ÅéĆãùãÞ

ÅŸù E ìéá åëëåéðôéêÞ êáìðýëç ïñéŘÝíç Ÿï đìá Q. Ðñþôïò ï Poincare üñéĞŸá 1901 ðñÜîç ðñüŃåŁò ôùí ñçôþí ŁìåSSùí ôçò åëëåéðôéêÞò êáìðýëçò E êáé áðÝäåéîå üôé ôá ŁìåSSá áõôÜ, ìå ôçí ðñÜîç áõôÞ, áðïôåëïýí áâåëéáíÞ ïìÜäá. Ï Mordell áðÝäåéîå üôé ç ïìÜäá áõôÞ åSSíáé ðåðåñáŘÝíá ðáñáãüìåíç. ÁìÝ§ò ìåôÜ ï A. Weil áðÝäåéîå üôé ôï SSäéï éĲýåé êáé ãéá ôçí ïìÜäá ôùí K-ñçôþí ŁìåSSùí åëëåéðôéêÞò êáìðýëçò ïñéŘÝíçò Ÿï K, E(K), üðïõ K áëãåâñéêü đìá áñéèìþí.

Ôá êýñéá ðñïâëÞìáôá ðïõ áöïñïýí ôçí ìåëÝôç ôùí åëëåéðôéêþí êáìðýëùí åSSíáé ôá åîÞò: Áí E/K äïŘÝíç åëëåéðôéêÞ êáìðýëç, ôüôå ðïéÜ åSSíáé ç ïìÜäá ôùí ŁìåSSùí ðåðåñáŘÝíçò ôÜîçò ôçò E(K), E_{tor}(K) êáé ðüŤåSSíáé ï rank ôçò E(K); Ïôáí ìáò äïèåSS ç E/K åSSíáé ĲåôéêÜ åýêïëï íá âñåèåSS ç ïìÜäá E_{tor}(K) ôçò Å. ÁðåSSñùò äõŐïëüôåñï üìùò åSSíáé ôï åñþôçìá: Áí K áëãåâñéêü đìá áñéèìþí, ôüôå ðïéÝò åSSíáé ïé ðåðåñáŘÝíåò ïìÜäåò ðïõ åìöáíSSæïíôáé Ćí áìÜäåò ŁìåSSùí ðåðåñáŘÝíçò ôÜîçò åëëåéðôéêÞ êáìðýëçò E ïñéŘÝíçò Ÿï đìá K (Þ Ğõðü§ìÜ ôïõ);

Ìéá ĲåôéêÞ åéêáŇá ôïõ Manin (1969), éĲõñSSæåôáé üôé õðÜñœåé ŸáèåñÜ B := B(K), ç ïðïSSá åîáñôÜôáé ìüíï áðü ôï đìá K êáé ç ïðïSSá öñÜŮåé ôçí ôÜîç üëùí ôùí ïìÜäùí E_{tor}(K), üðïõ Å ìéá åëëåéðôéêÞ êáìðýëç ïñéŘÝíç Ÿï đìá K. ÌÜëéŸá ìéá éĲõñüôåñç ìïñöÞ ôçò åéêáŇáò ôïõ Manin åSSíáé üôé ç ŸáèåñÜ B äåí åîáñôÜôáé áðü ôï đìá, áëëÜ ìüíï áðü ôïí âáèìü ôçò åðÝêôáŁò d = (K : Q). Áò ŁìåéùèåSS åäþ üôé ç åéêáŇá ôïõ Manin áðïäåSSœôçêå ðñüŻáôá (1994), áðü ôïí L. Merel. ÓõãêåêñéìÝíá áðÝäåéîå üôé, áí ìéá åëëåéðôéêÞ êáìðýëç E, ïñéŘÝíç åðSS åíüò áëãåâñéêïý đìáôïò áñéèìþí Ê, âáèìïý d > 1 õðÝñ ôï Q Ýœåé ŁìåSSï ôÜîçò ðñþôïõ áñéèìïý p, ôüôå p < d^{3d2} . Óå ìéá åñãáŇá ðïõ ÜöçĞåðïœÞ Ÿá ÌáèçìáôéêÜ ï B. Mazur áðÝäåéîå üôé áí Å åSSíáé ìéá åëëåéðôéêÞ êáìðýëç ïñéŘÝíç Ÿï Q, ôüôå ç ïìÜäá E_{tor}(Q), åSSíáé ìSSá áðü ôéò áêüëïõèåò: ZZ/mZZ, áí m ≤ 10 Þ m = 12 ZZ/2ZZ ⊕ ZZ/2νZZ, áí ν ≤ 4. ÓçìáíôéêÜ áðïôåëÝŘáôá üŤí áöïñÜ ôçí åéêáŇá ôïõ Manin åðÝôõœáí êáé ïé Kamienny, Kenku, Mommose.

Óêïðü ôçò åñãáŇáò, åSSíáé ç ìåëÝôç ôùí K-ñçôþí ŁìåSSùí ðåðåñáŘÝíçò ôÜîçò ìéáò åëëåéðôéêÞò êáìðýëçò E, üðïõ K åSSíáé Ýíá áëãåâñéêü đìá áñéèìþí, Þ ìéá Ÿïéœåéþäçò 2-áâåëéáíÞ Üðåéñç åðÝêôáŁôïõ Q.

Êïñìüò ôçò åñãáŇáò, åSSíáé ôï âéâëSSï ôïõ Silverman ([Si1]), üŤí áöïñÜ ôçí ãåíéêÞ èåùñSSá, ôï Üñèñï ôùí Fung-M-uller-Williams-Zimmer ([Fu]), ôï ïðïSSï áíáöÝñåôáé ĞåëëåéðôéêÝò êáìðýëåò ìå áêÝñáéá áðüëõôç áíáëëïSSùôï ïñéŘÝíåò ĞáðëÜ êõâéêÜ đìáôá áñéèìþí êáé ôÝëïò ôï Üñèñï ôùí Laska-Lorenz ([La-Lo]), ôï ïðïSSï áíáöÝñåôáé ŸÜ F -ñçôÜ ŁìåSSá ðåðåñáŘÝíçò ôÜîçò åëëåéðôéêþí êáìðýëùí ïñéŘÝíùí Ÿï Q, üðïõ F ç Ÿïéœåéþäçò 2-áâåëéáíÞ åðÝêôáŁôïõ Q, F = Q( √ z|z ∈ ZZ). Ãéá ôçí êáôáíüçŁôçò ðáñïýĆò åñãáŇáò áðáéôïýíôáé ãíþĞéò ÁëãåâñéêÞò ÈåùñSSáò áñéèìþí É êáé ÈåùñSSáò ÅêôéìÞĞùí.

Óôï ðñþôï êåöÜëáéï êÜíïõìå ìéá Źíôïìç åðéŐüðéŁôçò èåùñSSáò ôùí åëëåéðôéêþí êáìðýëùí êáé Ÿçí ŽíÝœåéá äSSíïõìå ðëÞñç ðåñéãñáöÞ ôùí ðïëõùíýìùí äéáSSñåŁò, ôá ïðïSSá ìáò åîáŻáëSSæïõí ìéá œñÞŊìç êáé êïìøÞ ãñáöÞ ôùí ŽíôåôáãìÝíùí ôùí ðïëëáðëáŇùí åíüò ñçôïý ŁìåSSïõ ìéáò åëëåéðôéêÞ êáìðýëçò. Óôï äåýôåñï êåöÜëáéï ïñSSæïõìå ôçí Ýííïéá ôçò ôõðéêÞò ïìÜäáò êáé éäéáSSôåñá áíáöåñüìáŸå Ÿçí ôõðéêÞ ïìÜäá ìéáò åëëåéðôéêÞò êáìðýëçò , ôçò ïðïSSáò ìåëåôïýìå ôéò éäéüôçôåò. ÅðSSŁò ìåëåôïýìå ôçí ôõðéêÞ ïìÜäá ìéáò åëëåéðôéêÞò êáìðýëçò ïñéŘÝíçò Ğôïðéêü đìá áñéèìþí. Óôï ôñSSôï êåöÜëáéï áíáðôýŮïõìå ôçí èåùñSSá áíáãùãÞò åëëåéðôéêþí êáìðýëùí, ìå Őïðü ôçí åîáãùãÞ œñÞŊìùí ŽìðåñáŘÜôùí ãéá ôçí ìåëÝôç ôùí éäéïôÞôùí ôùí ŁìåSSùí ðåðåñáŘÝíçò ôÜîçò ìéáò åëëåéðôéêÞò êáìðýëçò. Óôï ôÝôáñôï êåöÜëáéï, ŽíäéÜæïõìå ôá áðïôåëÝŘáôá ôùí ôñéþí ðñïçãïõìÝíùí êåöáëáSSùí Ÿçí ðåñSSðôùŁðïõ ç êáìðýëç E Ýœåé áêÝñáéá áðüëõôç áíáëëïSSùôï êáé áðïäåéêíýïõìå ôï êýñéï èåþñçìá ôïõ êåöáëáSSïõ, ôï ïðïSSï ìáò äSSíåé ĲÝĞéò äéáSSñåŁò ôçò ôÜîçò ôçò torsion ïìÜäáò E_{tor}(K), áíÜëïãá ìå ôïí ôýðï áíáãùãÞò ðïõ Ýœïõìå. Óôçí ŽíÝœåéá åöáñìüæïõìå áõôü ôï èåþñçìá Ÿçí ðåñSSðôùŁüðïõ ôï đìá K åSSíáé áðëü êõâéêü đìá áñéèìþí êáé ðñïĚéïñSSæïõìå üëåò ôéò äõíáôÝò åëëåéðôéêÝò êáìðýëåò E êáé üëá ôá äõíáôÜ đìáôá K, ìå torsion ïìÜäá ìéá áðü áõôÝò ðïõ ìáò åîáŻáëSSæåé ôï èåþñçìá. Óôï ðÝìðôï êáé ôåëåõôáSSï êåöÜëáéï, ðñïĚéïñSSæïõìå üëåò ôéò äõíáôÝò torsion ïìÜäåò E_{tor}(F ), ìéáò åëëåéðôéêÞò êáìðýëçò E ïñéŘÝíçò Ÿï Q, üðïõ ôï đìá F åSSíáé ç Ÿïéœåéþäçò 2-áâåëéáíÞ åðÝêôáŁôïõ Q, F = Q( √ z|z ∈ ZZ). Áðïäåéêíýïõìå üôé ç ïìÜäá E_{tor}(K) åSSíáé ðåðåñáŘÝíç êáé Ýœåé 31 äõíáôüôçôåò. Ôï ãåãïíüò üôé ç ïìÜäá E_{tor}(K) åSSíáé ðåðåñáŘÝíç ðñïêýðôåé áðü Ýíá ðéï ãåíéêü èåþñçìá ôï ïðïSSï áðÝäåéîáí (áíåîÜñôçôá) ïé Serre êáé Imai êáé ìéá ðëÞñç áðüäåéîç áõôïý ìðoñåSS íá äåé êáíåSSò Ÿï [Ri].

ÔÝëïò èá Þèåëá íá åõœáñéŸÞ§ôïí åðéâëÝðïíôá ÊáèçãçôÞ êáé ÄÜŐáëü ìïõ ÃéÜííç ÁíôùíéÜäç, ï ïðïSSïò ìå âïÞèçĞíá áíáêáëýøù ôçí ïìïñöéÜ ôùí ðñïâëçìÜôùí ôçò ÈåùñSSáò Áñéèìþí, êáèþò êáé ãéá ôéò ðïëýôéìåò ŽìâïõëÝò êáé õðïäåSSîåéò ôïõ.

19.10.1995,
.

1 ÃåíéêÜ ðåñSS åëëåéðôéêþí êáìðýëùí

1.1 ÅéĆãùãÞ Ÿéò åëëåéðôéêÝò êáìðýëåò

ÅŸù E : Õ^2 + á_1ŒÕ + á_3Õ = Œ^3 + á_2Œ^2 + á_4Œ + á_6, üðïõ á_i ∈ Ê, ìéá åëëåéðôéêÞ êáìðýëç Ÿçí ãåíéêÞ ìïñöÞ ôïõ Weierstrass, ïñéŘÝíç Ÿï đìá Ê. Ìå ´ èá ŽìâïëSSæïõìå ôçí äéáêñSSíïõĄôçò êáé ìå j ôçí áðüëõôï áíáëëïSSùôï áõôÞò.

Áí ç œáñáêôçñéŸéêÞ ôïõ Ê åSSíáé äéáöïñåôéêÞ ôïõ 2, ôüôå ìðïñïýìå íá áðëïðïéÞŤõìå ôçí ðáñáðÜíù åîSS§Ł, êÜíïíôáò ôïí åîÞò ìåôáĲçìáôéŘü: Y → 1 2 (Y − a_1X − a_3), êáé X → X. H åîSS§Łôçò êáìðýëçò ãSSíåôáé E : Y^2 = 4X^3 + b_2X^2 + 2b_4X + b_6, üðïõ ôá b_i ∈ Ê äSSíïíôáé áðü ôéò åîÞò ĲÝĞéò:

• b_2 = a^2_1 + 4a_2, • b_4 = 2a_4 + a_1a_3, • b_6 = a^2_3 + 4a_6.

Áí ôþñá êÜíïõìå ôïõò ìåôáĲçìáôéŘïýò : • b_8 = a^2_1a_6 + 4a_2a_6 − a_1a_3a_4 + a_2a^2_3 − a^2_4, • c_4 = b^2 − 24b_4, • c_6 = b^3_2 + 36b_2b_4 − 216b_6, ôüôå ðñïêýðôåé üôé :

• Ä = −b^2b_8 − 8b^3_4 − 27b^2_6 + 9b_2b_4b_6, • j = c^3_4/Ä.

Åýêïëá âëÝðåé êáíåSSò üôé:

• 4b_8 = b_2b_6 − b^2_4 êáé 1728Ä = c^3_4 − c^2_6 Áí åðéðëÝïí ç œáñáêôçñéŸéêÞ ôïõ K, char(K) ≠ 2, 3 ôüôå áíôéêáèéŸþíôáò ôï X ìÝ X − 3b_2 36 , êáSS ôï Y ìå Y 216 åîáöáíSSæïõìå ôïí üñï X^2 êáSS ðáSSñíïõìå ôçí áðëïýŸåñç åîSS§Ł: E : Y^2 = X^3 − 27c_4X − 54c_6.

Óõíåðþò åSSäáìå üôé Üí ôï đìá Ê åSSíáé œáñáêôçñéŸéêÞò äéáöïñåôéêÞò ôïõ 2 êáé ôïõ 3, ôüôå ç åëëåéðôéêÞ êáìðýëç E ãñÜöåôáé Ÿçí ëåãüìåíç ìéêñÞ ìïñöÞ ôïõ Weierstrass E : Y^2 = X^3 + AX + B üðïõ Á, Â ∈ K.

ÅðSSŁò äýï åëëåéðôéêÝò êáìðýëåò E êáSS ^E ïñéŘÝíåò Ÿï đìá Ê, E : Õ^2 + a_1XY + a_3Y = X^3 + a_2X^2 + a_4X + a_6 êáé, ^E : y^2 + a^′_1xy + a^′_3y = x^3 + a^′_2x^2 + a^′_4x + a^′_6 èá ëÝãïíôáé áìöSSññçôá éŞìïñöåò, üôáí õðÜñœïõí r, s, t, u ∈ K êáé u ∈ K^∗, ôÝôïéá þŸå : Œ = u^2x + r, Õ = u^3y + su^2x + t, ÅðSSŁò ôá a_i êáé a^′_i, i ∈ {1, 2, 3, 4, 6} ŽíäÝïíôáé áðü ôéò áêüëïõèåò ĲÝĞéò: ua^′_1 = a_1 + 2s u^2a^′_2 = a_2 − sa_1 + 3r − s^2 u^3a^′_3 = a_3 + ra_1 + 2t u^4a^′_4 = a_4 − sa_3 + 2ra_2 − (t + rs)a_1 + 3r^2 − 2st u^6a^′_6 = a_6 + ra_4 + r^2a_2 + r^3 − ta_3 − t^2 − rta_1 ÔÝëïò ôá b_i, b^′_i, c_i, c^′_i êáé ïé äéáêñSSíïõĞò ´, ´^′ ôùí áíôSSŸïéœùí êáìðýëùí ŽíäÝïíôáé áðü ôéò ĲÝĞéò: u^2b^′_2 = b_2 + 12r u^4b^′_4 = b_4 + rb_2 + 6r^2 u^6b^′_6 = b_6 + 2rb_4 + r^2b_2 + 4r^3 u^8b^′_8 = b_8 + 3rb_6 + 3r^2b_4 + r^3b_2 + 3r^4 u^4c^′_4 = c_4 u^6c^′_6 = c_6 u^{12}´^′ =´ Ãéá ìSSá åëëåéðôéêÞ êáìðýëç E ïñSSæïõìå ùò áíáëëïSSùôï ôïõ Hasse ôçí ŸáèåñÜ : ä_E ≡ −c_4/c_6 (mod K^{∗2} ), üôáí c_4, c_6 ≠ 0.

Áðïäåéêíýåôáé äå üôé éĲýåé ( [Êïí], èåþñçìá 2.8, Ğë. 22 ) : ÐñüôáŁ1.1 j E —K ( Ê). j ä_E, Ê.

Óçìåéþíïõìå üôé Ýíá áðëü ðáñÜäåéãìá áìöSSññçôïõ ìåôáĲçìáôéŘïý, åSSíáé ï ìåôáĲçìáôé- Řüò áðü ôçí ãåíéêÞ ìïñöÞ Ÿçí ìéêñÞ ìïñöÞ ôïõ Weierstrass ðïõ åSSäáìå ðéï ðñéí .

Ôï Źíïëï E(Ê) := {P = [x, y, z] ∈ P_2(K)/y^2z = x^3 + Axz^2 + Bz^3}, ìáæSS ìå ôï åð’ Üðåéñï ŁìåSSï O = [0, 1, 0] áðïôåëïýí áâåëéáíÞ ðñïŃåôéêÞ ïìÜäá, ìå ïõäÝôåñï ŸïéœåSSï ôï O. Áí K åSSíáé Ýíá áëãåâñéêü đìá áñéèìþí, ôüôå ëüãù ôïõ èåùñÞìáôïò ôùí Mordell-Weil, ç ïìÜäá áõôÞ åSSíáé ðåðåñáŘÝíá ðáñáãüìåíç E(K) ∼= E_{tor}(K) ⨁ ZZ^{rK} ìå ïìÜäá ŁìåSSùí ðåðåñáŘÝíçò ôÜîçò E_{tor}(K) êáSS rank r_K ∈ IN_0 ( [Áí 2]) .

1.2 ÓõíÜñôçŁôïõ Weierstrass êáé ðïëõþíõìá äéáSSñåŁò

Èåùñïýìå Ýíá äéêôõùôü L Ÿï ìéãáäéêü åðSSðåäï C, äçëáäÞ ìéÜ åëåýèåñç áâåëéáíÞ ïìÜäá äéÜŸáŁò 2 õðÝñ ôï ZZ êáé ÝŸù ù_1, ù_2 ìéá âÜŁôïõ. Ìéá åëëåéðôéêÞ ŽíÜñôçŁf (ùò ðñïò ôï äõêôéùôü L ) åSSíáé åî ïñéŘïý ìéá ìåñüìïñöç ŽíÜñôçŁôïõ C ìå ôçí åðéðëÝïí éäéüôçôá ôçò L-ðåñéïäéêüôçôáò, äçëáäÞ f(z) = f(z + w), ∀w ∈ L.

ÁìåŁŽíÝðåéá ôïõ ïñéŘïý åSSíáé üôé üôáí ìéá åëëåéðôéêÞ ŽíÜñôçŁåSSíáé ïëüìïñöç (äåí Ýœåé ðüëïõò), åSSíáé áðáñáSSôçôá ŸáèåñÜ äéüôé ùò ŽíåœÞò ŽíÜñôçŁŸïí ìéãáäéêü ôüñï C/L ðïõ åSSíáé ŽìðáãÞò, èá åSSíáé öñáãìÝíç ŽíÜñôçŁêáé Üñá, ëüãù ðåñéïäéêüôçôáò ŸáèåñÞ (Èåþñçìá Liouville).

ÏñSSæïõìå åðSSŁò ùò èåìåëéþäåò ðáñáëëçëüãñáììï ôïõ äéêôõùôïý L, ôï Źíïëï üëùí ôùí ŁìåSSùí a + t_1ù_1 + t_2ù_2, üðïõ ôï a áíÞêåé Ÿï C êáé 0 ≤ t_i < 1

ŒùñSSò áðïäåSSîåéò áíáöÝñïõìå ôá ðáñáêÜôù èåùñÞìáôá :

Èåþñçìá 1.2 P L f ( L ) P. T f P 0 .

ÐüñéŘá 1.3 f ( ) C/L.

Èåþñçìá 1.4 , 1.2, P f . a_i f P f m_i a_i,^∑ m_i = 0.

Èåþñçìá 1.5 1.4, :_∑ m_ia_i ≡ 0modL. Ï åíäéáöåñüìåíïò áíáãíþŸçò ìðïñåSS íá âñåé ôéò áðïäåSSîåéò ôùí ðáñáðÜíù ðñïôÜĞùí Ÿï [La], Ğë. 3 − 5.

ŒáñáêôçñéŸéêü ðáñÜäåéãìá åëëåéðôéêÞò ŽíÜñôçŁò áðïôåëåSS ç ℘ -ŽíÜñôçŁôïõ Weierstrass ℘(z) = 1 z^2

+^∑ 1 (z − w)^2 − 1 w^2 , üðïõ ôï ÜèñïéŘá äéáôñÝœåé üëåò ôéò ìç-ìçäåíéêÝò ðåñéüäïõò ôïõ äéêôõùôïý L = [ù_1, ù_2]. ŒùñSSò áðïäåSSîåéò åðSSŁò áíáöÝñïõìå ôéò ðáñáêÜôù éäéüôçôåò ôçò ℘-ŽíÜñôçŁò ôïõ Weierstrass ( [La], Ğë 6 − 10 ). Ç ŽíÜñôçŁ℘ ŽãêëSSíåé ïìïéüìïñöá Ÿá ŽìðáãÞ Źíïëá ðïõ äåí ðåñéÝœïõí ŁìåSSá ôïõ äéêôõùôïý L. EðSSŁò ç ℘ åSSíáé Üñôéá ŽíÜñôçŁ, åíþ ç ðáñÜãùãüò ôçò åSSíáé ðåñéôôÞ. Åœåé äå Ÿï z = 0, áíÜðôõãìá ôçò ìïñöÞò: ℘(z) = 1 z^2

+ 3G_4z^2 + G_6z^4 + · · ·

êáé ç ðáñÜãùãüò ôçò: ℘^′(z) = −2 z^3

+ 6G_4z + 20G_6z^3 + · · · , üðïõ ôá G_i , äSSíïíôáé áðü ôéò ĲÝĞéò G_i(L) = G_i =^∑_{w≠0}^1_{wi} . ÏñSSæïõìå:

g_2 := 60G_4, g_3 := 140G_6

Ç ℘-ŽíÜñôçŁôïõ Weierstrass éêáíïðïéåSS ôçí áêüëïõèç äéáöïñéêÞ åîSS§Ł: ℘^′(z)^2 = 4℘^3(z) − g_2℘(z) − g_3.

Óõíåðþò ãSSíåôáé ðëÝïí öáíåñü üôé ôá ŁìåSSá (℘(z), ℘^′(z)), åSSíáé ŁìåSSá ôçò åðSSðåäçò êõâéêÞò êáìðýëçò y^2 = 4x^3 − g_2x − g_3 üðïõ ôï ðïëõþíõìï ôïõ äåîéïý ìÝëïõò Ýœåé äéáêñSSíïõĆ ´(ù_1, ù_2) = ´ = g^3_2 − 27g^2_3 ≠ 0.

Áñá ç ðáñáðÜíù êáìðýëç åSSíáé ìéá åëëåéðôéêÞ êáìðýëç êáé ç ℘-ŽíÜñôçŁôïõ Weéerstrass ôçí ðáñáìåôñSSæåé ìÝ§ôïõ ( áíáëõôéêïý ) éŤìïñöéŘïý : C/L − {Ï} −→ E(C) − {O} z → (1, ℘(z), ℘^′(z)). Óôçí ŽíÝœåéá èá ïñSSŤõìå ôá ðïëõþíõìá äéáSSñåŁò êáé èá ìåëåôÞŤõìå ôéò éäéüôçôÝò ôïõò.

Áí Á åSSíáé áâåëéáíÞ ðñïŃåôéêÞ ïìÜäá êáé n Ýíáò öõŊêüò áñéèìüò ìå Á_n èá ŽìâïëSSæïõìå ôçí õðïïìÜäá ôùí ŸïéœåSSùí u ∈ Á ôÝôïéá þŸå nu = 0.

Êáô’ áñœÞí èá áðïäåSSîïõìå üôé ãéá êÜèå öõŊêü áñéèìü n ≥ 1 õðÜñœåé åëëåéðôéêÞ ŽíÜñôçŁf_n, ôÝôïéá þŸå : (f_n(z))^2 = n^{2 ∏}(℘(z) − ℘(u)), üðïõ ôï ãéíüìåíï äéáôñÝœåé üëá ôá u ∈ (C/L)_n , u ≠ 0.

ÐñÜãìáôé :

Ãéá n ðåñéôôü üëïé ïé ðáñÜãïíôåò èá Ýœïõí ðïëëáðëüôçôá 2, äéüôé ïé äýï ôéìÝò ±u äåí åSSíáé éŤäýíáìåò modulo L êáé äSSíïõí, ðñïöáíþò, ôçí SSäéá ôéìÞ, ℘(u) = ℘(−u).

Ãéá n Üñôéï üëïé ïé ðáñÜãïíôåò ôïõ ãéíïìÝíïõ Ýœïõí ðïëëáðëüôçôá 2, åêôüò áõôþí ãéá ôïõò ïðïSSïõò éĲýåé 2u ≡ 0 (mod L). Ðñïöáíþò, áõôïSS áíôéŸïéœïýí Ÿéò ôéìÝò^{ù1}_2 ,^{ù2}_2 ,^{ù3}_2 ( ù_3 = ù_1 + ù_2 ) êáé Ýœïõí ðïëëáðëüôçôá 1. Óå áõôÜ ôá ŁìåSSá ç ŽíÜñôçŁ℘ − ℘(u) Ýœåé äéðëÞ ñSSæá êáé éĲýåé üôé ([La], Ğë. 10 ) (℘^′)^2 = 4^∏(℘ − ℘(u)), üðïõ ôï ãéíüìåíï äéáôñÝœåé ôá ŁìåSSá u ôÜîçò 2, u ≠ 0. Áñá ôï ãéíüìåíï,^∏(℘(z) − ℘(u)), üðïõ u ∈ (C/L)_n, åSSíáé ôÝëåéï ôåôñÜãùíï.

ÅðïìÝíùò ç ŽíÜñôçŁïñéŘïý ôïõ f_n(z)^2, åSSíáé ôÝëåéï ôåôñÜãùíï. Ìðïñïýìå ëïéðüí íá äéáëÝîïõìå ôï ðñüŁìï ôçò f_n(z), ÝôŊþŸå:

Ãéá n ðåñéôôü f_n = P_n(℘) , üðïõ P_n ðïëõþíõìï âáèìïý^{n2−1}_2 êáé

f_n = n℘^{n2}

�1_2 + · · · . Ãéá n Üñôéï f_n =^1_2℘^′P_n(℘), üðïõ ôï P_n åSSíáé ðïëõþíõìï âáèìïý^{n2−4}_2 êáé

f_n = n 2 ℘^′℘^{n2} �4_2 + · · · Óõíåðþò ĞêÜèå ðåñSSðôùŁÝœïõìå áíÜðôõãìá Ÿï ŁìåSSï z = 0 ôçò ìïñöÞò

f_n(z) =

(−1)^{n+1}n z^{n2−1} + · · · . Äéüôé, Ÿï áíÜðôõãìá Ÿï z = 0 ôçò ℘-ŽíÜñôçŁò ôïõ Weierstrass ï ðñþôïò üñïò åSSíáé ï 1 z2 , åíþ ôçò ℘^′ åSSíáé^{−2}_{z3} . ÅðïìÝíùò ï ðñþôïò ôïõ áíáðôýãìáôïò Ÿï z = 0 ôçò f_n , åSSíáé: n( 1 z^2

)^{n2}

�1_2 = n z^{n2−1} ãéá n ðåñéôôü, ( n 2 )( −2 z^3 )( 1 z^2

)^{n2}

�4_2 = −n z^{n2−1} , ãéá n Üñôéï, äçëáäÞ ôï æçôïýìåíï.

Óôçí Žíåœåéá ïñSSæïõìå ãéá êÜèå öõŊêü áñéèìü n ≥ 1 ôçí åîÞò áêïëïõèSSá ŽíáñôÞĞùí: ℘_n(z) = ℘(nz) Èåþñçìá 1.6 ℘_n = ℘ − f_{n+1}f_{n−1} f^2_n . Áðüäåéîç : Èá áðïäåSSîïõìå üôé ç ŽíÜñôçŁ℘(nz) − ℘(z) (åêôüò ôùí ŁìåSSùí ôïõ äéêôõùôïý L ), Ýœåé:

1. ðüëïõò áêñéâþò Ÿéò ñSSæåò ôçò (f_n)^2, üëåò ìå ôçí SSäéá ðïëëáðëüôçôá, 2.

2. ñSSæåò Ÿá ŁìåSSá z ôÝôïéá þŸå nz ≡ ±zmodL

ÐñÜãìáôé:

Êáô’áñœÞí ĞêÜèå äéêôõùôü L = [ù_1, ù_2] ôïõ C ïñSSæïõìå, åêôüò áðü ôçí ℘-ŽíÜñôçŁ ôïõ Weierstrass êáé ôçí ó-ŽíÜñôçŁôïõ Weierstrass ùò åîÞò:

ó(z) = z ·^∏_{ù∈L,ù≠0}(1 − z ù )exp(z/ù + 1 2 (z/ù)^2).

Ãéá ôçí ó-ŽíÜñôçŁôïõ Weierstrass, åSSíáé ãíùŸü üôé Ýœåé ñSSæåò ðïëëáðëüôçôáò 1 Ÿá ŁìåSSá ôïõ äéêôõùôïý L ( [La], Ğë. 19 ).

Ïé ó êáé ℘-ŽíáñôÞĞéò ôïõ Weierstrass ŽíäÝïíôáé áðü ôçí áêüëïõèç ĲÝŁ([La], èåþñçìá 6.2, Ğë. 23): ℘(z) − ℘(a) = − ó(z + a)ó(z − a) (ó(z))^2(ó(a))^2 , a ∈ C − L (∗). H ŽíÜñôçŁ℘(z) − ℘(nz) Ýœåé ðüëïõò ( åêôüò ôùí ŁìåSSùí ôïõ äéêôõùôïý ) Ÿá ŁìåSSá ãéá ôá ïðïSSá éĲýåé nz ≡ 0 (mod L), äçëáäÞ áêñéâþò ĞáõôÜ ôá u üðïõ ç f^2_n Ýœåé ñSSæåò ôÜîçò 2.

ESSíáé ðñïöáíÝò üôé ôá ŁìåSSá ãéá ôá ïðïSSá éĲýåé nz ≡ ±z (mod L) åSSíáé ñSSæåò ôçò ŽíáñôçŁò ℘(z) − ℘(nz). ÅðéðëÝïí üëåò áõôÝò ïé ñSSæåò Ýœïõí ðïëëáðëüôçôá 1. Ãéá íá ôï äïýìå áõôü áò èÝŤõìå: ö(z) := ℘(nz) − ℘(z), ïðüôå: ö^′(z) = n℘^′(nz) − ℘^′(z). Óõíåðþò åÜí nz ≡ ±zmodL, ôüôå :

ö^′(z) = n℘^′(±z) − ℘^′(z) = ±n℘^′(z) − ℘^′(z) = (±n − 1)℘^′(z) ≠ 0,

äéüôé n ≠ 1. Áñá ç ŽíÜñôçŁ: f^2_n(℘_n − ℘) f_{n+1}f_{n−1} , åSSíáé åëëåéðôéêÞ êáé äåí Ýœåé ñSSæåò Þ ðüëïõò åêôüò áðü ôá ŁìåSSá ôïõ äéêôõùôïý L. ÅðïìÝíùò ç ðáñáðÜíù ŽíÜñôçŁåSSíáé ŸáèåñÞ . Åœåé äå Ÿï 0 áíÜðôõãìá ôïõ ïðïSSïõ ï ðñþôïò üñïò åSSíáé:

n^2(^1_{n2} − 1) (n + 1)(n − 1) = −1.

Áñá ðñÜãìáôé: ℘_n = ℘ − f_{n+1}f_{n−1} f^2_n . 2 Ìå ôçí âïÞèåéá ôïõ èåùñÞìáôïò 1.6 èá õðïëïãSSŤõìå Ÿçí ŽíÝœåéá ôçí ÝêöñáŁôùí f_n Ćí ðïëõþíõìá ôçò ℘-ŽíÜñôçŁò ôïõ Weierstrass ãéá ìéêñÝò ôéìÝò ôïõ n. Ãéá ôïí Őïðü ìáò áõôü èá œñçŊìïðïéÞŤõìå ôçí åîÞò ĲÝŁ( [La], Ğë. 13 ): ℘_2 = −2℘ + 1 4 ( ℘^{′′} ℘^′ )^2.

Ïìùò ðáñáãùãSSæïíôáò ôçí äéáöïñéêÞ åîSS§Łôçò ŽíÜñôçŁò ôïõ Weierstrass, Ýœïõìå: ℘^{′′} = 6℘^2 − 1 2 g_2.

ÓõíäéÜæïíôáò áõôÝò ôéò äýï ĲÝĞéò, Ýœïõìå: ℘_2 = ℘ −

3℘^4 −^3_2℘^2 − 3g_3℘ −^1_{16}g^2 (℘^′)^2 . Áðü ôïõò ôýðïõò ôùí f_n ðñïêýðôåé áìÝ§ò üôé: f_1 = 1 êáé f_2 = ℘^′ Áðü ôï èåþñçìá 1.6 Ýœïõìå ℘_2 − ℘_1 = −^{f3}_{(℘}0_{)2} . Áñá: f_3 = 3℘^4 − 3 2 g_2℘^2 − 3g_3℘ − 1 16 g^2.

ÁíÜëïãá, ìå ôçí âïÞèåéá ôïõ èåùñÞìáôïò 1.6 êáé ôïõ " èåùñÞìáôïò ðñüŃåŁò " ôçò ℘- ŽíÜñôçŁò ôïõ Weierstrass ( [La], Ğë. 10 − 13 ), ìðïñåSS êáíåSSò íá áðïäåSSîåé üôé: f_4 = 1 2 ℘^′(4℘^6 − 5g_2℘^4 − 20g_3℘^3 − 5 4 g^2℘^2 − g_2g_3℘ − 2g^2_3 + 1 16 g^3_2).

ÉĲýåé ôï áêüëïõèï èåþñçìá : Èåþñçìá 1.7 m > n. :

f_{m+1}f_{m−1}f^2_n − f_{n+1}f_{m−1}f^2_m = f_{m+n}f_{m−n}. Áðüäåéîç : Ëüãù ôïõ èåùñÞìáôïò 1.6 Ýœïõìå : ℘ − ℘_n = f_{n+1}f_{n−1} f^2_n êáé ℘ − ℘_m = f_{m+1}f_{m−1} f^2_m

. Áñá:

℘_n − ℘_m = f_{m+1}f_{m−1}f^2_n − f_{n+1}f_{n−1}f^2_m f^2_mf^2_n . ÅðïìÝíùò áñêåSS íá áðïäåSSîïõìå üôé: ℘_n − ℘_m = f_{m+n}f_{m−n} f^2_nf^2_m . Ðáñáôçñïýìå üôé ç ŽíÜñôçŁ℘_m − ℘_n , Ýœåé ñSSæåò Ÿá ŁìåSSá u ôÝôïéá þŸå: mu ≡ ±nu ≢ 0 (mod L) êáé ìÜëéŸá ìå ðïëëáðëüôçôá 1 (ëüãù ôçò ĲÝŁò (∗)). Ïìùò ïé ŽíáñôÞĞéò f_n, f_m, äåí Ýœïõí ñSSæåò ĞáõôÜ ôá u äéüôé ôá ŁìåSSá nu, mu äåí åSSíáé éŤäýíáìá ìå 0 modulo L. ÅðïìÝíùò ôá ŁìåSSá u ôÝôïéá þŸå mu ≡ ±nu ≢ 0 (mod L) åSSíáé ñSSæåò ôçò ŽíÜñôçŁò: f_{n+1}f_{n−1}f^2_m − f_{m+1}f_{m−1}f^2_n.

Áðü ôçí Üëëç ðëåõñÜ üìùò ç ŽíÜñôçŁf_{m+n}f_{m−n} Ýœåé áêñéâþò áõôÜ ôá u ùò ñSSæåò, åíþ ç ŽíÜñôçŁf_{n+1}f_{n−1}f^2_m − f_{m+1}f_{m−1}f^2_n Ýœåé ðüëïõò ìüíï Ÿá ŁìåSSá ôïõ äéêôõùôïý L. Óõíåðþò ç ŽíÜñôçŁ: f_{m+n}f_{m−n} f_{n+1}f_{n−1}f^2_m − f_{m+1}f_{m−1}f^2_n åSSíáé ŸáèåñÞ. Åœåé äå Ÿï z = 0 áíÜðôõãìá ôïõ ïðïSSïõ ï ðñþôïò üñïò åSSíáé (m + n)(m − n) (n + 1)(n − 1)m^2 − (m + 1)(m − 1)n^2 = −1. Áñá ðñÜãìáôé:

f_{m+1}f_{m−1}f^2_n − f_{n−1}f_{n+1}f^2_n = f_{m+n}f_{m−n}. 2 Óáí åéäéêÞ ðåñéðôùŁ, êÜíïõìå ôïõò ìåôáĲçìáôéŘïýò: (m → n + 1, n → n) êáé (m → n + 1, n → n − 1), êáé ðáSSñíïõìå ôï áêüëïõèï: Èåþñçìá 1.8 n ≥ 1, :

f_{2n+1} = f_{n+2}f^3_n − f^3_{n+1}f_{n−1}, ℘^′f_{2n} = f_n(f_{n+2}f^2_{n−1} − f_{n−2}f^2_{n+1}).

ÈÝôïõìå: X := ℘, Y := 1 2 ℘^′, a =: − 1 4 g_2, b =: − 1 4 g_3 ïðüôå ðáSSñíïõìå åëëåéðôéêÞ êáìðýëç Ÿçí ìéêñÞ ìïñöÞ ôïõ Weierstrass : Õ^2 = Œ^3 + áŒ + b.

Áðü ôçí ðáñáðÜíù áíôéêáôÜŸáŁðñïêýðôåé áìÝ§ò üôé ïé ŽíáñôÞĞéò f_n åSSíáé ðïëõþíõìá ôùí ìåôáâëçôþí X, Õ. Ïé ôýðïé ôçò ĞëSSäïò 8, ãñÜöïíôáé: f_1 = 1, f_2 = 2Y, f_3 = 3X^4 + 6aX^2 + 12bX − a^2, f_4 = 4Y (X^6 + 5aX^4 + 20bX^3 − 5a^2X^2 − 4abX − 8b^2 − a^3).

ÂëÝðïõìå ëïéðüí áðü ôá ðáñáðÜíù üôé ãéá n = 1, 2, 3, 4 ìðïñïýìå íá ãñÜøïõìå: f_n = P_n(X), ãéá n ðåñéôôü êáé f_n = 2Y P_n(X), ãéá n Üñôéï üðïõ ôá P_n åSSíáé ðïëõþíõìá ìå ŽíôåëåŸÝò áðü ôïí äáêôýëéï ZZ[a, b, X]. Áõôü éĲýåé ãéá êÜèå öõŊêü áñéèìü n. Ãéá íá ôï äïýìå èá ðñÝðåé êáô’ áñœÞí, ìå ôçí âïÞèåéá ôïõ èåùñÞìáôïò 1.8, íá áðïäåSSîïõìå ôïõò ðáñáêÜôù áíáäñïìéêïýò ôýðïõò: P_{2n+1} = f_{2n+1} = P_{n+2}P^3_n − P^3_{n+1}P_{n−1}16Y^4 , ãéá n ðåñéôôü P_{2n+1} = f_{2n+1} = −16Y^4P_{n+2}P^3_n − P^3_{n+1}P_{n−1}, ãéá n Üñôéï, P_{2n} = P_n(P_{n+2}P^2_{n−1} − P_{n−2}P^2_{n+1}) êáé Ÿçí ŽíÝœåéá íá œñçŊìïðïéÞŤõìå ìáèçìáôéêÞ åðáãùãÞ. Èá áðïäåSSîïõìå ôïí ðñþôï áðü ôïõò ôñåSSò ôýðïõò. Ïìïéá áðïäåéêíýïíôáé êáé ïé Üëëïé äýï.

Áí ï n åSSíáé ðåñéôôüò , ôüôå ï n + 2 åSSíáé åðSSŁò ðåñéôôüò åíþ ïé n + 1 êáé n − 1 åSSíáé Üñôéïé. Áñá:

P_{2n+1} = f_{2n+1} = f_{n+2}f^3_n − f^3_{n+1}f_{n−1} = P_{2n+2}P^3_n − (2Y P_{n+2})^32Y P_{n−1}, äçëáäÞ ôï æçôïýìåíï.

Áò ãñÜøïõìå ø_n(X, Y ) := f_n, ãéá êÜèå öõŊêü áñéèìü n êáé áò ïñSSŤõìå, åðéðëÝïí, ø_0 := 0 êáé ø_{−n} := −ø_n (n ∈ IN). Ìå ôçí âïÞèåéá ôùí ðáñáðÜíù áíáäñïìéêþí ôýðùí, ìðïñïýìå íá õðïëïãSSŤõìå ôïí Ÿáèåñü üñï ôïõ ðïëõùíýìïõ ø_{2n+1}(X). ÓõãêåêñéìÝíá èá áðïäåSSîïõìå üôé éĲýåé:

ø_{2n+1}(0) = (−1)^na^{n2+n} , áí b=0. ÐñÜãìáôé :

ø_{2n+1} = f_{2n+1} = P_{2n+1}, áöïý 2n+1 ðåñéôôüò. Óõíåðþò :

ø_{2n+1}(0) = P_{2n+1}(0).

ÁíôéêáèéŸþíôáò üìùò X = 0 êáé b = 0, ç åîSS§Łôïõ Weierstrass Y^2 = X^3 + aX + b ìáò äSSíåé üôé êáé Y = 0.

Áñá áðü ôïõò ðáñáðÜíù áíáäñïìéêïýò ôýðïõò Ýœïõìå: ø_{2n+1}(0) = P_{n+2}(0)P^3_n (0) , ãéá n ðåñéôôü , ø_{2n+1}(0) = −P^3_{n+1}(0)P_{n−1}(0) , ãéá n Üñôéï .

ÅŸù üôé ï öõŊêüò áñéèìüò n åSSíáé ðåñéôôüò, n = 2λ + 1, λ ∈ IN. ÓõíåœSSæïõìå ôþñá ôçí áðüäåéîç åðáãùãéêÜ ùò ðñüò λ. ÅŸù λ = 0, äçëáäÞ n = 1. Ôüôå: ø_3(0) = P_3(0)P^3_1 (0) = f_3(0)f^3_1 (0).

Ïìùò f_1 = 1, f_3 = 3X^4 + 6aX^2 + 12bX − a^2. ÄçëáäÞ: ø_3(0) = −a^2 = (−1)^1a^{12+1}, éĲýåé.

ÅŸù ôþñá üôé éĲýåé ôï æçôïýìåíï ãéá üëïõò ôïõò öõŊêïýò ôïõò ìéêñüôåñïõò ôïõ λ. Áöïý ï n åSSíáé ðåñéôôüò Ýðåôáé üôé: ø_{2n+1}(0) = P_{n+2}(0)P^3_n (0).

ÅðSSŁò ðñïöáíþò éĲýåé: P_{n+2}(0) = f_{n+2}(0) = ø_{n+2}(0).

Ïìïéá P_n(0) = ø_n(0). Ðñïöáíþò n +2 = 2(ë+1)+1. ÅðïìÝíùò ìðïñïýìå íá åöáñìüŤõìå ôçí åðáãùãéêÞ õðüèåŁãéá ôá ø_n = ø_{2λ+1}, ø_{n+2} = ø_{2(λ+1)+1}. Åœïõìå

ø_{2n+1}(0) = ø_{2(2λ+1)+1}(0) = ø_{n+2}(0)ø^3_n(0) = (−1)^ëa^{3ë2+3ë}(−1)^{ë+1}a^{(ë+1)2+(ë+1)} ⇒ ø_{2n+1}(0) = (−1)^{2ë+1}a^{3ë2+3ë+(ë+1)2+ë+1} ⇒ ø_{2n+1}(0) = (−1)^na^{4ë2+6ë+2} = (−1)^na^{n2+n}.

Áñá ãéá n ðåñéôôü éĲýåé ôï æçôïýìåíï . Ïìïéá äïõëåýïõìå ãéá n Üñôéï.

Ôï ðáñáêÜôù èåþñçìá ŽíïøSSæåé ôçí äïõëåéÜ ðïõ Ýœïõìå êÜíåé ìÝœñé ôþñá Ÿá ðïëõþíõìá äéáSSñåŁò:

Èåþñçìá 1.9 P = (x, y),

E : Y^2 = X^3 + aX + b. :

ö_n(x) = xø^2_n − ø_{n+1}ø_{n−1}, 4yù_n = ø_{n+2}ø^2_{n−1} − ø_{n−2}ø^2_{n+1}. : 1. nP = (^{ön}_{ø2n} ,^{ùn}_{ø3n} ).

2. ö_n , ø_n n^{øn}_{2y} n ZZ[a, b, x]. : ö_n(x) = x^{n2} + · · · , 1.

ø^2_n(x) = n^2x^{n2−1} + · · · , n^2. 3. y^{−1}ù_n n , ù_n n ZZ[a, b, x], 1. Áðüäåéîç :

1. Ëüãù ôïõ ãíùŸïý éŤìïñöéŘïý ï ïðïSSïò ðáñáìåôñSSæåé ôçí åëëåéðôéêÞ êáìðýëç E Ýœïõìå P = (x, y) = (℘(z), ℘^′(z)), ãéá êÜðïéï z ∈ C/L. Ãéá ëüãïõò áðëüôçôáò åãêáôáëåSSðïõìå Ÿá ðáñáêÜôù ôçí ðáñÜìåôñï z. Ç ðñþôç ŽíéŸþĆôïõ ŁìåSSïõ nP åSSíáé: x(nP ) = ℘_n = ℘ − f_{n+1}f_{n−1} f^2_n ⇒ x(nP ) = x − ø_{n+1}ø_{n−1} ø^2_n .

Èá õðïëïãSSŤõìå êáé ôçí äåýôåñç ŽíéŸþĆ, y(nP ) ôïõ ŁìåSSïõ nP. Åî ïñéŘïý Ýœïõìå: ù_n = ø_{n+2}ø^2_{n−1} − ø_{n−2}ø^2_{n+1} 4y Áñá ĞŽíäéáŘü ìå ôïí ôýðï ãéá ôï f_{2n} ( èåþñçìá 1.8 ) éĲýåé: ù_n ø^3_n = ø_{2n} 2ø^4_n . Óôçí ŽíÝœåéá èá áðïäåSSîïõìå üôé:

℘^′(u) = − ó(2u) ó^4(u) . ÐñÜãìáôé, ëüãù ôçò ĲÝĞùò (∗) ôçò ĞëSSäïò 7, éĲýåé ç ĲÝŁ: ℘(z) − ℘(u) z − u = − ó(z+u)ó(z−u) ó(z)^2ó(u)^2 z − u , ãéá êÜèå z ∈ C, u ∈ C − L. ÅðïìÝíùò:

℘^′(u) = − lim_{z→u} ó(z+u)ó(z−u) ó(z)^2ó(u)^2 z − u = (lim_{z→u} ó(z − u) z − u ) · (lim_{z→u} ó(z + u) ó(z)^2ó(u)^2 ), åÜí âåâáSSùò õðÜñœïõí ôá üñéá. Èá áðïäåSSîïõìå üôé ðñÜãìáôé õðÜñœïõí. Åœïõìå: lim_{z→u} ó(z + u) ó(z)^2ó(u)^2 = ó(2u) ó(u)^4 . ÅðSSŁò lim_{z→u}^{ó(z−u)}_{z−u} = 1, äéüôé áðü ôïí ïñéŘü ôçò ó-ŽíÜñôçŁò ôïõ Weierstrass, Ýœïõìå: ó(z − u) z − u =^∏_{ù∈L,ù≠0}(1 − z − u ù ) exp( z − u ù + 1 2 ( z − u ù )^2),

ôï ïðïSSï ŽãêëSSíåé Ÿï 1, üôáí ôï z ôåSSíåé Ÿï u. Áñá éĲýåé ôï æçôïýìåíï.

Áðïäåéêíýåôáé üôé ([Fo], ðñüôáŁ2.3, Ğë. 15) :

ø_n(u) = (−1)^{n+1} ó(nu) ó(u)^{n2} . Áñá : ℘^′(nu) = − ó(2nu) ó^4(nu) = − ó(2nu) ó^{(2n)2(u)}

(^{ó(nu)}_{ón}2_{(u)} )^4 = ø_{2n}(u) ø^4_n(u) . Óõíåðþò Ýœïõìå : y(nP ) = ℘^′(nu) = ø_{2n}(u) ø^4_n(u) = ù_n ø^3_n .

2. Ôï ø_n = f_n = P_n(℘) ãéá n ðåñéôôü åSSíáé ðïëõþíõìï ôïõ ZZ[x, a, b], âáèìïý^{n2−1}_2 êáé ìå ŽíôåëåŸÞ ôïõ ìåãéŸïâáèìSSïõ üñïõ n^2. Ôþñá ãéá ôï ö_n ðáñáôçñïýìå üôé áí ï n åSSíáé ðåñéôôüò ôüôå ïé n + 1, n − 1 åSSíáé Üñôéïé, êáé Üñá:

ø_{n+1} = n + 1 2 ℘^′P_{n+1}(℘), üðïõ ôï P_{n+1}(℘) ðïëõþíõìï âáèìïý^{(n+1)2−4}_2 êáé üìïéá :

ø_{n−1} = n − 1 2 ℘^′P_{n−1}(℘), üðïõ ôï P_{n−1} , åSSíáé âáèìïý^{(n−1)2−4}_2 . ÅðïìÝíùò:

ø_{n+1}ø_{n−1} = (n^2 − 1)( ℘^′ 2 )^2P_{n+1}(℘)P_{n−1}(℘).

Ïìùò éĲýåé üôé: ℘^′ 2 = y^2 = x^3 + ax + b, äçëáäÞ ôï^℘ 0 2 åSSíáé ðïëõþíõìï âáèìïý 3 ùò ðñïò x êáé ôï ãéíüìåíï P_{n+1}(℘)P_{n−1}(℘), åSSíáé âáèìïý,^{(n+1)2−4}_2 +^{(n−1)2−4}_2 = n^2 − 3. Óõíåðþò ôï ãéíüìåíï ø_{n+1}ø_{n−1} åSSíáé ðïëõþíõìï âáèìïý n^2 −3+3 = n^2 ùò ðñïò x. Áñá ôï ö_n åSSíáé ðïëõþíõìï âáèìïý n^2 êáé áíÞêåé ðñïöáíþò Ÿïí äáêôýëéï ZZ[x, a, b]. ÏŤí áöïñÜ ôþñá ôïí ŽíôåëåŸÞ ôïõ ìåãé- ŸïâáèìSSïõ üñïõ ôïõ ö_n ðáñáôçñïýìå ôá åîÞò : Ôá ðïëõþíõìá ø^2_n, êáé ø_{n+1}ø_{n−1}, Ýœïõí ŽíôåëåŸÝò ìåãéŸïâáèìSSïõ üñïõ n^2 êáé n^2 − 1 áíôSSŸïéœá. ÅðïìÝíùò ôï ðïëõþíõìï:

ö_n(x) = xø^2_n − ø_{n+1}ø_{n−1},

Ýœåé ŽíôåëåŸÞ ìåãéŸïâáèìSSïõ üñïõ n^2 − (n^2 − 1) = 1 . ÊáôÜ åíôåëþò üìïéï ôñüðï äïõëåýïõìå êáé ãéá ôá ø_n/2y, y^{−1}ù_n, ù_n. 2

ÔÝëïò ôï åðüìåíï èåþñçìá ìáò äSSíåé ôéò áêüëïõèåò éäéüôçôåò äéáSSñåŁò ôïõ Cassels :

Èåþñçìá 1.10 1. 2^s 2 n. 2^{2s} ø^2_n(x, a, b).

2. n = 2^s , :

2^{−2s}ø^2_n = x^{n2−1} + h(x), h(x) ZZ[x, a, b] n^2 − 1, x.

3. n = p^s , p , g_ps (x) = ø^2_ps ø^2_ps�1 , ZZ[x, a, b], p^2 . Áðüäåéîç :

1. ÅŸù üôé ï n åSSíáé ðåñéôôüò , äçëáäÞ s = 0. Ôüôå, üðùò åSSäáìå ðéï ìðñïŸÜ, ç ôéìÞ ôçò ŸáèåñÜò Ÿï ø_n(0), ãéá b = 0, ìáò äSSíåé ±1. ÄçëáäÞ ôï ðïëõþíõìï ø_n(x, a, b) Ýœåé Ýíá üñï ìå ŽíôåëåŸÞ ±1 êáé Žíåðþò Ýœïõìå ôï æçôïýìåíï. ÅîåôÜæïõìå ôþñá ôé ãSSíåôáé ãéá n Üñôéï. ÈÝôïõìå n := 2k, k ∈ IN. ÅðåéäÞ ø_2 = 2y, ŽíåðÜãåôáé üôé ç ðñüôáŁéĲýåé ãéá k = 1, n = 2. ÓõíåœSSæïõìå åðáãùãéêÜ. ÅŸù üôé éĲýåé ôï æçôïýìåíï ãéá üëïõò ôïõò Üñôéïõò ìéêñüôåñïõò ôïõ n = 2k. Èá áðïäåSSîïõìå üôé ï 2^{2s} åSSíáé ç ìåãáëýôåñç äýíáìç ðïõ äéáéñåSS ôï ø^2_k. ÊáôáñœÜò ãéá êÜèå k öõŊêü, éĲýåé ø_{2k} = 2ø_kù_k, äéüôé

℘^′ø_{2k} = ø_k(ø_{k+2}ø^2_{k−1} − ø_{k−2}ø^2_{k+1}), ëüãù ôïõ èåùñÞìáôïò 1.8 ÅðïìÝíùò ø_{2k} = 1 ℘^′ ø_ê4yù_k = 1 2y ø_k4yù_k, ëüãù ôïõ èåùñÞìáôïò 1.9 ÄçëáäÞ:

ø_{2k} = 2ø_kù_k. ÅðïìÝíùò: ø^2_k = 4ø^2_kù^2_k Ãéá k ðåñéôôü, ï ìÝãéŸïò êïéíüò äéáéñÝôçò ôùí ŽíôåëåŸþí ôïõ ø^2_k, åSSíáé 1. ÅðéðëÝïí, ëüãù ôïõ èåùñÞìáôïò 1.9 ù^2_k = (y^{−1}ù_k)^2 · y^2 = (y^{−1}ù_k)^2 · (x^3 + ax + b) ∈ ZZ[x, a, b].

êáé ï ìÝãéŸïò êïéíüò äéáéñÝôçò ôùí ŽíôåëåŸþí ôïõ ðïëõùíýìïõ ù^2_k åSSíáé 1. Áñá ç ìåãáëýôåñç äýíáìç ôïõ 2 ðïõ äéáéñåSS ôïí ìÝãéŸï êïéíü äéáéñÝôç ôùí ŽíôåëåŸþí ôïõ ø^2_k, ãéá k ðåñéôôü åSSíáé 2^2 = 4, üðùò áêñéâþò æçôïýĆìå.

Ãéá k Üñôéï, ï ìÝãéŸïò êïéíüò äéáéñÝôçò ôùí ŽíôåëåŸþí ôïõ ðïëõùíýìïõ ù^2_k, åSSíáé 1, ëüãù ôïõ 3 ôïõ èåùñÞìáôïò 1.9. ÅðéðëÝïí áðü ôçí õðüèåŁôçò ìáèçìáôéêÞò åðáãùãÞò ðñïêýðôåé üôé åÜí ï 2^s åSSíáé ç ìåãáëýôåñç äýíáìç ôïõ 2 ðïõ äéáéñåSS ôïí n = 2k, äçëáäÞ ï 2^{s−1} åSSíáé ç ìåãáëýôåñç äýíáìç ôïõ 2 ðïõ äéáéñåSS ôïí k, ôüôå ï 2^{2(s−1)} åSSíáé ç ìåãáëýôåñç äýíáìç ôïõ 2 ðïõ äéáéñåSS ôïí ìÝãéŸï êïéíü äéáéñÝôç ôùí ŽíôåëåŸþí ôïõ ø^2_k. ÅðïìÝíùò ï 2^2 · 2^{2(s−1)}, åSSíáé ç ìåãáëýôåñç äýíáìç ôïõ 2 ðïõ äéáéñåSS ôïí ìÝãéŸï êïéíü äéáéñÝôç ôùí ŽíôåëåŸþí ôïõ ø^2_k. Áñá éĲýåé ôï æçôïýìåíï ãéá êÜèå öõŊêü áñéèìü k, äçëáäÞ ãéá üëïõò ôïõò Üñôéïõò n = 2k, k ∈ IN.

2. Áõôü åSSíáé áðëÞ åöáñìïãÞ ôïõ èåùñÞìáôïò 1.9 ãéá n = 2^s.

3. ÔÝëïò ÝŸù n = p^s, üðïõ ï p åSSíáé ðåñéôôüò ðñþôïò. Ôüôå, åî ïñéŘïý Ýœïõìå:

ø^2_ps(x) = p^{2s ∏}(℘(z) − ℘(u)), (x = ℘(z))

üðïõ ôï ãéíüìåíï äéáôñÝœåé üëá ôá u ðïõ áíÞêïõí Ÿï (C/L)_ps . ÅðSSŁò:

ø^2_ps�1 (x) = p^{2s−2 ∏}(℘(z) − ℘(u)),

ïðïõ ôï ãéíüìåíï äéáôñÝœåé üëá ôá u ðïõ áíÞêïõí Ÿï (C/L)_ps�1 . Áñá äéáéñþíôáò ôï ø^2_ps(x), ìå ôï ø^2_ps_{−1}(x), Ýœïõìå

g_ps(x) = p^2 ∏ (℘(z) − ℘(u)), üðïõ ôï u ∈ (C/L)_ps − (C/L)_ps�1 êáé ôï ãéíüìåíï åSSíáé ôï ðïëõþíõìï ôïõ ℘, P_n(℘) ìå ŽíôåëåŸÝò áðü ôï ZZ.

Áñá ðñÜãìáôé ôï g_ps (x) åSSíáé ðïëõþíõìï ôïõ ZZ[x, a, b], ìå ŽíôåëåŸÞ ìåãéŸïâáèìSSïõ üñïõ p^2.

ÅðSSŁò ïé ŽíôåëåŸÝò ôïõ g_ps (x) åSSíáé ðñþôïé ìåôáîý ôïõò, äéüôé ï ìÝãéŸïò êïéíüò äéáéñÝôçò ôùí ŽíôåëåŸþí ôùí ðïëõùíýìùí ø_ps(x), ø_ps�1 (x) åSSíáé 1 ( ëüãù ôïõ 1 ôïõ ðáñüíôïò èåùñÞìáôïò ) êáé åðïìÝíùò áðü ôï ËÞììá ôïõ Gauss ôï SSäéï èá éĲýåé êáé ãéá ôï ðçëSSêïí ôïõò ðïõ åSSíáé ôï g_ps (x). 2

2 ÔõðéêÝò ïìÜäåò

Óôï êåöÜëáéï áõôü R èá ŽìâïëSSæåé Ýíáí ìç-ôåôñéììÝíï áíôéìåôáèåôéêü äáêôýëéï ìå ìïíáäéáSSï ŸïéœåSSï 1 ∈ R.

2.1 ÏñéŘïSS - Éäéüôçôåò

ÏñéŘüò 2.1 (, ) F, R, F (X, Y ) ∈ R[[X, Y ]], : 1. F (X, Y ) = X + Y + G(X, Y ), G(X, Y ) ∈ R[[X, Y ]] ( X Õ ) 2. 2. F (X, F (Y, Z)) = F (F (X, Y ), Z). 3. F (X, Y ) = F (Y, X). 4. i(T ) ∈ R[[T ]], F (T, i(T )) = 0. 5. F (X, 0) = X, F (0, Y ) = Y F F. ÐáñáôçñÞĞéò :

1. Êáô’ áñœÞí éĲýåé: F (0, 0) = 0 ( ëüãù ôçò éäéüôçôáò 1 ôïõ ïñéŘïý ). Óõíåðþò ïé äõíáìïĞéñÝò F (X, F (Y, Z)), êáé F (F (X, Y ), Z), ôçò éäéüôçôáò 2 ôïõ ïñéŘïý, åSSíáé êáëÜ ïñéŘÝíåò ôõðéêÝò äõíáìïĞéñÝò ôïõ äáêôõëSSïõ R[[X, Y, Z]].

2. ÅŸù M := XR[[X, Y ]]. Áí f, g ∈ M, ïñSSæïõìå (f ∘ g)(X) := f(g(X)). Ôüôå ôï éäåþäåò M, ãSSíåôáé ðïëëáðëáŊáŸéêÞ çìéïìÜäá ìå ðñÜîç ôçí "∘", êáé ç äõíáìïĞéñÜ X åSSíáé ôï ìïíáäéáSSï ŸïéœåSSï ôçò çìéïìÜäáò, äçëáäÞ X ∘ f = f ∘ X = f. ÅðïìÝíùò åáí f ∘ g = g ∘ f = X, üðïõ f, g ∈ M, ôüôå ãñÜöïõìå f = g^{−1} êáé g = f^{−1}.

ËÞììá 2.2 a ∈ R^∗ f(T ) ∈ R[[T ]], f(T ) = aT + · · · , g(T ) ∈ R[[T ]] f(g(T )) = T. g(f(T )) = T. Áðüäåéîç : Èá êáôáŐåõÜŤõìå áêïëïõèSSá ðïëõùíýìùí g_n(T ) ∈ R[T ], ôÝôïéá þŸå: f(g_n(T )) ≡ T modT^{n+1}, êáé g_{n+1} ≡ g_n(T )modT^{n+1}.

Èá äåSSîïõìå üôé ôï üñéï lim_{n→∞} g_n(T ), õðÜñœåé êáé åáí èÝŤõìå g(T ) := lim_{n→∞} g_n(T ), ðñïöáíþò éĲýåé üôé f(g(T )) = T. ÊÜíïõìå åðáãùãÞ åðSS ôïõ n. Ãéá n = 1, ïñSSæïõìå g_1(T ) := a^{−1}T. Ôï g_1(T ) åðáëçèåýåé ôçí ĲÝŁf(g_1(T )) ≡ T modT^2. ÅŸù üôé éĲýåé éĲýåé ç õðüèåŁôçò ìáèçìáôéêÞò åðáãùãÞò, äçëáäÞ üôé Ýœïõìå êáôáŐåõÜĞé ôï ŸïéœåSSï g_{n−1}(T ). ÅîåôÜæïõìå áí õðÜñœåé λ ∈ R, ôÝôïéï þŸå ç g_n(T ) = g_{n−1}(T ) + λT^n, íá éêáíïðïéåSS ôçí æçôïýìåíç éäéüôçôá: f(g_n(T )) = f(g_{n−1}(T ) + λT^n) ≡ f(g_{n−1}(T )) + aλT^nmodT^{n+1} ≡ T + bT^n + aλT^nmodT^{n+1} ãéá êÜðïéï b ∈ R, ëüãù ôçò õðüèåŁò ôçò ìáèçìáôéêÞò åðáãùãÞò. ÁñêåSS ëïéðüí íá ðÜñïõìå λ := −^b_a , ôï ïðïSSï åSSíáé ŸïéœåSSï ôïõ R, äéüôé a ∈ R^∗. ÅôŊåîáŻáëSSæïõìå ôçí ýðáñîç äõíáìïĞéñÜò g(T ) ∈ R[[T ]], ôÝôïéáò þŸå f(g(T )) = T. ÅðéðëÝïí åöáñìüæïíôáò ôï g Ÿï f(g(T )) = Ô, Ýœïõìå g(f(g(T ))) = g(T ), ôï ïðïSSï åSSíáé ôáõôüôçôá Ÿïí äáêôýëéï R[[g(T )]]. Óõíåðþò g(f(T )) = T.

ÔÝëïò áí õðïèÝŤõìå üôé õðÜñœåé h(T ) ∈ R[[T ]], ôÝôïéï þŸå f(h(T )) = T, ôüôå:

g(T ) = g(f(h(T ))) = (g ∘ f)(h(T )) = h(T ),

ðïõ ìáò áðïäåéêíýåé ôçí ìïíáäéêüôçôá ôïõ g(T ). 2

Óôçí ŽíÝœåéá êÜíïíôáò œñÞŁôïõ ëÞììáôïò 2.2 ìðïñïýìå íá áðïäåSSîïõìå üôé, ïé éäéüôçôåò 1 êáé 2 ôïõ ïñéŘïý, äSSíïõí ôéò éäéüôçôåò 4 êáé 5. Áðïäåéêíýïõìå ôçí éäéüôçôá 4.

ÐñüôáŁ2.3 F (X, Y ) ∈ R[[X, Y ]] 1 2 2.1. i(X) ∈ R[[X]], F (X, i(X)) = F (i(X), X) = 0. Áðüäåéîç : Èåùñïýìå ôçí ŽíáìïĞéñÜ G(X, Y ) := X − F (X, Y ), ðïõ ðñïöáíþò äåí Ýœåé Ÿáèåñü üñï. Áí èåùñÞŤõìå ôçí G(X, Y ), ùò äõíáìïĞéñÜ ìüíï ôïõ Y, ìå ŽíôåëåŸÝò áðü ôïí äáêôýëéï R[[X]], ôüôå ç äõíáìïĞéñÜ g_X (Y ) := G(X, Y ) ∈ (R[[X]])[[Y ]], åSSíáé ôçò ìïñöÞò g_X (Õ) = aY + · · · , üðïõ a = −1 ∈ R[[X]]^∗. Óõíåðþò ìðïñïýìå íá åöáñìüŤõìå ôï ëÞììá 2.2 . ÕðÜñœåé ëïéðüí äõíáìïĞéñÜ i_X(Y ) ∈ (R[[X]])[[Y ]] ôÝôïéá þŸå g_X (i_X(Y )) = Y. ÏñSSæïõìå i(X, Y ) := i_X (Y ) ∈ R[[X, Y ]]. Ôüôå: g_X (i_X(Y )) = G(X, i(X, Y )) = X − F (X, i(X, Y )) =⇒ Y = X − F (X, i(X, Y )).

ÅðïìÝíùò Ÿïí äáêôýëéï R[[T ]], üðïõ Ô := Œ = Õ Ýœïõìå 0 = F (T, i(T, T )). ÈÝôïõìå i(T ) := i(T, T ) êáé Žíåðþò Ýœïõìå áðïäåSSîåé ôçí ýðáñîç äõíáìïĞéñÜò i(T ) ∈ R[[T ]], ôÝôïéáò þŸå F (T, i(T )) = 0. Åíôåëþò üìïéá áðïäåéêíýåôáé üôé F (i(T ), T ) = 0.

Áðïäåéêíýïõìå ôÝëïò õðÜñœåé ìïíáäéêÞ äõíáìïĞéñÜ i(T ) ∈ R[[T ]] ôÝôïéá þŸå F (T, i(T )) = F (i(T ), T ) = 0. Áí õðïèÝŤõìå üôé õðÜñœåé êáé äåýôåñç äõíáìïĞéñÜ j(T ) ∈ R[[T ]], ôÝôïéá þŸå F (j(T ), T ) = F (T, j(T )) = 0, ôüôå: i(T ) = F (F (T, j(T )), i(T )) = F (j(T ), F (T, i(T ))) = j(T ).2 ÐáñáäåSSãìáôá :

1. Ç ôõðéêÞ ðñïŃåôéêÞ ïìÜäá, ðïõ ŽìâïëSSæåôáé ìå ^G_a. ÄSSíåôáé áðü ôïí ôõðéêü íüìï ïìÜäáò F (X, Y ) = X + Y.

2. Ç ôõðéêÞ ðïëëáðëáŊáŸéêÞ ïìÜäá ,ðïõ ŽìâïëSSæåôáé ìå ^G_m. ÄSSíåôáé áðü ôïí ôõðéêü íüìï ïìÜäáò F (X, Y ) = X + Y + XY. ÏñéŘüò 2.4 (F, F ) (G, G), R. F G, f(T ) ∈ T · R[[T ]], f(F (X, Y )) = G(f(X), f(Y )). (F, F ), (G, G) ∃g : G → F, , f(g(T )) = g(f(T )) = T. ÏñéŘüò 2.5 (F, F ), . : [m] : F −→ F, m ∈ ZZ, : [0](T ) = 0, [m + 1](T ) = F ([m](T ), T ), [m − 1](T ) = F ([m](T ), i(T )).

Åýêïëá åðáëçèåýåôáé ( åðáãùãéêÜ ) üôé åSSíáé ïìïìïñöéŘüò êáé ëÝãåôáé áðåéêüíéŁðïëëáðëáŊáŘïý ìå m.

ÐñüôáŁ2.6 F R m ∈ ZZ. :

1. [m](T ) = mT + ( ) . 2. m ∈ R^∗, m, . Áðüäåéîç :

1. Êáô’ áñœÞí èåùñïýìå ôçí ðåñSSðôùŁüðïõ m ≥ 0 êáé áðïäåéêíýïõìå ôï æçôïýìåíï åðáãùãéêÜ ùò ðñïò m. ÐñÜãìáôé, ãéá m = 0 Ýœïõìå [0](Ô) = 0. ÅŸù üôé éĲýåé ôï æçôïýìåíï ãéá ôïí öõŊêü áñéèìü m. ÅðïìÝíùò:

[m + 1](T ) = F ([m](T ), T ) = [m](T ) + T + (üñïé ìåãáëýôåñïõ âáèìïý) = mT + T + üñïé ìåãáëýôåñïõ âáèìïý = (m + 1)T + (üñïé ìåãáëýôåñïõ âáèìïý). ÄçëáäÞ éĲýåé ãéá êÜèå m ≥ 0. Áí ôþñá m < 0, ôüôå œñçŊìïðïéïýìå ôçí ôáõôüôçôá: 0 = F (T, i(T )) = T + i(T ) + (üñïé ìåãáëýôåñïõ âáèìïý), áðü ôçí ïðïSSá Ýðåôáé üôé i(T ) = −T + (üñïé ìåãáëýôåñïõ âáèìïý), êáé åöáñìüæïõìå åðáãùãÞ ãéá ôï −m.

2. Áí m ∈ R^∗, ôüôå ôï ãåãïíüò üôé ï [m] åSSíáé éŤìïñöéŘüò åSSíáé ÜìåŁŽíÝðåéá ôïõ 1 êáé ôïõ ëÞììáôïò 2.2. 2

2.2 Ç ôõðéêÞ ïìÜäá ìéáò åëëåéðôéêÞò êáìðýëçò

ÅŸù ìSSá åëëåéðôéêÞ êáìðýëç E, ìå åîSS§ŁWeierstrass: E : y^2 + a_1xy + a_3y = x^3 + a_2x^2 + a_4x + a_6, a_i ∈ R.

ÊÜíïõìå ôïí åîÞò ìåôáĲçìáôéŘü: z := − x y , w := − 1 y . ÄçëáäÞ x = z/w êáé y = −1/w. Ï ìåôáĲçìáôéŘüò áõôüò ìáò ìåôáöÝñåé ôï åð’ Üðåéñï ŁìåSSï ôçò êáìðýëçò E, Ÿçí áñœÞ ôùí áîüíùí (0, 0). Ç åîSS§Łôçò E ĞŽíôåôáãìÝíåò (z, w), åSSíáé:

w = z^3 + a_1zw + a_2z^2w + a_3w^2 + a_4zw^2 + a_6w^3 := f(z, w) =⇒ w = z^3+(a_1z+a_2z^2)w+(a_3+a_4z)w^2 +a_6w^3 = z^3 +(a_1z+a_2z^2)[z^3+(a_1z+a_2z^2)w+· · ·] = z^3 + a_1z^4 + (a^2_1 + a_2)z^5 + (a^3_1 + 2a_1a_2 + a_3)z^6 + · · · = z^3(1 + A_1z + A_2z^2 + · · ·), üðïõ A_n ∈ ZZ[a_1, · · · , a_6]. ÅêöñÜĆìå äçëáäÞ ôï w ùò äõíáìïĞéñÜ ôïõ z. Èá áðïäåSSîïõìå üôé áõôÞ ç äõíáìïĞéñÜ ŽãêëSSíåé êáèþò åðSSŁò üôé w(z) = f(z, w(z)).

ÏñSSæïõìå åðáãùãéêÜ ôçí åîÞò áêïëïõèSSá ðïëõùíýìùí: f_1(z, w) := f(z, w), f_{m+1}(z, w) := f_m(z, f(z, w)). Ôüôå ðáSSñíïõìå Ćí w(z) := lim_{m→∞} f_m(z, 0), êáé åðïìÝíùò áñêåSS íá áðïäåSSîïõìå üôé áõôü ôï üñéï Ýœåé íüçìá Ÿïí äáêôýëéï ZZ[a_1, a_2, · · · , a_6][[z]]. ÐñüôáŁ2.7 1. :

w(z) = z^3(1 + A_1z + A_2z^2 + · · ·) ∈ ZZ[a_1, a_2, · · · , a_6][[z]]

2. w(z), w(z) = f(z, w(z)). Ãéá ôçí áðüäåéîç ôçò ðáñáðÜíù ðñüôáŁò, œñåéáæüìáŸå ôï ËÞììá ôïõ Hensel ( ĞìSSá ðéï ãåíéêÞ ìïñöÞ ) ËÞììá 2.8 R I, F (w) ∈ R[w]. a ∈ R, ( n ≥ 1 ), F (a) ∈ I^n F^′(a) ∈ R^∗. α ∈ R , α ≡ F^′(a)modI, : w_0 = a, w_{m+1} = w_m −

F (w_m) α b ∈ R, : F (b) = 0 b ≡ amodI^n. R b. Áðüäåéîç : [ Áí 1] ( Óôçí ðñáãìáôéêüôçôá ðñüêåéôáé ãéá ìéá áðü ôéò ìïñöÝò ôïõ áëãüñéèìïõ ôïõ Newton ). 2

Ðñïœùñïýìå ôþñá Ÿçí áðüäåéîç ôçò ðñüôáŁò 2.7:

Áðüäåéîç ôçò ðñüôáŁò 2.7 : Åöáñìüæïõìå ôï ëÞììá 2.8 ãéá R := ZZ[a_1, a_2, · · · , a_6][[z]], I := (z), a := 0, α := −1 êáé F (w) =: f(z, w) − w. ÐñÜãìáôé : F (0) = f(z, 0) − 0 = f(z, 0) ∈ I^3 F^′(0) = f^′(z, w)|_{w=0} − 1 = −1 + a_2z + · · · , ðïõ ðñïöáíþò åSSíáé ìïíÜäá ôïõ R. ÅðSSŁò:

w_0 = a = 0, w_{m+1} = w_m −

F (w_m) α = w_m + F (w_m)

=⇒ F (w_0) = F (a) = F (0) = f(z, 0), F (w_m) = f(z, w_m) − w_m =⇒ F (w_m) + w_m = f(z, w_m) = f(z, f_m(z, 0)) = w_{m+1}2 ÅêöñÜæïõìå ôá x, y ùò äõíáìïĞéñÝò ôïõ z : x(z) = z w(z) = 1 z^2 − a_1 z − a_2 − a_3z − (a_4 + a_1a_3)z^2 − · · · , y(z) = −1 w(z) = − 1 z^3 + a_1 z^2 + a_2 z + a_3 + (a_4 + a_1a_3)z + · · · , üðïõ ïé ŽíôåëåŸÝò ôùí áíáðôõãìÜôùí Laurent ôùí x(z), y(z) Ýœïõí ŽíôåëåŸÝò áðü ôïí äáêôýëéï ZZ[a_1, a_2, · · · , a_6].

Ôï æåõãÜñé (x(z), y(z), ) ìáò äSSíåé ìSSá " ôõðéêÞ " ëýŁôçò åîSS§Łò ôïõ Weierstrass, ç ïðïSSá áíÞêåé Ÿï đìá ðçëSSêùí ôïõ äáêôõëSSïõ ôùí ôõðéêþí äõíáìïĞéñþí. Èá ìðïñïýĆìå íá ðñïŢáèÞŤõìå íá " ðáñÜãïõìå " ŁìåSSá ôçò åëëåéðôéêÞò êáìðýëçò E/K, ðáSSñíïíôáò Ýíá ŸïéœåSSï z ∈ K êáé êïéôÜæïíôáò ôï æåõãÜñé (x(z), y(z)). ÅðåéäÞ üìùò ïé x(z), y(z) åSSíáé Üðåéñåò ĞéñÝò äåí Ýœïõí ðÜíôá íüçìá. Ïôáí üìùò ôï đìá K åSSíáé ðëÞñåò ôïðéêü đìá, ùò ðñüò ìSSá äéáêñéôÞ åêôSSìçŁõ, ìå äáêôýëéï áêåñáSSùí R, ìÝãéŸï éäåþäåò M êáé ïé ŽíôåëåŸÝò ôçò åîSS§Łò ôïõ Weierstrass ôçò E, a_i, åSSíáé ŸïéœåSSá ôïõ äáêôõëSSïõ R, ôüôå ïé äõíáìïĞéñÝò x(z), y(z) áðïêôïýí íüçìá êáé ŽãêëSSíïõí äSSíïíôáò ŁìåSSï (x(z), y(z)) ôçò åëëåéðôéêÞò êáìðýëçò E. ÅôŊëïéðüí êáôáŐåõÜæåôáé êáôÜ öõŊïëïãéêü ôñüðï ç åìöýôåõŁ: M^φ→ E(K). Ç åéêüíá ôçò áðåéêüíéŁò φ, åSSíáé üëá ôá ŁìåSSá (x, y) ∈ E(K), ôÝôïéá þŸå xy^{−1} ∈ M.

ÅŸù z_1, z_2 áíåîÜñôçôåò ìåôáâëçôÝò êáé w_i := w(z_i), ãéá i = 1, 2. Ôüôå Ÿï (w, z)-åðSSðåäï ç åõèåSSá ðïõ ŽíäÝåé ôá ( "ôõðéêÜ ") ŁìåSSá (w_1, z_1), (w_2, z_2) Ýœåé êëSSŁ:

λ = λ(z_1, z_2) = w_2 − w_1 z_2 − z_1 = ∞∑ n=3 z^n_2 − z^n_1 z_2 − z_1

∈ ZZ[a_1, a_2, · · · , a_6][[z_1, z_2]].

Óçìåéþíïõìå ìÜëéŸá üôé ôï λ äåí Ýœåé ïýôå Ÿáèåñü, ïýôå ðñùôïâÜèìéï üñï. ÅðSSŁò ïñSSæïõìå:

ν := ν(z_1, z_2) = w_1 − λz_1 ∈ ZZ[a_1, a_2, · · · , a_6][[z_1, z_2]].

Ôüôå ç åõèåSSá ðïõ ðåñíÜ áðü ôá ŁìåSSá (w_1, z_1), (w_2, z_2) Ýœåé åîSS§Łw = λz + ν. ÁíôéêáèéŸþíôáò Ÿçí åîSS§Łôïõ Weierstrass, ðáSSñíïõìå Ýíá êõâéêü ðïëõþíõìï ùò ðñüò z, ðïõ Ýœåé ùò ñSSæåò ôïõ ôá z_1, z_2. ÅŸù z_3, ç ôñSSôç ôïõ ñSSæá. Ôüôå ôï z_3 ìðïñåSS íá åêöñáŸåSS ùò äõíáìïĞéñÜ ôùí z_1, z_2 :

z_3 = z_3(z_1, z_2) = −z_1 − z_2 + a_1λ + a_3λ^2 − a_2ν − 2a_4λν − 3a_6λ^2ν 1 + a_2λ + a_4λ^2 + a_6λ^3 , ôï ïðïSSï áíÞêåé Ÿïí äáêôýëéï ôùí ôõðéêþí äõíáìïĞéñþí ZZ[a_1, a_2, · · · , a_6][[z_1, z_2]]. ÅðéðëÝïí ëüãù ôïõ íüìïõ ïìÜäïò ôçò åëëåéðôéêÞò êáìðýëçò E, ôá ŁìåSSá (w_i, z_i), i = 1, 2, 3 áèñïSSæïíôáé Ÿï åð’ Üðåéñï ŁìåSSï ôçò êáìðýëçò O. Óôï (x, y)-åðSSðåäï ôï áíôSSèåôï ôïõ ŁìåSSïõ (x, y), åSSíáé ôï ŁìåSSï (x, −y − a_1x − a_3). Óõíåðþò ôï áíôSSèåôï ôïõ ŁìåSSïõ (z, w), èá Ýœåé z-ŽíôåôáãìÝíç ( z = −x/y ): i(z) = x(z) y(z) + a_1x(z) + a_3 = z^{−2} − a_1z^{−1} − · · · −z^{−3} + 2a_1z^{−2} + · · · ∈ ZZ[a_1, a_2, · · · , a_6][[z]]. ÁõôÞ ç ĲÝŁìáò äSSíåé ôïí ôõðéêü íüìï ïìÜäáò:

F (z_1, z_2) = i(z_3(z_1, z_2)) = z_1 +z_2 −a_1z_1z_2 −a_2(z^2_1z_2 +z_1z^2)−· · · ∈ ZZ[a_1, a_2, · · · , a_6][[z_1, z_2]],

êáé åðáëçèåýåé ôéò éäéüôçôåò ïñéŘïý ôçò ôõðéêÞò ïìÜäáò.

2.3 ÏìÜäåò åðéŽíáðôüìåíåò ĞôõðéêÝò ïìÜäåò

ÌSSá ôõðéêÞ ïìÜäá, åSSíáé áðëÜ Ýíáò íüìïò ïìÜäáò. Áí üìùò ï äáêôýëéïò R åSSíáé ôïðéêüò êáé ðëÞñçò äáêôýëéïò, êáé åáí ïé ìåôáâëçôÝò ðáSSñíïõí ôéìÝò áðü ôï ìïíáäéêü ìÝãéŸï éäåþäåò ôïõ R, ôüôå ç äõíáìïĞéñÜ ïñéŘïý ôçò ôõðéêÞò ïìÜäáò, ŽãêëSSíåé. Óôá åðüìåíá èá åSSíáé:

R ðëÞñçò ôïðéêüò äáêôýëéïò, M ôï ìÝãéŸï éäåþäåò ôïõ R, ~K ôï đìá ðçëSSêùí R/M, F ìSSá ôõðéêÞ ïìÜäá ïñéŘÝíç Ÿïí R, ìå ôõðéêü íüìï ïìÜäáò F (X, Y ).

ÏñéŘüò 2.9 F/R, M, : x ⊕_F y = F (x, y), x, y ∈ M

: ⊖_F x = i(x), x, y ∈ M. F(M). Êáè’ üìïéï ôñüðï, áí m ≥ 1, ïñSSæïõìå ôçí õðïïìÜäá ôçò F(M), F(M^n), ôçò ïðïSSáò ôï Źíïëï ïñéŘïý åSSíáé ôï M^n.

ÐáñáôÞñçŁ: Ôï ãåãïíüò üôé ï R åSSíáé ðëÞñçò ôïðéêüò äáêôýëéïò ŽíåðÜãåôáé üôé ïé äõíáìïĞéñÝò F (x, y) êáé i(x), ŽãêëSSíïõí üôáí x, y ∈ M. ÅðïìÝíùò ôá áîéþìáôá ïñéŘïý ôçò ôõðéêÞò ïìÜäïò äSSíïõí äïìÞ ïìÜäïò Ÿçí F(M), êáé äïìÞ õðïïìÜäïò Ÿçí F(M^n).

ÐáñáäåSSãìáôá :

1. Ç ðñïŃåôéêÞ ïìÜäá ^G_a(M), åSSíáé ôï Źíïëï (M, +) åöïäéáŘÝíï ìå ôçí ŽíçèéŘÝíç ðñÜîç ðñüŃåŁò Ÿï M. ÅðïìÝíùò ç ðáñáêÜôù áêïëïõèSSá ðñïŃåôéêþí ïìÜäùí åSSíáé áêñéâÞò: 0 −→ ^G_a(M) −→ R −→ ~K −→ 0 2. Ç ðïëëáðëáŊáŸéêÞ ïìÜäá ^G_m(M), åSSíáé ç ïìÜäá ôùí 1-ìïíÜäùí ( 1 + M ), ìå ôçí ŽíçèéŘÝíç ðñÜîç ðïëëáðëáŊáŘïý. Ïìïéá ëïéðüí Ýœïõìå ôçí ðáñáêÜôù ìéêñÞ áêñéâÞ áêïëïõèSSá ðïëëáðëáŊáŸéêþí ïìÜäùí: 0 −→ ^G_m(M) −→ R^∗ −→ ~K^∗ −→ 0 3. ÅŸù ^E, ç ôõðéêÞ ïìÜäá ôçò åëëåéðôéêÞò êáìðýëçò E/K, üðïõ K åSSíáé ôï đìá ðçëSSêùí ôïõ äáêôõëSSïõ R. Ïðùò ãíùñSSæïõìå ïé äõíáìïĞéñÝò x(z), y(z), ïñSSæïõí ôçí áðåéêüíéŁ: M −→ E(K) z → (x(z), y(z)) ç ïðïSSá åðÜãåé ïìïìïñöéŘü ôçò ïìÜäùí ôçò ^E(M) Ÿçí E(K). Áðïäåéêíýåôáé ìÜëéŸá üôé ç ðáñáêÜôù áêáëïõèSSá åSSíáé áêñéâÞò: 0 −→ ^E(M) −→ E(K) −→ ~E( ~K) −→ 0 áí ç êáìðýëç ~E, üðïõ åî ïñéŘïý åSSíáé ç E modulo M, åSSíáé ìç-éäéüìïñöç. Óôçí ãëþŮá ôçò èåùñSSáò áíáãùãÞò Ÿçí ïðïSSá èá áíáöåñèïýìå åêôåíþò Ÿï åðüìåíï êåöÜëáéï, ôï ãåãïíüò áõôü ŁìáSSíåé üôé ç ^E(M) åSSíáé ï ðõñÞíáò ôçò áðåéêüíéŁò áíáãùãÞò.

ÐñüôáŁ2.10 1. n ≥ 1, : F(M^n)/F(M^{n+1}) −→ M^n/M^{n+1} , . 2. p ~K. F(M) p. Áðüäåéîç :

1. Áöïý ôá áíôSSŸïéœá Źíïëá åSSíáé SSĆ, áñêåSS íá áðïäåSSîïõìå üôé ç ðáñáðÜíù áðåéêüíéŁ åSSíáé ìïñöéŘüò ïìÜäùí. Áò ðÜñïõìå ŸïéœåSSá x, y ∈ M^n. Ôüôå: x⊕_F y = F (x, y) = x + y + · · · ≡ x + y modM^{n+1}, ðïõ áðïäåéêíýåé ôï æçôïýìåíï.

2. Áò ðÜñïõìå ŸïéœåSSï x ∈ F(M), ôÜîçò m ∈ IN. Áí ðïëëáðëáŊÜŤõìå ôï x ìå êáôÜëëçëç äýíáìç ôïõ p, åSSíáé öáíåñü üôé áñêåSS íá áðïäåSSîïõìå üôé äåí õðÜñœïõí ìç-ìçäåíéêÜ ŁìåSSá ðåðåñáŘÝíçò ôÜîçò, ìå ôÜîç ðñþôç ðñïò ôïí p. Êáô’ áñœÞí ï äáêôýëéïò R åSSíáé äáêôýëéïò ôçò Noether. Èá áðïäåSSîïõìå åðáãùãéêÜ üôé x ∈ F(M^n), ãéá êÜèå öõŊêü áñéèìü n êáé åðïìÝíùò, ëïãù ôïõ èåùñÞìáôïò ôïõ Krull ([B-I-V], Ğë. 65) Ýðåôáé üôé x = 0. Åî õðïèÝĞùò x ∈ F(M). Áñá ç éĲýåé ôï æçôïýìåíï ãéá n = 1. ÅŸù üôé x ∈ F(M^n). H åéêüíá ôïõ x, —x ∈ F(M^n)/F(M^{n+1}), Ýœåé ôÜîç ðïõ äéáéñåSSôáé áðü ôïí m. Áðü ôçí Üëëç ðëåõñÜ üìùò ç ïìÜäá F(M^n)/F(M^{n+1}) Ýœåé ŁìåSSá ðïõ ç ôÜîç ôïõò äéáéñåSSôáé ìüíï ìå p, äéüôé åSSíáé éŞìïñöç ìå ôçí ïìÜäá M^n/M^{n+1}. ÅðïìÝíùò —x = 0, äçëáäÞ x ∈ F(M^{n+1}). Áñá x ∈ F(M^n) ãéá êÜèå öõŊêü áñéèìü n. 2

3 ÅëëåéðôéêÝò êáìðýëåò ïñéŘÝíåò ĞôïðéêÜ đìáôá

Óå áõôü ôï êåöÜëáéï èá ìåëåôÞŤõìå ôçí ïìÜäá ôùí ñçôþí ŁìåSSùí ìéáò åëëåéðôéêÞò êáìðýëçò E ïñéŘÝíçò Ğôïðéêü đìá áñéèìþí ìå êýñéï Őïðü ôçí åîáãùãÞ ŽìðåñáŘÜôùí ãéá ôéò éäéüôçôåò ôùí ŁìåSSùí ðåðåñáŘÝíçò ôÜîçò ôçò E. Óôá ðáñáêÜôù èá êñáôÞŤõìå ôïí áêüëïõèï ŽìâïëéŘü:

K_õ : ôïðéêü đìá áñéèìþí ðëÞñåò ùò ðñïò ìéá äéáêñéôÞ åêôSSìçŁõ, R : ï äáêôýëéïò ôùí áêåñáSSùí ôïõ K_õ, R = {x ∈ K_õ/õ(x) ≥ 0}, R^∗ : ç ïìÜäá ôùí ìïíÜäùí ôïõ R, R^∗ = {x ∈ K_õ/õ(x) = 0}, P_õ : ôï ìÝãéŸï éäåþäåò ôïõ R, P_õ = {x ∈ K_õ/õ(x) > 0}, π : ï ãåííÞôïñáò ôïõ P_õ, P_õ = πR, ~K_õ : ôï đìá õðïëïSSðùí ôïõ R, ~K_õ = R/P_õ.

ÅðSSŁò õðïèÝôïõìå üôé ç åêôSSìçŁõ åSSíáé êáíïíéêïðïéçìÝíç, äçëáäÞ õ(π) = 1. ÊÜíïõìå ìÜëéŸá ôçí ŹìâáŁõ(0) = ∞. ÔÝëïò õðïèÝôïõìå üôé ôá K_õ êáé ~K_õ åSSíáé ôÝëåéá đìáôá (äçëáäÞ êÜèå áëãåâñéêÞ ôïõò åðÝêôáŁåSSíáé äéáœùñSSŊìç ).

3.1 ÅëÜœéŸá ìïíôÝëá ôïõ Weierstrass

ÅŸù E åëëåéðôéêÞ êáìðýëç ïñéŘÝíç Ÿï đìá K_õ, êáé ÝŸù:

Y^2 + a_1XY + a_3Y = X^3 + a_2X^2 + a_4X + a_6

ìéÜ åîSS§Łôïõ Weierstrass ãéá ôçí E. KÜíïõìå ôïí ìåôáĲçìáôéŘü: (X, Y ) → (u^{−2}X, u^{−3}Y ), (u ∈ K^∗_õ ) ðïõ ìáò äSSíåé åîSS§Łôïõ Weierstrass ìå ŽíôåëåŸÝò u^ia_i (a_i → u^ia_i). Óõíåðþò äéáëÝãïíôáò u ∈ K^∗_õ ðïõ íá äéáéñåSSôáé áðü áñêåôÜ ìåãÜëç äýíáìç ôïõ π êáôáëÞãïõìå ĞåîSS§Ł ôïõ Weierstrass ìå ŽíôåëåŸÝò Ÿïí äáêôýëéï R. Ôüôå üìùò õ(Ä) ≥ 0 êáé åö’ üŤí ç õ åSSíáé äéáêñéôÞ åêôSSìçŁìðïñïýìå íá áíáæçôÞŤõìå ìïíôÝëï åëëåéðôéêÞò êáìðýëçò E ìå äéáêñSSíïõĆõ(Ä) "üŤôï äõíáôü ìéêñÞ".

ÏñéŘüò 3.1 E/K_õ . Weierstrass E õ õ(Ä) a_1, a_2, a_3, a_4, a_6 ∈ R.

Ðþò ìðïñïýìå üìùò íá åëÝãîïõìå áí ìéá äïŘÝíç åîSS§Łôïõ Weierstrass åSSíáé åëÜœé- Ÿç; ÊáôáñœÞí üëá ôá a_i ðñÝðåé íá áíÞêïõí Ÿïí äáêôýëéï R êáé åéäéêüôåñá Ä ∈ R. Áí ç åîSS§Łäåí åSSíáé åëÜœéŸç, ôüôå õðÜñœåé áìöSSñçôç áëëáãÞ ŽíôåôáãìÝíùí ðïõ äSSíåé äéáêñSSíïõĆÄ^′ = u^{−12}Ä ∈ R. ÂëÝðïõìå ëïéðüí üôé ç äéáêñSSíïõĆáëëÜæåé ìüíï êáôÜ âÞìáôá ôïõ 12. Óõíåðþò áí a_i ∈ R êáé õ(Ä) ìéêñüôåñï ôïõ 12 ôüôå ç åîSS§ŁåSSíáé åëÜœéŸç. ÏìïSSùò áöïý c^′_4 = u^4c_4 êáé c^′_6 = u^6c_6, Ýœïõìå üôé åÜí a_i ∈ R êáé c_4 ìéêñüôåñï ôïõ 4, c_6 ìéêñüôåñï ôïõ 6, ôüôå ç åîSS§ŁåSSíáé åëÜœéŸç. ÌÜëéŸá åÜí ç œáñáêôçñéŸéêÞ ôïõ đìáôïò K_õ åSSíáé äéáöïñåôéêÞ ôùí 2 êáé 3 ôüôå éĲýåé êáé ôï áíôSSŸñïöï. Óçìåéþíïõìå åðSSŁò üôé ãéá ôõœüí ôïðéêü đìá K_õ õðÜñœåé Ýíáò áëãüñéèìïò ôïõ Tate ( [Ta ] ), ðïõ ìáò ðñïĚéïñSSæåé áí ìéá åîSS§Łôïõ Weierstrass åSSíáé åëÜœéŸç.

ÐáñÜäåéãìá : ÅŸù ç åëëåéðôéêÞ êáìðýëç:

E : Y^2 + XY = X^3 + 1

ÕðïëïãSSæïõìå: c_4 = b^2 − 24b_4, b_2 = a^2_1 + 4a_2 = 1, b_4 = 2a_4 + a_1a_3 = 0 êáé Üñá c_4 = 1. Óõíåðþò ãéá êÜèå èÝŁõ éĲýåé õ(c_4) = õ(1) = 0, ôï ïðïSSï åSSíáé ìéêñüôåñï ôïõ 4. Áñá ç åîSS§Łôçò E åSSíáé åëÜœéŸç.

ÐñüôáŁ3.2 1. E/K_õ Weierstrass.

2. Weierstrass , :

x = u^2x^′ + r y = u^3y^′ + u^2sx^′ + t, u ∈ R^∗ r, s, t ∈ R. Áðüäåéîç :

1. ÅSSíáé ðñïöáíÝò üôé ðÜíôá ìðïñïýìå íá âñïýìå ìSSá åîSS§Łôïõ Weierstrass ìå a_i ∈ R êáé õ(´), üŤôï äõíáôüí ìéêñü, äéüôé ç åêôSSìçŁõ åSSíáé äéáêñéôÞ.

2. ÅŸù üôé ç äïŘÝíç åîSS§ŁåSSíáé ĞåëÜœéŸç ìïñöÞ êáé ÝŸù üôé êáé ç êáìðýëç ðïõ ðñïêýðôåé áðü ôçí áñœéêÞ, ìÝ§áëëáãÞò ŽíôåôáãìÝíùí, åSSíáé åðSSŁò åëÜœéŸç. Ôüôå õ(´) = õ(´^′). Ïìùò ´ = u^{12}´^′ êáé åðïìÝíùò u ∈ R^∗. ÅðSSŁò ëüãù ôçò ĲÝŁò (Êåö. 1, Ğë. 2) ðïõ ìáò åêöñÜæåé ôï b^′_6 ŽíáñôÞĞé ôïõ b_6 ( áíôSSŸïéœá ôï b^′_8 ŽíáñôÞĞé ôïõ b_8 ), âëÝðïõìå üôé ôï 4r^3 ( áíôSSŸïéœá 3r^4 ), áíÞêåé Ÿïí äáêôýëéï R. Óõíåðþò r ∈ R. Ïìïéá ç ĲÝŁðïõ åêöñÜæåé ôï a^′_2, ŽíáñôÞĞé ôïõ a_2 ìáò äSSíåé üôé s ∈ R êáé ôÝëïò ç ĲÝŁðïõ åêöñÜæåé ôï a^′_6, ŽíáñôÞĞé ôïõ a_6 ìáò äSSíåé üôé t ∈ R. 2

3.2 ÁíáãùãÞ modulo π

Èåùñïýìå ôçí öõŊêÞ ðñïâïëÞ: R −→ R/πR t → ~t = t + πR Åœïíôáò ëïéðüí ìéá åëëåéðôéêÞ êáìðýëç E ìå ŽíôåëåŸÝò áðü ôïí äáêôýëéï R, ìðïñïýìå íá áíÜãïõìå ôïõò ŽíôåëåŸÝò ôçò modulo π. Ç êáìðýëç ðïõ ðñïêýðôåé ~E åSSíáé ïñéŘÝíç Ÿï đìá ~K_õ êáé ëÝãåôáé ç áíçãìÝíç ôçò áñœéêÞò modulo π. Ç áíçãìÝíç êáìðýëç åSSíáé ðéèáíüí íá Ýœåé éäéïìïñöSSåò.

ÏñéŘüò 3.3 1. E ( stable ) K_õ ~E -.

2. E ( semistable ) K_õ ~E ( ). ( split multiplicative ), - K_õ .

3. E ( unstable ) K_õ ~E ( )

ÅŸù ôþñá P ∈ E(K_õ). Ôüôå ìðïñïýìå íá âñïýìå ïìïãåíåSSò ŽíôåôáãìÝíåò P = [x_0, y_0, z_0], x_0, y_0, z_0 ∈ R, ôÝôïéåò þŸå ôïõëÜœéŸï Ýíá áðü áðü ôá x_0, y_0, z_0 íá áíÞêåé Ÿï R^∗. Óõíåðþò ôï áíáãüìåíï ŁìåSSï ~P = [ ~x_0, ~y_0, ~z_0], áíÞêåé Ÿçí ~E( ~K_õ). ÏñSSæïõìå äçëáäÞ ôçí áðåéêüíéŁáíáãùãÞò: E(K_õ) −→ ~E( ~K_õ) P → ~P Óçìåéþíïõìå äå üôé ç áíçãìÝíç êáìðýëç ~E ìðïñåSS íá åSSíáé éäéüìïñöç. ÃíùñSSæïõìå üìùò üôé ĞêÜèå ðåñSSðôùŁôï Źíïëï ôùí ìç-éäéüìïñöùí ŁìåSSùí ôçò ðïõ ôï ŽìâïëSSæïõìå ~E_{ns}( ~K_õ) áðïôåëåSS ïìÜäá ( [Si 1], ðñüôáŁ2.5 ) ÏñSSæïõìå ôá åîÞò õðïŹíïëá ôçò E(K_õ) :

E^{(0)}(K_õ) := {P ∈ E(K_õ)/ ~P ∈ ~E_{ns}( ~K_õ)}

E^{(1)}(K_õ) := {P ∈ E(K_õ)/ ~P = ~O}.

Áðü ôïí ïñéŘü ôçò ç E^{(0)}(K_õ) åSSíáé ôï Źíïëï ôùí ŁìåSSùí ôçò E ìå ìç-éäéüìïñöç áíáãùãÞ åíþ ç E^{(1)}(K_õ) åSSíáé ï ðõñÞíáò ôçò áðåéêüíéŁò áíáãùãÞò. ÐñüôáŁ3.4 :

0 −→ E^{(1)}(K_õ) −→ E^{(0)}(K_õ) −→ ~E_{ns}( ~K_õ) −→ 0, modulo π.

Áðüäåéîç : Ï íüìïò ïìÜäïò, ôüŤŸçí E(K_õ), üŤêáé Ÿçí ~E_{ns}( ~K_õ), ïñSSæåôáé, ðáSSñíïíôáò ôçí ôïìÞ ôçò êáìðýëçò ìå åõèåSSåò ôïõ ðñïâïëéêïý åðéðÝäïõ, P^2. ÅðåéäÞ ç áðåéêüíéŁ áíáãùãÞò P^2(K_õ) → P^2( ~K_õ) áðåéêïíSSæåé åõèåSSåò ĞåõèåSSåò, ŽíåðÜãåôáé üôé ç E^{(0)}(K_õ) åSSíáé ïìÜäá êáé ç áðåéêüíéŁE^{(0)}(K_õ) → ~E_{ns}( ~K_õ), åSSíáé ïìïìïñöéŘüò ïìÜäùí. ÅðéðëÝïí ç E^{(1)}(K_õ), åSSíáé ïìÜäá, äéüôé åSSíáé ï ðõñÞíáò ôçò áðåéêüíéŁò áíáãùãÞò. Ðñïöáíþò E^{(1)}(K_õ) ⊆ E^{(0)}(K_õ) (äéüôé ôï ~O äåí åSSíáé éäéüìïñöï ŁìåSSï ôçò ~E ). ÅðïìÝíùò Ýœïõìå áêñSSâåéá Ÿçí ðñþôç èÝŁ. ÅðSSŁò ç áêñSSâåéá Ÿçí äåýôåñç èÝŁðñïêýðôåé áðü ôï ãåãïíüò üôé ç E^{(1)}(K_õ) åSSíáé ï ðõñÞíáò ôçò áðåéêüíéŁò áíáãùãÞò. ÌÝíåé ëïéðüí íá áðïäåSSîïõìå ôçí áêñSSâåéá Ÿçí ôåëåõôáSSá èÝŁ, äçëáäÞ üôé ç áðåéêüíéŁáíáãùãÞò E^{(0)}(K_õ) −→ ~E_{ns}( ~K_õ) åSSíáé åðSS, ãåãïíüò ðïõ èá ðñïêýøåé áðü ôï ëÞììá ôïõ Hensel êáé áðü ôçí ðëçñüôçôá ôïõ đìáôïò K_õ.

ÅŸù f(x, y) := y^2 + a_1xy + a_3y − x^3 − a_2x^2 − a_4x − a_6 = 0 êáé ~f(x, y) ôï áíôSS- Ÿïéœï ðïëõþíõìï áíçãìÝíï modulo π. ÄïèÝíôïò ŁìåSSïõ ~P = (á, â) ∈ ~E_{ns}( ~K_õ), Ýœïõìå üôé^{∂ ~f}_{∂x} ( ~P ) ≠ 0, åSSôå^{∂ ~f}_{∂y} ( ~P ) ≠ 0. ÕðïèÝôïõìå, œùñSSò ðåñéïñéŘü ôçò ãåíéêüôçôáò, üôé éĲýåé ∂ ~f ∂x ( ~P ) ≠ 0. ÄéáëÝãïõìå y_0 ∈ R ôÝôïéï þŸå ~y_0 = â êáé åîåôÜæïõìå ôçí åîSS§Łf(x, y_0). ÊÜíïíôáò áíáãùãÞ modulo π ðáñáôçñïýìå üôé ç áíçãìÝíç åîSS§ŁÝœåé ôï á ùò áðëÞ ñSSæá, äéüôé ç ìåñéêÞ ðáñÜãùãïò ôçò ~f ùò ðñïò x Ÿï ŁìåSSï (á, ~y_0) äåí åSSíáé 0. Áñá áðü ôï ëÞììá ôïõ Hensel ∃x_0 ∈ R ôÝôïéï þŸå ~x_0 = á êáé f(x_0, y_0) = 0. Áñá ôï ŁìåSSï P = (x_0, y_0) ∈ E^{(0)}(K_õ) áíÜãåôáé Ÿï ~P . 2

3.3 π - áäéêÜ öSSëôñá

ÅŸù E : Y^2 = X^3 + AX + B åëëåéðôéêÞ êáìðýëç, ìå ŽíôåëåŸÝò áðü ôï đìá K_õ. ŒùñSSò ðåñéïñéŘü ôçò ãåíéêüôçôáò ìðïñïýìå íá õðïèÝŤõìå üôé A, B ∈ R. Óêïðüò áõôÞò ôçò ðáñáãñÜöïõ åSSíáé ç ìåëÝôç ôïõ ðõñÞíá ôçò áðåéêüíéŁò áíáãùãÞò.

Ï ðõñÞíáò ôçò áðåéêüíéŁò áíáãùãÞò åSSíáé ôï Źíïëï ôùí ŁìåSSùí ôçò E ðïõ áðåéêïíSSæïíôáé Ÿï ~O, äçëáäÞ åSSíáé ôï ŁìåSSï O ìáæSS ìå ôá ŁìåSSá (x, y) ∈ E(K_õ) ôÝôïéá þŸå x, y ∉ R. ÐñÜãìáôé áí Ýíá áðü ôá x, y áíÞêåé Ÿïí R ôüôå êáé ôá äýï èá áíÞêïõí Ÿïí R. Óõíåðþò ãñÜöïíôáò ôï P = (x, y) ĞïìïãåíåSSò ŽíôåôáãìÝíåò P = [x, y, 1] üðïõ x, y ∈ R êáé áíÜãïíôáò ôï ŁìåSSï P modulo π ðáSSñíïõìå ~P = [~x, ~y, 1] ≠ ~O, äçëáäÞ êáôáëÞãïõìå Ğ Üôïðï.

Áí x, y ∉ R ( äçëáäÞ ôï ŁìåSSï P = (x, y) áíÞêåé Ÿïí ðõñÞíá ôçò áðåéêüíéŁò áíáãùãÞò ), ôüôå ç ultrametric áíéŞôçôá äSSíåé ‖y‖^2 = ‖x‖^3 ( üðïõ ç ‖·‖ åSSíáé ç ìåôñéêÞ ðïõ ðñïêýðôåé áðü ôçí åêôSSìçŁõ ). ÅðïìÝíùò ‖x‖ = c^{2n}, ‖y‖ = c^{3n}, üðïõ c ≥ 1, êáé n öõŊêüò áñéèìüò. Áõôüí ôïí öõŊêü áñéèìü n ôïí ïíïìÜæïõìå åðSSðåäï áíáãùãÞò ôïõ ŁìåSSïõ P = (x, y).

Ç áêüëïõèç ðñüôáŁŽíäÝåé ôçí èåùñSSá áíáãùãÞò, ìå ôçí èåùñSSá ôùí ôõðéêþí ïìÜäùí åëëåéðôéêþí êáìðýëùí:

ÐñüôáŁ3.5 E/K_õ Weierstrass. ^E/R E w(z) ∈ R[[z]] ( . 2, . 22). : ^E(πR) −→ E^{(1)}(K_õ) z → ( z w(z) , − 1 w(z) ) ( z = 0 ’ O ).

Áðüäåéîç : Áðü ôçí èåùñSSá ôùí ôõðéêþí ïìÜäùí åëëåéðôéêþí êáìðýëùí ( ÊåöÜëáéï 2 ) ãíùñSSæïõìå üôé ôï ŁìåSSï (z/w(z), −1/w(z)), éêáíïðïéåSS ôçí åîSS§Łôçò êáìðýëçò E. ÅðSSŁò ç äõíáìïĞéñÜ w(z) = z^3(1 + · · ·), ŽãêëSSíåé ∀z ∈ πR. ÅðïìÝíùò ôï ŁìåSSï (z/w(z), −1/w(z)) áíÞêåé Ÿçí ïìÜäá E(K_õ) üôáí z ∈ πR, êáé åöüŤí õ(−1/w(z)) = −3õ(z), ôï åí ëüãù ŁìåSSï áíÞêåé Ÿçí ïìÜäá E^{(1)}(K_õ). Áñá ç áðåéêüíéŁ: ^E(πR) −→ E^{(1)}(K_õ) z → ( z w(z) , − 1 w(z) ), åSSíáé êáëþò ïñéŘÝíç. ÅðéðëÝïí áöïý ï ôõðéêüò íüìïò ïìÜäáò Ÿçí ^E ðñïêýðôåé áðü ôïí íüìï ïìÜäáò ôçò êáìðýëçò E, åSSíáé ðñïöáíÝò üôé ç ðáñáðÜíù áðåéêüíéŁåSSíáé ïìïìïñöé- Řüò. ÅSSíáé äå êáé ìïíïìïñöéŘüò, äéüôé w(z) = 0, ìüíï üôáí z = 0. ÁðïìÝíåé ëïéðüí íá áðïäåSSîïõìå üôé åSSíáé åðSS.

ÅŸù ŁìåSSï (x, y) ∈ E^{(1)}(K_õ). Óõíåðþò ôï (x, y) áíÜãåôáé modulo π Ÿï áð’ Üðåéñï ŁìåSSï ôçò êáìðýëçò ~E êáé Üñá õ(x) < 0, õ(y) < 0 êáé 3õ(x) = 2õ(y) = −6n, üðïõ n ôï åðSSðåäï ôïõ ŁìåSSïõ (x, y). ÅðïìÝíùò x/y ∈ πR, äçëáäÞ ç áðåéêüíéŁ:

E^{(1)}(K_õ) −→ ^E(πR) (x, y) → − x y åSSíáé êáëþò ïñéŘÝíç. ÌÜëéŸá åSSíáé ìïíïìïñöéŘüò (ìå ôï SSäéï áêñéâþò Őåðôéêü üðùò êáé ðñïçãïõìÝíùò ). ÄçëáäÞ ïé áðåéêïíSSĞéò: ^E(πR) −→ E^{(1)}(K_õ) −→ ^E(πR) åSSíáé ìïíïìïñöéŘïSS, êáé ç ŹíèåĽôïõò åSSíáé ç ôáõôüôçôá. Áñá åSSíáé éŤìïñöéŘïSS. 2 ÅŸù ôþñá N ≥ 1. Èåùñïýìå ôïí ìåôáĲçìáôéŘü:

X_N = π^{2N} X, Y_N = π^{3N}Y.

Ç åîSS§Łôçò êáìðýëçò ìåôáĲçìáôSSæåôáé ùò åîÞò:

E_N : Y^2_N = X^3_N + π^{4N} AX_N + π^{6N}B.

ÊÜíïõìå áíáãùãÞ modulo π êáé êáôáëÞãïõìå Ÿçí éäéüìïñöç êáìðýëç:

~E_N : Y^2_N = X^3_N .

Ðáñáôçñïýìå üôé áí Ýíá ŁìåSSï P = (x, y) ∈ E(K_õ) áðåéêïíSSæåôáé Ÿï éäéüìïñöï ŁìåSSï (~0, ~0) áíí ôï åðSSðåäü ôïõ åSSíáé ìéêñüôåñï ôïõ N. ÐñÜãìáôé ôï ŁìåSSï (x, y) áðåéêïíSSæåôáé Ÿï (~0, ~0) áíí π|x_N , y_N , äçëáäÞ áíí x_N = uπ^{2k}, y_N = u^′π^{3k}, üðïõ u, u^′ ∈ R^∗ êáé k ≥ 1 öõŊêüò áñéèìüò. ÉŤäýíáìá ôüôå, xπ^{2N} = uπ^{2k}, yπ^{3N} = u^′π^{3k} êáé áõôü ŽìâáSSíåé ôüôå êáé ìüíï ôüôå üôáí x = uπ^{2(k−N)}, y = u^′π^{3(k−N)}. Ïìùò x, y ∉ R êáé Üñá ôï k åSSíáé áõŸçñÜ ìéêñüôåñï ôïõ N. ÅðSSŁò áí ôï ŁìåSSï P = (x, y) áíÞêåé Ÿïí ðõñÞíá ôçò áðåéêüíéŁò áíáãùãÞò ôüôå ôï åðSSðåäü ôïõ åSSíáé ìåãáëýôåñï ôïõ N (ç áðüäåéîç ãSSíåôáé êáôÜ üìïéï ôñüðï ).

ÔÝëïò áðïäåéêíýåôáé üôé ç ïìÜäá ôùí ìç éäéüìïñöùí ŁìåSSùí ôçò êáìðýëçò ~E_N åSSíáé ç ðñïŃåôéêÞ ïìÜäá ôïõ đìáôïò ~K_õ ∼=^R_{πR} ( [Si 1], ðñüôáŁ2.5 )

Èåþñçìá 3.6 E^{(N)} E N, E^{(N)} :

E ⊃ E^{(0)} ⊃ E^{(1)} ⊃ · · · ⊃ E^{(N)} ⊃ · · ·

E^{(N)}/E^{(N+1)} N ≥ 1 p.

Áðüäåéîç : Êáô’ áñœÞí ïé åãêëåéŘïSS åSSíáé ðñïöáíåSSò. Áðïäåéêíýïõìå ôþñá üôé ïé E^{(N)} åSSíáé ïìÜäåò.

ÊÜíïõìå ôïí ìåôáĲçìáôéŘü t =^x_y , s =^1_y ðïõ ìáò ìåôáöÝñåé ôï åð’ Üðåéñï ŁìåSSï O Ÿçí áñœÞ ôùí áîüíùí (0, 0).

Óôéò íÝåò ŽíôåôáãìÝíåò ôá Źíïëá E^{(N)} ìðïñïýí íá œáñáêôçñéŸïýí ùò ôï Źíïëá ôùí æåõãþí (s, t) ôÝôïéá þŸå π^N |t, π^{3N}|s , äéüôé áí x = uπ^{−2N} , y = u^′π^{−3N} , üðïõ u, u^′ ∈ R^∗, ôüôå t =^u_u0 π^N êáé s =^1_u0 π^{3N}.

Ç åîSS§Łôçò êáìðýëçò E ĞŽíôåôáãìÝíåò (s, t), åSSíáé:

s = t^3 + As^2t + Bs^3.

Áí P_1 = (t_1, s_1), P_2 = (t_2, s_2) åSSíáé ŁìåSSá ôçò íÝáò êáìðýëçò, ôüôå:

s_2 − s_1 = (t^3_2 − t^3_1) + A(s^2t_2 − s^2_1t_1) + B(s^3_2 − s^3_1).

Áí ëïéðüí t_1 ≠ t_2, ôüôå ç êëSSŁôçò åõèåSSáò s = at + â, a =^{s2−s1}_{t2−t1} , ðïõ äéÝñœåôáé áðü ôá ŁìåSSá P_1, P_2, åSSíáé

a = (t^2_1 + t_1t_2 + t^2) + As^2 + At_1(s_2 + s_1)a + Ba(s^2 + s_1s_2 + s^2_1) =⇒ a = t^2 + t_1t_2 + t^2_1 + As^2 1 − A(s_1 + s_2)t_1 − B(s^2 + s_1s_2 + s^2_1) êáé Üñá π^{2N} |a.

Áí P_3 = (t_3, s_3) åSSíáé ôï ôñSSôï ŁìåSSï ôïìÞò ôçò åõèåSSáò s = at + â, ìå ôçí êáìðýëç E, ôüôå ôá t_1, t_2, t_3 åSSíáé ïé ëýĞéò ôçò åîSS§Łò:

at + â = t^3 + A(at + â)^2t + B(at + â)^3 =⇒ 0 = t^3(1 + Ba^3 + Aa^2) + t^2(2Aaâ + 3Ba^2â) + · · ·

=⇒ t_1 + t_2 + t_3 = −

2Aaâ + 3Ba^2â 1 + Ba^3 + Aa^2 . Ï ðáñïíïìáŸÞò ôïõ êëÜŘáôïò áíÞêåé ðñïöáíþò Ÿïí R^∗ ( äéüôé a, A, B ∈ R). ÅðSSŁò áöïý â = s_1 − at_1 ŽíåðÜãåôáé üôé π^{3N} |â Žíåðþò π^{5N} |t_1 + t_2 + t_3.

Áí ëïéðüí π^N |t_1, t_2, ôüôå π^N |t_3, ðïõ áõôü ŁìáSSíåé üôé P_3 = (t_3, s_3) ∈ E^{(N)}. Áñá ïé E^{(N)} åSSíáé ðñÜãìáôé ïìÜäåò (ðñïöáíþò áâåëéáíÝò).

ÈÝëïõìå ôÝëïò íá áðïäåSSîïõìå üôé ïé ïìÜäåò E^{(N)}/E^{(N+1)} åSSíáé ãéíüìåíï êõêëéêþí ïìÜäùí ôÜîçò p. ÐåñéïñSSæïõìå êáôáñœÞí ôçí ìåëÝôç ìáò Ğp-áäéêÜ đìáôá. Èá áðïäåSSîïõìå üôé ĞáõôÜ ôá đìáôá éĲýåé üôé ç ôÜîç ôçò E^{(N)}/E^{(N+1)} åSSíáé p. Èåùñïýìå ôéò åîÞò áðåéêïíSSĞéò:

E^{(0)} −→ E^{(N)} −→ E^{(N)}/E^{(N+1)} (x, y) → (p^{2N} x, p^{3N} y) → (p^{2N} x, p^{3N} y) + E^{(N+1)} ðïõ åSSíáé êáé ïé äýï åðSS. Óõíåðþò ç áðåéêüíéŁE^{(0)} −→ E^{(N)}/E^{(N+1)} åSSíáé åðSS êáé Ýœåé ðñïöáíþò ðõñÞíá ôçí ïìÜäá E^{(1)}. ÅðïìÝíùò:

E^{(N)}/E^{(N+1)} ∼= E^{(0)}/E^{(1)} ∼= ~E_{ns}

üðïõ ç ôåëåõôáSSá éŤìïñöSSá éĲýåé ëüãù ôçò ðñüôáŁò 3.4 .

ÅðéðëÝïí áöïý ç áíáãùãÞ åSSíáé ðñïŃåôéêïý ôýðïõ, Ýœïõìå üôé ([Si 1], Ğë. 61): ~E_{ns} ∼= (ZZ_p/pZZ_p)^+ ∼= (ZZ/pZZ)^+ Áñá ç ôÜîç ôçò ïìÜäïò ~E_{ns} åSSíáé p.

ÅîåôÜæïõìå ôþñá ôé ãSSíåôáé ĞðåðåñáŘÝíåò åðåêôÜĞéò ôïõ Q_p, K_õ. Åœïõìå:

E^{(N)}/E^{(N+1)} ∼= ~E_{ns} ∼= ( ~K_õ)^+.

Ïìùò ( ~K_õ : ZZ/pZZ) = f ( ï âáèìüò áäñáíåSSáò ôïõ éäåþäïõò πR ). Óõíåðþò ôï đìá ~K_õ åSSíáé éŞìïñöï ìå f " áíôSSãñáöá " ôïõ ðåðåñáŘÝíïõ đìáôïò ZZ/pZZ. Áñá ðñÜãìáôé ç E^{(N)}/E^{(N+1)} åSSíáé ãéíüìåíï êõêëéêþí ïìÜäùí ôÜîçò p. 2

ÐñüôáŁ3.7 p m ∈ IN, , m p. :

1. E^{(1)}(K_õ) m.

2. - E(K_õ) m, E(K_õ)[m], 1 − 1.

Áðüäåéîç :

1. ÅŸù P = (x, y) ∈ E(K_õ) ŁìåSSï ôÜîçò m. Ôüôå x, y ∈ R äéüôé áí x, y ∉ R, ôüôå ôï ŁìåSSï P = (x, y), èá áíÞêå ĞêÜðïéï áðü ôá åðSSðåäá áíáãùãÞò. Óõíåðþò ìðïñïýìå íá õðïèÝŤõìå üôé P ∈ E^{(N)}, áëëÜ P ∉ E^{(N+1)}. Áõôü ŁìáSSíåé üôé ôï P åSSíáé ìçìçäåíéêü ŸïéœåSSï ôçò ïìÜäïò E^{(N)}/E^{(N+1)} êáé Üñá Ýœåé ôÜîç p. Áõôü üìùò åSSíáé Üôïðï äéüôé (m, p) = 1. Áñá ôï ŁìåSSï P Ýœåé áêÝñáéåò ŽíôåôáãìÝíåò x, y ∈ R. Ïìùò ç ïìÜäá E^{(1)} ðåñéÝœåé ŁìåSSá ðïõ ïé ŽíôåôáãìÝíåò ôïõò äåí åSSíáé áêÝñáéåò. Áñá ðñÜãìáôé ç E^{(1)} äåí ðåñéÝœåé ŁìåSSá ôÜîçò m.

ÅðSSŁò ìSSá Üëëç áðüäåéîç ìðïñåSS íá äïèåSS œñçŊìïðïéþíôáò ôçí èåùñSSá ôùí ôõðéêþí ïìÜäùí. Åœïõìå ôçí ìéêñÞ áêñéâÞ áêïëïõèSSá:

0 −→ E^{(1)}(K_õ) −→ E^{(0)}(K_õ) −→ ~E( ~K_õ) −→ 0.

Ïìùò ^E(πR) ∼= E^{(1)}(K_õ), ( áðü ôçí ðñüôáŁ3.5 ) üðïõ ^E åSSíáé ç ôõðéêÞ ïìÜäá ðïõ áíôéŸïéœåSS Ÿçí åëëåéðôéêÞ êáìðýëç E. ÅðéðëÝïí ç ^E(πR) äåí Ýœåé ìç-ôåôñéììÝíá ŁìåSSá ôÜîçò m, ( ëüãù ôçò ðñüôáŁò 2.10) êáé Üñá éĲýåé ôï æçôïýìåíï.

2. Åœïõìå ðÜíôá ôçí ìéêñÞ áêñéâÞ áëïëïõèSSá:

0 −→ E^{(1)}(K_õ) −→ E^{(0)}(K_õ) −→ ~E_{ns}( ~K_õ) −→ 0

Ïôáí üìùò ç áíçãìÝíç êáìðýëç åSSíáé ìç éäéüìïñöç ôüôå E^{(0)}(K_õ) = E(K_õ) êáé ~E_{ns}( ~K_õ) = ~E( ~K_õ). Óõíåðþò éĲýåé:

~E( ~K_õ) ∼= E(K_õ)/E^{(1)}(K_õ).

Áöïý üìùò ç ïìÜäá E^{(1)}(K_õ) äåí ðåñéÝœåé ŁìåSSá ôÜîçò ðñþôçò ðñïò ôïí p Ýœïõìå ôï æçôïýìåíï. 2

ÊáôÜ ôçí áðïäåéêôéêÞ äéáäéêáŇá ôçò ðñïçãïýìåíçò ðñüôáŁò åSSäáìå üôé áí Ýíá ŁìåSSï P = (x, y) ìéáò åëëåéðôéêÞò êáìðýëçò E/K_õ Ýœåé ôÜîç m ìå (m, p) = 1, ôüôå x, y ∈ R. Óôá ðáñáêÜôù èá ðñïŢáèÞŤõìå íá áðáíôÞŤõìå Ÿï åîÞò åñþôçìá: Ôé ŽìâáSSíåé Ÿçí ðåñSSðôùŁüðïõ (m, p) ≠ 1;

ÐñüôáŁ3.8 : E^{(N)}/E^{(5N)} −→ π^N R/π^{5N} R

P → t(P ) . Áðüäåéîç : ÊÜíïíôáò ôïí ìåôáĲçìáôéŘü t :=^x_y , s :=^1_y , ãíùñSSæïõìå üôé áí ôï ŁìåSSï P = (x, y) ∈ E^{(N)} ôüôå π^N |t, π^{3N} |s. Áí ìÜëéŸá P_1 = (t_1, s_1), P_2 = (t_2, s_2), P_3 = (t_3, s_3) åSSíáé ŁìåSSá ôçò ðñïêýðôïõĆò êáìðýëçò Ÿï (t, s)-åðSSðåäï, ðïõ íá âñSSŐïíôáé Ÿçí SSäéá åõèåSSá, ôüôå: t_1 + t_2 + t_3 ≡ 0modπ^{5N} R.

Èåùñïýìå ôþñá ôéò áðåéêïíSSĞéò: E^{(N)} −→ π^N R −→ π^N R/π^{5N} R P = (x, y) → t(P ) = x y → t(P ) + π^{5N} R. Ðáñáôçñïýìå üôé ç áðåéêüêüíéŁE^{(N)} −→ π^N R/π^{5N} R, Ýœåé ðõñÞíá ôçí ïìÜäá E^{(5N)}. ÁðïäåSSîáìå äçëáäÞ üôé ç áðåéêüíéŁE^{(N)}/E^{(5N)} −→ π^N R/π^{5N} R åSSíáé 1 − 1.

ÅðSSŁò üðùò ãíùñSSæïõìå áðü ôçí èåùñSSá ôùí ôõðéêþí ïìÜäùí åëëåéðôéêþí êáìðýëùí äïèÝíôïò t ∈ πR, êáôáŐåõÜæïíôáé äõíáìïĞéñÝò x(t), y(t), ïé ïðïSSåò (äåäïìÝíïõ üôé ôï đìá K_õ åSSíáé ðëÞñåò ùò ðñïò ôçí äéáêñéôÞ åêôSSìçŁõ ) ŽãêëSSíïõí êáé Žíåðþò äSSíïõí ŁìåSSï P = (x(t), y(t)) Ÿçí åëëåéðôéêÞ êáìðýëç E. Óõíåðþò ç áðåéêüíéŁP → t(P ) åSSíáé åðSS. Áñá Ýœïõìå ôçí æçôïýìåíç éŤìïñöSSá. 2 ÐüñéŘá 3.9 π p. E^{(N)}, N ≥ 1, m, p. Áðüäåéîç : ÅŸù P = (x, y) ∈ E^{(N)} − E^{(N+1)}, ôÜîçò m, üðïõ (m, p) = 1. Ôüôå áðü ôçí áðüäåéîç ôïõ èåùñÞìáôïò 3.8, Ýœïõìå t(2P ) ≡ 2t(P ) (mod π^{5N}R). ÅðïìÝíùò t(mP ) ≡ mt(P ) ≡ 0 (mod π^{5N}R). Óõíåðþò mt(P ) ∈ π^{5N}R. Ïìùò ôï éäåþäåò π^{5N}R, åSSíáé ðñùôåýùí éäåþäåò (äåò [A-M], Ğë. 50 − 58 ), äéüôé rad(π^{5N} R) = πR (ìå rad(A) ŽìâïëSSæïõìå ôï ñéæéêü åíüò éäåþäïõò A) êáé áöïý m ∉ πR, ŽíåðÜãåôáé üôé t(P ) ∈ π^{5N} R. Áñá P ∈ E^{(5N)}, ðïõ åSSíáé Üôïðï. 2

ÐüñéŘá 3.10 m , m . P = (x, y) ord(P ) = m , x ∈ R.

Áðüäåéîç : ÅŸù üôé x ∉ R. Ôüôå P ∈ E^{(N)} ãéá êÜðïéïí öõŊêü áñéèìü N ≥ 1. ÅŸù äå m = l^nn_0 ãéá êÜðïéïõò öõŊêïýò áñéèìïýò l, n, n_0 ôÝôïéïõò þŸå ï l íá ìçí äéáéñåSS ôïí n_0 êáé ï π íá ìçí äéáéñåSS ôïí l Ÿïí R. Ôüôå ôï ŁìåSSï n_0P ≠ O êáé ç ôÜîç ôïõ åSSíáé l^n. Ïìùò ïé l^n êáé π åSSíáé ðñþôïé ìåôáîý ôïõò. Áôïðï, ëüãù ôïõ ðïñSSŘáôïò 3.9. Áñá ðñÜãìáôé x ∈ R. 2 ÐüñéŘá 3.11 P, Q ∈ E(K_õ) m mP = Q. x(P ) x(Q).

Áðüäåéîç : ÅŸù P ∈ E^{(N)} − E^{(N+1)} äçëáäÞ ï π^{2N} åSSíáé ç ìåãáëýôåñç äýíáìç ôïõ π ðïõ äéáéñåSS ôïí ðáñïíïìáŸÞ ôïõ x(P ). Ôüôå ôï ŁìåSSï Q = mP áíÞêåé Ÿçí E^{(N)} (áöïý üðùò áðïäåSSîáìå åSSíáé ïìÜäá ). Óõíåðþò ôï Q åSSíáé åðéðÝäïõ ôïõëÜœéŸï N êáé Üñá ç äýíáìç ôïõ π ðïõ âñSSŐåôáé Ÿïí ðáñïíïìáŸÞ ôïõ x(Q) åSSíáé ìåãáëýôåñç Þ SSŁáðü ôïí 2N. Áñá ðñÜãìáôé ï ðáñïíïìáŸÞò ôïõ x(P ) äéáéñåSS ôïí ðáñïíïìáŸÞ ôïõ x(Q). 2 Ôï áêüëïõèï èåþñçìá ìáò äSSíåé Ýíá öñÜãìá, ôïõ åðéðÝäïõ ôùí ŁìåSSùí ðåðåñáŘÝíçò ôÜîçò.

Èåþñçìá 3.12 P ∈ E(K_õ), m. π p, e ( p = π^eu, u ∈ R^∗ ). P ∈ E^{(N)}, N ≥ 1, N ≤^e_4. Áðüäåéîç : Êáô’ áñœÞí èá áðïäåSSîïõìå üôé êáô’ áíÜãêç m åSSíáé äýíáìç ðñþôïõ. Äéüôé áí ï m äåí åSSíáé äýíáìç ðñþôïõ áñéèìïý p, ôüôå áöïý mP = O ŽíåðÜãåôáé (ðüñéŘá 3.9) üôé x(P ) ∈ R. Áôïðï, äéüôé P ∈ E^{(N)}, N ≥ 1. Áñá m = p^k, ãéá êÜðïéïí öõŊêü áñéèìü k ≥ 1.

ÅŸù Q := p^{m−1}P, äçëáäÞ pQ = O. Åœïõìå: P ∈ E^{(N)} =⇒ Q ∈ E^{(N)} =⇒ π^N |t(Q). Áí r åSSíáé ç ìåãáëýôåñç äýíáìç ôïõ π ðïõ äéáéñåSS ôïí t(Q), ôüôå O = t(pQ) ≡ p · t(Q)modπ^{5r}R =⇒ π^e · u · t(Q) ≡ Omodπ^{5r}R. Ïìùò t(Q) = π^ru^′, ãéá êÜðïéï u^′ ∈ R^∗. Áñá: π^{e+r} ≡ Omodπ^{5r}R =⇒ π^{5r}|π^{e+r} =⇒ 5r ≤ e + r =⇒ r ≤ e 4 . 2 Èåþñçìá 3.13 π p e. P = (x, y) ∈ E(K_õ), p^s, :

1. p = 2, x, y ∈ R. 2. p ≠ 2, P ∈ E^{(N)}, N ≤^e_{φ(ps)} , e p − 1, p E^{(1)}. Áðüäåéîç :

1. Áí p = 2, éĲýåé üôé ôï x(P ) åSSíáé ñSSæá ôïõ ðïëõùíýìïõ 2^{−2s}ø^2s, ðïõ åSSíáé ìïíéêü ðïëõþíõìï ôïõ R[x] := ZZ[a, b, x] (èåþñçìá 1.10 ). Ïìùò ï R åSSíáé áêÝñáéá êëåéŸüò ( ùò äéáêñéôüò äáêôýëéïò åêôSSìçŁò ). Áñá x ∈ R.

2. ÅŸù ôþñá p ≠ 2. Ãéá êÜðïéïí öõŊêü áñéèìü n, 1 ≤ n ≤ p^s êáé (n, p) = 1, ãñÜöïõìå nP := (x_n, y_n). Åœïõìå φ(p^s) ôÝôïéá ðïëëáðëÜŊá ôïõ ŁìåSSïõ P, ìå áêñéâÞ ôÜîç p^s. ÅðSSŁò üðùò ãíùñSSæïõìå ïé ŽíôåôáãìÝíåò x_n åSSíáé ñSSæåò ôùí ðïëõùíýìùí: g(X) = ø_ps (X) ø^2_ps�1(X)

( Èåþñçìá 1.10),

ôá ïðïSSá Ýœïõí ŽíôåëåŸÞ ìåãéŸïâáèìSSïõ üñïõ p^2 êáé áêÝñáéïõò ŽíôåëåŸÝò ( ðñþôïõò ìåôáîý ôïõò). ÅSSíáé ðñïöáíÝò äå üôé: g(X) = p^2(X − x_n) ∏ (X − x(Q)) üðïõ ôï ãéíüìåíï äéáôñÝœåé üëá ôá Q ðïõ Ýœïõí ôÜîç áêñéâþò p^s êáé Q ≠ nP. ÅðéðëÝïí éĲýåé üôé üôé ï ðáñïíïìáŸÞò ôïõ x_1 äéáéñåSS ôïí ðáñïíïìáŸÞ ôïõ x_n, (ðüñéŘá 3.11), Žíåðþò ‖x_n‖ ≤ ‖x_1‖. Ïìùò (n, p) = 1, Üñá êáé (n, p^s) = 1, Žíåðþò õðÜñœïõí áêÝñáéïé m_1, m_2, ôÝôïéïé þŸå:

nm_1 + p^sm_2 = 1 =⇒ m_1nP + m_2p^sP = P =⇒ m_1(nP ) = P.

Åöáñìüæïíôáò îáíÜ ôï ðüñéŘá 3.11 ãéá ôï ŁìåSSï nP, Ýœïõìå üôé ‖x_1‖ ≤ ‖x_n‖. Áñá éĲýåé ç éŞôçôá ‖x_1‖ = ‖x_n‖. Ðáñáôçñïýìå üôé ï Ÿáèåñüò üñïò ôïõ g(X) åSSíáé ŸïéœåSSï ôïõ R ( g(X) ∈ R[X] ). Óõíåðþò ç áðüëõôç ôéìÞ ôïõ Ÿáèåñïý üñïõ ôïõ g(X), åSSíáé:

‖p^2‖‖x_1‖^{φ(ps)} ≤ 1 =⇒ ‖x_1‖^{φ(ps)} ≤ ‖p‖^{−2} = p^2 =⇒ ‖x_1‖ ≤ p^{2φ(ps)} (∗). Ïìùò ‖p‖ = ‖π‖^e. ÅðSSŁò ‖x_1‖ ≥ ‖π^{−2N} ‖ = p^{2N/e} (∗∗). ÓõíäéÜæïíôáò ôéò äýï áíéŤôéêÝò ĲÝĞéò (∗) êáé (∗∗) åœïõìå: 2N e ≤ 2 φ(p^s) =⇒ N ≤ e φ(p^s) .2

ÐáñáôÞñçŁ: ÅŸù n = p^s, üðïõ p ðåñéôôüò ðñþôïò. ÅŸù äå P ∈ E^{(N)}, N ≤^e_{φ(ps)} . Ïìùò e = õ(p), φ(p^s) = p^s − p^{s−1}, êáé Üñá Ýœïõìå üôé N ≤^{õ(p)}_{ps−ps}�_1 . Áðü ôçí Üëëç ðëåõñÜ üìùò, áöïý ôï P Ýœåé åðSSðåäï N, éĲýåé π^{2N} x(P ), π^{3N}y(P ) ∈ R. Áñá:

N = [ õ(p) p^s − p^{s−1} ]. 3.4 Ç ôÜîç ôçò ïìÜäïò E(K_õ)/Å^{(0)}(K_õ)

Óêïðüò áõôÞò ôçò ðáñáãñÜöïõ åSSíáé ç áðüäåéîç ôïõ åîÞò èåùñÞìáôïò:

Èåþñçìá 3.14 ( Kodaira , Neron ) E/K_õ . E , E(K_õ)/Å^{(0)}(K_õ) −õ(j).

E(K_õ)/E^{(0)}(K_õ) 4.

Êáô’ áñœÞí üôáí ç êáìðýëç E/K_õ Ýœåé êáëÞ áíáãùãÞ, éĲýåé üôé E(K_õ) = E^{(0)}(K_õ) êáé Žíåðþò äåí Ýœïõìå íá áðïäåSSîïõìå ôSSðïôá.

Îåêéíïýìå áðü ôçí ðåñSSðôùŁüðïõ ç êáìðýëç E Ýœåé áíáãùãÞ ðñïŃåôéêïý ôýðïõ. Èá ðåñéïñéŸïýìå ĞðåñéðôþĞéò üðïõ ç œáñáêôçñéŸéêÞ ôïõ đìáôïò ~K_õ åSSíáé äéáöïñåôéêÞ ôùí 2 êáé 3 ( ãéá ôéò ðåñéðôþĞéò œáñáêôçñéŸéêÞò 2 Þ 3 ðáñáðÝìðïõìå Ÿï [Pa ] ) . Áò ŽìâïëSSŤõìå ôçí ôÜîç ôçò ïìÜäïò E(K_õ)/E^{(0)}(K_õ) ìå m.

ÅŸù E : Y^2 = X^3 + aX + b, åëÜœéŸï ìïíôÝëï ôïõ Weierstrass. Óõíåðþò áöïý ç œáñáêôçñéŸéêÞ ôïõ đìáôïò ~K_õ äåí åSSíáé 2 Þ 3, éĲýåé üôé õ(´) ìéêñüôåñï ôïõ 12, êáèþò åðSSŁò üôé õ(a) ìéêñüôåñï ôïõ 4, õ(b) ìéêñüôåñï ôïõ 6 (Ğë. 29 ).

ÐñüôáŁ3.15 E/K_õ : Y^2 = X^3 + aX + b Weierstrass E. E modulo π, :

1. õ(a) ≥ 1 õ(b) = 1, m = 1.

2. õ(a) = 1 õ(b) ≥ 2, m = 2.

3. õ(a) ≥ 2 õ(b) = 2, m = 3.

4. õ(a) = 2 õ(b) ≥ 3, m = 4.

5. õ(a) = 2 õ(j) < 0, m = 4.

6. õ(a) ≥ 3 õ(b) = 4, m = 3.

7. õ(a) = 3 õ(b) ≥ 5, m = 2. 8. õ(a) ≥ 4 õ(b) = 5, m = 1. Áðüäåéîç :

1. ÅŸù õ(a) ≥ 1 êáé õ(b) = 1. Áí õðÜñœåé ŁìåSSï P = (x, y) ∈ E(K_õ) − E^{(0)}(K_õ) ôüôå áðåéêïíSSæåôáé ìÝ§ôçò áðåéêüíéŁò áíáãùãÞò Ÿï éäéüìïñöï ŁìåSSï (~0, ~0) ôçò êáìðýëçò ~E. Óõíåðþò π|x, y. ÊÜíïõìå ôïí ìåôáĲçìáôéŘü: x = πx^′, y = πy^′. Ç ðñïêýðôïõĆêáìðýëç åSSíáé ç: E^′ : π^2(y^′)^2 = π^3(x^′)^3 + aπx^′ + b.

Ïìùò õ(b) = 1. Áñá ï b ãñÜöåôáé Ÿçí ìïñöÞ b = πu, u ∈ R^∗. ÅðSSŁò Ýœïõìå üôé õ(a) ≥ 1, Žíåðþò ï a ãñÜöåôáé Ÿçí ìïñöÞ a = π^ku^′, u^′ ∈ R^∗, k ≥ 1. ÁíôéêáèéŸþíôáò Ÿçí åîSS§Łôçò E^′, Ýœïõìå:

E^′ : π^2(y^′)^2 = π^3(x^′)^3 + u^′π^{k+1}x^′ + πu, äçëáäÞ E^′ : π(y^′)^2 = π^2(x^′)^3 + u^′π^kx^′ + u.

Óõíåðþò, π|u. Áôïðï. Áñá E(K_õ) = E^{(0)}(K_õ), äçëáäÞ m = 1 2. ÅŸù õ(a) = 1 êáé õ(b) ≥ 2. Ôüôå a = πu êáé b = π^ku^′, u, u^′ ∈ R^∗ êáé k ≥ 2. Ç êáìðýëç E Ýœåé åîSS§Ł: E : y^2 = x^3 + πux + π^ku^′.

ÅŸù äýï ŁìåSSá P = (x_1, y_1), Q = (x_2, y_2) ∈ E(K_õ)− E^{(0)}(K_õ). Ôüôå ôá ŁìåSSá P, Q áðåéêïíSSæïíôáé ìÝ§ôçò áðåéêüíéŁò áíáãùãÞò Ÿï éäéüìïñöï ŁìåSSï (~0, ~0), äçëáäÞ π|x_i, y_i, i = 1, 2. Áðïäåéêíýïõìå üôé éĲýåé ç P + Q ∈ E^{(0)}(K_õ). ÅŸù üôé äåí éĲýåé. Ôüôå Ýœïõìå üôé π|x(P + Q). Áí P ≠ Q, éĲýåé: x(P + Q) = ( y_2 − y_1 x_2 − x_1

)^2 − x_1 − x_2

Ôï êëÜŘá^{y2−y1}_{x2−x1} äåí áíÞêåé Ÿï éäåþäåò πR, äéüôé áí áíÞêå, èá ãñáöüôáí Ÿçí ìïñöÞ π^l—u, üðïõ l ≥ 1 êáé —u ∈ R^∗. Ôüôå èá åSSœáìå:

y_2 − y_1 = π^l—u(x_2 − x_1) =⇒ y^2 − y^2_1 = π^l—u(x_2 − x_1)(y_2 + y_1)

=⇒ (x_2 − x_1)(x^2_1 + x_1x_2 + x^2) + πu(x_2 − x_1) = π^l—u(x_2 − x_1)(y_2 + y_1) =⇒ x^2_1 + x_1x_2 + x^2 + πu = π^l —u(y_2 + y_1).

Ðáñáôçñïýìå üôé ç ìåãáëýôåñç äýíáìç ôïõ π ðïõ äéáéñåSS ôï ðñþôï ìÝëïò ôçò éŞôçôáò åSSíáé ï SSäéïò ï π, åíþ ôï äåýôåñï ìÝëïò ôçò éŞôçôáò äéáéñåSSôáé ôïõëÜœéŸï áðü ôïí π^2, Üôïðï. Óõíåðþò ôï êëÜŘá^{y2−y1}_{x2−x1} äåí áíÞêåé Ÿï éäåþäåò πR. ÄçëáäÞ åSSíáé ìïíÜäá ôïõ äáêôõëSSïõ R. Áñá ï x(P + Q) ∈ R^∗, äéüôé x_1, x_2 ∈ πR, Üôïðï. Áñá ðñÜãìáôé P + Q ∈ E^{(0)}(K_õ) ( ç ðåñSSðôùŁP = Q , ãSSíåôáé åíôåëþò üìïéá ). Ïìùò ôüôå èá Ýœïõìå ìüíï äýï ðëåõñéêÝò ïìÜäåò ôçò E^{(0)}(K_õ) Ÿçí E(K_õ), äçëáäÞ m = 2

3. ÅŸù õ(a) ≥ 2 êáé õ(b) = 2. Ôüôå a = π^ku, b = π^2u^′, üðïõ u, u^′ ∈ R^∗ êáé k ≥ 2. Ç åîSS§Łôçò åëëåéðôéêÞò êáìðýëçò E, åSSíáé:

E : y^2 = x^3 + π^kux + π^2u^′.

ÅŸù P = (x, y) ∈ E(K_õ) − E^{(0)}(K_õ). Áñá π|x, y. Ðáñáôçñïýìå ôþñá üôé ï π^2 äåí äéáéñåSS ôïí y ( äéüôé åÜí ôïí äéáéñïýĞôüôå èá Ýðñåðå π|u^′, Üôïðï ). ÅðïìÝíùò êÜèå ŁìåSSï P ∈ E(K_õ) − E^{(0)}(K_õ), ãñÜöåôáé Ÿçí ìïñöÞ P = (x, πw), x ∈ πR, w ∈ R^∗. Áò ðÜñïõìå Ýíá Üëëï ŁìåSSï Q ∈ E(K_õ) − E^{(0)}(K_õ), Q = (x^′, πw^′), üðïõ x^′ ∈ πR, w^′ ∈ R^∗. Ç x-ŽíôåôáãìÝíç ôïõ ŁìåSSïõ P + Q, åSSíáé:

x(P + Q) = ( π(w^′ − w) x^′ − x )^2 − x − x^′.

Åœïõìå: ⇒ π(w^′ − w) x^′ − x = x^{′2} + x^2 + xx^′ + π^{k+1}u π(w^′ + w) Ðáñáôçñïýìå üôé ôï P + Q ∈ E^{(0)}(K_õ) áíí ï π äåí äéáéñåSS ôï x(P + Q) äçëáäÞ áíí ï π äåí äéáñåSS ôï^{π(w} 0_{−w)} x0_{−x} . ÅðïìÝíùò, π^2|π(w^′ − w) ⇔ w^′ ≡ w (mod π). ÊÜíïõìå ôïí ìåôáĲçìáôéŘü: x := πh y := πw.

Ç íÝá åîSS§Łôçò êáìðýëçò E, åSSíáé ç:

E : π^2w^2 = π^3h^3 + π^{k+1}uh + π^2u^′ êáé éŤäýíáìá :

E : w^2 = πh^3 + π^{k−1}uh + u^′.

ÁíáãÜãïõìå ôçí E modulo π êáé ðáSSñíïõìå ôçí åîSS§Ł:

w^2 ≡ u^′ (mod π).

Ç ðáñáðÜíù åîSS§Łìáò ïäçãåSS Ğäýï ëýĞéò modulo π, w ≡ ±s (mod π). Ïìùò s ≢ −s (mod π), äéüôé åÜí Þôáí ôüôå π|2s ⇒ π|s, äçëáäç ôï π èá äéáéñåSS ôï w, Üôïðï. Áñá Ýœïõìå ôïõëÜœéŸï äýï ðëåõñéêÝò ïìÜäåò ôçò E^{(0)}(K_õ) Ÿçí Å(Ê_õ), ôçí ðëåõñéêÞ ïìÜäá ôùí ŁìåSSùí ðïõ ç y-ŽíôåôáãìÝíç ôïõò áíÞêåé Ÿï sπ + π^2R êáé ôçí ðëåõñéêÞ ïìÜäá ôùí ŁìåSSùí ðïõ ç y-ŽíôåôáãìÝíç ôïõò áíÞêåé Ÿï −s+π^2R. Áí w ≡ s (mod π), ôüôå âñéŐüìáŸå Ÿçí SSäéá ðëåõñéêÞ ïìÜäá êáé áí w ≡ −s (mod π), ôüôå âñéŐüìáŸå Ÿçí Üëëç ðëåõñéêÞ ïìÜäá. ÓõíïëéêÜ Ýœïõìå ôñåéò ðëåõñéêÝò ïìÜäåò ôçí ôáõôïôéêÞ êáé ôéò Üëëåò äýï ðïõ áðïäåSSîáìå üôé õðÜñœïõí. Áñá ðñÜãìáôé m = 3. Ïé ðåñéðôþĞéò 4, 5, 6 áðïäåéêíýïíôáé êáôÜ üìïéï ôñüðï ìå ôçí ðåñSSðôùŁ3. Ç ðåñSSðôùŁ7, áðïäåéêíýåôáé üìïéá ìå ôçí ðåñSSðôùŁ2 êáé ôÝëïò ç ðáñSSðôùŁ8, áðïäåéêíýåôáé üìïéá ìå ôçí ðåñSSðôùŁ1. 2

ÐáñáôÞñçŁ: ÕðÜñœåé êáé Üëëç áðüäåéîç ôçò ðñïçãïýìåíçò ðñüôáŁò, ç ïðïSSá œñç- ŊìïðïéåSS åñãáëåSSá ÁëãåâñéêÞò ÃåùìåôñSSáò ( [Ta] ).

ÁìåŁŽíÝðåéá ôçò ðñüôáŁò 3.15 åSSíáé ôï:

ÐüñéŘá 3.16 E/K_õ . E modulo π. E(K_õ)/E^{(0)}(K_õ), 4.

ÁðïìÝíåé íá åîåôÜŤõìå ôçí ðåñSSðôùŁüðïõ ç åëëåéðôéêÞ êáìðýëç E/K_õ, Ýœåé äéáœùñéæïìÝíç ðïëëáðëáŊáŸéêÞ áíáãùãÞ modulo π. Ç ðåñSSðôùŁáõôÞ ŽíäÝåé ÜìåĆôçí èåùñSSá ôùí åëëåéðôéêþí êáìðýëùí ïñéŘÝíùí ĞôïðéêÜ đìáôá ìå ôéò êáìðýëåò ôïõ Tate. Ôé åSSíáé üìùò ìéá êáìðýëç ôïõ Tate;

ÏñéŘüò 3.17 K_õ õ, q ∈ πR. Tate :

E_q : Y^2 − XY = X^3 − h_2X − h_3, h_2, h_3, q : h_2 = 5 sum^∞_{n=1} n^3q^n 1 − q^n h_3 = 1 12 ∞∑ n=1 (5n^3 + 7n^5)q^n 1 − q^n , p- ‖ · ‖ õ. Ãéá w ∈ ( —K_õ)^∗, ïñSSæïõìå ôéò ĞéñÝò ùò åîÞò: X_q(w) = ∑ n∈ZZ q^nw (1 − q^nw)^2 − 2 ∞∑ n=1 nq^n 1 − q^n Y_q(w) = ∑ n∈ZZ (q^nw)^2 (1 − q^nw)^3 − ∞∑ n=1 nq^n 1 − q^n Áðïäåéêíýåôáé ôï åîÞò èåþñçìá ( [Êïí], Ğë.84 ): Èåþñçìá 3.18 (Tate) X_q(w), Y_q(w) ( —K_õ)^∗ :

φ : ( —K_õ)^∗ −→ E_q( —K_õ) w → (X_q(w), Y_q(w)), w ∉ q^{ZZ} w → O, w ∈ q^{ZZ} φ q^{ZZ}. ÅðSSŁò éĲýåé ç åîÞò ðñüôáŁ( [Êïí ], èåùñ. 4.5 ) :

ÐñüôáŁ3.19 j ∈ K^∗_õ õ(j) , Tate j.

ÐüñéŘá 3.20 E/K_õ, modulo π. Tate E_q, E, —K_õ.

Óôçí ŽíÝœåéá áðïäåéêíýïõìå ôçí åîÞò ðñüôáŁ: ÐñüôáŁ3.21 E/K_õ Tate E_q, E, K_õ.

Áðüäåéîç : ÅŸù üôé ç åëëåéðôéêÞ êáìðýëç E/K_õ äSSíåôáé áðü ôçí åëÜœéŸç åîSS§Łôïõ Weierstrass:

E : Y^2 + a_1XY + a_3Y = X^3 + a_2X^2 + a_4X + a_6 Áí õðïèÝŤõìå üôé ç êáìðýëç E Ýœåé äéáœùñéæïìÝíç ðïëëáðëáŊáŸéêÞ áíáãùãÞ modulo π, ôüôå œùñSSò ðåñéïñéŘü ôçò ãåíéêüôçôáò, ìðïñïýìå íá õðïèÝŤõìå üôé ôï éäéüìïñöï ŁìåSSï modulo π åSSíáé ôï ŁìåSSï (~0, ~0), ðïõ áõôü ŁìáSSíåé üôé: a_3 ≡ a_4 ≡ a_6 ≡ 0 (mod π)

Áñá :

b_4 = a_1a_3 + 2a_4 ≡ 0 (mod π),

b_6 = a^2_3 + 4a_6 ≡ 0 (mod π),

c_4 = b^2 − 24b_4 ≡ b^2 (mod π).

ÅðåéäÞ ç E Ýœåé ðïëëáðëáŊáŸéêÞ áíáãùãÞ Ýðåôáé üôé c_4 ≢ 0(modπ) ([Si1],Ğë. 180). ÅðïìÝíùò b_2 ≢ 0 (mod π). ÕðïëïãSSæïõìå ôçí áíáëëïSSùôï ôïõ Hasse ôçò åëëåéðôéêÞò êáìðýëçò E : ä_E = − c_4 c_6 = b^2 − 24b_4 b^3_2 + 36b_2b_4 − 216b_6 = 1 b_2 ( 1 − 24^{b4}_b2 1 + 36^{b4}_b2 + 216^{b6}_b3_2 ) Åœïõìå ‖^{b4}_b2 ‖ = ‖b_4‖, ðïõ åSSíáé ìéêñüôåñï ôïõ 1, äéüôé b_4 ≡ 0modπ. ÅðSSŁò : ‖ b_4 b^2 + 6 b_6 b^3_2 ‖ ≤ max{‖ b_4 b^2 ‖, ‖ b_6 b^3_2 ‖}, ôï ïðïSSï åSSíáé ìéêñüôåñï ôïõ 1, äéüôé b_4 ≡ b_6 ≡ 0 (mod π) êáé ‖b_2‖ = 1. ÃíùñSSæïõìå üìùò üôé áí ôï ‖x‖ åSSíáé ìéêñüôåñï ôïõ 1 ôüôå ôï 1 + 4x, åSSíáé ôÝëåéï ôåôñÜãùíï Ÿï K_õ ([Êïí], ëÞììá 4.6). Óõíåðþò: ä_E ≡ 1 b_2

≡ b_2mod(K^∗_õ )^2.

ÊÜíïõìå áíáãùãÞ ôçò E modulo π :

~E : Y^2 + ~a_1XY − ~a_2X^2 = X^3

Áöïý üìùò ç áíáãùãÞ ôçò åëëåéðôéêÞò êáìðýëçò E åSSíáé äéáœùñéæïìÝíç, õðÜñœïõí ~α, ~β , ~α ≠ ~β, ìå ~α, ~β ∈ ~K_õ, ôÝôïéá þŸå : ~E : (Y − ~αX)(Y − ~βX) = X^3. Ëüãù üìùò ôïõ ëÞììáôïò ôïõ Hensel, õðÜñœïõí α, β, áðü ôï đìá K_õ ôá ïðïSSá áíÜãïíôáé modulo π Ÿá ~α, ~β. Óõíåðþò :

b_2 = a^2_1 + 4a_2 = (α + β)^2 + 4(−αβ) = (α − β)^2 ∈ (K^∗_õ )^2.

ÄçëáäÞ ä_E ≡ 1 (mod (K^∗_õ )^2). Áðü ôï [Êïí], ðüñéŘá 4.7 Ýœïõìå üôé ä_{Eq} ≡ 1 (mod (K^{∗)2}_õ ). ÅðïìÝíùò ä_{Eq} ≡ ä_E ≡ 1 (mod (K^∗_õ )^2), äçëáäÞ ïé E, E_q, åSSíáé éŞìïñöåò ðÜíù áðü ôï K_õ.

Ç Üëëç êáôåýèõíŁåSSíáé ðñïöáíÞò. 2 ÅŸù åëëåéðôéêÞ êáìðýëç E/K_õ, ìå äéáœùñéæïìÝíç ðïëëáðëáŊáŸéêÞ áíáãùãÞ. Ôüôå, üðùò áðïäåSSîáìå, õðÜñœåé êáìðýëç ôïõ Ôate E_q, ôÝôïéá þŸå: E(K_õ) ∼= E_q(K_õ) ∼= K^∗_õ /q^{ZZ}.

ÊÜíïõìå ôçí ãíùŸÞ äéáäéêáŇá ìå ôá π-áäéêÜ öSSëôñá Ÿçí E_q : E_q(K_õ) ⊃ E^{(0)}_q (K_õ) ⊃ E^{(1)}_q (K_õ) ÉĲýåé üôé (ðñüôáŁ3.4 ): E^{(0)}_q (K_õ)/E^{(1)}_q (K_õ) ∼= ~(E_q)_{ns}( ~K_õ) ÅðSSŁò èåùñïýìå ôï åîÞò "öéëôñÜñéŘá " : K^∗_õ /q^{ZZ} ⊃ R^∗ ⊃ R^∗_1 üðïõ R^∗_1 := {a ∈ R^∗/a ≡ 1modπ}. Ðñïöáíþò éĲýåé üôé R^∗/R^∗_1 ∼= ~K_õ^∗. ÅðéðëÝïí éĲýåé üôé φ(R^∗_1) ⊂ E^{(1)}_q (K_õ). ÐñÜãìáôé, ÝŸù w ∈ R^∗_1. Åœïõìå : X_q(w) = ∑ n∈ZZ q^nw (1 − q^nw)^2

− 2s_1(q) = ∞∑ n=1 q^nw (1 − q^nw)^2 + w (1 − w)^2 + ∞∑ n=1 q^nw (q^n − w)^2

− 2s_1(q), üðïõ s_1(q) =^{∑∞}_{n=1}^{nqn}_{1−qn} . Ï ðñþôïò, ï ôñSSôïò êáé ï ôÝôáñôïò üñïò ôïõ áèñïSSŘáôïò äéáéñïýíôáé ìå ôïí π. ÅŸù ϑ ôï ÜèñïéŘÜ ôïõò. Ôüôå: X_q(w) = ϑ + w (1 − w)^2 = ϑ(1 − w)^2 + w (1 − w)^2 . Ï áñéèìçôÞò ôïõ X_q(w) åSSíáé ìïíÜäá ôïõ R, åíþ ï ðáñïíïìáŸÞò ôïõ äéáéñåéôáé áðü ôïí π^2. Ïìïéá äïõëåýïíôáò ìå ôï Y_q(w), ŽìðåñáSSíïõìå üôé ï π^3, äéáéñåSS ôïí Y_q(w). Áñá ðñÜãìáôé φ(R^∗_1) ⊂ E^{(1)}_q (K_õ). Óôçí ŽíÝœåéá èá áðïäåSSîïõìå üôé ôåëéêÜ éĲýåé ç éŞôçôá.

ŒñçŊìïðïéþíôáò ôçí ãëþŮá ôùí ôõðéêþí ïìÜäùí ( ðáñÜäåéãìá Ğë. 25 ), Ýœïõìå: R^∗_1 ∼= ^G_m(πR) u → 1 − u

ÅðSSŁò ëüãù ôçò ðñüôáŁò 3.5, éĲýåé üôé:

E^{(1)}_q (K_õ) ∼= ^E_q(πR) P = (x, y) → − x y , üðïõ ìå ^E, ŽìâïëSSæïõìå ôçí ôõðéêÞ ïìÜäá ôçò E, êáé ìå ^G_m, ŽìâïëSSæïõìå ôçí ôõðéêÞ ðïëëáðëáŊáŸéêÞ ïìÜäá. Ëüãù ôùí ðáñáðÜíù éŤìïñöéŘþí, Ýœïõìå: ^G_m(πR) −→ R^∗_1 −→ E^{(1)}_q (K_õ) −→ ^E_q(πR) t → − X_q(1 − t) Y_q(1 − t) ÁíôéêáèéŸïýìå ôï 1 − t, ìå w Ÿéò ĞéñÝò X_q(w), Y_q(w), ïé ïðïSSåò ùò ĞéñÝò Laurent ôïõ t, Ýœïõí áíÜðôõãìá ôçò ìïñöÞò:

X_q(1 − t) = t^{−2}(1 + ∞∑ m=1 a_mt^m)

Y_q(1 + t) = −t^{−3}(1 + ∞∑ m=1 b_mt^m)

ìå ŽíôåëåŸÝò a_m, b_m ∈ R. Ôï ðçëSSêïí^{Xq (1−t)}_{Yq (1−t)} åSSíáé ìéá äõíáìïĞéñÜ ôçò ìïñöÞò −t(1 + ∑_∞ m=1 γ_mt^m). ÁñêåSS ëïéðüí íá áðïäåSSîïõìå üôé ç áðåéêüíéŁ: ψ : t → −t(1 + ∑_∞ m=1 γ_mt^m), åSSíáé åðSS. Áõôü üìùò åSSíáé ÜìåŁŽíÝðåéá ôïõ ëÞììáôïò 2.4, ðïõ ìáò åîáŻáëSSæåé ôçí ýðáñîç äõíáìïĞéñÜò ë(T ) ∈ R[[T ]], ìå ôçí éäéüôçôá ψ(ë(T )) = T, äçëáäÞ ç áðåéêüíéŁ ψ åSSíáé åðSS, äéüôé ãéá êÜèå w ∈ πR Ýœïõìå ψ(ë(w)) = w. Áñá éĲýåé ôåëéêÜ ç éŞôçôá φ(R^∗_1) = E^{(1)}_q (K_õ).

ÄïõëÝõïíôáò êáè’ üìïéï ôñüðï, üðùò ìå ôçí ïìÜäá R^∗_1, Ýœïõìå ïôé φ(R^∗) ⊂ E^{(0)}_q (K_õ). Ëüãù ôïõ üôé φ(R^∗_1) = E^{(1)}_q (K_õ), Ýœïõìå ôçí åîÞò åìöýôåõŁŸéò ïìÜäåò ðçëSSêá: ~K^∗_õ ∼= R^∗/R^∗_1 → E^{(0)}_q (K_õ)/E^{(1)}_q (K_õ) ∼= ( ~E_q)_{ns}( ~K_õ) u → ( u (1 − u)^2 , u^2 (1 − u)^3 ) Ç áðåéêüíéŁ~K^∗_õ −→ ~E_q( ~K_õ) åSSíáé åðSS, ëüãù ôïõ èåùñÞìáôïò 3.18 ( Tate ) êáé Ýœåé áíôSS- Ÿñïöï ôçí (x, y) →^{y2}_{x3} . Áñá R^∗/R^∗_1 ∼= E^{(0)}_q (K_õ)/E^{(1)}_q (K_õ). Èåùñïýìå ôï åîÞò áíôéìåôáèåôéêü äéÜãñáììá:

1 −→ R^∗_1 −→ R^∗ −→ ~K^∗_õ −→ 1

0 → E^{(1)}_q (K_õ) → E^{(0)}_q (K_õ) → ~E_{ns}( ~K_õ) → 0 áðü ôï ïðïSSï ãSSíåôáé ðëÝïí öáíåñü üôé ç áðåéêüíéŁφ : R^∗ → E^{(0)}_q (K_õ), åSSíáé éŤìïñöéŘüò ïìÜäùí. Óõíåðþò:

Ê^∗_õ/R^∗q^{ZZ} ∼= E_q(K_õ)/E^{(0)}_q (K_õ) ÔÝëïò ç áðåéêüíéŁ: K^∗_õ /R^∗q^{ZZ} −→ ZZ/õ(q)ZZ u → õ(u) åSSíáé éŤìïñöéŘüò ïìÜäùí. ÅðïìÝíùò ç ôÜîç ôçò ïìÜäïò E_q(K_õ)/Å^{(0)}_q (K_õ), åSSíáé õ(q) = −õ(j), üðïõ ç áðüëõôç áíáëëïSSùôïò j äSSíåôáé ùò äõíáìïĞéñÜ ôïõ q, j =^1_q +744+· · · . Áñá ç ôÜîç ôçò ïìÜäïò E(K_õ)/E^{(0)}(K_õ), üôáí Ýœïõìå äéáœùñéæïìÝíç ðïëëáðëáŊáŸéêÞ áíáãùãÞ, åSSíáé ðñÜãìáôé −õ(j). ÁðïäåSSîáìå ëïéðüí ðëÞñùò ôï èåþñçìá ôùí Kondaira-Neron.

4 ÓçìåSSá ðåðåñáŘÝíçò ôÜîçò åëëåéðôéêþí êáìðý- ëùí 4.1 ÃåíéêÞ èåùñSSá

ÅŸù E åëëåéðôéêÞ êáìðýëç ïñéŘÝíç ĞÝíá áëãåâñéêü đìá áñéèìþí K. ÅŸù äå õ ìSSá äéáêñéôÞ åêôSSìçŁôïõ đìáôïò K. ÐáSSñíïõìå ôçí ðëÞñùŁôïõ K, K_õ ùò ðñïò ôçí åêôSSìçŁ õ êáé, œùñSSò ðåñéïñéŘü ôçò ãåíéêüôçôáò, õðïèÝôïõìå üôé ç E åSSíáé õ-åëÜœéŸç Ÿï đìá K_õ. ÊáôÜ ôá ãíùŸÜ ìáò, ìå R èá ŽìâïëSSæïõìå ôïí äáêôýëéï ôùí áêåñáSSùí ôïõ K_õ, ìå πR ôï ìïíáäéêü ìÝãéŸï éäåþäåò ôïõ R ( üðïõ π åSSíáé ï ãåííÞôïñáò ôïõ ìÝãéŸïõ éäåþäïõò ) êáé ôÝëïò ìå ~K_õ ôï đìá õðïëïSSðùí ôïõ K. ÅðéðëÝïí ìå e := e_õ êáé f := f_õ èá ŽìâïëSSæïõìå ôïí äåSSêôç äéáêëÜäùŁò êáé ôïí âáèìü áäñáíåSSáò áíôSSŸïéœá ôïõ éäåþäïõò πR. ÅðïìÝíùò ç ôÜîç ôïõ đìáôïò ~K_õ åSSíáé p^{fõ} , üðïõ p åSSíáé ï áíôSSŸïéœïò ðñþôïò áñéèìüò ôïõ Q, ðÜíù áðü ôïí ïðïSSï âñSSŐåôáé ï πR. ÈÝôïõìå q = p^{fõ} . Ðñïöáíþò éĲýïõí ïé åîÞò åãêëåéŘïSS:

K ⊆ K_õ =⇒ E(K) ⊆ E(K_õ)

Ïðùò ãíùñSSæïõìå ç åëëåéðôéêÞ êáìðýëç E Ýœåé ([Si1], ðñüôáŁ5.1, Ğë. 180):

• ÊáëÞ áíáãùãÞ modulo π üôáí: õ(´) = 0. Ôüôå éĲýåé õ(j) ≥ 0.

• ÐïëëáðëáŊáŸéêÞ áíáãùãÞ modulo π üôáí: õ(´) > 0 êáé õ(c_4) = 0. Ôüôå õ(j) < 0.

• ÐñïŃåôéêÞ áíáãùãÞ modulo π üôáí: õ(´) > 0 êáé õ(c_4) > 0. Ôüôå ç õ(j), ìðïñåSS íá Ýœåé ïðïéïäÞðïôå ðñüŁìï.

ÅðïìÝíùò åÜí ðåñéïñéŸïýìå ĞåëëåéðôéêÝò êáìðýëåò E ðïõ Ýœïõí áðüëõôç áíáëëïSSùôï j ôÝôïéá þŸå õ(j) ≥ 0 ( äçëáäÞ j ∈ R ), ôüôå ç E Ýœåé êáëÞ Þ ðñïŃåôéêÞ áíáãùãÞ modulo π. Ôï èåþñçìá ðïõ áêïëïõèåSS åSSíáé ðïëý âáŊêü Ÿçí ìåëÝôç ôùí ŁìåSSùí ðåðåñáŘÝíçò ôÜîçò.

Èåþñçìá 4.1 E_{tor}(K), :

1. E modulo π, :

#E_{tor}(K) | # ~E( ~K_õ) · p^{2t} ≤ (1 + q_õ + 2 √ q_õ)p^{2t}

2. E modulo π, :

#E_{tor}(K) | #E(K_õ)/E^{(0)}(K_õ) · p^{2+2t} ≤ 4p^{2+2t} : (a) p = 2, #E_{tor}(K) | 2^{4+2t} · 3 (b) p = 3, #E_{tor}(K) | 2^2 · 3^{3+2t} (c) p = 5, #E_{tor}(K) | 2^2 · 3 · 5^{2+2t}

t :=

0 φ(p^ν ) > e max{ν ∈ IN/φ(p^ν ) ≤ e} , φ Euler.

3. E modulo π, :

#E_{tor}(K) | õ(´) · (p^{2fõ} − 1) · p^{2t} Áðüäåéîç : ÉĲýïõí ôá åîÞò : E(K) ⊂ E(K_õ) ⇒ E_{tor}(K) ⊂ E_{tor}(K_õ) ⇒ #E_{tor}(K) | #E_{tor}(K_õ) Ðñïöáíþò Ýœïõìå,

E_{tor}(K_õ) E^{(1)}_{tor}(K_õ) ⊂ E(K_õ) E^{(1)}(K_õ) , üðïõ E^{(1)}_{tor} (K_õ) := E^{(1)}(K_õ)∩E_{tor}(K_õ) êáé, üðùò Ýœïõìå áðïäåSSîåé Ÿï ðñïçãïýìåíï êåöÜëáéï ( äåò èåþñçìá 3.6, Ğë. 34 ), åSSíáé ðåðåñáŘÝíç p-ïìÜäá. Åœïõìå ëïéðüí ôçí áêüëïõèç éäéüôçôá äéáSSñåŁò: #E_{tor}(K_õ) | #

E(K_õ) E^{(1)}(K_õ)

· #E^{(1)}_{tor}(K_õ) Èåùñïýìå ŁìåSSï P = (x, y) ∈ E^{(1)}_{tor}(K_õ). ÅŸù n ï ìÝãéŸïò öõŊêüò ôÝôïéïò þŸå P ∈ E^{(n)}(K_õ), äçëáäÞ õ(x) = −2n. ÅðéðëÝïí ôï ŁìåSSï P ∈ E^{(n)}(K_õ), Ýœåé ôÜîç p^ν , ãéá êÜðïéïí ν ∈ IN. ÅðïìÝíùò Źìöùíá ìå ôï èåþñçìá 3.13 Ýœïõìå, n ≤ e/φ(p^ν ). Áí SSĲõå üôé φ(p^ν ) > e, ôüôå n < 1, ðïõ åSSíáé Üôïðï. Óõíåðþò Ýœïõìå φ(p^ν ) ≤ e, äçëáäÞ ν ≤ t ( åî ïñéŘïý ôïõ t ). ÅðåéäÞ äå ç p^ν -torsion õðïïìÜäá Ýœåé âáèìü (rank) 2, éĲýåé:

#E^{(1)}_{tor}(K_õ) | p^{2t}

Áñá, #E_{tor}(K) | #

E(K_õ) E^{(1)}(K_õ) · p^{2t} ÎåœùñSSæïõìå ôéò åîÞò ðåñéðôþĞéò:

1. ÅŸù üôé Ýœïõìå êáëÞ áíáãùãÞ modulo π. Ôüôå E(K_õ) = E^{(0)}(K_õ). Óõíåðþò: # E(K_õ) E^{(1)}(K_õ) = # E^{(0)}(K_õ) E^{(1)}(K_õ)

= # ~E( ~K_õ) ≤ 1 + q_õ + 2 √ q_õ

ëüãù ôçò õðüèåŁò ôïõ Riemann ( [Si1], Ğë. 131 ).

2. Áí Ýœïõìå ðñïŃåôéêÞ áíáãùãÞ modulo π, ôüôå: E(K_õ) E^{(0)}(K_õ)

∼= E(K^õ)/E^{(1)}(K^õ) E^{(0)}(K_õ)/E^{(1)}(K_õ)

Üñá, #

E(K_õ) E^{(1)}(K_õ) = # E(K_õ) E^{(0)}(K_õ) · # E^{(0)}(K_õ) E^{(1)}(K_õ) ÅðSSŁò ç E(K_õ)/E^{(0)}(K_õ) Ýœåé ôÜîç ìéêñüôåñç Þ SSŁôïõ 4 (èåþñçìá 3.14, Ğë. 41). ÅðéðëÝïí: # E^{(0)}(K_õ) E^{(1)}(K_õ)

= # ~E_{ns}( ~K_õ) = # ~K^+_õ = q_õ = p^{fõ}

Óõíåðþò Ýœïõìå, #

E(K_õ) E^{(1)}(K_õ)

| 2^2 · 3 · p^{fõ}

ÌÜëéŸá ôï f, ìðïñåSS íá áíôéêáôáŸáèåSS ìå 2, äéüôé ç ~K_õ^+, åSSíáé Ÿïéœåéþäçò áâåëéáíÞ p-ïìÜäá êáé üðùò ãíùñSSæïõìå ôï p-torsion êïììÜôé ôçò E(K_õ) åSSíáé ôçò ìïñöÞò ZZ/pZZ ⊕ ZZ/pZZ. ÅðïìÝíùò, #

E(K_õ) E^{(1)}(K_õ)

| 2^2 · 3 · p^2

Áñá Ýœïõìå, #E_{tor}(K) | #

E(K_õ) E^{(0)}(K_õ)

· p^{2+2t} ≤ 4 · p^{2+2t}. ÔÝëïò ãéá p = 2 : #E_{tor}(K) | # E(K_õ) E^{(0)}(K_õ)

· p^{2+2t} | 3 · 4 · 2^{2+2t} = 3 · 2^{4+2t}.

Ãéá p = 3 :

#E_{tor}(K) | 4 · 3 · 3^{2+2t} = 4 · 3^{3+2t} Êáé ãéá p = 5 :

#E_{tor}(K) | 4 · 3 · 5^{2+2t}

3. ÅŸù üôé ç åëëåéðôéêÞ êáìðýëç E Ýœåé áíáãùãÞ ðïëëáðëáŊáŸéêïý ôýðïõ modulo π.

Ôüôå ãíùñSSæïõìå üôé õðÜñœåé êáìðýëç ôïõ Tate E_q, ç ïðïSSá åSSíáé éŞìïñöç ìå ôçí E, ĞôåôñáãùíéêÞ åðÝêôáŁôïõ K_õ, ÝŸù L. ÅðSSŁò éĲýåé üôé ç ôÜîç ôçò ïìÜäïò E_q(L)/E^{(0)}_q (L), åSSíáé |õ(j)|. Ïìùò E(K_õ) ⊂ E(L) ∼= E_q(L). Óõíåðþò Ýœïõìå ôçí åîçò åìöýôåõŁŸéò ïìÜäåò ðçëSSêá: E(K_õ) E^{(0)}(K_õ) → E(L) E^{(0)}(L) . Áñá ç ôÜîç ôçò ïìÜäïò E(K_õ)/E^{(0)}(K_õ)), äéáéñåSS ôïí |õ(j)|. ÅðSSŁò: # E^{(0)}(K_õ) E^{(1)}(K_õ)

= # ~E_{ns}( ~K_õ).

Áí åSSœáìå äéáœùñéæïìÝíç ðïëëáðëáŊáŸéêÞ áíáãùãÞ ( äçëáäÞ ïé êëSSĞéò ôùí åöáðôïìÝíùí Ÿïí êüìâï áíÞêáí Ÿï đìá ~K_õ ) ôüôå èá SSĲõå üôé ~E_{ns}( ~K_õ) ∼= ~K^∗_õ . Óõíåðþò üôáí ç E Ýœåé áíáãùãÞ ðïëëáðëáŊáŸéêïý ôýðïõ, äéáœùñéæïìÝíç Þ ìç, ðÜíôïôå éĲýåé:

~E_{ns}( ~K_õ) ⊂ ~K_õ(√t)^∗ ∼= (^{2fõ⨁} i=1 ZZ/pZZ)^∗, üðïõ ç ~K_õ( √ t) åSSíáé ôåôñáãùíéêÞ åðÝêôáŁôïõ đìáôïò ~K_õ. Ïìùò ç ôÜîç ôçò ïìÜäáò (⊕^{2f}_{i=1}ZZ/pZZ)^∗ åSSíáé p^{2fõ} −1. ÅðïìÝíùò ç ôÜîç ôçò ïìÜäïò ~E_{ns}( ~K_õ), äéáéñåSS ôïí áñéèìü p^{2fõ} − 1.

Áñá, #E_{tor}(K) | |õ(j)| · (p^{2fõ} − 1) · p^{2t}. 2

4.2 S-ìïíÜäåò êáé éäéÜæïõĞò S-ìïíÜäåò

ÅŸù ˚_K, ôï Źíïëï üëùí ôùí èÝĞùí ôïõ K, êáé C Ýíá ðåðåñáŘÝíï õðïŹíïëï ôïõ ˚_K ðïõ íá ðåñéÝœåé ôéò Üðåéñåò èÝĞéò ôïõ K. ÏñSSæïõìå S := ˚_K − C êáé ŽìâïëSSæïõìå ìå O(S) ôïí äáêôýëéï ôùí S-áêåñáSSùí ôïõ đìáôïò K ( äçëáäÞ ôïí äáêôýëéï ðïõ ðåñéÝœåé ŸïéœåSSá a ∈ K ôÝôïéá þŸå õ(a) ≥ 0, ãéá êÜèå õ ∈ S ) êáé ìå U(S), ôçí ïìÜäá ôùí S-ìïíÜäùí ôïõ äáêôõëSSïõ O(S). Èåìåëéþäïõò ŁìáŇáò åSSíáé ôï èåþñçìá ôùí Dirichlet-Hasse-Chevalley ([Wei]):

Èåþñçìá 4.2 S- K . : U(S) ∼= W ⨁ ZZ^{s−1} W K s := #C. ÏñéŘüò 4.3 ϵ K, S-, γ ∈ K^∗, ϵ, ϵ − γ ∈ U(S). ϵ S-, S- γ = 1. Áðïäåéêíýåôáé ôï åîÞò èåþñçìá (äåò áðïäåéêôéêÞ äéáäéêáŇá ôïõ èåùñÞìáôïò 4.1, [Si1], Ğë. 253 ) :

Èåþñçìá 4.4 K . : αŒ^3 + βY^3 = γ, α, β, γ ∈ K^∗ (x, y) ∈ U(S)^2. Óáí ŽíÝðåéá Ýœïõìå ôï áêüëïõèï:

Èåþñçìá 4.5 S-, γ ∈ K^∗, , .

Áðüäåéîç : Êáô’ áñœÞí ãñÜöïõìå: γ = ϵ + [−(ϵ − γ)] ÄçëáäÞ ïäçãïýìáŸå ĞåîSS§Łôçò ìïñöÞò ϵ+ϵ^′ = γ (1), üðïõ ϵ, ϵ^′ ∈ U(S). ÁñêåSS ëïéðüí íá áðïäåSSîïõìå üôé ç åîSS§Ł(1) Ýœåé ðåðåñáŘÝíïõ ðëÞèïõò ëýĞéò ϵ, ϵ^′ ∈ U(S).

Áðü ôï èåþñçìá ôùí Dirichlet-Hasse-Chevalley, Ýœïõìå üôé õðÜñœïõí s − 1 åëåýèåñïé ãåííÞôïñåò η_1, η_2, · · · , η_{s−1} êáé ñSSæåò ôçò ìïíÜäïò ζ, ζ^′, ôÝôïéá þŸå: ϵ = ζη^{ñ1}_1 · · · η^{ñs}�^1_{s−1} ϵ^′ = ζ^′η^{r1}_1 · · · η^{rs}�^1_{s−1} , (ñ_i, r_j ∈ ZZ).

ÅŸù ñ_i = μ_i + 3κ_i êáé r_j = ν_j + 3λ_j , üðïõ 0 ≤ μ_i, ν_j ≤ 2, i, j = 1, · · · , s − 1. ÈÝôïõìå: α := ζη^{μ1}_1 · · · η^{μs}�^1_{s−1} , β := ζ^′η^{ν1}_1 · · · η^{νs}�^1_{s−1} x := η^{κ1}_1 · · · η^{κs}�^1_{s−1} , y := η^{λ1}_1 · · · η^{λs}�^1_{s−1} Ãéá i, j ∈ {1, · · · , s − 1}, áöÞíïõìå ôá μ_i, ν_j íá ðÜñïõí üëåò ôéò äõíáôÝò ôéìÝò Ÿéò äýï ðñþôåò åîéđĞéò. Ôüôå ç åîSS§Ł(1), ìðïñåSS íá áíôéêáôáŸáèåSS áðü 3^{2(s−1)} åîéđĞéò ôçò ìïñöÞò:

αX^3 + βY^3 = γ (2).

Áí ôï ðëÞèïò ôùí ñéæþí ôçò ìïíÜäïò ôïõ đìáôïò K åSSíáé w ôüôå áöÞíïíôáò ôá ζ, ζ^′, íá äéáôñÝœïõí ôï Źíïëï ôùí ñéæþí ôçò ìïíÜäïò, ðáSSñíïõìå ŽíïëéêÜ w^23^{2(s−1)}, åîéđĞéò ôïõ ôýðïõ ôçò (2). Óýìöùíá üìùò ìå ôï èåþñçìá 4.4 ïé åîéđĞéò áõôÞò ôçò ìïñöÞò Ýœïõí ðåðåñáŘÝíåò ôï ðëÞèïò ëýĞéò Ÿï Źíïëï ôùí S-ìïíÜäùí. 2

4.3 ÐáñáìåôñSSĞéò

ÅŸù E åëëåéðôéêÞ êáìðýëç ïñéŘÝíç ĞÝíá áëãåâñéêü đìá áñéèìþí K, ìå åîSS§Ł: E : Y^2 + a_1XY + a_3Y = X^3 + a_2X^2 + a_4X + a_6.

Áðáéôïýìå ôá åîÞò:

1. P = (0, 0) ∈ E_{tor}(K).

2. Ç ôÜîç ôïõ ŁìåSSïõ P äåí åSSíáé 2 Þ 3. 3. Ç åõèåSSá Y = 0, åöÜðôåôáé ôçò E Ÿï ŁìåSSï P.

ÊÜíïíôáò Ÿïéœåéþäåéò ëïãáñéáŘïýò Ýœïõìå áíôSSŸïéœá:

1. a_6 = 0 2. a_2 ≠ 0 , a_3 ≠ 0 3. a_3 ≠ 0 , a_4 = 0

ÅðïìÝíùò ìðïñïýìå íá êÜíïõìå ôïí åîÞò ìåôáĲçìáôéŘü: X → ( a_2 a_3 )^2X, Y → ( a_2 a_3

)^3Y

ÅðSSŁò èÝôïõìå: 1 − c := a_1a_2 a_3 , −b := a^3_2 a^2_3

(≠ 0) Ç íÝá åîSS§Łôçò E, åSSíáé: E(b, c) : Y^2 + (1 − c)XY − bY = X^3 − bX^2 (b, c ∈ K), ç ïðïSSá ïíïìÜæåôáé E(b, c)-ìïñöÞ ôïõ Kubert. Ãéá ëüãïõò ŽíôïìSSáò èÝôïõìå θ := 1 − c. Ç äéáêñSSíïõĆêáé ç áðüëõôç áíáëëïSSùôïò ôçò E(b, c), åSSíáé:

´(b, c) = b^3(θ^4 − θ^3 − 8θ^2b + 36θb + 16b^2 − 27b), j(b, c) =

[(θ^2 − 4b)^2 + 24θb]^3 ´(b, c) Ïé ðáñáðÜíù ðáñáìåôñSSĞéò éĲýïõí üôáí ç åëëåéðôéêÞ êáìðýëç E, ðëçñïSS ôéò ðñïõðïèÝĞéò 1., 2., 3.

Åáí ôï ŁìåSSï P = (0, 0), åSSíáé ôÜîçò 3, éĲýåé üôé a_3 ≠ 0, äéüôé åÜí a_3 = 0 ôüôå P = −P ⇒ 2P = 0, ðïõ åSSíáé Üôïðï äéüôé ôï ŁìåSSï P Ýœåé ôÜîç 3. ÊÜíïíôáò ìÜëéŸá ôïí ìåôáĲçìáôéŘü: Y → Y + ( a_2 a_3 )X, X → X, ç åîSS§Łôçò åëëåéðôéêÞò êáìðýëçò E, åSSíáé ôçò ìïñöÞò:

E : Y^2 + a_1XY + a_3Y = X^3 + a_2X^2

Ïìùò 3P = O ⇔ 2P = −P ⇔ x(P ) = x(2P ) êáé áöïý P = (0, 0), Ýðåôáé üôé 0 = −^{b8}_{b6} , äçëáäÞ b_8 = 0 êáé éŤäýíáìá a_2a^2_3 = 0 ⇔ a_2 = 0. Áñá ìSSá åëëåéðôéêÞ êáìðýëç E, ç ïðïSSá Ýœåé ŁìåSSï ôÜîçò 3, äÝœåôáé ôçí áêüëïõèç ðáñáìÝôñéŁ:

E : Y^2 + a_1XY + a_3Y = X^3, a_3 ≠ 0.

ÅŸù ôþñá ˚_K, ôï Źíïëï üëùí ôùí èÝĞùí ôïõ đìáôïò K êáé C Ýíá ðåðåñáŘÝíï õðïŹíïëï ôïõ ˚_K ðïõ ðåñéÝœåé êáé ôéò Üðåéñåò èÝĞéò ôïõ đìáôïò K. ÈÝôïõìå S := ˚_K − C. ÉĲýåé ôï åîÞò ðïëý âáŊêü èåþñçìá :

Èåþñçìá 4.6 E K, S- j. E, P = (0, 0) , : 1. E_{tor}(K) ⊇ ZZ/2ZZ, E : E : Y^2 = X(X^2 + a_2X + a_4), a_2, a_4 ∈ K, a_4 ≠ 0 twist E :

E_d : Y^2 = X(X^2 + a_2dX + a_4d^2), d ∈ K^∗ d := a^{−1}_2 . c :=^{a2}_{a4} , b := c − 4 e := 16b, j =^{(e+16)3}_e . : j ∈ O(S) ⇐⇒ 0 ≤ õ(e) ≤ 12õ(2), ∀õ ∈ S 2. E_{tor}(K) ⊇ ZZ/2ZZ ⨁ ZZ/2ZZ, E : E : Y^2 = X(X + r)(X + s), r, s ∈ K, r ≠ s, r, s ≠ 0 E , : E^′ : Y^2 = aX(X − 1)(X − μ), a ∈ K^∗, μ ∈ K^∗ − {1} e := 2^4 · μ, j =^{(28−24·e+e2)3} e2(24−e) . :

j ∈ O(S) ⇐⇒ (1) 0 ≤ õ(e) ≤ 8õ(2) ∀õ ∈ S (2) 0 ≤ õ(e − 16) ≤ 8õ(2) ∀õ ∈ S 3. E_{tor}(K) ⊇ ZZ/4ZZ, E : E : Y^2 + XY − bY = X^3 − bX^2, b ∈ K^∗ e := b^{−1}, j =^{[e(e+16)+16]3}

e(e+16) . :

j ∈ O(S) ⇐⇒ (1) 0 ≤ õ(e) ≤ 8õ(2) ∀õ ∈ S (2) 0 ≤ õ(e + 16) ≤ 8õ(2) ∀õ ∈ S 4. E_{tor}(K) ⊇ ZZ/8ZZ, E : E : Y^2 + (1 − c)XY − bY = X^3 − bX^2, b ∈ K^∗, c ∈ K c = (2d − 1)(d − 1)d^{−1}, b = cd. e := d^{−1}, : j = (e^8 − 16e^7 + 96e^6 − 288e^5 + 480e^4 − 488e^3 + 224e^2 − 64e + 16)^3 e^2(2 − e)^4(1 − e)^8(e^2 − 8e + 8) :

j ∈ O(S) =⇒ (1) 0 ≤ õ(e) ≤^5_2 õ(2) ∀õ ∈ S (2) 0 ≤ õ(2 − e) ≤ 2õ(2) ∀õ ∈ S (3) (1 − e) ∈ U(S) (4) 0 ≤ õ(e^2 − 8e + 8) ≤ 5õ(2) õ|2, õ ∈ S 5. E_{tor}(K) ⊇ ZZ/2ZZ ⨁ ZZ/4ZZ, E : E : Y^2(X^2 + 2(a^2 + 1)X + (a^2 − 1)^2), a ∈ K^∗ − {±1} e := 4a, j =^{(256e2+(e2−16)2)3}

e2(e2−16)4 . :

j ∈ O(S) ⇐⇒ (1) 0 ≤ õ(e) ≤ 4õ(2) ∀õ ∈ S (2) 0 ≤ õ(e^2 − 16) ≤ 8õ(2) ∀õ ∈ S 6. E_{tor}(K) ⊇ ZZ/4ZZ ⨁ ZZ/4ZZ, E : E : Y^2 = X(X^2 + (2(a^2 + 1)X + (a^2 − 1)^2), a ∈ K^∗ − {±1} √ −1, √ a ∈ K. e := 4a, j =^{(256e2+(e2−16)2)3}

e2(e2−16)4 . :

j ∈ O(S) ⇐⇒ (1) 0 ≤ õ(e) ≤ 4õ(2) ∀õ ∈ S (2) 0 ≤ õ(e^2 − 16) ≤ 8õ(2) ∀õ ∈ S 7. E_{tor}(K) ⊇ ZZ/2ZZ ⨁ ZZ/8ZZ, E : E : Y^2 + (1 − c)XY − bY = X^3 − bX^2, b ∈ K^∗, c ∈ K : c = (2d − 1)(d − 1)d^{−1}, b = cd, d = a(8a + 2)(8a^2 − 1)^{−1} d(d − 1)(2d − 1)(8d^2 − 8d + 1) ≠ 0. j = {[(1 − c)^2 − 4b]^2 + 24b(1 − c)}^3 b^3{[(1 − c)^2 − 4b]^2 + 8(1 − c)^3 − 27b − 9(1 − c)[(1 − c)^2 − 4b]}

:

j ∈ O(S) ⇐⇒ (1) − 2õ(2) ≤ õ(a) ≤ 0 ∀õ ∈ S (2) õ(8a + 2) = õ(2) ∀õ ∈ S (3) − õ(2) ≤ õ(2a + 1) ≤ 2 ∀õ ∈ S (4) − õ(2) ≤ õ(8a^2 − 1) ≤^7_2 õ(2) ∀õ ∈ S 8. E_{tor}(K) ⊇ ZZ/3ZZ, E : E : Y^2 + cXY + c^2Y = X^3, c ∈ K^∗ e := c − 27, j =^{(e+27)(e+3)3}_e . : j ∈ O(S) ⇐⇒ 0 ≤ õ(e) ≤ 6õ(3), ∀õ ∈ S

9. E_{tor}(K) ⊇ ZZ/9ZZ, E : E : Y^2 + (1 − c)XY − bY = X^3 − bY, b ∈ K^∗, c ∈ K c = f(d − 1), f ∈ K, d = f(f − 1) + 1, b = cd, : j = {[(1 − c)^2 − 4b]^2 + 24b(1 − c)}^3 b^3{[(1 − c)^2 − 4b]^2 + 8(1 − c)^3 − 27b − 9(1 − c)[(1 − c)^2 − 4b]} : j ∈ O(S) ⇐⇒ (1) f ∈ U(S) , (2) f − 1 ∈ U(S) 10. E_{tor}(K) ⊇ ZZ/3ZZ ⨁ ZZ/3ZZ, E : E : Y^2 = X^3 + AX + B, a, b ∈ K −A = 3a(a^3 + 8), −B = 2(a^6 − 20a^3 − 8) √ −3 ∈ K. e := 3a, : j = ( e[(e − 3)(e^2 + 3e + 9) + 3^5] (e − 3)(e^2 + 3e + 9)

)^3 : j ∈ O(S) =⇒ (1) e ∈ O(S) (2) õ(e^3 − 27) ≤ 6õ(3) ∀õ ∈ S (3) õ(e − 3) ≤ 3õ(3) ∀õ ∈ S

11. E_{tor}(K) ⊇ ZZ/6ZZ, E : E : Y^2 + (1 − c)XY − c(c + 1)Y = X^3 − c(c + 1)X^2, c ∈ K^∗ − {±1} e := c^{−1}, j =^{((1+e)3(9+e)−16e)3}

e2(1+e)3(9+e) . :

j ∈ O(S ⇐⇒

(1) 0 ≤ õ(e) ≤ 2õ(3) ∀õ ∈ S (2) 0 ≤ õ(1 + e) ≤ 3õ(2) ∀õ ∈ S (3) õ(9 + e) = 0 õ 6 õ ∈ S (4) õ(9 + e) = õ(1 + e) õ|2, õ ∈ S (5) õ(9 + e) = è(e) õ|3, õ ∈ S 12. E_{tor}(K) ⊇ ZZ/12ZZ, E : E : Y^2 + (1 − c)XY − bY = X^3 − bY, b ∈ K^∗, c ∈ K

d = m + t, f = m(1 − t)^{−1}, c = f(d − 1), b = cd, m = (3t − t^2 − 1)(t − 1)^{−1}. e := t^{−1}, : j = {[(1 − c)^2 − 4b]^2 + 24b(1 − c)}^3 b^3{[(1 − c)^2 − 4b]^2 + 8(1 − c)^3 − 27b − 9(1 − c)[(1 − c)^2 − 4b]} :

j ∈ O(S) =⇒ (1) 0 ≤ õ(e) ≤ õ(2) +^1_2õ(3) ∀õ ∈ S (2) e − 1 ∈ U(S) (3) õ(e − 2) = 0 õ 2 õ ∈ S (4) õ(e − 2) = õ(e) õ|2, õ ∈ S 13. E_{tor}(K) ⊇ ZZ/2ZZ ⨁ ZZ/6ZZ, E : E : Y^2 + (1 − c)XY − bY = X^3 − bX^2, b ∈ K^∗, c ∈ K^∗ − {1} b = c(1 + c), c = (10 − 2a)(a^2 − 9)^{−1}. E : j = {[(1 − c)^2 − 4b]^2 + 24b(1 − c)}^3 b^3{[(1 − c)^2 − 4b]^2 + 8(1 − c)^3 − 27b − 9(1 − c)[(1 − c)^2 − 4b]} c = −2^{a−5} (a+3)(a−3) b = −2

(a−5)(a−1)^2 (a+3)^2(a−3)^2 . :

j ∈ O(S) ⇐⇒

(1) õ(2) ≤ õ(a + 3) ≤ 3õ(2) + õ(3) ∀õ ∈ S (2) õ(2) ≤ õ(a − 3) ≤ õ(2) + õ(3) ∀õ ∈ S (3) õ(2) ≤ õ(á − 1) ≤ 3õ(2) ∀õ ∈ S (4) õ(2) ≤ õ(a − 5) ≤ 3õ(2) ∀õ ∈ S (5) õ(2) ≤ õ(a − 9) ≤ 3õ(2) + õ(3) ∀õ ∈ S 14. E_{tor}(K) ⊇ ZZ/5ZZ, E : E : Y^2 + (1 − b)XY − bY = X^3 − bX^2, b ∈ K^∗ j =^{((b2−11b−1)2+5b(2((b2−11b−1)+b)3} b5(b2−11b−1) . :

j ∈ O(S) ⇐⇒ (1) b ∈ U(S) (2) õ(b^2 − 11b − 1) ≤ 3õ(5) ∀õ ∈ S 15. E_{tor}(K) ⊇ ZZ/10ZZ, E : E : Y^2 + (1 − c)XY − bY = X^3 − bX^2, b ∈ K^∗, c ∈ K b = cd, c = f(d − 1), d = f^2(f − (f − 1)^2)^{−1}, f ∈ K^∗. e := f^{−1}. E, : j = {[(1 − c)^2 − 4b]^2 + 24b(1 − c)}^3 b^3{[(1 − c)^2 − 4b]^2 + 8(1 − c)^3 − 27b − 9(1 − c)[(1 − c)^2 − 4b]} c, d − 1, b, ( e ): c = (e − 1)(e − 2) e(e − (1 − e)^2) , d − 1 = (e − 1)(e − 2) e − (1 − e)^2 , b = (e − 1)(e − 2) e(e − (1 − e)^2)^2 : j ∈ O(S) =⇒ (1) 0 ≤ õ(e) ≤ õ(2) ∀õ ∈ S (2) 0 ≤ õ(e − 2) ≤ õ(2) ∀õ ∈ S (3) (1 − e) ∈ U(S) 16. E_{tor}(K) ⊇ ZZ/7ZZ, E : E : Y^2 + (1 − c)XY − bY = X^3 − bY, b ∈ K^∗, c ∈ K b = d^2(d − 1), c = d(d − 1), d ∈ K^∗ − {1}. E, : j = (d^8 − 12d^7 + 42d^6 − 56d^5 + 35d^4 − 14d^2 + 4d + 1)^3 d^7(d − 1)^7(d^3 − 8d^2 + 5d + 1) : j ∈ O(S) =⇒ (1) d ∈ U(S) (2) d − 1 ∈ U(S) 17. E_{tor}(K) ⊇ ZZ/11ZZ, E : E : X^2 + (1 − c)XY − bY = X^3 − bX^2, b ∈ K^∗, c ∈ K : b = cr, r = r_1 + 1, r_1 = 1/r_2, r_2 = 1/V, U = 1 4 U_2

c = s(r − 1), s = s_1 + 1, s_1 = 1/s_2, s_2 = U/V, V = 1 8 V_2 − 1 2 E, : j = {[(1 − c)^2 − 4b]^2 + 24b(1 − c)}^3 b^3{[(1 − c)^2 − 4b]^2 + 8(1 − c)^3 − 27b − 9(1 − c)[(1 − c)^2 − 4b]} b, c, V_2, U_2 : c = 1 16U_2

(V_2 − 4 + 2U_2)(V_2 − 4), b = 1 8 c(V_2 + 4). :

j ∈ O(S) =⇒

(1) 0 ≤ õ(U_2) ≤ 2õ(2) ∀õ ∈ S (2) 0 ≤ õ(U_2 − 4) ≤ 2õ(2) ∀õ ∈ S (3) õ(V_2 − 4) =^3_2 õ(U_2) ∀õ ∈ S (4) õ(V_2 + 4) =^3_2 õ(U_2) ∀õ ∈ S (5) õ(V_2 − 4 + 2U_2) =^3_2 õ(U_2) ∀õ ∈ S Áðüäåéîç : Èá áðïäåSSîïõìå ìüíï ôçí ðåñSSðôùŁ3. Ïëåò ïé Üëëåò áðïäåéêíýïíôáé ìå üìïéï ôñüðï. Óçìåéþíïõìå üôé ðåñéðôþĞéò 1 − 3, 5, 6, 8 − 12, 14 êáé 16 áðïäåéêíýïíôáé Ÿï [Mu], êáé ïé õðüëïéðåò Ÿï [Str].

ÅŸù E/K åëëåéðôéêÞ êáìðýëç, ç ïðïSSá ðåñéÝœåé ôï ŁìåSSï P = (0, 0). ÅŸù äå üôé ôï ŁìåSSï P åSSíáé ôÜîçò 4. Óõíåðþò ç êáìðýëç E äÝœåôáé ðáñáìÝôñéŁôçò ìïñöÞò E(b, c).

Åœïõìå üôé 4P = 0, äçëáäÞ 2P = −2P ⇔ (b, bc) = (b, 0). Ïìùò b ≠ 0, åðïìÝíùò c = 0. Áñá ç E Ýœåé åîSS§Łôçò ìïñöÞò :

Å : Y^2 + XY − bY = X^3 − bX^2, b ∈ K^∗

Áí èÝŤõìå e := b^{−1}, ôüôå åýêïëá õðïëïãSSæïõìå üôé : j = (e(e + 16) + 16)^3

e(e + 16) ÅŸù ôþñá üôé j ∈ O(S). Èá áðïäåSSîïõìå üôé ôüôå éĲýïõí:

0 ≤ õ(e) ≤ 8õ(2) (1) 0 ≤ õ(e + 16) ≤ 8õ(2) (2)

ãéá êÜèå èÝŁõ ôïõ S. ÅŸù üôé äåí éĲýåé üôé 0 ≤ õ(e) ãéá üëåò ôéò åêôéìÞĞéò õ ôïõ đìáôïò K, äçëáäÞ õðÜñœåé åêôSSìçŁõ ôïõ đìáôïò K ôÝôïéá þŸå õ(e) < 0. ÐáSSñíïõìå ôçí ðëÞñùŁôïõ đìáôïò K, K_õ ùò ðñïò ôçí äéáêñéôÞ åêôSSìçŁõ. ÅŸù π ï ãåííÞôïñáò ôïõ ìïíáäéêïý ìÝãéŸïõ éäåþäïõò ôïõ äáêôõëSSïõ R. Ôüôå ï e ãñÜöåôáé Ÿçí ìïñöÞ e = π^{−k}u, üðïõ ï k åSSíáé öõŊêüò áñéèìüò k ≥ 1 êáé ï u ìïíÜäá ôïõ äáêôõëSSïõ ôùí áêåñáSSùí ôïõ đìáôïò K_õ. ÁíôéêáèéŸïýìå ôïí e Ÿçí åîSS§Łðïõ ìáò äSSíåé ôçí áðüëõôç áíáëëïSSùôï êáé Ýœïõìå: j = (π^{−k}u(π^{−k}u + 16) + 16)^3 π^{−k}u(π^{−k}u + 16) = (u(u + 16π^k) + 16π^{2k})^3 π^{4k}u(u + 16π^k) Ï áñéèìçôÞò ôïõ j åSSíáé ìïíÜäá ôïõ äáêôõëSSïõ ôùí áêåñáSSùí ôïõ đìáôïò K_õ êáé ï ðáñïíïìáŸÞò áíÞêåé Ÿï ìÝãéŸï éäåþäåò ðïõ ãåííÜôáé áðü ôïí π, äçëáäÞ ç áðüëõôç áíáëëïSSùôïò j äåí åSSíáé áêåñáSSá, õ(j) < 0. Áôïðï, äéüôé j ∈ O(S). Áñá ðñÜãìáôé 0 ≤ õ(e).

ÅðSSŁò 0 ≤ õ(e + 16), äéüôé õ(e + 16) ≥ min{õ(e), õ(16)} ≥ 0.

Áðïäåéêíýïõìå ôþñá üôé áí j ∈ O(S), ôüôå õ(e) ≤ 8õ(2). ÅŸù üôé äåí éĲýåé, äçëáäÞ õðÜñœåé åêôSSìçŁõ ôÝôïéá þŸå õ(e) > 8õ(2). ÅðïìÝíùò õ(^e_{28} ) > 0. ÊÜíïõìå ðëÞñùŁôïõ K ùò ðñïò ôçí åêôSSìçŁõ êáé ÝŸù π ï ãåííÞôïñáò ôïõ ìÝãéŸïõ éäåþäïõò ôïõ äáêôõëSSïõ R. Ôüôå π|^e_{28} . Åœïõìå : j = (e(e + 16) + 16)^3 e(e + 16) = (1 + e(^e_{28} · 2^4 + 1))^3 e 2^8 ( e 2^8 · 2

4 + 1)

Ï áñéèìçôÞò ôïõ j åSSíáé öáíåñÜ ìïíÜäá ôïõ äáêôõëSSïõ ôùí áêåñáSSùí ôïõ đìáôïò K_õ, åíþ ï ðáñïíïìáŸÞò áíÞêåé Ÿï ìÝãéŸï éäåþäåò ðïõ ðáñÜãåôáé áðü ôïí π. Áñá õ(j) < 0, Üôïðï. Åíôåëþò üìïéá áðïäåéêíýåôáé üôé õ(e + 16) ≤ 8õ(2).

ÁðïìÝíåé ëïéðüí íá áðïäåSSîïõìå ôï áíôSSŸñïöï. ÅŸù üôé õðÜñœåé åêôSSìçŁõ ôïõ đìáôïò K ôÝôïéá þŸå õ(j) < 0. Ôüôå áíáãêáŸéêÜ ç êáìðýëç E èá Ýœåé êáêÞ áíáãùãÞ (modulo π). Áõôü ŁìáSSíåé üôé a_3 = −b ≡ 0 (mod π) ([Hus], ðáñáôÞñçŁ7.1, Ğë. 78), äçëáäÞ π|b ⇒ õ(b) > 0. Ïìùò e = b^{−1}, êáé åðïìÝíùò õ(e) < 0, áôïðï. Áñá éĲýåé ç æçôïýìåíç éŤäõíáìSSá. 2

Óáí áðïôÝëåŘá ôùí èåùñçìÜôùí 4.5, 4.6, Ýœïõìå ôï áêüëïõèï:

Èåþñçìá 4.7 K, S- j E_{tor}(K), : ZZ/4ZZ, ZZ/6ZZ, ZZ/3ZZ ⨁ ZZ/3ZZ ZZ/9ZZ, ZZ/5ZZ, ZZ/7ZZ, ZZ/11ZZ S- j ∈ K, E/K E_{tor}(K) Klein ZZ/2ZZ ⨁ ZZ/2ZZ. Áðüäåéîç : Èá ðáñïõŊÜŤõìå ìüíï ôçí ðåñSSðôùŁüðïõ E_{tor} ⊇ ZZ/5ZZ. Ïëåò ïé Üëëåò áðïäåéêíýïíôáé ìå üìïéï ôñüðï ([Str]). Áöïý E_{tor}(K) ⊇ ZZ/5ZZ, ç êáìðýëç E Ýœåé ôçí åîÞò ðáñáìÝôñéŁ(èåþñçìá 4.16, ðåñSSðôùŁ14):

E : Y^2 + (1 − b)XY − bY = X^3 − bX^2, b ∈ K^∗

ÈÝôïõìå e := b. Ôüôå éĲýåé üôé: j ∈ O(S) ⇐⇒ (1) e ∈ U(S) (2) 0 ≤ õ(e^2 − 11e − 1) ≤ 3õ(5) ∀õ ∈ S ÁñêåSS ëïéðüí íá áðïäåSSîïõìå üôé õðÜñœïõí ìüíï ðåðåñáŘÝíïõ ðëÞèïõò e ∈ K^∗ ðïõ íá éêáíïðïéïýí ôéò ĲÝĞéò (1) êáé (2). Èåùñïýìå ôï đìá K^′ := K( √ 5). ÅŸù C^′ Ýíá ðåðåñáŘÝíï Źíïëï èÝĞùí ôïõ K^′, ðïõ ðåñéÝœåé ôéò åðåêôÜĞéò ôùí èÝĞùí ôïõ K ïé ïðïSSåò áíÞêïõí Ÿï C êáèþò êáé ôéò èÝĞéò ôïõ K^′ ðïõ äéáéñïýí ôïí 5. ÅŸù äå S^′ := ˚_K0 − C^′. Óôï đìá K^′, Ýœïõìå :

e^2 − 11e − 1 = [e − ( 11 2 − 5 2 √ 5)][e − ( 11 2 + 5 2 √ 5)].

Ïìùò ëüãù ôçò ĲÝĞùò (1), éĲýåé üôé e ∈ U(S^′). ÅðSSŁò e −^{11}_2 ±^5_2 √ 5 ∈ U(S^′), ëüãù ôçò ĲÝĞùò (2) ( äéüôé ôï S^′ äåí ðåñéÝœåé èÝĞéò ôïõ K^′ ðïõ äéáéñïýí ôïí 5 êáé Üñá õ(e^2 − 11e − 1) = 0 ). Áñá ôï e åSSíáé éäéÜæïõĆS^′-ìïíÜäá, ùò ðñïò^{11}_2 ±^5_2 √ 5 ∈ (K^′)^∗. ÅðïìÝíùò Źìöùíá ìå ôï èåþñçìá 4.5 Ýðåôáé üôé õðÜñœïõí ìüíï ðåðåñáŘÝíá ôï ðëÞèïò e, ðïõ íá éêáíïðïéïýí ôéò ĲÝĞéò (1) êáé (2). Áñá éĲýåé ôï æçôïýìåíï. 2

4.4 ÅëëåéðôéêÝò êáìðýëåò ïñéŘÝíåò Ğ" áðëÜ " êõâéêÜ đìáôá áñéèìþí

ÏñéŘüò 4.8 Q K := Q(^3 √ ab^2), a, b , . Ôá áðëÜ êõâéêÜ đìáôá Q(^3 √ ab^2) êáé Q(^3 √ a^2b), ðñïöáíþò ôáõôSSæïíôáé, Žíåðþò œùñSSò ðåñéïñéŘü ôçò ãåíéêüôçôáò, ìðïñïýìå íá õðïèÝŤõìå üôé a > b. ÅðSSŁò ôï Źíïëï {1,^3 √ ab^2,^3 √ a^2b}, åSSíáé ìSSá Q-âÜŁôçò åðÝêôáŁò K/Q. Óõíåðþò êÜèå ŸïéœåSSï x ∈ K, ãñÜöåôáé êáôÜ ìïíáäéêü ôñüðï Ÿçí ìïñöÞ:

x = x_1 + x_2^3 √ ab^2 + x_3^3 √ a^2b, x_1, x_2, x_3 ∈ Q.

ÅðSSŁò ç norm åíüò ŸïéœåSSïõ x Ÿçí åðÝêôáŁK/Q, åSSíáé:

N(x) := N_{K/}Q(x) = x^3_1 + x^3_2ab^2 + x^3a^2b − 3x_1x_2x_3ab.

ÏñéŘüò 4.9 K = Q(^3 √ ab^2), :

1. Dedekind I, a ≢ ±b (mod 9)

2. Dedekind II, a ≡ ±b (mod 9)

Óêïðüò ìáò åSSíáé ï ðëÞñçò ðñïĚéïñéŘüò üëùí ôùí åëëåéðôéêþí êáìðýëùí E ìå áêÝñáéá áðüëõôç áíáëëïSSùôï j êáé ìç-ôåôñéììÝíç õðïïìÜäá ðåðåñáŘÝíçò ôÜîçò E_{tor}(K), Ğ áðëÜ êõâéêÜ đìáôá áñéèìþí. Ðñïò áõôÞí ôçí êáôåýèõíŁèá ìáò œñåéáŸåSS ç ãíþŁôçò áñéèìçôéêÞò ôùí áðëþí êõâéêþí §ìÜôùí áñéèìþí. ÉĲýåé ôï åîÞò èåþñçìá ([Na]):

Èåþñçìá 4.10 K = Q(^3 √ ab^2) . :

1. K Dedekind I, K : {1,^3 √ ab^2,^3 √ a^2b} x ∈ O_K, : x = x_1 + x_2^3 √ ab^2 + x_3^3 √ a^2b, x_1, x_2, x_3 ∈ ZZ

K, ´_K = −3(3ab)^2.

2. K Dedekind II, K : {γ,^3 √ ab^2,^3 √ a^2b}, γ γ =^1_3 (1 + a^3 √ ab^2 + b^3 √ a^2b). x ∈ O_K, : x = 1 3 (x_1 + x_2^3 √ ab^2 + x_3^3 √ a^2b)

x_1, x_2, x_3 ∈ ZZ x_1 ≡ ax_2 ≡ bx_3 (mod 3). K, ´_K = −3(ab)^2.

Áðïäåéêíýïõìå ôï åîÞò:

Èåþñçìá 4.11 K = Q(^3 √ ab^2), . p Q, K : 1. p 3ab, :

p · O_K = (1) P_1P_2 p ≡ −1 (mod 3) (2) P_1P_2P_3 p ≡ 1 (mod 3) , ab^2 modulo p (3) P p ≡ 1 (mod 3) , ab^2 modulo p (1) N(P_1) = p, N(P_2) = p^2, (2), N(P_1) = N(P_2) = N(P_3) = p, (3) N(P ) = p^3. 2. p | ab, p · O_K = P^3, N(P ) = p. 3. p = 3 ab ≢ 0mod3, : 3 · O_K =

(1) P^3 K Dedekind I (2) P^2_1 P_2 K Dedekind II N(P ) = 3 N(P_1) = N(P_2) = 3.

Áðüäåéîç :

1. Áí p ≡ −1 (mod 3), ôüôå ï 3 äåí äéáéñåSS ôïí p − 1, åðïìÝíùò d := (3, p − 1) = 1.

Ïìùò ç éŤäõíáìSSá x^3 − ab^2 ≡ 0 (mod p), Ýœåé ëýŁáíí (ab^2)^p

�1_d

≡ 1 (mod p) ([Ir-Ro], ðñüôáŁ7.1.2, Ğë. 80), ôï ïðïSSï éĲýåé äéüôé d = 1. ÅðéðëÝïí ç éŤäõíáìSSá x^3 − ab^2 ≡ 0 (mod p), Ýœåé ìSSá ìüíï ëýŁ, äéüôé d = 1. Óõíåðþò ôï ðïëõþíõìï x^3 − ab^2, áíáëýåôáé modulo p ĞÝíáí ðñùôïâÜèìéï êáé ĞÝíáí äåõôåñïâÜèìéï üñï. Áñá ï ðñþôïò áñéèìüò p áíáëýåôáé Ÿï đìá K Ğäýï ðñþôá éäåþäç P_1, P_2, ôÝôïéá þŸå N(P_1) = p êáé N(P_2) = p^2.

ÅŸù ôþñá p ≡ 1 (mod 3). Ôüôå ðñïöáíþò ï ðñþôïò áñéèìüò p áíáëýåôáé Ğäýï ðñþôá éäåþäç Ÿïí äáêôýëéï ZZ[ω], (ω = e^{2πi}3 ) ÝŸù Q, Q^′. ÅðïìÝíùò ç éŤäõíáìSSá x^3 −ab^2 ≡ 0modp åSSíáé åðéëýŊìç áíí åSSíáé åðéëýŊìç modulo Q, äçëáäÞ áíí ôï êõâéêü Źìâïëï (^{ab2}_Q )_3 éŤýôáé ìå 1 ([Ir-Ro], ðñüôáŁ9.3.3, Ğë. 112). ÉŤäýíáìá áõôü éĲýåé åÜí êáé ìüíï åÜí (ab^2)^p

�1_3

≡ 1modQ. Óõíåðþò áí ôï ab^2 åSSíáé êõâéêü õðüëïéðï modulo p, ôüôå Ýœïõìå ôñåéò áêñéâþò ëýĞéò ôçò éŤäõíáìSSáò, äéüôé d = 3, åíþ áí ôï ab^2 äåí åSSíáé êõâéêü õðüëïéðï modulo p ôüôå ç éŤäõíáìSSá äåí åSSíáé åðéëýŊìç. Áñá üôáí ï ab^2 åSSíáé êõâéêü õðüëïéðï modulo p ôüôå ï ðñþôïò áñéèìüò p áíáëýåôáé ĞôñSSá ðñþôá éäåþäç ôïõ đìáôïò K, åíþ üôáí ï ab^2 äåí åSSíáé êõâéêü õðüëïéðï modulo p, ôüôå ï p áäñáíåSS Ÿï đìá K ( ìå âáèìü áäñáíåSSáò 3 ).

2. Áí ï ðñþôïò áñéèìüò p äéáéñåSS ôïí ab ôüôå êáé Ÿçí ðåñSSðôùŁôýðïõ Dedekind I êáé Ÿçí ðåñSSðôùŁôýðïõ Dedekind II, ï p äéáéñåSS ôçí äéáêñSSíïõĆôïõ đìáôïò K. Óõíåðþò äéáêëáäSSæåôáé Ÿï đìá K. ÅðéðëÝïí x^3 − ab^2 ≡ x^3 (mod p), áöïý p|ab. ÓõíåðÜãåôáé üôé ï ðñþôïò áñéèìüò p äéáêëáäSSæåôáé ðëÞñùò ( [Áí3] ). Áñá éĲýåé ôï æçôïýìåíï.

3. Áí p = 3 êáé ab ≢ 0mod3, ôüôå ï p = 3 äéáêëáäSSæåôáé äéüôé äéáéñåSS ôçí äéáêñSSíïõĆ ôïõ đìáôïò êáé Ÿéò äýï ðåñéðôþĞéò ôýðïõ Dedekind I êáé ÉÉ. Óôçí ðåñSSðôùŁôýðïõ Dedekind I ï 3 äåí ðåñéÝœåôáé Ÿïí ïäçãü ôïõ đìáôïò K, åíþ Ÿçí ðåñSSðôùŁôýðïõ Dedekind II ðåñéÝœåôáé Ÿïí ïäçãü ôïõ K. Áñá Ÿçí ðåñSSðôùŁDedekind I ðñÜãìáôé 3·O_K = P^3, üðïõ ôï P åSSíáé ðñþôï éäåþäåò ôïõ đìáôïò K. Óôçí ðåñSSðôùŁDedekind II ðáSSñíïõìå ôï ŸïéœåSSï θ_0 :=^1_3(1 + ab^2 + a^2b^3) ∈ K, êáé ìå áðëïýò ëïãáñéáŘïýò âëÝðïõìå üôé ôï áíÜãùãï ðïëõþíõìï ôïõ θ_0 õðÝñ ôï Q åSSíáé ôï:

f(X) := X^3 − X^2 + 1 9 (1 − ab)X − 1 27 (1 − 3ab + a^2b + ab^2)

êáé ï äåSSêôçò ôïõ θ_0 äåí åSSíáé 0 modulo 3. ÌÜëéŸá áíáãÜãïíôáò ôï f(X) modulo 3, åýêïëá äéáðéŸþíïõìå üôé áíáëýåôáé ĞÝíáí ðñùôïâÜèìéï üñï êáé ĞÝíá ôÝëåéï ôåôñÜãùíï. Áñá ðñÜãìáôé ï ðñþôïò áñéèìüò p, Ýœåé ôçí æçôïýìåíç áíÜëõŁp · O_K = P^2_1 P_2, üðïõ N(P_1) = N(P_2) = 3. 2

Îáíáãõñíïýìå ôþñá Ÿéò åëëåéðôéêÝò êáìðýëåò. ÉĲýåé ôï åîÞò èåþñçìá :

Èåþñçìá 4.12 E K = Q(^3 √ ab^2), j, : õ(j) ≥ 0, õ K, õ|2 õ|3 . (1) E_{tor}(K), : {O}, ZZ/2ZZ, ZZ/2ZZ ⊕ ZZ/2ZZ, ZZ/4ZZ, ZZ/3ZZ ZZ/6ZZ, ZZ/2ZZ ⊕ ZZ/6ZZ, ZZ/12ZZ, ZZ/5ZZ Áðüäåéîç : ÅŸù õ èÝŁôïõ đìáôïò K. ÅŸù äå üôé õ|2 êáé π ï uniformizer ðïõ áíôéŸïéœåSS Ÿçí èÝŁõ ( áí êÜíïõìå ôçí ðëÞñùŁôïõ đìáôïò K ùò ðñïò ôçí èÝŁõ, K_õ ). Ëüãù ôïõ èåùñÞìáôïò 4.11 ðÜíôá õðÜñœåé ìSSá ôÝôïéá èÝŁ, ôÝôïéá þŸå N(π) = 2. Ïìïéá ãéá êÜèå èÝŁõ ðïõ åðåêôåSSíåé ôçí èÝŁðïõ áíôéŸïéœåSS Ÿïí ðñþôï áñéèìü 3, ðáSSñíïõìå Ýíáí Üëëï uniformizer π^′, ôÝôïéïí þŸå N(π^′) = 3. ÅðïìÝíùò ôï èåþñçìá ôïõ Hasse (õðüèåŁ ôïõ Riemann) ìáò äSSíåé üôé: # ~E( ~K_õ) < 6 (∗) áí ç êáìðýëç E Ýœåé êáëÞ áíáãùãÞ modulo π ãéá π|2. ÅðSSŁò :

# ~E( ~K_õ) < 8 (∗∗)

áí ç E Üœåé êáëÞ áíáãùãÞ modulo π ãéá π|3. ÅðéðëÝïí ç õðüèåŁ(1) ôïõ ðáñüíôïò èåùñÞìáôïò ìáò ðåñéïñSSæåé ĞåëëåéðôéêÝò êáìðýëåò ðïõ Ýœïõí êáëÞ Þ ðñïŃåôéêÞ áíáãùãÞ modulo π. ÎåœùñSSæïõìå ôéò åîÞò ðåñéðôþĞéò:

1. ÅŸù üôé ç åëëåéðôéêÞ êáìðýëç E ðåñéÝœåé ŁìåSSï ìå ôÜîç ðñþôï áñéèìü p ≥ 5. Ôüôå ç êáìðýëç E Ýœåé, ëüãù ôïõ èåùñÞìáôïò 4.1, êáëÞ áíáãùãÞ üôáí ï π äéáéñåSS ôïí 2 Þ ôïí 3. ÌÜëéŸá ëüãù ôçò ĲÝĞùò (∗), Ýœïõìå üôé p = 5. ÄéáëÝãïíôáò ëïéðüí π|2 ôÝôïéïí þŸå N(π) = 2, ôüôå áðü ôï èåþñçìá 4.1, Ýœïõìå üôé #E_{tor}(K)|5 · 2^4 (a). ÅðSSŁò äéáëÝãïíôáò π|3 ôÝôïéïí þŸå N(π) = 3 ), áðü ôï SSäéï èåþñçìá êáé áðü ôçí ĲÝŁ (∗∗) Ýœïõìå üôé #E_{tor}(K)|5 · 3^2 (b). Ïé ĲÝĞéò (a) êáé (b), ïäçãïýí Ÿçí éŞôçôá #E_{tor}(K) = 5. 2. ÅŸù ôþñá üôé ç åëëåéðôéêÞ êáìðýëç E äåí ðåñéÝœåé ŁìåSSï ôÜîçò ðñþôï áñéèìü p ≥ 5.

Ôüôå ôï èåþñçìá 4.1, ìáò äSSíåé üôé: #E_{tor}(K)| 2^8 · 3 áí ç E Ýœåé ðñïŃåôéêÞ áíáãùãÞ Ÿïí π|2 (i) 2^2 · 3^5 áí ç E Ýœåé ðñïŃåôéêÞ áíáãùãÞ Ÿïí π|3 (ii) ÓõíäéÜæïíôáò ôéò ĲÝĞéò (∗) , (∗∗) , (i) êáé (ii) , Ýœïõìå ôçí áêüëïõèç ĲÝŁäéáSSñåŁò #E_{tor}(K)|2^2 · 3. ÊÜíïíôáò ëïéðüí üëïõò ôïõ äõíáôïýò ŽíäéáŘïýò Ýœïõìå ôï æçôïýìåíï. 2

Óôá ðáñáêÜôù èá äéåñåõíÞŤõìå ðïéÝò áðü ôéò ïìÜäåò ðåðåñáŘÝíçò ôÜîçò ðïõ ìáò åîá- ŻÜëéĞôï èåþñçìá 4, 11 åìöáíSSæïíôáé ðñÜãìáôé ùò õðïïìÜäåò ðåðåñáŘÝíçò ôÜîçò ìéáò åëëåéðôéêÞò êáìðýëçò E/K, üðïõ K Ýíá áðëü êõâéêü đìá áñéèìþí. ÅðéðëÝïí èá ðñïóäéïñSSŤõìå üëá ôá äõíáôÜ đìáôá K êáé ôéò åëëåéðôéêÝò êáìðýëåò E, ìå äïŘÝíç õðïïìÜäá ðåðåñáŘÝíçò ôÜîçò E_{tor}(K).

ÅŸù C ôï Źíïëï üëùí ôùí áðåSSñùí èÝĞùí ôïõ đìáôïò K êáé S := ˚_K − C. ÅŸù äå E åëëåéðôéêÞ êáìðýëç ìå S-áêÝñáéá áðüëõôç áíáëëïSSùôï j, ïñéŘÝíç ĞÝíá áðëü êõâéêü đìá áñéèìþí K = Q(^3 √ ab^2). Êáô’ áñœÞí ïé ŽíèÞêåò áêåñáéüôçôïò ãéá ôçí áðüëõôç áíáëëïSSùôï j ðïõ ðñïêýðôïõí áðü ôï èåþñçìá 4.6 , ìåôáĲçìáôSSæïíôáé Ğnorm-åîéđĞéò. ÐñÜãìáôé, ÝŸù p Ýíáò ðñþôïò áñéèìüò. Ôüôå ï p Ýœåé ìïíáäéêÞ áíÜëõŁĞãéíüìåíï ðñþôùí éäåùäþí ôïõ đìáôïò K. ÅŸù ëïéðüí pO_K = P^{e1}_1 P^{e2}_2 · · · P^{er}_r , N(P_i) = p^{fi} ç norm ôïõ éäåþäïõò P_i êáé f_i, ï âáèìüò áäñáíåSSáò ôïõ P_i. ÉĲýåé üôé^∑ e_if_i = n = [K : Q]. Áò ŽìâïëSSŤõìå ìå õ_{Pi} ôçí ìçáñœéìÞäåéá åêôSSìçŁðïõ áíôéŸïéœåSS Ÿï ðñþôï éäåþäåò P_i, êáé ìå õ_p áõôÞí ðïõ áíôéŸïéœåSS Ÿïí ðñþôï áñéèìü p. Åéíáé ðñïöáíÝò üôé éĲýåé ∀e ∈ Q−{0}, õ_{Pi} (e) = e_iõ_p(e) (i). ÅðSSŁò áí e ∈ K − {0}, ôüôå ôï êýñéï éäåþäåò ðïõ ðáñÜãåôáé áðü ôïí e, Ýœåé ìïíáäéêÞ áíÜëõŁĞ ãéíüìåíï ðñþôùí éäåùäþí ôïõ đìáôïò K. ÅŸù: eO_K = Q^{s1}_1 · · · Q^{sk}_k =⇒ N_{K/}Q(e) = N_{K/}Q(Q_1)^{s1} · · · N_{K/}Q(Q_k)^{sk} =⇒ N_{K/}Q(e) = p^{∑ sifi} Óõíåðþò õ_p(N_{K/}Q(e)) =^∑ f_iõ_{Qi} (e) (ii). Áò êÜíïõìå Ýíá ðáñÜäåéãìá ãéá íá äïýìå üôé ïé ĲÝĞéò (i) êáé (ii), ïäçãïýí Ğnorm- åîéđĞéò. Áò ðÜñïõìå ôçí ðåñSSðôùŁ1. ôïõ èåùñÞìáôïò 4.6. Åœïõìå:

j ∈ O(S) ⇐⇒ 0 ≤ õ_P (e) ≤ 12õ_P (2) ⇐⇒ 0 ≤ õ_p(N_{K/}Q(e)) = ∑ f_iõ_{Qi} (e) ≤ ∑ f_i12õ_{Qi} (2) Ïìùò^∑ f_i12õ_{Qi} (2) = 12^∑ f_ie_iõ_p(2), ëüãù ôçò ĲÝŁò (i), êáé ôï ôåëåõôáSSï éŤýôáé ìå 12nõ_p(2), üðïõ õ_p(2) = 0 Þ 1, áíÜëïãá ìå ôï áí p ≠ 2 Þ p = 2. Óõíåðþò Ýœïõìå N_{K/}Q(a) = ±2^m, üðïõ 0 ≤ m ≤ 12n.

Åöáñìüæïíôáò ëïéðüí áõôÞí ôçí äéáäéêáŇá áíÜ ðåñSSðôùŁêáôáëÞãïõìå Ğnorm-åîéđĞéò, ïé ïðïSSåò èá ðñÝðåé íá åðéëõèïýí ĞìSSá áðëÞ êõâéêÞ åðÝêôáŁôïõ Q. Åœïõìå:

1. ÅŸù üôé éĲýåé E_{tor}(K) ∼= ZZ/12ZZ.

Ëüãù ôïõ èåùñÞìáôïò 4.12 Ýœïõìå üôé äåí õðÜñœåé åëëåéðôéêÞ êáìðýëç E ïñéŘÝíç Ğ áðëü êõâéêü đìá áñéèìþí ìå áêÝñáéá áðüëõôç áíáëëïSSùôï êáé õðïïìÜäá ðåðåñáŘÝíçò ôÜîçò #E_{tor}(K) > 12.

(a) Áí ôï đìá K åSSíáé ôýðïõ Dedekind I, ôüôå áðü ôï èåþñçìá 4.6 ðåñSSðôùŁ12, Ýœïõìå üôé ç ðáñÜìåôñïò e ∈ O_K . ÅðïìÝíùò, ëüãù ôïõ èåùñÞìáôïò 4.10, éĲýåé üôé ôï e ãñÜöåôáé êáôÜ ìïíáäéêü ôñüðï Ÿçí ìïñöÞ e = x_1 + x_2^3 √ ab^2 + x_3^3 √ a^2b, üðïõ x_1, x_2, x_3 ∈ ZZ êáé a ≢ b (mod 9). ÏäçãïýìáŸå ëïéðüí Ÿéò åîÞò norm-åîéđĞéò: N(e) = x^3_1 + x^3_2ab^2 + x_3a^2b − 3x_1x_2x_3ab = ±2^n · 3^m (3) N(e − 1) = N(e) − 3x^2_1 + 3x_1 − 1 + 3x_2x_3ab = ±1 (4) N(e − 2) = N(e) − 6x^2_1 + 12x_1 − 8 + 6x_2x_3ab = ±2^n (5) üðïõ n ∈ {0, 1, 2, 3} êáé m ∈ {0, 1}. ÐïëëáðëáŊÜæïõìå ôçí åîSS§Ł(4) ìå 2 êáé ôçí áöáéñïýìå áðü ôçí åîSS§Ł(5) êáé Ÿçí ŽíÝœåéá ëýíïõìå ùò ðñïò x_1:

x_1 = 1 6 (N(e − 2) + N(e) − 2N(e − 1) + 6) (∗)

ÅðSSŁò ëýíïõìå ôçí åîSS§Ł(2) ùò ðñïò x_2x_3ab :

x_2x_3ab = 1 3 (N(e − 1) − N(e) + 3x^2_1 − 3x_1 + 1) (∗∗)

Óôçí ŽíÝœåéá, ãéá äïŘÝíåò ôéìÝò ôùí N(e), N(e − 1), N(e − 2), õðïëïãSSæïõìå ôï x_1 áðü ôçí ĲÝŁ(∗) êáé áðáéôïýìå ï x_1 íá åSSíáé áêÝñáéïò. ÁíôéêáèéŸïýìå ôïí x_1 Ÿçí ĲÝŁ(∗∗) êáé áíáëýïõìå ôïí x_2x_3ab ∈ ZZ êáôÜ üëïõò ôïõò äõíáôïýò ôñüðïõò ĞðáñÜãïíôåò x_2, x_3, a, b, êáé åîåôÜæïõìå áí éêáíïðïéïýíôáé ïé åîéđĞéò (3) − (5). ÌÝ§áõôïý ôïõ áëãïñSSèìïõ ðáSSñíïõìå ìüíï äýï ëýĞéò ðïõ éêáíïðïéïýí ôéò åîéđĞéò (3) − (5), ãéá n = m = 1 ( [ Fu ] ) :

e_1 = 2 −^3 √ 2, e_2 = −^3 √ 2 −^3 √ 4 Ïìùò ïé áíôSSŸïéœåò åëëåéðôéêÝò êáìðýëåò Ýœïõí ôçí SSäéá ìç-áêÝñáéá áðüëõôç áíáëëïSSùôï: j = 2^6 · 3^2

5^3

(7765956 + 6163452^3 √ 2 + 4892209^3 √ 4) ∉ O_K Óõíåðþò äåí õðÜñœåé åëëåéðôéêÞ êáìðýëç ïñéŘÝíç Ğáðëü êõâéêü đìá áñéèìþí ôýðïõ Dedekind I, ìå áêÝñáéá áðüëõôç áíáëëïSSùôï êáé õðïïìÜäá ðåðåñáŘÝíçò ôÜîçò E_{tor}(K) ∼= ZZ/12ZZ. (b) Áí ôï đìá K åSSíáé ôýðïõ Dedekind II, ôüôå ç ðáñÜìåôñïò e ãñÜöåôáé êáôÜ ìïíáäéêü ôñüðï Ÿçí ìïñöÞ e =^1_3 (x_1 + x_2^3 √ ab^2 + x_3^3 √ a^2b), üðïõ x_1, x_2, x_3 ∈ ZZ, x_1 ≡ ax_2 ≡ bx_3 (mod 3) êáé a ≡ ±b (mod 9). ÏäçãïýìáŸå ëïéðüí Ÿéò åîÞò norm-åîéđĞéò: N(e) = 1 27 (x^3_1 + x^3_2ab^2 + x^3a^2b − 3x_1x_2x_3ab) = ±2^n · 3^m (6) N(e − 1) = N(e) + 1 3 (−x^2_1 + 3x_1 − 3 + x_2x_3ab) = ±1 (7) N(e − 2) = N(e) + 1 3 (−2x^2_1 + 12x_1 − 24 + 2x_2x_3ab) = ±2^n (8) üðïõ n ∈ {0, 1, 2, 3} êáé m ∈ {0, 1}. Åöáñìüæïíôáò ôïí SSäéï áëãüñéèìï üðùò Ÿçí ðåñSSðôùŁôýðïõ Dedekind I, êáôáëÞãïõìå Ÿï SSäéï ŽìðÝñáŘá. ÁðïäåSSîáìå ëïéðüí ôçí åîÞò ðñüôáŁ: ÐñüôáŁ4.13 E j K, E_{tor}(K) ∼= ZZ/12ZZ. 2. ÅŸù üôé éĲýåé E_{tor}(K) ∼= ZZ/2ZZ^⨁ ZZ/6ZZ. Áðü ôï èåþñçìá 4.6, ðåñSSðôùŁ13, ïäçãïýìáŸå Ÿéò áêüëïõèåò norm-åîéđĞéò: N(e) = ±2^n, N(e + 4) = ±2^l · 3^m, N(e − 2) = ±2^3 · 3^m

N(e − 4) = ±2^l, N(e − 8) = ±2^n · 3^m üðïõ n, l ∈ {3, · · · , 9} êáé m ∈ {0, 1, 2, 3}. Åöáñìüæïíôáò ôïí áëãüñéèìï ðïõ åSSäáìå Ÿçí ðåñSSðôùŁ1., êáôáëÞãïõìå Ÿï åîÞò ŽìðÝñáŘá: ÐñüôáŁ4.14 E j K E_{tor}(K) ∼= ZZ/2ZZ^⨁ ZZ/6ZZ. 3. ÅŸù E_{tor}(K) ∼= ZZ/6ZZ. Áðü ôï èåþñçìá 4.6 êáé ôéò ðñïôÜĞéò 4.13 êáé 4.14 , Ýœïõìå üôé äåí õðÜñœåé åëëåéðôéêÞ êáìðýëç E ïñéŘÝíç Ğáðëü êõâéêü đìá áñéèìþí K, ìå áêÝñáéá áðüëõôç áíáëëïSSùôï j êáé õðïïìÜäá ðåðåñáŘÝíçò ôÜîçò E_{tor}(K) ⊃ ZZ/6 ZZ. Áðü ôï èåþñçìá 4.6, ðåñSSðôùŁ11, Ýœïõìå ôéò åîÞò norm-åîéđĞéò: N(e) = ±3^n (9) N(e + 1) = ±2^m (10) N(e + 9) = ±N(e) · N(e + 1) (11) üðïõ n ∈ {0, 1, · · · , 6} êáé m ∈ {0, 1, · · · , 9}. Ï áëãüñéèìïò ðïõ œñçŊìïðïéÞĆìå Ÿçí ðåñSSðôùŁ1, ìáò äSSíåé 6 êáìðýëåò, áðü ôéò ïðïSSåò 2 åSSíáé ïñéŘÝíåò Ÿï Q êáé ïé õðüëïéðåò 4 åSSíáé ïñéŘÝíåò Ÿï đìá Q(^3 √ 2) ( [ Fu ] ).

4. ÅŸù E_{tor}(K) ∼= ZZ/4ZZ. Ëüãù ôïõ èåùñÞìáôïò 4.6 êáé ôçò ðñüôáŁò 4.12, Ýœïõìå üôé äåí õðÜñœåé åëëåéðôéêÞ êáìðýëç E ìå áêÝñáéá áðüëõôç áíáëëïSSùôï j ïñéŘÝíç Ğ áðëü êõâéêü đìá áñéèìþí K êáé õðïïìÜäá ðåðåñáŘÝíçò ôçò E_{tor}(K) ⊃ ZZ/4ZZ.

(a) ÅŸù üôé ôï đìá K åSSíáé ôýðïõ Dedekind II. Ôüôå áðü ôï èåþñçìá 4.6, ðåñSSðôùŁ 3, ïäçãïýìáŸå Ÿéò áêüëïõèåò norm-åîéđĞéò: N(e) = x^3_1 + x^3_2ab^2 + x^3a^2b − 3x_1x_2x_3ab = ±2^n (12) N(e + 16) = N(e) + 48x^2_1 + 768x_1 + 4096 − 48x_2x_3ab = ±2^m (13) üðïõ n, m ∈ {0, 1, · · · , 24}. ÈÝôïõìå A =^1_{48}(N(e + 16) − N(e) − 4096). Ôüôå ïé ĲÝĞéò (12) êáé (13), äSSíïõí: x_1 = −8 ± √ A + 64 + x_2x_3ab (∗) x_2x_3ab = x^2_1 + 16x_1 − A (∗∗) Ïìùò áöïý x_1, x_2x_3ab ∈ ZZ, Ýðåôáé üôé: N(e + 16) − N(e) − 4096 ≡ 0mod48 Áí x_2x_3ab < 0, ôüôå áðü ôçí ĲÝŁ(∗) Ýœïõìå 0 < |x_2x_3ab| ≤ A + 64, êáé x_2x_3ab = −(A + 64) + z^2, üðïõ z ∈ ZZ êáé 0 ≤ z < √ A + 64. Óõíåðþò ãéá äïŘÝíç ôéìÞ ôïõ A, õðÜñœïõí ðåðåñáŘÝíá Ÿï ðëÞèïò z, ôÝôïéá þŸå 0 ≤ z < √ A + 64. ÅðïìÝíùò ãéá äïŘÝíç ôéìÞ ôïõ z, éĲýïõí: x_1 = −8 ± √ A + 64 + x_2x_3ab (∘) x_2x_3ab = −(A + 64) + z^2 (∘∘).

Åöáñìüæïõìå ôþñá ôïí áëãüñéèìï ôçò ðåñSSðôùŁò 1., üôáí x_2x_3ab < 0, ÝôŊþŸå íá éêáíïðïéïýíôáé ïé åîéđĞéò (12), (13) êáèþò êáé ïé (∘), (∘∘). Ôï áðïôÝëåŘá åSSíáé üôé Ýœïõìå ðåðåñáŘÝíá Ÿï ðëÞèïò áðëÜ êõâéêÜ đìáôá K êáé ðåðåñáŘÝíåò Ÿï ðëÞèïò ðáñáìÝôñïõò e ðïõ íá ðáñáìåôñSSæïõí ôçí åëëåéðôéêÞ êáìðýëç E. ÅŸù ôþñá üôé x_2x_3ab ≥ 0. Ôüôå Ýœïõìå üôé: 0 ≤ (x^3_2ab^2 − x^3a^2b)^2 = (x^3_2ab^2 + x^3a^2b)^2 − 4(x_2x_3ab)^3 =⇒ (x^3_2ab^2 + x^3a^2b)^2 ≥ 4(x_2x_3ab)^{3 (∗∗)}= 4(x^2_1 + 16x_1 − A)^3 Áðü ôçí Üëëç ðëåõñÜ üìùò, ëüãù ôùí åîéđĞùí (1) êáé (∗∗), Ýœïõìå: (x^3_2ab^2 + x^3a^2b)^2 = (−x^3_1 + 3x_1x_2x_3ab + N(e))^2 = [2(x^3_1 + 48x^2_1 − 3Ax_1 + N(e))]^2

=⇒ 4(x^2_1 + 16x_1 − A)^3 − (2x^3_1 + 48x^2_1 − 3Ax_1 + N(e))^2 ≤ 0 ⇐⇒ 768x^4_1 + (16348 − 4N(e) − 96A)x^3_1 + (3A^2 − 96N(e) − 3072A)x^2_1 +(192A^2 + 6AN(e))x_1 + (−4A^3 − N^2(e)) ≤ 0 Ðñïöáíþò ç ôåëåõôáSSá áíéŞôçôá éêáíïðïéåSSôáé ìüíï ãéá ðåðåñáŘÝíåò Ÿï ðëÞèïò ôéìÝò ôïõ x_1 ∈ ZZ. Ãéá äïŘÝíç ëïéðüí ôéìÞ ôïõ x_1, õðïëïãSSæïõìå ôï x_2x_3ab áðü ôçí ĲÝŁ(∗∗). ÊáôáëÞãïõìå ĞðåðåñáŘÝíåò Ÿï ðëÞèïò åëëåéðôéêÝò êáìðýëåò E, êáé ðåðåñáŘÝíá Ÿï ðëÞèïò đìáôá K ( [ Fu ] ).

(b) : ÅŸù üôé ôï đìá K åSSíáé ôýðïõ Dedekind (II). Óå áõôÞí ôçí ðåñSSðôùŁïäçãïýìáŸå Ÿéò áêüëïõèåò norm-åîéđĞéò : N(e) = 1 27 (x^3_1 + x^3_2ab^2 + x^3a^2b − 3x_1x_2x_3ab) = ±2^n (14) N(e + 16) = N(e) + 1 3 (16x^2_1 + 768x_1 + 12288 − 16x_2x_3ab) = ±2^m (15)

üðïõ n, m ∈ {0, 1, · · · , 24}. ÓõíåœSSæïíôáò êáôÜ åíôåëþò üìïéï ôñüðï üðùò Ÿçí ðåñSSðôùŁôýðïõ Dedekind I, êáôáëÞãïõìå Ÿï ŽìðÝñáŘá üôé äåí õðÜñœïõí åëëåéðôéêÝò êáìðýëåò ìå áêÝñáéá áðüëõôç áíáëëïSSùôï ïñéŘÝíåò Ğáðëü êõâéêü đìá ôýðïõ Dedekind II êáé õðïïìÜäá ðåðåñáŘÝíçò ôÜîçò E_{tor}(K) ∼= ZZ/4ZZ. Óõíåðþò ç ìüíç ðåñSSðôùŁüðïõ ðáSSñíïõìå äåêôü áðïôÝëåŘá åSSíáé ç ðåñSSðôùŁ§ìÜôùí ôýðïõ Dedekind I. ÌÜëéŸá üëá ôá äõíáôÜ đìáôá åSSíáé ôçò ìïñöÞò K = Q(^3 √ D), üðïõ ôï D äéáôñÝœåé ôï Źíïëï {2, 3, 5, 31} ( [ Fu ] ).

5. ÅŸù E_{tor}(K) ∼= ZZ/2ZZ^⨁ ZZ/2ZZ. Óôçí ðåñSSðôùŁ4, õðïëïãSSĆìå üëá ôá đìáôá K êáé ôéò ðáñáìÝôñïõò e ðïõ éêáíïðïéïýí ôéò ŽíèÞêåò (1) : 0 ≤ õ(e), êáé õ(e + 16) ≤ 8õ(2). Óôçí ðñïêåéìÝíç ðåñSSðôùŁèÝëïõìå íá õðïëïãSSŤõìå üëá ôá đìáôá K êáé ôéò ðáñáìÝôñïõò e^′, ôÝôïéåò þŸå (2) : 0 ≤ õ(e^′) êáé õ(e^′ − 16) ≤ 8õ(2). ÈÝôïíôáò e^′ := e + 16, ðáñáôçñïýìå üôé õðÜñœåé 1 − 1 áíôéŸïéœSSá, ìåôáîý ôùí e ðïõ éêáíïðïéïýí ôéò ŽíèÞêåò (1) êáé ôùí e^′ ðïõ éêáíïðïéïýí ôéò ŽíèÞêåò (2). ÅðïìÝíùò Ýœïõìå ðåðåñáŘÝíåò Ÿï ðëÞèïò ðáñáìÝôñïõò e^′ êáé ðåðåñáŘÝíåò Ÿï ðëÞèïò áðüëõôåò áíáëëïéþôïõò j. ÄçëáäÞ ðéèáíüí íá ðÜñïõìå Üðåéñåò ôï ðëÞèïò åëëåéðôéêÝò êáìðýëåò E, ðïõ èá áíôéŸïéœïýí ĞðåðñáŘÝíåò ôï ðëÞèïò ôéìÝò ôçò áðüëõôçò áíáëëïéþôïõ j. ([Fu]).

6. ÅŸù E_{tor}(K) ∼= ZZ/2ZZ Þ E_{tor}(K) ∼= ZZ/3ZZ. Ïôáí E_{tor}(K) ∼= ZZ/2ZZ, ôüôå ïäçãïý- ìáŸå Ÿçí åîÞò norm-åîSS§Ł: N(e) = ±2^n üðïõ n ∈ {0, 1, · · · , 36}. Ïé ëýĞéò ôçò ðáñáðÜíù åîSS§Łò äSSíïõí Üðåéñåò Ÿï ðëÞèïò åëëåéðôéêÝò êáìðýëåò E êáé Üðåéñá áðëÜ êõâéêÜ đìáôá K ([Fu]). Áí ðåñéïñSSŤõìå ôï ðñüâëçìá Ÿï K = Q ôüôå ðáSSñíïõìå ôéò ðáñáìÝôñïõò e = ±2^n, n ∈ {0, 1, · · · , 12} êáé Üñá ôéò áðüëõôåò áíáëëïéþôïõò j = 2^{2n}(1 ± 2^{4−n})^3. Åíôåëþò üìïéá äïõëåýïõìå üôáí E_{tor}(K) ∼= ZZ/3ZZ, êáé êáôáëÞãïõìå Ÿéò ðåñéðôþĞéò üðïõ K = Q Ÿéò ðáñáìÝôñïõò e = ±3^n, n ∈ {0, 1, · · · , 6}. 7. ÅŸù E_{tor}(K) ∼= ZZ/5ZZ. Ïé norm-åîéđĞéò Ÿéò ïðïSSåò êáôáëÞãïõìå åSSíáé ïé åîÞò:

N(e) = ±1 (16) N(e^2 − 11e − 1) = ±5^n (17)

üðïõ n ∈ {0, 1, · · · , 9}. ÈÝôïõìå D := ab^2, δ :=^3 √ ab^2, —δ :=^3 √ a^2b êáé õðïèÝôïõìå üôé a > b. Èá õðïëïãSSŤõìå üëåò ôéò äõíáôÝò ôéìÝò ôïõ D, þŸå íá éĲýïõí ïé ĲÝĞéò (16) êáé (17).

ÅŸù g(X) := X^2 − 11X − 1 ∈ ZZ[X]. Áí e ∈ U_K ôüôå η := −^1_e ∈ U_K. ÅðSSŁò ôï ŸïéœåSSï g(η) = e^{−2} − 11e^{−1} − 1, Ýœåé norm N(g(η)) = −N(g(e)). Óõíåðþò áí ç e åSSíáé ëýŁôùí åîéđĞùí (16) êáé (17), ôüôå åSSíáé êáé ç η. Áñá œùñSSò ðåñéïñéŘü ôçò ãåíéêüôçôáò ìðïñïýìå íá õðïèÝŤõìå üôé |e| > 1. Èá áðïäåSSîïõìå ôï åîÞò ëÞììá:

ËÞììá 4.15 |e| > 1950, e (16) (17).

Áðüäåéîç : ÅŸù üôé |e| > 1950, e ∈ U_K. Áí e^′ êáé —e, åSSíáé ôá äõï ŽæõãÞ ôïõ e, ôüôå: |N(e)| = |e · e^′ · —e| = |e| · |e^′|^2 = 1 =⇒ | 1 e^′ | = √ |e| > 44 Áí éĲýïõí ïé åîéđĞéò (16) êáé (17) Ýœïõìå üôé éĲýåé ç ĲÝŁ|N(g(e))/N(e)| = 5^n üðïõ n ∈ {0, 1, · · · , 9} êáé åðïìÝíùò éĲýåé üôé: |e − 11 − 1 e | · | 1 e^′ + 11 − e^′|^2 = 5^n, n ∈ {0, · · · , 9}. (18)

Ïìùò, |11 + 1 e | ≤ 11 + 1 |e| < 11 + 1 1950 êáé |e − 11 − 1 e | ≥ ||e| − |11 + 1 e || =⇒ |e − 11 − 1 e | > 1950 − 11 − 1 1950 (∗). ÅðéðëÝïí éĲýåé üôé |11 − e^′| ≤ 11 + |e^′| < 11 +^1_{44}, êáé: | 1 e^′ + 11 − e^′| ≥ || 1 e^′ | − |11 − e^′||. Áñá: | 1 e^′ + 11 − e^′| > 44 − 11 − 1 44 (∗∗). ÓõíäéÜæïíôáò ôéò áíéŞôçôåò (∗) êáé (∗∗), Ýœïõìå: |N(g(e))/N(e)| > (1950 − 11 − 1 1950

)(44 − 11 − 1 44 2 ) > 5^9 ôï ïðïSSï åSSíáé Üôïðï ëüãù ôçò ĲÝĞùò (18). 2 Óõìöùíá ìå ôï ëÞììá 4.15, Ýœïõìå üôé äåí õðÜñœåé ëýŁôùí åîéđĞùí (16) êáé (17) ĞÜíá áðëü êõâéêü đìá áñéèìþí ðïõ Ýœåé êáíïíéêïðïéçìÝíç èåìåëéþäç ìïíÜäá e_0(> 1), "áñêåôÜ" ìåãÜëç ( e_0 > 1950 ). Áðü ôçí Üëëç ìåñéÜ üìùò ï Cusick áðÝäåéîå üôé ãéá êÜèå áðëü êõâéêü đìá áñéèìþí K ìå äéáêñSSíïõĆ´_K < 0, ï regulator ôïõ K éêáíïðïéåSS ôçí åîÞò áíéŞôçôá: R(K) = log e_0 ≥ 1 3 log( |´_K| 27 ) (∗ ∗ ∗) ÐñÜãìáôé, ãéá e :=^1_{e0} , Ýœïõìå :

´(e) = (e − e^′)^2(e − —e)^2(e^′ − —e)^2 = (e^′)^2—e^4(1 − e e^′ )^2(1 − e —e 2 )^2(1 − e^′ —e )^2 üðïõ ôá e, e^′, —e, åSSíáé äéáôåôáãìÝíá ùò åîÞò |e| ≤ |e^′| = |—e|. Ôüôå: log ´(e) ≤ log 4 + 2(log —e^2 + log e^′), äéüôé áí èÝŤõìå x :=^e_e0 , y :=^e0_{—e} , ðáñáôçñïýìå üôé ç ŽíáñôçŁ f(x, y) := (1 − x)(1 − y)(1 − xy), üðïõ |x| ≤ 1, |y| ≤ 1, Ýœåé ìÝãéŸï ôï 2 ( f(x, y) ≤ 2 ). ÅðSSŁò éĲýåé üôé e < |e^′| = |—e| = e^{−1/2}. Óõíåðþò: log ´(e) ≤ log 27 + 2( −3 2 log e) =⇒ log ´_K ≤ log 27 + 3R(K) Áñá éêáíïðïéåSSôáé ç áíéŞôçôá (∗ ∗ ∗).

Ïðùò ãíùñSSæïõìå ç äéáêñSSíïõĆåíüò áðëïý êõâéêïý đìáôïò áñéèìþí K, åSSíáé:

´_K = −27

(ab)^2 s^2

, üðïõ s =

1 üôáí a ≢ ±b (mod 9) 3 üôáí a ≡ ±b (mod 9) êáé Žíåðþò ëüãù ôçò ĲÝĞùò (∗ ∗ ∗) Ýœïõìå ôï åîÞò Üíù öñÜãìá: ( ab s )^2 ≤ e^3_0 ÅðïìÝíùò ãéá íá éĲýïõí ïé ĲÝĞéò (16) êáé (17) Ÿï đìá K = Q(δ) ðñÝðåé íá éĲýïõí ïé áíéŞôçôåò:

ab ≤ se^{3/2}_0 < s(1950)^{3/2} < 86110 · s

Èåþñçìá 4.16 R(K) regulator K = Q(δ), :

R(K) ≥ 2 log( 3δ − s 2s ) Áðüäåéîç : ÅŸù η := e^{−1}_0 < 1. Áöïý η ∈ O_K Ýœïõìå: η = r_1 + r_2δ + r_3—δ s üðïõ r_1, r_2, r_3 ∈ ZZ. Áí ù åSSíáé ðñùôáñœéêÞ ñSSæá ôçò ìïíÜäïò éĲýåé:

η^′ = r_1 + r_2ùδ + r_3ù^2—δ s —η = r_1 + r − 2ù^2δ + r_3ù—δ s Áðü áõôÝò ôéò ôñåSSò åîéđĞéò Ýœïõìå:

3r_2δ = s(η + ù^2η^′ + ù—η)

3r_3—δ = s(η + ùη^′ + ù^2 —η

ÐáSSñíïõìå áðüëõôåò ôéìÝò: 3|r_2| δ s , 3|r_3| δ^′ s ≤ |η| + |η^′| + |—η| = |η| + 2|η^′| < 1 + 2|η^′|. Ïìùò 1 = N(η) = η · |η^′|^2 =^{|η}

0_|2 e0 , êáé Üñá |η^′| = √ e_0. Óõíåðþò: |r_2|δ, |r_3|δ^′ < s(1 + 2 √ e_0) 3 . Áí ôþñá õðïèÝŤõìå üôé δ > s(1 + 2√e_0)/3, ôüôå r_2 = r_3 = 0, ðïõ áõôü ŁìáSSíåé üôé r_1 = s êáé η = 1, Ýœïõìå Üôïðï. Áñá √ e_0 ≥ (3δ − s)/2s. ÅðïìÝíùò: 1 2 log e_0 ≥ log( 3δ − s 2s ) =⇒ R(K) ≥ 2 log( 3δ − s 2s ) 2 Áðü ôï èåþñçìá 4.16 êáé ôï ëÞììá 4.15, Ýœïõìå üôé áí ïé åîéđĞéò (16) êáé (17) Ýœïõí ëýŁĞêÜðïéï áðëü êõâéêü đìá áñéèìþí K = Q(δ), δ = ab^2, ôüôå éêáíïðïéåSSôáé ç åîÞò áíéŞôçôá: 3δ − s 2s < √ 1950

Óõíåðþò åÜí D = ab^2, Ýœïõìå ôï áêüëïõèï Üíù öñÜãìá: D < 26391s^3 ÊáôáëÞîáìå ëïéðüí ĞðåðñáŘÝíïõ ðëÞèïõò đìáôá K êáé ðåðåñáŘÝíåò Ÿï ðëÞèïò ðáñáìÝôñïõò e_0, ìå e_0 < 1950. Áñá Ýœïõìå ìéá ìüíï åëëåéðôéêÞ êáìðýëç E/K, ðïõ ðáñáìåôñSSæåôáé áðü ôï e_0 (äåò [ Fu], Ğë. 44, ðñüôáŁ6 ).

5 ÅëëåéðôéêÝò êáìðýëåò ïñéŘÝíåò ĞŸïéœåéþäåéò

2-áâåëéáíÝò åðåêôÜĞéò ôïõ Q

ÅŸù åëëåéðôéêÞ êáìðýëç E ïñéŘÝíç Ÿï đìá Q. Óêïðüò áõôïý ôïõ êåöáëáSSïõ åSSíáé ç åýñåŁüëùí ôùí ðéèáíþí ïìÜäùí ðïõ åìöáíSSæïíôáé Ćí torsion ïìÜäåò E_{tor}(F ), åëëåéðôéêþí êáìðýëùí E ïñéŘÝíùí Ÿï Q, üðïõ F åSSíáé Ÿïéœåéþäçò 2-áâåëéáíÞ åðÝêôáŁôïõ Q.

5.1 ÓõíïìïëïãSSá ðåðåñáŘÝíùí ïìÜäùí

ÅŸù G, ìSSá ðåðåñáŘÝíç ïìÜäá êáé M ìSSá áâåëéáíÞ ïìÜäá Ÿçí ïðïSSá äñá ç ïìÜäá G. ÓõìâïëSSæïõìå ôçí äñÜŁôïõ ŸïéœåSSïõ s ∈ G Ÿï ŸïéœåSSï m ∈ M ìå m^s. Ôüôå ôï M åSSíáé Ýíá ( äåîSS ) G-module, áí:

m^1 = m, (m + m^′)^s = m^s + (m^′)^s, (m^s)^t = m^{st}

Áí M êáé N åSSíáé G-modules, Ýíáò G-ìïñöéŘüò åSSíáé Ýíáò ïìïìïñöéŘüò φ : M → N áâåëéáíþí ïìÜäùí ôÝôïéïò þŸå φ(m^s) = φ(m)^s, ãéá êÜèå m ∈ M êáé s ∈ G.

Ãéá Ýíá äïŘÝíï G-module, ŽœíÜ ìáò åíäéáöÝñåé ï õðïëïãéŘüò ôïõ ìåãáëýôåñïõ õðïmodule Ÿï ïðïSSï ç G äñá ôåôñéììÝíá.

ÏñéŘüò 5.1 0- G-module M, M^G H^0(G, M), : H^0(G, M) := {m ∈ M/m^s = m, ∀s ∈ G} ÅŸù ôþñá ç ìéêñÞ áêñéâÞò áêïëïõèSSá áðü G-modules: 0 −→ P^φ−→ M^ψ−→ N −→ 0, äçëáäÞ ïé φ êáé ψ åSSíáé G-module ìïñöéŘïSS, üðïõ ï φ åSSíáé ìïíïìïñöéŘüò, ï ψ åSSíáé åðéìïñöéŘüò êáé ç åéêüíá ôïõ ìïñöéŘïý φ, Im(φ) éŤýôáé ìå ôïí ðõñÞíá ôïõ ψ, Ker(ψ). Ðáñáôçñïýìå ôüôå üôé ç áêïëïõèSSá ôùí 0-ïìÜäùí ŽíïìïëïãSSáò : 0 −→ P^G −→ M^G −→ N^G åSSíáé áêñéâÞò, áëëÜ ç áðåéêüíéŁM^G → N^G äåí åSSíáé åí ãÝíåé åðSS. Må Őïðü íá åëÝãîïõìå ðüŤäéáöÝñåé ç ôåëåõôáSSá áðåéêüíéŁáðü ôï íá åSSíáé åðSS, äSSíïõìå ôïí áêüëïõèï ïñéŘü.

ÏñéŘüò 5.2 M G-module. 1- G M, : C^1(G, M) := {ξ/ξ : G → M}. 1-, : Z^1(G, M) := {ξ ∈ C^1(G, M)/ξ_{st} = ξ^t_s + ξ_t, ∀s, t ∈ G}, ξ_{st} := ξ(st). 1-, : B^1(G, M) := {ξ ∈ C^1(G, M)/∃m ∈ M .. ξ_s = m^s − m, ∀s ∈ G} 1- G-module M :

H^1(G, M) := Z^1(G, M)/B^1(G, M) Ìå Üëëá ëüãéá, ç 1-ïìÜäá ŽíïìïëïãSSáò åSSíáé ç ïìÜäá ôùí 1-Žíêýêëùí ξ : G → M, modulo ôçí ĲÝŁéŤäõíáìSSáò üôé äýï Žíêýêëïé ôáõôSSæïíôáé åÜí ç äéáöïñÜ ôïõò åSSíáé ôçò ìïñöÞò m^s − m, ãéá êÜðïéï m ∈ M.

ÐáñáôçñÞĞéò:

1. ÅSSíáé ðñïöáíÝò üôé åÜí ç äñÜŁôçò ïìÜäïò G, Ÿï G-module M åSSíáé ôåôñéììÝíç, ôüôå: H^0(G, M) = M, êáé H^1(G, M) = Hom(G, M) 2. Ï áíáãíþŸçò ðïõ åíäéáöÝñåôáé ãéá êÜðïéåò åðéðëÝïí ðëçñïöïñSSåò ãéá ôçí ŽíïìïëïãSSá ôùí ðåðåñáŘÝíùí ïìÜäùí, ìðïñåSS íá áíáôñÝîåé Ÿï [Áí4].

5.2 ÊëÜĞéò éŤìïñöSSáò åëëåéðôéêþí êáìðýëùí

ÅŸù k Ýíá ôÝëåéï đìá êáé —k ç áëãåâñéêÞ èÞêç ôïõ đìáôïò k. ÅŸù äå E ìSSá åëëåéðôéêÞ êáìðýëç ïñéŘÝíç Ÿï đìá k êáé P = (x, y) Ýíá ŁìåSSï ôçò êáìðýëçò E. Ç åðÝêôáŁ —k/k åSSíáé ìéá Üðåéñç åðÝêôáŁôïõ Galois (äåò [Êïí], ðáñÜñôçìá, Ğë. 99 − 122). Ç ïìÜäá Gal(—k/k), äñá êáôÜ öõŊïëïãéêü ôñüðï ĞêÜèå ŁìåSSï P = (x, y) ôçò åëëåéðôéêÞò êáìðýëçò E, P^s = (x^s, y^s). Èåùñïýìå ôþñá ôçí ïìÜäá Aut—_k(E), ôùí áõôïìïñöéŘþí ôçò åëëåéðôéêÞò êáìðýëçò E ðÜíù áðü ôï đìá —k, ðïõ áðåéêïíSSæïõí ôï åð’Üðåéñï ŁìåSSï O Ÿïí åáõôü ôïõ. ÉĲýåé ôï áêüëïõèï:

Èåþñçìá 5.3 E/k . k ( O → O ) 24. :

|Aut—_k(E)| =

2 j(E) ≠ 0, 1728 4 j(E) = 1728 char(k) ≠ 2, 3 6 j(E) = 0 char(k) ≠ 2, 3 12 j(E) = 0 = 1728 char(k) = 3 24 j(E) = 0 = 1728 char(k) = 2 Áðüäåéîç : ÅŸù üôé char(k) ≠ 2, 3 ( Ïé ðåñéðôþĞéò œáñáêôçñéŸéêÞò 2 êáé 3 ãSSíïíôáé üìïéá ). Ôüôå ç åëëåéðôéêÞ êáìðýëç E äSSíåôáé áðü åîSS§Łôçò ìïñöÞò:

E : Y^2 = X^3 + AX + B.

ÊÜèå áõôïìïñöéŘüò ôçò êáìðýëçò E åSSíáé ôçò ìïñöÞò x = u^2x^′, y = u^3y^′, üðïõ u ∈ —k^∗. ÅðïìÝíùò áíôéêáèéŸþíôáò Ÿçí åîSS§Łôçò E, Ýœïõìå üôé u^{−4}A = A êáé u^{−6}B = B. Óõíåðþò åáí AB ≠ 0 (äçëáäÞ j(E) ≠ 0, 1728) Ýðåôáé üôé u = ±1. Áí B = 0 (j(E) = 1728), ôüôå u^4 = 1 êáé åáí A = 0 (j(E) = 0) ôüôå u^6 = 1. 2

ÐüñéŘá 5.4 E , k , char(k) ≠ 2, 3. μ_n n- —k, n = 2 ( n = 4, n = 6),

j ≠ 0, 1728 ( j = 1728, j = 0), Gal(—k/k)-modules: Aut—_k(E) ∼= μ_n. Áðüäåéîç : ÊáôÜ ôçí áðïäåéêôéêÞ äéáäéêáŇá ôïõ èåùñÞìáôïò 5.3, äåSSîáìå üôé ç áðåéêüíéŁ:

[ ] : μ_n → Aut—_k(E), [ζ](x, y) = (ζ^2x, ζ^3y), åSSíáé éŤìïñöéŘüò ïìÜäùí. Ïìùò ç ðáñáðÜíù áðåéêüíéŁ, áíôéìåôáôSSèåôáé ìå ôçí äñÜŁôçò ïìÜäïò ôïõ Galois êáé åðïìÝíùò åSSíáé éŤìïñöéŘüò Gal(—k/k)-modules. 2 ÅŸù ôþñá E^′/k åëëåéðôéêÞ êáìðýëç twist ôçò E. ÅðïìÝíùò õðÜñœåé éŤìïñöéŘüò φ :

E^′ → E, ïñéŘÝíïò Ÿï đìá —k. ÓõìâïëSSæïõìå ìå T wist—_k(E), ôï Źíïëï ôùí twist ôçò êáìðýëçò E (modulo éŤìïñöSSá õðÝñ ôï đìá k). Èåùñïýìå ôþñá ôçí áðåéêüíéŁ: ξ : G(—k/k) −→ Aut—_k(E) s → ξ_s = φ^sφ^{−1}

Èá áðïäåSSîïõìå üôé ï ξ, üðùò ïñSSŸçêå, åSSíáé 1-Žíêýêëïò êáé ç ŽíïìïëïãéáêÞ êëÜŁôïõ ξ ïñSSæåôáé ìïíáäéêÜ êÜôù áðü éŤìïñöéŘü. ÅðéðëÝïí êÜèå ŽíïìïëïãéáêÞ êëÜŁðñïÝñœåôáé áðü êÜðïéá twist ôçò êáìðýëçò E/k. Êáô’ áõôüí ôïí ôñüðï ëïéðüí ìðïñïýìå íá ôáõôSSŤõìå ôï Źíïëï ôùí twist ôçò êáìðýëçò E, ìå ôçí ðñþôç ïìÜäá ŽíïìïëïãSSáò H^1(G(—k/k), Aut—_k(E)). ÓõíïøSSæïõìå êáé áðïäåéêíýïõìå ôá ðáñáðÜíù Ÿï áêüëïõèï èåþñçìá:

Èåþñçìá 5.5 E () k. twist E^′/k E —k- φ : E^′ → E ξ_s = φ^sφ^{−1} ∈ Aut—_k(E), . : 1. ξ 1-, s, t Gal(—k/k) ξ_{st} = (ξ_s)^tξ_t. {ξ} ξ_s H^1(Gal(—k/k), Aut—_k(E)). 2. : T : T wist—_k(E) −→ H^1(G(—k/k), Aut—_k(E)) T , 1 − 1 . twist E/k ( k- ) 1 − 1 H^1(Gal(—k/k), Aut—_k(E)). Áðüäåéîç : Åœïõìå ξ_{st} = φ^{st}φ^{−1} = (φ^sφ^{−1})^t(φ^tφ^{−1}) = ξ^t_sξ_t, ãéá êÜèå s, t ∈ Gal(—k/k).

Áñá ï ξ åSSíáé ðñÜãìáôé 1-Žíêýêëïò.

ÅŸù ôþñá E^{′′}/k ìéá Üëëç twist ôçò êáìðýëçò E/k ðïõ íá åSSíáé k-éŞìïñöç ìå ôçí E^′/k. Èá áðïäåSSîïõìå üôé ïé 1-Žíêýêëïé φ^sφ^{−1} êáé ψ^sψ^{−1}, áíÞêïõí Ÿçí SSäéá êëÜŁŽíïìïëïãSSáò. Åî õðïèÝĞùò, õðÜñœåé k-éŤìïñöéŘüò θ : E^{′′} → E^′. ÏñSSæïõìå ôï ŸïéœåSSï α := φθψ^{−1} ∈ Aut—_k(E). Åœïõìå:

α^s(ψ^sψ^{−1}) = (φθψ^{−1})^s(ψ^sψ^{−1}) = φ^sθ^sψ^{−1} = = φ^sθψ^{−1} = (φ^sφ^{−1})(φθψ^{−1}) = (φ^sφ^{−1})α, ôï ïðïSSï áðïäåéêíýåé üôé ôá ŸïéœåSSá φ^sφ^{−1}, ψ^sψ^{−1}, áíÞêïõí Ÿçí SSäéá êëÜäç ŽíïìïëïãSSáò êáé åðïìÝíùò ç áðåéêüíŁT åSSíáé êáëþò ïñéŘÝíç.

Áðïäåéêíýïõìå ôþñá üôé ç áðåéêüíéŁT , åSSíáé 1 − 1. ÅŸù E^′/k êáé E^{′′}/k, äýï twist ôçò êáìðýëçò E/k ðïõ äSSíïõí ôçí SSäéá êëÜŁŽíïìïëïãSSáò Ÿçí H^1(Gal(—k/k), Aut—_k(E)). Áõôü ŁìáSSíåé üôé õðÜñœïõí —k-éŤìïñöéŘïSS φ : E^′ → E, ψ : E^{′′} → E^′ êáé —k-áõôïìïñöéŘüò α, ôÝôïéïé þŸå: α^s(ψ^sψ^{−1}) = (φ^sφ^{−1})α, ∀s ∈ Gal(—k/k)

ÏñSSæïõìå ôçí áðåéêüíéŁθ : E^{′′} → E^′, θ = φ^{−1}αψ. Ðñïöáíþò ï θ åSSíáé —k- éŤìïñöéŘüò. ÅðéðëÝïí, ãéá êÜèå s ∈ Gal(—k/k), Ýœïõìå:

θ^s = (φ^s)^{−1}(α^sψ^s) = (φ^s)^{−1}(φ^sφ^{−1}αψ) = φ^{−1}αψ = θ.

ÅðïìÝíùò, ç áðåéêüíéŁθ åSSíáé k-éŤìïñöéŘüò, äçëáäÞ ïé êáìðýëåò E^′ êáé E^{′′} åSSíáé kéŞìïñöåò êáé Žíåðþò äSSíïõí ôï SSäéï ŸïéœåSSï Ÿï Źíïëï T wist_k(E). Áñá ç áðåéêüíéŁT åSSíáé 1 − 1.

ÅŸù ôþñá ξ : Gal(—k/k) → Aut—_k(E) Ýíáò 1-Žíêýêëïò. Ãéá íá áðïäåSSîïõìå üôé ç áðåéêüíéŁT åSSíáé åðSS, áñêåSS íá êáôáŐåõÜŤõìå êáìðýëç E^′/k êáé —k-éŤìïñöéŘü φ : E^′ → E, ôÝôïéïí þŸå ξ_s = φ^sφ^{−1}. Ðñïò áõôüí ôïí Őïðü èåùñïýìå ôï đìá ŽíáñôÞĞùí ôçò åëëåéðôéêÞò êáìðýëçò E, —k(E). Ìå —k(E)_ξ, ŽìâïëSSæïõìå ôï đìá ôï ïðïSSï åSSíáé éŞìïñöï ìå ôï đìá —k(E), ÝŸù ìÝ§ôïõ —k-éŤìïñöéŘïý Z : —k(E) → —k(E)_ξ, üðïõ üìùò ç äéáöïñÜ áíÜìåĆŸá äýï đìáôá åíôïðSSæåôáé Ÿçí äñÜŁôçò ïìÜäïò Galois, Gal(—k/k). ÓõãêåêñéìÝíá ïñSSæïõìå Z(h)^s = Z(h^sξ_s), ãéá êÜèå s ∈ Gal(—k/k) êáé h ∈ —k(E). Óå áõôü ôï ŁìåSSï äSSíïõìå êÜðïéåò åîçãÞĞéò ãéá ôï ðþò äñá ç ïìÜäá Galois Gal(—k/k) Ÿá ŸïéœåSSá ôïõ đìáôïò ŽíáñôÞĞùí ôçò êáìðýëçò E, —k(E). ÅŸù h ∈ —k(E) = Quot(—k[x, y]/ < f(x, y) >), åáí ç E Ýœåé åîSS§Łf(x, y) = 0. ÅSSíáé ðñïöáíÝò üôé ç h åðÜãåé êáëþò ïñéŘÝíç áðåéêüíéŁ ðïõ ôçí ŽìâïëSSæïõìå åðSSŁò h áðü ôçí êáìðýëç E Ÿï đìá —k, h : E → —k ðïõ áðåéêïíSSæåé ôï ŁìåSSï P ∈ E(—k), Ÿçí ôéìÞ ôïõ h(P ) ∈ —k. Ç ïìÜäá Galois Gal(—k/k) äñÜ Ÿï ŸïéœåSSï h, äñþíôáò Ÿïõò ŽíôåëåŸÝò ôïõ. ÅðSSŁò, áöïý ç êáìðýëç E åSSíáé ïñéŘÝíç Ÿï đìá k, áöÞíåé ôï éäåþäåò < f(x, y) > áíáëëïSSùôï. ÅðïìÝíùò êáô’ áõôüí ôïí ôñüðï ðáSSñíïõìå ìSSá ŽãêåêñéìÝíç äñÜŁŸï đìá ŽíáñôÞĞùí —k(E). ÅðSSŁò ïñSSæïõìå [h(P )]^s := h^s(P^s).

ÏñSSĆìå ëïéðüí ôçí äñÜŁôçò ïìÜäïò Galois Ÿï đìá —k(E) êáé Žíåðþò êáé ôçí äñÜŁ Ÿï đìá —k(E)_ξ. ÅŸù G := Gal(—k/k). Èåùñïýìå ôï Ÿáèåñü đìá ôïõ —k(E)_ξ, F := —k(E)^G_ξ . Èá áðïäåSSîïõìå ôï æçôïýìåíï ĞôñSSá âÞìáôá : 1. F ∩ —k = k. ÅŸù g ∈ F ∩—k. Ôüôå ëüãù éŤìïñöSSáò ôçò Z, õðÜñœåé h ∈ —k(E) ôÝôïéï þŸå g = Z(h), äçëáäÞ g = Z(h) ∈ —k. ÅðåéäÞ üìùò ç Z åSSíáé ôáõôüôçôá Ÿï —k, Ýðåôáé üôé ôï h ∈ —k êáé åðïìÝíùò åSSíáé ŸáèåñÜ. Óõíåðþò:

Z(h) = Z(h)^s = Z(h^sξ_s) = Z(h^s), äéüôé, áöïý ç h åSSíáé ŸáèåñÜ, èá åSSíáé ŸáèåñÜ êáé ç h^s, äçëáäÞ h^sξ_s = h^s. ÅðïìÝíùò Z(h) = Z(h^s), ãéá êÜèå s ∈ G. ÅðåéäÞ üìùò ç Z åSSíáé ôáõôüôçôá Ÿï —k, ŽíåðÜãåôáé üôé h^s = h, äçëáäÞ ôï æçôïýìåíï, h ∈ k.

2. —k · F = —k(E)_ξ.

Ãéá ôçí áðïäåSSîç áõôïý ôïõ éĲõñéŘïý, áðïäåéêíýïõìå ôï åîÞò ëÞììá:

ËÞììá 5.6 V —k- Galois G = Gal(—k/k) V, G —k. V_k := V^G, : V = —k⊗_kV_k. Áðüäåéîç : ÁñêåSS íá áðïäåSSîïõìå üôé êÜèå v ∈ V, åSSíáé —k-ãñáììéêüò ŽíäéáŘüò ŸïéœåSSùí ôïõ V_k. Êáô’ áñœÞí ôï ãåãïíüò üôé ç ïìÜäá G äñá Žíåœþò Ÿïí äéáíõŘáôéêü œþñï V, ŁìáSSíåé üôé ç õðïïìÜäá ôçò G, H := {s ∈ G/v^s = v} Ýœåé ðåðåñáŘÝíï äåSSêôç Ÿçí ïìÜäá G. Ç H áíôéŸïéœåSS Ÿçí ðåðåñáŘÝíç åðÝêôáŁôïõ Galois L/k. ÅŸù äå [L : k] = n êáé {a_1, · · · , a_n}, ìSSá âÜŁôçò åðÝêôáŁò L/k. Áí Gal(L/k) = {s_1, · · · , s_n}, ôüôå ãéá êÜèå i ∈ {1, · · · , n} ïñSSæïõìå ôá äéáíýŘáôá:

w_i := n∑ j=1 (a_iv)^{sj} =^{n∑}_{j=1} a^{sj}_i v^{sj} ,

üðïõ ç ôåëåõôáSSá éŞôçôá éĲýåé äéüôé ç äñÜŁôçò G Ÿïí V åSSíáé ŽìâáôÞ ìå ôçí äñÜŁ ôçò G Ÿï đìá —k. Ðáñáôçñïýìå üôé ôá äéáíýŘáôá w_i åSSíáé G-áíáëëïSSùôá. ÅðïìÝíùò w_i ∈ V_k. ÅðéðëÝïí üðùò ãíùñSSæïõìå áðü ôçí èåùñSSá §ìÜôùí ï ðSSíáêáò (a^{si}_j ), åSSíáé ìç-éäéÜæùí. Óõíåðþò êÜèå v^{sj} ãñÜöåôáé ùò L-ãñáììéêüò ŽíäéáŘüò ôùí w_i ∈ V_k êáé Üñá ôï SSäéï ŽìâáSSíåé êáé ãéá ôï ŸïéœåSSï v ∈ V. 2 Åöáñìüæïíôáò ëïéðüí ôï ëÞììá ãéá V := —k(E)_ξ, V_k = F, Ýœïõìå üôé —k⊗_kF = —k(E)_ξ. Ïìùò —k⊗_kF = —kF, êáé Üñá éĲýåé ôï 2.

Åíá ÜìåŤŽìðÝñáŘá ðïõ Ýœïõìå áðü ôï 2, åSSíáé üôé ôï đìá F Ýœåé âáèìü õðåñâáôéêüôçôïò 1 ðÜíù áðü ôï đìá k. Óõíåðþò áöïý F ∩ —k = k, ŽíåðÜãåôáé üôé õðÜñœåé êáìðýëç E^′/k ôÝôïéá þŸå F = k(E^′) ([Si1], èåþñçìá 2.4, Ğë. 25). ÅðéëÝïí ôï 2 ìáò äSSíåé üôé:

—k(E^′) = —kF = —k(E)_ξ ∼= —k(E).

Áñá ïé êáìðýëåò E êáé E^′ åSSíáé éŞìïñöåò ðÜíù áðü ôï đìá —k, äçëáäÞ ç E^′ åSSíáé twist ôçò E. ÁðïìÝíåé ëïéðüí íá áðïäåSSîïõìå üôé ìáò äSSíïõí ôçí SSäéá êëÜŁŽíïìïëïãSSáò {ξ}. 3. Áðüäåéîç ôïõ åðSS:

ÅŸù φ : E^′ → E, ï —k-éŤìïñöéŘüò ðïõ áíôéŸïéœåSS Ÿïí éŤìïñöéŘü ôùí §ìÜôùí ŽíáñôÞĞùí Z : —k(E) → —k(E)_ξ ∼= —kF = —k(E^′). ÄçëáäÞ φ^∗ = Z (üðïõ φ^∗ ôï pullback ôçò φ, äåò [Si1], Ğë. 23). Óõíåðþò ç ĲÝŁZ(h)^s = Z(h^sξ_s), ãñÜöåôáé:

Z(h)^s = φ^∗(h)^s = (hφ)^s = h^sξ_sφ ⇒ h^sφ^s = h^sξ_sφ ⇒ φ^s = ξ_sφ,

ðïõ ìáò äSSíåé ôï æçôïýìåíï. 2

5.3 ÊÜðïéá ôåœíéêÜ ëÞììáôá

ÅŸù ôþñá K ìSSá ðåðåñáŘÝíç åðÝêôáŁôïõ đìáôïò k. Áí E/k åSSíáé ìSSá åëëåéðôéêÞ êáìðýëç êáé E^′/k twist ôçò êáìðýëçò E, ôüôå õðÜñœåé —k-éŤìïñöéŘüò φ : E^′ → E, ôÝôïéïò þŸå ãéá êÜèå 1-Žíêýêëï ξ = ξ_s ôçò G ðïõ ðáSSñíåé ôéìÝò Ÿçí Aut—_k(E), éĲýåé üôé φ^s = ξ_s∘φ ãéá êÜèå s ∈ G = Gal(—k/k). ÉäéáSSôåñá áõôü éĲýåé ãéá êÜèå 1-Žíêýêëï ôçò G ðïõ ðáSSñíåé ôéìÝò Ÿçí Aut_K(E). ÅðïìÝíùò ãéá êÜèå P ∈ E^′(K), Ýœïõìå:

(φ(P^s�^1 ))^s = (ξ_s ∘ φ)(P )

ÉĲýåé üôé: φ(E^′(k)) = {P ∈ E(K)/P^s = ξ_s(P ), ∀s ∈ G} (∗). ÐñÜãìáôé, áò ðÜñïõìå P ∈ φ(E^′(k)). Ôüôå õðÜñœåé ìïíáäéêü Q ∈ E^′(k), ôÝôïéï þŸå P = φ(Q). Åœïõìå:

P^s = φ(Q)^s = (ξ_s ∘ φ)(Q^s) = ξ_s ∘ φ(Q) = ξ_s(P ).

ÄçëáäÞ φ(E^′(k)) ⊆ {P ∈ E(K)/P^s = ξ_s(P ), ∀s ∈ G}. Ãéá ôïí áíôSSŸñïöï åãêëåéŘü ôþñá, áò ðÜñïõìå P ∈ E(K), ôÝôïéï þŸå P^s = ξ_s(P ), ∀s ∈ G. Ôüôå ëüãù —k-éŤìïñöSSáò ôçò áðåéêüíéŁò φ Ýœïõìå üôé õðÜñœåé ŸïéœåSSï Q ∈ E^′(—k) ôÝôïéï þŸå P = φ(Q). ÅðïìÝíùò φ(Q)^s = ξ_sφ(Q^s), êáé åðéðëÝïí éĲýåé üôé φ(Q)^s = P^s = ξ_s(P ) = ξ_s ∘ φ(Q). Óõíåðþò ξ_s ∘ φ(Q) = ξ_s ∘ φ(Q^s), äçëáäÞ φ(Q) = φ(Q^s). Áñá Q = Q^s, ãéá êÜèå s ∈ G. ÅðïìÝíùò Q ∈ E^′(k), äçëáäÞ Ýœïõìå êáé ôï áíôSSŸñïöï åãêëåéŘü. ËÞììá 5.7 G = Gal(Ê/k) G n, G e := e(G). E/k, Aut—_k(E) e- E^i twist E K- φ_i : E^i → E, i {1, · · · , n}, - : ⨁n i=1E^i(k)^{⊕φi}−→ E(K), n. Áðüäåéîç : ÅŸù ù ∈ Aut—_k(E), ðñùôáñœéêÞ e-ñSSæá ôçò ìïíÜäáò êáé R := ZZ[ù] ⊆ End_k(E). Ðñïöáíþò ï R åSSíáé áêåñáSSá ðåñéïœÞ. ÅðéðëÝïí ç äñÜŁôçò ïìÜäïò G Ÿçí E(K), åðÜãåé êáôÜ öõŊïëïãéêü ôñüðï äñÜŁôïõ äáêôõëSSïõ ïìÜäïò R[G] Ÿçí ïìÜäá E(K). ÅðSSŁò Ýœïõìå n äéáöïñåôéêïýò ïìïìïñöéŘïýò ( œáñáêôÞñåò ) ôçò ïìÜäïò G : χ_i : G →< ù >⊂ R, üðïõ i ∈ {1, · · · , n}. Ãéá êÜèå i ∈ {1, · · · , n} ïñSSæïõìå ôá åîÞò ŸïéœåSSá: e_i := ∑ s∈G χ_i(s^{−1})s ∈ R[G] ÅðSSŁò èåùñïýìå ôï Źíïëï: E(K)^i := {P ∈ E(K)/P^s = χ_i(s)P, ∀s ∈ G} Ðáñáôçñïýìå üôé e_iE(K) ⊆ E(K)^i. ÐñÜãìáôé, e_iP =^∑_{s∈G} χ_i(s^{−1})P^s. Óõíåðþò áñêåSS íá áðïäåSSîïõìå üôé (e_iP )^t = χ_i(t)(e_iP ), ãéá êÜèå t ∈ G. Åœïõìå: χ_i(t)(e_iP ) = χ_i(t) ∑ s∈G χ_i(s^{−1})P^s = ∑ s∈G χ_i(ts^{−1})P^s. ÈÝôïõìå g^{−1} := ts^{−1}, äçëáäÞ s = tg. ÅðïìÝíùò: χ_i(t)(e_iP ) = ∑ g∈G χ_i(g^{−1})P^{tg}. Áðü ôçí Üëëç ðëåõñÜ üìùò t(e_iP ) =^∑_{s∈G} χ_i(s^{−1})P^{ts}. Áñá ðñÜãìáôé éĲýåé üôé e_iE(K) ðåñéÝœåôáé Ÿçí ïìÜäá E(K)^i, ãéá êÜèå i ∈ {1, · · · , n}.

ÅðSSŁò ëüãù ôùí ĲÝĞùí ïñèïãùíéüôçôáò ôùí œáñáêôÞñùí, éĲýåé üôé^{∑n}_{i=1} e_i = n. Óõíåðþò : n∑ i=1 e_iE(K) ⊆ n∑ i=1 E(K)^i =⇒ n · E(K) ⊆ n∑ i=1 E(K)^i. (19)

Ç äñÜŁêÜèå ŸïéœåSSïõ e_i Ÿá ŸïéœåSSá ôçò ïìÜäïò E(K)^i, äSSíåôáé ìå ðïëëáðëáŊáŘü ìå ∑ s∈G χ_i(s^{−1})χ_j(s) = nδ_{ij} (ëüãù ôùí ĲÝĞùí ïñèïãùíéüôçôáò ôùí œáñáêôÞñùí). ÅðïìÝíùò ãéá êÜèå i ∈ {1, · · · , n}, Ýœïõìå: n · (E(K)^i ⋂ ∑ j≠i E(K)^j) = 0. (20)

ÅðéðëÝïí ðáñáôçñïýìå üôé êÜèå χ_i, i ∈ {1, · · · , n}, åSSíáé Ýíáò 1-Žíêýêëïò ôçò ïìÜäáò G ìå ôéìÝò Ÿçí ïìÜäá Aut_K(E). Óýìöùíá ìå ôï èåþñçìá 5.5, Ÿïí 1-Žíêýêëï χ_i áíôéŸïéœåSS ìSSá åëëåéðôéêÞ êáìðýëç, ÝŸù E^i, ç ïðïSSá åSSíáé twist ôçò E êáé Žíåðþò õðÜñœå —k-éŤìïñöéŘüò φ_i : E^i → E, ôÝôïéïò þŸå φ_i(E^i(k)) = E(K)^i ëüãù ôçò ĲÝŁò (∗). ÄçëáäÞ ìðïñïýìå åíôåëþò öõŊïëïãéêÜ íá ïñSSŤõìå ôçí áðåéêüíéŁ:

⊕^n_{i=1}φ_i : ⊕^n_{i=1}E^i(k) −→ E(K) ∑n i=1 a_i → ∑n i=1 φ_i(a_i) , üðïõ a_i ∈ E^i(k) êáé φ_i(a_i) ∈ E(K)^i. ÅîåôÜæïõìå ôþñá áí ï n ìçäåíSSæåé ôïí ðõñÞíá êáé ôïí ŽíðõñÞíá ôçò áðåéêüíéŁò ⊕^n_{i=1}φ_i.

Ï ŽíðõñÞíáò ôçò φ ìçäåíSSæåôáé áðü ôïí n, ëüãù ôçò ĲÝĞùò (19) êáé ï ðõñÞíáò ëüãù ôçò ĲÝŁò (20). 2

ÐáñáôÞñçŁ: Ç ïìÜäá φ_i(E^i(k)) = E(K)^i, åSSíáé åê êáôáŐåõÞò G-áíáëëïSSùôç. ÅðéðëÝïí áí éĲýåé üôé χ_i(G) ⊆ {±1}, ( ð.œ e = 2 ) ôüôå üëåò ïé õðïïìÜäåò ôçò E(K)^i åSSíáé G-áíáëëïSSùôåò. ÐñÜãìáôé, áí H åSSíáé ìSSá õðïïìÜäá ôçò E(K)^i êáé a ∈ H, ôüôå a^s = ±a ∈ H, äçëáäÞ ç H åSSíáé G-áíáëëïSSùôç õðïïìÜäá ôçò E(K)^i. ÐüñéŘá 5.8 5.7, :

1. rk[E(K)] = ∑n i=1 rk[E^i(k)], rk[E(K)] rank E(K). 2. p Q. n_p p- n ( p n Q ). n_p :

⊕^n_{i=1}E^i(k)_{(p)} −→ E(K)_{(p)},

⊕^n_{i=1}φ_i p- .

Áðüäåéîç :

1. ÉĲýåé üôé^{∑n}_{i=1} E(K)^i ∼= ⊕^n_{i=1}E^i(k)/Ker(⊕^n_{i=1}φ_i). ÅðSSŁò ï ðõñÞíáò ôçò áðåéêüíéŁò ⊕^n_{i=1}φ_i, ìçäåíSSæåôáé áðü ôïí n. Óõíåðþò ï ðõñÞíáò ker(⊕^n_{i=1}φ_i), ðåñéÝœåé ìüíï ŁìåSSá ðåðåñáŘÝíçò ôÜîçò ôçò ïìÜäáò ⊕^n_{i=1}E^i(k) êáé åðïìÝíùò äåí åðçñåÜæåé êáèüëïõ ôïí rank Ÿçí ïìÜäá ðçëSSêùí. Áñá éĲýåé üôé^{∑n}_{i=1} rk[E(K)^i] =^{∑n}_{i=1} rk[E^i(k)]. ÅðSSŁò ðñïöáíþò éĲýåé üôé^{∑n}_{i=1} E(K)^i ⊆ E(K), åðïìÝíùò^{∑n}_{i=1} rk[E(K)^i] ≤ rk[E(K)]. Ïìùò nE(K) ⊆^{∑n}_{i=1} E(K)^i. Áñá: n · rk[E(K)] ≤ n∑ i=1 rk[E(K)^i] ⇒ rk[E(K)] ≤ n∑ i=1 rk[E(K)^i]

⇒ rk[E(K)] = n∑ i=1 rk[E(K)^i] = n∑ i=1 rk[E^i(k)]. 2. Áí ôþñá ðåñéïñéŸïýìå Ÿá p-êïììÜôéá ôùí ïìÜäùí ⊕^n_{i=1}E^i(k) êáé E(K), ôüôå ï ðõñÞíáò êáé ï Ží-ðõñÞíáò ôçò áðåéêüíéŁò ⊕^n_{i=1}φ_i åSSíáé ôÜîçò äýíáìç ôïõ p êáé Žíåðþò ìüíï ôï p-êïììÜôé ôïõ n, n_p ðáSSæåé ñüëï. Áñá éĲýåé ôï æçôïýìåíï. 2

ÅîåôÜæïõìå ôþñá ôçí åéäéêÞ ðåñSSðôùŁüðïõ ç ïìÜäá Galois G = Gal(K/k), åSSíáé ç ëåãüìåíç Ÿïéœåéþäçò 2-áâåëéáíÞ ïìÜäá G = C^m_2 = ⊕^m_{i=1}ZZ/2ZZ, üôáí ç œáñáêôçñéŸéêÞ ôïõ đìáôïò k åSSíáé äéáöïñåôéêÞ ôïõ 2. Ôüôå õðÜñœåé k-âÜŁ{θ_1, θ_2, · · · , θ_n} üðïõ n = 2^m, ôïõ đìáôïò K ôÝôïéá þŸå θ^s_i = ±θ_i ãéá êÜèå s ∈ G êáé ãéá êÜèå i ∈ {1, · · · , n}. ÏñSSæïõìå z_i := θ^2_i ∈ k. Áöïý e = e(G) = 2, ïé œáñáêôÞñåò χ_i : G → {±1} ðïõ ïñSSæïíôáé s → θ^s_i θ^{−1}_i , åSSíáé üëïé äéáöïñåôéêïSS ìåôáîý ôïõò. Ôçí twist ôçò E ìå z_i èá ôçí ŽìâïëSSæïõìå ìå E^{(zi)}, i ∈ {1, 2, · · · , n}. ÔÝëïò ãéá ôïõò K-éŤìïñöéŘïýò f^i, f^i : E^{(zi)} → E, éĲýåé üôé: (f^i(a))^s = χ_i(s)f^i(a), ∀s ∈ G, ∀a ∈ E^{(zi)}(K). Ãéá êÜèå áâåëéáíÞ ïìÜäá V, ïñSSæïõìå ôï Źíïëï V_{(n)} := ∪_{i≥1}V_ni . Áðïäåéêíýïõìå ôï åîÞò ëÞììá:

ËÞììá 5.9 k char(k) ≠ 2 G = Gal(—k/k) 2- . :

1. E(K)_{(2)} ≠ (0), E(k)_2 ≠ 0.

2. i ≠ 1, f_i 2- Å E^{(zi)} k, E^{(zi)}(k)_2 ∼= E(k)_2. : id ⊕ f^i : E(k) ⊕ E^{(zi)}(k) −→ E(K), E(k)_2.

Áðüäåéîç :

1. Áí E(K)_{(2)} ≠ {0}, ôüôå ç E(K)_2 ≠ {0} åSSíáé ìç-ìçäåíéêü IF_2[G]-module. ÅðåéäÞ üìùò ç G åSSíáé 2-ïìÜäá, ŽíåðÜãåôáé üôé äñá ôåôñéììÝíá Ÿá õðï-module ôçò E(K)_2. Áñá áõôÜ ôá õðï-module ðåñéÝœïíôáé Ÿçí E(k)_2.

2. Ãéá êÜèå a ∈ E^{(zi)}(k)_2, f^i(a) ∈ E(K)_2 êáé åî ïñéŘïý (f^i(a))^s = χ_i(s)f^i(a) ∀s ∈ G.

Ïìùò χ_i(s)f^i(a) = f^i(a), äéüôé χ_i(s) = ±1. ÅðïìÝíùò f^i(a) ∈ E(k)_2 ãéá êÜèå a ∈ E^{(zi)}(k)_2. Ïìïéá ç (f^i)^{−1} áðåéêïíSSæåé ôçí E(k)_2 Ÿçí E^{(zi)}(k)_2. ÅðSSŁò áí ðÜñïõìå ôï ŸïéœåSSï (a, a_i) ∈ E(k) ⊕ E^{(zi)}(k), ôüôå áõôü áíÞêåé Ÿïí ðõñÞíá ôçò áðåéêüíéŁò id ⊕ f^i, åáí êáé ìüíï åÜí a + f^i(a_i) = 0 = (a + f^i(a_i))^s = a − f^i(a_i), üðïõ ôï ŸïéœåSSï s ∈ G êáé åSSíáé ôÝôïéï þŸå χ_i(s) = −1. Áõôü üìùò åSSíáé éŤäýíáìï ìå ôï ãåãïíüò üôé 2f^i(a_i) = 0. Ôüôå üìùò (êáé ìüíï ôüôå ) éĲýåé üôé êáé 2a = 0. ÅðSSŁò a = f^i(a_i), äçëáäÞ a_i = (f_i)^{−1}(a). Áñá: ker(id ⊕ f^i) = {(a, (f^i)^{−1}(a))/a ∈ E(k)_2} ∼= E(k)_2, äéüôé (f^i)^{−1} : E(k)_2^{∼=}→ E^{(zi)}(k)_2, üðùò áðïäåSSîáìå Ÿï åñþôçìá 1. 2

ÅŸù E åëëåéðôéêÞ êáìðýëç ïñéŘÝíç Ÿï đìá Q êáé ÝŸù K/Q ðåðåñáŘÝíç Ÿïéœåéþäçò 2-áâåëéáíÞ åðÝêôáŁ. Ôüôå üðùò åSSíáé ãíùŸü ìðïñïýìå ðÜíôá íá äéáëÝîïõìå ìéá Q-âÜŁôïõ K, {θ_1, · · · , θ_n}, ôÝôïéá þŸå θ^2_i = z_i ∈ ZZ. Áí ç êáìðýëç E Ýœåé åîSS§Łôïõ Weierstrass: E : Y^2 = X^3 + AX + B, A, B ∈ ZZ, ôüôå ïé twist ôçò Å, E^{(zi)} Ýœïõí åîSS§Ł:

Å^{(zi)} : Y^2 = X^3 + Az^2_i X + z^3_i B

êáé ïé éŤìïñöéŘïSS f^i : E^{(zi)} → E, ôÝôïéïé þŸå (f^i(e))^s = χ_i(s)f^i(e) ãéá êÜèå s ∈ G êáé e ∈ E^{(zi)}(Q), üðïõ e = (x, y), äSSíïíôáé áðü ôçí ĲÝŁf^i(x, y) = (z^{−1}_i x, θ^{−1}_i z^{−1}_i y).

5.4 ÁõôïìïñöéŘïSS

Óå áõôÞ ôçí ðáñÜãñáöï èá áĲïëçèïýìå ìå ïìÜäåò áõôïìïñöéŘþí ðïõ Ýœïõí ôçí åéäéêÞ ìïñöÞ Aut(ZZ/2^aZZ⊕ZZ/2^bZZ), üðïõ a, b ∈ ZZ ëüãù ôïõ üôé èá ìáò œñåéáŸïýí Ÿçí ŽíÝœåéá. ÅŸù R Ýíáò áíôéìåôáèåôéêüò äáêôýëéïò ï ïðïSSïò íá Ýœåé Ýíá ìçäåíïäýíáìï ìÝãéŸï éäåþäåò M, äçëáäÞ õðÜñœåé a ∈ ZZ ôÝôïéï þŸå M^a = (0) åíþ M^{a−1} ≠ (0). ÅŸù äå I := M^b Ýíá ìçôåôñéììÝíï éäåþäåò ôïõ äáêôõëSSïõ R üðïõ 0 < b < a. Èåùñïýìå ôï R-module V := R ⊕R/I. Ôüôå ï äáêôýëéïò ôùí åíäïìïñöéŘþí ôïõ V åSSíáé éŞìïñöïò ìå ôïí ãåíéêåõìÝíï ðSSíáêáäáêôýëéï: End_R(V ) ∼= R Ann_R(I) R/I R/I , äéüôé áí ìå [r] ŽìâïëSSŤõìå ôíí êëÜŁôïõ ŸïéœåSSïõ r Ÿïí äáêôýëéï R/I ôüôå ï ðSSíáêáò: r j [s] [t] ∈ R Ann_R(I) R/I R/I ,

äñá Ÿï ŸïéœåSSï u [v] ∈ V, ùò åîÞò:

r j [s] [t] · u [v] = ru + jv [su + tv] . ÅðSSŁò áí ŽìâïëSSŤõìå ìå ` ôçí ïìÜäá ôùí R-áõôïìïñöéŘþí ôïõ V, ôüôå ç ` èá åSSíáé ç ïìÜäá ôùí ìïíÜäùí ôïõ ðáñáðÜíù ðSSíáêá-äáêôõëSSïõ. Áí ëïéðüí ŽìâïëSSæïõìå ìå U(·) ôéò ïìÜäåò ìïíÜäùí, ôüôå åSSíáé ðñïöáíÝò üôé éĲýåé: ` = U(R) Ann_R(I) R/I U(R/I) (1). Èåùñïýìå ôþñá ôçí ðåñSSðôùŁüðïõ R := ZZ/2^aZZ êáé I = 2^bR, üðïõ 0 < b < a. Áðïäåéêíýïõìå ôï áêüëïõèï ëÞììá: ËÞììá 5.10 `_{a,b} := Aut(ZZ/2^aZZ ⊕ ZZ/2^bZZ), a, b a > b R = ZZ/2^aZZ. : 1. `_{a,b} 2^{a+3b−2}. b = 1, `_{a,1} N U, :

N :=

1 + 2R 2^{a−1}R [0] [1]

∼= (1 + 2R, ·) ⊕ (2^{a−1}R, +)

U ∼= 1 0 R/2R [1] ∼= ZZ/2ZZ, modulo 2R.

2. O 2- `_{a,1}, A ⊆ `_{a,1} 8 ( 4 á = 2 ), A 2 `_{a,1}, -

D :=

1 + 2R 0 [0] [1] .

3. a = 2 3, - Á . Áðüäåéîç :

1. ÁíôéêáèéŸïýìå R = ZZ/2^aZZ êáé I = 2^bR Ÿçí ĲÝŁ(1) : `_{a,b} = U(ZZ/2^aZZ) Ann_R(2^bR) ZZ/2^aZZ 2^bR U( ZZ/2^aZZ 2^bR ) . Åœïõìå #U(ZZ/2^aZZ) = φ(2^a) = 2^{a−1}, üðïõ φ åSSíáé ç ŽíÜñôçŁôïõ Euler.

ÅðSSŁò, # ZZ/2^aZZ 2^b · ZZ/2^aZZ = 2^b êáé, #U(R/2^bR) = φ(2^b) = 2^{b−1}.

ÔÝëïò ï ìçäåíéŸÞò ôïõ 2^bR åSSíáé éŞìïñöïò ìå ôçí ïìÜäá ðçëSSêùí ZZ/2^bZZ, êáé åðïìÝíùò #Ann_R(2^bR) = 2^b. Áñá: #`_{a,b} = 2^{a−1} · 2^b · 2^{b−1} · 2^b = 2^{a+3b−2}.

ÅŸù b = 1. Ôüôå I = 2R, R/2R ∼= ZZ/2ZZ, U(R/2R) = [1], Ann_R(I) = 2^{a−1}R. ÅðïìÝíùò Ýœïõìå: `_{a,1} ∼= U(R) 2^{a−1}R ZZ/2ZZ U(ZZ/2ZZ) ÁíáãÜãïõìå ôþñá ôïí `_{a,1} modulo 2R êáé ðáSSñíïõìå ôïí åîÞò ðSSíáêá-äáêôýëéï: ~`_{a,1} ∼= 1 0 R/2R [1] mod2R

ÄçëáäÞ ~`_{a,1} ≡ Umod2R. Ï ðõñÞíáò ôçò áðåéêüíéŁò áíáãùãÞò modulo 2R åSSíáé ï ðSSíáêáò: N :=

1 + 2R 2^{a−1}R

[0] [1] . Áñá Ýœïõìå ôçí ìéêñÞ áêñéâÞ áêüëïõèSSá: 0 −→ N −→ `_{a,1} −→ U −→ 0, ðïõ åSSíáé éŤäýíáìï ìå ôï ãåãïíüò üôé ç `_{a,1}, åSSíáé éŞìïñöç ìå ôï çìéåõèý ÜèñïéŘá ôùí N êáé U. ÅðSSŁò åSSíáé ðñïöáíÝò üôé: N = 1 + 2R 2^{a−1}R [0] [1] ∼= (1 + 2R, ·) ⊕ (2a−1R, +)

êáé U ∼= ZZ/2ZZ, åíþ ï ãåííÞôïñáò ôïõ U åSSíáé ï

u := 1 0 [1] [0] .

2. Ðáñáôçñïýìå üôé ï êåíôñïðïéçôÞò ( centralizer ) ôïõ u ∈ U Ÿïí N, åSSíáé ï äéáãþíéïò ðSSíáêáò: D :=

1 + 2R 0 [0] [1] Áí ôþñá A åSSíáé Ÿïéœåéþäçò 2-áâåëéáíÞ õðïïìÜäá ôçò `_{a,1}, ôüôå: (a) ÅÜí A ⊆ N, ôüôå ç A èá Ýœåé ôÜîç ôï ðïëý 8 äéüôé: U(R) ∼= 1 + 2R ∼= ZZ/2ZZ ⊕ ZZ/2^{a−2}ZZ, åíþ 2^{a−1}R = ZZ/2ZZ, äçëáäÞ:

N ∼= ZZ/2ZZ ⊕ ZZ/2^{a−2}ZZ ZZ/2ZZ [0] [1] Óõíåðþò ç A ⊆ N åSSíáé Ÿïéœåéþäçò 2-áâåëéáíÞ ïìÜäá ìüíï ãéá a = 2 Þ a = 3. ÌÜëéŸá ðáñáôçñïýìå üôé ãéá a = 2 ç ôÜîç ôçò A åSSíáé ôï ðïëý 4. (b) Áí ôþñá A ⊈ N ôüôå ç õðïïìÜäá A èá ðåñéÝœåé ŸïéœåSSï ôçò ìïñöÞò g = nu, üðïõ n ∈ N êáé A =< N ∩ A, g > . ÅðSSŁò ç ïìÜäá N ∩ A êåíôñïðïåSS ôï ŸïéœåSSï g äéüôé g ∈ A êáé ç Á åSSíáé Ÿïéœåéþäçò 2-áâåëéáíÞ ïìÜäá. ÅðïìÝíùò ç N ∩A êåíôñïðïéåSS êáé ôï u äéüôé ç N åSSíáé áâåëéáíÞ ïìÜäá ùò åõèý ÜèñïéŘá êõêëéêþí ïìÜäùí. ÓõíåðÜãåôáé ëïéðüí üôé ç ïìÜäá N ∩ A ðåñéÝœåôáé Ÿïí êåíôñïðïéçôÞ ôïõ u Ÿï Í äçëáäÞ ðåñéÝœåôáé Ÿïí äéáãþíéï ïìÜäá-ðSSíáêá D ðïõ ïñSSĆìå ðñïçãïõìÝíùò. Áñá ðñÜãìáôé ï A Ýœåé ôÜîç ôï ðïëý 8 ( êáé 4, ãéá a = 2 ).

EðéðëÝïí ðáñáôçñïýìå, ïôé ĞêÜèå ðåñSSðôùŁ[A : A∩D] ≤ 2, äéüôé #Á ≤ 8, #D ≤ 4.

3. ÔÝëïò ãéá a = 2, Þ a = 3 êÜèå ŸïéœåSSï g ∈ `_{a,1}, ôÜîçò 2 åSSíáé Üíù Þ êÜôù ôñéãùíéêü. Áí ï g åSSíáé ï ðSSíáêáò: 1 + i j [0] [1] , ôüôå ï g åSSíáé ïýôùò Þ Üëëùò Üíù ôñéãùíéêüò. Èá áðïäåSSîïõìå üôé åÜí ï g äåí åSSíáé ï ðáñáðÜíù ðSSíáêáò, ôüôå åSSíáé êÜôù ôñéãùíéêüò. ÐñÜãìáôé åÜí Ýíá ŸïéœåSSï g ∈` Ýœåé ôÜîç 2, g = i + 1 j [1] [1] , üðïõ i ∈ 2R, j ∈ 2^{a−1}R, ôüôå:

g^2 u [v] = u [v] ,

ãéá êÜèå u [v] êáé Üñá êáé ãéá u = 1, v = 0. Åœïõìå :

1 + i j [1] [1] 2 · 1 [0] = 1 + i j [1] [1] · 1 + i [1] =

= (1 + i)^2 + j 2 + i = 1 [0] . Óõíåðþò (1 + i)^2 + j = 1 êáé [2 + i] = [0] . Ôï äåýôåñï éĲýåé äéüôé i ∈ 2R. Ç ĲÝŁ(1 + i)^2 + j = 1, ìáò äSSíåé üôé i^2 + 2i + j = 0 ⇒ i(i + 2) + j = 0. Ôþñá, åðåéäÞ ôï i ∈ 2R ãñÜöåôáé Ÿçí ìïñöÞ i = 2i_1, üðïõ i_1 ∈ R êáé åðïìÝíùò i(i + 2) = 4i_1(i_1 + 1) ∈ 8R, äéüôé åSSôå i_1 ∈ 2R åSSôå i_1 ∈ 2R + 1 ðïõ êáé ïé äýï ðåñéðôþĞéò ìáò äSSíïõí üôé i(i + 2) ∈ 8R. ÓõíåðÜãåôáé ëïéðüí üôé j ∈ 8R. Oìùò a ≤ 3 êáé åðïìÝíùò j = 0. Áñá ï ðSSíáêáò g åSSíáé êÜôù ôñéãùíéêüò, äçëáäÞ éĲýåé ôï æçôïýìåíï. 2

5.5 Óôïéœåéþäåéò 2-áâåëéáíÝò åðåêôÜĞéò ôïõ Q

ÅŸù E ìéá åëëåéðôéêÞ êáìðýëç ïñéŘÝíç Ÿï đìá Q êáé ÝŸù F ⊃ Q ç ìÝãéŸç 2- áâåëéáíÞ åðÝêôáŁôïõ Q, äçëáäÞ F = Q( √ z | z ∈ ZZ). Óêïðüò áõôÞò ôçò ðáñáãñÜöïõ åSSíáé ï ðñïĚéïñéŘüò üëùí ôùí äõíáôþí õðïïìÜäùí ðåðåñáŘÝíçò ôÜîçò E_{tor}(F ) ôçò ïìÜäïò E(F ). Ôï åðüìåíï èåþñçìá åSSíáé èåìåëéþäïõò ŁìáŇáò ãéá ôá ðáñáêÜôù êáé ôï áíáöÝñïõìå œùñSSò áðüäåéîç ( [Ke 1], [Ke 2], [Ke 3], [Ke 4], [Ke 5], [Ke 6], [Ke 7], [Maz] ):

Èåþñçìá 5.11 E Q.

1. ( Mazur ) E_{tor}(Q), 15 : ZZ/mZZ 1 ≤ m ≤ 10 m = 12 ZZ/2ZZ ⊕ ZZ/2nZZ 1 ≤ n ≤ 4. 2. ( Kenku ) E_{tor}( —Q) ( Gal( —Q/Q)- ) ZZ/nZZ, :

n ≤ 19 n ∈ {21, 25, 27, 37, 43, 67, 163}.

Ðñþôá èá ðåñéãñÜøïõìå üëåò ôéò äõíáôüôçôåò ãéá ôçí õðïïìÜäá ðåðåñáŘÝíçò ôÜîçò

E(F )_20 := {e ∈ E(F )/ne = 0, ãéá êÜðïéïí n ðåñéôôü}.

Èåþñçìá 5.12 E(F )_20 : ZZ/mZZ m ∈ {1, 3, 5, 7, 9, 15}, ZZ/3ZZ ⊕ ZZ/3ZZ. Áðüäåéîç : Êáô’ áñœÞí åSSíáé ðñïöáíÝò üôé áñêåSS íá áðïäåSSîïõìå ôï æçôïýìåíï ãéá üëåò ôéò ðåðåñáŘÝíåò åðåêôÜĞéò K/Q ôÝôïéåò þŸå K ⊂ F. Áò ŸáèåñïðïéÞŤõìå ìSSá åðÝêôáŁ K/Q, ìå ïìÜäá Galois G = ⊕^m_{i=1}ZZ/2ZZ üðïõ m Ýíáò öõŊêüò áñéèìüò. Ôüôå áðü ôï ðüñéŘá 5.8 Ýœïõìå üôé:

E(K)_20 ∼= E^{(z1)}(Q)_20 ⊕ · · · ⊕ E^{(zn)}(Q)_20, äéüôé áðü ôï åí ëüãù ðüñéŘá Ýœïõìå üôé ãéá êÜèå ðñþôï áñéèìü p ï ðõñÞíáò êáé ï ŽíðõñÞíáò ôçò áðåéêüíéŁò E^{(zi)}(Q)_{(p)}^{⊕f i}→ E(K)_{(p)} ìçäåíSSæïíôáé áðü ôïí áñéèìü n_p ðïõ åSSíáé ôï p-êïììÜôé ôïõ n = #G. Ïìùò ç G åSSíáé 2-ïìÜäá êáé Žíåðþò ãéá êÜèå ðñþôï áñéèìü p, p ≠ 2 Ýœïõìå üôé n_p = 1. ÅðéðëÝïí ôá ŁìåSSá ðåðåñáŘÝíçò ôÜîçò ðïõ ðåñéÝœåé ç ïìÜäá E(F )_20 åSSíáé ìüíï ðåñéôôïý âáèìïý. ÅðïìÝíùò ï ðõñÞíáò êáé ï Ží-ðõñÞíáò (ãéá êÜèå i) ìçäåíSSæïíôáé áðü ôï 1, äçëáäÞ åSSíáé éŤìïñöéŘïSS. ÐáSSñíïíôáò ëïéðüí ôï åõèý ÜèñïéŘá ùò ðñïò üëá ôá i Ýœïõìå ôï æçôïýìåíï. Óýìöùíá ìå ôçí ðáñáôÞñçŁôçò äåõôÝñáò ðáñáãñÜöïõ (Ğë. 89), êÜèå åõèýò ðñïŃåôáSSïò ôçò E(K)_20, åSSíáé ñçôÞ õðïïìÜäá ôïõ Q. Ðáñáôçñïýìå ìÜëéŸá üôé êÜèå åõèýò ðñïŃåôáSSïò, E^{(zi)}(Q)_20, åSSíáé éŞìïñöïò ìå ìSSá áðü ôéò ïìÜäåò ZZ/mZZ üðïõ m ∈ {1, 3, 5, 7, 9}, äéüôé áëëéþò èá åSSœáìå Üôïðï áðü ôï èåþñçìá ôïõ Mazur. Óçìåéþíïõìå åðSSŁò üôé êÜèå ìSSá áðü ôéò ïìÜäåò ZZ/mZZ, m ∈ {5, 7, 9} ìðïñåSS íá åìöáíéŸåSS ôï ðïëý ìéá ìüíï öïñÜ ùò åõèýò ðñïŃåôáSSïò Ÿçí E(K)_20, äéüôé åÜí åìöáíéæüôáí êÜðïéá áðü áõôÝò äýï öïñÝò ôüôå ôï K èá ðåñéåSSœå ìSSá m-ñSSæá ôçò ìïíÜäïò ([Shi], ðñüôáŁ4.2, Ğë. 101) ôï ïðïSSï åSSíáé Üôïðï, äéüôé ç ïìÜäá Galois G Ýœåé âáèìü 2. ÅðSSŁò ôï ðïëý äýï áðü ôéò ïìÜäåò E^{(zi)}(Q)_20 èá ðåñéÝœïõí "áíôSSãñáöï" ôçò ïìÜäïò ZZ/3ZZ. ÅîåôÜæïõìå ôÝëïò ðïéïSS áðü ôïõò ŽíäéáŘïýò ôùí ðáñáðÜíù ïìÜäùí ìðïñïýí íá åìöáíéŸïýí.

Êáô’ áñœÞí ïé ïìÜäåò ZZ/5ZZ êáé ZZ/7ZZ, äåí åSSíáé äõíáôüí íá åìöáíéŸïýí Žãœñüíùò ùò åõèåSSò ðñïŃåôáSSïé Ÿçí ïìÜäá E(K)_20 äéüôé ĞáõôÞí ôçí ðåñSSðôùŁç ïìÜäá E(K) èá ðåñéåSSœå ñçôÞ õðïïìÜäá éŞìïñöç ìå ôçí ZZ/35ZZ ðñÜãìá ðïõ åSSíáé Üôïðï ëüãù ôïõ èåùñÞìáôïò ôïõ Kenku. ÊáôÜ åíôåëþò üìïéï ôñüðï ŽìðåñáSSíïõìå üôé ïé ïìÜäåò ZZ/5ZZ, êáé ZZ/9ZZ êáèþò êáé ïé ïìÜäåò ZZ/7ZZ êáé ZZ/9ZZ äåí åìöáíSSæïíôáé ùò åõèåSSò ðñïŃåôáSSïé ôçò ïìÜäïò E(K)_20. ÁðïìÝíåé äçëáäÞ íá åîåôÜŤõìå ôá æåýãç ïìÜäùí ( ZZ/9ZZ , ZZ/3ZZ ) êáé ( ZZ/3ZZ , ZZ/7ZZ ). ÉĲõñéæüìáŸå üôé ïé ïìÜäåò ZZ/9ZZ êáé ZZ/3ZZ äåí ìðïñïýí íá åìöáíéŸïýí Žãœñüíùò ùò õðïïìÜäåò ôçò E(K)_20. ÅŸù üôé äåí SSĲõå ï éĲõñéŘüò. Ôüôå èá õðÞñœáí õðïïìÜäåò E^{(zi)}(Q)_20 ∼= ZZ/9ZZ êáé E^{(zj )}(Q)_20 ∼= ZZ/3ZZ ôçò ïìÜäïò E(K)_20. ÁíôéêáèéŸþíôáò ôþñá ôçí E^{(zi)} ìå ôçí E ìðïñïýìå íá õðïèÝŤõìå üôé E(Q)_20 ∼= ZZ/9ZZ êáé E^{(zizj )}(Q)_20 ∼= ZZ/3ZZ. Ôüôå üìùò èá õðÞñœå éŤãåíÞò ôçò êáìðýëçò E ðïõ èá åSSœå ñçôÞ êõêëéêÞ õðïïìÜäá ôÜîçò 27. ÃíùñSSæïõìå üìùò üôé êÜèå ŁìåSSï ôçò modular êáìðýëçò X_0(27)|Q áíôéŸïéœåSS ĞåëëåéðôéêÞ êáìðýëç ìå ŽíôåëåŸÝò Ÿï đìá Q ðïõ ðåñéÝœåé ñçôÞ êõêëéêÞ õðïïìÜäá ôÜîçò

27 ([Si1], Ğë. 353). Ïìùò ç modular êáìðýëç X_0(27) Ýœåé ìüíï Ýíá ñçôü ŁìåSSï ðïõ äåí åSSíáé áêSSäá ( cusp ) êáé áõôü ôï ŁìåSSï áíôéŸïéœåSS ĞåëëåéðôéêÞ êáìðýëç E ðïõ Ýœåé ìéãáäéêü ðïëëáðëáŊáŘü, äáêôýëéï åíäïìïñöéŘþí ôïí ZZ( √ −3) êáé áðüëõôç áíáëëïSSùôï j = −(12)^3 ·(40)^3/9 ([Ku], ëÞììá ÉÉÉ2.2, Ğë. 213). Áôïðï äéüôé êáììSSá åëëåéðôéêÞ êáìðýëç ïñéŘÝíç Ÿï đìá Q äåí Ýœåé ôÝôïéá áðüëõôç áíáëëïSSùôï êáé ŁìåSSï ôÜîçò 9.

Ôåëïò éĲõñéæüìáŸå üôé ïé ïìÜäåò ZZ/3ZZ êáé ZZ/7ZZ äåí ìðïñïýí íá åìöáíéŸïýí Žãœñüíùò ùò õðïïìÜäåò ôçò E(K)_20. ÅŸù üôé äåí SSĲõå ï éĲõñéŘüò. Ôüôå ïé äýï áõôÝò õðïïìÜäåò èá ãåííïýĆí ìéá ñçôÞ êõêëéêÞ õðïïìÜäá ôçò —E(Q) ôÜîçò 21. Ïìùò ç modular êáìðýëç X_0(21) Ýœåé 4 ñçôÜ ŁìåSSá ðïõ êáíÝíá áðü áõôÜ äåí åSSíáé áêSSäá ( cusp ) êáé êáèÝíá áðü áõôÜ ôá ŁìåSSá áíôéŸïéœåSS ĞåëëåéðôêÞ êáìðýëç Ÿï Q ìå ïäçãü ( conductor ) ôçò ìïñöÞò 2^a · 3^b, üðïõ a, b öõŊêïSS áñéèìïSS ( [MF IV], Ğë. 80 êáé 124). ÅðïìÝíùò ç êáìðýëç E êáëÞ áíáãùãÞ modulo 5. ÅŸù E^{(z1)}(Q)_20 ∼= ZZ/3ZZ êáé E^{(z2)}(Q)_20 ∼= ZZ/7ZZ. ÅŸù äå ~E ç áíçãìÝíç êáìðýëç modulo 5. Ôüôå N_{25} := # ~E(IF_{25}) = 21. ÐñÜãìáôé ÝŸù K_i := Q( √ z_i), i = 1, 2 êáé ÝŸù ℘_i ðñþôï éäåþäåò ôïõ đìáôïò K_i ðïõ äéáéñåSS ôïí 5. ÏñSSæïõìå F_{℘i} := O_{Ki} /℘_i, üðïõ ìå O_{Ki} ŽìâïëSSæïõìå ôïí äáêôýëéï ôùí áêåñáSSùí ôïõ đìáôïò K_i. ÊÜíïõìå áíáãùãÞ modulo ℘_i êáé ðáSSñíïõìå ôçí åîÞ åìöýôåõŁ(ðñüôáŁ3.7, Ğë. 36):

E(K_i)_{tor} → ~E(F_{℘i} ) ⊆ ~E(IF_{25}).

Óõíåðþò 3|N_{25} êáé 7|N_{25}. Áðü ôçí Üëëç ðëåõñÜ üìùò ôï èåþñçìá ôïõ Hasse (õðüèåŁôïõ Riemann), ìáò äSSíåé üôé N_{25} ≤ (5 + 1)^2 = 36, êáé Žíåðþò N_{25} = 21. Ïìùò N_{25} = 26 − a_{25}, üðïõ a_{25} = π^2 + —π^2, ãéá êÜðïéïí π ìéãáäéêü ôÝôïéïí þŸå π—π = 5 êáé a_5 := π + —π ∈ ZZ. Ôüôå üìùò 21 = 26 − a_{25} äçëáäÞ a_{25} = 5. Áñá:

a_{25} = (π + —π)^2 − 2π · —π = a^2_5 − 2 · 5 ⇒ a^2_5 = 15,

ðïõ åSSíáé Üôïðï äéüôé a_5 ∈ ZZ. Áñá ðñÜãìáôé ïé ïìÜäåò ZZ/3ZZ êáé ZZ/7ZZ äåí åìöáíSSæïíôáé ùò õðïïìÜäåò ôçò E(F )_20. 2

ÐñüôáŁ5.13 E(F ) : ZZ/8ZZ ⊕ ZZ/2ZZ ⊕ ZZ/3ZZ, ZZ/4ZZ ⊕ ZZ/2ZZ ⊕ ZZ/5ZZ ZZ/4ZZ ⊕ ZZ/2ZZ ⊕ ZZ/3ZZ ⊕ ZZ/3ZZ, ZZ/32ZZ ⊕ ZZ/2ZZ.

Áðüäåéîç : [La-Lo], Ğë. 169 − 170. 2

Èåþñçìá 5.14 E Q F 2- Q. E(F )_{tor} : ZZ/2^{b+r} ZZ ⊕ ZZ/2^bZZ b = 1, 2, 3 r = 0, 1, 2, 3, ZZ/2^{b+r}ZZ ⊕ ZZ/2^bZZ ⊕ ZZ/3ZZ b = 1, 2, 3 r = 0, 1, ZZ/2^bZZ ⊕ ZZ/2^bZZ ⊕ ZZ/5ZZ b = 1, 2, 3, ZZ/2^bZZ ⊕ ZZ/2^bZZ ⊕ ZZ/3ZZ ⊕ ZZ/3ZZ b = 1, 2, 3. , {O}, ZZ/3ZZ, ZZ/3ZZ ⊕ ZZ/3ZZ, ZZ/5ZZ, ZZ/7ZZ, ZZ/9ZZ, ZZ/15ZZ. Áðüäåéîç : ÐåñéãñÜöïõìå êáô’ áñœÞí üëåò ôéò äõíáôüôçôåò ôçò õðïïìÜäáò E(F )_{(2)}. Áí éĲýåé üôé E(F )_{(2)} ≠ {0} ôüôå áðü ëÞììá 5.9 Ýœïõìå üôé E(Q)_2 ≠ {0} êáé åðïìÝíùò ôï 2-đìá äéáSSñåŁò ôçò E åSSíáé ôåñáãùíéêü õðÝñ ôï Q, äçëáäÞ ðåñéÝœåôáé Ÿï đìá F. Áðü ôçí Üëëç ðëåõñÜ ôï 16-đìá äéáSSñåŁò ôçò E äåí ðåñéÝœåôáé Ÿï đìá F ( äéüôé áí íáé ôüôå ôï đìá F èá ðåñéåSSœå ìSSá ðñùôáñœéêÞ 8ç ñSSæá ôçò ìïíÜäïò ðïõ åSSíáé Üôïðï, áöïý ç åðÝêôáŁF/Q åSSíáé Ÿïéœåéþäçò 2-áâåëéáíÞ, äåò [Shi], ðñüôáŁ4.2, Ğë. 101). ÅðïìÝíùò áí E(F )_{(2)} ≠ {0}, ôüôå ç ïìÜäá E(F )_{(2)} åSSíáé ôçò ìïñöÞò ZZ/2^{b+r} ZZ ⊕ ZZ/2^bZZ ìå r ≥ 0 êáé b = 1, 2, 3. ÅðSSŁò r ≤ 4 äéüôé Ÿçí áíôSSèåôç ðåñSSðôùŁç ïìÜäá 2^bE(F )_{(2)} èá ðåñéåSSœå ñçôÞ êõêëéêÞ õðïïìÜäá ðïõ ç ôÜîç ôçò èá äéáéñïýíôáí ìå 32, ðïõ åSSíáé Üôïðï áðü ôï èåþñçìá ôïõ Kenku. ÔÝëïò åöüŤí ç ïìÜäá ZZ/32ZZ äåí ðåñéÝœåôáé Ÿçí E(F ), Ýðåôáé üôé ïé ïìÜäåò ZZ/2^{b+4} ⊕ ZZ/2^bZZ ãéá b = 1, 2, 3 äåí ðåñéÝœïíôáé Ÿçí E(F ). ÄçëáäÞ äåêôÝò åSSíáé ìüíï ïé 13 ïìÜäåò {O}, ZZ/2^{b+r} ZZ ⊕ ZZ/2^bZZ üðïõ b = 1, 2, 3 êáé r = 0, 1, 2, 3.

ÅîåôÜæïõìå ôþñá ðïéïSS åSSíáé ïé ðéèáíïSS ŽíäéáŘïSS áõôþí ôùí ïìÜäùí ìå ôéò äéÜöïñåò åðéëïãÝò ðïõ ìðïñïýìå íá Ýœïõìå ãéá ôçò ïìÜäá E(F )_20. Êáô’ áñœÞí åÜí E(F )_20 ∼= ZZ/mZZ ìå m = 7, 9, 15 ôüôå E(F )_{(2)} = {0}, äéüôé áí E(F )_{(2)} ≠ {O}, ôüôå áí m = 15 ç E( —Q) èá ðåñéåSSœå ìéá ñçôÞ êõêëéêÞ õðïïìÜäá ôÜîçò 30, ôï ïðïSSï åSSíáé Üôïðï áðü ôï èåþñçìá ôïõ Kenku. Áí m = 7, 9, áöïý E(F )_{(2)} ≠ {O} ŽíåðÜãåôáé üôé ãéá êÜèå twist E^{(z)}, ôçò Å, éĲýåé üôé E^{(z)}(Q)_2 ≠ {O} (ëÞììá 5.9, Ğë. 90) êáé Žíåðþò èá õðÞñœå êõêëéêÞ õðïïìÜäá õðÝñ ôï Q ôÜîçò 14 êáé 18 áíôSSŸïéœá, Üôïðï ëüãù ôïõ èåùñÞìáôïò ôïõ Mazur. ÅðïìÝíùò áí E(F )_20 ≠ {0}, ôüôå ðåñéÝœåé ìéá ñçôÞ êõêëéêÞ õðïïìÜäá ôÜîçò 3 Þ 5 êáé Žíåðþò ç

E(F )_20 äåí ìðïñåSS íá ðåñéÝœåé ìéá åðéðëÝïí ñçôÞ êõêëéêÞ õðïïìÜäá ôÜîçò 8 (èåþñçìá 5.11). ÅðïìÝíùò ïé ðéèáíüôçôåò íá åìöáíéŸïýí ïìÜäåò ôçò ìïñöÞò E(F )_{(2)} ∼= ZZ/2^{b+3}ZZ ⊕ZZ/2^bZZ, áðïññSSðôïíôáé. ÊáôÜ üìïéï ôñüðï áí ç E(F ) Ýœåé ŁìåSSï ôÜîçò 5 ôüôå ç E äåí ìðïñåSS íá Ýœåé ìéá ñçôÞ êõêëéêÞ õðïïìÜäá ôÜîçò 4 êáé Üñá ïé ðåñéðôþĞéò E(F )_{(2)} ∼= ZZ/2^{b+2}ZZ ⊕ ZZ/2^bZZ ãéá b = 1, 2, 3 áðïññSSðôïíôáé. ÅðéðëÝïí ïé ôñåSSò áõôÝò ðåñéðôþĞéò äåí ìðïñïýí åìöáíéŸïýí ìáæSS ìå ìéá ñçôÞ êõêëéêÞ õðïïìÜäá ôÜîçò 3 (èåþñçìá 5.11). ÄçëáäÞ áðïäåSSîáìå üôé ïé 6 ðåñéðôþĞéò E(F )_{(2)} ∼= ZZ/2^{b+r} ZZ ⊕ ZZ/2^bZZ, ãéá b = 1, 2, 3 êáé r = 2, 3, ìáò äSSíïõí üôé E(F )_20 = {0}.

Áò õðïèÝŤõìå ôþñá üôé E(F )_{(2)} ∼= ZZ/2^{b+1}ZZ ⊕ ZZ/2^bZZ, ãéá b = 1, 2, 3. Ôüôå ç ïìÜäá E(F )_{(2)} èá ðåñéåSSœå ñçôÞ õðïïìÜäá éŞìïñöç ìå ôçí ZZ/4ZZ⊕ZZ/2ZZ êáé Üñá áðü ôï èåþñçìá 5.11 Ýœïõìå üôé ç ïìÜäá E(F )_20 äåí ìðïñåSS íá åSSíáé éŞìïñöç ìå ôçí ZZ/5ZZ ç ìå ôçí ZZ/3ZZ ⊕ ZZ/3ZZ. Ôï ãåãïíüò áõôü ìáò áöÞíåé ðéèáíÝò ìüíï ôéò ðåñéðôþĞéò E(F )_{(2}0_) ∼= ZZ/3ZZ Þ {0}. Áñá Ýœïõìå ôï æçôïýìåíï. 2

ÂéâëéïãñáöSSá

[Áí1 ] ÁíôùíéÜäç Ã. Á., ÈåùñSSá ÅêôéìÞĞùí - ÔïðéêÜ Óþìáôá ,ÓçìåéþĞéò, ÇñÜêëåéï 1992. [Áí2 ] ÁíôùíéÜäç Ã. Á., ÅëëåéðôéêÝò Êáìðýëåò , ÓçìåéþĞéò, ÇñÜêëåéï 1985. [Áí3 ] ÁíôùíéÜäç Ã. Á., ÁëãåâñéêÞ ÈåùñSSá Áñéèìþí É, ÓçìåéþĞéò, ÇñÜêëåéï 1988. [Áí4 ] ÁíôùíéÜäç Ã. Á., ÓõíïìïëïãSSá ÐåðåñáŘÝíùí ÏìÜäùí, ÓçìåéþĞéò, ÇñÜêëåéï 1993. [A-M ] Atiyah M. F., Macdonald I. G., Introduction to Commutative Algebra, Addison Wesley, 1969.

[B-I-V ] Br-uske R., Ischebeck F., Vogel F., Kommutative Algebra, Wissenschaftsverlag, 1989.

[Cu ] Cusick T. W., Lower Bounds for regulators, in "Number Theory Noordwijkerhout 1983", Lecture Notes in Math., Vol. 1068, Springer-Verlag, 1984.

[Fo ] Folz H. G., Ein Beschr-anktheitssatz f-ur die Torsion von 2-de˛zienten elliptischen Kurven -uber algebraischen Zahlk-orpern, Dissertation, Universit-at des Saarlandes, Saarbr-ucken 1985.

[Fr ] Frey G., Some remarks concerning points of ˛nite order on elliptic curves over global ˛elds, Ark. Math. 15 (1977), 1 − 19.

[Fu ] Fung G. W., Str-oher H., Williams H. C., Zimmer H.-G., Torsion Groups of Elliptic Curves with Integral j-Invariant over Pure Cubic Fields, Journal of Number Theory 36 (1990), 12 − 45.

[Ha ] Hartshorne R., Algebraic Geometry, GTM 52, Springer - Verlag, New York, 1993. [Hu ] Husem-oller Dale, Elliptic Curves, GTM 111, Springer-Verlag, New York 1987. [I-R ] Ireland K. - Rosen M., A Classical Introduction to Modern Number Theory. GTM 84, Springer-Verlag, New York 1990

[Ka ] Kamienny S., Torsion points on elliptic curves and q-coe‹cients of modular forms, Invent. Math., 109 (1992) 221 − 229.

[Ke1 ] Kenku M. A., Rational 2^n-torsion points on elliptic curves de˛ned over quadratic ˛elds, J. London Math. Soc. (2) 11 (1975), 93 − 98.

[Ke2 ] Kenku M. A., Certain torsion points on elliptic curves de˛ned over quadratic ˛elds, J. London Math. Soc. (2) 19 (1975), 233 − 240.

[Ke3 ] Kenku M. A., The modular curve X_0(39) and rational isogeny, Math. Proc.

Cambridge Philos. Soc. 85 (1979), 21 − 23.

[Ke4 ] Kenku M. A., The modular curve X_0(169) and rational isogeny, J. London Math.

Soc. (2), 22 (1980), 239 − 244.

[Ke5 ] Kenku M. A., The modular curves X_0(65), X_0(91) and rational isogeny, Math.

Proc. Camb. Phil. Soc. 87 (1980), 15 − 20.

[Ke6 ] Kenku M. A., Corrigendum : The modular curve X_0(169) and rational isogeny, J.

London Math. Soc. (2) 23 (1981), 428.

[Ke7 ] Kenku M. A., On the modular curves X_0(125), X_1(25), X_1(49), J. London Math.

Soc. (2) 23 (1981), 415 − 427.

[Êïí ] Êïíôïãéþñãçò Á. É., ÇìéåõŸáèåSSò EëëåéðôéêÝò Káìðýëåò êáé ôï ôåëåõôáSSï Èåþñçìá ôïõ Fermat, ÌåôáðôõœéáêÞ ÅñãáŇá, ÇñÜêëåéï 1995.

[Ku ] Kubert D. S., Universal bounds on the torsion of elliptic curves, Proc. London Math. Soc. (3) 33, (1976), 193 − 237.

[La ] Lang S., Elliptic Curves : Diophantine Analysis, Springer - Verlag, Berlin 1978. [La-Lo ] Laska M., Lorenz M., Rational points on elliptic curves over Q in elementary abelian 2-extensions of Q, Journal f-ur die riene und angewandte Mathematik, Band 355, (1984), 163 − 172.

[Maz ] Mazur B., Rational isogenies of prime degree, Invent. Math. 44 (1978), 129 − 162.

[Me ] Merel L., Bornes pour la torsion des courbes elliptiques sur les corps de nombres, 1994 (preprint).

[MFV] Modular Functions of One Variable IV, Lecture Notes in Math. Vol. 476, Springer- Verlag, 1975.

[Mu ] M-uller H., Str-oher H., Zimmer H-G., Torsion groups of elliptic curves with integral j-invariant over quadratic ˛elds, Journal f-ur die riene und angewandte Mathematik, 397 (1989), 100 − 161.

[Na ] Narkiewicz W., Elementary and Analytic Theory of Algebraic Numbers, PWN- Polish Scienti˛c Publishers, Warszawa 1974.

[Ogg ] Ogg A. P., Rational points on certain elliptic modular curves, Proc. Symp. Pure Math. A.M.S. 24 (1975), 221 − 231.

[Pa ] Paradopoulos I., Sur la classi˛cation de Neron des courbes elliptiques en characteristique residuelle 2 et 3, Journal of Number Theory, 44 (1993), 119 − 152.

[Ri ] Ribet K., Torsion Points on Abelian Varieties in Cyclotomic Extensions (Appendix to Katz N. M. and Lang S., Finitness theorems of abelian varieties in cyclotomic extensions), L’ Enseignement Math. 27 (1981), 315 − 319.

[Sh ] Shimura Goro, Introduction to the Arithmetic Theory of Automorphic Functions, Princeton University Press, Princeton 1971.

[Si1 ] Silverman J.H., The Arithmetic of Elliptic Curves, GTM 106, Springer-Verlag, New York 1986.

[Si2 ] Silverman J.H., Advanced Topics in the Arithmetic of Elliptic Curves, GTM 151, Springer-Verlag, New York 1994.

[Str ] Str-oher H., Die Torsiongruppe ellipticher Kurven mit ganzer j-Invariante -uber rein kubiscen Zahlk-orpern, Diploma Thesis, Saarbr-ucken 1987.

[Ta ] Tate J., Algorithm for ˛nding the type on a singular ˛ber in a elliptic pencil, Modular Functions of One Variable, Lecture Notes on Mathematics, Vol. 476, Springer-Verlag, 1975.

[We ] Weiss E., Algebraic Number Theory, Chelsea Publishing Company, New York 1963.