = v kai v 2 W

1

opìte p

1

(v) = 0;

dhlad  v = 0: Epomènw èqoume apode�xei ìti: V = W �W

1

kai W

1

e�nai �-anallo�wto,

dhlad  to je¸rhma.

Parat rhsh 1 : H par�stash � = �

1

� � � � � �

r

den e�nai monos manta orismènh.

Antipar�deigma: Estw ìti dimV = r > 1 kai � : G! GL(V ) h monadia�a par�stash tou

V: An fu

1

; u

2

; � � � ; u

r

g e�nai mia b�sh tou V; tìte V = Ku

1

� Ku

2

� � � � � Ku

r

kai gia

k�je � 2 G; �(�)(u

i

) = u

i

; dhlad  oi monodi�statoi upìqwroi Ku

i

e�nai �-anallo�wtoi.

Epomènw,

� = �

1

� � � � � �

r

me �

i

: G! GL(Ku

i

) = GL(W

i

); W

i

= Ku

i

:

Oi parast�sei �

i

e�nai an�gwge, afoÔ e�nai monodi�state. An�loga gia k�je �llh b�sh

fu

0

1

; u

0

2

; � � � ; u

0

n

g tou V ja èqoume � = �

0

1

��

0

2

�� � ���

0

r

ìpou �

0

i

an�gwge (monodi�state)

parast�sei �

i

: G! GL(Ku

0

i

): Epomènw se diaforetikè b�sei tou V antistoiqoÔn kai

diaforetikè analÔsei th �:

IsqÔei ìmw kat� k�poio trìpo to monos manto th par�stash kai autì ma d�netai

apì to akìloujo:

Je¸rhma 1.22 (Krull-Shmidt) Estw � : G ! GL(V ) mia par�stash th G upèr

to s¸ma K: An � = �

r

i=1

�

i

= �

r

0

i=1

�

0

i

; dÔo analÔsei th � se eujÔ �jroisma anag ģ-

wn parast�sewn, tìte r = r

0

kai (all�zonta �sw thn seir� th ar�jmhsh) h �

i

e�nai

isodÔnamh me thn �

0

i

; gia k�je i = 1; 2; � � � ; r:

Apìdeixh: (de [VING℄, th. 4; sel. 33)

Parat rhsh 2 : To je¸rhma tou Mashke den isqÔei ìtan h qarakthristik  tou s¸-

mato K diaire� to g:
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Antipar�deigma: Estw ìti har(K) = p > 0; G kuklik  om�da t�xh p kai � èna genn -

tora aut . Estw

S :=

0

�

1 1

0 1

1

A

2 GL

2

(K):

H apeikìnish:

M :

8

>

>

>

<

>

>

>

:

G �! GL

2

(K)

�

�

7�!

0

�

1 �

0 1

1

A

= S

�

e�nai mia par�stash dia pin�kwn th G upèr to K: H M e�nai mh-an�gwgh diìti

M(�

�

) =

0

�

1 �

0 1

1

A

:

Den up�rqei ìmw kamm�a par�stash M

0

th G isodÔnamh pro thn M; th morf :

M

0

(�

�

) =

0

�

� 0

0 �

1

A

;

diìti, ja èprepe gia thn M

0

na isqÔei:

M

0

(�

�

) =M

0

(�)

�

=

0

�

�

1

0

0 �

2

1

A

�

=

0

�

�

�

1

0

0 �

�

2

1

A

kai

M

0

(�

�

) =

0

�

1 0

0 1

1

A

, � � 0 (mod p), (�

�

1

= 1 kai �

�

2

= 1):

Gia � = p èqoume: �

p

i

= 1 (i = 1; 2) opìte (�

i

� 1)

p

= 0; dhlad  �

i

= 1: Epomènw ja  tan

M

0

(�

�

) =

0

�

1 0

0 1

1

A

8� 2 N ; �topo:

1.3 O qarakt ra mia par�stash

kai to l mma tou Shur

Estw K s¸ma, V èna K-dianusmatikì q¸ro me dimV = n kai f 2 End

K

(V ): An

dialèxoume mia b�sh tou V tìte o f d�netai, w pro thn b�sh aut , apì ènan p�naka

A = ((a

ij

)):
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To qarakthristikì polu¸numo tou f; or�zetai:

'(X) := det(I

n

X� A) = det

0

B

B

B

B

B

B

�

X� a

11

�a

12

� � � �a

1n

� � � � � � � � � � � �

� � � � � � � � � � � �

�a

n1

�a

n2

� � � X� a

nn

1

C

C

C

C

C

C

A

(I

n

o monadia�o n� n p�naka).

To '(X) e�nai kal� orismèno,

det(I

n

X� T

�1

AT ) = det(T

�1

(I

n

X� A)T ) = det(I

n

X� A);

kai gr�fetai:

'(X) = X

n

� tr(A)X

n�1

+ � � � ;

ìpou to tr(A) e�nai to �qno tou A kai d�netai apì thn tr(A) =

P

n

i=1

a

ii

:

Or�zoume tr(f) := tr(A): Eqei ti ex  idiìthte:

(1) tr(f

1

+ f

2

) = tr(f

1

) + tr(f

2

):

(2) tr(f

�1

1

f

2

f

1

) = tr(f

2

):

(3) tr(f

1

f

2

) = tr(f

2

f

1

):

(4) tr(�f

1

) = �tr(f

1

); � 2 K:

(5) tr(Id

n

) = n:

Orismì 1.23 Estw G mia peperasmènh om�da, � : G ! GL(V ) mia par�stash th G:

H apeikìnish

� := �

�

:

8

<

:

G �! K

� 7�! �

�

(�) := tr(�(�)); 8� 2 G

ja lègetai qarakt ra th �:

Profane� e�nai oi parak�tw,

Idiìthte 1.24 (1) �(e) = n; ìpou deg� = n:
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(2) 8�; � 2 G; �(�

�1

��) = �(�):

Epomènw oi qarakt re e�nai sunart sei twn kl�sewn suzug�a th G:

(3) �(��) = �(��):

(4) An �

1

e�nai isodÔnamh me thn �

2

; tìte �

�

1

= �

�

2

:

(5) An � par�stash 1ou bajmoÔ, tìte �(�) = �

�

(�):

(dhlad  oi qarakt re 1ou bajmoÔ e�nai oi omomorfismo� th G sto K

�

).

(6) �

�

1

��

2

= �

�

1

+ �

�

2

(An M

1

(�) kai M

2

(�); � 2 G; e�nai p�nake parast�sewn twn �

1

kai �

2

ant�stoiqa,

tìte èna p�naka par�stash th �

1

� �

2

e�nai

0

�

M

1

(�) 0

0 M

2

(�)

1

A

).

Je¸rhma 1.25 (L mma tou Shur, 1

o

mèro) Estw �

i

: G! GL(V

i

); (i = 1; 2) an�gwge

parast�sei th G: Estw f 2 Hom

K

(V

1

; V

2

): Upojètoume ìti isqÔei:

8� 2 G; �

2

(�) Æ f = f Æ �

1

(�);

dhlad  ìti to di�gramma:

V

1

V

1

V

2

V

2

-

-

? ?

�

=

f

f

�

=

�

1

(�) �

2

(�)

�

=

�

=

e�nai, gia k�je � 2 G; antimetajetikì. Tìte o f e�nai isomorfismì dianusmatik¸n

q¸rwn, opìte h �

1

e�nai isodÔnamh me thn �

2

;   f � 0:

Apìdeixh : Estw W

1

:= kerf � V

1

; W

2

:= imf � V

2

: Arke� na de�xoume ìti oi W

i

e�nai �

i

-anallo�wtoi (i = 1; 2).

Estw x 2 W

1

: Tìte f(x) = 0 kai epomènw:

�

2

(�)(f(x)) = �

2

(�)(0) = 0; 8� 2 G

) (�

2

(�) Æ f)(x) = 0 = (f Æ �

1

(�))(x)

) (f(�

1

(�))(x) = 0) �

1

(�)(x) 2 kerf; 8� 2 G:
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Ara o W

1

e�nai �

1

-anallo�wto.

Estw p�li y 2 W

2

: Tìte up�rqei x 2 V

1

tètoio ¸ste y = f(x): Epomènw:

8� 2 G; �

2

(�)(y) = (�

2

(�) Æ f)(x) = (f Æ �

1

(�))(x) = f(�

1

(�)(x))

) �

2

(�)(y) 2 W

2

; 8� 2 G:

Ara o W

2

e�nai �

2

-anallo�wto.

T¸ra an f 6= 0; tìte

(1) kerf 6= V

1

kai epomènw kerf = f0g; diìti h �

1

e�nai an�gwgh kai o W

1

e�nai �

1

-

anallo�wto.

(2) imf 6= f0g kai epomènw imf = V

2

; diìti h �

2

e�nai an�gwgh kai o W

2

e�nai �

2

-

anallo�wto.

Ara an f 6= 0; tìte o f e�nai isomorfismì.

Pìrisma 1.26 Estw �

i

: G ! GL(V

i

); (i = 1; 2) an�gwge mh-isodÔname parast�sei

th G: Estw h 2 Hom

K

(V

1

; V

2

): An

h

0

:=

X

t2G

�

2

(t

�1

) � h � �

1

(t);

tìte h

0

= 0 (ston V

1

).

Apìdeixh : Arke� na apode�xoume ìti:

8� 2 G; �

2

(�) � h

0

= h

0

� �

1

(�):

Pr�gmati, èstw x 2 V

1

: Tìte:

(�

2

(�) � h

0

)(x) = [�

2

(�)

X

t2G

�

2

(t

�1

) � h � �

1

(t)℄(x) =

X

t2G

[�

2

(�t

�1

) � h � �

1

(t)℄(x):

Jètoume t

1

:= t�

�1

; dhlad  t = t

1

�; opìte pa�rnoume:

(�

2

(�) � h

0

)(x) = [

X

t2G

�

2

(t

�1

) � h � �

1

(t) � �

1

(�)℄(x) = (h

0

� �

1

(�))(x) :

To h

0

den mpore� na e�nai isomorfismì diìti alli¸, apì to l mma tou Shur, ja e�qame

ìti oi parast�sei �

1

kai �

2

ja  tan isodÔname, �topo. Ara h

0

= 0:
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Pìrisma 1.27 (DiatÔpwsh sthn gl¸ssa twn parast�sewn dia pin�kwn)

Estw M

i

: G ! GL

n

i

(K); (i = 1; 2) an�gwge mh-isodÔname parast�sei dia pin�kwn

th G kai:

M

1

(�) = (a

ij

(�))

i;j=1;2;���;n

1

; M

2

(�) = (�

lk

(�))

l;k=1;2;���;n

2

:

Gia opoiad pote i; j; l; k; i; j 2 N

n

1

kai l; k 2 N

n

2

isqÔei:

X

t2G

a

ij

(t)�

lk

(t

�1

) = 0:

Apìdeixh : Estw �

i

parast�sei twn opo�wn ant�stoiqe parast�sei dia pin�kwn e�nai

oi M

i

: Estw B

1

= fu

1

; u

2

; � � � ; u

n

1

g kai B

2

= fv

1

; v

2

; � � � ; v

n

2

g b�sei twn V

1

kai V

2

ant�s-

toiqa tètoie ¸ste M

i

= �

B

i

Æ �

i

(i = 1; 2):

Gia opoiod pote h 2 Hom

K

(V

1

; V

2

); isqÔei, sÔmfwna me to pìrisma 1:26;

h

0

=

X

t2G

�

2

(t

�1

) � h � �

1

(t) = 0:

H apeikìnish

�

B

1

;B

2

:

8

<

:

Hom

K

(V

1

; V

2

) �! M

n

1

�n

2

(K)

h 7�! (

ki

)

ìpou h(u

i

) =

P

n

2

k=1



ki

v

k

e�nai isomorfismì K-dianusmatik¸n q¸rwn. Ep�sh èqoume:

�

1

(t)(u

j

) =

X

i

�

ij

(t)u

i

kai �

2

(t)(v

k

) =

X

l

�

lk

(t

�1

)v

l

:

Epomènw

0 = h

0

(u

j

) = [

X

t2G

�

2

(t

�1

) � h � �

1

(t)℄(u

j

) =

X

t2G

�

2

(t

�1

) � h �

X

i

�

ij

(t)u

i

=

=

X

t2G

�

2

(t

�1

)

X

i

�

ij

(t)

X

k



ki

v

k

=

X

t2G

X

i

�

ij

(t)

X

k



ki

X

l

�

lk

(t

�1

)(v

l

):

Epeid  ìmw fv

l

jl = 1; 2; � � � ; n

2

g e�nai b�sh tou V

2

èpetai ìti:

X

i

X

k

X

l

�

ij

(t)�

lk

(t

�1

)

ki

= 0

gia ìla ta j: Dialègoume k�je for� to h ètsi ¸ste o p�naka (

ki

) na èqei 1 se mia

sugkekrimènh jèsh (i

0

; k

0

) kai mhdèn se ìle ti �lle jèsei, opìte èqoume:

X

t2G

�

ij

(t)�

lk

(t

�1

) = 0 gia ìla ta j; l:

23



Je¸rhma 1.28 (L mma tou Shur, 2

o

mèro)

Estw K algebrik� kleistì s¸ma, � : G! GL(V ) an�gwgh par�stash th G:

An f 2 End

K

(V ); me thn idiìthta: (8� 2 G; �(�) � f = f � �(�)); tìte o f èqei thn

morf :

f = � � Id

V

; � 2 K;

dhlad  o metajèth mia an�gwgh par�stash e�nai tetrimmèno.

Apìdeixh : To qarakthristikì polu¸numo '(�) tou f èqei mia r�za � sto K; � 6= 0:

Epomènw

'(�) := det(�Id

V

� A) = 0:

Autì shma�nei ìti o endomorfismì f

1

:= � � Id

V

� f den e�nai isomorfismì. Apì thn �llh

meri�:

8� 2 G; f

1

� �(�) = (� � Id

V

� f)�(�) = ��(�)� f � �(�) =

= �(�)�� �(�) � f = �(�) � f

1

:

Epomènw apo to pr¸to mèro tou l mmato tou Shur (je¸rhma 1:25) sunep�getai ìti

f

1

� 0 kai �ra f = � � Id

V

:

Pìrisma 1.29 Estw K algebrik� kleistì s¸ma kai G abelian  om�da. K�je an�gwgh

par�stash th G èqei kat' an�gkh bajmì 1:

Apìdeixh : Estw � : G ! GL(V ) an�gwgh par�stash th G: Gia t stajerì kai � na

diatrèqei ta stoiqe�a th G èqoume �(�)�(t) = �(t)�(�): To je¸rhma 1:28 gia f = �(t)

sunep�getai ìti �(t) = �

t

� Id

V

; �

t

2 K: Dhlad  o �(t) e�nai diag¸nio p�naka �(t) =

diag(�

t

; �

t

; � � � ; �

t

):

Epeid  ìmw h � e�nai an�gwgh, èpetai ìti kat' an�gkh deg� = 1:

Parat rhsh : E�nai apara�thth h upìjesh ìti to K e�nai algebrik� kleistì.

Antipar�deigma:
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Estw C

n

kuklik  om�da t�xh n; kai � èna genn tora aut . H apeikìnish

� :

8

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

:

C

n

�! M

n

(K)

� 7�!

0

B

B

B

B

B

B

B

B

B

�

0 � � � � � � � � � 1

1 � � � � � � � � � 0

0 1 � � � � � � 0

� � � � � � � � � � � � � � �

0 0 � � � 1 0

1

C

C

C

C

C

C

C

C

C

A

e�nai mia par�stash dia pin�kwn th G:

An t¸ra san K p�roume to s¸ma twn pragmatik¸n arijm¸n kai n > 2 tìte h � den

analÔetai se eujÔ �jroisma anag¸gwn ìlwn bajmoÔ 1; diìti to qarakthristikì polu¸numo

e�nai to X

n

� 1 kai èqei kai migadikè r�ze.

Pìrisma 1.30 Estw K algebrik� kleistì s¸ma, G abelian  om�da kai èstw ìti

hK 6 j #G: Ole oi parast�sei dia pin�kwn e�nai isodÔname pro parast�sei oi opo�e

apoteloÔntai ìle apì diag¸niou p�nake (dhlad  ìloi oi p�nake parast�sewn e�nai sug-

qrìnw diagwnopoi simoi).

Apìdeixh : Amesh sunèpeia tou por�smato 1:29 kai tou jewr mato tou Mashke

Pìrisma 1.31 Estw K algebrik� kleistì s¸ma, � : G ! GL(V ) par�stash th G

bajmoÔ deg� = n kai h 2 End

K

(V ): Estw:

h

0

:=

X

t2G

�(t

�1

) � h � �(t):

Tìte h

0

= � � Id

V

; � 2 K kai n� = g � tr(h); ìpou g = #G:

Apìdeixh : ApodeiknÔetai ìti, ìpw sto pìrisma 1:26; isqÔei:

8� 2 G; �(�) � h

0

= h

0

� �(�) kai epomènw h

0

= � � Id

V

:

Ep�sh:

n� = �

�

(e) � � = tr(Id

V

) � � = tr(h

0

) =

X

t2G

tr(�(t

�1

) � h � �(t)) = g � tr(h):

25



Pìrisma 1.32 (DiatÔpwsh sthn gl¸ssa twn parast�sewn dia pin�kwn)

Estw K algebrik� kleistì s¸ma, M : G! GL

n

(K) an�gwgh par�stash dia pin�kwn th

G; M(�) = (a

ij

(�))

i;j=1;2;���;n

: Gia opoiad pote i; j; l; k 2 N

n

= f1; 2; � � � ; ng isqÔei:

n �

X

t2G

a

ij

(t)a

lk

(t

�1

) = g � Æ

ik

� Æ

jl

Apìdeixh : H apìdeixh af netai san �skhsh ston anagn¸sth.

Orismì 1.33 Estw G peperasmènh om�da kai K s¸ma. H akìloujh prìtash ja lègetai

sunj kh tou Shur:

Gia k�je an�gwgh par�stash � th G upèr to K kai k�je f 2 End

K

(V ) pou epalhjeÔei

th sqèsh:

�(�) � f = f � �(�); èpetai ìti �(�) = � � Id

V

; me � 2 K:

Par�deigma : An K algebrik� kleistì s¸ma, tìte plhroÔtai h sunj kh tou Shur.

1.4 Sqèsei orjwgoniìthta twn qarakt rwn kai an�lush th

omal  par�stash

Sthn par�grafo aut  upojètoume ìti to s¸ma K e�nai algebrik� kleistì kai ìti hK 6 j

#G:

JewroÔme to sÔnolo twn sunart sewn th G sto K; G

K

: Autì to sÔnolo apotele�

profan¸ K-dianusmatikì q¸ro. Estw ';  : G! K: Or�zoume:

< ';  >:=

1

g

X

t2G

'(t) (t

�1

); ìpou g = #G:

H < ; >: G

K

�G

K

! K e�nai K-digrammik , dhlad :

< '

1

+ '

2

;  >=< '

1

;  > + < '

2

;  >; 8'

i

;  2 G

K

< �';  >=< '; � >= � < ';  >; 8� 2 K; ';  2 G

K

Je¸rhma 1.34 (2

o

kÔrio je¸rhma tou Kefala�ou)
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(1) An � qarakt ra mia an�gwgh par�stash, tìte:

< �; � >= 1:

(2) An ';  qarakt re mh-isodun�mwn, anag ģwn parast�sewn, tìte:

< ';  >= 0:

Apìdeixh :

(1) Estw � = �

�

kai M

�

: G! GL

n

(K) antistoiqoÔsa par�stash dia pin�kwn

(M�(�) = (a

ij

(�)) th G: Apì to pìrisma 1:32; èqoume:

X

t2G

a

ij

(t)a

lk

(t

�1

) = Æ

ik

� Æ

jl

�

g

n

opìte, to

< �; � >:=

1

g

X

t2G

�(t)�(t

�1

) =

1

g

X

t2G

n

X

i=1

a

ii

(t)

n

X

j=1

a

jj

(t

�1

) =

1

n

n

X

i;j=1

Æ

ij

Æ

ij

= 1:

(2) Estw ' = �

�

1

;  = �

�

2

kai M

1

;M

2

M

i

: G ! GL

n

i

(K) (i = 1; 2) ant�stoiqe

parast�sei dia pin�kwn twn �

i

;

M

1

(�) = (a

ij

(�)); M

2

(�) = (�

kl

(�)):

Apì to pìrisma 1:27 èpetai ìti:

X

t2G

a

ij

(t)�

lk

(t

�1

) = 0; 8i; j 2 N

n

1

kai k�je l; k 2 N

n

2

:

Epomènw,

< ';  >:=

1

g

X

t2G

'(t) (t

�1

) =

=

1

g

X

t2G

n

1

X

i=1

a

ii

(t) �

n

2

X

j=1

�

jj

(t

�1

)) =

1

g

n

1

;n

2

X

i;j=1

(

X

t2G

a

ii

(t)�

jj

(t

�1

)) = 0:

Pìrisma 1.35 Estw �

1

; �

2

duo an�gwge parast�sei th G: An h �

1

e�nai isodÔnamh me

thn �

2

tìte < �

�

1

; �

�

2

>= 1 kai antistrìfw.
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Apìdeixh : AfoÔ oi parast�sei e�nai isodÔname, èpetai �

�

1

= �

�

2

opìte lìgw tou jew-

r mato 1:34(1); èqoume < �

�

1

; �

�

2

>= 1: An t¸ra < �

�

1

; �

�

2

>= 1; lìgw tou jewr mato

1:34(2); èqoume ìti �

1

� �

2

diìti an den  tan isodÔname ja e�qame < �

�

1

; �

�

2

>= 0:

Apì to shme�o autì kai mèqri to tèlo th paragr�fou upojètoume ìti har(K) = 0:

Je¸rhma 1.36 Estw � = �

1

� �

2

� � � � � �

r

mia opoiad pote par�stash th G; ìpou �

i

e�nai an�gwge parast�sei kai èstw ~� an�gwgh par�stash th G: Tìte:

< �

�

; �

~�

>2 N

0

kai isoÔtai me to pl jo twn �

i

(i = 1; 2; � � � ; r), tètoiwn ¸ste �

i

� ~�:

Apìdeixh : Profan¸ < �

�

i

; �

~�

>=

P

r

i=1

< �

�

i

; �

~�

> : To je¸rhma e�nai �mesh

sunèpeia th sqèsh aut  tou jewr mato 1:34 kai tou por�smato 1:35

Me thn bo jeia tou teleuta�ou jewr mato mporoÔme na apode�xoume to:

Je¸rhma 1.37 Estw �; �

0

parast�sei th G:

(a) H � e�nai isodÔnamh pro thn �

0

tìte kai mìno tìte ìtan �

�

= �

�

0

:

(b) K�je par�stash � th G gr�fetai monos manta (modulo isodunam�a) san eujÔ �-

jroisma anag ģwn parast�sewn.

Apìdeixh:

(a) An � � �

0

tìte �

�

= �

�

0

(de 1:24(4)).

Estw t¸ra ìti �

�

= �

�

0

:

Apì to je¸rhma tou Mashke èpetai ìti � = �

r

i=1

�

i

kai �

0

= �

r

0

j=1

�

0

j

ìpou �

i

kai �

0

j

(i = 1; 2; � � � ; r; j = 1; 2; � � � ; r

0

) an�gwge parast�sei th G: Ja apode�xoume ìti

� � �

0

:

Estw I

G;K

= I èna pl re sÔsthma antipros¸pwn twn kl�sewn isodun�mwn parast�sewn

th G; I = f~�

1

; ~�

2

; � � � ; ~�

�

g: An, gia k�je ~�

i

(i = 1; 2; � � � ; �)

m

~�

i

= #fi 2 N

r

j�

i

� ~�

i

g kai m

0

~�

i

= fj 2 N

r

j�

j

� ~�

i

g
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tìte, je¸rhma 1:36; èqoume

m

~�

i

=< �

�

; �

~�

i

> kai m

0

~�

i

=< �

�

0

; �

~�

i

> :

Epeid  �

�

= �

�

0

kai hK = 0; èpetai ìti gia k�je i 2 f1; 2; � � � ; �g isqÔei m

~�

i

= m

0

~�

i

:

Profan¸

� � �

�

i=1

m

~�

i

� ~�

i

kai �

0

� �

�

j=1

m

0

~�

i

� ~�

i

:

Epomènw,

� � �

�

i=1

m

~�

i

� ~�

i

� �

�

i=1

m

0

~�

i

� ~�

i

� �

0

:

(b) H Ôparxh th par�stash e�nai �mesh sunèpeia tou jewr mato tou Mashke kai to

monos manto th sqèsh m

~�

i

= m

0

~�

i

:

Shme�wsh: Fusik� ed¸ ennoe�tai monos manto modulo isodunam�a kai ìpou h seir� twn

prosjeta�wn tou eujèw ajro�smato den lamb�netai up' ìyin.

Pìrisma 1.38 An � qarakt ra th G tìte isqÔoun:

(a) < �; � >2 N

0

n f0g kai

(b) < �; � >= 1 akrib¸ tìte ìtan o � e�nai an�gwgo.

Apìdeixh: Amesh sunèpeia twn jewrhm�twn 1:36; 1:37 kai tou por�smato 1:35:

Parathr sei :

(1) To (a) tou jewr mato 1:37 den isqÔei an h(K) 6= 0:

Antipar�deigma:

Estw p = h(K) kai �

1

h monadia�a par�stash bajmoÔ 1 th G; �

p+1

h monadia�a

par�stash bajmoÔ p + 1 th G: H �

1

den e�nai isodÔnamh me thn �

p+1

diìti, pr¸ta

ap' ìla, e�nai diaforetikoÔ bajmoÔ. Omw

�

�

p+1

(�) = tr(�

p+1

(�)) = tr(Id

p+1

) = (p+ 1) � 1 = �

�

1

(�):

(2) To (b) tou jewr mato 1:35 isqÔei genikìtera ìtan h qarakthristik  tou K den

diare� thn t�xh th G (de je¸rhma 1:22 (Krull-Shmidt) ).
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ProtoÔ suneq�soume, eis�goume merikoÔ sumbolismoÔ.

An � e�nai èna stoiqe�o th G; tìte sumbol�zoume me:

� C

�

:= [�℄ := f���

�1

j� 2 Gg; thn kl�sh suzug�a tou �:

� [G℄ := f[�℄j� 2 Gg; tì sÔnolo ìlwn twn kl�sewn suzug�a.

Je¸rhma 1.39 (3

o

kÔrio je¸rhma tou Kefala�ou)

Estw �

om

: G! GL(V ) h omal  par�stash th G kai �

om

= �

1

��

2

�� � ���

r

; h an�lush

th se eujÔ �jroisma anag ģwn. Tìte isqÔoun:

(1) �

�

(�)

8

<

:

g ; an � = e

0 ; an � 6= e

(2) K�je an�gwgh par�stash th G emfan�zetai ( modulo isodunam�a) sthn an�lush th

�

om

.

(3) Up�rqoun peperasmènou pl jou kl�sei anag ģwn parast�sewn th G:

(4) An I

G;K

= f~�

1

; ~�

2

; � � � ; ~�

n

g e�nai èna pl re sÔsthma antipros¸pwn twn kl�sewn

anag ģwn parast�sewn th G kai n

i

= deg(~�

i

) i = 1; 2; � � � ; n tìte isqÔoun ta ex :

(a) K�je an�gwgh par�stash th G emfan�zetai sthn an�lush th �

om

; akrib¸

n

i

forè.

(b) �

om

= �

P

n

i=1

P

n

i

j=1

�

(j)

i

ìpou h �

(j)

i

e�nai isodÔnamh prì thn ~�

i

; gia k�je i =

1; 2; � � � ; n

i

:

() g = #G =

P

n

i=1

n

2

i

:

Apìdeixh :

(1) Ex orismoÔ th �

om

èpetai ìti up�rqei mia amfimonos manth apeikìnish th G ston

K-dianusmatikì q¸ro V (� 7! u

�

); tètoia ¸ste to sÔnolo fu

�

j� 2 Gg na e�nai b�sh

tou V kai �

om

(�)(u

t

) = u

�t

: An � 6= e tìte èqoume ìti �

om

(�)(u

t

) 6= u

t

kai epomènw o

ant�stoiqo p�naka par�stash M

om

th �

om

e�nai èna p�naka metajèsewn tètoio

¸ste sthn kÔria diag¸niì tou up�rqoun mìno mhdenik�. Sunep¸ �

�

(�) = 0; 8� 6= e:

An t¸ra � = e; tìte:

�

�

(�) = deg(�

om

) = g:
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(2) Estw � an�gwgh par�stash th G kai �

�

o qarakt ra aut .

Profan¸, < �

�

; �

�

>:=

1

g

X

t2G

�

�

(t)�

�

(t

�1

) =

1

g

�

�

(e)�

�

(e) = deg(�) 6= 0

opìte to zhtoÔmeno e�nai sunèpeia tou jewr mato 1:36:

(3) E�nai profanè, lìgw tou ìti o V e�nai K-dianusmatikì q¸ro peperasmènh di�s-

tash kai lìgw tou (2) tou parìnto jewr mato, ìti to pl jo twn kl�sewn

anag¸gwn parast�sewn e�nai to polÔ g:

(4) (a) Lìgw tou jewr mato 1:36 èqoume < �

�

; �

�

i

>= n

i

:

(b) E�nai tautolog�a me to (a).

() Ed¸

g = �

�

(e) =

n

X

i=1

n

i

X

j=1

�

�

(j)

i

(e) =

n

X

i=1

n

2

i

:

1.5 Pl jo anag¸gwn parast�sewn kai sqèsei orjogwniìth-

ta

Genik  upìjesh th paragr�fou aut  e�nai ìti to s¸ma K e�nai algebrik� kleistì kai

h(K) = 0:

Orismì 1.40 Mia sun�rthsh f : G! K ja lègetai sun�rthsh kl�sewn suzug�a th

G (  entral) ìtan

8�; t 2 G; f(t�t

�1

) = f(�)

Dhlad , isodÔnama, ìtan:

8�; t 2 Gf(�t) = f(t�):

An f

1

; f

2

sunart sei kl�sewn suzug�a th G; tìte èpetai ìti kai h f

1

+ f

2

e�nai

sun�rthsh kl�sewn suzug�a th G :

(f

1

+ f

2

)(�t) = f

1

(�t) + f

2

(�t) = f

1

(t�) + f

2

(t�) = (f

1

+ f

2

)(t�):

Omo�w an f sun�rthsh kl�sewn suzug�a th G kai � 2 K; tìte kai h �f e�nai ep�sh

sun�rthsh kl�sewn suzug�a th G:
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Epomènw to f(G) := ff : G ! Kjfsun�rthsh kl�sewn suzug�a th Gg apotele� K-

dianusmatikì upìqwro tou K-dianusmatikoÔ q¸rou ìlwn twn apeikon�sewn th G sto K:

H digrammik  morf  pou or�same sthn prohgoÔmenh par�grafo ep�gei mia digrammik 

morf  ep� th f(G):

Idiìthte 1.41

(1) H f(G) perièqei ìlou tou qarakt re � th G (Profan¸ afoÔ oi qarakt re

e�nai, ex orismoÔ, sunart sei kl�sewn suzug�a th G).

(2) An h

G

e�nai to pl jo twn kl�sewn suzug¸n stoiqe�wn th G; tìte h di�stash tou

K-dianusmatikoÔ q¸rou f(G) e�nai h

G

:

Apìdeixh : Estw C

1

; C

1

; � � � ; C

h

; h := h

G

oi kl�sei isodun�mwn stoiqe�wn th G:

Estw R := f�

1

; �

2

; � � � ; �

h

g èna pl re sÔsthma antipros¸pwn twn kl�sewn. H

apeikìnish:

' :

8

<

:

f(G) ! K

h

G

f 7! (f(�

1

); f(�

2

); � � � ; f(�

h

))

e�nai K-isomorfismì dianusmatik¸n q¸rwn. Estw t¸ra l

C

i

oi ant�strofe eikìne

twn stoiqe�wn (0; 0; � � � ; 1; 0; � � � ; 0) tou K

h

G

: To 1 br�sketai sthn jèsh i; dhlad  l

C

i

e�nai h sun�rthsh kl�sewn suzug�a th G pou d�nei:

l

C

i

(�) =

8

<

:

1 ìtan � 2 C

i

0 ìtan � 62 C

i

To sÔnolo fl

C

1

; l

C

2

; � � � ; l

C

h

g apotele�, lìgw th isomorf�a, b�sh th f(G): An

f 2 f(G) tìte f =

P

�2R

f(�

i

)l

C

i

:

(3) An �

1

; �

2

; � � � ; �

m

oi an�gwgoi qarakt re th G; tìte, ìpw èqoume dei, isqÔei <

�

i

; �

j

>= Æ

ij

:

Oi an�gwgoi qarakt re, loipìn, apoteloÔn èna orjokanonikì sÔsthma tou dianus-

matikoÔ q¸rou f(G):

(4) Oi an�gwgoi qarakt re th G e�nai K-grammik¸ anex�rthtoi.
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Apìdeixh : Estw

P

m

i=1

�

i

�

i

= 0; �

i

2 K: Gia k�je j = 1; 2; � � � ; m isqÔei:

0 =< �

j

;

m

X

i=1

�

i

�

i

>= �

j

; dhlad  �

j

= 0:

(5) San �mesh sunèpeia th idiìthta (4) prokÔptei ìti m � h

G

:

Je¸rhma 1.42 (4

o

kÔrio je¸rhma tou Kefala�ou)

IsqÔei m = h

G

; dhlad :

(1) Up�rqoun akrib¸ h

G

; (an� dÔo mh-isodÔname) an�gwge parast�sei th G (dhlad 

akrib¸ tìse ìse kai oi kl�sei suzug�a th G) kai

(2) Oi qarakt re �

1

; �

2

; � � � ; �

m

th G sto K apoteloÔn mia orjokanonik  b�sh th

f(G):

Apìdeixh : Arke� na de�xoume ta ex :

(a) An f 2 f(G) tètoia ¸ste gia k�je i = 1; 2; � � � ; m na isqÔei < f; �

i

>= 0; tìte

f = 0: H (1) e�nai �mesh sunèpeia th (a):

Pr�gmati, an  2 f(G) kai or�soume:

~

 :=  �

m

X

i=1

<  

i

; �

i

> �

i

2 f(G);

tìte gia 1 � j � m isqÔei:

<

~

 ; �

j

>=<  ; �

j

> �

m

X

i=1

<  ; �

i

>< �

i

; �

j

> :

Epomènw, lìgw th (a); èqoume ìti

~

 = 0; dhlad   2< �

1

; �

2

; � � � ; �

m

> :

Estw loipìn ìti < f; �

i

>= 0 gia k�je i = 1; 2; � � � ; m: Ja apode�xoume ìti isqÔei h

(a) dhlad  ìti f = 0:

JewroÔme mia omal  par�stash th G; �

om

: G! GL(V ): Or�zoume ton

F :=

1

g

X

t2G

f(t)�

om

(t

�1

) : V ! V:

Profan¸ o F e�nai endomorfismì K-dianusmatik¸n q¸rwn. Arke� na apode�xoume

ìti:
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(b) F � 0:

Pr�gmati, apì gnwstè idiìthte th omal  par�stash (1:5(5)) èqoume ìti up�rqei

u 2 V tètoia ¸ste f�

om

(t

�1

)(u)jt 2 Gg b�sh tou V:

Apì to (b) ja e�qame loipìn:

0 = F (a) =

1

g

X

t2G

f(t)�

om

(t

�1

)(a)

kai afoÔ to parap�nw sÔnolo e�nai b�sh tou V; f(t) = 0 gia k�je t 2 G; dhlad  thn

(a):

Estw �

om

= �

r

j=1

�

j

h an�lush th �

om

se eujÔ �jroisma anag¸gwn parast�sewn

kai V = �

r

j=1

W

j

h ant�stoiqh an�lush touK-dianusmatikoÔ q¸rou V: Isqurizìmaste

ìti prokeimènou na apode�xoume to (b); arke� na apode�xoume ìti:

() F

j

:= rest

W

j

F = 0; gia k�je j; 1 � j � r:

Pr�gmati, an F

j

(W

j

) = 0; gia k�je j = 1; 2; � � � ; r tìte ja e�qame:

F (V ) = F (W

1

+W

2

+ � � �+W

r

) = F (W

1

) + F (W

2

) + � � �+ F (W

r

) =

= F

1

(W

1

) + F

2

(W

2

) + � � �+ F

r

(W

r

) = 0:

AfoÔ oi �

j

e�nai an�gwge parast�sei, èpetai ìti o �

�

j

2 f�

1

; �

2

; � � � ; �

m

g; opìte

lìgw th upojèsew th (a); èqoume < f; �

�

j

>= 0:

Sthn sunèqeia ja prospaj soume na efarmìsoume to l mma tou Shur. Isqurizì-

maste loipìn ìti isqÔei:

�

j

(�)F

j

= F

j

�

j

(�); gia k�je � 2 G

  isodÔnama, ìti

�

j

(�)F

j

�

j

(�

�1

) = F

j

; gia k�je � 2 G:

Pr�gmati

�

j

(�)F

j

�

j

(�

�1

)(x) = �

j

(�)(

1

g

X

t2G

f(t)�

j

(t

�1

)�

j

(�

�1

)(x)) =
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=

1

g

X

t2G

f(t)�

j

(�t

�1

�

�1

)(x):

Jètoume t

1

:= �t�

�1

kai èqoume,

�

j

(�)F

j

�

j

(�

�1

)(x) =

1

g

X

t

1

2G

f(�

�1

t

1

�)�

j

(t

�1

1

)(x) =

=

1

g

X

t

1

2G

f(t

1

)�

j

(t

�1

1

)(x) = F

j

(x):

Epomènw to l mma tou Shur ma d�nei:

F

j

= �

j

� Id

W

j

; ìpou �

j

2 K:

Sunep¸:

tr(F

j

) = �

j

� dimW

j

= tr(

1

g

X

t2G

f(t)�

om

(t

�1

)j

W

j

) =

= tr(

1

g

X

t2G

f(t)�

j

(t

�1

)) =

1

g

X

t2G

f(t)tr(�

j

(t

�1

)) =

=

1

g

X

t2G

f(t)�

�

j

(t

�1

) =< f; �

�

j

>= 0

Apode�xame lopìn ìti �

j

� dimW

j

= �

j

� deg�

j

= 0 kai epeid  deg�

j

6= 0 sunep�getai

ìti �

j

= 0; dhlad  ìti F

j

= �

j

�Id

W

j

= 0 gia k�je j = 1; 2; � � � ; r kai sunep¸ F = 0;

epomènw to (1) tou jewr mato.

To (2) e�nai �mesh sunèpeia tou (1) kai th idiìthta 1:39(3):

1.6 Merikè efarmogè, sqèsei orjogwniìthta

Estw 

�

= #C

�

; C

�

h kl�sh suzug�a tou stoiqe�ou �: Opw gnwr�zoume, to sÔnolo

f�

1

; �

2

; � � � ; �

h

g e�nai orjokanonik  b�sh th f(G):

An loipìn gr�youme thn l

C

�

=

P

h

i=1

�

i

�

h

tìte,

�

i

=< l

C

�

; �

i

>=

1

g

X

t2G

l

C

�

(t)�

i

(t

�1

) =

1

g

X

t2C

�

1 � �

i

(t

�1

) =

=

1

g

X

t2C

�

�

i

(�

�1

) =

1

g

� 

�

� �

i

(�

�1

):
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Epomènw h l

C

�

gr�fetai

l

C

�

=



�

g

h

X

i=1

�

i

(�

�1

) � �

i

; dhlad 

l

C

�

(t) =



�

g

h

X

i=1

�

i

(�

�1

)�

i

(t) =

8

<

:

1 ; an t 2 C

�

0 ; an t 62 C

�

Apo ta parap�nw sun�getai to,

Je¸rhma 1.43 Estw f�

1

; �

2

; � � � ; �

h

g to sÔnolo twn anag ģwn parast�sewn th G:

IsqÔei:

h

X

i=1

�

i

(�

�1

)�

i

(t) =

8

<

:

g=

�

; an t 2 C

�

0 ; an t 62 C

�

Shme�wsh : Upenjum�zoume ti upojèsei th paragr�fou 4; ìti dhlad  to s¸ma K e�nai

algebrik� kleistì qarakthristik  0:

K�tw apì autè ti pro�upojèsei apodeiknÔoume thn

Prìtash 1.44 Ole oi an�gwge parast�sei mia peperasmènh abelian  om�da èqoun

bajmì 1:

Apìdeixh : Epeid  h om�da G e�nai abelian , èpetai ìti h

G

= g; dhlad  up�rqoun

tìse an�gwge parast�sei, ìsh h t�xh th om�da g = #G: Apì to je¸rhma 1:37(4)()

prokÔptei ìti,

g =

g

X

i=1

n

2

i

opìte ja prèpei n

i

= 1 gia k�je i = 1; 2; � � � ; h

G

; dhlad  ìti deg(�

i

) = 1:

Autì shma�nei ìti oi qarakt re twn anag¸gwn parast�sewn th G taut�zontai me tou

omomorfismoÔ th G sto K

�

(de kai pìrisma 1:29).

Parat rhsh : IsqÔei kai to ant�strofo. Pr�gmati, an ìle oi parast�sei �

i

(i =

1; 2; � � � ; h

G

) èqoun bajmì èna, tìte:

#G =

h

G

X

i=1

(deg�

i

)

2

opìte, g = h

G

dhlad  [t℄ = ftg gia k�je t 2 G:

Ara h G e�nai abelian .
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Prìtash 1.45 (Sqèsei orjogwniìthta)

An G e�nai mia abelian  om�da t�xh g = #G kai X h om�da qarakt rwn aut  (omomor-

fismo� th G sthn K

�

) tìte isqÔoun oi parak�tw sqèsei orjogwniìthto

(1) Gia k�je �;  2 X èqoume:

X

t2G

�(t) (t

�1

) =

8

<

:

g an � =  

0 an � 6=  

kai

(2) Gia k�je t; � 2 G èqoume:

X

�2X

�(t)�(�

�1

) =

8

<

:

g an t = �

0 an t 6= �

Apìdeixh: To je¸rhma 1:41; sthn per�ptwsh pou h G e�nai abelian , ma d�nei ìti:

X

�2X

�(t)�(�

�1

) =

8

<

:

g an t = �

0 an t 6= �

An t¸ra �;  2 X ; tìte gnwr�zoume ìti,

< �;  >=

8

<

:

1; ìtan � =  

0; ìtan � 6=  

Epomènw

1

g

P

t2G

�(t) (t

�1

) =

8

<

:

1; an � =  

0; an � 6=  

; dhlad 

X

t2G

�(t) (t

�1

) =

8

<

:

g an � =  

0 an � 6=  

Parat rhsh: Oi sqèsei (1) kai (2) prokÔptoun me enallag  twn rìlwn twn t 2 G kai

� 2 X : K�je for� h mia e�nai h metablht  kai �llh e�nai h sun�rthsh. Gi' autì lème ìti h

mia e�nai duik  th �llh.
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2 Efarmogè

2.1 Timè qarakt rwn kai akeraiìthta

Se ìlh thn par�grafo pou akolouje� upojètoume ìti h(K) = 0 kai gia ìti gia to s¸ma

K isqÔei h sunj kh tou Shur.

L mma 2.1 Estw G peperasmènh om�da, � qarakt ra th G upèr to K w pro k�poia

par�stash � th G upèr to K. Tìte, gia k�je � 2 G, isqÔei

(1) O �(�) e�nai diagwnopoi simo (dhlad  up�rqei mia b�sh apì idiodianÔsmata tou V

ètsi ¸ste o p�naka �(�) na e�nai diag¸nio), H b�sh ìmw, exart�tai apì ton � kai

den èqoume tautìqronh diagwnopoi sh.

(2) An � idiotim  tou �(�) tìte �

ord(�)

= 1. Idia�tera isqÔei �

exp(G)

= 1.

Shme�wsh: Ekjèth mi� om�do exp(G) :=E.K.P.ford(�)= � 2 Gg. IsqÔei:

exp(G)j#G p.q. gia G = S

3

exp(G) = 6, all� den up�rqei � 2 G me ord(�) = 6.

O exp(G) e�nai o el�qisto fusikì arijmì tètoio ¸ste gia k�je � 2 G na isqÔei

�

m

= 1.

(3) An o �(�) e�nai ìmoio pro ton p�naka diag(�

1

; �

2

; :::::; �

d

) tìte ta �

i

e�nai idiotimè tou

�(�) kai �(�) =

P

d

i=1

�

i

(4) IsqÔei �(�

�1

) = �(�).

Apìdeixh:

(1) O �j

<�>

e�nai mia par�stash th kuklik  om�do < � >. AnalÔetai epomènw se

�jroisma anag¸gwn parast�sewn th < � >, èstw �j

<�>

= �

d

i=1

�

i

. T¸ra < � >

abelian  sunep¸ dim�

i

= 1 gia k�je i = 1; 2; :::; d. Estw M m�a par�stash dia

pin�kwn ant�stoiqh tou �j

<�>

kai M

i

parast�sei dia pin�kwn ant�stoiqe twn �

i

.

Epomènw o M(�) e�nai isodÔnamo pro ton:

d

M

i=1

M

i

(�) =

2

6

6

6

4

M

1

(�) 0

.

.

.

0 M

d

(�)

3

7

7

7

5
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(2) Epeid  �(�) = �j

<�>

(�) o p�naka par�stash (w pro kat�llhlh b�sh) mpore� na

grafe�:

2

6

6

6

4

M

1

(�) 0

.

.

.

0 M

d

(�)

3

7

7

7

5

=

2

6

6

6

4

�

1

0

.

.

.

0 �

d

3

7

7

7

5

ìpou �

i

2 K

�

, dhlad  f�

1

; �

2

; :::; �

d

g e�nai to sÔnolo twn idiotim¸n th �(�). T¸ra

�(1) = Id

V

kai �(1) = �(�

ord(�)

) = �(�)

ord(�)

= Id

V

. Sthn �(�)

ord(�)

antistoiqe�

o p�naka: diag(�

ord(�)

1

; :::; �

ord(�)

d

) = Id

V

, opìte ja prèpei �

ord(�)

i

= 1 gia k�je i =

1; 2; :::; d dhlad  oi idiotimè �

i

e�nai m := ord(�)-r�ze th mon�da.

(3) Lìgw th (1), èqoume ìti o �(�) e�nai ìmoio pro ton diag(�

ord(�)

1

; :::; �

ord(�)

d

) kai

sunep¸ �(�) = tr�(�) =

P

d

i=1

�

i

kai m�lista �

m

i

= 1 gia k�je i = 1; 2; :::; d ìpou

m := exp(G). Dhlad  oi timè twn qarakt rwn e�nai ajro�smata m�riz¸n th

mon�da kai epomènw, gia k�je � 2 G, �(�) 2 Q(�

m

).

(4) Profan¸ K � C : Eqoume:

�(�

�1

) = tr(�(�

�1

)) = tr(�(�)

�1

) =

d

X

i=1

�

�1

i

:

Omw �

i

e�nai r�za th mon�da sunep¸ j�

i

j

2

= 1 dhlad  �

i

��

i

= 1, opìte ��

i

= �

�1

i

.

Sunep¸ �(�

�1

) = �(�).

Epeid  oi r�ze th mon�da e�nai akèraioi algebriko� arijmo� èpetai ìti oi timè twn qarak-

t rwn �(�) e�nai ep�sh akèraioi algebriko�. An oi timè twn qarakt rwn e�nai rhto� arijmo�

tìte kat' an�gkhn ja e�nai akèraioi.

Je¸rhma 2.2 (Rhtè timè qarakt rwn.)

Estw � 2 G kai m := ord(�). Oi parak�tw prot�sei e�nai metaxÔ tou isodÔname:

(�) Gia k�je qarakt ra � th G upèr to K h tim  �(�) e�nai rhtì (sunep¸, apì ta

parap�nw, akèraio arijmì).

(�) Gia k�je ` 2 ZZ me (`;m) = 1 to �

`

e�nai suzugè tou � sthn G.
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Apìdeixh: Estw � par�stash th G kai � o qarakt ra aut . SÔmfwna me to l mma 2.1,

o �(�) èqei p�naka ìmoio me diag(�

1

; :::; �

d

) ìpou �

i

m�r�ze th mon�da.

Estw t¸ra ` 2 ZZ. H �(�

`

) = �(�)

`

èqei p�naka diag(�

`

1

; �

`

2

; :::; �

`

d

). Epomènw èqoume:

�(�) =

d

X

i=1

�

i

kai �(�

`

) =

d

X

i=1

�

`

i

:

E�nai gnwstì ìti h epèktash Q (�

m

)=Q e�nai epèktash tou Galois (de, sel. 158 ) kai

m�lista ìti h om�da Galois aut  Gal(Q (�

m

)=Q) e�nai isìmorfh pro thn om�da (ZZ=mZZ)

�

.

An �

`

2 Gal(Q (�)

m

)=Q); (`;m) = 1, e�nai o automorfismì th Q (�

m

=Q), �

`

: �

m

7�! �

`

m

tìte autì antistoiqe� sthn kl�sh `(mod m) th (ZZ=mZZ)

�

. Epomènw gia ` 2 ZZ,

(`;m) = 1 èqoume:

�(�

`

) =

d

X

i=1

�

`

i

=

d

X

i=1

�

`

(�

i

) = �

`

 

d

X

i=1

�

i

!

= �

`

(�(�))

T¸ra ja apode�xoume ìti (�)) (�). Estw

�

` = `(mod m) 2 (ZZ=mZZ)

�

,dhlad  (`;m) = 1.

AfoÔ, ex upojèsew, isqÔei to (�), èpetai ìti

�

`

(�(�)) = �(�

`

) = �(�):

Epomènw to �(�) an kei sto s¸ma stajer¸n stoiqe�wn th om�da tou Galois

Gal(Q (�

m

)=Q ) = f�

`

=(`;m) = 1g;

dhlad  �(�) 2 Q .

(�) ) (�). Upojètoume ìti �(�) 2 Q gia ìlou tou K-qarakt re th G. Gia k�je

` 2 ZZ; (`;m) = 1, èqoume:

�(�

`

) = �

`

(�(�)) = �(�);

dhlad  ìti oi timè �(�); �(�

`

) e�nai �die, gia ìlou tou qarakt re th G.

K�je sun�rthsh kl�sewn th G pa�rnei �die timè sta �; �

`

(je¸rhma 1.42 (2) ). An

autì to efarmìsoume gia thn qarakthristik  sun�rthsh  

[�℄

th kl�sh [�℄ = f���

�1

=� 2

Gg tìte èqoume:

1 =  

[�℄

(�) =  

[�℄

(�

`

)

dhlad  �

`

2 [�℄ pr�gma pou shma�nei ìti �; �

`

e�nai suzug .

Parat rhsh: H kateÔjunsh (�)) (�), isqÔei kai qwr� thn sunj kh tou Shur. Pr�gmati,
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èstw K s¸ma me h(K) = 0 kai

~

K h algebrik  j kh tou K. Tìte apì thn (�) èpetai ìti oi

timè twn

~

K-qarakt rwn th G e�nai rhtè opìte to �dio isqÔei kai gia tou K qarakt re

th G, dhlad  �(�) 2 Q .

Pìrisma 2.3 Oi qarakt re th summetrik  om�do S

n

w pro s¸ma K me h(K) = 0,

e�nai akèraioi arijmo�.

Apìdeixh: Arke� na de�xoume ìti gia ` 2 ZZ; (`;m) = 1 ìpou m = ord(�) isqÔei ìti to �

`

e�nai suzugè tou �, sthn S

n

.

Estw � = �

1

�

2

:::�

r

h an�lush se, xènou metaxÔ tou an� dÔo, kÔklou tou � kai

ord(�

i

) = `

i

. W gnwstì, isqÔei ord(�) =E.K.P.(`

1

; :::; `

r

). Epomènw o ` e�nai pr¸to

pro k�je `

i

, i = 1; 2; ::; r. Profan¸ isqÔei �

`

= �

`

1

�

`

2

:::�

`

r

. Arke� na apode�xoume ìti, gia

k�je i = 1; 2; ::; r, o �

`

i

e�nai kÔklo m kou `

i

, afoÔ w gnwstìn oi kÔkloi id�ou m kou

e�nai suzuge� sthn S

n

(de, sel. 150).

Estw loipìn � = (a

1

; a

2

; :::; a

s

) èna s-kÔklo th S

n

kai ` pr¸to pro ton s. Isqur-

izìmaste ìti �

`

e�nai ep�sh èna s-kÔklo. Pr�gmati, afoÔ � , s-kÔklo èpetai ìti o a

i

taut�zetai me ton a

j

gia sji� j (p.q. a

s+1

= a

1

= :::). Ep�sh �(a

i

) = a

i+1

, opìte:

�

l

(a

i

) = a

i+l

Epomènw

(o �

`

e�nai s� kÔklo),

0

�

ìtan a

1

; �

`

(a

1

); �

`

(�

`

(a

1

)); :::; �

`(s�1)

(a

1

)

e�nai an� dÔo diaforetik� metaxÔ tou.

1

A

Estw loipìn, ìti: �

`�

(a

1

) = �

`�

(a

1

) ìpou 0 � �; � � s� 1. H sqèsh aut  gr�fetai, an

� � �, �

`(���)

(a

1

) = a

1

: Sunep¸ gia 0 � Æ := �� � � s� 1, èqoume �

`Æ

(a

1

) = a

1

dhlad 

ìti a

1+`Æ

= a

1

opìte èpetai ìti sj`Æ kai epeid  (s; `) = 1 sunep�getai ìti (sjÆ; 0 � Æ � s�1).

Eqoume, kat�n�gkh, ìti Æ = 0 �ra � = � pr�gma pou shma�nei ìti �

`

suzugè pro to �:

Orismì 2.4 Or�zoume tm ma (Abteilung) tou stoiqe�ou � th G to sÔnolo:

Abt(�) := f� 2 G= < � > suzug  pro thn < � >g

(< � > sumbol�zei thn kuklik  om�da, upoom�da th G pou par�getai apì to � .)
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Kat' arq n parathroÔme ìti Abt(�) � [�℄, ìpou

[�℄ := f� 2 G=� suzugè tou �g; h kl�sh suzug�a tou �:

Pr�gmati, an ���

�1

= � tìte

< � >= f�

�

=� 2 ZZg = f��

�

�

�1

=� 2 ZZg = �f�

�

=� 2 ZZg�

�1

= � < � > �

�1

dhlad  to � e�nai suzugè pro mia dÔnamh tou �: E�nai ìmw piì genik  ènnoia apì thn

isodunam�a stoiqe�wn ìpw fa�netai kai apì ta parak�tw.

Par�deigma:

Estw G = A

4

, Tìte, an p�roume, � = (1 2 3); � = (1 3 2) = �

2

, profan¸ isqÔei ìti

< � >=< � >. All� to � den e�nai sthn A

4

suzugè w pro to � . (Fusik� e�nai suzug 

sthn S

4

.) Pr�gmati, an �(1 2 3)�

�1

= (1 3 2) ) (�(1) �(2) �(3)) = (1 3 2) )

�(4) = 4 Exet�zonta ta stoiqe�a th A

3

blèpoume ìti � = (1 2 3)   � = (1 3 2) dhlad 

� 2 A

3

�

=

ZZ

3

h opo�a e�nai abelian . Se abelian  ìmw om�da k�je stoiqe�o e�nai suzugè

mìno tou eautoÔ tou. Ja e�qame loipìn (2 3 1) = (1 3 2)   (3 1 2) = (1 2 3), �topo.

EÔkola mporoÔme na doÔme ìti:

Abt(�) = f� 2 G=� suzugè pro to �

`

me ` 2 ZZ; (`; ord(�) = 1g

Pr�gmati: (< � > suzug  pro ton < � > sunep¸ (9� 2 G : � < � > �

�1

=< � >),

(9� 2 G :< ���

�1

>=< � >), (9� 2 G : ���

�1

= �

`

me ` 2 ZZ; (`; ord(�)) = 1).

Parat rhsh: Me b�sh ta parap�nw h sunj kh (�) tou jewr mato (2.2) e�nai isodÔnamh

pro thn sunj kh (�

0

) Abt(�) = [�℄   isodÔnama

(�

00

) an h kuklik  om�da < � > e�nai suzug  pro thn < � > tìte to stoiqe�o � e�nai

suzugè tou �.

Sthn sunèqeia ja apode�xoume to

Je¸rhma 2.5 An � 2 G, k = [�℄ h kl�sh suzug�a tou � kai � èna an�gwgo K-

qarakt ra th G, tìte o arijmì:

!

K

:=

#k � �(�)

�(1)

e�nai akèraio algebrikì.
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Parat rhsh:

� An �(�) 2 Q , tìte !

K

2 Q kai, afou !

K

akèraio algebrikì, èpetai ìti !

K

2 ZZ,

dhlad  �(1)j#k � �(�).

� Gia G = S

n

,lìgw tou por�smato 2.3 èqoume: �(1)j#k � �(�) gia k�je an�gwgo

qarakt ra � th S

n

.

Apìdeixh:

Estw � : G �! GL(V ) par�stash thG me qarakt ra ton dojènta �. (H � e�nai profan¸

an�gwgh afoÔ o � e�nai an�gwgo.) An

f

k

:=

X

�2k

�(�) 2 End

K

(V )

kai g 2 G isqÔei ìti:

�(g)

�1

� f

k

� �(g) =

X

�2k

�(g

�1

�g) = f

k

;

afoÔ, ìtan to � diatrèqei ta stoiqe�a th kl�sh suzug�a tou k to �dio k�nei kai to g

�1

�g.

Eqoume loipìn:

f

k

� �(g) = �(g) � f

k

; gia k�je g 2 G:

Apì to l mma tou Shur èpetai ìti f

k

= a

k

Id

V

me a

k

2 K opìte kai tr(f

k

) = a

k

�(1). Apì

thn �llh meri� ìmw:

tr(f

k

) =

X

�2k

tr(�(�)) =

X

�2k

�(�) = #k�(�) kai epomènw :

a

k

=

#k � �(�)

�(1)

= !

k

:

Arke� loipìn na apode�xoume ìti:

ZZ[!

k

=k 2 [G℄℄ =

ZZ

< !

k

=k 2 [G℄ >

dhlad  ìti o daktÔlio ZZ[!

k

=k 2 [G℄℄ e�nai èna peperasmèna parag¸meno ZZ-module to

opo�o perièqei ìla ta !

k

opìte, apì gnwstì je¸rhma th jewr�a arijm¸n (de sel�da

159), ja èqoume ìti gia k�je kl�sh suzug�a k oi arijmo� !

k

e�nai akèraioi algebriko�.
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Gia na apode�xoume to teleuta�o arke� na apode�xoume ìti gia k�je �; �; � 2 [G℄,

up�rqoun n

�;��

2 N [ f0g tètoioi ¸ste:

!

�

!

m

u =

X

�2[G℄

n

�;�;�

!

�

:

Katarq n gi� �; � 2 [G℄ èqoume:

f

�

� f

m

u =

X

g2�

�(g) �

X

g2�

�(g) =

=

X

g2�;g

0

2�

�(gg

0

) =

X

Æ2G

X

g 2 �; g

0

2 �

gg

0

= Æ

�(Æ) =

X

Æ2G

#f(g; g

0

) 2 �� �=gg

0

= Æg � �(Æ):

Sumbol�zoume to sÔnolo f(g; g

0

) 2 ��mu=gg

0

= Æg me C

�;�;Æ

kai èstw 

�;�;Æ

:= #C

�;�;Æ

.

Sthn sunèqeia ja apode�xoume ìti an

~

Æ suzugè tou Æ tìte:



�;�Æ

= 

�;�

~

Æ

:

Pr�gmati èstw

~

Æ = �Æ�

�1

; � 2 G. H sun�rthsh:

C

�;�Æ

�! C

�;�;

~

Æ

(g; g

0

) 7�! (�g�

�1

; �g

0

�

�1

)

e�nai profan¸ èna pro èna kai ep�. Arke�, loipìn na de�xoume ìti an (g; g

0

) 2 C

�;�Æ

tìte

(�g�

�1

; �g

0

�

�1

) 2 C

�;�;

~

Æ

. To teleuta�o ìmw e�nai profanè diìti

g 2 � ) �g�

�1

2 �

g

0

2 � ) �g

0

�

�1

2 �

9

=

;

opìte �g�

�1

�g

0

�

�1

= �gg

0

�

�1

= �Æ�

�1

=

~

Æ:

MporoÔme epomènw gia k�je Æ 2 � na gr�youme:

C

�;�;�

:= C

�;�;Æ

:

Eqoume loipìn:

f

�

� f

�

=

X

Æ2G



�;�;[Æ℄

�(Æ) =

X

�2[G℄



�;�;�

X

Æ2�

�(Æ) =

X

�2[G℄



�;�;�

� f

�

:

Epomènw

!

k

Id

V

� !

�

Id

V

=

0

�

X

�2[G℄



�;�;�

!

�

1

A

� Id

V

opìte isqÔei !

�

� !

�

=

X

�2[G℄



�;�;�

!

�

:

San efarmog  tou prohgoumènou jewr mato èqoume to:
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Je¸rhma 2.6 An � an�gwgo qarakt ra th G, tìte o bajmì tou �, deg� diaire� thn

t�xh th om�do G.

Apìdeixh: AfoÔ � an�gwgo ja èqoume 1 =< �; � >. Apì ton orismì tou eswterikoÔ

ginomènou prokÔptei ìti: #G =

P

�2G

�(�)�(�

�1

). Estw k

i

= [�

i

℄, gi� i = 1; 2:::; h = h

G

.

Eqoume loipìn:

#G =

h

X

i=1

X

�2k

i

�(�)�(�

�1

) =

h

X

i=1

X

�2k

i

�(�

i

)�(�

�1

i

) =

=

h

X

i=1

#(k

i

)�(�

i

)�(�

�1

i

):

Epomènw:

#G

�(1)

=

h

X

i=1

#(k

i

)�(�

i

)

�(1)

�(�

�1

i

):

Epeid  oi timè �(�

�1

i

) e�nai akèraioi algebriko� (ajro�smata riz¸n th mon�da) kai, lìgw

tou jewr mato 2.5, kai oi arijmo� #(k

i

)�(�

i

)=�(1) e�nai akèraioi algebriko� èpetai ìti o

#G

�(1)

e�nai akèraio algebrikì. Epeid  ìmw o

#G

�(1)

e�nai kai rhtì, èpetai ìti

#G

�(1)

2 ZZ,

dhlad  �(1)j#G.

2.2 Kanonikè upoom�de kai to (p; q)-je¸rhma tou Burnside.

KÔrio stìqo th paroÔsh paragr�fou e�nai h apìdeixh, me thn bo jeia th jewr�a

parast�sewn (qarakt rwn) om�dwn, enì jewr mato th jewr�a om�dwn, tou jewr -

mato tou Burnside. H apìdeixh tou jewr mato autoÔ sti arqè tou ai¸na (1904)

katèdeixe kai thn dunamikìthta tou kl�dou th jewr�a twn parast�sewn. Apìdeixh tou

jewr mato tou Burnside qwr� thn qr sh th jewr�a qarakt rwn dìjhke polÔ argìtera.

Je¸rhma 2.7 (Burnside) An p; q e�nai pr¸toi arijmo�, tìte k�je om�da G t�xh p

�

q

�

,

(�; � 2 N [ f0g) e�nai epilÔsimh.

Katarq n apodeiknÔoume to akìloujo:

Je¸rhma 2.8 Estw G peperasmènh om�da, K s¸ma qarakthristik  mhdèn kai � èna

qarakt ra th G w pro to K.
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(�) An � par�stash th G kai � := �

�

. Tìte:

ker� = ker� := f� 2 G=�(�) = �(1)g

(�) An o qarakt ra � gr�fetai san �jroisma � =

P

r

i=1

�

i

ìpou �

i

qarakt re th G,

tìte: ker� = \

r

i=1

ker�

i

.

() M�a upoom�da N th G e�nai anallo�wth akrib¸ tìte ìtan up�rqoun an�gwgoi

qarakt re �

1

; �

2

; :::; �

s

th G tètoioi ¸ste N = \

s

i=1

ker�

i

(Æ) H om�da G e�nai apl  tìte kai mìno tìte ìtan, gia ìlou tou an�gwgou qarakt re

� 6= �

1

isqÔei ker� = f1g.

Apìdeixh:

(�) An � 2 ker� tìte èpetai ìti �(�) = 1

V

(V e�nai, ìpw p�nta, o q¸ro par�stash

th �). Epomènw �(�) = tr(1

V

) = dim

K

V = deg(�) = �(1). An p�li � 2 ker�,

tìte profan¸, �(�) = �(1) =: d: Ja apode�xoume ìti � 2 ker�. Gia autì ja

qreiastoÔme to

L mma 2.9 An K s¸ma pou plhre� thn sunj kh tou Shur, hK = 0, � 2 G kai

� qarakt ra th G w pro to K me j�(�)j = �(1). Tìte up�rqei � 2 K me

�(�) = �1

V

.

An deqjoÔme, pro stigm , thn al jeia tou l mmato, tìte an

~

K m�a algebrik  j kh

tou K, epeid  gia to

~

K isqÔei h sunj kh tou Shur kai o � e�nai qarakt ra th G

apì to l mma 2.9 èqoume: �(�) = � � Id

V

opìte, lìgw twn sqèsewn �(�) = �(1) kai

�(�) = � � dim

K

V = � � �(1) èqoume ìti � = 1 kai � 2 ker�.

Apìdeixh: (tou l mmato) W gnwstì, o �(�) e�nai ìmoio pro ton diag¸nio p�naka

diag(�

1

; :::; �

d

), ìpou �

i

; i = 1; 2; :::; d r�ze th mon�da. Epomènw �(�) =

P

d

i=1

�

i

,

opìte:

�

�

�

�

�

d

X

i=1

�

i

�

�

�

�

�

= j�(�)j = �(1) = d =

d

X

i=1

j�j:

Sthn gnwst  loipìn anisìthta

�

�

�

P

d

i=1

�

i

�

�

�

�

P

d

i=1

j�j isqÔei h isìthta. Epomènw,

kat�n�gkh, ja e�nai �

1

= �

2

= ::: = �

d

=: �, dhlad  �(�) = � � Id

V

.
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(�) Estw �

i

par�stasei th G pou èqoun ant�stoiqou qarakt re tou �

i

. H � =

�

s

i=1

�

i

ja èqei qarakt ra

P

s

i=1

�

i

= �. Lìgw tou (�) èqoume:

ker�

(�)

= ker(�) = \

s

i=1

ker(�

i

)

(�)

= \

s

i=1

ker(�

i

):

() {(} Gia k�je i = 1; 2; :::; s isqÔei: ker�

i

= ker�

i

/ G. Epomènw kai N :=

\

s

i=1

ker�

i

/ G.

{)} Estw ìti N e�nai anallo�wth upoom�da th G. SÔmfwna me to (�) arke� na

de�xoume ìti up�rqei par�stash � me ker� = N , diìti an � par�stash me ker� = N

kai � = �

s

i=1

�

i

, ìpou �

i

an�gwge, tìte:

N = ker� = \

s

i=1

ker�

i

= \

s

i=1

ker(�

�

i

);

kai m�lista oi �

�

i

ja e�nai an�gwgoi.

JewroÔme thn om�da phl�kwn

�

G := G=N . Estw ��

om

h omal  par�stash aut . E�nai

fanerì ìti ker��

om

= f1

�

G

g. An � : G �!

�

G = G=N h fusik  probol  th G sthn

�

G, èqoume ìti:

G

�

G = G=N

-

GL

n

(K)

?

H

H

H

H

H

H

H

H

Hj

��

om

�

�

h � := ��

om

� �, e�nai m�a par�stash th G w pro K, me ker� := �

�1

(ker��

om

) = N:

(Æ) H G e�nai apl , ex orismoÔ, ìtan oi monadikè anallo�wte upoom�de th, N / G,

e�nai oi N = f1g kai N = G. Autì ìmw isqÔei, lìgw th (), akrib¸ tìte ìtan

gia ìlou tou an�gwgou qarakt re �

1

; �

2

:::; �

h

th G èqoume \

h

i=1

ker�

i

= f1g

  \

h

i=1

ker�

i

= G. Epomènw h G e�nai apl  tìte kai mìno tìte ìtan gia ìlou

tou an�gwgou qarakt re th �

i

(i = 1; 2; :::; h) isqÔei ker�

i

= f1g   ker�

i

= G.

ParathroÔme ìti an gia k�poion an�gwgo qarakt ra � th G isqÔei ker� = G, tìte,

kat�n�gkh, � = �

1

. Pr�gmati, an ker� = G kai � par�stash th G me qarakt ra

ton �, tìte lìgw th (�), ker� = G. Epomènw

� : G �! fId

V

g � GL(V ):
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Afou � an�gwgo qarakt ra, èpetai ìti kai h � e�nai an�gwgh. Sunep¸ dim

K

V =

1 pou shma�nei ìti

� : G �! f1g � K

�

opìte anagkastik� � = �

1

, dhlad  h al jeia th (Æ).

Parat rhsh: Apì to teleuta�o je¸rhma prokÔptei ìti, an gnwr�zoume ton p�naka (anag¸g-

wn) qarakt rwn mia peperasmènh om�da G, mporoÔme na broÔme ìle ti kanonikè

upoom�de th. Br�skoume tou pur ne ìlwn twn anag¸gwn qarakt rwn apì thn sqèsh:

ker� = f� 2 G=�(�) = �(1)g = [

k 2 [G℄

�(k) = �(1)

k

kai, sthn sunèqeia, sqhmat�zoume tomè pur nwn kaj' ìlou tou dunatoÔ trìpou.

Par�deigmata: (1) Estw G = S

3

;. Oi kl�sei suzug�a th S

3

e�nai trei kai m�lista oi

k

1

= [(1)℄; k

2

= [(1 2)℄; k

3

= [(1 2 3)℄ (de, par�rthma sel. 150). Epomènw èqoume tre�

an�gwgou qarakt re, èstw �

1

; �

2

; �

3

. O p�naka tim¸n twn anag¸gwn qarakt rwn e�nai

o ex :(de, sel. 117)

[1℄ [(1 2)℄ [(1 2 3)℄

k

1

k

2

k

3

�

1

1 1 1

�

2

1 -1 1

�

3

2 0 -1

Apì ton p�naka tim¸n blèpoume: ker�

1

= S

3

, ker�

2

= [1℄ [ [(123)℄ = A

3

, ker�

3

=

[1℄ = f1g. Oi f1g; A

3

; S

3

e�nai oi mìne kanonikè upoom�de th S

3

, diìti opoiosd pote

sunduasmì tom¸n den d�nei t�pote to kainoÔrgio.

(2) Estw G = S

4

. Oi kl�sei suzug�a th S

4

e�nai oi k

1

= [(1)℄; k

2

= [(1 2)℄; k

3

=

[(1 2)(3 4)℄; k

4

= [(1 2 3)℄; k

5

= [(1 2 3 4)℄ (de, sel. 150). O p�naka twn qarakt rwn th

S

4

e�nai (de, sel. 121):
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[1℄ [(1 2)℄ [(1 2)(3 4)℄ [(1 2 3)℄ [(1 2 3 4)℄

k

1

k

2

k

3

k

4

k

5

�

1

1 1 1 1 1

�

2

1 -1 1 1 -1

�

3

2 0 2 -1 0

�

4

3 1 -1 0 -1

�

5

3 -1 -1 0 1

Epomènw ker�

1

= S

4

, ker�

2

= A

4

= [1℄ [ k

3

[ k

4

, ker�

3

= [1℄ [ k

3

= V

4

(h tetradik 

om�da tou Klein), ker�

4

= ker�

5

= f1g: Kai p�li autè e�nai oi monadikè kanonikè

upoom�de th S

4

.

Me thn bo jeia twn parap�nw ergale�wn stou qarakt re mporoÔme na apode�xoume

to parak�tw shmantikì je¸rhma th jewr�a om�dwn:

Je¸rhma 2.10 (Burnside) K�je peperasmènh om�da G t�xh p

a

q

b

e�nai epilÔsimh.

Apìdeixh: Th apode�xew tou jewr mato prot�soume dÔo l mmata.

L mma 2.11 Estw G m�a peperasmènh om�da, K èna s¸ma qarakthristik  mhdèn gia

to opo�o isqÔei h sunj kh tou Shur kai � èna an�gwgo qarakt ra th G w pro to

K. An k 2 [G℄ kai M.K.D.(#(k); deg�) = 1, tìte �(k) = 0   j�(k)j = deg�.

Apìdeixh: Lìgw th upìjesh, ìti o M.K.D.(#(k); deg�) = 1, èqoume ìti up�rqoun

akèraioi, s; t tètoioi ¸ste 1 = s � #(k) + t � deg�. Pollaplasi�zoume kai ta dÔo mèlh

th teleuta�a sqèsh me �(k)=�(1) kai èqoume:

�(k)

�(1)

= s �

#(k)�(k)

�(1)

+ t � �(k) (deg� = �(1)):

Oi arijmo� �(k) kai

#(k)�(k)

�(1)

e�nai akèraioi algebriko� (l mma 2.1 (3) kai je¸rhma 2.5).

M�lista o �(k) e�nai r�za th mon�da. Estw m 2 N tètoio ¸ste �(k) 2 Q (�

m

). An

� 2 Q(�

m

) tìte h norm tou � or�zetai w ex :

N

Q(�

m

)=Q

(�) =

Y

�2Gal(Q(�

m

)=Q)

�(�)
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Gia � := �(k)=�(1) 2 Q(�

m

) èqoume kat' arq n ìti j�j � 1, diìti, l mma 2.1 (3),

j�(k)j =

�

�

�

�

�

d

X

i=1

�

i

�

�

�

�

�

�

d

X

i=1

j�

i

j = d = �(1):

Epomènw gia k�je � 2 Gal(Q (�

m

)=Q) isqÔei

j�(�)j � �(1) = 1

kai telik� pa�rnoume:

jN

Q(�

m

)=Q

(�)j � 1:

Opw èqoume  dh pei, o � e�nai akèraio algebrikì tou Q(�

m

). Sunep¸ ìloi oi �(�) e�nai

ep�sh akèraioi algebriko�. Dhlad  o N

Q(�

m

)=Q

(�) e�nai akèraio algebrikì kai rhtì.

Epomènw N

Q(�

m

)=Q

(�) 2 ZZ.

To sumpèrasm� ma e�nai ìti gia � = �(k)=�(1) èqoume N

Q(�

m

)=Q

(�) = 0   1. An

N

Q(�

m

)=Q

(�) = 0 tìte èqoume � = 0, dhlad  �(k) = 0. An N

Q(�

m

)=Q

(�) = 1, tìte afoÔ

j�(�)j � 1 gia k�je � 2 Gal(Q (�

m

)=Q), èpetai ìti j�j = 1, dhlad  j�(k)j = �(1).

L mma 2.12 An h peperasmènh om�da G èqei kl�sh suzug�a k 6= [1℄ th opo�a h t�xh

e�nai #(k) = p

�

> 1; (� 2 N) tìte, an h G e�nai apl  ja e�nai kat�n�gkh kuklik  t�xew

dÔnamh pr¸tou arijmoÔ.

Apìdeixh: Estw � 2 k; � 6= 1. An �

1

; �

2

; :::; �

h

e�nai oi an�gwgoi qarakt re th G sto C

(�

1

o monadia�o), tìte, afoÔ [�℄ = k 6= [1℄, oi sqèsei orjogwniìthta (prìtash 1:4:3(2))

ma d�noun:

h

X

i=1

�

i

(1)�

i

(�) = 1 +

h

X

i=2

�

i

(1)�

i

(�) = 0

ArijmoÔme kat� tètoio trìpo tou qarakt re �

i

ètsi ¸ste gia i 2 f2; :::; h

0

g na isqÔei

p 6 j�

i

(1) en¸ gia tou upìloipou i 2 fh

0

+ 1; :::; hg na isqÔei pj�

i

(1)(2 � h

0

� h).

Epomènw èqoume:

1 +

h

0

X

i=2

�

i

(1)�

i

(�) +

h

X

i=h

0

+1

�

i

(1)�

i

(�) = 0

Gia k�je i 2 f2; :::; h

0

g èqoume M.K.D.(#(k); �

i

(1)) =M.K.D.(p

�

; �

i

(1)) = 1. To pro-

hgoÔmeno loipìn l mma (2.11) ma d�nei: Gia k�je i 2 f2; 3; :::; h

0

g isqÔei

�

i

(�) = 0

0

h j�

i

(�)j = �

i

(1):
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An gia ìla ta i 2 f2; 3; :::; h

0

g e�qame ìti �

i

(�) = 0 tìte ja e�qame:

1 + p

h

X

i=h

0

+1

�

i

(1)

p

�

i

(�) = 0

Epeid  de �

i

(�) akèraio algebrikì kai

�

i

(1)

p

akèraio ìlo to �jroisma ja  tan akèraio

algebrikì, dhlad  o

A :=

h

X

i=h

0

+1

�

i

(1)

p

�

i

(�) = �

1

p

ja  tan akèraio algebrikì. O A loipìn san akèraio algebrikì all� kai rhtì ja

èprepe na  tan akèraio, �topo diìti �1=p 62 ZZ. Epomènw up�rqei i

0

2 f2; 3; :::; h

0

g

tètoio ¸ste

j�

i

0

(�)j = �

i

0

(1):

An �

i

0

: G �! GL(V

i

0

) e�nai par�stash th G me qarakt ra �

i

0

tìte, l mma 2.9:

�

i

0

(�) = �

i

0

Id

V

; (�

i

0

2 C )

dhlad  (de, sel. 148)

�

i

0

(�) 2 Z(GL(V

i

0

))

Estw t¸ra ìti h G e�nai apl . Epeid  h om�da ker�

i

0

e�nai anallo�wth upoom�da th G

èpetai ìti ker�

i

0

= G   ker�

i

0

= f1g. An ker�

i

0

= G tìte h �

i

0

ja  tan h monadia�a

par�stash bajmoÔ dim

C

(V

i

0

) th G. H par�stash ìmw �

i

0

e�nai an�gwgh diìti o �

i

0

e�nai an�gwgo. H �

i

0

san an�gwgh monadia�a par�stash ja e�nai katan�gkh, bajmoÔ

deg�

i

0

= 1. Epomènw ja e�qame �

i

0

= �

1

, �topo.

Gia thn par�stash loipìn �

i

0

isqÔei ker�

i

0

= f1g kai sunep¸ h

�

i

0

8

<

:

G ,! GL(V

i

0

)

� 7�! �

i

0

(�) 2 Z(GL(V

i

0

))

e�nai m�a emfÔteush th G sthn Z(GL(V

i

0

)). AfoÔ �

i

0

(�) 2 Z(GL(V

i

0

)), èpetai ìti gia

k�je � 2 G �

i

0

(�)�

i

0

(�) = �

i

0

(�)�

i

0

(�), dhlad  ìti �

i

0

(��) = �

i

0

(��) kai epeid  h �

i

0

e�nai

èna pro èna ja èqoume �� = �� pr�gma pou shma�nei ìti � 2 Z(G); (� 6= 1): Apode�xame

ìti h G èqei mh-tetrimmèno kèntro kai, afoÔ e�nai apl , ja èqoume G = Z(G), dhlad 
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h G e�nai abelian , G 6= f1g. Alla G apl , G abelian  kai G 6= f1g sunep�getai ìti,

kat�n�gkh h t�xh th G e�nai dÔnamh pr¸tou arijmoÔ.

Me thn bo jeia twn teleuta�wn lhmm�twn e�maste plèon se jèsh na apode�xoume to

(p; q)-je¸rhma tou Burnside.

Apìdeixh: tou jewr mato (2.10)

H apìdeixh ja g�nei epagwgik� w pro thn t�xh th om�do G. An#G = 1 tìte profan¸,

h G e�nai epilÔsimh. Gia dosmènh om�da G t¸ra, upojètoume ìti an H om�da me t�xh

#H < #G kai ìti h t�xh th H e�nai ginìmeno dÔo to polÔ pr¸twn arijm¸n, tìte h H

e�nai epilÔsimh. Xeqwr�zoume dÔo peript¸sei:

Per�ptwsh 1: Upojètoume ìti � = 0 (an�loga gia � = 0) Sthn per�ptwsh aut  h G e�nai

p-om�da kai sunep¸ epilÔsimh (de, sel. 153).

Per�ptwsh 2: Upojètoume ìti � > 0 kai � > 0. Estw P m�a p-Sylow upoom�da th G.

Profan¸ P 6= f1g, afoÔ � > 0. Epiplèon isqÔei f1g < Z(P ) / P , f1g 6= Z(P ). An

� 2 Z(P )nf1g, tìte h P e�nai upoom�da tou kentropoiht  tou � Z

G

(�), P � Z

G

(�). E�nai

ìmw gnwstì ìti (de, sel. 148):

#[�℄ = [G : Z

G

(�)℄=[G : P ℄ =

#G

#P

=

p

�

q

�

p

�

= q

�

H t�xh th kl�sew suzug�a e�nai, loipìn, dÔnamh pr¸tou arijmoÔ.

Lìgw tou l mmato (2.12), afoÔ h G den e�nai t�xew dun�mew pr¸tou arijmoÔ, h G

den e�nai apl . Up�rqei epomènw N / G,

f1g < N < G; N 6= f1g; N 6= G:

Profan¸ #N;#G=N < #G kai èqoun t�xh ginìmeno dun�mewn to polÔ dÔo pr¸twn.

SÔmfwna me thn upìjesh th majhmatik  epagwg , oi N kai G=N e�nai epilÔsime.

Epomènw (de, sel. 153) kai h G e�nai epilÔsimh.

Parathr sei:

(1) To (p; q)-je¸rhma tou Burnside e�nai to kalÔtero dunatì, me thn ènnoia ìti up�rqoun

om�de twn opo�wn h t�xh e�nai ginìmeno dun�mewn tri¸n akrib¸ pr¸twn kai twn

opo�wn h om�da den e�nai epilÔsimh, ìpw parade�gmato q�rin h A

5

.
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(2) Me mejìdou kajar� th jewr�a om�dwn (qwr� thn qr sh th jewr�a qarakt rwn)

to je¸rhma apode�qthke apì ton H.Bender, A group theoreti proof of Burnside's

p

�

q

�

-theorem, Math.Z. 126 (1972), 327-328.

Qwr� apìdeixh tèlo anafèroume to

Je¸rhma 2.13 (Feit,Thomson (1963)) K�je peperasmènh om�da peritt  t�xh e�nai

epilÔsimh.

Prìkeitai gia èna arket� polÔploko kai bajÔ apotèlesma th jewr�a om�dwn. Htan

eikas�a tou Burnside  dh apì to 1911. (de, W.Feit kai J.G. Thomson, ((Solvability of

groups of odd order)) Pai�.J. Math 13 (1963), 775-1029). Gia m�a pio {bat } apìdeixh de

to bibl�o twn H.Bender kai G.Glauberman, Loal Analysis for the Odd Order Theorem,

Cambridge University Press, 1994).
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3 Emmy Noether kai jewr�a parast�sewn

3.1 Modules

Estw R èna, ìqi kat' an�gkh antimetajetikì, daktÔlio me monadia�o 1

R

2 R:

Orismì 3.1 Estw M èna mh-kenì sÔnolo. To M ja lègetai aristerì R-module ìtan:

(1) To M e�nai prosjetik  abelian  om�da.

(2) Up�rqei mia exwterik  pr�xh

8

<

:

R�M �! M

(�; �) 7�! � � �

tètoia ¸ste gia ìla ta r; r

1

; r

2

2 R kai m;m

1

; m

2

2M na isqÔoun:

(i) (r

1

+ r

2

)m = r

1

m + r

2

m:

(ii) r(m

1

+m

2

) = r

1

m

1

+ rm

2

:

(iii) r

2

(r

2

m) = (r

1

r

2

)m:

An epiplèon isqÔei h

(iv) 1 �m = m; tìte to M ja lègetai monadia�o (unitary) R-module.

Ta arister� R-modules M ja ta sumbol�zoume me

R

M: An�loga or�zontai dexi� R-

modules kai sumbol�zontai me M

R

:

Estw

R

M èna R-module kai N � M: To N ja lègetai upomodule tou

R

M ìtan to N

e�nai ep�sh R-module w pro ti pr�xei tou M:

Profan¸ to N �M e�nai upomodule tìte kai mìno tìte ìtan

N +N � N kai R �N � N:

Parade�gmata:

1. O R w pro ton eautì tou e�nai èna R-module. Ta upomodule tou

R

R ja lègontai

arister� module tou R:
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2. EstwR antimetajetikì daktÔlio kai

R

M èna aristerìR-module. Tìte an or�soume

m� := �m tìte to

R

M g�netai kai dexiì R-module.

3. K�je prosjetik  abelian  om�da M e�nai aristerì ZZ-module w pro thn pr�xh

8

<

:

ZZ �M �! M

(�;m) 7�! �m

k�j¸ kai dexiì ZZ-module w pro thn pr�xh

8

<

:

M � ZZ �! M

(m;�) 7�! m�:

4. An R s¸ma, ìqi kat' an�gkh antimetajetikì, tìte ta arister� R-module taut�zontai

me ta dexi� R-module.

Estw

R

M aristerì R-module kai (M

i

)

i2I

mia oikogèneia upomodules tou

R

M: Or�zoume

�jroisma twn upomodules th oikogèneia (M

i

)

i2I

to upomodule tou M;

X

i2I

M

i

:= f

n

X

r=1

a

i

r

jn 2 N ; i

1

; i

2

; � � � ; i

n

2 I; a

i

r

2M

i

r

g:

ParathroÔme ep�sh ìti h tom  \

i2I

M

i

e�nai upomodule tou

R

M:

Orismì 3.2 Estw E �

R

M: To upomodule

R

< E >:= \

E�N�

R

M

N

ja lègetai upomodule tou

R

M pou par�getai apì to E:

Profan¸ isqÔoun:

(1)

R

< E >=

P

a2E

Ra:

An E = fa

1

; a

2

; � � � ; a

r

g; tìte:

R

< fa

1

; a

2

; � � � ; a

r

g >=:< a

1

; a

2

; � � � ; a

r

>= f

r

X

i=1

�

i

a

i

j�

i

2 Rg:
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(2) An fE

i

ji 2 Ig oikogèneia uposunìlwn tou

R

M; tìte isqÔei:

< [

i2I

E

i

>=

X

i2I

R

< E

i

> :

An eidik� fM

i

ji 2 Ig oikogèneia upoom�dwn tou

R

M; tìte:

R

< [

i2I

M

i

>=

X

i2I

M

i

:

Orismì 3.3 Estw B �

R

M: To B ja lègetai b�sh tou

R

M ìtan k�je a 2

R

M èqei

monos manth par�stash th morf :

a =

X

u2B

�

u

u; ìpou �

u

2 R; sqedìn ìla mhdèn:

To R-module

R

M ja lègetai eleÔjero ìtan èqei mia b�sh B; dhlad  ìtan up�rqei

B �

R

M tètoio ¸ste

R

M =

R

< B > kai an

P

u2B

�

u

u = 0 èpetai ìti ìla ta �

u

= 0:

Parade�gmata:

1. An R e�nai s¸ma tìte to R-module

R

M e�nai R-dianusmatikì q¸ro. Epomènw

k�je upomodule autoÔ e�nai eleÔjero.

2. To R-module

R

R e�nai eleÔjero me b�sh to 1:

3. To R-module

R

R

n

e�nai eleÔjero me b�sh thn kanonik  fe

1

; e

2

; � � � ; e

n

g:

Je¸rhma 3.4 (Je¸rhma Ôparxh eleÔjerwn modules) An R daktÔlio me monadia�o

kai B opoiod pote sÔnolo, tìte up�rqei eleÔjero R-module

R

M me b�sh to B:

Apìdeixh: Estw

M = f� : B ! Rj tètoiwn ¸ste gia sqedìn ìla ta x 2 B na isqÔei �(x) = 0g:

To M g�netai aristerì R-module w pro ti pr�xei:

(�

1

+ �

2

)(x) := �

1

(x) + �

2

(x); (��)(x) := ��(x):

Gia k�je u 2 B; or�zoume:

~u(x) :=

8

<

:

1 an x = u

0 an x 6= u:
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Taut�zoume to u me to ~u opìte B �

R

M: Estw � 2 M; � : B ! R: To � mporoÔme na

to gr�youme sthn morf 

� =

X

u2B

�(u)u:

Epomènw èqoume ìti M =

R

< B > :

Tèlo, �n

P

u2B

�

u

u = 0; ìpou �

u

2 R; tìte isqÔei:

8v 2 B; 0 =

X

u2B

�

u

� u(v) = �

v

:

Orismì 3.5 Estw

R

M èna (aristerì) R-module kai N èna upomodule autoÔ. Onom�-

zoume module phl�kwn thn prosjetik  om�da M=N efodiasmènh me thn pr�xh:

8

<

:

R�M=N �! M=N

(r;m +N) 7�! rm+N

An

R

M

0

èna �llo (aristerì) R-module, tìte h apeikìnish f :

R

M !

R

M

0

ja lègetai

omomorfismì apì R-modules, ìtan gia ìla ta a; b 2

R

M kai � 2 R; isqÔoun:

(1) f(a+ b) = f(a) + f(b);

(2) f(�) = �f():

Idiìthte 3.6

(1) An to sÔnolo E par�gei to R-module

R

M kai f

0

: E !

R

M

0

; mia sun�rthsh tou E

sto

R

M

0

; tìte up�rqei to polÔ èna R-module omomorfismì f :

R

M !

R

M

0

tètoio

¸ste rest

E

f = f

0

:

(2) An B b�sh tou

R

M kai f

0

: B !

R

M

0

; sun�rthsh tou B sto

R

M

0

; tìte up�rqei

akrib¸ èna R-module omomorfismì f :

R

M !

R

M

0

tètoio ¸ste rest

B

f = f

0

:

Shme�wsh: EÔkola diapist¸nei kane� ìti h f or�zetai monos manta w ex :

f :

8

<

:

R

M �!

R

M

0

P

�

u

u 7�!

P

�

u

f

0

(u):

(3) (i) An f e�nai R-module isomorfismì, tìte to �dio e�nai kai o f

�1

:

R

M

0

!

R

M:
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(ii) O f e�nai R-module isomorfismì akrib¸ tìte ìtan up�rqei g :

R

M

0

!

R

M me

f Æ g = Id

R

M

0

kai g Æ f = Id

M

:

(4) Estw

R

M =

R

< u

1

; u

2

; � � � ; u

n

>

R

peperasmèna paragìmeno R-module. To sÔnolo

fu

1

; u

2

; � � � ; u

n

g e�nai b�sh tou

R

M tìte kai mìno tìte ìtan:

h f :

8

<

:

R

n

�!

R

M

(�

1

; �

2

; � � � ; �

n

) 7�!

P

�

i

u

i

;

e�nai R-module isomorfismì.

To sÔnolo:

Hom

R

(

R

M;

R

M

0

) := ff :

R

M !

R

M

0

jf R-module omomorfismìg

e�nai w pro thn pr�xh:

(f

1

+ f

2

)(x) := f

1

(x) + f

2

(x); 8x 2

R

M

abelian  om�da.

Eidikìtera to sÔnolo End

R

(

R

M) := Hom

R

(

R

M;

R

M) apotele� daktÔlio me pr�xh pol-

laplasiasmoÔ thn sÔnjesh sunart sewn kai monadia�o stoiqe�o to 1

End

R

(M)

to opo�o

taut�zetai me thn tautotik  apeikìnish tou M; Id

M

: H om�da Aut

R

(

R

M) twn automor-

fism¸n tou

R

M; e�nai h om�da twn mon�dwn tou End

R

(M) kai sumbol�zetai suqn� san

GL(

R

M):

Qwr� apìdeixh anafèroume to

Je¸rhma 3.7 Estw f :

R

M !

R

M

0

R-module omomorfismì, N �

R

M; kai N

0

�

R

M

0

:

An f(N) � N

0

; tìte up�rqei èna monos manta orismèno R-module omomorfismì,

f

�

:

R

(M=N) �!

R

(M

0

=N

0

)

tètoio ¸ste to di�gramma:

M

M

N

M

0

N

0

M

0

-

-

? ?

f

f

�

� �

0

58



na e�nai antimetajetikì (�; �

0

e�nai oi fusikè emfuteÔsei sto ant�stoiqo module phl�k-

wn). Ep� plèon isqÔoun:

1. kerf

�

= f

�1

(N

0

)=N

2. imf

�

= (imf +N

0

)=N

0

3. An o f e�nai epimorfismì kai N = f

�1

(N

0

) tìte kai o f

�

e�nai isomorfismì.

(To 3: lègetai 3o je¸rhma isomorf�a.)

Pìrisma 3.8 Estw f :

R

M !

R

M

0

R-module omomorfismì. Estw N upomodule tou

pur na kerf: Tìte up�rqei monos manta orismèno R-module omomorfismì f

�

: M=N !

M

0

me thn idiìthta to di�gramma:

M M

0

-

M

N

6

H

H

H

H

H

H

H

H

Hj

f

�

f

�

na e�nai antimetajetikì. Ep� plèon isqÔoun:

(1) kerf

�

= kerf=N

(2) imf

�

= imf; kai

(3) (i) An N = kerf; tìte o f

�

e�nai monomorfismì.

(ii) An, epiplèon, o f e�nai epimorfismì, tìte o f

�

e�nai isomorfismì.

Apìdeixh: Eidik  per�ptwsh tou prohgoÔmenou jewr mato gia N

0

= f0g

Amesh sunèpeia twn 3(i) kai (ii) tou prohgoÔmenou por�smato e�nai h kanonik  an�lush

tou f :

M

�

�!M=kerf

f

�

�! imf

id

�!M

0

Qwr� apìdeixh anafèroume ep�sh ta:
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Je¸rhma 3.9 (2o je¸rhma isomorf�a)

Estw N � N

0

�

R

M upomodules. H apeikìnish:

' :

8

<

:

(M=N)

(N

0

=N)

�! M=N

0

(a+N) +N

0

=N 7�! a+N

0

e�nai R-module isomorfismì.

Je¸rhma 3.10 (1

o

je¸rhma isomorf�a)

An N;N

0

�

R

M upomodules tou

R

M; tìte h apeikìnish:

8

<

:

N=N \N

0

�!

N+N

0

N

0

a + (N \N

0

) 7�! a+N

0

e�nai R-module isomorfismì .

Orismì 3.11 Estw

R

M aristerì R-module kai (M

i

)

i2I

oikogèneia upomodules. To

R

M

e�nai to eujÔ �jroisma twn M

i

;

R

M = �

i2I

M

i

; ìtan k�je a 2

R

M èqei mia monos manth

par�stash a =

P

i2I

a

i

; ìpou a

i

2

R

M

i

kai gia ìla sqedìn ta a

i

2

R

M

i

; isqÔei a

i

= 0:

Parathr sei :

1. An B �

R

M e�nai b�sh tou

R

M; tìte, profan¸

R

M = �

b2B

Rb:

2. Estw (M

i

)

i2I

oikogèneia apì upomodules tou

R

M: Oi parak�tw prot�sei e�nai

metaxÔ tou isodÔname:

(a) M = �

i2I

M

i

:

(b) M =

P

i2I

M

i

kai, an

P

i2I

a

i

= 0; ìpou ta a

i

2 M

i

; tìte a

i

= 0 gia k�je i 2 I:

()

R

M =

P

i2I

M

i

kai gia k�je i 2 I; isqÔei M

i

\

P

j2I�fig

M

j

= f0g:

Apìdeixh :

{(a)) (b) }

Ex upojèsew, k�je a 2

R

M èqei mia par�stash th morf  a =

P

i2I

a

i

me

a

i

2M

i

: Epomènw

R

M =

X

i2I

M

i

:
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An t¸ra 0 =

P

i2I

a

i

; tìte afoÔ to 0 gr�fetai kai sth morf  0 =

P

i2I

0; to

monos manto th par�stash ma d�nei, kat' an�gkh, ìti a

i

= 0 gia k�je i 2 I:

{(b)) ()}

Estw ìti gia k�poio i 2 I; a

i

2 M

i

\

P

j2I�fig

M

j

: To a

i

gr�fetai epomènw

sth morf 

a

i

=

X

j 6=i j2I

a

j

; ìpou a

j

2M

j

;

opìte, lìgw th (b); èpetai ìti a

i

= 0:

{()) (a)}

AfoÔ

R

M =

P

i2I

M

i

; sunep�getai ìti k�je a 2

R

M èqei mia par�stash th

morf  a =

P

i2I

a

i

; a

i

2M

i

: Estw ìti èqei dÔo parast�sei:

a =

X

i2I

a

i

=

X

i2I

a

0

i

; a

0

i

2

R

M

i

:

Epomènw, gia k�je i 2 I;

a

i

� a

0

i

=

X

j2I�fig

(a

0

j

� a

j

) 2M

i

\

X

j 6=i

M

j

= f0g; dhlad  a

i

= a

0

i

:

3. An

R

M = �

i2I

M

i

;

R

M

0

; R-modules kai ff

i

: M

i

! Mg

i2I

oikogèneia R-module

omomorfism¸n, tìte up�rqei akrib¸ èna R-module omomorfismì f :

R

M !

R

M

0

tètoio ¸ste gia k�je i 2 I na isqÔei, rest

M

i

f = f

i

kai o f autì or�zetai w ex :

f :

8

<

:

R

M �!

R

M

0

P

i2I

a

i

7�!

P

i2I

f

i

(a

i

)

An

R

M = �

i2I

M

i

; tìte, gia k�je j 2 I; or�zoume thn kanonik  j-probol :

�

j

:

8

<

:

M �! M

j

P

i2I

a

i

7�! a

j

h opo�a, profan¸, èqei ti akìlouje idiìthte:

1. O �

j

e�nai R-module omomorfismì kai rest

M

j

�

j

= Id

M

j

:

2. ker�

j

= �

i2I�fjg

M

i

�

R

M:

3. Id

M

=

P

j2I

�

j

:
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4. �

i

Æ �

j

= �

j

Æ �

i

=

8

<

:

�

i

; gia i = j

0; gia i 6= j:

Je¸rhma 3.12 Estw

R

M èna aristerì R-module, r 2 N ; kai ep�sh �

1

; �

2

; � � ��

r

2

End

R

(M) ìpou Id

M

=

P

r

i=1

�

i

kai

�

i

Æ �

j

= �

j

Æ �

i

=

8

<

:

�

i

; an i = j

0; gia i 6= j

Tìte

R

M = �

r

i=1

�(M):

Apìdeixh : Estw a 2

R

M; tìte a = id

M

(a) =

P

r

i=1

�

i

(a) dhlad 

R

M =

P

r

i=1

�

i

(M):

Apì thn �llh meri�, an 0 =

P

r

i=1

a

i

me a

i

= �

i

(x

i

) kai x

i

2

R

M

i

; tìte:

0 = �

j

(0) = �

j

(

r

X

i=1

a

i

) =

r

X

i=1

�

j

Æ �

i

(x

i

) = a

i

;

dhlad  to �jroisma e�nai eujÔ.

Je¸rhma 3.13 An

R

M =

R

M

1

�

R

M

2

; tìte h apeikìnish

8

<

:

M=M

1

�! M

2

(a

1

+ a

2

) +M

1

7�! a

2

e�nai R-module isomorfismì.

Orismì 3.14 Estw

R

M èna aristerì R-module, N �

R

M upomodule tou

R

M: To N

lègetai eujÔ prosjeta�o tou

R

M ìtan up�rqei èna upomodule N

1

tou

R

M tètoio ¸ste

R

M = N �N

1

:

To

R

M ja lègetai pl rw analÔsimo (  hmiaplì) ìtan k�je upomodule tou e�nai eujÔ

prosjeta�o autoÔ.

To

R

M ja lègetai an�gwgo (  aplì) ìtan to f0g kai to

R

M e�nai ta mìna upomodule tou

R

M:

Parat rhsh : To

R

M e�nai an�gwgo akrib¸ tìte ìtan, gia k�je a 2

R

M

a 6= 0;

R

M =

R

< a > :

Pr�gmati, èstw a 2

R

M; a 6= 0 kai N =< a >�

R

M: AfoÔ

R

M an�gwgo kai f0g 6= N
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sunep�getai ìti N =

R

M: Ant�strofa, èstw N �

R

M upomodule touM kai ìti N 6= f0g:

Epomènw up�rqei èna a 2 N � f0g: Tìte ìmw

R

M =

R

< a >� N �

R

M; dhlad 

N =

R

M:

Orismì 3.15 Estw R

1

; R

2

; � � � ; R

k

; R

0

1

; R

0

2

; � � � ; R

0

l

daktÔlioi me monadia�o. Estw M a-

belian  om�da h opo�a e�nai aristerì R

i

-module gia i = 1; 2; � � � ; k kai dexiì R

j

-module

gia j = 1; 2; � � � ; l: Sumbolik� gr�foume M =

R

i

M kai M = M

R

j

: To M ja lègetai

(R

1

; R

2

; � � � ; R

k

)-aristerì kai (R

0

1

; R

0

2

; � � � ; R

0

l

)-dexiì polumodule kai ja to gr�foume

M =

R

1

;R

2

;���;R

k

M

R

0

1

;R

0

2

;���;R

0

l

an isqÔoun:

1. 8�

i

2 R

i

; 8�

j

2 R

j

; �

i

(�

j

a) = �

j

(�

i

a)

2. 8�

0

�

2 R

0

�

; 8�

0

�

2 R

0

�

; (a�

0

�

)�

0

�

= (a�

0

�

)�

0

�

kai

3. 8�

i

2 R

i

; 8�

0

�

2 R

0

�

; (�

i

a)�

0

�

= �

i

(a�

0

�

):

Gia thn jewr�a parast�sewn peperasmènwn om�dwn spouda�a e�nai h ex , eidik ,

per�ptwsh:

An R; S daktÔlioi, me monadia�o, tìte èqoume ta akìlouja dunat� bimodules:

R;S

M;

R

M

S

; M

R;S

:

Parade�gmata :

1. Ton daktÔlio R mporoÔme na ton fti�xoume aristerì kai dexiì R-module, èqoume

loipìn

R

R

R

: Ta upomodule autoÔ ja lègontai d�pleura ide¸dh tou R:

2. Estw R antimetajetikì daktÔlio kai

R

M aristerì R-module. To

R

M g�netai kai

dexiì R-module an or�soume a� := �a: Epomènw èqoume ta parak�tw bimodules:

R;R

M;

R

M

R

; M

R;R

:
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3. Estw j : R ! S omomorfismì daktul�wn kai M :=

S

M èna aristerì S-module.

Or�zoume:

j

�

:

8

<

:

R�M !M

(�; a) 7! j(�)a

kai �a = j(�)a: Mèsw th j

�

fti�qnoume to M aristerì R-module (an�loga gia

dexiì R-module).

H j

�

ja lègetai h mèsw th j epagìmenh arister  R-module dom . Omo�w sto

S

M

S

;

mporoÔme mèsw th j na or�soume sto M mia R-bimodule dom . Idia�tera sto

R

S

R

;

an j(R) � Z(S) = fa 2 Sjas = sa; 8s 2 Sg tìte h j ep�gei se k�je aristerì

S-module mia bimodule dom , M =

R;S

M: Eidik�, an R � S kai j : R ,! S h

emfÔteush, tìte h j

�

e�nai o periorismì twn salars sto R:

3.2 Parast�sei kai module parast�sewn

Estw G mia peperasmènh om�da, K èna s¸ma kai M èna K-module. H idèa th Noether

 tan na jewr sei omomorfismoÔ K-algebr¸n

K[G℄

'

�! End

K

(M)

kai na p�rei ton periorismì aut¸n sthn G; kat� to di�gramma:

G

K[G℄ End

K

(M)

Aut

K

(M)

-

-

? ?

 

'

Estw R ìpw kai sthn prohgoÔmenh par�grafo, daktÔlio me 1

R

2 R:

Orismì 3.16 Estw K antimetajetikì daktÔlio. Ena K-module ja lègetai K-�lgebra

ìtan epiplèon

1. Sto A èqoume kai pollaplasiasmì o opo�o maz� me thn prosjetik  dom  tou module,

g�netai daktÔlio me monadia�o.
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2. Gia k�je � 2 R; a; b 2 A; �(ab) = (�a)b = a(�b):

Parathr sei :

1. H kanonik  apeikìnish:

j :

8

<

:

K ! A

� 7! � � 1

A

e�nai omomorfismì daktul�wn.

2. An K e�nai antimetajetikì s¸ma, tìte h j e�nai èna pro èna (injetive).

Arke� na apode�xoume ìti an �� � 6= 0 tìte (�� �) � 1

A

6= 0:

Estw �

0

:= �� � kai èstw �

0

� 1

A

= 0: Tìte

�

0

�1

(�

0

� 1

A

) = (�

0

�1

�

0

) � 1

A

= 1

A

6= 0;

to opo�o e�nai �topo.

An loipìn K e�nai s¸ma tìte, mèsw th j; taut�zoume to K me thn eikìna, dhlad 

jewroÔme to K san upodaktÔlio th K-�lgebra A:

3. j(K) � Z(A): Pr�gmati:

j(�)a = (� � 1

A

)a = �(1

A

� a) = �a = a� = a � j(�):

4. Estw, ant�strofa, A daktÔlio me 1 2 A kai j : K ! A omomorfismì daktul�wn

me j(K) � Z(A): Tìte o A e�nai mia K-�lgebra. Autì to blèpei kane� eÔkola

or�zonta � � a := j(�) � a kai apodeiknÔonta ti apaitoÔmene idiìthte.

5. Eidik  per�ptwsh: An K � Z(A); A daktÔlio me monadia�o, tìte o A e�nai K-

�lgebra.

Parade�gmata :

1. O daktÔlio om�do.

Estw K antimetajetikì daktÔlio, G peperasmènh om�da kai K[G℄ to eleÔjero K-

module me b�sh thn G (de je¸rhma 3:4), dhlad  K[G℄ = K

G

me pr�xei ti sun jei
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pr�xei se sunart sei. K�je stoiqe�o j 2 K[G℄ èqei mia monos manth par�stash

th morf 

j =

X

�2G

j(�) � � =:

X

�2G

�

�

� �

Ed¸, jumoÔmaste thn taÔtish pou k�name sto je¸rhma 3:4 metaxÔ tou � san s-

toiqe�ou kai san sun�rthsh

�(t) =

8

<

:

1; ìtan � = t

0; ìtan � 6= t

kai ìti K[G℄ = �

�2G

K�:

O polaplasiasmì or�zetai w ex :

8

<

:

K[G℄�K[G℄ �! K[G℄

(

P

�2G

�

�

�;

P

t2G

�

t

t) 7�!

P

t

0

2G

�

t

0

� t

0

me �

t

0

:=

P

�;t2G;��t=t

0

�

�

�

t

: To K[G℄ apotele� daktÔlio w pro thn prìsjesh san

K-module kai w pro ton orisjènta pollaplasiasmì. To 1 2 G e�nai kai monadia�o

tou K[G℄: Ep�sh h G � E(K[G℄) (om�da mon�dwn tou K[G℄). Telik� to K-module

K[G℄ e�nai mia K-�lgebra.

2. Estw K antimetajetikì daktÔlio kai M èna K-module. O daktÔlo twn K-

endomorfism¸n tou M End

K

(M) apotele� mia K-�lgebra.

3. Estw K antimetajetikì daktÔlio. O daktÔlio twn n ep� n pin�kwn me stoiqe�a

apì to K; M

n

(K); e�nai ep�sh mia K-�lgebra.

Orismì 3.17 Estw A;A

0

K-�lgebre. Mia apeikìnish j : A ! A

0

e�nai omomorfismì

K-algebr¸n ìtan h j e�nai omomorfismì daktul�wn kai sugqrìnw omomorfismì modules.

Orismì 3.18 EstwK antimetajetikì daktÔlio kai A mia K-�lgebra, F èna K-module.

Mia par�stash th A upèr to F ja lègetai k�je omomorfismì K-algebr¸n

� : A �! End

K

(F )

Duo parast�sei � kai �

0

th A upèr to F ja lègontai isodÔname ìtan up�rqei isomorfis-

mì apì modules ' : F ! F

0

tètoio ¸ste:

8a 2 A; ' Æ �(a) = �

0

(a) Æ ' : F �! F

0

:
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Jemeli¸de Je¸rhma 3.19 Estw K antimetajetikì daktÔlio, A mia K-�lgebra F

èna K-module kai � : A! End

K

(F ) par�stash th A upèr to F: Tìte:

1. To K-module F g�netai mèsw tou pollaplsiasmoÔ

�

�

:

8

<

:

A� F ! F

(a; v) 7! �(a)(v) =: av

e�nai aristerì A-module.

2. An j :

8

<

:

K ! A

� 7! � � 1

A

o fusikì omomorfismì tou K sthn A tìte isqÔei

8� 2 K; 8v 2 F; �v = �(j(�))v = j(�)v

dhlad  h dom  tou A-module pou ma d�nei h �

�

xanad�nei, an thn perior�soume sto

j(K); thn arqik  dom  tou F san K-module.

3. Gia k�je � 2 K kai gia k�je a 2 A isqÔei �(av) = a(�v); dhlad  ta dÔo ginìmena

antimetat�jentai, opìte to F e�nai èna (A;K)-bimodule.

Apìdeixh:

1. IsqÔoun ta ex :

a(v

1

+ v

2

) := �(a)(v

1

+ v

2

) = �(a)(v

1

) + �(a)(v

2

) =: av

1

+ av

2

:

(a+ b)(v) := �(a+ b)(v) = (�(a) + �(b))(v) =

:= �(a)(v) + �(b)(v) = av + bv:

1

A

� v = �(1

A

)(v) = Id

F

(v) = v:

Epomènw to K-module F e�nai kai (aristerì) A-module.

2. �(j(�))(v) = �(� � 1

A

)(v) = � � v:

3. Tèlo:

�(av) := �(�(a)(v)) = ��(a)(v) =

= �(a)(�v) =: a(�v):
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Orismì 3.20 To aristerì A-module tou prohgoumènou jewr mato (F; �

�

) ja lègetai

module par�stash th par�stash � th �lgebra A:

Je¸rhma 3.21 Oi parast�sei � kai �

0

th �lgebra A e�nai isodÔname akrib¸ tìte

ìtan (F; �

�

)

�

=

(F

0

; �

0

�

) san arister� A-modules.

Apìdeixh: Oi �; �

0

e�nai isodÔname ìtan up�rqei K-module isomorfismì ' : F ! F

0

tètoio ¸ste gia k�je a 2 A; ' Æ �(a) = �

0

(a) Æ '; dhlad  gia k�je a 2 A kai gia k�je

v 2 F; '(�(a))(v) = �

0

(a)('(v))): Epomènw oi � kai �

0

e�nai metaxÔ tou isodÔname

akrib¸ tìte ìtan '(av) = a'(v) gia k�je a 2 A kai k�je v 2 F: Dhlad  akrib¸ tìte

ìtan o ' : F ! F

0

e�nai A-modules isomorfismì.

Je¸rhma 3.22 Estw A mia K-�lgebra,

A

F èna aristerì A-module kai

f :

8

<

:

K ! A

� 7! � � 1

A

o kanonikì omomorfismì. Tìte to F me pr�xh:

8

<

:

K � F ! F

(�; v) 7! f(�)v = (� � 1

A

)v = �v

g�netai K-module kai isqÔei:

8� 2 K kai 8a 2 A; �(av) = a(�v):

Mèsw th A fti�qnoume loipìn to F kat� fusikì trìpo K-module kai m�lista to F g�netai

(A;K)-bimodule.

Apìdeixh: Eqoume:

�(v

1

+ v

2

) = (� � 1

A

)(v

1

+ v

2

) = (� � 1

A

)v

1

+ (� � 1

A

)v

2

= �v

1

+ �v

2

:

(�+ �)v = ((�+ �) � 1

A

)v = (� � 1

A

+ � � 1

A

)v = (� � 1

A

)v + (� � 1

A

)(v) = �v + �v:

�(av) = (� � 1

A

)(av) = (� � 1

A

a)(v) = (�a)v = (a�)(v):

Je¸rhma 3.23 Estw F èna aristerì A-module (dhlad  F =

A

F kai, lìgw tou jewr -

mato 3:22; F =

K

F ). Tìte:
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1. H apeikìnish (gia a 2 A):

'

a

:

8

<

:

F ! F

v 7! av

e�nai èna endomorfismì tou

K

F:

2. H kanonik  apeikìnish:

� :

8

<

:

A ! End

K

(F )

a 7! '

a

e�nai mia par�stash th A w pro to

K

F h opo�a èqei w module par�stash to

(

K

F; �

�

) =

A

F:

Apìdeixh:

1. Eqoume a(v

1

+v

2

) = av

1

+av

2

: Apì to je¸rhma 3:22 èpetai ìti isqÔei a(�v) = �(av):

Epomènw o '

a

e�nai K-endomorfismì.

2. Gia k�je v 2 F isqÔei:

�(a + b)(v) = (a+ b)(v) = av + bv =

= �(a)(v) + �(b)(v)) �(a + b) = �(a) + �(b):

�(ab)(v) = (ab)v = a(bv) = �(a)(�(b)(v)) =

= (�(a) � �(b))(v)) �(ab) = �(a) � �(b)

Ara o � e�nai omomorfismì daktul�wn. All�

�(�a)(v) = (�a)v = �(av) = �(�(a)(v); 8v 2 F

Sunep¸ �(�a) = ��(a) dhlad  o � e�nai K-module omomorfismì. Ara telik� �

e�nai omomorfismì K-algebr¸n, dhlad  mia par�stash th A w pro to

K

F me

module par�stash (

K

F; �

�

) =

A

F:

Orismì 3.24 H par�stash � tou prohgoÔmenou jewr mato 3:23 lègetai h par�stash

h antistoiqoÔsa sto A-module F:
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Apì ta prohgoÔmena jewr mata èqoume ìti se k�je par�stash � : A! End

K

(F ) an-

tistoiqe� k�poio aristerì A-module san module par�stash kai k�je aristerì A-module

e�nai module mia par�stash � th A: Sunoy�zoume ta parap�nw sto:

Je¸rhma 3.25 An K antimetajetikì daktÔlio, tìte up�rqei mia amfimonos manth an-

tistoiq�a, an�mesa sti kl�sei isodun�mwn parast�sewn mia K-�lgebra A kai kl�sei

isomorf�a (arister¸n) A-modules san modules parast�sewn.

Estw t¸ra K s¸ma. H K-�lgebra A e�nai (san K-module) kai K-dianusmatikì

q¸ro. Estw dim

K

A <1: An � : A! End

K

(F ) mia par�stash th A tìte kai

K

F e�nai

ep�sh K-dianusmatikì q¸ro

H dim

K

F ja lègetai bajmì th par�stash.

Sta epìmena ja jewroÔme parast�sei peperasmènou bajmoÔ, dim

K

F <1:

Je¸rhma 3.26 Estw A miaK-�lgebra me dim

K

A <1:Oi kl�sei isodun�mwn parast�sewn

(peperasmènou bajmoÔ) th A antistoiqoÔn amfimonos manta sti kl�sei isomorf�a twn

peperasmèna paragìmenwn A-modules.

Apìdeixh: Arke� na de�xoume ìti to

A

F e�nai peperasmèna paragìmeno akrib¸ tìte

ìtan isqÔei dim

K

F <1:

Estw F =

A

< u

1

; u

2

; � � � ; u

m

> : Ex upojèsew A =

K

< a

1

; a

2

; � � � ; a

n

> :

K�je v 2 F; gr�fetai sth morf 

v =

m

X

j=1



j

u

j

=

m

X

j=1

(

n

X

i=1

�

(i)

j

a

i

)u

j

ìpou �

(i)

j

2 K: Epomènw

F =

K

< a

i

u

j

ji = 1; 2; � � � ; n; j = 1; 2; � � � ; m >; dhlad  dim

K

F <1:

Ant�strofa, èstw F =

K

< v

1

; v

2

; � � � ; v

s

> : Tìte k�je u 2 F; gr�fetai:

u =

s

X

i=1

�

i

v

i

=

s

X

i=1

(�

i

� 1

A

)v

i

: Sunep¸ F =

A

< nv

1

; v

2

; � � � ; v

s

> :

Estw t¸ra V;W K-dianusmatiko� q¸roi.
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Orismì 3.27 Estw A K-�lgebra me dim

K

A < 1; � : A ! End

K

(V ) par�stash th

A kai (V; �

�

) to module par�stash aut .

1. Mia par�stash �

0

: A! End

K

(V

0

) ja lègetai upopar�stash th � ìtan to (V

0

; �

0

�

) �

(V; �

�

) (e�nai A-upomodule tou (V; �

�

))

2. H � ja lègetai eujÔ �jroisma twn upoparast�sewn �

i

: A ! End

K

(V

i

) kai ja

sumbol�zetai me � = �

r

i=1

�

i

ìtan (V; �

�

) = �

r

i=1

(V

i

; �

�

i

):

3. H � ja lègetai an�gwgh ìtan (V; �

�

) e�nai èna an�gwgo (aplì) aristerì A-module.

4. H � ja lègetai pl rw analÔsimh ìtan to (V; �

�

) e�nai pl rw analÔsimo aristerì

A-module.

Shme�wsh : Profan¸ èna module e�nai pl rw analÔsimo ìtan k�je upomodule tou

e�nai eujÔ prosjeta�o autoÔ.

Eidik� t¸ra pa�rnoume A = K[G℄:

Je¸rhma 3.28 Estw G peperasmènh om�da kai � : K[G℄ ! End

K

(V ) par�stash th

K[G℄ w pro ton V: Estw W � V (upìqwro tou K-dianusmatikoÔ q¸rou V ). Tìte:

1. H �

G

: G! GL(V ) e�nai par�stash th G (h �

G

e�nai o periorismì th � sthn G).

2. O W e�nai K[G℄-upomodule tou (V; �

�

) akrib¸ tìte ìtan o W e�nai �

G

-anallo�wto.

3. H �

0

: K[G℄ ! End

K

(W ) e�nai mia upopar�stash th � tìte kai mìno tìte ìtan �

0

G

e�nai upopar�stsh th �

G

:

4. H � e�nai an�gwgh akrib¸ tìte ìtan h �

G

e�nai an�gwgh.

5. An � = �

r

i=1

�

i

tìte �

G

= �

r

i=1

�

i;G

kai antistrìfw.

6. H � e�nai pl rw analÔsimh akrib¸ tìte ìtan h �

G

e�nai pl rw analÔsimh.

Apìdeixh:
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1. O omomorfismì daktul�wn � : K[G℄! End

K

(V ) ep�gei ènan omomorfismì om�dwn:

E(K[G℄) �! E(End

K

(V )) = GL(V )

ìpou E(R) sumbol�zei thn om�da twn mon�dwn tou daktul�ou R:

Epeid  G � E(K[G℄); èpetai ìti h �

G

: G! GL(V ) e�nai mia par�stash th G:

2. Estw W � (V; �

�

) èna K[G℄-upomodule. Gia k�je a 2 K[G℄ kai gia k�je w 2 W;

isqÔei aw = �(a)(w) 2 W: Idia�tera gia k�je � 2 G kai k�je w 2 G; isqÔei:

�(�)(w) = �

G

(�)(w) 2 W;

dhlad  o W e�nai �

G

-anallo�wto.

Ant�strofa t¸ra èstw ìti o W e�nai �

G

-anllo�wto, dhlad  ìti

gia k�je � 2 G kai gia k�je w 2 W; �(�)(w) 2 W:

An a 2 K[G℄; tìte to a gr�fetai monos manta sthn morf 

a =

X

t2G

�

t

t ìpou �

t

2 K: Epomènw �(a) = �(

X

t2G

�

t

t) =

X

t2G

�

t

�(t);

dhlad  �(a)(w) =

P

t2G

�

t

�(t)(w) 2 W; gia k�je a 2 K[G℄ kai k�je w 2 W; pr�gma

pou shma�nei ìti o W e�nai K[G℄-upìmodule tou K[G℄-module (V; �

�

):

3. H �

0

: K[G℄ ! End

K

(V ) e�nai upopar�stash th � akrib¸ tìte ìtan to (W; �

�

0

)

e�nai K[G℄-module tètoio ¸ste rest

W

�(a) = �

0

(a) gia k�je a 2 K[G℄, to opo�o e�nai

me thn seir� tou isodÔnamo me to ìti o W e�nai �

G

-anallo�wto upìqwro tou V

kai ìti rest

W

�(�) = �

0

(�) gia k�je � 2 G; dhlad  akrib¸ tìte ìtan h �

0

G

e�nai

upopar�stash th �

G

:

4. To an�gwgo th � e�nai isodÔnamo, ex orismoÔ, me to ìti (V; �

�

) e�nai an�gwgo K[G℄-

module, dhlad  e�nai isodÔnamo me to gegonì ìti to (V; �

�

) den èqei kanèna mh-

tetrimmèno K[G℄-upomodule. SÔmfwna me to 2: autì e�nai isodÔnamo me to ìti to V

den èqei kanèna mh tetrimmèno �

G

-anallo�wto upìqwro, dhlad  me to ìti h �

G

den

èqei kamm�a mh-terimmènh upopar�stash.
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5. H � gr�fetai � = �

r

i=1

�

i

akrib¸ tìte ìtan �

i

: K[G℄ ! End

K

(V ); i = 1; 2; � � � ; r

e�nai upoparast�sei th � me (V; �

�

) = �

r

i=1

(V

i

; �

�

i

): IsodÔnama, lìgw th 3:;

�

i;G

: G ! GL(V

i

) e�nai upoparast�sei th �

G

me q¸rou par�stash V

i

kai V =

�

r

i=1

V

i

; dhlad  tìte kai mìno tìte ìtan �

G

= �

r

i=1

�

i;G

:

6. To ìti h par�stash � e�nai pl rw analÔsimh e�nai isodÔnamo me to ìti o (V; �

�

) e�nai

pl rw analÔsimo aristerì K[G℄-module, dhlad  me to ìti gia k�je upomodule

W � (V; �

�

) up�rqei W

1

� (V; �

�

) tètoio ¸ste (V; �

�

) = W �W

1

: IsodÔnama, lìgw

th 2:; gia k�je �

G

-anallo�wto upìqwro W

0

� V; up�rqei �

G

-anallo�wto upìqwro

W

0

1

� V tètoio ¸ste V = W

0

1

�W

0

2

: To teleuta�o e�nai isodÔnamo me to ìti gia k�je

upopar�stash �

0

� � up�rqei upopar�stash �

0

1

� �

G

tètoia ¸ste �

G

= �

0

� �

0

1

; to

opo�o e�nai isodÔnamo me to gegonì ìti h par�stash �

G

e�nai pl rw analÔsimh.

Je¸rhma 3.29 Estw �

0

: G ! GL(V ) par�stash th G: Up�rqei akrib¸ mia par�s-

tash � : K[G℄ ! End

K

(V ) th K[G℄ me �

G

= �

0

(dhlad  up�rqei akrib¸ mia epèktash

th par�stash �

0

th G se par�stash � tou K[G℄):

Apìdeixh: AfoÔ h om�da G � K[G℄ e�nai b�sh tou K-module K[G℄ sunep�getai ìti

up�rqei omomorfismì apì K-modules � : K[G℄ ! End

K

(V ) me �

0

= �

j

G

kai m�lista

or�zetai w ex :

�(

X

�2G

�

�

�) :=

X

�2G

�

�

�

0

(�):

Opw or�sthke o � e�nai kai omomorfismì K-algebr¸n, diìti

�(

X

�2G

�

�

�) � �(

X

t2G

�

t

t) :=

X

�2G

�

�

�

0

(�) �

X

t2G

�

t

�

0

(t) =

X

t

0

2G

(

X

t;�2Gt

0

=�t

�

�

�

t

)�

0

(t

0

) =

= �(

X

t

0

2G

(

X

�;t2G; �t=t

0

�

�

�

t

)t

0

) = �(

X

�2G

�

�

� �

X

t2G

�

t

t):

An�loga ergazìmaste gia to �jroisma stoiqe�wn th K[G℄ kai to ginìmeno stoiqe�wn th

K[G℄ me stoiqe�a tou K:

Je¸rhma 3.30 An � : K[G℄ ! End

K

(V ); �

0

: K[G℄ ! End

K

(V

0

) parast�sei th

K[G℄; tìte h � isodÔnamh me thn �

0

akrib¸ tìte ìtan �

G

isodÔnamh me thn �

0

G

:
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Apìdeixh: H � e�nai isodÔnamh me thn �

0

akrib¸ tìte ìtan up�rqei K- isomorfismì

dianusmatik¸n q¸rwn ' : V ! V

0

tètoio ¸ste gia k�je a 2 K[G℄ na isqÔei,

' Æ �(a) = �

0

(a) Æ '   isodÔnama ' Æ �(�) = �

0

(�) Æ ' gia k�je� 2 G;

dhlad  h �

G

e�nai isodÔnamh me thn �

0

G

:

Pìrisma 3.31 1. Up�rqei mia amfimonos manth antistoiq�a an�mesa sti kl�sei iso-

dun�mwn parast�sewn th G kai sti kl�sei isomorf�a peperasmèna paragìmenwn

arister¸n K[G℄-modules.

2. Up�rqei amfimonos manth antistoiq�a an�mesa sti kl�sei isodun�mwn anag ģwn

parast�sewn th G kai sti kl�sei isomorf�a peperasmèna paragìmenwn anag ģwn

K[G℄-modules.

Orismì 3.32 1. Estw �

0

: G! GL(V ) par�stash th G; kai

� : K[G℄ ! End

K

(V ) h epag¸menh par�stash th �

0

(dhlad  �

G

= �

j

G

= �

0

). To

module (V; �

�

) =

K[G℄

V ja lègetai module par�stash th �

0

:

2. Estw M peperasmèna paragìmeno aristerì K[G℄-module kai

� : K[G℄! End

K

(V ) h stoM antistoiqoÔsa par�stash thK[G℄: Tìte h �

G

:= �

j

G

ja lègetai h sto M antistoiqoÔsa par�stash th G:

Je¸rhma 3.33 An �

0

par�stash th G kai M peperasmèna paragìmeno aristerì K[G℄-

module, tìte to M e�nai module par�stash th �

0

akrib¸ tìte ìtan h �

0

e�nai h sto M

antistoiqoÔsa par�stash th G:

Apìdeixh: Profan .

Je¸rhma 3.34 (L mma tou Shur gia K[G℄-modules)

1o mèro Estw M

1

;M

2

an�gwga arister� K[G℄-modules kai j : M

1

! M

2

èna K[G℄-

omomorfismì. Tìte j = 0   j isomorfismì.

2o mèro Estw ìti to s¸maK algebrik� kleistì kaiM èna an�gwgo aristerìK[G℄-module,

j :M

1

!M

2

èna K[G℄-omomorfismì modules. Tìte h j èqei thn morf :

j = � � Id

M

; � 2 K:
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Apìdeixh:

1o mèro : To j(M

1

) � M

2

e�nai K[G℄-upomodule tou M

2

kai to gegonì ìti to M

2

e�nai

an�gwgo sunep�getai ìti:

j(M

1

) = f0g; opìte j = 0   j(M

1

) =M

2

; dhlad  ìti j = 0   ìti h j e�nai ep�:

AfoÔ to M

1

e�nai an�gwgo sunep�getai ìti, sthn pr¸th per�ptwsh, kerj = M

1

; dhlad 

j = 0 en¸, sthn deÔterh per�ptwsh, ìti kerj = f0g; dhlad  ìti h j e�nai èna pro èna kai

ep�.

2o mèro : Estw '(X) 2 K[X℄; to qarakthristikì polu¸numo th j: Epeid  to K e�nai

algebrik� kleistì èpetai ìti to '(X) èqei toul�qisto mia r�za èstw � sto K

�

:

Epomènw '(�) := det(� � Id

M

�A) = 0; dhlad  o omomorfismì K-dianusmatik¸n q¸rwn

j

0

:= � � Id

M

� j den e�nai isomorfismì, opìte, apì to 1

o

mèro èpetai ìti j

0

= 0 kai �ra

j = � � Id

M

:

Je¸rhma 3.35 H par�stash th G pou antistoiqe� sto aristerì K[G℄-module

K[G℄

K[G℄ e�nai omal .

Apìdeixh: Estw �

0

: G ! GL(K[G℄) aut  h par�stash. Gia k�je � 2 G kai k�je

a 2 K[G℄ isqÔei

�

0

(�)a := �a

opìte to sÔnolo f�

0

(�)(1

G

)j� 2 Gg = G; e�nai mia K-b�sh th �lgebra K[G℄ (Kef. 1;

1:5(5)).

Pìrisma 3.36 Estw �

0

par�stash th G upèr to s¸ma K kai

K[G℄

M to module par�s-

tash th �

0

: Tìte isqÔei ìti h �

0

e�nai omal  akrib¸ tìte ìtan

K[G℄

M

�

=

K[G℄

K[G℄:

Apìdeixh: Profan , afoÔ w gnwstì up�rqei mia akrib¸ kl�sh omal¸n parast�sewn

th G (Kef. 1; 1:5(4)) to pìrisma 3:31; 1 kai to je¸rhma 3:33:

3.3 Dom  kai taxinìmhsh twn K[G℄-modules

ìtan h qarakthristik  tou K den diaire� thn t�xh th G

Je¸rhma 3.37 (Mashke)

Estw M èna peperasmèna paragìmeno aristerì K[G℄-module. Tìte isqÔoun:
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1. To M e�nai pl rw analÔsimo.

2. M = �

r

i=1

M

i

me an�gwga K[G℄-upomodules M

i

�M:

Apìdeixh : Apotele� sunèpeia �mesh tou jewr matoMashke tou 1ou kefala�ou (je¸rhma

1:21) kai tou jewr mato 3:28:

Pìrisma 3.38 To K[G℄ jewroÔmeno san aristerì K[G℄-module èqei mia an�lush th

morf  K[G℄ = �

r

i=1

L

i

; ìpou L

i

arister� minimal ide¸dh tou.

Apìdeixh: Amesh sunèpeia tou jewr mato tou Mashke arke� na parathr soume ìti

ta (arister�) an�gwga upomodule tou K[G℄ e�nai minimal arister� ide¸dh (ìpou mininal

shma�nei ìti den perièqoun gn sia ide¸dh).

Je¸rhma 3.39 Estw K[G℄ = �

r

i=1

L

i

mia an�lush tou

K[G℄

K[G℄ se an�gwga (minimal)

arister� ide¸dh tou L

i

; M 6= 0 èna an�gwgo aristerì K[G℄-module. Tìte to M

�

=

L

i

; gia

k�poio i 2 f1; 2; � � � ; rg:

Apìdeixh: Estw m 2 M;m 6= 0: Tìte afoÔ, ex upojèsew, M an�gwgo èpetai ìti

M = K[G℄ �m: H sun�rthsh:

' :

8

<

:

K[G℄ �! M

a 7�! am

e�nai èna epimorfismì apì K[G℄-modules. Apì to 3

o

je¸rhma isomorf�a (je¸rhma 3:7)

èpetai ìti h

'

�

:

8

<

:

K[G℄=ker(') ! M

a + ker(') 7! am

e�nai isomorfismì apì K[G℄-modules. T¸ra o pur na ker(') � K[G℄ e�nai èna aristerì

ide¸de tou aristeroÔ K[G℄-module

K[G℄

K[G℄ to opo�o e�nai pl rw analÔsimo. Epomènw

o ker(') e�nai eujÔ prosjeta�o tou K[G℄; dhlad  up�rqei èna aristerì ide¸de L tou

K[G℄ tètoio ¸ste K[G℄ = L� ker('): Epomènw h sun�rthsh:

 :

8

<

:

L �! K[G℄=ker(')

b 7�! b+ ker(')
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e�nai isomorfismì metaxÔ twn K[G℄-modules L kai K[G℄=ker('): Ara kai h sÔnjesh

'

�

Æ : L!M e�nai ep�sh isomorfismì apì K[G℄-modules. To M ìmw e�nai an�gwgo,

epomènw kai to L e�nai an�gwgo. Sunep¸ to L san an�gwgo upomodule tou K[G℄ e�nai

minimal. Arke� loipìn na apode�xoume ìti L

�

=

L

i

; gia k�poio i 2 f1; 2; � � � ; rg: Estw

L = K[G℄ � l; l 2 K[G℄; l 6= 0: H apeikìnish:

l

�

:

8

<

:

K[G℄ �! L

a 7�! al

e�nai omomorfismì apì K[G℄-modules. Ara apì to l mma tou Shur gia K[G℄-modules

(je¸rhma 3:34) èpetai ìti gia k�je i 2 f1; 2 � � � ; rg l

�

j

L

i

= 0   l

�

j

L

i

e�nai isomorfismì, (ta

L; L

i

e�nai an�gwga). H apeikìnish l

�

ìmw e�nai mh-mhdenik , diìti l 6= 0 kai K[G℄ =

�

r

i=1

L

i

: Epomènw gia toul�qisto èna i isqÔei ìti l

�

j

L

i

e�nai isomorfismì kai �ra, gi' autì

to i; L

i

�

=

L:

Pìrisma 3.40 1. Up�rqoun mìno peperasmènou pl jou mh-isìmorfa arister� ide¸dh

tou K[G℄: Aut� apoteloÔn èna pl re sÔsthma antipros¸pwn twn kl�sewn isomor-

f�a arister¸n anag ģwn K[G℄-modules.

2. Up�rqoun peperasmènou mìno pl jou mh-isodÔname an� dÔo, an�gwge parast�sei

th G upèr to K:

3. Oi peperasmènou pl jou kl�sei isodunam�a anag ģwn parast�sewn th G upèr to

K antistoiqoÔn amfimonos manta sti kl�sei isomorf�a arister¸nminimal idewd¸n

th K[G℄:

4. Estw �

om

= �

r

i=1

�

i

h an�lush th �

om

se eujÔ �jroisma anag ģwn. Tìte to

f�

1

; �

2

; � � � ; �

r

g perièqei èna sÔnolo antipros¸pwn twn kl�sewn idodunam�a anag ģ-

wn parast�sewn th G:

Apì ed¸ kai k�tw upojètoume ìti K e�nai algebrik� kleistì s¸ma kai har(K) = 0.

Xan�, èstw G peperasmènh om�da, h = h

G

to pl jo twn kl�sewn suzug�a th G;

~�

1

; ~�

2

; � � � ; ~�

h

èna pl re sÔsthma antipros¸pwn anag¸gwn parast�sewn th G upèr to

K; �

1

; �

2

; � � � ; �

h

oi an�gwgoi qarakt re th G kai

~

L

1

;

~

L

2

; � � � ;

~

L

h

module parast�sewn

twn ~�

1

; ~�

2

; � � � ; ~�

h

ant�stoiqa. Estw tèlo n

i

:= deg~�

i

= dim

K

~

L

i

:
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Je¸rhma 3.41 IsqÔei:

K[G℄ = �

h

i=1

(�

n

i

i=1

L

(j)

i

)

ìpou L

(j)

i

� K[G℄; arister� minimal ide¸dh tou K[G℄ kai L

(j)

i

�

=

~

L

i

:

Apìdeixh: Amesh sunèpeia tou jewr mato 1:39 tou 1

ou

Kefala�ou.

Sthn sunèqeia ja asqolhjoÔme me to er¸thma pìte èna stoiqe�o a 2 K[G℄ an kei sto

kèntro Z(K[G℄):

Je¸rhma 3.42 Estw a =

P

�2G

�

�

� 2 K[G℄: Oi parak�tw prot�sei e�nai metaxÔ tou

isodÔname:

1. a 2 Z(K[G℄);

2. H apeikìnish f

a

:

8

<

:

G �! K

� 7�! �

�

e�nai mia sun�rthsh kl�sewn suzug�a th G:

Apìdeixh: To a =

P

t2G

�

t

t an kei sto kèntro tou K[G℄ akrib¸ tìte ìtan ab = ba gia

k�je b 2 K[G℄: H antimet�jesh w pro ìla ta stoiqe�a tou K[G℄ e�nai isodÔnamh me thn

antimet�jesh w pro ìla ta stoiqe�a th G; dhlad 

�(

X

t2G

�

t

t) = (

X

t2G

�

t

t)� gia k�je � 2 G:

H teleuta�a sqèsh, eÔkola fa�netai ìti e�nai isodÔnamh me to ìti �

�t

= �

t�

gia k�je

�; t 2 G; to opo�o ma lèei ìti h f

a

e�nai sun�rthsh kl�sewn suzug�a th G:

Je¸rhma 3.43 IsqÔoun:

1. H di�stash tou K-dianusmatikoÔ q¸rou Z(K[G℄) e�nai h:

2. To sÔnolo f

P

�2G

�

�

(�)�ji = 1; 2 � � � ; hg e�nai mia K-b�sh tou kèntrou Z(K[G℄):

Apìdeixh: Estw a =

P

t2G

�

t

t 2 Z(K[G℄): SÔmfwna me to je¸rhma 3:42 h f

a

e�nai

sun�rthsh kl�sewn suzug�a th G: Lìgw th 1:39(3) tou 1

ou

Kefala�ou, èqoume

f

a

=

h

X

i=1

�

i

�

i

opìte a =

X

�2G

f

a

(�)� =
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=

X

�2G

(

h

X

i=1

�

i

�

i

(�))� =

h

X

i=1

�

i

(

X

�2G

�

i

(�)�);

dhlad  to sÔnolo

P

�2G

�

i

(�)� par�gei ton Z(K[G℄): Ja apode�xoume ìti e�nai kai K-

grammik� anex�rthto. An loipìn

0 =

h

X

i=1

�

i

X

�2G

�

i

(�)� =

X

�2G

(

h

X

i=1

�

i

�

i

(�))�

tìte afoÔ ta stoiqe�a th G apoteloÔn b�sh tou K-dianusmatikoÔ q¸rou K[G℄ èpetai

ìti gia k�je � 2 G isqÔei

P

h

i=1

�

i

�

i

(�) = 0 dhlad  ìti

P

h

i=1

�

i

�

i

= 0: Epeid  ta

�

i

e�nai b�sh tou q¸rou twn sunart sewn kl�sewn suzug�a th G; apì to je¸rhma

1:39 tou 1

ou

Kefala�ou èpetai ìti gia k�je i = 1; 2; � � � ; h; �

i

= 0; dhlad  to sÔnolo

f

P

�2G

�

�

(�)�ji = 1; 2; � � � ; hg e�nai mia K-b�sh tou kèntrou Z(K[G℄):

Orismì 3.44 Gia i = 1; 2; � � � ; h èstw:

e

i

:=

n

i

g

X

t2G

�

i

(t

�1

)t =

n

i

g

X

t2G

�

i

(t)t

�1

ìpou n

i

= deg�

i

:

Idiìthte 3.45 (1) e

i

2 Z(K[G℄):

(2)

P

h

i=1

e

i

= e; to monadia�o th K[G℄.

(3) An K[G℄ = �

h

j=1

(�

n

i

�=1

L

(�)

j

) h an�lush th K[G℄ se arister� minimal ide¸dh me

L

(v)

j

�

=

~

L

j

; tìte isqÔei:

e

i

K[G℄ = �

n

i

i=1

L

(�)

i

(eujÔ �jroisma twn pro to

~

L

i

isìmorfwn arister¸n minimal idewd¸n tou K[G℄).

(4) K[G℄ = �

h

i=1

e

i

K[G℄:

(5) Ta e

i

e�nai an� dÔo orjog¸nia metaxÔ tou kai tautodÔnama, dhlad  e

i

e

j

= Æ

ij

e

i

:

(6) Ta e

i

e�nai an� dÔo orjog¸nia prwtarqik� stoiqe�a tou Z(K[G℄); dhlad  den analÔon-

tai pio k�tw se an� dÔo arjog¸nia tautodÔnama stoiqe�a tou kèntrou diaforetik� tou

mhdenì.
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(7) Estw R antimetajetikì daktÔlio me monadia�o e 2 R: An:

e = e

1

+ e

2

+ � � �+ e

r

= e

0

1

+ e

0

2

+ � � �+ e

0

r

se orjog¸nia an� dÔo prwtarqik� tautodÔnama stoiqe�a tou kèntrou Z(R); tìte r = r

0

kai e

i

= e

0

i

:

(8) An R daktÔlio me monadia�o e 2 R kai e = e

1

+ e

2

+ � � �+ e

r

mia an�lush tou e se

an� dÔo metaxÔ tou orjog¸nia tautodÔnama stoiqe�a tou Z(R); tìte isqÔei:

R =

r

X

i=1

e

i

R =: �

r

i=1

R

i

=: �

r

i=1

R

i

èqoume dhlad  mia an�lush tou R se eujÔ �rjroisma daktul�wn (eujÔ ginìmeno

daktul�wn).

Apìdeixh:

(1) H f

e

i

: � 7!

n

i

g

�

i

(�) e�nai sun�rthsh kl�sewn suzug�a th G opìte, apì to je¸rhma

3:42; isqÔei to zhtoÔmeno.

(2) Eqoume

h

X

i=1

e

i

=

1

g

h

X

i=1

n

i

X

t2G

�

i

(t)t

�1

=

1

g

X

t2G

(

h

X

i=1

n

i

�

i

)(t)t

�1

;

O

P

h

i=1

n

i

�

i

e�nai o qarakt ra �

om

th omal  par�stash �

om

th G:

Epeid  �

om

(g) =

8

<

:

g; ìtan t = e

0; ìtan t 6= e

èqoume

h

X

i=1

e

i

=

1

g

ge = e:

(3) Estw

e

�

i

:

8

<

:

K[G℄ �! K[G℄

a 7�! e

i

a = ae

i

(i = 1; 2; � � � ; h):

Oi apeikon�sei autè e�nai omomorfismo� arister¸n K[G℄-modules. Estw L èna

aristerì minimal ide¸de th K[G℄: To ime

�

i

j

L

mpore� na jewrhje� san stoiqe�o tou
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End

K[G℄

(L); diìti ime

�

i

j

L

= e

i

L � L: Epeid  to L e�nai an�gwgo, tì l mma tou Shur,

ma d�nei:

e

�

i

j

L

= � � Id

V

; me � 2 K:

Estw � : G! GL(V ) h par�stash th G pou antistoiqe� sto L:

Gia thn par�stash aut  èqoume ìti �(t)(a) = ta; gia k�je t 2 G kai k�je a 2 L:

H par�stash � e�nai an�gwgh. Epomènw up�rqei l 2 f1; 2; � � � ; hg tètoio ¸ste

�

�

= �

l

; dim

K

L = n

l

:

Epiplèon, profan¸, isqÔei,

tr(� � Id

L

) = � � n

l

= tr(e

�

i

j

L

) = tr(�(e

i

)):

Gia k�je a 2 L; èqoume

tr(e

�

i

(a)) = tr(e

i

a) = tr(�(e

i

)(a)) = tr(

n

i

g

X

t2G

�

i

(t)�(t

�1

))(a) =

=

n

i

g

X

t2G

�

i

(t)�

l

(t

�1

))(a) = n

i

� Æ

il

(a):

Sunep¸

� =

8

<

:

1; ìtan i = l

0; ìtan i 6= l

dhlad  e

�

i

j

L

=

8

<

:

Id

L

; ìtan L

�

=

L

i

0; ìtan L 6

�

=

L

i

:

Telik¸ prokÔptei ìti

e

i

K[G℄ = e

�

i

(K[G℄) =

h

X

j=1

(

n

j

X

v=1

e

�

i

(L

(v)

j

)) =

n

i

X

v=1

L

(v)

i

= �

n

i

v=1

L

(v)

i

(4) Amesh sunèpeia twn (2) kai (3):

(5) Estw i 6= j: Tìte e

i

e

j

2 e

i

e

j

K[G℄ = e

�

i

(e

j

K[G℄): Apì thn apìdeixh ìmw th (3)

èpetai ìti e

�

i

(e

j

K[G℄) = 0 gia i 6= j: Sunep¸ e

i

e

j

= 0: Apì thn �llh meri�

e

i

= e

i

e = e

i

n

X

j=1

e

j

=

n

X

j=1

e

i

e

j

= 0 + e

2

i

= e

2

i

:

(6) An e

1

= e

0

1

+ e

0

2

me

e

0

1

e

0

2

= 0; e

0

i

2

= e

0

i

; e

0

i

6= 0; e

0

i

2 Z(K[G℄);
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tìte ta fe

0

1

; e

0

2

; e

2

; � � � ; e

h

g e�nai (h+1)-orjog¸nia an� dÔo tautodÔnama stoiqe�a tou

kèntrou Z(K[G℄): Pr�gmati, gia i � 2; èqoume

0 = e

1

e

i

= (e

0

1

+ e

0

2

)e

i

= e

0

1

e

i

+ e

0

2

e

i

opìte 0 = e

0

1

0 = e

0

1

2

e

i

+ e

0

1

e

0

2

e

i

= e

0

1

e

i

kai 0 = e

0

2

0 = e

0

1

e

0

2

e

i

+ e

0

2

2

e

i

= e

0

2

e

i

:

Ta fe

0

1

; e

0

2

; e

2

; � � � ; e

h

g e�nai K-grammik¸ anex�rthta, diìti an

0 = �

0

1

e

0

1

+ �

0

2

e

0

2

+

h

X

j=2

�

j

e

j

ja e�qame

8

<

:

0 = e

0

i

0 = �

0

i

e

0

i

) �

0

i

= 0

0 = e

i

0 = �

i

e

i

) �

i

= 0

dhlad  ja e�qame dimZ(K[G℄) � h+ 1; �topo.

(7) Eqoume e

0

i

= e

0

i

e = e

0

i

e

1

+ � � �+ e

0

i

e

r

(�) kai:

e

0

i

e

�

e

0

i

e

�

= e

0

i

2

e

�

e

�

=

8

<

:

0; ìtan � 6= �

e

0

i

e

�

; ìtan � = �

Dhlad  (e

0

i

e

�

)

2

= e

0

i

e

�

kai (e

0

i

e

�

)(e

0

i

e

�

) = 0 gia � 6= �: AfoÔ loipìn ta e

0

i

e

�

2 Z(R)

èqoume sthn (�) mia an�lush tou e

0

i

se orjog¸nia an� dÔo tautodÔnama stoiqe�a tou

kèntrou Z(R): AfoÔ ìmw e

0

i

prwtarqik�, èpetai ìti:

e

0

i

e

j

=

8

<

:

e

0

i

; gia akrib¸ èna j 2 f1; 2; � � � ; rg

0; gia ìla ta upìloipa j

Me to parap�nw autì j; e

j

= ee

j

= e

0

1

e

j

+ � � �+ e

0

r

0

e

j

: An�loga entel¸ isqÔei:

e

0

i

e

j

=

8

<

:

e

j

gia èna akrib¸ i 2 f1; 2; � � � ; r

0

g

0 alli¸

:

Epomènw e

0

i

= e

j

; dhlad  to zhtoÔmeno.

(8) Lìgw th idiìthta (7); k�je stoiqe�o tou R gr�fetai san �jroisma stoiqe�wn twn

e

i

R (i = 1; 2; � � � ; r) kai h par�stash aut  e�nai monadik .
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Sunoy�zonta ìle ti prohgoÔmene idiìthte èqoume to

Je¸rhma 3.46 To monadia�o e tou K[G℄ èqei thn monos manth an�lush e =

P

h

i=1

e

i

se

orjog¸nia metaxÔ tou an� dÔo prwtarqik� tautodÔnama stoiqe�a e

i

tou kèntrou Z(K[G℄):

Ta e

i

(i = 1; 2; � � � ; r) or�zontai

e

i

:=

n

i

g

X

t2G

�(t

�1

)t; ìpou n

i

:= deg�

i

:

Epomènw èqoume thn kanonik  an�lush:

K[G℄ = �

h

i=1

e

i

K[G℄; e

i

K[G℄ = �

n

i

i=1

L

(�)

i

; L

(�)

i

�

=

~

L

i

:

Parat rhsh : Gia tou upodaktÔliou e

i

K[G℄ mpore� na dei kane� ìti

e

i

K[G℄

�

=

M

n

i

(K):

Sunep¸ K[G℄ = �

h

i=1

M

n

i

(K):
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4 Epag¸mene parast�sei

4.1 Tanustik� ginìmena

Orismì 4.1 Estw R daktÔlio, M

R

kai

R

N R-modules. X(M;N) := to eleÔjero ZZ-

module me b�sh M �N , kai Y (M;N) to upomodule tou X(M;N) pou par�getai apì ìla

ta stoiqe�a th morf :

(i) (m

1

+m

2

; n)� (m

1

; n)� (m

2

; n)

(ii) (m;n

1

+ n

2

)� (m;n

1

)� (m;n

2

)

(iii) (m�; n)� (m; �n)

gia ìla ta m;m

1

; m

2

2M; n; n

1

; n

2

2 N; � 2 R. To ZZ-module phl�kwn:

M 


R

N :=

X(M;N)

Y (M;N)

ja lègetai tanustikì ginìmeno twn M kai N upèr ton R.

Parat rhsh: To M 


R

N e�nai ZZ-module en gènei ìmw den èqei kamm�a R-module dom .

Estw

� :

8

<

:

X(M;N) �! M 


R

N

x 7�! x+ Y (M;N)

o kanonikì omomorfismì kai

�

0

:= �

M�N

:

8

<

:

M �N �! M 


R

N

(m;n) 7�! �

0

(m;n) =: m
 n:

Ta stoiqe�a touM


R

N lègontai tanustè en¸ ta stoiqe�a th morf  m
n stoiqei¸dei

tanustè.

Idiìthte

T

1

) (m

1

+m

2

)
 n = m

1


 n +m

2


 n

T

2

) m
 (n

1

+ n

2

) = m
 n

1

+m
 n

2

T

3

) m�
 n = m
 �n
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T

4

) m
 0 = 0
 n = 0

T

5

) (�m)
 n = m
 (�n) = �(m
 n)

Apìdeixh: T

1

) O pur na th � e�nai ker� = Y (M;N). Epomènw (m

1

+m

2

; n)� (m

1

; n)�

(m

2

; n) 2 ker�, dhlad  �((m

1

+m

2

; n)� (m

1

; n)� (m

2

; n)) = 0, opìte �(m

1

+m

2

; n)�

�(m

1

; n)��(m

2

; n). Sunep¸ (m

1

+m

2

)
n�m

1


n�m

2


n = 0. An�loga apodeiknÔontai

kai oi upìloipe idiìthte.

Je¸rhma 4.2 IsqÔei:

M 


R

N =

ZZ

< m
 n=m 2M;n 2M >=

=

(

r

X

i=1

m

i


 n

i

=r 2 N ; m

i

2M;n

i

2 N

)

Apìdeixh: H pr¸th isìthta e�nai profan , afoÔ M � N b�sh tou M 


R

N . H deÔterh

e�nai sunèpeia twn idiot twn T

2

); T

4

); T

5

). Epomènw oi stoiqei¸dei tanustè apoteloÔn

èna sÔsthma gennhtìrwn tou M 


R

N san ZZ-module kai k�je stoiqe�o tou M 


R

N

gr�fetai san �jroisma stoiqeiwd¸n tanust¸n.

Parat rhsh: H parap�nw par�stash den e�nai monos manth. Gia par�deigma:

(2m)
 n = m
 (2n)

dhlad  oi stoiqei¸dei tanustè den apoteloÔn b�sh.

Estw M

R

,

R

N , R-modules kai A m�a prosjetik  abelian  om�da (ZZ � module). H

sun�rthsh

f :M �N �! A

ja lègetai R-prosjetik  ìtan:

B

1

) f(m

1

+m

2

; n) = f(m

1

; n) + f(m

2

; n)

B

2

) f(m;n

1

+ n

2

) = f(m;n

1

) + f(m;n

2

)

B

3

) f(m�; n) = f(m; �n)
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Je¸rhma 4.3 H sun�rthsh

�

0

:

8

<

:

M �N �! M 


R

N

(m;n) 7�! m
 n

e�nai R-prosjetik .

Apìdeixh: Amesh sunèpeia twn idiot twn T

1

; T

2

; T

3

; T

4

.

Je¸rhma 4.4 (H universal idiìthta th �

0

) An A abelian  om�da (ZZ-module) kai

f : M � N �! A e�nai R-prosjetik  tìte up�rqei akrib¸ èna omomorfismì om�dwn

(ZZ-module omomorfismì):

f

�

:M 


R

N �! A

ètsi ¸ste to di�gramma

M �N M 


R

N

-

A

?

H

H

H

H

H

H

H

H

Hj

f

�

�

0

f

na e�nai antimetajetikì, dhlad  f = f

�

Æ �

0

. Se aut  thn per�ptwsh ja lème: H

R-prosjetik  sun�rthsh analÔetai monos manta upèr thn �

0

.

Apìdeixh: Afou X(M;N) e�nai eleÔjero ZZ-module me b�sh M � N èqoume ìti up�rqei

monadikì ZZ-module omomorfismì:

�

f : X(M;N) �! A

tètoio ¸ste

�

f j

M�N

= f . Isqur�zomai ìti Y (M;N) � ker

�

f . Pr�gmati: afoÔ f e�nai

R-prosjetik 

�

f((m

1

+m

2

; n)� (m

1

; n)� (m

2

; n)) = f((m

1

+m

2

; n))� f(m

1

; n)� f(m

2

; n) = 0:

Me ìmoio trìpo apodeiknÔoume kai gia ti upìloipe idiìthte pou kajor�zoun ton Y (M;N).

Apì to pìrisma 3.8 èqoume ìti up�rqei akrib¸ èna ZZ-module omomorfismì

f

�

:M 


R

N =

X(M;N)

Y (M;N)

�! A
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tètoio ¸ste to di�gramma:

X(M;N) M 


R

N =

X(M;N)

Y (M;N)

-

A

?

�

�

�

�

�

�

�

�

�

��

�

f

�

f

�

na e�nai antimetajetikì. Sunolik� loipìn èqoume:

M �N X(M;N)

-

A

?

H

H

H

H

H

H

H

H

Hj

�

f

i

f

M 


R

N =

X(M;N)

Y (M;N)

-

�

�

�

�

�

�

�

�

��

�

f

�

dhlad 

f =

�

f Æ i = (f

�

Æ �) Æ i = f

�

Æ (� Æ i) = f

�

Æ �

0

:

Je¸rhma 4.5 (Qarakthrismì tanustikoÔ ginomènou) Estw T abelian  om�da (ZZ-

module), � : M � N �! T mia R-prosjetik  apeikìnish me thn epiplèon idiìthta: Gia

k�je abelian  om�da A kai k�je R-prosjetik  apeikìnish j : M � N �! A up�rqei

akrib¸ èna omomorfismì om�dwn (ZZ-module omomorfismì) j

�

: T �! A tètoio ¸ste

to di�gramma:

M �N T

-

A

?

H

H

H

H

H

H

H

H

Hj

j

�

�

j

na e�nai antimetajetikì. (Autì ja to lème: K�je R-prosjetik  apeikìnish

f :M �N �! A;

ìpou A abelian  om�da, analÔetai monos manta upèr ton �). Tìte up�rqei akrib¸ èna

isomorfismì om�dwn � : M 


R

N �! T tètoio ¸ste to parak�tw di�gramma na e�nai

antimetajetikì:
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M �N M 


R

N

-

T

?

H

H

H

H

H

H

H

H

Hj

�

�

0

�

Apìdeixh: AfoÔ �

0

: M �N �! M 


R

N e�nai R-prosjetik , lìgw th upìjesh èpetai

ìti up�rqei akrib¸ èna omomorfismì om�dwn:

 : T �!M 


R

N

tètoiw ¸ste (1)  Æ � = �

0

, dhlad  to parak�tw di�gramma na e�nai antimetajetikì:

M �N T

-

M 


R

N

?

H

H

H

H

H

H

H

H

Hj

 

�

�

0

Apì thn �llh meri� h � e�nai R-prosjetik . Epomènw, lìgw tou jewr mato (4.4)

up�rqei akrib¸ èna omomorfismì om�dwn:

� :M 


R

N �! T

tètoio ¸ste (2) � Æ �

0

= � , dhlad  to parak�tw di�gramma na e�nai antimetajetikì:

M �N M 


R

N

-

T

?

H

H

H

H

H

H

H

H

Hj

�

�

0

�

Sunep¸ isqÔei:  Æ � Æ �

0

(2)

=  Æ �

(1)

= �

0

kai � Æ  Æ �

(1)

= � Æ �

0

(2)

= � dhlad  èqoume ta

epìmena dÔo antimetajetik� diagr�mmata:

M 


R

N M 


R

N

M �N

�

�

�

�	

�

�

�

�R

-

 Æ �

�

0

�

0

T T

M �N

�

�

�

�	

�

�

�

�R

-

� Æ  

� �

Sunep¸  Æ � = Id

M


R

N

kai � Æ  = Id

T

, dhlad  o � e�nai isomorfismì.
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Je¸rhma 4.6 Estw M

R

;M

0

R

;

R

N;

R

N

0

R-modules, f : M �! M

0

, g : N �! N

0

R-modules omomorfismo�. Tìte isqÔei ìti:

(1) Up�rqei akrib¸ èna omomorfismì om�dwn:

f 
 g :M 


R

N �!M

0




R

N

0

tètoio ¸ste gia k�je m 2M kai k�je n 2 N na isqÔei:

(f 
 g)(m
 n) = f(m)
 g(n):

O f 
 g lègetai tanustikì ginìmeno twn f; g.

(2) An M

00

R

;

R

N

00

�lla dÔo R-modules kai f

0

: M

0

�! M

00

, g

0

: N

0

�! N

00

R-modules

omomorfismo� tìte isqÔei:

(f

0


 g

0

) Æ (f 
 g) = (f

0

Æ f)
 (g

0

Æ g):

Apìdeixh:

(1) H monadikìthta e�nai profan , diìti M 


R

N =

ZZ

< m 
 n=m 2 M;n 2 N >.

Isqurizìmaste ìti arke� na de�xoume:

f � g :

8

<

:

M �N �! M

0




R

N

0

(m;n) 7�! f(m)
 g(n)

e�nai R-prosjetik , diìti tìte, apì to je¸rhma (4.4), èpetai ìti up�rqei akrib¸ èna

omomorfismì om�dwn:

f 
 g :M 


R

N �!M

0




R

N

0

tètoiw ¸ste to parak�tw di�gramma na e�nai antimetajetikì:

M �N M 


R

N

-

M

0




R

N

0

?

H

H

H

H

H

H

H

H

Hj

f 
 g

�

0

f � g
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Sunep¸

f(m)
 g(n) = (f � g)(m;n) = (f 
 g) Æ �

0

(m;n) = (f 
 g)(m
 n)

kai telik�

(f 
 g) Æ �

0

(m;n) = (f 
 g)(m
 n) = f(m)
 g(n):

To ìti h f � g e�nai R-prosjetik  epalhjeÔtai me aplì èlegqo twn idiot twn. Gia

par�deigma apodeiknÔoume ìti isqÔei h B

1

:

(f � g)(m

1

+m

2

; n) = f(m

1

+m

2

)
 g(n) = (f(m

1

) + f(m

2

))
 g(n) =

= f(m

1

)
 g(n) + f(m

1

)
 g(n) = (f � g)(m

1

; n) + (f � g)(m

2

; n):

(2) Apl� k�noume ti pr�xei:

(f

0


 g

0

) Æ (f 
 g)(m
 n) = (f

0


 g

0

)(f(m)
 g(n)) = (f

0

(f(m))
 = g

0

(g(m)) =

= ((f

0

Æ f)
 (g

0

Æ g))(m
 n)

dhlad 

(f

0


 g

0

) Æ (f 
 g) = (f

0

Æ f)
 (g

0

Æ g)):

Parathr sei:

1. Eqoume ìti

(f 
 g)

 

r

X

i=1

m

i


 n

i

!

=

r

X

i=1

f(m

i

)
 g(n

i

);

par� to ìti gia x 2 M 


R

N h par�stash x =

P

r

i=1

m

i


 n

i

den e�nai monos manta

orismènh.

2. Estw M

1

� M

R

upomodule tou dexioÔ R-module M

R

,

R

N aristerì R-module kai

i

1

:M

1

,!M . H

i
 Id

N

:M

1




R

N �!M 


R

N

den e�nai, en gènei, èna pro èna (injetive). Pr�gmati, jewroÔme ta tanustik� ginìm-

ena:

ZZ 


ZZ

ZZ

2ZZ

kai Q 


ZZ

ZZ

2ZZ

:
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Apì thn mia meri� eqoume ìti Q 


ZZ

ZZ

2ZZ

�

=

0, diìti an r 2 Q ; u 2

ZZ

2ZZ

tìte

r 
 u =

r

2

2
 u =

r

2


 2u =

r

2


 0 = 0:

Apo thn �llh meri� èqoume ìti ZZ 


ZZ

ZZ

2ZZ

�

=

ZZ

2ZZ

. (de je¸rhma 4.11, parak�tw)

Je¸rhma 4.7 EstwM

1

�M eujÔ prosjeta�o,

R

N;M

R

duo R-modules kai i :M

1

,!M

h tautotik  emfÔteush. Tìte h

i
 Id

N

:M

1




R

N �!M 


R

N

e�nai èna pro èna (injetive). Se aut  thn per�ptwsh mporoÔme na taut�soume to m

1


n 2

M

1




R

N me to m

1


 n 2M 


R

N .

Apìdeixh: Estw �

1

h kanonik  probol  tou M sto M

1

. Eqoume ìti �

1

Æ i : M

1

�! M

1

e�nai h Id

M

1

= �

1

j

M

1

. IsqÔei:

Id

M

1




R

N

= Id

M

1




R

Id

N

= (�

1

Æ i)
 (Id

N

Æ Id

N

) = (�

1


 Id

N

) Æ (i
 Id

N

)

dhlad  h i Æ Id

N

e�nai èna pro èna (injetive) kai h �

1


 Id

N

e�nai ep� (surjetive).

Je¸rhma 4.8 An M

R

=M

1

�M

2

, tìte isqÔei M 


R

N = (M

1




R

N)� (M

2




R

N).

Apìdeixh: Arke� na de�xoume ìti

(1) M 


R

N =M

1




R

N +M

2




R

N kai

(2) (M

1




R

N) \ (M

2




R

N) = f0g

To pr¸to e�nai profanè enw gia to deÔtero èstw T := (M

1




R

N)\ (M

2




R

N). Eqoume

�

1


 Id

N

j

M

1




R

N

= �

1

j

M

1




R

Id

N

= Id

M

1




R

Id

N

= Id

M

1




R

N

:

Ep�sh isqÔei

�

1


 Id

N

j

M

2




R

N

= �

1

j

M

2




R

Id

N

= 0


R

Id

N

= 0

Epomènw �

1


 Id

N

j

T

= Id

T

kai �

1


 Id

N

jT = 0, dhlad  T = f0g.

Estw R;R

0

daktÔlioi, M =

R

M

R

0

èna bimodule kai N =

R

0

N èna aristerì R-module.

91



Je¸rhma 4.9 H apeikìnish:

8

<

:

R � (M 


R

0

N) �! M 


R

0

N

(�;

P

r

i=1

m

i


 n

i

) 7�!

P

r

i=1

�m

i


 n

i

=: �(

P

r

i=1

m

i


 n

i

)

e�nai kal� orismènh kai ep�gei thn dom  aristeroÔ R-module sto M 


R

0

N .

Apìdeixh: Arke� na apode�xoume to kal¸ orismèno th sun�rthsh. To ìti sthn sunè-

qeia to M 


R

0

N g�netai R-module qrei�zetai apl  epal jeush. Gia to pr¸to, arke� na

apode�xoume ìti gia k�je � 2 R, up�rqei akrib¸ èna omomorfismì om�dwn

 

�

:M 


R

0

N �!M 


R

0

N

me thn idiìthta: Gia k�je zeug�ri (m;n) 2M �N; 

�

(m
 n) = �m
 n: (Pr�gmati, tìte

 

�

(

P

m

i


 n

i

) =

P

 

�

(m

i


 n

i

) =

P

�m

i


 n

i

, opìte to kal� orismèno th apeikìnish

e�nai sunèpeia tou kal� orismènou th  

�

.)

Estw � 2 R. Arke� na de�xoume ìti h

f

�

:

8

<

:

M �N �! M 


R

0

N

(m;n) 7�! (�m)
 n

e�nai R-prosjetik , diìti tìte up�rqei akrib¸ èna omomorfismì om�dwn  

�

tètoio ¸ste

to di�gramma:

M �N M 


R

0

N

-

M 


R

0

N

?

H

H

H

H

H

H

H

H

Hj

 

�

�

0

f

�

na e�nai antimetajetikì dhlad   

�

(m
 n) = (�m)
 n. To ìti h f

�

e�nai R-prosjetik 

e�nai eÔkolo p.q. f

�

(m

1

+m

2

; n) = �(m

1

+m

2

)
 n = �m

1


 n+ �m

2


 n = f

�

(m

1

; n) +

f

�

(m

2

; n). Omo�w apodukne�oume kai ti �lle idiìthte.

Je¸rhma 4.10 Estw R antimetajetikì daktÔlio, M;N dÔo R-modules. Tìte to M 


R

N g�netai R-module mèsw th pr�xh �(m 
 n) := (�m) 
 n = m 
 (�n) kai an M =<

u

1

; :::; u

l

>

R

; N =

R

< v

1

; :::; v

k

>, tìte isqÔei:

M 


R

N =

R

< u

i


 v

j

=i = 1; 2; :::; l; j = 1; 2; :::; k >
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Apìdeixh: Gia to pr¸to to M e�nai èna (R;R)-bimodule, opìte to sumpèrasma e�nai �mesh

sunèpeia tou jewr mato 4.9. Gia to deÔtero, parathroÔme ìti:

m
 n =

 

X

i

�

i

u

i

!




 

X

j

�

j

v

j

!

=

X

i;j

�

i

�

j

u

i


 v

j

:

Estw

R

N èna aristerì R-module. JewroÔme to R san diplì module tou eautoÔ tou,

R =

R

R

R

. Apo to je¸rhma 4.9 èpetai ìti to R


R

N e�nai aristerì R-module.

Je¸rhma 4.11 H apeikìnish

� :

8

<

:

R

N �! R


R

N

n 7�! 1
 n

e�nai isomorfismì arister¸n R-modules.

Apìdeixh: H � e�nai, lìgw th gnwst  idiìthta prìsjesh tanust¸n, èna omomorfis-

mì arister¸n R-modules. Ja èqoume apode�xei ìti e�nai isomorf�a an katafèroume na

apode�xoume ìti up�rqei èna omomorfismì om�dwn:

 : R


R

N �! N

me  Æ � = Id

N

, � Æ  = Id

R


R

N

. Katarq n h

j :

8

<

:

R�N �! N

(�; n) 7�! �n

e�nai R-prosjetik . Epomènw sÔmfwna me to je¸rhma 4.5 up�rqei omomorfismì

 : R


R

N �! N

me  (�
 n) = �n, dhlad   (1
 n) = n.

Orismì 4.12 Estw R � E dÔo daktÔlioi. JewroÔme E =

E

E

R

. Estw

R

N èna aristerì

R-module. To aristerì E-module

N

E

:= E 


R

N

ja to lème epèktash twn suntelest¸n (salars) tou N me E.
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Je¸rhma 4.13 Estw M

R

kai

R

N dÔo R-modules kai èstw ìti to

R

N e�nai eleÔjero me

m�a b�sh to sÔnolo fv

1

; v

2

; :::; v

n

g. Tìte k�je x 2 M 


R

N gr�fetai monos manta sthn

morf :

x =

n

X

i=1

m

i


 v

i

Apìdeixh: Ex upojèsew èqoume: M


R

N =M


R

(�

n

i=1

Rv

i

) = �

n

i=1

(M


R

Rv

i

). Epomèn-

w k�je x 2M 


R

N gr�fetai momos manta sthn morf : x =

P

n

i=1

x

i

me x

i

2M 


R

Rv

i

,

dhlad 

x

i

=

r

X

�=1

m

i

�


 �

i

v

i

=

r

X

�=1

m

i

�

�

i


 v

i

= m

i


 v

i

: (r = r(i))

Arke� loipìn na apode�xoume ìti ta x

i

kajor�zoun monos manta ta m

i

. H sun�rthsh

8

<

:

R �! Rv

i

� 7�! �v

i

e�nai èna isomorfismì apì R-modules, afoÔ ta v

i

apoteloÔn b�sh.

Apì to je¸rhma 4.11 èpetai ìti h apeikìnish:

8

<

:

M �! M 


R

R

m 7�! m
 1

e�nai isomorfismì om�dwn. Epomènw h apeikìnish:

8

<

:

M �! M 


R

R �! M 


R

Rv

i

m 7�! m
 1 7�! m
 v

i

e�nai isomorfismì om�dwn, dhlad  to m

i

, kajor�zetai monos manta apì to x

i

.

Pìrisma 4.14 Estw R � E daktÔlioi,

R

N eleÔjero R-module me b�sh fv

1

; v

2

; :::; v

n

g

kai E =

E

E

R

. Tìte isqÔoun:

(1) N

E

:= E 


R

N e�nai èna eleÔjero E-module me b�sh to sÔnolo f1
 v

1

; ::::; 1
 v

n

g.

(2) H apeikìnish:

8

<

:

N �! N

E

n 7�! 1
 n

e�nai èna èna pro èna omomorfismì apì R-modules, or�zei dhlad  m�a emfÔteush

N ,! N

E

.

Apìdeixh:
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(1) E�nai gnwstì,je¸rhma 4.13, ìti k�je x 2 N

E

èqei m�a monos manth par�stash th

morf 

x =

n

X

i=1

a

i


 v

i

=

n

X

i=1

a

i

(1
 v

i

) a

i

2 E:

Epomènw to sÔnolo f1 
 v

i

=i = 1; 2; :::ng apotele� èna sÔsthma gennhtìrwn kai,

lìgw tou monoshm�ntou th par�stash, ep�sh b�sh.

(2) H apeikìnish e�nai omomorfismì apì R-modules. Arke� na apode�xoume ìti e�nai èna

pro èna. Estw u =

P

n

i=1

�

i

v

i

6= 0 ìpou �

i

2 R ìqi ìla mhdèn. Tìte

1
 u = 1


 

n

X

i=1

�

i

v

i

!

=

n

X

i=1

(1
 �

i

v

i

) =

n

X

i=1

�

i

(1
 v

i

) 6= 0;

opìte, lìgw th pr¸th idiìthta, h apeikìnish e�nai èna pro èna.

Pìrisma 4.15 An o R e�nai antimetajetikì daktÔlio, M eleÔjero R-module me b�sh

fu

1

; :::; u

k

g kai N eleÔjeroR-module me b�sh fv

1

; :::; v

l

g, tìte kai toM


R

N e�nai eleÔjero

R-module me b�sh fu

i


 v

j

=i = 1; 2; :::; k; j = 1; 2; :::; lg

Apìdeixh: E�nai  dh gnwstì ìti M 


R

N =

R

< u

i


 v

j

>. Estw ìti gia �

ij

2 R isqÔei:

0 =

k

X

i=1

l

X

j=1

�

ij

(u

i


 v

j

) =

l

X

j=1

 

k

X

i=1

�

ij

u

i

!


 v

j

Apì to je¸rhma 4.13 èqoume ìti

P

k

i=1

�

ij

u

i

= 0, kai, lìgw th upojèsew, �

ij

= 0 gia

k�je i 2 f1; 2; :::; kg kai j 2 f1; 2; :::; lg:

Je¸rhma 4.16 Estw R;R

0

daktÔlioi kai L

R

;

R

M

R

0

;

R

0

N modules. Tìte up�rqei akrib¸

èna isomorfismì om�dwn:

� : L


R

(M 


R

0

N) �! (L


R

M)


R

0

N

tètoio ¸ste gia k�je (l; m; n) 2 L�M �N na isqÔei:

�(l 
 (m
 n)) = (l 
m)
 n:

An taut�soume prìtupa kai eikìne mèsw tou isomorfismoÔ, èqoume

l 
 (m
 n) = (l 
m)
 n;

dhlad  to tanustikì ginìmeno e�nai prosetairistikì.

95



Apìdeixh: Estw l 2 L stajerì. H apeikìnish

f

l

:

8

<

:

M �N �! (L


R

M)


R

0

N

(m;n) 7�! (l 
m)
 n

e�nai R

0

-prosjetik . Epomènw, je¸rhma 4.5, up�rqei akrib¸ èna omomorfismì om�dwn

 

l

:

8

<

:

M 


R

0

N �! (L


R

N)


R

0

N

m
 n 7�! (l 
m)
 n

Apì ta parap�nw prokÔptei ìti h apeikìnish:

 

l

:

8

<

:

L� (M 


R

0

N) �! (L


R

M)


R

0

N

(l; m
 n) 7�! (l 
m)
 n

e�nai R-prosjetik . Epomènw up�rqei akrib¸ èna omomorfismì om�dwn:

� :

8

<

:

L


R

(M 


R

0

N) �! (L


R

M)


R

0

N

l 
 (m
 n) 7�! (l 
m)
 n

Omo�w mporoÔme na de�xoume ìti up�rqei akrib¸ èna omomorfismì om�dwn:

� :

8

<

:

(L


R

M)


R

0

N �! L


R

(M 


R

0

N)

(l 
m)
 n 7�! l 
 (m
 n)

Epiplèon isqÔei � Æ � = Id

(L


R

M)


R

0

N

kai � Æ � = Id

L


R

(M


R

0

N)

, dhlad  � e�nai isomor-

fismì.

Je¸rhma 4.17 Estw K antimetajetikì daktÔlio, A

1

; A

2

, K-�lgebre kai èstw:

f

1

:

8

<

:

K �! A

1

� 7�! � � 1

A

1

f

2

:

8

<

:

K �! A

2

� 7�! � � 1

A

2

oi kanoniko� omomorfismo�, oi opo�oi e�nai monomorfismo� an K e�nai s¸ma. Tìte sto R-

module A

1




K

A

2

or�zetai kat� monadikì trìpo pollaplasiasmì ètsi ¸ste to A

1




K

A

2

na g�netai K-�lgebra me pr�xh:

(a

1


 a

2

) � (b

1


 b

2

) = (a

1

b

1

)
 (a

2

b

2

)

Gia ton fusikì omomorfismì:

f :

8

<

:

K �! A

1




K

A

2

� 7�! � � 1

A

1


A

2

isqÔoun f(�) = f

1

(�)
 1

A

2

= 1

A

1


 f

2

(�) = �(1

A

1


 1

A

2

).
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Apìdeixh: Arke� na de�xoume ìti h sun�rthsh:

8

<

:

(A

1




K

A

2

)� (A

1




K

A

2

) �! A

1




K

A

2

(

P

i

a

(i)

1


 a

(i)

2

;

P

j

b

(j)

1


 b

(j)

2

) 7�!

P

i;j

(a

(i)

1

b

(j)

1

)
 (a

(i)

2

b

(j)

2

)

e�nai kal� orismènh. Autì ìmw e�nai �mesh sunèpeia tou jewr mato 4.4. To ìti to K-

module A

1




K

A

2

g�netai K-�lgebra me b�sh ton parap�nw pollaplasiasmì e�nai apl 

epal jeush twn idiot twn. Tèlo oi idiìthte th f e�nai profane�.

Je¸rhma 4.18 An A e�nai K-�lgebra f : K �! A o fusikì omomorfismì kai R èna

uperdaktÔlio tou K, tìte to R


K

A g�netai mèsw tou pollaplasiasmoÔ:

(�
 a)(�

0


 a

0

) := (��

0

)
 (aa

0

);

m�a R-�lgebra me thn fusik  emfÔteush:

8

<

:

R �! R


K

A

� 7�! �
 1

A

.

Apìdeixh: To je¸rhma e�nai eidik  per�ptwsh tou por�smato 4.14 kai tou jewr mato 4.17.

Orismì 4.19 To A

R

:= R


K

A ja lègetai epèktash twn sunetelest¸n (salars)

th �lgebra A.

Tèlo qwr� apode�xei anafèroume ta parak�tw jewr mata:

Je¸rhma 4.20 Estw R antimetajetikì uperdaktÔlio tou K, tètoio ¸ste to monadia�o

tou K na sump�ptei me to mon�diaio tou R. Tìte isqÔoun:

(1) Up�rqei akrib¸ èna isomorfismì R-algebr¸n

� :M

n

(K)

R

:= R


K

M

n

(K) �!M

n

(R)

tètoiw ¸ste gia k�je a 2M

n

(K); �(1
 a) = a.

(2) Up�rqei akrib¸ èna isomorfismì R-algebr¸n:

	 : K[G℄

R

:= R 


K

K[G℄ �! R[G℄

tètoiw ¸ste gia k�je a 2 K[G℄;	(1
 a) = a.

Taut�zonta prìtupa kai eikìne, pa�rnoume M

n

(K) �M

n

(R) kai K[G℄ � R[G℄.
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Je¸rhma 4.21 Estw K � L, ìpou K;L e�nai s¸mata, n

1

; n

2

2 N , V

1

; V

2

K-dianusmatiko�

q¸roi. Estw akìmh B

1

= fu

1

; u

2

; :::; u

n

1

g b�sh tou V

1

, B

2

= fv

1

; v

2

; :::; v

n

2

g b�sh tou V

2

kai

�

B

1

;B

2

:

8

<

:

Hom

K

(V

1

; V

2

) �! M

n

1

�n

2

(K)

� 7�! a

ij

ìtan �(u

i

) =

P

j

a

ij

v

j

. Tìte isqÔoun:

(1) To parak�tw di�gramma e�nai antimetajetikì:

L


K

Hom

K

(V

1

; V

2

)

L


K

M

n

1

�n

2

(K) M

n

1

�n

2

(L)

Hom

L

(V

L

1

; V

L

2

)

-

-

? ?

�

=

�

�

�

=

�

=

�

=

ìpou �(1
 �) = Id

L


 � kai �(1
 a) = a.

(2) An V = V

1

= V

2

, n = n

1

= n

2

, tìte èqoume to parak�tw antimetajetikì di�gramma

L�algebr¸n:

L


K

End

K

(V )

L


K

M

n

(K) M

n

(L)

End

L

(V )

-

-

? ?

�

=

�

�

�

=

�

=

Id

L


 �

B

�

=

�

1
B
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4.2 Epag¸mene parast�sei kai qarakt re

Estw K s¸ma, G peperasmènh om�da t�xh g kai hK 6 jg. Estw H � G, G =

:

[

r

i=1

�

i

H,

h an�lush th G se aristerè pleurikè kl�sei w pro thn H. IsqÔei

K[H℄ � K[G℄:

Je¸rhma 4.22 H K[G℄ e�nai èna eleÔjero dexiì K[H℄-module me b�sh to sÔnolo

f�

1

; � � � ; �

r

g, dhlad :

K[G℄ = �

r

i=1

�

i

K[H℄

Apìdeixh: Arke� na de�xoume ìti k�je a 2 K[G℄ èqei monos manth par�stash th morf 

a =

r

X

i=1

�

i

a

i

; a

i

2 K[H℄:

Gia thn Ôparxh parathroÔme ìti:

a =

X

�2G

�

�

� =

r

X

i=1

X

t2H

�

i;t

�

i

t =

r

X

i=1

�

i

 

X

t2H

�

i;t

t

!

=

r

X

i=1

�

i

a

i

;

ìpou a

i

2 H. Gia na apode�xoume thn monadikìthta upojètoume ìti èqoume dÔo parast�-

sei:

r

X

i=1

�

i

 

X

t2H

�

i;t

t

!

=

r

X

i=1

�

i

 

X

t2H

�

0

i;t

t

!

:

Epomènw

r

X

i=1

X

t2H

�

i;t

�

i

t =

r

X

i=1

X

t2H

�

0

i;t

�

i

t

Tìte ìmw ja èprepe �

i;t

= �

0

i;t

gia ìla ta i 2 f1; 2; :::; rg kai ìla ta t 2 H, diìti to

sÔnolo f�

i

t=i = 1; 2; :::; r; t 2 Hg e�nai b�sh th K[G℄ upèr to K.

Orismì 4.23 Estw N =

K[H℄

N èna aristerì K[H℄-module. To K[G℄-module

N

G

:= N

K[G℄

= K[G℄


K[H℄

N

ja lègetai to apì to N epagìmeno K[G℄-module.
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ParathroÔme ìti èqei ti parak�tw idiìthte: Apo to je¸rhma 4.22 èpetai ìti K[G℄ =

�

r

i=1

�

i

K[H℄, dhlad 

N

G

= �

r

i=1

�

�

i

K[H℄


K[H℄

N

�

:

Sunep¸, lìgw tou jewr mato 4.13, k�je x 2 N

G

èqei monos manth par�stash th

morf  x =

P

�

i


 m

i

; m

i

2 N . Qwr� periorismì th genikìthta mporoÔme na upo-

jèsoume ìti �

1

= e. Epomènw to �

1

K[H℄ = K[H℄, èinai eujÔ prosjeta�o tou K[G℄,

sunep¸ sÔmfwna me to je¸rhma 4.7, to K[H℄ 


K[H℄

N emfuteÔetai kanonik� mèsa sto

N

G

= K[G℄


K[H℄

N ìpou fusik� taut�zoume taut�zoume to t
 n; t 2 H san stoiqe�o tou

K[H℄


K[H℄

N me to t
 n san stoiqe�o tou K[G℄


K[H℄

N .

Akìmh, lìgw tou jewr mato 4.11, isqÔei:

8

<

:

N

�

=

K[H℄


K[H℄

N

n 7�! e
 n:

Mèsw aut  th taÔtish mporoÔme na jewr soume ìti:N � N

G

. Epomènw èqoume ìti

k�je x 2 N

G

èqei mia monos manth par�stash th morf 

x =

r

X

i=1

(�

i


 n

i

) =

r

X

i=1

�

i

(e
 n

i

) =

r

X

i=1

�

i

n

i

sunep¸

N

G

= �

r

i=1

�

i

N:

Je¸rhma 4.24 EstwH � G kai G =

:

[

r

i=1

�

i

H,M èna aristerìK[G℄-module kai N �M

èna K[H℄-upomodule. Tìte isqÔei:

M = N

G

,M = �

r

i=1

�

i

N:

Apìdeixh: AnM = N

G

tìte kat�n�gkhnM = �

r

i=1

�

i

N , ìpw mìli apode�xame. Ant�stro-

fa èstw M = �

r

i=1

�

i

N dhlad  k�je x 2 M par�statai monos manta san x =

P

r

i=1

�

i

n

i

,

n

i

2 N . Isqur�zomai ìti ta n

i

or�zontai monos manta apì thn sqèsh �

i

n

i

= x

i

. Pr�gmati,

an �n = �n

0

tìte �(n�n

0

) = 0 dhlad  �

�1

�(n�n

0

) = e(n�n

0

) = n�n

0

= 0. Epomènw,

oi sunart sei:

� :

8

<

:

M �! N

G

P

�

i

n

i

7�!

P

�

i


 n

i
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kai

 :

8

<

:

N

G

�! M

P

�

i


 n

i

7�!

P

�

i

n

i

e�nai kal� orismène kai omomorfismo� apì K[G℄-modules. Epeid  � Æ  = Id

N

G kai

 Æ � = Id

M

èqoume ìti � kai  e�nai isomorfismo�. Epomènw

M = �

r

i=1

�

i

N

�

=

N

G

= K[G℄


K[H℄

N:

Dhlad , taut�zonta ta isìmorfa, M = N

G

.

Orismì 4.25 Estw H � G kai

� : G �! GL(V )

�

0

: H �! GL(W )

dÔo parast�sei, twn G kai H upèr to K. Estw epiplèon N =

K[H℄

N = (W; �

�

0

) kai

M =

K[G℄

M = (V; �

�

) ta ant�stoiqamodules parast�sewn. Ja lème ìti h � ep�getai apì thn

�

0

ìtan M

�

=

N

G

.

Je¸rhma 4.26 Estw �; �

0

dÔo isodÔname parast�sei thG kai �

0

; �

0

0

isodÔname parast�-

sei th H. Tìte isxÔei ìti:

(� ep�getai apì thn �

0

), (�

0

ep�getai apì thn �

0

0

)

Apìdeixh: Profan  apì thn antistoiq�a isodun�mwn parast�sewn kai modules par�s-

tash (de je¸rhma 3.21).

Je¸rhma 4.27 Estw �

0

par�stash thH kai �; �

0

parast�sei th G epag¸mene th �

0

.

Tìte oi �; �

0

e�nai metaxÔ tou isodÔname, dhlad , modulo isodunam�a, up�rqei akrib¸ mia

par�stash th G h opo�a ep�getai apì thn par�stash �

0

th H.

Apìdeixh: An N èna module par�stash th �

0

tìte to N

G

e�nai, modulo isomorf�a,

monos manta orismèno K[G℄-module.
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Je¸rhma 4.28 Estw H � G upoom�da th om�da G kai W � V dianusmatikì upì-

qwro tou K-dianusmatikoÔ q¸rou V . An

�

0

: H �! GL(W ) e�nai mia par�stash th H

� : G �! GL(V ) e�nai mia par�stash th G

Tìte isqÔei

(h � ep�getai apì thn �

0

),

8

<

:

(a) 8 t 2 H; kai 8 w 2 W �

0

(t)(w) = �(t)(w) kai

(b) an G =

:

[

r

i=1

�

i

H tìte V = �

r

i=1

�(�

i

)W

9

=

;

Apìdeixh: H par�stash � th G ep�getai apì thn par�stash �

0

th H akrib¸ tìte ìtan

(V; �

�

) = (W; �

�

0

)

G

. SÔmfwna me to je¸rhma 4.24 h teleuta�a sqèsh isqÔei akrib¸ tìte

ìtan (V; �

�

) = �

r

i=1

�

�

(�

i

)W = �

r

i=1

�

i

W kai W e�nai èna K[H℄-upomodule, to opo�o e�nai

isodÔnamo me thn isqÔ twn (a) kai (b).

Je¸rhma 4.29 Estw U � H � G kai M =

K[U ℄

M èna aristerì K[U ℄-module. Tìte

isqÔei:

M

G

�

=

(M

H

)

G

dhlad  h ènnoia tou epag¸menou module kai sunep¸ kai th epag¸menh par�stash e�nai

metabatik .

Apìdeixh:

(M

H

)

G

= K[G℄


K[H℄

�

K[H℄


K[U ℄

M

�

=

(J:4:16)

=

�

K[G℄


K[H℄

K[H℄

�




K[U ℄

M

�

=

K[G℄


K[U ℄

M =M

G

:

Estw t¸ra H � G, � : G �! GL(V ), �

0

: H �! GL(W ) dÔo parast�sei twn om�dwn

G kai H upèr to K kai èstw ìti h � ep�getai apì thn �

0

, � = Ind

G

H

�

0

. Poi� sqèsh

èqei o p�naka par�stash th � me ton p�naka par�stash th �

0

; Qwr� periorismì th

genikìthta upojètoume ìti: W � V , diìti

(V; �

�

)

�

=

(W; �

�

0

)

G

= K[G℄


K[H℄

(W; �

�

0

)

kai h (W; �

�

0

)

�

=

K[H℄ 


K[H℄

(W; �

�

0

) mpore� na emfuteuje� mèsa ston (V; �

�

). An loipìn

W � V tìte apì to je¸rhma 4.28 èpetai ìti

V = �

r

i=1

�(�

i

)W; ìpou G =

:

[

r

i=1

�

i

H:
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An B

0

= fw

1

; w

2

; :::; w

n

g e�nai mia K-b�sh tou W , tìte to sÔnolo B = f�(�

i

)(w

j

)=i =

1; 2; :::; r; j = 1; 2; :::; mg e�nai mia K-b�sh tou dianusmatikoÔ q¸rou V . To zeug�ri (i; j)

ja jewre�tai diatetagmèno lexikografik�. Gia � 2 G stajerì, èqoume M(�) = �

B

(�(�)).

Gia k�je � 2 G to r(�) 2 GL(V ) Efarmìzoume to �(�) sta stoiqe�a th b�sh B kai

èqoume

�(�) (�(�

i

)(w

j

)) =

r;m

X

�;�=1

�

(�;�);(i;j)

�(�

�

)(w

�

)

ìpou �

(�;�);(i;j)

2 K. Estw t¸ra ìti ��

i

= �

s(i)

t

i

, ìpou s(i) 2 f1; 2; :::; rg; t

i

2 H. Kat'

arq n parathroÔme ìti s 2 S

r

diìti h apeikìnish

�

i

H �! ��

i

H = �

s(i)

H

e�nai amfimonos manth (bijetion). Epomènw èqoume

�(�)(�(�

i

)(w

j

)) = �(��

i

)(w

j

) = �(�

s(i)

t

i

)(w

j

) =

= �(�

s(i)

)(�

0

(t

i

)(w

j

) = �(�

s(i)

)

 

m

X

�=1

�

�j

(t

i

)w

�

!

=

=

m

X

�=1

�

�j

(t

i

)�(�

s(i)

)(w

�

) =

m

X

�=1

�

�j

(t

i

)

 

r

X

�=1

Æ

�;s(i)

�(�

�

)(w

�

)

!

=

=

m;r

X

�;�=1

�

�j

(t

i

)Æ

�;s(i)

�(�

�

)(w

�

):

Apì tou parap�nw upologismoÔ prokÔptei ìti:

�

(�;�);(i;j)

= �

�j

(t

i

)Æ

�;s(i)

=

8

<

:

�

�j

(t

i

); ìtan s(i) = �

0; ìtan s(i) 6= �

Sthn sunèqeia parathroÔme ìti

�

�j

(t

i

) = �

B

0

(�

0

(t

i

)) =:M

0

(t

i

)

opìte

M(�) = (�

(�;�);(i;j)

) = (�

�j

(t

i

)Æ

�;s(i)

) =

=

0

B

B

B

�

M

0

(t

1

)Æ

1;s(1)

� � � M

0

(t

r

)Æ

1;s(r)

.

.

.

.

.

.

.

.

.

M

0

(t

1

)Æ

r;s(1)

� � � M

0

(t

r

)Æ

r;s(r)

1

C

C

C

A
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O p�naka M(�) e�nai èna r� r- p�naka tou Kroneker ìpou se k�je gramm  kai se k�je

st lh up�rqei akrib¸ èna omalì m�m p�naka kai ìloi oi �lloi e�nai mhdeniko� p�nake.

Oi omalo� auto� p�nake br�skontai sthn jèsh {tom } th s(i)-gramm  me thn i-st lh.
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Eidikè peript¸sei

(1) Estw H = f1g kai èstw ìti degM

0

= 1. Tìte h M e�nai h omal  par�stash th G

(2) Estw H � G kai M

0

h omal  par�stash th H. H M e�nai tìte h omal  par�stash

th G.

(3) An hM

0

e�nai h monadia�a par�stash thH tìte hM e�nai par�stash dia metajèsewn

th G=H.

(4) An h M

0

e�nai bajmoÔ 1, tìte oi M(�) e�nai p�nake stou opo�ou se k�je gramm 

kai se k�je st lh up�rqei akrib¸ èna stoiqe�o th om�da K

�

. Tètoie parast�sei

lègontai monwnumikè (monomial).

Je¸rhma 4.30 Estw H � G upoom�da th G, � : G �! GL(V ) par�stash th G,

�

0

: H �! GL(W ) par�stash th H kai èstw ìti h � e�nai epag¸menh th �

0

� = Ind

G

H

�

0

.

Estw � := �

�

; �

0

:= �

�

0

oi ant�stoiqoi qarakt re. Tìte gia k�je � 2 G isqÔei:

�(�) =

1

#H

X

t 2 G

t

�1

�t 2 H

�

0

(t

�1

�t):

Apìdeixh: W gnwstì, èqoume:

�(�) = �

�

(�) = tr(M(�)) =

(r;m)

X

(�;�)=(1;1)

�

(�;�);(�;�)

ìpou �

(�;�);(�;�)

=

8

<

:

�

��

(t

�

); ìtan s(�) = �

0; ìtan s(�) 6= �:

Epomènw èqoume

�(�) =

r

X

� = 1

s(�) = �

m

X

�=1

�

��

(t

�

) =

r

X

� = 1

s(�) = �

�

0

(t

�

)

Gia s(�) = � isqÔei akìmh H 3 t

�

= �

�1

s(�)

��

�

= �

�1

�

��

�

. An p�li s(�) 6= � tìte

�

�1

�

��

�

= �

�1

�

�

s(�)

t

�

62 H opìte

�(�) =

r

X

� = 1

�

�1

�

��

�

2 H

�

0

(�

�1

�

��

�

):
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Estw t 2 G (opoiod pote). Gr�foume t = �

l

t

0

me l = f1; 2; :::; rg; t

0

2 H kai èqoume t

�1

�t =

(�

l

t

0

)

�1

�(�

l

t) = t

0 �1

(�

�1

l

��

l

)t

0

to opo�o an kei sthn H akrib¸ tìte ìtan �

�1

l

��

l

2 H.

Epomènw �

0

(t

�1

�t) = �

0

(�

�1

l

��

l

) kai sunep¸ ta #H diaforetik� stoiqe�a t 2 �

l

H

d�noun thn �dia tim  �

0

(t

�1

�t).

MporoÔme na tropopoi soume thn èkfrash tou jewr mato 4.30 kat� to,

Je¸rhma 4.31 Estw H � G upoom�da th G kai �

0

qarakt ra th H. Estw akìmh

g 2 G kai s to pl jo twn kl�sewn suzug�a th H twn opo�wn stoiqe�a e�nai suzug  sthn

G me to g. An � e�nai o epag¸meno qarakt ra tou �

0

sthn G tìte an s = 0 èqoume

�(g) = 0. An s 6= 0 kai h

1

; h

2

; :::; h

s

antiprìswpoi twn s kl�sewn suzug�a th H, tìte

�(g) =

s

X

i=1

#Z

G

(g)

#Z

H

(h

i

)

�

0

(h

i

):

Apìdeixh: An to s = 0, tìte to sÔnolo fx 2 G=x

�1

gx 2 Hg e�nai kenì, opìte to je¸rhma

4.30 ma d�nei: �(g) = 0. Sthn sunèqeia upojètoume ìti s > 0 kai jewroÔme ta sÔnola

A

i

:= fx 2 G=x

�1

gx 2 H kai x

�1

gx e�nai suzugè tou h

i

g; i = 1; 2; :::; s:

Ta sÔnola A

i

e�nai, ex orismoÔ, xèna metaxÔ tou an� dÔo kai h ènwsh tou

[

s

i=1

A

i

= fx 2 G=x

�1

gx 2 Hg:

Lìgw tou jewr mato 4.30 kai p�li èqoume:

�(g) =

1

#H

X

x 2 G

x

�1

gx 2 H

�

0

(x

�1

gx) =

1

#H

s

X

i=1

X

x2A

i

�

0

(x

�1

gx) =

=

1

#H

s

X

i=1

X

x2A

i

�

0

(h

i

) =

s

X

i=1

#A

i

#H

�

0

(h

i

):

StajeropoioÔme t¸ra k�poio i 2 f1; 2; :::; sg kai dialègoume èna t

i

2 G tètoio ¸ste

t

�1

i

gt

i

= h

i

. Deqìmaste kat' arq n, ja to apode�xoume se l�go, ìti:

A

i

= Z

G

(g)t

i

H: (�)

Epomènw

#A

i

= #(Z

G

(g)t

i

H) =

(#Z

G

(g)) � (#H)

#(H \ t

�1

i

Z

G

(g)t

i

)

:

106



(Gia thn teleuta�a isìthta de par�rthma, sel. 147.) Epeid  t

�1

i

Z

G

(g)t

i

= Z

G

(t

�1

i

gt

i

) =

Z

G

(h

i

), èqoume

#A

i

= [H : H \ Z

G

(h

i

)℄ � (#Z

G

(g)) = [H : Z

H

(h

i

)℄ � (#Z

G

(g)):

Sunep¸

#A

i

#H

=

[H : Z

H

(h

i

)℄ � (#Z

G

(g))

#H

=

Z

G

(g)

Z

H

(h

i

)

gia k�je i 2 f1; 2; :::; sg, dhlad  to je¸rhma. Apomènei h apìdeixh th (�).

Gia k�je stoiqe�o  2 Z

G

(g) kai k�je h 2 H èqoume

(t

i

h)

�1

g(t

i

h) = h

�1

t

�1

i



�1

gt

i

h

2Z

G

(g)

= h

�1

t

�1

i



�1

gt

i

h = h

�1

t

�1

i

gt

i

h = h

�1

h

i

h:

Autì shma�nei ìti gia to stoiqe�o y := t

i

h èqoume y

�1

gy 2 H kai m�lista y

�1

gy = h

�1

h

i

h,

dhlad  suzugè tou h

i

. Sunep¸ t

i

h 2 A

i

opìte Z

G

(g)t

i

H � A

i

(1).

Ant�strofa, an x 2 A

i

tìte, ex orismoÔ tou A

i

, èpetai ìti up�rqei h 2 H tètoio ¸ste

x

�1

gx = h

�1

h

i

h = h

�1

(t

�1

i

gt

i

)h:

H teleuta�a isìthta ma d�nei,

g(xh

�1

t

�1

i

) = (xh

�1

t

�1

i

)g;

dhlad  ìti xh

�1

t

�1

i

2 Z

G

(g). Epomènw to x 2 Z

G

(g)t

i

h � Z

G

(g)t

i

H, dhlad  ìti

Z

G

(g)t

i

H � A

i

(2):

Apì ti (1) kai (2) èpetai h (�).

Amesh sunèpeia tou jewr mato 4.31 e�nai to akìloujo

Pìrisma 4.32 Estw H � G upoom�da th G, g 2 G kai èstw ìti to s, dhlad  to pl jo

twn kl�sewn suzug�a th H twn opo�wn stoiqe�a e�nai suzug  sthn G me to g, e�nai jetikì.

Estw ` h t�xh th kl�sh suzug�a sthnG tou g kai èstw h

1

; h

2

; :::; h

s

antiprìswpoi aut¸n

twn s kl�sewn suzug�a th H kai k

1

; k

2

; :::; k

s

oi t�xei aut¸n twn kl�sewn. Tìte, an �

o epag¸meno qarakt ra th �

0

sthn G,

�(g) =

s

X

i=1

[G : H℄

k

i

`

�

0

(h

i

):
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Apìdeixh: Amesh sunèpeia tou jewr mato 4.31 kai th sqèsh #C

g

= [G : Z

G

(g)℄.

Orismì 4.33 Estw H � G upoom�da th G kai K

(H)

o dianusmatikì q¸ro twn

sunart sewn kl�sewn suzug�a th H, f : H �! K en¸ K

(G)

o dianusmatikì q¸ro twn

sunart sewn kl�sewn suzug�a th G. Estw < �; � >

H

; < �; � >

G

ta ant�stoiqa eswterik�

ginìmena stou K

(H)

kai K

(G)

. A jewr soume thn sun�rthsh:

Ind

G

H

:= Ind :

8

<

:

K

(H)

�! K

(G)

f 7�! Indf

ìpou, gia k�je � 2 G h Indf or�zetai ¸ ex :

(Indf)(�) =

1

#H

X

t 2 G

t

�1

�t 2 H

f(t

�1

�t):

H Indf e�nai profan¸ mia sun�rthsh kl�sewn suzug�a th G kai onom�zetai h apì thn

f epag¸menh apeikìnish.

An Ind�

0

e�nai h apì thn �

0

epag¸menh par�stash tìte, lìgw tou jewr mato 4.30, èqoume:

�

Ind�

0

= Ind�

�

0

:

An p�li f sun�rthsh kl�sewn suzug�a th G, jewroÔme ton periorismì

Rest :

8

<

:

K(G) �! K

(H)

f 7�! Rest

H

f := f j

H

:

Je¸rhma 4.34 (Nìmo antistrof  tou Frobenius) An H � G upoom�da th G,

� 2 K

(H)

kai  2 K

(G)

, tìte �squei

< �;Rest >

H

=< Ind�;  >

G

:

Apìdeixh: Estw g := #G; h := #H. Tìte

< �;Rest >

H

=

1

h

X

t2H

�(t)(Rest )(t

�1

) =

1

h

X

t2H

�(t) (t

�1

) kai

< Ind�;  >

G

=

1

g

X

�2G

(Ind�)(�) (�

�1

) =

1

g

X

�2G

0

B

B

B

�

1

h

X

t 2 G

t

�1

�t 2 H

�(t

�1

�t)

1

C

C

C

A

 (�

�1

) =
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=

1

gh

X

�2G

X

t 2 G

t

�1

�t 2 H

�(t

�1

�t) (�

�1

) =

1

gh

X

t2G

X

�2tHt

�1

�(t

�1

�t) (�

�1

) =

(t

0

=t

�1

�t)

=

1

gh

X

t2G

X

t

0

2H

�(t

0

) (t

0�1

):

Parat rhsh: Opw ja doÔme parak�tw o nìmo antistrof  tou Frobenius mpore� na qrhsi-

mopoihje� gia na broÔme qarakt re th G ìtan e�nai gnwsto� qarakt re mia upoom�do

H � G.

Pìrisma 4.35 Estw K algebrik� kleistì, h(K) = 0, � : G �! GL(V ), an�gwgh

par�stash th G kai �

0

: H �! GL(W ) an�gwgh parast�sh th H. Estw akìmh

Ind�

0

= Ind

G

H

�

0

: G �! GL(

~

V ) h epag¸menh apì thn �

0

par�stash kai èstw Ind�

0

=

�

r

i=1

�

(i)

h an�lush th se an�gwge parast�sei th G. Estw Rest

G

H

� = �

l

i=1

�

(i)

0

h an�lush tou periorismoÔ se an�gwge parast�sei th H. Sto sÔnolo f�

(1)

; :::�

(r)

g

up�rqoun akrib¸ tìse parast�sei isodÔname pro thn � ìse up�rqoun sto sÔnolo

f�

(1)

0

; :::�

(l)

0

g kai e�nai isodÔname pro thn �

0

.

Apìdeixh: Katarq n sÔmfwna me to je¸rhma 1.36 tou 1

ou

kefala�ou, to eswterikì ginìmeno

< �

�

0

; �

Rest�

>

H

isoÔtai me to pl jo parast�sewn tou sunìlou f�

(1)

0

; :::�

(l)

0

g pou e�nai

isodÔname pro thn �

0

. Ep�sh, afoÔ �

Rest�

= Rest�

�

, èqoume ìti

< �

�

0

; �

Rest�

>

H

=< �

�

0

; Rest�

�

>

H

:

Apì thn �llh meri� to eswterikì ginìmeno < �

Ind

G

H

�

0

; �

�

>

G

parist� to pl jo twn

parast�sewn tou sunìlou f�

(1)

; :::�

(r)

g pou e�nai isodÔname pro thn � kai afoÔ �

Ind�

0

=

Ind�

�

0

èqoume ìti

< �

Ind�

0

; �

�

>

G

=< Ind�

�

0

; �

�

>

G

:

Tèlo o nìmo antistrof  tou Frobenius ma d�nei:

< �

�

0

; Rest�

�

>

H

=< Ind�

�

0

; �

�

>

G

:

Sundu�zonta ti parap�nw sqèsei èqoume to zhtoÔmeno.

Pìrisma 4.36 Estw K algebrik� kleistì kai h(K) = 0. Estw akìmh A � G, A

abelian  upoom�da th G. An � : G �! GL(V ) an�gwgh par�stash th G upèr to K,
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tìte o bajmì

deg� � [G : A℄:

Apìdeixh: Estw �

0

� Rest

A

� an�gwgh upopar�stash th om�do A. Apì to je¸rhma

tou Mashke èqoume ìti h �

0

e�nai eujÔ prosjeta�o th Rest

A

�, dhlad  h �

0

emfan�zetai

(modulo isodunam�a) se k�je an�lush th Rest

A

� se eujÔ �jroisma anag¸gwn. Estw

�

1

= Ind

G

A

�

0

. Apì to pìrisma 4.35 èqoume ìti h �

1

perièqei sthn an�lush th se eujÔ

�jroisma anag¸gwn mia isodÔnamh pro thn � dhlad 

deg� � deg�

1

:

Apo thn �llh meri�

deg�

1

= �

�

1

(e) =

1

#A

X

t 2 G

t

�1

et 2 A

�

0

(t

�1

et) =

g

#A

�

0

(e) = [G : A℄deg�

0

Epeid  h A e�nai abelian , èpetai ìti deg�

0

= 1.

Shme�wsh An h G e�nai abelian  tìte apode�xame me �llo trìpo ìti k�je an�gwgh par�s-

tas  th èqei bajmì 1.

Parat rhsh: Qwr� apìdeixh anafèroume ìti an h A ìqi mìno abelian  all� kai A/G tìte

isqÔei deg�j[G : A℄. H sqèsh aut  efarmìzetai idia�tera gia A = Z(G) to kèntro th G.

Estw H � G upoom�da th G. An � an�gwgo qarakt ra th G o periorismì th �

sthn H, �

H

:= Rest

H

(�) den e�nai kat�n�gkh an�gwgo. To er¸thma pou t�jetai e�nai pw

analÔetai o �

H

se �jroisma anag¸gwn qarakt rwn th H. Ja asqolhjoÔme me thn eidik 

per�ptwsh ìpou h H / G e�nai kanonik  upoom�da th G. An f mia sun�rthsh kl�sewn

suzug�a th H kai � 2 G, or�zoume thn

f

�

:

8

<

:

H �! K

h 7�! f(�h�

�1

):

H f

�

ja lègetai suzug  th f sthn G. (Upenjum�zoume gia mia akìmh for� ìti to s¸ma

K e�nai algebrik� kleistì qarakthristik  mhdèn.)

L mma 4.37 An H /G kanonik  upoom�da th G, f; � sunart sei kl�sewn suzug�a th

H kai �; � 2 G tìte:
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(i) H f

�

e�nai ep�sh sun�rthsh kl�sewn suzug�a th H,

(ii) (f

�

)

�

= f

��

,

(iii) < f

�

; �

�

>

H

=< f; � >

H

(iv) < �

H

; �

�

>

H

=< �

H

; � >

H

, gia k�je � 2 K

(H)

,

(v) An h f e�nai qarakt ra th H to �dio isqÔei kai gia thn f

�

.

Apìdeixh:

(i) Estw h �

H

k. Up�rqei h

1

2 H tètoio ¸ste k = h

�1

1

hh

1

. Gia k�je stoiqe�o g

th G jewroÔme ta stoiqe�a h

g

= g

�1

hg kai k

g

= g

�1

kg = g

�1

h

�1

1

hh

1

g th om�do

H. Epeid  h upoom�da H th G e�nai kanonik  èpetai ìti up�rqei h

2

2 H tètoio

¸ste h

1

g = gh

2

. epomènw k

g

= (gh

2

)

�1

h(gh

2

) = h

�1

2

g

�1

hgh

2

= h

�1

2

h

g

h

2

, dhlad 

k

g

�

H

h

g

.

Ex orismoÔ th f

�

; f

�

(h) = f(h

�

�1

): H f ìmw e�nai sun�rthsh kl�sewn suzug�a

th H. Sunep¸

f

�

(h) = f(h

�

�1

) = f(k

�

�1

) = f

�

(k):

(ii)

(f

�

)

�

(h) = f

�

(�h�

�1

) = f(��h�

�1

�

�1

) = f

��

(h):

(iii)

< f

�

; �

�

>

H

=

1

#H

X

h2H

f

�

(h)�

�

(h

�1

) =

=

1

#H

X

h2H

f(�h�

�1

)�(�h

�1

�

�1

) =

1

#H

X

h2H

f(h)�(�

�1

) =< f; � >

H

:

(Otan to h diatrèqei ta stoiqe�a th H tìte kai to �h�

�1

k�nei to �dio.)

(iv) Profan¸ (�

H

)

�

(h) = �

H

(�h�

1

) = �

H

(h). Sthn sunèqeia efarmìzoume thn (iii)

kai èqoume to zhtoÔmeno.
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(v) Upojètoume ìti h f e�nai qarakt ra th H. Estw � := �

f

par�stash th H pou

èqei qarakt ra ton f . Or�zoume

�

�

:

8

<

:

H �! GL(V )

h 7�! �(�h�

�1

):

H �

�

e�nai par�stash th H. O qarakt ra th par�stash aut  e�nai

tr(�

�

(h)) = tr(�(�h�

�1

)) = f(�h�

�1

) = f

�

(h);

dhlad  h f

�

e�nai qarakt ra th om�da H.

Je¸rhma 4.38 (Cli�ord) Estw H /G kanonik  upoom�da kai � an�gwgo qarakt ra

th G. Estw akìmh  mia an�gwgh sunist¸sa tou qarakt ra �

H

. An  =  

1

;  

2

; :::;  

t

e�nai ìloi oi diakekrimènoi qarakt re oi opo�oi e�nai suzuge� th  sthn G tìte

�

H

= e

t

X

i=1

 

i

;

ìpou e :=< �

H

;  >

H

.

Apìdeixh: Ja upolog�soume thn Rest

H

(Ind

G

H

 ). Gia k�je h 2 H èqoume,

(Ind

G

H

 )(h) =

1

#H

X

t 2 G

t

�1

ht 2 H

 (t

�1

ht) =

1

#H

X

t2G

 

t

(h):

(H t

�1

ht e�nai p�nta alhj , afoÔ H / G.) Epomènw

#H �Rest

H

(Ind

G

H

 ) =

X

t2G

 

t

:

An loipìn � an�gwgo qarakt ra th H tètoio ¸ste � 62 f 

i

=i = 1; 2; :::; tg tìte ja

èqoume <

P

t2G

 

t

; � >

H

= 0 opìte kat' an�gkh kai < Rest

H

(Ind

G

H

 ); � >

H

= 0. Epeid 

o an�gwgo qarakt ra � apotele� sunist¸sa sthn an�lush tou Ind

G

H

 , apì ton nìmo

antistrof  tou Frobenius èpetai ìti

< �

H

; � >

H

= 0 gia k�je � 62 f 

i

=i = 1; 2; :::; tg:
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Ara oi an�gwge sunist¸se pou upeisèrqontai sthn an�lush tou �

H

e�nai metaxÔ twn  

i

(i = 1; 2; :::; t). Sunep¸ o �

H

gr�fetai,

�

H

=

t

X

i=1

< �

H

;  

i

>

H

� 

i

:

Lìgw th idiìthto (iv) tou l mmato 4.37 èqoume < �

H

;  

i

>

H

=< �

H

;  >

H

gia k�je

i = 1; 2; :::; t.

San mia, apl , efarmog  tou jewr mato tou Cli�ord anafèroume to

Pìrisma 4.39 An H / G kanonik  upoom�da kai � an�gwgo qarakt ra th G tètoio

¸ste < �

H

; 1

H

>

H

6= 0, tìte H � ker�.

Apìdeixh: Apì to je¸rhma tou Cli�ord èpetai ìti �

H

= e

P

t

i=1

 

i

. Lìgw th upìjesh

k�poio apì tou  

i

, èstw o  

1

, e�nai o 1

H

. Epeid  oi suzuge� tou 1

H

sthn G

 

�

(h) = 1

H

(�h�

�1

) = 1

H

(h);

taut�zontai me ton 1

H

gia ìla ta � 2 G, èpetai ìti �

H

= �(1) � 1

H

dhlad  ìti gia k�je

h 2 H isqÔei �(h) = �

H

(h) = �(1) � 1

H

(h) = �(1) kai sunep¸ H � ker�.

Estw H � G upoom�da th G kai � : H �! GL(W ) mia par�stash aut . Sthn

par�stash aut  th H antistoiqe� h epag¸menh par�stash

�

0

:= Ind

G

H

� : G �! GL(V )

th G. An H

0

� G ep�sh upoom�da th G endiaferìmaste na perigr�youme ton periorismì

th Ind

G

H

�

0

:= Rest

H

0

(Ind

G

H

�) sthn H

0

.

Estw S èna pl re sÔsthma antipros¸pwn twn dipl¸n (H;H

0

)-pleurik¸n

om�dwn (double (H;H

0

)-osets) th G. Epomènw h G gr�fetai san xènh ènwsh twn H

0

sH,

G =

:

[

s2S

H

0

sH. (Autì to gr�foume suqn� kai w ex : s 2 H

0

nG=H.) Gia k�je s 2 S

or�zoume to sÔnolo H

s

:= sHs

�1

\ H

0

. Profan¸ h H

s

� H e�nai upoom�da th H

0

.

Gia k�je x 2 H

s

or�zoume �

s

(x) := �(s

�1

xs). Profan¸ h �

s

: H

s

�! GL(W ) e�nai mia

par�stash th H

s

. JewroÔme thn epag¸menh par�stash Ind

H

0

H

s

�

s

: H

0

�! GL(W

s

):

Je¸rhma 4.40 H par�stash Rest

H

0

(Ind

G

H

�) e�nai isìmorfh pro to eujÔ �jroisma twn

parast�sewn Ind

H

0

H

s

�

s

s 2 S

�

=

H

0

nG=H.
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Apìdeixh: Estw N =

K[H℄

N = (W; �

�

) kai M =

K[G℄

M = (V; �

�

0

) ta ant�stoiqa modules

parast�sewn twn � kai �

0

. Epeid  h �

0

e�nai epag¸menh th �, èpetai ìti M = N

G

.

Sunep¸ apì to je¸rhma 4.24 èpetai ìti

M =

M

�2G=H

�N:

Gia k�je s 2 S or�zoume to upomodule tou M

M(s) :=< �N=� 2 H

0

sH >

to opo�o par�getai apì ta �N gia eke�na ta � ta opo�a an koun sthn kl�sh H

0

sH.

Profan¸

M =

M

�2H

0

nG=H

M(s); diìti G =

:

[

�2H

0

nG=H

H

0

sH:

Ta modules M(s) e�nai H

0

-anallo�wta, dhlad  K[H

0

℄-modules. SÔmfwna me to je¸rhma

4.28 arke� na apode�xoume ìti ta M(s) e�nai K[H

0

℄ isìmorfa pro ta module parast�sewn

N

s

:=

K[H

s

℄

N

s

twn �

s

. Kat�rq n parathroÔme ìti

H

s

= fh

0

2 H

0

=h

0

(sN) = sNg

kai

M(s) =

M

h

0

2H

0

=H

s

h

0

(sN):

Apì to je¸rhma 4.24 èqoume ìti M(s) = (sN)

G

. Epomènw arke� na apode�xoume ìti ta

K[H

s

℄-modules N

s

kai sN e�nai isìmorfa. O isomorfismì autì d�netai apì s : N

s

�!

sN:

Parat rhsh: Dedomènou ìti toM(s) exart�tai mìno apì thn dipl  (H

0

; H)-pleurik  om�da

sthn opo�a an kei to s, kai h par�stash Ind

H

0

H

s

(�

s

) exart�tai omo�w apì thn (H

0

; H)-

pleurik  om�da tou s.

Efarmìzoume sthn sunèqeia to prohgoÔmeno apotèlesma sthn eidik  per�ptwsh pou

H

0

= H. Gia k�je � 2 G h H

s

:= sHs

�1

\H e�nai t¸ra upoom�da th H. H par�stash

� th H or�zei par�stash Rest

s

(�) th H

s

(ton periorismì th � sthn H

s

).

Je¸rhma 4.41 (Je¸rhma anagwgisimìthta tou Makey) H epag¸menh par�stash

�

0

:= Ind

G

H

(�) th � sthn G e�nai an�gwgh par�stash th G akrib¸ tìte ìtan isqÔoun oi

akìlouje dÔo sunj ke.
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(a) H � e�nai an�gwgh par�stash th H kai

(b) Gia k�je s 2 GnH oi parast�sei �

s

kai Rest

s

(�) th H

s

e�nai xène metaxÔ tou.

Orismì 4.42 DÔo parast�sei �

1

kai � mia om�da G ja lègontai xène metaxÔ tou

ìtan den èqoun koin  kamm�a an�gwgh sunist¸sa.

Apìdeixh: (tou jewr mato 4.41). W gnwstì, h par�stash �

0

e�nai an�gwgh par�stash

th G akrib¸ tìte ìtan < �

0

; �

0

>

G

= 1. Apì ton nìmo antistrof  tou Frobenius

prokÔptei ìti

< �

0

; �

0

>

G

=< �;Rest

H

(�

0

) >

H

:

Apì to je¸rhma 4.40 prokÔptei t¸ra ìti

Rest

H

(�

0

) = �

s2HnG=H

Ind

H

H

s

(�

s

):

Epomènw,

< �

0

; �

0

>

G

=

X

s2HnG=H

< �; Ind

H

H

s

(�

s

) >

H

:

O nìmo antistrof  tou Frobenius ma d�nei

< �; Ind

H

H

s

(�

s

) >

H

=< Rest

s

(�); �

s

>

H

s

:

Sunep¸

< �

0

; �

0

>

G

=

X

s2HnG=H

< Rest

s

(�); �

s

>

H

s

:

Gia s = 1, < Rest

s

(�); �

s

>

H

s

=< �; � >

H

� 1. Gia na e�nai loipìn < �

0

; �

0

>

G

= 1 prèpei

kai arke� < �; � >

H

= 1 kai gia k�je �llo s 2 GnH < Rest

s

(�); �

s

>

H

s

= 0, dhlad  na

isqÔoun oi dÔo sunj ke (a) kai (b).

Pìrisma 4.43 Upojètoume t¸ra ìti h H e�nai kanonik  upoom�da th G. H epag¸menh

par�stash Ind

G

H

(�) th � sthn G e�nai an�gwgh tìte kai mìno tìte ìtan h � e�nai an�gwgh

par�stash thH kai den e�nai isìmorfh me kam�a apì ti suzuge� th �

s

gia k�je s 2 GnH.

Apìdeixh: ParathroÔme ìti H

s

= H, Rest

s

(�) = � kai efarmìzoume to je¸rhma 4.42.

115



4.3 P�nake qarakt rwn

Mia arket� qr simh phg  plhrofori¸n mia om�da G e�nai o p�naka qarakt rwn aut . O

p�naka qarakt rwn mia om�da G e�nai èna tetragwnikì p�naka tou opo�ou oi grammè

antistoiqoÔn stou an�gwgou qarakt re th G kai oi st le sti kl�sei suzug�a

aut . Sun jw mia epiplèon gramm  p�nw apì ti kl�sei suzug�a ma d�nei to pl jo

twn stoiqe�wn th ant�stoiqh kl�sh.

Estw t¸ra N / G kanonik  upoom�da th G: To er¸thma e�nai pw sqet�zontai oi

parast�sei twn om�dwn N;G=N kai G metaxÔ tou. An ~� := ~�

N

: G=N ! GL(V )

par�stash th G=N bajmoÔ m tìte h apeikìnish

� :

8

<

:

G �! GL(V )

g 7�! ~�(gN)

e�nai par�stash th G: An ~� o qarakt ra th ~� tìte �(g) := ~�(gN) e�nai o qarakt ra

th �: Epiplèon, gia � 2 N isqÔei �(�) = �(1) = m dhlad  h N perièqetai ston pur na

ker� th �: H par�stash th � ja lègetai anuywmènh (lifted) apì thn par�stash ~� th

G=N kai o qarakt ra � anuywmèno tou ~�:

Apì ton orismì th �; e�nai profanè ìti h � e�nai an�gwgh par�stash th G akrib¸

tìte ìtan h ~� e�nai an�gwgh par�stash th G=N: Estw t¸ra � par�stash th G; � o

qarakt ra aut . To er¸thma e�nai an up�rqei kanonik  upoom�da N / G th G kai

par�stash ~� th G=N ètsi ¸ste h � na e�nai h anuywmènh th ~�:

Apì to je¸rhma 2:8(a) èqoume ìti h

N := ker� = ker� = fg 2 Gj�(g) = �(1)g

e�nai kanonik  upoom�da th G: H apeikìnish

~�

8

<

:

G=N �! GL(V )

gN 7�! �(g)

e�nai mia par�stash th G=N anuywmènh th opo�a e�nai h �: Sunoy�zonta loipìn èqoume

apode�xei thn

Prìtash 4.44 Estw N / G kanonik  upoom�da th G:
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(i) An � qarakt ra th G kai N � ker� tìte h � e�nai stajer  sti pleurikè om�de

th G=N kai h apeikìnish

~� :

8

<

:

G=N �! K

�

gN 7�! �(g)

e�nai qarakt ra th G=N:

(ii) An ~� qarakt ra th G=N tìte h apeikìnish

� :

8

<

:

G �! K

�

g 7�! �(gN)

e�nai qarakt ra th G:

(iii) Kai sti dÔo peript¸sei (i) kai (ii) o � e�nai an�gwgo akrib¸ tìte ìtan o ~� e�nai

an�gwgo.

Sthn sunèqeia ja upolog�soume ton p�naka qarakt rwn k�poiwn sugkekrimènwn om�d-

wn.

(1) Kuklikè om�de.

Estw G =< g >

�

=

ZZ

n

kuklik  om�da t�xew n me genn tora to g kai � := �

n

prwtarqik  n-r�za th mon�da. Oi apeikon�sei

�

j

= �

j

:

8

<

:

G �! K

�

g 7�! �

j�1

(j = 1; 2; � � � ; n)

e�nai diakekrimmène (an�gwge) parast�sei (qarakt re) th om�da G: Epeid  to

pl jo tou e�nai n = #G èpetai ìti autè e�nai ìle oi an�gwge parast�sei th

G:

1 1 1 ... 1

1 g g

2

... g

n�1

�

1

= 1 1 1 1 ... 1

�

2

1 � �

2

... �

n�1

�

3

1 �

2

�

4

... �

n�2

... ... ... ... ... ...

�

n

1 �

n�1

�

n�2

... �
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ParathroÔme ìti kai h om�da twn qarakt rwn th G e�nai ep�sh kuklik  me genn -

tora ton qarakt ra �

2

:

(2) Abelianè om�de.

Estw G mia abelian  om�da t�xh n: Eqoume  dh apode�xei ìti oi an�gwgoi qarak-

t re th G e�nai ìloi pr¸tou bajmoÔ kai, sunep¸, ìti to pl jo tou e�nai n:

Ja sundèsoume to par�deigm� ma me to par�deigma (1) mèsw tou jemeli¸dou

jewr mato th jewr�a twn peperasmènwn abelian¸n om�dwn to opo�o ma lèei ìti

h G e�nai to eujÔ ginìmeno kuklik¸n p-om�dwn.

Estw loipìn ìti h G = G

1

�G

2

� � � � �G

t

; ìpou G

i

=< g

i

>

�

=

ZZ

p

a

i

i

:

K�je qarakt ra � th G e�nai èna omomorfismì om�dwn � : G! K

�

: Sunep¸ o

� e�nai pl rw orismèno apì ti timè tou stou genn tore twn G

i

; g

i

;

i = 1; 2; � � � ; t: Apì to par�deigma (1) èpetai ìti to �(g

i

) e�nai mia p

a

i

i

-r�za th mon�da.

Epomènw up�rqei mia amfimonos manth antistoiq�a metaxÔ twn anag¸gwn qarak-

t rwn th G kai twn t-�dwn (�

1

; �

2

; � � � ; �

t

) ìpou �

i

e�nai mia p

a

i

i

-r�za th mon�da.

A p�roume gia par�deigma thn pio apl  per�ptwsh, G =< g

1

; g

2

>

�

=

ZZ

2

� ZZ

2

: Ta

stoiqe�a g

1

kai g

2

th G èqoun t�xh 2: Epomènw oi tèsseri qarakt re th G anti-

stoiqoÔn sta tèssera diatetagmèna zeug�ria (1; 1); (1;�1); (�1; 1) kai (�1;�1): Oi

p�nake loipìn twn qarakt rwn th G e�nai:

1 1 1 1

1 g

1

g

2

g

1

g

2

�

1

= 1 1 1 1 1

�

2

1 1 -1 -1

�

3

1 -1 1 -1

�

4

1 -1 -1 1

Ta diatetagmèna zeug�ria mou èdwsan thn deÔterh kai thn tr�th st lh tou p�naka.

H tètarth prokÔptei amèsw san ginìmeno th deÔterh me thn tr�th st lh.

ProtoÔ suneq�soume me �lla parade�gmata upologismoÔ pin�kwn qarakt rwn ja me�-

noume gia l�go stou an�gwgou qarakt re pr¸tou bajmoÔ.

W gnwstì h om�da G=[G;G℄ e�nai abelian . Epomènw èqei #(G=[G;G℄) (an�gw-
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gou) qarakt re pr¸tou bajmoÔ. Oi anuywmènoi aut¸n ma d�noun diakekrimmènou

(an�gwgou) qarakt re pr¸tou bajmoÔ th G: An t¸ra � : G ! K

�

qarakt ra

pr¸tou bajmoÔ th G tìte, je¸rhma 2:18; o pur na tou � ker� e�nai kanonik 

upoom�da th G kai m�lista h om�da phl�kwn G=ker� e�nai abelian , san isìmorf 

me mia upoom�da th (abelian ) om�da K

�

: Sunep¸, (de par�rthma, sel. 152),

[G;G℄ � ker�: SÔmfwna me thn prìtash 4:44 o qarakt ra � th G e�nai o anuy-

wmèno enì qarakt ra pr¸tou bajmoÔ th G=[G;G℄: Sunoy�zonta ta parap�nw

èqoume thn

Prìtash 4.45 K�je peperasmènh om�da G èqei akrib¸ #(G=[G;G℄) (an�gwgou)

qarakt re pr¸tou bajmoÔ kai ìloi tou e�nai anuy¸sei twn anag ģwn qarakt rwn

th abelian  om�da G=[G;G℄:

(3) Summetrik  om�da S

3

:

H S

3

èqei, (de par�rthma, sel. 150), tre� kl�sei suzug�a, ti f1g; f(12); (13); (23)g

kai f(123); (132)g:

Epeid  S

3

=A

3

�

=

ZZ

2

èpetai ìti h S

3

èqei dÔo (an�gwgou) qarakt re pr¸tou bajmoÔ

oi opo�oi e�nai anuy¸sei twn qarakt rwn th ZZ

2

: An tou onom�soume �

1

; �

2

tìte

èqoume ton akìloujo ìqi pl rh p�naka: (S

3

= A

3

:

[ (12)A

3

)

1 3 2

1 (12) (123)

�

1

= 1 1 1 1

�

2

1 -1 1

�

3

2 * *

Apì thn isìthta 6 = 1

2

+ 1

2

+ (deg�

3

)

2

èpetai ìti deg�

3

= 2: Oi sqèsei orjog-

wniìthta kat� st le ma d�noun:

1 � 1 + 1 � (�1) + 2 � �

3

((12)) = 0 kai

1 � 1 + 1 � 1 + 2 � �

3

((123)) = 0

Sunep¸ �

3

((12)) = 0 kai �

3

((123)) = �1:

O p�naka qarakt rwn th S

3

e�nai pl rh:
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1 3 2

1 (12) (123)

�

1

= 1 1 1 1

�

2

1 -1 1

�

3

2 0 -1

(4) Anallo�wth om�da A

4

:

H A

4

èqei 12 stoiqe�a ta opo�a katanèmontai se tèsseri kl�sei suzug�a,

f1g; f(12)(34); (13)(24); (14)(23)g;

f(123); (243); (134); (142)g kai

f(132); (234); (143); (124)g:

Shme�wsh: Oi dÔo teleuta�e kl�sei suzug�a th A

4

an koun sthn �dia kl�sh

suzug�a th S

4

: Genik� isqÔei ìti k�je kl�sh suzug�a th S

n

pou apotele�tai apì

�rtie metajèsei e�nai kl�sh suzug�a th A

n

  ènwsh dÔo kl�sewn suzug�a th

A

n

:

H teraedrik  om�da tou Klein

V = f(1); (12)(34); (13)(24); (14)(23)g

e�nai upoom�da th A

4

: H V perièqei ìla ta stoiqe�a th S

4

th morf  (��)(��):

Sunep¸ ja perièqei kai ìla ta suzug  tou. Epeid  de den perièqei t�pote �llo

par� mìno stoiqe�a tou tÔpou (��)(��) èpetai ìti h V e�nai kanonik  upoom�da th

S

4

; V / S

4

: Kat� me�zona lìgo e�nai kai kanonik  upoom�da th A

4

V /A

4

: H om�da

phl�kwn A

4

=V èqei t�xh 3; �ra A

4

=V

�

=

ZZ

3

:

O p�naka qarakt rwn th A

4

=V ma e�nai gnwstì (de par�deigma (1)):

1 1 1

1 g g

2

 

1

= 1 1 1 1

 

2

1 ! !

2

 

3

1 !

2

!
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To ! ed¸ e�nai mia prwtarqik  3-r�za th mon�da. H A

4

èqei tre� (an�gwgou)

qarakt re pr¸tou bajmoÔ oi opo�oi e�nai oi anuywmènoi twn  

i

; i = 1; 2; 3: Apì

thn sqèsh 12 = 1 + 1 + 1 + (deg�

4

)

2

èpetai ìti �

4

èqei bajmì deg�

4

= 3: EÔkola

diapist¸nei kane� ìti, A = V

:

[ (123)V

:

[ (132)V:

O p�naka qarakt rwn th A

4

mpore�, mèqri stigm , na sumplhrwje� w ex :

1 3 4 4

1 (12)(34) (123) (132)

�

1

= 1 1 1 1 1

�

2

1 1 ! !

2

�

3

1 1 !

2

!

�

4

3 * * *

Oi sqèsei orjogwniìthta metaxÔ th pr¸th kai twn deÔterh, tr�th kai tètarth

st lh ant�stoiqa ma d�noun

3+3��

4

((12)(34)) = 0; 1+!+!

2

+3�

4

((123)) = 0 kai 1+!+!

2

+3�

4

((132)) = 0:

Sunep¸ �

4

((12)(34)) = �1; �

4

((123)) = 0 kai �

4

((132)) = 0: O pl rh p�naka

twn qarakt rwn th A

4

e�nai t¸ra:

1 3 4 4

1 (12)(34) (123) (132)

�

1

= 1 1 1 1 1

�

2

1 1 ! !

2

�

3

1 1 !

2

!

�

4

3 -1 0 0

(5) Summetrik  om�da S

4

:

H summetrik  om�da S

4

èqei 5 kl�sei suzug�a

K

1

= [(1)℄; K

2

= [(12)(34)℄; K

3

= [(123)℄;

K

4

= [(12)℄ kai K

5

= [(1234)℄:

Oi t�xei aut¸n e�nai 1; 3; 8; 6 kai 6 antisto�qw. H A

4

e�nai upoom�da th S

4

me de�kth

[S

4

: A

4

℄ = 2: Epomènw e�nai kanonik  upoom�da th S

4

: M�lista h A

4

sump�ptei
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me thn om�da twn metajet¸n th S

4

(de par�rthma, sel. 152). Epomènw h S

4

èqei akrib¸ dÔo (an�gwgou) qarakt re pr¸tou bajmoÔ. Sugkekrimèna èqei ton

tautotikì kai autìn pou ma d�nei thn tim  1 sta stoiqe�a th A

4

kai �1 se k�je

peritt  met�jesh.

Kai h tetraedrik  om�da tou Klein V e�nai kanonik  upoom�da th S

4

: H om�da

phl�kwn S

4

=V èqei t�xh 6: H S

4

=V ìmw den e�nai abelian  diìti an  tan ja èprepe

h om�da metajet¸n th S

4

pou e�nai h A

4

na perièqetai sthn teraedrik  om�da tou

Klein, pr�gma pou fusik� e�nai �topo. Epomènw S

4

=V

�

=

S

3

:

Ja broÔme tou qarakt re th S

4

pou prokÔptoun apì anÔywsh twn qarakt rwn

th S

3

: Gia dÔo apì autoÔ to k�naname  dh me thn bo jeia th A

4

: Ma apomènei o

tr�to �

3

o opo�o e�nai bajmoÔ deg�

3

= 2: Ja prèpei loipìn na doÔme ti eikìne twn

antipros¸pwn twn kl�sewn suzug�a th S

4

sthn om�da S

4

=V: Oi eikìne twn K

1

kai K

2

e�nai, profan¸, tetrimmène, h eikìna th K

3

e�nai t�xh 3 kai oi eikìne twn

K

4

kai K

5

e�nai t�xh 2: SÔmfwna me ton p�naka qarakt rwn th S

3

(de par�deigma

(3)) èqoume

�

3

(K

1

) = �

3

(K

2

) = 2; �

3

(K

3

) = �1 kai �

3

(K

4

) = �

3

(K

5

) = 0:

Mèqri stigm  o p�naka qarakt;hrwn th S

4

mpore� na sumplhrwje� w ex :

1 3 8 6 6

K

1

= [(1)℄ K

2

= [(12)(34)℄ K

3

= [(123)℄ K

4

= [(12)℄ K

5

= [(1234)℄

�

1

= 1 1 1 1 1 1

�

2

1 1 1 -1 -1

�

3

2 2 -1 0 0

�

4

3 * * * *

�

5

3 * * * *

Oi bajmo� twn qarakt rwn �

4

kai �

5

e�nai �mesh sunèpeia th isìthta

24 = 1

2

+ 1

2

+ 2

2

+ (deg�

4

)

2

+ (deg�

5

)

2

:

Oi sqèsei orjogwniìthta metaxÔ th pr¸th kai twn: deÔterh, tr�th, tètarth

kai pèmpth st lh ma d�noun:

1 + 1 + 4 + 3�

4

(K

2

) + 3�

5

(K

2

) = 0;
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1 + 1� 2 + 3�

4

(K

3

) + 3�

5

(K

3

) = 0;

1� 1 + 0 + 3�

4

(K

4

) + 3�

5

(K

4

) = 0 kai

1� 1 + 0 + 3�

4

(K

5

) + 3�

5

(K

5

) = 0:

Oi parap�nw isìthte ma d�noun ti timè tou qarakt ra �

5

mèsw aut¸n tou �

4

:

�

5

(K

2

) = �2� �

4

(K

2

); �

5

(K

3

) = ��

4

(K

3

);

�

5

(K

4

) = ��

4

(K

4

) kai �

5

(K

5

) = ��

4

(K

5

):

Gia lìgou eukol�a a onom�soume a

i

:= �

4

(K

i

); i = 1; 2; 3; 4; 5: Sthn sunèqeia e-

farmìzoume ti sqèsei orjogwniìthto metaxÔ th tètarth kai twn pr¸th, deÔterh

kai tr�th gramm  ant�stoiqa (je¸rhma 1:43) :

1 � 1 � 3 + 3 � 1 � a

2

+ 8 � 1 � a

3

+ 6 � 1 � a

4

+ 6 � 1 � a

5

= 0;

1 � 1 � 3 + 3 � 1 � a

2

+ 8 � 1 � a

3

+ 6 � (�1) � a

4

+ 6 � (�1) � a

5

= 0

kai 1 � 2 � 3 + 3 � 2 � a

2

+ 8 � (�1) � a

3

+ 6 � 0a

4

+ 6 � 0 � a

5

= 0

Apì ti isìthte autè prokÔptei ìti

a

2

= �1; a

3

= 0 kai a

5

= �a

4

:

Oi sqèsei orjwgoniìthta metaxÔ th tètarth kai pèmpth st lh ma d�nei tèlo

ìti a

4

= 1 kai a

5

= �1:

O p�naka qarakt rwn th S

4

e�nai plèon pl rh:

1 3 8 6 6

K

1

= [(1)℄ K

2

= [(12)(34)℄ K

3

= [(123)℄ K

4

= [(12)℄ K

5

= [(1234)℄

�

1

= 1 1 1 1 1 1

�

2

1 1 1 -1 -1

�

3

2 2 -1 0 0

�

4

3 -1 0 1 -1

�

5

3 -1 0 -1 1
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(5

0

) Summetrik  om�da S

4

:

Upojètoume ìti èqoume bre� ti timè twn tri¸n pr¸twn qarakt rwn sti kl�sei

suzug�a th S

4

; ìpw to k�name sto par�deigma (5): Gia ton upologismì twn tim¸n

twn qarakt rwn �

4

kai �

5

ja doulèyoume t¸ra diaforetik�.

A jewr soume t¸ra thn upoom�da

H := f� 2 S

4

j�(4) = 4g th S

4

:

Profan¸, h H e�nai isìmorfh me thn S

3

:

A p�roume ton p�naka qarakt rwn th S

3

:

1 3 2

C

1

= [(1)℄ C

2

= [(12)℄ C

3

= [(123)℄

 

1

= 1 1 1 1

 

2

1 �1 1

 

3

1 0 �1

Estw t¸ra � := Ind

S

4

S

3

( 

1

) o epagìmeno tou  

1

qarakt ra th S

4

(de per�ptwsh

(3) amèsw met� to je¸rhma 4:29 sel�da 103). Gia na upolog�soume ti timè tou

qarakt ra � ja efarmìsoume to pìrisma 4:32; sel�da 105

�(K

1

) = 4; �(K

2

) = 0 �(K

3

) = 1;

�(K

4

) = 2 kai �(K

5

) = 0:

O qarakt ra � den e�nai an�gwgo. Apì ton nìmo antistrof  tou Frobenius

prokÔptei ìti < �; �

1

>

S

4

=<  

1

; Rest

H

�

1

>

H

= 1; dhlad  ìti o �

1

perièqetai sthn

an�lush tou � se an�gwgou kai m�lista me pollaplìthta 1:

A p�roume t¸ra ton qarakt ra �� �

1

(�� �

1

)(K

i

) = 3;�1; 0; 1;�1; gia i = 1; 2; 3; 4; 5 ant�stoiqa:

EÔkola diapist¸noume ìti o qarakt ra �� �

1

e�nai an�gwgo. Pr�gmati,

< �� �

1

; �� �

1

>

S

4

=

1

#S

4

5

X

i=1

k

i

[(�� �

1

)(K

i

)℄

2

=
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=

1

24

(1 � 9 + 3 � 1 + 8 � 0 + 6 � 1 + 6 � 1) = 1:

An t¸ra pollaplasi�soume ènan qarakt ra � pr¸tou bajmoÔ me opoiod pote an�gwgo

qarakt ra  mia om�da G tìte to ginìmeno e�nai ep�sh an�gwgo qarakt ra th

G: Pr�gmati, arke� na parathr soume ìti h tim  �(g) e�nai r�za th mon�da gia k�je

g 2 G kai sthn sunèqeia na upolog�soume ìti

< � ; � >

G

= 1:

O qarakt ra �

2

��

4

e�nai, sÔmfwna me ta parap�nw, an�gwgo qarakt ra th S

4

:

Epeid  �

2

� �

4

6= �

4

autì e�nai o zhtoÔmeno an�gwgo qarakt ra �

5

= �

2

� �

4

:

(6) Anallo�wth om�da A

5

:

H anallo�wth om�da A

5

èqei 5 kl�sei suzug�a,

K

1

= [(1)℄; K

2

= [(12)(34)℄ K

3

= [(123)℄

K

4

= [(12345)℄ kai K

5

= [(12354)℄

me 1; 15; 20; 12 kai 12 stoiqe�a ant�stoiqa. A shmeiwje� ed¸ ìti par� to ìti ta s-

toiqe�a twn kl�sewn K

4

kai K

5

an koun sthn �dia kl�sh suzug�a th S

5

sthn om�da

A

5

diasp¸ntai se dÔo diaforetikè metaxÔ tou kl�sei (de kai [A-B℄, sel�de 159

kai 160).

Epeid  h om�da A

5

e�nai apl , den èqoume plèon (gn sie) kanonikè upoom�de ètsi

¸ste oi qarakt re th A

5

na prokÔyoun apì anÔywsh k�poiwn om�dwn phl�kwn

aut . Ja prospaj soume kat' arq n na broÔme qarakt re th A

5

oi opo�oi e�nai

epag¸menoi qarakt rwn upoom�dwn th.

H upoom�da H := f� 2 A

5

j�(5) = 5g th A

5

e�nai isìmorfh me thn A

4

: Ja prospa-

j soume loipìn na sqhmat�soume ton p�naka qarakt rwn th A

5

pa�rnonta epag¸-

menou qarakt re th A

4

: Sto par�deigma (4) upolog�same ton p�naka qarakt rwn

th A

4
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1 3 4 4

C

1

= [(1)℄ C

2

= [(12)(34)℄ C

3

= [(123)℄ C

4

= [(132)℄

 

1

= 1 1 1 1 1

 

2

1 1 ! !

2

 

3

1 1 !

2

!

 

4

1 -1 0 0

Estw � := Ind

A

5

A

4

( 

1

): Opw kai sto par�deigma (5

0

) ja efarmìsoume to pìrisma

4:32: ParathroÔme kat' arq n ìti

K

1

\ A

4

= C

1

; K

2

\ A

4

= C

2

;

K

3

\ A

4

= C

3

[ C

4

kai K

4

\ A

4

= K

5

\ A

4

= ;:

Oi timè tou qarakt ra � sti kl�sei suzug�a th A

5

e�nai �(K

i

) = 5; 1; 2; 0; 0 gia

i = 1; 2; 3; 4; 5 ant�stoiqa. Apì ton nìmo antistrof  tou Frobenius prokÔptei ìti

< �; �

1

>

A

5

=<  

1

; Rest

H

�

1

>

H

= 1:

Autì shma�nei ìti o � perièqei sthn an�lus  tou se an�gwgou ton �

1

me pollaplìth-

ta 1:

A jewr soume ton qarakt ra �

2

:= �� �

1

:

Oi timè tou �

2

sti kl�sei K

i

e�nai 4; 0; 1;�1;�1 ant�stoiqa. Epeid 

< �

2

; �

2

>

A

5

=

1

60

(1 � 4 � 4+ 15 � 0+ 20 � 1 � 1+ 12 � (�1) � (�1)+ 12 � (�1) � (�1)) = 1:

èpetai ìti o �

2

e�nai an�gwgo. A p�roume t¸ra ton qarakt ra �

0

:= Ind

A

5

H

 

2

:

Opw kai pio mprost� me thn bo jeia tou por�smato 4:32 upolog�zoume ti timè

tou �

0

;

�

0

(K

1

) = 5 �

0

(K

2

) = 1

�

0

(K

3

) = �1 kai �

0

(K

4

) = �

0

(K

5

) = 0:

Epeid  to eswterikì ginìmeno

< �

0

; �

0

>

A

5

=

1

60

(1 � 5 � 5 + 15 � 1 � 1 + 20 � (�1) � (�1) + 0 + 0) = 1
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èpetai ìti o �

3

:= �

0

e�nai an�gwgo. Me b�sh tou upologismoÔ pou k�name

mporoÔme na sumplhr¸soume ton p�naka twn qarakt rwn th A

5

:

1 15 20 12 12

K

1

K

2

K

3

K

4

K

5

�

1

1 1 1 1 1

�

2

4 0 1 -1 -1

�

3

5 1 -1 0 0

�

4

3 �

2

�

3

�

4

�

5

�

5

3 �

2

�

3

�

4

�

5

Oi bajmo� twn qarakt rwn �

4

kai �

5

prokÔptoun p�li apì thn isìthta

1

2

+ 4

2

+ 5

2

+ (deg�

4

)

2

+ (deg�

5

)

2

= 60:

H sqèsh orjogwniìthto metaxÔ th pr¸th kai th deÔterh st lh ma d�nei:

1 � 1 + 4 � 0 + 5 � 1 + 3 � �

2

+ 3 � �

2

= 0;

dhlad  ìti �

2

+ �

2

= �2: Apì to l mma 2:1, sel�da 38, èpetai ìti ta �

2

kai �

2

e�nai

ajro�smata tri¸n 2-riz¸n th mon�da. Epomènw �

2

; �

2

2 f�3;�1; 1; 3g:

H sqèsh orjogwniìthta th deÔterh st lh me ton eautì th ma d�nei:

1 + 0 + 1 + �

2

2

+ �

2

2

=

60

15

= 4; dhlad  a

2

2

+ b

2

2

= 2:

Epomènw �

2

= �

2

= �1:

Efarmìzoume sth sunèqeia ti sqèsei orjogwniìthto metaxÔ th tr�th me ton

eautì th kai èqoume,

1 + 1 + 1 + j�

3

j

2

+ j�

3

j

2

= 3:

Sunep¸ �

3

= �

3

= 0:

H pr¸th me thn tètarth st lh ma d�nei

1 � 1 + 4 � (�1) + 3 � �

4

+ 3 � �

4

= 0; dhlad  �

4

+ �

4

= 1:

Estw t¸ra g = (12345): ParathroÔme ìti ta g

�1

; g e�nai suzug  sthn A

5

: Pr�gmati,

up�rqei t = (25)(34) 2 A

5

tètoio ¸ste t

�1

g

�1

t = g: H sqèsh orjogwniìthto th
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tètarth st lh me ton eautì th ma d�nei:

1 + 1 + �

2

4

+ �

2

4

=

60

12

= 5; dhlad  �

2

4

+ �

2

4

= 3:

LÔnoume to sÔsthma kai br�skoume ìti ta �

4

; �

4

e�nai r�ze th ex�swsh z

2

�z�1 = 0:

Gia lìgou orjogwniìthta kai p�li, an (�

4

; �

4

) = (z

1

; z

2

); ìpou z

1

kai z

2

e�nai r�ze

th z

2

� z � 1 = 0 tìte kat' an�gkh (�

5

; �

5

) = (z

2

; z

1

):

Telik� o pl rh p�naka qarakt rwn th A

5

:

1 15 20 12 12

K

1

K

2

K

3

K

4

K

5

�

1

1 1 1 1 1

�

2

4 0 1 -1 -1

�

3

5 1 -1 0 0

�

4

3 -1 0

1+

p

5

2

1�

p

5

2

�

5

3 -1 0

1�

p

5

2

1+

p

5

2

Gia k�je fusikì arijmì n > 2 h d�edrh om�da D

n

or�zetai mèsw dÔo gennhtìrwn kai

tri¸n sqèsewn:

D

n

:=< a; bja

n

= b

2

= 1; ba

�1

= ab > :

EÔkola mpore� kane� na diapist¸sei (�skhsh) ìti to kèntro Z(D

N

) =< a

n

2

>

�

=

ZZ

2

gia n �rtio. Ep�sh h om�da metajet¸n

[D

n

; D

n

℄ =< a >

�

=

ZZ

n

gia n perittì kai

[D

n

; D

n

℄ =< a

2

>

�

=

ZZ

n=2

gia n �rtio:

A upolog�soume t¸ra ton

(7) P�naka qarakt rwn th D

4

:

Epeid  N := [D

4

; D

4

℄

�

=

< a

2

> h om�da phl�kwn D

4

=N

�

=

ZZ

2

� ZZ

2

èqei t�xh

4: Epomènw h D

4

èqei 4 (an�gwgou) qarakt re pr¸tou bajmoÔ oi opo�oi e�nai

anuy¸sei qarakt rwn th D

4

=N:

To kèntro th D

4

e�nai h om�da < a

4

2

>=< a

2

> : Epomènw ta stoiqe�a 1 kai a

2
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apoteloÔn to kajèna kai mia kl�sh suzug�a K

1

= f1g; K

2

= fa

2

g: H om�da D

4

èqei

sunolik� pènte kl�sei suzug�a, oi epiplèon kl�sei e�nai oi

K

3

= fa; a

3

g; K

4

= fb; a

2

bg kai K

5

= fab; a

3

bg:

D

4

= n

:

[ aN

:

[ bN

:

[ baN:

O pèmpto an�gwgo qarakt ra e�nai bajmoÔ deg�

5

= 2 kai oi sqèsei orjog-

wniìthto kat� st le ma d�noun ti timè tou p�naka:

1 15 20 12 12

K

1

K

2

K

3

K

4

K

5

�

1

1 1 1 1 1

�

2

1 1 1 -1 -1

�

3

1 1 -1 0 0

�

4

1 1 �1 �1 1

�

5

2 �2 0 0 0

(8) H quaternion om�da Q t�xh 8:

H om�da aut  or�zetai

Q =< a; bja

4

= 1; a

2

= b

2

; b

�1

ab = a

3

> :

San �skhsh ston anagn¸sth af netai na apodeiqje� ìti den e�nai isìmorfh pro thn

D

4

; èqei thn N := f1; a

2

g san kanonik  upoom�da kai èqei ton �dio p�naka qarakt rwn

me thn D

4

:

Parat rhsh: Apì ta parade�gmata (7) kai (8) sumpera�noume ìti o p�naka twn qarak-

t rwn mia peperasmènh om�da den qarakthr�zei thn om�da modulo isomorf�a.
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5 To je¸rhma tou Brauer

5.1 Prolegìmena

Orismì 5.1 Mia om�da G ja lègetai p-stoiqei¸dh (p 2 P) ìtan e�nai to eujÔ ginìmeno

mia kuklik  om�do C kai mia p-om�do P , G = C � P .

An G peperasmènh om�da kai p 2 P, tìte up�rqei mia p-om�da P , P � G tètoia ¸ste

p 6 j[G : P ℄. H P e�nai mia p-Sylow upoom�da th G (de par�rthma, sel. 152). Me �lla

lìgia an #G = p

n

1

1

p

n

2

2

:::p

n

r

r

tìte gia k�je p

i

up�rqei mia p

i

-upoom�da P

i

th G tètoia ¸ste

#P

i

= p

n

i

i

An G mia p-om�da kai G 6= feg, tìte aut  èqei mh tetrimèno kèntro Z(G) 6= feg (de

par�rthma sel 148).

Je¸rhma 5.2 An G ìqi abelian  p-stoiqei¸dh om�da tìte up�rqei kanonik  abelian 

upoom�da H th G h opo�a na perièqei gn sia to kèntro th G, Z(G).

Apìdeixh: Ex upojèsew G = C � P , ìpou C kuklik  kai P mia p-om�da. Epomènw

Z(G) = Z(C) � Z(P ) = C � Z(P ) 6= G, diìti G ìqi abelian . Apo to gnwstì tr�to

je¸rhma isomorf�a (sel. 149) èqoume:

G

Z(G)

�

=

G

C

Z(G)

C

=

C�P

C

C�Z(P )

C

�

=

P

Z(P )

:

Kat' arq n

�

P := P=Z(P ) 6= f�eg, diìti an P = Z(P ) tìte ja e�qame G = Z(G), dhlad 

ìti h G e�nai abelian , �topo. Epomènw h

�

P e�nai mia p-om�da me

�

P 6= f�eg, sunep¸

Z(

�

P ) 6= f�eg.

Estw � : G �!

�

P o kanonikì omomorfismì kai èstw �a 2 Z(

�

P ) me �a

p

= �e; �a 6= �e.

Estw

�

H :=< �a >�

�

P . AfoÔ �a 2 Z(

�

P ) èqoume ìti

�

H e�nai abelian  kai kanonik  upoom�da

th

�

P . Estw H = �

�1

(

�

H). H H e�nai abelian  kanonik  upoom�da th G tètoia ¸ste na

perièqei gn sia to kèntro th G. Pr�gmati h H e�nai kanonik  th G afoÔ

�

H/

�

P . Perièqei

de gn sia to kèntro Z(G) th G diìti �(Z(G)) = f�eg en¸ �a 2

�

H; �a 6= �e. Tèlo e�nai

abelian , diìti an a k�poio stoiqe�o th G tètoio ¸ste �(a) = �a tìte H =< a; Z(G) >,

dhlad  abelian .
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Orismì 5.3 Estw G om�da, p 2 P; x 2 G. To x ja lègetai p-omalì ìtan p 6 jord(x) kai

x ja lègetai p-idi�zwn ìtan ord(x) = p

n

; n 2 N

0

.

Je¸rhma 5.4 An G om�da kai p 2 P, tìte gia k�je x 2 G up�rqei akrib¸ èna p-omalì

stoiqe�o � 2 G kai akrib¸ èna p-idi�zwn stoiqe�o � 2 G tètoio ¸ste x = �� = ��.

Apìdeixh: Estw ord(x) = p

r

m; r 2 N

0

; m 2 N ; (p;m) = 1. Tìte up�rqoun �; � 2 ZZ

tètoia ¸ste �p

r

+ �m = 1, dhlad  x = x

�p

r

+�m

. Sthn sunèqeia jètoume � = x

�p

r

kai

� = x

�m

, apì ìpou èqoume x = �� = ��. Ep�sh ord(�)jm kai ord(�)jp

r

, dhlad  to �

e�nai p-omalì kai to � p-idi�zwn.

Apomènei na apode�xoume thn monadikìthta. Estw x = �� = ��, ìpou to � e�nai p-

omalì kai to � p-idi�zwn. Ex orismoÔ tou p-omaloÔ kai tou p-idi�zonto stoiqe�ou èpetai

ìti (ord(�); ord(�)) = 1, sunep¸ ord(x) = ord(�)ord(�) = p

r

m opìte anagkastik�

ord(�) = m kai ord(�) = p

r

kai sunep¸

8

<

:

� = �

�p

r

+�m

= �

�p

r

= (��)

�p

r

= x

�p

r

;

� = �

�p

r

+�m

= �

�m

= (��)

�m

= x

�m

;

dhlad  �; � monos manta orismèna.

Je¸rhma 5.5 Estw G mia p-stoiqei¸dh om�da. IsqÔoun:

(1) H G èqei mia par�stash th morf  G = C � P me C kuklik , p 6 j #C kai P mia

p-om�da.

(2) Estw G = C � P ìpw sto (1) kai èstw S � G. Tìte S = (S \ C)� (S \ P )

(3) K�je upoom�da kai k�je om�da phl�kwn th G e�nai ep�sh p-stoiqei¸dh.

Apìdeixh:

(1) Ex orismoÔ h om�da G e�nai p-stoiqei¸dh. Sunep¸ G =<  > �P

0

kai lìgw

tou jewr mato 5.4 èqoume  = �� = �� me � p-omalì kai � p-idi�zwn. AfoÔ

(ord(�); ord(�)) = 1 èqoume <  >=< � > � < � > kai sunep¸

G =< � > � < � > �P

0

:

Jètoume C :=< � > kai P :=< � > �P

0

opìte G = C � P .
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(2) Estw s 2 S � G. Apì to (1) èqoume ìti s = �� me � 2 C; � 2 P , dhlad  to �

e�nai p-omalì kai to � p-idi�zwn. Epomènw �; � 2 S diìti e�nai dun�mei tou s (de

apìdeixh tou je¸rhmato 5.4). Sunep¸ s 2 (S \ C)� (S \ P ), opìte

S � (S \ C)� (S \ P ):

O ant�strofo egkleismì e�nai profan .

(3) Sto deÔtero b ma de�xame ìti k�je upoom�da mia p-stoiqei¸dou om�do e�nai p-

stoiqei¸dh. Estw t¸ra S / G = C � P . H (2) ma d�nei S = (S \ C) � (S \ P ),

opìte

G

S

�

=

C � P

(S \ C)� (S \ P )

�

=

C

S \ C

�

P

S \ P

ìpou h om�da

C

S\C

e�nai kuklik  san upoom�da kuklik  om�da kai h

P

S\P

e�nai

p-om�da san upoom�da p-om�da, dhlad  h G=S e�nai p-stoiqei¸dh.

Apì ed¸ kai k�tw upojètoume kai p�li ìti to s¸ma K e�nai algebrik� kleistì kai

h(K) = 0.

Sumbolismì 5.6 Estw R � K upodaktÔlio tou s¸mato K kai G peperasmènh om�da.

X

R

(G) :=

(

m

X

�=1



�

�

�

=m 2 N ; 

�

2 R; �

�

: G �! K qarakt ra th G

)

	

R

(G) :=

8

>

>

>

<

>

>

>

:

m

X

�=1



�

Ind

G

H

�

(�

�

)

,
ìpou H

�

p� stoiqei¸dh upoom�da th G;

�

�

: H

�

�! K qarakt ra th H

�

;



�

2 R; kai n 2 N

9

>

>

>

=

>

>

>

;

:

Profan¸ 	

R

(G) � X

R

(G).

Je¸rhma 5.7 (1) O X

R

(G), me pr�xh thn prìsjesh kai to ginìmeno sunart sewn g�ne-

tai daktÔlio me monadia�o thn 1

G

: G 3 � 7�! 1 2 K.

(2) To 	

R

(G) e�nai ìqi mìno upodaktÔlio all� kai ide¸de tou X

R

(G).

Apìdeixh:
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(1) Arkei na apode�xoume ìti gia k�je zeug�ri qarakt rwn �

1

; �

2

: G �! K th G

h sun�rthsh �

1

� �

2

e�nai ep�sh qarakt ra. Estw �

i

: G �! GL(V

i

); i = 1; 2

parast�sei th G me ant�stoiqo qarakt ra ton �

i

(i=1,2). Estw

� :

8

<

:

G �! GL(V

1




K

V

2

)

� 7�! (�

1

(�)
 �

2

(�))

E�nai safè ìti o V

1




K

V

2

e�nai K-dianusmatikì q¸ro kai ìti � = �

1


 �

2

. H �

e�nai loipìn par�stash th G. Estw B

1

= fv

1

1

; :::; v

1

n

1

g, B

2

= fv

2

1

; :::; v

2

n

2

g b�sei twn

V

1

; V

2

ant�stoiqa. Apo to pìrisma 4.15 èqoume ìti to sÔnolo B

1


B

2

:= fv

1

i


v

2

j

=i =

1; 2; :::; n

1

; j = 1; 2; :::; n

2

g e�nai b�sh tou V

1




K

V

2

. An � 2 G tìte

�

i

(�)(v

i

l

) =

n

i

X

�=1

a

i

�;l

v

i

�

(a

i

�;l

2 K i = 1; 2):

Sunep¸ �

i

(�) =

P

n

i

�=1

a

i

�;�

(i = 1; 2), opìte

�(�)(v

1

l

1


 v

2

l

2

) =

 

n

1

X

�=1

a

1

�;l

1

v

1

�

!




 

n

2

X

�=1

a

2

�;l

2

v

2

�

!

=

n

1

X

�

1

=1

n

2

X

�

2

=1

a

1

�

1

;�

1

a

2

�

2

;�

2

� (v

1

�

1


 v

2

�

2

)

kai epomènw h

�

�

(�) =

n

1

X

�

1

=1

n

2

X

�

2

=1

a

1

�

1

;�

1

a

2

�

2

;�

2

= �

1

(�)�

2

(�)

dhlad  to ginìmeno �

1

� �

2

e�nai qarakt ra th G.

(2) Gia ton deÔtero isqurismì parathroÔme ìti h  

R

(G) e�nai, prosjetik  upoom�da tou

X

R

(G). Arke� loipìn na apode�xoume ìti an � : G �! K kai � : H � G �! K

qarakt re twn G;H ant�stoiqa tìte:

� � Ind

G

H

(�) = Ind

G

H

(�j

H

� �)

Pr�gmati gia k�je stoiqe�o � 2 G isqÔei:

� � Ind

G

H

(�))(�) = �(�)(Ind

G

H

�)(�) =

1

#H

X

t2G;t

�1

�t2H

�(�)�(t

�1

�t) =

1

#H

X

t2G;t

�1

�t2H

�(t

�1

�t)�(t

�1

�t) =

=

1

#H

X

t2G t

�1

�t2H

(�j

H

� �)(t

�1

�t) = Ind

G

H

(�j

H

� �):
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5.2 Je¸rhma tou Brauer

Skopì autoÔ tou Kefala�ou e�nai h apìdeixh tou epomènou jewr mato, enì jemeli¸dou

apotelèsmato th Jewr�a Parast�sewn me shmantikè efarmogè sthn Jewr�a Arijm¸n

(Brauer R, Tate J. {On the haraters of �nite groups} Ann. of Math. 62(1955), 1-7).

Je¸rhma 5.8 Brauer An G peperasmènh om�da, tìte k�je � 2 X

ZZ

(G) gr�fetai san

grammikì sunduasmì

� =

r

X

�=1



�

Ind

G

H

�

( 

�

)

me suntelestè akera�ou arijmoÔ kai  

�

qarakt re pr¸tou bajmoÔ p- stoiqeiwd¸n

upoom�dwn H

�

th G.

Apìdeixh: Isqurizìmaste ìti arke� na apode�xoume ta akìlouja dÔo jewr mata

Je¸rhma 5.9 (Je¸rhma A) An H stoiqei¸dh upoom�da th G kai � : H �! K

an�gwgo qarakt ra th H tìte up�rqei H

0

� H kai qarakt ra

�

0

: H

0

�! K

pr¸tou bajmoÔ tètoio ¸ste � = Ind

H

H

0

(�

0

).

Je¸rhma 5.10 (Je¸rhma B)

1

G

2 	

ZZ

(G)

Pr¸ta ap' ìla ja doÔme ìti ta dÔo prohgoÔmena jewr mata ma d�noun to je¸rhma tou

Brauer:

Apì to Je¸rhma B eqoume ìti 1

G

2 	

ZZ

(G). Epeid  ìmw to 	

ZZ

(G) e�nai ide¸de tou

X

ZZ

(G) anagkastik� 	

ZZ

(G) = X

ZZ

(G), dhlad  k�je � 2 X

ZZ

(G) èqei mia par�stash th

morf 

� =

m

X

�=1



�

Ind

G

H

�

( 

�

)

ìpou  

�

: H

�

�! K qarakt re th H

�

, H

�

stoiqei¸dh upoom�da th G kai 

�

2 ZZ. To

je¸rhma tou Mashke ma d�nei ìti

 

�

=

n

�

X

�=1

�

�;�
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ìpou �

�;�

: H

�

�! K an�gwgoi qarakt re. Apì to Je¸rhma A èqoume ìti up�rqoun

upoom�de H

�;�

< H

�

kai qarakt re pr¸tou bajmoÔ �

0

�;�

: H

�;�

�! K tètoioi ¸ste

�

�;�

= Ind

H

�

H

�;�

(�

0

�;�

) . Apì to je¸rhma 5.5 èpetai ìti oi upoom�de H

�;�

e�nai ep�sh

stoiqei¸dei opìte:

� =

m

X

�=1



�

Ind

G

H

�

 

n

�

X

�=1

Ind

H

�

H

�;�

(�

0

�;�

)

!

=

X

�;�



�

Ind

G

H

�;�

(�

0

�;�

)

Dhlad  to je¸rhma tou Brauer.

Arke� loipìn na apode�xoume ta jewr mata A kai B. Gia na epitÔqoume to skopì ma

qreiazìmaste to

Je¸rhma 5.11 (Blihfeld ) Estw G stoiqei¸dh om�da kai � : G �! GL(V ) an�gwgh

par�stash th G me deg� > 1. Up�rqei gn sia upoom�da H

0

< G kai an�gwgh par�stash

th H

0

�

0

: H

0

�! GL(V

0

) tètoia ¸ste: � = Ind

G

H

0

(�

0

).

Ja deqtoÔme pro to parìn thn al jeia tou jewr mato tou Blihfeld.

Apìdeixh: (tou jewr mato A) H apìdeixh ja g�nei me epagwg  w pro thn t�xh th

H. Estw loipìn H mia stoiqei¸dh om�da kai èstw ìti to je¸rhma isqÔei gia ìle ti

upoom�de H

0

� H me #H

0

< #H. Estw � : H �! K an�gwgo qarakt ra th

H. An deg� = 1 tìte o isqurismì tou jewr mato e�nai tetrimmèno. Estw loipìn ìti

deg� > 1. Tìte apì to je¸rhma tou Blihfeld èqoume ìti up�rqei H

0

< H; H

0

6= H

kai an�gwgo qarakt ra �

0

: H

0

�! K me � = Ind

H

H

0

(�

0

). Lìgw th upìjesh th

majhmatik  epagwg , afoÔ #H

0

< #H;#H

0

6= #H èqoume ìti up�rqei upoom�da H

00

�

H

0

kai qarakt re pr¸tou bajmoÔ �

00

: H

00

�! K tètoioi ¸ste �

0

= Ind

H

0

H

00

(�

00

). H

metabatikìthta sti epag¸mene parast�sei ma d�nei:

� = Ind

H

H

0

�

Ind

H

0

H

00

(�

00

)

�

= Ind

H

H

00

(�

00

);

dhlad  to je¸rhma A.

Apìdeixh: (tou jewr mato Blihfeld) AfoÔ ex upojèsew G stoiqei¸dh apì to je¸rhma

5.2 èpetai ìti up�rqei kanonik  kai abelian  upoom�da H th G me Z(G) 6= H;Z(G) � H.

Xeqwr�zoume peript¸sei:

Per�ptwsh I Estw � èna pro èna (injetive) dhlad  � pist  par�stash th G.

H qarakthristik  tou s¸mato e�nai hK = 0. Efarmìzoume loipìn to je¸rhma tou
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Mashke kai èqoume thn an�lush

�j

H

= �

r

i=1

�

�

n

i

j=1

�

(j)

i

�

ìpou �

(j)

i

: H �! GL(V

(j)

i

) an�gwge, �

(1)

i

; :::; �

(n

i

)

i

isodÔname metaxÔ tou an� dÔo kai

�

(j)

i

6� �

(j

0

)

k

gia i 6= k. AfoÔ H abelian  èqoume ìti �

(j)

i

e�nai ìle an�gwge parast�sei

pr¸tou bajmoÔ. Estw M

i

:= �

�

(j)

i

: H �! K

�

= GL

1

(K) h par�stash di� pin�kwn th

�

(j)

i

. Gia tou ant�stoiqou q¸rou parast�sewn V

(j)

i

èqoume dimV

(j)

i

= deg�

(j)

i

= 1 kai

V = �

r

i=1

�

�

n

i

j=1

V

(j)

i

�

:

Estw V

i

:= �

n

i

j=1

V

(j)

i

. Gia k�je v 2 V

(j)

i

èqoume: �(t)(v) = M

i

(t)(v). Epomènw kai gia

k�je v 2 V èqoume �(t)(v) =M

i

(t)(v).

Isqur�zomaste ìti V 6= V

i

(1).

Pr�gmati, an  tan V = V

i

tìte gia v 2 V; � 2 G; t 2 H isqÔei �(�

�1

)(v) 2 V = V

i

opìte

(�(t) � �(�

�1

))(v) = �(t) � (�(�

�1

)(v) =M

i

(t)(�(�

�1

)(v)) = �(�

�1

)(M

i

(t)(v));

diìti M

i

(t) 2 K. Sunep¸:

�(�t�

�1

)(v) = �(�) � �(t) � �(�

�1

)(v) =M

i

(t)(v) = �(t)(v):

AfoÔ h teleuta�a sqèsh isqÔei gia k�je v 2 V èqoume ìti

�(�t�

�1

) = �(t); gia k

0

aje � 2 G

Eqoume ìmw upojèsei ìti h � e�nai pist  dhlad  ja prèpei kat�n�gkh na isqÔei �t�

�1

= t

kai autì gia k�je stoiqe�o � th G.

Autì shma�nei ìti t 2 Z(G). AfoÔ autì sumba�nei gia k�je stoiqe�o t 2 H èqoume ìti

H � Z(G) �topo, diìti Z(G) 6= H;Z(G) � H, dhlad  de�xame ìti V 6= V

i

.

Isqurizìmaste sthn sunèqeia ìti to sÔnolo

f�(�)=� 2 Gg

dra metabatik� sto sÔnolo fV

1

; V

2

; :::; V

r

g (2).
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Gia � 2 G kai i 2 f1; 2; :::; rg èstw

M

�

i

:

8

<

:

H �! K

t 7�! M

�

i

(t) :=M

i

(�t�

�1

)

Estw v 2 V

i

nf0g; t 2 H; � 2 G: Eqoume

(�(t) � �(�))(v) = �(t�)(v) = (�(�) � �(�

�1

t�)(v) =

= �(�)M

i

(�

�1

t�)(v) = �(�)(M

�

i

(t)(v)) =M

�

i

(t)(�(�)(v)) (�)

diìti M

�

i

(t) 2 K:

Estw �(�)(v) =

P

�

j=1

v

j

me v

j

2 V

j

. Sunep¸ èqoume

�(t) � �(�)(v) = �(t)

 

r

X

j=1

v

j

!

=

r

X

j=1

M

j

(t)(v

j

)

(�)

=

r

X

j=1

M

�

i

(t)(v

j

):

Eqoume loipìn ìti gia k�je j = 1; 2; :::; r kai k�je t 2 H isqÔei (M

j

(t)�M

�

i

(t))(v

j

) = 0

sunep¸ M

j

(t) =M

�

i

(t) gia k�je j = 1; 2; :::; r kai t 2 H   v

j

= 0.

Oi parast�sei di� pin�kwn M

1

; :::;M

r

e�nai diaforetikè metaxÔ tou, afoÔ antis-

toiqoÔn se mh isodÔname an� dÔo parast�sei th G. Epomènw den mporoÔme na èqoume

gia perissìtera tou enì j M

j

(t) = M

�

i

(t). Apì thn �llh meri� v 6= 0 kai � e�nai pist 

sunep¸ �(�)(v) 6= 0 opìte up�rqei monadikì j 2 f1; 2; :::; rg tètoio ¸ste M

�

i

= M

j

kai

gi� k�je j

0

6= j isqÔei v

j

0

= 0. Epomènw �(�)(v) = v

j

2 V

j

kai sunep¸ �(�)(V

i

) � V

j

.

Efarmìzoume thn �(�

�1

) kai sta dÔo mèlh kai èqoume

V

i

� �(�

�1

)(V

j

) (a)

An�loga apodeiknÔoume ìti up�rqei k 2 f1; 2; :::rg tètoio ¸ste

�(�

�1

)(V

j

) � V

k

:

Epeid  V

k

� �(�

�1

)(V

j

) \ V

i

6= f0g èpetai V

k

\ V

i

6= f0g. All� èqoume apode�xei piì

mprost� ìti V = �

r

i=1

V

i

, dhlad  kai V

i

\ V

j

= f0g gia i 6= j. Epomènw k = i kai

�(�

�1

)(V

j

) � V

i

(b)
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pr�gma pou shma�nei ìti h �(�)j

V

i

: V

i

�

=

�! V

j

e�nai isoomomorfismì K-dianusmatik¸n

q¸rwn dhlad  ìti o �(�) metajètei ta V

1

; :::; V

r

. Ja de�xoume epiplèon ìti dr� metabatik�.

Estw i

0

2 f1; 2; :::; rg stajerì kai

V

�

:=

X

�2G

�(�)(V

i

0

) 6= f0g

Profan¸ o V

�

� V e�nai dianusmatikì upìqwro tou V kai m�lista V

�

e�nai epiplèon

kai �-annalo�wto. Epeid  h par�stash � e�nai an�gwgh kai V

�

6= f0g èqoume ìti V

�

= V

dhlad  ìti

f�(�)(V

i

0

)=� 2 Gg = fV

1

; :::; V

r

g

to opo�o shma�nei ìti h dr�sh e�nai metabatik .

Estw V

0

= V

i

0

. O V

0

e�nai �j

H

anallo�wto all� ìqi �-anallo�wto. Estw akìmh

H

0

:= ft 2 G=�(t)(V

0

) = V

0

g:

Profan¸ H � H

0

< G, H

0

6= G. Or�zoume

�

0

:

8

<

:

H

0

�! GL(V

0

)

t 7�! �(t)j

V

0

Ja apode�xoume ìti �

0

e�nai mia an�gwgh par�stash th H

0

kaj¸ ep�sei kai ìti:

� = Ind

G

H

0

(�

0

):

H �

0

e�nai, ex orismoÔ, par�stash th H

0

. Estw G =

:

[

l

i=1

�

i

H

0

. Epeid  h �(�) dra

metabatik� sto sÔnolo fV

1

; V

2

; :::; V

r

g èqoume, V =

P

�2G

�(�)V

0

: Ep�sh, lìgw th idiìth-

ta �(h)(V

0

) = V

0

gia k�je h 2 H, èqoume

V =

X

�2G

�(�)V

0

= �

l

i=1

�(�

i

)V

0

:

Lìgw tou jewr mato 4.28 prokÔptei ìti � = Ind

G

H

0

(�

0

). An h par�stash �

0

e�nai mh-

an�gwgh (reduible) tìte up�rqei V

00

< V

0

, V

00

6= V

0

kai V

00

�

0

-anallo�wto tètoio ¸ste:

V

��

:= �

l

i=1

�(�

i

)(V

00

) < V; �

l

i=1

�(�

i

) (V

00

) 6= V ):

Omw o V

��

e�nai �-anallo�wto, diìti an � 2 G tìte ��

i

= �

�(i)

t ìpou � met�jesh tou

sunìlou f1; 2; :::; lg kai an v 2 V

��

; v =

P

l

j=1

�(�

i

)(v

i

) tìte: �(�)(v) =

P

l

i=1

�(�)(�(�

i

)(v

i

)) =
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P

l

i=1

�(�

�(i)

)�(t)(v

i

) 2 V

��

, diìti �(t)(v

i

) 2 V

00

. Sunep¸ o V

��

�-anallo�wto, �topo

afoÔ � an�gwgh. Epomènw anagkastik� kai h �

0

ja e�nai an�gwgh.

Per�ptwsh (II): Estw � �! GL(V ) ìqi en gènnei èna pro èna (injetive). Estw

G

0

:= ker� / G. Estw

�

G := G=G

0

kai

� : G �!

�

G = G=G

0

h kanonik  probol . Estw �� :

�

G �! GL(V ) par�stash th

�

G tètoia ¸ste �� Æ � = �.

G GL(V )

-

�

G = G=G

0

6

H

H

H

H

H

H

H

H

Hj

��

�

�

H �� e�nai an�gwgh afoÔ h � e�nai an�gwgh kai profan¸ èna pro èna, afoÔ G

0

= ker�.

O bajmì th �� e�nai deg�� = dimV > 1. Epomènw h

�

G epalhjeÔei ìle ti pro�pojèsei

th per�ptwsh (I) kai sunep¸ up�rqei

�

H

0

<

�

G;

�

H

0

6=

�

G kai par�stash ��

0

:

�

H

0

�!

GL(V

0

) tètoia ¸ste �� = Ind

�

G

�

H

0

(��

0

). Jètoume H

0

:= �

�1

(

�

H

0

) kai

�

0

:= ��

0

Æ �j

H

0

: H

0

�! GL(V ):

Eqoume loipìn ìti gia k�je t 2 H

0

�

0

(t) = ��

0

(�(t)). H �

0

e�nai an�gwgh, afoÔ h ��

0

e�nai

an�gwgh. An G =

:

[

r

i=1

�

i

H

0

tìte

�

G =

:

[

r

i=1

�(�

i

)

�

H

0

. Epeid  �� = Ind

�

G

�

H

0

(��

0

) èpetai ìti gia

k�je

�

t 2

�

H

0

; ��(

�

t)j

V

0

= ��

0

(

�

t) kai

V = �

r

i=1

��(�(�

i

))(V

0

):

Epomènw gia k�je t 2 H

0

; �(t)j

V

0

= �

0

(t) kai V = �

r

i=1

�(�

i

)(V

0

) opìte, ìpw kai sthn

per�ptwsh (I), èqoume

� = Ind

G

H

(�

0

):

AfoÔ, ex upojèsew, K algebrik� kleistì s¸ma kai har(K) = 0; an g = #G kai �

g

mia prwtarqik  g-r�za th mon�do, tìte o daktÔlio R = ZZ[�

g

℄ � K: Jètoume � := �

g

:

Je¸rhma 5.12 Estw d 2 ZZ kai d � 1

G

2 	

R

(G): Tìte d � 1

G

2 	

ZZ

(G):

139



Apìdeixh:

Eqoume d � 1

G

=

P

r

�=1



�

� Ind

G

H

�

('

i

); ìpou H

�

� G; p

�

-stoiqei¸dh, '

�

: H

�

! K

qarakt re twn H

�

kai 

�

2 R: To gegonì ìti 

�

2 R = ZZ[�℄; sunep�getai ìti 

�

=

P

n�1

i=0

a

�i

�

i

me a

�i

2 ZZ: Epomènw èqoume:

d � 1

G

=

r

X

�=1

n�1

X

i=0

a

�i

�

i

Ind

G

H

�

('

�

) =

n�1

X

i=0

�

i

r

X

�=1

a

�i

Ind

G

H

�

('

�

):

Jètoume �

i

:=

P

r

�=1

a

�i

Ind

G

H

�

('

�

): Profan¸ �

i

2 	

ZZ

(G):

Estw �

1

= 1

G

; �

2

; � � � ; �

l

: G ! K oi an�gwgoi qarakt re th G upèr to K: Tìte

�

i

=

P

l

�=1

b

i�

�

�

me b

i�

2 ZZ: Epomènw:

d � 1

G

= d � �

1

=

l

X

�=1

n�1

X

i=0

�

i

b

i�

�

�

:

W gnwstì oi �

1

; �

2

; � � � ; �

l

e�nai grammik� anex�rthtoi upèr to K (apoteloÔn m�lista

orjog¸nia b�sh !). Sunep¸

d =

n�1

X

i=0

b

i1

�

i

kai 0 =

n�1

X

i=0

b

i�

�

i

; gia � 2 f2; 3; � � � ; lg:

Ara b

01

= d kai b

i1

= 0; 8i = 1; 2; � � � ; n � 1 en¸ b

i�

= 0 gia k�je i = 0; 1; 2; � � � ; n � 1

kai gia k�je � = 2; 3; � � � ; l: Epomènw d � 1

G

= d � �

1

2 	

ZZ

(G):

Orismì 5.13 Estw p pr¸to arijmì, x; x

0

2 G kai

x = �t = t�; x

0

= �

0

t = t

0

�

0

oi analÔsei twn x; x

0

se ginìmeno twn p-omal¸n stoiqe�wn �; �

0

kai twn p-idiazìntwn s-

toiqe�wn t; t

0

; ant�stoiqa.

Ta x; x

0

ja lègontai p-isodÔnama ìtan ta stoiqe�a � kai �

0

e�nai metaxÔ tou isodÔnama.

Wste: x

�

=

p

x

0

() �

�

=

�

0

Profan¸ h sqèsh aut  e�nai sqèsh isodunam�a.

Je¸rhma 5.14 Estw f 2 X

R

(G) kai ìti gia k�je � 2 G; f(�) 2 ZZ: Estw x; x

0

2 G

tètoia ¸ste x

�

=

p

x

0

: Tìte f(x) � f(x

0

)modp:
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Apìdeixh: Estw x = �t = t�; ìpou � p-omalì, t p-idi�zwn.

Arke� na apode�xoume ìti f(x) � f(�)modp; diìti apì thn teleuta�a isodunam�a prokÔptei

amèsw ìti

f(x) � f(�) � f(�

0

) � f(x

0

) (mod p):

Estw t¸ra H :=< x >� G kai f j

H

=

P

l

j=1

a

j

 

j

me a

j

2 R kai  

j

: H ! K an�gwgou

qarakt re th H: Estw r � 0 tètoio ¸ste

t

p

r

= e) x

p

r

= �

p

r

:

Epomènw gia k�je j = 1; 2; � � � ; l isqÔei

 

j

(x

p

r

) =  

j

(�

p

r

); dhlad  gia k�je j = 1; 2; � � � ; l; isqÔei  

j

(x)

p

r

=  

j

(�)

p

r

:

Omw x 2 H =< x > : Epomènw

f(x)

p

r

= (

X

a

j

 

j

(x))

p

r

�

X

a

p

r

j

 

j

(x)

p

r

(mod pR))

) f(x)

p

r

� f(�)

p

r

(mod pR):

Epeid  de f(x); f(�) 2 ZZ ) f(x)

p

r

� f(�)

p

r

modp diìti pZZ = pR \ ZZ: Tèlo, epeid  gia

k�je a 2 ZZ; isqÔei a

p

� amodp (je¸rhma Euler), h teleuta�a sqèsh d�nei

f(x) � f(�) (mod p):

Je¸rhma 5.15 An p e�nai pr¸to arijmì kai t 2 G p-omalì tìte up�rqei

f 2 	

R

(G) me ti parak�tw idiìthte:

1. 8� 2 G; f(�) 2 ZZ

2. 8� 2 G; � 6�

p

t) f(�) = 0

3. f(t)jG kai f(t) 6� 0 (mod p):

Apìdeixh: Estw T =< t >� G kai Z

G

(T ) h kentropoioÔsa th T (de sel. 147),

P � G mia p-upoom�da th G tètoia ¸ste o p na mhn diaire� ton de�kth [C : P ℄: To

gegonì ìti to t e�nai p-omalì sunep�getai ìti o p den diaire� thn t�xh tou t; ord(t) kai

to gegonì ìti h P e�nai p-om�da ìti T \ P = feg opìte TP = T � P � G dhlad  h TP
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e�nai mia p-stoiqei¸dh upoom�da th G:

Estw '

1

; '

2

; � � � ; '

r

: T ! K

�

oi an�gwgoi qarakt re th T (e�nai ìloi tou pr¸tou

bajmoÔ, dhlad  omomorfismo� om�dwn diìti T =< t > kuklik ). Estw m := ord(t):

Tìte '

1

(t); '

2

(t); � � � ; '

r

(t) e�nai ìle m-r�ze th mon�do sto K (1 = '

i

(e) = '

i

(t

m

) =

['

i

(t)℄

m

). Apì thn �llh meri� mia apeikìnish tou t se mia opoiad pote m-r�za th mon�do

e�nai omomorfismì om�dwn T ! K

�

; dhlad  qarakt ra th T: Sunep¸ r = m = #T:

T¸ra,

r = m = #T jg = #G) '

1

(t); '

2

(t); � � � ; '

r

(t) 2 R = ZZ[�℄: (� = �

g

)

Epomènw gia k�je � 2 N

0

isqÔei:

r

X

i=1

'

i

(t)

�

=

8

<

:

r; an � � 0 (mod m)

0; an � 6� 0 (mod m)

Gia i 2 f1; 2; � � � ; rg èstw  

i

: T � P ! K

�

h apeikìnish h opo�a or�zetai w ex :

 

i

(t

�

� y) := '

i

(t

�

) = '

i

(t)

�

:

Ex orismoÔ oi  

i

e�nai qarakt re pr¸tou bajmoÔ th T � P: Estw t¸ra

 :=

r

X

i=1

'

i

(t

�1

) 

i

: T � P ! K

kai

f := Ind

G

T�P

( ) =

r

X

i=1

'

i

(t

�1

)Ind

G

T�P

( 

i

) 2 	

R

(G):

An 0 � � � � < m tìte

 (t

�

y) =

r

X

i=1

'

i

(t

�1

) 

i

(t

�

y) =

r

X

i=1

'

i

(t

�1

)'

i

(t

�

) =

=

r

X

i=1

'

i

(t)

��1

=

8

<

:

0; an � 6= 1

r = #T; an � = 1:

Lìgw tou jewr mato 4:30 èpetai ìti gia k�je � 2 G isqÔei:

f(�) =

1

[T � P : 1℄

�

X

x2G; x

�1

�x2T�P

 (x

�1

�x) =
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=

1

#T �#P

�

X

x2G; x

�1

�x2tP

(#T ) =

�(�)

#P

;

ìpou �(�) = #fx 2 Gjx

1

�x 2 tPg:

Estw t¸ra x 2 G tètoio ¸ste x

�1

�x 2 tP; y 2 xP: Epomènw y = xz me z 2 P kai

x

�1

�x = tw me w 2 P: Upolog�zoume to

y

�1

�y = z

�1

x

�1

�xz = z

�1

twz = tz

�1

wz = t(z

�1

wz) 2 tP:

Sunep¸ to fx 2 Gjx

�1

�x 2 tPg apotele� to sÔnolo twn pleurik¸n kl�sewn xP; th

om�da P: Ara #xP = #P=�(�); opìte f(�) 2 ZZ; dhlad  apode�xame to 1:

Estw �(�) 6= 0: Tìte up�rqei x 2 G kai y 2 P tètoia ¸ste x

�1

�x = ty: An � = �

0

�

0

0

me

�

0

p-omalì kai �

0

0

p-idi�zwn, tìte:

x

�1

�x = (x

�1

�

0

x)(x

�1

�

0

0

x) = ty

ìpou to t e�nai p-omalì kai to y e�nai p-idi�zwn. Lìgw tou monos mantou th par�stash

èqoume t = x

�1

�

0

x

�

=

p

�: Sunep¸, an t 6

�

=

p

� èpetai ìti �(�) = 0 opìte kai f(�) =

#�(�)

#P

=

0; dhlad  apode�xame thn 2:

An t¸ra x

�1

tx = ty me y 2 P tìte y = e: Epomènw

�(t) = #fx 2 Gjx

�1

tx = tg = #Z

G

(T ):

Ara

f(t) =

�(t)

#P

=

#Z

G

(T )

#P

= [Z

G

(T ) : P ℄ 6� 0 (mod p):

Tèlo

f(t) = [Z

G

(T ) : P ℄ j [Z

G

(T ) : 1℄ j [Z

G

(T ) : 1℄) f(t) j g

dhlad  h 3:

Je¸rhma 5.16 An f : G! ZZ mia sun�rthsh kl�sewn suzug�a th G tètoia ¸ste gia

k�je � 2 G; gjf(�); tìte f 2 	

R

(G):

Apìdeixh: Arke� na apode�xoume ìti an � � G mia kl�sh suzug�a th G kai f : G! ZZ

mia sun�rthsh kl�sewn suzug�a th G kai

f(�) = f

�

(�) :=

8

<

:

g; an � 2 �

0; an � 62 �

143



tìte f 2 	

R

(G):

Pr�gmati, tìte ja e�qame

f =

X

��G

f(�)

g

f

�

2 	

R

(G):

Estw p pr¸to arijmì kai p 6j g; dhlad  gia k�je t 2 G to t e�nai p-omalì kai

gia k�je t; t

0

2 G; (t

�

=

p

t

0

, t = t

0

):

Estw t 2 �: Apì thn to je¸rhma 5:15 èpetai ìti up�rqei f

0

2 	

R

(G) tètoio ¸ste gia k�je

� 2 G f

0

(�) 2 ZZ; f

0

j

Gn�

= 0; kai f

0

(t)jg:

T¸ra gia k�je t

0

2 �; f

0

(t

0

) = f

0

(t): Epomènw

f :=

g

f

0

(t)

f

0

2 	

R

(G):

Apìdeixh tou jewr mato B :

Gia k�je p pr¸to arijmì èstw g = n

p

p

r

p

me p na mhn diaire� ton n

p

: Arke� na apode�xoume

ìti, gia k�je p pr¸to isqÔei n

p

� 1

G

2 	

R

(G) ìpou R = ZZ[�℄: (to je¸rhma 5:12 ma d�nei

tìte ìti n

p

� 1

G

2 	

ZZ

(G):)

Pr�gmati, an fn

p

jp pr¸tog = fn

1

; n

2

; � � � ; n

l

g tìte o mègisto koinì diairèth twn

n

1

; n

2

; � � � ; n

l

e�nai 1: Epomènw up�rqoun k

1

; k

2

; � � � ; k

l

2 ZZ tètoioi ¸ste

P

l

k=1

k

i

n

i

= 1:

Dhlad 

1

G

=

l

X

k=1

k

i

n

i

� 1

G

2 	

R

(G)

opìte apì to je¸rhma 5:12 sunep�getai ìti 1

G

2 	

ZZ

(G):

Estw loipìn p pr¸to arijmì. Gia k�je p-kl�sh suzug�a � � G th G èstw f

�

2 	

R

(G)

tètoia ¸ste (de je¸rhma 5:15)

8

>

>

>

<

>

>

>

:

f(�) 2 ZZ 8� 2 G

f

�

j

G��

(�) = 0 kai

f

�

(t) 6� 0 (mod p) 8t 2 �:

Or�zoume f

0

:=

P

��G

f

�

2 	

R

(G): Tìte gia k�je � 2 G isqÔei f

0

(�) 6� 0 (mod p): Gia

f := f

(p�1)p

r

p

�1

0

; èqoume:

f(�) = f

'(p

r

)

0

(�) � 1 (mod p

r

p

); 8� 2 G
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kai, afoÔ f

0

2 	

R

(G) èpetai ìti f 2 	

R

(G): Eqoume

n

p

� 1

G

= n

p

(1

G

� f) + n

p

f � 0 (mod g); diìti g = n

p

� p

r

p

:

Epomènw gjn

p

(1

G

� f)(�) gia k�je � 2 G: Apì to je¸rhma 5:16 èpetai ìti

n

p

(1

G

� f) 2  

R

(G) opìte kai (afoÔ f 2 	

R

(G)), n

p

� 1

G

2 	

R

(G):

Sunep¸ apode�xame kai to je¸rhma B kai ètsi èqoume pl rh thn apìdeixh tou jewr -

mato tou Brauer.

To teleuta�o je¸rhma pou ja apode�xoume ed¸ e�nai èna akìmh je¸rhma tou Brauer,

to opoio ìmw e�qe apodeiqje� polÔ pio mprost� apì ton Aramata (to 1931� 33).

Upenjum�zoume apì ta prohgoÔmena ta ex  (K algebrik� kleistì kai har(K) = 0) :

1. EstwH � G kai  qarakt ra thH kai èstw  

�

= Ind

G

H

o epag¸meno qarakt ra

th  sthn G: Tìte h pollaplìthta me thn opo�a emfan�zetai o 1

H

sthn an�lush

tou  e�nai akrib¸ h �dia me thn pollaplìthta me thn opo�a emfan�zetai o 1

G

sthn

 

�

:

2. �

om

= Ind

G

f1g

�

0

; �

0

: f1g ! K

�

me �

0

(1) = 1:

Epomènw (k�ti pou e�dame kai anex�rthta sto pr¸to kef�laio), sthn �

om

h pollaplìthta

emf�nish th 1

G

e�nai 1:

JewroÔme t¸ra ton qarakt ra �

G

:= �

om;G

� 1

G

kai ja apode�xoume:

Je¸rhma 5.17 (Aramata-Brauer)

O qarakt ra n � �

G

e�nai èna grammikì sunduasmì (me fusikoÔ arijmoÔ san sunte-

lestè) qarakt rwn pou ep�gontai apo qarakt re pr¸tou bajmoÔ kuklik¸n upoom�dwn

th G:

An A mia kuklik  om�da t�xew a; tìte or�zoume thn sun�rthsh:

�

A

:

8

>

>

>

<

>

>

>

:

A �! N

� 7�! �

A

(�) =

8

<

:

a; an A =< � >

0; alli¸

Jètoume �

A

:= '(a)�

om;A

� �

A

(' h sun�rthsh tou Euler) kai �

A

:= 0; ìtan a = 1:

H apìdeixh tou jewr mato e�nai �mesh sunèpeia twn parak�tw dÔo prot�sewn:
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Prìtash 5.18 Estw G peperasmènh om�da t�xew n: Tìte isqÔei ìti:

n � �

G

=

X

Ind

G

A

�

A

;

ìpou to �jroisma diatrèqei ìle ti kuklikè upoom�de th G:

Apìdeixh: Estw  opoiad pote sun�rthsh kl�sewn suzug�a th G: Tìte

<  ; n � �

G

>

G

=<  ; n�

om;G

>

G

� <  ; n � 1

G

>

G

= n �  (1)�

X

�2G

 (�) (1)

Apì thn �llh meri�:

X

A

<  ; Ind

G

A

�

A

>

G

=

X

A

<  j

A

; �

A

>

A

=

X

A

<  j

A

; '(a)�

om;A

� �

A

>

A

=

=

X

A

'(a) <  j

A

; �

om;A

>

A

�

X

A

<  j

A

; �

A

>

A

=

X

A

'(a) (1)�

X

A

1

a

X

� genn tora thA

a (�) = n (1)�

X

�2G

 (�) (2):

Apì ti sqèsei (1) kai (2) èpetai ìti:

<  ; n � �

G

>

G

=

X

A

<  ; Ind

G

A

�

A

>

G

:

Epomènw gia k�je  sun�rthsh kl�sewn suzug�a th G èqoume:

n � �

G

=

X

A

Ind

G

A

�

A

:

Prìtash 5.19 An A 6= f1g tìte h sun�rthsh �

A

e�nai èna grammikì sunduasmì mh-

tetrimmènwn qarakt rwn th A me jetikoÔ akèraiou suntelestè.

Apìdeixh: An A kuklik  om�da t�xew pr¸tou arijmoÔ tìte h prìtash 5:18 ma d�nei:

n � �

A

= �

A

+ �

f1g

= �

A

) �

A

= n � �

om;A

� n � 1

A

pou e�nai grammikì sunduasmì mh tetrimmènwn qarakt rwn th A me jetikoÔ akera�ou

suntelestè, lìgw th gnwst  an�lush th omal  par�stash (de, je¸rhma 1:39; sel.

30).

Gia na apode�xoume ton isqurismì genik� arke� na apode�xoume ìti oi suntelestè th
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an�lush th �

A

w pro tou qarakt re pr¸tou bajmoÔ e�nai akèraioi � 0:

Estw  qarakt ra th A bajmoÔ 1:

<  ; �

A

>

A

=<  ; '(a)�

om;A

� �

A

>

A

= '(a) (1)� <  ; �

A

>

A

=

= '(a) (1)�

X

� genn tora thA

 (�) =

X

� genn tora thA

(1�  (�)):

To �jroisma

P

 (�) w pro ìlou tou genn tore th A e�nai algebrikì akèraio kai

sugqrìnw rhtì arijmì. Epomènw

P

 (�) 2 ZZ: Epi plèon an  mh-tetrimmènh tìte ìla

ta pragmatik� mèrh th 1� (�) e�nai jetik� ìtan � 6= e kai mhdèn ìtan � = e: Sunep¸ to

P

(1� (�)) ja prèpei na e�nai jetikì akèraio. An  = 0 e�nai o tetrimmèno qarakt ra,

tìte to �jroisma ja e�nai profan¸ 0 dhlad  èqoume to sumpèrasma th prìtash.

To je¸rhma 5:17 èqei thn akìloujh shmantik¸tath efarmog  sthn jewr�a twn arijm¸n:

An L=K e�nai epèktash tou Galois algebrik¸n swm�twn arijm¸n kai �

K

(s); �

L

(s) oi �-

sunart sei tou Dedekind aut¸n twn swm�twn, tìte to phl�ko �

L

(s)=�

K

(s) e�nai akera�a

(olìmorfh) sun�rthsh sto C :

Anoiqt  paramènei mèqri s mera h:

Eikas�a 5.20 An L=K epèktash algebrik¸n swm�twn arijm¸n tìte to phl�ko �

L

(s)=�

K

(s)

e�nai sun�rthsh olìmorfh sto C :

Gia mia topologik  prosèggish tou jewr mato tou Brauer o anagn¸sth mpore� na

de� to bibl�o tou Vitor Snaith, Topologial Methods in Galois Representation Theory,

John Wiley and Sons 1989 (idia�tera endiafèronta e�nai to Kef�laio 6 Expliit Brauer

Redution Theory kai to Kef�laio 7 Appliations of Expliit Brauer Indution to Artin

Root Numbers and loal Root Numbers).

O anagn¸sth ja mporoÔse ep�sh na sumbouleuje� th ergas�a twnR.Boltje, V.Snaith,

P.Symonds Algebraiisation of expliit Brauer Indution , Journal of Algebra 148; 504�

527 (1992).
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6 Par�rthma

1. Jewr�a Om�dwn

1.1 Genikìthte

Ena mh-kenì sÔnolo G efodiasmèno me mia prosetairistik  pr�xh ja lègetai om�da ìtan

up�rqei èna monadikì stoiqe�o e 2 G; to opo�o ja lègetai to monadia�o th G; tètoio ¸ste

ge = eg = g gia k�je g 2 G kai, ep� plèon, gia k�je stoiqe�o g 2 G up�rqei èna monadikì

stoiqe�o g

�1

2 G; to opo�o ja lègetai ant�strofo tou g; tètoio ¸ste gg

�1

= g

�1

g = e:

Ja lème ìti ta stoiqe�a g

1

; g

2

th G antimetat�jentai ìtan g

1

g

2

= g

2

g

1

:

Pio genik�, or�zoume ton metajèth dÔo stoiqe�wn g

1

; g

2

2 G;

[g

1

; g

2

℄ := g

1

g

2

g

�1

1

g

�1

2

:

Profan¸ dÔo stoiqe�a g

1

; g

2

th G antimetat�jentai akrib¸ tìte ìtan [g

1

; g

2

℄ = e:

An ìla ta zeug�ria stoiqe�wn thG antimetat�jentai, tìte ja lème ìti hG e�nai antimetajetik 

(abelian ).

An g èna stoiqe�o th G tìte gia n 2 N me g

n

(ant�stoiqa g

�n

ja sumbol�zoume to

ginìmeno n paragìntwn g � g � g � � � g (ant�stoiqa g

�1

� g

�1

� g

�1

� � � g

�1

). Ep�sh or�zoume

g

0

= e:

Ja lème ìti to stoiqe�o g th G e�nai peperasmènh t�xh ìtan up�rqei n 2 N tètoio

¸ste g

n

= e: An g e�nai peperasmènh t�xh, tìte t�xh tou g e�nai o el�qisto fusikì

n tètoio ¸ste g

n

= e: Mia om�da ja lègetai peperasmènh ìtan èqei peperasmèno pl jo

stoiqe�wn. Epeid  ma endiafèroun mìno peperasmène om�de, apì dw kai k�tw ja upo-

jètoume ìti h G e�nai p�ntote peperasmènh. To pl jo twn stoiqe�wn th G ja lègetai

t�xh th om�da G kai ja sumbol�zetai me #G: Ena mh-kenì uposÔnolo H mia om�da G

ja lègetai upoom�da th G an to H apotele� w pro thn pr�xh th om�da G; om�da kai

ja to sumbol�zoume H � G: An t¸ra H � G; or�zoume sthn G thn sqèsh

(g

1

� g

2

)() (g

�1

2

g

1

2 H)

h opo�a, apodeiknÔetai ìti, e�nai sqèsh isodunam�a th G: H kl�sh isodunam�a tou g 2 G

e�nai to sÔnolo gH = fghjh 2 Hg: To pl jo twn kl�sewn isodunam�a lègetai de�kth
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th H sthn G kai sumbol�zetai w ex  [G : H℄:

� IsqÔei, #G = [G : H℄ �#H:

An X; Y uposÔnola th om�da G tìte to ginìmeno twnX kai Y or�zetai san to uposÔnolo

X � Y = fxyjx 2 X; y 2 Y g: An H;K � G tìte to ginìmeno H �K e�nai upoom�da th G

ìtann H �K = K �H:

An G peperasmènh om�da kai H

1

; H

2

� G upoom�de th G tìte

#(H

1

�H

2

) =

(#H

1

) � (#H

2

)

#(H

1

\H

2

)

:

To sÔnolo H

1

gH

2

= fh

1

gh

2

jh

1

2 H

1

kai h

2

2 H

2

g ja lègetai dipl  pleurik  om�da

twn H

1

kai H

2

sthn G: Kai oi diplè pleurikè om�de, ìpw kai oi aplè diamer�zoun thn

om�da G: Epiplèon isqÔei

#(H

1

gH

2

) =

(#H

1

) � (#H

2

)

#(H

1

\ gH

2

g

�1

)

=

(#H

1

) � (#H

2

)

#(g

�1

H

1

g \H

2

)

:

An X uposÔnolo th G me < X > ja sumbol�zoume thn tom  ìlwn twn upoom�dwn th

G pou perièqoun to sÔnolo X: An to X = fxg ja gr�foume < x > ant� gia < X > : Mia

om�da G ja lègetai kuklik  ìtan G =< g > gia k�poio g 2 G: K�je tètoio g autì ja

lègetai genn tora th G:

� An G =< g > kuklik  om�da t�xh n; tìte gia k�je diairèth d tou n up�rqei akrib¸

mia upoom�da th G t�xew d kai m�lista aut  e�nai h < g

n

d

> :

Mia upoom�da H th G ja lègetai anallo�wth (kanonik ) upoom�da th G ìtan gHg

�1

=

H gia k�je g 2 G kai ja sumbol�zetaiH/G: AnH � G tìte or�zoume thn kanonikopoioÔsa

(normalizer) th H sthn G;

N

G

(H) := fg 2 Gjg

�1

Hg = Hg

� ApodeiknÔetai ìtiH/N

G

(H) kai m�lista hN

G

(H) e�nai mègisth m' aut n thn idiìthta.

Epomènw an H / G tìte kat' an�gkh N

G

(H) = G:

Ep�sh or�zoume thn kentropoioÔsa (entralizer) th H sthn G;

Z

G

(H) := fg 2 Gjgh = hg; 8h 2 Hg:
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� H Z

G

(H) e�nai upoom�da th N

G

(H) all� h H den e�nai upoom�da th Z

G

(H) ektì

ki an h H e�nai abelian .

Sthn eidik  per�ptwsh H = G h kentropoioÔsa Z

G

(H) := Z(G); lègetai kèntro th

G:

DÔo stoiqe�a a; b 2 G ja lègontai suzug  ìtan up�rqei g 2 G tètoio ¸ste gag

�1

= b: H

sqèsh th suzug�a twn stoiqe�wn th G e�nai sqèsh isodunam�a.

DÔo upoom�de H

1

; H

2

th G ja lègontai suzuge� ìtan up�rqei g 2 G tètoio ¸ste

H

2

= gH

1

g

�1

:

� To pl jo twn upoom�dwn th G pou e�nai suzuge� pro thn H � G e�nai [G :

N

G

(H)℄:

Oi parap�nw ènnoie tou kanonikopoiht  kai th kentropoioÔsa or�zontai entel¸

an�loga gia opoiod pote uposÔnolo A th G: Eidik�, an A = fag; a 2 G tìte oi

dÔo ènnoie sump�ptoun,

Z

G

(a) = N

G

(a) = fg 2 Gjgag

�1

= ag:

� H kl�sh suzug�a tou a 2 G e�nai to sÔnolo C

a

:= fgag

�1

jg 2 Gg kai epomènw

#C

a

= [G : Z

G

(a)℄ = [G : N

G

(a)℄:

� An X e�nai èna pl re sÔsthma antipros¸pwn twn kl�sewn suzug�a stoiqe�wn th

G tìte:

#G = #Z(G) +

X

a2X;a62Z(G)

[G : Z

G

(a)℄:

1.2 Omomorfismo� kai jewr mata isomorf�a

Estw G kai G

0

dÔo om�de. Ena omomorfismì th G sthn G

0

e�nai mia apeikìnish

' : G! G

0

tètoia ¸ste '(g

1

g

2

) = '(g

1

)'(g

2

) gia ìla ta g

1

; g

2

2 G: An ' omomorfismì

tìte '(e) = e kai '(x

�1

) = '(x)

�1

: O tetrimmèno omomorfismì th G sthn G

0

e�nai autì

pou stèlnei ìla ta stoiqe�a th G sto monadia�o th G

0

: An h ' e�nai kai ep� tìte ja lègetai

epimorfismì, an h ' e�nai kai èna pro èna tìte ja lègetai monomorfismì. An e�nai ep�

kai èna pro èna tìte ja lègetai isomorfismì. H ' : G! G tìte lègetai endomorfismì
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th G kai an e�nai isomorfismì ja lègetai automorfismì th G: DÔo om�de G kai G

0

ja lègontai isìmorfe akrib¸ tìte ìtan up�rqei isomorfismì ' : G! G

0

: H ènnoia tou

isomorfismoÔ om�dwn e�nai mia sqèsh isodunam�a.

An ' : G! G

0

omomorfismì om�dwn, tìte or�zoume ton pur na th '

ker' = fg 2 Gj'(g) = e

0

g

kai thn eikìna th '

im' = fg

0

2 G

0

j9g 2 G t.w '(g) = g

0

g:

EpalhjeÔetai amèsw ìti ker' / G kai ìti im' � G

0

:

� Pr¸to je¸rhma isomorf�a

An ' : G! G

0

omomorfismì om�dwn tìte

G=ker'

�

=

im':

� DeÔtero je¸rhma isomorf�a

An N / G kai H � G tìte

H �N=N

�

=

H=H \N:

� Tr�to je¸rhma isomorf�a

An H / G ;K / G kai K � H; tìte

G=H

�

=

(G=K)=(H=K):

1.3 H summetrik  om�da S

n

Estw X èna sÔnolo. K�je amfimonos manth (èna pro èna kai ep�) apeikìnish tou

X sto X ja lègetai mia met�jesh tou X: To sÔnolo twn metajèsewn tou X ja to

sumbol�zoume me S

X

: To S

X

apotele� om�da me pr�xh thn sÔnjesh sunart sewn.

An t¸ra X = f1; 2; � � � ; ng gia k�poio fusikì arijmì n 2 N tìte h om�da aut  ja lège-

tai summetrik  om�da bajmoÔ n kai ja sumbol�zetai me S

n

: Profan¸ h S

n

e�nai peperasmèn-

h, t�xh n!: Ena stoiqe�o � th S

n

ja lègetai kÔklo m kou r an up�rqoun diakekrimènoi

151



akèraioi 1 � a

1

; � � � ; a

r

� n tètoioi ¸ste �(a

i

) = a

i+1

gia ìla ta

i; 1 � i � r �(a

r

) = a

1

kai �(b) = b gia ìla ta b; 1 � b � n pou e�nai diaforetik� twn a

i

:

Enan tètoio kÔklo ton gr�foume sthn morf  � = (a

1

a

2

� � �a

r

): Fusik� èna tètoio kÔklo

mpore� na grafe� kat� r diaforetikoÔ trìpou. Ja lème akìmh ìti o kÔklo � metakine�

ta a

i

kai af nei stajer� ta b: DÔo kÔkloi ja lègontai xènoi metaxÔ tou ìtan den up�rqei

arijmì pou na metakine�tai kai apì tou duo kÔklou. To ginìmeno dÔo kÔklwn (a

1

� � �a

r

)

kai (b

1

� � � b

s

) gr�fetai (a

1

� � �a

r

)(b

1

� � � b

s

): An �

i

= b

j

tìte to ginìmeno metakine� (stèlnei)

to b

j�1

sto a

i+1

:

� K�je stoiqe�o th S

n

gr�fetai san ginìmeno kÔklwn xènwn metaxÔ tou.

Mia tètoia par�stash th met�jesh ja lègetai mia xènh an�lush se kÔklou. An èqoume

dÔo tètoie analÔsei mia doje�sh met�jesh tìte autè ja prèpei na èqoun kat' an�gkh

tou �diou kÔklou all� pijanìn me k�poia diaforetik  t�xh. Epomènw se k�je met�jesh

tou S

n

mporoÔme na antistoiq�soume mia diamèrish tou n; aut  twn mhk¸n twn kÔklwn pou

emfan�zontai sthn an�lush th met�jesh aut . H diamèrish aut  lègetai dom  kÔklwn

th �: Sun jw parale�poume tou 1-kÔklou sthn an�lush mia met�jesh �:

� Gia opoiod pote n 2 N ; dÔo stoiqe�a th S

n

e�nai suzug  akrib¸ tìte ìtan èqoun

thn �dia dom  kÔklwn.

Oi 2-kÔkloi lègontai kai antimetajèsei. K�je stoiqe�o th S

n

gr�fetai san ginìmeno

antimetajèsewn, ìqi kat' an�gkh xènwn metaxÔ tou, kat� polloÔ diaforetikoÔ trìpou.

Par� taÔta, mpore� na apodeiqje� ìti o arijmì twn antimetajèsewn modulo 2 paramènei

p�ntote o �dio. Epomènw mia met�jesh ja lègetai �rtia (peritt ) ìtan gr�fetai san

ginìmeno antimetajèsewn �rtiou (perittoÔ) pl jou. EÔkola fa�netai ìti to sÔnolo twn

�rtiwn metajèsewn apotele� kanonik  upoom�da th S

n

h opo�a ja lègetai anallo�wth

om�da bajmoÔ n kai ja sumbol�zetai me A

n

:

1.4 Dr�sh om�da se sÔnolo kai ta jewr mata tou Sylow

Estw G om�da kai X sÔnolo. Mia (arister ) dr�sh th G sto X ja e�nai, ex orismoÔ,

mia apeikìnish

8

<

:

G�X �! X

(g; x) 7�! gx
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tètoia ¸ste ex = x gia k�je x 2 X kai g

1

(g

2

x) = (g

1

g

2

)x gia k�je g

1

; g

2

2 G kai x 2 X:

� Up�rqei mia fusik  amfimonos manth antistoiq�a metaxÔ tou sunìlou twn dr�sewn

th mia om�da G se èna sÔnolo X kai tou sunìlou twn omomorfism¸n th G sthn

S

X

:

An h G dra sto, mh-kenì sÔnolo, X; tìte or�zoume mia sqèsh isodunam�a metaxÔ

twn stoiqe�wn tou X: An loipìn x

1

; x

2

2 X tìte x

1

� x

2

tìte kai mìnon tìte ìtan

up�rqei g 2 G tètoio ¸ste x

2

= gx

1

: H kl�sh isodunam�a tou x ja lègetai troqi� tou x;

K

x

= fgxjg 2 Gg: An h G dra sto X kai èqoume mia mìno troqi�, tìte to X ja lègetai

omogen  q¸ro. S' aut  thn per�ptwsh lème kai ìti h G dra metabatik� ep� tou X:

To sÔnolo H

x

= fg 2 Gjgx = xg e�nai upoom�da th G kai lègetai om�da eustaje�a tou

x 2 X:

� IsqÔei #K

x

= [G : H

x

℄:

� Je¸rhma tou Cayley

Estw G = fg

1

; g

2

; � � � ; g

n

g mia peperasmènh om�da. Gia k�je g 2 G èstw gg

i

= g

�(g)(i)

(h �(g)(i) e�nai mia met�jesh tou sunìlou f1; 2; � � � ; ng). IsqÔoun ta ex :

(i) H

8

<

:

G �! S

n

g 7�! �(g)

e�nai monomorfismì om�dwn.

(ii) H �(G) � S

n

dra metabatik� sto sÔnolo f1; 2; � � � ; ng:

(iii) Gia k�je g 6= 1 h �(g) dra sto sÔnolo f1; 2; � � � ; ng qwr� na af nei kanèna

stoiqe�o tou stajerì, dhlad  �(g)(i) 6= i gia k�je i = 1; 2; � � � ; n:

Opw èqoume  dh upojèsei, h om�da ma G e�nai p�ntote peperasmènh. Estw t¸ra p

èna pr¸to arijmì tètoio ¸ste pj#G: Ena stoiqe�o g 2 G ja lègetai p-stoiqe�o ìtan h

t�xh tou e�nai dÔnamh tou p: Mia om�da ja lègetai p-om�da ìtan h t�xh th e�nai dÔnamh

tou p: Mia upoom�da H � G ja lègetai p-upoom�da th G ìtan h t�xh th H e�nai dÔnamh

tou p: K�je stoiqe�o mia p-om�da e�nai p-stoiqe�o.

To jemeli¸de je¸rhma twn peperasmènwn abelian¸n om�dwn:
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� K�je peperasmènh abelian  om�da e�nai eujÔ ginìmeno kuklik¸n p-om�dwn aut .

Mia upoom�da H � G ja lègetai Sylow p-upoom�da th G ìtan èqei t�xh #H = p

r

;

ìpou #G = p

r

�m kai p 6j m: Mia upoom�da th G ja lègetai Sylow upoom�da th G ìtan

e�nai Sylow p-upoom�da gia k�poio pr¸to diairèth p tou #G:

Ta akìlouja apotelèsmata e�nai jemeli¸dh gia thn melèth twn peperamènwn om�dwn.

� Jewr mata tou Sylow

(i) H G èqei toul�qisto mia Sylow p-upoom�da, gia k�je pj#G:

(ii) Ole oi Sylow p-upoom�de e�nai metaxÔ tou suzuge�.

(iii) K�je p-upoom�da th G perièqetai se mia Sylow p-upoom�da th.

(iv) To pl jo twn Sylow p-upoom�dwn th G e�nai isodÔnamo pro to 1modp kai diaire�

to m =

#G

p

r

; (ìpou p 6j m).

Amesh sunèpeia twn jewrhm�twn tou Sylow e�nai to

� Je¸rhma tou Cauhy

H G èqei p�nta èna stoiqe�o t�xh p:

1.5 EpilÔsime om�de

Mia om�da G ja lègetai apl , ìtan oi mìne kanonikè upoom�de th e�nai h feg kai

h G:

Kat' arq n or�zoume thn om�da metajet¸n mia om�da G; san thn upoom�da th pou

par�getai apì tou metajète twn stoiqe�wn th, dhlad 

[G;G℄ =< f[g

1

; g

2

℄jg

1

; g

2

2 Gg > :

Gia k�je fusikì arijmì n � 3 h om�da metajet¸n th S

n

e�nai h A

n

: H [G;G℄ e�nai kanonik 

upoom�da th G kai m�lista me thn idiìthta:

� An N / G tìte G=N abelian  tìte kai mìno tìte ìtan [G;G℄ � N:
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MporoÔme sthn sunèqeia na dhmiourg soume mia akolouj�a upoom�dwn th G :

M

0

(G) = G; M

1

(G) = [G;G℄; M

2

(G) = [M

1

(G);M

2

(G)℄; � � � ;M

n

(G) = [M

n�1

(G);M

n�1

(G)℄; � � �

Sqhmat�zoume kat' autìn ton trìpo mia akolouj�a upoom�dwn

G =M

0

(G) . M

1

(G) . � � � . M

n

(G) . � � �

upoom�dwn thG k�je mia th opo�a e�nai anallo�wto th prohgoÔmenh kaiM

n

(G)=M

n�1

(G)

e�nai abelian .

Mia (n+1)-�da (G

0

; G

1

; � � � ; G

n

) th G ja lègetai kanonik  seir� (m kou n) th G ìtan:

(i) G = G

0

� G

1

� � � � � G

n

= feg

(ii) G

i+1

� G

i

gia k�je i; 0 � i � n� 1:

Oi om�de phl�kwn G

i

=G

i+1

lègontai par�gonte th seir�.

� H Ôparxh kanonik  seir� me abelianoÔ par�gonte mia om�da G e�nai isodÔnamh

me thn Ôparxh fusikoÔ arijmoÔ n 2 N tètoiou ¸ste: M

n

(G) = feg:

H om�da G ja lègetai epilÔsimh ìtan èqei kanonik  seir� me abelianoÔ par�gonte.

� An G epilÔsimh kai H � G; tìte kai h H e�nai epilÔsimh.

� An G epilÔsimh kai N / G tìte kai h G=N e�nai epilÔsimh.

� An N /G kai tìso h N ìso kai h G=N e�nai epilÔsime tìte kai h G e�nai epilÔsimh.

� An h G èqei mia kanonik  seir� tìte aut  e�nai epilÔsimh akrib¸ tìte ìtan ìloi oi

(abeliano�) th par�gonte èqoun t�xh pr¸to arijmì.

Amesh sunèpeia th teleuta�a prìtash e�nai:

� K�je peperamènh p-om�da e�nai epilÔsimh.

Shme�wsh Apode�xei twn prot�sewn jewr�a om�dwn pou anafèrontai mpore� na bre� o

endiaferìmeno anagn¸sth se k�je, sqedìn, bibl�o jewr�a om�dwn. Idia�tera je sunis-

toÔsame to bibl�o twn Alperin kai Bell (de, bibliograf�a)
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2. Dianusmatiko� q¸roi

Estw K èna s¸ma kai V èna K-dianusmatikì q¸ro o opo�o e�nai sugqrìnw kai

daktÔlio me monadia�o. An gia k�je v; w 2 V kai k�je a 2 K isqÔei:

(av)w = a(vw) = v(aw)

tìte lème ìti o V e�nai mia K-�lgebra.

Estw t¸ra V kai W dÔo K-dianusmatiko� q¸roi peperasmènh di�stash. To sÔnolo

twnK-omomorfism¸n tou V stonW g�netai kat� fusiologikì trìpo èna K-dianusmatikì

q¸ro o opo�o ja sumbol�zetai me: Hom

K

(V;W ):

Sthn eidik  per�ptwsh pou V = W o K-dianusmatikì q¸ro End

K

(V ) := Hom

K

(V; V )

e�nai kai daktÔlio me monadia�o me pr�xh thn sÔnjesh endomorfism¸n kai m�lista mia

K-�lgebra.

H om�da twn mon�dwn tou daktul�ou End

K

(V ) taut�zetai me thn om�da twn

K-automorfism¸n tou V kai ja sumbol�zetai me GL(V ):

Estw t¸ra ìti dim

K

V = m kai dim

K

W = n: Tìte o K-dianusmatikì q¸ro

Hom

K

(V;W ) e�nai isìmorfo pro tonK-dianusmatikì q¸ro twn n�m-pin�kwnM

n;m

(K):

H isomorf�a aut  d�netai w ex :

Estw v = (v

1

; v

2

; � � � ; v

m

) kai w = (w

1

; w

2

; � � � ; w

n

) opoiesd pote b�sei twn V kai W

ant�stoiqa. O isomorfismì d�netai apì thn:

�

v;w

:

8

<

:

Hom

K

(V;W )

�

=

�! M

n;m

(K)

f 7�! A(f) = [a

ij

℄

i=1;2;���;n;j=1;2;���;m

;

ìpou f(v

j

) =

P

n

i=1

a

ij

w

i

:

Estw t¸ra U; V;W tre� K-dianusmatiko� q¸roi peperasmènh di�stash kai oi

K-omomorfismo� g : U ! V kai f : V ! W: An u; v; w e�nai b�sei twn U; V;W ant�stoiqa,

tìte isqÔei:

�

u;w

(f Æ g) = �

v;w

(f) � �

u;v

(g)

An p�li V = W me dim

K

V = n; tìte h parap�nw apeikìnish

�

v;v

: End

K

(V ) �!M

n

(K)
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e�nai ìqi mìno isomorfismì K-dianusmatik¸n q¸rwn all� kai daktul�wn kai m�lista i-

somorfismì K-algebr¸n. Epomènw h om�da twn mon�dwn tou End

K

(V ) apeikon�zetai

isìmorfa sthn mon�da twn mon�dwn tou daktul�ou twn n� n pin�kwn M

n

(K); GL

n

(K);

dhlad  h �

v

:

�

v

: GL(V )

�

=

�! GL

n

(K)

e�nai isomorfismì om�dwn.

157



3. Jewr�a tou Galois

3.1 Genikìthte

Estw K s¸ma. An up�rqei fusikì arijmì n tètoio ¸ste na = 0 gia k�je a 2 K

tìte o el�qisto fusikì arijmì m' aut  thn idiìthta, o opo�o kat' an�gkh ja e�nai

pr¸to arijmì, ja lègetai qarakthristik  tou s¸matoK: An den up�rqei tètoio fusikì

arijmì ja lème ìti to s¸ma e�nai qarakthristik  mhdèn. K�je s¸ma qarakthristik 

mhdèn perièqei (isìmorfa) to s¸ma twn rht¸n arijm¸n Q en¸ k�je s¸ma qarakthristik 

p (p pr¸to arijmì) perièqei san upìswma to peperasmèno s¸ma twn p-stoiqe�wn F

p

:

An to s¸ma L perièqei san upìswma to s¸ma K tìte ja lème ìti to L e�nai epèktash

tou K kai ja to sumbol�zoume L=K: An to s¸ma L e�nai epèktash tou s¸mato K tìte to

L e�nai èna K-dianusmatikì q¸ro. Thn di�stash tou L san K-dianusmatikì q¸ro ja

thn lème bajmì th epèktash L=K:

D�netai mia epèktash L=K: Ena stoiqe�o a tou L ja lègetai algebrikì w pro to K

ìtan up�rqei polu¸numo f(x) 6= 0 me suntelestè apì to s¸ma K to opo�o na èqei to a san

r�za. H epèktash L=K ja lègetai algebrik  ìtan k�je stoiqe�o a tou L e�nai algebrikì

w pro to K:

� K�je peperasmènh (peperasmènou bajmoÔ ) epèktash L=K e�nai, kat' an�gkh, alge-

brik .

An t¸ra L=K mia epèktash swm�twn kai a

1

; a

2

; � � � ; a

n

2 L me K(a

1

; a

2

; � � � ; a

n

) ja sum-

bol�zoume to el�qisto upìswma pou perièqei to K kai ta a

1

; a

2

; � � � ; a

n

: Ja lème ìti e�nai

to s¸ma pou prokÔptei apì K me episÔnayh twn a

1

; a

2

; � � � ; a

n

:

� An ta stoiqe�a a

1

; a

2

; � � � ; a

n

tou L e�nai algebrik� stoiqe�a w pro to K tìte to

K(a

1

; a

2

; � � � ; a

n

) = ff(a

1

; a

2

; � � � ; a

n

)jf(X

1

; X

2

; � � � ; X

n

) 2 K[X

1

; X

2

; � � � ; X

n

℄g

� An L mia epèktash tou s¸mato K kai a èna algebrikì stoiqe�o w pro to K; tìte

isqÔei [K(a) : K℄ = degIrr(a;K); ìpou Irr(a;K) to an�gwgo polu¸numo tou a w

pro to K:

Mia epèktash L=K ja lègetai s¸ma analÔsew tou poluwnÔmou f(X) 2 K[X℄ w pro
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to K; an to f(X) analÔetai pl rw ston daktÔlio L[X℄; dhlad  an

f(X) = �(X � a

1

)(X � a

2

) � � � (X � a

n

)

kai epiplèon isqÔei L = K(a

1

; a

2

; � � � ; a

n

):

� Gia k�je polu¸numo f(X) me suntelestè apì èna s¸ma K up�rqei èna s¸ma

analÔsew tou f(X) w pro to K kai m�lista e�nai (modulo isomorf�a) monadikì.

H epèktash L=K ja lègetai epèktash tou Galois ìtan up�rqei mia peperasmènh om�da

automorfism¸n tou L pou èqei san s¸ma stajer¸n stoiqe�wn to K: (S¸ma stajer¸n

stoiqe�wn mia om�da automorfism¸n enì s¸mato L e�nai ta upìswma tou L tou opo�ou

ta stoiqe�a paramènoun stajer� w pro ìla ta stoiqe�a th om�da.)

� An L=K epèktash tou Galois kai G(L=K) h om�da tou Galois th epèktash aut ,

tìte up�rqei èna antiisomorfismì metaxÔ twn upoom�dwn th G kai twn endi�meswn

swm�twn F; K � F � L:

� An L=K epèktash tou Galois kai F s¸ma, K � F � L tìte h L=F e�nai p�ntote

epèktash tou Galois en¸ h F=K e�nai epèktash tou Galois akrib¸ tìte ìtan h om�da

H twn stajer¸n stoiqe�wn tou F e�nai kanonik  upoom�da th G:

Ena polu¸numo f(X) me suntelestè apì to s¸ma K ja lègetai diaqwr�simo w pro to

K ìtan up�rqei mia epèktash L tou K tètoia ¸ste k�je an�gwgo par�gonta tou f(X)

ston daktÔlio K[X℄ analÔetai ston daktÔlio L[X℄ se ginìmeno diafìrwn metaxÔ tou

paragìntwn pr¸tou bajmoÔ.

� H epèktash L=K e�nai epèktash tou Galois akrib¸ tìte ìtan to L e�nai s¸ma

analÔsew enì diaqwris�mou w pro to K poluwnÔmou f(X) 2 K[X℄:

Mia epèktash L tou s¸mato K ja lègetai kanonik  epèktash tou K an e�nai al-

gebrik  kai ep� plèon k�je an�gwgo polu¸numo me suntelestè apì to s¸ma K to

opo�o èqei mia r�za sto L; èqei ìle tou ti r�ze sto L:

� H epèktash L=K e�nai kanonik  epèktash tou K akrib¸ tìte ìtan to L e�nai s¸-

ma analÔsew w pro to K k�poiou poluwnÔmou f(X) 2 K[X℄ (Sunep¸ k�je

epèktash tou Galois e�nai kanonik ).
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Ena stoiqe�o a th epekt�sh L tou s¸mato K ja kale�tai diaqwr�simo w pro to K

ìtan up�rqei èna diaqwr�simo w pro to K polu¸numo f(X) 2 K[X℄ tou opo�ou to a e�nai

r�za. H epèktash L=K ja lègetai diaqwr�simh, an k�je stoiqe�o tou L e�nai diaqwr�simo

w upèr to K:

� K�je algebrik  epèktash L tou s¸mato K qarakthristik  mhdèn e�nai diaqwr�simh

w pro to K:

� K�je epèktash tou Galois L tou s¸mato K e�nai diaqwr�simh w pro to K:

� An L e�nai mia peperasmènh kai kanonik  epèktash tou s¸mato K qarakthristik 

mhdèn tìte h epèktash L=K e�nai epèktash tou Galois.

H epèktash L tou s¸mato K ja lègetai apl  ìtan up�rqei èna stoiqe�o � 2 L tètoio

¸ste L = K(�): An to � e�nai algebrikì w pro to K tìte h epèktash L=K ja lègetai

apl  algebrik .

� K�je peperasmènh kai diaqwr�simh epèktash L tou s¸mato K e�nai apl  algebrik 

kai, epomènw, k�je pepersmènh epèktash L tou s¸mato K qarakthristik  mhdèn

e�nai apl  algebrik .

3.2 Oi r�ze th mon�da

Estw K s¸ma, n èna fusikì arijmì kai to polu¸numo X

n

� 1 2 K[X℄: Oi r�ze

tou poluwnÔmou autoÔ se mia epèktash tou s¸mato K ja lègontai r�ze th mon�da.

Ena s¸ma analÔsew L tou poluwnÔmou X

n

� 1 w pro to K lègetai s¸ma twn n-

riz¸n th mon�da. An K = Q tìte to L lègetai n-ostì kuklotomikì s¸ma.

� An h qarakthristik  tou s¸mato K e�nai mhdèn   hK 6j n tìte oi r�ze �

1

; �

2

� � � ; �

n

tou poluwnÔmou X

n

� 1 2 K[X℄ se èna s¸ma analÔsew L tou X

n

� 1 w pro to

K apoteloÔn kuklik  pollaplasiastik  om�da.

Mia n-r�za th mon�da th opo�a h t�xh e�nai akrib¸ n (genn tora th om�da) lègetai

prwtarqik  n-r�za th mon�da. E�nai gnwstì (de par�rthma jewr�a om�dwn) ìti an �

prwtarqik  n-r�za th mon�da tìte h dÔnamh �

�

(� = 1; 2; � � � ; n� 1) e�nai prwtarqik  n-

r�za th mon�da akrib¸ tìte ìtan oi arijmo� �; n e�nai pr¸toi metaxÔ tou. To pl jo twn
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prwtarqik¸n n-riz¸n th mon�da e�nai �so me to pl jo twn pr¸twn kl�sewn upolo�pwn

modn kai d�netai apì thn gnwst , apì thn stoiqei¸dh arijmojewr�a, sun�rthsh tou Euler

'(n):

An t¸ra � mia prwtarqik  n-r�za th mon�da w pro to s¸ma K tìte to polu¸numo

�

n

(X) =

Y

0<�<n;(�;n)=1

(X � �

�

) 2 K[X℄

èqei bajmì '(n):

� An h qarakthristik  tou s¸mato K e�nai mhdèn tote to �

n

(X) èqei akèraiou sun-

telestè me suntelest  megalÔterh dÔnamh tou X èna kai e�nai an�gwgo ston

daktÔlio K[X℄:

� An K s¸ma qarakthristik  mhdèn   hk 6j n kai L èna s¸ma analÔsew w pro to

K tou poluwnÔmou X

n

� 1 2 K[X℄ kai � mia prwtarqik  n-r�za th mon�da sto L;

tìte

(i) L = K(�):

(ii) H epèktash K(�)=K e�nai epèktash tou Galois.

(iii) H om�da Galois th epekt�sew K(�)=K e�nai isìmorfh pro mia upoom�da th

om�da twn pr¸twn kl�sewn upolo�pwn modulo n:

(iv) O [K(�) : K℄ diaire� to '(n):

Amesh sunèpeia tou teleuta�ou jewr mato e�nai h prìtash:

� An � mia prwtarqik  n-r�za tou poluwnÔmou X

n

� 1 2 Q [X℄ tìte [Q(�) : Q ℄ =

'(n) kai h om�da Galois th epekt�sew Q(�)=Q e�nai isìmorfh pro thn om�da

twn pr¸twn kl�sewn upolo�pwn modulo n (h om�da twn antistrèyimwn stoiqe�wn

(mon�dwn) tou daktul�ou ZZ=nZZ)

Shme�wsh: Bibl�o jewr�a Galois ja sunistoÔsame to bibl�o tou K. L�kkh, Algebra.
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4. Akèraioi Algebriko�

4.1 Akeraiìthta

Ena migadikì arijmì � ja lègetai akèraio algebrikì ìtan up�rqei èna polu¸numo

f(X) me suntelestè akera�ou kai suntelest  tou megistobajm�ou ìrou tou èna, tètoio

¸ste f(�) = 0:

� O migadikì arijmì � e�nai akèraio algebrikì akrib¸ tìte ìtan h prosjetik 

om�da (  ZZ-module!) pou par�getai apì ti dun�mei tou �; 1; �; �

2

; � � � e�nai

peperasmèna paragìmenh.

� To sÔnolo ìlwn twn algebrik¸n arijm¸n

~

Q apotele� upìswma tou s¸mato twn

migadik¸n arijm¸n. To sÔnolo ìlwn twn akera�wn algebrik¸n

~

ZZ apotele� upodak-

tÔlio tou s¸mato

~

Q :

� O algebrikì arijmì � 2

~

Q e�nai akèraio algebrikì arijmì akrib¸ tìte ìtan

to an�gwgo polu¸numo tou � w pro to Q èqei suntelestè sto ZZ:

Epomènw Q \

~

ZZ = ZZ:

4.2 Norm kai �qno

Ena s¸ma K (K � C ) ja lègetai algebrikì s¸ma arijm¸n ìtan h epèktash K=Q e�nai

peperasmènh. Epomènw an K algebrikì s¸ma arijm¸n tìte h epèktash K=Q ja e�nai

algebrik  kai, epeid  harQ = 0; ja e�nai kai diaqwr�simh.

H epèktash K=Q e�nai peperasmènh kai diaqwr�simh. Ara e�nai apl , dhlad  up�rqei èna

stoiqe�o � 2 K tètoio ¸ste K = Q (�): AfoÔ � diaqwr�simo upèr to Q èpetai ìti to

an�gwgo polu¸numo tou � upèr to Q èqei ìle ti r�ze tou aplè.

An

~

Q e�nai to s¸ma ìlwn twn algebrik¸n arijm¸n (h algebrik  j kh tou Q sto C ) tìte

profan¸ K �

~

Q :

K�je monomorfismì swm�twn � : K ,!

~

Q tètoio ¸ste o periorismì tou sto Q na e�nai

tautìthta sto Q ja lègetai emfÔteush th K=Q (sto

~

Q ).

� Up�rqoun n akrib¸ n := [K : Q ℄ emfuteÔsei th K=Q sto

~

Q : Oi eikìne enì

stoiqe�ou � tou K mèsw twn emfuteÔsewn th K=Q lègontai suzug  stoiqe�a tou

�:
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To sÔnolo B = f1; �; � � � ; �

n�1

g e�nai mia b�sh th epèktash K=Q : An loipìn � 2 L tìte

up�rqoun a

ji

2 Q (i; j = 1; 2; � � � ; n) tètoioi ¸ste

��

i

=

n�1

X

j=0

�

ji

�

j

(i = 1; 2; � � � ; n):

O p�naka A(�) := (a

ji

) 2M

n

(Q) ja lègetai p�naka par�stash tou �:

Norm tou � w pro thn epèktash K=Q or�zetai na e�nai h tim  th or�zousa tou

A(�); N

K=Q

(�) := detA(�):

San �qno tou � w pro thn epèktash K=Q or�zetai to �qno tou p�naka A(�):

� Profan¸ N

K=Q

(�) 2 Q kai m�lista

N

K=Q

(�) = 0() � = 0:

Epeid  ep� plèon h norm e�nai kai pollaplasiastik , èpetai ìti h apeikìnish

N

K=Q

: K

�

�! Q

�

e�nai omomorfismì om�dwn.

An � 2 K tìte N

K=Q

(�) =

Q

n

i=1

�

i

(�) ìpou �

i

oi emfuteÔei th K=Q sto

~

Q :

Shme�wsh: Ed¸ ja sunistoÔsame ston endiaferìmeno anagn¸sth ti shmei¸sei tou

suggrafèa tou parìnto bibl�ou me t�tlo {Algebrik  Jewr�a Arijm¸n I}.
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