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YupPBoiouof

>.e 6ho 10 POV xeluevo, ue ¢ Vo cuyBoiiCouue TV pavtaoTixr povada. Me
Gn Vo oupPohiCouue Ty Tpwtapy e ofla e povadac e, n e Nevd 1o (3
ouyvd Yo oupBorileton xou we w. Av Q(y/m) mporypatind odue aplducdy UE &y,
Vo oupPBoiiCouue Ty Vepehcddn povdda tou. ['a éva Soxtolo R oupBoiiCouue
ue R* tnv mohhamhactooTixy oudda Ty povidwy tou. Av F' éva ahyeBpixd
owua apriuwy e Rp Ya ouuBoiiCouue tov doxtiAlo TV axepalwy ahyeBoinwy
autol xou yio xdde 1dewdec a < F touv Rp | o € Rp pe Np(a), Np(w)
Va ougBoriCoupe tig avtiotoryeg améhutes (Snhadh we mpog to Q) norms.
Av F'/F elvar Galois enéxtaon ahyeBpxdv coudtwy aprduodv,ue G(F'/F)
Va ovuBorilovue v avtiotoyn oudda Galois xau, av emmiéov n F'/F elvou
ofehtav| xou P elvon TewTo 13O Tou F' ToTE UE [%] Vo oupfoiiCouue to
oOufolo Tou Artin yio Tov mpwto p. o plo enéxtaon tou Galois ahyeBoixwy
ooUdTwy oprdudy F' /[ F xou éva tpwto p tou F' e sply (F'/F) Yo oupBohilouue
T0 oOua avdhuone Tou p oty F'/F. Emmiéov, av o p Sev Sahadileton otny
F'/F ye fo(F'/F) Yo oupBohilovpe pe tov xotv6 Podud adpoaveiog Ghwy Tomv
TewTwy Tou F' tove and 1o p oty F'/F xaw 6tay F = Q, ydpwv amhétntog,
Va oupPoriloupe 10 frz(F'/Q) we fp(F") xou 10 splpz(F'/Q) e spl,(F'). Av
F elvar oodpa aprdumv, p €vag tenepacuevog ntpwtoc Tou ', o € Rp xoun € N

ue p{ an, ¢, € F t6te 10 (2), Vo oupPorilet to n-otob Baduol chyBoro tou

a
p
a

Legendre . Ankadf) to (), opileton oav 1 povadu n- pilo e povddog
ol Gote o = (5)n(modp). Etvaw yvewoté 6t (BA. [3] doxnon 5.13):
(%)n =1 ovxoupovoavrn «a=z"(modp) elvar emhdown otov Rp
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[l v mepintwon n = 2 Yo tapaieitovye tov delxtn n.

‘Eotw D évac, ehedlepoc TeToorydvou, aevnuixdc axépatog TETOL0C WOTE
D = 0,1(mod8). T'pdgoupe D = f2Dy, émou Dy Yepehddne Staxpivouca
xau f € N. Me H(D) ©a cuuBolilouue v oudda xAcemY 6oV Ty VeTixd
OPIGUEVRY TEOTARYIXWY SUAOIXDY TETPAYWVIX®Y Hop@oV Staxpivovcac D xat
ue A(D) (n amhd& h) v 18&n e H(D). Eotw k = Q(v/Dy). Me k(D)
Vo oupBoiiCoupe to ring class field modulo f tou k. And tnv Vewplo x-
ANGEWY COUATWY €youue, uéow Tou ouufBohou tou Artin, toug axdhouvloug
LOOUOPPLOUO0C

~  Li(f)
" Pe(f)

EdG I (f) elvon n opddo Ghwy v 1dewddv Tou k mou elvon Ttpota Tpog 1o f

H(D) < «— G(k(D)/k).

xo Prz(f) elvou m vmoopddo tov xuplwy 1dewddy aRy tne Ix(f) 6mov a €
(Z+ fRy). Méow twv mopandve toopopgoucy 1 exéva evoc C' € H(D) av-
TioTolyel 6To oluBoio Tou Artin [@] ‘Eotw topa e évac Jetinde axépotoc.
Me H.(D) Ya oupfoiiloupe 10 yvouevo 6wy twy ¢g-Sylow unoouddwy tou
H(D) yw 6houc toug mpdhtoug dtawpétes g tou e xat ue k(D) (f anhd he)
™y t8&n tou. ‘Eotw H(D) = H.(D) x H/(D). Me h,(D) (f anh& k) Yo
oupPoilovpe v td&n Tou H(D) xaw emouévee (R, e) = 1. Me k(D) Yo
aupPoAiloupe to udowpa Tou aduatoc k(D) to omolo avtioToryel oTNV opddo
H(D). Xuvente 1o ooua k(D) elvon enéxtaon ool ke mdve and to k to
omolo teptéyet Oha to evdideca owpata tne k(D) /k tov onolwy o Badude név-
w ond o k Soupel 10 he. Elvar tpogavég 6ti ta He (D), k(D) xAn. e€optddvon
LOVO a6 TO GUVOAO TOV TEOTWY SIOLPETMY TOU € Xol O)L ano Toug eXVETEC UE

4 /7 / 7 7
Tou¢ omoloug eugaviCovion oTNY avdAUCT TEWTWY Tou e 010 Z. Av H elvou pia

>



vroopddo e He (D), ue Lg) Yo cupPBohiiCoupe To oOUA TOL AVTICTOLYEL OTNY
H péow avuotoyiac Galois otny k.(D) xou, av H = (C, Cy, ..., Cy), t61€ 10

OWUOL LES) Yo 1o ouuBoiiCoupe ue L(Cfl),Cz,--- o Téhog, yia éva otoryelo C' g

T
H (D) xou éva axépono m, n napdotacn C — m Yo Selyvel 61t o m nopiotorton
and v C' xaw 6tay ypdpoupe yia pla opddo G 6t G = (my, my, ..., m;) Yo

evvoolue 6Tt N G elvor offehtovi| xan Tapdyeton and [ ototyela Tdlewy my, ma,

ey T AVTIOTOLY AL



ITepieyopeva

1  Avuvdpeg Ipotwy Apdpwy xou Tetpaywvixég Mopgég At-

axplvovoag —256qr 15
1.1 Arnoteléopata and Jewplo Yévoug . . . . . .. L L 15
1.2 Melétn tov utoowudtoy tou ke(Ds) . . . . Lo 23
1.3 Kopx amoteréoyotor . . . . .o oL 34
1.4 To mpoBinua napdotaonc yia avdaipeto Dy . o o L o oL L. 41

2 IMoapdotaon Avvdpewy Ilpdtwy Aprduny xouw XOuSoia tou

Legendre 45
2.1 IMpoxotopTixec TEOTAoES . . . . . . . . . .. 45
2.2 Emextdoeic tou k mopayouevec pe v PonRdeta ptlixcdyv tne
VeEPEA®OOUC HOVASIC . . . . . L A7
2.3 Kopia aroteréopata yio Ty teplntwon D = —256qr . . . . . 52
24 Kopix aroteréopata otny neplntwon D = —4m . . . .. .. 61
2.5 Troloyopoc twv oudforwy Legendre . . . . . . . ... .. 63
BB Aoypapio 65



Ewooywy

[otopixd, n uehétn nopdotaone aptdudy YEGK SUASIXMY TETEAYWVIXDY LO0-
OV, SNAadA péow popedv Tou TOTou: ax? + bry + cy? émou a, b, ¢ € Z, Topo-
Téunel oe epyooiec xou ueAétec tou Fermat. O Fermat oe €va ypdupo tou
10 1640 otov Mersenne avagegeton 0NV TUEACTACT TEWOTWY AELUUOY and TNV
wopwh 2+ 42, xou o€ xatomvd ypdupata Tou Teog To Pascal 1o 1654 avapépe-
ol 6NV TopdoTaon TEOTOY aptdudy and Tic poppéc o2 +2y?%, 22+ 3y%. [dvo
ot anmoteAéopota xou TI¢ etxaoiec Tou Fermat epydotnxe apyotepa o Euler
EVE 1) OUCTNUATIXY UEAETN) TV DUUDIXWDY TETRUYWVIXDY HORPOY UE UXEQALOUC
ouvteheoTég Zexlvnoe apyotepa amd tov Lagrange (o omolog mpwtog etofyoye
Tic 1déec e Stoxpivouoag, e tooduvapiog xat Tne avnypévng woppnc). Ilopsd-
Ao Tou oL €YVOLEC TNE OUVIEONS TETRUYWVIXGY LORPPWY xS ot Tne Vewplog
YEVOUS NTay xaTd xdmoto TeéTo “xpuuuevec” oTic epyaoiec Tou Lagrange n
oLOTNUATIX Xt VeeNwUEVN ueEAETN Toug Bploxeton apydTEQR oTNnV gpyaoia
Tou Gauss pe titho : ”"Disquisitiones Arithmiticae”. H mopdotaon axepad-
©V opLIUGY UEGK SLADXDY TETEUYWVIXWY LOPPWY GUVOEUNKE UETAYEVESTERQ,
YENOWOTOLWOVTOC TROYWENUEV dodnuatind epyohela, e Tov TUTO avdhuong
TWV TPWTWY OLULPETHY TOUS O XATOLN UTOOMUATY TwV avTloTolywy ring class

fields .

H nopoloa epyaoto ywpiletar o dbo uéen.

2TO TPOTO UEPOC WEAETATOL 1) TUPAOTAON OXEPUUWY UECW TETPUYWVIXWY
Loppdy daxpivoucag —256gr émou g, r eivon Tpwtol apruol e ¢ = 5(mod
8),r = 3(mod8), uné v mpolndleon ha(Dy) | 4. Xenowonoolyue drdtnTes
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euPOTEVONC UTOOWUATWY Tou avtioTotyou ring class field yio va Bpolue yev-
VATOPES TWY COUATMY Xal VO EEAYOUUE GUVUHXES TORAOTUAONG CUYXEXPLUEVWY
SUVGUEWY TEWTOVY aotduwy and ambiguous xhdoelc, dnhady and xAdoelc Ue
TdEn 1 A 2, teTporywvidy popphy Stoxpivovooag —256¢r oty H (—2564r).
Yy mepintwon mou (£) = —1, 1o amotehéoypata efvar TOAD XA ol -
TOPOLUE Vo BpolUe XavES xan avaryxaleg cuvirxec Topdotaong yia xdie uia
ambiguous x\dom. Ytnv mepintoon nov () = 1, ta amoteréoporta dev efvou
OG0 xohG oo o OAL AUTE UTIOPOVUE VO THPOUUE IXUVES XOUL VY XalEC OUV-
Uxec mopdotaone and xdrnoo Ledyoc ambiguous xhdoewy. To mpwto uépoc
TEAELWOVEL PE ULot CUVTOUN UEAETN TAV® OTO TWE 1 SUVATOTNTA TOEACTACNC
WV SUVGUEWY TPOTWY Tou UYeAeToluEe and ambiguous xAdoelc doxplvoucag
—256gr oyetileton ue TV SUVATOTNTA TUPAOTAONG TWY QUVAUE®Y oUTWY oTo
ambiguous xhdoeic doxplvovoac —2%qr ye s € Z, s > 4.

270 O0eUTEPO PEPOC GLUOYETICOUUE HATOLOL GWUATA XAYCEWY UE COUNTO TOU
Topdyovtol Yenolwonolwvtog plCec Yeuehwdny LoVAS®Y TR YUATIXWY TETOY-
OVXGY ooUdTwy aeuluony. To arnotéiecua elvon 6Tt umopolue va mdpouue
IXOVEC GUVITEC TOEAOTAONC CUYXEXPUEV®DY SUVIUEWY TEMTWY oElIU®Y amd
XAAoELS poppy dtaxplvovoac D uéow cuufolwy tou Legendre oamd xAdoeic

Lop@wv Stoxplivouvoas D oTic axdhovleg TEQITTOOELS:
1. D = —=256qr, ¢, mpotot e ¢ = 5(mod8), r = 3(mod8), ho(Dy) | 4.
2. D=—4m, m > 1 axépatog, eretepoc tetparydOvou pe m = 1(mod12),

hs(Dy) | 9.

Ewdixd oty mpotn meplntwon n omolo yehetdton xou 010 TEOTO PEPOC TNG
TPOLCUC EPYXOIC XUATAUPERVOUNE Vo Tidpoupe axpLBeic ouviixec TopdoTtaong
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v x&le xhdomn tne ouddoc xAdoewy e taln Stanpétn tou 4. To dedtepo
UEQOC TEAELOVEL UE TNV Topouciaon eVOC TEOTOU UTOAOYLOUOD TwV GUUBOAWY
Legendre mou eugaviCovtou.

H epyaoio oauth yiveton ota TAaloLo TwV UTOYREMOEWY UOL YIO TNV ATOXTNOT)
Sidoaxtopxol Simhwpatoc oty Oswolor Aptduwy. Oo fieha vo evyaploTowW
Tov emPBAEnovTa xod Nt % lwdvvn Avtwviddn yia Ty vtooTtAplin xot Ty
xadodiynan tou, xodwe to I8pupa Keatwdv Trotpogudv (LK.T.) yio tny
owovouxt| evioyuon mou You mapetye xatd TNV didpxelo extovnong TG dlo-

TEBNC.

Yulhydpdog Iwpyoc

Hodokero 12 / 8 / 2000
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ITooxatoptind

LTNY ToEAYEUPo ouTH UEAETOUUE TNY TUEAOTAOT SUVALEWY TEOTWY oELIU®Y
HEOW TETPAYOVIXWY Lop@KY oTotacdftote Staxpivouoac D, D = 0, 1( mod 4).
To anoteréopota autd Yo ypnoworontody oTic EOXEC TEQITTWOELS oL Yo

UEAETACOLUE GTNY CLVEYELQL.

ITg6taomn 0.0.1 Eotw D apynuikds axépaios, eAeUfepos tetpaywvou, e D =
0,1(modd4). Foww e € {2,3,4,6}, p mepirtds npcddrog apiduds p > 2 e
(%) =1. Av C € H(D) nue C° =1 ka1 spl,(k.(D)) = L(Ce) t6te C — ple.
Av e = 4 tdte emmAéor o1 oyéoeg spl,y(ka(D)) = Lg) ke C — p etvar

1000Uva)L€S.

Anddeln: 'Eotw p = pop1 n avdAuvon tou p oe mpwta ewdn Touv k. ‘Apa

N(po) = N(p1) = p xou [;1] = [po] ™ ‘Eotw eniong 6t sply(ke(D)) = LY.

Auté onoaiver 6t <[k(p%]> = <[%]> Ot opddeg <[%]> : <[M]>

C
€xouv T&&n ou Stoupel To e. Luvenwe, enedy (A, e) = 1, Ya éyouue <[%]> =

<[ke(D)|k]> xou apol w&e xuxhxf opddo tdéne 2, 3, 4 f 6 €yet o TOAD

Py e
/ ) - , : k(D _
d0o yevvhtope (oL omoiol eivon avtioTpopol ueTall Toug) éxoupe: [~S5] =
[@] H televtala oyeon unopel var yoopel wc:
po
k(D) |k, k(D) |k
FOEEDIIE ¢ ooy h(o)).
Po
H G(k(D)/kc.(D)) éyer ouwe t8EN TpdTN TEOS TO € X0t GUVETC [MLCWC] =

7 / 4 4 :I:h, 7, 4 :i:h’
] To onolo pag diver Tehnd 61t C' = [py¢] xau ouvende, ool N(py ©)
ple, Vo eyouue: C — ple.
Oewpolpe Thpa TV TEpiTTwoN: e = 4 xou uTodétouue 61t C — P2, Ou
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€Y OUPE AOLTOV OTL uTdEYEL axépato WeMdec A Tou k mou vo avtiotolyel oTny
xhdon C pe norm N(A) = p. Enopévoc A = pip! yia xdmow z,y € Z

A

e z +y = p. ‘Eyouue howmoy [B2IA] — [MDIE) [k(ﬁ))lk]x[k(i)lk]y _

[k(f#]m_y. 2TNY GUVEYELD, TUlEYOYTAC TOV TERLOPLOUS Tou cUUBOAoL Tou Artin
016 ka(D) ouvdyoupe ot [—kQ(g”k] = [—kz(;z)'k]x_y. ‘Opwe 1o [—kZ(;Z)'k]m_y, e

atoryeio tne G(ka2(D)/k), éxer 1é&n SOvopun tou 2. Apa tor obuBora tou Artin

[kz(éz)lk]l"—y, [%] apdyouy v o utooudda e G(ka(D)/k) (ol = +

! 4 / 7 4 4 / /
Yy = ph2 EXOLUE OTL O T + Y elval TEPQLTTOC pal XL O T — Y Elval TEEPLTTOC).

Enouévec spl,(k2(D)) = Lg). O

IMopatRpnon: Ytny anddelln tou avtioteogou tne teotaonc 0.0.1 yia tnyv

TeplmTwoN e = 4 GTNELY TAXOUE OTO YEYOVOC OTL Yo T,y € Z, av 0 T + ¥y clvou
TEPLTTOC TOTE Xt 0 T —y elvon teptttoc. H amddeln dev undpeoe vo e@apuooTel
OTIC GAAEC TIEPLTTWOELS POV O POVOC QUOIXOC N > 1 pe Ty Wotnta Ve, y € Z,
av (z +y,n) =116t (z —y,n) =1 elvou 0o 2. Autd mou oyder Yo 6Aa
tae € {2,3,4,6} civa 6t av C — ple, w61 sply(ko(D)) C Lg). TéNoc,
N Topomdve TpdTaoY avapépetal Lovo ot e € {2,3,4,6} agpol avtol elvar o

LovoL guoxol Yl Toug oToloug 1 e% €YEL T0 TOAL 0O YEVVATOREC.

'Eotw Dy depehiddne doaxplvouca xau f € N. 'Eoto ernionc k = Q(v/Dy).
O¢toue D = 2Dy ondte to D ebvon Sroncpivousa ue odnyé f. Ytny cuvéyeta
VeToupe ¢

Iy=Aala<k}, B=1aly|acky, L(f)=1a|a<k (N(a),f)=
1},

Pi(f) = {aBy | o € By, (N(e), f) = 1}, Bia(f) = 1ol | a € (Z+
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Eivow yvwoté (BA. [3] Oedpnuo 7.24, oyéon 7.25) b1 undpyet ENLUOpPLONOS
Ik (f)

Py.z(f)

P . I ,
Pkljz((f})' Ernewdr| opec P;;J(CJ)”) ~ H(D) xu JI.#’; ~ H(Dy), eyoupe Ty axbéroudn

— % Tou oTmolou, elvon ebxoho va del xavelc, OTL 0 TuEHvaC elvon 7
k

o) oxohoutior:

Pr.(f)
Pz (f)

Ernfone, yéow tou toopopgiopol Tou endyel o oduolo Tou Artin yetold twv

1 —

— H(D) — H(Dy) — 1

OpASWY XAAoEWY xat Twv ouddwy Galois, o Tpoavapepnc eTLoPPIoUOS ETAYEL
EVAY ETLOPPLOUO:

G(k(D)/k) — G(k(Do)/k)
Tov omolo dlvel o meplopopde 6to k(Dy).
Xnyv ouvéyeta Ya Yewprioouue Tic axdroutec 00 TEQITTOOELS:

o In llepintwon: D = —256gr, ¢,r mpodtol pe ¢ = 5(mod8), r = 3(mod
8), ho(Dy) | 4.

o 2n llepimtwon: D = —4m, m > 1 axépouog ehediepog teTpoydVOU

m = 1(mod4),
hs(Dy) | 9.

H depehaddne Staxpivovoa oe xdle mepintwon etvou:
—qr , oty 1n leplnttwon
Dy =
—4m , oty 2n lleplntwon
LNV dtamporyddteuon aut®y mou Yo axohoLINoouy GTNY GUVEYELX NG Ep-
yootag Yo yenowwomoiniel eupEwe To TapadTey AU
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AAupa 0.0.2 Ay M /K enékraon Galois owpdrwy apiBudy pe oudda Galois
tonou (2,2) ue evdidueoa oduata Fy, Fo, F3 ka1 p éva mpdito aképaio 166d0es
tou K o Gev braxAadilerar ovo M téve 17 akpipas éva and wa fio(F1/K), fo(F2/K), fo(Fs/1

eivar 1 n) dla etvar ioa e 1.

An6deiln: H opdda adpavelag tou p oty M/ K elvar TeTplupévn, oUVETOC

1 ouddo avdhuong efvol loOLoe®n e THY

q’ - p

6mou g Tuylo TEWTO uxépato Wewdec Tou M mdvw amd To p. Emopévec n
opddar avdAvang etvar xuxhixy| ondte amoxheleton va wwobvton ye v G(M/K).
To ooua avéhuone xatd cuvénelo tou p oty M/ K elvon:

elte to Fy ondte f(F1/K) =1, f,(Fy/K) =2, f,(F3/K)=2,

elte 10 Fy ondte fo(Fy/K) =1, f,(Fi/K)=2, f,(F3/K)=2,

elte 1o F3 ondte fp(F3/K) =1, f,(Fi/K)=2, f,(F,/K)=2,

elte 1o M ondte f(F1/K) = fp(F2/K) = f,(F3/K) =1. O

14



Kegdhauo 1

Avvapuelc IlpwTtwy Aptdumy xou
Tetpaywvixeg Mopgeg Alaxpivovoog
—256qr

210 xe@dhato owtd Vo acyohnlolue povo pe v 1n meplntwon tng mpo-
NYOUUEVNG Taparypdpou , dnhadh) P TETPUYWVIXES HoppEc dlaxplvoucag D =
—256gr 6mou ¢, r elvar wpddtol opruol ue ¢ = 5(mod8) xou 7 = 3(mod8)
xou eniong h(—gqr) | 4. To odpa yévouc tou k = Q(y/—qr) civar 10 X =
Q7 V7, V2,7) = k(G)(va) (BA. [3] oeh. 121 dedpnuo 6.1 xou [11]
Ocwpnua 2). Oétoupe: Dy = 2Dy, s > 4 émou BéPara Dy = —qr xou
étot D = Dy. T'a Aoyouc amhotntoc otov cupfBohioud, av H elvon umooudda

e Ha(Dy) Yo ovpBorilovye pe Ly 1o unbowua Lg) tou ko(D).

1.1 Aroteréopata and Yewpio yYEvoug

O ambiguous xh\doeic e Ha(Ds) elvon ( BA. [3] Lemma 3.10 xou [9] Table
2):

15



[s = []_, 0, 225—2q’["], [4, 4, 1—|—225—4q’["], [q'r, 0, 225—2], [4q,,n, 4(]7“, q,',._l_225—4]’
(q,0,2%7%r],  [4q,4q,q+ 2% Y], [r,0,2%7 2], [4r,4r,r+ 2274

Av meploptotolue Twea og axépotoug aptiuolc m € Z, m > 0 tétoloug

WOTE (%) =1, & x&de npwto p pe p | m, éyouue to axdrovio :

16



Afppo 1.1.1

e O1 kAdoeig I kar [4,4,1 + 22 4qr] mapiorotv arepaiovg apiduols m jue

m = 1(mod8) kai (%) =1

e O1xAdoes [qr, 0,2%7% ka1 [4qr, 4qr, qr + 2%*~4] mapiototv axepaiovs ap-

m

1W0ovs m e m = 7(mod8) kar (?) =1

e O1 kAdoes [q, 0, 2%7%r] ka1 [4q, 4q, ¢+ 225~4r] mapiorodv axepaiovs apid-
povs m ue m = 5(mod8) kai (%) = (g) Kai

e O1 kAdoes [r,0,2%72q] ka1 [4r, 4r, v + 22~4q] mapioTody arxepaiovs apid-

povs m ue m = 3(mod8) kai (%) = (g)

Anddeln: ‘Eotw 6t Iy — m ye m > 0 xau (%) =1, Vp | m. Trdpyouv

225—2

T,y € 7 &ote z2 + qry? = m. Tpogavac o x elvor Teprttoc (apol o y

etvon mepitTéC) omdTe m = 2 = 1(mod8). EZdihou

(m) B <x2+228—2qry2) B (332) B 1
q q q '

Eoto tdhoa [4,4,1+ 2% 4gr] — nue n > 0 xou <D> =1, Vp | n Autd

S |

onuaiver 6t umdpyowy z,y € Z oot 4z? + dzy + (1 + 2% gr)y® = n.

[opatnpolye ouwe 6Tt 0 ¥ elvon avayxaotixd teptttoc (av Hrav dptiog Vo
elyope n = 0(mod2) mou elvon dtono) xat €tol z(z + y) = 0(mod2). Ou

€Y OUUE ETOUEVLC OTL
42 2 _ 4.2 _ _
n =4z +4dzy +y° =42 + 4oy + 1 = 4dz(z + y) + 1 = 1(mod8).

Téloc,

q q q q
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Or nepintwoetg e o dAla ey Twy ambiguous xAdcewy unopody va ueAetnioly

avéhoya. O

LUVETWS oL oxT) ambiguous xhdoelc Stapotpdlovton o€ 4 yévn xou xdie yévog

€yl 000 AAAOEC. TNV CLVEYELX ATOBEXVIOUUE TNV oxOAoUUT TEHTUON):

IMpétaon 1.1.2 KdOe oroieio C tng Ha(Dy) e C — m yia kdnowom € Z,

D\ _
m > 0 e (F) =1,
yia kdOe mpddto p pe p | m, avuotoiyel oe éva olufolo tov Artin
Y|k
=)
€TO1 (OOTE Va €TAYETAL O 1001LOPPITUOS:
HQ(Ds) ~ 7, X
—s — X {*1
o Clsp < 451

HE

Cs)l@] [ (va) | Q

m m

€ mod (H(D.) — (12 )
Anédeiln: 'Eotwm € Z, m > 0 ye C — m ywa xdnowo C € Hy(Dy). Tn-

Goyel ouvente axépato Wemdeg A < Ry, ue N(A) = m tétoo dote [w] =

ko (D,)|k ky(D,)|k
[()I]:[ (Ds)]

1 Srp ] OTOU A = P, ) avdhuon Tou A ot Tpe-

TOUG TOPAYOVTES UE Pe TEWTO 13eddec Tou k mévw amd to pe, € € {1,2, ..., Kk}

6mov m = pi'pt...plr N avdhuon tou m oe TpwToug tou Z. ‘Etot, molpvov-

TOC TEQLOPLOMO OTO X EYOUUE: [%k] = [ilk]vl[i_lk]wm[i_lk]vn' Al emet-
. 1z . Zlky _ Ele Sk _ rEle [ 2

0 fpe = 1 émetan 6T [W] = [E] onote [Zr] = [5°]. Emadh duwnc

Hy(Dy)? = Hy(Ds)NH(Dy)?, and tov 0ptoud Tou GOUATOC YEVOUC, TPOX)TTEL

ou vy C, C" € Hy(Ds) oyler 1 1ooduvogio:
Sk S|k

C = C'(modHy(D,)?)  av xou uévo av [T] = | o |-
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Téhog, apol ¥ = k((s)(\/q), T0 [%] uropel var avtiototyoVel oto Lebyoc:
([Q(Csl)'(@], [@(‘{ENQD TOU UE TNV oepd Tou avtotolyel oto Ledyoc: (m(mod

8), (%)) TOU 8% x {£1}. Ov avtiotoryiec autég elvon © éva mpog éva ~ xou

OUOUOPPLOUOL OPddwY OTOTE TAUlPVOUUE VOV LOVOUORPLOUO:

Hy(D,)
Hy(D,)?

— (L/gz)" x {£1}
o omofog, olupwva ue to Teonyoluevo Muua 1.1.1, elvar 1oopopgioude. O

IMopatrhenon: Autéd tou €youue hotmoy péypl ottyunc amd tny Vewpio yévoug

efvon 611 yiae x&de Letyoc (m(mod8),e) € ((£/gy)™ x {£1}) undpyet éva
v € Z &ote v = m(mod8) pe C — vy xdmowo C € Hy(Dy).

Pk (82)

Pr.7(28)

Ané tny mapdypago 2 tou [7] éyoupe Ot = (2572, 2) xou ouVETMC AOYW

e oxplBoic axohoudiog

Pr(f)
Pz (f)

€youpe TNV axxohouln axelBr axoloudio:

1 —

— H(D) — H(Dy) — 1

1 — (2°7%,2) — Hy(Dy) — Ho(Dy) — 1 (1.1)

v s > 4.
Av (1) = 1 t6te 1 dogavtind eklowon u? — 4gv? — Dow? = 0 éyer Moo
(BA. [2] Bedpnua 4) xau pio Noon tne (u, v, w) Vo Aéyeton Tpwtapy x| 6Tay o

UEYLOTOC XOWVOC SLatp€Tne Twy u, v, w efvon 1.

ALoxplVOUUE TIC TEPLTTWOELS:

o Ilepintwon lo: (%) = —1.
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o Iepintwon IB: (£) = 1 xau (£) = —1, 6mou (u, v, w) elvon TpLTAPY XA

ANoon e

u? — 4qv? — Dyw? = 0.

o Iepintwon Iy: () = 1 xou (£) = 1, 6mou (u,v,w) elvor mpw Ty XA

Aoon e

u? — 4qv? — Dyw? = 0.

A6 [3] proposition 3.11 éyouue 6t n H(Dy) éxer axpBcde 2 ambiguous
x\doewg, onote | Hay(Dy) eivon avayxootnd xuxhi. Eniong, n H (D) éyet
8 ambiguous x\doeic omdTe elvor yevixd tou tomou: (27,24, 28) ahnd, bmwc
eldae oLy, uTdEyouy uovo dVo ambiguous xAdoelc o€ xdie yévog, omoTE 1)
H(Dy) etven tou tomou: (2572%¢r 2 2), émou 20 elvon n td&n tne Ha(Dy).
OEtoude Cgr(s) = 5 — 2+ ¢y, s > 4. Oty avopepOUaOTE GE GUYXEXPIIEVA
g, Vo mapaheimoupe tov Seixtn gr. And to Jedpnua 4 tou [2] mpoxintet bt
oty mepintwon lo: ¢(s) = s — 2, xou oty nepintwon 1B ¢(s) = s —1. H
nepintwon Iy diver ¢(s) > s xar dev Yo pog anooyolioer 6mwe €youue el
oty etoaywy! (apod oty tepintwon auth 1 utooudda xhdoewy Hay(Dy) éyel
TAEN peyolhtepn tou 4) agol eucic éyouue unotéoel ot ho(Dy) | 4. Oétoue:
Hy(D,) = (A, By, C,) émou AX” = B2 = C2 = I, ou 101 o1 ambiguous
x\doeic tne Ha(Dy) elvou:

s)—1

9c(s)—1 9c(s)—1 9c(s)-1 9¢(
IS? As ) BS; OS; As '387 As '087 BS '087 As 'BS 'CS

ol ontolec dtapolpdlovtar otor axdhouto 4 yévn:
Gi .Gy = ByG1, Gs = C.G1 »ou Gy = B,CsGy , 6mou Gy = {1, A2},
no ETOPEVWC, oo To Muua 1.1.1, éyoupe: Agc(s)_l = [4,4, 1422 gr]. Xopic
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TEPLOPIOUS TNG YEVIXOTNTOC uTopolpe vo ypdipoupe: B = [gr, 0,2%7% xou

Cs = [g,0,2%7%r] 610t éyoupe 10 axdrovdo AAUUYL

Afppo 1.1.3 Ta arxdlovda 10y ouvy:

Azc(s)—l _ [4, 4, 1+ 225—4q7’], Bs — [qr, 0, 225—2]’ Os — [q, 0, 225—27,],
AEC(SH - Bs = [4qr, 4qr, qr + 225—4], AEC(SH -Cy = [4q,4q,q9 + 228_47"],
A¥ By Oy = [dr dr,r +227Y], B, - Cy = [r,0,2% 7.

Amnodeiln: To oclbotnua

’

4z = 0(mod(8rq))
§ gz = 4rq(mod8rq)) ’
| 2z = —2251rg(mod8rq)) )
éyer Noon © = 4rq xu emopévoc A2 B, = [4qr, 4qr, —16r2gzzf28qr] -
[4gr, 4qr, qr + 2274 (BL. [3] Mupa 3.2).
To cbotnuo
(4o = 0(mod(8¢q)) W
qr = 4q(mod8q)) >
| 2z = —223_1q(m0d8q))J
Exet Noon « = 4q xou eTopévec Azc(s)fl-Cs = [4qr, 4qr, —16‘121;325“] = [4q,4q, g+

225—47°].

Eniong éyouvue C;1 = [g, 0, 2% 2] xou cuvernde, enedh) to clotnua

( gr = 0(mod(2rq)) W
re = 0(mod2rq)) ¢
| 0z = —225—1qr(m0d2rq))J
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éyer Moonz = 0, Yo éyoupe: [r,0,2%2|CT1 = [r,0,2%7%q]-[q, 0, 2% 2r] 71 =
[qr, 0,2%7%] = B,. Tehxd Yo éyouvue By -Cys = [r,0,2%7%g] 1o omolo Siver xou
AZYTNBL.Cy = [4r, A, 4 22574,

XpNoWoToL)VTaC Ta TURATAVE amoTeAEéoUaTo amd TNy Yewplo YEVOUS UTOpoLUE

VoL AOSEICOVUE TNV EMOUEVT :

IMpétaon 1.1.4 Av p elvar nepittds mpdtos jLe (%): 1, téte

! c(s)—1
1. Av o p" rapioratar ard ufa ex twv I, A tote mapiotatar amd

arp1pes pia kar erions wyvea p = 1(mod8) rar (7)=1

! c(s)—1
2. Av o pl rapiotarar and nia ex twv B, A - By tdte mapiorazar and

axpipas pia kai eriong wyva p = 7(mod8) rai (1)=1

’ c(s)—1
3. Av o p" rapiotatar and nuia ex twv Cs, A2 -Cs tdte mapiotatar amd

axpips pia ka eriong wyva p = 5(mod8) rar (f)= (7)

r
h / e / 26(5) 1 e ,
4. Av o p" mapiotatar and pia ex wwv BsCs, A - By - Cs, tote mapiotatai

7

and akpifas pia kai erions wyde p = 3(mod8) kar (1)= (7).

Amodeiln: Oa avagpepoiye uoévo otny anodeiln tou 1. Avdroya amodetxviov-

2¢(s)—1

Tan xou ot umohotneg. O xhdoeg I xan A ToEAYOUV SLUPOPETINES OUADES.

YUVETC

Ly # Lo
medrypa mou onuadvet, amd tnyv tedtacn 0.0.1, ot av o p" naploToton and o
ex Ty I, Agc“)‘l T6Te Toplotaton and axpBoc plo. Amo to Auuo 1.1.1
Thpa Eyoupe 6Tl (17)_ 1 o p™ = 1(mod8). ‘Ounc o hh eivon Tepittoc Xo
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OUVETHC 1 = (ﬁ): (1). E€dhhov, enedf) p nepittoc xon hy — 1 dptiog, €youpe

4t p2~t = 1(mod8) oo 1 = p = p(mod8). O
b e p b

1.2 Mekétn TV vnoowpdtwy oL ka(D;)

Octoupe Ly = Ly, o, To Ly modlel onuavtind poho o omolog Vo pavel
napoxdtw. H oudda Galois G(L4:/k) eivon tou tomou (2,2, 2). Enouéveg to
ooua L g2 toautiCeton ye 1o oopa yévoug X. To copa Lyz €xer 7 utocouata
Ta omola elvon emextdoeic Boduod 2 mdvew amd to k. Luyxexpluéva, oautd To
oopata etvan o k(1/q), k(V2), k(3), k(v/2q), k(i/q), k(iv2), xou k(iv/2q).
To Ly elvou urdowua tou L 42 10 onolo Tepieyeton o€ xuxhixy enextaon foduod

4 mavew amé o k (Lo € Lasp, ¢,). To Yedpnua 22 tou [10] pag diver otu:

Ilpbtaon 1.2.1 Av dy,dy € Z dote va opilovtar o1 akéAovles TeTpaywyikés
erextdoes tov Q: ky = Q(vV/dy), ks = Q(v/d3) pe k1 # ko, téte T0
Q(Vdy, v/ dy) mepiéyerar o€ kukhirry enéxtaon tov Q(v/div/dz) n omofa efvai

o1e0p1xr) Paduov 8 tdvw amé to Q av kai pévo av yia kdle mpato p tou Z to

oUpporo tov Hilbert (%) efvar ioo e 1.

Av mpoywpoloaue o€ utohoylopole, Yo XoTaAYaUE 0TO OTL:

I {k(\/a) y AV (%): 1
U k(v2a) Loy (9= -1,

=R

Aev Yo To xdvoupe €5, d16TL To Lo Yo mpox et mapaxdte xorddg Yo utoloyi-
Coupe OAec Tic xAES Porduod 4 un Stoxhadilloueveg TEpay TOL 2 EMEXTACELS
Tou k Tou divouy Siedpint| ouddo Galois mavew and to Q.
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Yuveyilovtag, mapotneolue 61t Dy = 4Dy xon 61t ko(Ds) C ko(Dgt1).
Eniong, o yevwAtopac A, unopei vo emiheyei €étol Hote o enpoppropoe G(ka(Dst1)/k) —
G(ka(Ds)/k), o omoloc Sivetor péow tou meptoptopol ato ka(Ds), vo endryet
ETULULOOPLOUO

O, : Hy(Dyp1) — Hy(D,) : [a, 2b,4c] =2 [a, b, d]

6mou b* — 4ac = Dy (BAh. mopdypago 1 tou [7] yio avdhoyn mepintwon) ue
Qs (Asi1) = As, Ds(Bsy1) = Bs xou @5(Csy1) = Cs. Enlong, yio xdle Ledyog
oxepadwyv s,t ue s >t >4, éyouvpe G(ko(Ds)/ka(Dy)) = <A§C(t)>.

Hoogpavie oy et o axdrovo AMuua

Aupa 1.2.2 Ay Heyy < Hy(Dgy1) kart @(Hgyr) = Hy, téve Ly, C Ly

s+1°

Eniong unopolue edxoha va miotonotiooupe 61t ot uéveg urtoouddes tne Ha(Dy)
TV omolwy 1 opddo TNAixo wc tog TNy Ha(Dy) eivon xuxdin| t1dng 4 elvan
<A§BS,CS>, <A§CS,BS>, <A§BS,BSCS> Ol <A§,BS,CS>. Hopanddtes Yo un-
ONOY{OOUUE TOL COUATO TTOU TOUC AVTLOTOLYOUV.

Yy etloaywyh tne epyaoiog [9] avagépeton 1 oxdhoudn tedtaon:

Ilpbtaon 1.2.3 [a éva eAetlepo tetpaywvov Jetiké aképaio apidué m,
ard d\es Tis avti-Pell Sopavtinés ebiodoeag: w2 — my? = dt, émrovd > 1 efvar
Jetikog d1aipétng tou m, dt # 1 kai
1 ,avm = 1,2(mod4)-
- {1 n2 ,avm=3(mod4)-

axpipas pia eivar emAdoiun oo 2.

Enopevewe oty mepintworn poc:
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Aqppo 1.2.4
° (%): 1 av ka1 puovo av n z? — qry® = q evai emAvoun oo 4.

o ()= —1 av ka1 pdvo av n a* — qry* = 2q elvar emAoun oo Z.

Anddeln:  Ov mbavée nepimtdoelc ebvon: d = g, 7, qr xauv t = 1,2. 'Eotw
(£)= 1. Oa amodeifoupe 6L Ge OAEC TIC GANEC TEQITTOOELS 1 AlogavTixh
ellowon z? — qry? = dt dev elvou emhlown oto Z. 'Eyouue
Av 2% — gry? = 2q 161 (%): 1. "Atoro.

Av 2% — qry? = r 16t 22 + y? = 3(mod8). Atono.

Av x? — gry* = 2r té1e (%): 1. Atoro.

Av 2?2 — gry? = qr w6t qra’® — 2 = 1 yio &' € Z onbre (_71): 1. Atorno.
Av 22 — gry? = 2gr t6te qra’* — y? = 2 yia 2’ € Z orndre (%): 1. Atorno.
LUVETOCS, Aoyw tne mpdtaonc 1.2.3 anedelydn to mpwto uépog Tou AMfupatoc.
Eoto topa (1)= —1. Téte

Av z* — gry* = ¢ t61e (%)= 1. Atono.

Av z? — qry? = r t61¢ ()= 1. Atoro.

Av 22 — qry® = qr tote gra” —y? =1 yia &’ € 7 ondre (=1)= 1. Atoro.
Av 22 — qry? = 2qr tote gra’”® —y? =2 i &’ € Z onbre (%): 1. "Atoro.
Av 2% — qry? = 2r t61c 2% + y? = 6(mod8). Atono.

LUVETMS, X0l TEAL AOyw tne mpdtaong 1.2.3, anedetydn xou to dedtepo pépoc

TOU Afupotoc.d

2TNV OUVEYELY, XAVOVTaC Yenorn Tou AMuuatoc 1.2.4, Yo anodellouye Tnv axdAou-
Un mpdToo
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ITg6taon 1.2.5 FEoww
{ I ,ar(f)=1
t =
2 ,ar(i)=-1
H Swgavuixr) eélowon qr? — ry? = t efvar emAVoun ovo Z. Oérouue p =
t —yv/—tr, v =20t —z1q), i =t +yv/—tr, v = 2(t + z/tq) rxa1 Gew-
polje ta téooepa oduava: k(y/wp) , w = *£1,+£2. Ta odpara avrd ei-
val kKukAikéS emextdoels tov k Paduol 4 kar 01€0pikés emextdoes tov Q jue
G(k(yywp)/k) =<0 > x <71 > drov ot =72 =1 ka1 o(y/=qr) = /=qr,
o(ywp) = ywi, 7(y/—qr) = —v/—qr, T(Jwp) = Jwp . Etions ta od-

pata avtd eivai Sikekpiupiéva Kkar un dakAaoilopeva ektds tov 2 mdvew amo To

k a1 to oudypappa Galois twv owpdtwy paiverar axéAovda:

k(y/on)

R

Q(vwv) QWwd) k(vig) Qvwp) Qlywp)

NN

Q(v) k Q()

\ / Yiyfua 1

An6deiEn:  ‘Eyouue 61 n 2% — gqry? = tq elvon emhdown oto Z onéte q | x
xou GUVETOE 1) gz — ry? = ¢ elvor emhloun 670 Z. 'Eotw homdy x, y axépoua
Aoon e qx? — ry? = t xou Vétoupe p = t — yy/—tr, v = 2(t — z+/1q),
f=t—yv/—tr, v = 2(t+ z/tq) xou Yewpolye to éooepa oodpato: k(,/wi)
,w = +1,42. Eyoupe gz = t + ry? ondre tqz? = t2 + try? xou cuvend
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tqr? = (t + yv/—tr)(t — yv/—tr) mov tehxd diver tqz? = fp. Tpogavdg

oy Vel To axdrovdo didypauua Galois:

k(VE) = k(1) = k(v)

AN

Q(v) k Q()

\@/

Hopatnpolue 61t ot pilec Tou avary@you TOAVWVOHOL ToL Wit TV atd To Q

2o 2

elvon oL /Wi, T\/wii Tou dev avixouvy dhec 610 Q(y/Wi) xou auTtd onuoivel
ot n Q(/wm)/Q dev elvar Galois. Ilpdyuatt, av elyaue wp € Q(\/wi),
téte Moyo tqw? = fp Vo elyape xau v/tq € Q(\/wp) omdre xou k(p) = k(v) C
Q(y/wp) (Br. to Sdypopua Galois mo mhvw). Av dewpricoupe Aoimdy to
Ve YO TOAGOVULO Tou /Wit Téve amd to Q(v), autd Ja éyet Ty popph
2?2 — (a + bv) vy xdmow a,b € Q xou ouvenwe w?p? = a + bv mou diver
Q(r) = Q(va + bv) 1ol eivor dromo agol n Q(u) eivon Baduol 2 Téve and
10 Q evey n Q(va + bu) Badpot 4. AeiZaye homdv 6t n Q(/wp)/Q Sev etvou
Galois . Ioyvel enlong 6t n Q(\/wp)/Q éyel éva udvo evdidueco cwua: o
Q(p). Hpdrypartt, xdie evdidueon eméxtaon e Q(/wp)/Q eivon tng popprig
Q(VA) pe A € Z ehetiepo tetpaydvou. Av elyoue hody Q(vVA) # Q(u)
167, Aoyw Tou 6Tt ot Barduot eméxtaonc twv Q(vV/A) xou Q(u) méve ané to Q
efvau {diot, Yo oupmepaivoe 61t Q(y/wi) = Q(VA, p) mou dev unopet vor 1oy et
apot 1 Q(VA, 1) /Q eivow Galois. Mmopolue 1hpa €0xoha v Sodue 6Tt To
ooua Q(y/wi) dev mepéyet xavéva and ta Q(v), k xou 611 lvan diapopeTind
a6 @ Q/T), Q/am), Qvu), Qvwd). Mupbyow ymopotye ve
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Solue ot xaw n Q(y/wp)/Q dev eivon Galois xou 61t €xel ubévo éva evdidueco
ooue: 1o Q(i2). Axbéhouvda, da delfovye 61 wii, wv, Vwi € k(\/wp).
Eyovue uliy/wi = \/wtqr® = wryEg. Opoc k(vig) = k(L) =
WW/=E) = k() C k(@) onére VTR € KB, o/iR) = k(). Apo
Vwii € k(y/wp). Erione, (ywp £ ywi)® = wp + wi £ 2wy/pfi = w(p +
R) £+ 2wy/pp = 2tw + 2zw+\/tq = 2w(t £ x+/tq). Yuunepaivouye howmdy ot

(Vi + Vo) = (Vat) s (Vg — VoR) = (Vo)

pdypo Tou onuoivel 6Tt \Jwo, Vwt € k(\/wp). Sy ovvéyeto da deifoupe
ot n k(ywp)/k evon xuhnr Baduod 4 xan 1 k(\/wp)/Q Galois ye oudda
Galois tnv Siedpur| opdda Dy. Kat” opynv ot pllec Tou avory@dyou Toluwviuou
TOU (/W Tévew amd 10 Q omee Eyouue el elvon or &y /wp, £/wii oL omoleg
del€ope 6TL avixouy oto k(\/wi) xou cuvenwe n k(y/wp)/Q civow Galois .
Apo xan 0 k(\/wi)/k eivon Galois xou éotw o € G(k(y/wp)/k) ue o(\/wp) =

Vwii. Ta 1, o, 0%, o0* elvou 6ha Sapopetind petalld toug. Ilpoc ambdelén

T00tou Vo delfoupe 6Tt o 1, o, 0%, o3 malpvouv SapopeTinéc Téc 6TO

Vwp. pogavie: 1(y/wp) = Jwp, o(y/wp) = Jwp. Aol o(/wp) =
Vwii, Yo woylel o(y/wp®) = JUT® %0l GUVETOC o(p) = p. ANG p =
t — yv/—tr mpdrypo mou onpodver 6t o (v/—tr) = —v/—tr. Enopévwe éyouue

_ (V= to(V=gr)  tV=ar
"W@“’< = ) S v Ve

Tedrypa Tou onualver OTL
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o) = o (\/R) = o ( “’ufi) R \/@ — i
z

Enfong elvau edxoho va Solue 6t o®(\/wp) = o(—/Wp) = —/Wi xou

o(vwp) = —ywp, o(p) =g, o(v) = o(v). Lougova e to mopandy-

w: G(k(y/wp)/k) = (0). Eow thpa 7 € G(k/Q) pe /—qr = —/—qr.

Enextetvoupe 10 7 oty G(k(y/wp)/Q) ue 7(y/wp) = Jwp xan €yovde T

axo oLV

(ro)(V=aqr) = 7(vV=qr) = —/=ar
(07)(ar) = ~0*(y=a) =~y
EZdov, T(ywp) = Jwp = 7(p) = p = 7(/—tr) = /—tr. Suvende

XalL TEAXE €Y OUNE:

(ro) (VTR) = (/i) = /@
(6%7)(VTE) = 0¥(/TE) = — /R

mou amodewviel ot G(k(/wi)/Q) = (o) x (7). Ou del€ouue thpa 6TL 7

enéxtaon k(\/wp)/k etvou un Sdhadilouévn extog tou 2. Eyouue k(y/1q) =

k(v/—tr) xou amé Yewpla enextdocwv tou Kummer (BA. [6] chapter V §39)

éyouue ot 1 enéxtaon k(1/tq)/k elvar un Stndhadiloyévn extdc tou 2 omndte
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apxel va del€ouye 6tL N G(k(y/wp)/k(y/Tq)) evar un Sronchadilouévn extog Tou
2. Tpdrypart, 0o p mpmTo Wemdec T0U Ry /a5 e P 1 2. Oa dei€ouue oT1 évar
ex Tov T2 —wv, ¥ —wp e doywplowo modulo p, Tedyua ToU, AoYw TG
wotntag k(yvwv) = k(/wp), Yo poag ddoet 6t 10 P dev dondadiletan oto
k(y/wp). 'Eotw 6t xovéva and o 22 — wo, ? — wp dev elvor Staywplotpo
modulo p. Autd onuadver 6T yio xdie TpwTo WewdeC q Tou Ry /mm) KE 4 | p

Vo elyope o’ evoc q 12 xon ag’ etépou
Vwv = —y/wv(modq) xar Jwp = —/wp(modg).

YLvETOS 2¢/wv, 2\ /wp € q = 4wv, dwp € q. Aol dune q 1 2 o £youue
q | v, u xou ouvende q | v0 — dpji. Agod VD — dpjii = —4t* TpoxinTel 6T

q| —4t> = q| 2. Atoro.0

H o0vdeon e mponyoluevne mpdtaone pe 1o mpdfAnua mou ueietolue Yo

pavel ueTd amd To axdAovo Auu:

Adupa 1.2.6  KdOe kukdikn enéxtaon L ndvew and to k = Q(y/—gqr) Pabo?
4 un owaxAadilduervn exktos tov 2 n onola eival kai O1edpikn eméxtaon tou Q

nepiéyetar o€ kdle k(Ds) yia kdle s > 4 ka1 ouvends mepiéyetal kar 0o

k(Ds) = k(D).

Anddeiln:  Xougova pe to Yedpnuo 11 tou [10] , 1o L mepiéyeton o€
¢va ring class field mdvew amd 1o k xou agol n L eivar pn Srocdhadiloyev-
N exTOC TOL 2 eméxTaom Tou Kk, emetar 0Tt To L Vo mepiéyetan oc xdmolo
ka(Ds,) vt xémoto sg > 2. ‘Opwc n oudda mnhixo e Ha(Ds,) modulo
G(ko(Ds,)/L) eivon G(L/k) = (2%) xou étor 59 > 4. Enlong, apod n oud-
Sa mnAixo e Ha(Ds,) modulo G(ka(Ds,)/L) elvar xuxhihy Baduol 4, do
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éyoue 6t 1 G(ky(Dy,)/L) eivor pic e’ tov (A2 By, Cy), (A2 Cy, By,
(A2 B, BoCl) xou (AL B, C.). AW Glky(Dyy)/ka(Ds)) = <A2C >
on6te Glka(Dy,)/ka(Ds)) C Glka(Dy,)/L) ou onpoiver L C ka(Dy) C
ka(Dy), yioe xéide s > 4. O

Y0upove Aottov Ue To Topamdve AMupa to oopota k(y/wp), w = £1,42
nou elyope Beel tepéyovion ato k(D) 1o omolo teptéyet axpiBie 4 utoohuato

Borduol 4 xuxAind mdvew and To k. YUVETOC:

{Lazp,c, » Lazc,B,» Lazp,,c,» Lasp,c.t = {k(vr), k(V—n), k(v/2p), k(/—2p)}.

Topa elvar mpogaveg 611 10 cwpa Ly = Lz g, ¢, Tov elyapue Yewprioet apyxd

elvar 1o k(+/tq) aol elvon 1 Topr| twy Lap,c,, Lazc,B,, Lag,B,c,, Larp,c,-

o ouveyloouue Tapatneolue Tor oxdrouia:

Afppo 1.2.7  [ha dAa ta ¢ € {0,1,...c(s)},7 € {0,1} ka1 ¢ € {0,1}
EYOULE:

L sl o, = Laz sic
Anodeln:  And Mupa 1.2.2 éyoupe

LAzb

D Lot ni
s+17 s+170£+1 - AﬁL,Bg,Cg
Autd ta dYo cwpata elvon (Stou Barduod 20H2=0=t 1dvey and 1o k xan oUVETEC

4 4
TRETEL VU TO(UTLCOVTO(L.D

ITopiopa 1.2.8

L = Lp,c,, L = L, = ka(Ds).

oc(
As+1 ) s+1>Cs+1 s+1
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To Ly p, 0, euputedeton oe wo xuxhixd enextaon Baduouv 8 mdvew ano 10 k
(tnv Las,, B..1,0on /K). AT [12] xou 10 local global principle, €youpe o

oaxohouto anoTéAeou:

IMpétaon 1.2.9 Av M/Q enéxraon alyeBpikdv owpdtwy apifudy émou
M = Q(v/2(A + B+y/a),Vb) je A*> —aB? = ab, a,b € Q dy1 Terpaywrikds

wootvaua, A, B € Q ka1 z € Q, tére to M eivar 0iedpikn) eméxtaon tov

Batot 8 kukhixii dvew aré to Q(v'b). EmmAéov to M pmopel va eugurevdel

o€ a 01€0p1kn eméxtaon Paduov 16 tdvw and to Q av kar pdvo av:

()= (57)

via kdOe mpwro apidud p, dmov (;) eivar o oUpporo tov Hilbert .

Yny ouvéyeta Yo utohoyloouue To owux L g o

IIg6taon 1.2.10
. k(v—2p) ,av (=1
e { W) (4= -1
ka1 ato oa ta Laxp, c,, Laxc, B,, Lazp, B,c,, Lasp,c, 16vo to Ly p, c, €)i-
puteletar o€ KUKAIKD eméxtaon Paduov 8 ndvew amd to k mou elvar 61€0p1kn

Patuov 16 tdvw and to Q.

Andden: T tov opiopd xon tic wdtnTee Tou ouuforou tou Hilbert

TOPUTEUTOUKE TOV avaryveotn oto [1].

o Av (1)=1, 161 ypdpouye

v = 0 (vl (£ - L) v )

T T




o eToPévee amd v meotaon 1.2.9 éyoupe ot av Las g, ¢, = k(\/wi)
TOTE Y1o xQE TEWTO P UE

qr,—w\__ [ —qr32r
(=)= (=5

) Vo éyoupe H1u:

- / - - { ; no(2rly— —qr? 2r\__
H nepintwon w = —1 odnyel oe drono agol ( - )= 1 (—q )=
—1.

— H neplntwon w = 2 odnyel oe drono agol (q7“;n_—2): 1 %ot (—qr:,27“):

—1.

. ’ . / / / qT,—]_ - —q7“2,27“ -
H mepintwon w = 1 odnyet oe dromo agod (=)= 1 xau (=5-5)

q
—1.
Apa xot” avdyxn w = —2.

e Av (J)= —1, tote ypdgouye

k(vwn) = Q (\/wx (2; B %,m) | N)

o, TéAL and Ty medtaon 1.2.9, éyovue 6t av Las g, o, = L(\/wp) t61€
Yo xdde TpwTo p ue

(qra__2w): (_2%2’47“) y’] I.OOS\,)VO(HO( ((]T’,—2’UJ): (—2(],7“) Yo E/:XOUP.E OTL:

P P P

— H nepintwon w = 1 odnyel o dromo agod (qr’T_2): 1 xou (@): —1.

— H meplntwon w = —2 odnyel ce drono agpob (%’4): 1 xau (@):
—1.

— H nepintwon w = 2 odnyel e dromo agod (%{4): 1 xou (%): —1.

Apa xot” avdyxn w = —1. O
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1.3 Kbipia anoteréopota

[Tepoptlopaote topa otny Tepintwon s = 4 ot yia amAGTNTA 0TV GUPBOALC-
uo Yo mapaieitouue Tov Selxtn s uto¥éTovtog TavToTE OTL BOIOXOUACTE OTNV

nepintwon s = 4.

Ocewpnua 1.3.1 Eotw

L, ar ($)=1,
t =

2 ,ar($)=-1

r

ka1 éotw x,y € 7 pe qu? — ry? = t. ‘Eotww eniong p mepirtds moctos jie

D lq
—)=1 ka1 (—)=1
) ()
Oéroupe p =t — y+/—tr ka1 opiloupe to oUpPoro u, ws €€Ng:

( (—l)prl, av p |z,

up =4 (), av p{x kar ()= —1,
\ (_72“), av p{x ka (£)=1,

drou ota oUufola Legendre, mou eugavilovtal, oav \/—tr Gewpolue tuyai-
a axépaia AVon g emAlomung wodbvvauias > = —tr(modp). (O avay-
vaoTns umopel va mapatnprjoer 6t to oUuPoAo u, €lvar éTol 0piojévo wote
u, =1 av ka1 pévo av fp(Las g o) = 1). Kdww ané avtés nig vnodéoers kai e
avtoy to ouppolioud, 10xvovy ta akéAovla:

q

/. /7 /. 7/ ! / 7/ /
o )ty mepintwon la dmov (;) = —1 époupe 6t 0 p" mapioratar and axpiBas

pia ambiguous kAdon kai akpipéotepa:
— Avp = 1(mod8) tre: I — p' & w, =1 xa1 A2 — p' &
u, = —1-
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— Avp=T7(mod8) wite: B — p" & wu,=1rxa1 A’B — p" &

u, = —1-

— Avp =5(mod8) tire: C — p" & u, = 1 ka1 A*C — " e

u, = —1-

— Avp = 3(mod8) wire: BC — p' & w, =1 ka1 A2BC —

phl & up = —1.

o Yy mepittwon IB drov (1) =1 éyovue:

7

— Av u, = —1 tére A* — p* ad\d kapia ambiguous kAdon Oev

!

rapiotd Tov -

A 1 7/ hl / / / b - A. /7
— Av uy, =1 téte 0 p" mapiotarar aro axpiBas pia ambiguous kAdon.

An6deiln:  H mpodtoon 1.2.10 pog Siver 61t Ls g o = k(v/—2tp). Kot apyh
Vo deiCouue OtL T0 oluBolo u, €yel oploTel xatd TéTOlo TEOTO YL ToL P TOU
AVOUPEEOVTAL OTNY EXPOVNOT BOTE VoL Loy VEL Uy = 1 oy o uovo av fp(Lasp o) =
1). Hpdrypatt, mopatneodue apyxd 6Tt 1 ouvdnxn

tq,
(g)— 1

nou Yéhoupe va ixavorotel to p elvar toodivaun (BA. oyhAuo oty mpdTaON
1.2.5) Moyw (%): 1 pe 1o 61t fp(Ly) = 1 xou ouven®S 0 p avahbeTon TAHEWS

010 Las o av xar ovo av fp(Laspc/Lo) = 1 1 10od0vaga av xat 6vo av

(ﬂ

’ )= 1. Enedh 1o u, éxel opotel €tot wote ya xdde p { = va wylet

Uy = (%) N tooduvapior Tou INTdue 1oy Vel TPOPUVMS YLor Oha ToL p { T, EVE

Yoo T p Ye p | & umopolue va Sobue 6Tt aol k(\/wp) = k(y/wv) Yo woydel
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xou L g p o = k(y/—2tv) ondte agol v = 2t(modp), éyoupe TeAxd 6L

9% a2 _ -
FlLane/Tn) =16 (—)=16 (C0)=1e (D)=1e ()7,
/— k2 D)
Ly2p L s2pc A L g0

~ XX

Lip La2pc Lac

N

Ly=La e

k
2o 3
Q
Yty ouvéyelo uehetolpe Ty mepintwon Lo émou (1) = —1. Ttny nepintwon

auTH 1 oudda xhdoewy eivon n H(D) = (A, B,C) ye A* = B? = C? =T xw
o ambiguous x\doeic eivon o1 I, A%, B,C, A’2B, A’C, BC o A2BC. 'Eyouue
fp(Lo) = 1 xou ool Lg2/Ly2 p e elvar tomou (2,2), axpiBode éva amd to
fo(LazB), fp(Lazpc), fy(Lazc) wwolton ye 1 Oha elvon (oo e 1 (BA. oyhAuo
3).

o Av fp(La2p) = fo(La2pe) = fp(Laze) = 1 16t€ fp(Laz) = 1 xou
ETOPEVKC, TO owua avdhuone tou p oty ka(D) elvon eite o Ly elte 10
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L, onéte I — p” i A? — .

o Av axpiBide éva omd to fp(La2 ), fp(Lazpe), fp(Laze) toobtou pe 1

161 fp(La2) # 1 xan

— Av f(La2p) =1 161€, agol L1/ L 42 g elvar tomou (2, 2), Yo €youpe
fo(Lazp) = 11 fp(Lp) = 1 xou enopévig T0 6oUAL avGAUGNS TOL

p 070 ko(D) Yo eivor | t0 L2p 1 o Lp, onéte A2B — pl' A

B — p".

— Av fp(La2pc) = 1 161, epyalduevol OTme Topamdve, €YOUUE OTL

A’BC — p" 4 BC — p"..

— Av fp(La2c) = 1 161€, xou téAL epyal GUEVOL OIS TAUPATAVE, EYOUUE

6t A2C — pl HC— Pl

Auto mou péypet tpa Eyouue deilel elvan to avtiotpogo tnc medtaonc 1.1.4.
XNy ouvéyeta Ya Staywpeioouue Tic ambiguous xAdoeic. ‘Eyouue unoléoel ot
(%): 1 xou (%q): 1, ovvenoe fp(Lo) = 1. Ernlonc u, = 1 axpBoe tote
6ty fp(Lpe = 1. Av p = 7(mod8) deifope mpwv 6t pio ex tov B, A’B

!

TAELOTE TOV p", omédte 10 oduo avdhvong tou p 6to k(D) elvar | o Lp 1
0 L42p. Aol 10 owua L 42p civar yviolo utocivolo tou Lp oL 42p, €Y0ouue
6Tl T0 ooua avdAuong tou p oty k(D) eivon to Lp ov xow gévo ov u, = 1
xou étot B — ph' av xou ovo av u, = 1. O dhAec mepimtwoelg oTic omoleg

p = 1,3, 5(mod8) unopotv vo amoderyolv eviehds avdhoya (BA. oyruc 4).
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Ly Ly Ly L[

/ /| /]
L 4 Ly:p Lp Lyc Lo LA2BC LBC
W W W N
L L L
/1: Il; /|<: 2y 4 k
0 0 0 0

Suveylovpe pe my mepintwon I8 oty onofa (1) = 1. E8G 1 opddo xhdoewmy
etvar n H(D) = (A, B,C) ue A® = B* = C? = I xou oL ambiguous xhaoeig
etvan 1, A% B, C, A*B, A*C, BC xon A*BC. Trevdupilouye 6t up, = 1 av
xou wovo av fp(Laspe) = 1. ‘Eyouue fy(Lo) = 1 xou enedh) n enéxtoon
Ly2/Ly2p o elvar tou tomou (2,2), oxefoc évag ex twy Badudy adpaveiog
fo(LazB), fp(Lazpe), fp(Lazc) elvou (ooc pe 1, ¥ 6hot elvon {oo pe 1 (BA.
i 5).

o Av f(Larg) = fo(Lazpc) = fp(Laze) = 1 t0te fp(Laz) = 1. Em-

TAEOV:

—Av f(Laspe) = 1 t6te xa fp(LaeLaspe) = 1. H odvieon
OUOG TWV OWUATOY L2 xou Lgsp o elvor 10 cwpa Lgs. Enopgv-
we Vo ebtyape fp(Lar) = 1 mpdyua mou onuaiver 61t A* — p 4
I — ph'.(Enpsiwon To oodua L gs g o 0ev maplotaton oTo didypoupa
TOU oY UATOC 5.)

— Av fy(Laipc) = —1 w6t fo(La) = —1 xa étor A2 — p" mou
onualver ot A — " a0 Pl Sev maploTatar and xouia am-
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biguous xAdor).

o Av axpiBide éva ex v fp(La2p), fp(Lazpe), fp(Laze) tooltou pe 1

161 fp(La2) # 1. Yuvendc:

— Ay fp(LA{B) =1 161¢

b S AV fp(LA4,B,C) =1 TéTE, O((POL/) LA2BLA4,B,C = LA47 190( E[XO(P’E

fo(Lazp) = —1 xou étor fp(Lasp) =1 mou diver fp(Lasp) =11

fo(Lp) =1 onéte A*B — p" 4 B — p".

* Av fp(LA4,B,C) = —1 tote fp(LA‘l,B) = —1 emopéves fp(Lazp) =
1 étot A’2B — p nou Siver A* — p* xou 0 p" Sev TaploTaTan

am6 xoplo ambiguous xAdo.
— Av fp(La2c) = 1 t61€ oyoing

« Av fy(Lyspc) =1 t6te A*C — p" 4 C — p".
* Av fp(Larpc) = —1 to1¢ A* — p™ you o p" Bev ToploTato
am6 xoplo ambiguous xAdo.

— Av fp(La2pc) =1 161¢

* Av f,(Laspc) = 1 éyouvpe 61t A*BC — p " BC — Pl

* Av fp(Laspc) = —1 1ot A — pP oy o P Bev Toplo-
Tatow amo xopfa ambiguous xAdor, dnAad amodeiloue TAYpwe

T0 Yewonua. O
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Lasp Lp Lpc L 44 Liyspc  Lasc L¢

PN

Lup  Lpp  Lape  La Laspe Lipc  Laic

2 X S

Lip La2pc Lac

N

Ly=La e

Yiyfua O

Q

Khetvouue v mopdypago mpoodopilovtag ta oduoata Lap o, Lazcp,
La:p pc nou Las . To arotedéopata tapoucidlovion otov axdroudo mivo-

PLEOH

[epintwon (;) Laspc Lycp | Lapco | Lazppe
| -1 /72 | kR | k(2R | ()
B | 1| k=R | k2R | k) | k(/2ZR)

An6deidn: Eotw (4) = —1. Ané to Jedpnua muxvémrag tou Cebotareb

(BA. [3] Vedpnua 8.17) mpoxiinter 61t T ohvola spl(ka(D)) , spl(Lp,c), €xouv
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TUXVOTNTES

1 1
o

[k2(D) - Qf [Lpc: Q)
avTioToly oL LUVETMC UTOPOUUE VO TEPOUUE TEQITTO TEWMTO aptdud p €Tol -
GTE T0 GOUA avéAuone 10U 670 ka(D) va eivon 10 Lye, onéte BC — p?M,
XU EMOPEVLS, AOYw tne meotaone 1.1.4, Jo éyouye p = 3(mod8). 'Etol
fo(Lazppc) = fp(Larpc) = 1 (ol Lazppe, Laspe C Lpe). O Po-
Vuoc adpavelog fp(Latpc) evar 1, cuvendyeton oL (_Tf‘) = 1 %o GUVETC
(%) = —1. Apa Lappc # k(vV/—2p) xau Lappe # k(\/1), cuvenag
Lyppe = k(v/2p). Mnopolue ernione vo mdpoupe pp €10l WOTE 10 OG-

o avdhuone tou oto k(D) va elvar to Lo 1o omolo Siver p; = 5(mod8).

Ouolwe, omwe mponyouuévme, Vo €youue fpl(LA2B,C) = fpl(LA4,B,C) =1

Xl oLVAYOUUE OTL Yo TEETEL xot TEAL (;—f) = 1 7o omolo cuvendyeton OTL

(p%) = 1. Apat Ly2p o # k(v/—2p) mou diver Lo o = k(\/1) o emopéveg
Laycp = k(v/=2p). H nepintwon Ip oty onola (£) = 1 propel va peretnlet
EVIEADC OUOLa Ta{pVoVToC TE®TOUC aetdUols p, P1 OOTE T OWUATA AVIAUCT)-
¢ toug 00 ko(D) va elvar Lo xav Lo avtiotoya (xdtt 1o onolo Yo dddoet

p = 3(mod8) xou p; = 5(mod8)). O

1.4 To npofAnua nopdotaong yio avdaipeto D,

!

2NV Topdyeapo auth TeooTotolus vo SOUUE XUTd TOCO 1) ToEAGTACT) TOU p'o
amo o ambiguous xhdon Staxpivoucag Dy, emided oTny ixovoTnTo TOEdoToo

C Tov phls am6 ambiguous xhdon diaxpivovcag Dy , s > sy > 4.
ITp6taon 1.4.1 Av s aképaios apiuds pe s > 4, p évag mepirtds mpwtos
113 (%): 1 ka1 Xgq1 pia ambiguous kAdon dakpivovoas Dgiq, tdte 10y Vel n
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axdédlovln ouvenaywyn:
Xy — 0 = y(Xn) — p

AdeiEn:  Agol X — pl=+1 o éyouue 6TL T0 GOUA AVEAUOTC TOU P

070 kg(Ds41) elvar to Ly,,, mou diver f,(Lx,,,) = 1 xou emopévie Aoyw tou

s+1)
Mpuportog 1.2.2, éyouue 6t fi(La,(x,,,)) = 1. H mepintwon Xy = L1 ebva
tetpiupévn. Av X1 # I t0te 10 fp(Le,(x,,,)) = 1 ouvendyeton (Aoyw ToU

6t n L, /Lg,(x,,,) chva eméxtaon Baduol 2) 6Tt 1o odua avdAuong Tou p oTny

k2(Dy) etvaw ) 10 Ly (x,,,) 1) T0 Ly, Av frav 1o Ly, t61€ agod Ly, = LAQC(IS)
s+

O ebyope fp(Lx, L o) = 1 xow ouvense fp(Ly,,,) = 1 mou ebvou dromo

+1
16Tt Xgiq # Igpq. O

Ilépwopa 1.4.2 Eotw s € Z,s > 4 Kkat p TePITTOS TOWTOS JLE (%): 1. Av
X € {I;, B, Cy, BsCs} téte

o Ay Agc(s)les — s A X, — pl tére X, —> pM Ve € {4, ..., 5 — 1},

c(s)—1 7 / - 7 /
o Av Az Xy — ph; tote Kkauia ambiguous kKAdon dakpivovoag D, dev

rapiotd Tov pl Mo > s+ 1.

AnodeiEn:  YTreviupillouue 61t ®(Ay) = A1, ®(Bs) = Bs—1, ®(Cs) =
Cs—1. Hapatnpolye 6tnv cuvéyeta 6Tt SATT Yy = A2 = (ool B(As) =
Ag_q xan o Ag_y €xer T8N 2c(s—1) — 20(3)_1). 'Eotw howntdy bt Azc(s)les —
pls. Téte (IJ(AEC(SHXS) — plr Shadh Xoop — plr Av méu X, —
P t6te ®(X,) — pl-t ométe Xy g — pl-1. Ye wdde mepintwon hotnéy
éyoupe 6Tt Xy 1 — pl—1 xou ouveyilovrac opoiwe éyovpe X, — pM Vi €
{4,...,s — 1}, dnhadh v anddeiln tou mpodTou uépouc tou mopiouatoc. Ei-

VO (PUVERO OO TAL TUPOTAV®, OTL OL EIXOVEC Twv ambiguous xAACEWY PECW
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e Dy avixouv oto odvoho {Iy, By, Cy, BsCs}, s > 4 xau ouvende, ov
Agc(s)_lXS — plls, T6Te dev elvon Suvartdy uta ambiguous xhdon Staxpivoucag
D, va moptotd tov pl v xdmoto ¢ > s+ 1, Snhadh éyoupe Ty omédelln Tou
delteQOL PEpouc Tou Toployatoc. O
Avtlotpoga €youue to axdhouto Oedonua:
Oedpnua 1.4.3 Av p elval tepittds mpcdTog jie (%): 1 ka1 X € {Is, Bs, Cs, BsCs }
via s € L,s > 4 pe Xy — pls,  tére 1wy Uel akp1Ps uia ard g axodovleg
TapaoTdoels:

® Ast1 — phlsH

o Agisl)Xs+l — phlsH-
= 1.

Emm\éov, Xg11 — p+1 & fo(Lp,,, c..)

Amodeiln:  H amddeln elvon oyedov mpogovic av PeAeTHOEL xavelc Tor

oxorouda Starypdpuuotoa Galois

y kQ(DSH) Ly, = kS(DS‘H)
Lo o =L Dyue 6 B

Av X, # I, t6te f(Lx,) = 1 xouf(ka(Ds)) # 1 ondte 10 oodua avdhuone

ToU p otV ka(Dsy1) elvon oxpBcds éva amd o LAZC(S)

L XL AUTO
s+1 XSJrl, XS+1

yiatl n oOvieon avutody v Slo cwudtwy elva to Ly, (BA. oyfua 6), tedyua
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/ / 7 / / c(s) / !
nou onuoiver 6Tt xdmota améd Ti¢ xhdoeig A X1, Xep1 Toplotd Tov pln
(o oOppwva pe Ty tedtaon 0.0.1 axpBog pio). Av Xy = I t61€ agol

S

Ly = LA2C(S), Exoupe 6Tl To oOua avdAuong Tou p oty ka(Dyt1) elvon oxpBede
s+1

S LBs+1 Cst1

s+1

evaex twv Ly, LA?i(f)' Tehog mapatnpolye 6t Ly, = L 2

nou onuadver 6t X1 — pl av xen wévo av f,(Lg,,, c,,,) = 1.0
Arnd o Oewpfiuata 1.3.1 xaul.4.3 teooxintel To axdlovdo ndpioua:

Iépiopa 1.4.4 Eotw (1) = —1. Ta éva npdto nepittd p pie (%): 1 kai
1, arp=1,7(mod8):

p (2), avp=3,5(mod8).

To oUpporo u, tov Oewpnparos 1.3.1 eivai kadd opiojévo. Ioyver 6t uy, = 1
av Kkai uovo av akpifos uia €k twy AiB;, Bs rapiotd Tov 5. EmmAéov,
Bs — ps av ka1 pévo av f(Lp,c,) = 1. Enions av n AiBs mapotd tov p's,
tote Oev umdpyel ambiguous kAdon dakpivovoag Dy mov va mapiotd tov pls,

via kdOe s > 9.
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Kegpdiowo 2

[Topdiotaon Avvipewy Ilpwtwy Aptduny

xo 20uBoia Ttou Legendre

2 aUTO TO YEPOC Vol ECETACOUNE TNV OYECT UETALD TNC TUEAOTAONC SUVGUEWY
TEOTWY oATO XAAOELS TETEUYWYIXWDY HORPKOY Xt Tou yopaxthoa Legendre tnc
VePeA®OOUC HOVADUC TOU EUTAEXOUEVOU TRAYUATIXOU TETRUYWVIXO) GOUATOC
aptduwy. O tepimtooeic 1, 2 mou avagéoovtat otny elooywyn Vo ueAetniodv

ceywplotd. TreviupiCouue 6Tt autéc efvou:

o In Ilepintwon D = —256¢r, q,r mpdtol pe ¢ = 5(mod8), r = 3(mod
8), hiz(Dy) | 4.

o 2n llepimtwon D = —4m, m > 1 axépauog, elehicpoc TeTpUYOVOU UE

H 1In mepintwon vrodoupeiton otic mepintadoeic o xon If 6nwe xat oto mpo-

NYOUUEVO XEPEALO.

2.1 IlpoxatopTixéc MPOTACELS

AAppa 2.1.1 ['a kdle s € Z, s > 2, 10yovy ta akélovla:
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o (i) Ho(—2%qr) = (272w 2,2), 6mouv Hy(—qr) = (2°vT1) oty mpdin

TepimTwon,

e (ii) H3(D) € {(3),(3,3), (3%} oty dedtepn mepintwon,.

AnédeiEn:  H (i) éyer uehetnlel oto npddto yépoc tne epyaoiac (BA. 1.1)
Do v (i) ta avopepdueva oty expoynon elvon Tpo@avh and Titg UToVETELC.

a

To axdrovio hMupo Yo gavel ToA) yprowo oty cuvEyela agod Yo uag doet
™V SuVUTOTNTA Voo GLUVOEGOUKE CWUAT AELIU®Y TOL Vol EYOUUE XATAOKEVAOEL

UE LUTOOMUATA TV euTAexouévey ring class fields.

Afppo 2.1.2

o (i) Kde xuxhixhy enéxtaon L tou k Baduold 4 pn doxhadilopévn extoc
Tou 2 xon Sedpn| unép Tou Q mepEyeton ato ko(—2564r).

o (ii) Kdle un Sroochadilopévn enéxtaon L tou k tééne 3 (avtiotoryo 1éEng

2) mepéyetar 0to k3(—4m) (avtiotoyo oo ko(—4m)).

AnédeiZn: H (i) éyer pehemniel oto mpwto uépoc tne epyaoctog xat elvor to
Mo 1.2.6. o v (i1) €youpe ot xdle pn doxhadiloyevn enéxtaon tou k
Beloxeton oto Hilbet class field tou k mou eivan 10 k(—4m). O
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2.2  Emextdoeig tov k nopayopeveg pe tny Bordeia pillixwy tng

Yepehwdoug povadog

IMpétaon 2.2.1 Eoww q, r mpdtor apiiuol pe ¢ = 5(mod8), r = 3(mod8).

Eoww eniongw € {1,2} ka1

N~

I
—
—
Q
X
—~
=R SR
N—
I
—_

[\
Q
X
~—~
~—
I
I
—_

Oéroupe: k = Q(v/—qr), ko = Q(\/qr), K = kko, o = /W2y M =

2

K(a). Ta axélovda wyvowr: Trdpya v € K téroo dote wey, = tqv?. H

enéktaon M/K elvar kukhiky Kummerian enéxtaon Baluot 4, M/Q evar
oredpixry e G(M/Q) = (o, 1) x (0) rxar o(\/qr) = \/qr, T(/qT) = —/qT,
o(/ar) = ar, o(i) = 1, (1) = —t, (i) = —1, o(a) = ia, T(a) = %,
o(a) = a. Enionsn M/K elvar urj traxAadildpevn extés tov 2 kai ta odpata
L, L' mov avtiotoyolv otis ouddes (1), (oT) péow tns avuororyias Galois
elvar KukAikég emextdoels tov k Paduol 4 un odaxAaoildjeves ektos tov 2
ka1 O1edpirés mdvew ané to Q. Télos K(\/24) = k(i,/Tq). Axolovlel o

Sidypajijia twy mpoavapepopuévwy vroowudtwy s enéktaons M/Q.
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M

_—

L L K(/Eq)

N

k(VEg) K = k(i)

/1N

|
k Q(1) ko

\ / 2o 7

Anddeln:  Adyw TV 1oYLOVCOY IGOSUVAULGY Yia To g, T, 1 VeueAmONC

LOVAEdo ToU TETPAYWwYLX00 Tpaypatixod oopatog aprduwy k = Q(v/—qr) éyet
norm {on ye 1. H ddtnro avtry Yo yenotwomotniel oto mopondte ywelc tdt-
aitepn avagopd. Ilapatnpodue 6t Ry, = Z[\/qr]. 'Eyouue 6t 1 Sogavtixh
ellowon 2% — qry? = tq elvon emhlown otoug axepadoug (BA. Mupe 1.2.4).
Octouue

b=z+y\/qr, b=x—y/qr (2.1)

xau éyouvue bb = tq. Ta 2,q Sowdadlovioun oto ky. Lpdpoupe (1) = ¢,
(q) = g% 6mou 10 q eivou éva TEGOTO WeMdeC Tou Ry, xou To qp elvon Eval TEMTO
Weddec Tou Ry, 1 6hog o doxtihog Ry,. pogavie to demdec (b) doupet to

(9q:)%. Abyw tou 611 N(b) = bb = tg, amoxheiovion oL TEQMTOOELS

(b) =ar, (b) =ga;, (b) =a", (b) = (q:)”

xow ouvende (b) = qiq = (b)® = (q:q9)* = (tq) omdrte vmdpyer uovdda e

A

tou Z[\/qr] éto1 Gote b = tge. 'Bow € = ¢,

A € Z 6mou OTWE EYOLUE
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AON avapépet €4 elvan 1 Vepehtddne povédda tou Ry, = Z[/qr]. O X npénel
avaryxooTixd vo elvar teptttoc. Ipdypott, av o A Atay detiog toTE
A

(bei )* = tg

on6te Ju € Z[\/qr] : u* = tq xou av u = x + y./qr t61€ Vo émpene tq = u® =

z? + qry? + 2zy./qr Tou cuvendyetar Ty = 0 xou doa tq = z? + qry®. "Atoro.

Aqgol howmov o A elvar mepitToc unopolue vo Y€couye

i1
w(beg® )

tq
xou Yo éyoupe ot = wrey, = tqv?. ‘Eoto tdpa G(K/Q) = (7, o) pe T(\/qr) =

—/qr, o(y/qr) = \/qr, 7(i) = —i, (i) = —i. Mnopolue elxoha vor Solue

6t T(v) = ;’;—i, o(v) = v xou 7(at) = (g)4, o(a?) = o xau étor umopolye va

VvV =

enexteivoupe To T, 0 06T0 M xatd tétolo tpémo dote T(w) = (g), o(a) = a.
EZéMou n M/ K eivon enéxtaon xuxhixf tou Kummer xou propolye enopévec
va Véoovpe G(M/K) = (o) pe o(a) = ia. Iopatnpodue oty cuvéyela 6t
M = Q(a,i) xou emouévec éva atowyeio tne G(M/Q) xadopiletor mhfpwe

amo TIC TIEC TOL oTa o xou ¢. Emedn):

(ro)(a) = =i =

|
q
-y
z

éxoue 6 G(M/Q) = (o,7) % (o) pe GM/K) = (o,7), G(M/ky) =
(0,0), GIM/K) = (0,7, 0) Enlong ané vouo avdhuong o€ eNEXTAGES TOU
Kummer (BA. [6] chapter V §39) unopolue edxoha va Sobue 6t ot M /K xou
K/k elvon un doxhadilopeves extoc tou 2 xou cuvenodg xou  M/k etvou un
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Stonhadilouevn extoc tou 2. Todpa, T uToowuata Tou M Tou avTloToly 0OV
uéow tne avtiototylog Galois otic ouddec (1) xou (o) elvon xuxhixéc tou k
Borduot 4 un drohadilouevec exTOC Tou 2 xou UdAloTa efvon xo MESPIXEC ETEX-
tdoeic tou Q. Téhog, 1 oyéon wre,, = tqv? diver k( /) = k(i,v/Tq) ( mou
BéPonar onuaiver 6Tt yia p mepLttéd TemTo pe p = (1 mod 4) xou (%): 1 oy e

()= (4).0

2Ny ouveyela Yo UEAETACOLUE TNV TEPITTWOT TOU TETRAYWVIXOD Utyodixo
otpatoc Q(v/—m) émov 0 m elvon puoixdg aprinde ehediepoc TeTPaYMVOU UE

m = 1(mod4).

ITpotaon 2.2.2 Eotw m eAellepos tetpaywvov guoikds apiduds pe m =
1(mod4). FEoww k = Q(v/—m), ko = Q(v3m), K = kky = k(w), a =
Ve3m, M = K(«). Ioyve éun M/K eivar Kummerian enéxraon BaOuod 3
kar n M/Q eivar iedpirn) waéns 12. EmmAéor, G(M/Q) = (o, 7) X (0) e
o (V/=m) = /=, (/7)== oy =m) = v/, o(v78) = V7B
r(V3) = V73, o(VB) = V73, o(a) = wa, 7(0) = &, ol0) = o H
M/K eivar aBehiavny un daxdadildpern extés tov 3 enéktaon Paduol 6 kai

to urdowua L tov M mov avniotoivel otny (1) eivar BaOuol 3 enéktaon tou
k un duaxAadilduevn extds tov 3 kar n 6€ L/Q eivar tiedpikny tdéng 6. To

o1dypauia Twy UToowuUdTwy Tou avagépovtal olvetal akodovia:
Papu M pep
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Anddeln:  Hopatneolue xot’ aoyny ot

Z[\/3m] , av m # 0(mod3)

Z[\/%] , avm = 0(mod3).

~1++v-3
W= —"n""

M = k(a,v/=3), 5

xau 0Tt Ry, = {

H Yepehioddne povéda €3, 10 TeTpayOVIXO) TRayaTXo) oouatoc Q(v/3m)
éyet norm {on pe 1. Hpdyuatt, av m # 0(mod3) téte 1 dogavtixd| eZiowon
2% — 3my? = —1 dev éyet Moon (awol n oyéon z2 — 3my? = —1 diver 22 +
y?> = 3(mod4) mou elvau dromo), evey av m = 0(mod3) téte 1 Sogavti
efiowon &2 — By? = —1 dev éyet Mon (vl m = 1(mod4) mou onuaiver

61 Z = 3(modd) xou ouvende pla oyéon e popgrc =¥ — By? = —1 Vo

¢dve 22 + y? = 3(mod4) nou elvor dromo). H oudda Galois G(K/Q) eivou
TOmou (2,2) onéte unopolue va mdpovue G(K/Q) = (T, 0) pe 7(v/—m) =
vV=m, o(v/=m) = /=m, 7(v=3) = —v=3, o(v/—3) = —v/—=3. Enionc
M/K elvar Kummerian enéxtoon Boduod 3 ondte unopolue va Vewprioouue

G(M/K) = (o) ve o(a) = wa. Topa, enedh

(0} = ezt = ()%, ola®) =a®
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Toe T, 0 glvon Suvatoy va enextatoly og 6ho To M émov T(a) = é, o(a) = .

Edxola damotdvoupe ot

(r0)(er) = 55 = (o7)
(00)(e) = w?a = (0%
(r0)(V=3) = —v/=3 = (07)(4)
(00)(V=3) = —vV/=3 = (¢°0)(V-3)

and to onolo ouvendyetor 61t G(M/Q) = (o, 7) X (0). And Vewpio avdhuonc

(@)
)(@)
)

otic Kummerian enextdoeic M/K xa K/k propolue vo dolue 61t dev Stomx-
AadiCovton épay Tou 3 (BA. [6] chapter V §39). To odua L tou opileton otny

EXPOVNON VoL avTioTotyel otny (7)), emeldn

1240 () (g),

(-

elvon 6vtwe dedont| enéxtaon Tou Q xat Boduol 3 mdve and to k.0

2.3  Kbpia anoteAécpata yia tny nepintwor D = —256gr

[eproptlépaote thpa oty 1n nepintwon 6mov D = —256¢r pe ¢ = 5( mod 8),
r = 3(mod38), ha(Dy) | 4. I amhdTnTo OTWS XU GTO TPONYOVUEVO XKEQPFNLO
Vo mopaeimeton o deixtng s = 4. ©¢toupe ky = Q(\/qr), K = kko, M =
K(Weq), M' = K({/4g4). And v mpétoon 2.2.1 mpoxinter 61 oto M
mepléyovtan 2 vrmooouota: Ly, Ly to omola amoteAolv un Staxhadilouevee
eXTOC TOU 2 xuxhixég emextdoelc Tou k Poduod 4 xar elvon Sedoixéc mave
and 1o Q. Eniong xou oto M’ nepiéyovtar 2 vrooopoto: L, Lj mou elvon un
StoAadILOUEVES EXTOC TOU 2 XUXALXES EMEXTAGELS Tou k Bordol 4 xou diedpinéc
méve and to Q. Ané to Mupa 2.1.2 ta Ly, Lo, L}, Ly mepiéyoviar oo

92



ko(—2564qr) xou apol 1 ka(—256qr)/k meptéyer axpBie 4 evdidueca omuata
Tou va etvar xuxhxd Barduol 4 xou Stedpixd téve amo to Q (BA. oyl petd

T0 Mupa 1.2.6) o éyouue

2 2 2 2
{Ly, Lo, Ly, Lo}y ={L) ;o LS5 o0 L o L st = {k(Von) | w = +1, £2}

omov =1t — y/—tr yo z, y tuyaiec axépouec AUOEIC TNG DOPUVTIXAC qr? —

1, ov(9)=1,
t =

2 oy (9)=—1.

ry? =t xou

Hopartnpolpe 6t V2 & M, M' ev i € M,M'. (Av n.y.v/2 € M téte 7
K (v/2) Yo Arav utdowua tou M. Ouwc n G(K(v/2)/Q) eivan tomou (2,2, 2)
xou auTO amayopeletor and v Soun tne ouddac G(M/Q).) Eivou edxolo
tidpar vou el xavelc ot { (4, /i), k(i,4/2p) } = {M, M'}. Ytnv cuvéye
Vo mpoodopicovue note M = k(i, /it) xou néte M = k(i, \/2p). Ilpog tolTo,

Vo ypetotolue o axorovlo Auuc:

Appa 2.3.1 Av g, r elvar mpdtor apiiuol e ¢ = 5(mod8), r = 3(mod8)

Kai €4 = u + vy/qr n Oepeicddng povdda s Q(,/qr), tte g = u =
—1(modg).

Anodeidn:  H g4, ¢ povéda tou couatog Q(,/gr), €xer norm 1 xau
ouvend u? — qro® = 1 mpdypa mov onuoiver u = +1(modg). Trodérouue
6t u = 1(modg). Mnopolue enopévic va ypdhoude u = 1 + Kg yio xdmoto
Kk € Z omdte, Tablpvovtog TeTpdywva, Yo éyouue u? = 1+ 2kq + k%q* xou éto
qrv® = 2kq + K2 = k(gk + 2) = rv®. 'Eoto 61 o k elvon teprttoc. Tote
(k,qr +2) = 1 ondre:

93



e Av pev r | k Yo elyaue grv? + 2 = v2 6Tov v = VIV KU CLVETHC

2
(%) = (%) = 1 1ou elvar dtoTo.

‘O (g) = (%) xou éyovpe Téht dromo.

7

4 4 4 4 4 V4 2
'Eotw tdhpa 61t 0 K eivon dptioc. [pdgoupe k = 26" xou étot K/ (g’ +1) = v/

v v = 20/,

o Av ey r | K téte ypdgovtac K = 1A ue A € Z Yo éyouvue A(grA+1) =
v”?. Enadf or A, grA + 1 eivon tpdrol petadd toug, Da undeyouy axépatol
oprdyol vy xou v WoTe v = vivp xoL A = v%, grA+1 = U%. DIVVETIOC

Vo Eyoupe Tic axdrovieg oyEoeLc:
vi—qrvs =1, v=20 =2vvy, u+1=2+kq=2(qgrA+1)=20%

Ou teheutéeg oyéoeic Sivouv axépona Noon (v, v2) e Stogavtxic e&iow-
one: 2 —qry? = 1pue 0 < vy < wxon 0 < vy < v, %41t 10 onolo elvan
dtomo ool u + v4/qr elvon YeueAcddne Lovdda.

e Av de 7 1 K téte vig + 1 = 103 bmouv v = vivg ombTE 1 = (2) xou

yedpovtag vig = —1+ rv3 uropolue va époupe (£) = —1 tou efvon xou

"
TéA dromo, apol (g) = (g).

YUVETOS g = U + v4/q7 = u = —1(modg).0
Aquppa 2.3.2 loyver n akédovOn oyéon

1 ,ar (

folk(\/H,9)) = (



Anodeiln:  loylel k(\/i, 1) = k(y/v,1), 6mou p, v, énwg oploTnxay oTNY
mpotoon 1.2.5, xou Topatneolue 0Tl

(9) (M): (%)_

q q q
Avt =1, 6t (7)= 1 onéte fo(k(\/R, 1)) =2. Avndh t =2, téte (7)= —1

onote fu(k(\/p, i) = 1.0

Afppa 2.3.3 Eotw p mepirtds mpwtos jie

—256qr
( )=1
p
loyve oui:
1. Av p = 1(mod4) tdre

(tq) (&‘qr) Kal av emmAéov (8qr) 1 téte u (8qr) (2)
—)=(— T —)=1 1t = (—5), (=
PP p T

2. Av p = 3(mod4) tére

M= ()

p p

omou p €tvar mpTo 10€)deS Tov Ry, mdvw and to p.

Anodeiln: Eyovue fo(K) =1 (yixl fo(k) = f,(Q()) = 1) xu K(y/wey) =
k(i, /1q) = k(i, /—tr) on6te apot (_T“"): 1 Yo €youpe olyovpa 6Tt fo (K (\/Wey)) =
1. Eoto qRy, = g% n avdhuon oe mpdta deddn oo ky. To qRk elvon mpdto

Weddec Tou R xat ydMota

Aot buwnc

95



and tov vopo avdhuone otny enéxtoon K (ywe, )/ K Yo éyouue

R (o) /) = 1 e (50 = 1,

T0 omolo, Aoyw Tou Ajuuatoc 2.3.1, elvon 1oodivouo ue
w2 2

(T)4= I < (%)42 -1 & (g): -1 & w=2.

Yuvenoe f(M') =1, fi(M) =2 xo, obupuva ge to Muua 2.3.2, éyouue

(k(i:\/ﬂ)v k(Z,\/ﬁ)) ,O(V( ) -1

OuudpooTe Ouwe 0Tt L p o = k(v/—2tp) = k(v/—2tv) (BX. npdtaon 1.2.10)

onote M’ = LEﬁBC(i). Yty ouvéyeto tapoatneolpe ot fp(k) = 1. Tdpa,

(M, 1) = { (6, ), 6 V7)o

6tay p = 1(mod4), €youvue 61t f(K) = 1 mou divet

: ¢ Eqr
FK(Vem) =2 <= £(k(vVIq) =2 % emopévec (;q): (E).
Eniong, otav (E—;T): 1, éyoupe (4‘%)4: +1 o
degr / (2) _
( . =1 <= fL,(M)=1 fp(LAaB,C) =1 <<= u,=1.

Av néh p = 3(mod4) t6te f(K) = 2 xau, agol n K(/E4)/K elvon enéx-

Taom ToL TOToL (2, 2), Yo éxouue fir( K ((/Eqr)) = 2. 'Etor, étav f(k(v/1q)) =
2 Yo oy let fp(Lg‘i)BC) = 4 (Ago\ n L%)Bc/k elvar XA pe eviLdpueco

otbua 10 k(y/tq)) medypa mou onuaiver fp(M') = 4 xau dpo (42‘")4: —1).
Otav fp(k(v/tq)) = 1 Yo woyder 6t o p adpavel oty K (,/E4)/k(y/Tq) ondte,
ooV n M’ /k(y/tq) elvon tomou (2,2), VYo éyovue f,(M') = 2 mou onuaivel

degry
()= 1.
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k(VEg) K = k(i)

/@(')\ k
N

Yiyfua 9
Q
EZdAlou 1oy lel To axdlovo:
4 2 (2) ,av p = 1(mod4)
S=0)=9 7 (2.2)
p p 1 ,ovp=3(mod4).

[odypatt, av p = 1(mod4) téte o p avokletor oto Q(7) ondte ol avahle-

T xou 070 k Vo avohletan xou oto K. Katd cuvénea (2)= (%) Aoy TOU

p
Rk Z

OTL TOL OOUOTA o xau 7 efvan 106uopga. Av il p = 3(mod4) t6te o p

Vo adpavel oto Q(i) ondte o Badudc adpdvetac tou oto K Va elvar 2 xon €tol

p—1)(p+1

N (p) = p?. Ouoc 2P~ = 1(modp) xou cuverdg oIt — 1(modp) =

N(p)—1 N(p)—1

272 = 1(modp) = 272~ = 1(modp) xo, and t0v 0plopd TOU GUPLOAOL

Legendre, €youpe (%): 1, dnhadn Ty amddel&n e oyéone (2.2).0
Mmopoiue topa va anodellovye To axdrovdo Oewonua

Ocdpnua 2.3.4 Yy nepirrwon 1 (PA. oed. 33), éotw 6u (L) = —1. E-
ropévas, Ho(—256qr) = (A, B,C) ue A* = B?> = C? = 1. Eotw enfong p
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TEPITTOS TPDTOS L€ (%)

= 1. Ta axdérovda 10y Vovy:
(1) O p™ napiorarar ndvra and xdrowa KAdon X wng H(—256qr) ne X* = 1.

(2) O p™ rapiorarar aré ma ambiguous kAdon tov H(—256qr) av ka1 uévo

av (%q) = 1.

(3) Otavp = 1(mod4), twéreo p™ mapioratar and ufa ambiguous kKAdon
tov H(—256qr) av ka1 uévo av

Cr)=1

/ ! / 4 /7
ka1 emmAéov o p™ mapiotatar and ja ex wwv I,C av kai udvo av

(f)f )

(4) Otav p = 3(mod4), téte o p™ rapioratar and ufa ambiguous kKAdon
tou H(—256qr) av ka1 pévo av

Sqrr
Z0ry, = 1.
(5 )

Amodeiln:  H opdda
Hy(D)
Hy(D)’
et o axdrovda otovyeion {7, A2}, {B, AQB}, {C, AQC}, {BC, AQBC},
{A, A3}, {AB, A’B}, {AC, A3C}, {ABC, A3BC}. Treviuuilovue 6t

0 owpa yévoug modulo D eivon 1o k(4/g, (3) ot 0 1oopoppioude tou Artin

ETAYEL LOOPOPPLOUO

Hs(D)
Hy(D)?

= (L/gy)" x {x1}
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e Cmod (Hy(Dy?) —s (219 QDI
m m
210 Ocwpnua 1.3.1 eidoue 6TL yio éva TEQITTO TEWTO P UE (@) = 1 1oy et

4

ot
, 1, av p =
(A). O p™ moplotator omé ambiguous xAdon Staxpivoucac D téte (3)= {
—1, avp-s=

Ot dheg mepintddoets Tou (£) meénet vo SlaotpaoTtody 6Tar UTONOLTAL YEVY) TOU

p

Hy(—256qr) xou étot éxoupe 10 axdhoudo:

—1, avp=1,7(mod8)
, (4
(B). Av X — p™ pe X € {A, AB, AC, ABC} t61e ()= {

1, avp=3,5(mods).

LA2B%A2 % |
Lyep  Lap Lape  La  Lapc Lic  Lag
Lap Lapc Lac
\ / 2yt 10
IIYpyos owpdrwy otnv tepintwon la k
Q
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A6 1o oyfjua 10 Tapoamdve xou e amhd ETLYELRALATO AVIAUONE TEMTOY OTWC
oxEBOC xat 0TNY anddelln tou Ocwpruatoc 1.3.1 yropolue vo Solue 6Tt Loy Vet
xou 10 avtioTpogo tou (B) xau étot éyoupe anodeilet to (1). (Xnuetdvouue ot

v xde X € {A, AB, AC, ABC} woyber Ly = La2x mou onpodver: X —

P av xw pévo av A X — ). Tapw, f,(Lo) = 1 av xu pyévo av

/ ! 7 / 4 : 4
(%q) = 1 av xou pévo av o p™ maplotator and xdmoia ambiguous xAdon ().

oyfua 3) xou €tot 1o (2) touv Bewpruatog tpoxinter dueca. To Bo ebxoha
TpoxUnTouy xot o (3), (4) Tou Oewpiuatog yenowonowvTag To Oempnuo

1.3.1 xou t6 Mo 2.3.3 O

To mpdypata oy nepintwon ()= 1 dev elvar 1600 ‘duoppa’ 660 HTay

g - 7 7 7 / 7 7 7
()= —1. Hopdha autd pmopolue va TéEoupe To axdrouo, evdlapépoy xatd

™Y Yveun pac, Osoenuo:

Ocdpnua 2.3.5 Yy llepittwon 1 (PA. oed 33), éotw du (1) = 1. Avp

(=)

/ / /
EVAl TEPITTOS TOWTO €
PITTES TATOS 1€ (==

= 1 ka1 p elvar mpdto 10€d0€§ ToU Ry mdvew

/ / / /
ard to p tote ta axodovda 10y vovy:

(1) O p™ napiorarar ardé khdon X wng H(—256qr) pe X* = I av ka1 uévo

av (%q) = 1.

(2) Av p = 1(mod4), tdre o p™ mapiorarar ané kAdon X wng H(—256qr)

pue X* =1 av ka1 uévo av

Cry=1

! / 7 V4 - /7
" mapiorarar ané kdrowa ambiguous kAdon tns H(D) av

Ka1 €mmAEOY 0 p
Kal uévo av

€ 2
(==)= (=)

p p
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(3) Av p = 3(mod4), tdre o p™ napiorarar aré kAdon X tng H(—256qr)
pue Xt =1 av ka1 uévo av

gqr
) = 1.
()4

Anddeln:  Amoé 1o oyfua 5 elvon edxoho va del xaveic oTL Yo Toug p Tou
avapépovTon OTNY EXPOVNOY ToL Oewpruatog, ulo xhdon X tng H (—256qr) ue
X* =1 mopiotd tov p'2 av xou pévo av (Br. xow mpétaon 0.0.1) f,(Lg) = 1.
‘Ouwe Ly = k(y/tq) xou étor 1o (1) mpoxinter dueoa. To (2) xou (3) eivon

OLVETELEC TOU Afjppatoc 2.3.3 xat Tou Oswperuatog 1.3.1.0

2.4 Kopia anoteAéopata otny nepintwon D = —4m

Mo Ty mepimtwon 2 (Br. oeh. 33) Vétouue k = Q(v/—m), kg = Q(+/3m),
K = kko, M = K({/e3m) xou egapuéloupe v mpdtaon 2.2.2. Eotww L
T0 oGpo Tov avtotolyel oty utooudda (T) péow Ttng avtotorylac Galois
. To 3 avahletor wg 3 = (1 — w)? 010 Q(v/—3) o adpavel oo k (opo
m = 1(mod12) = m = 1(mod3)). Autd onuaiver d1t n avdhuon tou (3) o€
npoTa 3eMdn Tou K ebvar (3) = (1 — w)?. And vépo avdhuong o€ enextdoelg

Tou Kummer éyoupe 61t 10 3 Stoxhadileton oto M av xat wévo av 1 tooduvapio
3m = 2°(mod (1 — w)?)
elvon emAbotun oto K. Emoueveg €youpe to axorovlo Ocopnua:

Ocewpnua 2.4.1 Yy nepintwon 2 (BA. oed. 33), av p elvar tepittés mpddtos
pe (_477”) = 1 ka1 n wodvvapia €3, = z*(mod(1l — w)?) dev efvar emAVoin
oto K tote:
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(1) Av H3(D) = (3) n (3,3) tdre undpyer ndvrote uia kAdon X € H(D)

pe X3 =1 évor dove X — pfs.

(2) Av H3(D) = (3?%) tére av p = 2(mod3)’ A ‘p = 1(mod3), (Bm)g =17
téte undpye tdvrote ula kddon X € H(D) pue X? =1 éro1 dove X —

p's.

3) Av undpyer uia Kddon X € H(D) nue X3 = 1 dore X — p% xar
(3) pXEl |t n iz p
emm\éov vndpyer pia khdon X' € H(D) pe X" =1 dore X' —» pl,

téte Oa vndpyea ka1 E € H(D) e ES = 1 éron dove E — p's.

Anédeiln:  Eivor edxolo va der xaveic 6t woyler n (1). And tnv doph
g ouddog ¥Adoewy €neton 6Tt To oOUa avdAuong Tou p oty k3(D) Yo etvou
| 10 k f xdnow enéxtoon tou k Baduod 3. H (1) mpoxinter dueca Aoy
npotaone 0.0.1. T v (2) yetagepdpaote oto oyfua 8 xou utoVétoupe xat’
v 6Tt p = 2( mod 3). Tty nepintwon auth f,(Q(v/—3)) = 2 o cuverndg
ooV, Moyw tne unddeong, toylel fp(k) = 1 Yo éyoupe tehwnd f(K/k) =
2. H enéxtaon M/k bunc eivon tomou (3,3) xou oUVETHOS amoxheleton oty
M/K va éyoupe mAYpn adpdvela Yoo TOV TpKTo p Tedyuo Tou onuadvel 6Tt
fp(M) = 2 xou ouvende fp(L) = 1. To ooua L duwe avuiotolyel o€ xdmota
xhdon @ Tne ouddoc xAdoewy Ue TAEN 3 xat €10, Aoyw tng mpotaong 0.0.1,
éyouue 1o {nroduevo. ‘Eotw tohpa 61t p = 1(mod3). Xtnv nepintwon auty

fp(@(\/—_?)) =1 ondte tedxd f,(K) = 1 mpdyua mov anuaiver 6Tt

fp(L) =1 avxou yévo av f(M/K) =1 av xo poévo av (g?’—m)g = 1.
p
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[ Ty amddeén tne (3), av C) € H(D) pe C} = 1 dote L(C?’l) = sply(ks(D))

xor Cy € H(D) pe C3 =1 dote L(Ci) = sply(ka(D)), t61€ unopolue va Vew-

eoouue Ty £ = C1Cy yia Ty omtola Tpogavag 1oy el ES =1 xou emmiéov
Ly = LEILE) = sply(ka(D))sply(ks(D).
‘Ouwe o¢ yvootov ( BA. [3] Mupa 6.7 xou doxnon 6.6(d) ) toydet
sply(ka(D))sply(ks(D)) = spl(k2(D)ks(D)) = sply(ks(D))

xou oLvende B — ple. O

2.5 TYTmnoloyiopog twy cupfBoiwy Legendre

LNy mapdyeapo auty dtvouue évay xoupd T1omo UTOAOYIoUO) TwY GUUBOAWY
Legendre mou epgaviCovton otny napovoo epyacia. H 18éa mpoéoyetar ano tnv
epyooio [7] oty omoio 0 eVSLUpEROUEVOC Aoy VOOTNG UTOREL Vo avaTpEZEL Yot

TAEOUOLOUE UTOAOYIGUOUC.

IIpétaon 2.5.1 Eotw m € N, m = 3(mod4) eAellepos tetpaydvov kai
n € N. Eoww eniong p mepirtds mpdtos pe p 4 n. Oérovue F := Q(v/m, (,)
Kal é0tw P éva mpdto 10edddes tou Rp mdvw and to p. Av e = u + vy/m

2 —mv? = 1. Opilouue v avadpojkr

elvar uia povdda wouv Q(v/m) tdte u
akolovlia arepaiwv (Aj)jen ws €€nis: Ag = 2, Ap = 2u, Ajio = 2uh i — A

loyve én A; = el 477, V5 €Ny kai:

(E)n =1 av ka1 pévo av- Anpp)1 = 2(modp)

n
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An6deiEn:  Oa amodetfoupe v oyéon A; = & + e enaywywd. [
g =0, 1 elvor mpogavic. Trodétoupe 6T woyLel yior § xan 7 + 1, dnhady| 6Tt

Aj =l +e xan Ajrg = &I+ e U "Eyoupe

12 4 UMD = (u4 uy/m)?*? + (u — vy/m) T2
= (u+vvm) T u 4 vv/m) + (u — vy/m) T (u — vy/m)
= —(u4+vvm) T (u—vvm —2u) — (v — vvm)(u + vym — 2u)
= —l(utvvm) + (w—vvm)]+ 2ul(u+vv/m)™ + (u = vy/m) ]

= —A]’ + 2UA]'+1
= 2UAj+1 - Aj
— Aj+2a

oToTE and TNV undUeoT TNC PonUUTIXAC ETaywY NS Emeton OTL Vo loylet A =

el +¢e77,Vj € Ny. Iopatnpodue 611

Aj=2(modp) & &+e?2=0(modp) < (¢-1)*=0(modp) & ¢

OTOTE

Np(p)—1

(=), =1 <& e » =1(modp) < Anpw-1 = 2(modp).

Enedn

An,p-1 € Z,

n tehevtala oyéon elvon toodivaun ue

Anpp-1 = 2(modp). O

n
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