1

Perieqìmena

1 Klasikă jemelÐwsh thc jewrÐac parastĹsewn 1 1.1 Jemeliÿdeic ènnoiec . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Anagwgisimìthta, jeÿrhma tou Maschke . . . . . . . . . . . . . . . . . . . 10 1.3 O qaraktărac miac parĹstashc

kai to lămma tou Schur . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 1.4 Sqèseic orjwgoniìthtac twn qaraktărwn kai anĹlush thc omalăc parĹstashc 26 1.5 Plăjoc anagÿgwn parastĹsewn kai sqèseic orjogwniìthtac . . . . . . . . 31 1.6 Merikèc efarmogèc, sqèseic orjogwniìthtac . . . . . . . . . . . . . . . . . 35

2 Efarmogèc 38 2.1 Timèc qaraktărwn kai akeraiìthta . . . . . . . . . . . . . . . . . . . . . . . 38 2.2 Kanonikèc upoomĹdec kai to (p, q)-jeÿrhma tou Burnside. . . . . . . . . . . 45

3 Emmy Noether kai jewrÐa parastĹsewn 54 3.1 Modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 3.2 ParastĹseic kai module parastĹsewn . . . . . . . . . . . . . . . . . . . . 64 3.3 Domă kai taxinìmhsh twn K[G]-modules

ìtan h qarakthristikă tou K den diaireÐ thn tĹxh thc G . . . . . . . . . . . 75

4 Epagÿmenec parastĹseic 84 4.1 TanustikĹ ginìmena . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 4.2 Epagÿmenec parastĹseic kai qaraktărec . . . . . . . . . . . . . . . . . . . 99 4.3 PÐnakec qaraktărwn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

5 To jeÿrhma tou Brauer 130 5.1 Prolegìmena . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130 5.2 Jeÿrhma tou Brauer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6 ParĹrthma 148

7 BibliografÐa 164

Eisagwgă

Estw G mia peperasmènh omĹda. Ti ja eÐnai mia parĹstash thc G; Akribă orismì ja dÿsoume se lÐgo. GenikĹ pĹntwc ja mporoÔsame na poÔme ìti eÐnai ènac omomorfismìc thc G se mÐa Ĺllh omĹda G^′, h opoÐa jewreÐtai pio {sugkekrimènh}, dhladă omĹda sthn opoÐa mporoÔme na {logariĹzoume} pio eÔkola. H omĹda G^′ mporeÐ na eÐnai, paradeÐgmatoc qĹrin, mia omĹda metajèsewn ă mia omĹda pinĹkwn me suntelestèc apì èna sÿma.

H jewrÐa prwtoanaptÔqjhke sta tèlh tou perasmènou kai stic arqèc tou eikostoÔ aiÿna kurÐwc apì touc Frobenius, Burnside kai Schur. Sthn sunèqeia shmantikă upărxe kai h suneisforĹ thc E. Noether h opoÐa eisăgage sta 1929 thn ènnoia tou module. KatĹ thn perÐodo 1930−1950 akoloÔjhsan jemeliÿdh apotelèsmata tou R. Brauer. Almatÿdhc upărxe h anĹptuxă thc metĹ ton deÔtero pagkìsmio pìlemo kai, den ja ătan uperbolă an kĹpoioc upostărize ìti, sămera qrhsimopoieÐtai se kĹje sqedìn klĹdo twn Majhmatikÿn, qwrÐc na anaferjoÔme stic efarmogèc pou brÐskei kai se Ĺllouc klĹdouc twn fusikÿn episthmÿn.

AkoloujeÐtai pistĹ h Ôlh tou omÿnumou majămatoc pou didĹsketai stouc metaptuqiakoÔc foithtèc tou MajhmatikoÔ Tmămatoc tou PanepisthmÐou Krăthc. Oi gnÿseic pou proüpojètei eÐnai sqedìn ìlec proptuqiakoÔ epipèdou kai autì epitrèpei ston prwtoetă metaptuqiakì, allĹ Ðswc kai proptuqiakì endiaferìmeno, foithtă mia eÔkolh prìsbash. Sto tèloc tou biblÐou akoloujeÐ parĹrthma ìpou dÐnontai ìloi oi anagkaÐoi orismoÐ kai diatupÿnontai oi protĹseic pou qrhsimopoioÔntai sthn anĹptuxh thc Ôlhc tou biblÐou. Bèbaia meletoÔntai kai pio sÔnjeta apotelèsmata, ìpwc to jeÿrhma tou Brauer (Brauer’s theorem on induced characters), to jeÿrhma twn Aramata-Brauer, k.l.p. Se genikèc grammèc ja mporoÔse na peÐ kaneÐc ìti kalÔptetai ìlh sqedìn h Ôlh tou I kai II mèrouc tou biblÐou tou Serre ([Se]).

Enac apì touc skopoÔc thc èkdoshc tou parìntoc biblÐou eÐnai na qrhsimopoihjoÔn gia thn proetoimasÐa metaptuqiakÿn foithtÿn pou metakinoÔntai sta diĹfora Panepistămia tou eurwpaïkoÔ diapanepisthmiakoÔ diktÔou ERASMUS (MajhmatikĹ kai Jemeliÿdeic Efarmogèc ICP-G-1010). Ja ăjela na ekfrĹsw tic euqaristÐec mou proc ton suntonistă tou progrĹmmatoc sunĹdelfo SpÔro Pneumatikì o opoÐoc mou èkane thn timă na sumperilĹbei to parìn biblÐo sthn seirĹ episthmonikÿn monografiÿn tou progrĹmmatìc tou.

Jermèc epÐshc euqaristÐec qrwstÿ stouc majhtèc mou JanĹsh Bèssh kai AristeÐdh Kontogeÿrgh gia thn hlektronikă epexergasÐa tou keimènou.

HrĹkleio 1.10.1996, GiĹnnhc A. AntwniĹdhc

ShmeÐwsh To parìn biblÐo epanekdÐdetai mèsw tou progrĹmmatoc EPEAEK {PROMH- JEAS}. O suggrafèac epijumeÐ na ekfrĹsei tic jermèc tou euqaristÐec proc thn episthmonikă epitropă axiolìghshc kai idiaÐtera proc ton episthmonikì upeÔjuno tou progrĹmmatoc, An. Kajhghtă kÔrio Giÿrgo TzirÐta.

HrĹkleio, 22.12.1998

1 Klasikă jemelÐwsh thc jewrÐac parastĹsewn

1.1 Jemeliÿdeic ènnoiec

Orismìc 1.1 Estw G mia peperasmènh omĹda kai K èna sÿma.

(1) Mia (grammikă) parĹstash thc G upèr to K eÐnai ènac omomorfismìc ρ : G −→ GL(V ) thc omĹdac G sthn genikă grammikă omĹda GL(V ), enìc, peperasmènhc diĹstashc, K−dianusmatikoÔ qÿrou V. O K-dianusmatikìc qÿroc V ja lègetai qÿroc parĹstashc thc ρ kai h dim_K V ja lègetai bajmìc thc parĹstashc ρ kai ja sumbolÐzetai me degρ.

(2) Mia parĹstash dia pinĹkwn M thc G upèr to K eÐnai ènac omomorfismìc M : G −→ GL_n(K) thc omĹdac G sthn genikă grammikă omĹda n-ostoÔ bajmoÔ upèr to K, GL_n(K) ìpou n kĹpoioc fusikìc arijmìc.

O fusikìc autìc arijmìc n ja lègetai bajmìc thc parĹstashc dia pinĹkwn M. Parathrăseic :

(1) ParastĹseic dia pinĹkwn kai (grammikèc) parastĹseic me qÿro parĹstashc ton K^n, eÐnai to Ðdio prĹgma, an tautÐsei kaneÐc thn omĹda GL(K^n) me thn GL_n(K), mèsw tou isomorfismoÔ

Φ_e : GL(K^n)^{∼=}−→ GL_n(K) (e eÐnai h kanonikă bĹsh tou K^n.)

(2) Gia kĹje bĹsh u tou V h dojeÐsa parĹstash ρ : G → GL(V ) epĹgei mia parĹstash dia pinĹkwn thc G, thn ρ_u := Φ_u ∘ ρ : G −→ GL_n(K) (n = dim_K V ). H ρ_u ja lègetai parĹstash dia pinĹkwn antÐstoiqh thc parĹstashc ρ wc proc thn bĹsh u.

An pĹli, antÐstrofa, M : G → GL_n(K) eÐnai mia parĹstash dia pinĹkwn thc G kai V ènac K-dianusmatikìc qÿroc diĹstashc n, tìte, dojeÐshc miac bĹshc u tou V, upĹrqei (grammikă) parĹstash ρ_u : G → GL(V ) tètoia ÿste M = ρ_u = Φ_u ∘ ρ, dhladă to akìloujo diĹgramma G GL(K^n) = GL(V )

GL_n(K) Φ_u ρ_u

M

eÐnai antimetajetikì.

(3) An M_1 eÐnai mia parĹstash dia pinĹkwn thc ρ wc proc thn bĹsh u_1 tou V kai M_2 epÐshc mia parĹstash dia pinĹkwn thc G wc proc thn bĹsh u_2 tou V, tìte profanÿc upĹrqei T ∈ GL_n(K) tètoioc ÿste: M_2(σ) = T · M_1(σ) · T^{−1}, ∀σ ∈ G. O T eÐnai o pÐnakac metasqhmatismoÔ twn dÔo bĹsewn. Fusiologikìc loipìn eÐnai o akìloujoc:

Orismìc 1.2 Estw G peperasmènh omĹda, K sÿma kai V_1, V_2 dÔo K-dianusmatikoÐ qÿroi peperasmènhc diĹstashc.

DÔo parastĹseic dia pinĹkwn thc G, M_i : G → GL_{ni} (K) (i = 1, 2) ja lègontai isodÔnamec ìtan n_1 = n_2 := n kai upĹrqei T ∈ GL_n(K) tètoioc ÿste

M_2(σ) = T · M_1(σ) · T^{−1}, (∀σ ∈ G).

Apì ta parapĹnw gÐnetai fanerì ìti se kĹje parĹstash ρ thc G antistoiqeÐ mia klĹsh isodunĹmwn parastĹsewn dia pinĹkwn thc G.

Orismìc 1.3 DÔo (grammikèc) parastĹseic

ρ_i : G −→ GL(V_i) (i = 1, 2) ja lègontai isodÔnamec (ρ_1 ∼ ρ_2) ìtan upĹrqei isomorfismìc dianusmatikÿn qÿrwn φ : V_1^{∼=}−→ V_2 tètoioc ÿste ρ_2(σ) = φ ∘ ρ_1(σ) ∘ φ^{−1} (∀σ ∈ G), dhladă to diĹgramma:

V_1

V_1 V_2

V_2 ∼= φ

φ ∼= ρ_1(σ) ρ_2(σ) ∼= ∼=

eÐnai gia kĹje σ ∈ G antimetajetikì.

To ìti dÔo parastĹseic ρ_1 kai ρ_2 eÐnai isodÔnamec, shmaÐnei ìti, an tautÐsoume touc V_1 kai V_2 mèsw tou isomorfismoÔ φ, tìte oi ρ_1 kai ρ_2 tautÐzontai. An loipìn jewrăsoume mia bĹsh u_1 tou V_1 kai u_2 := φ(u_1) tou V_2, tìte oi antÐstoiqec parastĹseic dia pinĹkwn M_1 kai M_2 thc G wc proc tic bĹseic autèc sumpÐptoun. Autì shmaÐnei ìti oi parastĹseic dia pinĹkwn pou antistoiqoÔn stic (grammikèc) parastĹseic ρ_1 kai ρ_2 wc proc thn katĹllhlh (sumbibastă) eklogă twn bĹsewn tautÐzontai kai eÐnai isodÔnamec metaxÔ touc wc proc opoiadăpote eklogă twn bĹsewn.

AntÐstrofa, upojètoume ìti gia kĹpoia eklogă bĹsewn u_1 kai u_2 twn V_1 kai V_2 antistoÐqwc oi parastĹseic ρ_1 kai ρ_2 orÐzoun isodÔnamec parastĹseic dia pinĹkwn M_1 kai M_2. Tìte me katĹllhlh eklogă twn bĹsewn oi ρ_1 kai ρ_2 orÐzoun tautotikèc parastĹseic dia pinĹkwn kai sunepÿc oi ρ_1 kai ρ_2 eÐnai metaxÔ touc isodÔnamec.

Epomènwc: UpĹrqei mia amfimonosămanth apeikìnish anĹmesa stic klĹseic isodunĹmwn parastĹsewn thc G upèr to K kai stic klĹseic isodunĹmwn parastĹsewn dia pinĹkwn thc G upèr to K.

ParadeÐgmata :

(1) H monadiaÐa parĹstash n-ostoÔ bajmoÔ: ρ_0 : G −→ GL(V ), ρ_0(σ) = id_V ∀σ ∈ G, ìpou dim_K V = n. (1^′) H monadiaÐa parĹstash tou qÿrou V = {0} ja lègetai mhdenikă parĹstash. (2) ParastĹseic 1ou bajmoÔ eÐnai oi omomorfismoÐ omĹdwn: G −→ K^∗ (= GL_1(K) ∼= GL(K)).

(3) Estw ρ_i : G → GL(V_i) i = 1, 2 parastĹseic thc omĹdac G. H parĹstash:

ρ_1 ⊕ ρ_2 : G −→ GL(V_1 ⊕ V_2) σ −→ (ρ_1(σ), ρ_2(σ)) ja lègetai eujÔ Ĺjroisma twn ρ_1 kai ρ_2. An M_1, M_2 eÐnai parastĹseic dia pinĹkwn thc G antÐstoiqec twn ρ_1, ρ_2, tìte:

(M_1 ⊕ M_2)(σ) =

M^1(σ) 0 0 M_2(σ) , ∀σ ∈ G.

Profanÿc, deg(ρ_1 ⊕ ρ_2) = degρ_1 + degρ_2.

(4) ParastĹseic thc summetrikăc omĹdoc n-stoiqeÐwn S_n :

Estw V K-dianusmatikìc qÿroc me diĹstash dim_K V = n kai èstw v = (v_1, v_2, · · · , v_n) mia bĹsh autoÔ. KĹje τ ∈ S_n orÐzei ènan automorfismì tou V

ρ(τ) : V −→ V v_i −→ v_{τ (i)} (i = 1, 2, · · · , n) H apeikìnish ρ : S_n −→ GL(V ) τ −→ ρ(τ) eÐnai monomorfismìc.

Epomènwc h ρ eÐnai mia n-diĹstath parĹstash thc S_n. H antÐstoiqh parĹstash dia pinĹkwn thc ρ wc proc thn bĹsh v eÐnai: ρ_v (τ) =: M(τ) = (δ_{i,τ (j)})_{i=1,2,···,nj=1,2,···,n} = (e_{τ (1)}, e_{τ (2)}, · · · , e_{τ (n)}).

O pÐnakac stălh e_{τ (j)} èqei pantoÔ 0 ektìc thc thc jèsewc τ(j) ìpou èqei 1. Profanÿc o M(τ) èqei se kĹje grammă kai se kĹje stălh akribÿc mia jèsh, diĹforh tou mhdenìc kai mĹlista Ðsh me 1. Tètoioi pÐnakec ja lègontai pÐnakec metajèsewn.

(5) ParastĹseic dia metajèsewn:

Mia parĹstash dia metajèsewn eÐnai ex orismoÔ ènac omomorfismìc omĹdwn P : G −→ S_n gia kĹpoio n ∈ N. O n ja lègetai bajmìc thc P.

An tÿra ρ^′ : S_n −→ GL(V ) parĹstash thc S_n tìte, lìgw tou paradeÐgmatoc 4, mèsw kĹje parĹstashc dia metajèsewn P : G → S_n paÐrnoume mia parĹstash thc G ρ = ρ^′ ∘ P : G^P−→ S_n^{ρ′}−→ GL(V ). Profanÿc mia parĹstash ρ : G → GL(V ) prokÔptei apì kĹpoia parĹstash dia metajèsewn ann upĹrqei kĹpoia bĹsh v = (v_1, v_2, · · · , v_n) tou V tètoia ÿste gia kĹje σ ∈ G na isqÔei ìti h ρ(σ) metajètei thn bĹsh v, dhladă ρ(σ)(v_i) ∈ {v_1, v_2, · · · , v_n}, ∀i = 1, 2, · · · , n.

(6) H omală (kanonikă, regular) parĹstash:

Orismìc 1.4 H parĹstash ρ : G → GL(V ) ja lègetai omală parĹstash thc G ìtan upĹrqei mia èna proc èna apeikìnish f : G −→ V (σ → u_σ), tètoia ÿste:

(1) To {u_σ|σ ∈ G} na eÐnai bĹsh tou V kai (2) ∀σ, τ ∈ G, ρ(σ)(u_τ ) = u_{στ} . MÐa omală parĹstash dia pinĹkwn eÐnai, ex orismoÔ, mia parĹstash dia pinĹkwn miĹc omalăc parĹstashc thc G.

Idiìthtec 1.5 (1) An ρ omală, tìte, profanÿc, degρ = #G = dim_K V. (2) Estw ρ, ρ^′ : G → GL(V ) isodÔnamec parastĹseic thc G.

IsqÔei (ρ omală) ⇔ (ρ^′ omală) (dhladă h ènnoia thc omalăc parĹstashc eÐnai idiìthta twn klĹsewn isodunĹmwn parastĹsewn thc G) Apìdeixh Estw ρ omală. AfoÔ ρ isodÔnamh me thn ρ^′, upĹrqei isomorfismìc φ : V → V^′, tètoioc ÿste: ρ^′(σ) = φ ∘ ρ(σ) ∘ φ^{−1}, ∀σ ∈ G. Estw {u_σ|σ ∈ G} bĹsh tou V, ìpou ρ(σ)(u_τ ) = u_{στ} , ∀σ, τ ∈ G. OrÐzoume φ(u_σ) =: u^′_σ. Profanÿc, to sÔnolo {u^′_σ|σ ∈ G} eÐnai bĹsh tou V^′ kai ρ^′(σ)(u^′_τ ) = (φ ∘ ρ(σ) ∘ φ^{−1})(u^′_τ ) = φ ∘ ρ(σ) ∘ φ^{−1}φ(u_τ ) = = (φ ∘ ρ(σ))(u_τ ) = φ(u_{στ} ) = u^′_{στ} .

Ara h ρ^′ eÐnai omală.

(3) Se kĹje omĹda G kataskeuĹzoume mia omală parĹstash. Estw V ènac K-dianusmatikìc qÿroc me diĹstash dim_K V = #G. PaÐrnoume mia èna proc èna apeikìnish f : G → V me {u_σ|σ ∈ G} bĹsh tou V (autì eÐnai pĹntote dunatì afoÔ #G = dim_K V ). OrÐzoume sthn sunèqeia ρ : G → GL(V ) wc exăc: ∀σ, τ ∈ G ρ(σ)(u_τ ) = u_{στ} . Tìte h ρ eÐnai omală parĹstash thc G.

Apìdeixh : Estw σ ∈ G, stajerì. Profanÿc ρ(σ) : V → V omomorfismìc dianusmatikÿn qÿrwn kai mĹlista automorfismìc diìti {u_{στ} |τ ∈ G} = {u_τ |τ ∈ G}, dhladă ρ(σ) ∈ GL(V ), ∀σ ∈ G. ArkeÐ na deÐxoume ìti: ρ(σσ^′) = ρ(σ) ∘ ρ(σ^′), ∀σ, σ^′ ∈ G. PrĹgmati gia kĹje σ, σ^′ ∈ G èqoume:

(ρ(σ) ∘ ρ(σ^′))(u_τ ) = ρ(σ)u_σ′_τ = u_{σ(σ}′_{τ )} = u_{(σσ}′_{)τ} = ρ(σσ^′)(u_τ ). (4) An ρ, ρ^′ eÐnai omalèc parastĹseic thc G upèr to K tìte eÐnai isodÔnamec (dhladă upĹrqei akribÿc mia klĹsh omalÿn parastĹsewn thc G). Apìdeixh : AfoÔ oi parastĹseic:

ρ : G → GL(V ), kai ρ^′ : G → GL(V^′) eÐnai omalèc, èpetai ìti degρ = degρ^′ = #G = dim_K V = dim_K V^′. Estw {u_σ|σ ∈ G}, {u^′_σ|σ ∈ G}, oi bĹseic twn V, V^′ antistoÐqwc pou antistoiqoÔn (dec orismì omalăc parĹstashc) stic parastĹseic ρ, ρ^′. OrÐzoume: φ : V → V^′ u_σ → u^′_σ kai epekteÐnoume grammikĹ se ìla stoiqeÐa tou V. O φ eÐnai ènac K-isomorfismìc dianusmatikÿn qÿrwn. Tÿra gia kĹje σ ∈ G, isqÔei:

(φ ∘ ρ(σ) ∘ φ^{−1})(u^′_τ ) = (φ ∘ ρ(σ))(u_τ ) = φ(u_{στ} ) = u^′_{στ} = ρ^′(σ)(u^′_τ ). Epomènwc gia kĹje σ ∈ G, isqÔei ρ^′(σ) = φ ∘ ρ(σ) ∘ φ^{−1} dhladă oi parastĹseic ρ kai ρ^′ eÐnai isodÔnamec.

(5) Mia parĹstash ρ : G → GL(V ) eÐnai omală tìte kai mìno tìte ìtan upĹrqei u ∈ V tètoio ÿste to sÔnolo {ρ(σ)(u)|σ ∈ G} eÐnai bĹsh tou V.

Apìdeixh : An h ρ eÐnai omală, tìte èpetai ìti, upĹrqei bĹsh {u_σ|σ ∈ G} tou V tètoia ÿste ∀σ, τ ∈ G, ρ(σ)(u_τ ) = u_{στ} . Epomènwc, gia kĹje τ ∈ G, stajerì {u_σ|σ ∈ G} = {ρ(σ)(u_τ )|σ ∈ G}. AntÐstrofa. Estw ìti upĹrqei u ∈ V tètoio ÿste {ρ(σ)(u)|σ ∈ G} na eÐnai bĹsh tou V. OrÐzoume u_σ := ρ(σ)(u). Ex upojèsewc, {u_σ|σ ∈ G} eÐnai bĹsh tou V kai mĹlista:

ρ(σ)(u_τ ) = ρ(σ)(ρ(τ)(u)) = (ρ(σ) ∘ ρ(τ))(u) = ρ(στ)(u) = u_{στ} .

Ara h ρ eÐnai omală parĹstash.

Ja kleÐsoume thn paroÔsa parĹgrafo me mia pio susthmatikă melèth twn parastĹsewn dia metajèsewn:

Orismìc 1.6 Enac n × n pÐnakac M ja lègetai pÐnakac metajèsewn ìtan èqei se kĹje grammă tou kai se kĹje stălh tou akribÿc èna 1 kai se ìlec tic Ĺllec jèseic 0.

An S_n h summetrikă omĹda ìlwn twn metajèsewn tou {1, 2, · · · , n} kai M ènac pÐnakac metajèsewn, tìte upĹrqei metĹjesh s ∈ S_n tètoia ÿste M = ((δ_{i,s(j)}))_{i=1,2,···,n,j=1,2,···,n}. To sÔnolo ìlwn twn pinĹkwn metajèsewn, ja to sumbolÐzoume me P erm(n, K).

An tÿra me K_n sumbolÐzoume ton n-diĹstato K-dianusmatikì qÿro ìlwn twn dianusmĹtwn stălh {măkouc} n me suntelestèc apì to K kai E = {e_1, e_2, · · · , e_n} h kanonikă bĹsh, tìte, orÐzoume thn kanonikă parĹstash thc S_n :

π : S_n −→ GL(K_n) σ −→ π(σ) , ìpou π(σ)(e_j ) = e_{σ(j)}. H parĹstash dia pinĹkwn thc G antÐstoiqh thc π wc proc thn bĹsh E eÐnai: P := φ_E ∘ π : S_n −→ GL_n(K).

Profanÿc P (σ) = (δ_{i,σ(j)})_{i=1,2,···,n,j=1,2,···,n}, diìti π(σ)(e_j) = n∑ i=1 δ_{i,σ(j)}e_i. IsqÔei epi plèon: π(σ)(e_j ) = P (σ)(e_j). H parĹstash: P : S_n −→ GL_n(K) σ −→ ((δ_{i,σ(j)}))_{i=1,2,···,n,j=1,2,···,n} eÐnai èna proc èna (gia σ ≠ σ^′, isqÔei P (σ) ≠ P (σ^′)) kai sunepÿc h P erm(n, K) eÐnai mia upoomĹda thc GL_n(K) isìmorfh proc thn S_n.

Orismìc 1.7 H parĹstash P lègetai parĹstash dia metajèsewn thc S_n.

ShmeÐwsh : Thn parĹstash dia metajèsewn P mporoÔme na thn orÐsoume wc proc kĹje dianusmatikì qÿro V, diĹstashc n upèr to K. Proc toÔto, paÐrnoume opoiadăpote bĹsh u = {u_1, u_2, · · · , u_n} tou V kai orÐzoume

π : S_n −→ GL(V ) σ −→ π(σ) ìpou π(σ)(u_j) = u_{σ(j)}. H P = φ_u ∘ π eÐnai parĹstash dia metajèsewn thc S_n. Orismìc 1.8 Mia omĹda metajèsewn G ≤ S_n lègetai metabatikă sto sÔnolo M, M ⊆ {1, 2, · · · , n} ìtan (upĹrqei èna stoiqeÐo a ∈ M tètoio ÿste {σ(a)|σ ∈ G} = M) Prìtash 1.9 Upojètoume ìti h G eÐnai metabatikă epÐ tou M.

(1) An x, y ∈ M tìte upĹrqei τ ∈ G tètoio ÿste τ(x) = y. (2) Estw x èna tuqaÐo stoiqeÐo tou M. Tìte: {σ(x)|σ ∈ G} = M.

Apìdeixh :

(1) Ex orismoÔ upĹrqei σ ∈ G tètoio ÿste σ(a) = x kai upĹrqei σ^′ ∈ G tètoio ÿste σ^′(a) = y. Epomènwc σ^′σ^{−1}(x) = y. OrÐzoume τ = σ^′σ^{−1}.

(2) Gia kĹje σ thc G, gia x ∈ M, èqoume: σ(x) = σ(τ(a)) = (στ)(a) ∈ M. Gia ton antÐstrofo egkleismì, ac pĹroume y ∈ M. Tìte upĹrqei, lìgw thc (1), σ ∈ G tètoio ÿste σ(x) = y.

Prìtash 1.10 Estw G peperasmènh omĹda tĹxhc n. Estw ρ : G → S_n omomorfismìc omĹdwn. Estw ìti h ρ(G) ⊆ S_n eÐnai metabatikă sto sÔnolo {1, 2, · · · , n}. Tìte h π ∘ ρ : G → GL(K_n), eÐnai omală parĹstash thc G kai h P ∘ ρ : G → GL_n(K) omală parĹstash dia pinĹkwn thc G. Apìdeixh :

(1) IsqÔei: A := {(π ∘ ρ)(σ)(e_1)|σ ∈ G} = {e_{ρ(σ)(1)}|σ ∈ G} Epeidă ìmwc h ρ(G) eÐnai metabatikă sto sÔnolo {1, 2, · · · , n} èqoume A = {e_1, e_2, · · · , e_n}. Epomènwc h parĹstash eÐnai omală lìgw thc idiìthtac 5 (selÐda 7).

(2) Amesh sunèpeia tou (1).

Paratărhsh : Gia na kataskeuĹsoume omală parĹstash thc G ja prèpei na kataskeuĹsoume ènan omomorfismì thc G sthn S_n o opoÐoc na èqei tic idiìthtec thc prìtashc 1.10. Thn Ôparxh autoÔ tou omomorfismoÔ mac thn exasfalÐzei to jeÿrhma tou Cayley (dec parĹrthma, sel. 151).

1.2 Anagwgisimìthta, jeÿrhma tou Maschke

Sthn paroÔsa parĹgrafo G ja eÐnai mia peperasmènh omĹda, K ènac sÿma kai V ènac K-dianusmatikìc qÿroc peperasmènhc diĹstashc.

Orismìc 1.11 Estw ρ : G → GL(V ) mia parĹstash thc G. Enac upìqwroc W ⊂ V ja lègetai ρ-analloÐwtoc (ă G-analloÐwtoc wc proc thn ρ) ìtan: [∀σ ∈ G, ρ(σ)(W ) ⊂ W ], (dhladă ìtan o isomorfismìc rest_W ρ(σ) eÐnai automorfismìc tou W ).

An loipìn orÐsoume:

ρ_1 : G −→ GL(W ) σ −→ ρ_1(σ) := rest_W ρ(σ) tìte profanÿc h ρ_1 eÐnai parĹstash thc G ston W.

H ρ_1 ja lègetai h ston W antistoiqoÔsa upoparĹstash thc ρ (kai o W o antÐstoiqoc qÿroc parĹstashc thc ρ_1). An h ρ_1 eÐnai upoparĹstash thc r tìte ja lème ìti h ρ_1 perièqetai sthn ρ kai ja grĹfoume ρ_1 ⊂ ρ.

KĹje parĹstash ρ èqei mia tetrimmènh upoparĹstash, thn mhdenikă: ρ_0(σ)(W ) ⊆ W, ∀σ ∈ G, ìpou W = {0}. Mia upoparĹstash ρ_1 thc ρ ja lègetai gnăsia ìtan ρ_1 ≠ ρ kai ρ_1 ≠ ρ_0. H ρ ja lègetai anĹgwgh ìtan den èqei gnăsia upoparĹstash.

ParĹdeigma : KĹje parĹstash ρ thc G diĹstashc degρ = 1 eÐnai anĹgwgh, afoÔ oi mìnoi upoqÿroi enìc dianusmatikoÔ qÿrou V diĹstashc 1 eÐnai o V kai o {0}.

Jeÿrhma 1.12 Estw ρ : G → GL(V ) mia omală parĹstash thc G. H ρ perièqei mia monadiaÐa parĹstash prÿtou bajmoÔ san upoparĹstash.

Apìdeixh : ArkeÐ na deÐxoume ìti upĹrqei W ⊂ V me dimW = 1 kai ∀σ ∈ G, rest_W ρ(σ) = id_W . AfoÔ, ex upojèsewc, h ρ eÐnai omală, lìgw thc idiìthtac 1.5(5) èqoume ìti upĹrqei u ∈ V tètoio ÿste {ρ(t)(u)|t ∈ G} eÐnai bĹsh tou V. Epomènwc to w := ∑ t∈G ρ(t)(u) ≠ 0. Estw W :=< w >= Kw ⊂ V, dim_K W = 1. ArkeÐ loipìn na apodeÐxoume ìti gia kĹje σ ∈ G, ρ(σ)(w) = w. PrĹgmati, ∀σ ∈ G, ρ(σ)(w) = ∑ t∈G ρ(σ) · ρ(t)(u) ≠ ∑ t∈G ρ(σt)(u) = ∑ t^′∈G ρ(t^′)(u) = w.

Jeÿrhma 1.13 Estw ρ : G → GL(V ) kai ρ^′ : G → GL(V^′) dÔo isodÔnamec parastĹseic thc G. Estw ρ_1 upoparĹstash thc ρ. Tìte upĹrqei upoparĹstash ρ^′_1 thc ρ^′, tètoia ÿste oi ρ^′_1 kai ρ_1 na eÐnai isodÔnamec. Akìmh isqÔei ìti h ρ^′_1 eÐnai gnăsia tìte kai mìnon tìte ìtan h ρ_1 eÐnai gnăsia.

Apìdeixh : Ex upojèsewc, upĹrqei isomorfismìc K-dianusmatikÿn qÿrwn φ : V → V^′ tètoioc ÿste: ∀σ ∈ G, ρ^′(σ) = φ ∘ ρ(σ) ∘ φ^{−1}. OrÐzoume thn ρ^′_1 ètsi ÿste:

∀σ ∈ G, ρ^′_1(σ) = φ_0 ∘ ρ_1(σ) ∘ φ^{−1}_0 ìpou φ_0 = rest_W φ

kai W ⊂ V o upìqwroc parĹstashc thc ρ_1. O W^′ := φ(W ) eÐnai upìqwroc tou V^′ kai ρ^′_1(σ) ∈ GL(W^′). Tèloc

ρ^′_1(σ)(W^′) = φ_0 ∘ ρ_1(σ) ∘ φ^{−1}_0 (W^′) = φ_0 ∘ ρ_1(σ)(W ) ⊆ φ_0(W ) = W^′,

dhladă h ρ^′_1 eÐnai upoparĹstash thc ρ^′ kai mĹlista isodÔnamh me thn ρ_1. Tèloc h ρ^′_1 eÐnai tetrimmènh akribÿc tìte ìtan h ρ_1 eÐnai tetrimmènh.

Amesh sunèpeia tou teleutaÐou jewrămatoc eÐnai to:

Jeÿrhma 1.14 An oi parastĹseic ρ : G → GL(V ), ρ^′ : G → GL(V^′) thc G eÐnai isodÔnamec, tìte h ρ eÐnai anĹgwgh akribÿc tìte ìtan h ρ^′ eÐnai anĹgwgh. Dhladă h anagwgisimìthta eÐnai idiìthta (kĹpoiwn) klĹsewn isodunĹmwn parastĹsewn.

Jeÿrhma 1.15 Estw ρ : G → GL(V ) parĹstash thc G me degρ = n. Oi parakĹtw protĹseic eÐnai metaxÔ touc isodÔnamec.

(1) H ρ eÐnai mh-anĹgwgh.

(2) UpĹrqoun parastĹseic dia pinĹkwn M_1 : G → GL_{n1} (K) kai M_2 : G → GL_{n2} (K) kai mia parĹstash dia pinĹkwn thc G antÐstoiqh thc ρ M_ρ : G → GL_n(K), tètoia ÿste: ∀σ ∈ G, M_ρ(σ) = M^1(σ) ∗ 0 M_2(σ) }n_1 }n_2 .

(3) UpĹrqei n_1 ∈ N, n_1 < n kai mia parĹstash dia pinĹkwn thc G antÐstoiqh thc ρ, M_ρ : G → GL_n(V ) tètoia ÿste: ∀σ ∈ G, M_ρ(σ) = ∗ ∗ 0 ∗ }n_1 }n_2 = n − n_1 Apìdeixh : {(1) ⇒ (2)} An ρ mh-anĹgwgh parĹstash thc G, tìte upĹrqei mia gnăsia upoparĹstash ρ_1 thc ρ, ρ_1 ⊂ ρ. Estw W_1 o qÿroc parĹstashc thc ρ_1, B_1 = {u_1, u_2, · · · , u_{n1} } mia bĹsh tou W_1 kai M_1 := Φ_{B1} ∘ ρ_1 : G −→ GL_{n1} (K).

EpekteÐnoume thn B_1 se bĹsh tou V, èstw B = {u_1, u_2, · · · , u_n} kai èstw

M_ρ := Φ_B ∘ ρ : G −→ GL_n(K)

h parĹstash dia pinĹkwn thc G pou eÐnai antÐstoiqh thc ρ wc proc thn bĹsh B. Estw M_ρ(σ) = ((a_{ij} ))_{i,j=1,2,···,n}. Epomènwc ρ(σ)(u_j) = ∑_n i=1 a_{ij} u_i. Epeidă

ρ(σ)(W_1) = W_1 kai rest_{W1} ρ(σ) = ρ_1(σ),

èqoume ìti gia kĹje j ≤ n_1, isqÔei:

ρ(σ)(u_j ) = ρ_0(σ)(u_j) =

n_1∑

i=1 a_{ij} u_i, dhladă a_{ij} = 0, an j ≤ n_1 kai i > n_1. Tÿra M_1(σ) = ((a_{ij} ))_{i,j=1,2,···,n1} , opìte:

M_ρ(σ) = M^1(σ) ∗ 0 A(σ) .

Epeidă M_ρ(σ) mh-idiĹzwn n × n pÐnakac, sunepĹgetai ìti o A(σ) eÐnai mh-idiĹzwn n_2 × n_2 pÐnakac, ìpou n_2 = n − n_1. Ja prèpei akìmh na apodeÐxoume ìti h A : G −→ GL_{n2} (K) σ −→ A(σ) eÐnai parĹstash dia pinĹkwn, dhladă ìti, A(στ) = A(σ)A(τ) gia kĹje σ, τ ∈ G. PrĹgmati M_ρ(στ) = M^0(στ) ∗ 0 A(στ) = M_ρ(σ)M_ρ(τ) =

= M^1(σ) ∗ 0 A(σ) · M^1(τ) ∗ 0 A(τ) = M^1(στ) ∗ 0 A(σ)A(τ) to opoÐo mac apodeiknÔei to zhtoÔmeno.

{(2) ⇒ (3)} Profanăc. {(3) ⇒ (1)} Upojètoume ìti h M_ρ èqei thn morfă pou dÐnetai sthn (3). Estw B = {u_1, u_2, · · · , u_n} bĹsh tou V tètoia ÿste M_ρ = Φ_B ∘ ρ. Estw W_1 =< u_1, u_2, · · · , u_{n1} >< V, W_1 ≠ V. Lìgw thc upìjeshc thc morfăc tou pÐnaka isqÔei: (∀σ ∈ G, ρ(σ)(u_j) = n∑ i=1 a_{ij} u_i) kai a_{ij} = 0 gia j ≤ n_1 kai i > n_1. Epomènwc gia kĹje σ ∈ G, ρ(σ)(W_1) ⊂ W_1. Sunepÿc o W_1 eÐnai ρ-analloÐwtoc, dhladă isqÔei h (1).

Orismìc 1.16 Estw ρ : G → GL(V ) parĹstash thc G, ρ_1, ρ_2, · · · , ρ_r upoparastĹseic thc G oi opoÐec èqoun touc upìqwrouc tou V, W_1, W_2, · · · , W_r san antÐstoiqouc qÿrouc parastĹsewn. An V = W_1 ⊕ W_2 ⊕ · · · ⊕ W_r, tìte ja lème ìti h ρ eÐnai to eujÔ Ĺjroisma twn ρ_1, ρ_2, · · · , ρ_r kai ja to sumbolÐzoume wc exăc:

ρ = ρ_1 ⊕ ρ_2 ⊕ · · · ⊕ ρ_r.

Jeÿrhma 1.17 Estw ρ : G → GL(V ) parĹstash thc G kai èstw ρ = ρ_1 ⊕ ρ_2 ⊕ · · · ⊕ ρ_r. Estw tèloc M_i parastĹseic dia pinĹkwn thc G antÐstoiqec twn ρ_i. An gia kĹje σ ∈ G, orÐsoume: M(σ) := diag(M_1(σ), M_2(σ), · · · , M_r(σ)), tìte h M eÐnai mia parĹstash dia pinĹkwn thc ρ.

Apìdeixh : Estw W_i qÿroi parĹstashc twn ρ_i. Ex upojèsewc isqÔei:

V = W_1 ⊕ W_2 ⊕ · · · ⊕ W_r.

Estw B_i bĹseic twn dianusmatikÿn qÿrwn W_i mèsw twn opoÐwn mac dÐnontai oi M_i. Profanÿc h ènwsh B = ∪_iB_i eÐnai bĹsh tou V. Akìmh isqÔei M = Φ_B ∘ ρ, diìti gia kĹje u^{(i)}_j ∈ B_i, isqÔei:

ρ(σ)(u^{(i)}_j ) = ρ_i(σ)(u^{(i)}_j ).

IsqÔei kai to antÐstrofo:

Jeÿrhma 1.18 Estw ρ : G → GL(V ) parĹstash thc G. Upojètoume ìti upĹrqoun n_1, n_2, · · · , n_r ∈ N kai mia parĹstash dia pinĹkwn thc G M, antÐstoiqh thc ρ, tètoia ÿste: ∀σ ∈ G, M(σ) = diag(A_1(σ), A_2(σ), · · · , A_r(σ)) me A_i(σ) ∈ GL_{ni} (K). Tìte isqÔoun:

(1) M_i : G → GL_{ni} (K) σ → A_i(σ) eÐnai pÐnakac parastĹsewn dia pinĹkwn thc G gia kĹje i = 1, 2, · · · , n.

(2) H ρ analÔetai sthn morfă ρ = ρ_1 ⊕ ρ_2 ⊕ · · · ⊕ ρ_r, ìpou ρ_i parastĹseic thc G me antÐstoiqec parastĹseic dia pinĹkwn tic M_i.

H apìdeixh afănetai san Ĺskhsh ston anagnÿsth.

Orismìc 1.19 Estw ρ : G → GL(V ) parĹstash thc G kai ρ_0 upoparĹstash thc ρ. H ρ_0 ja lègetai eujÔc prosjetaÐoc thc ρ ìtan upĹrqei ρ_1 ⊂ ρ tètoia ÿste ρ = ρ_0 ⊕ ρ_1. H ρ_0 ja lègetai plărwc analÔsimh ìtan kĹje ρ_0 ⊂ ρ eÐnai eujÔc prosjetaÐoc thc ρ.

ShmeÐwsh : Profanÿc kĹje anĹgwgh parĹstash eÐnai plărwc analÔsimh. Jeÿrhma 1.20 An ρ : G → GL(V ) eÐnai plărwc analÔsimh parĹstash thc G, tìte:

(1) KĹje ρ_0 ⊂ ρ eÐnai epÐshc plărwc analÔsimh.

(2) H ρ èqei mia anĹlush thc morfăc: ρ = ρ_1 ⊕ ρ_2 ⊕ · · · ⊕ ρ_r ìpou oi ρ_i eÐnai anĹgwgec parastĹseic gia kĹje i = 1, 2, · · · , r.

Apìdeixh :

(1) Estw ρ_0 ⊂ ρ kai W_0 ⊂ V o antÐstoiqoc qÿroc parĹstashc thc ρ. Estw tÿra ρ_1 ⊂ ρ_0 upoparĹstash thc ρ_0. ArkeÐ na deÐxoume ìti h ρ_1 eÐnai eujÔc prosjetaÐoc thc ρ_0.

Estw W_1 ⊂ W_0 o qÿroc parĹstashc thc ρ_1. Epeidă ρ_1 ⊂ ρ kai ρ plărwc analÔsimh, sunepĹgetai ìti ρ = ρ_1 ⊕ ρ^′_1, ìpou ρ^′_1 ⊂ ρ. Ara upĹrqei W^′_1 ⊂ V o opoÐoc eÐnai ρ-analloÐwtoc tètoioc ÿste V = W_1 ⊕ W^′_1. Profanÿc

W_0 = W_0 ∩ V = (W_0 ∩ W_1) ⊕ (W_0 ∩ W^′_1) = W_1 ⊕ (W_0 ∩ W^′_1). Apomènei na apodeÐxoume ìti o W^′_1 ∩ W_0 eÐnai ρ_0-analloÐwtoc. Oi W^′_1 kai W_0 eÐnai ρ-analloÐwtoi, dhladă: ρ(σ)(W^′_1 ∩ W_0) ⊆ W^′_1 ∩ W_0, ∀σ ∈ G.

AllĹ ρ(σ)(W^′_1 ∩ W_0) = rest_{(W} ′_{1∩W0)}ρ = rest_{(W} ′_{1∩W0)}ρ_0 dhladă o W_0 ∩ W^′_1 eÐnai ρ_0-analloÐwtoc.

(2) EpagwgikĹ wc proc ton bajmì thc parĹstashc ρ.

An n eÐnai 0 ă 1, tìte den qreiĹzetai na apodeÐxoume tÐpota. Estw n > 1 kai èstw ìti to jeÿrhma isqÔei gia kĹje fusikì n^′, n^′ < n.

PerÐptwsh 1 : Estw ìti h ρ eÐnai anĹgwgh. Tìte to jeÿrhma isqÔei, gia r = 1. PerÐptwsh 2 : Estw ìti h ρ eÐnai mh-anĹgwgh. Tìte upĹrqei gnăsia upoparĹstash ρ_1 ⊂ ρ. SÔmfwna me thn upìjesh tou jewrămatoc ρ = ρ_1 ⊕ ρ^′_1, me degρ_1, degρ^′_1 < degρ. Lìgw thc upìjeshc thc majhmatikăc epagwgăc isqÔei: ρ_0 = ρ_1 ⊕ · · · ⊕ ρ_{r0} kai ρ^′_0 = ρ_{r0+1} ⊕ · · · ⊕ ρ_r ìpou ρ_i (i = 1, 2, · · · , r) anĹgwgec. Epomènwc ρ = ρ_1 ⊕ · · · ⊕ ρ_r.

Stìqoc thc paroÔshc paragrĹfou eÐnai h apìdeixh tou Jeÿrhma 1.21 ( Maschke ) (1^o kÔrio jeÿrhma tou KefalaÐou) Estw G peperasmènh omĹda tĹxhc g. Upojètoume ìti h qarakthristikă tou sÿmatoc K den diaireÐ to g. Tìte kĹje parĹstash thc G upèr to K eÐnai plărwc analÔsimh kai (sÔmfwna me to prohgoÔmeno jeÿrhma) eujÔ Ĺjroisma anagÿgwn upoparastĹsewn.

Apìdeixh : Estw V K-dianusmatikìc qÿroc, ρ : G → GL(V ) parĹstash thc G. Estw ρ_0 ⊂ ρ kai W ènac qÿroc parĹstashc thc ρ_0. ArkeÐ na apodeÐxoume ìti upĹrqei ρ_1 ⊂ ρ tètoia ÿste ρ = ρ_0 ⊕ ρ_1, dhladă ìti upĹrqei ρ-analloÐwtoc qÿroc W_1 ⊂ V tètoioc ÿste V = W ⊕ W_1. Apì thn Grammikă Algebra, eÐnai gnwstì ìti upĹrqei W^′ ⊂ V (ìqi monosămanta orismènoc) tètoioc ÿste V = W ⊕ W^′. Estw p : V −→ W v = w + w^′ −→ w mia probolă tou V ston W.

Profanÿc h p eÐnai epimorfismìc dianusmatikÿn qÿrwn me kerp = W^′ kai rest_W p = id_W . YĹqnoume na broÔme mia probolă p_1 tou V ston W me purăna èna ρ-analloÐwto sumplărwma tou W. Ja apodeÐxoume ìti o K-endomorfismìc tou V : p_1 := 1 g ∑ t∈G ρ(t) · p · ρ(t^{−1}) = 1 g ∑ t∈G ρ(t) · p · ρ(t)^{−1} èqei aută thn idiìthta ( o p_1 orÐzetai diìti h qarakthristikă tou sÿmatoc K den diaireÐ to g). Kat’ arqăn ∀v ∈ V isqÔei

p_1(v) = 1 g ∑ t∈G ρ(t) · p · ρ(t^{−1})(v) = 1 g ∑ t∈G ρ(t) · p(v_1) = 1 g ∑ t∈G ρ(t)(w_1) ⊂ W, diìti o W eÐnai ρ-analloÐwtoc. Epomènwc p_1(V ) ⊆ W (1). Ja apodeÐxoume ìti rest_W p_1 = id_W (2).

PrĹgmati, èstw w ∈ W. AfoÔ o W eÐnai ρ-analloÐwtoc, èqoume ìti ρ(t^{−1})(w) ∈ W, dhladă p · ρ(t^{−1})(w) = ρ(t^{−1})(w), opìte:

p_1(w) = 1 g ∑ t∈G ρ(t) · p · ρ(t^{−1})(w) = 1 g ∑ t∈G ρ(t) · ρ(t^{−1})(w) = 1 g gw = w. Profanÿc h (2) sunepĹgetai ìti ρ_1(V ) = W. Sthn sunèqeia ja apodeÐxoume ìti o (W_1 := kerp_1 eÐnai ρ-analoÐwtoc) (3).

Estw w_1 ∈ W_1 kai σ ∈ G. Arkei na deÐxoume ìti ρ(σ)(w_1) ∈ W_1, dhladă ìti p_1(ρ(σ)(w_1)) = 0. Eqoume

p_1(ρ(σ)(w_1)) = 1 g ∑ t∈G ρ(t) · p · ρ(t^{−1})(ρ(σ(w_1))) = 1 g ∑ t∈G ρ(t)ṗ · ρ(t^{−1}σ)(w_1)

Jètoume t_1 := σ^{−1}t, dhladă t = σt_1. Epomènwc: p_1(ρ(σ)(w_1)) = 1 g ∑ t_1∈G ρ(σt_1) · p · ρ(t^{−1}_1 )(w_1) =

= ρ(σ) · 1 g ∑ t_1∈G ρ(t_1) · p · ρ(t^{−1}_1 )(w_1) = ρ(σ)(p_1(w_1)) = 0,

diìti w_1 ∈ kerp_1, opìte ρ(σ)(w_1) ∈ kerp_1 = W_1.

Tèloc ja apodeÐxoume ìti o W_1 eÐnai èna orjogÿnio sumplărwma tou W. An v ∈ V, to grĹfoume sthn morfă v = p_1(v) + v − p_1(v). IsqÔei p_1(v) ∈ W (dec (1)) kai v − p_1(v) ∈ W_1 := kerp_1, diìti p_1(v − p_1(v)) = p_1(v) − p_1(v) = 0. Epomènwc V = W + W_1.

An v ∈ W ∩ W_1, tìte v ∈ W opìte (dec (2)) p_1(v) = v kai v ∈ W_1 opìte p_1(v) = 0, dhladă v = 0. Epomènwc èqoume apodeÐxei ìti: V = W ⊕ W_1 kai W_1 eÐnai ρ-analloÐwtoc, dhladă to jeÿrhma.

Paratărhsh 1 : H parĹstash ρ = ρ_1 ⊕ · · · ⊕ ρ_r den eÐnai monosămanta orismènh. AntiparĹdeigma: Estw ìti dimV = r > 1 kai ρ : G → GL(V ) h monadiaÐa parĹstash tou V. An {u_1, u_2, · · · , u_r} eÐnai mia bĹsh tou V, tìte V = Ku_1 ⊕ Ku_2 ⊕ · · · ⊕ Ku_r kai gia kĹje σ ∈ G, ρ(σ)(u_i) = u_i, dhladă oi monodiĹstatoi upìqwroi Ku_i eÐnai ρ-analloÐwtoi. Epomènwc, ρ = ρ_1 ⊕ · · · ⊕ ρ_r me ρ_i : G → GL(Ku_i) = GL(W_i), W_i = Ku_i. Oi parastĹseic ρ_i eÐnai anĹgwgec, afoÔ eÐnai monodiĹstatec. AnĹloga gia kĹje Ĺllh bĹsh {u^′_1, u^′_2, · · · , u^′_n} tou V ja èqoume ρ = ρ^′_1 ⊕ ρ^′_2 ⊕ · · · ⊕ ρ^′_r ìpou ρ^′_i anĹgwgec (monodiĹstatec) parastĹseic ρ_i : G → GL(Ku^′_i). Epomènwc se diaforetikèc bĹseic tou V antistoiqoÔn kai diaforetikèc analÔseic thc ρ.

IsqÔei ìmwc katĹ kĹpoio trìpo to monosămanto thc parĹstashc kai autì mac dÐnetai apì to akìloujo:

Jeÿrhma 1.22 (Krull-Schmidt) Estw ρ : G → GL(V ) mia parĹstash thc G upèr to sÿma K. An ρ = ⊕^r_{i=1}ρ_i = ⊕^{r′}_{i=1}ρ^′_i, dÔo analÔseic thc ρ se eujÔ Ĺjroisma anagÿgwn parastĹsewn, tìte r = r^′ kai (allĹzontac Ðswc thn seirĹ thc arÐjmhshc) h ρ_i eÐnai isodÔnamh me thn ρ^′_i, gia kĹje i = 1, 2, · · · , r.

Apìdeixh: (dec [VING], th. 4, sel. 33)

Paratărhsh 2 : To jeÿrhma tou Maschke den isqÔei ìtan h qarakthristikă tou sÿmatoc K diaireÐ to g.

AntiparĹdeigma: Estw ìti char(K) = p > 0, G kuklikă omĹda tĹxhc p kai σ ènac gennă-

torac autăc. Estw

S := 1 1 0 1 ∈ GL_2(K). H apeikìnish:

M : G −→ GL_2(K) σ^ν −→ 1 ν 0 1 = S^ν eÐnai mia parĹstash dia pinĹkwn thc G upèr to K. H M eÐnai mh-anĹgwgh diìti

M(σ^ν ) = 1 ν 0 1 .

Den upĹrqei ìmwc kammÐa parĹstash M^′ thc G isodÔnamh proc thn M, thc morfăc:

M^′(σ^ν ) = ∗ 0 0 ∗ ,

diìti, ja èprepe gia thn M^′ na isqÔei:

M^′(σ^ν ) = M^′(σ)^ν = ξ^1 0 0 ξ_2 ν = ξ^{ν1} 0 0 ξ^ν_2 kai

M^′(σ^ν ) = 1 0 0 1 ⇔ ν ≡ 0 (mod p) ⇔ (ξ^ν_1 = 1 kai ξ^ν_2 = 1).

Gia ν = p èqoume: ξ^p_i = 1 (i = 1, 2) opìte (ξ_i − 1)^p = 0, dhladă ξ_i = 1. Epomènwc ja ătan

M^′(σ^ν ) = 1 0 0 1 ∀ν ∈ N, Ĺtopo.

1.3 O qaraktărac miac parĹstashc

kai to lămma tou Schur

Estw K sÿma, V ènac K-dianusmatikìc qÿroc me dimV = n kai f ∈ End_K (V ). An

dialèxoume mia bĹsh tou V tìte o f dÐnetai, wc proc thn bĹsh aută, apì ènan pÐnaka

A = ((a_{ij})).

To qarakthristikì poluÿnumo tou f, orÐzetai:

φ(X) := det(I_nX − A) = det X − a_{11} −a_{12} · · · −a_{1n} · · · · · · · · · · · · · · · · · · · · · · · · −a_{n1} −a_{n2} · · · X − a_{nn} (I_n o monadiaÐoc n × n pÐnakac).

To φ(X) eÐnai kalĹ orismèno, det(I_nX − T^{−1}AT ) = det(T^{−1}(I_nX − A)T ) = det(I_nX − A), kai grĹfetai:

φ(X) = X^n − tr(A)X^{n−1} + · · · , ìpou to tr(A) eÐnai to Ðqnoc tou A kai dÐnetai apì thn tr(A) = ∑_n i=1 a_{ii}. OrÐzoume tr(f) := tr(A). Eqei tic exăc idiìthtec:

(1) tr(f_1 + f_2) = tr(f_1) + tr(f_2). (2) tr(f^{−1}_1 f_2f_1) = tr(f_2). (3) tr(f_1f_2) = tr(f_2f_1). (4) tr(λf_1) = λtr(f_1), λ ∈ K. (5) tr(Id_n) = n. Orismìc 1.23 Estw G mia peperasmènh omĹda, ρ : G → GL(V ) mia parĹstash thc G. H apeikìnish χ := χ_ρ : G −→ K σ −→ χ_ρ(σ) := tr(ρ(σ)), ∀σ ∈ G ja lègetai qaraktărac thc ρ.

ProfaneÐc eÐnai oi parakĹtw, Idiìthtec 1.24 (1) χ(e) = n, ìpou degρ = n.

(2) ∀σ, τ ∈ G, χ(τ^{−1}στ) = χ(σ). Epomènwc oi qaraktărec eÐnai sunartăseic twn klĹsewn suzugÐac thc G. (3) χ(τσ) = χ(στ). (4) An ρ_1 eÐnai isodÔnamh me thn ρ_2, tìte χ_{ρ1} = χ_{ρ2} . (5) An ρ parĹstash 1ou bajmoÔ, tìte ρ(σ) = χ_ρ(σ).

(dhladă oi qaraktărec 1ou bajmoÔ eÐnai oi omomorfismoÐ thc G sto K^∗). (6) χ_{ρ1⊕ρ2} = χ_{ρ1} + χ_{ρ2}

(An M_1(σ) kai M_2(σ), σ ∈ G, eÐnai pÐnakec parastĹsewn twn ρ_1 kai ρ_2 antÐstoiqa, tìte ènac pÐnakac parĹstashc thc ρ_1 ⊕ ρ_2 eÐnai

M^1(σ) 0 0 M_2(σ) ). Jeÿrhma 1.25 (Lămma tou Schur, 1^o mèroc) Estw ρ_i : G → GL(V_i), (i = 1, 2) anĹgwgec parastĹseic thc G. Estw f ∈ Hom_K (V_1, V_2). Upojètoume ìti isqÔei: ∀σ ∈ G, ρ_2(σ) ∘ f = f ∘ ρ_1(σ), dhladă ìti to diĹgramma: V_1

V_1 V_2

V_2 ∼= f

f ∼= ρ_1(σ) ρ_2(σ) ∼= ∼=

eÐnai, gia kĹje σ ∈ G, antimetajetikì. Tìte o f eÐnai isomorfismìc dianusmatikÿn qÿrwn, opìte h ρ_1 eÐnai isodÔnamh me thn ρ_2, ă f ≡ 0.

Apìdeixh : Estw W_1 := kerf ⊂ V_1, W_2 := imf ⊂ V_2. ArkeÐ na deÐxoume ìti oi W_i eÐnai ρ_i-analloÐwtoi (i = 1, 2).

Estw x ∈ W_1. Tìte f(x) = 0 kai epomènwc: ρ_2(σ)(f(x)) = ρ_2(σ)(0) = 0, ∀σ ∈ G ⇒ (ρ_2(σ) ∘ f)(x) = 0 = (f ∘ ρ_1(σ))(x) ⇒ (f(ρ_1(σ))(x) = 0 ⇒ ρ_1(σ)(x) ∈ kerf, ∀σ ∈ G.

Ara o W_1 eÐnai ρ_1-analloÐwtoc.

Estw pĹli y ∈ W_2. Tìte upĹrqei x ∈ V_1 tètoio ÿste y = f(x). Epomènwc:

∀σ ∈ G, ρ_2(σ)(y) = (ρ_2(σ) ∘ f)(x) = (f ∘ ρ_1(σ))(x) = f(ρ_1(σ)(x)) ⇒ ρ_2(σ)(y) ∈ W_2, ∀σ ∈ G. Ara o W_2 eÐnai ρ_2-analloÐwtoc.

Tÿra an f ≠ 0, tìte (1) kerf ≠ V_1 kai epomènwc kerf = {0}, diìti h ρ_1 eÐnai anĹgwgh kai o W_1 eÐnai ρ_1- analloÐwtoc.

(2) imf ≠ {0} kai epomènwc imf = V_2, diìti h ρ_2 eÐnai anĹgwgh kai o W_2 eÐnai ρ_2- analloÐwtoc.

Ara an f ≠ 0, tìte o f eÐnai isomorfismìc.

Pìrisma 1.26 Estw ρ_i : G → GL(V_i), (i = 1, 2) anĹgwgec mh-isodÔnamec parastĹseic thc G. Estw h ∈ Hom_K (V_1, V_2). An h_0 := ∑ t∈G ρ_2(t^{−1}) · h · ρ_1(t), tìte h_0 = 0 (ston V_1).

Apìdeixh : ArkeÐ na apodeÐxoume ìti: ∀σ ∈ G, ρ_2(σ) · h_0 = h_0 · ρ_1(σ).

PrĹgmati, èstw x ∈ V_1. Tìte:

(ρ_2(σ) · h_0)(x) = [ρ_2(σ) ∑ t∈G ρ_2(t^{−1}) · h · ρ_1(t)](x) = ∑ t∈G [ρ_2(σt^{−1}) · h · ρ_1(t)](x).

Jètoume t_1 := tσ^{−1}, dhladă t = t_1σ, opìte paÐrnoume:

(ρ_2(σ) · h_0)(x) = [ ∑ t∈G ρ_2(t^{−1}) · h · ρ_1(t) · ρ_1(σ)](x) = (h_0 · ρ_1(σ))(x) .

To h_0 den mporeÐ na eÐnai isomorfismìc diìti alliÿc, apì to lămma tou Schur, ja eÐqame ìti oi parastĹseic ρ_1 kai ρ_2 ja ătan isodÔnamec, Ĺtopo. Ara h_0 = 0.

Pìrisma 1.27 (DiatÔpwsh sthn glÿssa twn parastĹsewn dia pinĹkwn) Estw M_i : G → GL_{ni} (K), (i = 1, 2) anĹgwgec mh-isodÔnamec parastĹseic dia pinĹkwn thc G kai: M_1(σ) = (a_{ij}(σ))_{i,j=1,2,···,n1} , M_2(σ) = (β_{lk}(σ))_{l,k=1,2,···,n2} . Gia opoiadăpote i, j, l, k, i, j ∈ N_{n1} kai l, k ∈ N_{n2} isqÔei: ∑ t∈G a_{ij} (t)β_{lk}(t^{−1}) = 0.

Apìdeixh : Estw ρ_i parastĹseic twn opoÐwn antÐstoiqec parastĹseic dia pinĹkwn eÐnai oi M_i. Estw B_1 = {u_1, u_2, · · · , u_{n1} } kai B_2 = {v_1, v_2, · · · , v_{n2} } bĹseic twn V_1 kai V_2 antÐstoiqa tètoiec ÿste M_i = Φ_{Bi} ∘ ρ_i (i = 1, 2).

Gia opoiodăpote h ∈ Hom_K (V_1, V_2), isqÔei, sÔmfwna me to pìrisma 1.26,

h_0 = ∑ t∈G ρ_2(t^{−1}) · h · ρ_1(t) = 0.

H apeikìnish Φ_{B1,B2} :

Hom_K (V_1, V_2) −→ M_{n1×n2} (K) h −→ (γ_{ki}) ìpou h(u_i) = ∑_{n2} k=1 γ_{ki}v_k eÐnai isomorfismìc K-dianusmatikÿn qÿrwn. EpÐshc èqoume:

ρ_1(t)(u_j) = ∑ i α_{ij} (t)u_i kai ρ_2(t)(v_k) = ∑ l β_{lk}(t^{−1})v_l. Epomènwc

0 = h_0(u_j) = [ ∑ t∈G ρ_2(t^{−1}) · h · ρ_1(t)](u_j ) = ∑ t∈G ρ_2(t^{−1}) · h · ∑ i α_{ij} (t)u_i = = ∑ t∈G ρ_2(t^{−1}) ∑ i α_{ij} (t) ∑ k γ_{ki}v_k = ∑ t∈G ∑ i α_{ij} (t) ∑ k γ_{ki} ∑ l β_{lk}(t^{−1})(v_l).

Epeidă ìmwc {v_l|l = 1, 2, · · · , n_2} eÐnai bĹsh tou V_2 èpetai ìti: ∑ i ∑ k ∑ l α_{ij}(t)β_{lk}(t^{−1})γ_{ki} = 0

gia ìla ta j. Dialègoume kĹje forĹ to h ètsi ÿste o pÐnakac (γ_{ki}) na èqei 1 se mia sugkekrimènh jèsh (i_0, k_0) kai mhdèn se ìlec tic Ĺllec jèseic, opìte èqoume: ∑ t∈G α_{ij}(t)β_{lk}(t^{−1}) = 0 gia ìla ta j, l.

Jeÿrhma 1.28 (Lămma tou Schur, 2^o mèroc) Estw K algebrikĹ kleistì sÿma, ρ : G → GL(V ) anĹgwgh parĹstash thc G. An f ∈ End_K (V ), me thn idiìthta: (∀σ ∈ G, ρ(σ) · f = f · ρ(σ)), tìte o f èqei thn morfă: f = λ · Id_V , λ ∈ K, dhladă o metajèthc miac anĹgwghc parĹstashc eÐnai tetrimmènoc.

Apìdeixh : To qarakthristikì poluÿnumo φ(χ) tou f èqei mia rÐza λ sto K, λ ≠ 0. Epomènwc φ(λ) := det(λId_V − A) = 0. Autì shmaÐnei ìti o endomorfismìc f_1 := λ · Id_V − f den eÐnai isomorfismìc. Apì thn Ĺllh meriĹ: ∀σ ∈ G, f_1 · ρ(σ) = (λ · Id_V − f)ρ(σ) = λρ(σ) − f · ρ(σ) = = ρ(σ)λ − ρ(σ) · f = ρ(σ) · f_1. Epomènwc apo to prÿto mèroc tou lămmatoc tou Schur (jeÿrhma 1.25) sunepĹgetai ìti f_1 ≡ 0 kai Ĺra f = λ · Id_V .

Pìrisma 1.29 Estw K algebrikĹ kleistì sÿma kai G abeliană omĹda. KĹje anĹgwgh parĹstash thc G èqei kat’ anĹgkh bajmì 1.

Apìdeixh : Estw ρ : G → GL(V ) anĹgwgh parĹstash thc G. Gia t stajerì kai σ na diatrèqei ta stoiqeÐa thc G èqoume ρ(σ)ρ(t) = ρ(t)ρ(σ). To jeÿrhma 1.28 gia f = ρ(t) sunepĹgetai ìti ρ(t) = λ_t · Id_V , λ_t ∈ K. Dhladă o ρ(t) eÐnai diagÿnioc pÐnakac ρ(t) = diag(λ_t, λ_t, · · · , λ_t). Epeidă ìmwc h ρ eÐnai anĹgwgh, èpetai ìti kat’ anĹgkh degρ = 1.

Paratărhsh : EÐnai aparaÐthth h upìjesh ìti to K eÐnai algebrikĹ kleistì. AntiparĹdeigma:

Estw C_n kuklikă omĹda tĹxhc n, kai σ ènac gennătorac autăc. H apeikìnish

ρ :

C_n −→ M_n(K)

σ −→

0 · · · · · · · · · 1 1 · · · · · · · · · 0 0 1 · · · · · · 0 · · · · · · · · · · · · · · · 0 0 · · · 1 0 eÐnai mia parĹstash dia pinĹkwn thc G.

An tÿra san K pĹroume to sÿma twn pragmatikÿn arijmÿn kai n > 2 tìte h ρ den analÔetai se eujÔ Ĺjroisma anagÿgwn ìlwn bajmoÔ 1, diìti to qarakthristikì poluÿnumo eÐnai to X^n − 1 kai èqei kai migadikèc rÐzec.

Pìrisma 1.30 Estw K algebrikĹ kleistì sÿma, G abeliană omĹda kai èstw ìti chK ̸| #G. Olec oi parastĹseic dia pinĹkwn eÐnai isodÔnamec proc parastĹseic oi opoÐec apoteloÔntai ìlec apì diagÿniouc pÐnakec (dhladă ìloi oi pÐnakec parastĹsewn eÐnai sugqrìnwc diagwnopoiăsimoi).

Apìdeixh : Amesh sunèpeia tou porÐsmatoc 1.29 kai tou jewrămatoc tou Maschke

Pìrisma 1.31 Estw K algebrikĹ kleistì sÿma, ρ : G → GL(V ) parĹstash thc G bajmoÔ degρ = n kai h ∈ End_K (V ). Estw:

h_0 := ∑ t∈G ρ(t^{−1}) · h · ρ(t). Tìte h_0 = λ · Id_V , λ ∈ K kai nλ = g · tr(h), ìpou g = #G.

Apìdeixh : ApodeiknÔetai ìti, ìpwc sto pìrisma 1.26, isqÔei:

∀σ ∈ G, ρ(σ) · h_0 = h_0 · ρ(σ) kai epomènwc h_0 = λ · Id_V .

EpÐshc:

nλ = χ_ρ(e) · λ = tr(Id_V ) · λ = tr(h_0) = ∑ t∈G tr(ρ(t^{−1}) · h · ρ(t)) = g · tr(h).

Pìrisma 1.32 (DiatÔpwsh sthn glÿssa twn parastĹsewn dia pinĹkwn) Estw K algebrikĹ kleistì sÿma, M : G → GL_n(K) anĹgwgh parĹstash dia pinĹkwn thc G, M(σ) = (a_{ij}(σ))_{i,j=1,2,···,n}. Gia opoiadăpote i, j, l, k ∈ N_n = {1, 2, · · · , n} isqÔei: n · ∑ t∈G a_{ij} (t)a_{lk}(t^{−1}) = g · δ_{ik} · δ_{jl} Apìdeixh : H apìdeixh afănetai san Ĺskhsh ston anagnÿsth.

Orismìc 1.33 Estw G peperasmènh omĹda kai K sÿma. H akìloujh prìtash ja lègetai sunjăkh tou Schur:

Gia kĹje anĹgwgh parĹstash ρ thc G upèr to K kai kĹje f ∈ End_K (V ) pou epalhjeÔei th sqèsh: ρ(σ) · f = f · ρ(σ), èpetai ìti ρ(σ) = λ · Id_V , me λ ∈ K. ParĹdeigma : An K algebrikĹ kleistì sÿma, tìte plhroÔtai h sunjăkh tou Schur.

1.4 Sqèseic orjwgoniìthtac twn qaraktărwn kai anĹlush thc omalăc parĹstashc

Sthn parĹgrafo aută upojètoume ìti to sÿma K eÐnai algebrikĹ kleistì kai ìti chK ̸| #G. JewroÔme to sÔnolo twn sunartăsewn thc G sto K, G^K . Autì to sÔnolo apoteleÐ profanÿc K-dianusmatikì qÿro. Estw φ, ψ : G → K. OrÐzoume: < φ, ψ >:= 1 g ∑ t∈G φ(t)ψ(t^{−1}), ìpou g = #G.

H < , >: G^K × G^K → K eÐnai K-digrammikă, dhladă: < φ_1 + φ_2, ψ >=< φ_1, ψ > + < φ_2, ψ >, ∀φ_i, ψ ∈ G^K < λφ, ψ >=< φ, λψ >= λ < φ, ψ >, ∀λ ∈ K, φ, ψ ∈ G^K Jeÿrhma 1.34 (2^o kÔrio jeÿrhma tou KefalaÐou)

(1) An χ qaraktărac miac anĹgwghc parĹstashc, tìte: < χ, χ >= 1.

(2) An φ, ψ qaraktărec mh-isodunĹmwn, anagÿgwn parastĹsewn, tìte: < φ, ψ >= 0.

Apìdeixh :

(1) Estw χ = χ_ρ kai M_ρ : G → GL_n(K) antistoiqoÔsa parĹstash dia pinĹkwn (Mρ(σ) = (a_{ij} (σ)) thc G. Apì to pìrisma 1.32, èqoume: ∑ t∈G a_{ij} (t)a_{lk}(t^{−1}) = δ_{ik} · δ_{jl} · g n opìte, to < χ, χ >:= 1 g ∑ t∈G χ(t)χ(t^{−1}) = 1 g ∑ t∈G n∑ i=1 a_{ii}(t) n∑ j=1 a_{jj}(t^{−1}) = 1 n n∑ i,j=1 δ_{ij} δ_{ij} = 1.

(2) Estw φ = χ_{ρ1} , ψ = χ_{ρ2} kai M_1, M_2 M_i : G → GL_{ni} (K) (i = 1, 2) antÐstoiqec parastĹseic dia pinĹkwn twn ρ_i,

M_1(σ) = (a_{ij} (σ)), M_2(σ) = (β_{kl}(σ)).

Apì to pìrisma 1.27 èpetai ìti: ∑ t∈G a_{ij} (t)β_{lk}(t^{−1}) = 0, ∀i, j ∈ N_{n1} kai kĹje l, k ∈ N_{n2} .

Epomènwc, < φ, ψ >:= 1 g ∑ t∈G φ(t)ψ(t^{−1}) =

= 1 g ∑ t∈G n_1∑

i=1 a_{ii}(t) · n_2∑

j=1 β_{jj}(t^{−1})) = 1 g n_1,n_2∑

i,j=1 ( ∑ t∈G a_{ii}(t)β_{jj}(t^{−1})) = 0.

Pìrisma 1.35 Estw ρ_1, ρ_2 duo anĹgwgec parastĹseic thc G. An h ρ_1 eÐnai isodÔnamh me thn ρ_2 tìte < χ_{ρ1} , χ_{ρ2} >= 1 kai antistrìfwc.

Apìdeixh : AfoÔ oi parastĹseic eÐnai isodÔnamec, èpetai χ_{ρ1} = χ_{ρ2} opìte lìgw tou jewrămatoc 1.34(1), èqoume < χ_{ρ1} , χ_{ρ2} >= 1. An tÿra < χ_{ρ1} , χ_{ρ2} >= 1, lìgw tou jewrămatoc 1.34(2), èqoume ìti ρ_1 ∼ ρ_2 diìti an den ătan isodÔnamec ja eÐqame < χ_{ρ1} , χ_{ρ2} >= 0.

Apì to shmeÐo autì kai mèqri to tèloc thc paragrĹfou upojètoume ìti char(K) = 0.

Jeÿrhma 1.36 Estw ρ = ρ_1 ⊕ ρ_2 ⊕ · · · ⊕ ρ_r mia opoiadăpote parĹstash thc G, ìpou ρ_i eÐnai anĹgwgec parastĹseic kai èstw ρ̃ anĹgwgh parĹstash thc G. Tìte: < χ_ρ, χ_{ρ̃} >∈ N_0 kai isoÔtai me to plăjoc twn ρ_i (i = 1, 2, · · · , r), tètoiwn ÿste ρ_i ∼ ρ̃.

Apìdeixh : Profanÿc < χ_{ρi} , χ_{ρ̃} >= ∑_r i=1 < χ_{ρi} , χ_{ρ̃} > . To jeÿrhma eÐnai Ĺmesh sunèpeia thc sqèshc autăc tou jewrămatoc 1.34 kai tou porÐsmatoc 1.35 Me thn boăjeia tou teleutaÐou jewrămatoc mporoÔme na apodeÐxoume to:

Jeÿrhma 1.37 Estw ρ, ρ^′ parastĹseic thc G.

(a) H ρ eÐnai isodÔnamh proc thn ρ^′ tìte kai mìno tìte ìtan χ_ρ = χ_ρ′ .

(b) KĹje parĹstash ρ thc G grĹfetai monosămanta (modulo isodunamÐa) san eujÔ Ĺjroisma anagÿgwn parastĹsewn.

Apìdeixh:

(a) An ρ ∼ ρ^′ tìte χ_ρ = χ_ρ′ (dec 1.24(4)).

Estw tÿra ìti χ_ρ = χ_ρ′ .

Apì to jeÿrhma tou Maschke èpetai ìti ρ = ⊕^r_{i=1}ρ_i kai ρ^′ = ⊕^{r′}_{j=1}ρ^′_j ìpou ρ_i kai ρ^′_j (i = 1, 2, · · · , r, j = 1, 2, · · · , r^′) anĹgwgec parastĹseic thc G. Ja apodeÐxoume ìti ρ ∼ ρ^′. Estw I_{G,K} = I èna plărec sÔsthma antiprosÿpwn twn klĹsewn isodunĹmwn parastĹsewn thc G, I = {ρ̃_1, ρ̃_2, · · · , ρ̃_λ}. An, gia kĹje ρ̃_i (i = 1, 2, · · · , λ) m_{ρ̃i} = #{i ∈ N_r |ρ_i ∼ ρ̃_i} kai m^′_{ρ̃i} = {j ∈ N_r |ρ_j ∼ ρ̃_i} tìte, jeÿrhma 1.36, èqoume m_{ρ̃i} =< χ_ρ, χ_{ρ̃i} > kai m^′_{ρ̃i} =< χ_ρ′ , χ_{ρ̃i} > . Epeidă χ_ρ = χ_ρ′ kai chK = 0, èpetai ìti gia kĹje i ∈ {1, 2, · · · , λ} isqÔei m_{ρ̃i} = m^′_{ρ̃i} . Profanÿc ρ ∼ ⊕^λ_{i=1}m_{ρ̃i} · ρ̃_i kai ρ^′ ∼ ⊕^λ_{j=1}m^′_{ρ̃i} · ρ̃_i.

Epomènwc, ρ ∼ ⊕^λ_{i=1}m_{ρ̃i} · ρ̃_i ∼ ⊕^λ_{i=1}m^′_{ρ̃i} · ρ̃_i ∼ ρ^′. (b) H Ôparxh thc parĹstashc eÐnai Ĺmesh sunèpeia tou jewrămatoc tou Maschke kai to monosămanto thc sqèshc m_{ρ̃i} = m^′_{ρ̃i} .

ShmeÐwsh: FusikĹ edÿ ennoeÐtai monosămanto modulo isodunamÐa kai ìpou h seirĹ twn prosjetaÐwn tou eujèwc ajroÐsmatoc den lambĹnetai up’ ìyin. Pìrisma 1.38 An χ qaraktărac thc G tìte isqÔoun:

(a) < χ, χ >∈ N_0 \ {0} kai (b) < χ, χ >= 1 akribÿc tìte ìtan o χ eÐnai anĹgwgoc.

Apìdeixh: Amesh sunèpeia twn jewrhmĹtwn 1.36, 1.37 kai tou porÐsmatoc 1.35. Parathrăseic :

(1) To (a) tou jewrămatoc 1.37 den isqÔei an ch(K) ≠ 0.

AntiparĹdeigma:

Estw p = ch(K) kai ρ_1 h monadiaÐa parĹstash bajmoÔ 1 thc G, ρ_{p+1} h monadiaÐa parĹstash bajmoÔ p + 1 thc G. H ρ_1 den eÐnai isodÔnamh me thn ρ_{p+1} diìti, prÿta ap’ ìla, eÐnai diaforetikoÔ bajmoÔ. Omwc χ_{ρp+1} (σ) = tr(ρ_{p+1}(σ)) = tr(Id_{p+1}) = (p + 1) · 1 = χ_{ρ1} (σ).

(2) To (b) tou jewrămatoc 1.35 isqÔei genikìtera ìtan h qarakthristikă tou K den diareÐ thn tĹxh thc G (dec jeÿrhma 1.22 (Krull-Schmidt) ).

ProtoÔ suneqÐsoume, eisĹgoume merikoÔc sumbolismoÔc. An σ eÐnai èna stoiqeÐo thc G, tìte sumbolÐzoume me:

• C_σ := [σ] := {τστ^{−1}|τ ∈ G}, thn klĹsh suzugÐac tou σ.

• [G] := {[σ]|σ ∈ G}, tì sÔnolo ìlwn twn klĹsewn suzugÐac. Jeÿrhma 1.39 (3^o kÔrio jeÿrhma tou KefalaÐou) Estw ρom : G → GL(V ) h omală parĹstash thc G kai ρom = ρ_1 ⊕ρ_2 ⊕· · ·⊕ρ_r, h anĹlush thc se eujÔ Ĺjroisma anagÿgwn. Tìte isqÔoun:

(1) χ_ρ(σ) g , an σ = e 0 , an σ ≠ e (2) KĹje anĹgwgh parĹstash thc G emfanÐzetai ( modulo isodunamÐa) sthn anĹlush thc ρom.

(3) UpĹrqoun peperasmènou plăjouc klĹseic anagÿgwn parastĹsewn thc G.

(4) An I_{G,K} = {ρ̃_1, ρ̃_2, · · · , ρ̃_n} eÐnai èna plărec sÔsthma antiprosÿpwn twn klĹsewn anagÿgwn parastĹsewn thc G kai n_i = deg(ρ̃_i) i = 1, 2, · · · , n tìte isqÔoun ta exăc:

(a) KĹje anĹgwgh parĹstash thc G emfanÐzetai sthn anĹlush thc ρom, akribÿc n_i forèc.

(b) ρom = ⊕ ∑_n i=1 ∑_{ni} j=1 ρ^{(j)}_i ìpou h ρ^{(j)}_i eÐnai isodÔnamh prìc thn ρ̃_i, gia kĹje i = 1, 2, · · · , n_i. (c) g = #G = ∑_n i=1 n^2_i .

Apìdeixh :

(1) Ex orismoÔ thc ρom èpetai ìti upĹrqei mia amfimonosămanth apeikìnish thc G ston K-dianusmatikì qÿro V (σ → u_σ), tètoia ÿste to sÔnolo {u_σ|σ ∈ G} na eÐnai bĹsh tou V kai ρom(σ)(u_t) = u_{σt}. An σ ≠ e tìte èqoume ìti ρom(σ)(u_t) ≠ u_t kai epomènwc o antÐstoiqoc pÐnakac parĹstashc Mom thc ρom eÐnai ènac pÐnakac metajèsewn tètoioc ÿste sthn kÔria diagÿniì tou upĹrqoun mìno mhdenikĹ. Sunepÿc χ_ρ(σ) = 0, ∀σ ≠ e. An tÿra σ = e, tìte: χ_ρ(σ) = deg(ρom) = g.

(2) Estw ρ anĹgwgh parĹstash thc G kai χ_ρ o qaraktărac autăc.

Profanÿc, < χ_ρ, χ_ρ >:= 1 g ∑ t∈G χ_ρ(t)χ_ρ(t^{−1}) = 1 g χ_ρ(e)χ_ρ(e) = deg(ρ) ≠ 0 opìte to zhtoÔmeno eÐnai sunèpeia tou jewrămatoc 1.36.

(3) EÐnai profanèc, lìgw tou ìti o V eÐnai K-dianusmatikìc qÿroc peperasmènhc diĹstashc kai lìgw tou (2) tou parìntoc jewrămatoc, ìti to plăjoc twn klĹsewn anagÿgwn parastĹsewn eÐnai to polÔ g.

(4) (a) Lìgw tou jewrămatoc 1.36 èqoume < χ_ρ, χ_{ρi} >= n_i.

(b) EÐnai tautologÐa me to (a). (c) Edÿ g = χ_ρ(e) = n∑ i=1 n_i∑

j=1 χ_ρ(j)_i (e) = n∑ i=1 n^2_i .

1.5 Plăjoc anagÿgwn parastĹsewn kai sqèseic orjogwniìth- tac Genikă upìjesh thc paragrĹfou autăc eÐnai ìti to sÿma K eÐnai algebrikĹ kleistì kai ch(K) = 0. Orismìc 1.40 Mia sunĹrthsh f : G → K ja lègetai sunĹrthsh klĹsewn suzugÐac thc G (ă central) ìtan ∀σ, t ∈ G, f(tσt^{−1}) = f(σ) Dhladă, isodÔnama, ìtan: ∀σ, t ∈ Gf(σt) = f(tσ). An f_1, f_2 sunartăseic klĹsewn suzugÐac thc G, tìte èpetai ìti kai h f_1 + f_2 eÐnai sunĹrthsh klĹsewn suzugÐac thc G :

(f_1 + f_2)(σt) = f_1(σt) + f_2(σt) = f_1(tσ) + f_2(tσ) = (f_1 + f_2)(tσ).

OmoÐwc an f sunĹrthsh klĹsewn suzugÐac thc G kai λ ∈ K, tìte kai h λf eÐnai epÐshc sunĹrthsh klĹsewn suzugÐac thc G.

Epomènwc to cf(G) := {f : G → K|fsunĹrthsh klĹsewn suzugÐac thc G} apoteleÐ Kdianusmatikì upìqwro tou K-dianusmatikoÔ qÿrou ìlwn twn apeikonÐsewn thc G sto K.

H digrammikă morfă pou orÐsame sthn prohgoÔmenh parĹgrafo epĹgei mia digrammikă morfă epÐ thc cf(G).

Idiìthtec 1.41

(1) H cf(G) perièqei ìlouc tou qaraktărec χ thc G (Profanÿc afoÔ oi qaraktărec eÐnai, ex orismoÔ, sunartăseic klĹsewn suzugÐac thc G).

(2) An h_G eÐnai to plăjoc twn klĹsewn suzugÿn stoiqeÐwn thc G, tìte h diĹstash tou K-dianusmatikoÔ qÿrou cf(G) eÐnai h_G.

Apìdeixh : Estw C_1, C_1, · · · , C_h, h := h_G oi klĹseic isodunĹmwn stoiqeÐwn thc G. Estw R := {σ_1, σ_2, · · · , σ_h} èna plărec sÔsthma antiprosÿpwn twn klĹsewn. H apeikìnish: φ : cf(G) → K^{hG} f → (f(σ_1), f(σ_2), · · · , f(σ_h)) eÐnai K-isomorfismìc dianusmatikÿn qÿrwn. Estw tÿra l_{Ci} oi antÐstrofec eikìnec twn stoiqeÐwn (0, 0, · · · , 1, 0, · · · , 0) tou K^{hG} . To 1 brÐsketai sthn jèsh i, dhladă l_{Ci} eÐnai h sunĹrthsh klĹsewn suzugÐac thc G pou dÐnei:

l_{Ci} (σ) =

1 ìtan σ ∈ C_i 0 ìtan σ ∉ C_i To sÔnolo {l_{C1} , l_{C2} , · · · , l_{Ch} } apoteleÐ, lìgw thc isomorfÐac, bĹsh thc cf(G). An f ∈ cf(G) tìte f = ∑ σ∈R f(σ_i)l_{Ci} . (3) An χ_1, χ_2, · · · , χ_m oi anĹgwgoi qaraktărec thc G, tìte, ìpwc èqoume dei, isqÔei < χ_i, χ_j >= δ_{ij} . Oi anĹgwgoi qaraktărec, loipìn, apoteloÔn èna orjokanonikì sÔsthma tou dianusmatikoÔ qÿrou cf(G).

(4) Oi anĹgwgoi qaraktărec thc G eÐnai K-grammikÿc anexĹrthtoi.

Apìdeixh : Estw ∑_m i=1 λ_iχ_i = 0, λ_i ∈ K. Gia kĹje j = 1, 2, · · · , m isqÔei: 0 =< χ_j , m∑ i=1 λ_iχ_i >= λ_j, dhladă λ_j = 0.

(5) San Ĺmesh sunèpeia thc idiìthtac (4) prokÔptei ìti m ≤ h_G. Jeÿrhma 1.42 (4^o kÔrio jeÿrhma tou KefalaÐou) IsqÔei m = h_G, dhladă:

(1) UpĹrqoun akribÿc h_G, (anĹ dÔo mh-isodÔnamec) anĹgwgec parastĹseic thc G (dhladă akribÿc tìsec ìsec kai oi klĹseic suzugÐac thc G) kai (2) Oi qaraktărec χ_1, χ_2, · · · , χ_m thc G sto K apoteloÔn mia orjokanonikă bĹsh thc cf(G). Apìdeixh : ArkeÐ na deÐxoume ta exăc:

(a) An f ∈ cf(G) tètoia ÿste gia kĹje i = 1, 2, · · · , m na isqÔei < f, χ_i >= 0, tìte f = 0. H (1) eÐnai Ĺmesh sunèpeia thc (a). PrĹgmati, an ψ ∈ cf(G) kai orÐsoume: ψ̃ := ψ −^m ∑ i=1 < ψ_i, χ_i > χ_i ∈ cf(G), tìte gia 1 ≤ j ≤ m isqÔei: < ψ̃, χ_j >=< ψ, χ_j > − m∑ i=1 < ψ, χ_i >< χ_i, χ_j > . Epomènwc, lìgw thc (a), èqoume ìti ψ̃ = 0, dhladă ψ ∈< χ_1, χ_2, · · · , χ_m > .

Estw loipìn ìti < f, χ_i >= 0 gia kĹje i = 1, 2, · · · , m. Ja apodeÐxoume ìti isqÔei h (a) dhladă ìti f = 0.

JewroÔme mia omală parĹstash thc G, ρom : G → GL(V ). OrÐzoume ton F := 1 g ∑ t∈G f(t)ρom(t^{−1}) : V → V. Profanÿc o F eÐnai endomorfismìc K-dianusmatikÿn qÿrwn. ArkeÐ na apodeÐxoume ìti:

(b) F ≡ 0.

PrĹgmati, apì gnwstèc idiìthtec thc omalăc parĹstashc (1.5(5)) èqoume ìti upĹrqei u ∈ V tètoia ÿste {ρom(t^{−1})(u)|t ∈ G} bĹsh tou V. Apì to (b) ja eÐqame loipìn: 0 = F (a) = 1 g ∑ t∈G f(t)ρom(t^{−1})(a)

kai afoÔ to parapĹnw sÔnolo eÐnai bĹsh tou V, f(t) = 0 gia kĹje t ∈ G, dhladă thn (a). Estw ρom = ⊕^r_{j=1}ρ_j h anĹlush thc ρom se eujÔ Ĺjroisma anagÿgwn parastĹsewn kai V = ⊕^r_{j=1}W_j h antÐstoiqh anĹlush tou K-dianusmatikoÔ qÿrou V. Isqurizìmaste ìti prokeimènou na apodeÐxoume to (b), arkeÐ na apodeÐxoume ìti:

(c) F_j := rest_{Wj} F = 0, gia kĹje j, 1 ≤ j ≤ r.

PrĹgmati, an F_j (W_j) = 0, gia kĹje j = 1, 2, · · · , r tìte ja eÐqame:

F (V ) = F (W_1 + W_2 + · · · + W_r) = F (W_1) + F (W_2) + · · · + F (W_r) = = F_1(W_1) + F_2(W_2) + · · · + F_r(W_r) = 0.

AfoÔ oi ρ_j eÐnai anĹgwgec parastĹseic, èpetai ìti o χ_{ρj} ∈ {χ_1, χ_2, · · · , χ_m}, opìte lìgw thc upojèsewc thc (a), èqoume < f, χ_{ρj} >= 0.

Sthn sunèqeia ja prospajăsoume na efarmìsoume to lămma tou Schur. Isqurizìmaste loipìn ìti isqÔei:

ρ_j (σ)F_j = F_j ρ_j (σ), gia kĹje σ ∈ G ă isodÔnama, ìti ρ_j (σ)F_jρ_j (σ^{−1}) = F_j, gia kĹje σ ∈ G.

PrĹgmati ρ_j (σ)F_jρ_j (σ^{−1})(x) = ρ_j (σ)( 1 g ∑ t∈G f(t)ρ_j (t^{−1})ρ_j (σ^{−1})(x)) =

= 1 g ∑ t∈G f(t)ρ_j (σt^{−1}σ^{−1})(x). Jètoume t_1 := σtσ^{−1} kai èqoume,

ρ_j (σ)F_jρ_j (σ^{−1})(x) = 1 g ∑ t_1∈G f(σ^{−1}t_1σ)ρ_j (t^{−1}_1 )(x) =

= 1 g ∑ t_1∈G f(t_1)ρ_j (t^{−1}_1 )(x) = F_j (x).

Epomènwc to lămma tou Schur mac dÐnei: F_j = λ_j · Id_{Wj} , ìpou λ_j ∈ K. Sunepÿc: tr(F_j ) = λ_j · dimW_j = tr( 1 g ∑ t∈G f(t)ρom(t^{−1})|_{Wj} ) =

= tr( 1 g ∑ t∈G f(t)ρ_j (t^{−1})) = 1 g ∑ t∈G f(t)tr(ρ_j(t^{−1})) =

= 1 g ∑ t∈G f(t)χ_{ρj} (t^{−1}) =< f, χ_{ρj} >= 0 ApodeÐxame lopìn ìti λ_j · dimW_j = λ_j · degρ_j = 0 kai epeidă degρ_j ≠ 0 sunepĹgetai ìti λ_j = 0, dhladă ìti F_j = λ_j ·Id_{Wj} = 0 gia kĹje j = 1, 2, · · · , r kai sunepÿc F = 0, epomènwc to (1) tou jewrămatoc.

To (2) eÐnai Ĺmesh sunèpeia tou (1) kai thc idiìthtac 1.39(3).

1.6 Merikèc efarmogèc, sqèseic orjogwniìthtac

Estw c_σ = #C_σ, C_σ h klĹsh suzugÐac tou stoiqeÐou σ. Opwc gnwrÐzoume, to sÔnolo {χ_1, χ_2, · · · , χ_h} eÐnai orjokanonikă bĹsh thc cf(G). An loipìn grĹyoume thn l_{Cσ} = ∑_h i=1 λ_iχ_h tìte, λ_i =< l_{Cσ} , χ_i >= 1 g ∑ t∈G l_{Cσ} (t)χ_i(t^{−1}) = 1 g ∑ t∈C_σ 1 · χ_i(t^{−1}) =

= 1 g ∑ t∈C_σ χ_i(σ^{−1}) = 1 g · c_σ · χ_i(σ^{−1}).

Epomènwc h l_{Cσ} grĹfetai l_{Cσ} = c_σ g h∑ i=1 χ_i(σ^{−1}) · χ_i, dhladă

l_{Cσ} (t) = c_σ g h∑ i=1 χ_i(σ^{−1})χ_i(t) = 1 , an t ∈ C_σ 0 , an t ∉ C_σ Apo ta parapĹnw sunĹgetai to,

Jeÿrhma 1.43 Estw {χ_1, χ_2, · · · , χ_h} to sÔnolo twn anagÿgwn parastĹsewn thc G. IsqÔei: h∑ i=1 χ_i(σ^{−1})χ_i(t) = g/c_σ , an t ∈ C_σ 0 , an t ∉ C_σ ShmeÐwsh : UpenjumÐzoume tic upojèseic thc paragrĹfou 4, ìti dhladă to sÿma K eÐnai algebrikĹ kleistì qarakthristikăc 0.

KĹtw apì autèc tic proüpojèseic apodeiknÔoume thn

Prìtash 1.44 Olec oi anĹgwgec parastĹseic miac peperasmènhc abelianăc omĹdac èqoun bajmì 1.

Apìdeixh : Epeidă h omĹda G eÐnai abeliană, èpetai ìti h_G = g, dhladă upĹrqoun tìsec anĹgwgec parastĹseic, ìsh h tĹxh thc omĹdac g = #G. Apì to jeÿrhma 1.37(4)(c) prokÔptei ìti, g = g∑ i=1 n^2_i

opìte ja prèpei n_i = 1 gia kĹje i = 1, 2, · · · , h_G, dhladă ìti deg(ρ_i) = 1. Autì shmaÐnei ìti oi qaraktărec twn anagÿgwn parastĹsewn thc G tautÐzontai me touc omomorfismoÔc thc G sto K^∗ (dec kai pìrisma 1.29).

Paratărhsh : IsqÔei kai to antÐstrofo. PrĹgmati, an ìlec oi parastĹseic ρ_i (i = 1, 2, · · · , h_G) èqoun bajmì èna, tìte:

#G = h_G∑

i=1 (degρ_i)^2 opìte, g = h_G dhladă [t] = {t} gia kĹje t ∈ G.

Ara h G eÐnai abeliană.

Prìtash 1.45 (Sqèseic orjogwniìthtac) An G eÐnai mia abeliană omĹda tĹxhc g = #G kai X h omĹda qaraktărwn autăc (omomorfismoÐ thc G sthn K^∗) tìte isqÔoun oi parakĹtw sqèseic orjogwniìthtoc

(1) Gia kĹje χ, ψ ∈ X èqoume: ∑ t∈G χ(t)ψ(t^{−1}) = g an χ = ψ 0 an χ ≠ ψ kai (2) Gia kĹje t, σ ∈ G èqoume: ∑ χ∈X χ(t)χ(σ^{−1}) = g an t = σ 0 an t ≠ σ

Apìdeixh: To jeÿrhma 1.41, sthn perÐptwsh pou h G eÐnai abeliană, mac dÐnei ìti: ∑ χ∈X χ(t)χ(σ^{−1}) = g an t = σ 0 an t ≠ σ An tÿra χ, ψ ∈ X , tìte gnwrÐzoume ìti,

< χ, ψ >= 1, ìtan χ = ψ 0, ìtan χ ≠ ψ

Epomènwc^1_g ∑ t∈G χ(t)ψ(t^{−1}) = 1, an χ = ψ 0, an χ ≠ ψ , dhladă

∑ t∈G χ(t)ψ(t^{−1}) = g an χ = ψ 0 an χ ≠ ψ Paratărhsh: Oi sqèseic (1) kai (2) prokÔptoun me enallagă twn rìlwn twn t ∈ G kai χ ∈ X . KĹje forĹ h mia eÐnai h metablhtă kai Ĺllh eÐnai h sunĹrthsh. Gi’ autì lème ìti h mia eÐnai duikă thc Ĺllhc.

2 Efarmogèc

2.1 Timèc qaraktărwn kai akeraiìthta

Se ìlh thn parĹgrafo pou akoloujeÐ upojètoume ìti ch(K) = 0 kai gia ìti gia to sÿma K isqÔei h sunjăkh tou Schur.

Lămma 2.1 Estw G peperasmènh omĹda, χ qaraktărac thc G upèr to K wc proc kĹpoia parĹstash ρ thc G upèr to K. Tìte, gia kĹje σ ∈ G, isqÔei

(1) O ρ(σ) eÐnai diagwnopoiăsimoc (dhladă upĹrqei mia bĹsh apì idiodianÔsmata tou V ètsi ÿste o pÐnakac ρ(σ) na eÐnai diagÿnioc), H bĹsh ìmwc, exartĹtai apì ton σ kai den èqoume tautìqronh diagwnopoiăsh.

(2) An ϵ idiotimă tou ρ(σ) tìte ϵ^{ord(σ)} = 1. IdiaÐtera isqÔei ϵ^{exp(G)} = 1.

ShmeÐwsh: Ekjèthc miĹc omĹdoc exp(G) :=E.K.P.{ord(σ)/ σ ∈ G}. IsqÔei: exp(G)|#G p.q. gia G = S_3 exp(G) = 6, allĹ den upĹrqei σ ∈ G me ord(σ) = 6. O exp(G) eÐnai o elĹqistoc fusikìc arijmìc tètoioc ÿste gia kĹje σ ∈ G na isqÔei σ^m = 1.

(3) An o ρ(σ) eÐnai ìmoioc proc ton pÐnaka diag(ϵ_1, ϵ_2, ....., ϵ_d) tìte ta ϵ_i eÐnai idiotimèc tou ρ(σ) kai χ(σ) = ∑_d i=1 ϵ_i (4) IsqÔei χ(σ^{−1}) = χ(σ).

Apìdeixh:

(1) O ρ|_{<σ>} eÐnai mia parĹstash thc kuklikăc omĹdoc < σ >. AnalÔetai epomènwc se Ĺjroisma anagÿgwn parastĹsewn thc < σ >, èstw ρ|_{<σ>} = ⊕^d_{i=1}ρ_i. Tÿra < σ > abeliană sunepÿc dimρ_i = 1 gia kĹje i = 1, 2, ..., d. Estw M mÐa parĹstash dia pinĹkwn antÐstoiqh tou ρ|_{<σ>} kai M_i parastĹseic dia pinĹkwn antÐstoiqec twn ρ_i. Epomènwc o M(σ) eÐnai isodÔnamoc proc ton: d⨁ i=1 M_i(σ) =

M_1(σ) 0 ... 0 M_d(σ)

(2) Epeidă ρ(σ) = ρ|_{<σ>}(σ) o pÐnakac parĹstashc (wc proc katĹllhlh bĹsh) mporeÐ na grafeÐ: M_1(σ) 0 ... 0 M_d(σ) = ϵ_1 0 ... 0 ϵ_d ìpou ϵ_i ∈ K^∗, dhladă {ϵ_1, ϵ_2, ..., ϵ_d} eÐnai to sÔnolo twn idiotimÿn thc ρ(σ). Tÿra ρ(1) = Id_V kai ρ(1) = ρ(σ^{ord(σ)}) = ρ(σ)^{ord(σ)} = Id_V . Sthn ρ(σ)^{ord(σ)} antistoiqeÐ o pÐnakac: diag(ϵ^{ord(σ)}_1 , ..., ϵ^{ord(σ)}_d ) = Id_V , opìte ja prèpei ϵ^{ord(σ)}_i = 1 gia kĹje i = 1, 2, ..., d dhladă oi idiotimèc ϵ_i eÐnai m := ord(σ)-rÐzec thc monĹdac.

(3) Lìgw thc (1), èqoume ìti o ρ(σ) eÐnai ìmoioc proc ton diag(ϵ^{ord(σ)}_1 , ..., ϵ^{ord(σ)}_d ) kai sunepÿc χ(σ) = trρ(σ) = ∑_d i=1 ϵ_i kai mĹlista ϵ^m_i = 1 gia kĹje i = 1, 2, ..., d ìpou m := exp(G). Dhladă oi timèc twn qaraktărwn eÐnai ajroÐsmata m−rizÿn thc monĹdac kai epomènwc, gia kĹje σ ∈ G, χ(σ) ∈ Q(ζ_m ).

(4) Profanÿc K ⊆ C . Eqoume:

χ(σ^{−1}) = tr(ρ(σ^{−1})) = tr(ρ(σ)^{−1}) = d∑ i=1 ϵ^{−1}_i . Omwc ϵ_i eÐnai rÐza thc monĹdac sunepÿc |ϵ_i|^2 = 1 dhladă ϵ_iϵ̄_i = 1, opìte ϵ̄_i = ϵ^{−1}_i . Sunepÿc χ(σ^{−1}) = χ(σ).

Epeidă oi rÐzec thc monĹdac eÐnai akèraioi algebrikoÐ arijmoÐ èpetai ìti oi timèc twn qaraktărwn χ(σ) eÐnai epÐshc akèraioi algebrikoÐ. An oi timèc twn qaraktărwn eÐnai rhtoÐ arijmoÐ tìte kat’ anĹgkhn ja eÐnai akèraioi.

Jeÿrhma 2.2 (Rhtèc timèc qaraktărwn.)

Estw σ ∈ G kai m := ord(σ). Oi parakĹtw protĹseic eÐnai metaxÔ touc isodÔnamec:

(α) Gia kĹje qaraktăra χ thc G upèr to K h timă χ(σ) eÐnai rhtìc (sunepÿc, apì ta parapĹnw, akèraioc arijmìc).

(β) Gia kĹje ℓ ∈ ZZ me (ℓ, m) = 1 to σ^ℓ eÐnai suzugèc tou σ sthn G.

Apìdeixh: Estw ρ parĹstash thc G kai χ o qaraktărac autăc. SÔmfwna me to lămma 2.1, o ρ(σ) èqei pÐnaka ìmoio me diag(ϵ_1, ..., ϵ_d) ìpou ϵ_i m−rÐzec thc monĹdac.

Estw tÿra ℓ ∈ ZZ. H ρ(σ^ℓ) = ρ(σ)^ℓ èqei pÐnaka diag(ϵ^ℓ_1, ϵ^ℓ_2, ..., ϵ^ℓ_d). Epomènwc èqoume: χ(σ) = d∑ i=1 ϵ_i kai χ(σ^ℓ) = d∑ i=1 ϵ^ℓ_i . EÐnai gnwstì ìti h epèktash Q (ζ_m )/Q eÐnai epèktash tou Galois (dec, sel. 158 ) kai mĹlista ìti h omĹda Galois autăc Gal(Q (ζ_m )/Q) eÐnai isìmorfh proc thn omĹda (ZZ/mZZ)^∗. An σ_ℓ ∈ Gal(Q (ζ)_m )/Q), (ℓ, m) = 1, eÐnai o automorfismìc thc Q (ζ_m /Q), σ_ℓ : ζ_m −→ ζ^ℓ_m tìte autìc antistoiqeÐ sthn klĹsh ℓ(mod m) thc (ZZ/mZZ)^∗. Epomènwc gia ℓ ∈ ZZ, (ℓ, m) = 1 èqoume:

χ(σ^ℓ) = d∑ i=1 ϵ^ℓ_i = d∑ i=1 σ_ℓ(ϵ_i) = σ_ℓ (_d ∑ i=1 ϵ_i ) = σ_ℓ(χ(σ))

Tÿra ja apodeÐxoume ìti (β) ⇒ (α). Estw ℓ̄ = ℓ(mod m) ∈ (ZZ/mZZ)^∗,dhladă (ℓ, m) = 1. AfoÔ, ex upojèsewc, isqÔei to (β), èpetai ìti

σ_ℓ(χ(σ)) = χ(σ^ℓ) = χ(σ).

Epomènwc to χ(σ) anăkei sto sÿma stajerÿn stoiqeÐwn thc omĹdac tou Galois Gal(Q (ζ_m )/Q ) = {σ_ℓ/(ℓ, m) = 1}, dhladă χ(σ) ∈ Q .

(α) ⇒ (β). Upojètoume ìti χ(σ) ∈ Q gia ìlouc touc K-qaraktărec thc G. Gia kĹje ℓ ∈ ZZ, (ℓ, m) = 1, èqoume: χ(σ^ℓ) = σ_ℓ(χ(σ)) = χ(σ), dhladă ìti oi timèc χ(σ), χ(σ^ℓ) eÐnai Ðdiec, gia ìlouc touc qaraktărec thc G.

KĹje sunĹrthsh klĹsewn thc G paÐrnei Ðdiec timèc sta σ, σ^ℓ (jeÿrhma 1.42 (2) ). An autì to efarmìsoume gia thn qarakthristikă sunĹrthsh ψ_{[σ]} thc klĹshc [σ] = {τστ^{−1}/τ ∈ G} tìte èqoume: 1 = ψ_{[σ]}(σ) = ψ_{[σ]}(σ^ℓ) dhladă σ^ℓ ∈ [σ] prĹgma pou shmaÐnei ìti σ, σ^ℓ eÐnai suzugă.

Paratărhsh: H kateÔjunsh (β) ⇒ (α), isqÔei kai qwrÐc thn sunjăkh tou Schur. PrĹgmati, èstw K sÿma me ch(K) = 0 kai K̃ h algebrikă jăkh tou K. Tìte apì thn (β) èpetai ìti oi timèc twn K̃-qaraktărwn thc G eÐnai rhtèc opìte to Ðdio isqÔei kai gia touc K qaraktărec thc G, dhladă χ(σ) ∈ Q .

Pìrisma 2.3 Oi qaraktărec thc summetrikăc omĹdoc S_n wc proc sÿma K me ch(K) = 0, eÐnai akèraioi arijmoÐ.

Apìdeixh: ArkeÐ na deÐxoume ìti gia ℓ ∈ ZZ, (ℓ, m) = 1 ìpou m = ord(σ) isqÔei ìti to σ^ℓ eÐnai suzugèc tou σ, sthn S_n.

Estw σ = σ_1σ_2...σ_r h anĹlush se, xènouc metaxÔ touc anĹ dÔo, kÔklouc tou σ kai ord(σ_i) = ℓ_i. Wc gnwstì, isqÔei ord(σ) =E.K.P.(ℓ_1, ..., ℓ_r). Epomènwc o ℓ eÐnai prÿtoc proc kĹje ℓ_i, i = 1, 2, .., r. Profanÿc isqÔei σ^ℓ = σ^ℓ_1σ^ℓ_2...σ^ℓ_r. ArkeÐ na apodeÐxoume ìti, gia kĹje i = 1, 2, .., r, o σ^ℓ_i eÐnai kÔkloc măkouc ℓ_i, afoÔ wc gnwstìn oi kÔkloi idÐou măkouc eÐnai suzugeÐc sthn S_n (dec, sel. 150).

Estw loipìn τ = (a_1, a_2, ..., a_s) ènac s-kÔkloc thc S_n kai ℓ prÿtoc proc ton s. Isqurizìmaste ìti τ^ℓ eÐnai epÐshc ènac s-kÔkloc. PrĹgmati, afoÔ τ, s-kÔkloc èpetai ìti o a_i tautÐzetai me ton a_j gia s|i − j (p.q. a_{s+1} = a_1 = ...). EpÐshc τ(a_i) = a_{i+1}, opìte:

τ^l(a_i) = a_{i+l}

Epomènwc

(o τ^ℓ eÐnai s − kÔkloc) ⇔ ìtan a^1, τ^ℓ(a^1), τ^ℓ(τ^ℓ(a^1)), ..., τ^{ℓ(s−1)}(a^1) eÐnai anĹ dÔo diaforetikĹ metaxÔ touc.

Estw loipìn, ìti: τ^{ℓμ}(a_1) = τ^{ℓν} (a_1) ìpou 0 ≤ μ, ν ≤ s − 1. H sqèsh aută grĹfetai, an μ ≥ ν, τ^{ℓ(μ−ν)}(a_1) = a_1. Sunepÿc gia 0 ≤ δ := μ − ν ≤ s − 1, èqoume τ^{ℓδ}(a_1) = a_1 dhladă ìti a_{1+ℓδ} = a_1 opìte èpetai ìti s|ℓδ kai epeidă (s, ℓ) = 1 sunepĹgetai ìti (s|δ, 0 ≤ δ ≤ s−1). Eqoume, katĹnĹgkh, ìti δ = 0 Ĺra μ = ν prĹgma pou shmaÐnei ìti σ^ℓ suzugèc proc to σ.

Orismìc 2.4 OrÐzoume tmăma (Abteilung) tou stoiqeÐou σ thc G to sÔnolo: Abt(σ) := {τ ∈ G/ < τ > suzugăc proc thn < σ >} (< τ > sumbolÐzei thn kuklikă omĹda, upoomĹda thc G pou parĹgetai apì to τ.)

Kat’ arqăn parathroÔme ìti Abt(σ) ⊇ [σ], ìpou

[σ] := {τ ∈ G/τ suzugèc tou σ}, h klĹsh suzugÐac tou σ.

PrĹgmati, an μσμ^{−1} = τ tìte < τ >= {τ^ν /ν ∈ ZZ} = {μσ^ν μ^{−1}/ν ∈ ZZ} = μ{σ^ν/ν ∈ ZZ}μ^{−1} = μ < σ > μ^{−1} dhladă to τ eÐnai suzugèc proc mia dÔnamh tou σ. EÐnai ìmwc piì genikă ènnoia apì thn isodunamÐa stoiqeÐwn ìpwc faÐnetai kai apì ta parakĹtw. ParĹdeigma:

Estw G = A_4, Tìte, an pĹroume, σ = (1 2 3), τ = (1 3 2) = σ^2, profanÿc isqÔei ìti < σ >=< τ >. AllĹ to σ den eÐnai sthn A_4 suzugèc wc proc to τ. (FusikĹ eÐnai suzugă sthn S_4.) PrĹgmati, an μ(1 2 3)μ^{−1} = (1 3 2) ⇒ (μ(1) μ(2) μ(3)) = (1 3 2) ⇒ μ(4) = 4 ExetĹzontac ta stoiqeÐa thc A_3 blèpoume ìti μ = (1 2 3) ă μ = (1 3 2) dhladă μ ∈ A_3 ∼= ZZ_3 h opoÐa eÐnai abeliană. Se abeliană ìmwc omĹda kĹje stoiqeÐo eÐnai suzugèc mìno tou eautoÔ tou. Ja eÐqame loipìn (2 3 1) = (1 3 2) ă (3 1 2) = (1 2 3), Ĺtopo.

EÔkola mporoÔme na doÔme ìti: Abt(σ) = {τ ∈ G/τ suzugèc proc to σ^ℓ me ℓ ∈ ZZ, (ℓ, ord(σ) = 1} PrĹgmati: (< τ > suzugăc proc ton < σ > sunepÿc (∃μ ∈ G : μ < τ > μ^{−1} =< σ >) ⇔ (∃μ ∈ G :< μτμ^{−1} >=< σ >) ⇔ (∃μ ∈ G : μτμ^{−1} = σ^ℓ me ℓ ∈ ZZ, (ℓ, ord(σ)) = 1). Paratărhsh: Me bĹsh ta parapĹnw h sunjăkh (β) tou jewrămatoc (2.2) eÐnai isodÔnamh proc thn sunjăkh (β^′) Abt(σ) = [σ] ă isodÔnama (β^{′′}) an h kuklikă omĹda < τ > eÐnai suzugăc proc thn < σ > tìte to stoiqeÐo τ eÐnai suzugèc tou σ.

Sthn sunèqeia ja apodeÐxoume to

Jeÿrhma 2.5 An σ ∈ G, k = [σ] h klĹsh suzugÐac tou σ kai χ ènac anĹgwgoc Kqaraktărac thc G, tìte o arijmìc:

ω_K := #k · χ(σ) χ(1) eÐnai akèraioc algebrikìc.

Paratărhsh:

• An χ(σ) ∈ Q, tìte ω_K ∈ Q kai, afou ω_K akèraioc algebrikìc, èpetai ìti ω_K ∈ ZZ, dhladă χ(1)|#k · χ(σ).

• Gia G = S_n,lìgw tou porÐsmatoc 2.3 èqoume: χ(1)|#k · χ(σ) gia kĹje anĹgwgo qaraktăra χ thc S_n.

Apìdeixh:

Estw ρ : G −→ GL(V ) parĹstash thc G me qaraktăra ton dojènta χ. (H ρ eÐnai profanÿc anĹgwgh afoÔ o χ eÐnai anĹgwgoc.) An

f_k := ∑ τ ∈k ρ(τ) ∈ End_K (V ) kai g ∈ G isqÔei ìti: ρ(g)^{−1} · f_k · ρ(g) = ∑ τ ∈k ρ(g^{−1}τg) = f_k, afoÔ, ìtan to τ diatrèqei ta stoiqeÐa thc klĹshc suzugÐac tou k to Ðdio kĹnei kai to g^{−1}τg. Eqoume loipìn:

f_k · ρ(g) = ρ(g) · f_k , gia kĹje g ∈ G.

Apì to lămma tou Schur èpetai ìti f_k = a_kId_V me a_k ∈ K opìte kai tr(f_k) = a_kχ(1). Apì thn Ĺllh meriĹ ìmwc: tr(f_k) = ∑ τ ∈k tr(ρ(τ)) = ∑ τ ∈k χ(τ) = #kχ(σ) kai epomènwc :

a_k = #k · χ(σ) χ(1) = ω_k. ArkeÐ loipìn na apodeÐxoume ìti: ZZ[ω_k/k ∈ [G]] =_{ZZ} < ω_k/k ∈ [G] > dhladă ìti o daktÔlioc ZZ[ω_k/k ∈ [G]] eÐnai èna peperasmèna paragÿmeno ZZ-module to opoÐo perièqei ìla ta ω_k opìte, apì gnwstì jeÿrhma thc jewrÐac arijmÿn (dec selÐda 159), ja èqoume ìti gia kĹje klĹsh suzugÐac k oi arijmoÐ ω_k eÐnai akèraioi algebrikoÐ.

Gia na apodeÐxoume to teleutaÐo arkeÐ na apodeÐxoume ìti gia kĹje κ, μ, ν ∈ [G], upĹrqoun n_{κ,μν} ∈ N ∪ {0} tètoioi ÿste: ω_κω_mu = ∑ ν∈[G] n_{κ,μ,ν} ω_ν . Katarqăn giĹ κ, μ ∈ [G] èqoume: f_κ · f_mu = ∑ g∈κ ρ(g) · ∑ g∈μ ρ(g) = = ∑ g∈κ,g^′∈μ ρ(gg^′) = ∑ δ∈G ∑ g ∈ κ, g′ ∈ μ gg′ = δ ρ(δ) = ∑ δ∈G #{(g, g^′) ∈ κ × μ/gg^′ = δ} · ρ(δ).

SumbolÐzoume to sÔnolo {(g, g^′) ∈ κ × mu/gg^′ = δ} me C_{κ,μ,δ} kai èstw c_{κ,μ,δ} := #C_{κ,μ,δ}.

Sthn sunèqeia ja apodeÐxoume ìti an δ̃ suzugèc tou δ tìte: c_{κ,μδ} = c_{κ,μ}~_δ. PrĹgmati èstw δ̃ = τδτ^{−1}, τ ∈ G. H sunĹrthsh: C_{κ,μδ} −→ C_{κ,μ,}~_δ (g, g^′) −→ (τgτ^{−1}, τg^′τ^{−1}) eÐnai profanÿc èna proc èna kai epÐ. ArkeÐ, loipìn na deÐxoume ìti an (g, g^′) ∈ C_{κ,μδ} tìte (τgτ^{−1}, τg^′τ^{−1}) ∈ C_{κ,μ,}~_δ. To teleutaÐo ìmwc eÐnai profanèc diìti g ∈ κ ⇒ τgτ^{−1} ∈ κ g^′ ∈ μ ⇒ τg^′τ^{−1} ∈ μ opìte τgτ^{−1}τg^′τ^{−1} = τgg^′τ^{−1} = τδτ^{−1} = δ̃.

MporoÔme epomènwc gia kĹje δ ∈ ν na grĹyoume: C_{κ,μ,ν} := C_{κ,μ,δ}. Eqoume loipìn: f_κ · f_μ = ∑ δ∈G c_{κ,μ,[δ]}ρ(δ) = ∑ ν∈[G] c_{κ,μ,ν} ∑ δ∈ν ρ(δ) = ∑ ν∈[G] c_{κ,μ,ν} · f_ν . Epomènwc ω_kId_V · ω_μId_V = ∑ ν∈[G] c_{κ,μ,ν} ω_ν · Id_V opìte isqÔei ω_κ · ω_μ = ∑ ν∈[G] c_{κ,μ,ν} ω_ν . San efarmogă tou prohgoumènou jewrămatoc èqoume to:

Jeÿrhma 2.6 An χ anĹgwgoc qaraktărac thc G, tìte o bajmìc tou χ, degχ diaireÐ thn tĹxh thc omĹdoc G.

Apìdeixh: AfoÔ χ anĹgwgoc ja èqoume 1 =< χ, χ >. Apì ton orismì tou eswterikoÔ ginomènou prokÔptei ìti: #G = ∑ σ∈G χ(σ)χ(σ^{−1}). Estw k_i = [σ_i], giĹ i = 1, 2..., h = h_G.

Eqoume loipìn:

#G = h∑ i=1 ∑ σ∈k_i χ(σ)χ(σ^{−1}) = h∑ i=1 ∑ σ∈k_i χ(σ_i)χ(σ^{−1}_i ) =

= h∑ i=1 #(k_i)χ(σ_i)σ(σ^{−1}_i ).

Epomènwc: #G χ(1) = h∑ i=1 #(k_i)χ(σ_i) χ(1) χ(σ^{−1}_i ). Epeidă oi timèc χ(σ^{−1}_i ) eÐnai akèraioi algebrikoÐ (ajroÐsmata rizÿn thc monĹdac) kai, lìgw tou jewrămatoc 2.5, kai oi arijmoÐ #(k_i)χ(σ_i)/χ(1) eÐnai akèraioi algebrikoÐ èpetai ìti o #G χ(1) eÐnai akèraioc algebrikìc. Epeidă ìmwc o #G χ(1) eÐnai kai rhtìc, èpetai ìti #G χ(1) ∈ ZZ, dhladă χ(1)|#G.

2.2 Kanonikèc upoomĹdec kai to (p, q)-jeÿrhma tou Burnside.

KÔrioc stìqoc thc paroÔshc paragrĹfou eÐnai h apìdeixh, me thn boăjeia thc jewrÐac parastĹsewn (qaraktărwn) omĹdwn, enìc jewrămatoc thc jewrÐac omĹdwn, tou jewrămatoc tou Burnside. H apìdeixh tou jewrămatoc autoÔ stic arqèc tou aiÿna (1904) katèdeixe kai thn dunamikìthta tou klĹdou thc jewrÐac twn parastĹsewn. Apìdeixh tou jewrămatoc tou Burnside qwrÐc thn qrăsh thc jewrÐac qaraktărwn dìjhke polÔ argìtera.

Jeÿrhma 2.7 (Burnside) An p, q eÐnai prÿtoi arijmoÐ, tìte kĹje omĹda G tĹxhc p^αq^β, (α, β ∈ N ∪ {0}) eÐnai epilÔsimh.

Katarqăn apodeiknÔoume to akìloujo:

Jeÿrhma 2.8 Estw G peperasmènh omĹda, K sÿma qarakthristikăc mhdèn kai χ ènac qaraktărac thc G wc proc to K.

(α) An ρ parĹstash thc G kai χ := χ_ρ. Tìte: kerρ = kerχ := {σ ∈ G/χ(σ) = χ(1)} (β) An o qaraktărac χ grĹfetai san Ĺjroisma χ = ∑_r i=1 χ_i ìpou χ_i qaraktărec thc G, tìte: kerχ = ∩^r_{i=1}kerχ_i. (γ) MÐa upoomĹda N thc G eÐnai analloÐwth akribÿc tìte ìtan upĹrqoun anĹgwgoi qaraktărec χ_1, χ_2, ..., χ_s thc G tètoioi ÿste N = ∩^s_{i=1}kerχ_i

(δ) H omĹda G eÐnai aplă tìte kai mìno tìte ìtan, gia ìlouc touc anĹgwgouc qaraktărec χ ≠ χ_1 isqÔei kerχ = {1}.

Apìdeixh:

(α) An σ ∈ kerρ tìte èpetai ìti ρ(σ) = 1_V (V eÐnai, ìpwc pĹnta, o qÿroc parĹstashc thc ρ). Epomènwc χ(σ) = tr(1_V ) = dim_K V = deg(χ) = χ(1). An pĹli σ ∈ kerχ, tìte profanÿc, χ(σ) = χ(1) =: d. Ja apodeÐxoume ìti σ ∈ kerρ. Gia autì ja qreiastoÔme to

Lămma 2.9 An K sÿma pou plhreÐ thn sunjăkh tou Schur, chK = 0, σ ∈ G kai χ qaraktărac thc G wc proc to K me |χ(σ)| = χ(1). Tìte upĹrqei ϵ ∈ K me ρ(σ) = ϵ1_V .

An deqjoÔme, proc stigmă, thn alăjeia tou lămmatoc, tìte an K̃ mÐa algebrikă jăkh tou K, epeidă gia to K̃ isqÔei h sunjăkh tou Schur kai o χ eÐnai qaraktărac thc G apì to lămma 2.9 èqoume: ρ(σ) = ϵ · Id_V opìte, lìgw twn sqèsewn χ(σ) = χ(1) kai χ(σ) = ϵ · dim_K V = ϵ · χ(1) èqoume ìti ϵ = 1 kai σ ∈ kerρ.

Apìdeixh: (tou lămmatoc) Wc gnwstì, o ρ(σ) eÐnai ìmoioc proc ton diagÿnio pÐnaka diag(ϵ_1, ..., ϵ_d), ìpou ϵ_i, i = 1, 2, ..., d rÐzec thc monĹdac. Epomènwc χ(σ) = ∑_d i=1 ϵ_i, opìte: | | | | d∑ i=1 ϵ_i | | | | = |χ(σ)| = χ(1) = d = d∑ i=1 |ϵ|. Sthn gnwstă loipìn anisìthta | |∑d_{i=1} ϵ_i | | ≤ ∑d_{i=1} |ϵ| isqÔei h isìthta. Epomènwc, katĹnĹgkh, ja eÐnai ϵ_1 = ϵ_2 = ... = ϵ_d =: ϵ, dhladă ρ(σ) = ϵ · Id_V .

(β) Estw ρ_i parĹstaseic thc G pou èqoun antÐstoiqouc qaraktărec touc χ_i. H ρ = ⊕^s_{i=1}ρ_i ja èqei qaraktăra ∑_s i=1 χ_i = χ. Lìgw tou (α) èqoume: kerχ^{(α)}= ker(ρ) = ∩^s_{i=1}ker(ρ_i)^{(α)}= ∩^s_{i=1}ker(χ_i). (γ) {⇐} Gia kĹje i = 1, 2, ..., s isqÔei: kerχ_i = kerρ_i ◁ G. Epomènwc kai N := ∩^s_{i=1}kerχ_i ◁ G. {⇒} Estw ìti N eÐnai analloÐwth upoomĹda thc G. SÔmfwna me to (β) arkeÐ na deÐxoume ìti upĹrqei parĹstash ρ me kerρ = N, diìti an ρ parĹstash me kerρ = N kai ρ = ⊕^s_{i=1}ρ_i, ìpou ρ_i anĹgwgec, tìte: N = kerρ = ∩^s_{i=1}kerρ_i = ∩^s_{i=1}ker(χ_{ρi} ), kai mĹlista oi χ_{ρi} ja eÐnai anĹgwgoi.

JewroÔme thn omĹda phlÐkwn Ḡ := G/N. Estw ρ̄om h omală parĹstash autăc. EÐnai fanerì ìti kerρ̄om = {1¯_G}. An π : G −→ Ḡ = G/N h fusikă probolă thc G sthn Ḡ, èqoume ìti: G Ḡ = G/N

GL_n(K) ρ̄om π

ρ

h ρ := ρ̄om · π, eÐnai mÐa parĹstash thc G wc proc K, me kerρ := π^{−1}(kerρ̄om) = N.

(δ) H G eÐnai aplă, ex orismoÔ, ìtan oi monadikèc analloÐwtec upoomĹdec thc, N ◁ G, eÐnai oi N = {1} kai N = G. Autì ìmwc isqÔei, lìgw thc (γ), akribÿc tìte ìtan gia ìlouc touc anĹgwgouc qaraktărec χ_1, χ_2..., χ_h thc G èqoume ∩^h_{i=1}kerχ_i = {1} ă ∩^h_{i=1}kerχ_i = G. Epomènwc h G eÐnai aplă tìte kai mìno tìte ìtan gia ìlouc touc anĹgwgouc qaraktărec thc χ_i (i = 1, 2, ..., h) isqÔei kerχ_i = {1} ă kerχ_i = G. ParathroÔme ìti an gia kĹpoion anĹgwgo qaraktăra χ thc G isqÔei kerχ = G, tìte, katĹnĹgkh, χ = χ_1. PrĹgmati, an kerχ = G kai ρ parĹstash thc G me qaraktăra ton χ, tìte lìgw thc (α), kerρ = G. Epomènwc ρ : G −→ {Id_V } ⊆ GL(V ).

Afou χ anĹgwgoc qaraktărac, èpetai ìti kai h ρ eÐnai anĹgwgh. Sunepÿc dim_K V = 1 pou shmaÐnei ìti ρ : G −→ {1} ⊆ K^∗ opìte anagkastikĹ χ = χ_1, dhladă h alăjeia thc (δ).

Paratărhsh: Apì to teleutaÐo jeÿrhma prokÔptei ìti, an gnwrÐzoume ton pÐnaka (anagÿgwn) qaraktărwn miac peperasmènhc omĹdac G, mporoÔme na broÔme ìlec tic kanonikèc upoomĹdec thc. BrÐskoume touc purănec ìlwn twn anagÿgwn qaraktărwn apì thn sqèsh: kerχ = {σ ∈ G/χ(σ) = χ(1)} = ∪_{k ∈ [G]} χ(k) = χ(1) k kai, sthn sunèqeia, sqhmatÐzoume tomèc purănwn kaj’ ìlouc touc dunatoÔc trìpouc. ParĹdeigmata: (1) Estw G = S_3,. Oi klĹseic suzugÐac thc S_3 eÐnai treic kai mĹlista oi k_1 = [(1)], k_2 = [(1 2)], k_3 = [(1 2 3)] (dec, parĹrthma sel. 150). Epomènwc èqoume treÐc anĹgwgouc qaraktărec, èstw χ_1, χ_2, χ_3. O pÐnakac timÿn twn anagÿgwn qaraktărwn eÐnai o exăc:(dec, sel. 117)

[1] [(1 2)] [(1 2 3)] k_1 k_2 k_3 χ_1 1 1 1 χ_2 1 -1 1 χ_3 2 0 -1

Apì ton pÐnaka timÿn blèpoume: kerχ_1 = S_3, kerχ_2 = [1] ∪ [(123)] = A_3, kerχ_3 = [1] = {1}. Oi {1}, A_3, S_3 eÐnai oi mìnec kanonikèc upoomĹdec thc S_3, diìti opoiosdăpote sunduasmìc tomÿn den dÐnei tÐpote to kainoÔrgio.

(2) Estw G = S_4. Oi klĹseic suzugÐac thc S_4 eÐnai oi k_1 = [(1)], k_2 = [(1 2)], k_3 = [(1 2)(3 4)], k_4 = [(1 2 3)], k_5 = [(1 2 3 4)] (dec, sel. 150). O pÐnakac twn qaraktărwn thc S_4 eÐnai (dec, sel. 121):

[1] [(1 2)] [(1 2)(3 4)] [(1 2 3)] [(1 2 3 4)] k_1 k_2 k_3 k_4 k_5 χ_1 1 1 1 1 1 χ_2 1 -1 1 1 -1 χ_3 2 0 2 -1 0 χ_4 3 1 -1 0 -1 χ_5 3 -1 -1 0 1

Epomènwc kerχ_1 = S_4, kerχ_2 = A_4 = [1] ∪ k_3 ∪ k_4, kerχ_3 = [1] ∪ k_3 = V_4(h tetradikă omĹda tou Klein), kerχ_4 = kerχ_5 = {1}. Kai pĹli autèc eÐnai oi monadikèc kanonikèc upoomĹdec thc S_4.

Me thn boăjeia twn parapĹnw ergaleÐwn stouc qaraktărec mporoÔme na apodeÐxoume to parakĹtw shmantikì jeÿrhma thc jewrÐac omĹdwn:

Jeÿrhma 2.10 (Burnside) KĹje peperasmènh omĹda G tĹxhc p^aq^b eÐnai epilÔsimh.

Apìdeixh: Thc apodeÐxewc tou jewrămatoc protĹsoume dÔo lămmata.

Lămma 2.11 Estw G mÐa peperasmènh omĹda, K èna sÿma qarakthristikăc mhdèn gia to opoÐo isqÔei h sunjăkh tou Schur kai χ ènac anĹgwgoc qaraktărac thc G wc proc to K. An k ∈ [G] kai M.K.D.(#(k), degχ) = 1, tìte χ(k) = 0 ă |χ(k)| = degχ.

Apìdeixh: Lìgw thc upìjeshc, ìti o M.K.D.(#(k), degχ) = 1, èqoume ìti upĹrqoun akèraioi, s, t tètoioi ÿste 1 = s · #(k) + t · degχ. PollaplasiĹzoume kai ta dÔo mèlh thc teleutaÐac sqèshc me χ(k)/χ(1) kai èqoume: χ(k) χ(1) = s · #(k)χ(k) χ(1) + t · χ(k) (degχ = χ(1)). Oi arijmoÐ χ(k) kai^{#(k)χ(k)}_{χ(1)} eÐnai akèraioi algebrikoÐ (lămma 2.1 (3) kai jeÿrhma 2.5). MĹlista o χ(k) eÐnai rÐza thc monĹdac. Estw m ∈ N tètoioc ÿste χ(k) ∈ Q (ζ_m ). An α ∈ Q(ζ_m ) tìte h norm tou α orÐzetai wc exăc: N_{Q(ζm )/Q} (α) = ∏ ϕ∈Gal(Q(ζ_m )/Q) ϕ(α)

Gia α := χ(k)/χ(1) ∈ Q(ζ_m ) èqoume kat’ arqăn ìti |α| ≤ 1, diìti, lămma 2.1 (3), |χ(k)| = | | | | d∑ i=1 ϵ_i | | | | ≤ d∑ i=1 |ϵ_i| = d = χ(1). Epomènwc gia kĹje ϕ ∈ Gal(Q (ζ_m )/Q) isqÔei |ϕ(α)| ≤ ϕ(1) = 1 kai telikĹ paÐrnoume: |N_{Q(ζm )/Q} (α)| ≤ 1. Opwc èqoume ădh pei, o α eÐnai akèraioc algebrikìc tou Q(ζ_m ). Sunepÿc ìloi oi ϕ(α) eÐnai epÐshc akèraioi algebrikoÐ. Dhladă o N_{Q(ζm )/Q} (α) eÐnai akèraioc algebrikìc kai rhtìc. Epomènwc N_{Q(ζm )/Q} (α) ∈ ZZ.

To sumpèrasmĹ mac eÐnai ìti gia α = χ(k)/χ(1) èqoume N_{Q(ζm )/Q} (α) = 0 ă 1. An N_{Q(ζm )/Q} (α) = 0 tìte èqoume α = 0, dhladă χ(k) = 0. An N_{Q(ζm )/Q} (α) = 1, tìte afoÔ |ϕ(α)| ≤ 1 gia kĹje ϕ ∈ Gal(Q (ζ_m )/Q), èpetai ìti |α| = 1, dhladă |χ(k)| = χ(1). Lămma 2.12 An h peperasmènh omĹda G èqei klĹsh suzugÐac k ≠ [1] thc opoÐac h tĹxh eÐnai #(k) = p^ν > 1, (ν ∈ N) tìte, an h G eÐnai aplă ja eÐnai katĹnĹgkh kuklikă tĹxewc dÔnamhc prÿtou arijmoÔ.

Apìdeixh: Estw σ ∈ k, σ ≠ 1. An χ_1, χ_2, ..., χ_h eÐnai oi anĹgwgoi qaraktărec thc G sto C (χ_1 o monadiaÐoc), tìte, afoÔ [σ] = k ≠ [1], oi sqèseic orjogwniìthtac (prìtash 1.4.3(2)) mac dÐnoun:_h ∑ i=1 χ_i(1)χ_i(σ) = 1 + h∑ i=2 χ_i(1)χ_i(σ) = 0

ArijmoÔme katĹ tètoio trìpo touc qaraktărec χ_i ètsi ÿste gia i ∈ {2, ..., h_0} na isqÔei p ̸|χ_i(1) enÿ gia touc upìloipouc i ∈ {h_0 + 1, ..., h} na isqÔei p|χ_i(1)(2 ≤ h_0 ≤ h).

Epomènwc èqoume: 1 + h_0∑

i=2 χ_i(1)χ_i(σ) + h∑ i=h_0+1

χ_i(1)χ_i(σ) = 0

Gia kĹje i ∈ {2, ..., h_0} èqoume M.K.D.(#(k), χ_i(1)) =M.K.D.(p^ν , χ_i(1)) = 1. To prohgoÔmeno loipìn lămma (2.11) mac dÐnei: Gia kĹje i ∈ {2, 3, ..., h_0} isqÔei χ_i(σ) = 0^′h |χ_i(σ)| = χ_i(1).

An gia ìla ta i ∈ {2, 3, ..., h_0} eÐqame ìti χ_i(σ) = 0 tìte ja eÐqame:

1 + p h∑ i=h_0+1

χ_i(1) p χ_i(σ) = 0

Epeidă de χ_i(σ) akèraioc algebrikìc kai^{χi(1)}_p akèraioc ìlo to Ĺjroisma ja ătan akèraioc algebrikìc, dhladă o A := h∑ i=h_0+1

χ_i(1) p χ_i(σ) = − 1 p ja ătan akèraioc algebrikìc. O A loipìn san akèraioc algebrikìc allĹ kai rhtìc ja èprepe na ătan akèraioc, Ĺtopo diìti −1/p ∉ ZZ. Epomènwc upĹrqei i_0 ∈ {2, 3, ..., h_0} tètoio ÿste |χ_{i0} (σ)| = χ_{i0} (1).

An ρ_{i0} : G −→ GL(V_{i0} ) eÐnai parĹstash thc G me qaraktăra χ_{i0} tìte, lămma 2.9:

ρ_{i0} (σ) = ϵ_{i0} Id_V , (ϵ_{i0} ∈ C )

dhladă (dec, sel. 148) ρ_{i0} (σ) ∈ Z(GL(V_{i0} )) Estw tÿra ìti h G eÐnai aplă. Epeidă h omĹda kerρ_{i0} eÐnai analloÐwth upoomĹda thc G èpetai ìti kerρ_{i0} = G ă kerρ_{i0} = {1}. An kerρ_{i0} = G tìte h ρ_{i0} ja ătan h monadiaÐa parĹstash bajmoÔ dim_C (V_{i0} ) thc G. H parĹstash ìmwc ρ_{i0} eÐnai anĹgwgh diìti o χ_{i0} eÐnai anĹgwgoc. H ρ_{i0} san anĹgwgh monadiaÐa parĹstash ja eÐnai katanĹgkh, bajmoÔ degρ_{i0} = 1. Epomènwc ja eÐqame χ_{i0} = χ_1, Ĺtopo.

Gia thn parĹstash loipìn ρ_{i0} isqÔei kerρ_{i0} = {1} kai sunepÿc h

ρ_{i0} G → GL(V_{i0} ) σ −→ ρ_{i0} (σ) ∈ Z(GL(V_{i0} )) eÐnai mÐa emfÔteush thc G sthn Z(GL(V_{i0} )). AfoÔ ρ_{i0} (σ) ∈ Z(GL(V_{i0} )), èpetai ìti gia kĹje τ ∈ G ρ_{i0} (τ)ρ_{i0} (σ) = ρ_{i0} (σ)ρ_{i0} (τ), dhladă ìti ρ_{i0} (τσ) = ρ_{i0} (στ) kai epeidă h ρ_{i0} eÐnai èna proc èna ja èqoume τσ = στ prĹgma pou shmaÐnei ìti σ ∈ Z(G), (σ ≠ 1). ApodeÐxame ìti h G èqei mh-tetrimmèno kèntro kai, afoÔ eÐnai aplă, ja èqoume G = Z(G), dhladă h G eÐnai abeliană, G ≠ {1}. Alla G aplă, G abeliană kai G ≠ {1} sunepĹgetai ìti, katĹnĹgkh h tĹxh thc G eÐnai dÔnamh prÿtou arijmoÔ.

Me thn boăjeia twn teleutaÐwn lhmmĹtwn eÐmaste plèon se jèsh na apodeÐxoume to (p, q)-jeÿrhma tou Burnside. Apìdeixh: tou jewrămatoc (2.10) H apìdeixh ja gÐnei epagwgikĹ wc proc thn tĹxh thc omĹdoc G. An #G = 1 tìte profanÿc, h G eÐnai epilÔsimh. Gia dosmènh omĹda G tÿra, upojètoume ìti an H omĹda me tĹxh #H < #G kai ìti h tĹxh thc H eÐnai ginìmeno dÔo to polÔ prÿtwn arijmÿn, tìte h H eÐnai epilÔsimh. XeqwrÐzoume dÔo periptÿseic:

PerÐptwsh 1: Upojètoume ìti α = 0 (anĹloga gia β = 0) Sthn perÐptwsh aută h G eÐnai p-omĹda kai sunepÿc epilÔsimh (dec, sel. 153).

PerÐptwsh 2: Upojètoume ìti α > 0 kai β > 0. Estw P mÐa p-Sylow upoomĹda thc G. Profanÿc P ≠ {1}, afoÔ α > 0. Epiplèon isqÔei {1} < Z(P ) ◁ P , {1} ≠ Z(P ). An σ ∈ Z(P )\{1}, tìte h P eÐnai upoomĹda tou kentropoihtă tou σ Z_G(σ), P ⊆ Z_G(σ). EÐnai ìmwc gnwstì ìti (dec, sel. 148):

#[σ] = [G : Z_G(σ)]/[G : P ] = #G #P = p^αq^β p^α = q^β H tĹxh thc klĹsewc suzugÐac eÐnai, loipìn, dÔnamh prÿtou arijmoÔ.

Lìgw tou lămmatoc (2.12), afoÔ h G den eÐnai tĹxewc dunĹmewc prÿtou arijmoÔ, h G den eÐnai aplă. UpĹrqei epomènwc N ◁ G, {1} < N < G, N ≠ {1}, N ≠ G. Profanÿc #N, #G/N < #G kai èqoun tĹxh ginìmeno dunĹmewn to polÔ dÔo prÿtwn. SÔmfwna me thn upìjesh thc majhmatikăc epagwgăc, oi N kai G/N eÐnai epilÔsimec. Epomènwc (dec, sel. 153) kai h G eÐnai epilÔsimh. Parathrăseic:

(1) To (p, q)-jeÿrhma tou Burnside eÐnai to kalÔtero dunatì, me thn ènnoia ìti upĹrqoun omĹdec twn opoÐwn h tĹxh eÐnai ginìmeno dunĹmewn triÿn akribÿc prÿtwn kai twn opoÐwn h omĹda den eÐnai epilÔsimh, ìpwc paradeÐgmatoc qĹrin h A_5.

(2) Me mejìdouc kajarĹ thc jewrÐac omĹdwn (qwrÐc thn qrăsh thc jewrÐac qaraktărwn) to jeÿrhma apodeÐqthke apì ton H.Bender, A group theoretic proof of Burnside’s p^αq^β-theorem, Math.Z. 126 (1972), 327-328.

QwrÐc apìdeixh tèloc anafèroume to

Jeÿrhma 2.13 (Feit,Thomson (1963)) KĹje peperasmènh omĹda perittăc tĹxhc eÐnai epilÔsimh.

Prìkeitai gia èna arketĹ polÔploko kai bajÔ apotèlesma thc jewrÐac omĹdwn. Htan eikasÐa tou Burnside ădh apì to 1911. (dec, W.Feit kai J.G. Thomson, ((Solvability of groups of odd order)) Pacific.J. Math 13 (1963), 775-1029). Gia mÐa pio {bată} apìdeixh dec to biblÐo twn H.Bender kai G.Glauberman, Local Analysis for the Odd Order Theorem, Cambridge University Press, 1994).

3 Emmy Noether kai jewrÐa parastĹsewn

3.1 Modules

Estw R ènac, ìqi kat’ anĹgkh antimetajetikìc, daktÔlioc me monadiaÐo 1_R ∈ R. Orismìc 3.1 Estw M èna mh-kenì sÔnolo. To M ja lègetai aristerì R-module ìtan:

(1) To M eÐnai prosjetikă abeliană omĹda. (2) UpĹrqei mia exwterikă prĹxh R × M −→ M (ρ, μ) −→ ρ · μ tètoia ÿste gia ìla ta r, r_1, r_2 ∈ R kai m, m_1, m_2 ∈ M na isqÔoun: (i) (r_1 + r_2)m = r_1m + r_2m. (ii) r(m_1 + m_2) = r_1m_1 + rm_2. (iii) r_2(r_2m) = (r_1r_2)m.

An epiplèon isqÔei h (iv) 1 · m = m, tìte to M ja lègetai monadiaÐo (unitary) R-module.

Ta aristerĹ R-modules M ja ta sumbolÐzoume me_RM. AnĹloga orÐzontai dexiĹ Rmodules kai sumbolÐzontai me M_R.

Estw_RM èna R-module kai N ⊆ M. To N ja lègetai upomodule tou_RM ìtan to N eÐnai epÐshc R-module wc proc tic prĹxeic tou M. Profanÿc to N ⊆ M eÐnai upomodule tìte kai mìno tìte ìtan N + N ⊂ N kai R · N ⊂ N. ParadeÐgmata:

1. O R wc proc ton eautì tou eÐnai èna R-module. Ta upomodule tou_RR ja lègontai aristerĹ module tou R.

2. Estw R antimetajetikìc daktÔlioc kai_RM èna aristerì R-module. Tìte an orÐsoume mα := αm tìte to_RM gÐnetai kai dexiì R-module.

3. KĹje prosjetikă abeliană omĹda M eÐnai aristerì ZZ-module wc proc thn prĹxh ZZ × M −→ M (α, m) −→ αm kĹjÿc kai dexiì ZZ-module wc proc thn prĹxh M × ZZ −→ M (m, α) −→ mα. 4. An R sÿma, ìqi kat’ anĹgkh antimetajetikì, tìte ta aristerĹ R-module tautÐzontai me ta dexiĹ R-module.

Estw_RM aristerì R-module kai (M_i)_{i∈I} mia oikogèneia upomodules tou_RM. OrÐzoume Ĺjroisma twn upomodules thc oikogèneiac (M_i)_{i∈I} to upomodule tou M, ∑ i∈I M_i := { n∑ r=1 a_{ir} |n ∈ N, i_1, i_2, · · · , i_n ∈ I, a_{ir} ∈ M_{ir} }. ParathroÔme epÐshc ìti h tomă ∩_{i∈I} M_i eÐnai upomodule tou_RM. Orismìc 3.2 Estw E ⊆_RM. To upomodule R < E >:= ∩_{E⊂N⊂RM} N ja lègetai upomodule tou_RM pou parĹgetai apì to E.

Profanÿc isqÔoun: (1)_R < E >= ∑ a∈E Ra. An E = {a_1, a_2, · · · , a_r}, tìte: R < {a_1, a_2, · · · , a_r} >=:< a_1, a_2, · · · , a_r >= { r∑ i=1 λ_ia_i|λ_i ∈ R}.

(2) An {E_i|i ∈ I} oikogèneia uposunìlwn tou_RM, tìte isqÔei: < ∪_{i∈I} E_i >= ∑ i∈I R < E_i > . An eidikĹ {M_i|i ∈ I} oikogèneia upoomĹdwn tou_RM, tìte: R < ∪_{i∈I} M_i >= ∑ i∈I M_i.

Orismìc 3.3 Estw B ⊆_RM. To B ja lègetai bĹsh tou_RM ìtan kĹje a ∈_RM èqei monosămanth parĹstash thc morfăc: a = ∑ u∈B λ_uu, ìpou λ_u ∈ R, sqedìn ìla mhdèn.

To R-module_RM ja lègetai eleÔjero ìtan èqei mia bĹsh B, dhladă ìtan upĹrqei B ⊆_RM tètoio ÿste_RM =_R< B > kai an ∑ u∈B λ_uu = 0 èpetai ìti ìla ta λ_u = 0.

ParadeÐgmata:

1. An R eÐnai sÿma tìte to R-module_RM eÐnai R-dianusmatikìc qÿroc. Epomènwc kĹje upomodule autoÔ eÐnai eleÔjero.

2. To R-module_RR eÐnai eleÔjero me bĹsh to 1.

3. To R-module_RR^n eÐnai eleÔjero me bĹsh thn kanonikă {e_1, e_2, · · · , e_n}. Jeÿrhma 3.4 (Jeÿrhma Ôparxhc eleÔjerwn modules) An R daktÔlioc me monadiaÐo kai B opoiodăpote sÔnolo, tìte upĹrqei eleÔjero R-module_RM me bĹsh to B.

Apìdeixh: Estw M = {α : B → R| tètoiwn ÿste gia sqedìn ìla ta x ∈ B na isqÔei α(x) = 0}. To M gÐnetai aristerì R-module wc proc tic prĹxeic: (α_1 + α_2)(x) := α_1(x) + α_2(x), (λα)(x) := λα(x).

Gia kĹje u ∈ B, orÐzoume: ũ(x) :=

1 an x = u 0 an x ≠ u.

TautÐzoume to u me to ũ opìte B ⊂_RM. Estw α ∈ M, α : B → R. To α mporoÔme na to grĹyoume sthn morfă α = ∑ u∈B α(u)u. Epomènwc èqoume ìti M =_R< B > . Tèloc, Ĺn ∑ u∈B λ_uu = 0, ìpou λ_u ∈ R, tìte isqÔei: ∀v ∈ B, 0 = ∑ u∈B λ_u · u(v) = λ_v.

Orismìc 3.5 Estw_RM èna (aristerì) R-module kai N èna upomodule autoÔ. OnomĹzoume module phlÐkwn thn prosjetikă omĹda M/N efodiasmènh me thn prĹxh: R × M/N −→ M/N (r, m + N) −→ rm + N An_RM^′ èna Ĺllo (aristerì) R-module, tìte h apeikìnish f :_RM →_RM^′ ja lègetai omomorfismìc apì R-modules, ìtan gia ìla ta a, b ∈_RM kai λ ∈ R, isqÔoun:

(1) f(a + b) = f(a) + f(b), (2) f(λc) = λf(c). Idiìthtec 3.6

(1) An to sÔnolo E parĹgei to R-module_RM kai f_0 : E →_RM^′, mia sunĹrthsh tou E sto_RM^′, tìte upĹrqei to polÔ ènac R-module omomorfismìc f :_RM →_RM^′ tètoioc ÿste rest_E f = f_0.

(2) An B bĹsh tou_RM kai f_0 : B →_RM^′, sunĹrthsh tou B sto_RM^′, tìte upĹrqei akribÿc ènac R-module omomorfismìc f :_RM →_RM^′ tètoioc ÿste rest_B f = f_0. ShmeÐwsh: EÔkola diapistÿnei kaneÐc ìti h f orÐzetai monosămanta wc exăc:

f : RM −→_RM^′ ∑ λ_uu −→ ∑ λ_uf_0(u).

(3) (i) An f eÐnai R-module isomorfismìc, tìte to Ðdio eÐnai kai o f^{−1} :_RM^′ →_RM.

(ii) O f eÐnai R-module isomorfismìc akribÿc tìte ìtan upĹrqei g :_RM^′ →_RM me f ∘ g = Id_{RM} ′ kai g ∘ f = Id_M . (4) Estw_RM =_R< u_1, u_2, · · · , u_n >_R peperasmèna paragìmeno R-module. To sÔnolo {u_1, u_2, · · · , u_n} eÐnai bĹsh tou_RM tìte kai mìno tìte ìtan:

h f : R^n −→_RM (λ_1, λ_2, · · · , λ_n) −→ ∑ λ_iu_i , eÐnai R-module isomorfismìc.

To sÔnolo:

Hom_R(_RM,_RM^′) := {f :_RM →_RM^′|f R-module omomorfismìc} eÐnai wc proc thn prĹxh:

(f_1 + f_2)(x) := f_1(x) + f_2(x), ∀x ∈_RM abeliană omĹda.

Eidikìtera to sÔnolo End_R(_RM) := Hom_R(_RM,_RM) apoteleÐ daktÔlio me prĹxh pollaplasiasmoÔ thn sÔnjesh sunartăsewn kai monadiaÐo stoiqeÐo to 1_{EndR(M)} to opoÐo tautÐzetai me thn tautotikă apeikìnish tou M, Id_M . H omĹda Aut_R(_RM) twn automorfismÿn tou_RM, eÐnai h omĹda twn monĹdwn tou End_R(M) kai sumbolÐzetai suqnĹ san GL(_RM). QwrÐc apìdeixh anafèroume to Jeÿrhma 3.7 Estw f :_RM →_RM^′ R-module omomorfismìc, N ⊂_RM, kai N^′ ⊂_RM^′. An f(N) ⊂ N^′, tìte upĹrqei ènac monosămanta orismènoc R-module omomorfismìc, f^∗ :_R(M/N) −→_R(M^′/N^′) tètoioc ÿste to diĹgramma: M

M N M^′ N^′

M^′ f

f^∗ π π^′ na eÐnai antimetajetikì (ν, ν^′ eÐnai oi fusikèc emfuteÔseic sto antÐstoiqo module phlÐkwn). EpÐ plèon isqÔoun:

1. kerf^∗ = f^{−1}(N^′)/N 2. imf^∗ = (imf + N^′)/N^′ 3. An o f eÐnai epimorfismìc kai N = f^{−1}(N^′) tìte kai o f^∗ eÐnai isomorfismìc.

(To 3. lègetai 3o jeÿrhma isomorfÐac.)

Pìrisma 3.8 Estw f :_RM →_RM^′ R-module omomorfismìc. Estw N upomodule tou purăna kerf. Tìte upĹrqei monosămanta orismènoc R-module omomorfismìc f^∗ : M/N → M^′ me thn idiìthta to diĹgramma: M M^′

M N f^∗ f

ν

na eÐnai antimetajetikì. EpÐ plèon isqÔoun: (1) kerf^∗ = kerf/N (2) imf^∗ = imf, kai (3) (i) An N = kerf, tìte o f^∗ eÐnai monomorfismìc.

(ii) An, epiplèon, o f eÐnai epimorfismìc, tìte o f^∗ eÐnai isomorfismìc. Apìdeixh: Eidikă perÐptwsh tou prohgoÔmenou jewrămatoc gia N^′ = {0} Amesh sunèpeia twn 3(i) kai (ii) tou prohgoÔmenou porÐsmatoc eÐnai h kanonikă anĹlush tou f : M^ν−→ M/kerf^{f ∗}−→ imf^{id}−→ M^′ QwrÐc apìdeixh anafèroume epÐshc ta:

Jeÿrhma 3.9 (2o jeÿrhma isomorfÐac) Estw N ≤ N^′ ≤_RM upomodules. H apeikìnish:

φ : (M/N) (N^′/N) −→ M/N ′ (a + N) + N^′/N −→ a + N^′ eÐnai R-module isomorfismìc.

Jeÿrhma 3.10 (1^o jeÿrhma isomorfÐac) An N, N^′ ≤_RM upomodules tou_RM, tìte h apeikìnish: N/N ∩ N^′ −→^{N+N ′}_{N ′} a + (N ∩ N^′) −→ a + N^′ eÐnai R-module isomorfismìc .

Orismìc 3.11 Estw_RM aristerì R-module kai (M_i)_{i∈I} oikogèneia upomodules. To_RM eÐnai to eujÔ Ĺjroisma twn M_i,_RM = ⊕_{i∈I} M_i, ìtan kĹje a ∈_RM èqei mia monosămanth parĹstash a = ∑ i∈I a_i, ìpou a_i ∈_RM_i kai gia ìla sqedìn ta a_i ∈_RM_i, isqÔei a_i = 0.

Parathrăseic :

1. An B ⊂_RM eÐnai bĹsh tou_RM, tìte, profanÿc_RM = ⊕_{b∈B} Rb.

2. Estw (M_i)_{i∈I} oikogèneia apì upomodules tou_RM. Oi parakĹtw protĹseic eÐnai metaxÔ touc isodÔnamec: (a) M = ⊕_{i∈I} M_i. (b) M = ∑ i∈I M_i kai, an ∑ i∈I a_i = 0, ìpou ta a_i ∈ M_i, tìte a_i = 0 gia kĹje i ∈ I.

(c)_RM = ∑ i∈I M_i kai gia kĹje i ∈ I, isqÔei M_i ∩ ∑ j∈I−{i} Mj = {0}. Apìdeixh : {(a) ⇒ (b) } Ex upojèsewc, kĹje a ∈_RM èqei mia parĹstash thc morfăc a = ∑ i∈I a_i me a_i ∈ M_i. Epomènwc RM = ∑ i∈I M_i.

An tÿra 0 = ∑ i∈I a_i, tìte afoÔ to 0 grĹfetai kai sth morfă 0 = ∑ i∈I 0, to monosămanto thc parĹstashc mac dÐnei, kat’ anĹgkh, ìti a_i = 0 gia kĹje i ∈ I. {(b) ⇒ (c)} Estw ìti gia kĹpoio i ∈ I, a_i ∈ M_i ∩ ∑ j∈I−{i} Mj . To ai grĹfetai epomènwc sth morfă a_i = ∑ j≠i j∈I a_j, ìpou a_j ∈ M_j ,

opìte, lìgw thc (b), èpetai ìti a_i = 0. {(c) ⇒ (a)} AfoÔ_RM = ∑ i∈I M_i, sunepĹgetai ìti kĹje a ∈_RM èqei mia parĹstash thc morfăc a = ∑ i∈I a_i, a_i ∈ M_i. Estw ìti èqei dÔo parastĹseic: a = ∑ i∈I a_i = ∑ i∈I a^′_i, a^′_i ∈_RM_i. Epomènwc, gia kĹje i ∈ I,

a_i − a^′_i = ∑ j∈I−{i} (a^′_j − a_j ) ∈ M_i ∩ ∑ j≠i M_j = {0}, dhladă a_i = a^′_i.

3. An_RM = ⊕_{i∈I} M_i,_RM^′, R-modules kai {f_i : M_i → M}_{i∈I} oikogèneia R-module omomorfismÿn, tìte upĹrqei akribÿc ènac R-module omomorfismìc f :_RM →_RM^′ tètoioc ÿste gia kĹje i ∈ I na isqÔei, rest_{Mi} f = f_i kai o f autìc orÐzetai wc exăc:

f : RM −→_RM^′ ∑ i∈I a_i −→ ∑ i∈I f_i(a_i) An_RM = ⊕_{i∈I} M_i, tìte, gia kĹje j ∈ I, orÐzoume thn kanonikă j-probolă:

π_j : M −→ M_j ∑ i∈I a_i −→ a_j h opoÐa, profanÿc, èqei tic akìloujec idiìthtec:

1. O π_j eÐnai R-module omomorfismìc kai rest_{Mj} π_j = Id_{Mj} . 2. kerπ_j = ⊕_{i∈I−{j}}M_i ≤_RM. 3. Id_M = ∑ j∈I π_j .

4. π_i ∘ π_j = π_j ∘ π_i = π_i, gia i = j 0, gia i ≠ j. Jeÿrhma 3.12 Estw_RM èna aristerì R-module, r ∈ N, kai epÐshc π_1, π_2, · · · π_r ∈ End_R(M) ìpou Id_M = ∑_r i=1 π_i kai

π_i ∘ π_j = π_j ∘ π_i = π_i, an i = j 0, gia i ≠ j Tìte_RM = ⊕^r_{i=1}π(M).

Apìdeixh : Estw a ∈_RM, tìte a = id_M (a) = ∑_r i=1 π_i(a) dhladă_RM = ∑_r i=1 π_i(M). Apì thn Ĺllh meriĹ, an 0 = ∑_r i=1 a_i me a_i = π_i(x_i) kai x_i ∈_RM_i, tìte:

0 = π_j (0) = π_j ( r∑ i=1 a_i) = r∑ i=1 π_j ∘ π_i(x_i) = a_i,

dhladă to Ĺjroisma eÐnai eujÔ.

Jeÿrhma 3.13 An_RM =_RM_1 ⊕_RM_2, tìte h apeikìnish M/M_1 −→ M_2 (a_1 + a_2) + M_1 −→ a_2 eÐnai R-module isomorfismìc.

Orismìc 3.14 Estw_RM èna aristerì R-module, N ≤_RM upomodule tou_RM. To N lègetai eujÔc prosjetaÐoc tou_RM ìtan upĹrqei èna upomodule N_1 tou_RM tètoio ÿste RM = N ⊕ N_1. To_RM ja lègetai plărwc analÔsimo (ă hmiaplì) ìtan kĹje upomodule tou eÐnai eujÔc prosjetaÐoc autoÔ.

To_RM ja lègetai anĹgwgo (ă aplì) ìtan to {0} kai to_RM eÐnai ta mìna upomodule tou RM. Paratărhsh : To_RM eÐnai anĹgwgo akribÿc tìte ìtan, gia kĹje a ∈_RM a ≠ 0,_RM =_R< a > . PrĹgmati, èstw a ∈_RM, a ≠ 0 kai N =< a >≤_RM. AfoÔ_RM anĹgwgo kai {0} ≠ N sunepĹgetai ìti N =_RM. AntÐstrofa, èstw N ≤_RM upomodule tou M kai ìti N ≠ {0}. Epomènwc upĹrqei èna a ∈ N − {0}. Tìte ìmwc_RM =_R < a >≤ N ≤_RM, dhladă N =_RM. Orismìc 3.15 Estw R_1, R_2, · · · , R_k, R^′_1, R^′_2, · · · , R^′_l daktÔlioi me monadiaÐo. Estw M abeliană omĹda h opoÐa eÐnai aristerì R_i-module gia i = 1, 2, · · · , k kai dexiì R_j -module gia j = 1, 2, · · · , l. SumbolikĹ grĹfoume M =_{Ri} M kai M = M_{Rj} . To M ja lègetai (R_1, R_2, · · · , R_k)-aristerì kai (R^′_1, R^′_2, · · · , R^′_l)-dexiì polumodule kai ja to grĹfoume M =_{R1,R2,···,Rk} M_R′_{1,R}′_{2,···,R}′_l an isqÔoun:

1. ∀λ_i ∈ R_i, ∀λ_j ∈ R_j , λ_i(λ_ja) = λ_j (λ_ia) 2. ∀λ^′_ρ ∈ R^′_ρ, ∀λ^′_σ ∈ R^′_σ, (aλ^′_ρ)λ^′_σ = (aλ^′_σ)λ^′_ρ kai 3. ∀λ_i ∈ R_i, ∀λ^′_ρ ∈ R^′_ρ, (λ_ia)λ^′_ρ = λ_i(aλ^′_ρ). Gia thn jewrÐa parastĹsewn peperasmènwn omĹdwn spoudaÐa eÐnai h exăc, eidikă, perÐptwsh:

An R, S daktÔlioi, me monadiaÐo, tìte èqoume ta akìlouja dunatĹ bimodules: R,SM,_RM_S , M_{R,S} . ParadeÐgmata :

1. Ton daktÔlio R mporoÔme na ton ftiĹxoume aristerì kai dexiì R-module, èqoume loipìn_RR_R. Ta upomodule autoÔ ja lègontai dÐpleura ideÿdh tou R.

2. Estw R antimetajetikìc daktÔlioc kai_RM aristerì R-module. To_RM gÐnetai kai dexiì R-module an orÐsoume aλ := λa. Epomènwc èqoume ta parakĹtw bimodules: R,RM,_RM_R, M_{R,R}.

3. Estw j : R → S omomorfismìc daktulÐwn kai M :=_S M èna aristerì S-module.

OrÐzoume: j^∗ : R × M → M (λ, a) → j(λ)a kai λa = j(λ)a. Mèsw thc j^∗ ftiĹqnoume to M aristerì R-module (anĹloga gia dexiì R-module).

H j^∗ ja lègetai h mèsw thc j epagìmenh aristeră R-module domă. OmoÐwc sto_S M_S , mporoÔme mèsw thc j na orÐsoume sto M mia R-bimodule domă. IdiaÐtera sto_RS_R, an j(R) ⊂ Z(S) = {a ∈ S|as = sa, ∀s ∈ S} tìte h j epĹgei se kĹje aristerì S-module mia bimodule domă, M =_{R,S} M. EidikĹ, an R ≤ S kai j : R → S h emfÔteush, tìte h j^∗ eÐnai o periorismìc twn scalars sto R.

3.2 ParastĹseic kai module parastĹsewn

Estw G mia peperasmènh omĹda, K èna sÿma kai M èna K-module. H idèa thc Noether ătan na jewrăsei omomorfismoÔc K-algebrÿn K[G]^φ−→ End_K (M) kai na pĹrei ton periorismì autÿn sthn G, katĹ to diĹgramma: G

K[G] End_K (M)

Aut_K (M) ψ

φ

Estw R ìpwc kai sthn prohgoÔmenh parĹgrafo, daktÔlioc me 1_R ∈ R.

Orismìc 3.16 Estw K antimetajetikìc daktÔlioc. Ena K-module ja lègetai K-Ĺlgebra ìtan epiplèon

1. Sto A èqoume kai pollaplasiasmì o opoÐoc mazÐ me thn prosjetikă domă tou module, gÐnetai daktÔlioc me monadiaÐo.

2. Gia kĹje λ ∈ R, a, b ∈ A, λ(ab) = (λa)b = a(λb). Parathrăseic :

1. H kanonikă apeikìnish: j : K → A λ → λ · 1_A eÐnai omomorfismìc daktulÐwn.

2. An K eÐnai antimetajetikì sÿma, tìte h j eÐnai èna proc èna (injective).

ArkeÐ na apodeÐxoume ìti an λ − μ ≠ 0 tìte (λ − μ) · 1_A ≠ 0. Estw λ^′ := λ − μ kai èstw λ^′ · 1_A = 0. Tìte λ^{′−1}(λ^′ · 1_A) = (λ^{′−1}λ^′) · 1_A = 1_A ≠ 0, to opoÐo eÐnai Ĺtopo.

An loipìn K eÐnai sÿma tìte, mèsw thc j, tautÐzoume to K me thn eikìna, dhladă jewroÔme to K san upodaktÔlio thc K-Ĺlgebrac A.

3. j(K) ⊂ Z(A). PrĹgmati: j(λ)a = (λ · 1_A)a = λ(1_A · a) = λa = aλ = a · j(λ).

4. Estw, antÐstrofa, A daktÔlioc me 1 ∈ A kai j : K → A omomorfismìc daktulÐwn me j(K) ⊂ Z(A). Tìte o A eÐnai mia K-Ĺlgebra. Autì to blèpei kaneÐc eÔkola orÐzontac λ · a := j(λ) · a kai apodeiknÔontac tic apaitoÔmenec idiìthtec.

5. Eidikă perÐptwsh: An K ⊆ Z(A), A daktÔlioc me monadiaÐo, tìte o A eÐnai K- Ĺlgebra.

ParadeÐgmata :

1. O daktÔlioc omĹdoc.

Estw K antimetajetikìc daktÔlioc, G peperasmènh omĹda kai K[G] to eleÔjero Kmodule me bĹsh thn G (dec jeÿrhma 3.4), dhladă K[G] = K^G me prĹxeic tic sunăjeic prĹxeic se sunartăseic. KĹje stoiqeÐo j ∈ K[G] èqei mia monosămanth parĹstash thc morfăc j = ∑ σ∈G j(σ) · σ =: ∑ σ∈G λ_σ · σ Edÿ, jumoÔmaste thn taÔtish pou kĹname sto jeÿrhma 3.4 metaxÔ tou σ san stoiqeÐou kai san sunĹrthshc σ(t) = 1, ìtan σ = t 0, ìtan σ ≠ t kai ìti K[G] = ⊕_{σ∈G}Kσ. O polaplasiasmìc orÐzetai wc exăc: K[G] × K[G] −→ K[G] ( ∑ σ∈G λ_σσ, ∑ t∈G μ_tt) −→ ∑ t^′∈G νt^′ · t ′ me ν_t′ := ∑ σ,t∈G,σ·t=t^′ λσμt. To K[G] apoteleÐ daktÔlio wc proc thn prìsjesh san

K-module kai wc proc ton orisjènta pollaplasiasmì. To 1 ∈ G eÐnai kai monadiaÐo tou K[G]. EpÐshc h G ⊆ E(K[G]) (omĹda monĹdwn tou K[G]). TelikĹ to K-module K[G] eÐnai mia K-Ĺlgebra.

2. Estw K antimetajetikìc daktÔlioc kai M èna K-module. O daktÔloc twn Kendomorfismÿn tou M End_K (M) apoteleÐ mia K-Ĺlgebra.

3. Estw K antimetajetikìc daktÔlioc. O daktÔlioc twn n epÐ n pinĹkwn me stoiqeÐa apì to K, M_n(K), eÐnai epÐshc mia K-Ĺlgebra.

Orismìc 3.17 Estw A, A^′ K-Ĺlgebrec. Mia apeikìnish j : A → A^′ eÐnai omomorfismìc K-algebrÿn ìtan h j eÐnai omomorfismìc daktulÐwn kai sugqrìnwc omomorfismìc modules. Orismìc 3.18 Estw K antimetajetikìc daktÔlioc kai A mia K-Ĺlgebra, F èna K-module. Mia parĹstash thc A upèr to F ja lègetai kĹje omomorfismìc K-algebrÿn ρ : A −→ End_K (F ) Duo parastĹseic ρ kai ρ^′ thc A upèr to F ja lègontai isodÔnamec ìtan upĹrqei isomorfismìc apì modules φ : F → F^′ tètoioc ÿste: ∀a ∈ A, φ ∘ ρ(a) = ρ^′(a) ∘ φ : F −→ F^′.

Jemeliÿdec Jeÿrhma 3.19 Estw K antimetajetikìc daktÔlioc, A mia K-Ĺlgebra F èna K-module kai ρ : A → End_K (F ) parĹstash thc A upèr to F. Tìte:

1. To K-module F gÐnetai mèsw tou pollaplsiasmoÔ

ρ^∗ : A × F → F (a, v) → ρ(a)(v) =: av eÐnai aristerì A-module.

2. An j : K → A λ → λ · 1_A o fusikìc omomorfismìc tou K sthn A tìte isqÔei

∀λ ∈ K, ∀v ∈ F, λv = ρ(j(λ))v = j(λ)v dhladă h domă tou A-module pou mac dÐnei h ρ^∗ xanadÐnei, an thn periorÐsoume sto j(K), thn arqikă domă tou F san K-module.

3. Gia kĹje λ ∈ K kai gia kĹje a ∈ A isqÔei λ(av) = a(λv), dhladă ta dÔo ginìmena antimetatÐjentai, opìte to F eÐnai èna (A, K)-bimodule.

Apìdeixh:

1. IsqÔoun ta exăc:

a(v_1 + v_2) := ρ(a)(v_1 + v_2) = ρ(a)(v_1) + ρ(a)(v_2) =: av_1 + av_2.

(a + b)(v) := ρ(a + b)(v) = (ρ(a) + ρ(b))(v) = := ρ(a)(v) + ρ(b)(v) = av + bv. 1_A · v = ρ(1_A)(v) = Id_F (v) = v.

Epomènwc to K-module F eÐnai kai (aristerì) A-module. 2. ρ(j(λ))(v) = ρ(λ · 1_A)(v) = λ · v. 3. Tèloc: λ(av) := λ(ρ(a)(v)) = λρ(a)(v) = = ρ(a)(λv) =: a(λv).

Orismìc 3.20 To aristerì A-module tou prohgoumènou jewrămatoc (F, ρ^∗) ja lègetai module parĹstashc thc parĹstashc ρ thc Ĺlgebrac A.

Jeÿrhma 3.21 Oi parastĹseic ρ kai ρ^′ thc Ĺlgebrac A eÐnai isodÔnamec akribÿc tìte ìtan (F, ρ^∗) ∼= (F^′, ρ^{′∗}) san aristerĹ A-modules.

Apìdeixh: Oi ρ, ρ^′ eÐnai isodÔnamec ìtan upĹrqei K-module isomorfismìc φ : F → F^′ tètoioc ÿste gia kĹje a ∈ A, φ ∘ ρ(a) = ρ^′(a) ∘ φ, dhladă gia kĹje a ∈ A kai gia kĹje v ∈ F, φ(ρ(a))(v) = ρ^′(a)(φ(v))). Epomènwc oi ρ kai ρ^′ eÐnai metaxÔ touc isodÔnamec akribÿc tìte ìtan φ(av) = aφ(v) gia kĹje a ∈ A kai kĹje v ∈ F. Dhladă akribÿc tìte ìtan o φ : F → F^′ eÐnai A-modules isomorfismìc.

Jeÿrhma 3.22 Estw A mia K-Ĺlgebra,_AF èna aristerì A-module kai

f : K → A λ → λ · 1_A o kanonikìc omomorfismìc. Tìte to F me prĹxh: K × F → F (λ, v) → f(λ)v = (λ · 1_A)v = λv gÐnetai K-module kai isqÔei: ∀λ ∈ K kai ∀a ∈ A, λ(av) = a(λv). Mèsw thc A ftiĹqnoume loipìn to F katĹ fusikì trìpo K-module kai mĹlista to F gÐnetai (A, K)-bimodule.

Apìdeixh: Eqoume:

λ(v_1 + v_2) = (λ · 1_A)(v_1 + v_2) = (λ · 1_A)v_1 + (λ · 1_A)v_2 = λv_1 + λv_2. (λ + μ)v = ((λ + μ) · 1_A)v = (λ · 1_A + μ · 1_A)v = (λ · 1_A)v + (μ · 1_A)(v) = λv + μv. λ(av) = (λ · 1_A)(av) = (λ · 1_Aa)(v) = (λa)v = (aλ)(v).

Jeÿrhma 3.23 Estw F èna aristerì A-module (dhladă F =_AF kai, lìgw tou jewrămatoc 3.22, F =_K F ). Tìte:

1. H apeikìnish (gia a ∈ A): φ_a : F → F v → av eÐnai ènac endomorfismìc tou_K F.

2. H kanonikă apeikìnish: ρ : A → End_K (F ) a → φ_a eÐnai mia parĹstash thc A wc proc to_K F h opoÐa èqei wc module parĹstashc to (_K F, ρ^∗) =_A F.

Apìdeixh:

1. Eqoume a(v_1 + v_2) = av_1 + av_2. Apì to jeÿrhma 3.22 èpetai ìti isqÔei a(λv) = λ(av).

Epomènwc o φ_a eÐnai K-endomorfismìc. 2. Gia kĹje v ∈ F isqÔei:

ρ(a + b)(v) = (a + b)(v) = av + bv = = ρ(a)(v) + ρ(b)(v) ⇒ ρ(a + b) = ρ(a) + ρ(b). ρ(ab)(v) = (ab)v = a(bv) = ρ(a)(ρ(b)(v)) = = (ρ(a) · ρ(b))(v) ⇒ ρ(ab) = ρ(a) · ρ(b) Ara o ρ eÐnai omomorfismìc daktulÐwn. AllĹ ρ(λa)(v) = (λa)v = λ(av) = λ(ρ(a)(v), ∀v ∈ F Sunepÿc ρ(λa) = λρ(a) dhladă o ρ eÐnai K-module omomorfismìc. Ara telikĹ ρ eÐnai omomorfismìc K-algebrÿn, dhladă mia parĹstash thc A wc proc to_K F me module parĹstashc (_K F, ρ^∗) =_AF.

Orismìc 3.24 H parĹstash ρ tou prohgoÔmenou jewrămatoc 3.23 lègetai h parĹstash h antistoiqoÔsa sto A-module F.

Apì ta prohgoÔmena jewrămata èqoume ìti se kĹje parĹstash ρ : A → End_K (F ) antistoiqeÐ kĹpoio aristerì A-module san module parĹstashc kai kĹje aristerì A-module eÐnai module miac parĹstashc ρ thc A. SunoyÐzoume ta parapĹnw sto:

Jeÿrhma 3.25 An K antimetajetikìc daktÔlioc, tìte upĹrqei mia amfimonosămanth antistoiqÐa, anĹmesa stic klĹseic isodunĹmwn parastĹsewn miac K-Ĺlgebrac A kai klĹseic isomorfÐac (aristerÿn) A-modules san modules parastĹsewn.

Estw tÿra K sÿma. H K-Ĺlgebra A eÐnai (san K-module) kai K-dianusmatikìc qÿroc. Estw dim_K A < ∞. An ρ : A → End_K (F ) mia parĹstash thc A tìte kai_K F eÐnai epÐshc K-dianusmatikìc qÿroc H dim_K F ja lègetai bajmìc thc parĹstashc.

Sta epìmena ja jewroÔme parastĹseic peperasmènou bajmoÔ, dim_K F < ∞.

Jeÿrhma 3.26 Estw A mia K-Ĺlgebra me dim_K A < ∞. Oi klĹseic isodunĹmwn parastĹsewn (peperasmènou bajmoÔ) thc A antistoiqoÔn amfimonosămanta stic klĹseic isomorfÐac twn peperasmèna paragìmenwn A-modules.

Apìdeixh: ArkeÐ na deÐxoume ìti to_AF eÐnai peperasmèna paragìmeno akribÿc tìte ìtan isqÔei dim_K F < ∞.

Estw F =_A< u_1, u_2, · · · , u_m > . Ex upojèsewc A =_K < a_1, a_2, · · · , a_n > . KĹje v ∈ F, grĹfetai sth morfă v = m∑ j=1 c_ju_j = m∑ j=1 ( n∑ i=1 λ^{(i)}_j a_i)u_j

ìpou λ^{(i)}_j ∈ K. Epomènwc F =_K < a_iu_j|i = 1, 2, · · · , n, j = 1, 2, · · · , m >, dhladă dim_K F < ∞. AntÐstrofa, èstw F =_K < v_1, v_2, · · · , v_s > . Tìte kĹje u ∈ F, grĹfetai: u = s∑ i=1 λ_iv_i = s∑ i=1 (λ_i · 1_A)v_i. Sunepÿc F =_A< nv_1, v_2, · · · , v_s > .

Estw tÿra V, W K-dianusmatikoÐ qÿroi.

Orismìc 3.27 Estw A K-Ĺlgebra me dim_K A < ∞, ρ : A → End_K (V ) parĹstash thc A kai (V, ρ^∗) to module parĹstashc autăc.

1. Mia parĹstash ρ^′ : A → End_K (V^′) ja lègetai upoparĹstash thc ρ ìtan to (V^′, ρ^{′∗}) ⊆ (V, ρ^∗) (eÐnai A-upomodule tou (V, ρ^∗)) 2. H ρ ja lègetai eujÔ Ĺjroisma twn upoparastĹsewn ρ_i : A → End_K (V_i) kai ja sumbolÐzetai me ρ = ⊕^r_{i=1}ρ_i ìtan (V, ρ^∗) = ⊕^r_{i=1}(V_i, ρ^∗_i ).

3. H ρ ja lègetai anĹgwgh ìtan (V, ρ^∗) eÐnai èna anĹgwgo (aplì) aristerì A-module. 4. H ρ ja lègetai plărwc analÔsimh ìtan to (V, ρ^∗) eÐnai plărwc analÔsimo aristerì A-module.

ShmeÐwsh : Profanÿc èna module eÐnai plărwc analÔsimo ìtan kĹje upomodule tou eÐnai eujÔc prosjetaÐoc autoÔ.

EidikĹ tÿra paÐrnoume A = K[G].

Jeÿrhma 3.28 Estw G peperasmènh omĹda kai ρ : K[G] → End_K (V ) parĹstash thc K[G] wc proc ton V. Estw W ≤ V (upìqwroc tou K-dianusmatikoÔ qÿrou V ). Tìte:

1. H ρ_G : G → GL(V ) eÐnai parĹstash thc G (h ρ_G eÐnai o periorismìc thc ρ sthn G). 2. O W eÐnai K[G]-upomodule tou (V, ρ^∗) akribÿc tìte ìtan o W eÐnai ρ_G-analloÐwtoc. 3. H ρ^′ : K[G] → End_K (W ) eÐnai mia upoparĹstash thc ρ tìte kai mìno tìte ìtan ρ^′_G eÐnai upoparĹstsh thc ρ_G.

4. H ρ eÐnai anĹgwgh akribÿc tìte ìtan h ρ_G eÐnai anĹgwgh. 5. An ρ = ⊕^r_{i=1}ρ_i tìte ρ_G = ⊕^r_{i=1}ρ_{i,G} kai antistrìfwc.

6. H ρ eÐnai plărwc analÔsimh akribÿc tìte ìtan h ρ_G eÐnai plărwc analÔsimh. Apìdeixh:

1. O omomorfismìc daktulÐwn ρ : K[G] → End_K (V ) epĹgei ènan omomorfismì omĹdwn: E(K[G]) −→ E(End_K (V )) = GL(V ) ìpou E(R) sumbolÐzei thn omĹda twn monĹdwn tou daktulÐou R. Epeidă G ⊂ E(K[G]), èpetai ìti h ρ_G : G → GL(V ) eÐnai mia parĹstash thc G.

2. Estw W ≤ (V, ρ^∗) èna K[G]-upomodule. Gia kĹje a ∈ K[G] kai gia kĹje w ∈ W, isqÔei aw = ρ(a)(w) ∈ W. IdiaÐtera gia kĹje σ ∈ G kai kĹje w ∈ G, isqÔei: ρ(σ)(w) = ρ_G(σ)(w) ∈ W, dhladă o W eÐnai ρ_G-analloÐwtoc.

AntÐstrofa tÿra èstw ìti o W eÐnai ρ_G-anlloÐwtoc, dhladă ìti

gia kĹje σ ∈ G kai gia kĹje w ∈ W, ρ(σ)(w) ∈ W.

An a ∈ K[G], tìte to a grĹfetai monosămanta sthn morfă a = ∑ t∈G λ_tt ìpou λ_t ∈ K. Epomènwc ρ(a) = ρ( ∑ t∈G λ_tt) = ∑ t∈G λ_tρ(t), dhladă ρ(a)(w) = ∑ t∈G λ_tρ(t)(w) ∈ W, gia kĹje a ∈ K[G] kai kĹje w ∈ W, prĹgma pou shmaÐnei ìti o W eÐnai K[G]-upìmodule tou K[G]-module (V, ρ^∗).

3. H ρ^′ : K[G] → End_K (V ) eÐnai upoparĹstash thc ρ akribÿc tìte ìtan to (W, ρ^{∗′}) eÐnai K[G]-module tètoio ÿste rest_W ρ(a) = ρ^′(a) gia kĹje a ∈ K[G], to opoÐo eÐnai me thn seirĹ tou isodÔnamo me to ìti o W eÐnai ρ_G-analloÐwtoc upìqwroc tou V kai ìti rest_W ρ(σ) = ρ^′(σ) gia kĹje σ ∈ G, dhladă akribÿc tìte ìtan h ρ^′_G eÐnai upoparĹstash thc ρ_G.

4. To anĹgwgo thc ρ eÐnai isodÔnamo, ex orismoÔ, me to ìti (V, ρ^∗) eÐnai anĹgwgo K[G]- module, dhladă eÐnai isodÔnamo me to gegonìc ìti to (V, ρ^∗) den èqei kanèna mhtetrimmèno K[G]-upomodule. SÔmfwna me to 2. autì eÐnai isodÔnamo me to ìti to V den èqei kanèna mh tetrimmèno ρ_G-analloÐwto upìqwro, dhladă me to ìti h ρ_G den èqei kammÐa mh-terimmènh upoparĹstash.

5. H ρ grĹfetai ρ = ⊕^r_{i=1}ρ_i akribÿc tìte ìtan ρ_i : K[G] → End_K (V ), i = 1, 2, · · · , r eÐnai upoparastĹseic thc ρ me (V, ρ^∗) = ⊕^r_{i=1}(V_i, ρ^∗_i ). IsodÔnama, lìgw thc 3., ρ_{i,G} : G → GL(V_i) eÐnai upoparastĹseic thc ρ_G me qÿrouc parĹstashc V_i kai V = ⊕^r_{i=1}V_i, dhladă tìte kai mìno tìte ìtan ρ_G = ⊕^r_{i=1}ρ_{i,G}.

6. To ìti h parĹstash ρ eÐnai plărwc analÔsimh eÐnai isodÔnamo me to ìti o (V, ρ^∗) eÐnai plărwc analÔsimo aristerì K[G]-module, dhladă me to ìti gia kĹje upomodule W ≤ (V, ρ^∗) upĹrqei W_1 ≤ (V, ρ^∗) tètoio ÿste (V, ρ^∗) = W ⊕ W_1. IsodÔnama, lìgw thc 2., gia kĹje ρ_G-analloÐwto upìqwro W^′ ≤ V, upĹrqei ρ_G-analloÐwtoc upìqwroc W^′_1 ≤ V tètoioc ÿste V = W^′_1 ⊕ W^′_2. To teleutaÐo eÐnai isodÔnamo me to ìti gia kĹje upoparĹstash ρ^′ ⊂ ρ upĹrqei upoparĹstash ρ^′_1 ⊂ ρ_G tètoia ÿste ρ_G = ρ^′ ⊕ ρ^′_1, to opoÐo eÐnai isodÔnamo me to gegonìc ìti h parĹstash ρ_G eÐnai plărwc analÔsimh.

Jeÿrhma 3.29 Estw ρ_0 : G → GL(V ) parĹstash thc G. UpĹrqei akribÿc mia parĹstash ρ : K[G] → End_K (V ) thc K[G] me ρ_G = ρ_0 (dhladă upĹrqei akribÿc mia epèktash thc parĹstashc ρ_0 thc G se parĹstash ρ tou K[G]).

Apìdeixh: AfoÔ h omĹda G ⊆ K[G] eÐnai bĹsh tou K-module K[G] sunepĹgetai ìti upĹrqei omomorfismìc apì K-modules ρ : K[G] → End_K (V ) me ρ_0 = ρ_{|G} kai mĹlista orÐzetai wc exăc: ρ( ∑ σ∈G λ_σσ) := ∑ σ∈G λ_σρ_0(σ).

Opwc orÐsthke o ρ eÐnai kai omomorfismìc K-algebrÿn, diìti ρ( ∑ σ∈G λ_σσ) · ρ( ∑ t∈G μ_tt) := ∑ σ∈G λ_σρ_0(σ) · ∑ t∈G μ_tρ_0(t) = ∑ t^′∈G ( ∑ t,σ∈Gt^′ =σt λ_σμ_t)ρ_0(t^′) =

= ρ( ∑ t^′∈G ( ∑ σ,t∈G, σt=t^′ λ_σμ_t)t^′) = ρ( ∑ σ∈G λ_σσ · ∑ t∈G μ_tt). AnĹloga ergazìmaste gia to Ĺjroisma stoiqeÐwn thc K[G] kai to ginìmeno stoiqeÐwn thc K[G] me stoiqeÐa tou K.

Jeÿrhma 3.30 An ρ : K[G] → End_K (V ), ρ^′ : K[G] → End_K (V^′) parastĹseic thc K[G], tìte h ρ isodÔnamh me thn ρ^′ akribÿc tìte ìtan ρ_G isodÔnamh me thn ρ^′_G.

Apìdeixh: H ρ eÐnai isodÔnamh me thn ρ^′ akribÿc tìte ìtan upĹrqei K- isomorfismìc dianusmatikÿn qÿrwn φ : V → V^′ tètoioc ÿste gia kĹje a ∈ K[G] na isqÔei,

φ ∘ ρ(a) = ρ^′(a) ∘ φ ă isodÔnama φ ∘ ρ(σ) = ρ^′(σ) ∘ φ gia kĹjeσ ∈ G,

dhladă h ρ_G eÐnai isodÔnamh me thn ρ^′_G.

Pìrisma 3.31 1. UpĹrqei mia amfimonosămanth antistoiqÐa anĹmesa stic klĹseic isodunĹmwn parastĹsewn thc G kai stic klĹseic isomorfÐac peperasmèna paragìmenwn aristerÿn K[G]-modules.

2. UpĹrqei amfimonosămanth antistoiqÐa anĹmesa stic klĹseic isodunĹmwn anagÿgwn parastĹsewn thc G kai stic klĹseic isomorfÐac peperasmèna paragìmenwn anagÿgwn K[G]-modules.

Orismìc 3.32 1. Estw ρ_0 : G → GL(V ) parĹstash thc G, kai

ρ : K[G] → End_K (V ) h epagÿmenh parĹstash thc ρ_0 (dhladă ρ_G = ρ_{|G} = ρ_0). To module (V, ρ^∗) =_{K[G]}V ja lègetai module parĹstashc thc ρ_0.

2. Estw M peperasmèna paragìmeno aristerì K[G]-module kai

ρ : K[G] → End_K (V ) h sto M antistoiqoÔsa parĹstash thc K[G]. Tìte h ρ_G := ρ_{|G} ja lègetai h sto M antistoiqoÔsa parĹstash thc G.

Jeÿrhma 3.33 An ρ_0 parĹstash thc G kai M peperasmèna paragìmeno aristerì K[G]- module, tìte to M eÐnai module parĹstashc thc ρ_0 akribÿc tìte ìtan h ρ_0 eÐnai h sto M antistoiqoÔsa parĹstash thc G.

Apìdeixh: Profanăc.

Jeÿrhma 3.34 (Lămma tou Schur gia K[G]-modules) 1o mèroc Estw M_1, M_2 anĹgwga aristerĹ K[G]-modules kai j : M_1 → M_2 ènac K[G]- omomorfismìc. Tìte j = 0 ă j isomorfismìc.

2o mèroc Estw ìti to sÿma K algebrikĹ kleistì kai M èna anĹgwgo aristerì K[G]-module, j : M_1 → M_2 ènac K[G]-omomorfismìc modules. Tìte h j èqei thn morfă: j = λ · Id_M , λ ∈ K.

Apìdeixh:

1o mèroc : To j(M_1) ⊂ M_2 eÐnai K[G]-upomodule tou M_2 kai to gegonìc ìti to M_2 eÐnai anĹgwgo sunepĹgetai ìti:

j(M_1) = {0}, opìte j = 0 ă j(M_1) = M_2, dhladă ìti j = 0 ă ìti h j eÐnai epÐ. AfoÔ to M_1 eÐnai anĹgwgo sunepĹgetai ìti, sthn prÿth perÐptwsh, kerj = M_1, dhladă j = 0 enÿ, sthn deÔterh perÐptwsh, ìti kerj = {0}, dhladă ìti h j eÐnai èna proc èna kai epÐ.

2o mèroc : Estw φ(X) ∈ K[X], to qarakthristikì poluÿnumo thc j. Epeidă to K eÐnai algebrikĹ kleistì èpetai ìti to φ(X) èqei toulĹqisto mia rÐza èstw λ sto K^∗. Epomènwc φ(λ) := det(λ · Id_M − A) = 0, dhladă o omomorfismìc K-dianusmatikÿn qÿrwn j_0 := λ · Id_M − j den eÐnai isomorfismìc, opìte, apì to 1^o mèroc èpetai ìti j_0 = 0 kai Ĺra j = λ · Id_M . Jeÿrhma 3.35 H parĹstash thc G pou antistoiqeÐ sto aristerì K[G]-module

K[G]K[G] eÐnai omală.

Apìdeixh: Estw ρ_0 : G → GL(K[G]) aută h parĹstash. Gia kĹje σ ∈ G kai kĹje a ∈ K[G] isqÔei ρ_0(σ)a := σa opìte to sÔnolo {ρ_0(σ)(1_G)|σ ∈ G} = G, eÐnai mia K-bĹsh thc Ĺlgebrac K[G] (Kef. 1, 1.5(5)).

Pìrisma 3.36 Estw ρ_0 parĹstash thc G upèr to sÿma K kai_{K[G]}M to module parĹstashc thc ρ_0. Tìte isqÔei ìti h ρ_0 eÐnai omală akribÿc tìte ìtan_{K[G]}M ∼=_{K[G]} K[G].

Apìdeixh: Profanăc, afoÔ wc gnwstì upĹrqei mia akribÿc klĹsh omalÿn parastĹsewn thc G (Kef. 1, 1.5(4)) to pìrisma 3.31, 1 kai to jeÿrhma 3.33.

3.3 Domă kai taxinìmhsh twn K[G]-modules ìtan h qarakthristikă tou K den diaireÐ thn tĹxh thc G

Jeÿrhma 3.37 (Maschke) Estw M èna peperasmèna paragìmeno aristerì K[G]-module. Tìte isqÔoun:

1. To M eÐnai plărwc analÔsimo.

2. M = ⊕^r_{i=1}M_i me anĹgwga K[G]-upomodules M_i ≤ M.

Apìdeixh : ApoteleÐ sunèpeia Ĺmesh tou jewrămatoc Maschke tou 1ou kefalaÐou (jeÿrhma 1.21) kai tou jewrămatoc 3.28.

Pìrisma 3.38 To K[G] jewroÔmeno san aristerì K[G]-module èqei mia anĹlush thc morfăc K[G] = ⊕^r_{i=1}L_i, ìpou L_i aristerĹ minimal ideÿdh tou.

Apìdeixh: Amesh sunèpeia tou jewrămatoc tou Maschke arkeÐ na parathrăsoume ìti ta (aristerĹ) anĹgwga upomodule tou K[G] eÐnai minimal aristerĹ ideÿdh (ìpou mininal shmaÐnei ìti den perièqoun gnăsia ideÿdh).

Jeÿrhma 3.39 Estw K[G] = ⊕^r_{i=1}L_i mia anĹlush tou_{K[G]}K[G] se anĹgwga (minimal) aristerĹ ideÿdh tou L_i, M ≠ 0 èna anĹgwgo aristerì K[G]-module. Tìte to M ∼= L_i, gia kĹpoio i ∈ {1, 2, · · · , r}. Apìdeixh: Estw m ∈ M, m ≠ 0. Tìte afoÔ, ex upojèsewc, M anĹgwgo èpetai ìti M = K[G] · m. H sunĹrthsh:

φ : K[G] −→ M a −→ am eÐnai ènac epimorfismìc apì K[G]-modules. Apì to 3^o jeÿrhma isomorfÐac (jeÿrhma 3.7) èpetai ìti h φ^∗ : K[G]/ker(φ) → M a + ker(φ) → am eÐnai isomorfismìc apì K[G]-modules. Tÿra o purănac ker(φ) ⊂ K[G] eÐnai èna aristerì ideÿdec tou aristeroÔ K[G]-module_{K[G]}K[G] to opoÐo eÐnai plărwc analÔsimo. Epomènwc o ker(φ) eÐnai eujÔc prosjetaÐoc tou K[G], dhladă upĹrqei èna aristerì ideÿdec L tou K[G] tètoio ÿste K[G] = L ⊕ ker(φ). Epomènwc h sunĹrthsh:

ψ : L −→ K[G]/ker(φ) b −→ b + ker(φ) eÐnai isomorfismìc metaxÔ twn K[G]-modules L kai K[G]/ker(φ). Ara kai h sÔnjesh φ^∗ ∘ ψ : L → M eÐnai epÐshc isomorfismìc apì K[G]-modules. To M ìmwc eÐnai anĹgwgo, epomènwc kai to L eÐnai anĹgwgo. Sunepÿc to L san anĹgwgo upomodule tou K[G] eÐnai minimal. ArkeÐ loipìn na apodeÐxoume ìti L ∼= L_i, gia kĹpoio i ∈ {1, 2, · · · , r}. Estw L = K[G] · l, l ∈ K[G], l ≠ 0. H apeikìnish:

l^∗ : K[G] −→ L a −→ al eÐnai omomorfismìc apì K[G]-modules. Ara apì to lămma tou Schur gia K[G]-modules (jeÿrhma 3.34) èpetai ìti gia kĹje i ∈ {1, 2 · · · , r} l^∗_{|Li} = 0 ă l^∗_{|Li} eÐnai isomorfismìc, (ta L, L_i eÐnai anĹgwga). H apeikìnish l^∗ ìmwc eÐnai mh-mhdenikă, diìti l ≠ 0 kai K[G] = ⊕^r_{i=1}L_i. Epomènwc gia toulĹqisto èna i isqÔei ìti l^∗_{|Li} eÐnai isomorfismìc kai Ĺra, gi’ autì to i, L_i ∼= L. Pìrisma 3.40 1. UpĹrqoun mìno peperasmènou plăjouc mh-isìmorfa aristerĹ ideÿdh tou K[G]. AutĹ apoteloÔn èna plărec sÔsthma antiprosÿpwn twn klĹsewn isomorfÐac aristerÿn anagÿgwn K[G]-modules.

2. UpĹrqoun peperasmènou mìno plăjouc mh-isodÔnamec anĹ dÔo, anĹgwgec parastĹseic thc G upèr to K.

3. Oi peperasmènou plăjouc klĹseic isodunamÐac anagÿgwn parastĹsewn thc G upèr to K antistoiqoÔn amfimonosămanta stic klĹseic isomorfÐac aristerÿn minimal idewdÿn thc K[G]. 4. Estw ρom = ⊕^r_{i=1}ρ_i h anĹlush thc ρom se eujÔ Ĺjroisma anagÿgwn. Tìte to {ρ_1, ρ_2, · · · , ρ_r} perièqei èna sÔnolo antiprosÿpwn twn klĹsewn idodunamÐac anagÿgwn parastĹsewn thc G.

Apì edÿ kai kĹtw upojètoume ìti K eÐnai algebrikĹ kleistì sÿma kai char(K) = 0. XanĹ, èstw G peperasmènh omĹda, h = h_G to plăjoc twn klĹsewn suzugÐac thc G, ρ̃_1, ρ̃_2, · · · , ρ̃_h èna plărec sÔsthma antiprosÿpwn anagÿgwn parastĹsewn thc G upèr to K, χ_1, χ_2, · · · , χ_h oi anĹgwgoi qaraktărec thc G kai L̃_1, L̃_2, · · · , L̃_h module parastĹsewn twn ρ̃_1, ρ̃_2, · · · , ρ̃_h antÐstoiqa. Estw tèloc n_i := degρ̃_i = dim_KL̃_i.

Jeÿrhma 3.41 IsqÔei: K[G] = ⊕^h_{i=1}(⊕^{ni}_{i=1}L^{(j)}_i ) ìpou L^{(j)}_i ⊂ K[G], aristerĹ minimal ideÿdh tou K[G] kai L^{(j)}_i ∼= L̃_i.

Apìdeixh: Amesh sunèpeia tou jewrămatoc 1.39 tou 1ou KefalaÐou. Sthn sunèqeia ja asqolhjoÔme me to erÿthma pìte èna stoiqeÐo a ∈ K[G] anăkei sto kèntro Z(K[G]).

Jeÿrhma 3.42 Estw a = ∑ σ∈G λ_σσ ∈ K[G]. Oi parakĹtw protĹseic eÐnai metaxÔ touc isodÔnamec: 1. a ∈ Z(K[G]), 2. H apeikìnish f_a : G −→ K σ −→ λ_σ eÐnai mia sunĹrthsh klĹsewn suzugÐac thc G.

Apìdeixh: To a = ∑ t∈G λ_tt anăkei sto kèntro tou K[G] akribÿc tìte ìtan ab = ba gia kĹje b ∈ K[G]. H antimetĹjesh wc proc ìla ta stoiqeÐa tou K[G] eÐnai isodÔnamh me thn antimetĹjesh wc proc ìla ta stoiqeÐa thc G, dhladă σ( ∑ t∈G λ_tt) = ( ∑ t∈G λ_tt)σ gia kĹje σ ∈ G.

H teleutaÐa sqèsh, eÔkola faÐnetai ìti eÐnai isodÔnamh me to ìti λ_{σt} = λ_{tσ} gia kĹje σ, t ∈ G, to opoÐo mac lèei ìti h f_a eÐnai sunĹrthsh klĹsewn suzugÐac thc G.

Jeÿrhma 3.43 IsqÔoun:

1. H diĹstash tou K-dianusmatikoÔ qÿrou Z(K[G]) eÐnai h.

2. To sÔnolo { ∑ σ∈G χ_σ(σ)σ|i = 1, 2 · · · , h} eÐnai mia K-bĹsh tou kèntrou Z(K[G]).

Apìdeixh: Estw a = ∑ t∈G λ_tt ∈ Z(K[G]). SÔmfwna me to jeÿrhma 3.42 h f_a eÐnai sunĹrthsh klĹsewn suzugÐac thc G. Lìgw thc 1.39(3) tou 1ou KefalaÐou, èqoume

f_a = h∑ i=1 λ_iχ_i opìte a = ∑ σ∈G f_a(σ)σ =

= ∑ σ∈G ( h∑ i=1 λ_iχ_i(σ))σ = h∑ i=1 λ_i( ∑ σ∈G χ_i(σ)σ), dhladă to sÔnolo ∑ σ∈G χ_i(σ)σ parĹgei ton Z(K[G]). Ja apodeÐxoume ìti eÐnai kai KgrammikĹ anexĹrthto. An loipìn 0 = h∑ i=1 λ_i ∑ σ∈G χ_i(σ)σ = ∑ σ∈G ( h∑ i=1 λ_iχ_i(σ))σ tìte afoÔ ta stoiqeÐa thc G apoteloÔn bĹsh tou K-dianusmatikoÔ qÿrou K[G] èpetai ìti gia kĹje σ ∈ G isqÔei ∑_h i=1 λ_iχ_i(σ) = 0 dhladă ìti ∑_h i=1 λ_iχ_i = 0. Epeidă ta χ_i eÐnai bĹsh tou qÿrou twn sunartăsewn klĹsewn suzugÐac thc G, apì to jeÿrhma 1.39 tou 1ou KefalaÐou èpetai ìti gia kĹje i = 1, 2, · · · , h, λ_i = 0, dhladă to sÔnolo { ∑ σ∈G χ_σ(σ)σ|i = 1, 2, · · · , h} eÐnai mia K-bĹsh tou kèntrou Z(K[G]).

Orismìc 3.44 Gia i = 1, 2, · · · , h èstw:

e_i := n_i g ∑ t∈G χ_i(t^{−1})t = n_i g ∑ t∈G χ_i(t)t^{−1} ìpou n_i = degχ_i. Idiìthtec 3.45 (1) e_i ∈ Z(K[G]). (2) ∑_h i=1 e_i = e, to monadiaÐo thc K[G].

(3) An K[G] = ⊕^h_{j=1}(⊕^{ni}_{ν=1}L^{(ν)}_j ) h anĹlush thc K[G] se aristerĹ minimal ideÿdh me L^{(v)}_j ∼= L̃_j , tìte isqÔei: e_iK[G] = ⊕^{ni}_{i=1}L^{(ν)}_i (eujÔ Ĺjroisma twn proc to L̃_i isìmorfwn aristerÿn minimal idewdÿn tou K[G]).

(4) K[G] = ⊕^h_{i=1}e_iK[G].

(5) Ta e_i eÐnai anĹ dÔo orjogÿnia metaxÔ touc kai tautodÔnama, dhladă e_ie_j = δ_{ij} e_i.

(6) Ta e_i eÐnai anĹ dÔo orjogÿnia prwtarqikĹ stoiqeÐa tou Z(K[G]), dhladă den analÔontai pio kĹtw se anĹ dÔo arjogÿnia tautodÔnama stoiqeÐa tou kèntrou diaforetikĹ tou mhdenìc.

(7) Estw R antimetajetikìc daktÔlioc me monadiaÐo e ∈ R. An:

e = e_1 + e_2 + · · · + e_r = e^′_1 + e^′_2 + · · · + e^′_r

se orjogÿnia anĹ dÔo prwtarqikĹ tautodÔnama stoiqeÐa tou kèntrou Z(R), tìte r = r^′ kai e_i = e^′_i.

(8) An R daktÔlioc me monadiaÐo e ∈ R kai e = e_1 + e_2 + · · · + e_r mia anĹlush tou e se anĹ dÔo metaxÔ touc orjogÿnia tautodÔnama stoiqeÐa tou Z(R), tìte isqÔei: R = r∑ i=1 e_iR =: ⊕^r_{i=1}R_i =: ×^r_{i=1}R_i

èqoume dhladă mia anĹlush tou R se eujÔ Ĺrjroisma daktulÐwn (eujÔ ginìmeno daktulÐwn).

Apìdeixh:

(1) H f_{ei} : σ →^{ni}_g χ_i(σ) eÐnai sunĹrthsh klĹsewn suzugÐac thc G opìte, apì to jeÿrhma 3.42, isqÔei to zhtoÔmeno.

(2) Eqoume_h ∑ i=1 e_i = 1 g h∑ i=1 n_i ∑ t∈G χ_i(t)t^{−1} = 1 g ∑ t∈G ( h∑ i=1 n_iχ_i)(t)t^{−1}, O ∑_h i=1 n_iχ_i eÐnai o qaraktărac χom thc omalăc parĹstashc ρom thc G.

Epeidă χom(g) = g, ìtan t = e 0, ìtan t ≠ e èqoume

h∑ i=1 e_i = 1 g ge = e.

(3) Estw e^∗_i : K[G] −→ K[G] a −→ e_ia = ae_i (i = 1, 2, · · · , h). Oi apeikonÐseic autèc eÐnai omomorfismoÐ aristerÿn K[G]-modules. Estw L èna aristerì minimal ideÿdec thc K[G]. To ime^∗_i |_L mporeÐ na jewrhjeÐ san stoiqeÐo tou

End_{K[G]}(L), diìti ime^∗_i |_L = e_iL ⊆ L. Epeidă to L eÐnai anĹgwgo, tì lămma tou Schur, mac dÐnei: e^∗_i |_L = λ · Id_V , me λ ∈ K. Estw ρ : G → GL(V ) h parĹstash thc G pou antistoiqeÐ sto L. Gia thn parĹstash aută èqoume ìti ρ(t)(a) = ta, gia kĹje t ∈ G kai kĹje a ∈ L. H parĹstash ρ eÐnai anĹgwgh. Epomènwc upĹrqei l ∈ {1, 2, · · · , h} tètoio ÿste χ_ρ = χ_l, dim_K L = n_l. Epiplèon, profanÿc, isqÔei, tr(λ · Id_L) = λ · n_l = tr(e^∗_i |_L) = tr(ρ(e_i)). Gia kĹje a ∈ L, èqoume tr(e^∗_i (a)) = tr(e_ia) = tr(ρ(e_i)(a)) = tr( n_i g ∑ t∈G χ_i(t)ρ(t^{−1}))(a) =

= n_i g ∑ t∈G χ_i(t)χ_l(t^{−1}))(a) = n_i · δ_{il}(a).

Sunepÿc

λ = 1, ìtan i = l 0, ìtan i ≠ l dhladă e^∗_i |_L = Id_L, ìtan L ∼= L_i 0, ìtan L ≁= L_i. Telikÿc prokÔptei ìti

e_iK[G] = e^∗_i (K[G]) = h∑ j=1 ( n_j∑

v=1 e^∗_i (L^{(v)}_j )) = n_i∑

v=1 L^{(v)}_i = ⊕^{ni}_{v=1}L^{(v)}_i

(4) Amesh sunèpeia twn (2) kai (3).

(5) Estw i ≠ j. Tìte e_ie_j ∈ e_ie_j K[G] = e^∗_i (e_jK[G]). Apì thn apìdeixh ìmwc thc (3) èpetai ìti e^∗_i (e_j K[G]) = 0 gia i ≠ j. Sunepÿc e_ie_j = 0. Apì thn Ĺllh meriĹ

e_i = e_ie = e_i n∑ j=1 e_j = n∑ j=1 e_ie_j = 0 + e^2_i = e^2_i .

(6) An e_1 = e^′_1 + e^′_2 me

e^′_1e^′_2 = 0, e^′_i^2 = e^′_i, e^′_i ≠ 0, e^′_i ∈ Z(K[G]), tìte ta {e^′_1, e^′_2, e_2, · · · , e_h} eÐnai (h + 1)-orjogÿnia anĹ dÔo tautodÔnama stoiqeÐa tou kèntrou Z(K[G]). PrĹgmati, gia i ≥ 2, èqoume

0 = e_1e_i = (e^′_1 + e^′_2)e_i = e^′_1e_i + e^′_2e_i

opìte 0 = e^′_10 = e^′_1^2e_i + e^′_1e^′_2e_i = e^′_1e_i kai 0 = e^′_20 = e^′_1e^′_2e_i + e^′_2^2e_i = e^′_2e_i.

Ta {e^′_1, e^′_2, e_2, · · · , e_h} eÐnai K-grammikÿc anexĹrthta, diìti an

0 = λ^′_1e^′_1 + λ^′_2e^′_2 + h∑ j=2 λ_j e_j ja eÐqame

0 = e^′_i0 = λ^′_ie^′_i ⇒ λ^′_i = 0 0 = e_i0 = λ_ie_i ⇒ λ_i = 0 dhladă ja eÐqame dimZ(K[G]) ≥ h + 1, Ĺtopo.

(7) Eqoume e^′_i = e^′_ie = e^′_ie_1 + · · · + e^′_ie_r (∗) kai:

e^′_ie_ν e^′_ie_μ = e^′_i^2e_ν e_μ =

0, ìtan ν ≠ μ e^′_ie_ν , ìtan ν = μ Dhladă (e^′_ie_ν )^2 = e^′_ie_ν kai (e^′_ie_ν )(e^′_ie_μ) = 0 gia ν ≠ μ. AfoÔ loipìn ta e^′_ie_ν ∈ Z(R) èqoume sthn (∗) mia anĹlush tou e^′_i se orjogÿnia anĹ dÔo tautodÔnama stoiqeÐa tou kèntrou Z(R). AfoÔ ìmwc e^′_i prwtarqikĹ, èpetai ìti:

e^′_ie_j = e^′_i, gia akribÿc èna j ∈ {1, 2, · · · , r} 0, gia ìla ta upìloipa j Me to parapĹnw autì j, e_j = ee_j = e^′_1e_j + · · · + e^′_r′ e_j . AnĹloga entelÿc isqÔei:

e^′_ie_j = e_j gia èna akribÿc i ∈ {1, 2, · · · , r^′} 0 alliÿc .

Epomènwc e^′_i = e_j , dhladă to zhtoÔmeno.

(8) Lìgw thc idiìthtac (7), kĹje stoiqeÐo tou R grĹfetai san Ĺjroisma stoiqeÐwn twn e_iR (i = 1, 2, · · · , r) kai h parĹstash aută eÐnai monadikă.

SunoyÐzontac ìlec tic prohgoÔmenec idiìthtec èqoume to Jeÿrhma 3.46 To monadiaÐo e tou K[G] èqei thn monosămanth anĹlush e = ∑_h i=1 e_i se orjogÿnia metaxÔ touc anĹ dÔo prwtarqikĹ tautodÔnama stoiqeÐa e_i tou kèntrou Z(K[G]). Ta e_i (i = 1, 2, · · · , r) orÐzontai e_i := n_i g ∑ t∈G χ(t^{−1})t, ìpou n_i := degχ_i. Epomènwc èqoume thn kanonikă anĹlush:

K[G] = ⊕^h_{i=1}e_iK[G], e_iK[G] = ⊕^{ni}_{i=1}L^{(ν)}_i , L^{(ν)}_i ∼= L̃_i. Paratărhsh : Gia touc upodaktÔliouc e_iK[G] mporeÐ na dei kaneÐc ìti e_iK[G] ∼= M_{ni} (K). Sunepÿc K[G] = ⊕^h_{i=1}M_{ni} (K).

4 Epagÿmenec parastĹseic

4.1 TanustikĹ ginìmena

Orismìc 4.1 Estw R daktÔlioc, M_R kai_RN R-modules. X(M, N) := to eleÔjero ZZmodule me bĹsh M × N, kai Y (M, N) to upomodule tou X(M, N) pou parĹgetai apì ìla ta stoiqeÐa thc morfăc:

(i) (m_1 + m_2, n) − (m_1, n) − (m_2, n) (ii) (m, n_1 + n_2) − (m, n_1) − (m, n_2) (iii) (mλ, n) − (m, λn) gia ìla ta m, m_1, m_2 ∈ M, n, n_1, n_2 ∈ N, λ ∈ R. To ZZ-module phlÐkwn: M ⊗_R N := X(M, N) Y (M, N) ja lègetai tanustikì ginìmeno twn M kai N upèr ton R.

Paratărhsh: To M ⊗_R N eÐnai ZZ-module en gènei ìmwc den èqei kammÐa R-module domă. Estw π : X(M, N) −→ M ⊗_R N x −→ x + Y (M, N) o kanonikìc omomorfismìc kai

π_0 := π_{M×N} : M × N −→ M ⊗_R N (m, n) −→ π_0(m, n) =: m ⊗ n. Ta stoiqeÐa tou M ⊗_R N lègontai tanustèc enÿ ta stoiqeÐa thc morfăc m⊗n stoiqeiÿdeic tanustèc. Idiìthtec T_1) (m_1 + m_2) ⊗ n = m_1 ⊗ n + m_2 ⊗ n T_2) m ⊗ (n_1 + n_2) = m ⊗ n_1 + m ⊗ n_2 T_3) mλ ⊗ n = m ⊗ λn

T_4) m ⊗ 0 = 0 ⊗ n = 0 T_5) (−m) ⊗ n = m ⊗ (−n) = −(m ⊗ n) Apìdeixh: T_1) O purănac thc π eÐnai kerπ = Y (M, N). Epomènwc (m_1 + m_2, n) − (m_1, n) − (m_2, n) ∈ kerπ, dhladă π((m_1 + m_2, n) − (m_1, n) − (m_2, n)) = 0, opìte π(m_1 + m_2, n) − π(m_1, n)−π(m_2, n). Sunepÿc (m_1+m_2)⊗n−m_1 ⊗n−m_2 ⊗n = 0. AnĹloga apodeiknÔontai kai oi upìloipec idiìthtec.

Jeÿrhma 4.2 IsqÔei: M ⊗_R N =_{ZZ} < m ⊗ n/m ∈ M, n ∈ M >= = {_r ∑ i=1 m_i ⊗ n_i/r ∈ N, m_i ∈ M, n_i ∈ N }

Apìdeixh: H prÿth isìthta eÐnai profanăc, afoÔ M × N bĹsh tou M ⊗_R N. H deÔterh eÐnai sunèpeia twn idiotătwn T_2), T_4), T_5). Epomènwc oi stoiqeiÿdeic tanustèc apoteloÔn èna sÔsthma gennhtìrwn tou M ⊗_R N san ZZ-module kai kĹje stoiqeÐo tou M ⊗_R N grĹfetai san Ĺjroisma stoiqeiwdÿn tanustÿn.

Paratărhsh: H parapĹnw parĹstash den eÐnai monosămanth. Gia parĹdeigma:

(2m) ⊗ n = m ⊗ (2n)

dhladă oi stoiqeiÿdeic tanustèc den apoteloÔn bĹsh.

Estw M_R,_RN, R-modules kai A mÐa prosjetikă abeliană omĹda (ZZ − module). H sunĹrthsh f : M × N −→ A ja lègetai R-prosjetikă ìtan:

B_1) f(m_1 + m_2, n) = f(m_1, n) + f(m_2, n)

B_2) f(m, n_1 + n_2) = f(m, n_1) + f(m, n_2) B_3) f(mλ, n) = f(m, λn)

Jeÿrhma 4.3 H sunĹrthsh

π_0 : M × N −→ M ⊗_R N (m, n) −→ m ⊗ n eÐnai R-prosjetikă.

Apìdeixh: Amesh sunèpeia twn idiotătwn T_1, T_2, T_3, T_4.

Jeÿrhma 4.4 (H universal idiìthta thc π_0) An A abeliană omĹda (ZZ-module) kai f : M × N −→ A eÐnai R-prosjetikă tìte upĹrqei akribÿc ènac omomorfismìc omĹdwn (ZZ-module omomorfismìc): f^∗ : M ⊗_R N −→ A ètsi ÿste to diĹgramma M × N M ⊗_R N

A f^∗ π_0

f

na eÐnai antimetajetikì, dhladă f = f^∗ ∘ π_0. Se aută thn perÐptwsh ja lème: H R-prosjetikă sunĹrthsh analÔetai monosămanta upèr thn π_0.

Apìdeixh: Afou X(M, N) eÐnai eleÔjero ZZ-module me bĹsh M × N èqoume ìti upĹrqei monadikìc ZZ-module omomorfismìc: f̄ : X(M, N) −→ A tètoioc ÿste f̄|_{M×N} = f. IsqurÐzomai ìti Y (M, N) ⊂ kerf̄. PrĹgmati: afoÔ f eÐnai R-prosjetikă

f̄((m_1 + m_2, n) − (m_1, n) − (m_2, n)) = f((m_1 + m_2, n)) − f(m_1, n) − f(m_2, n) = 0. Me ìmoio trìpo apodeiknÔoume kai gia tic upìloipec idiìthtec pou kajorÐzoun ton Y (M, N). Apì to pìrisma 3.8 èqoume ìti upĹrqei akribÿc ènac ZZ-module omomorfismìc f^∗ : M ⊗_R N = X(M, N) Y (M, N) −→ A tètoioc ÿste to diĹgramma: X(M, N) M ⊗_R N =^{X(M,N)}_{Y (M,N)}

A f̄ π

f^∗

na eÐnai antimetajetikì. SunolikĹ loipìn èqoume: M × N X(M, N)

A f̄ i

f M ⊗_R N =^{X(M,N)}_{Y (M,N)} π

f^∗

dhladă f = f̄ ∘ i = (f^∗ ∘ π) ∘ i = f^∗ ∘ (π ∘ i) = f^∗ ∘ π_0.

Jeÿrhma 4.5 (Qarakthrismìc tanustikoÔ ginomènou) Estw T abeliană omĹda (ZZmodule), τ : M × N −→ T mia R-prosjetikă apeikìnish me thn epiplèon idiìthta: Gia kĹje abeliană omĹda A kai kĹje R-prosjetikă apeikìnish j : M × N −→ A upĹrqei akribÿc ènac omomorfismìc omĹdwn (ZZ-module omomorfismìc) j^∗ : T −→ A tètoioc ÿste to diĹgramma: M × N T

A j^∗ τ

j

na eÐnai antimetajetikì. (Autì ja to lème: KĹje R-prosjetikă apeikìnish f : M × N −→ A, ìpou A abeliană omĹda, analÔetai monosămanta upèr ton τ). Tìte upĹrqei akribÿc ènac isomorfismìc omĹdwn ϕ : M ⊗_R N −→ T tètoioc ÿste to parakĹtw diĹgramma na eÐnai antimetajetikì:

M × N M ⊗_R N

T ϕ π_0

τ

Apìdeixh: AfoÔ π_0 : M × N −→ M ⊗_R N eÐnai R-prosjetikă, lìgw thc upìjeshc èpetai ìti upĹrqei akribÿc ènac omomorfismìc omĹdwn: ψ : T −→ M ⊗_R N tètoiwc ÿste (1) ψ ∘ τ = π_0, dhladă to parakĹtw diĹgramma na eÐnai antimetajetikì: M × N T

M ⊗_R N ψ τ

π_0

Apì thn Ĺllh meriĹ h τ eÐnai R-prosjetikă. Epomènwc, lìgw tou jewrămatoc (4.4) upĹrqei akribÿc ènac omomorfismìc omĹdwn: ϕ : M ⊗_R N −→ T tètoioc ÿste (2) ϕ ∘ π_0 = τ, dhladă to parakĹtw diĹgramma na eÐnai antimetajetikì: M × N M ⊗_R N

T ϕ π_0

τ

Sunepÿc isqÔei: ψ ∘ ϕ ∘ π_0^{(2)}= ψ ∘ τ^{(1)}= π_0 kai ϕ ∘ ψ ∘ τ^{(1)}= ϕ ∘ π_0^{(2)}= τ dhladă èqoume ta epìmena dÔo antimetajetikĹ diagrĹmmata:

M ⊗_R N M ⊗_R N

M × N

ψ ∘ ϕ π_0 π_0 T T

M × N

ϕ ∘ ψ τ τ

Sunepÿc ψ ∘ ϕ = Id_{M⊗RN} kai ϕ ∘ ψ = Id_T , dhladă o ϕ eÐnai isomorfismìc.

Jeÿrhma 4.6 Estw M_R, M^′_R,_RN,_RN^′ R-modules, f : M −→ M^′, g : N −→ N^′ R-modules omomorfismoÐ. Tìte isqÔei ìti:

(1) UpĹrqei akribÿc ènac omomorfismìc omĹdwn: f ⊗ g : M ⊗_R N −→ M^′ ⊗_R N^′ tètoioc ÿste gia kĹje m ∈ M kai kĹje n ∈ N na isqÔei: (f ⊗ g)(m ⊗ n) = f(m) ⊗ g(n). O f ⊗ g lègetai tanustikì ginìmeno twn f, g.

(2) An M^{′′}_R,_RN^{′′} Ĺlla dÔo R-modules kai f^′ : M^′ −→ M^{′′}, g^′ : N^′ −→ N^{′′} R-modules omomorfismoÐ tìte isqÔei:

(f^′ ⊗ g^′) ∘ (f ⊗ g) = (f^′ ∘ f) ⊗ (g^′ ∘ g). Apìdeixh:

(1) H monadikìthta eÐnai profanăc, diìti M ⊗_R N =_{ZZ} < m ⊗ n/m ∈ M, n ∈ N >.

Isqurizìmaste ìti arkeÐ na deÐxoume: f × g : M × N −→ M^′ ⊗_R N^′ (m, n) −→ f(m) ⊗ g(n) eÐnai R-prosjetikă, diìti tìte, apì to jeÿrhma (4.4), èpetai ìti upĹrqei akribÿc ènac omomorfismìc omĹdwn: f ⊗ g : M ⊗_R N −→ M^′ ⊗_R N^′ tètoiwc ÿste to parakĹtw diĹgramma na eÐnai antimetajetikì: M × N M ⊗_R N

M^′ ⊗_R N^′ f ⊗ g π_0

f × g

Sunepÿc f(m) ⊗ g(n) = (f × g)(m, n) = (f ⊗ g) ∘ π_0(m, n) = (f ⊗ g)(m ⊗ n) kai telikĹ (f ⊗ g) ∘ π_0(m, n) = (f ⊗ g)(m ⊗ n) = f(m) ⊗ g(n). To ìti h f × g eÐnai R-prosjetikă epalhjeÔtai me aplì èlegqo twn idiotătwn. Gia parĹdeigma apodeiknÔoume ìti isqÔei h B_1:

(f × g)(m_1 + m_2, n) = f(m_1 + m_2) ⊗ g(n) = (f(m_1) + f(m_2)) ⊗ g(n) = = f(m_1) ⊗ g(n) + f(m_1) ⊗ g(n) = (f × g)(m_1, n) + (f × g)(m_2, n).

(2) AplĹ kĹnoume tic prĹxeic:

(f^′ ⊗ g^′) ∘ (f ⊗ g)(m ⊗ n) = (f^′ ⊗ g^′)(f(m) ⊗ g(n)) = (f^′(f(m))⊗ = g^′(g(m)) = = ((f^′ ∘ f) ⊗ (g^′ ∘ g))(m ⊗ n) dhladă (f^′ ⊗ g^′) ∘ (f ⊗ g) = (f^′ ∘ f) ⊗ (g^′ ∘ g)).

Parathrăseic:

1. Eqoume ìti (f ⊗ g) (_r ∑ i=1 m_i ⊗ n_i ) = r∑ i=1 f(m_i) ⊗ g(n_i), parĹ to ìti gia x ∈ M ⊗_R N h parĹstash x = ∑_r i=1 m_i ⊗ n_i den eÐnai monosămanta orismènh.

2. Estw M_1 ⊂ M_R upomodule tou dexioÔ R-module M_R,_RN aristerì R-module kai i_1 : M_1 → M. H i ⊗ Id_N : M_1 ⊗_R N −→ M ⊗_R N den eÐnai, en gènei, èna proc èna (injective). PrĹgmati, jewroÔme ta tanustikĹ ginìmena: ZZ ⊗_{ZZ} ZZ 2ZZ kai Q ⊗_{ZZ} ZZ 2ZZ .

Apì thn mia meriĹ eqoume ìti Q ⊗_{ZZ}^{ZZ}_{2ZZ} ∼= 0, diìti an r ∈ Q , u ∈^{ZZ}_{2ZZ} tìte r ⊗ u = r 2 2 ⊗ u = r 2 ⊗ 2u = r 2 ⊗ 0 = 0.

Apo thn Ĺllh meriĹ èqoume ìti ZZ ⊗_{ZZ}^{ZZ}_{2ZZ} ∼=^{ZZ}_{2ZZ} . (dec jeÿrhma 4.11, parakĹtw) Jeÿrhma 4.7 Estw M_1 ⊂ M eujÔc prosjetaÐoc,_RN, M_R duo R-modules kai i : M_1 → M h tautotikă emfÔteush. Tìte h i ⊗ Id_N : M_1 ⊗_R N −→ M ⊗_R N eÐnai èna proc èna (injective). Se aută thn perÐptwsh mporoÔme na tautÐsoume to m_1 ⊗ n ∈ M_1 ⊗_R N me to m_1 ⊗ n ∈ M ⊗_R N.

Apìdeixh: Estw π_1 h kanonikă probolă tou M sto M_1. Eqoume ìti π_1 ∘ i : M_1 −→ M_1 eÐnai h Id_{M1} = π_1|_{M1} . IsqÔei:

Id_{M1⊗RN} = Id_{M1} ⊗_R Id_N = (π_1 ∘ i) ⊗ (Id_N ∘ Id_N ) = (π_1 ⊗ Id_N ) ∘ (i ⊗ Id_N ) dhladă h i ∘ Id_N eÐnai èna proc èna (injective) kai h π_1 ⊗ Id_N eÐnai epÐ (surjective). Jeÿrhma 4.8 An M_R = M_1 ⊕ M_2, tìte isqÔei M ⊗_R N = (M_1 ⊗_R N) ⊕ (M_2 ⊗_R N). Apìdeixh: ArkeÐ na deÐxoume ìti

(1) M ⊗_R N = M_1 ⊗_R N + M_2 ⊗_R N kai (2) (M_1 ⊗_R N) ∩ (M_2 ⊗_R N) = {0} To prÿto eÐnai profanèc enw gia to deÔtero èstw T := (M_1 ⊗_R N) ∩ (M_2 ⊗_R N). Eqoume π_1 ⊗ Id_N |_{M1⊗RN} = π_1|_{M1} ⊗_R Id_N = Id_{M1} ⊗_R Id_N = Id_{M1⊗RN} .

EpÐshc isqÔei π_1 ⊗ Id_N |_{M2⊗RN} = π_1|_{M2} ⊗_R Id_N = 0 ⊗_R Id_N = 0 Epomènwc π_1 ⊗ Id_N |_T = Id_T kai π_1 ⊗ Id_N |T = 0, dhladă T = {0}.

Estw R, R^′ daktÔlioi, M =_R M_R′ èna bimodule kai N =_R′ N èna aristerì R-module.

Jeÿrhma 4.9 H apeikìnish: R × (M ⊗_R′ N) −→ M ⊗_R′ N (λ, ∑_r i=1 m_i ⊗ n_i) −→ ∑_r i=1 λm_i ⊗ n_i =: λ( ∑_r i=1 m_i ⊗ n_i) eÐnai kalĹ orismènh kai epĹgei thn domă aristeroÔ R-module sto M ⊗_R′ N. Apìdeixh: ArkeÐ na apodeÐxoume to kalÿc orismèno thc sunĹrthshc. To ìti sthn sunèqeia to M ⊗_R′ N gÐnetai R-module qreiĹzetai aplă epalăjeush. Gia to prÿto, arkeÐ na apodeÐxoume ìti gia kĹje λ ∈ R, upĹrqei akribÿc ènac omomorfismìc omĹdwn ψ_λ : M ⊗_R′ N −→ M ⊗_R′ N me thn idiìthta: Gia kĹje zeugĹri (m, n) ∈ M × N, ψ_λ(m ⊗ n) = λm ⊗ n. (PrĹgmati, tìte ψ_λ( ∑ m_i ⊗ n_i) = ∑ ψ_λ(m_i ⊗ n_i) = ∑ λm_i ⊗ n_i, opìte to kalĹ orismèno thc apeikìnishc eÐnai sunèpeia tou kalĹ orismènou thc ψ_λ.)

Estw λ ∈ R. ArkeÐ na deÐxoume ìti h

f_λ : M × N −→ M ⊗_R′ N (m, n) −→ (λm) ⊗ n eÐnai R-prosjetikă, diìti tìte upĹrqei akribÿc ènac omomorfismìc omĹdwn ψ_λ tètoioc ÿste to diĹgramma: M × N M ⊗_R′ N

M ⊗_R′ N ψ_λ π_0

f_λ

na eÐnai antimetajetikì dhladă ψ_λ(m ⊗ n) = (λm) ⊗ n. To ìti h f_λ eÐnai R-prosjetikă eÐnai eÔkolo p.q. f_λ(m_1 + m_2, n) = λ(m_1 + m_2) ⊗ n = λm_1 ⊗ n + λm_2 ⊗ n = f_λ(m_1, n) + f_λ(m_2, n). OmoÐwc apodukneÐoume kai tic Ĺllec idiìthtec.

Jeÿrhma 4.10 Estw R antimetajetikìc daktÔlioc, M, N dÔo R-modules. Tìte to M ⊗_R N gÐnetai R-module mèsw thc prĹxhc λ(m ⊗ n) := (λm) ⊗ n = m ⊗ (λn) kai an M =< u_1, ..., u_l >_R, N =_R< v_1, ..., v_k >, tìte isqÔei: M ⊗_R N =_R< u_i ⊗ v_j /i = 1, 2, ..., l, j = 1, 2, ..., k >

Apìdeixh: Gia to prÿto to M eÐnai èna (R, R)-bimodule, opìte to sumpèrasma eÐnai Ĺmesh sunèpeia tou jewrămatoc 4.9. Gia to deÔtero, parathroÔme ìti: m ⊗ n = ( ∑ i λ_iu_i ) ⊗ ( ∑ j μ_j v_j ) = ∑ i,j λ_iμ_ju_i ⊗ v_j. Estw_RN èna aristerì R-module. JewroÔme to R san diplì module tou eautoÔ tou, R =_R R_R. Apo to jeÿrhma 4.9 èpetai ìti to R ⊗_R N eÐnai aristerì R-module. Jeÿrhma 4.11 H apeikìnish

ϕ : RN −→ R ⊗_R N n −→ 1 ⊗ n eÐnai isomorfismìc aristerÿn R-modules.

Apìdeixh: H ϕ eÐnai, lìgw thc gnwstăc idiìthtac prìsjeshc tanustÿn, ènac omomorfismìc aristerÿn R-modules. Ja èqoume apodeÐxei ìti eÐnai isomorfÐa an katafèroume na apodeÐxoume ìti upĹrqei ènac omomorfismìc omĹdwn: ψ : R ⊗_R N −→ N me ψ ∘ ϕ = Id_N , ϕ ∘ ψ = Id_{R⊗RN} . Katarqăn h

j : R × N −→ N (λ, n) −→ λn eÐnai R-prosjetikă. Epomènwc sÔmfwna me to jeÿrhma 4.5 upĹrqei omomorfismìc ψ : R ⊗_R N −→ N me ψ(λ ⊗ n) = λn, dhladă ψ(1 ⊗ n) = n.

Orismìc 4.12 Estw R ≤ E dÔo daktÔlioi. JewroÔme E =_E E_R. Estw_RN èna aristerì R-module. To aristerì E-module N^E := E ⊗_R N ja to lème epèktash twn suntelestÿn (scalars) tou N me E.

Jeÿrhma 4.13 Estw M_R kai_RN dÔo R-modules kai èstw ìti to_RN eÐnai eleÔjero me mÐa bĹsh to sÔnolo {v_1, v_2, ..., v_n}. Tìte kĹje x ∈ M ⊗_R N grĹfetai monosămanta sthn morfă: x = n∑ i=1 m_i ⊗ v_i Apìdeixh: Ex upojèsewc èqoume: M ⊗_R N = M ⊗_R (⊕^n_{i=1}Rv_i) = ⊕^n_{i=1}(M ⊗_R Rv_i). Epomènwc kĹje x ∈ M ⊗_R N grĹfetai momosămanta sthn morfă: x = ∑_n i=1 x_i me x_i ∈ M ⊗_R Rv_i, dhladă x_i = r∑ ν=1 m_{iν} ⊗ λ_iv_i = r∑ ν=1 m_{iν} λ_i ⊗ v_i = m_i ⊗ v_i. (r = r(i))

ArkeÐ loipìn na apodeÐxoume ìti ta x_i kajorÐzoun monosămanta ta m_i. H sunĹrthsh R −→ Rv_i λ −→ λv_i eÐnai ènac isomorfismìc apì R-modules, afoÔ ta v_i apoteloÔn bĹsh.

Apì to jeÿrhma 4.11 èpetai ìti h apeikìnish: M −→ M ⊗_R R m −→ m ⊗ 1 eÐnai isomorfismìc omĹdwn. Epomènwc h apeikìnish: M −→ M ⊗_R R −→ M ⊗_R Rv_i m −→ m ⊗ 1 −→ m ⊗ v_i eÐnai isomorfismìc omĹdwn, dhladă to m_i, kajorÐzetai monosămanta apì to x_i.

Pìrisma 4.14 Estw R ≤ E daktÔlioi,_RN eleÔjero R-module me bĹsh {v_1, v_2, ..., v_n} kai E =_E E_R. Tìte isqÔoun:

(1) N^E := E ⊗_R N eÐnai èna eleÔjero E-module me bĹsh to sÔnolo {1 ⊗ v_1, ...., 1 ⊗ v_n}.

(2) H apeikìnish: N −→ N^E n −→ 1 ⊗ n eÐnai ènac èna proc èna omomorfismìc apì R-modules, orÐzei dhladă mÐa emfÔteush N → N^E . Apìdeixh:

(1) EÐnai gnwstì,jeÿrhma 4.13, ìti kĹje x ∈ N^E èqei mÐa monosămanth parĹstash thc morfăc x = n∑ i=1 a_i ⊗ v_i = n∑ i=1 a_i(1 ⊗ v_i) a_i ∈ E. Epomènwc to sÔnolo {1 ⊗ v_i/i = 1, 2, ...n} apoteleÐ èna sÔsthma gennhtìrwn kai, lìgw tou monoshmĹntou thc parĹstashc, epÐshc bĹsh.

(2) H apeikìnish eÐnai omomorfismìc apì R-modules. ArkeÐ na apodeÐxoume ìti eÐnai èna proc èna. Estw u = ∑_n i=1 λ_iv_i ≠ 0 ìpou λ_i ∈ R ìqi ìla mhdèn. Tìte

1 ⊗ u = 1 ⊗ (_n ∑ i=1 λ_iv_i ) = n∑ i=1 (1 ⊗ λ_iv_i) = n∑ i=1 λ_i(1 ⊗ v_i) ≠ 0, opìte, lìgw thc prÿthc idiìthtac, h apeikìnish eÐnai èna proc èna.

Pìrisma 4.15 An o R eÐnai antimetajetikìc daktÔlioc, M eleÔjero R-module me bĹsh {u_1, ..., u_k} kai N eleÔjero R-module me bĹsh {v_1, ..., v_l}, tìte kai to M ⊗_R N eÐnai eleÔjero R-module me bĹsh {u_i ⊗ v_j/i = 1, 2, ..., k, j = 1, 2, ..., l} Apìdeixh: EÐnai ădh gnwstì ìti M ⊗_R N =_R< u_i ⊗ v_j >. Estw ìti gia λ_{ij} ∈ R isqÔei: 0 = k∑ i=1 l∑ j=1 λ_{ij}(u_i ⊗ v_j ) = l∑ j=1 (_k ∑ i=1 λ_{ij}u_i ) ⊗ v_j Apì to jeÿrhma 4.13 èqoume ìti ∑_k i=1 λ_{ij} u_i = 0, kai, lìgw thc upojèsewc, λ_{ij} = 0 gia kĹje i ∈ {1, 2, ..., k} kai j ∈ {1, 2, ..., l}. Jeÿrhma 4.16 Estw R, R^′ daktÔlioi kai L_R,_RM_R′ ,_R′ N modules. Tìte upĹrqei akribÿc ènac isomorfismìc omĹdwn: ϕ : L ⊗_R (M ⊗_R′ N) −→ (L ⊗_R M) ⊗_R′ N tètoioc ÿste gia kĹje (l, m, n) ∈ L × M × N na isqÔei: ϕ(l ⊗ (m ⊗ n)) = (l ⊗ m) ⊗ n. An tautÐsoume prìtupa kai eikìnec mèsw tou isomorfismoÔ, èqoume l ⊗ (m ⊗ n) = (l ⊗ m) ⊗ n, dhladă to tanustikì ginìmeno eÐnai prosetairistikì.

Apìdeixh: Estw l ∈ L stajerì. H apeikìnish

f_l : M × N −→ (L ⊗_R M) ⊗_R′ N (m, n) −→ (l ⊗ m) ⊗ n eÐnai R^′-prosjetikă. Epomènwc, jeÿrhma 4.5, upĹrqei akribÿc ènac omomorfismìc omĹdwn

ψ_l : M ⊗_R′ N −→ (L ⊗_R N) ⊗_R′ N m ⊗ n −→ (l ⊗ m) ⊗ n Apì ta parapĹnw prokÔptei ìti h apeikìnish:

ψ_l : L × (M ⊗_R′ N) −→ (L ⊗_R M) ⊗_R′ N (l, m ⊗ n) −→ (l ⊗ m) ⊗ n eÐnai R-prosjetikă. Epomènwc upĹrqei akribÿc ènac omomorfismìc omĹdwn: ϕ : L ⊗_R (M ⊗_R′ N) −→ (L ⊗_R M) ⊗_R′ N l ⊗ (m ⊗ n) −→ (l ⊗ m) ⊗ n OmoÐwc mporoÔme na deÐxoume ìti upĹrqei akribÿc ènac omomorfismìc omĹdwn: χ : (L ⊗_R M) ⊗_R′ N −→ L ⊗_R (M ⊗_R′ N) (l ⊗ m) ⊗ n −→ l ⊗ (m ⊗ n) Epiplèon isqÔei ϕ ∘ χ = Id_{(L⊗RM)⊗R′ N} kai χ ∘ ϕ = Id_{L⊗R(M⊗R′ N)}, dhladă ϕ eÐnai isomorfismìc.

Jeÿrhma 4.17 Estw K antimetajetikìc daktÔlioc, A_1, A_2, K-Ĺlgebrec kai èstw:

f_1 : K −→ A_1 λ −→ λ · 1_{A1} f_2 : K −→ A_2 λ −→ λ · 1_{A2} oi kanonikoÐ omomorfismoÐ, oi opoÐoi eÐnai monomorfismoÐ an K eÐnai sÿma. Tìte sto Rmodule A_1 ⊗_K A_2 orÐzetai katĹ monadikì trìpo pollaplasiasmìc ètsi ÿste to A_1 ⊗_K A_2 na gÐnetai K-Ĺlgebra me prĹxh: (a_1 ⊗ a_2) · (b_1 ⊗ b_2) = (a_1b_1) ⊗ (a_2b_2) Gia ton fusikì omomorfismì: f : K −→ A_1 ⊗_K A_2 λ −→ λ · 1_{A1⊗A2} isqÔoun f(λ) = f_1(λ) ⊗ 1_{A2} = 1_{A1} ⊗ f_2(λ) = λ(1_{A1} ⊗ 1_{A2} ).

Apìdeixh: ArkeÐ na deÐxoume ìti h sunĹrthsh: (A_1 ⊗_K A_2) × (A_1 ⊗_K A_2) −→ A_1 ⊗_K A_2 ( ∑ i a^{(i)}_1 ⊗ a^{(i)}_2 , ∑ j b^{(j)}_1 ⊗ b^{(j)}_2 ) −→ ∑ i,j(a^{(i)}_1 b^{(j)}_1 ) ⊗ (a^{(i)}_2 b^{(j)}_2 ) eÐnai kalĹ orismènh. Autì ìmwc eÐnai Ĺmesh sunèpeia tou jewrămatoc 4.4. To ìti to Kmodule A_1 ⊗_K A_2 gÐnetai K-Ĺlgebra me bĹsh ton parapĹnw pollaplasiasmì eÐnai aplă epalăjeush twn idiotătwn. Tèloc oi idiìthtec thc f eÐnai profaneÐc. Jeÿrhma 4.18 An A eÐnai K-Ĺlgebra f : K −→ A o fusikìc omomorfismìc kai R ènac uperdaktÔlioc tou K, tìte to R ⊗_K A gÐnetai mèsw tou pollaplasiasmoÔ: (λ ⊗ a)(λ^′ ⊗ a^′) := (λλ^′) ⊗ (aa^′), mÐa R-Ĺlgebra me thn fusikă emfÔteush: R −→ R ⊗_K A λ −→ λ ⊗ 1_A . Apìdeixh: To jeÿrhma eÐnai eidikă perÐptwsh tou porÐsmatoc 4.14 kai tou jewrămatoc 4.17. Orismìc 4.19 To A^R := R ⊗_K A ja lègetai epèktash twn sunetelestÿn (scalars) thc Ĺlgebrac A.

Tèloc qwrÐc apodeÐxeic anafèroume ta parakĹtw jewrămata:

Jeÿrhma 4.20 Estw R antimetajetikìc uperdaktÔlioc tou K, tètoioc ÿste to monadiaÐo tou K na sumpÐptei me to monĹdiaio tou R. Tìte isqÔoun:

(1) UpĹrqei akribÿc ènac isomorfismìc R-algebrÿn Φ : M_n(K)^R := R ⊗_K M_n(K) −→ M_n(R) tètoiwc ÿste gia kĹje a ∈ M_n(K), Φ(1 ⊗ a) = a.

(2) UpĹrqei akribÿc ènac isomorfismìc R-algebrÿn: Ψ : K[G]^R := R ⊗_K K[G] −→ R[G] tètoiwc ÿste gia kĹje a ∈ K[G], Ψ(1 ⊗ a) = a.

TautÐzontac prìtupa kai eikìnec, paÐrnoume M_n(K) ⊂ M_n(R) kai K[G] ⊂ R[G].

Jeÿrhma 4.21 Estw K ≤ L, ìpou K, L eÐnai sÿmata, n_1, n_2 ∈ N, V_1, V_2 K-dianusmatikoÐ qÿroi. Estw akìmh B_1 = {u_1, u_2, ..., u_{n1} } bĹsh tou V_1, B_2 = {v_1, v_2, ..., v_{n2} } bĹsh tou V_2 kai Φ_{B1,B2} :

Hom_K (V_1, V_2) −→ M_{n1×n2} (K) ϕ −→ a_{ij} ìtan ϕ(u_i) = ∑ j a_{ij} v_j. Tìte isqÔoun:

(1) To parakĹtw diĹgramma eÐnai antimetajetikì:

L ⊗_K Hom_K (V_1, V_2)

L ⊗_K M_{n1×n2} (K) M_{n1×n2} (L)

Hom_L(V^L_1 , V^L_2 ) ∼= σ

τ ∼=

∼= ∼=

ìpou σ(1 ⊗ ϕ) = Id_L ⊗ ϕ kai τ(1 ⊗ a) = a.

(2) An V = V_1 = V_2, n = n_1 = n_2, tìte èqoume to parakĹtw antimetajetikì diĹgramma L−algebrÿn: L ⊗_K End_K (V )

L ⊗_K M_n(K) M_n(L)

End_L(V ) ∼= σ

τ ∼=

∼= Id_L ⊗ Φ_B ∼=Φ_{1⊗B}

4.2 Epagÿmenec parastĹseic kai qaraktărec

Estw K sÿma, G peperasmènh omĹda tĹxhc g kai chK ̸|g. Estw H ≤ G, G =^.∪^r_{i=1} σ_iH, h anĹlush thc G se aristerèc pleurikèc klĹseic wc proc thn H. IsqÔei K[H] ⊆ K[G]. Jeÿrhma 4.22 H K[G] eÐnai èna eleÔjero dexiì K[H]-module me bĹsh to sÔnolo {σ_1, · · · , σ_r}, dhladă: K[G] = ⊕^r_{i=1}σ_iK[H]

Apìdeixh: ArkeÐ na deÐxoume ìti kĹje a ∈ K[G] èqei monosămanth parĹstash thc morfăc

a = r∑ i=1 σ_ia_i, a_i ∈ K[H]. Gia thn Ôparxh parathroÔme ìti: a = ∑ σ∈G λ_σσ = r∑ i=1 ∑ t∈H λ_{i,t}σ_it = r∑ i=1 σ_i ( ∑ t∈H λ_{i,t}t ) = r∑ i=1 σ_ia_i, ìpou a_i ∈ H. Gia na apodeÐxoume thn monadikìthta upojètoume ìti èqoume dÔo parastĹseic:_r ∑ i=1 σ_i ( ∑ t∈H λ_{i,t}t ) = r∑ i=1 σ_i ( ∑ t∈H λ^′_{i,t}t ) . Epomènwc_r ∑ i=1 ∑ t∈H λ_{i,t}σ_it = r∑ i=1 ∑ t∈H λ^′_{i,t}σ_it Tìte ìmwc ja èprepe λ_{i,t} = λ^′_{i,t} gia ìla ta i ∈ {1, 2, ..., r} kai ìla ta t ∈ H, diìti to sÔnolo {σ_it/i = 1, 2, ..., r, t ∈ H} eÐnai bĹsh thc K[G] upèr to K.

Orismìc 4.23 Estw N =_{K[H]} N èna aristerì K[H]-module. To K[G]-module

N^G := N^{K[G]} = K[G] ⊗_{K[H]} N

ja lègetai to apì to N epagìmeno K[G]-module.

ParathroÔme ìti èqei tic parakĹtw idiìthtec: Apo to jeÿrhma 4.22 èpetai ìti K[G] = ⊕^r_{i=1}σ_iK[H], dhladă N^G = ⊕^r_{i=1} ( σ_iK[H] ⊗_{K[H]} N ) . Sunepÿc, lìgw tou jewrămatoc 4.13, kĹje x ∈ N^G èqei monosămanth parĹstash thc morfăc x = ∑ σ_i ⊗ m_i, m_i ∈ N. QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti σ_1 = e. Epomènwc to σ_1K[H] = K[H], èinai eujÔc prosjetaÐoc tou K[G], sunepÿc sÔmfwna me to jeÿrhma 4.7, to K[H] ⊗_{K[H]} N emfuteÔetai kanonikĹ mèsa sto N^G = K[G] ⊗_{K[H]} N ìpou fusikĹ tautÐzoume tautÐzoume to t ⊗ n, t ∈ H san stoiqeÐo tou K[H] ⊗_{K[H]} N me to t ⊗ n san stoiqeÐo tou K[G] ⊗_{K[H]} N.

Akìmh, lìgw tou jewrămatoc 4.11, isqÔei: N ∼= K[H] ⊗_{K[H]} N n −→ e ⊗ n. Mèsw autăc thc taÔtishc mporoÔme na jewrăsoume ìti:N ≤ N^G. Epomènwc èqoume ìti kĹje x ∈ N^G èqei mia monosămanth parĹstash thc morfăc x = r∑ i=1 (σ_i ⊗ n_i) = r∑ i=1 σ_i(e ⊗ n_i) = r∑ i=1 σ_in_i sunepÿc N^G = ⊕^r_{i=1}σ_iN.

Jeÿrhma 4.24 Estw H ≤ G kai G =^.∪^r_{i=1} σ_iH, M èna aristerì K[G]-module kai N ⊆ M èna K[H]-upomodule. Tìte isqÔei:

M = N^G ⇔ M = ⊕^r_{i=1}σ_iN.

Apìdeixh: An M = N^G tìte katĹnĹgkhn M = ⊕^r_{i=1}σ_iN, ìpwc mìlic apodeÐxame. AntÐstrofa èstw M = ⊕^r_{i=1}σ_iN dhladă kĹje x ∈ M parÐstatai monosămanta san x = ∑_r i=1 σ_in_i, n_i ∈ N. IsqurÐzomai ìti ta n_i orÐzontai monosămanta apì thn sqèsh σ_in_i = x_i. PrĹgmati, an σn = σn^′ tìte σ(n − n^′) = 0 dhladă σ^{−1}σ(n − n^′) = e(n − n^′) = n − n^′ = 0. Epomènwc, oi sunartăseic: ϕ : M −→ N^G ∑ σ_in_i −→ ∑ σ_i ⊗ n_i kai ψ : N^G −→ M ∑ σ_i ⊗ n_i −→ ∑ σ_in_i eÐnai kalĹ orismènec kai omomorfismoÐ apì K[G]-modules. Epeidă ϕ ∘ ψ = Id_N G kai ψ ∘ ϕ = Id_M èqoume ìti ϕ kai ψ eÐnai isomorfismoÐ. Epomènwc M = ⊕^r_{i=1}σ_iN ∼= N^G = K[G] ⊗_{K[H]} N.

Dhladă, tautÐzontac ta isìmorfa, M = N^G. Orismìc 4.25 Estw H ≤ G kai ρ : G −→ GL(V ) ρ_0 : H −→ GL(W ) dÔo parastĹseic, twn G kai H upèr to K. Estw epiplèon N =_{K[H]} N = (W, ρ^∗_0) kai M =_{K[G]} M = (V, ρ^∗) ta antÐstoiqa modules parastĹsewn. Ja lème ìti h ρ epĹgetai apì thn ρ_0 ìtan M ∼= N^G.

Jeÿrhma 4.26 Estw ρ, ρ^′ dÔo isodÔnamec parastĹseic thc G kai ρ_0, ρ^′_0 isodÔnamec parastĹseic thc H. Tìte isxÔei ìti:

(ρ epĹgetai apì thn ρ_0) ⇔ (ρ^′ epĹgetai apì thn ρ^′_0)

Apìdeixh: Profanăc apì thn antistoiqÐa isodunĹmwn parastĹsewn kai modules parĹstashc (dec jeÿrhma 3.21).

Jeÿrhma 4.27 Estw ρ_0 parĹstash thc H kai ρ, ρ^′ parastĹseic thc G epagÿmenec thc ρ_0. Tìte oi ρ, ρ^′ eÐnai metaxÔ touc isodÔnamec, dhladă, modulo isodunamÐa, upĹrqei akribÿc mia parĹstash thc G h opoÐa epĹgetai apì thn parĹstash ρ_0 thc H.

Apìdeixh: An N èna module parĹstashc thc ρ_0 tìte to N^G eÐnai, modulo isomorfÐa, monosămanta orismèno K[G]-module.

Jeÿrhma 4.28 Estw H ≤ G upoomĹda thc omĹdac G kai W ≤ V dianusmatikìc upìqwroc tou K-dianusmatikoÔ qÿrou V . An

ρ_0 : H −→ GL(W ) eÐnai mia parĹstash thc H ρ : G −→ GL(V ) eÐnai mia parĹstash thc G Tìte isqÔei

(h ρ epĹgetai apì thn ρ_0) ⇔

(a) ∀ t ∈ H, kai ∀ w ∈ W ρ_0(t)(w) = ρ(t)(w) kai (b) an G =^.∪^r_{i=1} σ_iH tìte V = ⊕^r_{i=1}ρ(σ_i)W Apìdeixh: H parĹstash ρ thc G epĹgetai apì thn parĹstash ρ_0 thc H akribÿc tìte ìtan (V, ρ^∗) = (W, ρ^∗_0)^G. SÔmfwna me to jeÿrhma 4.24 h teleutaÐa sqèsh isqÔei akribÿc tìte ìtan (V, ρ^∗) = ⊕^r_{i=1}ρ^∗(σ_i)W = ⊕^r_{i=1}σ_iW kai W eÐnai èna K[H]-upomodule, to opoÐo eÐnai isodÔnamo me thn isqÔ twn (a) kai (b).

Jeÿrhma 4.29 Estw U ≤ H ≤ G kai M =_{K[U]} M èna aristerì K[U]-module. Tìte isqÔei:

M^G ∼= (M^H )^G dhladă h ènnoia tou epagÿmenou module kai sunepÿc kai thc epagÿmenhc parĹstashc eÐnai metabatikă. Apìdeixh:

(M^H )^G = K[G] ⊗_{K[H]} ( K[H] ⊗_{K[U]} M ) = (J.4.16) = ( K[G] ⊗_{K[H]} K[H] ) ⊗_{K[U]} M ∼= K[G] ⊗_{K[U]} M = M^G. Estw tÿra H ≤ G, ρ : G −→ GL(V ), ρ_0 : H −→ GL(W ) dÔo parastĹseic twn omĹdwn G kai H upèr to K kai èstw ìti h ρ epĹgetai apì thn ρ_0, ρ = Ind^G_H ρ_0. PoiĹ sqèsh èqei o pÐnakac parĹstashc thc ρ me ton pÐnaka parĹstashc thc ρ_0; QwrÐc periorismì thc genikìthtac upojètoume ìti: W ≤ V , diìti

(V, ρ^∗) ∼= (W, ρ^∗_0)^G = K[G] ⊗_{K[H]} (W, ρ^∗_0) kai h (W, ρ^∗_0) ∼= K[H] ⊗_{K[H]} (W, ρ^∗_0) mporeÐ na emfuteujeÐ mèsa ston (V, ρ^∗). An loipìn W ≤ V tìte apì to jeÿrhma 4.28 èpetai ìti V = ⊕^r_{i=1}ρ(σ_i)W, ìpou G =^.∪^r_{i=1} σ_iH.

An B_0 = {w_1, w_2, ..., w_n} eÐnai mia K-bĹsh tou W , tìte to sÔnolo B = {ρ(σ_i)(w_j)/i = 1, 2, ..., r, j = 1, 2, ..., m} eÐnai mia K-bĹsh tou dianusmatikoÔ qÿrou V . To zeugĹri (i, j) ja jewreÐtai diatetagmèno lexikografikĹ. Gia σ ∈ G stajerì, èqoume M(σ) = Φ_B (ρ(σ)). Gia kĹje σ ∈ G to r(σ) ∈ GL(V ) Efarmìzoume to ρ(σ) sta stoiqeÐa thc bĹshc B kai èqoume ρ(σ) (ρ(σ_i)(w_j)) = r,m∑ ν,μ=1 α_{(ν,μ),(i,j)}ρ(σ_ν )(w_μ) ìpou α_{(ν,μ),(i,j)} ∈ K. Estw tÿra ìti σσ_i = σ_{s(i)}t_i, ìpou s(i) ∈ {1, 2, ..., r}, t_i ∈ H. Kat’ arqăn parathroÔme ìti s ∈ S_r diìti h apeikìnish σ_iH −→ σσ_iH = σ_{s(i)}H eÐnai amfimonosămanth (bijection). Epomènwc èqoume

ρ(σ)(ρ(σ_i)(w_j)) = ρ(σσ_i)(w_j) = ρ(σ_{s(i)}t_i)(w_j) =

= ρ(σ_{s(i)})(ρ_0(t_i)(w_j) = ρ(σ_{s(i)}) (_m ∑ μ=1 β_{μj} (t_i)w_μ ) =

= m∑ μ=1 β_{μj} (t_i)ρ(σ_{s(i)})(w_μ) = m∑ μ=1 β_{μj} (t_i) (_r ∑ ν=1 δ_{ν,s(i)}ρ(σ_ν )(w_μ) ) =

= m,r∑ μ,ν=1 β_{μj} (t_i)δ_{ν,s(i)}ρ(σ_ν )(w_μ). Apì touc parapĹnw upologismoÔc prokÔptei ìti:

α_{(ν,μ),(i,j)} = β_{μj} (t_i)δ_{ν,s(i)} = β_{μj} (t_i), ìtan s(i) = ν 0, ìtan s(i) ≠ ν Sthn sunèqeia parathroÔme ìti

β_{μj} (t_i) = Φ_{B0} (ρ_0(t_i)) =: M_0(t_i)

opìte M(σ) = (α_{(ν,μ),(i,j)}) = (β_{μj} (t_i)δ_{ν,s(i)}) =

= M_0(t_1)δ_{1,s(1)} · · · M_0(t_r)δ_{1,s(r)} . . ... . . M_0(t_1)δ_{r,s(1)} · · · M_0(t_r)δ_{r,s(r)}

O pÐnakac M(σ) eÐnai ènac r × r- pÐnakac tou Kronecker ìpou se kĹje grammă kai se kĹje stălh upĹrqei akribÿc ènac omalìc m×m pÐnakac kai ìloi oi Ĺlloi eÐnai mhdenikoÐ pÐnakec. Oi omaloÐ autoÐ pÐnakec brÐskontai sthn jèsh {tomăc} thc s(i)-grammăc me thn i-stălh.

Eidikèc periptÿseic

(1) Estw H = {1} kai èstw ìti degM_0 = 1. Tìte h M eÐnai h omală parĹstash thc G

(2) Estw H ≤ G kai M_0 h omală parĹstash thc H. H M eÐnai tìte h omală parĹstash thc G.

(3) An h M_0 eÐnai h monadiaÐa parĹstash thc H tìte h M eÐnai parĹstash dia metajèsewn thc G/H. (4) An h M_0 eÐnai bajmoÔ 1, tìte oi M(σ) eÐnai pÐnakec stouc opoÐouc se kĹje grammă kai se kĹje stălh upĹrqei akribÿc èna stoiqeÐo thc omĹdac K^∗. Tètoiec parastĹseic lègontai monwnumikèc (monomial).

Jeÿrhma 4.30 Estw H ≤ G upoomĹda thc G, ρ : G −→ GL(V ) parĹstash thc G, ρ_0 : H −→ GL(W ) parĹstash thc H kai èstw ìti h ρ eÐnai epagÿmenh thc ρ_0 ρ = Ind^G_H ρ_0. Estw χ := χ_ρ, χ_0 := χ_{ρ0} oi antÐstoiqoi qaraktărec. Tìte gia kĹje σ ∈ G isqÔei: χ(σ) = 1 #H ∑ t ∈ G t−1 σt ∈ H χ_0(t^{−1}σt).

Apìdeixh: Wc gnwstì, èqoume:

χ(σ) = χ_ρ(σ) = tr(M(σ)) = (r,m)∑

(ν,μ)=(1,1) α_{(ν,μ),(ν,μ)}

ìpou α_{(ν,μ),(ν,μ)} = β_{μμ}(t_ν ), ìtan s(ν) = ν 0, ìtan s(ν) ≠ ν. Epomènwc èqoume χ(σ) = r∑ ν = 1 s(ν) = ν m∑ μ=1 β_{μμ}(t_ν ) = r∑ ν = 1 s(ν) = ν χ_0(t_ν )

Gia s(ν) = ν isqÔei akìmh H ∋ t_ν = σ^{−1}_{s(ν)}σσ_ν = σ^{−1}_ν σσ_ν . An pĹli s(ν) ≠ ν tìte σ^{−1}_ν σσ_ν = σ^{−1}_ν σ_{s(ν)}t_ν ∉ H opìte χ(σ) = r∑ ν = 1 σ−1ν σσν ∈ H χ_0(σ^{−1}_ν σσ_ν ).

Estw t ∈ G (opoiodăpote). GrĹfoume t = σ_lt^′ me l = {1, 2, ..., r}, t^′ ∈ H kai èqoume t^{−1}σt = (σ_lt^′)^{−1}σ(σ_lt) = t^{′ −1}(σ^{−1}_l σσ_l)t^′ to opoÐo anăkei sthn H akribÿc tìte ìtan σ^{−1}_l σσ_l ∈ H.

Epomènwc χ_0(t^{−1}σt) = χ_0(σ^{−1}_l σσ_l) kai sunepÿc ta #H diaforetikĹ stoiqeÐa t ∈ σ_lH dÐnoun thn Ðdia timă χ_0(t^{−1}σt).

MporoÔme na tropopoiăsoume thn èkfrash tou jewrămatoc 4.30 katĹ to,

Jeÿrhma 4.31 Estw H ≤ G upoomĹda thc G kai χ_0 qaraktărac thc H. Estw akìmh g ∈ G kai s to plăjoc twn klĹsewn suzugÐac thc H twn opoÐwn stoiqeÐa eÐnai suzugă sthn G me to g. An χ eÐnai o epagÿmenoc qaraktărac tou χ_0 sthn G tìte an s = 0 èqoume χ(g) = 0. An s ≠ 0 kai h_1, h_2, ..., h_s antiprìswpoi twn s klĹsewn suzugÐac thc H, tìte χ(g) = s∑ i=1 #Z_G(g) #Z_H (h_i) χ_0(h_i).

Apìdeixh: An to s = 0, tìte to sÔnolo {x ∈ G/x^{−1}gx ∈ H} eÐnai kenì, opìte to jeÿrhma 4.30 mac dÐnei: χ(g) = 0. Sthn sunèqeia upojètoume ìti s > 0 kai jewroÔme ta sÔnola A_i := {x ∈ G/x^{−1}gx ∈ H kai x^{−1}gx eÐnai suzugèc tou h_i}, i = 1, 2, ..., s. Ta sÔnola A_i eÐnai, ex orismoÔ, xèna metaxÔ touc anĹ dÔo kai h ènwsh touc ∪^s_{i=1}A_i = {x ∈ G/x^{−1}gx ∈ H}. Lìgw tou jewrămatoc 4.30 kai pĹli èqoume: χ(g) = 1 #H ∑ x ∈ G x−1 gx ∈ H χ_0(x^{−1}gx) = 1 #H s∑ i=1 ∑ x∈A_i χ_0(x^{−1}gx) =

= 1 #H s∑ i=1 ∑ x∈A_i χ_0(h_i) = s∑ i=1 #A_i #H χ_0(h_i).

StajeropoioÔme tÿra kĹpoio i ∈ {1, 2, ..., s} kai dialègoume èna t_i ∈ G tètoio ÿste t^{−1}_i gt_i = h_i. Deqìmaste kat’ arqăn, ja to apodeÐxoume se lÐgo, ìti: A_i = Z_G(g)t_iH. (∗) Epomènwc #A_i = #(Z_G(g)t_iH) =

(#Z_G(g)) · (#H) #(H ∩ t^{−1}_i Z_G(g)t_i) .

(Gia thn teleutaÐa isìthta dec parĹrthma, sel. 147.) Epeidă t^{−1}_i Z_G(g)t_i = Z_G(t^{−1}_i gt_i) = Z_G(h_i), èqoume

#A_i = [H : H ∩ Z_G(h_i)] · (#Z_G(g)) = [H : Z_H (h_i)] · (#Z_G(g)).

Sunepÿc #A_i #H = [H : Z_H (h_i)] · (#Z_G(g)) #H = Z_G(g) Z_H (h_i) gia kĹje i ∈ {1, 2, ..., s}, dhladă to jeÿrhma. Apomènei h apìdeixh thc (∗).

Gia kĹje stoiqeÐo c ∈ Z_G(g) kai kĹje h ∈ H èqoume (ct_ih)^{−1}g(ct_ih) = h^{−1}t^{−1}_i c^{−1}gct_ih^{c∈ZG(g)}= h^{−1}t^{−1}_i c^{−1}cgt_ih = h^{−1}t^{−1}_i gt_ih = h^{−1}h_ih. Autì shmaÐnei ìti gia to stoiqeÐo y := ct_ih èqoume y^{−1}gy ∈ H kai mĹlista y^{−1}gy = h^{−1}h_ih, dhladă suzugèc tou h_i. Sunepÿc ct_ih ∈ A_i opìte Z_G(g)t_iH ⊆ A_i (1).

AntÐstrofa, an x ∈ A_i tìte, ex orismoÔ tou A_i, èpetai ìti upĹrqei h ∈ H tètoio ÿste

x^{−1}gx = h^{−1}h_ih = h^{−1}(t^{−1}_i gt_i)h.

H teleutaÐa isìthta mac dÐnei,

g(xh^{−1}t^{−1}_i ) = (xh^{−1}t^{−1}_i )g,

dhladă ìti xh^{−1}t^{−1}_i ∈ Z_G(g). Epomènwc to x ∈ Z_G(g)t_ih ⊆ Z_G(g)t_iH, dhladă ìti Z_G(g)t_iH ⊆ A_i(2). Apì tic (1) kai (2) èpetai h (∗).

Amesh sunèpeia tou jewrămatoc 4.31 eÐnai to akìloujo

Pìrisma 4.32 Estw H ≤ G upoomĹda thc G, g ∈ G kai èstw ìti to s, dhladă to plăjoc twn klĹsewn suzugÐac thc H twn opoÐwn stoiqeÐa eÐnai suzugă sthn G me to g, eÐnai jetikì. Estw ℓ h tĹxh thc klĹshc suzugÐac sthn G tou g kai èstw h_1, h_2, ..., h_s antiprìswpoi autÿn twn s klĹsewn suzugÐac thc H kai k_1, k_2, ..., k_s oi tĹxeic autÿn twn klĹsewn. Tìte, an χ o epagÿmenoc qaraktărac thc χ_0 sthn G, χ(g) = s∑ i=1 [G : H] k_i ℓ χ_0(h_i).

Apìdeixh: Amesh sunèpeia tou jewrămatoc 4.31 kai thc sqèshc #C_g = [G : Z_G(g)]. Orismìc 4.33 Estw H ≤ G upoomĹda thc G kai K^{(H)} o dianusmatikìc qÿroc twn sunartăsewn klĹsewn suzugÐac thc H, f : H −→ K enÿ K^{(G)} o dianusmatikìc qÿroc twn sunartăsewn klĹsewn suzugÐac thc G. Estw < ·, · >_H , < ·, · >_G ta antÐstoiqa eswterikĹ ginìmena stouc K^{(H)} kai K^{(G)}. Ac jewrăsoume thn sunĹrthsh:

Ind^G_H := Ind : K^{(H)} −→ K^{(G)} f −→ Indf ìpou, gia kĹje σ ∈ G h Indf orÐzetai ÿc exăc: (Indf)(σ) = 1 #H ∑ t ∈ G t−1σt ∈ H f(t^{−1}σt).

H Indf eÐnai profanÿc mia sunĹrthsh klĹsewn suzugÐac thc G kai onomĹzetai h apì thn f epagÿmenh apeikìnish.

An Indρ_0 eÐnai h apì thn ρ_0 epagÿmenh parĹstash tìte, lìgw tou jewrămatoc 4.30, èqoume: χ_{Indρ0} = Indχ_{ρ0} . An pĹli f sunĹrthsh klĹsewn suzugÐac thc G, jewroÔme ton periorismì

Rest : K(G) −→ K^{(H)} f −→ Rest_H f := f|_H . Jeÿrhma 4.34 (Nìmoc antistrofăc tou Frobenius) An H ≤ G upoomĹda thc G, ϕ ∈ K^{(H)} kai ψ ∈ K^{(G)}, tìte Ðsquei < ϕ, Restψ >_H =< Indϕ, ψ >_G . Apìdeixh: Estw g := #G, h := #H. Tìte < ϕ, Restψ >_H = 1 h ∑ t∈H ϕ(t)(Restψ)(t^{−1}) = 1 h ∑ t∈H ϕ(t)ψ(t^{−1}) kai

< Indϕ, ψ >_G= 1 g ∑ σ∈G (Indϕ)(σ)ψ(σ^{−1}) = 1 g ∑ σ∈G 1 h ∑ t ∈ G t−1 σt ∈ H ϕ(t^{−1}σt) ψ(σ^{−1}) =

= 1 gh ∑ σ∈G ∑ t ∈ G t−1σt ∈ H ϕ(t^{−1}σt)ψ(σ^{−1}) = 1 gh ∑ t∈G ∑ σ∈tHt^{−1} ϕ(t^{−1}σt)ψ(σ^{−1}) =

(t^′=t^{−1}σt) = 1 gh ∑ t∈G ∑ t^′∈H ϕ(t^′)ψ(t^{′−1}). Paratărhsh: Opwc ja doÔme parakĹtw o nìmoc antistrofăc tou Frobenius mporeÐ na qrhsimopoihjeÐ gia na broÔme qaraktărec thc G ìtan eÐnai gnwstoÐ qaraktărec miac upoomĹdoc H ≤ G. Pìrisma 4.35 Estw K algebrikĹ kleistì, ch(K) = 0, ρ : G −→ GL(V ), anĹgwgh parĹstash thc G kai ρ_0 : H −→ GL(W ) anĹgwgh parastĹsh thc H. Estw akìmh Indρ_0 = Ind^G_H ρ_0 : G −→ GL(Ṽ ) h epagÿmenh apì thn ρ_0 parĹstash kai èstw Indρ_0 = ⊕^r_{i=1}ρ^{(i)} h anĹlush thc se anĹgwgec parastĹseic thc G. Estw Rest^G_H ρ = ⊕^l_{i=1}ρ^{(i)}_0 h anĹlush tou periorismoÔ se anĹgwgec parastĹseic thc H. Sto sÔnolo {ρ^{(1)}, ...ρ^{(r)}} upĹrqoun akribÿc tìsec parastĹseic isodÔnamec proc thn ρ ìsec upĹrqoun sto sÔnolo {ρ^{(1)}_0 , ...ρ^{(l)}_0 } kai eÐnai isodÔnamec proc thn ρ_0.

Apìdeixh: Katarqăn sÔmfwna me to jeÿrhma 1.36 tou 1ou kefalaÐou, to eswterikì ginìmeno < χ_{ρ0} , χ_{Restρ} >_H isoÔtai me to plăjoc parastĹsewn tou sunìlou {ρ^{(1)}_0 , ...ρ^{(l)}_0 } pou eÐnai isodÔnamec proc thn ρ_0. EpÐshc, afoÔ χ_{Restρ} = Restχ_ρ, èqoume ìti < χ_{ρ0} , χ_{Restρ} >_H =< χ_{ρ0} , Restχ_ρ >_H . Apì thn Ĺllh meriĹ to eswterikì ginìmeno < χ_{Ind}G_{H ρ0} , χ_ρ >_G paristĹ to plăjoc twn parastĹsewn tou sunìlou {ρ^{(1)}, ...ρ^{(r)}} pou eÐnai isodÔnamec proc thn ρ kai afoÔ χ_{Indρ0} = Indχ_{ρ0} èqoume ìti < χ_{Indρ0} , χ_ρ >_G=< Indχ_{ρ0} , χ_ρ >_G . Tèloc o nìmoc antistrofăc tou Frobenius mac dÐnei: < χ_{ρ0} , Restχ_ρ >_H =< Indχ_{ρ0} , χ_ρ >_G . SunduĹzontac tic parapĹnw sqèseic èqoume to zhtoÔmeno.

Pìrisma 4.36 Estw K algebrikĹ kleistì kai ch(K) = 0. Estw akìmh A ≤ G, A abeliană upoomĹda thc G. An ρ : G −→ GL(V ) anĹgwgh parĹstash thc G upèr to K, tìte o bajmìc degρ ≤ [G : A]. Apìdeixh: Estw ρ_0 ⊂ Rest_Aρ anĹgwgh upoparĹstash thc omĹdoc A. Apì to jeÿrhma tou Maschke èqoume ìti h ρ_0 eÐnai eujÔc prosjetaÐoc thc Rest_Aρ, dhladă h ρ_0 emfanÐzetai (modulo isodunamÐa) se kĹje anĹlush thc Rest_Aρ se eujÔ Ĺjroisma anagÿgwn. Estw ρ_1 = Ind^G_Aρ_0. Apì to pìrisma 4.35 èqoume ìti h ρ_1 perièqei sthn anĹlush thc se eujÔ Ĺjroisma anagÿgwn mia isodÔnamh proc thn ρ dhladă degρ ≤ degρ_1. Apo thn Ĺllh meriĹ

degρ_1 = χ_{ρ1} (e) = 1 #A ∑ t ∈ G t−1et ∈ A χ_0(t^{−1}et) = g #A χ_0(e) = [G : A]degρ_0

Epeidă h A eÐnai abeliană, èpetai ìti degρ_0 = 1.

ShmeÐwsh An h G eÐnai abeliană tìte apodeÐxame me Ĺllo trìpo ìti kĹje anĹgwgh parĹstasă thc èqei bajmì 1.

Paratărhsh: QwrÐc apìdeixh anafèroume ìti an h A ìqi mìno abeliană allĹ kai A ◁ G tìte isqÔei degρ|[G : A]. H sqèsh aută efarmìzetai idiaÐtera gia A = Z(G) to kèntro thc G.

Estw H ≤ G upoomĹda thc G. An χ anĹgwgoc qaraktărac thc G o periorismìc thc χ sthn H, χ_H := Rest_H (χ) den eÐnai katĹnĹgkh anĹgwgoc. To erÿthma pou tÐjetai eÐnai pwc analÔetai o χ_H se Ĺjroisma anagÿgwn qaraktărwn thc H. Ja asqolhjoÔme me thn eidikă perÐptwsh ìpou h H ◁ G eÐnai kanonikă upoomĹda thc G. An f mia sunĹrthsh klĹsewn suzugÐac thc H kai σ ∈ G, orÐzoume thn

f^σ : H −→ K h −→ f(σhσ^{−1}). H f^σ ja lègetai suzugăc thc f sthn G. (UpenjumÐzoume gia mia akìmh forĹ ìti to sÿma K eÐnai algebrikĹ kleistì qarakthristikăc mhdèn.)

Lămma 4.37 An H ◁ G kanonikă upoomĹda thc G, f, ϕ sunartăseic klĹsewn suzugÐac thc H kai σ, τ ∈ G tìte:

(i) H f^σ eÐnai epÐshc sunĹrthsh klĹsewn suzugÐac thc H, (ii) (f^σ)^τ = f^{στ} , (iii) < f^σ, ϕ^σ >_H =< f, ϕ >_H (iv) < χ_H , ϕ^σ >_H =< χ_H , ϕ >_H , gia kĹje ϕ ∈ K^{(H)}, (v) An h f eÐnai qaraktărac thc H to Ðdio isqÔei kai gia thn f^σ.

Apìdeixh:

(i) Estw h ∼_H k. UpĹrqei h_1 ∈ H tètoio ÿste k = h^{−1}_1 hh_1. Gia kĹje stoiqeÐo g thc G jewroÔme ta stoiqeÐa h^g = g^{−1}hg kai k^g = g^{−1}kg = g^{−1}h^{−1}_1 hh_1g thc omĹdoc H. Epeidă h upoomĹda H thc G eÐnai kanonikă èpetai ìti upĹrqei h_2 ∈ H tètoio ÿste h_1g = gh_2. epomènwc k^g = (gh_2)^{−1}h(gh_2) = h^{−1}_2 g^{−1}hgh_2 = h^{−1}_2 h^gh_2, dhladă k^g ∼_H h^g.

Ex orismoÔ thc f^σ, f^σ(h) = f(h^{σ−1} ). H f ìmwc eÐnai sunĹrthsh klĹsewn suzugÐac thc H. Sunepÿc f^σ(h) = f(h^{σ−1} ) = f(k^{σ−1} ) = f^σ(k).

(ii) (f^σ)^τ (h) = f^σ(τhτ^{−1}) = f(στhτ^{−1}σ^{−1}) = f^{στ} (h).

(iii) < f^σ, ϕ^σ >_H = 1 #H ∑ h∈H f^σ(h)ϕ^σ(h^{−1}) =

= 1 #H ∑ h∈H f(σhσ^{−1})ϕ(σh^{−1}σ^{−1}) = 1 #H ∑ h∈H f(h)ϕ(σ^{−1}) =< f, ϕ >_H . (Otan to h diatrèqei ta stoiqeÐa thc H tìte kai to σhσ^{−1} kĹnei to Ðdio.)

(iv) Profanÿc (χ_H )^σ(h) = χ_H (σhσ^1) = χ_H (h). Sthn sunèqeia efarmìzoume thn (iii) kai èqoume to zhtoÔmeno.

(v) Upojètoume ìti h f eÐnai qaraktărac thc H. Estw ρ := ρ_f parĹstash thc H pou èqei qaraktăra ton f. OrÐzoume

ρ^σ : H −→ GL(V ) h −→ ρ(σhσ^{−1}). H ρ^σ eÐnai parĹstash thc H. O qaraktărac thc parĹstashc autăc eÐnai tr(ρ^σ(h)) = tr(ρ(σhσ^{−1})) = f(σhσ^{−1}) = f^σ(h), dhladă h f^σ eÐnai qaraktărac thc omĹdac H.

Jeÿrhma 4.38 (Clifford) Estw H ◁ G kanonikă upoomĹda kai χ anĹgwgoc qaraktărac thc G. Estw akìmh ψ mia anĹgwgh sunistÿsa tou qaraktăra χ_H . An ψ = ψ_1, ψ_2, ..., ψ_t eÐnai ìloi oi diakekrimènoi qaraktărec oi opoÐoi eÐnai suzugeÐc thc ψ sthn G tìte

χ_H = e t∑ i=1 ψ_i, ìpou e :=< χ_H , ψ >_H .

Apìdeixh: Ja upologÐsoume thn Rest_H (Ind^G_H ψ). Gia kĹje h ∈ H èqoume, (Ind^G_H ψ)(h) = 1 #H ∑ t ∈ G t−1ht ∈ H ψ(t^{−1}ht) = 1 #H ∑ t∈G ψ^t(h).

(H t^{−1}ht eÐnai pĹnta alhjăc, afoÔ H ◁ G.) Epomènwc #H · Rest_H (Ind^G_H ψ) = ∑ t∈G ψ^t. An loipìn ϕ anĹgwgoc qaraktărac thc H tètoioc ÿste ϕ ∉ {ψ_i/i = 1, 2, ..., t} tìte ja èqoume < ∑ t∈G ψ^t, ϕ >_H = 0 opìte kat’ anĹgkh kai < Rest_H (Ind^G_H ψ), ϕ >_H = 0. Epeidă o anĹgwgoc qaraktărac χ apoteleÐ sunistÿsa sthn anĹlush tou Ind^G_H ψ, apì ton nìmo antistrofăc tou Frobenius èpetai ìti < χ_H , ϕ >_H = 0 gia kĹje ϕ ∉ {ψ_i/i = 1, 2, ..., t}.

Ara oi anĹgwgec sunistÿsec pou upeisèrqontai sthn anĹlush tou χ_H eÐnai metaxÔ twn ψ_i (i = 1, 2, ..., t). Sunepÿc o χ_H grĹfetai,

χ_H = t∑ i=1 < χ_H , ψ_i >_H ·ψ_i. Lìgw thc idiìthtoc (iv) tou lămmatoc 4.37 èqoume < χ_H , ψ_i >_H =< χ_H , ψ >_H gia kĹje i = 1, 2, ..., t. San mia, aplă, efarmogă tou jewrămatoc tou Clifford anafèroume to

Pìrisma 4.39 An H ◁ G kanonikă upoomĹda kai χ anĹgwgoc qaraktărac thc G tètoioc ÿste < χ_H , 1_H >_H ≠ 0, tìte H ⊆ kerχ.

Apìdeixh: Apì to jeÿrhma tou Clifford èpetai ìti χ_H = e ∑_t i=1 ψ_i. Lìgw thc upìjeshc kĹpoioc apì touc ψ_i, èstw o ψ_1, eÐnai o 1_H . Epeidă oi suzugeÐc tou 1_H sthn G

ψ^σ(h) = 1_H (σhσ^{−1}) = 1_H (h),

tautÐzontai me ton 1_H gia ìla ta σ ∈ G, èpetai ìti χ_H = χ(1) · 1_H dhladă ìti gia kĹje h ∈ H isqÔei χ(h) = χ_H (h) = χ(1) · 1_H (h) = χ(1) kai sunepÿc H ⊆ kerχ.

Estw H ≤ G upoomĹda thc G kai ρ : H −→ GL(W ) mia parĹstash autăc. Sthn parĹstash aută thc H antistoiqeÐ h epagÿmenh parĹstash ρ_0 := Ind^G_H ρ : G −→ GL(V ) thc G. An H^′ ≤ G epÐshc upoomĹda thc G endiaferìmaste na perigrĹyoume ton periorismì thc Ind^G_H ρ^′ := Rest_H′ (Ind^G_H ρ) sthn H^′.

Estw S èna plărec sÔsthma antiprosÿpwn twn diplÿn (H, H^′)-pleurikÿn omĹdwn (double (H, H^′)-cosets) thc G. Epomènwc h G grĹfetai san xènh ènwsh twn H^′sH, G =^.∪_{s∈S} H^′sH. (Autì to grĹfoume suqnĹ kai wc exăc: s ∈ H^′\G/H.) Gia kĹje s ∈ S orÐzoume to sÔnolo H_s := sHs^{−1} ∩ H^′. Profanÿc h H_s ≤ H eÐnai upoomĹda thc H^′. Gia kĹje x ∈ H_s orÐzoume ρ^s(x) := ρ(s^{−1}xs). Profanÿc h ρ^s : H_s −→ GL(W ) eÐnai mia parĹstash thc H_s. JewroÔme thn epagÿmenh parĹstash Ind^{H′}_{Hs} ρ^s : H^′ −→ GL(W_s).

Jeÿrhma 4.40 H parĹstash Rest_H′ (Ind^G_H ρ) eÐnai isìmorfh proc to eujÔ Ĺjroisma twn parastĹsewn Ind^{H′}_{Hs} ρ^s s ∈ S ∼= H^′\G/H.

Apìdeixh: Estw N =_{K[H]} N = (W, ρ^∗) kai M =_{K[G]} M = (V, ρ^∗_0) ta antÐstoiqa modules parastĹsewn twn ρ kai ρ_0. Epeidă h ρ_0 eÐnai epagÿmenh thc ρ, èpetai ìti M = N^G. Sunepÿc apì to jeÿrhma 4.24 èpetai ìti M = ⨁ σ∈G/H σN. Gia kĹje s ∈ S orÐzoume to upomodule tou M M(s) :=< σN/σ ∈ H^′sH > to opoÐo parĹgetai apì ta σN gia ekeÐna ta σ ta opoÐa anăkoun sthn klĹsh H^′sH. Profanÿc M = ⨁ σ∈H^′\G/H M(s), diìti G =^.∪_{σ∈H}′_{\G/H} H^′sH. Ta modules M(s) eÐnai H^′-analloÐwta, dhladă K[H^′]-modules. SÔmfwna me to jeÿrhma 4.28 arkeÐ na apodeÐxoume ìti ta M(s) eÐnai K[H^′] isìmorfa proc ta module parastĹsewn N_s :=_{K[Hs]} N_s twn ρ^s. KatĹrqăn parathroÔme ìti H_s = {h^′ ∈ H^′/h^′(sN) = sN} kai M(s) = ⨁ h^′∈H^′/H_s h^′(sN). Apì to jeÿrhma 4.24 èqoume ìti M(s) = (sN)^G. Epomènwc arkeÐ na apodeÐxoume ìti ta K[H_s]-modules N_s kai sN eÐnai isìmorfa. O isomorfismìc autìc dÐnetai apì s : N_s −→ sN. Paratărhsh: Dedomènou ìti to M(s) exartĹtai mìno apì thn diplă (H^′, H)-pleurikă omĹda sthn opoÐa anăkei to s, kai h parĹstash Ind^{H′}_{Hs} (ρ^s) exartĹtai omoÐwc apì thn (H^′, H)- pleurikă omĹda tou s.

Efarmìzoume sthn sunèqeia to prohgoÔmeno apotèlesma sthn eidikă perÐptwsh pou H^′ = H. Gia kĹje σ ∈ G h H_s := sHs^{−1} ∩ H eÐnai tÿra upoomĹda thc H. H parĹstash ρ thc H orÐzei parĹstash Rest_s(ρ) thc H_s (ton periorismì thc ρ sthn H_s). Jeÿrhma 4.41 (Jeÿrhma anagwgisimìthtac tou Mackey) H epagÿmenh parĹstash ρ^′ := Ind^G_H (ρ) thc ρ sthn G eÐnai anĹgwgh parĹstash thc G akribÿc tìte ìtan isqÔoun oi akìloujec dÔo sunjăkec.

(a) H ρ eÐnai anĹgwgh parĹstash thc H kai (b) Gia kĹje s ∈ G\H oi parastĹseic ρ^s kai Rest_s(ρ) thc H_s eÐnai xènec metaxÔ touc.

Orismìc 4.42 DÔo parastĹseic ρ_1 kai ρ miac omĹdac G ja lègontai xènec metaxÔ touc ìtan den èqoun koină kammÐa anĹgwgh sunistÿsa.

Apìdeixh: (tou jewrămatoc 4.41). Wc gnwstì, h parĹstash ρ^′ eÐnai anĹgwgh parĹstash thc G akribÿc tìte ìtan < ρ^′, ρ^′ >_G= 1. Apì ton nìmo antistrofăc tou Frobenius prokÔptei ìti < ρ^′, ρ^′ >_G=< ρ, Rest_H (ρ^′) >_H . Apì to jeÿrhma 4.40 prokÔptei tÿra ìti Rest_H (ρ^′) = ⊕_{s∈H\G/H} Ind^H_s (ρ^s). Epomènwc, < ρ^′, ρ^′ >_G= ∑ s∈H\G/H < ρ, Ind^H_s (ρ^s) >_H . O nìmoc antistrofăc tou Frobenius mac dÐnei < ρ, Ind^H_s (ρ^s) >_H =< Rest_s(ρ), ρ^s >_{Hs} . Sunepÿc < ρ^′, ρ^′ >_G= ∑ s∈H\G/H < Rest_s(ρ), ρ^s >_{Hs} . Gia s = 1, < Rest_s(ρ), ρ^s >_{Hs} =< ρ, ρ >_H ≥ 1. Gia na eÐnai loipìn < ρ^′, ρ^′ >_G= 1 prèpei kai arkeÐ < ρ, ρ >_H = 1 kai gia kĹje Ĺllo s ∈ G\H < Rest_s(ρ), ρ^s >_{Hs} = 0, dhladă na isqÔoun oi dÔo sunjăkec (a) kai (b).

Pìrisma 4.43 Upojètoume tÿra ìti h H eÐnai kanonikă upoomĹda thc G. H epagÿmenh parĹstash Ind^G_H (ρ) thc ρ sthn G eÐnai anĹgwgh tìte kai mìno tìte ìtan h ρ eÐnai anĹgwgh parĹstash thc H kai den eÐnai isìmorfh me kamÐa apì tic suzugeÐc thc ρ^s gia kĹje s ∈ G\H. Apìdeixh: ParathroÔme ìti H_s = H, Rest_s(ρ) = ρ kai efarmìzoume to jeÿrhma 4.42.

4.3 PÐnakec qaraktărwn

Mia arketĹ qrăsimh phgă plhroforiÿn miac omĹdac G eÐnai o pÐnakac qaraktărwn autăc. O pÐnakac qaraktărwn miac omĹdac G eÐnai ènac tetragwnikìc pÐnakac tou opoÐou oi grammèc antistoiqoÔn stouc anĹgwgouc qaraktărec thc G kai oi stălec stic klĹseic suzugÐac autăc. Sunăjwc mia epiplèon grammă pĹnw apì tic klĹseic suzugÐac mac dÐnei to plăjoc twn stoiqeÐwn thc antÐstoiqhc klĹshc.

Estw tÿra N ◁ G kanonikă upoomĹda thc G. To erÿthma eÐnai pwc sqetÐzontai oi parastĹseic twn omĹdwn N, G/N kai G metaxÔ touc. An ρ̃ := ρ̃_N : G/N → GL(V ) parĹstash thc G/N bajmoÔ m tìte h apeikìnish

ρ : G −→ GL(V ) g −→ ρ̃(gN) eÐnai parĹstash thc G. An χ̃ o qaraktărac thc ρ̃ tìte χ(g) := χ̃(gN) eÐnai o qaraktărac thc ρ. Epiplèon, gia τ ∈ N isqÔei χ(τ) = χ(1) = m dhladă h N perièqetai ston purăna kerχ thc χ. H parĹstash thc ρ ja lègetai anuywmènh (lifted) apì thn parĹstash ρ̃ thc G/N kai o qaraktărac χ anuywmènoc tou χ̃.

Apì ton orismì thc ρ, eÐnai profanèc ìti h ρ eÐnai anĹgwgh parĹstash thc G akribÿc tìte ìtan h ρ̃ eÐnai anĹgwgh parĹstash thc G/N. Estw tÿra ρ parĹstash thc G, χ o qaraktărac autăc. To erÿthma eÐnai an upĹrqei kanonikă upoomĹda N ◁ G thc G kai parĹstash ρ̃ thc G/N ètsi ÿste h ρ na eÐnai h anuywmènh thc ρ̃. Apì to jeÿrhma 2.8(a) èqoume ìti h N := kerρ = kerχ = {g ∈ G|χ(g) = χ(1)} eÐnai kanonikă upoomĹda thc G. H apeikìnish

ρ̃ G/N −→ GL(V ) gN −→ ρ(g) eÐnai mia parĹstash thc G/N anuywmènh thc opoÐac eÐnai h ρ. SunoyÐzontac loipìn èqoume apodeÐxei thn

Prìtash 4.44 Estw N ◁ G kanonikă upoomĹda thc G.

(i) An χ qaraktărac thc G kai N ⊆ kerχ tìte h χ eÐnai stajeră stic pleurikèc omĹdec thc G/N kai h apeikìnish

χ̃ : G/N −→ K^∗ gN −→ χ(g) eÐnai qaraktărac thc G/N.

(ii) An χ̃ qaraktărac thc G/N tìte h apeikìnish χ : G −→ K^∗ g −→ χ(gN) eÐnai qaraktărac thc G.

(iii) Kai stic dÔo periptÿseic (i) kai (ii) o χ eÐnai anĹgwgoc akribÿc tìte ìtan o χ̃ eÐnai anĹgwgoc.

Sthn sunèqeia ja upologÐsoume ton pÐnaka qaraktărwn kĹpoiwn sugkekrimènwn omĹd- wn. (1) Kuklikèc omĹdec.

Estw G =< g >∼= ZZ_n kuklikă omĹda tĹxewc n me gennătora to g kai ζ := ζ_n prwtarqikă n-rÐza thc monĹdac. Oi apeikonÐseic

χ_j = ρ_j : G −→ K^∗ g −→ ζ^{j−1} (j = 1, 2, · · · , n) eÐnai diakekrimmènec (anĹgwgec) parastĹseic (qaraktărec) thc omĹdac G. Epeidă to plăjoc touc eÐnai n = #G èpetai ìti autèc eÐnai ìlec oi anĹgwgec parastĹseic thc G. 1 1 1 ... 1 1 g g^2 ... g^{n−1} χ_1 = 1 1 1 1 ... 1 χ_2 1 ζ ζ^2 ... ζ^{n−1} χ_3 1 ζ^2 ζ^4 ... ζ^{n−2} ... ... ... ... ... ... χ_n 1 ζ^{n−1} ζ^{n−2} ... ζ

ParathroÔme ìti kai h omĹda twn qaraktărwn thc G eÐnai epÐshc kuklikă me gennătora ton qaraktăra χ_2.

(2) Abelianèc omĹdec.

Estw G mia abeliană omĹda tĹxhc n. Eqoume ădh apodeÐxei ìti oi anĹgwgoi qaraktărec thc G eÐnai ìloi prÿtou bajmoÔ kai, sunepÿc, ìti to plăjoc touc eÐnai n. Ja sundèsoume to parĹdeigmĹ mac me to parĹdeigma (1) mèsw tou jemeliÿdouc jewrămatoc thc jewrÐac twn peperasmènwn abelianÿn omĹdwn to opoÐo mac lèei ìti h G eÐnai to eujÔ ginìmeno kuklikÿn p-omĹdwn.

Estw loipìn ìti h G = G_1 × G_2 × · · · × G_t, ìpou G_i =< g_i >∼= ZZ_p^ai_i . KĹje qaraktărac χ thc G eÐnai ènac omomorfismìc omĹdwn χ : G → K^∗. Sunepÿc o χ eÐnai plărwc orismènoc apì tic timèc tou stouc gennătorec twn G_i, g_i, i = 1, 2, · · · , t. Apì to parĹdeigma (1) èpetai ìti to χ(g_i) eÐnai mia p^{ai}_i -rÐza thc monĹdac. Epomènwc upĹrqei mia amfimonosămanth antistoiqÐa metaxÔ twn anagÿgwn qaraktărwn thc G kai twn t-Ĺdwn (ζ_1, ζ_2, · · · , ζ_t) ìpou ζ_i eÐnai mia p^{ai}_i -rÐza thc monĹdac. Ac pĹroume gia parĹdeigma thn pio aplă perÐptwsh, G =< g_1, g_2 >∼= ZZ_2 × ZZ_2. Ta stoiqeÐa g_1 kai g_2 thc G èqoun tĹxh 2. Epomènwc oi tèsseric qaraktărec thc G antistoiqoÔn sta tèssera diatetagmèna zeugĹria (1, 1), (1, −1), (−1, 1) kai (−1, −1). Oi pÐnakec loipìn twn qaraktărwn thc G eÐnai: 1 1 1 1 1 g_1 g_2 g_1g_2 χ_1 = 1 1 1 1 1 χ_2 1 1 -1 -1 χ_3 1 -1 1 -1 χ_4 1 -1 -1 1 Ta diatetagmèna zeugĹria mou èdwsan thn deÔterh kai thn trÐth stălh tou pÐnaka. H tètarth prokÔptei amèswc san ginìmeno thc deÔterhc me thn trÐth stălh. ProtoÔ suneqÐsoume me Ĺlla paradeÐgmata upologismoÔ pinĹkwn qaraktărwn ja meÐnoume gia lÐgo stouc anĹgwgouc qaraktărec prÿtou bajmoÔ.

Wc gnwstì h omĹda G/[G, G] eÐnai abeliană. Epomènwc èqei #(G/[G, G]) (anĹgwgouc) qaraktărec prÿtou bajmoÔ. Oi anuywmènoi autÿn mac dÐnoun diakekrimmènouc (anĹgwgouc) qaraktărec prÿtou bajmoÔ thc G. An tÿra χ : G → K^∗ qaraktărac prÿtou bajmoÔ thc G tìte, jeÿrhma 2.18, o purănac tou χ kerχ eÐnai kanonikă upoomĹda thc G kai mĹlista h omĹda phlÐkwn G/kerχ eÐnai abeliană, san isìmorfă me mia upoomĹda thc (abelianăc) omĹdac K^∗. Sunepÿc, (dec parĹrthma, sel. 152), [G, G] ≤ kerχ. SÔmfwna me thn prìtash 4.44 o qaraktărac χ thc G eÐnai o anuywmènoc enìc qaraktăra prÿtou bajmoÔ thc G/[G, G]. SunoyÐzontac ta parapĹnw èqoume thn

Prìtash 4.45 KĹje peperasmènh omĹda G èqei akribÿc #(G/[G, G]) (anĹgwgouc) qaraktărec prÿtou bajmoÔ kai ìloi touc eÐnai anuyÿseic twn anagÿgwn qaraktărwn thc abelianăc omĹdac G/[G, G].

(3) Summetrikă omĹda S_3.

H S_3 èqei, (dec parĹrthma, sel. 150), treÐc klĹseic suzugÐac, tic {1}, {(12), (13), (23)} kai {(123), (132)}.

Epeidă S_3/A_3 ∼= ZZ_2 èpetai ìti h S_3 èqei dÔo (anĹgwgouc) qaraktărec prÿtou bajmoÔ oi opoÐoi eÐnai anuyÿseic twn qaraktărwn thc ZZ_2. An touc onomĹsoume χ_1, χ_2 tìte èqoume ton akìloujo ìqi plărh pÐnaka: (S_3 = A_3^.∪ (12)A_3) 1 3 2 1 (12) (123) χ_1 = 1 1 1 1 χ_2 1 -1 1 χ_3 2 * * Apì thn isìthta 6 = 1^2 + 1^2 + (degχ_3)^2 èpetai ìti degχ_3 = 2. Oi sqèseic orjogwniìthtac katĹ stălec mac dÐnoun:

1 · 1 + 1 · (−1) + 2 · χ_3((12)) = 0 kai 1 · 1 + 1 · 1 + 2 · χ_3((123)) = 0

Sunepÿc χ_3((12)) = 0 kai χ_3((123)) = −1. O pÐnakac qaraktărwn thc S_3 eÐnai plărhc:

1 3 2 1 (12) (123) χ_1 = 1 1 1 1 χ_2 1 -1 1 χ_3 2 0 -1 (4) AnalloÐwth omĹda A_4.

H A_4 èqei 12 stoiqeÐa ta opoÐa katanèmontai se tèsseric klĹseic suzugÐac,

{1}, {(12)(34), (13)(24), (14)(23)},

{(123), (243), (134), (142)} kai {(132), (234), (143), (124)}.

ShmeÐwsh: Oi dÔo teleutaÐec klĹseic suzugÐac thc A_4 anăkoun sthn Ðdia klĹsh suzugÐac thc S_4. GenikĹ isqÔei ìti kĹje klĹsh suzugÐac thc S_n pou apoteleÐtai apì Ĺrtiec metajèseic eÐnai klĹsh suzugÐac thc A_n ă ènwsh dÔo klĹsewn suzugÐac thc A_n. H teraedrikă omĹda tou Klein

V = {(1), (12)(34), (13)(24), (14)(23)}

eÐnai upoomĹda thc A_4. H V perièqei ìla ta stoiqeÐa thc S_4 thc morfăc (∗∗)(∗∗). Sunepÿc ja perièqei kai ìla ta suzugă touc. Epeidă de den perièqei tÐpote Ĺllo parĹ mìno stoiqeÐa tou tÔpou (∗∗)(∗∗) èpetai ìti h V eÐnai kanonikă upoomĹda thc S_4, V ◁ S_4. KatĹ meÐzona lìgo eÐnai kai kanonikă upoomĹda thc A_4 V ◁ A_4. H omĹda phlÐkwn A_4/V èqei tĹxh 3, Ĺra A_4/V ∼= ZZ_3.

O pÐnakac qaraktărwn thc A_4/V mac eÐnai gnwstìc (dec parĹdeigma (1)): 1 1 1 1 g g^2 ψ_1 = 1 1 1 1 ψ_2 1 ω ω^2 ψ_3 1 ω^2 ω

To ω edÿ eÐnai mia prwtarqikă 3-rÐza thc monĹdac. H A_4 èqei treÐc (anĹgwgouc) qaraktărec prÿtou bajmoÔ oi opoÐoi eÐnai oi anuywmènoi twn ψ_i, i = 1, 2, 3. Apì thn sqèsh 12 = 1 + 1 + 1 + (degχ_4)^2 èpetai ìti χ_4 èqei bajmì degχ_4 = 3. EÔkola diapistÿnei kaneÐc ìti, A = V^.∪ (123)V^.∪ (132)V.

O pÐnakac qaraktărwn thc A_4 mporeÐ, mèqri stigmăc, na sumplhrwjeÐ wc exăc: 1 3 4 4 1 (12)(34) (123) (132) χ_1 = 1 1 1 1 1

χ_2 1 1 ω ω^2 χ_3 1 1 ω^2 ω χ_4 3 * * * Oi sqèseic orjogwniìthtac metaxÔ thc prÿthc kai twn deÔterhc, trÐthc kai tètarthc stălhc antÐstoiqa mac dÐnoun

3+3·χ_4((12)(34)) = 0, 1+ω+ω^2 +3χ_4((123)) = 0 kai 1+ω+ω^2 +3χ_4((132)) = 0.

Sunepÿc χ_4((12)(34)) = −1, χ_4((123)) = 0 kai χ_4((132)) = 0. O plărhc pÐnakac twn qaraktărwn thc A_4 eÐnai tÿra: 1 3 4 4 1 (12)(34) (123) (132) χ_1 = 1 1 1 1 1

χ_2 1 1 ω ω^2 χ_3 1 1 ω^2 ω χ_4 3 -1 0 0 (5) Summetrikă omĹda S_4.

H summetrikă omĹda S_4 èqei 5 klĹseic suzugÐac

K_1 = [(1)], K_2 = [(12)(34)], K_3 = [(123)],

K_4 = [(12)] kai K_5 = [(1234)].

Oi tĹxeic autÿn eÐnai 1, 3, 8, 6 kai 6 antistoÐqwc. H A_4 eÐnai upoomĹda thc S_4 me deÐkth [S_4 : A_4] = 2. Epomènwc eÐnai kanonikă upoomĹda thc S_4. MĹlista h A_4 sumpÐptei me thn omĹda twn metajetÿn thc S_4 (dec parĹrthma, sel. 152). Epomènwc h S_4 èqei akribÿc dÔo (anĹgwgouc) qaraktărec prÿtou bajmoÔ. Sugkekrimèna èqei ton tautotikì kai autìn pou mac dÐnei thn timă 1 sta stoiqeÐa thc A_4 kai −1 se kĹje perittă metĹjesh.

Kai h tetraedrikă omĹda tou Klein V eÐnai kanonikă upoomĹda thc S_4. H omĹda phlÐkwn S_4/V èqei tĹxh 6. H S_4/V ìmwc den eÐnai abeliană diìti an ătan ja èprepe h omĹda metajetÿn thc S_4 pou eÐnai h A_4 na perièqetai sthn teraedrikă omĹda tou Klein, prĹgma pou fusikĹ eÐnai Ĺtopo. Epomènwc S_4/V ∼= S_3.

Ja broÔme touc qaraktărec thc S_4 pou prokÔptoun apì anÔywsh twn qaraktărwn thc S_3. Gia dÔo apì autoÔc to kĹnaname ădh me thn boăjeia thc A_4. Mac apomènei o trÐtoc χ_3 o opoÐoc eÐnai bajmoÔ degχ_3 = 2. Ja prèpei loipìn na doÔme tic eikìnec twn antiprosÿpwn twn klĹsewn suzugÐac thc S_4 sthn omĹda S_4/V. Oi eikìnec twn K_1 kai K_2 eÐnai, profanÿc, tetrimmènec, h eikìna thc K_3 eÐnai tĹxhc 3 kai oi eikìnec twn K_4 kai K_5 eÐnai tĹxhc 2. SÔmfwna me ton pÐnaka qaraktărwn thc S_3 (dec parĹdeigma (3)) èqoume

χ_3(K_1) = χ_3(K_2) = 2, χ_3(K_3) = −1 kai χ_3(K_4) = χ_3(K_5) = 0. Mèqri stigmăc o pÐnakac qarakt;hrwn thc S_4 mporeÐ na sumplhrwjeÐ wc exăc:

1 3 8 6 6 K_1 = [(1)] K_2 = [(12)(34)] K_3 = [(123)] K_4 = [(12)] K_5 = [(1234)] χ_1 = 1 1 1 1 1 1 χ_2 1 1 1 -1 -1 χ_3 2 2 -1 0 0 χ_4 3 * * * * χ_5 3 * * * * Oi bajmoÐ twn qaraktărwn χ_4 kai χ_5 eÐnai Ĺmesh sunèpeia thc isìthtac 24 = 1^2 + 1^2 + 2^2 + (degχ_4)^2 + (degχ_5)^2.

Oi sqèseic orjogwniìthtac metaxÔ thc prÿthc kai twn: deÔterhc, trÐthc, tètarthc kai pèmpthc stălhc mac dÐnoun: 1 + 1 + 4 + 3χ_4(K_2) + 3χ_5(K_2) = 0,

1 + 1 − 2 + 3χ_4(K_3) + 3χ_5(K_3) = 0, 1 − 1 + 0 + 3χ_4(K_4) + 3χ_5(K_4) = 0 kai 1 − 1 + 0 + 3χ_4(K_5) + 3χ_5(K_5) = 0.

Oi parapĹnw isìthtec mac dÐnoun tic timèc tou qaraktăra χ_5 mèsw autÿn tou χ_4 : χ_5(K_2) = −2 − χ_4(K_2), χ_5(K_3) = −χ_4(K_3), χ_5(K_4) = −χ_4(K_4) kai χ_5(K_5) = −χ_4(K_5).

Gia lìgouc eukolÐac ac onomĹsoume a_i := χ_4(K_i), i = 1, 2, 3, 4, 5. Sthn sunèqeia efarmìzoume tic sqèseic orjogwniìthtoc metaxÔ thc tètarthc kai twn prÿthc, deÔterhc kai trÐthc grammăc antÐstoiqa (jeÿrhma 1.43) : 1 · 1 · 3 + 3 · 1 · a_2 + 8 · 1 · a_3 + 6 · 1 · a_4 + 6 · 1 · a_5 = 0, 1 · 1 · 3 + 3 · 1 · a_2 + 8 · 1 · a_3 + 6 · (−1) · a_4 + 6 · (−1) · a_5 = 0 kai 1 · 2 · 3 + 3 · 2 · a_2 + 8 · (−1) · a_3 + 6 · 0a_4 + 6 · 0 · a_5 = 0 Apì tic isìthtec autèc prokÔptei ìti a_2 = −1, a_3 = 0 kai a_5 = −a_4.

Oi sqèseic orjwgoniìthtac metaxÔ thc tètarthc kai pèmpthc stălhc mac dÐnei tèloc ìti a_4 = 1 kai a_5 = −1.

O pÐnakac qaraktărwn thc S_4 eÐnai plèon plărhc:

1 3 8 6 6 K_1 = [(1)] K_2 = [(12)(34)] K_3 = [(123)] K_4 = [(12)] K_5 = [(1234)] χ_1 = 1 1 1 1 1 1 χ_2 1 1 1 -1 -1 χ_3 2 2 -1 0 0 χ_4 3 -1 0 1 -1 χ_5 3 -1 0 -1 1

(5^′) Summetrikă omĹda S_4.

Upojètoume ìti èqoume breÐ tic timèc twn triÿn prÿtwn qaraktărwn stic klĹseic suzugÐac thc S_4, ìpwc to kĹname sto parĹdeigma (5). Gia ton upologismì twn timÿn twn qaraktărwn χ_4 kai χ_5 ja doulèyoume tÿra diaforetikĹ. Ac jewrăsoume tÿra thn upoomĹda

H := {σ ∈ S_4|σ(4) = 4} thc S_4.

Profanÿc, h H eÐnai isìmorfh me thn S_3. Ac pĹroume ton pÐnaka qaraktărwn thc S_3. 1 3 2 C_1 = [(1)] C_2 = [(12)] C_3 = [(123)] ψ_1 = 1 1 1 1 ψ_2 1 −1 1 ψ_3 1 0 −1 Estw tÿra χ := Ind^{S4}_{S3} (ψ_1) o epagìmenoc tou ψ_1 qaraktărac thc S_4 (dec perÐptwsh (3) amèswc metĹ to jeÿrhma 4.29 selÐda 103). Gia na upologÐsoume tic timèc tou qaraktăra χ ja efarmìsoume to pìrisma 4.32, selÐda 105

χ(K_1) = 4, χ(K_2) = 0 χ(K_3) = 1,

χ(K_4) = 2 kai χ(K_5) = 0.

O qaraktărac χ den eÐnai anĹgwgoc. Apì ton nìmo antistrofăc tou Frobenius prokÔptei ìti < χ, χ_1 >_{S4} =< ψ_1, Rest_H χ_1 >_H = 1, dhladă ìti o χ_1 perièqetai sthn anĹlush tou χ se anĹgwgouc kai mĹlista me pollaplìthta 1. Ac pĹroume tÿra ton qaraktăra χ − χ_1

(χ − χ_1)(K_i) = 3, −1, 0, 1, −1, gia i = 1, 2, 3, 4, 5 antÐstoiqa.

EÔkola diapistÿnoume ìti o qaraktărac χ − χ_1 eÐnai anĹgwgoc. PrĹgmati,

< χ − χ_1, χ − χ_1 >_{S4} = 1 #S_4 5∑ i=1 k_i[(χ − χ_1)(K_i)]^2 =

= 1 24 (1 · 9 + 3 · 1 + 8 · 0 + 6 · 1 + 6 · 1) = 1.

An tÿra pollaplasiĹsoume ènan qaraktăra χ prÿtou bajmoÔ me opoiodăpote anĹgwgo qaraktăra ψ miac omĹdac G tìte to ginìmeno eÐnai epÐshc anĹgwgoc qaraktărac thc G. PrĹgmati, arkeÐ na parathrăsoume ìti h timă χ(g) eÐnai rÐza thc monĹdac gia kĹje g ∈ G kai sthn sunèqeia na upologÐsoume ìti < χψ, χψ >_G= 1. O qaraktărac χ_2 · χ_4 eÐnai, sÔmfwna me ta parapĹnw, anĹgwgoc qaraktărac thc S_4. Epeidă χ_2 · χ_4 ≠ χ_4 autìc eÐnai o zhtoÔmenoc anĹgwgoc qaraktărac χ_5 = χ_2 · χ_4.

(6) AnalloÐwth omĹda A_5.

H analloÐwth omĹda A_5 èqei 5 klĹseic suzugÐac,

K_1 = [(1)], K_2 = [(12)(34)] K_3 = [(123)]

K_4 = [(12345)] kai K_5 = [(12354)] me 1, 15, 20, 12 kai 12 stoiqeÐa antÐstoiqa. Ac shmeiwjeÐ edÿ ìti parĹ to ìti ta stoiqeÐa twn klĹsewn K_4 kai K_5 anăkoun sthn Ðdia klĹsh suzugÐac thc S_5 sthn omĹda A_5 diaspÿntai se dÔo diaforetikèc metaxÔ touc klĹseic (dec kai [A-B], selÐdec 159 kai 160).

Epeidă h omĹda A_5 eÐnai aplă, den èqoume plèon (gnăsiec) kanonikèc upoomĹdec ètsi ÿste oi qaraktărec thc A_5 na prokÔyoun apì anÔywsh kĹpoiwn omĹdwn phlÐkwn autăc. Ja prospajăsoume kat’ arqăn na broÔme qaraktărec thc A_5 oi opoÐoi eÐnai epagÿmenoi qaraktărwn upoomĹdwn thc.

H upoomĹda H := {σ ∈ A_5|σ(5) = 5} thc A_5 eÐnai isìmorfh me thn A_4. Ja prospajăsoume loipìn na sqhmatÐsoume ton pÐnaka qaraktărwn thc A_5 paÐrnontac epagÿmenouc qaraktărec thc A_4. Sto parĹdeigma (4) upologÐsame ton pÐnaka qaraktărwn thc A_4

1 3 4 4 C_1 = [(1)] C_2 = [(12)(34)] C_3 = [(123)] C_4 = [(132)] ψ_1 = 1 1 1 1 1 ψ_2 1 1 ω ω^2 ψ_3 1 1 ω^2 ω ψ_4 1 -1 0 0 Estw χ := Ind^{A5}_{A4} (ψ_1). Opwc kai sto parĹdeigma (5^′) ja efarmìsoume to pìrisma 4.32. ParathroÔme kat’ arqăn ìti

K_1 ∩ A_4 = C_1, K_2 ∩ A_4 = C_2,

K_3 ∩ A_4 = C_3 ∪ C_4 kai K_4 ∩ A_4 = K_5 ∩ A_4 = ∅.

Oi timèc tou qaraktăra χ stic klĹseic suzugÐac thc A_5 eÐnai χ(K_i) = 5, 1, 2, 0, 0 gia i = 1, 2, 3, 4, 5 antÐstoiqa. Apì ton nìmo antistrofăc tou Frobenius prokÔptei ìti

< χ, χ_1 >_{A5} =< ψ_1, Rest_H χ_1 >_H = 1.

Autì shmaÐnei ìti o χ perièqei sthn anĹlusă tou se anĹgwgouc ton χ_1 me pollaplìthta 1.

Ac jewrăsoume ton qaraktăra χ_2 := χ − χ_1.

Oi timèc tou χ_2 stic klĹseic K_i eÐnai 4, 0, 1, −1, −1 antÐstoiqa. Epeidă

< χ_2, χ_2 >_{A5} = 1 60 (1 · 4 · 4 + 15 · 0 + 20 · 1 · 1 + 12 · (−1) · (−1) + 12 · (−1) · (−1)) = 1.

èpetai ìti o χ_2 eÐnai anĹgwgoc. Ac pĹroume tÿra ton qaraktăra χ^′ := Ind^{A5}_H ψ_2. Opwc kai pio mprostĹ me thn boăjeia tou porÐsmatoc 4.32 upologÐzoume tic timèc tou χ^′, χ^′(K_1) = 5 χ^′(K_2) = 1 χ^′(K_3) = −1 kai χ^′(K_4) = χ^′(K_5) = 0.

Epeidă to eswterikì ginìmeno

< χ^′, χ^′ >_{A5} = 1 60 (1 · 5 · 5 + 15 · 1 · 1 + 20 · (−1) · (−1) + 0 + 0) = 1 èpetai ìti o χ_3 := χ^′ eÐnai anĹgwgoc. Me bĹsh touc upologismoÔc pou kĹname mporoÔme na sumplhrÿsoume ton pÐnaka twn qaraktărwn thc A_5. 1 15 20 12 12 K_1 K_2 K_3 K_4 K_5 χ_1 1 1 1 1 1 χ_2 4 0 1 -1 -1 χ_3 5 1 -1 0 0 χ_4 3 α_2 α_3 α_4 α_5 χ_5 3 β_2 β_3 β_4 β_5 Oi bajmoÐ twn qaraktărwn χ_4 kai χ_5 prokÔptoun pĹli apì thn isìthta

1^2 + 4^2 + 5^2 + (degχ_4)^2 + (degχ_5)^2 = 60.

H sqèsh orjogwniìthtoc metaxÔ thc prÿthc kai thc deÔterhc stălhc mac dÐnei:

1 · 1 + 4 · 0 + 5 · 1 + 3 · α_2 + 3 · β_2 = 0,

dhladă ìti α_2 + β_2 = −2. Apì to lămma 2.1, selÐda 38, èpetai ìti ta α_2 kai β_2 eÐnai ajroÐsmata triÿn 2-rizÿn thc monĹdac. Epomènwc α_2, β_2 ∈ {−3, −1, 1, 3}. H sqèsh orjogwniìthtac thc deÔterhc stălhc me ton eautì thc mac dÐnei:

1 + 0 + 1 + α^2 + β^2_2 = 60 15 = 4, dhladă a^2 + b^2 = 2.

Epomènwc α_2 = β_2 = −1.

Efarmìzoume sth sunèqeia tic sqèseic orjogwniìthtoc metaxÔ thc trÐthc me ton eautì thc kai èqoume, 1 + 1 + 1 + |α_3|^2 + |β_3|^2 = 3.

Sunepÿc α_3 = β_3 = 0.

H prÿth me thn tètarth stălh mac dÐnei

1 · 1 + 4 · (−1) + 3 · α_4 + 3 · β_4 = 0, dhladă α_4 + β_4 = 1.

Estw tÿra g = (12345). ParathroÔme ìti ta g^{−1}, g eÐnai suzugă sthn A_5. PrĹgmati, upĹrqei t = (25)(34) ∈ A_5 tètoio ÿste t^{−1}g^{−1}t = g. H sqèsh orjogwniìthtoc thc tètarthc stălhc me ton eautì thc mac dÐnei:

1 + 1 + α^2_4 + β^2_4 = 60 12 = 5, dhladă α^2_4 + β^2_4 = 3.

LÔnoume to sÔsthma kai brÐskoume ìti ta α_4, β_4 eÐnai rÐzec thc exÐswshc z^2 −z−1 = 0. Gia lìgouc orjogwniìthtac kai pĹli, an (α_4, β_4) = (z_1, z_2), ìpou z_1 kai z_2 eÐnai rÐzec thc z^2 − z − 1 = 0 tìte kat’ anĹgkh (α_5, β_5) = (z_2, z_1). TelikĹ o plărhc pÐnakac qaraktărwn thc A_5 : 1 15 20 12 12 K_1 K_2 K_3 K_4 K_5 χ_1 1 1 1 1 1 χ_2 4 0 1 -1 -1 χ_3 5 1 -1 0 0 χ_4 3 -1 0^{1+√5}_2^{1−√5}_2 χ_5 3 -1 0^{1−√5}_2^{1+√5}_2 Gia kĹje fusikì arijmì n > 2 h dÐedrh omĹda D_n orÐzetai mèsw dÔo gennhtìrwn kai triÿn sqèsewn: D_n :=< a, b|a^n = b^2 = 1, ba^{−1} = ab > . EÔkola mporeÐ kaneÐc na diapistÿsei (Ĺskhsh) ìti to kèntro Z(D_N ) =< a^n2 >∼= ZZ_2 gia n Ĺrtio. EpÐshc h omĹda metajetÿn

[D_n, D_n] =< a >∼= ZZ_n gia n perittì kai

[D_n, D_n] =< a^2 >∼= ZZ_{n/2} gia n Ĺrtio. Ac upologÐsoume tÿra ton

(7) PÐnaka qaraktărwn thc D_4.

Epeidă N := [D_4, D_4] ∼=< a^2 > h omĹda phlÐkwn D_4/N ∼= ZZ_2 × ZZ_2 èqei tĹxh 4. Epomènwc h D_4 èqei 4 (anĹgwgouc) qaraktărec prÿtou bajmoÔ oi opoÐoi eÐnai anuyÿseic qaraktărwn thc D_4/N.

To kèntro thc D_4 eÐnai h omĹda < a^42 >=< a^2 > . Epomènwc ta stoiqeÐa 1 kai a^2 apoteloÔn to kajèna kai mia klĹsh suzugÐac K_1 = {1}, K_2 = {a^2}. H omĹda D_4 èqei sunolikĹ pènte klĹseic suzugÐac, oi epiplèon klĹseic eÐnai oi

K_3 = {a, a^3}, K_4 = {b, a^2b} kai K_5 = {ab, a^3b}. D_4 = n^.∪ aN^.∪ bN^.∪ baN. O pèmptoc anĹgwgoc qaraktărac eÐnai bajmoÔ degχ_5 = 2 kai oi sqèseic orjogwniìthtoc katĹ stălec mac dÐnoun tic timèc tou pÐnaka: 1 15 20 12 12 K_1 K_2 K_3 K_4 K_5 χ_1 1 1 1 1 1 χ_2 1 1 1 -1 -1 χ_3 1 1 -1 0 0 χ_4 1 1 −1 −1 1 χ_5 2 −2 0 0 0 (8) H quaternion omĹda Q tĹxhc 8.

H omĹda aută orÐzetai

Q =< a, b|a^4 = 1, a^2 = b^2, b^{−1}ab = a^3 > .

San Ĺskhsh ston anagnÿsth afănetai na apodeiqjeÐ ìti den eÐnai isìmorfh proc thn D_4, èqei thn N := {1, a^2} san kanonikă upoomĹda kai èqei ton Ðdio pÐnaka qaraktărwn me thn D_4.

Paratărhsh: Apì ta paradeÐgmata (7) kai (8) sumperaÐnoume ìti o pÐnakac twn qaraktărwn miac peperasmènhc omĹdac den qarakthrÐzei thn omĹda modulo isomorfÐa.

5 To jeÿrhma tou Brauer

5.1 Prolegìmena

Orismìc 5.1 Mia omĹda G ja lègetai p-stoiqeiÿdhc (p ∈ P) ìtan eÐnai to eujÔ ginìmeno miac kuklikăc omĹdoc C kai miac p-omĹdoc P , G = C × P .

An G peperasmènh omĹda kai p ∈ P, tìte upĹrqei mia p-omĹda P , P ≤ G tètoia ÿste p ̸|[G : P ]. H P eÐnai mia p-Sylow upoomĹda thc G (dec parĹrthma, sel. 152). Me Ĺlla lìgia an #G = p^{n1}_1 p^{n2}_2 ...p^{nr}_r tìte gia kĹje p_i upĹrqei mia p_i-upoomĹda P_i thc G tètoia ÿste #P_i = p^{ni}_i An G mia p-omĹda kai G ≠ {e}, tìte aută èqei mh tetrimèno kèntro Z(G) ≠ {e} (dec parĹrthma sel 148).

Jeÿrhma 5.2 An G ìqi abeliană p-stoiqeiÿdhc omĹda tìte upĹrqei kanonikă abeliană upoomĹda H thc G h opoÐa na perièqei gnăsia to kèntro thc G, Z(G).

Apìdeixh: Ex upojèsewc G = C × P , ìpou C kuklikă kai P mia p-omĹda. Epomènwc Z(G) = Z(C) × Z(P ) = C × Z(P ) ≠ G, diìti G ìqi abeliană. Apo to gnwstì trÐto jeÿrhma isomorfÐac (sel. 149) èqoume: G Z(G) ∼=^GC_{Z(G)} C = C×P C C×Z(P ) C ∼= P Z(P ) . Kat’ arqăn P̄ := P/Z(P ) ≠ {ē}, diìti an P = Z(P ) tìte ja eÐqame G = Z(G), dhladă ìti h G eÐnai abeliană, Ĺtopo. Epomènwc h P̄ eÐnai mia p-omĹda me P̄ ≠ {ē}, sunepÿc Z(P̄ ) ≠ {ē}. Estw π : G −→ P̄ o kanonikìc omomorfismìc kai èstw ā ∈ Z(P̄ ) me ā^p = ē, ā ≠ ē.

Estw H̄ :=< ā >≤ P̄ . AfoÔ ā ∈ Z(P̄ ) èqoume ìti H̄ eÐnai abeliană kai kanonikă upoomĹda thc P̄ . Estw H = π^{−1}(H̄). H H eÐnai abeliană kanonikă upoomĹda thc G tètoia ÿste na perièqei gnăsia to kèntro thc G. PrĹgmati h H eÐnai kanonikă thc G afoÔ H̄ ◁ P̄ . Perièqei de gnăsia to kèntro Z(G) thc G diìti π(Z(G)) = {ē} enÿ ā ∈ H̄, ā ≠ ē. Tèloc eÐnai abeliană, diìti an a kĹpoio stoiqeÐo thc G tètoio ÿste π(a) = ā tìte H =< a, Z(G) >, dhladă abeliană.

Orismìc 5.3 Estw G omĹda, p ∈ P, x ∈ G. To x ja lègetai p-omalì ìtan p ̸|ord(x) kai x ja lègetai p-idiĹzwn ìtan ord(x) = p^n, n ∈ N_0 .

Jeÿrhma 5.4 An G omĹda kai p ∈ P, tìte gia kĹje x ∈ G upĹrqei akribÿc èna p-omalì stoiqeÐo σ ∈ G kai akribÿc èna p-idiĹzwn stoiqeÐo τ ∈ G tètoio ÿste x = στ = τσ.

Apìdeixh: Estw ord(x) = p^rm, r ∈ N_0 , m ∈ N, (p, m) = 1. Tìte upĹrqoun ν, μ ∈ ZZ tètoia ÿste νp^r + μm = 1, dhladă x = x^{νpr +μm}. Sthn sunèqeia jètoume σ = x^{νpr} kai τ = x^{μm}, apì ìpou èqoume x = στ = τσ. EpÐshc ord(σ)|m kai ord(τ)|p^r, dhladă to σ eÐnai p-omalì kai to τ p-idiĹzwn.

Apomènei na apodeÐxoume thn monadikìthta. Estw x = στ = τσ, ìpou to σ eÐnai pomalì kai to τ p-idiĹzwn. Ex orismoÔ tou p-omaloÔ kai tou p-idiĹzontoc stoiqeÐou èpetai ìti (ord(σ), ord(τ)) = 1, sunepÿc ord(x) = ord(σ)ord(τ) = p^rm opìte anagkastikĹ ord(σ) = m kai ord(τ) = p^r kai sunepÿc σ = σ^{νpr+μm} = σ^{νpr} = (στ)^{νpr} = x^{νpr} , τ = τ^{νpr +μm} = τ^{μm} = (τσ)^{μm} = x^{μm}, dhladă σ, τ monosămanta orismèna.

Jeÿrhma 5.5 Estw G mia p-stoiqeiÿdhc omĹda. IsqÔoun:

(1) H G èqei mia parĹstash thc morfăc G = C × P me C kuklikă, p ̸| #C kai P mia p-omĹda.

(2) Estw G = C × P ìpwc sto (1) kai èstw S ≤ G. Tìte S = (S ∩ C) × (S ∩ P )

(3) KĹje upoomĹda kai kĹje omĹda phlÐkwn thc G eÐnai epÐshc p-stoiqeiÿdhc.

Apìdeixh:

(1) Ex orismoÔ h omĹda G eÐnai p-stoiqeiÿdhc. Sunepÿc G =< c > ×P^′ kai lìgw tou jewrămatoc 5.4 èqoume c = στ = τσ me σ p-omalì kai τ p-idiĹzwn. AfoÔ (ord(τ), ord(σ)) = 1 èqoume < c >=< σ > × < τ > kai sunepÿc G =< σ > × < τ > ×P^′. Jètoume C :=< σ > kai P :=< τ > ×P^′ opìte G = C × P .

(2) Estw s ∈ S ≤ G. Apì to (1) èqoume ìti s = στ me σ ∈ C, τ ∈ P , dhladă to σ eÐnai p-omalì kai to τ p-idiĹzwn. Epomènwc σ, τ ∈ S diìti eÐnai dunĹmeic tou s (dec apìdeixh tou jeÿrhmatoc 5.4). Sunepÿc s ∈ (S ∩ C) × (S ∩ P ), opìte S ⊆ (S ∩ C) × (S ∩ P ). O antÐstrofoc egkleismìc eÐnai profanăc.

(3) Sto deÔtero băma deÐxame ìti kĹje upoomĹda miac p-stoiqeiÿdouc omĹdoc eÐnai pstoiqeiÿdhc. Estw tÿra S ◁ G = C × P . H (2) mac dÐnei S = (S ∩ C) × (S ∩ P ), opìte G S ∼= C × P (S ∩ C) × (S ∩ P ) ∼= C S ∩ C × P S ∩ P ìpou h omĹda^C_{S∩C} eÐnai kuklikă san upoomĹda kuklikăc omĹdac kai h^P_{S∩P} eÐnai p-omĹda san upoomĹda p-omĹdac, dhladă h G/S eÐnai p-stoiqeiÿdhc.

Apì edÿ kai kĹtw upojètoume kai pĹli ìti to sÿma K eÐnai algebrikĹ kleistì kai ch(K) = 0.

Sumbolismìc 5.6 Estw R ⊂ K upodaktÔlioc tou sÿmatoc K kai G peperasmènh omĹda.

X_R(G) := {_m ∑ ν=1 c_ν χ_ν /m ∈ N, c_ν ∈ R, χ_ν : G −→ K qaraktărac thc G }

Ψ_R(G) := m∑ ν=1 c_ν Ind^G_{Hν} (ϕ_ν ) / ìpou H_ν p − stoiqeiÿdhc upoomĹda thc G, ϕ_ν : H_ν −→ K qaraktărac thc H_ν , c_ν ∈ R, kai n ∈ N .

Profanÿc Ψ_R(G) ⊆ X_R(G).

Jeÿrhma 5.7 (1) O X_R(G), me prĹxh thn prìsjesh kai to ginìmeno sunartăsewn gÐnetai daktÔlioc me monadiaÐo thn 1_G : G ∋ σ −→ 1 ∈ K.

(2) To Ψ_R(G) eÐnai ìqi mìno upodaktÔlioc allĹ kai ideÿdec tou X_R(G).

Apìdeixh:

(1) Arkei na apodeÐxoume ìti gia kĹje zeugĹri qaraktărwn χ_1, χ_2 : G −→ K thc G h sunĹrthsh χ_1 · χ_2 eÐnai epÐshc qaraktărac. Estw ρ_i : G −→ GL(V_i), i = 1, 2 parastĹseic thc G me antÐstoiqo qaraktăra ton χ_i (i=1,2). Estw

ρ : G −→ GL(V_1 ⊗_K V_2) σ −→ (ρ_1(σ) ⊗ ρ_2(σ)) EÐnai safèc ìti o V_1 ⊗_K V_2 eÐnai K-dianusmatikìc qÿroc kai ìti ρ = ρ_1 ⊗ ρ_2. H ρ eÐnai loipìn parĹstash thc G. Estw B^1 = {v^1 , ..., v^1_{n1} }, B^2 = {v^2_1 , ..., v^2_{n2} } bĹseic twn V_1, V_2 antÐstoiqa. Apo to pìrisma 4.15 èqoume ìti to sÔnolo B^1 ⊗B^2 := {v^1_i ⊗v^2_j /i = 1, 2, ..., n_1, j = 1, 2, ..., n_2} eÐnai bĹsh tou V_1 ⊗_K V_2. An σ ∈ G tìte

ρ_i(σ)(v^i_l ) = n_i∑

μ=1 a^i_{μ,l}v^i_μ (a^i_{μ,l} ∈ K i = 1, 2). Sunepÿc χ_i(σ) = ∑_{ni} μ=1 a^i_{μ,μ} (i = 1, 2), opìte

ρ(σ)(v^1_{l1} ⊗ v^2_{l2} ) = (_{n1} ∑ μ=1 a^1_{μ,l1} v^1_μ ) ⊗ (_{n2} ∑ μ=1 a^2_{μ,l2} v^2_μ ) = n_1∑

μ_1=1 n_2∑

μ_2=1

a^1_{μ1,ν1} a^2_{μ2,ν2} · (v^1_{μ1} ⊗ v^2_{μ2} )

kai epomènwc h χ_ρ(σ) =

n_1∑

μ_1=1 n_2∑

μ_2=1

a^1_{μ1 ,μ1} a^2_{μ2 ,μ2} = χ_1(σ)χ_2(σ)

dhladă to ginìmeno χ_1 · χ_2 eÐnai qaraktărac thc G.

(2) Gia ton deÔtero isqurismì parathroÔme ìti h ψ_R(G) eÐnai, prosjetikă upoomĹda tou X_R(G). ArkeÐ loipìn na apodeÐxoume ìti an χ : G −→ K kai ϕ : H ≤ G −→ K qaraktărec twn G, H antÐstoiqa tìte: χ · Ind^G_H (ϕ) = Ind^G_H (χ|_H · ϕ) PrĹgmati gia kĹje stoiqeÐo σ ∈ G isqÔei: χ · Ind^G_H (ϕ))(σ) = χ(σ)(Ind^G_H ϕ)(σ) = 1 #H ∑ t∈G,t^{−1}σt∈H χ(σ)ϕ(t^{−1}σt) = 1 #H ∑ t∈G,t^{−1}σt∈H χ(t^{−1}σt)ϕ(t^{−1}σt) =

= 1 #H ∑ t∈G t^{−1}σt∈H (χ|_H · ϕ)(t^{−1}σt) = Ind^G_H (χ|_H · ϕ).

5.2 Jeÿrhma tou Brauer

Skopìc autoÔ tou KefalaÐou eÐnai h apìdeixh tou epomènou jewrămatoc, enìc jemeliÿdouc apotelèsmatoc thc JewrÐac ParastĹsewn me shmantikèc efarmogèc sthn JewrÐa Arijmÿn (Brauer R, Tate J. {On the characters of finite groups} Ann. of Math. 62(1955), 1-7). Jeÿrhma 5.8 Brauer An G peperasmènh omĹda, tìte kĹje ϕ ∈ X_{ZZ} (G) grĹfetai san grammikìc sunduasmìc ϕ = r∑ ν=1 c_ν Ind^G_{Hν} (ψ_ν ) me suntelestèc akeraÐouc arijmoÔc kai ψ_ν qaraktărec prÿtou bajmoÔ p- stoiqeiwdÿn upoomĹdwn H_ν thc G.

Apìdeixh: Isqurizìmaste ìti arkeÐ na apodeÐxoume ta akìlouja dÔo jewrămata Jeÿrhma 5.9 (Jeÿrhma A) An H stoiqeiÿdhc upoomĹda thc G kai χ : H −→ K anĹgwgoc qaraktărac thc H tìte upĹrqei H^′ ≤ H kai qaraktărac χ^′ : H^′ −→ K prÿtou bajmoÔ tètoioc ÿste χ = Ind^H′ (χ^′). Jeÿrhma 5.10 (Jeÿrhma B) 1_G ∈ Ψ_{ZZ} (G) Prÿta ap’ ìla ja doÔme ìti ta dÔo prohgoÔmena jewrămata mac dÐnoun to jeÿrhma tou Brauer:

Apì to Jeÿrhma B eqoume ìti 1_G ∈ Ψ_{ZZ} (G). Epeidă ìmwc to Ψ_{ZZ} (G) eÐnai ideÿdec tou X_{ZZ} (G) anagkastikĹ Ψ_{ZZ} (G) = X_{ZZ} (G), dhladă kĹje ϕ ∈ X_{ZZ} (G) èqei mia parĹstash thc morfăc ϕ = m∑ ν=1 c_ν Ind^G_{Hν} (ψ_ν ) ìpou ψ_ν : H_ν −→ K qaraktărec thc H_ν , H_ν stoiqeiÿdhc upoomĹda thc G kai c_ν ∈ ZZ. To jeÿrhma tou Maschke mac dÐnei ìti

ψ_ν = n_ν∑

μ=1 χ_{ν,μ} ìpou χ_{ν,μ} : H_ν −→ K anĹgwgoi qaraktărec. Apì to Jeÿrhma A èqoume ìti upĹrqoun upoomĹdec H_{ν,μ} < H_ν kai qaraktărec prÿtou bajmoÔ χ^′_{ν,μ} : H_{ν,μ} −→ K tètoioi ÿste χ_{ν,μ} = Ind^{Hν}_{Hν,μ} (χ^′_{ν,μ}) . Apì to jeÿrhma 5.5 èpetai ìti oi upoomĹdec H_{ν,μ} eÐnai epÐshc stoiqeiÿdeic opìte: ϕ = m∑ ν=1 c_ν Ind^G_{Hν} (_{nν} ∑ μ=1 Ind^{Hν}_{Hν,μ} (χ^′_{ν,μ}) ) = ∑ ν,μ c_ν Ind^G_{Hν,μ} (χ^′_{ν,μ}) Dhladă to jeÿrhma tou Brauer.

ArkeÐ loipìn na apodeÐxoume ta jewrămata A kai B. Gia na epitÔqoume to skopì mac qreiazìmaste to Jeÿrhma 5.11 (Blichfeld ) Estw G stoiqeiÿdhc omĹda kai ρ : G −→ GL(V ) anĹgwgh parĹstash thc G me degρ > 1. UpĹrqei gnăsia upoomĹda H^′ < G kai anĹgwgh parĹstash thc H^′ ρ^′ : H^′ −→ GL(V^′) tètoia ÿste: ρ = Ind^G_H′ (ρ^′). Ja deqtoÔme proc to parìn thn alăjeia tou jewrămatoc tou Blichfeld. Apìdeixh: (tou jewrămatoc A) H apìdeixh ja gÐnei me epagwgă wc proc thn tĹxh thc H. Estw loipìn H mia stoiqeiÿdhc omĹda kai èstw ìti to jeÿrhma isqÔei gia ìlec tic upoomĹdec H^′ ≤ H me #H^′ < #H. Estw χ : H −→ K anĹgwgoc qaraktărac thc H. An degχ = 1 tìte o isqurismìc tou jewrămatoc eÐnai tetrimmènoc. Estw loipìn ìti degχ > 1. Tìte apì to jeÿrhma tou Blichfeld èqoume ìti upĹrqei H^′ < H, H^′ ≠ H kai anĹgwgoc qaraktărac χ^′ : H^′ −→ K me χ = Ind^H′ (χ^′). Lìgw thc upìjeshc thc majhmatikăc epagwgăc, afoÔ #H^′ < #H, #H^′ ≠ #H èqoume ìti upĹrqei upoomĹda H^{′′} ≤ H^′ kai qaraktărec prÿtou bajmoÔ χ^{′′} : H^{′′} −→ K tètoioi ÿste χ^′ = Ind^{H′}_H′′ (χ^{′′}). H metabatikìthta stic epagÿmenec parastĹseic mac dÐnei: χ = Ind^H′ ( Ind^{H′}_H′′ (χ^{′′}) ) = Ind^H′′ (χ^{′′}), dhladă to jeÿrhma A.

Apìdeixh: (tou jewrămatoc Blichfeld) AfoÔ ex upojèsewc G stoiqeiÿdhc apì to jeÿrhma 5.2 èpetai ìti upĹrqei kanonikă kai abeliană upoomĹda H thc G me Z(G) ≠ H, Z(G) ≤ H. XeqwrÐzoume periptÿseic:

PerÐptwsh I Estw ρ èna proc èna (injective) dhladă ρ pistă parĹstash thc G. H qarakthristikă tou sÿmatoc eÐnai chK = 0. Efarmìzoume loipìn to jeÿrhma tou

Maschke kai èqoume thn anĹlush

ρ|_H = ⊕^r_{i=1} ( ⊕^{ni}_{j=1}ρ^{(j)}_i )

ìpou ρ^{(j)}_i : H −→ GL(V^{(j)}_i ) anĹgwgec, ρ^{(1)}_i , ..., ρ^{(ni)}_i isodÔnamec metaxÔ touc anĹ dÔo kai ρ^{(j)}_i ≁ ρ^{(j′)}_k gia i ≠ k. AfoÔ H abeliană èqoume ìti ρ^{(j)}_i eÐnai ìlec anĹgwgec parastĹseic prÿtou bajmoÔ. Estw M_i := χ_ρ(j)_i : H −→ K^∗ = GL_1(K) h parĹstash diĹ pinĹkwn thc ρ^{(j)}_i . Gia touc antÐstoiqouc qÿrouc parastĹsewn V^{(j)}_i èqoume dimV^{(j)}_i = degρ^{(j)}_i = 1 kai

V = ⊕^r_{i=1} ( ⊕^{ni}_{j=1}V^{(j)}_i ) . Estw V_i := ⊕^{ni}_{j=1}V^{(j)}_i . Gia kĹje v ∈ V^{(j)}_i èqoume: ρ(t)(v) = M_i(t)(v). Epomènwc kai gia kĹje v ∈ V èqoume ρ(t)(v) = M_i(t)(v).

IsqurÐzomaste ìti V ≠ V_i (1).

PrĹgmati, an ătan V = V_i tìte gia v ∈ V, σ ∈ G, t ∈ H isqÔei ρ(σ^{−1})(v) ∈ V = V_i opìte

(ρ(t) · ρ(σ^{−1}))(v) = ρ(t) · (ρ(σ^{−1})(v) = M_i(t)(ρ(σ^{−1})(v)) = ρ(σ^{−1})(M_i(t)(v)),

diìti M_i(t) ∈ K. Sunepÿc: ρ(σtσ^{−1})(v) = ρ(σ) · ρ(t) · ρ(σ^{−1})(v) = M_i(t)(v) = ρ(t)(v). AfoÔ h teleutaÐa sqèsh isqÔei gia kĹje v ∈ V èqoume ìti ρ(σtσ^{−1}) = ρ(t), gia k^′aje σ ∈ G Eqoume ìmwc upojèsei ìti h ρ eÐnai pistă dhladă ja prèpei katĹnĹgkh na isqÔei σtσ^{−1} = t kai autì gia kĹje stoiqeÐo σ thc G.

Autì shmaÐnei ìti t ∈ Z(G). AfoÔ autì sumbaÐnei gia kĹje stoiqeÐo t ∈ H èqoume ìti H ≤ Z(G) Ĺtopo, diìti Z(G) ≠ H, Z(G) ≤ H, dhladă deÐxame ìti V ≠ V_i.

Isqurizìmaste sthn sunèqeia ìti to sÔnolo {ρ(σ)/σ ∈ G} dra metabatikĹ sto sÔnolo {V_1, V_2, ..., V_r} (2).

Gia σ ∈ G kai i ∈ {1, 2, ..., r} èstw

M^σ_i : H −→ K t −→ M^σ_i (t) := M_i(σtσ^{−1}) Estw v ∈ V_i\{0}, t ∈ H, σ ∈ G. Eqoume (ρ(t) · ρ(σ))(v) = ρ(tσ)(v) = (ρ(σ) · ρ(σ^{−1}tσ)(v) = = ρ(σ)M_i(σ^{−1}tσ)(v) = ρ(σ)(M^σ_i (t)(v)) = M^σ_i (t)(ρ(σ)(v)) (∗) diìti M^σ_i (t) ∈ K.

Estw ρ(σ)(v) = ∑_σ j=1 v_j me v_j ∈ V_j . Sunepÿc èqoume

ρ(t) · ρ(σ)(v) = ρ(t) (_r ∑ j=1 v_j ) = r∑ j=1 M_j(t)(v_j )^{(∗)}= r∑ j=1 M^σ_i (t)(v_j).

Eqoume loipìn ìti gia kĹje j = 1, 2, ..., r kai kĹje t ∈ H isqÔei (M_j (t) − M^σ_i (t))(v_j ) = 0 sunepÿc M_j(t) = M^σ_i (t) gia kĹje j = 1, 2, ..., r kai t ∈ H ă v_j = 0.

Oi parastĹseic diĹ pinĹkwn M_1, ..., M_r eÐnai diaforetikèc metaxÔ touc, afoÔ antistoiqoÔn se mh isodÔnamec anĹ dÔo parastĹseic thc G. Epomènwc den mporoÔme na èqoume gia perissìtera tou enìc j M_j (t) = M^σ_i (t). Apì thn Ĺllh meriĹ v ≠ 0 kai ρ eÐnai pistă sunepÿc ρ(σ)(v) ≠ 0 opìte upĹrqei monadikì j ∈ {1, 2, ..., r} tètoio ÿste M^σ_i = M_j kai giĹ kĹje j^′ ≠ j isqÔei v_j′ = 0. Epomènwc ρ(σ)(v) = v_j ∈ V_j kai sunepÿc ρ(σ)(V_i) ⊆ V_j . Efarmìzoume thn ρ(σ^{−1}) kai sta dÔo mèlh kai èqoume

V_i ⊆ ρ(σ^{−1})(V_j) (a)

AnĹloga apodeiknÔoume ìti upĹrqei k ∈ {1, 2, ...r} tètoio ÿste

ρ(σ^{−1})(V_j ) ⊆ V_k.

Epeidă V_k ⊃ ρ(σ^{−1})(V_j ) ∩ V_i ≠ {0} èpetai V_k ∩ V_i ≠ {0}. AllĹ èqoume apodeÐxei piì mprostĹ ìti V = ⊕^r_{i=1}V_i, dhladă kai V_i ∩ V_j = {0} gia i ≠ j. Epomènwc k = i kai

ρ(σ^{−1})(V_j ) ⊂ V_i (b) prĹgma pou shmaÐnei ìti h ρ(σ)|_{Vi} : V_i^{∼=}−→ V_j eÐnai isoomomorfismìc K-dianusmatikÿn qÿrwn dhladă ìti o ρ(σ) metajètei ta V_1, ..., V_r. Ja deÐxoume epiplèon ìti drĹ metabatikĹ. Estw i_0 ∈ {1, 2, ..., r} stajerì kai

V^∗ := ∑ σ∈G ρ(σ)(V_{i0} ) ≠ {0} Profanÿc o V^∗ ≤ V eÐnai dianusmatikìc upìqwroc tou V kai mĹlista V^∗ eÐnai epiplèon kai ρ-annaloÐwtoc. Epeidă h parĹstash ρ eÐnai anĹgwgh kai V^∗ ≠ {0} èqoume ìti V^∗ = V dhladă ìti {ρ(σ)(V_{i0} )/σ ∈ G} = {V_1, ..., V_r} to opoÐo shmaÐnei ìti h drĹsh eÐnai metabatikă.

Estw V^′ = V_{i0} . O V^′ eÐnai ρ|_H analloÐwtoc allĹ ìqi ρ-analloÐwtoc. Estw akìmh H^′ := {t ∈ G/ρ(t)(V^′) = V^′}. Profanÿc H ≤ H^′ < G, H^′ ≠ G. OrÐzoume

ρ^′ : H^′ −→ GL(V^′) t −→ ρ(t)|_V ′ Ja apodeÐxoume ìti ρ^′ eÐnai mia anĹgwgh parĹstash thc H^′ kajÿc epÐseic kai ìti: ρ = Ind^G_H′ (ρ^′). H ρ^′ eÐnai, ex orismoÔ, parĹstash thc H^′. Estw G =^.∪^l_{i=1} σ_iH^′. Epeidă h ρ(σ) dra metabatikĹ sto sÔnolo {V_1, V_2, ..., V_r} èqoume, V = ∑ σ∈G ρ(σ)V^′. EpÐshc, lìgw thc idiìthtac ρ(h)(V^′) = V^′ gia kĹje h ∈ H, èqoume V = ∑ σ∈G ρ(σ)V^′ = ⊕^l_{i=1}ρ(σ_i)V^′.

Lìgw tou jewrămatoc 4.28 prokÔptei ìti ρ = Ind^G_H′ (ρ^′). An h parĹstash ρ^′ eÐnai mhanĹgwgh (reducible) tìte upĹrqei V^{′′} < V^′, V^{′′} ≠ V^′ kai V^{′′} ρ^′-analloÐwtoc tètoioc ÿste:

V^{∗∗} := ⊕^l_{i=1}ρ(σ_i)(V^{′′}) < V, ⊕^l_{i=1}ρ(σ_i) (V^{′′}) ≠ V ).

Omwc o V^{∗∗} eÐnai ρ-analloÐwtoc, diìti an σ ∈ G tìte σσ_i = σ_{π(i)}t ìpou π metĹjesh tou sunìlou {1, 2, ..., l} kai an v ∈ V^{∗∗}, v = ∑_l j=1 ρ(σ_i)(v_i) tìte: ρ(σ)(v) = ∑_l i=1 ρ(σ)(ρ(σ_i)(v_i)) =

∑_l i=1 ρ(σ_{π(i)})ρ(t)(v_i) ∈ V^{∗∗}, diìti ρ(t)(v_i) ∈ V^{′′}. Sunepÿc o V^{∗∗} ρ-analloÐwtoc, Ĺtopo afoÔ ρ anĹgwgh. Epomènwc anagkastikĹ kai h ρ^′ ja eÐnai anĹgwgh. PerÐptwsh (II): Estw ρ −→ GL(V ) ìqi en gènnei èna proc èna (injective). Estw G_0 := kerρ ◁ G. Estw Ḡ := G/G_0 kai π : G −→ Ḡ = G/G_0 h kanonikă probolă. Estw ρ̄ : Ḡ −→ GL(V ) parĹstash thc Ḡ tètoia ÿste ρ̄ ∘ π = ρ. G GL(V )

Ḡ = G/G_0 ρ̄ ρ

π

H ρ̄ eÐnai anĹgwgh afoÔ h ρ eÐnai anĹgwgh kai profanÿc èna proc èna, afoÔ G_0 = kerρ. O bajmìc thc ρ̄ eÐnai degρ̄ = dimV > 1. Epomènwc h Ḡ epalhjeÔei ìlec tic proôpojèseic thc perÐptwshc (I) kai sunepÿc upĹrqei H̄^′ < Ḡ, H̄^′ ≠ Ḡ kai parĹstash ρ̄^′ : H̄^′ −→ GL(V^′) tètoia ÿste ρ̄ = Ind^Ḡ_{H̄′} (ρ̄^′). Jètoume H^′ := π^{−1}(H̄^′) kai ρ^′ := ρ̄^′ ∘ π|_H′ : H^′ −→ GL(V ). Eqoume loipìn ìti gia kĹje t ∈ H^′ ρ^′(t) = ρ̄^′(π(t)). H ρ^′ eÐnai anĹgwgh, afoÔ h ρ̄^′ eÐnai anĹgwgh. An G =^.∪^r_{i=1} σ_iH^′ tìte Ḡ =^.∪^r_{i=1} π(σ_i)H̄^′. Epeidă ρ̄ = Ind^Ḡ_{H̄′} (ρ̄^′) èpetai ìti gia kĹje t̄ ∈ H̄^′, ρ̄(t̄)|_V ′ = ρ̄^′(t̄) kai

V = ⊕^r_{i=1}ρ̄(π(σ_i))(V^′).

Epomènwc gia kĹje t ∈ H^′, ρ(t)|_V ′ = ρ^′(t) kai V = ⊕^r_{i=1}ρ(σ_i)(V^′) opìte, ìpwc kai sthn perÐptwsh (I), èqoume ρ = Ind^G_H (ρ^′). AfoÔ, ex upojèsewc, K algebrikĹ kleistì sÿma kai char(K) = 0, an g = #G kai ζ_g mia prwtarqikă g-rÐza thc monĹdoc, tìte o daktÔlioc R = ZZ[ζ_g] ⊂ K. Jètoume ζ := ζ_g.

Jeÿrhma 5.12 Estw d ∈ ZZ kai d · 1_G ∈ Ψ_R(G). Tìte d · 1_G ∈ Ψ_{ZZ} (G).

Apìdeixh:

Eqoume d · 1_G = ∑_r ν=1 c_ν · Ind^G_{Hν} (φ_i), ìpou H_ν ≤ G, p_ν -stoiqeiÿdhc, φ_ν : H_ν → K qaraktărec twn H_ν kai c_ν ∈ R. To gegonìc ìti c_ν ∈ R = ZZ[ζ], sunepĹgetai ìti c_ν = ∑_{n−1} i=0 a_{νi}ζ^i me a_{νi} ∈ ZZ. Epomènwc èqoume:

d · 1_G = r∑ ν=1 n−1∑ i=0 a_{νi}ζ^iInd^G_{Hν} (φ_ν ) = n−1∑ i=0 ζ^i r∑ ν=1 a_{νi}Ind^G_{Hν} (φ_ν ). Jètoume α_i := ∑_r ν=1 a_{νi}Ind^G_{Hν} (φ_ν ). Profanÿc α_i ∈ Ψ_{ZZ} (G).

Estw χ_1 = 1_G, χ_2, · · · , χ_l : G → K oi anĹgwgoi qaraktărec thc G upèr to K. Tìte α_i = ∑_l μ=1 b_{iμ}χ_μ me b_{iμ} ∈ ZZ. Epomènwc:

d · 1_G = d · χ_1 = l∑ μ=1 n−1∑ i=0 ζ^ib_{iμ}χ_μ.

Wc gnwstì oi χ_1, χ_2, · · · , χ_l eÐnai grammikĹ anexĹrthtoi upèr to K (apoteloÔn mĹlista orjogÿnia bĹsh !). Sunepÿc d = n−1∑ i=0 b_{i1}ζ^i kai 0 = n−1∑ i=0 b_{iμ}ζ^i, gia μ ∈ {2, 3, · · · , l}. Ara b_{01} = d kai b_{i1} = 0, ∀i = 1, 2, · · · , n − 1 enÿ b_{iμ} = 0 gia kĹje i = 0, 1, 2, · · · , n − 1 kai gia kĹje μ = 2, 3, · · · , l. Epomènwc d · 1_G = d · χ_1 ∈ Ψ_{ZZ} (G).

Orismìc 5.13 Estw p prÿtoc arijmìc, x, x^′ ∈ G kai x = σt = tσ, x^′ = σ^′t = t^′σ^′ oi analÔseic twn x, x^′ se ginìmeno twn p-omalÿn stoiqeÐwn σ, σ^′ kai twn p-idiazìntwn stoiqeÐwn t, t^′, antÐstoiqa.

Ta x, x^′ ja lègontai p-isodÔnama ìtan ta stoiqeÐa σ kai σ^′ eÐnai metaxÔ touc isodÔnama.

Wste: x ∼=_p x^′ ⇐⇒ σ ∼= σ^′ Profanÿc h sqèsh aută eÐnai sqèsh isodunamÐac.

Jeÿrhma 5.14 Estw f ∈ X_R(G) kai ìti gia kĹje σ ∈ G, f(σ) ∈ ZZ. Estw x, x^′ ∈ G tètoia ÿste x ∼=_p x^′. Tìte f(x) ≡ f(x^′)modp.

Apìdeixh: Estw x = σt = tσ, ìpou σ p-omalì, t p-idiĹzwn.

ArkeÐ na apodeÐxoume ìti f(x) ≡ f(σ)modp, diìti apì thn teleutaÐa isodunamÐa prokÔptei amèswc ìti f(x) ≡ f(σ) ≡ f(σ^′) ≡ f(x^′) (mod p). Estw tÿra H :=< x >≤ G kai f|_H = ∑_l j=1 a_j ψ_j me a_j ∈ R kai ψ_j : H → K anĹgwgouc qaraktărec thc H. Estw r ≥ 0 tètoio ÿste t^{pr} = e ⇒ x^{pr} = σ^{pr} . Epomènwc gia kĹje j = 1, 2, · · · , l isqÔei

ψ_j (x^{pr} ) = ψ_j (σ^{pr} ), dhladă gia kĹje j = 1, 2, · · · , l, isqÔei ψ_j (x)^{pr} = ψ_j (σ)^{pr} . Omwc x ∈ H =< x > . Epomènwc f(x)^{pr} = ( ∑ a_jψ_j (x))^{pr} ≡ ∑ a^{pr}_j ψ_j (x)^{pr} (mod pR) ⇒ ⇒ f(x)^{pr} ≡ f(σ)^{pr} (mod pR). Epeidă de f(x), f(σ) ∈ ZZ ⇒ f(x)^{pr} ≡ f(σ)^{pr} modp diìti pZZ = pR ∩ ZZ. Tèloc, epeidă gia kĹje a ∈ ZZ, isqÔei a^p ≡ amodp (jeÿrhma Euler), h teleutaÐa sqèsh dÐnei f(x) ≡ f(σ) (mod p). Jeÿrhma 5.15 An p eÐnai prÿtoc arijmìc kai t ∈ G p-omalì tìte upĹrqei f ∈ Ψ_R(G) me tic parakĹtw idiìthtec: 1. ∀σ ∈ G, f(σ) ∈ ZZ 2. ∀σ ∈ G, σ ≢_p t ⇒ f(σ) = 0 3. f(t)|G kai f(t) ≢ 0 (mod p).

Apìdeixh: Estw T =< t >≤ G kai Z_G(T ) h kentropoioÔsa thc T (dec sel. 147), P ≤ G mia p-upoomĹda thc G tètoia ÿste o p na mhn diaireÐ ton deÐkth [C : P ]. To gegonìc ìti to t eÐnai p-omalì sunepĹgetai ìti o p den diaireÐ thn tĹxh tou t, ord(t) kai to gegonìc ìti h P eÐnai p-omĹda ìti T ∩ P = {e} opìte T P = T × P ≤ G dhladă h T P eÐnai mia p-stoiqeiÿdhc upoomĹda thc G.

Estw φ_1, φ_2, · · · , φ_r : T → K^∗ oi anĹgwgoi qaraktărec thc T (eÐnai ìloi touc prÿtou bajmoÔ, dhladă omomorfismoÐ omĹdwn diìti T =< t > kuklikă). Estw m := ord(t). Tìte φ_1(t), φ_2(t), · · · , φ_r(t) eÐnai ìlec m-rÐzec thc monĹdoc sto K (1 = φ_i(e) = φ_i(t^m) = [φ_i(t)]^m). Apì thn Ĺllh meriĹ mia apeikìnish tou t se mia opoiadăpote m-rÐza thc monĹdoc eÐnai omomorfismìc omĹdwn T → K^∗, dhladă qaraktărac thc T. Sunepÿc r = m = #T. Tÿra, r = m = #T |g = #G ⇒ φ_1(t), φ_2(t), · · · , φ_r(t) ∈ R = ZZ[ζ]. (ζ = ζ_g) Epomènwc gia kĹje ν ∈ N_0 isqÔei: r∑ i=1 φ_i(t)^ν = r, an ν ≡ 0 (mod m) 0, an ν ≢ 0 (mod m) Gia i ∈ {1, 2, · · · , r} èstw ψ_i : T × P → K^∗ h apeikìnish h opoÐa orÐzetai wc exăc:

ψ_i(t^μ · y) := φ_i(t^μ) = φ_i(t)^μ.

Ex orismoÔ oi ψ_i eÐnai qaraktărec prÿtou bajmoÔ thc T × P. Estw tÿra

ψ := r∑ i=1 φ_i(t^{−1})ψ_i : T × P → K kai f := Ind^G_{T ×P} (ψ) = r∑ i=1 φ_i(t^{−1})Ind^G_{T ×P} (ψ_i) ∈ Ψ_R(G). An 0 ≤ ν ≤ μ < m tìte

ψ(t^ν y) = r∑ i=1 φ_i(t^{−1})ψ_i(t^ν y) = r∑ i=1 φ_i(t^{−1})φ_i(t^ν ) =

= r∑ i=1 φ_i(t)^{ν−1} =

0, an ν ≠ 1 r = #T, an ν = 1.

Lìgw tou jewrămatoc 4.30 èpetai ìti gia kĹje σ ∈ G isqÔei: f(σ) = 1 [T × P : 1] · ∑ x∈G, x^{−1}σx∈T ×P ψ(x^{−1}σx) =

= 1 #T · #P · ∑ x∈G, x^{−1}σx∈tP (#T ) = μ(σ) #P , ìpou μ(σ) = #{x ∈ G|x^1 σx ∈ tP }. Estw tÿra x ∈ G tètoio ÿste x^{−1}σx ∈ tP, y ∈ xP. Epomènwc y = xz me z ∈ P kai x^{−1}σx = tw me w ∈ P. UpologÐzoume to y^{−1}σy = z^{−1}x^{−1}σxz = z^{−1}twz = tz^{−1}wz = t(z^{−1}wz) ∈ tP. Sunepÿc to {x ∈ G|x^{−1}σx ∈ tP } apoteleÐ to sÔnolo twn pleurikÿn klĹsewn xP, thc omĹdac P. Ara #xP = #P/μ(σ), opìte f(σ) ∈ ZZ, dhladă apodeÐxame to 1. Estw μ(σ) ≠ 0. Tìte upĹrqei x ∈ G kai y ∈ P tètoia ÿste x^{−1}σx = ty. An σ = σ^′σ^{′′} me σ^′ p-omalì kai σ^{′′} p-idiĹzwn, tìte: x^{−1}σx = (x^{−1}σ^′x)(x^{−1}σ^{′′}x) = ty ìpou to t eÐnai p-omalì kai to y eÐnai p-idiĹzwn. Lìgw tou monosămantou thc parĹstashc èqoume t = x^{−1}σ^′x ∼=_p σ. Sunepÿc, an t ≁=_p σ èpetai ìti μ(σ) = 0 opìte kai f(σ) =^{#μ(σ)}_{#P} = 0, dhladă apodeÐxame thn 2.

An tÿra x^{−1}tx = ty me y ∈ P tìte y = e. Epomènwc μ(t) = #{x ∈ G|x^{−1}tx = t} = #Z_G(T ). Ara f(t) = μ(t) #P = #Z_G(T ) #P = [Z_G(T ) : P ] ≢ 0 (mod p).

Tèloc f(t) = [Z_G(T ) : P ] | [Z_G(T ) : 1] | [Z_G(T ) : 1] ⇒ f(t) | g dhladă h 3.

Jeÿrhma 5.16 An f : G → ZZ mia sunĹrthsh klĹsewn suzugÐac thc G tètoia ÿste gia kĹje σ ∈ G, g|f(σ), tìte f ∈ Ψ_R(G). Apìdeixh: ArkeÐ na apodeÐxoume ìti an Γ ⊂ G mia klĹsh suzugÐac thc G kai f : G → ZZ mia sunĹrthsh klĹsewn suzugÐac thc G kai

f(σ) = f_Γ(σ) := g, an σ ∈ Γ 0, an σ ∉ Γ tìte f ∈ Ψ_R(G).

PrĹgmati, tìte ja eÐqame f = ∑ Γ⊂G f(σ) g f_Γ ∈ Ψ_R(G).

Estw p prÿtoc arijmìc kai p |̸ g, dhladă gia kĹje t ∈ G to t eÐnai p-omalì kai

gia kĹje t, t^′ ∈ G, (t ∼=_p t^′ ⇔ t = t^′).

Estw t ∈ Γ. Apì thn to jeÿrhma 5.15 èpetai ìti upĹrqei f_0 ∈ Ψ_R(G) tètoio ÿste gia kĹje σ ∈ G f_0(σ) ∈ ZZ, f_0|_{G\Γ} = 0, kai f_0(t)|g. Tÿra gia kĹje t^′ ∈ Γ, f_0(t^′) = f_0(t). Epomènwc

f := g f_0(t) f_0 ∈ Ψ_R(G).

Apìdeixh tou jewrămatoc B :

Gia kĹje p prÿto arijmì èstw g = n_pp^{rp} me p na mhn diaireÐ ton n_p. ArkeÐ na apodeÐxoume ìti, gia kĹje p prÿto isqÔei n_p · 1_G ∈ Ψ_R(G) ìpou R = ZZ[ζ]. (to jeÿrhma 5.12 mac dÐnei tìte ìti n_p · 1_G ∈ Ψ_{ZZ} (G).)

PrĹgmati, an {n_p|p prÿtoc} = {n_1, n_2, · · · , n_l} tìte o mègistoc koinìc diairèthc twn n_1, n_2, · · · , n_l eÐnai 1. Epomènwc upĹrqoun k_1, k_2, · · · , k_l ∈ ZZ tètoioi ÿste ∑_l k=1 k_in_i = 1.

Dhladă 1_G = l∑ k=1 k_in_i · 1_G ∈ Ψ_R(G)

opìte apì to jeÿrhma 5.12 sunepĹgetai ìti 1_G ∈ Ψ_{ZZ} (G).

Estw loipìn p prÿtoc arijmìc. Gia kĹje p-klĹsh suzugÐac Γ ⊂ G thc G èstw f_Γ ∈ Ψ_R(G) tètoia ÿste (dec jeÿrhma 5.15) f(σ) ∈ ZZ ∀σ ∈ G f_Γ|_{G−Γ}(σ) = 0 kai f_Γ(t) ≢ 0 (mod p) ∀t ∈ Γ.

OrÐzoume f_0 := ∑ Γ⊂G f_Γ ∈ Ψ_R(G). Tìte gia kĹje σ ∈ G isqÔei f_0(σ) ≢ 0 (mod p). Gia f := f^{(p−1)prp−1} 0 , èqoume:

f(σ) = f^{φ(pr )}_0 (σ) ≡ 1 (mod p^{rp} ), ∀σ ∈ G kai, afoÔ f_0 ∈ Ψ_R(G) èpetai ìti f ∈ Ψ_R(G). Eqoume

n_p · 1_G = n_p(1_G − f) + n_pf ≡ 0 (mod g), diìti g = n_p · p^{rp} .

Epomènwc g|n_p(1_G − f)(σ) gia kĹje σ ∈ G. Apì to jeÿrhma 5.16 èpetai ìti n_p(1_G − f) ∈ ψ_R(G) opìte kai (afoÔ f ∈ Ψ_R(G)), n_p · 1_G ∈ Ψ_R(G).

Sunepÿc apodeÐxame kai to jeÿrhma B kai ètsi èqoume plărh thn apìdeixh tou jewrămatoc tou Brauer.

To teleutaÐo jeÿrhma pou ja apodeÐxoume edÿ eÐnai èna akìmh jeÿrhma tou Brauer, to opoio ìmwc eÐqe apodeiqjeÐ polÔ pio mprostĹ apì ton Aramata (to 1931 − 33).

UpenjumÐzoume apì ta prohgoÔmena ta exăc (K algebrikĹ kleistì kai char(K) = 0) :

1. Estw H ≤ G kai ψ qaraktărac thc H kai èstw ψ^∗ = Ind^G_H o epagÿmenoc qaraktărac thc ψ sthn G. Tìte h pollaplìthta me thn opoÐa emfanÐzetai o 1_H sthn anĹlush tou ψ eÐnai akribÿc h Ðdia me thn pollaplìthta me thn opoÐa emfanÐzetai o 1_G sthn ψ^∗. 2. ρom = Ind^G_{{1}}ρ_0, ρ_0 : {1} → K^∗ me ρ_0(1) = 1.

Epomènwc (kĹti pou eÐdame kai anexĹrthta sto prÿto kefĹlaio), sthn χom h pollaplìthta emfĹnishc thc 1_G eÐnai 1.

JewroÔme tÿra ton qaraktăra χ_G := χom_{,G} − 1_G kai ja apodeÐxoume:

Jeÿrhma 5.17 (Aramata-Brauer) O qaraktărac n · χ_G eÐnai ènac grammikìc sunduasmìc (me fusikoÔc arijmoÔc san suntelestèc) qaraktărwn pou epĹgontai apo qaraktărec prÿtou bajmoÔ kuklikÿn upoomĹdwn thc G. An A mia kuklikă omĹda tĹxewc a, tìte orÐzoume thn sunĹrthsh:

θ_A : A −→ N σ −→ θ_A(σ) = a, an A =< σ > 0, alliÿc Jètoume λ_A := φ(a)χom_{,A} − θ_A (φ h sunĹrthsh tou Euler) kai λ_A := 0, ìtan a = 1. H apìdeixh tou jewrămatoc eÐnai Ĺmesh sunèpeia twn parakĹtw dÔo protĹsewn:

Prìtash 5.18 Estw G peperasmènh omĹda tĹxewc n. Tìte isqÔei ìti: n · χ_G = ∑ Ind^G_Aλ_A, ìpou to Ĺjroisma diatrèqei ìlec tic kuklikèc upoomĹdec thc G.

Apìdeixh: Estw ψ opoiadăpote sunĹrthsh klĹsewn suzugÐac thc G. Tìte < ψ, n · χ_G >_G=< ψ, nχom_{,G} >_G − < ψ, n · 1_G >_G= n · ψ(1) − ∑ σ∈G ψ(σ) (1) Apì thn Ĺllh meriĹ: ∑ A < ψ, Ind^G_Aλ_A >_G= ∑ A < ψ|_A, λ_A >_A= ∑ A < ψ|_A, φ(a)χom_{,A} − θ_A >_A= = ∑ A φ(a) < ψ|_A, χom_{,A} >_A − ∑ A < ψ|_A, θ_A >_A= ∑ A φ(a)ψ(1) − ∑ A 1 a ∑ σ gennătorac thcA aψ(σ) = nψ(1) − ∑ σ∈G ψ(σ) (2). Apì tic sqèseic (1) kai (2) èpetai ìti: < ψ, n · χ_G >_G= ∑ A < ψ, Ind^G_Aλ_A >_G . Epomènwc gia kĹje ψ sunĹrthsh klĹsewn suzugÐac thc G èqoume: n · χ_G = ∑ A Ind^G_Aλ_A. Prìtash 5.19 An A ≠ {1} tìte h sunĹrthsh λ_A eÐnai ènac grammikìc sunduasmìc mhtetrimmènwn qaraktărwn thc A me jetikoÔc akèraiouc suntelestèc.

Apìdeixh: An A kuklikă omĹda tĹxewc prÿtou arijmoÔ tìte h prìtash 5.18 mac dÐnei: n · χ_A = λ_A + λ_{{1}} = λ_A ⇒ λ_A = n · χom_{,A} − n · 1_A pou eÐnai grammikìc sunduasmìc mh tetrimmènwn qaraktărwn thc A me jetikoÔc akeraÐouc suntelestèc, lìgw thc gnwstăc anĹlushc thc omalăc parĹstashc (dec, jeÿrhma 1.39, sel. 30).

Gia na apodeÐxoume ton isqurismì genikĹ arkeÐ na apodeÐxoume ìti oi suntelestèc thc anĹlushc thc λ_A wc proc touc qaraktărec prÿtou bajmoÔ eÐnai akèraioi ≥ 0. Estw ψ qaraktărac thc A bajmoÔ 1. < ψ, λ_A >_A=< ψ, φ(a)χom_{,A} − θ_A >_A= φ(a)ψ(1)− < ψ, θ_A >_A= = φ(a)ψ(1) − ∑ σ gennătorac thcA ψ(σ) = ∑ σ gennătorac thcA (1 − ψ(σ)). To Ĺjroisma ∑ ψ(σ) wc proc ìlouc touc gennătorec thc A eÐnai algebrikìc akèraioc kai sugqrìnwc rhtìc arijmìc. Epomènwc ∑ ψ(σ) ∈ ZZ. Epi plèon an ψ mh-tetrimmènh tìte ìla ta pragmatikĹ mèrh thc 1 − ψ(σ) eÐnai jetikĹ ìtan σ ≠ e kai mhdèn ìtan σ = e. Sunepÿc to ∑ (1−ψ(σ)) ja prèpei na eÐnai jetikìc akèraioc. An ψ = 0 eÐnai o tetrimmènoc qaraktărac, tìte to Ĺjroisma ja eÐnai profanÿc 0 dhladă èqoume to sumpèrasma thc prìtashc.

To jeÿrhma 5.17 èqei thn akìloujh shmantikÿtath efarmogă sthn jewrÐa twn arijmÿn: An L/K eÐnai epèktash tou Galois algebrikÿn swmĹtwn arijmÿn kai ζ_K (s), ζ_L(s) oi ζsunartăseic tou Dedekind autÿn twn swmĹtwn, tìte to phlÐko ζ_L(s)/ζ_K(s) eÐnai akeraÐa (olìmorfh) sunĹrthsh sto C .

Anoiqtă paramènei mèqri sămera h:

EikasÐa 5.20 An L/K epèktash algebrikÿn swmĹtwn arijmÿn tìte to phlÐko ζ_L(s)/ζ_K(s) eÐnai sunĹrthsh olìmorfh sto C .

Gia mia topologikă prosèggish tou jewrămatoc tou Brauer o anagnÿsthc mporeÐ na deÐ to biblÐo tou Victor Snaith, Topological Methods in Galois Representation Theory, John Wiley and Sons 1989 (idiaÐtera endiafèronta eÐnai to KefĹlaio 6 Explicit Brauer Reduction Theory kai to KefĹlaio 7 Applications of Explicit Brauer Induction to Artin Root Numbers and local Root Numbers).

O anagnÿsthc ja mporoÔse epÐshc na sumbouleujeÐ thc ergasÐa twn R.Boltje, V.Snaith, P.Symonds Algebraicisation of explicit Brauer Induction , Journal of Algebra 148, 504 − 527 (1992).

6 ParĹrthma

1. JewrÐa OmĹdwn

1.1 Genikìthtec Ena mh-kenì sÔnolo G efodiasmèno me mia prosetairistikă prĹxh ja lègetai omĹda ìtan upĹrqei èna monadikì stoiqeÐo e ∈ G, to opoÐo ja lègetai to monadiaÐo thc G, tètoio ÿste ge = eg = g gia kĹje g ∈ G kai, epÐ plèon, gia kĹje stoiqeÐo g ∈ G upĹrqei èna monadikì stoiqeÐo g^{−1} ∈ G, to opoÐo ja lègetai antÐstrofo tou g, tètoio ÿste gg^{−1} = g^{−1}g = e.

Ja lème ìti ta stoiqeÐa g_1, g_2 thc G antimetatÐjentai ìtan g_1g_2 = g_2g_1. Pio genikĹ, orÐzoume ton metajèth dÔo stoiqeÐwn g_1, g_2 ∈ G,

[g_1, g_2] := g_1g_2g^{−1}_1 g^{−1}_2 .

Profanÿc dÔo stoiqeÐa g_1, g_2 thc G antimetatÐjentai akribÿc tìte ìtan [g_1, g_2] = e. An ìla ta zeugĹria stoiqeÐwn thc G antimetatÐjentai, tìte ja lème ìti h G eÐnai antimetajetikă (abeliană).

An g èna stoiqeÐo thc G tìte gia n ∈ N me g^n (antÐstoiqa g^{−n} ja sumbolÐzoume to ginìmeno n paragìntwn g · g · g · · · g (antÐstoiqa g^{−1} · g^{−1} · g^{−1} · · · g^{−1}). EpÐshc orÐzoume g^0 = e.

Ja lème ìti to stoiqeÐo g thc G eÐnai peperasmènhc tĹxhc ìtan upĹrqei n ∈ N tètoioc ÿste g^n = e. An g eÐnai peperasmènhc tĹxhc, tìte tĹxh tou g eÐnai o elĹqistoc fusikìc n tètoioc ÿste g^n = e. Mia omĹda ja lègetai peperasmènh ìtan èqei peperasmèno plăjoc stoiqeÐwn. Epeidă mac endiafèroun mìno peperasmènec omĹdec, apì dw kai kĹtw ja upojètoume ìti h G eÐnai pĹntote peperasmènh. To plăjoc twn stoiqeÐwn thc G ja lègetai tĹxh thc omĹdac G kai ja sumbolÐzetai me #G. Ena mh-kenì uposÔnolo H miac omĹdac G ja lègetai upoomĹda thc G an to H apoteleÐ wc proc thn prĹxh thc omĹdac G, omĹda kai ja to sumbolÐzoume H ≤ G. An tÿra H ≤ G, orÐzoume sthn G thn sqèsh

(g_1 ∼ g_2) ⇐⇒ (g^{−1}_2 g_1 ∈ H)

h opoÐa, apodeiknÔetai ìti, eÐnai sqèsh isodunamÐac thc G. H klĹsh isodunamÐac tou g ∈ G eÐnai to sÔnolo gH = {gh|h ∈ H}. To plăjoc twn klĹsewn isodunamÐac lègetai deÐkthc thc H sthn G kai sumbolÐzetai wc exăc [G : H].

• IsqÔei, #G = [G : H] · #H.

An X, Y uposÔnola thc omĹdac G tìte to ginìmeno twn X kai Y orÐzetai san to uposÔnolo X · Y = {xy|x ∈ X, y ∈ Y }. An H, K ≤ G tìte to ginìmeno H · K eÐnai upoomĹda thc G ìtann H · K = K · H. An G peperasmènh omĹda kai H_1, H_2 ≤ G upoomĹdec thc G tìte

#(H_1 · H_2) =

(#H_1) · (#H_2) #(H_1 ∩ H_2) . To sÔnolo H_1gH_2 = {h_1gh_2|h_1 ∈ H_1 kai h_2 ∈ H_2} ja lègetai diplă pleurikă omĹda twn H_1 kai H_2 sthn G. Kai oi diplèc pleurikèc omĹdec, ìpwc kai oi aplèc diamerÐzoun thn omĹda G. Epiplèon isqÔei

#(H_1gH_2) =

(#H_1) · (#H_2) #(H_1 ∩ gH_2g^{−1}) = (#H_1) · (#H_2) #(g^{−1}H_1g ∩ H_2) . An X uposÔnolo thc G me < X > ja sumbolÐzoume thn tomă ìlwn twn upoomĹdwn thc G pou perièqoun to sÔnolo X. An to X = {x} ja grĹfoume < x > antÐ gia < X > . Mia omĹda G ja lègetai kuklikă ìtan G =< g > gia kĹpoio g ∈ G. KĹje tètoio g autì ja lègetai gennătorac thc G.

• An G =< g > kuklikă omĹda tĹxhc n, tìte gia kĹje diairèth d tou n upĹrqei akribÿc mia upoomĹda thc G tĹxewc d kai mĹlista aută eÐnai h < g^nd > .

Mia upoomĹda H thc G ja lègetai analloÐwth (kanonikă) upoomĹda thc G ìtan gHg^{−1} = H gia kĹje g ∈ G kai ja sumbolÐzetai H◁G. An H ≤ G tìte orÐzoume thn kanonikopoioÔsa (normalizer) thc H sthn G, N_G(H) := {g ∈ G|g^{−1}Hg = H} • ApodeiknÔetai ìti H◁N_G(H) kai mĹlista h N_G(H) eÐnai mègisth m’ autăn thn idiìthta.

Epomènwc an H ◁ G tìte kat’ anĹgkh N_G(H) = G.

EpÐshc orÐzoume thn kentropoioÔsa (centralizer) thc H sthn G, Z_G(H) := {g ∈ G|gh = hg, ∀h ∈ H}.

• H Z_G(H) eÐnai upoomĹda thc N_G(H) allĹ h H den eÐnai upoomĹda thc Z_G(H) ektìc ki an h H eÐnai abeliană.

Sthn eidikă perÐptwsh H = G h kentropoioÔsa Z_G(H) := Z(G), lègetai kèntro thc G. DÔo stoiqeÐa a, b ∈ G ja lègontai suzugă ìtan upĹrqei g ∈ G tètoio ÿste gag^{−1} = b. H sqèsh thc suzugÐac twn stoiqeÐwn thc G eÐnai sqèsh isodunamÐac.

DÔo upoomĹdec H_1, H_2 thc G ja lègontai suzugeÐc ìtan upĹrqei g ∈ G tètoio ÿste H_2 = gH_1g^{−1}.

• To plăjoc twn upoomĹdwn thc G pou eÐnai suzugeÐc proc thn H ≤ G eÐnai [G : N_G(H)]. Oi parapĹnw ènnoiec tou kanonikopoihtă kai thc kentropoioÔsac orÐzontai entelÿc anĹloga gia opoiodăpote uposÔnolo A thc G. EidikĹ, an A = {a}, a ∈ G tìte oi dÔo ènnoiec sumpÐptoun, Z_G(a) = N_G(a) = {g ∈ G|gag^{−1} = a}.

• H klĹsh suzugÐac tou a ∈ G eÐnai to sÔnolo C_a := {gag^{−1}|g ∈ G} kai epomènwc

#C_a = [G : Z_G(a)] = [G : N_G(a)].

• An X eÐnai èna plărec sÔsthma antiprosÿpwn twn klĹsewn suzugÐac stoiqeÐwn thc G tìte:

#G = #Z(G) + ∑ a∈X,a∉Z(G) [G : Z_G(a)].

1.2 OmomorfismoÐ kai jewrămata isomorfÐac Estw G kai G^′ dÔo omĹdec. Enac omomorfismìc thc G sthn G^′ eÐnai mia apeikìnish φ : G → G^′ tètoia ÿste φ(g_1g_2) = φ(g_1)φ(g_2) gia ìla ta g_1, g_2 ∈ G. An φ omomorfismìc tìte φ(e) = e kai φ(x^{−1}) = φ(x)^{−1}. O tetrimmènoc omomorfismìc thc G sthn G^′ eÐnai autìc pou stèlnei ìla ta stoiqeÐa thc G sto monadiaÐo thc G^′. An h φ eÐnai kai epÐ tìte ja lègetai epimorfismìc, an h φ eÐnai kai èna proc èna tìte ja lègetai monomorfismìc. An eÐnai epÐ kai èna proc èna tìte ja lègetai isomorfismìc. H φ : G → G tìte lègetai endomorfismìc thc G kai an eÐnai isomorfismìc ja lègetai automorfismìc thc G. DÔo omĹdec G kai G^′ ja lègontai isìmorfec akribÿc tìte ìtan upĹrqei isomorfismìc φ : G → G^′. H ènnoia tou isomorfismoÔ omĹdwn eÐnai mia sqèsh isodunamÐac.

An φ : G → G^′ omomorfismìc omĹdwn, tìte orÐzoume ton purăna thc φ kerφ = {g ∈ G|φ(g) = e^′} kai thn eikìna thc φ imφ = {g^′ ∈ G^′|∃g ∈ G t.w φ(g) = g^′}. EpalhjeÔetai amèswc ìti kerφ ◁ G kai ìti imφ ≤ G^′.

• Prÿto jeÿrhma isomorfÐac

An φ : G → G^′ omomorfismìc omĹdwn tìte G/kerφ ∼= imφ.

• DeÔtero jeÿrhma isomorfÐac

An N ◁ G kai H ≤ G tìte H · N/N ∼= H/H ∩ N.

• TrÐto jeÿrhma isomorfÐac An H ◁ G , K ◁ G kai K ≤ H, tìte G/H ∼= (G/K)/(H/K).

1.3 H summetrikă omĹda S_n Estw X èna sÔnolo. KĹje amfimonosămanth (èna proc èna kai epÐ) apeikìnish tou X sto X ja lègetai mia metĹjesh tou X. To sÔnolo twn metajèsewn tou X ja to sumbolÐzoume me S_X . To S_X apoteleÐ omĹda me prĹxh thn sÔnjesh sunartăsewn.

An tÿra X = {1, 2, · · · , n} gia kĹpoio fusikì arijmì n ∈ N tìte h omĹda aută ja lègetai summetrikă omĹda bajmoÔ n kai ja sumbolÐzetai me S_n. Profanÿc h S_n eÐnai peperasmènh, tĹxhc n!. Ena stoiqeÐo α thc S_n ja lègetai kÔkloc măkouc r an upĹrqoun diakekrimènoi akèraioi 1 ≤ a_1, · · · , a_r ≤ n tètoioi ÿste α(a_i) = a_{i+1} gia ìla ta i, 1 ≤ i ≤ r α(a_r) = a_1 kai α(b) = b gia ìla ta b, 1 ≤ b ≤ n pou eÐnai diaforetikĹ twn a_i. Enan tètoio kÔklo ton grĹfoume sthn morfă α = (a_1a_2 · · · a_r). FusikĹ ènac tètoioc kÔkloc mporeÐ na grafeÐ katĹ r diaforetikoÔc trìpouc. Ja lème akìmh ìti o kÔkloc α metakineÐ ta a_i kai afănei stajerĹ ta b. DÔo kÔkloi ja lègontai xènoi metaxÔ touc ìtan den upĹrqei arijmìc pou na metakineÐtai kai apì touc duo kÔklouc. To ginìmeno dÔo kÔklwn (a_1 · · · a_r) kai (b_1 · · · b_s) grĹfetai (a_1 · · · a_r)(b_1 · · · b_s). An α_i = b_j tìte to ginìmeno metakineÐ (stèlnei) to b_{j−1} sto a_{i+1}.

• KĹje stoiqeÐo thc S_n grĹfetai san ginìmeno kÔklwn xènwn metaxÔ touc.

Mia tètoia parĹstash thc metĹjeshc ja lègetai mia xènh anĹlush se kÔklouc. An èqoume dÔo tètoiec analÔseic miac dojeÐshc metĹjeshc tìte autèc ja prèpei na èqoun kat’ anĹgkh touc Ðdiouc kÔklouc allĹ pijanìn me kĹpoia diaforetikă tĹxh. Epomènwc se kĹje metĹjesh tou S_n mporoÔme na antistoiqÐsoume mia diamèrish tou n, aută twn mhkÿn twn kÔklwn pou emfanÐzontai sthn anĹlush thc metĹjeshc autăc. H diamèrish aută lègetai domă kÔklwn thc α. Sunăjwc paraleÐpoume touc 1-kÔklouc sthn anĹlush miac metĹjeshc α.

• Gia opoiodăpote n ∈ N, dÔo stoiqeÐa thc S_n eÐnai suzugă akribÿc tìte ìtan èqoun thn Ðdia domă kÔklwn.

Oi 2-kÔkloi lègontai kai antimetajèseic. KĹje stoiqeÐo thc S_n grĹfetai san ginìmeno antimetajèsewn, ìqi kat’ anĹgkh xènwn metaxÔ touc, katĹ polloÔc diaforetikoÔc trìpouc. ParĹ taÔta, mporeÐ na apodeiqjeÐ ìti o arijmìc twn antimetajèsewn modulo 2 paramènei pĹntote o Ðdioc. Epomènwc mia metĹjesh ja lègetai Ĺrtia (perittă) ìtan grĹfetai san ginìmeno antimetajèsewn Ĺrtiou (perittoÔ) plăjouc. EÔkola faÐnetai ìti to sÔnolo twn Ĺrtiwn metajèsewn apoteleÐ kanonikă upoomĹda thc S_n h opoÐa ja lègetai analloÐwth omĹda bajmoÔ n kai ja sumbolÐzetai me A_n.

1.4 DrĹsh omĹdac se sÔnolo kai ta jewrămata tou Sylow Estw G omĹda kai X sÔnolo. Mia (aristeră) drĹsh thc G sto X ja eÐnai, ex orismoÔ, mia apeikìnish G × X −→ X (g, x) −→ gx tètoia ÿste ex = x gia kĹje x ∈ X kai g_1(g_2x) = (g_1g_2)x gia kĹje g_1, g_2 ∈ G kai x ∈ X.

• UpĹrqei mia fusikă amfimonosămanth antistoiqÐa metaxÔ tou sunìlou twn drĹsewn thc miac omĹdac G se èna sÔnolo X kai tou sunìlou twn omomorfismÿn thc G sthn S_X . An h G dra sto, mh-kenì sÔnolo, X, tìte orÐzoume mia sqèsh isodunamÐac metaxÔ twn stoiqeÐwn tou X. An loipìn x_1, x_2 ∈ X tìte x_1 ∼ x_2 tìte kai mìnon tìte ìtan upĹrqei g ∈ G tètoio ÿste x_2 = gx_1. H klĹsh isodunamÐac tou x ja lègetai troqiĹ tou x, K_x = {gx|g ∈ G}. An h G dra sto X kai èqoume mia mìno troqiĹ, tìte to X ja lègetai omogenăc qÿroc. S’ aută thn perÐptwsh lème kai ìti h G dra metabatikĹ epÐ tou X. To sÔnolo H_x = {g ∈ G|gx = x} eÐnai upoomĹda thc G kai lègetai omĹda eustajeÐac tou x ∈ X. • IsqÔei #K_x = [G : H_x].

• Jeÿrhma tou Cayley

Estw G = {g_1, g_2, · · · , g_n} mia peperasmènh omĹda. Gia kĹje g ∈ G èstw gg_i = g_{τ (g)(i)} (h τ(g)(i) eÐnai mia metĹjesh tou sunìlou {1, 2, · · · , n}). IsqÔoun ta exăc:

(i) H G −→ S_n g −→ τ(g) eÐnai monomorfismìc omĹdwn.

(ii) H τ(G) ≤ S_n dra metabatikĹ sto sÔnolo {1, 2, · · · , n}.

(iii) Gia kĹje g ≠ 1 h τ(g) dra sto sÔnolo {1, 2, · · · , n} qwrÐc na afănei kanèna stoiqeÐo tou stajerì, dhladă τ(g)(i) ≠ i gia kĹje i = 1, 2, · · · , n.

Opwc èqoume ădh upojèsei, h omĹda mac G eÐnai pĹntote peperasmènh. Estw tÿra p ènac prÿtoc arijmìc tètoioc ÿste p|#G. Ena stoiqeÐo g ∈ G ja lègetai p-stoiqeÐo ìtan h tĹxh tou eÐnai dÔnamh tou p. Mia omĹda ja lègetai p-omĹda ìtan h tĹxh thc eÐnai dÔnamh tou p. Mia upoomĹda H ≤ G ja lègetai p-upoomĹda thc G ìtan h tĹxh thc H eÐnai dÔnamh tou p. KĹje stoiqeÐo miac p-omĹdac eÐnai p-stoiqeÐo. To jemeliÿdec jeÿrhma twn peperasmènwn abelianÿn omĹdwn:

• KĹje peperasmènh abeliană omĹda eÐnai eujÔ ginìmeno kuklikÿn p-omĹdwn autăc. Mia upoomĹda H ≤ G ja lègetai Sylow p-upoomĹda thc G ìtan èqei tĹxh #H = p^r, ìpou #G = p^r · m kai p |̸ m. Mia upoomĹda thc G ja lègetai Sylow upoomĹda thc G ìtan eÐnai Sylow p-upoomĹda gia kĹpoio prÿto diairèth p tou #G.

Ta akìlouja apotelèsmata eÐnai jemeliÿdh gia thn melèth twn peperamènwn omĹdwn.

• Jewrămata tou Sylow (i) H G èqei toulĹqisto mia Sylow p-upoomĹda, gia kĹje p|#G. (ii) Olec oi Sylow p-upoomĹdec eÐnai metaxÔ touc suzugeÐc. (iii) KĹje p-upoomĹda thc G perièqetai se mia Sylow p-upoomĹda thc. (iv) To plăjoc twn Sylow p-upoomĹdwn thc G eÐnai isodÔnamo proc to 1modp kai diaireÐ to m =^{#G}_{pr} , (ìpou p |̸ m).

Amesh sunèpeia twn jewrhmĹtwn tou Sylow eÐnai to • Jeÿrhma tou Cauchy

H G èqei pĹnta èna stoiqeÐo tĹxhc p. 1.5 EpilÔsimec omĹdec Mia omĹda G ja lègetai aplă, ìtan oi mìnec kanonikèc upoomĹdec thc eÐnai h {e} kai h G. Kat’ arqăn orÐzoume thn omĹda metajetÿn miac omĹdac G, san thn upoomĹda thc pou parĹgetai apì touc metajètec twn stoiqeÐwn thc, dhladă [G, G] =< {[g_1, g_2]|g_1, g_2 ∈ G} > . Gia kĹje fusikì arijmì n ≥ 3 h omĹda metajetÿn thc S_n eÐnai h A_n. H [G, G] eÐnai kanonikă upoomĹda thc G kai mĹlista me thn idiìthta:

• An N ◁ G tìte G/N abeliană tìte kai mìno tìte ìtan [G, G] ≤ N.

MporoÔme sthn sunèqeia na dhmiourgăsoume mia akoloujÐa upoomĹdwn thc G : M^0(G) = G, M^1(G) = [G, G], M^2(G) = [M^1(G), M^2(G)], · · · , M^n(G) = [M^{n−1}(G), M^{n−1}(G)], · · · SqhmatÐzoume kat’ autìn ton trìpo mia akoloujÐa upoomĹdwn G = M^0(G) ▷ M^1(G) ▷ · · · ▷ M^n(G) ▷ · · · upoomĹdwn thc G kĹje mia thc opoÐac eÐnai analloÐwtoc thc prohgoÔmenhc kai M^n(G)/M^{n−1}(G) eÐnai abeliană.

Mia (n + 1)-Ĺda (G_0, G_1, · · · , G_n) thc G ja lègetai kanonikă seirĹ (măkouc n) thc G ìtan:

(i) G = G_0 ≥ G_1 ≥ · · · ≥ G_n = {e} (ii) G_{i+1} ≤ G_i gia kĹje i, 0 ≤ i ≤ n − 1.

Oi omĹdec phlÐkwn G_i/G_{i+1} lègontai parĹgontec thc seirĹc.

• H Ôparxh kanonikăc seirĹc me abelianoÔc parĹgontec miac omĹdac G eÐnai isodÔnamh me thn Ôparxh fusikoÔ arijmoÔ n ∈ N tètoiou ÿste: M^n(G) = {e}.

H omĹda G ja lègetai epilÔsimh ìtan èqei kanonikă seirĹ me abelianoÔc parĹgontec. • An G epilÔsimh kai H ≤ G, tìte kai h H eÐnai epilÔsimh. • An G epilÔsimh kai N ◁ G tìte kai h G/N eÐnai epilÔsimh.

• An N ◁ G kai tìso h N ìso kai h G/N eÐnai epilÔsimec tìte kai h G eÐnai epilÔsimh. • An h G èqei mia kanonikă seirĹ tìte aută eÐnai epilÔsimh akribÿc tìte ìtan ìloi oi (abelianoÐ) thc parĹgontec èqoun tĹxh prÿto arijmì. Amesh sunèpeia thc teleutaÐac prìtashc eÐnai:

• KĹje peperamènh p-omĹda eÐnai epilÔsimh.

ShmeÐwsh ApodeÐxeic twn protĹsewn jewrÐac omĹdwn pou anafèrontai mporeÐ na breÐ o endiaferìmenoc anagnÿsthc se kĹje, sqedìn, biblÐo jewrÐac omĹdwn. IdiaÐtera je sunistoÔsame to biblÐo twn Alperin kai Bell (dec, bibliografÐa)

2. DianusmatikoÐ qÿroi Estw K èna sÿma kai V ènac K-dianusmatikìc qÿroc o opoÐoc eÐnai sugqrìnwc kai daktÔlioc me monadiaÐo. An gia kĹje v, w ∈ V kai kĹje a ∈ K isqÔei: (av)w = a(vw) = v(aw) tìte lème ìti o V eÐnai mia K-Ĺlgebra.

Estw tÿra V kai W dÔo K-dianusmatikoÐ qÿroi peperasmènhc diĹstashc. To sÔnolo twn K-omomorfismÿn tou V ston W gÐnetai katĹ fusiologikì trìpo ènac K-dianusmatikìc qÿroc o opoÐoc ja sumbolÐzetai me: Hom_K (V, W ).

Sthn eidikă perÐptwsh pou V = W o K-dianusmatikìc qÿroc End_K (V ) := Hom_K (V, V ) eÐnai kai daktÔlioc me monadiaÐo me prĹxh thn sÔnjesh endomorfismÿn kai mĹlista mia K-Ĺlgebra.

H omĹda twn monĹdwn tou daktulÐou End_K (V ) tautÐzetai me thn omĹda twn K-automorfismÿn tou V kai ja sumbolÐzetai me GL(V ).

Estw tÿra ìti dim_K V = m kai dim_K W = n. Tìte o K-dianusmatikìc qÿroc Hom_K (V, W ) eÐnai isìmorfoc proc ton K-dianusmatikì qÿro twn n×m-pinĹkwn M_{n,m}(K). H isomorfÐa aută dÐnetai wc exăc:

Estw v = (v_1, v_2, · · · , v_m) kai w = (w_1, w_2, · · · , w_n) opoiesdăpote bĹseic twn V kai W antÐstoiqa. O isomorfismìc dÐnetai apì thn:

Φ_{v,w} : Hom_K (V, W )^{∼=}−→ M_{n,m}(K) f −→ A(f) = [a_{ij} ]_{i=1,2,···,n,j=1,2,···,m} ,

ìpou f(v_j) = ∑_n i=1 a_{ij} w_i. Estw tÿra U, V, W treÐc K-dianusmatikoÐ qÿroi peperasmènhc diĹstashc kai oi K-omomorfismoÐ g : U → V kai f : V → W. An u, v, w eÐnai bĹseic twn U, V, W antÐstoiqa, tìte isqÔei: Φ_{u,w}(f ∘ g) = Φ_{v,w}(f) · ϕ_{u,v}(g) An pĹli V = W me dim_K V = n, tìte h parapĹnw apeikìnish Φ_{v,v} : End_K (V ) −→ M_n(K) eÐnai ìqi mìno isomorfismìc K-dianusmatikÿn qÿrwn allĹ kai daktulÐwn kai mĹlista isomorfismìc K-algebrÿn. Epomènwc h omĹda twn monĹdwn tou End_K (V ) apeikonÐzetai isìmorfa sthn monĹda twn monĹdwn tou daktulÐou twn n × n pinĹkwn M_n(K), GL_n(K), dhladă h Φ_v :

Φ_v : GL(V )^{∼=}−→ GL_n(K) eÐnai isomorfismìc omĹdwn.

3. JewrÐa tou Galois 3.1 Genikìthtec Estw K sÿma. An upĹrqei fusikìc arijmìc n tètoioc ÿste na = 0 gia kĹje a ∈ K tìte o elĹqistoc fusikìc arijmìc m’ aută thn idiìthta, o opoÐoc kat’ anĹgkh ja eÐnai prÿtoc arijmìc, ja lègetai qarakthristikă tou sÿmatoc K. An den upĹrqei tètoioc fusikìc arijmìc ja lème ìti to sÿma eÐnai qarakthristikăc mhdèn. KĹje sÿma qarakthristikăc mhdèn perièqei (isìmorfa) to sÿma twn rhtÿn arijmÿn Q enÿ kĹje sÿma qarakthristikăc p (p prÿtoc arijmìc) perièqei san upìswma to peperasmèno sÿma twn p-stoiqeÐwn F_p .

An to sÿma L perièqei san upìswma to sÿma K tìte ja lème ìti to L eÐnai epèktash tou K kai ja to sumbolÐzoume L/K. An to sÿma L eÐnai epèktash tou sÿmatoc K tìte to L eÐnai ènac K-dianusmatikìc qÿroc. Thn diĹstash tou L san K-dianusmatikì qÿro ja thn lème bajmì thc epèktashc L/K.

DÐnetai mia epèktash L/K. Ena stoiqeÐo a tou L ja lègetai algebrikì wc proc to K ìtan upĹrqei poluÿnumo f(x) ≠ 0 me suntelestèc apì to sÿma K to opoÐo na èqei to a san rÐza. H epèktash L/K ja lègetai algebrikă ìtan kĹje stoiqeÐo a tou L eÐnai algebrikì wc proc to K.

• KĹje peperasmènh (peperasmènou bajmoÔ ) epèktash L/K eÐnai, kat’ anĹgkh, algebrikă.

An tÿra L/K mia epèktash swmĹtwn kai a_1, a_2, · · · , a_n ∈ L me K(a_1, a_2, · · · , a_n) ja sumbolÐzoume to elĹqisto upìswma pou perièqei to K kai ta a_1, a_2, · · · , a_n. Ja lème ìti eÐnai to sÿma pou prokÔptei apì K me episÔnayh twn a_1, a_2, · · · , a_n.

• An ta stoiqeÐa a_1, a_2, · · · , a_n tou L eÐnai algebrikĹ stoiqeÐa wc proc to K tìte to K(a_1, a_2, · · · , a_n) = {f(a_1, a_2, · · · , a_n)|f(X_1, X_2, · · · , X_n) ∈ K[X_1, X_2, · · · , X_n]}

• An L mia epèktash tou sÿmatoc K kai a èna algebrikì stoiqeÐo wc proc to K, tìte isqÔei [K(a) : K] = degIrr(a, K), ìpou Irr(a, K) to anĹgwgo poluÿnumo tou a wc proc to K.

Mia epèktash L/K ja lègetai sÿma analÔsewc tou poluwnÔmou f(X) ∈ K[X] wc proc to K, an to f(X) analÔetai plărwc ston daktÔlio L[X], dhladă an

f(X) = α(X − a_1)(X − a_2) · · · (X − a_n)

kai epiplèon isqÔei L = K(a_1, a_2, · · · , a_n).

• Gia kĹje poluÿnumo f(X) me suntelestèc apì èna sÿma K upĹrqei èna sÿma analÔsewc tou f(X) wc proc to K kai mĹlista eÐnai (modulo isomorfÐa) monadikì.

H epèktash L/K ja lègetai epèktash tou Galois ìtan upĹrqei mia peperasmènh omĹda automorfismÿn tou L pou èqei san sÿma stajerÿn stoiqeÐwn to K. (Sÿma stajerÿn stoiqeÐwn miac omĹdac automorfismÿn enìc sÿmatoc L eÐnai ta upìswma tou L tou opoÐou ta stoiqeÐa paramènoun stajerĹ wc proc ìla ta stoiqeÐa thc omĹdac.)

• An L/K epèktash tou Galois kai G(L/K) h omĹda tou Galois thc epèktashc autăc, tìte upĹrqei ènac antiisomorfismìc metaxÔ twn upoomĹdwn thc G kai twn endiĹmeswn swmĹtwn F, K ⊆ F ⊆ L. • An L/K epèktash tou Galois kai F sÿma, K ⊆ F ⊆ L tìte h L/F eÐnai pĹntote epèktash tou Galois enÿ h F/K eÐnai epèktash tou Galois akribÿc tìte ìtan h omĹda H twn stajerÿn stoiqeÐwn tou F eÐnai kanonikă upoomĹda thc G.

Ena poluÿnumo f(X) me suntelestèc apì to sÿma K ja lègetai diaqwrÐsimo wc proc to K ìtan upĹrqei mia epèktash L tou K tètoia ÿste kĹje anĹgwgoc parĹgontac tou f(X) ston daktÔlio K[X] analÔetai ston daktÔlio L[X] se ginìmeno diafìrwn metaxÔ touc paragìntwn prÿtou bajmoÔ.

• H epèktash L/K eÐnai epèktash tou Galois akribÿc tìte ìtan to L eÐnai sÿma analÔsewc enìc diaqwrisÐmou wc proc to K poluwnÔmou f(X) ∈ K[X]. Mia epèktash L tou sÿmatoc K ja lègetai kanonikă epèktash tou K an eÐnai algebrikă kai epÐ plèon kĹje anĹgwgo poluÿnumo me suntelestèc apì to sÿma K to opoÐo èqei mia rÐza sto L, èqei ìlec tou tic rÐzec sto L.

• H epèktash L/K eÐnai kanonikă epèktash tou K akribÿc tìte ìtan to L eÐnai sÿma analÔsewc wc proc to K kĹpoiou poluwnÔmou f(X) ∈ K[X] (Sunepÿc kĹje epèktash tou Galois eÐnai kanonikă).

Ena stoiqeÐo a thc epektĹshc L tou sÿmatoc K ja kaleÐtai diaqwrÐsimo wc proc to K ìtan upĹrqei èna diaqwrÐsimo wc proc to K poluÿnumo f(X) ∈ K[X] tou opoÐou to a eÐnai rÐza. H epèktash L/K ja lègetai diaqwrÐsimh, an kĹje stoiqeÐo tou L eÐnai diaqwrÐsimo wc upèr to K.

• KĹje algebrikă epèktash L tou sÿmatoc K qarakthristikăc mhdèn eÐnai diaqwrÐsimh wc proc to K.

• KĹje epèktash tou Galois L tou sÿmatoc K eÐnai diaqwrÐsimh wc proc to K.

• An L eÐnai mia peperasmènh kai kanonikă epèktash tou sÿmatoc K qarakthristikăc mhdèn tìte h epèktash L/K eÐnai epèktash tou Galois.

H epèktash L tou sÿmatoc K ja lègetai aplă ìtan upĹrqei èna stoiqeÐo θ ∈ L tètoio ÿste L = K(θ). An to θ eÐnai algebrikì wc proc to K tìte h epèktash L/K ja lègetai aplă algebrikă.

• KĹje peperasmènh kai diaqwrÐsimh epèktash L tou sÿmatoc K eÐnai aplă algebrikă kai, epomènwc, kĹje pepersmènh epèktash L tou sÿmatoc K qarakthristikăc mhdèn eÐnai aplă algebrikă.

3.2 Oi rÐzec thc monĹdac Estw K sÿma, n ènac fusikìc arijmìc kai to poluÿnumo X^n − 1 ∈ K[X]. Oi rÐzec tou poluwnÔmou autoÔ se mia epèktash tou sÿmatoc K ja lègontai rÐzec thc monĹdac. Ena sÿma analÔsewc L tou poluwnÔmou X^n − 1 wc proc to K lègetai sÿma twn nrizÿn thc monĹdac. An K = Q tìte to L lègetai n-ostì kuklotomikì sÿma.

• An h qarakthristikă tou sÿmatoc K eÐnai mhdèn ă chK |̸ n tìte oi rÐzec ζ_1, ζ_2 · · · , ζ_n tou poluwnÔmou X^n − 1 ∈ K[X] se èna sÿma analÔsewc L tou X^n − 1 wc proc to K apoteloÔn kuklikă pollaplasiastikă omĹda.

Mia n-rÐza thc monĹdac thc opoÐac h tĹxh eÐnai akribÿc n (gennătorac thc omĹdac) lègetai prwtarqikă n-rÐza thc monĹdac. EÐnai gnwstì (dec parĹrthma jewrÐac omĹdwn) ìti an ζ prwtarqikă n-rÐza thc monĹdac tìte h dÔnamh ζ^λ (λ = 1, 2, · · · , n − 1) eÐnai prwtarqikă nrÐza thc monĹdac akribÿc tìte ìtan oi arijmoÐ λ, n eÐnai prÿtoi metaxÔ touc. To plăjoc twn prwtarqikÿn n-rizÿn thc monĹdac eÐnai Ðso me to plăjoc twn prÿtwn klĹsewn upoloÐpwn modn kai dÐnetai apì thn gnwstă, apì thn stoiqeiÿdh arijmojewrÐa, sunĹrthsh tou Euler φ(n). An tÿra ζ mia prwtarqikă n-rÐza thc monĹdac w proc to sÿma K tìte to poluÿnumo

Φ_n(X) = ∏ 0<λ<n,(λ,n)=1 (X − ζ^λ) ∈ K[X]

èqei bajmì φ(n).

• An h qarakthristikă tou sÿmatoc K eÐnai mhdèn tote to Φ_n(X) èqei akèraiouc suntelestèc me suntelestă megalÔterhc dÔnamhc tou X èna kai eÐnai anĹgwgo ston daktÔlio K[X].

• An K sÿma qarakthristikăc mhdèn ă chk |̸ n kai L èna sÿma analÔsewc wc proc to K tou poluwnÔmou X^n − 1 ∈ K[X] kai ζ mia prwtarqikă n-rÐza thc monĹdac sto L, tìte

(i) L = K(ζ).

(ii) H epèktash K(ζ)/K eÐnai epèktash tou Galois.

(iii) H omĹda Galois thc epektĹsewc K(ζ)/K eÐnai isìmorfh proc mia upoomĹda thc omĹdac twn prÿtwn klĹsewn upoloÐpwn modulo n.

(iv) O [K(ζ) : K] diaireÐ to φ(n).

Amesh sunèpeia tou teleutaÐou jewrămatoc eÐnai h prìtash:

• An ζ mia prwtarqikă n-rÐza tou poluwnÔmou X^n − 1 ∈ Q[X] tìte [Q(ζ) : Q] = φ(n) kai h omĹda Galois thc epektĹsewc Q(ζ)/Q eÐnai isìmorfh proc thn omĹda twn prÿtwn klĹsewn upoloÐpwn modulo n (h omĹda twn antistrèyimwn stoiqeÐwn (monĹdwn) tou daktulÐou ZZ/nZZ)

ShmeÐwsh: BiblÐo jewrÐac Galois ja sunistoÔsame to biblÐo tou K. LĹkkh, Algebra.

4. Akèraioi AlgebrikoÐ 4.1 Akeraiìthta Enac migadikìc arijmìc α ja lègetai akèraioc algebrikìc ìtan upĹrqei èna poluÿnumo f(X) me suntelestèc akeraÐouc kai suntelestă tou megistobajmÐou ìrou tou èna, tètoio ÿste f(α) = 0.

• O migadikìc arijmìc α eÐnai akèraioc algebrikìc akribÿc tìte ìtan h prosjetikă omĹda (ă ZZ-module!) pou parĹgetai apì tic dunĹmeic tou α, 1, α, α^2, · · · eÐnai peperasmèna paragìmenh.

• To sÔnolo ìlwn twn algebrikÿn arijmÿn Q̃ apoteleÐ upìswma tou sÿmatoc twn migadikÿn arijmÿn. To sÔnolo ìlwn twn akeraÐwn algebrikÿn Z̃Z apoteleÐ upodaktÔlio tou sÿmatoc Q̃ .

• O algebrikìc arijmìc α ∈ Q̃ eÐnai akèraioc algebrikìc arijmìc akribÿc tìte ìtan to anĹgwgo poluÿnumo tou α wc proc to Q èqei suntelestèc sto ZZ. Epomènwc Q ∩ Z̃Z = ZZ. 4.2 Norm kai Ðqnoc Ena sÿma K (K ⊆ C ) ja lègetai algebrikì sÿma arijmÿn ìtan h epèktash K/Q eÐnai peperasmènh. Epomènwc an K algebrikì sÿma arijmÿn tìte h epèktash K/Q ja eÐnai algebrikă kai, epeidă charQ = 0, ja eÐnai kai diaqwrÐsimh.

H epèktash K/Q eÐnai peperasmènh kai diaqwrÐsimh. Ara eÐnai aplă, dhladă upĹrqei èna stoiqeÐo θ ∈ K tètoio ÿste K = Q (θ). AfoÔ θ diaqwrÐsimo upèr to Q èpetai ìti to anĹgwgo poluÿnumo tou θ upèr to Q èqei ìlec tic rÐzec tou aplèc.

An Q̃ eÐnai to sÿma ìlwn twn algebrikÿn arijmÿn (h algebrikă jăkh tou Q sto C ) tìte profanÿc K ⊆ Q̃ .

KĹje monomorfismìc swmĹtwn σ : K → Q̃ tètoioc ÿste o periorismìc tou sto Q na eÐnai tautìthta sto Q ja lègetai emfÔteush thc K/Q (sto Q̃ ).

• UpĹrqoun n akribÿc n := [K : Q ] emfuteÔseic thc K/Q sto Q̃ . Oi eikìnec enìc stoiqeÐou α tou K mèsw twn emfuteÔsewn thc K/Q lègontai suzugă stoiqeÐa tou α.

To sÔnolo B = {1, θ, · · · , θ^{n−1}} eÐnai mia bĹsh thc epèktashc K/Q. An loipìn α ∈ L tìte upĹrqoun a_{ji} ∈ Q (i, j = 1, 2, · · · , n) tètoioi ÿste αθ^i = n−1∑ j=0 α_{ji}θ^j (i = 1, 2, · · · , n).

O pÐnakac A(α) := (a_{ji}) ∈ M_n(Q) ja lègetai pÐnakac parĹstashc tou α.

Norm tou α wc proc thn epèktash K/Q orÐzetai na eÐnai h timă thc orÐzousac tou A(α), N_{K/Q} (α) := detA(α). San Ðqnoc tou α wc proc thn epèktash K/Q orÐzetai to Ðqnoc tou pÐnaka A(α).

• Profanÿc N_{K/Q} (α) ∈ Q kai mĹlista N_{K/Q} (α) = 0 ⇐⇒ α = 0.

Epeidă epÐ plèon h norm eÐnai kai pollaplasiastikă, èpetai ìti h apeikìnish N_{K/Q} : K^∗ −→ Q^∗ eÐnai omomorfismìc omĹdwn. An α ∈ K tìte N_{K/Q} (α) = ∏_n i=1 σ_i(α) ìpou σ_i oi emfuteÔeic thc K/Q sto Q̃ .

ShmeÐwsh: Edÿ ja sunistoÔsame ston endiaferìmeno anagnÿsth tic shmeiÿseic tou suggrafèa tou parìntoc biblÐou me tÐtlo {Algebrikă JewrÐa Arijmÿn I}.

7 BibliografÐa

A. BiblÐa

[A-B ] Alperin J. L., Bell R. B., Groups and Representations, Springer-Verlag, New York 1995.

Ena jaumĹsio katĹ th gnÿmh mou biblÐo. ParĹ to ìti eÐnai metaptuqiakoÔ epipèdou ja mporoÔse, na diabasteÐ kai apì proptuqiakoÔc foithtèc. Diafèrei apì ìla ta biblÐa jewrÐac parastĹsewn katĹ to ìti shmantikì mèroc tou biblÐou kalÔptetai apì thn jewrÐa omĹdwn kai sthn sunèqeia asqoleÐtai me jewrÐa parastĹsewn.

[Buh ] Buhler J. P., Icosahedral Galois Representations, LNM 654, Springer-Verlag, Berlin 1978.

Shmantikă douleiĹ se mia perioqă thc jewrÐac arijmÿn.

[Bur ] Burrow M., Representation Theory of Finite Groups, Academic Press, New York 1965.

[Co ] Collins M. J., Representations and characters of Finite Groups, Cambridge University Press, Cambridge 1990.

[C-R 1 ] Curtis C. W., Reiner Ir., Methods of Representation Theory with applications to finite Groups and Orders, Volume I, II, John Wiley and Sons, New York 1981.

To pio periektikì biblÐo jewrÐac parastĹsewn. KalÔptei thn anĹptuxh thc jewrÐac mèqri to ètoc èkdosăc tou.

[C-R 2 ] Curtis C. W., Reiner Ir., Representation Theory of Finite Groups and Associative Algebras, John Wiley and Sons, New York 1962. PĹra polÔ kalogrammèno periektikì kai autotelèc biblÐo. Perièqei sqedìn ìlec tic gnÿseic sth jewrÐa parastĹsewn mèqri thn epoqă thc èkdosăc tou. Gia dekaetÐec ătan to kÔrio biblÐo anaforĹc twn eidikÿn sthn perioqă.

[Dor ] Dornhoff L., Group Representation Theory, Part A, Ordinary Representation Theory, Marcell Dekker, New York, 1971. PĹra polÔ kalì kai periektikì biblÐo (upĹrqei kai Part B) grammèno se kĹpwc sunoptikì trìpo. MetaptuqiakoÔ epipèdou.

[Fe1 ] Feit W., Characters of Finite Groups, Benjamin W. A., New York 1967. [Fe2 ] Feit W., The Representation Theory of Finite Groups,

North-Holland, Amsterdam 1982.

[F-H ] Fulton W., Harris J., Representation Theory, A First Course,

Springer Verlag, New York 1991. AqoleÐtai me thn jewrÐa twn parastĹsewn (peperasmènhc diĹstashc) omĹdwn kai algebrÿn Lie. ArketĹ periektikì biblÐo metaptuqiakoÔ epipèdou.

[Go ] Gorenstein D., Finite Groups, Chelsea Publishing Company, New York 1980. [Ha ] Hall M., The Theory of Groups, Mackmillan Company, New York 1959. [Hi ] Hill V. E., Groups, Representations and Chracters, Hafner Press, New York 1975.

Stoiqeiÿdec biblÐo proptuqiakoÔ epipèdou. ApeujÔnetai kai se epistămonec sunafÿn proc ta majhmatikĹ episthmÿn, ìpwc qhmeÐa, fusikă, biologÐa.

[Hu ] Huppert B., Endliche Gruppen I, Springer-Verlag, Berlin 1967. [Is ] Isaacs M. I., Character Theory of Finite Groups, Academic Press, New York 1976.

Prìkeitai gia èna pĹra polÔ kalogrammèno kai periektikì biblÐo. [Ja ] Jacobson N., Basic Algebra ii, Second edition, W. H. Freeman and Company, New York 1985.

Me thn jewrÐa parastĹsewn asqoleÐtai to 5^o kefĹlaio. Perièqei sunoptikĹ ìlec tic basikèc ènnoiec. Apì pleurĹc perieqomènou sumptÐptei perÐpou me tic paroÔsec shmeiÿseic.

[Ke ] Keown R., An introduction to group representation theory,

Academic Press, London 1975.

[Ky ] Kyrillov A. A., Elements of the theory of representations,

Springer-Verlag, New York 1975.

[La ] Lang S., Algebra, Addison-Wisley, Reading, Mass., 1993.

[Le ] Ledermann W., Indroduction to group characters, Cambridge University Press, Cambridge 1977. Stoiqeiÿdhc proptuqiakoÔ epipèdou eisagwgă sto jèma.

[Mü ] Müller W., Darstellungstheorie von endlichen Gruppen,

B. G. Teubner, Stuttgart 1980. ArketĹ kalì biblÐo. Perièqei tìso thn klassikă ìso kai thn modular jewrÐa parastĹsewn me idiaÐterh anaforĹ sthn summetrikă omĹda.

[Se ] Serre J.-P., Linear Representations of Finite Groups,

Springer-Verlag, New York 1977.

Ta biblÐa tou Serre den qreĹzontai sustĹseic. EÐnai ìla touc jaumĹsia. Oi paroÔsec shmeiÿseic qrwstoÔn pollĹ sto biblÐo tou Serre. H agglikă èkdosh apoteleÐ metĹfrash thc deÔterhc, gallikăc èkdoshc. UpĹrqei metĹfrash kai sta germanikĹ.

[Ving ] Vingberg E. B., Linear Representations of Groups, Birkhäuser, Basel 1989. MetĹfrash apì ta RwsikĹ. Perièqei basikèc gnÿseic thc jewrÐac parastĹsewn peperasmènwn kai sumpagÿn omĹdwn me pollĹ paradeÐgmata kai askăseic.

B. Shmeiÿseic [Be ] Benz H., Darstellungstheorie endlicher Gruppen, paradìseic, PanepisthmÐo thc KolwnÐac, qeimerinì exĹmhno 1980/81.

[Ca ] Carter R., Representations of Groups, Warwick 1983, (Shmeiÿseic Al. FakiolĹ).

[De ] Deriziÿth D., ParastĹseic peperasmènwn omĹdwn, SeminĹrio,

Tmăma Majhmatikÿn tou PanepisthmÐou Krăthc, HrĹkleio 1984.

[Kli ] Klingen N., Darstellungstheorie, paradìseic,

PanepisthmÐo thc KolwnÐac, earinì exĹmhno 1978.