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Sumbolismo�

Se ìlo to parìn ke�meno, me i ja sumbol�zoume thn fantastik  mon�da. Me

�

n

ja sumbol�zoume thn prwtarqik  r�za th
 mon�da
 e

2�i

n

, n 2 N en¸ to �

3

suqn� ja sumbol�zetai kai w
 !. An Q (

p

m) pragmatikì s¸ma arijm¸n me "

m

ja sumbol�zoume thn jemeli¸dh mon�da tou. Gia èna daktÔlio R sumbol�zoume

me R

�

thn pollaplasiastik  om�da twn mon�dwn tou. An F èna algebrikì

s¸ma arijm¸n me R

F

ja sumbol�zoume ton daktÔlio twn akera�wn algebrik¸n

autoÔ kai gia k�je ide¸de
 a � F tou R

F

  � 2 R

F

me N

F

(a), N

F

(�)

ja sumbol�zoume ti
 ant�stoiqe
 apìlute
 (dhlad  w
 pro
 to Q ) norms.

An F

0

=F e�nai Galois epèktash algebrik¸n swm�twn arijm¸n,me G(F

0

=F )

ja sumbol�zoume thn ant�stoiqh om�da Galois kai, an epiplèon h F

0

=F e�nai

abelian  kai p e�nai pr¸to ide¸de
 tou F tìte me [

F

0

jF

p

℄ ja sumbol�zoume to

sÔmbolo tou Artin gia ton pr¸to p. Gia mia epèktash tou Galois algebrik¸n

swm�twn arijm¸n F

0

=F kai èna pr¸to p tou F me spl

p

(F

0

=F ) ja sumbol�zoume

to s¸ma an�lush
 tou p sthn F

0

=F . Epiplèon, an o p den diaklad�zetai sthn

F

0

=F me f

p

(F

0

=F ) ja sumbol�zoume me ton koinì bajmì adrane�a
 ìlwn twn

pr¸twn tou F

0

panw apì to p sthn F

0

=F kai ìtan F = Q , q�rin aplìthta
,

ja sumbol�zoume to f

pZ

(F

0

=Q ) me f

p

(F

0

) kai to spl

pZ

(F

0

=Q ) me spl

p

(F

0

). An

F e�nai s¸ma arijm¸n, p èna
 peperasmèno
 pr¸to
 tou F , � 2 R

F

kai n 2 N

me p - �n; �

n

2 F tìte to (

�

p

)

n

ja sumbol�zei to n-stoÔ bajmoÔ sÔmbolo tou

Legendre . Dhlad  to (

�

p

)

n

or�zetai san h monadik  n- r�za th
 mon�da


tètoia ¸ste �

N(p)�1

n

� (

�

p

)

n

(modp). E�nai gnwstì ìti (bl. [3℄ �skhsh 5.13):

(

�

p

)

n

= 1 an kai mìno an h � � x

n

(modp) e�nai epilÔsimh ston R

F
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Gia thn per�ptwsh n = 2 ja parale�poume ton de�kth n.

'Estw D èna
, eleÔjero
 tetrag¸nou, arnhtikì
 akèraio
 tètoio
 ¸ste

D � 0; 1(mod8). Gr�foume D = f

2

D

0

, ìpou D

0

jemeli¸dh
 diakr�nousa

kai f 2 N . Me H(D) Ja sumbol�zoume thn om�da kl�sewn ìlwn twn jetik�

orismènwn prwtarqik¸n duadik¸n tetragwnik¸n morf¸n diakr�nousa
 D kai

me ~(D) (h apl� ~) thn t�xh th
 H(D). 'Estw k = Q (

p

D

0

). Me k(D)

ja sumbol�zoume to ring 
lass �eld modulo f tou k. Apì thn jewr�a k-

l�sewn swm�twn èqoume, mèsw tou sumbìlou tou Artin, tou
 akìloujou


isomorfismoÔ
 :

H(D)

'

 !

I

k

(f)

P

k;Z

(f)

'

 ! G(k(D)=k):

Ed¸ I

k

(f) e�nai h om�da ìlwn twn idewd¸n tou k pou e�nai pr¸ta pro
 to f

kai P

k;Z

(f) e�nai h upoom�da twn kur�wn idewd¸n aR

k

th
 I

k

(f) ìpou a 2

(Z+ fR

k

). Mèsw twn parap�nw isomorfism¸n h eikìna enì
 C 2 H(D) an-

tistoiqe� sto sÔmbolo tou Artin [

k(D)jk

C

℄. 'Estw t¸ra e èna
 jetikì
 akèraio
.

Me H

e

(D) ja sumbol�zoume to ginìmeno ìlwn twn q-Sylow upoom�dwn tou

H(D) gia ìlou
 tou
 pr¸tou
 diairète
 q tou e kai me ~

e

(D) (  apl� ~

e

)

thn t�xh tou. 'Estw H(D)

�

=

H

e

(D) � H

0

e

(D). Me ~

0

e

(D) (  apl� ~

0

e

) ja

sumbol�zoume thn t�xh tou H

0

e

(D) kai epomènw
 (~

0

e

; e) = 1. Me k

e

(D) ja

sumbol�zoume to upìswma tou s¸mato
 k(D) to opo�o antistoiqe� sthn om�da

H

0

e

(D). Sunep¸
 to s¸ma k

e

(D) e�nai epèktash bajmoÔ ~

e

p�nw apì to k to

opo�o perièqei ìla ta endi�mesa s¸mata th
 k(D)=k twn opo�wn o bajmì
 p�n-

w apì to k diaire� to ~

e

. E�nai profanè
 ìti ta H

e

(D), k

e

(D) klp. exart¸ntai

mìno apì to sÔnolo twn pr¸twn diairet¸n tou e kai ìqi apì tou
 ekjète
 me

tou
 opo�ou
 emfan�zontai sthn an�lush pr¸twn tou e sto Z. An H e�nai mia
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upoom�da th
 H

e

(D), me L

(e)

H

ja sumbol�zoume to s¸ma pou antistoiqe� sthn

H mèsw antistoiq�a
 Galois sthn k

e

(D) kai, an H = hC

1

; C

2

; :::; C

r

i, tìte to

s¸ma L

(e)

H

ja to sumbol�zoume me L

(e)

C

1

;C

2

;���;C

r

. Tèlo
, gia èna stoiqe�o C th


H(D) kai èna akèraiom, h par�stash C �! m ja de�qnei ìti om par�statai

apì thn C kai ìtan gr�foume gia m�a om�da G ìti: G = (m

1

;m

2

; :::;m

l

) ja

ennooÔme ìti h G e�nai abelian  kai par�getai apì l stoiqe�a t�xewn m

1

, m

2

,

..., m

l

ant�stoiqa.

6



Perieqìmena

1 Dun�mei
 Pr¸twn Arijm¸n kai Tetragwnikè
 Morfè
 Di-

akr�nousa
 �256qr 15

1.1 Apotelèsmata apì jewr�a gènou
 . . . . . . . . . . . . . . . . 15

1.2 Melèth twn uposwm�twn tou k

2

(D

s

) . . . . . . . . . . . . . . 23

1.3 KÔria apotelèsmata . . . . . . . . . . . . . . . . . . . . . . . 34

1.4 To prìblhma par�stash
 gia auja�reto D

s

. . . . . . . . . . 41

2 Par�stash Dun�mewn Pr¸twn Arijm¸n kai SÔmbola tou

Legendre 45

2.1 Prokatartikè
 prot�sei
 . . . . . . . . . . . . . . . . . . . 45

2.2 Epekt�sei
 tou k paragìmene
 me thn bo jeia rizik¸n th


jemeli¸dou
 mon�da
 . . . . . . . . . . . . . . . . . . . . . . 47

2.3 KÔria apotelèsmata gia thn per�ptwsh D = �256qr . . . . . 52

2.4 KÔria apotelèsmata sthn per�ptwsh D = �4m . . . . . . . 61

2.5 Upologismì
 twn sumbìlwn Legendre . . . . . . . . . . . . 63

Bibliograf�a 65

7



Eisagwg 

Istorik�, h melèth par�stash
 arijm¸n mèsw duadik¸n tetragwnik¸n mor-

f¸n, dhlad  mèsw morf¸n tou tÔpou: ax

2

+ bxy+ 
y

2

ìpou a; b; 
 2 Z, para-

pèmpei se ergas�e
 kai melète
 tou Fermat. O Fermat se èna gr�mma tou

to 1640 ston Mersenne anafèretai sthn par�stash pr¸twn arijm¸n apì thn

morf  x

2

+y

2

, kai se katopin� gr�mmata tou pro
 to Pas
al to 1654 anafère-

tai sthn par�stash pr¸twn arijm¸n apì ti
 morfè
 x

2

+2y

2

, x

2

+3y

2

. P�nw

sta apotelèsmata kai ti
 eikas�e
 tou Fermat erg�sthke argìtera o Euler

en¸ h susthmatik  melèth twn duadik¸n tetragwnik¸n morf¸n me akera�ou


suntelestè
 xek�nhse argìtera apì ton Lagrange (o opo�o
 pr¸to
 eis gage

ti
 idèe
 th
 diakr�nousa
, th
 isodunam�a
 kai th
 anhgmènh
 morf 
). Parì-

lo pou oi ènnoie
 th
 sÔnjesh
 tetragwnik¸n morf¸n kaj¸
 kai th
 jewr�a


gènou
  tan kat� k�poio trìpo "krummène
" sti
 ergas�e
 tou Lagrange h

susthmatik  kai jemeliwmènh melèth tou
 br�sketai argìtera sthn ergas�a

tou Gauss me t�tlo : "Disquisitiones Arithmiti
ae". H par�stash akera�-

wn arijm¸n mèsw duadik¸n tetragwnik¸n morf¸n sundèjhke metagenèstera,

qrhsimopoi¸nta
 proqwrhmèna majhmatik� ergale�a, me ton tÔpo an�lush


twn pr¸twn diairet¸n tou
 se k�poia upos¸mata twn ant�stoiqwn ring 
lass

�elds .

H paroÔsa ergas�a qwr�zetai se dÔo mèrh.

Sto pr¸to mèro
 melet�tai h par�stash akera�wn mèsw tetragwnik¸n

morf¸n diakr�nousa
 �256qr ìpou q; r e�nai pr¸toi arijmo� me q � 5(mod

8); r � 3(mod8), upì thn pro�pìjesh ~

2

(D

0

) j 4. QrhsimopoioÔme idiìthte


8



emfÔteush
 uposwm�twn tou ant�stoiqou ring 
lass �eld gia na broÔme gen-

n tore
 twn swm�twn kai na ex�goume sunj ke
 par�stash
 sugkekrimènwn

dun�mewn pr¸twn arijm¸n apì ambiguous kl�sei
, dhlad  apì kl�sei
 me

t�xh 1   2, tetragwnik¸n morf¸n diakr�nousa
 �256qr sthn H(�256qr).

Sthn per�ptwsh pou

�

q

r

�

= �1, ta apotelèsmata e�nai polÔ kal� afoÔ m-

poroÔme na broÔme ikanè
 kai anagka�e
 sunj ke
 par�stash
 gia k�je mia

ambiguous kl�sh. Sthn per�ptwsh pou

�

q

r

�

= 1, ta apotelèsmata den e�nai

tìso kal� alla par' ìla aut� mporoÔme na p�roume ikanè
 kai anagka�e
 sun-

j ke
 par�stash
 apì k�poio zeÔgo
 ambiguous kl�sewn. To pr¸to mèro


telei¸nei me mia sÔntomh melèth p�nw sto pw
 h dunatìthta par�stash


twn dun�mewn pr¸twn pou meletoÔme apì ambiguous kl�sei
 diakr�nousa


�256qr sqet�zetai me thn dunatìthta par�stash
 twn dun�mewn aut¸n apì

ambiguous kl�sei
 diakr�nousa
 �2

s

qr me s 2 Z; s � 4.

Sto deÔtero mèro
 susqet�zoume k�poia s¸mata kl�sewn me s¸mata pou

par�gontai qrhsimopoi¸nta
 r�ze
 jemeliwd¸n mon�dwn pragmatik¸n tetrag-

wnik¸n swm�twn arijm¸n. To apotèlesma e�nai ìti mporoÔme na p�roume

ikanè
 sunj ke
 par�stash
 sugkekrimènwn dun�mewn pr¸twn arijm¸n apì

kl�sei
 morf¸n diakr�nousa
 D mèsw sumbìlwn tou Legendre apì kl�sei


morf¸n diakr�nousa
 D sti
 akìlouje
 peript¸sei
:

1. D = �256qr, q; r pr¸toi me q � 5(mod8), r � 3(mod8), ~

2

(D

0

) j 4.

2. D = �4m, m > 1 akèraio
, eleÔjero
 tetrag¸nou me m � 1(mod12),

~

3

(D

0

) j 9.

Eidik� sthn pr¸th per�ptwsh h opo�a melet�tai kai sto pr¸to mèro
 th


paroÔsa
 ergas�a
 katafèrnoume na p�roume akribe�
 sunj ke
 par�stash
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gia k�je kl�sh th
 om�da
 kl�sewn me t�xh diairèth tou 4. To deÔtero

mèro
 telei¸nei me thn parous�ash enì
 trìpou upologismoÔ twn sumbìlwn

Legendre pou emfan�zontai.

H ergas�a aut  g�netai sta pla�sia twn upoqre¸sewn mou gia thn apìkthsh

didaktorikoÔ dipl¸mato
 sthn Jewr�a Arijm¸n. Ja  jela na euqarist sw

ton epiblèponta kajhght  k. Iw�nnh Antwni�dh gia thn upost rixh kai thn

kajod ghsh tou, kaj¸
 to 'Idruma Kratik¸n Upotrofi¸n (I.K.U.) gia thn

oikonomik  en�sqush pou mou pare�qe kat� thn di�rkeia ekpìnhsh
 th
 dia-

trib 
.

Sullig�rdo
 Gi¸rgo


Hr�kleio 12 / 8 / 2000
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Prokatartik�

Sthn par�grafo aut  meletoÔme thn par�stash dun�mewn pr¸twn arijm¸n

mèsw tetragwnik¸n morf¸n opoiasd pote diakr�nousa
 D, D � 0; 1(mod 4).

Ta apotelèsmata aut� ja qrhsimopoihjoÔn sti
 eidikè
 peript¸sei
 pou ja

melet soume sthn sunèqeia.

Prìtash 0.0.1 'EstwD arnhtikì
 akèraio
, eleÔjero
 tetrag¸nou, meD �

0; 1(mod4). 'Estw e 2 f2; 3; 4; 6g, p perittì
 pr¸to
 arijmì
 p > 2 me

�

D

p

�

= 1. An C 2 H(D) me C

e

= 1 kai spl

p

(k

e

(D)) = L

(e)

C

tìte C �! p

~

0

e

.

An e = 4 tìte epiplèon oi sqèsei
 spl

p

(k

2

(D)) = L

(2)

C

kai C �! p

~

0

2

e�nai

isodÔname
.

Apìdeixh: 'Estw p = p

0

p

1

h an�lush tou p se pr¸ta ide¸dh tou k. 'Ara

N(p

0

) = N(p

1

) = p kai [p

1

℄ = [p

0

℄

�1

'Estw ep�sh
 ìti spl

p

(k

e

(D)) = L

(e)

C

.

Autì shma�nei ìti

D

[

k

e

(D)jk

p

0

℄

E

=

D

[

k

e

(D)jk

C

℄

E

. Oi om�de


D

[

k

e

(D)jk

p

0

℄

E

;

D

[

k

e

(D)jk

C

℄

E

èqoun t�xh pou diaire� to e. Sunep¸
, epeid  (~

0

e

; e) = 1, ja èqoume

D

[

k

e

(D)jk

C

℄

E

=

�

[

k

e

(D)jk

p

�~

0

e

0

℄

�

kai afoÔ k�je kuklik  om�da t�xh
 2, 3, 4   6 èqei to polÔ

dÔo genn tore
 (oi opo�oi e�nai ant�strofoi metaxÔ tou
) èqoume: [

k

e

(D)jk

C

℄ =

[

k

e

(D)jk

p

�~

0

e

0

℄. H teleuta�a sqèsh mpore� na grafe� w
:

[

k(D) j k

C

℄[

k(D) j k

p

�~

0

e

0

℄ 2 G(k(D)=k

e

(D)):

H G(k(D)=k

e

(D)) èqei ìmw
 t�xh pr¸th pro
 to e kai sunep¸
 [

k(D)jk

C

℄ =

[

k(D)jk

p

�~

0

e

0

℄ to opo�o ma
 d�nei telik� ìti C = [p

�~

0

e

0

℄ kai sunep¸
, afoÔ N(p

�~

0

e

0

) =

p

~

0

e

, ja èqoume: C �! p

~

0

e

.

JewroÔme t¸ra thn per�ptwsh: e = 4 kai upojètoume ìti C �! p

~

0

2

. Ja
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èqoume loipìn ìti up�rqei akèraio ide¸de
 A tou k pou na antistoiqe� sthn

kl�sh C me norm N(A) = p

~

0

2

. Epomènw
 A = p

x

0

p

y

1

gia k�poia x; y 2 Z

me x + y = p

~

0

2

. 'Eqoume loipìn [

k(D)jk

C

℄ = [

k(D)jk

A

℄ = [

k(D)jk

p

0

℄

x

[

k(D)jk

p

1

℄

y

=

[

k(D)jk

p

0

℄

x�y

. Sthn sunèqeia, pa�rnonta
 ton periorismì tou sumbìlou tou Artin

stì k

2

(D) sun�goume ìti [

k

2

(D)jk

C

℄ = [

k

2

(D)jk

p

0

℄

x�y

: 'Omw
 to [

k

2

(D)jk

p

0

℄

x�y

, w


stoiqe�o th
 G(k

2

(D)=k), èqei t�xh dÔnamh tou 2. 'Ara ta sÔmbola tou Artin

[

k

2

(D)jk

p

0

℄

x�y

, [

k

2

(D)jk

p

0

℄ par�goun thn �dia upoom�da th
 G(k

2

(D)=k) (afoÔ x+

y = p

~

0

2

èqoume ìti o x + y e�nai perittì
 �ra kai o x � y e�nai perittì
).

Epomènw
 spl

p

(k

2

(D)) = L

(2)

C

. 2

Parat rhsh: Sthn apìdeixh tou antistrìfou th
 prìtash
 0.0.1 gia thn

per�ptwsh e = 4 sthriqt kame sto gegonì
 ìti gia x; y 2 Z, an o x+ y e�nai

perittì
 tìte kai o x�y e�nai perittì
. H apìdeixh den mpìrese na efarmoste�

sti
 �lle
 peript¸sei
 afou o mìno
 fusikì
 n > 1 me thn idiìthta 8x; y 2 Z,

an (x + y; n) = 1 tìte (x � y; n) = 1 e�nai o 2. Autì pou isqÔei gia ìla

ta e 2 f2; 3; 4; 6g e�nai ìti an C �! p

~

0

e

, tìte spl

p

(k

e

(D)) � L

(e)

C

. Tèlo
,

h parap�nw prìtash anafèretai mìno se e 2 f2; 3; 4; 6g afoÔ auto� e�nai oi

mìnoi fusiko� gia tou
 opo�ou
 h

Z

eZ

èqei to polÔ dÔo genn tore
.

'Estw D

0

jemeli¸dh
 diakr�nousa kai f 2 N . 'Estw ep�sh
 k = Q (

p

D

0

).

Jètoume D = f

2

D

0

opìte to D e�nai diakr�nousa me odhgì f . Sthn sunèqeia

jètoume :

I

k

= fa j a� kg, P

k

= f�R

k

j � 2 kg, I

k

(f) = fa j a� k; (N(a); f) =

1g,

P

k

(f) = f�R

k

j � 2 R

k

; (N(�); f) = 1g, P

k;Z

(f) = f�R

k

j � 2 (Z +
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fR

k

); (N(�); f) = 1g.

E�nai gnwstì (bl. [3℄ Je¸rhma 7.24, sqèsh 7.25) ìti up�rqei epimorfismì


I

k

(f)

P

k;Z

(f)

�!

I

k

P

k

tou opo�ou, e�nai eÔkolo na de� kane�
, ìti o pur na
 e�nai h

P

k

(f)

P

k;Z

(f)

. Epeid  ìmw


I

k

(f)

P

k;Z

(f)

' H(D) kai

I

k

P

k

' H(D

0

), eqoume thn akìloujh

akrib  akolouj�a:

1 �!

P

k

(f)

P

k;Z

(f)

�! H(D) �! H(D

0

) �! 1

Ep�sh
, mèsw tou isomorfismoÔ pou ep�gei to sÔmbolo tou Artin metaxÔ twn

om�dwn kl�sewn kai twn om�dwn Galois, o proanaferj 
 epimorfismì
 ep�gei

ènan epimorfismì:

G(k(D)=k) �! G(k(D

0

)=k)

ton opo�o d�nei o periorismì
 sto k(D

0

).

Sthn sunèqeia ja jewr soume ti
 akìlouje
 dÔo peript¸sei
:

� 1h Per�ptwsh: D = �256qr, q; r pr¸toi me q � 5(mod8), r � 3(mod

8), ~

2

(D

0

) j 4.

� 2h Per�ptwsh: D = �4m, m > 1 akèraio
 eleÔjero
 tetrag¸nou

m � 1(mod4),

~

3

(D

0

) j 9.

H jemeli¸dh
 diakr�nousa se k�je per�ptwsh e�nai:

D

0

=

(

�qr , sthn 1h Per�ptwsh;

�4m , sthn 2h Per�ptwsh

Sthn diapragm�teush aut¸n pou ja akolouj soun sthn sunèqeia th
 er-

gas�a
 ja qrhsimopoihje� eurèw
 to parak�tw l mma:
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L mma 0.0.2 'An M=K epèktash Galois swm�twn arijm¸n me om�da Galois

tÔpou (2,2) me endi�mesa s¸mata F

1

; F

2

; F

3

kai p èna pr¸to akèraio ide¸de


touK pou den diaklad�zetai stoM tìte   akrib¸
 èna apì ta f

p

(F

1

=K); f

p

(F

2

=K); f

p

(F

3

=K)

e�nai 1   ìla e�nai �sa me 1.

Apìdeixh: H om�da adrane�a
 tou p sthn M=K e�nai tetrimmènh, sunep¸


h om�da an�lush
 e�nai isìmorfh me thn

G

�

R

M

q

=

R

K

p

�

ìpou q tuqa�o pr¸to akèraio ide¸de
 tou M p�nw apì to p. Epomènw
 h

om�da an�lush
 e�nai kuklik  opìte apokle�etai na isoÔtai me thn G(M=K).

To s¸ma an�lush
 kat� sunèpeia tou p sthn M=K e�nai:

e�te to F

1

opìte f

p

(F

1

=K) = 1; f

p

(F

2

=K) = 2; f

p

(F

3

=K) = 2 ,

e�te to F

2

opìte f

p

(F

2

=K) = 1; f

p

(F

1

=K) = 2; f

p

(F

3

=K) = 2 ,

e�te to F

3

opìte f

p

(F

3

=K) = 1; f

p

(F

1

=K) = 2; f

p

(F

2

=K) = 2 ,

e�te to M opìte f

p

(F

1

=K) = f

p

(F

2

=K) = f

p

(F

3

=K) = 1: 2
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Kef�laio 1

Dun�mei
 Pr¸twn Arijm¸n kai

Tetragwnikè
 Morfè
 Diakr�nousa


�256qr

Sto kef�laio autì ja asqolhjoÔme mìno me thn 1h per�ptwsh th
 pro-

hgoÔmenh
 paragr�fou , dhlad  me tetragwnikè
 morfè
 diakr�nousa
 D =

�256qr ìpou q; r e�nai pr¸toi arijmo� me q � 5(mod8) kai r � 3(mod8)

kai ep�sh
 ~(�qr) j 4. To s¸ma gènou
 tou k = Q (

p

�qr) e�nai to � =

Q (

p

q;

p

r;

p

2; i) = k(�

8

)(

p

q) (bl. [3℄ sel. 121 je¸rhma 6.1 kai [11℄

Je¸rhma 2). Jètoume: D

s

= 2

2s

D

0

, s � 4 ìpou bèbaia D

0

= �qr kai

ètsi D = D

4

. Gia lìgou
 aplìthta
 ston sumbolismì, an H e�nai upoom�da

th
 H

2

(D

s

) ja sumbol�zoume me L

H

to upìswma L

(2)

H

tou k

2

(D).

1.1 Apotelèsmata apì jewr�a gènou


Oi ambiguous kl�sei
 th
 H

2

(D

s

) e�nai ( bl. [3℄ Lemma 3.10 kai [9℄ Table

2):
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I

s

= [1; 0; 2

2s�2

qr℄; [4; 4; 1+2

2s�4

qr℄; [qr; 0; 2

2s�2

℄; [4qr; 4qr; qr+2

2s�4

℄,

[q; 0; 2

2s�2

r℄; [4q; 4q; q + 2

2s�4

r℄; [r; 0; 2

2s�2

q℄; [4r; 4r; r+ 2

2s�4

q℄:

An perioristoÔme t¸ra se akèraiou
 arijmoÔ
 m 2 Z, m � 0 tètoiou


¸ste

�

D

p

�

= 1, gi� k�je pr¸to p me p j m, èqoume to akìloujo :

16



L mma 1.1.1

� Oi kl�sei
 I

s

kai [4; 4; 1 + 2

2s�4

qr℄ paristoÔn akera�ou
 arijmoÔ
 m me

m � 1(mod8) kai

�

m

q

�

= 1

� Oi kl�sei
 [qr; 0; 2

2s�2

℄ kai [4qr; 4qr; qr+2

2s�4

℄ paristoÔn akera�ou
 ar-

ijmoÔ
 m me m � 7(mod8) kai

�

m

q

�

= 1

� Oi kl�sei
 [q; 0; 2

2s�2

r℄ kai [4q; 4q; q+2

2s�4

r℄ paristoÔn akera�ou
 arij-

moÔ
 m me m � 5(mod8) kai

�

m

q

�

=

�

r

q

�

kai

� Oi kl�sei
 [r; 0; 2

2s�2

q℄ kai [4r; 4r; r+ 2

2s�4

q℄ paristoÔn akera�ou
 arij-

moÔ
 m me m � 3(mod8) kai

�

m

q

�

=

�

r

q

�

.

Apìdeixh: 'Estw ìti I

s

�! m me m � 0 kai

�

D

p

�

= 1, 8p j m. Up�rqoun

x; y 2 Z ¸ste x

2

+ 2

2s�2

qry

2

= m. Profan¸
 o x e�nai perittì
 (afoÔ o m

e�nai perittì
) opìte m � x

2

� 1(mod8). Ex�llou

�

m

q

�

=

�

x

2

+ 2

2s�2

qry

2

q

�

=

�

x

2

q

�

= 1:

'Estw t¸ra [4; 4; 1 + 2

2s�4

qr℄ �! n me n � 0 kai

�

D

p

�

= 1, 8p j n. Autì

shma�nei ìti up�rqoun x; y 2 Z ¸ste 4x

2

+ 4xy + (1 + 2

2s�4

qr)y

2

= n.

ParathroÔme ìmw
 ìti o y e�nai anagkastik� perittì
 (an  tan �rtio
 ja

e�qame n � 0(mod2) pou e�nai �topo) kai ètsi x(x + y) � 0(mod2). Ja

èqoume epomènw
 ìti

n � 4x

2

+ 4xy + y

2

� 4x

2

+ 4xy + 1 � 4x(x+ y) + 1 � 1(mod8):

Tèlo
,

�

n

q

�

=

�

4x

2

+ 4xy + (1 + 2

2s�4

qr)y

2

q

�

=

�

4x

2

+ 4xy + y

2

q

�

=

 

(2x+ y)

2

q

!

= 1:

17



Oi peript¸sei
 me ta �lla zeÔgh twn ambiguous kl�sewn mporoÔn na melethjoÔn

an�loga. 2

Sunep¸
 oi okt¸ ambiguous kl�sei
 diamoir�zontai se 4 gènh kai k�je gèno


èqei dÔo kl�sei
. Sthn sunèqeia apodeiknÔoume thn akìloujh prìtash:

Prìtash 1.1.2 K�je stoiqe�o C th
H

2

(D

s

) me C �! m gia k�poiom 2 Z,

m � 0 me

�

D

p

�

= 1,

gia k�je pr¸to p me p j m, antistoiqe� se èna sÔmbolo tou Artin

[

� j k

C

℄

ètsi ¸ste na ep�getai o isomorfismì
:

H

2

(D

s

)

H

2

(D

s

)

2

'

�! (

Z

=

8Z

)

�

� f�1g

me

C mod (H

2

(D

s

)

2

) �! ([

Q (�

8

) j Q

m

℄; [

Q (

p

q) j Q

m

℄):

Apìdeixh: 'Estw m 2 Z, m � 0 me C �! m gia k�poio C 2 H

2

(D

s

). Up-

�rqei sunep¸
 akèraio ide¸de
 A�R

k

me N(A) = m tètoio ¸ste [

k

2

(D

s

)jk

C

℄ =

[

k

2

(D

s

)jk

A

℄ = [

k

2

(D

s

)jk

p

1

�

1

p

2

�

2

:::p

�

�

�

℄ ìpou A = p

1

�

1

p

2

�

2

:::p

�

�

�

h an�lush tou A se pr¸-

tou
 par�gonte
 me p

�

pr¸to ide¸de
 tou k p�nw apì to p

�

, � 2 f1; 2; :::; �g

ìpou m = p

�

1

1

p

�

2

2

:::p

�

r

r

h an�lush tou m se pr¸tou
 tou Z. 'Etsi, pa�rnon-

ta
 periorismì sto � èqoume: [

�jk

C

℄ = [

�jk

p

1

℄

�

1

[

�jk

p

2

℄

�

2

:::[

�jk

p

�

℄

�

�

. All� epei-

d  f

p

�

= 1 èpetai ìti [

�jk

p

�

℄ = [

�jQ

p

�

℄ opìte [

�jk

C

℄ = [

�jQ

m

℄. Epeid  ìmw


H

2

(D

s

)

2

= H

2

(D

s

)\H(D

s

)

2

, apì ton orismì tou s¸mato
 gènou
, prokÔptei

ìti gia C;C

0

2 H

2

(D

s

) isqÔei h isodunam�a:

C � C

0

(modH

2

(D

s

)

2

) an kai mìno an [

� j k

C

℄ = [

� j k

C

0

℄:
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Tèlo
, afoÔ � = k(�

8

)(

p

q), to [

�jQ

m

℄ mpore� na antistoiqisje� sto zeÔgo
:

([

Q(�

8

)jQ

m

℄; [

Q(

p

q)jQ

m

℄) pou me thn seir� tou antistoiqe� sto zeÔgo
: (m(mod

8);

�

q

m

�

) tou

Z

8Z

� f�1g. Oi antistoiq�e
 autè
 e�nai << èna pro
 èna >> kai

omomorfismo� om�dwn opìte pa�rnoume ènan monomorfismì:

H

2

(D

s

)

H

2

(D

s

)

2

'

�! (

Z

=

8Z

)

�

� f�1g

o opo�o
, sÔmfwna me to prohgoÔmeno l mma 1.1.1, e�nai isomorfismì
. 2

Parat rhsh: Autì pou èqoume loipìn mèqri stigm 
 apì thn jewr�a gènou


e�nai ìti gia k�je zeÔgo
 (m(mod8); ") 2 ((

Z

=

8Z

)

�

� f�1g) up�rqei èna

� 2 Z ¸ste � � m(mod8) me C �! � gia k�poio C 2 H

2

(D

s

).

Apì thn par�grafo 2 tou [7℄ èqoume ìti

P

k

(s

2

)

p

k;Z

(2

s

)

= (2

s�2

; 2) kai sunep¸
 lìgw

th
 akriboÔ
 akolouj�a


1 �!

P

k

(f)

P

k;Z

(f)

�! H(D) �! H(D

0

) �! 1

èqoume thn akìloujh akrib  akolouj�a:

1 �! (2

s�2

; 2) �! H

2

(D

s

) �! H

2

(D

0

) �! 1 (1.1)

gia s � 4.

An

�

q

r

�

= 1 tìte h diofantik  ex�swsh u

2

� 4qv

2

� D

0

w

2

= 0 èqei lÔsh

(bl. [2℄ Je¸rhma 4) kai m�a lÔsh th
 (u; v; w) ja lègetai prwtarqik  ìtan o

mègisto
 koinì
 diairèth
 twn u; v; w e�nai 1.

Diakr�noume ti
 peript¸sei
:

� Per�ptwsh Ia:

�

q

r

�

= �1.
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� Per�ptwsh Ib:

�

q

r

�

= 1 kai

�

q

v

�

= �1, ìpou (u; v; w) e�nai prwtarqik 

lÔsh th


u

2

� 4qv

2

�D

0

w

2

= 0.

� Per�ptwsh Ig:

�

q

r

�

= 1 kai

�

q

v

�

= 1, ìpou (u; v; w) e�nai prwtarqik 

lÔsh th


u

2

� 4qv

2

�D

0

w

2

= 0.

Apì [3℄ proposition 3.11 èqoume ìti h H(D

0

) èqei akrib¸
 2 ambiguous

kl�sei
, opìte h H

2

(D

0

) e�nai anagkastik� kuklik . Ep�sh
, h H(D

s

) èqei

8 ambiguous kl�sei
 opìte e�nai genik� tou tÔpou: (2

�

; 2

�

; 2

�

) all�, ìpw


e�dame prin, up�rqoun mìno dÔo ambiguous kl�sei
 se k�je gèno
, opìte h

H(D

s

) e�nai tou tÔpou: (2

s�2+


qr

; 2; 2), ìpou 2




qr

+1

e�nai h t�xh th
 H

2

(D

0

).

Jètoume 


qr

(s) = s � 2 + 


qr

, s � 4. 'Otan anaferìmaste se sugkekrimèna

q; r ja parale�poume ton de�kth qr. Apì to je¸rhma 4 tou [2℄ prokÔptei ìti

sthn per�ptwsh Ia: 
(s) = s � 2, kai sthn per�ptwsh Ib: 
(s) = s � 1. H

per�ptwsh Ig d�nei 
(s) � s kai den ja ma
 apasqol sei ìpw
 èqoume pe�

sthn eisagwg  (afoÔ sthn per�ptwsh aut  h upoom�da kl�sewn H

2

(D

0

) èqei

t�xh megalÔterh tou 4) afoÔ eme�
 èqoume upojèsei ìti ~

2

(D

0

) j 4. Jètoume:

H

2

(D

s

) = hA

s

; B

s

; C

s

i ìpou A

2


(s)

s

= B

2

s

= C

2

s

= I

s

kai ètsi oi ambiguous

kl�sei
 th
 H

2

(D

s

) e�nai:

I

s

, A

2


(s)�1

s

, B

s

, C

s

, A

2


(s)�1

s

�B

s

, A

2


(s)�1

s

� C

s

, B

s

� C

s

, A

2


(s)�1

s

�B

s

� C

s

oi opo�e
 diamoir�zontai sta akìlouja 4 gènh:

G

1

, G

2

= B

s

G

1

, G

3

= C

s

G

1

kai G

4

= B

s

C

s

G

1

, ìpou G

1

= fI

s

; A

2


(s)�1

s

g.

kai epomènw
, apì to l mma 1.1.1, èqoume: A

2


(s)�1

s

= [4; 4; 1+2

2s�4

qr℄. Qwr�


20



periorismì th
 genikìthta
 mporoÔme na gr�youme: B

s

= [qr; 0; 2

2s�2

℄ kai

C

s

= [q; 0; 2

2s�2

r℄ ìpote èqoume to akìloujo l mma

L mma 1.1.3 Ta akìlouja isqÔoun:

A

2


(s)�1

s

= [4; 4; 1 + 2

2s�4

qr℄; B

s

= [qr; 0; 2

2s�2

℄; C

s

= [q; 0; 2

2s�2

r℄;

A

2


(s)�1

s

� B

s

= [4qr; 4qr; qr+ 2

2s�4

℄; A

2


(s)�1

s

� C

s

= [4q; 4q; q + 2

2s�4

r℄;

A

2


(s)�1

s

� B

s

� C

s

= [4r; 4r; r+ 2

2s�4

q℄; B

s

� C

s

= [r; 0; 2

2s�2

q℄:

Apìdeixh: To sÔsthma

8

>

>

>

<

>

>

>

:

4x � 0(mod(8rq))

rqx � 4rq(mod8rq))

2x � �2

2s�1

rq(mod8rq))

9

>

>

>

=

>

>

>

;

èqei lÔsh x = 4rq kai epomènw
 A

2


(s)�1

s

� B

s

= [4qr; 4qr;

16r

2

q

2

+2

2s

qr

16qr

℄ =

[4qr; 4qr; qr+ 2

2s�4

℄ (bl. [3℄ l mma 3.2).

To sÔsthma

8

>

>

>

<

>

>

>

:

4x � 0(mod(8q))

qx � 4q(mod8q))

2x � �2

2s�1

q(mod8q))

9

>

>

>

=

>

>

>

;

èqei lÔsh x = 4q kai epomènw
A

2


(s)�1

s

�C

s

= [4qr; 4qr;

16q

2

+2

2s

qr

16q

℄ = [4q; 4q; q+

2

2s�4

r℄:

Ep�sh
 èqoume C

�1

s

= [q; 0; 2

2s�2

r℄ kai sunep¸
, epeid  to sÔsthma

8

>

>

>

<

>

>

>

:

qx � 0(mod(2rq))

rx � 0(mod2rq))

0x � �2

2s�1

qr(mod2rq))

9

>

>

>

=

>

>

>

;
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èqei lÔsh x = 0, ja èqoume: [r; 0; 2

2s�2

q℄C

�1

s

= [r; 0; 2

2s�2

q℄�[q; 0; 2

2s�2

r℄

�1

=

[qr; 0; 2

2s�2

℄ = B

s

. Telik� ja èqoume B

s

�C

s

= [r; 0; 2

2s�2

q℄ to opo�o d�nei kai

A

2


(s)�1

s

� B

s

C

s

= [4r; 4r; r+ 2

2s�4

q℄:

Qrhsimopoi¸nta
 ta parap�nw apotelèsmata apì thn jewr�a gènou
 mporoÔme

na apode�xoume thn epìmenh :

Prìtash 1.1.4 An p e�nai perittì
 pr¸to
 me (

D

p

)= 1, tìte

1. An o p

~

0

par�statai apì m�a ek twn I

s

, A

2


(s)�1

s

tìte par�statai apì

akrib¸
 m�a kai ep�sh
 isqÔei p � 1(mod8) kai (

q

p

)= 1

2. An o p

~

0

par�statai apì m�a ek twn B

s

, A

2


(s)�1

s

�B

s

tìte par�statai apì

akrib¸
 m�a kai ep�sh
 isqÔei p � 7(mod8) kai (

q

p

)= 1

3. An o p

~

0

par�statai apì m�a ek twn C

s

, A

2


(s)�1

s

� C

s

tìte par�statai apì

akrib¸
 m�a kai ep�sh
 isqÔei p � 5(mod8) kai (

q

p

)= (

q

r

)

4. An o p

~

0

par�statai apì m�a ek twn B

s

C

s

, A

2


(s)�1

s

�B

s

�C

s

, tìte par�statai

apì akrib¸
 m�a kai ep�sh
 isqÔei p � 3(mod8) kai (

q

p

)= (

q

r

).

Apìdeixh: Ja anaferjoÔme mìno sthn apìdeixh tou 1. An�loga apodeiknÔon-

tai kai oi upìloipe
. Oi kl�sei
 I

s

kai A

2


(s)�1

s

par�goun diaforetikè
 om�de
.

Sunep¸


L

(2)

I

s

6= L

(2)

A

2


(s)�1

s

pr�gma pou shma�nei, apì thn prìtash 0.0.1, ìti an o p

~

0

par�statai apì m�a

ek twn I

s

, A

2


(s)�1

s

tìte par�statai apì akrib¸
 m�a. Apì to l mma 1.1.1

t¸ra èqoume ìti (

q

p

~

0

2

)= 1 kai p

~

0

2

= 1(mod8). 'Omw
 o ~

0

2

e�nai perittì
 kai
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sunep¸
 1 = (

q

p

~

0

2

)= (

q

p

): Ex�llou, epeid  p perittì
 kai ~

0

2

�1 �rtio
, èqoume

ìti p

~

0

2

�1

� 1(mod8) �ra 1 � p

~

0

2

� p(mod8): 2

1.2 Melèth twn uposwm�twn tou k

2

(D

s

)

Jètoume L

0

= L

A

2

s

;B

s

;C

s

. To L

0

pa�zei shmantikì rìlo o opo�o
 ja fane�

parak�tw. H om�da Galois G(L

A

2

s

=k) e�nai tou tÔpou (2; 2; 2). Epomènw
 to

s¸ma L

A

2

s

taut�zetai me to s¸ma gènou
 �. To s¸ma L

A

2

s

èqei 7 upos¸mata

ta opo�a e�nai epekt�sei
 bajmoÔ 2 p�nw apì to k. Sugkekrimèna, aut� ta

s¸mata e�nai ta k(

p

q), k(

p

2), k(i), k(

p

2q), k(i

p

q), k(i

p

2), kai k(i

p

2q).

To L

0

e�nai upìswma tou L

A

2

s

to opo�o perièqetai se kuklik  epèktash bajmoÔ

4 p�nw apì to k (L

0

� L

A

4

s

;B

s

;C

s

). To je¸rhma 22 tou [10℄ ma
 d�nei ìti:

Prìtash 1.2.1 An d

1

; d

2

2 Z ¸ste na or�zontai oi akìlouje
 tetragwnikè


epekt�sei
 tou Q : k

1

= Q (

p

d

1

), k

2

= Q (

p

d

2

) me k

1

6= k

2

, tìte to

Q (

p

d

1

;

p

d

2

) perièqetai se kuklik  epèktash tou Q (

p

d

1

p

d

2

) h opo�a e�nai

diedrik  bajmoÔ 8 p�nw apì to Q an kai mìno an gia k�je pr¸to p tou Z to

sÔmbolo tou Hilbert

�

d

1

;d

2

p

�

e�nai �so me 1.

An proqwroÔsame se upologismoÔ
, ja katal game sto ìti:

L

0

=

(

k(

p

q) , an (

q

r

)= 1

k(

p

2q) , an (

q

r

)= �1.

Den ja to k�noume ed¸, diìti to L

0

ja prokÔyei parak�tw kaj¸
 ja upolog�-

zoume ìle
 ti
 kuklikè
 bajmoÔ 4 mh diakladizìmene
 pèran tou 2 epekt�sei


tou k pou d�noun diedrik  om�da Galois p�nw apì to Q .
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Suneq�zonta
, parathroÔme ìti D

s+1

= 4D

s

kai ìti k

2

(D

s

) � k

2

(D

s+1

).

Ep�sh
, o genn tora
A

s

mpore� na epilege� ètsi ¸ste o epimorfismì
G(k

2

(D

s+1

)=k) �!

G(k

2

(D

s

)=k), o opo�o
 d�netai mèsw tou periorismoÔ sto k

2

(D

s

), na ep�gei

epimorfismì

�

s

: H

2

(D

s+1

) �! H

2

(D

s

) : [a; 2b; 4
℄

�

s

�! [a; b; 
℄

ìpou b

2

� 4a
 = D

s

(bl. par�grafo 1 tou [7℄ gia an�logh per�ptwsh) me

�

s

(A

s+1

) = A

s

, �

s

(B

s+1

) = B

s

kai �

s

(C

s+1

) = C

s

. Ep�sh
, gia k�je zeÔgo


akera�wn s; t me s � t � 4, èqoume G(k

2

(D

s

)=k

2

(D

t

)) =

D

A

2


(t)

s

E

.

Profan¸
 isqÔei to akìloujo l mma

L mma 1.2.2 An H

s+1

� H

2

(D

s+1

) kai �(H

s+1

) = H

s

, tìte L

H

s

� L

H

s+1

.

Ep�sh
 mporoÔme eÔkola na pistopoi soume ìti oi mìne
 upoom�de
 th
H

2

(D

s

)

twn opo�wn h om�da phl�ko w
 po
 thn H

2

(D

s

) e�nai kuklik  t�xh
 4 e�nai :




A

2

s

B

s

; C

s

�

,




A

2

s

C

s

; B

s

�

,




A

2

s

B

s

; B

s

C

s

�

kai




A

4

s

; B

s

; C

s

�

. Parak�tw ja up-

olog�soume ta s¸mata pou tou
 antistoiqoÔn.

Sthn eisagwg  th
 ergas�a
 [9℄ anafèretai h akìloujh prìtash:

Prìtash 1.2.3 Gia èna eleÔjero tetrag¸nou jetikì akèraio arijmì m,

apì ìle
 ti
 anti-Pell diofantikè
 exis¸sei
: x

2

�my

2

= dt, ìpou d � 1 e�nai

jetikì
 diairèth
 tou m, dt 6= 1 kai

t =

(

1 , an m � 1; 2(mod4);

1 h 2 , an m � 3(mod4);

akrib¸
 m�a e�nai epilÔsimh sto Z.

Epomènw
 sthn per�ptws  ma
:
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L mma 1.2.4

� (

q

r

)= 1 an kai mìno an h x

2

� qry

2

= q e�nai epilÔsimh sto Z.

� (

q

r

)= �1 an kai mìno an h x

2

� qry

2

= 2q e�nai epilÔsimh sto Z.

Apìdeixh: Oi pijanè
 peript¸sei
 e�nai: d = q; r; qr kai t = 1; 2. 'Estw

(

q

r

)= 1. Ja apode�xoume ìti se ìle
 ti
 �lle
 peript¸sei
 h Diofantik 

ex�swsh x

2

� qry

2

= dt den e�nai epilÔsimh sto Z. 'Eqoume

An x

2

� qry

2

= 2q tìte (

2

r

)= 1. 'Atopo.

An x

2

� qry

2

= r tìte x

2

+ y

2

� 3(mod8). 'Atopo.

An x

2

� qry

2

= 2r tìte (

2

q

)= 1. 'Atopo.

An x

2

� qry

2

= qr tìte qrx

0

2

� y

2

= 1 gia x

0

2 Z opìte (

�1

r

)= 1. 'Atopo.

An x

2

� qry

2

= 2qr tìte qrx

0

2

� y

2

= 2 gia x

0

2 Z opìte (

2

q

)= 1. 'Atopo.

Sunep¸
, lìgw th
 prìtash
 1.2.3 apede�qjh to pr¸to mèro
 tou l mmato
.

Estw t¸ra (

q

r

)= �1. Tìte

An x

2

� qry

2

= q tìte (

q

r

)= 1. 'Atopo.

An x

2

� qry

2

= r tìte (

r

q

)= 1. 'Atopo.

An x

2

� qry

2

= qr tìte qrx

0

2

� y

2

= 1 gia x

0

2 Z opìte (

�1

r

)= 1. 'Atopo.

An x

2

� qry

2

= 2qr tìte qrx

0

2

� y

2

= 2 gia x

0

2 Z opìte (

2

q

)= 1. 'Atopo.

An x

2

� qry

2

= 2r tìte x

2

+ y

2

� 6(mod8). 'Atopo.

Sunep¸
, kai p�li lìgw th
 prìtash
 1.2.3, apede�qjh kai to deÔtero mèro


tou l mmato
.2

Sthn sunèqeia, k�nonta
 qr sh tou l mmato
 1.2.4, ja apode�xoume thn akìlou-

jh prìtash :
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Prìtash 1.2.5 'Estw

t =

(

1 , an (

q

r

)= 1;

2 , an (

q

r

)= �1;

H diofantik  ex�swsh qx

2

� ry

2

= t e�nai epilÔsimh sto Z. Jètoume � =

t � y

p

�tr, v = 2(t � x

p

tq), �� = t + y

p

�tr, �v = 2(t + x

p

tq) kai jew-

roÔme ta tèssera s¸mata: k(

p

w�) , w = �1,�2. Ta s¸mata aut� e�-

nai kuklikè
 epekt�sei
 tou k bajmoÔ 4 kai diedrikè
 epekt�sei
 tou Q me

G(k(

p

w�)=k) =< � > o < � > ìpou �

4

= �

2

= 1 kai �(

p

�qr) =

p

�qr,

�(

p

w�) =

p

w��, �(

p

�qr) = �

p

�qr, �(

p

w�) =

p

w� . Ep�sh
 ta s¸-

mata aut� e�nai dikekrimmèna kai mh diakladizìmena ektì
 tou 2 p�nw apo to

k kai to di�gramma Galois twn swm�twn fa�netai akìlouja:

Q

Q (v)

k

Q (�)

Q (

p

wv)

Q (

p

w�v)

k(

p

tq)

Q (

p

w��)

Q (

p

w�)

k(

p

w�)

Sq ma 1

Apìdeixh: 'Eqoume ìti h x

2

� qry

2

= tq e�nai epilÔsimh sto Z opìte q j x

kai sunep¸
 h qx

2

� ry

2

= t e�nai epilÔsimh sto Z. 'Estw loipìn x; y akèraia

lÔsh th
 qx

2

� ry

2

= t kai jètoume � = t � y

p

�tr, v = 2(t � x

p

tq),

�� = t� y

p

�tr, �v = 2(t+x

p

tq) kai jewroÔme ta tèssera s¸mata: k(

p

w�)

, w = �1,�2. 'Eqoume qx

2

= t + ry

2

opìte tqx

2

= t

2

+ try

2

kai sunep¸
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tqx

2

= (t + y

p

�tr)(t � y

p

�tr) pou telik� d�nei tqx

2

= ���. Profan¸


isqÔei to akìloujo di�gramma Galois:

Q

Q (v)

k

Q (�)

k(

p

tq) = k(�) = k(v)

Sq ma 2

ParathroÔme ìti oi r�ze
 tou anag¸gou poluwnÔmou tou w� p�nw apì to Q

e�nai oi �

p

w�, �

p

w�� pou den an koun ìle
 sto Q (

p

w�) kai autì shma�nei

ìti h Q (

p

w�)=Q den e�nai Galois. Pr�gmati, an e�qame

p

w�� 2 Q (

p

w�),

tìte lìgw tqx

2

= ��� ja e�qame kai

p

tq 2 Q (

p

w�) opìte kai k(�) = k(v) �

Q (

p

w�) (bl. to di�gramma Galois pio p�nw). An jewr soume loipìn to

an�gwgo polu¸numo tou

p

w� p�nw apì to Q (v), autì ja èqei thn morf 

x

2

� (a + bv) gia k�poia a; b 2 Q kai sunep¸
 w

2

�

2

= a + bv pou d�nei

Q (�) = Q (

p

a+ bv) poÔ e�nai �topo afoÔ h Q (�) e�nai bajmoÔ 2 p�nw apì

to Q en¸ h Q (

p

a+ bv) bajmoÔ 4. De�xame loipìn ìti h Q (

p

w�)=Q den e�nai

Galois . IsqÔei ep�sh
 ìti h Q (

p

w�)=Q èqei èna mìno endi�meso s¸ma: to

Q (�). Pr�gmati, k�je endi�mesh epèktash th
 Q (

p

w�)=Q e�nai th
 morf 


Q (

p

�) me � 2 Z eleÔjero tetrag¸nou. An e�qame loipìn Q (

p

�) 6= Q (�)

tìte, lìgw tou ìti oi bajmo� epèktash
 twn Q (

p

�) kai Q (�) p�nw apì to Q

e�nai �dioi, ja sumpera�name ìti Q (

p

w�) = Q (

p

�; �) pou den mpore� na isqÔei

afoÔ h Q (

p

�; �)=Q e�nai Galois. MporoÔme t¸ra eÔkola na doÔme ìti to

s¸ma Q (

p

w�) den perièqei kanèna apì ta Q(v); k kai ìti e�nai diaforetikì

apì ta Q (

p

w��); Q (

p

wv); Q (

p

w�v); Q (

p

w�v). Parìmoia mporoÔme na
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doÔme ìti kai h Q (

p

w��)=Q den e�nai Galois kai ìti èqei mìno èna endi�meso

s¸ma: to Q (��). Akìlouja, ja de�xoume ìti

p

w��;

p

wv;

p

w�v 2 k(

p

w�).

'Eqoume

p

w�

p

w�� =

p

w

2

tqx

2

= wx

p

tq. 'Omw
 k(

p

tq) = k(

q

p

�tr

�qr

) =

k(

p

�tr) = k(�) � k(

p

w�) opìte

p

w�� 2 k(

p

tq;

p

w�) = k(

p

w�). 'Ara

p

w�� 2 k(

p

w�). Ep�sh
, (

p

w� �

p

w��)

2

= w� + w�� � 2w

p

��� = w(� +

��)� 2w

p

��� = 2tw � 2xw

p

tq = 2w(t� x

p

tq). Sumpera�noume loipìn ìti:

(

p

w�+

p

w��)

2

= (

p

w�v)

2

kai (

p

w��

p

w��)

2

= (

p

wv)

2

pr�gma pou shma�nei ìti

p

wv;

p

w�v 2 k(

p

w�): Sthn sunèqeia ja de�xoume

ìti h k(

p

w�)=k e�nai kuklik  bajmoÔ 4 kai h k(

p

w�)=Q Galois me om�da

Galois thn diedrik  om�da D

4

. Kat' arq n oi r�ze
 tou anag¸gou poluwnÔmou

tou

p

w� p�nw apì to Q ìpw
 èqoume pe� e�nai oi �

p

w�, �

p

w�� oi opo�e


de�xame ìti an koun sto k(

p

w�) kai sunep¸
 h k(

p

w�)=Q e�nai Galois .

'Ara kai h k(

p

w�)=k e�nai Galois kai èstw � 2 G(k(

p

w�)=k) me �(

p

w�) =

p

w��. Ta 1; �; �

2

; �

3

e�nai ìla diaforetik� metaxÔ tou
. Pro
 apìdeixh

toÔtou ja de�xoume ìti ta 1; �; �

2

; �

3

pa�rnoun diaforetikè
 timè
 sto

p

w�. Profan¸
: 1(

p

w�) =

p

w�; �(

p

w�) =

p

w��. AfoÔ �(

p

w�) =

p

w��, ja isqÔei �(

p

w�

2

) =

p

w��

2

kai sunep¸
 �(�) = ��. All� � =

t� y

p

�tr pr�gma pou shma�nei ìti �(

p

�tr) = �

p

�tr. Epomènw
 èqoume

�(

p

tq) = �

 

p

�qrt

2

p

�tr

!

=

t�(

p

�qr)

�(

p

�tr)

=

t

p

�qr

�

p

�tr

= �

p

tq

pr�gma pou shma�nei ìti
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�

2

(

p

w�) = �(

p

w��) = �

 

s

w

2

tqx

2

w�

!

=

xw�(

p

tq)

�(w��)

=

�xw

p

tq

w��

=

�xw

p

tq

q

wtqx

2

�

= �

p

w�:

Ep�sh
 e�nai eÔkolo na doÔme ìti �

3

(

p

w�) = �(�

p

w�) = �

p

w�� kai

�(

p

w��) = �

p

w��; �(�) = ��; �(v) = �(�v). SÔmfwna me ta parap�n-

w: G(k(

p

w�)=k) = h�i. 'Estw t¸ra � 2 G(k=Q ) me

p

�qr = �

p

�qr.

Epekte�noume to � sthn G(k(

p

w�)=Q ) me �(

p

w�) =

p

w� kai èqoume ta

akìlouja:

(��)(

p

�qr) = �(

p

�qr) = �

p

�qr

(�

3

�)(�qr) = ��

3

(

p

�qr) = �

p

�qr

Ex�llou, �(

p

w�) =

p

w�) �(�) = �) �(

p

�tr) =

p

�tr. Sunep¸


�(

p

tq) = �

 

p

�qrt

2

p

�tr

!

=

t�(

p

�qr)

�(

p

�tr)

=

�t

p

�qr

p

�tr

= �

p

tq

pou shma�nei ìti:

�(

p

w��) = �

 

s

w

2

tqx

2

w�

!

=

xw�(

p

tq)

�(w�)

=

�xw

p

tq

w�

=

�xw

p

tq

q

wtqx

2

��

= �

p

w��:

kai telik� èqoume:

(��)(

p

w�) = �(

p

w��) = �

p

w��

(�

3

�)(

p

w�) = �

3

(

p

w�) = �

p

w��

pou apodeiknÔei ìti: G(k(

p

w�)=Q ) = h�i o h�i. Ja de�xoume t¸ra ìti h

epèktash k(

p

w�)=k e�nai mh diakladizomènh ektì
 tou 2. 'Eqoume k(

p

tq) =

k(

p

�tr) kai apì jewr�a epekt�sewn tou Kummer (bl. [6℄ 
hapter V x39)

èqoume ìti h epèktash k(

p

tq)=k e�nai mh diakladizomènh ektì
 tou 2 opìte
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arke� na de�xoume ìti h G(k(

p

w�)=k(

p

tq)) e�nai mh diakladizomènh ektì
 tou

2. Pr�gmati, èstw p pr¸to ide¸de
 tou R

k(

p

tq)

me p - 2. Ja de�xoume ìti èna

ek twn x

2

�wv; x

2

�w� e�nai diaqwr�simo modulo p, pr�gma pou, lìgw th


isìthta
 k(

p

wv) = k(

p

w�), ja ma
 d¸sei ìti to p den diaklad�zetai sto

k(

p

w�). 'Estw ìti kanèna apì ta x

2

� wv; x

2

� w� den e�nai diaqwr�simo

modulo p. Autì shma�nei ìti gia k�je pr¸to ide¸de
 q tou R

k(

p

w�)

me q j p

ja e�qame af' enì
 q - 2 kai af' etèrou

p

wv � �

p

wv(modq) kai

p

w� � �

p

w�(modq):

Sunep¸
 2

p

wv; 2

p

w� 2 q ) 4wv; 4w� 2 q: AfoÔ ìmw
 q - 2 ja èqoume

q j v; � kai sunep¸
 q j v�v � 4���. AfoÔ v�v � 4��� = �4t

2

prokÔptei ìti

q j �4t

2

) q j 2. 'Atopo.2

H sÔndesh th
 prohgoÔmenh
 prìtash
 me to prìblhma pou meletoÔme ja

fane� met� apì to akìloujo l mma:

L mma 1.2.6 K�je kuklik  epèktash L p�nw apì to k = Q (

p

�qr) bajmoÔ

4 m  diakladizìmenh ektì
 tou 2 h opo�a e�nai kai diedrik  epèktash tou Q

perièqetai se k�je k(D

s

) gia k�je s � 4 kai sunep¸
 perièqetai kai sto

k(D

4

) = k(D).

Apìdeixh: SÔmfwna me to je¸rhma 11 tou [10℄ , to L perièqetai se

èna ring 
lass �eld p�nw apì to k kai afoÔ h L e�nai mh diakladizìmen-

h ektì
 tou 2 epèktash tou k, èpetai ìti to L ja perièqetai se k�poio

k

2

(D

s

0

) gia k�poio s

0

� 2. 'Omw
 h om�da phl�ko th
 H

2

(D

s

0

) modulo

G(k

2

(D

s

0

)=L) e�nai G(L=k) = (2

2

) kai ètsi s

0

� 4. Ep�sh
, afoÔ h om�-

da phl�ko th
 H

2

(D

s

0

) modulo G(k

2

(D

s

0

)=L) e�nai kuklik  bajmoÔ 4, ja
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èqoume ìti h G(k

2

(D

s

0

)=L) e�nai m�a ek' twn




A

2

s

0

B

s

0

; C

s

0

�

,




A

2

s

0

C

s

0

; B

s

0

�

,




A

2

s

0

B

s

0

; B

s

0

C

s

0

�

kai




A

4

s

0

; B

s

0

; C

s

0

�

. All� G(k

2

(D

s

0

)=k

2

(D

4

)) =

D

A

2


(4)

s

0

E

opìte G(k

2

(D

s

0

)=k

2

(D

4

)) � G(k

2

(D

s

0

)=L) pou shma�nei L � k

2

(D

4

) �

k

2

(D

s

), gia k�je s � 4. 2

SÔmfwna loipon me to parap�nw l mma ta s¸mata k(

p

w�), w = �1,�2

pou e�qame bre� perièqontai sto k(D) to opo�o perièqei akrib¸
 4 upos¸mata

bajmoÔ 4 kuklik� p�nw apì to k. Sunep¸
:

fL

A

2

s

B

s

;C

s

; L

A

2

s

C

s

;B

s

; L

A

2

s

B

s

;B

s

C

s

; L

A

4

s

;B

s

;C

s

g = fk(

p

�); k(

p

��); k(

p

2�); k(

p

�2�)g:

T¸ra e�nai profanè
 ìti to s¸ma L

0

= L

A

2

s

;B

s

;C

s

pou e�qame jewr sei arqik�

e�nai to k(

p

tq) afoÔ e�nai h tom  twn L

A

2

s

B

s

;C

s

, L

A

2

s

C

s

;B

s

, L

A

2

s

B

s

;B

s

C

s

, L

A

4

s

;B

s

;C

s

.

Prin suneq�soume parathroÔme ta akìlouja:

L mma 1.2.7 Gia ìla ta � 2 f0; 1; :::
(s)g; j 2 f0; 1g kai ` 2 f0; 1g

èqoume:

L

A

2

�

s+1

;B

j

s+1

;C

`

s+1

= L

A

2

�

s

;B

j

s

;C

`

s

Apìdeixh: Apì l mma 1.2.2 èqoume

L

A

2

�

s+1

;B

j

s+1

;C

`

s+1

� L

A

2

�

s

;B

j

s

;C

`

s

:

Aut� ta dÔo s¸mata e�nai �diou bajmoÔ 2

�+2�j�`

p�nw apì to k kai sunep¸


prèpei na taut�zontai.2

Pìrisma 1.2.8

L

A

2


(s)

s+1

;B

s+1

;C

s+1

= L

B

s

;C

s

; L

A

2


(s)

s+1

= L

I

s

= k

2

(D

s

):
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To L

A

4

s

;B

s

;C

s

emfuteÔetai se mia kuklik  epèktash bajmou 8 p�nw apo to k

(thn L

A

8

s+1

;B

s+1

;C

s+1

=k). Apì [12℄ kai to lo
al global prin
iple, èqoume to

akìloujo apotèlesma:

Prìtash 1.2.9 'An M=Q epèktash algebrik¸n swm�twn arijm¸n ìpou

M = Q (

p

z(A+ B

p

a),

p

b) me A

2

� aB

2

= ab, a; b 2 Q ìqi tetragwnik¸


isodÔnama, A;B 2 Q kai z 2 Q , tìte to M e�nai diedrik  epèktash tou Q

bajmoÔ 8 kuklik  p�nw apì to Q (

p

b). Epiplèon to M mpore� na emfuteuje�

se mia diedrik  epèktash bajmoÔ 16 p�nw apì to Q an kai mìno an:

�

�b;�zA

p

�

=

�

�ab;�2a

p

�

gia k�je pr¸to arijmì p, ìpou (

�;�

p

) e�nai to sÔmbolo tou Hilbert .

Sthn sunèqeia ja upolog�soume to s¸ma L

A

4

s

;B

s

;C

s

:

Prìtash 1.2.10

L

A

4

s

;B

s

;C

s

=

(

k(

p

�2�) , an (

q

r

)= 1;

k(

p

��) , an (

q

r

)= �1;

kai apì ìla ta L

A

2

s

B

s

;C

s

, L

A

2

s

C

s

;B

s

, L

A

2

s

B

s

;B

s

C

s

, L

A

4

s

;B

s

;C

s

mìno to L

A

4

s

;B

s

;C

s

em-

futeÔetai se kuklik  epèktash bajmou 8 p�nw apì to k pou e�nai diedrik 

bajmoÔ 16 p�nw apì to Q .

Apìdeixh: Gia ton orismì kai ti
 idiìthte
 tou sumbìlou tou Hilbert

parapèmpoume ton anagn¸sth sto [1℄.

� An (

q

p

)= 1, tìte gr�foume

k(

p

w�) = Q

�

r

w

x

r

�

r

x

�

r

x

y

p

�r

�

;

p

�qr

�
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kai epomènw
 apì thn prìtash 1.2.9 èqoume ìti an L

A

4

s

;B

s

;C

s

= k(

p

w�)

tìte gia k�je pr¸to p me

(

qr;�w

p

)= (

�qr

2

;2r

p

) ja èqoume ìti:

{ H per�ptwsh w = �1 odhge� se �topo afoÔ (

qr;1

q

)= 1 kai (

�qr

2

;2r

q

)=

�1.

{ H per�ptwsh w = 2 odhge� se �topo afoÔ (

qr;�2

r

)= 1 kai (

�qr

2

;2r

r

)=

�1.

{ H per�ptwsh w = 1 odhge� se �topo afoÔ (

qr;�1

q

)= 1 kai (

�qr

2

;2r

q

)=

�1.

'Ara kat' an�gkh w = �2.

� An (

q

p

)= �1, tìte gr�foume

k(

p

w�) = Q

 

s

w

x

r

�

2r

x

�

r

x

y

p

�2r

�

;

p

�qr

!

kai, p�li apì thn prìtash 1.2.9, èqoume ìti an L

A

4

s

;B

s

;C

s

= L(

p

w�) tìte

gia k�je pr¸to p me

(

qr;�2w

p

)= (

�2qr

2

;4r

p

)   isodÔnama (

qr;�2w

p

)= (

�2q;r

p

) ja èqoume ìti:

{ H per�ptwshw = 1 odhge� se �topo afoÔ (

qr;�2

r

)= 1 kai (

�2q;r

r

)= �1.

{ H per�ptwsh w = �2 odhge� se �topo afoÔ (

qr;4

r

)= 1 kai (

�2q;r

r

)=

�1.

{ H per�ptwshw = 2 odhge� se �topo afoÔ (

qr;�4

q

)= 1 kai (

�2q;r

q

)= �1.

'Ara kat' an�gkh w = �1. 2
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1.3 KÔria apotelèsmata

Periorizìmaste t¸ra sthn per�ptwsh s = 4 kai gia aplìthta ston sumbolis-

mì ja parale�poume ton de�kth s upojètonta
 p�ntote ìti briskìmaste sthn

per�ptwsh s = 4.

Je¸rhma 1.3.1 'Estw

t =

(

1 , an (

q

r

)= 1,

2 , an (

q

r

)= �1

kai èstw x; y 2 Z me qx

2

� ry

2

= t. 'Estw ep�sh
 p perittì
 pr¸to
 me

(

D

p

)= 1 kai (

tq

p

)= 1

Jètoume � = t� y

p

�tr kai or�zoume to sÔmbolo u

p

w
 ex 
:

u

p

=

8

>

>

>

<

>

>

>

:

(�1)

p�1

2

; an p j x,

(

��

p

); an p - x kai (

q

r

)= �1,

(

�2�

p

); an p - x kai (

q

r

)= 1,

ìpou sta sÔmbola Legendre, pou emfan�zontai, san

p

�tr jewroÔme tuqa�-

a akèraia lÔsh th
 epilÔsimh
 isodunam�a
 x

2

� �tr(modp). (O anag-

n¸sth
 mpore� na parathr sei ìti to sÔmbolo u

p

e�nai ètsi orismèno wste

u

p

= 1 an kai mìno an f

p

(L

A

4

;B;C

) = 1). K�tw apì autè
 ti
 upojèsei
 kai me

autìn to sumbolismì, isqÔoun ta akìlouja:

� Sthn per�ptwsh Ia ìpou

�

q

r

�

= �1 èqoume ìti o p

~

0

par�statai apì akrib¸


m�a ambiguous kl�sh kai akribèstera:

{ An p � 1(mod8) tìte: I �! p

~

0

, u

p

= 1 kai A

2

�! p

~

0

,

u

p

= �1;
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{ An p � 7(mod8) tìte: B �! p

~

0

, u

p

= 1 kai A

2

B �! p

~

0

,

u

p

= �1;

{ An p � 5(mod8) tìte: C �! p

~

0

, u

p

= 1 kai A

2

C �! p

~

0

,

u

p

= �1;

{ An p � 3(mod8) tìte: BC �! p

~

0

, u

p

= 1 kai A

2

BC �!

p

~

0

, u

p

= �1.

� Sthn per�ptwsh Ib ìpou

�

q

r

�

= 1 èqoume:

{ An u

p

= �1 tìte A

4

�! p

2~

0

all� kam�a ambiguous kl�sh den

parist� ton p

~

0

;

{ An u

p

= 1 tìte o p

~

0

par�statai apo akrib¸
 m�a ambiguous kl�sh.

Apìdeixh: H prìtash 1.2.10 ma
 d�nei ìti L

A

4

;B;C

= k(

p

�2t�). Kat' arq 

ja de�xoume ìti to sÔmbolo u

p

èqei oriste� kat� tètoio trìpo gia ta p pou

anafèrontai sthn ekf¸nhsh ¸ste na isqÔei u

p

= 1 an kai mìno an f

p

(L

A

4

;B;C

) =

1). Pr�gmati, parathroÔme arqik� ìti h sunj kh

(

tq

p

)= 1

pou jèloume na ikanopoie� to p e�nai isodÔnamh (bl. sq ma sthn prìtash

1.2.5) lìgw (

D

p

)= 1 me to ìti f

p

(L

0

) = 1 kai sunep¸
 o p analÔetai pl rw


sto L

A

4

;B;C

an kai mìno an f

p

(L

A

4

;B;C

=L

0

) = 1   isodÔnama an kai mìno an

(

�2t�

p

)= 1. Epeid  to u

p

èqei oriste� ètsi ¸ste gia k�je p - x na isqÔei

u

p

= (

�2t�

p

) h isodunam�a pou zht�me isqÔei profan¸
 gia ìla ta p - x, en¸

gia ta p me p j x mporoÔme na doÔme ìti afoÔ k(

p

w�) = k(

p

wv) ja isqÔei
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kai L

A

4

;B;C

= k(

p

�2tv) opìte afoÔ v � 2t(modp), èqoume telik� ìti

f

p

(L

A

4

;B;C

=L

0

) = 1, (

�2tv

p

)= 1, (

�4t

2

p

)= 1, (

�1

p

)= 1, (�1)

p�1

2

:

Q

k

L

0

= L

A

2

;B;C

L

A

2

;B

L

A

2

;BC

L

A

2

;C

L

A

2

B

L

B

L

A

2

BC

L

A

2

L

BC

L

C

L

A

2

C

L

I

= k

2

(D)

Sq ma 3

Sthn sunèqeia meletoÔme thn per�ptwsh Ia ìpou

�

q

r

�

= �1. Sthn per�ptwsh

aut  h om�da kl�sewn e�nai h H(D) = hA;B;Ci me A

4

= B

2

= C

2

= I kai

oi ambiguous kl�sei
 e�nai oi I; A

2

; B,C;A

2

B;A

2

C;BC kai A

2

BC. 'Eqoume

f

p

(L

0

) = 1 kai afoÔ L

A

2

=L

A

2

;B;C

e�nai tÔpou (2; 2), akrib¸
 èna apì ta

f

p

(L

A

2

;B

), f

p

(L

A

2

;BC

), f

p

(L

A

2

;C

) isoÔtai me 1   ìla e�nai �sa me 1 (bl. sq ma

3).

� An f

p

(L

A

2

;B

) = f

p

(L

A

2

;BC

) = f

p

(L

A

2

;C

) = 1 tìte f

p

(L

A

2

) = 1 kai

epomènw
, to s¸ma an�lush
 tou p sthn k

2

(D) e�nai e�te to L

I

e�te to
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L

A

2

, opìte I �! p

~

0

  A

2

�! p

~

0

.

� An akrib¸
 èna apì ta f

p

(L

A

2

;B

), f

p

(L

A

2

;BC

), f

p

(L

A

2

;C

) isoÔtai me 1

tìte f

p

(L

A

2

) 6= 1 kai

{ An f

p

(L

A

2

;B

) = 1 tìte, afoÔ L

I

=L

A

2

;B

e�nai tÔpou (2; 2), ja èqoume

f

p

(L

A

2

B

) = 1   f

p

(L

B

) = 1 kai epomènw
 to s¸ma an�lush
 tou

p sto k

2

(D) ja e�nai   to L

A

2

B

  to L

B

, opìte A

2

B �! p

~

0

 

B �! p

~

0

.

{ An f

p

(L

A

2

;BC

) = 1 tìte, ergazìmenoi ìpw
 parap�nw, èqoume ìti

A

2

BC �! p

~

0

,   BC �! p

~

0

:.

{ An f

p

(L

A

2

;C

) = 1 tìte, kai p�li ergazìmenoi ìpw
 parap�nw, èqoume

ìti A

2

C �! p

~

0

  C �! p

~

0

.

Autì pou mèqri t¸ra èqoume de�xei e�nai to ant�strofo th
 prìtash
 1.1.4.

Sthn sunèqeia ja diaqwr�soume ti
 ambiguous kl�sei
. 'Eqoume upojèsei ìti

(

D

p

)= 1 kai (

tq

p

)= 1, sunep¸
 f

p

(L

0

) = 1. Ep�sh
 u

p

= 1 akrib¸
 tìte

ìtan f

p

(L

B;C

= 1. An p � 7(mod8) de�xame prin ìti m�a ek twn B, A

2

B

parist� ton p

~

0

, opìte to s¸ma an�lush
 tou p sto k

2

(D) e�nai   to L

B

 

to L

A

2

B

. AfoÔ to s¸ma L

A

2

B

e�nai gn sio uposÔnolo tou L

B;C

L

A

2

B

, èqoume

ìti to s¸ma an�lush
 tou p sthn k

2

(D) e�nai to L

B

an kai mìno an u

p

= 1

kai ètsi B �! p

~

0

an kai mìno an u

p

= 1. Oi �lle
 peript¸sei
 sti
 opo�e


p � 1; 3; 5(mod8) mporoÔn na apodeiqjoÔn entel¸
 an�loga (bl. sq ma 4).
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Q

k

L

0

L

B;C

L

A

2

L

I

Q

k

L

0

L

B;C

L

B

L

A

2

B

L

I

Q

k

L

0

L

B;C

L

C

L

A

2

C

L

I

Q

k

L

0

L

B;C

L

BC

L

A

2

BC

L

I

Sq ma 4

Suneq�zoume me thn per�ptwsh Ib sthn opo�a

�

q

r

�

= 1. Ed¸ h om�da kl�sewn

e�nai h H(D) = hA;B;Ci me A

8

= B

2

= C

2

= I kai oi ambiguous klasei


e�nai I; A

4

; B; C;A

4

B;A

4

C, BC kai A

4

BC. Upenjum�zoume ìti u

p

= 1 an

kai mìno an f

p

(L

A

4

;B;C

) = 1. 'Eqoume f

p

(L

0

) = 1 kai epeid  h epèktash

L

A

2

=L

A

2

;B;C

e�nai tou tÔpou (2; 2), akrib¸
 èna
 ek twn bajm¸n adrane�a


f

p

(L

A

2

;B

), f

p

(L

A

2

;BC

), f

p

(L

A

2

;C

) e�nai �so
 me 1,   ìloi e�nai �sa me 1 (bl.

sq ma 5).

� An f

p

(L

A

2

;B

) = f

p

(L

A

2

;BC

) = f

p

(L

A

2

;C

) = 1 tìte f

p

(L

A

2

) = 1. Epi-

plèon:

{ An f

p

(L

A

4

;B;C

) = 1 tìte kai f

p

(L

A

2

L

A

4

;B;C

) = 1. H sÔnjesh

ìmw
 twn swm�twn L

A

2

kai L

A

4

;B;C

e�nai to s¸ma L

A

4

. Epomèn-

w
 ja e�qame f

p

(L

A

4

) = 1 pr�gma pou shma�nei ìti A

4

�! p

~

0

 

I �! p

~

0

.(Shme�wsh To s¸ma L

A

4

;B;C

den par�statai sto di�gramma

tou sq mato
 5.)

{ An f

p

(L

A

4

;B;C

) = �1 tìte f

p

(L

A

4

) = �1 kai ètsi A

2

�! p

~

0

pou

shma�nei ìti A

4

�! p

2~

0

alla o p

~

0

den par�statai apì kam�a am-
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biguous kl�sh.

� An akrib¸
 èna ek twn f

p

(L

A

2

;B

), f

p

(L

A

2

;BC

), f

p

(L

A

2

;C

) isoÔtai me 1

tìte f

p

(L

A

2

) 6= 1. Sunep¸
:

{ An f

p

(L

A

2

;B

) = 1 tìte

� An f

p

(L

A

4

;B;C

) = 1 tìte, afoÔ L

A

2

B

L

A

4

;B;C

= L

A

4

, ja e�qame

f

p

(L

A

2

B

) = �1 kai ètsi f

p

(L

A

4

;B

) = 1 pou d�nei f

p

(L

A

4

B

) = 1  

f

p

(L

B

) = 1 opìte A

4

B �! p

~

0

  B �! p

~

0

.

� An f

p

(L

A

4

;B;C

) = �1 tìte f

p

(L

A

4

;B

) = �1 epomènw
 f

p

(L

A

2

B

) =

1 ètsi A

2

B �! p

~

0

pou d�nei A

4

�! p

2~

0

kai o p

~

0

den par�statai

apì kam�a ambiguous kl�sh.

{ An f

p

(L

A

2

;C

) = 1 tìte omo�w


� An f

p

(L

A

4

;B;C

) = 1 tìte A

4

C �! p

~

0

  C �! p

~

0

.

� An f

p

(L

A

4

;B;C

) = �1 tìte A

4

�! p

2~

0

kai o p

~

0

den par�statai

apì kam�a ambiguous kl�sh.

{ An f

p

(L

A

2

;BC

) = 1 tìte

� An f

p

(L

A

4

;B;C

) = 1 èqoume ìti A

4

BC �! p

~

0

  BC �! p

~

0

.

� An f

p

(L

A

4

;B;C

) = �1 tìte A

4

�! p

2~

0

kai o p

~

0

den par�s-

tatai apì kam�a ambiguous kl�sh, dhlad  apode�xame pl rw


to je¸rhma. 2
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Q

k

L

0

= L

A

2

;B;C

L

A

2

;B

L

A

2

;BC

L

A

2

;C

L

A

4

;B

L

A

2

B

L

A

2

BC

L

A

2

L

A

4

;BC

L

A

2

C

L

A

4

;C

L

A

4

B

L

B

L

BC

L

A

4

L

A

4

BC

L

A

4

C

L

C

L

I

= k

2

(D)

Sq ma 5

Kle�noume thn par�grafo prosdior�zonta
 ta s¸mata L

A

2

B;C

, L

A

2

C;B

,

L

A

2

B;BC

kai L

A

4

;B;C

. Ta apotelèsmata parousi�zontai ston akìloujo p�na-

ka:

Per�ptwsh

�

q

r

�

L

A

4

;B;C

L

A

2

C;B

L

A

2

B;C

L

A

2

B;BC

Ia -1 k(

p

�2�) k(

p

��) k(

p

2�) k(

p

�)

Ib 1 k(

p

��) k(

p

�2�) k(

p

�) k(

p

2�)

Apìdeixh: 'Estw

�

q

r

�

= �1. Apì to je¸rhma puknìthta
 tou Cebotareb

(bl. [3℄ je¸rhma 8.17) prokÔptei ìti ta sÔnola spl(k

2

(D)) , spl(L

B;C

), èqoun
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puknìthte


1

[k

2

(D) : Q ℄

kai

1

[L

B;C

: Q ℄

ant�stoiqa. Sunep¸
 mporoÔme na p�roume perittì pr¸to arijmì p ètsi ¸-

ste to s¸ma an�lush
 tou sto k

2

(D) na e�nai to L

BC

, opìte BC �! p

2~

0

,

kai epomènw
, lìgw th
 prìtash
 1.1.4, ja èqoume p � 3(mod8). 'Etsi

f

p

(L

A

2

B;BC

) = f

p

(L

A

4

;B;C

) = 1 (afoÔ L

A

2

B;BC

; L

A

4

;B;C

� L

BC

). O ba-

jmì
 adrane�a
 f

p

(L

A

4

;B;C

) e�nai 1, sunep�getai ìti

�

��

p

�

= 1 kai sunep¸


�

�

p

�

= �1. 'Ara L

A

2

B;BC

6= k(

p

�2�) kai L

A

2

B;BC

6= k(

p

�), sunep¸


L

A

2

B;BC

= k(

p

2�). MporoÔme ep�sh
 na p�roume p

1

ètsi ¸ste to s¸-

ma an�lush
 tou sto k

2

(D) na e�nai to L

C

to opo�o d�nei p

1

� 5(mod8).

Omo�w
, ìpw
 prohgoumènw
, ja èqoume f

p

1

(L

A

2

B;C

) = f

p

1

(L

A

4

;B;C

) = 1

kai sun�goume ìti ja prèpei kai p�li

�

��

p

1

�

= 1 to opo�o sunep�getai ìti

�

�

p

1

�

= 1. 'Ara L

A

2

B;C

6= k(

p

�2�) pou d�nei L

A

2

B;C

= k(

p

�) kai epomènw


L

A

2

C;B

= k(

p

�2�). H per�ptwsh Ib sthn opo�a

�

q

r

�

= 1 mpore� na melethje�

entel¸
 ìmoia pa�rnonta
 pr¸tou
 arijmoÔ
 p, p

1

¸ste ta s¸mata an�lush-


 tou
 so k

2

(D) na e�nai L

BC

kai L

C

ant�stoiqa (k�ti to opo�o ja d¸sei

p � 3(mod8) kai p

1

� 5(mod8)). 2

1.4 To prìblhma par�stash
 gia auja�reto D

s

Sthn par�grafo aut  prospajoÔme na doÔme kat� pìso h par�stash tou p

~

0

s

0

apì m�a ambiguous kl�sh diakr�nousa
D

s

0

epidr� sthn ikanìthta par�stash-


 tou p

~

0

s

apì ambiguous kl�sh diakr�nousa
 D

s

, s � s

0

� 4.

Prìtash 1.4.1 An s akèraio
 arijmì
 me s � 4, p èna
 perittì
 pr¸to


me (

D

0

p

)= 1 kai X

s+1

m�a ambiguous kl�sh diakr�nousa
 D

s+1

, tìte isqÔei h
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akìloujh sunepagwg :

X

s+1

�! p

~

0

s+1

) �

s

(X

s+1

) �! p

~

0

s

:

Apìdeixh: AfoÔ X

s+1

�! p

~

0

s+1

ja èqoume ìti to s¸ma an�lush
 tou p

sto k

2

(D

s+1

) e�nai to L

X

s+1

pou d�nei f

p

(L

X

s+1

) = 1 kai epomènw
 lìgw tou

l mmato
 1.2.2, èqoume ìti f

p

(L

�

s

(X

s+1

)

) = 1. H per�ptwsh X

s+1

= I

s+1

e�nai

tetrimmènh. An X

s+1

6= I

s+1

tìte to f

p

(L

�

s

(X

s+1

)

) = 1 sunep�getai (lìgw tou

ìti h L

I

s

=L

�

s

(X

s+1

)

e�nai epèktash bajmoÔ 2) ìti to s¸ma an�lush
 tou p sthn

k

2

(D

s

) e�nai   to L

�

s

(X

s+1

)

  to L

I

s

. An  tan to L

I

s

tìte afoÔ L

I

s

= L

A

2


(s)

s+1

ja e�qame f

p

(L

X

s+1

L

A

2


(s)

s+1

) = 1 kai sunep¸
 f

p

(L

I

s+1

) = 1 pou e�nai �topo

diìti X

s+1

6= I

s+1

. 2

Pìrisma 1.4.2 'Estw s 2 Z; s � 4 kai p perittì
 pr¸to
 me (

D

0

p

)= 1. An

X

s

2 fI

s

; B

s

; C

s

; B

s

C

s

g tìte

� An A

2


(s)�1

s

X

s

�! p

~

0

s

  X

s

�! p

~

0

s

tìte X

�

�! p

~

0

�

; 8� 2 f4; :::; s� 1g;

� An A

2


(s)�1

s

X

s

�! p

~

0

s

tìte kam�a ambiguous kl�sh diakr�nousa
 D

�

den

parist� ton p

~

0

�

,8� � s+ 1.

Apìdeixh: Upenjum�zoume ìti �(A

s

) = A

s�1

; �(B

s

) = B

s�1

; �(C

s

) =

C

s�1

:ParathroÔme sthn sunèqeia ìti �(A

2


(s)�1

s

) = A

2


(s)�1

s�1

= I (afoÔ �(A

s

) =

A

s�1

kai to A

s�1

èqei t�xh 2


(s�1)

= 2


(s)�1

). 'Estw loipìn ìti A

2


(s)�1

s

X

s

�!

p

~

0

s

. Tìte �(A

2


(s)�1

s

X

s

) �! p

~

0

s�1

, dhlad  X

s�1

�! p

~

0

s�1

. An p�li X

s

�!

p

~

0

s

tìte �(X

s

) �! p

~

0

s�1

opìte X

s�1

�! p

~

0

s�1

. Se k�je per�ptwsh loipìn

èqoume ìti X

s�1

�! p

~

0

s�1

kai suneq�zonta
 omo�w
 èqoume X

�

�! p

~

0

�

; 8� 2

f4; :::; s � 1g, dhlad  thn apìdeixh tou pr¸tou mèrou
 tou por�smato
. E�-

nai fanerì apì ta parap�nw, ìti oi eikìne
 twn ambiguous kl�sewn mesw
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th
 �

s

an koun sto sÔnolo fI

s

; B

s

; C

s

; B

s

C

s

g; s � 4 kai sunep¸
, an

A

2


(s)�1

s

X

s

�! p

~

0

s

; tìte den e�nai dunatìn mia ambiguous kl�sh diakr�nousa


D

�

na parist� ton p

~

0

�

gia k�poio � � s+ 1, dhlad  èqoume thn apìdeixh tou

deÔterou mèrou
 tou por�smato
. 2

Ant�strofa èqoume to akìloujo Je¸rhma:

Je¸rhma 1.4.3 An p e�nai perittì
 pr¸to
 me (

D

0

p

)= 1 kaiX

s

2 fI

s

; B

s

; C

s

; B

s

C

s

g

gia s 2 Z; s � 4 me X

s

�! p

~

0

s

, tìte isqÔei akrib¸
 m�a apì ti
 akìlouje


parast�sei
:

� X

s+1

�! p

~

0

s+1

� A

2


(s)

s+1

X

s+1

�! p

~

0

s+1

:

Epiplèon, X

s+1

�! p

~

0

s+1

, f

p

(L

B

s+1

;C

s+1

) = 1.

Apìdeixh: H apìdeixh e�nai sqedìn profan 
 an melet sei kane�
 ta

akìlouja diagr�mmata Galois

L

A

2


(s)

s+1

;X

s+1

= L

X

s

L

A

2


(s)

s+1

X

s+1

L

X

s+1

L

A

2


(s)

s+1

= L

I

s

= k

2

(D

s

)

L

I

s+1

= k

2

(D

s+1

)

L

A

2


(s)�1

s+1

L

A

2


(s)

s+1

= k

2

(D

s

) = L

I

s

L

I

s+1

= k

s

(D

s+1

)

Sq ma 6

An X

s

6= I

s

tìte f(L

X

s

) = 1 kaif(k

2

(D

s

)) 6= 1 opìte to s¸ma an�lush


tou p sthn k

2

(D

s+1

) e�nai akrib¸
 èna apì ta L

A

2


(s)

s+1

X

s+1

; L

X

s+1

kai autì

giat� h sÔnjesh aut¸n twn dÔo swm�twn e�nai to L

I

s+1

(bl. sq ma 6), pr�gma
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pou shma�nei ìti k�poia apì ti
 kl�sei
 A

2


(s)

s+1

X

s+1

; X

s+1

parist� ton p

~

0

s+1

(kai sÔmfwna me thn prìtash 0.0.1 akrib¸
 m�a). An X

s

= I

s

tìte afoÔ

L

X

s

= L

A

2


(s)

s+1

, èqoume ìti to s¸ma an�lush
 tou p sthn k

2

(D

s+1

) e�nai akrib¸


èna ek twn L

I

s+1

; L

A

2


(s)

s+1

. Tèlo
 parathroÔme ìti L

I

s+1

= L

A

2
(s)

s+1

X

s+1

L

B

s+1

;C

s+1

pou shma�nei ìti X

s+1

�! p

~

0

s+1

an kai mìno an f

p

(L

B

s+1

;C

s+1

) = 1.2

Apì ta Jewr mata 1.3.1 kai1.4.3 prokÔptei to akìloujo pìrisma:

Pìrisma 1.4.4 'Estw

�

q

r

�

= �1. Gia èna pr¸to perittì p me (

D

0

p

)= 1 kai

(

q

p

)=

(

1; an p � 1; 7(mod8);

(

q

r

); an p � 3; 5(mod8).

To sÔmbolo u

p

tou Jewr mato
 1.3.1 e�nai kal� orismèno. IsqÔei ìti u

p

= 1

an kai mìno an akrib¸
 m�a ek twn A

4

5

B

5

, B

5

parist� ton p

~

0

5

. Epiplèon,

B

5

�! p

~

0

5

an kai mìno an f(L

B

5

;C

5

) = 1. Ep�sh
 an h A

4

5

B

5

parist� ton p

~

0

5

,

tìte den up�rqei ambiguous kl�sh diakr�nousa
 D

s

pou na parist� ton p

~

0

s

,

gia k�je s � 5.
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Kef�laio 2

Par�stash Dun�mewn Pr¸twn Arijm¸n

kai SÔmbola tou Legendre

Se autì to mèro
 ja exet�soume thn sqèsh metaxÔ th
 par�stash
 dun�mewn

pr¸twn apì kl�sei
 tetragwnik¸n morf¸n kai tou qarakt ra Legendre th


jemeli¸dou
 mon�da
 tou emplekomènou pragmatikoÔ tetragwnikoÔ s¸mato


arijm¸n. Oi peript¸sei
 1, 2 pou anafèrontai sthn eisagwg  ja melethjoÔn

xeqwrist�. Upenjum�zoume ìti autè
 e�nai:

� 1h Per�ptwsh D = �256qr, q; r pr¸toi me q � 5(mod8), r � 3(mod

8), ~

2

(D

0

) j 4.

� 2h Per�ptwsh D = �4m, m > 1 akèraio
, eleÔjero
 tetrag¸nou me

m � 1(mod12), ~

3

(D

0

) j 9.

H 1h per�ptwsh upodiaire�tai sti
 peript¸sei
 Ia kai Ib ìpw
 kai sto pro-

hgoÔmeno kef�laio.

2.1 Prokatartikè
 prot�sei


L mma 2.1.1 Gia k�je s 2 Z, s � 2, isqÔoun ta akìlouja:
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� (i) H

2

(�2

2s

qr) = (2

s�2+


qr

; 2; 2), ìpou H

2

(�qr) = (2




qr

+1

) sthn pr¸th

per�ptwsh,

� (ii) H

3

(D) 2 f(3); (3; 3); (3

2

)g sthn deÔterh per�ptwsh.

Apìdeixh: H (i) èqei melethje� sto pr¸to mèro
 th
 ergas�a
 (bl. 1.1)

Gia thn (ii) ta anaferìmena sthn ekf¸nhsh e�nai profan  apì ti
 upojèsei
.

2

To akìloujo l mma ja fane� polÔ qr simo sthn sunèqeia afoÔ ja ma
 d¸sei

thn dunatìthta na sundèsoume s¸mata arijm¸n pou ja èqoume kataskeu�sei

me upos¸mata twn emplekomènwn ring 
lass �elds.

L mma 2.1.2

� (i) K�je kuklik  epèktash L tou k bajmoÔ 4 mh diakladizomènh ektì


tou 2 kai diedrik  upèr tou Q perièqetai sto k

2

(�256qr).

� (ii) K�je mh diakladizomènh epèktash L tou k t�xh
 3 (ant�stoiqa t�xh


2) perièqetai sto k

3

(�4m) (ant�stoiqa sto k

2

(�4m)).

Apìdeixh: H (i) èqei melethje� sto pr¸to mèro
 th
 ergas�a
 kai e�nai to

l mma 1.2.6. Gia thn (ii) èqoume ìti k�je mh diakladizìmenh epèktash tou k

br�sketai sto Hilbet 
lass �eld tou k pou e�nai to k(�4m): 2
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2.2 Epekt�sei
 tou k paragìmene
 me thn bo jeia rizik¸n th


jemeli¸dou
 mon�da


Prìtash 2.2.1 'Estw q; r pr¸toi arijmo� me q � 5(mod8), r � 3(mod8).

'Estw ep�sh
 w 2 f1; 2g kai

t =

(

1 , an (

q

r

)= 1;

2 , an (

q

r

)= �1.

Jètoume: k = Q (

p

�qr), k

0

= Q (

p

qr), K = kk

0

, � =

4

p

w

2

"

qr

M =

K(�). Ta akìlouja isqÔoun: Up�rqei v 2 K tètoio ¸ste w

2

"

qr

= tqv

2

. H

epèktash M=K e�nai kuklik  Kummerian epèktash bajmoÔ 4, M=Q e�nai

diedrik  me G(M=Q ) = h�; �i o h%i kai �(

p

qr) =

p

qr, �(

p

qr) = �

p

qr,

%(

p

qr) =

p

qr, �(i) = i, �(i) = �i, %(i) = �i, �(�) = i�, �(�) =

w

�

,

%(�) = �. Ep�sh
 h M=K e�nai m  diakladizìmenh ektì
 tou 2 kai ta s¸mata

L; L

0

pou antistoiqoÔn sti
 om�de
 h�i, h��i mèsw th
 antistoiq�a
 Galois

e�nai kuklikè
 epekt�sei
 tou k bajmoÔ 4 mh diakladizìmene
 ektì
 tou 2

kai diedrikè
 p�nw apì to Q . Tèlo
 K(

p

"

qr

) = k(i;

p

tq). Akolouje� to

di�gramma twn proanaferomènwn uposwm�twn th
 epèktash
 M=Q .
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Q

k

Q (i)

k

0

k(

p

tq)

K = k(i)

L

L

0

K(

p

"

qr

)

M

Sq ma 7

Apìdeixh: Lìgw twn isquous¸n isodunami¸n gia ta q, r, h jemeli¸dh


mon�da tou tetragwnikoÔ pragmatikoÔ s¸mato
 arijm¸n k = Q (

p

�qr) èqei

norm �sh me 1. H idiìthta aut  ja qrhsimopoihje� sta parak�tw qwr�
 idi-

a�terh anafor�. ParathroÔme ìti R

k

0

= Z[

p

qr℄. 'Eqoume ìti h diofantik 

ex�swsh x

2

� qry

2

= tq e�nai epilÔsimh stou
 akera�ou
 (bl. l mma 1.2.4).

Jètoume

b = x+ y

p

qr;

�

b = x� y

p

qr (2.1)

kai èqoume b

�

b = tq. Ta 2; q diaklad�zontai sto k

0

. Gr�foume (t) = q

2

t

;

(q) = q

2

ìpou to q e�nai èna pr¸to ide¸de
 tou R

k

0

kai to q

t

e�nai èna pr¸to

ide¸de
 tou R

k

0

  ìlo
 o daktÔlio
 R

k

0

. Profan¸
 to ide¸de
 (b) diaire� to

(qq

t

)

2

. Lìgw tou ìti N(b) = b

�

b = tq, apokle�ontai oi peript¸sei


(b) = q

t

; (b) = q

2

t

; (b) = q

2

; (b) = (q

t

q)

2

kai sunep¸
 (b) = q

t

q ) (b)

2

= (q

t

q)

2

= (tq) opìte up�rqei mon�da "

tou Z[

p

qr℄ ètsi ¸ste b

2

= tq". 'Estw " = "

�

qr

; � 2 Z ìpou ìpw
 èqoume
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 dh anafèrei "

qr

e�nai h jemeli¸dh
 mon�da tou R

k

0

= Z[

p

qr℄. O � prèpei

anagkastik� na e�nai perittì
. Pr�gmati, an o �  tan �rtio
 tìte

(b"

��

2

qr

)

2

= tq

opìte 9u 2 Z[

p

qr℄ : u

2

= tq kai an u = x+ y

p

qr tìte ja èprepe tq = u

2

=

x

2

+ qry

2

+2xy

p

qr pou sunep�getai xy = 0 kai �ra tq = x

2

+ qry

2

. 'Atopo.

AfoÔ loipìn o � e�nai perittì
 mporoÔme na jèsoume

v =

w(b"

��+1

2

qr

)

tq

kai ja èqoume �

4

= w

2

"

qr

= tqv

2

. 'Estw t¸ra G(K=Q ) = h�; %i me �(

p

qr) =

�

p

qr, %(

p

qr) =

p

qr, �(i) = �i, %(i) = �i. MporoÔme eÔkola na doÔme

ìti �(v) =

w

2

tqv

, %(v) = v kai �(�

4

) =

�

w

�

�

4

, %(�

4

) = �

4

kai ètsi mporoÔme na

epekte�noume ta � , % sto M kat� tètoio trìpo ¸ste �(�) =

�

w

�

�

, %(�) = �.

Ex�llou hM=K e�nai epèktash kuklik  tou Kummer kai mporoÔme epomènw


na jèsoume G(M=K) = h�i me �(�) = i�. ParathroÔme sthn sunèqeia ìti

M = Q (�; i) kai epomènw
 èna stoiqe�o th
 G(M=Q ) kajor�zetai pl rw


apì ti
 timè
 tou sta � kai i. Epeid :

(��)(�) =

�iw

�

= (��)(�)

(%�)(�) = �i� = (�

3

%)(�)

(��)(i) = �i = (��)(i)

(%�)(i) = �i = (�

3

%)(i)

èqoume ìti G(M=Q ) = h�; �i o h%i me G(M=k) = h�; �i ; G(M=k

0

) =

h�; %i ; G(M=K) = h�; �; %i Ep�sh
 apì nìmo an�lush
 se epekt�sei
 tou

Kummer (bl. [6℄ 
hapter V x39) mporoÔme eÔkola na doÔme ìti oi M=K kai

K=k e�nai mh diakladizìmene
 ektì
 tou 2 kai sunep¸
 kai h M=k e�nai m 
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diakladizìmenh ektì
 tou 2. T¸ra, ta upos¸mata tou M pou antistoiqoÔn

mèsw th
 antistoiq�a
 Galois sti
 om�de
 h�i kai h��i e�nai kuklikè
 tou k

bajmoÔ 4 mh diakladizìmene
 ektì
 tou 2 kai m�lista e�nai kai diedrikè
 epek-

t�sei
 tou Q . Tèlo
, h sqèsh w

2

"

qr

= tqv

2

d�nei k(

p

"

qr

) = k(i;

p

tq) ( pou

bèbaia shma�nei ìti gia p perittì pr¸to me p � (1 mod 4) kai (

D

p

)= 1 isqÔei

(

"

qr

p

)= (

tq

p

)).2

Sthn sunèqeia ja melet soume thn per�ptwsh tou tetragwnikoÔ migadikoÔ

s¸mato
 Q (

p

�m) ìpou o m e�nai fusikì
 arijmì
 eleÔjero
 tetrag¸nou me

m � 1(mod4).

Prìtash 2.2.2 'Estw m eleÔjero
 tetrag¸nou fusikì
 arijmì
 me m �

1(mod4). 'Estw k = Q (

p

�m), k

0

= Q (

p

3m), K = kk

0

= k(!), � =

3

p

"

3m

, M = K(�). IsqÔei ìti h M=K e�nai Kummerian epèktash bajmoÔ 3

kai h M=Q e�nai diedrik  t�xh
 12. Epiplèon, G(M=Q ) = h�; �i o h%i me

�(

p

�m) =

p

�m, �(

p

�m) =

p

�m, %(

p

�m) =

p

�m, �(

p

�3) =

p

�3,

�(

p

�3) = �

p

�3, %(

p

�3) = �

p

�3, �(�) = !�, �(�) =

1

�

, %(�) = �. H

M=K e�nai abelian  mh diakladizìmenh ektì
 tou 3 epèktash bajmoÔ 6 kai

to upìswma L tou M pou antistoiqe� sthn h�i e�nai bajmoÔ 3 epèktash tou

k mh diakladizìmenh ektì
 tou 3 kai h de L=Q e�nai diedrik  t�xh
 6. To

di�gramma twn uposwm�twn pou anafèrontai d�netai akìlouja:
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Q

k

Q (

p

�3)

k

0

K

L

M

Sq ma 8

Apìdeixh: ParathroÔme kat' arq n ìti

M = k(�;

p

�3); ! =

�1 +

p

�3

2

kai ìti R

k

0

=

(

Z[

p

3m℄ , an m 6� 0(mod3)

Z[

p

m

3

℄ , an m � 0(mod3).

H jemeli¸dh
 mon�da "

3m

tou tetragwnikoÔ pragmatikoÔ s¸mato
 Q (

p

3m)

èqei norm �sh me 1. Pr�gmati, an m 6� 0(mod3) tìte h diofantik  ex�swsh

x

2

� 3my

2

= �1 den èqei lÔsh (afoÔ h sqèsh x

2

� 3my

2

= �1 d�nei x

2

+

y

2

= 3(mod4) pou e�nai �topo), en¸ an m � 0(mod3) tìte h diofantik 

ex�swsh x

2

�

m

3

y

2

= �1 den èqei lÔsh (giat� m � 1(mod4) pou shma�nei

ìti

m

3

� 3(mod4) kai sunep¸
 m�a sqèsh th
 morf 
 x

2

�

m

3

y

2

= �1 ja

èdine x

2

+ y

2

= 3(mod4) pou e�nai �topo). H om�da Galois G(K=Q ) e�nai

tÔpou (2; 2) opìte mporoÔme na p�roume G(K=Q ) = h�; %i me �(

p

�m) =

p

�m, %(

p

�m) =

p

�m, �(

p

�3) = �

p

�3, %(

p

�3) = �

p

�3. Ep�sh
 h

M=K e�nai Kummerian epèktash bajmoÔ 3 opìte mporoÔme na jewr soume

G(M=K) = h�i me �(�) = !�. T¸ra, epeid 

�(�

3

) = "

�1

3m

= (

1

�

)

3

; %(�

3

) = �

3
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ta �; % e�nai dunatìn na epektajoÔn se ìlo to M ìpou �(�) =

1

�

; %(�) = �.

EÔkola diapist¸noume ìti:

(��)(�) =

1

!�

= (��)(�)

(%�)(�) = !

2

� = (�

2

%)(�)

(��)(

p

�3) = �

p

�3 = (��)(i)

(%�)(

p

�3) = �

p

�3 = (�

2

%)(

p

�3)

apì to opo�o sunep�getai ìti G(M=Q ) = h�; �io h%i. Apì jewr�a an�lush


sti
 Kummerian epekt�sei
 M=K kai K=k mporoÔme na doÔme ìti den diak-

lad�zontai pèran tou 3 (bl. [6℄ 
hapter V x39). To s¸ma L pou or�zetai sthn

ekf¸nhsh na antistoiqe� sthn h�i, epeid 

h�; �io h%i

h�i

' h�io h%i ;

e�nai ìntw
 diedrik  epèktash tou Q kai bajmoÔ 3 p�nw apì to k.2

2.3 KÔria apotelèsmata gia thn per�ptwsh D = �256qr

Periorizìmaste t¸ra sthn 1h per�ptwsh ìpouD = �256qr me q � 5( mod 8),

r � 3(mod8), ~

2

(D

0

) j 4. Gia aplìthta ìpw
 kai sto prohgoÔmeno kef�laio

ja parale�petai o de�kth
 s = 4. Jètoume k

0

= Q (

p

qr), K = kk

0

, M =

K(

4

p

"

qr

), M

0

= K(

4

p

4"

qr

). Apì thn prìtash 2.2.1 prokÔptei ìti sto M

perièqontai 2 upos¸mata: L

1

, L

2

ta opo�a apoteloÔn mh diakladizìmene


ektì
 tou 2 kuklikè
 epekt�sei
 tou k bajmoÔ 4 kai e�nai diedrikè
 p�nw

apì to Q . Ep�sh
 kai sto M

0

perièqontai 2 upos¸mata: L

0

1

, L

0

2

pou e�nai mh

diakladizìmene
 ektì
 tou 2 kuklikè
 epekt�sei
 tou k bajmoÔ 4 kai diedrikè


p�nw apì to Q . Apì to l mma 2.1.2 ta L

1

, L

2

, L

0

1

, L

0

2

perièqontai sto
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k

2

(�256qr) kai afoÔ h k

2

(�256qr)=k perièqei akrib¸
 4 endi�mesa s¸mata

pou na e�nai kuklik� bajmoÔ 4 kai diedrik� p�nw apo to Q (bl. sqìlia met�

to l mma 1.2.6) ja èqoume

fL

1

; L

2

; L

0

1

; L

0

2

g = fL

(2)

A

4

;B;C

; L

(2)

A

2

B;C

; L

(2)

A

2

C;B

; L

(2)

A

2

B;BC

g = fk(

p

w�) j w = �1;�2g

ìpou � = t� y

p

�tr gia x, y tuqa�e
 akèraie
 lÔsei
 th
 diofantik 
 qx

2

�

ry

2

= t kai

t =

(

1 , an (

q

r

)= 1,

2 , an (

q

r

)= �1.

ParathroÔme ìti

p

2 =2 M;M

0

en¸ i 2 M;M

0

. (An p.q.

p

2 2 M tìte h

K(

p

2) ja  tan upìswma tou M . 'Omw
 h G(K(

p

2)=Q ) e�nai tÔpou (2; 2; 2)

kai autì apagoreÔetai apì thn dom  th
 om�da
 G(M=Q ).) E�nai eÔkolo

t¸ra na de� kane�
 ìti f k(i;

p

�), k(i;

p

2�) g = fM , M

0

g. Sthn sunèqeia

ja prosdior�soume pìte M = k(i;

p

�) kai pìte M = k(i;

p

2�). Pro
 toÔto,

ja qreiastoÔme to akìloujo l mma:

L mma 2.3.1 An q, r e�nai pr¸toi arijmo� me q � 5(mod8), r � 3(mod8)

kai "

qr

= u + v

p

qr h jemeli¸dh
 mon�da th
 Q (

p

qr), tìte "

qr

= u �

�1(modq).

Apìdeixh: H "

qr

, w
 mon�da tou s¸mato
 Q (

p

qr), èqei norm 1 kai

sunep¸
 u

2

� qrv

2

= 1 pr�gma pou shma�nei u � �1(modq). Upojètoume

ìti u � 1(modq). MporoÔme epomènw
 na gr�youme u = 1 + �q gia k�poio

� 2 Z opìte, pa�rnonta
 tetr�gwna, ja èqoume u

2

= 1+ 2�q+ �

2

q

2

kai ètsi

qrv

2

= 2�q + �

2

q

2

) �(q� + 2) = rv

2

. 'Estw ìti o � e�nai perittì
. Tìte

(�; q�+ 2) = 1 opìte:
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� An men r j � ja e�qame qrv

2

1

+ 2 = v

2

2

ìpou v = v

1

v

2

kai sunep¸


�

2

q

�

=

�

v

2

2

q

�

= 1 pou e�nai �topo.

� An r - � ja e�qame v

2

1

q + 2 = rv

2

2

me v = v

1

v

2

opìte �1 =

�

2

q

�

=

�

r

q

�

.

Omw
 mporoÔme na gr�youme kai v

2

1

q = �2+ rv

2

2

opìte

�

q

r

�

=

�

�2

r

�

= 1.

'Omw


�

r

q

�

=

�

q

r

�

kai èqoume p�li �topo.

'Estw t¸ra ìti o � e�nai �rtio
. Gr�foume � = 2�

0

kai ètsi �

0

(q�

0

+1) = rv

0

2

gia v = 2v

0

.

� An men r j �

0

tìte gr�fonta
 �

0

= r� me � 2 Z ja èqoume �(qr�+ 1) =

v

0

2

. Epeid  oi �, qr�+1 e�nai pr¸toi metaxÔ tou
, ja up�rqoun akèraioi

arijmo� v

1

kai v

2

¸ste v

0

= v

1

v

2

kai � = v

2

2

; qr� + 1 = v

2

1

. Sunep¸


ja èqoume ti
 akìlouje
 sqèsei
:

v

2

1

� qrv

2

2

= 1; v = 2v

0

= 2v

1

v

2

; u+1 = 2+�q = 2(qr�+1) = 2v

2

1

:

Oi teleutèe
 sqèsei
 d�noun akèraia lÔsh (v

1

; v

2

) th
 diofantik 
 ex�sw-

sh
: x

2

� qry

2

= 1 me 0 < v

1

< u kai 0 < v

2

< v, k�ti to opo�o e�nai

�topo afoÔ u+ v

p

qr e�nai jemeli¸dh
 mon�da.

� An de r - �

0

tìte v

2

1

q + 1 = rv

2

2

ìpou v = v

1

v

2

opìte 1 =

�

r

q

�

kai

gr�fonta
 v

2

1

q = �1+ rv

2

2

mporoÔme na p�roume

�

q

r

�

= �1 pou e�nai kai

p�li �topo, afoÔ

�

r

q

�

=

�

q

r

�

.

Sunep¸
 "

qr

= u+ v

p

qr � u � �1(modq).2

L mma 2.3.2 IsqÔei h akìloujh sqèsh

f

q

(k(

p

�; i)) =

8

<

:

1 ; an (

q

r

)= �1

2 ; an (

q

r

)= 1

9

=

;

=

2

t
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Apìdeixh: IsqÔei k(

p

�; i) = k(

p

v; i), ìpou �, v, ìpw
 or�sthkan sthn

prìtash 1.2.5, kai parathroÔme ìti

(

v

q

)= (

2(t+ x

p

tq)

q

)= (

2t

q

):

An t = 1, tìte (

v

q

)= 1 opìte f

q

(k(

p

�; i)) = 2. An p�li t = 2, tìte (

v

q

)= �1

opìte f

q

(k(

p

�; i)) = 1:2

L mma 2.3.3 'Estw p perittì
 pr¸to
 me

(

�256qr

p

) = 1:

IsqÔei ìti:

1. An p � 1(mod4) tìte

(

tq

p

)= (

"

qr

p

) kai an epiplèon (

"

qr

p

)= 1 tìte u

p

= (

"

qr

p

)

4

(

2

p

)

2. An p � 3(mod4) tìte

(

tq

p

)= (

"

qr

p

)

4

ìpou p e�nai pr¸to ide¸de
 tou R

k

0

p�nw apì to pZ.

Apìdeixh: 'Eqoume f

q

(K) = 1 (giat� f

q

(k) = f

q

(Q (i)) = 1) kaiK(

4

p

w"

qr

) =

k(i;

p

tq) = k(i;

p

�tr) opìte afoÔ (

�tr

q

)= 1 ja èqoume s�goura ìti f

q

(K(

p

w"

qr

)) =

1. Estw qR

k

0

= q

2

h an�lush se pr¸ta ide¸dh sto k

0

. To qR

K

e�nai pr¸to

ide¸de
 tou R

K

kai m�lista

R

K

qR

K

'

Z

qZ

:

AfoÔ ìmw


(

�1

q

)

4

= (�1)

N

Q(i)

(q)�1

4

= (�1)

q�1

4

= �1;
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apì ton nìmo an�lush
 sthn epèktash K(

4

p

w"

qr

)=K ja èqoume

f

q

(K(

4

q

w

2

"

qr

)=K) = 1 , (

w

2

"

qr

q

)

4

= 1;

to opo�o, lìgw tou l mmato
 2.3.1, e�nai isodÔnamo me

(

�w

2

q

)

4

= 1 , (

w

2

q

)

4

= �1 , (

w

q

)= �1 , w = 2:

Sunep¸
 f

q

(M

0

) = 1; f

q

(M) = 2 kai, sÔmfwna me to l mma 2.3.2, èqoume

(M;M

0

) =

8

<

:

(k(i;

p

�); k(i;

p

2�)) ; an (

q

r

) = 1;

(k(i;

p

2�); k(i;

p

�)) ; an (

q

r

) = �1:

9

=

;

= (k(i;

p

t�); k(i;

p

2t�)) = (k(i;

p

tv); k(i;

p

2tv))

Jumìmaste ìmw
 ìti L

A

4

;B;C

= k(

p

�2t�) = k(

p

�2tv) (bl. prìtash 1.2.10)

opìte M

0

= L

(2)

A

4

;B;C

(i). Sthn sunèqeia parathroÔme ìti f

p

(k) = 1. T¸ra,

ìtan p � 1(mod4), èqoume ìti f

p

(K) = 1 pou d�nei

f

p

(K(

p

"

qr

)) = 2 () f

p

(k(

p

tq)) = 2 kai epomènw
 (

tq

p

)= (

"

qr

p

):

Ep�sh
, ìtan (

"

qr

p

)= 1, èqoume (

4"

qr

p

)

4

= �1 kai

(

4"

qr

p

)

4

= 1 () f

p

(M

0

) = 1 () f

p

(L

(2)

A

4

;B;C

) = 1 () u

p

= 1:

An p�li p � 3(mod4) tìte f

p

(K) = 2 kai, afoÔ h K(

p

"

qr

)=K e�nai epèk-

tash tou tÔpou (2; 2), ja èqoume f

p

(K(

p

"

qr

)) = 2. 'Etsi, ìtan f

p

(k(

p

tq)) =

2 ja isqÔei f

p

(L

(2)

A

4

;B;C

) = 4 (AfoÔ h L

(2)

A

4

;B;C

=k e�nai kuklik  me endi�meso

s¸ma to k(

p

tq)) pr�gma pou shma�nei f

p

(M

0

) = 4 kai �ra (

4"

qr

p

)

4

= �1).

'Otan f

p

(k(

p

tq)) = 1 ja isqÔei ìti o p adrane� sthn K(

p

"

qr

)=k(

p

tq) opìte,

afoÔ h M

0

=k(

p

tq) e�nai tÔpou (2,2), ja èqoume f

p

(M

0

) = 2 pou shma�nei

(

4"

qr

p

)

4

= 1.
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Q

k

Q (i)

k

0

k(

p

tq)

K = k(i)

L

(2)

A

4

;B;C

K(

p

"

qr

)

M

0

Sq ma 9

Ex�llou isqÔei to akìloujo:

(

4

p

)

4

= (

2

p

)=

8

<

:

(

2

p

) ; an p � 1(mod4)

1 ; an p � 3(mod4):

9

=

;

(2.2)

Pr�gmati, an p � 1(mod4) tìte o p analÔetai sto Q (i) opìte afoÔ analÔe-

tai kai sto k ja analÔetai kai sto K. Kat� sunèpeia (

2

p

)= (

2

p

) lìgw tou

ìti ta s¸mata

R

K

pR

K

kai

Z

pZ

e�nai isìmorfa. An p�li p � 3(mod4) tìte o p

ja adrane� sto Q (i) opìte o bajmì
 adr�neia
 tou sto K ja e�nai 2 kai ètsi

N

K

(p) = p

2

. 'Omw
 2

p�1

� 1(modp) kai sunep¸
 2

(p�1)(p+1)

2

� 1(modp) )

2

N(p)�1

2

� 1(modp) ) 2

N(p)�1

2

� 1(modp) kai, apì ton orismì tou sumbìlou

Legendre, èqoume (

2

p

)= 1; dhlad  thn apìdeixh th
 sqèsh
 (2.2):2

MporoÔme t¸ra na apode�xoume to akìloujo Je¸rhma

Je¸rhma 2.3.4 Sthn per�ptwsh 1 (bl. sel. 33), èstw ìti (

q

r

) = �1. E-

pomènw
, H

2

(�256qr) = hA;B;Ci me A

4

= B

2

= C

2

= 1. 'Estw ep�sh
 p
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perittì
 pr¸to
 me (

�256qr

p

) = 1: Ta akìlouja isqÔoun:

(1) O p

~

0

2

par�statai p�nta apì k�poia kl�sh X th
 H(�256qr) me X

4

= I.

(2) O p

~

0

2

par�statai apì mia ambiguous kl�sh tou H(�256qr) an kai mìno

an (

tq

p

) = 1.

(3) 'Otan p � 1( mod 4); tìte o p

~

0

2

par�statai apì m�a ambiguous kl�sh

tou H(�256qr) an kai mìno an

(

"

qr

p

) = 1

kai epiplèon o p

~

0

2

par�statai apì mia ek twn I; C an kai mìno an

(

"

qr

p

)

4

= (

2

p

)

(4) 'Otan p � 3(mod4); tìte o p

~

0

2

par�statai apì m�a ambiguous kl�sh

tou H(�256qr) an kai mìno an

(

"

qr

p

)

4

= 1:

Apìdeixh: H om�da

H

2

(D)

H

2

(D)

2

èqei ta akìlouja stoiqe�a: fI, A

2

g, fB, A

2

Bg, fC, A

2

Cg, fBC, A

2

BCg,

fA, A

3

g, fAB, A

3

Bg, fAC, A

3

Cg, fABC, A

3

BCg. Upenjum�zoume ìti

to s¸ma gènou
 modulo D e�nai to k(

p

q; �

8

) kai o isomorfismì
 tou Artin

ep�gei isomorfismì

H

2

(D)

H

2

(D)

2

'

�! (

Z

=

8Z

)

�

� f�1g

58



me C mod (H

2

(D

s

)

2

) �! ([

Q (�

8

) j Q

m

℄; [

Q (

p

q) j Q

m

℄) gia C �! m:

Sto Je¸rhma 1.3.1 e�dame ìti gia èna perittì pr¸to p me

�

�256qr

p

�

= 1 isqÔei

ìti :

(A). O p

~

0

2

par�statai apì ambiguous kl�sh diakr�nousa
 D tìte (

q

p

)=

(

1; an p � 1; 7(mod8);

�1; an p � 3; 5(mod8).

Oi �lle
 peript¸sei
 tou (

q

p

) prèpei na diamoirastoÔn sta upìloipa gènh tou

H

2

(�256qr) kai ètsi èqoume to akìloujo:

(B). An X �! p

~

0

2

me X 2 fA;AB;AC;ABCg tìte (

q

p

)=

(

�1; an p � 1; 7(mod8);

1; an p � 3; 5(mod8).

Q

k

L

A;B

L

A;BC

L

A;C

L

A

2

;B

L

AB

L

ABC

L

A

L

A

2

;BC

L

AC

L

A

2

;C

L

A

2

B

L

B

L

BC

L

A

2

L

A

2

BC

L

A

2

C

L

C

L

I

= k

2

(D)

Sq ma 10

PÔrgo
 swm�twn sthn per�ptwsh Ia
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Apì to sq ma 10 parap�nw kai me apl� epiqeir mata an�lush
 pr¸twn ìpw


akrib¸
 kai sthn apìdeixh tou Jewr mato
 1.3.1 mporoÔme na doÔme ìti isqÔei

kai to ant�strofo tou (B) kai ètsi èqoume apode�xei to (1). (Shmei¸noume ìti

gia k�je X 2 fA;AB;AC;ABCg isqÔei L

X

= L

A

2

X

pou shma�nei: X �!

p

~

0

2

an kai mìno an A

2

X �! p

~

0

2

). T¸ra, f

p

(L

0

) = 1 an kai mìno an

(

tq

p

) = 1 an kai mìno an o p

~

0

2

par�statai apì k�poia ambiguous kl�sh (bl.

sq ma 3) kai ètsi to (2) tou Jewr mato
 prokÔptei �mesa. To �dio eÔkola

prokÔptoun kai ta (3), (4) tou Jewr mato
 qrhsimopoi¸nta
 to Je¸rhma

1.3.1 kai tì l mma 2.3.3 2

Ta pr�gmata sthn per�ptwsh (

q

r

)= 1 den e�nai tìso �ìmorfa� ìso ìtan

(

q

r

)= �1. Parìla aut� mporoÔme na p�roume to akìloujo, endiafèron kat�

thn gn¸mh ma
, Je¸rhma:

Je¸rhma 2.3.5 Sthn Per�ptwsh 1 (bl. sel 33), èstw ìti (

q

r

) = 1. An p

e�nai perittì
 pr¸to
 me (

�256qr

p

) = 1 kai p e�nai pr¸to ide¸de
 tou R

k

0

p�nw

apì to p tìte ta akìlouja isqÔoun:

(1) O p

~

0

2

par�statai apì kl�sh X th
 H(�256qr) me X

4

= I an kai mìno

an (

tq

p

) = 1.

(2) 'An p � 1(mod4); tìte o p

~

0

2

par�statai apì kl�sh X th
 H(�256qr)

me X

4

= I an kai mìno an

(

"

qr

p

) = 1

kai epiplèon o p

~

0

2

par�statai apì k�poia ambiguous kl�sh th
 H(D) an

kai mìno an

(

"

qr

p

)

4

= (

2

p

)
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(3) 'An p � 3(mod4); tìte o p

~

0

2

par�statai apì kl�sh X th
 H(�256qr)

me X

4

= I an kai mìno an

(

"

qr

p

)

4

= 1:

Apìdeixh: Apì to sq ma 5 e�nai eÔkolo na de� kane�
 ìti gia tou
 p pou

anafèrontai sthn ekf¸nhsh tou Jewr mato
, m�a kl�shX th
H(�256qr) me

X

4

= I parist� ton p

~

0

2

an kai mìno an (bl. kai prìtash 0.0.1) f

p

(L

0

) = 1.

'Omw
 L

0

= k(

p

tq) kai ètsi to (1) prokÔptei �mesa. Ta (2) kai (3) e�nai

sunèpeie
 tou l mmato
 2.3.3 kai tou Jewr mato
 1.3.1.2

2.4 KÔria apotelèsmata sthn per�ptwsh D = �4m

Gia thn per�ptwsh 2 (bl. sel. 33) jètoume k = Q (

p

�m), k

0

= Q (

p

3m),

K = kk

0

, M = K(

3

p

"

3m

) kai efarmìzoume thn prìtash 2.2.2. 'Estw L

to s¸ma pou antistoiqe� sthn upoom�da h�i mèsw th
 antistoiq�a
 Galois

. To 3 analÔetai w
 3 = (1 � !)

2

sto Q (

p

�3) kai adrane� sto k (afoÔ

m � 1(mod12) ) m � 1(mod3)). Autì shma�nei ìti h an�lush tou (3) se

pr¸ta ide¸dh tou K e�nai (3) = (1� !)

2

. Apì nìmo an�lush
 se epekt�sei


tou Kummer èqoume ìti to 3 diaklad�zetai stoM an kai mìno an h isodunam�a

"

3m

� x

3

(mod(1� !)

3

)

e�nai epilÔsimh sto K. Epomènw
 èqoume to akìloujo Je¸rhma:

Je¸rhma 2.4.1 Sthn per�ptwsh 2 (bl. sel. 33), an p e�nai perittì
 pr¸to


me (

�4m

p

) = 1 kai h isodunam�a "

3m

� x

3

(mod(1 � !)

3

) den e�nai epilÔsimh

sto K tìte:
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(1) An H

3

(D) = (3) h (3; 3) tìte up�rqei p�ntote m�a kl�sh X 2 H(D)

me X

3

= 1 ètsi ¸ste X �! p

~

0

3

.

(2) An H

3

(D) = (3

2

) tìte an �p � 2(mod3)�   �p � 1(mod3); (

"

3m

p

)

3

= 1�

tìte up�rqei p�ntote m�a kl�sh X 2 H(D) me X

3

= 1 ètsi ¸ste X �!

p

~

0

3

.

(3) An up�rqei m�a kl�sh X 2 H(D) me X

3

= 1 ¸ste X �! p

~

0

3

kai

epiplèon up�rqei m�a kl�sh X

0

2 H(D) me X

0

2

= 1 ¸ste X

0

�! p

~

0

2

,

tìte ja up�rqei kai E 2 H(D) me E

6

= 1 ètsi ¸ste E �! p

~

0

6

.

Apìdeixh: E�nai eÔkolo na dei kane�
 ìti isqÔei h (1). Apì thn dom 

th
 om�da
 kl�sewn èpetai ìti to s¸ma an�lush
 tou p sthn k

3

(D) ja e�nai

  to k   k�poia epèktash tou k bajmoÔ 3. H (1) prokÔptei �mesa lìgw

prìtash
 0.0.1. Gia thn (2) metaferìmaste sto sq ma 8 kai upojètoume kat'

arq n ìti p � 2( mod 3). Sthn per�ptwsh aut  f

p

(Q (

p

�3)) = 2 kai sunep¸


afoÔ, lìgw th
 upìjesh
, isqÔei f

p

(k) = 1 ja èqoume telik� f

p

(K=k) =

2. H epèktash M=k ìmw
 e�nai tÔpou (3; 3) kai sunep¸
 apokle�etai sthn

M=K na èqoume pl rh adr�neia gia ton pr¸to p pr�gma pou shma�nei ìti

f

p

(M) = 2 kai sunep¸
 f

p

(L) = 1. To s¸ma L ìmw
 antistoiqe� se k�poia

kl�sh Q th
 om�da
 kl�sewn me t�xh 3 kai ètsi, lìgw th
 prìtash
 0.0.1,

èqoume to zhtoÔmeno. 'Estw t¸ra ìti p � 1(mod3). Sthn per�ptwsh aut 

f

p

(Q (

p

�3) = 1 opìte telik� f

p

(K) = 1 pr�gma pou shma�nei ìti

f

p

(L) = 1 an kai mìno an f

p

(M=K) = 1 an kai mìno an (

"

3m

p

)

3

= 1:
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Gia thn apìdeixh th
 (3), an C

1

2 H(D) me C

3

1

= 1 ¸ste L

(3)

C

1

= spl

p

(k

3

(D))

kai C

2

2 H(D) me C

2

2

= 1 ¸ste L

(2)

C

2

= spl

p

(k

2

(D)), tìte mporoÔme na jew-

r soume thn E = C

1

C

2

gia thn opo�a profan¸
 isqÔei E

6

= 1 kai epiplèon

L

(6)

E

= L

(3)

C

1

L

(2)

C

2

= spl

p

(k

2

(D))spl

p

(k

3

(D)):

'Omw
 w
 gnwstìn ( bl. [3℄ l mma 6.7 kai �skhsh 6.6(d) ) isqÔei

spl

p

(k

2

(D))spl

p

(k

3

(D)) = spl(k

2

(D)k

3

(D)) = spl

p

(k

6

(D))

kai sunep¸
 E �! p

~

0

6

. 2

2.5 Upologismì
 twn sumbìlwn Legendre

Sthn par�grafo aut  d�noume ènan komyì trìpo upologismoÔ twn sumbìlwn

Legendre pou emfan�zontai sthn paroÔsa ergas�a. H idèa proèrqetai apo thn

ergas�a [7℄ sthn opo�a o endiaferìmeno
 anagn¸sth
 mpore� na anatrèxei gia

parìmoiou
 upologismoÔ
.

Prìtash 2.5.1 'Estw m 2 N , m � 3(mod4) eleÔjero
 tetrag¸nou kai

n 2 N . 'Estw ep�sh
 p perittì
 pr¸to
 me p - n. Jètoume F := Q (

p

m; �

n

)

kai èstw p èna pr¸to ide¸de
 tou R

F

p�nw apì to p. An " = u + v

p

m

e�nai m�a mon�da tou Q (

p

m) tìte u

2

�mv

2

= 1. Or�zoume thn anadromik 

akolouj�a akera�wn (A

j

)

j2N

w
 ex 
: A

0

= 2, A

1

= 2u, A

j+2

= 2uA

j+1

� A

j

.

IsqÔei ìti A

j

= "

j

+ "

�j

, 8j 2 N

0

kai:

(

"

p

)

n

= 1 an kai mìno an A

N

F

(p)�1

n

� 2(modp)
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Apìdeixh: Ja apode�xoume thn sqèsh A

j

= "

j

+ "

�j

epagwgik�. Gia

j = 0; 1 e�nai profan 
. Upojètoume ìti isqÔei gia j kai j + 1, dhlad  ìti

A

j

= "

j

+ "

�j

kai A

j+1

= "

j+1

+ "

�(j+1)

. 'Eqoume

"

j+2

+ "

�(j+2)

= (u+ v

p

m)

j+2

+ (u� v

p

m)

j+2

= (u+ v

p

m)

j+1

(u+ v

p

m) + (u� v

p

m)

j+1

(u� v

p

m)

= �(u+ v

p

m)

j+1

(u� v

p

m� 2u)� (u� v

p

m)

j+1

(u+ v

p

m� 2u)

= �[(u+ v

p

m)

j

+ (u� v

p

m)

j

℄ + 2u[(u+ v

p

m)

j+1

+ (u� v

p

m)

j+1

℄

= �A

j

+ 2uA

j+1

= 2uA

j+1

� A

j

= A

j+2

;

opìte apì thn upìjesh th
 majhmatik 
 epagwg 
 èpetai ìti ja isqÔei A

j

=

"

j

+ "

�j

, 8j 2 N

0

. ParathroÔme ìti

A

j

� 2( mod p) , "

j

+"

�j

�2 � 0( mod p) , ("

j

�1)

2

� 0( mod p) , "

j

� 1( mod p):

opìte

(

"

p

)

n

= 1 , "

N

F

(p)�1

n

� 1(modp) , A

N

F

(p)�1

n

� 2(modp):

Epeid 

A

N

F

(p)�1

n

2 Z;

h teleuta�a sqèsh e�nai isodÔnamh me

A

N

F

(p)�1

n

� 2(modp): 2
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