GewmetrÐa twn Arijmÿn

Elenh Tzanakh

Diplwmatikh Ergasia

Panepisthmio Krhthc Tmhma Majhmatikwn Iounioc 2000

.

H diplwmatikă aută ergasÐa katatèjhke sto Tmăma Majhmatikÿn tou PanepisthmÐou Krăthc ton IoÔnio tou 2000. Epiblèpwn ătan o A. Giannìpouloc.

Thn epitropă axiolìghshc apotèlesan oi: A. Giannìpouloc, M. PapadhmhtrĹkhc kai S. PapadopoÔlou.

.

Perieqìmena

1 Plègmata ston R^n 7 1.1 Plègmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.2 OrÐzousa enìc plègmatoc . . . . . . . . . . . . . . . . . . . . . . . . 10 1.3 Upoplègmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 1.4 Duðkì plègma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 1.5 Λ-upìqwroi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2 KurtĹ sÿmata ston R^n 21 2.1 KurtĹ sÿmata . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.2 H anisìthta Brunn-Minkowski . . . . . . . . . . . . . . . . . . . . . 25 2.3 To jeÿrhma tou John . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3 To prÿto jeÿrhma tou Minkowski 33 3.1 To jeÿrhma tou Minkowski . . . . . . . . . . . . . . . . . . . . . . . 33 3.2 ’Allec apodeÐxeic kai genikeÔseic tou jewrămatoc . . . . . . . . . . . 36 3.3 Efarmogèc sth jewrÐa twn arijmÿn . . . . . . . . . . . . . . . . . . 39

4 To deÔtero jeÿrhma tou Minkowski 45 4.1 DiadoqikĹ elĹqista summetrikoÔ kurtoÔ sÿmatoc . . . . . . . . . . . 45 4.2 Prÿth apìdeixh tou jewrămatoc . . . . . . . . . . . . . . . . . . . . 47 4.3 DeÔterh apìdeixh tou jewrămatoc . . . . . . . . . . . . . . . . . . . 50

5 To jeÿrhma twn Minkowski kai Hlawka 55 5.1 To jeÿrhma epilogăc tou Mahler . . . . . . . . . . . . . . . . . . . . 55 5.2 H krÐsimh orÐzousa . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 5.3 To jeÿrhma twn Minkowski kai Hlawka . . . . . . . . . . . . . . . . 60

6 Packings thc sfaÐrac 67 6.1 OrismoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 6.2 H mèjodoc tou Blichfeldt . . . . . . . . . . . . . . . . . . . . . . . . . 69 6.3 Elleiyoeidă qwrÐc akèraia shmeÐa . . . . . . . . . . . . . . . . . . . . 72

7 Anhgmènec bĹseic 77 7.1 To prìblhma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 7.2 O algìrijmoc twn Lenstra, Lenstra kai Lovász . . . . . . . . . . . . 78

KefĹlaio 1

Plègmata ston R n

1.1 Plègmata

Ergazìmaste ston EukleÐdeio qÿro R^n , ton dianusmatikì qÿro ìlwn twn n-Ĺdwn x = (x_1, . . . , x_n) pragmatikÿn arijmÿn. StajeropoioÔme to eswterikì ginìmeno ⟨x, y⟩ = x_1y_1 + . . . + x_ny_n. Autì to eswterikì ginìmeno epĹgei ston R^n thn EukleÐdeia nìrma ‖x‖_2 = √ ⟨x, x⟩. SumbolÐzoume me D_n thn EukleÐdeia monadiaÐa mpĹla, me S^{n−1} th monadiaÐa sfaÐra, kai me ω_n ton n-diĹstato ìgko thc D_n. OrÐzoume D(x, r) = {y ∈ R^n : ‖x − y‖_2 ≤ r}, kai o = (0, . . . , 0). GrĹfoume L(R^n ) gia to sÔnolo twn grammikÿn metasqhmatismÿn tou R^n , kai GL(n) gia thn omĹda twn antistrèyimwn grammikÿn metasqhmatismÿn tou R^n . An T ∈ L(R^n ), o suzugăc tou T eÐnai o T^∗ ∈ L(R^n ) pou orÐzetai apì thn ⟨T x, y⟩ = ⟨x, T^∗y⟩, x, y ∈ R^n . Orismìc ’Ena uposÔnolo Λ tou R^n , n ≥ 2, lègetai plègma an upĹrqoun grammikÿc anexĹrthta dianÔsmata u_1, . . . , u_n ∈ R^n gia ta opoÐa

Λ = {x ∈ R^n : x = m_1u_1 + . . . + m_nu_n, m_i ∈ Z}.

Tìte lème ìti to {u_1, . . . , u_n} eÐnai bĹsh tou plègmatoc Λ. ’Ena plègma mporeÐ na èqei perisìterec apì mÐa bĹseic (gia thn akrÐbeia, ìpwc ja doÔme parakĹtw, kĹje plègma èqei Ĺpeirec to plăjoc diaforetikèc bĹseic).

Parathrăseic ’Ena uposÔnolo Λ tou R^n eÐnai plègma an kai mìno an upĹrqei T ∈ GL(n) gia ton opoÐo Λ = T (Z^n). PrĹgmati, an to Λ eÐnai plègma me bĹsh to

{u_1, . . . , u_n}, tìte Λ = T (Z^n), ìpou T o grammikìc metasqhmatismìc pou orÐzetai apì tic T (e_i) = u_i, i = 1, . . . , n. AntÐstrofa, an T ∈ GL(n), tìte to T (Z^n) eÐnai plègma me bĹsh to {T (e_1), . . . , T (e_n)}.

Jeÿrhma 1.1.1 KĹje plègma Λ ston R^n eÐnai diakrită prosjetikă upoomĹda tou R^n . Lègontac diakrită, ennooÔme ìti upĹrqei r > 0 ÿste D(o, r) ∩ (Λ\{o}) = ∅.

Apìdeixh: ’Estw Λ = T (Z^n), T ∈ GL(n). EÐnai fanerì ìti, an x, y ∈ Λ tìte x − y ∈ Λ, dhladă to Λ eÐnai prosjetikă upoomĹda tou R^n .

EpÐshc, an orÐsoume Q = {x ∈ R^n : |x_i| < 1}, tìte Z^n ∩ Q = {o}. Qrhsimopoiÿntac to gegonìc ìti o T eÐnai èna proc èna, blèpoume ìti Λ ∩ T (Q) = T (Z^n ∩ Q) = {o}. ’Omwc to T (Q) eÐnai anoiktì uposÔnolo tou R^n kai o ∈ T (Q), Ĺra upĹrqei r > 0 ÿste D(o, r) ⊂ T (Q). ’Epetai ìti D(o, r) ∩ (Λ\{o}) = ∅. □

’Amesec sunèpeiec tou orismoÔ thc diakrităc prosjetikăc omĹdac eÐnai oi exăc:

(a) An D(o, r) ∩ Λ = {o}, tìte gia kĹje u ∈ Λ isqÔei D(u, r) ∩ Λ = {u}.

(b) Gia kĹje R > 0, h D(o, R) perièqei peperasmèna to plăjoc shmeÐa tou Λ. PrĹgmati, an gia kĹpoio R > 0 upărqan diakekrimèna x_n, n ∈ N, shmeÐa tou Λ sthn D(o, R), tìte ja mporoÔsame na broÔme sugklÐnousa upakoloujÐa (x_{kn} ) thc (x_n). Tìte, gia opoiodăpote r > 0, ja mporoÔsame na broÔme m, n ∈ N tètoia ÿste o ≠ x_{km} − x_{kn} ∈ D(o, r) ∩ Λ. Dhladă, to Λ den ja ătan diakrită prosjetikă upoomĹda tou R^n .

Ja qrhsimopoiăsoume tic (a) kai (b) gia na dÿsoume ènan qarakthrismì tou plègmatoc.

Jeÿrhma 1.1.2 ’Ena uposÔnolo Λ tou R^n eÐnai plègma an kai mìno an perièqei n grammikÿc anexĹrthta dianÔsmata kai eÐnai diakrită prosjetikă upoomĹda tou R^n .

Apìdeixh: H mÐa kateÔjunsh apodeÐqjhke sto Jeÿrhma 1.1.1. Gia thn Ĺllh kateÔjunsh, upojètoume ìti Λ eÐnai mÐa diakrită prosjetikă upoomĹda tou R^n , pou perièqei ta grammikÿc anexĹrthta dianÔsmata x_1, . . . , x_n. Ja kataskeuĹsoume mÐa bĹsh tou Λ, dhladă èna sÔnolo {u_1, . . . , u_n} grammikÿc anexĹrthtwn dianusmĹtwn sto Λ me thn idiìthta: kĹje v ∈ Λ grĹfetai monosămanta sth morfă v = m_1u_1 + . . . + m_nu_n, ìpou m_1, . . . , m_n ∈ Z.

Ta u_1, . . . , u_n ja oristoÔn diadoqikĹ. Sto prÿto băma, jewroÔme ton monodiĹstato upìqwro F_1 = ⟨x_1⟩ pou parĹgetai apì to x_1, kai epilègoume wc u_1 èna mh mhdenikì diĹnusma tou F_1 ∩ Λ pou èqei th mikrìterh dunată apìstash apì to o. Piì sugkekrimèna, mporoÔme na pĹroume u_1 = tx_1, ìpou t > 0 o mikrìteroc dunatìc ÿste tx_1 ∈ Λ. To Λ eÐnai diakritì, Ĺra to eujÔgrammo tmăma [o, x_1] ja perièqei peperasmèna to plăjoc shmeÐa tou plègmatoc. Epomènwc, to u_1 eÐnai kalĹ orismèno.

SuneqÐzoume epagwgikĹ: ja deÐxoume ìti gia kĹje k ≤ n mporoÔme na broÔme u_1, . . . , u_k ∈ ⟨x_1, . . . , x_k ⟩ tètoia ÿste to Λ∩⟨x_1, . . . , x_k⟩ na parĹgetai (me akèraiouc suntelestèc) apì ta u_1, . . . , u_k:

Λ_k := Λ ∩ ⟨x_1, . . . , x_k⟩ = {m_1u_1 + . . . + m_ku_k : m_i ∈ Z}.

Me mÐa tètoia kataskeuă, ta u_i eÐnai grammikÿc anexĹrthta kai, gia k = n, èqoume Λ = {x ∈ R^n : x = m_1u_1 + . . . + m_nu_n, m_i ∈ Z}, dhladă to Λ eÐnai plègma.

Gia thn epilogă tou u_{k+1} jewroÔme to parallhlepÐpedo

P = {x = a_1u_1 + . . . + a_ku_k + bx_{k+1}, 0 ≤ a_i < 1, 0 < b ≤ 1}, kai epilègoume san u_{k+1} èna stoÐqeio tou P ∩ Λ gia to opoÐo o suntelestăc b eÐnai o elĹqistoc dunatìc. To sÔnolo P ∩ Λ eÐnai mh kenì giatÐ x_{k+1} ∈ P ∩ Λ, kai èqei peperasmèna to plăjoc shmeÐa (giatÐ to Λ eÐnai diakrită omĹda). ’Ara, to u_{k+1} eÐnai kalĹ orismèno.

Ta u_1, . . . , u_k eÐnai grammikÿc anexĹrthta, kai

u_{k+1} = k∑ i=1 a_iu_i + bx_{k+1}

me b ≠ 0. Autì shmaÐnei ìti u_{k+1} /∈ ⟨u_1, . . . , u_k⟩, Ĺra ta u_1, . . . , u_{k+1} eÐnai grammikÿc anexĹrthta. Ja deÐxoume ìti (∗) Λ_{k+1} := Λ ∩ ⟨x_1, . . . , x_{k+1}⟩ = {m_1u_1 + . . . + m_{k+1}u_{k+1} : m_i ∈ Z}. ’Estw x ∈ Λ_{k+1}. Ta u_1, . . . , u_{k+1} eÐnai bĹsh tou ⟨x_1, . . . , x_{k+1}⟩, Ĺra x = t_1u_1 + . . . + t_ku_k + t_{k+1}u_{k+1} gia kĹpoiouc t_1, . . . , t_{k+1} ∈ R. Jètoume {z} = z − [z] to klasmatikì mèroc tou z, kai jewroÔme to x^′ = {t_1}u_1 + . . . + {t_k}u_k + {t_{k+1}}u_{k+1} ∈ Λ.

Tìte,

x^′ = {t_1}u_1 + . . . + {t_k}u_k + {t_{k+1}} (_k ∑ i=1 a_iu_i + bx_{k+1} )

= t^′_1u_1 + . . . + t^′_ku_k + {t_{k+1}}bx_{k+1} ∈ Λ, Ĺra, an 0 < {t_{k+1}} tìte x^{′′} = {t^′_1}u_1 + . . . + {t^′_k}u_k + {t_{k+1}}bx_{k+1} ∈ Λ ∩ P, to opoÐo eÐnai Ĺtopo afoÔ {t_{k+1}}b < b. ’Epetai ìti {t_{k+1}} = 0, dhladă t_{k+1} ∈ Z. Tìte ìmwc, x^′ = {t_1}u_1 + . . . {t_k}u_k ∈ Λ ∩ ⟨x_1, . . . , x_k⟩, kai, apì thn epagwgikă mac upìjesh, prèpei na èqoume t_1, . . . , t_k ∈ Z. Autì apodeiknÔei thn (∗) kai, epagwgikĹ, to jeÿrhma. □ Paratărhsh H apìdeixh tou jewrămatoc mĹc dÐnei tautìqrona ènan trìpo na pernĹme apì èna grammikÿc anexĹrthto uposÔnolo {x_1, . . . , x_n} enìc plègmatoc Λ se bĹsh {u_1, . . . , u_n} tou Λ, me thn idiìthta ⟨u_1, . . . , u_k⟩ = ⟨x_1, . . . , x_k⟩, 1 ≤ k ≤ n.

1.2 OrÐzousa enìc plègmatoc

Orismìc ’Estw Λ èna plègma ston R^n , kai u_1, . . . , u_n mÐa bĹsh tou. To parallhlepÐpedo P = { n∑ i=1 a_iu_i : 0 ≤ a_i < 1}

lègetai jemeliÿdec parallhlepÐpedo tou plègmatoc. O ìgkoc |P | tou P lègetai orÐzousa tou plègmatoc kai sumbolÐzetai me det Λ.

H Prìtash pou akoloujeÐ deÐqnei ìti o ìgkoc tou jemeliÿdouc parallhlepipèdou eÐnai anexĹrthtoc apì thn epilogă thc bĹshc.

Prìtash 1.2.1 ’Estw Λ èna plègma ston R^n , kai P, Q dÔo jemeliÿdh parallhlepÐpeda tou Λ. Tìte, |P | = |Q|.

Apìdeixh: ’Estw {u_1, . . . , u_n} kai {v_1, . . . , v_n} oi bĹseic tou Λ pou orÐzoun ta jemeliÿdh parallhlepÐpeda P kai Q. Tìte, an U, V eÐnai oi pÐnakec pou èqoun san stălec ta u_i, v_i antÐstoiqa, èqoume |P | = | det U|, |Q| = | det V |. GrĹfoume ta dianÔsmata thc mÐac bĹshc sunartăsei twn dianÔsmatwn thc Ĺllhc, kai èqoume u_i = n∑ j=1 m_{ij} v_j , v_i = n∑ j=1 l_{ij} u_j , ìpou M = (m_{ij} ) kai L = (l_{ij} ) pÐnakec me akèraiec suntetagmènec. Tìte U = V M^∗ kai V = UL^∗, Ĺra ML = I. Dhladă, | det M| · | det L| = 1, kai afoÔ det M, det L ∈ Z, paÐrnoume | det M| = | det L| = 1. Autì shmaÐnei ìti |P | = | det U| = | det M| · | det V | = | det V | = |Q|. □

Paratărhsh H apìdeixh thc Prìtashc dÐnei ìti: an U kai V eÐnai dÔo bĹseic tou idÐou plègmatoc Λ, tìte sundèontai mèsw enìc unimodular pÐnaka. UpĹrqei dhladă pÐnakac M me akèraiec suntetagmènec kai orÐzousa det M = ±1, tètoioc ÿste U = V M^∗. EÔkola elègqoume ìti isqÔei kai to antÐstrofo: an V eÐnai mÐa bĹsh tou plègmatoc Λ kai M eÐnai ènac unimodular pÐnakac, tìte oi stălec tou pÐnaka V M^∗ apoteloÔn bĹsh tou Λ.

AfoÔ o ìgkoc opoioudăpote jemeliÿdouc parallhlepipèdou tou Λ eÐnai pĹnta o Ðdioc, h orÐzousa det Λ tou Λ orÐzetai kalĹ. MporoÔme mĹlista me th boăjeiĹ thc na qarakthrÐsoume tic bĹseic tou Λ:

Jeÿrhma 1.2.1 ’Estw Λ èna plègma ston R^n , kai u_1, . . . , u_n ∈ Λ. Ta u_1, . . . , u_n eÐnai bĹsh tou Λ an kai mìno an

| det(u_1, . . . , u_n)| = det Λ.

Apìdeixh: H mÐa kateÔjunsh eÐnai profanăc apì ton orismì thc det Λ. Gia thn antÐstrofh kateÔjunsh, èstw u_1, . . . , u_n ∈ Λ me | det(u_1, . . . , u_n)| = det Λ. AfoÔ det Λ > 0, ta u_i eÐnai grammikÿc anexĹrthta. Ja deÐxoume oti apoteloÔn bĹsh tou Λ. JewroÔme mÐa bĹsh V tou Λ, kai grĹfoume U = V M^∗ kai V = UL^∗. H V eÐnai bĹsh tou plègmatoc kai ta u_i anăkoun sto Λ, Ĺra o M èqei akèraiec suntetagmènec. ’Omwc, | det U| = | det V | = det Λ

apì thn upìjesă mac, Ĺra | det M| = 1. Autì ìmwc mĹc exasfalÐzei ìti kai o L = M^{−1} eÐnai akèraioc pÐnakac, diìti ta stoiqeÐa tou eÐnai thc morfăc l_{ij} = ± det M_{ij} det M ∈ Z. [M_{ij} eÐnai o pÐnakac pou prokÔptei apì ton M an {diagrĹyoume} thn i-grammă kai thn j-stălh tou]. AfoÔ V = UL^∗ kai h V eÐnai bĹsh tou Λ, ta u_i eÐnai bĹsh tou Λ. □ To Jeÿrhma 1.2.1 mĹc dÐnei èna kritărio gia na apofasÐzoume an n grammikÿc anexĹrthta dianÔsmata enìc plègmatoc apoteloÔn bĹsh tou. GenikĹ, den upĹrqoun aplĹ gewmetrikĹ krităria pou na apantoÔn se autì to erÿthma. H katĹstash eÐnai pĹntwc aplă sthn perÐptwsh Λ = Z^2:

Prìtash 1.2.2 Ta grammikÿc anexĹrthta u_1, u_2 apoteloÔn bĹsh tou Z^2 an kai mìno an sto kleistì trÐgwno T = {a_1u_1 + a_2u_2, 0 ≤ a_i ≤ 1, a_1 + a_2 ≤ 1} den upĹrqei Ĺllo shmeÐo tou Z^2 ektìc twn o, u_1, u_2.

Apìdeixh: An ta u_1, u_2 eÐnai bĹsh, tìte ta mìna shmeÐa thc morfăc a_1u_1 +a_2u_2 me a_i ∈ Z pou anăkoun sto T eÐnai ta o, u_1, u_2 (ìtan (a_1, a_2) = (0, 0) ă (1, 0) ă (0, 1)).

AntÐstrofa: èstw ìti to {u_1, u_2} den eÐnai bĹsh tou Z^2. Ja broÔme akèraio shmeÐo sto T^∗ := T \{o, u_1, u_2}. UpĹrqei x ∈ Λ pou grĹfetai sth morfă x = a_1u_1+a_2u_2, kai oi a_i den eÐnai kai oi dÔo akèraioi. Tìte, to x^′ = {a_1}u_1+{a_2}u_2 ∈ Λ anăkei sto parallhlìgrammo

P (u_1, u_2) := {t_1u_1 + t_2u_2 : 0 ≤ t_i ≤ 1}

kai den eÐnai korufă tou. An to x^′ anăkei sto {kĹtw} trÐgwno T , tìte brÐsketai sto T^∗ kai èqoume teleiÿsei. An pĹli anăkei sto {pĹnw} trÐgwno, tìte to u_1 + u_2 − x^′ anăkei sto T^∗ kai, tautìqrona, sto Λ. □

Paratărhsh H fusiologikă genÐkeush thc Prìtashc 1.2.2 eÐnai h exăc. Ta grammikÿc anexĹrthta dianÔsmata u_1, . . . , u_n eÐnai bĹsh tou Z^n an kai mìno an to simplex me korufèc o, u_1, . . . , u_n den perièqei Ĺllo akèraio shmeÐo. ’Omwc autì den eÐnai swstì: gia parĹdeigma, ta u_1 = (1, 0, 0), u_2 = (0, 1, 0), u_3 = (1, 1, 2) sqhmatÐzoun èna simplex pou den perièqei Ĺlla akèraia shmeÐa, qwrÐc na apoteloÔn bĹsh tou Z^3.

H epìmenh prìtash exasfalÐzei thn Ôparxh pollÿn diaforetikÿn bĹsewn gia kĹje plègma Λ ston R^n , n ≥ 2:

Prìtash 1.2.3 An x = (x_1, . . . , x_n) ∈ Z^n kai o mègistoc koinìc diairèthc twn x_1, . . . , x_n eÐnai 1, tìte to x epekteÐnetai se bĹsh tou Z^n.

Apìdeixh: MporoÔme na broÔme y_2, . . . , y_n ∈ Z^n tètoia ÿste ta x, y_2, . . . , y_n na eÐnai grammikÿc anexĹrthta: afoÔ x ≠ o, upĹrqei i_0 ≤ n tètoio ÿste x_{i0} ≠ 0, opìte mporoÔme na pĹroume san y_j ta dianÔsmata e_i, i ≠ i_0.

Katìpin kataskeuĹzoume bĹsh {u_1, . . . , u_n} ìpwc sto Jeÿrhma 1.1.2, xekinÿntac apì ta x, y_2, . . . , y_n. Parathrăste ìti u_1 = x, giatÐ to x eÐnai to plhsièstero proc to o akèraio shmeÐo tou ⟨x⟩. Edÿ qrhsimopoieÐtai h upìjesh ìti oi x_1, . . . , x_n èqoun mègisto koinì diairèth th monĹda. □

Pìrisma 1.2.1 KĹje plègma Λ ston R^n , n ≥ 2, èqei Ĺpeirec to plăjoc diaforetikèc bĹseic.

Apìdeixh: ArkeÐ na exetĹsoume thn perÐptwsh Λ = Z^n. UpĹrqoun Ĺpeirec to plăjoc n-Ĺdec mh mhdenikÿn akeraÐwn x_1, . . . , x_n pou èqoun mègisto koinì diairèth th monĹda. KĹje mÐa apì autèc anăkei se mÐa bĹsh tou Z^n, apì thn Prìtash 1.2.3. ’Ara, to Z^n èqei Ĺpeirec diaforetikèc bĹseic. □

To teleutaÐo apotèlesma autăc thc paragrĹfou dÐnei mÐa shmantikă idiìthta tou jemeliÿdouc parallhlepipèdou (thn opoÐa ja qrhsimopoiăsoume arketèc forèc sth sunèqeia):

Jeÿrhma 1.2.2 ’Estw Λ èna plègma ston R^n , {u_1, . . . , u_n} mÐa bĹsh tou Λ, kai P = {a_1u_1 + . . . + a_nu_n : 0 ≤ a_i < 1} to antÐstoiqo jemeliÿdec parallhlepÐpedo. Tìte, R^n = P ⊕ Λ. Dhladă, oi metaforèc tou P katĹ ta shmeÐa tou Λ, kalÔptoun ton R^n qwrÐc na epikalÔptontai.

Apìdeixh: ’Estw x ∈ R^n . Ta u_i eÐnai bĹsh tou R^n , Ĺra mporoÔme na grĹyoume x = ∑_n i=1 t_iu_i gia kĹpoiouc t_i ∈ R. JewroÔme ta dianÔsmata y = n∑ i=1 {t_i}u_i, z = n∑ i=1 [t_i]u_i. Tìte, z ∈ Λ, y ∈ P , kai x = y + z ∈ P + Λ. KĹje x ∈ R^n grĹfetai me monadikì trìpo se autăn th morfă: An gia kĹpoio x ∈ R^n eÐqame x = y + z = y_1 + z_1 me y, y_1 ∈ P , kai z, z_1 ∈ Λ, tìte ja eÐqame y − y_1 ∈ Λ, dhladă

y − y_1 = n∑ i=1 b_iu_i, b_i ∈ Z. ’Omwc, |b_i| = |a_i(y) − a_i(y_1)| < 1. ’Epetai ìti b_i = 0 gia kĹje i ≤ n. Opìte y = y_1 kai z = z_1, pou apodeiknÔei to zhtoÔmeno. □

MÐa qrăsimh efarmogă tou Jewrămatoc 1.2.2 dÐnetai sthn epìmenh prìtash:

Prìtash 1.2.4 ’Estw Λ èna plègma ston R^n . Gia kĹje R > 0 sumbolÐzoume me N(R) to plăjoc twn shmeÐwn tou Λ ∩ D(o, R). Tìte, lim_{R→∞} N(R) ω_nR^n = 1 det Λ . Apìdeixh: JewroÔme to jemeliÿdec parallhlepÐpedo P tou Λ wc proc mÐa bĹsh {u_1, . . . , u_n}. UpĹrqei a > 0 tètoio ÿste P ⊂ D(o, a). Gia kĹje R > 0 orÐzoume U_R = Λ ∩ D(o, R). Tìte, ⋃ u∈U_R (u + P ) ⊂ D(o, R + a),

kai, apì to Jeÿrhma 1.2.2, ta u + P den epikalÔptontai. ’Ara,

N(R)(det Λ) = N(R) · |P | = | ⋃ u∈U_R (u + P )| ≤ ω_n(R + a)^n,

dhladă, (∗) N(R) ω_nR^n ≤ ( R + a R )_n 1 det Λ → 1 det Λ . Apì thn Ĺllh pleurĹ, gia megĹla R > 0, èqoume ⋃ u∈U_R (u + P ) ⊃ D(o, R − a).

PrĹgmati, an x ∈ D(o, R − a), upĹrqoun u ∈ Λ kai p ∈ P (opìte ‖p‖_2 ≤ a) tètoia ÿste x = u + p. ’Omwc tìte, ‖u‖_2 ≤ ‖x‖_2 + ‖p‖_2 ≤ R − a + a = R, dhladă, u ∈ U_R. ’Opwc prÐn, katalăgoume sthn (∗∗) N(R) ω_nR^n ≥ ( R − a R )_n 1 det Λ → 1 det Λ . SunduĹzontac tic (∗) kai (∗∗) paÐrnoume to zhtoÔmeno. □

1.3 Upoplègmata

Orismìc: ’Estw Λ èna plègma ston R^n , kai Λ_0 ⊆ Λ. An to Λ_0 eÐnai plègma, tìte lème ìti to Λ_0 eÐnai upoplègma tou Λ. AfoÔ to Λ_0 eÐnai upoomĹda miĹc abelianăc omĹdac, orÐzetai h omĹda phlÐko Λ : Λ_0. O plhjĹrijmìc thc lègetai deÐkthc tou Λ_0 sto Λ, kai sumbolÐzetai me |Λ : Λ_0|.

Me autìn to sumbolismì, an |Λ : Λ_0| = s, mporoÔme na grĹyoume to plègma Λ san ènwsh s to plăjoc xènwn sumplìkwn, dhladă Λ = s⋃ i=1 (Λ_0 + a_i),

ìpou a_1, . . . , a_s ∈ Λ. To prÿto jeÿrhma autăc thc paragrĹfou upologÐzei ton deÐkth tou upoplègmatoc Λ_0 sto Λ:

Jeÿrhma 1.3.1 ’Estw V = {v_1, . . . , v_n} mÐa bĹsh tou Λ_0. An P = { ∑_n i=1 a_iv_i :

0 ≤ a_i < 1} eÐnai to jemeliÿdec parallhlepÐpedo tou Λ_0 wc proc thn V , tìte

|Λ : Λ_0| = |P ∩ Λ|,

ìpou me |A| sumbolÐzoume ton plhjĹrijmo enìc peperasmènou sunìlou A.

Apìdeixh: An y_1 ≠ y_2 ∈ P ∩ Λ, tìte y_1 + Λ_0 ≠ y_2 + Λ_0. PrĹgmati, an y_1 + Λ_0 = y_2 + Λ_0, tìte to y_1 − y_2 eÐnai mh mhdenikì kai anăkei sto Λ_0. EpÐshc, y_1 − y_2 ∈ { ∑_n i=1 a_iv_i : |a_i| < 1}, diìti y_1, y_2 ∈ P . ’Omwc, to monadikì shmeÐo tou Λ_0 pou èqei autăn thn idiìthta eÐnai to mhdenikì. ’Epetai ìti |Λ : Λ_0| ≥ |P ∩ Λ|. Gia thn antÐstrofh anisìthta, deÐqnoume ìti an x ∈ Λ tìte upĹrqei y ∈ P ∩Λ tètoio ÿste x ∈ y + Λ_0: PrĹgmati, apì to Jeÿrhma 1.2.2, upĹrqoun y ∈ P kai z ∈ Λ_0 tètoia ÿste x = y + z. AfoÔ x ∈ Λ kai z ∈ Λ_0 ⊆ Λ, ja eÐnai y = x − z ∈ Λ. ’Ara y ∈ P ∩ Λ, kai x ∈ y + Λ_0. □

To epìmeno jeÿrhma dÐnei èna {eidikì} zeugĹri bĹsewn gia ta Λ_0 kai Λ (kanonikă morfă katĹ Smith):

Jeÿrhma 1.3.2 ’Estw Λ_0 èna upoplègma tou plègmatoc Λ ston R^n . UpĹrqoun bĹseic U = {u_1, . . . , u_n} tou Λ kai V = {v_1, . . . , v_n} tou Λ_0, tètoiec ÿste v_i = m_iu_i, 1 = i, . . . , n kai m_i | m_{i+1}, i = 1, . . . , n − 1. Apìdeixh: ’Estw U = {u_i} kai V = {v_i} dÔo bĹseic twn Λ kai Λ_0 antÐstoiqa. KĹje v_i ∈ V grĹfetai monosămanta sth morfă v_i = m_{i1}u_1 + . . . + m_{in}u_n, m_{ij} ∈ Z. PaÐrnoume ètsi ènan akèraio pÐnaka M = M(U, V ) o opoÐoc exartĹtai apì thn epilogă twn bĹsewn U kai V , gia ton opoÐo isqÔei h sqèsh pinĹkwn V = UM^∗. JewroÔme thn klĹsh M = {M(U, V ), U bĹsh tou Λ, V bĹsh tou Λ_0}. H klĹsh M mènei analloÐwth wc proc th drĹsh kĹpoiwn metasqhmatismÿn pinĹkwn:

(a) An metajèsoume thn i me thn j grammă tou pÐnaka M, paÐrnoume ton pÐnaka M_1 ∈ M pou antistoiqeÐ stic bĹseic U kai V_1 = V (me metĹjesh twn v_i, v_j ).

(b) An metajèsoume thn i me thn j stălh tou pÐnaka M, paÐrnoume ton pÐnaka M_1 ∈ M pou antistoiqeÐ stic bĹseic U_1 = U (me metĹjesh twn u_i, u_j ) kai V .

(g) An pollaplasiĹsoume thn i grammă me −1, prokÔptei o pÐnakac M_1 ∈ M pou antistoiqeÐ stic bĹseic U kai V_1 = {v_1, . . . , −v_i, . . . , v_n}.

(d) An pollaplasiĹsoume thn i stălh me −1, prokÔptei o pÐnakac M_1 ∈ M pou antistoiqeÐ stic bĹseic U_1 = {u_1, . . . , −u_i, . . . , u_n} kai V .

(e) An prosjèsoume sthn i-grammă thn j-grammă pollaplasiasmènh epÐ kĹpoio s ∈ Z, prokÔptei o pÐnakac M_1 ∈ M pou antistoiqeÐ stic bĹseic U kai V_1 = {v_1, . . . , v_i + sv_j , . . . , v_n}. (st) An prosjèsoume sthn i-stălh thn j-stălh pollaplasiasmènh epÐ kĹpoio s ∈ Z, prokÔptei o pÐnakac M_1 ∈ M pou antistoiqeÐ stic bĹseic U_1 = {u_1, . . . , u_i − su_j , . . . , u_n} kai V . Oi parathrăseic autèc deÐqnoun ìti upĹrqei M ∈ M me m_{11} > 0. Autì faÐnetai eÔkola giatÐ, xekinÿntac me tuqìnta M_0 ∈ M kai ektelÿntac katĹllhla kĹpoiouc apì touc metasqhmatismoÔc pou perigrĹyame, mporoÔme na kĹnoume opoiodăpote mh mhdenikì stoiqeÐo tou M jetikì kai na to fèroume sthn (1, 1) jèsh.

JewroÔme ìlouc touc M ∈ M me m_{11} > 0, kai kratĹme ènan me elĹqisto m_{11}. (autì to băma kajistĹ thn apìdeixh mh kataskeuastikă). Tìte, m_{11} | m_{i1}, m_{1j} gia kĹje i, j = 1, . . . n. PrĹgmati, an se kĹpoia perÐptwsh eÐqame to antÐjeto, gia parĹdeigma an to m_{21} den ătan pollaplĹsio tou m_{11}, tìte kĹnontac thn diaÐresh ja eÐqame m_{21} = m_{11}π + υ gia kĹpoio 0 < υ < m_{11}, υ ∈ Z. Tìte, pollaplasiĹzontac thn prÿth grammă me π kai afairÿntac thn apì th deÔterh, ja paÐrname M_1 ∈ M me m_{21} = υ. Sth sunèqeia, antimetajètontac thn deÔterh me thn prÿth grammă, ja paÐrname ènan nèo pÐnaka M_2 ∈ M o opoÐoc sth jèsh (1, 1) ja eÐqe to υ < m_{11}, kĹti pou eÐnai Ĺtopo apì thn epilogă tou pÐnaka M.

AfoÔ loipìn m_{11}|m_{i1}, m_{1j} gia kĹje i, j = 1, . . . n, mporoÔme, afairÿntac katĹllhla pollaplĹsia tou m_{11} apì kĹje grammă kai stălh tou pÐnaka, na mhdenÐsoume thn prÿth grammă kai thn prÿth stălh tou pÐnaka: na pĹroume dhladă M_1 ∈ M me to m_{11} sthn (1, 1)-jèsh kai m_{1j} = m_{i1} = 0, i, j = 2, . . . , n. Epiplèon mporoÔme na apodeÐxoume ìti ston M_1 to m_{11} eÐnai diairèthc ìlwn twn m_{ij} (alliÿc, me epitreptoÔc metasqhmatismoÔc mporoÔme na broÔme A ∈ M tètoion ÿste 0 < a_{11} < m_{11}).

JewroÔme ìlouc touc pÐnakec M ∈ M pou èqoun tic parapĹnw idiìthtec: to m_{11} > 0 eÐnai to elĹqisto dunatì sthn M, ta m_{i1}, m_{1j} = 0 an i, j ≠ 1, kai kĹje m_{ij} eÐnai pollaplĹsio tou m_{11}. PaÐrnoume pÐnaka autăc thc morfăc me to m_{22} > 0 kai elĹqisto, kai suneqÐzoume ìpwc prÐn (agnoÿntac thn prÿth grammă kai thn prÿth stălh, oi opoÐec èqoun oristikopoihjeÐ). Se n bămata, ja ftĹsoume sth zhtoÔmenh morfă. □

H qrhsimìthta thc kanonikăc morfăc tou Smith faÐnetai apì to epìmeno jeÿrhma.

Jeÿrhma 1.3.3 ’Estw Λ_0 èna upoplègma tou plègmatoc Λ ston R^n . An U kai V eÐnai bĹseic twn Λ kai Λ_0 antÐstoiqa, kai P eÐnai to jemeliÿdec parallhlepÐpedo tou Λ_0 wc proc thn V , tìte

|P ∩ Λ| = |Λ : Λ_0| = | det M(U, V )| = det Λ_0 det Λ . Apìdeixh: H prÿth isìthta apodeÐqjhke sto Jeÿrhma 1.3.1, kai gia kĹje zeugĹri bĹsewn U, V twn Λ, Λ_0 èqoume | det M(U, V )| = | det V | | det U| = det Λ_0 det Λ . ArkeÐ loipìn na deÐxoume ìti | det M(U, V )| = |P ∩ Λ| gia kĹpoio zeugĹri bĹsewn U, V twn Λ, Λ_0. Apì to Jeÿrhma 1.3.2, mporoÔme na epilèxoume bĹseic U, V tètoiec ÿste v_i = m_iu_i, m_i ∈ Z, i = 1, . . . , n. Tìte, eÐnai fanerì ìti det M(U, V ) = m_1m_2 . . . m_n.

Apomènei na metrăsoume to plăjoc twn shmeÐwn tou Λ pou anăkoun sto P . ’Omwc, lìgw thc sqèsewc v_i = m_iu_i èqoume ìti, gia kĹje i = 1, . . . , n, sto eujÔgrammo tmăma [o, v_i) upĹrqoun m_i to plăjoc shmeÐa tou Λ. ’Ara sto P ja èqoume m_1m_2 . . . m_n shmeÐa tou Λ, ta t_1v_1 + . . . + t_nv_n, t_i ∈ {0, 1, . . . , m_i − 1}. Autì apodeiknÔei to zhtoÔmeno. □

Paratărhsh: To Jeÿrhma 1.3.3 èqei tic exăc Ĺmesec, allĹ endiafèrousec, sunèpeiec:

(a) An to Λ_0 eÐnai upoplègma tou Λ,tìte gia kĹje bĹsh V tou Λ_0, to plăjoc twn shmeÐwn tou Λ pou anăkoun sto jemeliÿdec parallhlepÐpedo tou Λ_0 wc proc thn V eÐnai stajerì, kai Ðso me |Λ : Λ_0|.

(b) MÐa endiafèrousa eidikă perÐptwsh èqoume an pĹroume san Λ to Z^n. An v_1, . . . , v_n eÐnai grammikÿc anexĹrthta dianÔsmata tou R^n me akèraiec suntetagmènec, tìte to parallhlepÐpedo P pou orÐzoun perièqei tìsa akèraia shmeÐa ìsoc eÐnai o ìgkoc tou. GiatÐ, an Λ_0 eÐnai to upoplègma tou Z^n pou parĹgoun ta v_i, apì to Jeÿrhma 1.3.2 èqoume

|P | = | det Λ_0| = |Z^n : Λ_0| = |Z^n ∩ P |.

MÐa Ĺllh endiafèrousa efarmogă eÐnai o tÔpoc tou Pick gia to plăjoc twn akeraÐwn shmeÐwn pou perièqei èna kurtì polÔgwno me akèraiec korufèc.

Jeÿrhma 1.3.4 To plăjoc twn akeraÐwn shmeÐwn mèsa se èna kurtì polÔgwno K me korufèc akèraia shmeÐa, eÐnai Ðso me A(K) + |Z^2 ∩ bd(K)| 2 + 1,

ìpou A(K) to embadìn tou K, kai bd(K) to sÔnoro tou K.

Apìdeixh: Prÿta apodeiknÔoume ton tÔpo gia èna trÐgwno T . QwrÐc periorismì thc genikìthtac, mporoÔme na upojèsoume ìti h mÐa korufă tou T eÐnai to o. An a, b eÐnai oi Ĺllec dÔo korufèc tou T , jewroÔme to parallhlìgramo P = {ta + sb : 0 ≤ t, s < 1} pou parĹgoun ta a, b. Apì to Jeÿrhma 1.3.2,

|Z^2 ∩ P | = A(P ) = 2A(T ).

QwrÐzoume to P se dÔo trÐgwna T_1 = T kai T_2 -to {pĹnw} kai to {kĹtw}- fèrnontac th diagÿnio ab. Den eÐnai dÔskolo na doÔme ìti

|Z^2 ∩ T^∘_1 | = |Z^2 ∩ T^∘_2 |,

kai an grĹyoume B gia to plăjoc twn akeraÐwn shmeÐwn sto eswterikì tou T kai C g|ia to plăjoc twn akeraÐwn shmeÐwn sto sÔnorì tou, èqoume |Z^2 ∩ P | = 2B + C − 2, giatÐ ta akèraia shmeÐa thc diagwnÐou brÐskontai ìla sto P , ektìc apì ta a, b. ’Epetai ìti

B + C = 1 2 ( |Z^2 ∩ P | + C + 2 ) = A(P ) 2 + C 2 + 1 = A(T ) + C 2 + 1,

pou eÐnai to zhtoÔmeno.

’Estw tÿra kurtì polÔgwno K me n > 3 korufèc. PĹli mporoÔme na upojèsoume ìti mÐa apì autèc eÐnai to o, kai oi upìloipec eÐnai oi a_0, . . . , a_{n−2}. QwrÐzoume to polÔgwno se n − 2 trÐgwna T_1, . . . T_{n−2} fèrnontac tic diagwnÐouc oa_1, . . . , oa_{n−3}. Qrhsimopoiÿntac ton tÔpo pou mìlic apodeÐxame gia ta trÐgwna, èqoume

|Z^2 ∩ T_i| = A(T_i) + C_i 2 + 1, i = 1, . . . , n − 2, ìpou C_i to plăjoc twn akeraÐwn shmeÐwn sto sÔnoro tou T_i. Prosjètontac katĹ mèlh, èqoume_{n−2} ∑ i=1 |Z^2 ∩ T_i| = A(K) + 1 2 n−2∑ i=1 C_i + (n − 2).

Ta eswterikĹ shmeÐa twn diagwnÐwn èqoun metrhjeÐ dÔo forèc sto aristerì mèloc, ta eswterikĹ shmeÐa twn akmÿn tou K kai oi korufèc a_1, . . . , a_{n−3} èqoun metrhjeÐ dÔo forèc, oi korufèc a_0, a_{n−2} mÐa forĹ, kai to o metrăjhke (n − 2) forèc. ’Ara, an D eÐnai to plăjoc twn eswterikÿn shmeÐwn twn diagwnÐwn, èqoume n−2∑ i=1 |Z^2 ∩ T_i| = |Z^2 ∩ K| + D + 2(n − 3).

AntÐstoiqa, sto dexiì mèloc èqoume n−2∑ i=1 C_i = 2D + E + (n − 3) + (n − 3),

ìpou E to plăjoc twn akeraÐwn shmeÐwn sto sÔnoro tou K, giatÐ to o emfanÐzetai (n − 2) forèc, oi a_0, a_{n−1} apì mÐa, kai oi upìloipec (n − 3) korufèc tou K apì dÔo. ’Ara,

|Z^2 ∩ K| + D + 2(n − 3) = A(K) + D + E 2 + (n − 3) + (n − 2),

apfl ìpou èpetai ìti |Z^2 ∩ K| = A(K) + E 2 + 1. □

1.4 Duðkì plègma

Orismìc ’Estw Λ èna plègma ston R^n . To sÔnolo Λ^∗ := {y ∈ R^n : ∀x ∈ Λ, ⟨x, y⟩ ∈ Z} onomĹzetai duðkì plègma tou Λ.

Sthn epìmenh prìtash apodeiknÔoume ìti to Λ^∗ eÐnai ìntwc plègma, kai perigrĹfoume to Λ^∗ sunartăsei tou Λ:

Prìtash 1.4.1 To Λ^∗ eÐnai plègma ston R^n . An u_1, . . . , u_n eÐnai mÐa bĹsh tou Λ, tìte ta dianÔsmata u^∗_1, . . . , u^∗_n pou orÐzontai apì tic ⟨u_i, u^∗_j ⟩ = δ_{ij} , i, j = 1, . . . , n apoteloÔn bĹsh tou Λ^∗.

Apìdeixh: H apìdeixh ja basisteÐ sto gegonìc ìti

(Z^n)^∗ = Z^n.

PrĹgmati, an x = (x_1, . . . , x_n) ∈ (Z^n)^∗, tìte x_i = ⟨x, e_i⟩ ∈ Z gia kĹje i = 1, . . . , n, Ĺra x ∈ Z^n. Antistrìfwc, an x ∈ Z^n tìte, profanÿc ⟨x, y⟩ ∈ Z gia kĹje y ∈ Z^n, dhladă x ∈ (Z^n)^∗.

(a) DeÐqnoume prÿta ìti to Λ^∗ eÐnai plègma. UpĹrqei T ∈ GL(n) tètoioc ÿste Λ = T (Z^n). Tìte, x ∈ Λ^∗ ⇐⇒ ∀y ∈ Λ ⟨x, y⟩ ∈ Z ⇐⇒ ∀z ∈ Z^n ⟨x, T z⟩ ∈ Z ⇐⇒ ∀z ∈ Z^n ⟨T^∗x, z⟩ ∈ Z ⇐⇒ T^∗x ∈ (Z^n)^∗ = Z^n ⇐⇒ x ∈ T^{−∗}(Z^n). ’Omwc, T^{−∗} ∈ GL(n). ’Ara, to Λ^∗ = T^{−∗}(Z^n) eÐnai plègma.

(b) Gia ton deÔtero isqurismì, ac upojèsoume ìti {u_1, . . . , u_n} eÐnai mÐa bĹsh tou Λ. JewroÔme ton T ∈ GL(n) pou orÐzetai apì tic T (e_i) = u_i, i = 1, . . . , n. Tìte, Λ = T (Z^n). An jèsoume u^∗_j = T^{−∗}(e_j ), tìte to {u^∗_1, . . . , u^∗_n} eÐnai bĹsh tou T^{−∗}(Z^n) = Λ^∗, kai ⟨u_i, u^∗_j ⟩ = ⟨T e_i, T^{−∗}e_j ⟩ = ⟨T^{−1}T e_i, e_j ⟩ = ⟨e_i, e_j ⟩ = δ_{ij} . □ H bĹsh {u^∗_1, . . . , u^∗_n} tou Λ^∗ pou orÐsame sthn Prìtash 1.4.1 onomĹzetai duðkă bĹsh thc {u_1, . . . , u_n}.

1.5 Λ-upìqwroi

OrismoÐ (a) ’Estw Λ èna plègma ston R^n . ’Enac k-diĹstatoc grammikìc upìqwroc F tou R^n onomĹzetai Λ-upìqwroc an to F ∩ Λ eÐnai plègma ston F . Dhladă an upĹrqoun v_1, . . . , v_k ∈ F tètoia ÿste

F ∩ Λ = {m_1v_1 + . . . + m_kv_k : m_i ∈ Z}.

(b) ’Estw F ènac k-diĹstatoc Λ-upìqwroc tou R^n . ’Ena sÔnolo shmeÐwn v_1, . . . , v_k ∈ Λ onomĹzetai prwtarqikì gia to F ∩ Λ an ta v_1, . . . , v_k apoteloÔn bĹsh tou plègmatoc F ∩ Λ.

Jeÿrhma 1.5.1 An o F eÐnai Λ-upìqwroc kai to {v_1, . . . , v_k} prwtarqikì gia to F ∩ Λ, tìte epekteÐnetai se bĹsh tou Λ.

Apìdeixh: To Λ perièqei n grammikÿc anexĹrthta dianÔsmata, epomènwc mporoÔme na broÔme u_{k+1}, . . . , u_n ∈ Λ tètoia ÿste ta v_1, . . . , v_k, u_{k+1}, . . . , u_n na eÐnai grammikÿc anexĹrthta. Xekinÿntac apì autĹ ta dianÔsmata, kataskeuĹzoume bĹsh tou Λ ìpwc sto Jeÿrhma 1.1.2. Sta prÿta k bămata, h kataskeuă gÐnetai ston F , kai afoÔ ta v_1, . . . , v_k eÐnai bĹsh tou F ∩ Λ paramènoun ametĹblhta. □

Orismìc ’Estw F ènac Λ-upìqwroc. OrÐzoume F^⊥ = {y ∈ R^n : ⟨x, y⟩ = 0, ∀x ∈ F }. Jeÿrhma 1.5.2 O F^⊥ eÐnai Λ^∗-upìqwroc.

Apìdeixh: O F eÐnai Λ-upìqwroc, Ĺra upĹrqei bĹsh {v_1, . . . , v_k} tou F ∩Λ. Qrhsimopoiÿntac to Jeÿrhma 1.5.1, thn epekteÐnoume se bĹsh {v_1, . . . , v_k, v_{k+1}, . . . , v_n} tou Λ. JewroÔme th duðkă bĹsh {u_1, . . . , u_n} tou Λ^∗. Tìte, gia kĹje k + 1 ≤ j ≤ n èqoume ⟨v_i, u_j ⟩ = 0, i = 1, . . . , k, Ĺra u_j ∈ F^⊥, j = k + 1, . . . , n. Ta u_{k+1}, . . . , u_n eÐnai grammikÿc anexĹrthta kai anăkoun ston F^⊥ ∩ Λ^∗, epomènwc o F^⊥ eÐnai Λ^∗-upìqwroc. □

KefĹlaio 2

KurtĹ sÿmata ston R n

2.1 KurtĹ sÿmata

(a) OrismoÐ

Kurtì sÿma ston R^n eÐnai èna mh kenì, kurtì kai sumpagèc uposÔnolo K tou R^n , pou èqei mh kenì eswterikì. Ja lème ìti to kurtì sÿma K eÐnai summetrikì me kèntro summetrÐac to o, an gia kĹje x ∈ K èqoume kai −x ∈ K.

Pollèc forèc, ja qreiasteÐ na milăsoume gia anoiktĹ kurtĹ sÿmata. AutĹ eÐnai ta eswterikĹ twn kurtÿn swmĹtwn. IsqÔei ìti: an K eÐnai èna kurtì sÿma, tìte to K sumpÐptei me thn kleistă jăkh tou eswterikoÔ tou.

To Ĺjroisma katĹ Minkowski dÔo mh kenÿn uposunìlwn A kai B tou R^n eÐnai to sÔnolo A + B := {a + b : a ∈ A, b ∈ B}. EÔkola elègqoume ìti an ta A kai B eÐnai sumpagă (antÐstoiqa, kurtĹ), tìte kai to ĹjroismĹ touc A + B eÐnai sumpagèc (antÐstoiqa, kurtì). Eidikìtera, to Ĺjroisma dÔo kurtÿn swmĹtwn eÐnai kurtì sÿma.

Me ton ìro stoiqeiÿdec sÔnolo anaferìmaste se mÐa peperasmènh ènwsh orjogwnÐwn pou èqoun tic akmèc touc parĹllhlec prìc touc Ĺxonec suntetagmènwn (tic dieujÔnseic twn orjokanonikÿn dianusmĹtwn e_j ), kai èqoun xèna eswterikĹ. SumbolÐzoume me I thn klĹsh ìlwn twn stoiqeiwdÿn sunìlwn.

An I eÐnai èna tètoio orjogÿnio, me măkh akmÿn a_1, . . . , a_n > 0, tìte orÐzoume ton ìgko tou na isoÔtai me |I| = a_1 . . . a_n. An J = ∪^m_{k=1}I_k eÐnai èna stoiqeiÿdec sÔnolo, tìte orÐzoume |J| = m∑ k=1 |I_k|.

’Estw tÿra A èna mh kenì, fragmèno uposÔnolo tou R^n . OrÐzoume ton eswterikì ìgko tou A mèsw thc |A| = sup{|J| : J ⊆ A, J ∈ I}, kai ton exwterikì ìgko tou A mèsw thc |A| = inf{|J| : A ⊆ J, J ∈ I}. Ja lème ìti to A èqei ìgko (eÐnai Jordan metrăsimo), kai ja ton sumbolÐzoume me |A|, an |A| = |A|. MporeÐ kaneÐc na deÐxei ìti

KĹje kurtì sÿma ston R^n èqei ìgko.

Oi idiìthtec tou ìgkou pou qrhsimopoioÔme suqnĹ sth sunèqeia eÐnai teleÐwc fusiologikèc:

(a) O ìgkoc paramènei analloÐwtoc wc proc strofèc kai metaforèc. (b) An T eÐnai ènac antistrèyimoc grammikìc metasqhmatismìc tou R^n , tìte giĹ kĹje sumpagèc uposÔnolo tou R^n isqÔei |T (K)| = |detT ||K|. (g) ’Estw K kurtì sÿma ston R^n . Gia kĹje r ∈ N, orÐzoume

N_r = 1 r Z^n ∩ K. JewroÔme to jemeliÿdec orjogÿnio Q tou (1/r)Z^n, kai thn ènwsh ⋃ z∈N_r (z + Q).

O ìgkoc thc eÐnai Ðsoc me |N_r|/r^n. EÐnai logikì na upojèsoume (kai mporoÔme na apodeÐxoume) ìti kajÿc to r → +∞, paÐrnoume ìlo kai kalÔterh prosèggish tou ìgkou tou K. Dhladă, isqÔei to exăc: lim_{r→∞} |N_r| |K|r^n = 1.

(b) SummetrikĹ kurtĹ sÿmata

JewroÔme mÐa nìrma ‖ · ‖ ston R^n . Tìte, h monadiaÐa mpĹla B_X = {x ∈ R^n : ‖x‖ ≤ 1} tou qÿrou me nìrma X = (R^n , ‖ · ‖) eÐnai èna summetrikì kurtì sÿma ston R^n . To gegonìc ìti h B_X eÐnai sumpagèc sÔnolo kai èqei mh kenì eswterikì, ofeÐletai sto ìti h ‖·‖ eÐnai isodÔnamh me thn EukleÐdeia nìrma. Dhladă, upĹrqoun a, b > 0 tètoioi ÿste a‖x‖_2 ≤ ‖x‖ ≤ b‖x‖_2, x ∈ R^n .

IsodÔnama, (1/b)D_n ⊆ B_X ⊆ (1/a)D_n, to opoÐo deÐqnei ìti h B_X eÐnai fragmèno sÔnolo kai perièqei mÐa anoiktă mpĹla me kèntro to o. H B_X eÐnai kleistì sÔnolo, giatÐ eÐnai kleistă wc proc thn ‖ · ‖, kai, apì thn isodunamÐa twn normÿn, kĹje kleistì sÔnolo wc proc thn ‖ · ‖ eÐnai kleistì wc proc thn EukleÐdeia metrikă. Tèloc, h kurtìthta kai h summetrÐa thc B_X eÐnai aplèc sunèpeiec twn idiotătwn thc nìrmac: h ‖ · ‖ eÐnai Ĺrtia, jetikĹ omogenăc sunĹrthsh, kai ikanopoieÐ thn trigwnikă anisìthta.

AntÐstrofa, ac upojèsoume ìti K eÐnai èna summetrikì kurtì sÿma ston R^n . O Minkowski ìrise thn sunĹrthsh ‖x‖_K = min{λ ≥ 0 : x ∈ λK}, kai apèdeixe ìti eÐnai nìrma, gia thn opoÐa isqÔei ‖x‖_K ≤ 1 an kai mìno an x ∈ K. H Ôparxh tou legìmenou sunarthsoeidoÔc tou Minkowski deÐqnei ìti, me mÐa ènnoia, h melèth twn summetrikÿn kurtÿn swmĹtwn ston R^n eÐnai isodÔnamh me th melèth twn normÿn pĹnw ston R^n :

Prìtash 2.1.1 ’Estw K ⊆ R^n èna summetrikì kurtì sÿma. Tìte, to sunarthsoeidèc tou Minkowski ‖x‖_K = min{λ ≥ 0 : x ∈ λK} eÐnai nìrma, kai K = {x ∈ R^n : ‖x‖_K ≤ 1}. Apìdeixh: To K perièqei mÐa mpĹla me kèntro to o. PrĹgmati, afoÔ to K èqei mh kenì eswterikì, upĹrqoun x ∈ K kai r > 0 tètoia ÿste D(x, r) ⊆ K. Lìgw summetrÐac èqoume D(−x, r) ⊆ K, kai lìgw kurtìthtac, D(o, r) = [D(x, r) + D(−x, r)]/2 ⊆ K. ’Estw x ∈ R^n . UpĹrqei λ > 0 arketĹ megĹlo, ÿste (1/λ)x ∈ D(o, r) ⊆ K, Ĺra, x ∈ λK. Autì deÐqnei ìti, gia kĹje x ∈ R^n , to sÔnolo {λ ≥ 0 : x ∈ λK} eÐnai mh kenì, Ĺra orÐzetai to inf{λ ≥ 0 : x ∈ λK}. JewroÔme mÐa gnhsÐwc fjÐnousa akoloujÐa λ_s → λ. UpĹrqoun y_s ∈ K tètoia ÿste x = λ_sy_s, kai lìgw thc sumpĹgeiac tou K mporoÔme na upojèsoume ìti y_s → y ∈ K. Tìte, x = λy ∈ K. ’Ara to infimum eÐnai minimum, kai h ‖x‖_K eÐnai kalĹ orismènh. EpÐshc, eÐnai tÿra fanerì ìti ‖x‖_K ≥ 0 gia kĹje x ∈ R^n , kai ‖x‖_K = 0 an kai mìno an x = o.

Apì th summetrÐa tou K wc proc to o, èqoume x ∈ λK an kai mìno an −x ∈ λK. Autì apodeiknÔei ìti ‖ − x‖_K = min{λ ≥ 0 : −x ∈ λK} = min{λ ≥ 0 : x ∈ λK} = ‖x‖_K .

EpÐshc, an t > 0, tìte ‖tx‖_K = min{λ ≥ 0 : tx ∈ λK} = min{λ ≥ 0 : x ∈ (λ/t)K} = min{tμ : μ ≥ 0, x ∈ μK} = t min{μ ≥ 0 : x ∈ μK} = t‖x‖_K . Oi dÔo prohgoÔmenec sqèseic apodeiknÔoun ìti ‖tx‖_K = |t| · ‖x‖_K , gia kĹje t ∈ R kai kĹje x ∈ R^n .

Gia thn trigwnikă anisìthta, parathroÔme ìti x ∈ ‖x‖_K K kai y ∈ ‖y‖_KK, opìte h kurtìthta tou K mĹc exasfalÐzei ìti x + y ∈ (‖x‖_K + ‖y‖_K )K, dhladă ‖x + y‖_K ≤ ‖x‖_K + ‖y‖_K , x, y ∈ R^n . Tèloc, x ∈ K an kai mìno an min{λ ≥ 0 : x ∈ λK} ≤ 1, dhladă ‖x‖_K ≤ 1. □ (g) To polikì sÿma enìc summetrikoÔ kurtoÔ sÿmatoc

’Estw K summetrikì kurtì sÿma ston R^n . To polikì sÿma tou K eÐnai to K^∘ = {y ∈ R^n : ∀x ∈ K, |⟨x, y⟩| ≤ 1}. JewroÔme ton qÿro X = (R^n , ‖ · ‖_K ), kai ton duðkì tou qÿro X^∗. Ta grammikĹ sunarthsoeidă f : X → R anaparÐstantai apì y_f ∈ R^n : gia kĹje f ∈ X^∗ upĹrqei monadikì y_f ∈ R^n tètoio ÿste f(x) = ⟨y, x⟩, x ∈ R^n , kai antÐstrofa kĹje y ∈ R^n orÐzei f_y ∈ X^∗ me ton Ðdio trìpo. MporoÔme loipìn na tautÐsoume (wc grammikì qÿro) ton X^∗ me ton R^n . Metafèroume th nìrma tou X^∗ ston R^n , orÐzontac ‖y‖_∗ = ‖f_y‖_X ∗ = max_{x∈BX} |f_y(x)| = max{|⟨y, x⟩| : x ∈ K}. Tìte, h monadiaÐa mpĹla tou (R^n , ‖ · ‖_∗) eÐnai akribÿc to K^∘. PrĹgmati, K^∘ = {y ∈ R^n : max_{x∈K} |⟨y, x⟩| ≤ 1} = {y ∈ R^n : ‖y‖_∗ ≤ 1}. ’Eqoume loipìn apodeÐxei to exăc:

Prìtash 2.1.2 ’Estw K summetrikì kurtì sÿma ston R^n , kai X = (R^n , ‖ · ‖_K ). Tìte,to K^∘ eÐnai h monadiaÐa mpĹla tou duðkoÔ qÿrou tou X. □ Apì ton orismì tou polikoÔ sÿmatoc, kai apì ton qarakthrismì tou pou mĹc dÐnei h prohgoÔmenh Prìtash, mporoÔme eÔkola na apodeÐxoume tic parakĹtw basikèc idiìthtèc tou:

Prìtash 2.1.3 ’Estw K, K_1 summetrikĹ kurtĹ sÿmata ston R^n . Tìte, (a) An K ⊆ K_1, tìte K^∘_1 ⊆ K^∘. (b) (K^∘)^∘ = K.

(g) An T ∈ GL(n), tìte (T K)^∘ = T^{−∗}K^∘. (d) |K||K^∘| = |T K||(T K)^∘|. Apìdeixh: (a) An y ∈ K^∘_1 , tìte gia kĹje x ∈ K_1 èqoume |⟨x, y⟩| ≤ 1, kai afoÔ K ⊆ K_1 èpetai ìti gia kĹje x ∈ K ja eÐnai |⟨x, y⟩| ≤ 1, dhladă y ∈ K^∘.

(b) O X = (R^n , ‖ · ‖_K ) eÐnai autopajăc, Ĺra to K eÐnai h monadiaÐa mpĹla tou X^{∗∗} = (R^n , ‖ · ‖_K∘ )^∗. Dhladă, to K eÐnai to polikì sÿma tou K^∘.

(g) ’Eqoume y ∈ (T K)^∘ an kai mìno an gia kĹje x ∈ T K isqÔei |⟨x, y⟩| ≤ 1, dhladă an, gia kĹje z ∈ K isqÔei |⟨T z, y⟩| = |⟨z, T^∗y⟩| ≤ 1, dhladă, an T^∗y ∈ K^∘. ’Ara, (T K)^∘ = (T^∗)^{−1}(K^∘).

(d) ’Eqoume |T K| = | det T | · |K| kai |(T K)^∘| = |(T^∗)^{−1}(K^∘)| = | det T |^{−1}|K^∘|. ’Ara, |T K||(T K)^∘| = | det T | · |K| · | det T |^{−1}|K^∘| = |K| · |K^∘|. □

2.2 H anisìthta Brunn-Minkowski

H anisìthta Brunn-Minkowski sundèei ton ìgko me thn prĹxh thc prìsjeshc katĹ Minkowski. Ja dÿsoume mÐa apìdeixh pou qrhsimopoieÐ ta stoiqeiÿdh sÔnola kai ofeÐletai ston Lyusternik (1940):

Jeÿrhma 2.2.1 (Anisìthta Brunn-Minkowski). ’Estw A kai B sumpagă, mh kenĹ uposÔnola tou R^n . Tìte, |A + B|^{1/n} ≥ |A|^{1/n} + |B|^{1/n}. Apìdeixh: 1h PerÐptwsh: ExetĹzoume prÿta thn perÐptwsh pou ta A kai B eÐnai orjogÿnia me tic akmèc touc parĹllhlec proc touc Ĺxonec suntetagmènwn. Upojètoume ìti a_1, . . . , a_n > 0 eÐnai ta măkh twn akmÿn tou A, kai b_1, . . . , b_n > 0 ta măkh twn akmÿn tou B. Tìte, to A + B eÐnai ki autì orjogÿnio me tic akmèc tou parĹllhlec proc touc Ĺxonec suntetagmènwn, kai antÐstoiqa măkh a_1 + b_1, . . . , a_n + b_n. Epomènwc, h anisìthta paÐrnei th morfă

((a_1 + b_1) . . . (a_n + b_n))^{1/n} ≥ (a_1 . . . a_n)^{1/n} + (b_1 . . . b_n)^{1/n}.

IsodÔnama, zhtĹme na deÐxoume ìti ( a_1 a_1 + b_1 . . . a_n a_n + b_n )_{1/n} + ( b_1 a_1 + b_1 . . . b_n a_n + b_n )_{1/n} ≤ 1.

’Omwc apì thn anisìthta arijmhtikoÔ-gewmetrikoÔ mèsou, to aristerì mèloc thc teleutaÐac anisìthtac eÐnai mikrìtero ă Ðso apì 1 n ( a_1 a_1 + b_1 + . . . + a_n a_n + b_n ) + 1 n ( b_1 a_1 + b_1 + . . . + b_n a_n + b_n ) = 1.

Dhladă, h anisìthta Brunn-Minkowski isqÔei se autăn thn aplă perÐptwsh.

2h PerÐptwsh: Upojètoume ìti ta A, B eÐnai stoiqeiÿdh sÔnola, kajèna dhladă apì autĹ eÐnai peperasmènh ènwsh orjogwnÐwn pou èqoun xèna eswterikĹ kai akmèc parĹllhlec proc touc Ĺxonec suntetagmènwn.

OrÐzoume san poluplokìthta tou zeugarioÔ (A, B) to sunolikì plăjoc twn orjogwnÐwn pou sqhmatÐzoun ta A, B. Ja apodeÐxoume thn anisìthta Brunn- Minkowski me epagwgă wc proc thn poluplokìthta m tou (A, B). Otan m = 2, ta A kai B eÐnai orjogÿnia kai h anisìthta èqei ădh apodeiqjeÐ.

Upojètoume loipìn ìti m ≥ 3 kai ìti to zhtoÔmeno isqÔei giĹ zeugĹria stoiqeiwdÿn sunìlwn me poluplokìthta ≤ m − 1. AfoÔ m ≥ 3, kĹpoio apì ta A kai B (èstw to A) apoteleÐtai apì toulĹqiston dÔo orjogÿnia. ’Estw I_1, I_2 dÔo apì autĹ. Ta I_1 kai I_2 èqoun xèna eswterikĹ, sunepÿc mporoÔme na ta diaqwrÐsoume me èna uperepÐpedo parĹllhlo proc kĹpoion kÔrio upìqwro tou R^n . QwrÐc blĹbh thc genikìthtac upojètoume ìti autì to uperepÐpedo perigrĹfetai apì thn x_n = ρ giĹ kĹpoio ρ ∈ R. OrÐzoume A^+ = A ∩ {x ∈ R^n : x_n ≥ ρ} , A^− = A ∩ {x ∈ R^n : x_n ≤ ρ}. Ta A^+ kai A^− eÐnai stoiqeiÿdh sÔnola, èqoun xèna eswterikĹ kai kajèna touc sqhmatÐzetai apì ligìtera orjogÿnia apfl ìti to A (To uperepÐpedo x_n = ρ sthn qeirìterh perÐptwsh qwrÐzei kĹje orjogÿnio tou A se dÔo orjogÿnia, èna sto A^+ ki èna sto A^−. ’Omwc, to I_1 perièqetai ex oloklărou sto A^+ enÿ to I_2 sto A^−). Pernÿntac tÿra sto B, brÐskoume uperepÐpedo x_n = s tètoio ÿste an B^+ = B ∩ {x ∈ R^n : x_n ≥ s} kai B^− = B ∩ {x ∈ R^n : x_n ≤ s} na isqÔei (∗) |A^+| |A| = |B^+| |B| . Ta B^+ kai B^− eÐnai stoiqeiÿdh sÔnola me plăjoc orjogwnÐwn pou den xepernĹei autì tou B. OnomĹzoume λ ton koinì lìgo ìgkwn sthn (∗). Profanÿc, 0 < λ < 1. EÐnai fanerì ìti

A + B = (A^+ + B^+) ∪ (A^+ + B^−) ∪ (A^− + B^+) ∪ (A^− + B^−).

Apì thn Ĺllh pleurĹ, afoÔ A^+ + B^+ ⊆ {x : x_n ≥ ρ + s} kai A^− + B^− ⊆ {x : x_n ≤ ρ + s}, ta A^+ + B^+ kai A^− + B^− èqoun xèna eswterikĹ. Epomènwc, |A + B| ≥ |A^+ + B^+| + |A^− + B^−|. Me bĹsh thn kataskeuă pou kĹname, efarmìzetai h epagwgikă upìjesh sto dexiì mèloc:

|A^+ + B^+|^{1/n} ≥ |A^+|^{1/n} + |B^+|^{1/n} , |A^− + B^−|^{1/n} ≥ |A^−|^{1/n} + |B^−|^{1/n}, opìte kĹnontac prĹxeic, kai paÐrnontac upfl ìyin thn (∗) èqoume |A + B| ≥ ( (λ|A|)^{1/n} + (λ|B|)^{1/n} )_n + ( ((1 − λ)|A|)^{1/n} + ((1 − λ)|B|)^{1/n} )_n = λ[|A|^{1/n} + |B|^{1/n}]^n + (1 − λ)[|A|^{1/n} + |B|^{1/n}]^n = [|A|^{1/n} + |B|^{1/n}]^n, apfl ìpou èpetai ìti |A + B|^{1/n} ≥ |A|^{1/n} + |B|^{1/n}. Genikă PerÐptwsh: ’Estw A, B tuqìnta mh kenĹ sumpagă uposÔnola tou R^n . UpĹrqoun akoloujÐec {A_m} kai {B_m} stoiqeiwdÿn sunìlwn me tic idiìthtec A_m ⊆ A , |A_m| → |A| , B_m ⊆ B , |B_m| → |B| , m ∈ N. Tìte A_m + B_m ⊆ A + B giĹ kĹje m ∈ N kai |A + B|^{1/n} ≥ lim sup_{m→∞} |A_m + B_m|^{1/n} ≥ lim sup m→∞ [|A_m|^{1/n} + |B_m|^{1/n}] = |A|^{1/n} + |B|^{1/n}. □ H anisìthta Brunn-Minkowski giĹ kurtĹ sÿmata ston R^n suqnĹ diatupÿnetai wc exăc:

Pìrisma 2.2.1 ’Estw K_1, K_2 kurtĹ sÿmata ston R^n . GiĹ kĹje λ ∈ (0, 1) isqÔei |λK_1 + (1 − λ)K_2|^{1/n} ≥ λ|K_1|^{1/n} + (1 − λ)|K_2|^{1/n}.

Dhladă, h sunĹrthsh f : [0, 1] → R me f(λ) = |λK_1 + (1 − λ)K_2|^{1/n} eÐnai koÐlh. Apìdeixh: ArkeÐ na deÐxoume ìti f(aλ + (1 − a)μ) ≥ af(λ) + (1 − a)f(μ) giĹ kĹje λ, μ ∈ [0, 1] kai a ∈ (0, 1). ’Eqoume f(aλ + (1 − a)μ) = |(aλ + (1 − a)μ)K_1 + (1 − aλ − (1 − a)μ)K_2|^{1/n} = |(aλ + (1 − a)μ)K_1 + (a(1 − λ) + (1 − a)(1 − μ))K_2|^{1/n} = |a(λK_1 + (1 − λ)K_2) + (1 − a)(μK_1 + (1 − μ)K_2)|^{1/n} ≥ |a(λK_1 + (1 − λ)K_2)|^{1/n} + |(1 − a)(μK_1 + (1 − μ)K_2)|^{1/n} = a|λK_1 + (1 − λ)K_2|^{1/n} + (1 − a)|μK_1 + (1 − μ)K_2|^{1/n} = af(λ) + (1 − a)f(μ), ìpou qrhsimopoiăsame to gegonìc ìti an X ⊆ R^n kurtì, mh kenì kai a, b > 0 tìte aX + bX = (a + b)X. □ MÐa Ĺllh sunèpeia thc anisìthtac Brunn-Minkowski eÐnai h akìloujh anisìthta (h opoÐa eÐnai anexĹrthth thc diĹstashc):

Pìrisma 2.2.2 ’Estw A, B sumpagă, mh kenĹ uposÔnola tou R^n . GiĹ kĹje λ ∈ (0, 1) èqoume |λA + (1 − λ)B| ≥ |A|^λ|B|^{1−λ}. Apìdeixh: H sunĹrthsh log eÐnai koÐlh, ki autì èqei san sunèpeia thn x^λy^{1−λ} ≤ λx + (1 − λ)y giĹ kĹje x, y > 0 kai λ ∈ (0, 1). Apì thn anisìthta Brunn-Minkowski paÐrnoume |λA+(1−λ)B| ≥ [λ|A|^{1/n} +(1−λ)|B|^{1/n}]^n ≥ [|A|^{λ/n}|B|^{(1−λ)/n}]^n = |A|^λ|B|^{1−λ}. □

2.3 To jeÿrhma tou John

Elleiyoeidèc ston R^n eÐnai èna kurtì sÿma thc morfăc

(∗) E = { x ∈ R^n : n∑ i=1 ⟨x, v_i⟩^2 α^2_i ≤ 1 } , ìpou {v_i}_{i≤n} eÐnai orjokanonikă bĹsh tou R^n , kai α_1, . . . , α_n eÐnai jetikoÐ pragmatikoÐ arijmoÐ (oi dieujÔnseic kai ta măkh twn hmiaxìnwn tou E antÐstoiqa).

Prìtash 2.3.1 To E ⊆ R^n eÐnai elleiyoeidèc an kai mìno an upĹrqei T ∈ GL(n) tètoioc ÿste E = T (D_n).

Apìdeixh: Upojètoume prÿta ìti to E eÐnai elleiyoeidèc, orÐzetai dhladă apì thn (∗) gia kĹpoia orjokanonikă bĹsh {v_1, . . . , v_n} tou R^n , kai kĹpoiouc α_1, . . . , α_n > 0. ’Estw T o grammikìc metasqhmatismìc tou R^n pou orÐzetai apì tic T (v_i) = α_iv_i, i = 1, . . . , n. O T eÐnai profanÿc antistrèyimoc, kai x ∈ T (D_n) an kai mìno an upĹrqei y = ∑_n j=1 t_j v_j ∈ D_n me x = T y. Tìte ìmwc, h isìthta n∑ i=1 ⟨x, v_i⟩^2 α^2_i = n∑ i=1 ⟨ ∑_n j=1 t_j α_j v_j , v_i⟩^2 α^2_i = n∑ i=1 t^2_i

deÐqnei ìti x ∈ T (D_n) an kai mìno an x ∈ E, dhladă E = T (D_n).

AntÐstrofa, èstw T ∈ GL(n) kai E = T (D_n). GrĹfoume S = T^{−1}, kai èqoume ‖x‖^2_E = ‖x‖^2_S−1_{(Dn)} = ‖Sx‖^2 = ⟨Sx, Sx⟩ = ⟨S^∗Sx, x⟩. O S^∗S eÐnai summetrikìc kai jetikĹ orismènoc, Ĺra grĹfetai sth morfă U^∗DU ìpou D diagÿnioc pÐnakac me jetikĹ diagÿnia stoiqeÐa α^{−2}_1 , . . . , α^{−2}_n , kai o U eÐnai orjogÿnioc pÐnakac. JewroÔme ton diagÿnio pÐnaka D_1 = √ D me diagÿnia stoiqeÐa ta α^{−1}_1 , . . . , α^{−1}_n . AfoÔ o U eÐnai orjogÿnioc, èqoume S^∗S = A^2, ìpou A = U^∗D_1U. Dhladă,

‖x‖^2_E = ⟨A^2x, x⟩ = ‖Ax‖^2 = ‖D_1Ux‖^2 = n∑ i=1 ⟨Ux, e_i⟩^2 α^2_i = n∑ i=1 ⟨x, v_i⟩^2 α^2_i , ìpou ta v_i = U^∗e_i apoteloÔn orjokanonikă bĹsh tou R^n . ’Epetai ìti x ∈ E an kai mìno an ikanopoieÐtai h (∗) gia ta sugkekrimèna v_i kai α_i, dhladă to E eÐnai elleiyoeidèc. □ Paratărhsh: Apì thn apìdeixh eÐnai fanerì ìti o ìgkoc tou E isoÔtai me |E| = |D_n| n∏ i=1 α_i.

JewroÔme tÿra èna summetrikì kurtì sÿma K ston R^n kai thn oikogèneia E(K) ìlwn twn elleiyoeidÿn pou perièqontai sto K. O F. John [J] (1948) èdeixe ìti upĹrqei monadikì elleiyoeidèc E pou perièqetai sto K kai èqei ton mègisto dunatì ìgko. Ja lème ìti to E eÐnai to elleiyoeidèc mègistou ìgkou tou K. Gia thn apìdeixh, blèpoume tautìqrona ìti upĹrqei monadikì elleiyoeidèc E pou perièqei to K kai èqei elĹqisto ìgko:

Prìtash 2.3.2 ’Estw K summetrikì kurtì sÿma ston R^n , kai E^′(K) h oikogèneia ìlwn twn elleiyoeidÿn pou perièqoun to K. UpĹrqei monadikì elleiyoeidèc E ∈ E^′(K) me elĹqisto ìgko.

Apìdeixh: JewroÔme ton arijmì V = inf{|E| : E ∈ E^′(K)} > 0. UpĹrqei akoloujÐa T_m ∈ GL(n) ètsi ÿste E_m = T^{−1}_m (D_n) ⊇ K kai |E_m| = |D_n| |det(T_m)| → V. AfoÔ ‖T_m : X_K → ℓ^n_2 ‖ ≤ 1, m ∈ N, mporoÔme na broÔme upakoloujÐa {T_{km} } kai S ∈ L(R^n ) me T_{km} → S. Tìte, |det(S)| = |D_n|/V > 0, epomènwc, S ∈ GL(n). OrÐzoume E = S^{−1}(D_n). ’Eqoume

‖S : X_K → ℓ^n_2 ‖ = lim ‖T_{km} : X_K → ℓ^n_2 ‖ ≤ 1,

Ĺra E ⊇ K. AfoÔ |E| = V , to E eÐnai èna elleiyoeidèc pou perièqei to K, me ton elĹqisto dunatì ìgko.

DeÐqnoume tÿra ìti upĹrqei èna mìno elleiyoeidèc me autăn thn idiìthta. ’Estw ìti ta E_1 kai E_2 perièqoun to K kai èqoun elĹqisto ìgko. QwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti E_1 = D_n eÐnai h EukleÐdeia monadiaÐa mpĹla, kai E_2 = { x ∈ R^n : n∑ i=1 ⟨x, v_i⟩^2/α^2_i ≤ 1 } . JewroÔme èna trÐto elleiyoeidèc, ton {mèso ìro} touc F = { x ∈ R^n : n∑ i=1 1 2 (1 + α^{−2}_i )⟨x, v_i⟩^2 ≤ 1 } . EÐnai fanerì ìti F ⊇ E_1 ∩ E_2 ⊇ K, epomènwc (∗) |F | ≥ |E_1| = |E_2|. AfoÔ E_1 = D_n, h (∗) paÐrnei th morfă 1 = (_n ∏ i=1 α_i )_2 ≤ n∏ i=1 2 1 + α^{−2}_i = n∏ i=1 2α^2_i 1 + α^2_i = n∏ i=1 2α_i 1 + α^2_i , opìte, 2α_i = 1 + α^2_i gia kĹje i = 1, . . . , n. Tìte ìmwc, α_i = 1, i = 1, . . . , n. ’Ara, E_1 = E_2. □

H Prìtash 2.3.2 mac dÐnei thn Ôparxh kai th monadikìthta tou elleiyoeidoÔc mègistou ìgkou tou K:

Jeÿrhma 2.3.1 ’Estw K summetrikì kurtì sÿma ston R^n . UpĹrqei monadikì elleiyoeidèc E ∈ E(K) me mègisto ìgko.

Apìdeixh: EÐdame ìti upĹrqei monadikì elleiyoeidèc F elĹqistou ìgkou pou perièqei to K^∘. JewroÔme to E = F^∘. Apì thn Prìtash 2.1.3(a),(b) èqoume E ⊆ K, kai an E_1 eÐnai èna Ĺllo elleiyoeidèc me E_1 ⊆ K, tìte E^∘_1 ⊇ K^∘, Ĺra |E^∘_1 | ≥ |F |. Epomènwc, qrhsimopoiÿntac thn Prìtash 2.1.3(d), blèpoume ìti

|E_1| = |D_n|^2 |E^∘_1 | ≤ |D_n|^2 |F | = |E|. Isìthta mporeÐ na isqÔei mìno an E^∘_1 = F , dhladă E_1 = E. ’Ara, to E eÐnai to monadikì elleiyoeidèc mègistou ìgkou tou K. □

O F. John [J] èdeixe ìti an h D_n eÐnai to elleiyoeidèc mègistou ìgkou pou perièqetai sto summetrikì kurtì sÿma K, tìte K ⊆ √ nD_n (Jeÿrhma tou John):

Jeÿrhma 2.3.2 ’Estw K summetrikì kurtì sÿma ston R^n . Upojètoume ìti h EukleÐdeia monadiaÐa mpĹla D_n eÐnai to elleiyoeidèc mègistou ìgkou pou perièqetai sto K. Tìte, K ⊆ √ nD_n. Apìdeixh: Upojètoume ìti to sumpèrasma den isqÔei. Tìte, upĹrqei x sto sÔnoro tou K to opoÐo brÐsketai èxw apì thn √ nD_n. AllĹzontac suntetagmènec an qreiasteÐ, mporoÔme na upojèsoume ìti x = ae_1, ìpou a > √ n. Apì th summetrÐa tou K èpetai ìti, K ⊃ W = co{D_n, ±ae_1}. Gia kĹje γ, δ > 0 orÐzoume to elleiyoeidèc E_{γ,δ} = { x ∈ R^n : x^2_1 γ^2 + n∑ i=2 x^2_i δ^2 ≤ 1 } .

Isqurismìc. An γ > 1 kai γ^2 ≤ a^2 − a^2δ^2 + δ^2, tìte E_{γ,δ} ⊆ W ⊆ K.

[PrĹgmati: lìgw thc sfairikăc summetrÐac tou E_{γ,δ} kai tou W wc proc tic (n − 1) teleutaÐec metablhtèc, mporoÔme na upojèsoume ìti n = 2. Tìte, to W orÐzetai apì tic efaptìmenec apì ta (±a, 0) ston dÐsko D_2, kai ton D_2. Ta shmeÐa epafăc twn tessĹrwn efaptomènwn me ton dÐsko eÐnai ta ( ± 1 a , ± √ a^2 − 1 a ) , kai oi exisÿseic twn tessĹrwn efaptomènwn eÐnai oi y = ±a ± x √ a^2 − 1 . An γ > 1, tìte h èlleiyh E_{γ,δ} ja perièqetai sto W an den tèmnei tic tèsseric eujeÐec, kai, exetĹzontac th deuterobĹjmia exÐswsh pou prokÔptei, katalăgoume sth sunjăkh tou isqurismoÔ.]

Apì thn Ĺllh pleurĹ, o ìgkoc tou E_{γ,δ} isoÔtai me |E_{γ,δ}| = |D_n|γδ^{n−1}. An loipìn γδ^{n−1} > 1, tìte |E_{γ,δ}| > |D_n|. Me thn upìjesh ìti a > √ n, ja deÐxoume ìti upĹrqoun γ > 1 kai δ > 0 pou ikanopoioÔn tautìqrona tic

γδ^{n−1} > 1 , γ^2 = a^2 − a^2δ^2 + δ^2.

Autì eÐnai Ĺtopo, giatÐ ja èqoume breÐ elleiyoeidèc pou perièqetai sto K kai èqei ìgko gnăsia megalÔtero apì ton ìgko thc D_n.

LÔnontac wc proc δ, èqoume δ = √_{a2−γ2} a^2 −1 , kai meletĹme th sunĹrthsh f(γ) = γ ( a^2 − γ^2 a^2 − 1

)^{n−1}_2 , 1 < γ < a.

H f èqei mègisto sto γ_0 = a/ √ n, to opoÐo isoÔtai me

f(γ_0) = a √ n ( a √ n − 1 √ n √ a^2 − 1 )_{n−1} > 1, kĹti pou mporoÔme na deÐxoume parathrÿntac ìti h g(x) = x^n/(x^2 − 1)^{(n−1)/2} eÐnai

aÔxousa sto ( √ n, +∞). □

KefĹlaio 3

To prÿto jeÿrhma tou Minkowski

3.1 To jeÿrhma tou Minkowski

H GewmetrÐa twn Arijmÿn asqoleÐtai kurÐwc me problămata thc exăc morfăc: DÐnontai mÐa sunĹrthsh F : R^n → R me F (0, . . . , 0) = 0, kai ènac jetikìc pragmatikìc arijmìc λ. To zhtoÔmeno eÐnai na brejoÔn akèraioi a_1, . . . , a_n, ìqi ìloi mhdèn, gia touc opoÐouc (1) |F (a_1, . . . , a_n)| ≤ λ. JewroÔme thn tuqoÔsa n-Ĺda x = (x_1, . . . , x_n) ∈ R^n san shmeÐo tou EukleÐdeiou qÿrou R^n , kai sumbolÐzoume me K to sÔnolo ìlwn twn x ∈ R^n pou ikanopoioÔn thn (2) |F (x)| = |F (x_1, . . . , x_n)| ≤ λ. Tìte, to arqikì mac prìblhma diatupÿnetai isodÔnama wc exăc: KĹtw apì poièc proôpojèseic to sÔnolo K perièqei shmeÐo u ∈ Z^n\{o}? UpĹrqoun dÔo shmantikèc idèec pÐsw apì autăn th metĹfrash tou problămatoc. Prÿton, paÐrnoume upfl ìyin mac tic timèc thc F se kĹje x ∈ R^n , kai ìqi mìno tic timèc thc sta u ∈ Z^n. Katfl autìn ton trìpo, eÐnai dunatì na qrhsimopoiăsoume analutikèc mejìdouc gia thn antimetÿpish tou problămatoc. DeÔteron, h ermhneÐa pou dÐnoume sto prìblhma eÐnai gewmetrikă, kĹti pou eunoeÐ thn eisagwgă nèwn ennoiÿn kai mejìdwn oi opoÐec basÐzontai sth gewmetrikă mac diaÐsjhsh.

Gewmetrikèc mèjodoi autoÔ tou tÔpou eÐqan ădh qrhsimopoihjeÐ apì ton Gauss [Ga] kai ton Dirichlet [Di], oi opoÐoi ergĹzontan se problămata sqetikĹ me tic jetikĹ orismènec tetragwnikèc morfèc. Prÿtoc ìmwc o Minkowski [Mi1] anèptuxe mÐa susthmatikă jewrÐa, apèdeixe èna genikì jeÿrhma gia n-diĹstata kurtĹ sÿmata K, kai to efĹrmose se megĹlo plăjoc shmantikÿn problhmĹtwn. H nèa jewrÐa onomĹsthke {gewmetrÐa twn arijmÿn} apì ton Ðdio to Minkowski.

To 1850, o Hermite [Her] apèdeixe ìti, an F eÐnai mÐa jetikĹ orismènh tetragwnikă morfă n metablhtÿn, tìte h (1) èqei mh tetrimmènh akèraia lÔsh an to λ xepernĹei mÐa timă pou exartĹtai mìno apì to n kai th diakrÐnousa thc F . H apìdeixă tou ătan arijmhtikăc fÔsewc. O Minkowski metèfrase to apotèlesma tou Hermite san èna jeÿrhma gia elleiyoeidă, kai èdwse mÐa nèa gewmetrikă apìdeixă tou. Sth sunèqeia paratărhse ìti, oi mìnec idiìthtec tou elleiyoeidoÔc pou apaitoÔntan gia thn apìdeixh, ătan h kurtìthta kai h summetrÐa tou wc proc to o. Katèlhxe ètsi sto exăc jeÿrhma (prÿto jeÿrhma tou Minkowski):

Jeÿrhma 3.1.1 ’Estw K anoiktì, summetrikì wc proc to o, kurtì sÿma ston R^n . An |K| > 2^n, tìte to K perièqei toulĹqiston èna u ∈ Z^n\{o}.

To apotèlesma autì den epidèqetai beltÐwsh. An jewrăsoume ton kÔbo Q = {x : |x_i| < 1, i = 1, . . . , n}, tìte |Q| = 2^n, allĹ Q ∩ Z^n = {o}. To Jeÿrhma 3.1.1 genikeÔetai amèswc gia tuqìn plègma Λ ston R^n . ArkeÐ na parathrăsoume ìti Λ = T (Z^n) gia kĹpoion T ∈ GL(n) me | det T | = det Λ, kai na qrhsimopoiăsoume to Jeÿrhma 3.1.1 gia to summetrikì kurtì sÿma T^{−1}(K):

Jeÿrhma 3.1.2 ’Estw Λ èna plègma ston R^n , kai K èna anoiktì, summetrikì wc proc to o, kurtì sÿma ston R^n . An |K| > 2^n det Λ, tìte to K perièqei toulĹqiston èna u ∈ Λ\{o}. □ PerigrĹfoume prÿta thn arqikă apìdeixh tou Minkowski: JewroÔme èna kleistì, summetrikì wc proc to o, kurtì sÿma K. Gia kĹje λ > 0, jewroÔme to sÿma λK. AfoÔ to K eÐnai fragmèno, gia mikrĹ λ èqoume λK ∩Z^n = {o}, kai afoÔ to K perièqei mÐa mpĹla me kèntro to o, gia megĹla λ ja èqoume λK ∩(Z^n\{o}) ≠ ∅.

AfoÔ o ∈ λK, apì thn kurtìthta tou K èpetai ìti: an 0 < λ < λ^′, tìte λK ⊂ λ^′K. PaÐrnontac upfl ìyin kai to gegonìc ìti to K eÐnai kleistì, sumperaÐnoume ìti, gia kĹje λ > 0, λK = ⋂ {λ^′K : λ^′ > λ}. Eidikìtera, an orÐsoume λ_1 = inf{λ > 0 : λK ∩ (Z^n\{o} ≠ ∅}, tìte (∗) λ_1K ∩ (Z^n\{o}) ≠ ∅, upĹrqei dhladă ènac elĹqistoc λ_1 > 0 gia ton opoÐo to λ_1K perièqei mh mhdenikì akèraio shmeÐo (to opoÐo, bèbaia, ja brÐsketai sto sÔnorì tou). Gia thn apìdeixh thc (∗), stajeropoioÔme λ_∗ > λ_1 kai jewroÔme fjÐnousa akoloujÐa λ_∗ > μ_n → λ_1. To λ_∗K perièqei peperasmèna to plăjoc mh mhdenikĹ akèraia shmeÐa, kai, gia kĹje n, kĹpoio apì autĹ anăkei sto μ_nK. UpĹrqoun loipìn u ≠ o, u ∈ Z^n, kai upakoloujÐa μ_{kn} tètoia ÿste u ∈ μ_{kn} K gia kĹje n. Tìte, u ∈ ⋂ n μ_{kn} K = λ_1K. Sth sunèqeia, gia kĹje λ > 0, jewroÔme ta sÔnola λK +u, u ∈ Z^n. Gia mikrĹ λ, ta sÔnola λK+u eÐnai xèna anĹ dÔo. Me èna epiqeÐrhma anĹlogo proc to prohgoÔmeno, deÐqnoume ìti upĹrqei elĹqistoc λ_0 > 0 gia ton opoÐo upĹrqei u ∈ Z^n\{o} tètoio ÿste λ_0K ∩ (λ_0K + u) ≠ ∅.

Lămma 3.1.1 Gia kĹje kleistì sÿma K isqÔei h isìthta λ_1 = 2λ_0.

Apìdeixh: ’Estw x ∈ λ_0K ∩ (λ_0K + u), u ∈ Z^n\{0}. Tìte, lìgw thc summetrÐac tou K, èqoume u − x ∈ λ_0K kai x ∈ λ_0K, Ĺra u ∈ 2λ_0K. Epomènwc,

λ_1 ≤ 2λ_0.

Apì thn Ĺllh pleurĹ, an u ∈ λ_1K ∩ (Z^n\{o}), tìte, parathrÿntac ìti −u/2 ∈ (λ_1/2)K apì th summetrÐa tou K, grĹfoume u 2 = − u 2 + u ∈ λ_1 2 K ∩ ( λ_1 2 K + u ) , epomènwc, λ_0 ≤ (λ_1/2). □

O Minkowski oloklărwne to epiqeÐrhmĹ tou wc exăc: Ta λ_0K + u, u ∈ Z^n, èqoun xèna eswterikĹ. Autì èqei san sunèpeia thn anisìthta |λ_0K| ≤ 1 (Lămma tou Blichfeldt, blèpe parakĹtw). SÔmfwna me to Lămma, autì shmaÐnei ìti λ^n_1 |K| ≤ 2^n. An upojèsoume ìti to K den perièqei mh mhdenikì akèraio shmeÐo, tìte λ_1 > 1, dhladă |K| < 2^n. Epomènwc, kĹje kleistì, summetrikì wc proc to o kurtì sÿma K me ìgko |K| ≥ 2^n, perièqei mh mhdenikì u ∈ Z^n.

Gia thn perÐptwsh tou anoiktoÔ K, upojètontac ìti |K| > 2^n, brÐskoume λ < 1 tètoio ÿste λ^n|K| > 2^n, opìte |λK| = λ^n|K| > 2^n. Efarmìzontac to prohgoÔmeno apotèlesma, brÐskoume mh mhdenikì akèraio shmeÐo u ∈ λK ⊂ K. □

Parathrăseic: To epiqeÐrhma tou Minkowski (eidikìtera h eisagwgă twn paramètrwn λ_0, λ_1 kai to Lămma 3.1.1), eÐnai shmantikì gia istorikoÔc lìgouc. Ton odăghse ston orismì thc nìrmac pou epĹgetai apì to K (ton opoÐo sunantăsame sto KefĹlaio 2), kai ston orismì twn diadoqikÿn elaqÐstwn tou K (ta opoÐa ja sunantăsoume sto KefĹlaio 4).

H apìdeixh dÐnei ìti, an to K upotejeÐ kleistì, tìte h anisìthta |K| ≥ 2^n eÐnai arketă gia na exasfalÐsoume mh mhdenikì akèraio shmeÐo sto K.

DÐnoume tÿra thn apìdeixh tou Lămmatoc tou Blichfeldt [Bl1], to opoÐo qrhsimopoiăjhke sto epiqeÐrhma tou Minkowski, kai katìpin apodeiknÔoume to prÿto jeÿrhma tou Minkowski qwrÐc na kĹnoume qrăsh twn paramètrwn λ_0 kai λ_1:

Jeÿrhma 3.1.3 ’Estw M èna Jordan metrăsimo uposÔnolo tou R^n , me |M| > 1. UpĹrqoun x ≠ y sto M tètoia ÿste x − y ∈ Z^n\{o}.

Apìdeixh: H aplă apìdeixh pou ja dÿsoume, ofeÐletai ston Hajos [Ha]. Upojètoume ìti |M| > 1. An to M den eÐnai fragmèno, parathroÔme ìti h tomă tou M me mpĹla katĹllhla megĹlhc aktÐnac ja èqei ìgko megalÔtero apì 1. Upojètoume loipìn, qwrÐc periorismì thc genikìthtac, ìti to M eÐnai fragmèno. JewroÔme to jemeliÿdec parallhlepÐpedo tou Z^n P = {x ∈ R^n : 0 ≤ x_i < 1, i = 1, . . . , n}. To sÔnolo twn u ∈ Z^n gia ta opoÐa (u + P ) ∩ M ≠ ∅, eÐnai peperasmèno, ac upojèsoume ìti eÐnai to {u^1, . . . , u^{r0} }. Gia kĹje r = 1, . . . , r_0, orÐzoume M_r = (u^r + P ) ∩ M, kai paÐrnoume th metaforĹ M^′_r = M_r − u^r ⊆ P . ParathroÔme ìti, apì to Jeÿrhma 1.2.2,

r_0∑

r=1 |M^′_r| = r_0∑

r=1 |M_r| = r_0∑

r=1 |(u^r + P ) ∩ M| = ∑ u∈Z^n |(u + P ) ∩ M| = |M| > 1, Ĺra ta M^′_r prèpei na epikalÔptontai. UpĹrqoun dhladă r ≠ s ∈ {1, . . . , r_0} kai z ∈ M^′_r ∩ M^′_s. Tìte, ta x = z + u^r kai y = z + u^s anăkoun sto M, kai x − y = u^r − u^s ∈ Z^n\{o}. □ Paratărhsh To Ðdio isqÔei an upojèsoume ìti to M eÐnai fragmèno, kleistì, kai |M| ≥ 1. GiatÐ an pĹroume mÐa fjÐnousa akoloujÐa λ_r → 1, èqoume |λ_rM| > 1, Ĺra upĹrqoun x_r , y_r ∈ λ_rM tètoia ÿste o ≠ x_r − y_r ∈ Z^n. Tìte, oi (x_r), (y_r) èqoun upakoloujÐec x_{kr} → x ∈ M, y_{kr} → y ∈ M, kai eÔkola elègqoume ìti x − y ∈ Z^n\{o}. Apìdeixh tou jewrămatoc 3.1.1: JewroÔme to M = K/2. To M eÐnai Jordan metrăsimo kai, apì thn upìjesă mac, |M| > 1. Apì to Lămma tou Blichfeldt, upĹrqoun x, y ∈ M tètoia ÿste o ≠ x − y ∈ Z^n. ’Omwc, apì ton orismì tou M, upĹrqoun w_1, w_2 ∈ K me x = w_1/2 kai y = w_2/2. To K eÐnai summetrikì wc proc to o, Ĺra −w_2 ∈ K, kai kurtì, Ĺra x − y = w_1 + (−w_2) 2 ∈ K. Dhladă, o ≠ x − y ∈ K ∩ Z^n. □

3.2 ’Allec apodeÐxeic kai genikeÔseic tou jewrăma- toc DÐnoume tÿra dÔo akìma apodeÐxeic tou prÿtou jewrămatoc tou Minkowski. H prÿth basÐzetai se mÐa epèktash tou Lămmatoc tou Blichfeldt, thn opoÐa apèdeixe o Mordell [Mor]. H apìdeixă thc qrhsimopoieÐ thn arqă tou Dirichlet, eÐnai dhladă arijmhtikăc fÔsewc:

Lămma 3.2.1 ’Estw k ∈ N, kai M Jordan metrăsimo uposÔnolo tou R^n me |M| > k. Tìte, upĹrqei z ∈ R^n tètoio ÿste to M + z na perièqei toulĹqiston k + 1 diakekrimèna akèraia shmeÐa.

Apìdeixh: Gia kĹje r ∈ N, jewroÔme to plègma (1/r)Z^n. SumbolÐzoume me N_r ton plhjĹrijmo tou sunìlou M ∩ (1/r)Z^n. Apì ton orismì tou Jordan metrăsimou sunìlou kai tic parathrăseic sthn ParĹgrafo 2.1(a), èqoume lim_{r→∞} |M| N_r(1/r)^n = 1,

dhladă, gia megĹla r isqÔei h anisìthta N_r > r^nk. PaÐrnoume èna tètoio r ∈ N, kai jewroÔme to sÔnolo A_r = {u ∈ Z^n : (1/r)u ∈ M}. To A_r èqei plhjĹrijmo N_r > r^nk, kai ta shmeÐa tou anăkoun se r^n to polÔ klĹseic upoloÐpwn modr. Epomènwc, mporoÔme na broÔme u^1, . . . , u^{k+1} ∈ A_r ta opoÐa anăkoun sthn Ðdia klĹsh modr. Tìte, ta shmeÐa^{u1}_r , . . . ,^{uk+1}_r anăkoun sto M, kai ta x_i = u^i − u^1 r ∈ Z^n, i = 1, . . . , k + 1. ’Ara, an jèsoume z = (1/r)u^1, to M + z perièqei k + 1 akèraia shmeÐa. □

Qrhsimopoiÿntac to Lămma tou Mordell, o van der Corput [vdC] genÐkeuse to prÿto jeÿrhma tou Minkowski wc exăc:

Jeÿrhma 3.2.1 ’Estw k ∈ N, kai K èna anoiktì, summetrikì wc proc to o, kurtì sÿma ston R^n , me ìgko |K| > 2^nk. Tìte, to K perièqei toulĹqiston k zeugĹria akeraÐwn shmeÐwn ±u^i ≠ o.

Apìdeixh: To K/2 èqei ìgko megalÔtero apì k. Apì to Lămma tou Mordell, upĹrqoun z ∈ R^n kai v^1, . . . , v^{k+1} diakekrimèna akèraia shmeÐa, tètoia ÿste z + v^i ∈ 1 2 K, i = 1, . . . , k + 1. MporoÔme na upojèsoume ìti ta v^i eÐnai diatetagmèna lexikografikĹ. Dhladă, an i < i^′ tìte v^i_s < v^{i′}_s , ìpou s eÐnai o prÿtoc deÐkthc gia ton opoÐo v^i_s ≠ v^{i′}_s . Tìte, gia kĹje i = 1, . . . , k èqoume

u^i := v^{i+1} − v^1 = (z + v^{i+1}) − (z + v^1) ∈ ( 1 2 K − 1 2 K ) ∩ (Z^n\{o}) = K ∩ (Z^n\{o}) , kai, ta zeugĹria ±u^i, i = 1, . . . , k, eÐnai diakekrimèna, giatÐ kĹje u^i èqei jetikă thn prÿth mh mhdenikă suntetagmènh tou (opìte, den mporeÐ na sumbeÐ u^i = −u^j an i ≠ j). □ O Siegel [Si] apèdeixe ènan genikì tÔpo apì ton opoÐo prokÔptei wc pìrisma to prÿto jeÿrhma tou Minkowski. H apìdeixh autoÔ tou tÔpou qrhsimopoieÐ thn tautìthta tou Parseval. H idèa eÐnai h exăc:

’Estw K anoiktì summetrikì kurtì sÿma ston R^n , χ h qarakthristikă sunĹrthsh tou K/2, kai ϕ(x) = ∑ u∈Z^n χ(u + x). Tìte, h ϕ(x_1, . . . , x_n) eÐnai periodikă wc proc kĹje metablhtă, me perÐodo 1. An P = {x : 0 ≤ x_i < 1, i = 1, . . . , n} eÐnai to sÔnhjec jemeliÿdec parallhlepÐpedo tou Z^n, o tÔpoc tou Parseval mĹc dÐnei ∫ P ϕ^2(x)dx = ∑ u∈Z^n |α(u)|^2, ìpou α(u) = ∫ P ϕ(x)e^{−2πi⟨u,x⟩}dx = ∑ u∈Z^n ∫ P χ(u + x)e^{−2πi⟨u,x⟩}dx = ∫ R^n χ(x)e^{−2πi⟨u,x⟩}dx, eÐnai oi suntelestèc Fourier thc ϕ.

Jeÿrhma 3.2.2 ’Estw K anoiktì summetrikì kurtì sÿma ston R^n pou den perièqei mh mhdenikì akèraio shmeÐo, kai ϕ, α ìpwc parapĹnw. Tìte,

2^n = |K| +

4^n |K| ∑ u∈Z^n\{o} |α(u)|^2.

Apìdeixh: AfoÔ K ∩ Z^n = {o}, ta sÔnola u +^1_2 K, u ∈ Z^n, eÐnai xèna, epomènwc

u ≠ u^′ =⇒ χ(x + u)χ(x + u^′) = 0.

Autì èqei san sunèpeia thn ϕ^2 = ϕ ston R^n , Ĺra α(o) = ∫ P ϕ(x)dx = ∫ P ϕ^2(x)dx = |α(o)|^2 + ∑ u∈Z^n\{o} |α(u)|^2. ’Omwc, α(o) = ∫ R^n χ(x)dx = |K| 2^n ,

Ĺra |K| 2^n = |K|^2 4^n + ∑ u∈Z^n\{o} |α(u)|^2, kai h apìdeixh oloklhrÿnetai an pollaplasiĹsoume ta dÔo mèlh thc teleutaÐac isìthtac me 4^n/|K|. □

Pìrisma 3.2.1 ’Estw K anoiktì summetrikì kurtì sÿma ston R^n . An K ∩ Z^n = {o}, tìte |K| ≤ 2^n. □ ’Estw K kleistì kurtì sÿma ston R^n , to opoÐo perièqei to o sto eswterikì tou. O suntelestăc asummetrÐac tou K wc proc to o, eÐnai o mikrìteroc σ = σ(K) > 0 gia ton opoÐo x ∈ K =⇒ −x ∈ σK. Parathrăste ìti, σ(K) ≥ 1 gia kĹje K, me isìthta an kai mìno an to K eÐnai summetrikì wc proc to o. O Mahler [Mah1] paratărhse ìti h apìdeixh tou jewrămatoc tou Minkowski gia th summetrikă perÐptwsh, ousiastikĹ qrhsimopoieÐ to gegonìc ìti σ = 1, kai apèdeixe thn exăc genÐkeusă tou:

Jeÿrhma 3.2.3 ’Estw K kurtì sÿma ston R^n , pou perièqei to o sto eswterikì tou. An |K| > (1 + σ(K))^n, tìte K ∩ (Z^n\{o}) ≠ ∅.

Apìdeixh: JewroÔme to sÿma K_1 = (1 + σ)^{−1}K. Tìte, |K_1| > 1, Ĺra upĹrqoun x, y ∈ K_1 tètoia ÿste y − x ∈ Z^n\{o}. Ta K kai K_1 eÐnai omoiojetikĹ, Ĺra èqoun ton Ðdio suntelestă asummetrÐac, kai afoÔ x ∈ K_1 sumperaÐnoume ìti −σ^{−1}x ∈ K_1. Tìte, qrhsimopoiÿntac thn kurtìthta tou K_1, blèpoume ìti

y − x = (1 + σ) ( 1 1 + σ y + σ 1 + σ (−σ^{−1}x) ) ∈ (1 + σ)K_1 = K. Dhladă, y − x ∈ K ∩ (Z^n\{o}). □ 3.3 Efarmogèc sth jewrÐa twn arijmÿn

(a) OmogeneÐc grammikèc morfèc

H piì gnwstă efarmogă tou Jewrămatoc tou Minkowski aforĹ sustămata omogenÿn grammikÿn morfÿn:

Jeÿrhma 3.3.1 ’Estw ξ_i(x_1, . . . , x_n) = a_{i1}x_1 +. . .+a_{in}x_n, i = 1, . . . , n, omogeneÐc grammikèc morfèc, me pragmatikoÔc suntelestèc a_{ij} , kai mh mhdenikă orÐzousa Δ. An t_1, . . . , t_n > 0 kai t_1t_2 . . . t_n = |Δ|, tìte upĹrqei (x_1, . . . , x_n) ∈ Z^n\{o} tètoio ÿste |ξ_i(x_1, . . . , x_n)| ≤ t_i, i = 1, . . . , n.

Apìdeixh: JewroÔme to parallhlepÐpedo P = {x : |ξ_i(x_1, . . . , x_n)| ≤ t_i, i = 1, . . . , n}. An T eÐnai o grammikìc metasqhmatismìc pou orÐzetai apì ton pÐnaka (a_{ij} ), tìte P = T^{−1}(P_1), ìpou P_1 = {x : |x_i| ≤ t_i, i = 1, . . . , n}. ’Ara, |P | = |T^{−1}(P_1)| = |P_1| |Δ| = 2^n t_1t_2 . . . t_n |Δ| = 2^n.

Apì to Jeÿrhma tou Minkowski, upĹrqei x ∈ P ∩ (Z^n\{o}). □ Efarmogă ’Estw a_1, . . . , a_n ∈ R. UpĹrqoun akèraioi u_1, . . . , u_{n+1} tètoioi ÿste |u_{n+1}a_i − u_i| ≤ 1 u^{1/n}_{n+1} , i = 1, . . . , n.

Apìdeixh: Jètoume ξ_{n+1}(x_1, . . . , x_{n+1}) = x_{n+1}, kai ξ_i(x_1, . . . , x_{n+1}) = x_{n+1}a_i − x_i, i = 1, . . . , n. Tìte |Δ| = 1, Ĺra gia kĹje t > 1 upĹrqei (u_1, . . . , u_{n+1}) ∈ Z^n\{o} me thn idiìthta |u_{n+1}| ≤ t, |u_{n+1}a_i − u_i| ≤ t^{−1/n}. To u_{n+1} den mporeÐ na eÐnai Ðso me mhdèn, giatÐ tìte ìloi oi u_i, i ≤ n ja ătan apolÔtwc mikrìteroi tou 1, dhladă Ðsoi me mhdèn. EpÐshc, antikajistÿntac, an qreiasteÐ, ìlouc touc u_i me touc antÐjetoÔc touc, mporoÔme na upojèsoume ìti u_{n+1} > 0. ’Epetai ìti |u_{n+1}a_i − u_i| ≤ 1 t^{1/n} ≤ 1 u^{1/n}_{n+1} , i = 1, . . . , n. □

(b) Tetragwnikèc morfèc

Sth sunèqeia, efarmìzoume to Jeÿrhma tou Minkowski se mÐa jetikĹ orismènh tetragwnikă morfă:

Jeÿrhma 3.3.2 ’Estw A = (a_{ij} ) summetrikìc, jetikĹ orismènoc n × n pÐnakac. JewroÔme thn tetragwnikă morfă T (x_1, . . . , x_n) = T (x) = ⟨Ax, x⟩. An D = det(a_{ij} ) eÐnai h diakrÐnousa thc T , mporoÔme na broÔme (u_1, . . . , u_n) ∈ Z^n\{o} tètoio ÿste T (u_1, . . . , u_n) ≤ 4 π ( Γ( n 2 + 1)^2D )_{1/n} .

Apìdeixh: UpĹrqei summetrikìc, jetikĹ orismènoc B tètoioc ÿste B^2 = A. OrÐzoume K_r = {x ∈ R^n : T (x) ≤ r}, ìpou r > 0. ’Eqoume T (x) ≤ r an kai mìno an ‖Bx‖^2 ≤ r. Dhladă, K_r = √ rB^{−1}(D_n). Epomènwc, |K_r| = r^{n/2} det(B) ω_n = r^{n/2} √ D π^{n/2} Γ(^n_2 + 1) . Epilègoume r_0 > 0 ètsi ÿste na èqoume |K_{r0} | = 2^n. Tìte, apì to Jeÿrhma tou Minkowski, mporoÔme na broÔme (u_1, . . . , u_n) ∈ K_{r0} ∩ (Z^n\{o}), dhladă,

T (u_1, . . . , u_n) ≤ r_0 = 4 π ( Γ( n 2 + 1)^2D )_{1/n} . □

(g) Ginìmeno grammikÿn morfÿn

’Estw ξ_i(x_1, . . . , x_n) = a_{i1}x_1 + . . . + a_{in}x_n, i = 1, . . . , n, omogeneÐc grammikèc morfèc, me pragmatikoÔc suntelestèc a_{ij} , kai mh mhdenikă orÐzousa Δ. PaÐrnontac t_1 = . . . = t_n = |Δ|^{1/n} sto Jeÿrhma 3.3.1, blèpoume ìti upĹrqei (x_1, . . . , x_n) ∈ Z^n\{o} tètoio ÿste_n ∏ i=1 |ξ_i(x_1, . . . , x_n)| ≤ |Δ|. MporoÔme na dÿsoume èna kalÔtero Ĺnw frĹgma gia to ginìmeno twn ξ_i:

Jeÿrhma 3.3.3 An ξ_i kai Δ ìpwc parapĹnw, upĹrqei (x_1, . . . , x_n) ∈ Z^n\{o} tètoio ÿste_n ∏ i=1 |ξ_i(x_1, . . . , x_n)| ≤ n! n^n |Δ|.

Apìdeixh: To qwrÐo {x : ∏_n i=1 |ξ_i| ≤ r}, r > 0, den eÐnai kurtì, perièqei ìmwc to

K_r = {x ∈ R^n : n∑ i=1 |ξ_i(x)| ≤ nr^{1/n}}, giatÐ, apì thn anisìthta arijmhtikoÔ - gewmetrikoÔ mèsou, gia kĹje x_1, . . . , x_n ∈ R, n∏ i=1 |ξ_i(x)| ≤ ( 1 n n∑ i=1 |ξ_i(x)| )_n . An T eÐnai o grammikìc metasqhmatismìc pou orÐzetai apì tic ξ_i, tìte K_r = T^{−1}(K^1_r ), ìpou

K^1_r = {x : n∑ i=1 |x_i| ≤ nr^{1/n}}.

’Ara, |K_r| = |K^1_r | |detT | = 2^nn^nr n!|Δ| . Autìc ja eÐnai Ðsoc me 2^n an r = r_0 = n!|Δ|/n^n, kai tìte, to Jeÿrhma tou Minkowski mĹc exasfalÐzei x ∈ K_{r0} ∩ (Z^n\{o}), dhladă, x ∈ Z^n\{o} gia to opoÐo n∏ i=1 |ξ_i(x)| ≤ ( 1 n n∑ i=1 |ξ_i(x)| )_n ≤ r_0 = n! n^n |Δ|. □

(d) To Jeÿrhma tou Lagrange

Qrhsimopoiÿntac to Jeÿrhma tou Minkowski, ja apodeÐxoume to exăc Jeÿrhma tou Lagrange:

Jeÿrhma 3.3.4 KĹje fusikìc arijmìc n grĹfetai sth morfă n = x^2_1 +x^2+x^2_3 +x^2_4, ìpou x_1, x_2, x_3, x_4 ∈ Z.

Gia thn apìdeixh ja qreiastoÔme èna lămma:

Lămma 3.3.1 ’Estw c_1, . . . , c_m ∈ Z^n, kai κ_1, . . . , κ_m ∈ N. OrÐzoume Λ = {x ∈ Z^n : ⟨x, c_i⟩ ≡ 0(modκ_i), i = 1, . . . , m}. Tìte, to Λ eÐnai plègma, kai detΛ ≤ κ_1 . . . κ_m.

Apìdeixh: EÔkola elègqoume ìti to Λ eÐnai prosjetikă upoomĹda tou Z^n, Ĺra eÐnai kai diakrită upoomĹda tou R^n . An jèsoume κ = κ_1 . . . κ_m, tìte to plègma κZ^n = {κx : x ∈ Z^n} perièqetai sto Λ, kai autì deÐqnei ìti to Λ perièqei n grammikÿc anexĹrthta dianÔsmata: gia parĹdeigma, ta κe_i, i = 1, . . . , n. ’Ara, to Λ eÐnai upoplègma tou Z^n.

EpÐshc, detΛ = |Z^n : Λ|, Ĺra, gia na dÿsoume frĹgma gia thn detΛ, arkeÐ na perigrĹyoume ta sÔmploka tou Z^n wc proc to Λ. JewroÔme to sÔnolo A = {a = (a_1, . . . , a_n) ∈ Z^m, 0 ≤ a_i < κ_i}. To A èqei plhjĹrijmo κ_1 . . . κ_m. Gia kĹje a ∈ A, stajeropoioÔme x_a ∈ Z^n (an upĹrqei), tètoio ÿste ⟨x_a, c_i⟩ ≡ a_i(modκ_i), i = 1, . . . , m. Tìte, Z^n = ⋃ (x_a + Λ), epomènwc, |Z^n : Λ| ≤ |A| = κ_1 . . . κ_m. □ Apìdeixh tou Jewrămatoc: ExetĹzoume prÿta thn perÐptwsh pou o n eÐnai eleÔjeroc tetragÿnwn, dhladă, n = p_1 . . . p_m, ìpou p_k diakekrimènoi prÿtoi. Isqurismìc: An p prÿtoc, upĹrqoun a_p, b_p ∈ Z tètoioi ÿste a^2_p +b^2_p +1 ≡ 0(modp). Apìdeixh: An p = 2, paÐrnoume a_2 = 1 kai b_2 = 0. An o p eÐnai peritìc prÿtoc, elègqoume ìti oi a^2, 0 ≤ a < p/2 eÐnai anisoôpìloipoi modp, kai to Ðdio isqÔei gia touc −1 − b^2, 0 ≤ b < p/2. AfoÔ to plăjoc twn a kai b eÐnai p + 1, upĹrqoun dÔo apì autoÔc pou anăkoun sthn Ðdia klĹsh modp. Autì shmaÐnei upoqrewtikĹ ìti upĹrqoun 0 ≤ a_p, b_p < p/2 me thn idiìthta a^2_p ≡ −1 − b^2_p(modp), dhladă, a^2_p + b^2_p + 1 ≡ 0(modp). □ OrÐzoume

Λ = {x ∈ Z^4 : x_1 ≡ a_{pi} x_3 + b_{pi} x_4(modp_i), x_2 ≡ b_{pi} x_3 − a_{pi} x_4(modp_i), i ≤ m}. SÔmfwna me to Lămma 3.3.1, to Λ eÐnai plègma, kai detΛ ≤ (p_1 . . . p_m)^2 = n^2.

JewroÔme th mpĹla B = {x : x^2_1 + x^2 + x^2_3 + x^2_4 < 2n}. O ìgkoc thc eÐnai Ðsoc me |B| = 2n^2π^2 > 16n^2 ≥ 2^4detΛ.

Apì to Jeÿrhma tou Minkowski, upĹrqei (x_1, x_2, x_3, x_4) ∈ Λ tètoio ÿste (∗) 0 < x^2_1 + x^2 + x^2_3 + x^2_4 < 2n. ’Omwc,

x^2_1 + x^2 + x^2_3 + x^2_4 ≡ (a_{pi} x_3 + b_{pi} x_4)^2 + (b_{pi} x_3 − a_{pi} x_4)^2 + x^2_3 + x^2_4 (modp_i) ≡ (a^2_{pi} + b^2_{pi} + 1)x^2_3 + (a^2_{pi} + b^2_{pi} + 1)x^2_4 (modp_i) ≡ 0(modp_i) gia kĹje i = 1, . . . , m, Ĺra n|x^2_1 + x^2 + x^2_3 + x^2_4. Apì thn (∗) sumperaÐnoume ìti n = x^2_1 + x^2 + x^2_3 + x^2_4.

Sth genikă perÐptwsh, grĹfoume ton fusikì arijmì n sth morfă n = l^2m ìpou o m eÐnai eleÔjeroc tetragÿnwn, kai efarmìzoume to prohgoÔmeno gia na grĹyoume ton m sth morfă m = y^2_1 + y^2 + y^2_3 + y^2_4 , y_i ∈ Z. Tìte, n = (ly_1)^2 + (ly_2)^2 + (ly_3)^2 + (ly_4)^2. □

(e) To Jeÿrhma prosèggishc tou Dirichlet

Ja efarmìsoume to Jeÿrhma tou Minkowski sto prìblhma thc prosèggishc pragmatikÿn arijmÿn apì rhtoÔc (jeÿrhma tou Dirichlet):

Jeÿrhma 3.3.5 UpĹrqei stajerĹ c > 0 me thn idiìthta: gia kĹje a ∈ R, upĹrqoun q ∈ N osodăpote megĹloc, kai p ∈ Z, tètoioi ÿste |a − p q | ≤ c q^2 . Apìdeixh: QrhsimopoioÔme thn Ðdia idèa me autăn thc Efarmogăc 3.3.1. MporoÔme na upojèsoume ìti o a eÐnai Ĺrrhtoc (an o a eÐnai rhtìc, tìte to prìblhma den èqei kammÐa duskolÐa). ’Estw M > 0. AfoÔ a /∈ Q, upĹrqei Q > 1 tètoioc ÿste t_M := min{|aq − p| : q ≤ M, q ∈ N, p ∈ Z} > 1 Q . OrÐzoume K = { (x, y) ∈ R^2 : |ax − y| ≤ 1 Q , |x| ≤ Q } . To K eÐnai parallhlìgrammo, me embadìn |K| = (2Q)(2/Q) = 4. Apì to Jeÿrhma tou Minkowski, upĹrqei (q, p) ∈ K ∩ (Z^2\{o}). ’Eqoume q ≠ 0, giatÐ alliÿc ja eÐqame |p| ≤ 1/Q, dhladă p = 0. EpÐshc, lìgw thc summetrÐac tou K, mporoÔme na upojèsoume ìti q > 0 (dhladă, q ∈ N). Autì shmaÐnei ìti 0 < q ≤ Q kai |aq − p| ≤ 1/Q, Ĺra |a − p q | ≤ 1 qQ ≤ 1 q^2 . Tèloc, apì ton orismì tou t_M , èqoume |aq − p| ≤ 1 Q < t_M , Ĺra, q > M. □ To Jeÿrhma 3.3.5 genikeÔetai wc exăc:

Jeÿrhma 3.3.6 UpĹrqei stajerĹ c > 0 me thn idiìthta: an a_1, . . . , a_n ∈ R, upĹrqoun q ∈ N osodăpote megĹloc, kai p_1, . . . , p_n ∈ Z, tètoioi ÿste |a_i − p_i q | ≤ c q^{1+ 1}n . Apìdeixh: ’Estw M > 0. H apìdeixh eÐnai entelÿc anĹlogh me autăn tou Jewrămatoc 3.3.5: mporoÔme na upojèsoume ìti oi a_1, . . . , a_n den eÐnai ìloi rhtoÐ. To parallhlepÐpedo sto opoÐo efarmìzoume to Jeÿrhma tou Minkowski, eÐnai to K = {(x, y_1, . . . , y_n) ∈ R^{n+1} : |a_ix − y_i| ≤ 1 Q^{1/n} , |x| ≤ Q}, ìpou Q > 1 tìso megĹloc ÿste

t_M := min{max_{i≤n} { |a_iq − p_i| : q ≤ M, q ∈ N, p_i ∈ Z } } > 1 Q . □

KefĹlaio 4

To deÔtero jeÿrhma tou Minkowski

4.1 DiadoqikĹ elĹqista summetrikoÔ kurtoÔ sÿmatoc

Sto KefĹlaio autì jewroÔme èna anoiktì, summetrikì wc proc to o kurtì sÿma K ston R^n . O Minkowski ìrise ta diadoqikĹ elĹqista tou K wc exăc: Gia kĹje λ > 0 jewroÔme to sÿma λK. To K eÐnai fragmèno, an loipìn to λ eÐnai arketĹ mikrì, tìte λK ∩ Z^n = {o}. Apì thn Ĺllh pleurĹ, to K perièqei mÐa mpĹla me kèntro to o. An loipìn to λ eÐnai arketĹ megĹlo, tìte to λK perièqei n grammikÿc anexĹrthta dianÔsmata tou Z^n. Epomènwc, gia kĹje i = 1, . . . , n, upĹrqoun λ > 0 tètoia ÿste to λK na perièqei toulĹqiston i grammikÿc anexĹrthta dianÔsmata tou Z^n. OrÐzoume λ_i = inf{λ > 0 : dim(λK ∩ Z^n) ≥ i}, i = 1, . . . , n, ìpou dim(λK ∩ Z^n) eÐnai h diĹstash tou upoqÿrou pou parĹgetai apì ta akèraia shmeÐa tou λK.

Lămma 4.1.1 IsqÔei

A_i := {λ > 0 : dim(λK ∩ Z^n) ≥ i} = (λ_i, ∞).

Apìdeixh: EÐnai fanerì ìti an λ ∈ A_i kai μ > λ, tìte μ ∈ A_i. ’Ara, to A_i eÐnai diĹsthma. Mènei loipìn na doÔme ìti λ_i /∈ A_i. An to λ_iK perieÐqe i grammikÿc anexĹrthta akèraia shmeÐa, tìte to Ðdio ja Ðsque kai gia kĹpoio λK me to λ lÐgo mikrìtero apì to λ_i, giatÐ to K èqei upotejeÐ anoiktì. □

Oi arijmoÐ λ_i onomĹzontai diadoqikĹ elĹqista tou K (wc proc to plègma Z^n). EÐnai fanerì ìti 0 < λ_1 ≤ λ_2 ≤ . . . ≤ λ_n.

MporeÐ na sumbeÐ kĹpoia apì ta λ_i na eÐnai Ðsa. Gia parĹdeigma, an K = {x : |x_i| < 1}, tìte λ_1 = . . . = λ_n = 1.

Prìtash 4.1.1 ’Estw K anoiktì, summetrikì kurtì sÿma ston R^n . UpĹrqoun grammikÿc anexĹrthta dianÔsmata u_1, . . . , u_n ∈ Z^n pou ikanopoioÔn ta exăc: (a) u_i /∈ ⟨u_1, . . . , u_{i−1}⟩, i = 1, . . . , n. (b) u_i /∈ λ_iK, i = 1, . . . , n. (g) u_i ∈ λ_iK, i = 1, . . . , n. Apìdeixh: OrÐzoume epagwgikĹ u_1, . . . , u_n ∈ Z^n pou ikanopoioÔn ta (a)-(g): Upojètoume ìti èqoun oristeÐ ta u_1, . . . , u_j , kai ìti λ_j < λ_{j+1} (jètoume λ_0 = 0 kai u_0 = o). Tìte u_1, . . . , u_j ∈ λ_{j+1}K, kai to Lămma 4.1.1 mĹc exasfalÐzei ìti

dim(λ_{j+1}K ∩ Z^n) = j.

DeÐqnoume prÿta ìti to λ_{j+1}K perièqei toulĹqiston j+1 grammikÿc anexĹrthta akèraia shmeÐa: JewroÔme λ^′ > λ_{j+1}. To λ^′K perièqei peperasmèna to plăjoc akèraia shmeÐa. ’Estw B^′ to sÔnolo twn akeraÐwn shmeÐwn tou λ^′K pou den anăkoun sto λ_{j+1}K. To B^′ eÐnai mh kenì, giatÐ λ^′ > λ_{j+1}. ’Ola ta u ∈ B^′ pou den anăkoun sto λ_{j+1}K èqoun jetikă apìstash apì to λ_{j+1}K, kai eÐnai peperasmèna to plăjoc, Ĺra mporoÔme na broÔme λ ∈ (λ_{j+1}, λ^′) me thn idiìthta λK ∩ Z^n = λ_{j+1}K ∩ Z^n. ’Omwc λ > λ_{j+1}, Ĺra dim(λK ∩ Z^n) ≥ j + 1. ’Epetai ìti

dim(λ_{j+1}K ∩ Z^n) = k > j.

UpĹrqoun loipìn grammikÿc anexĹrthta u_{j+1}, . . . , u_k sto sÔnoro tou λ_{j+1}K, ta opoÐa den anăkoun ston upìqwro ⟨λ_{j+1}K ∩ Z^n⟩. Ta u_1, . . . , u_k ikanopoioÔn ta (a)-(g), kai apì thn kataskeuă,

λ_{j+1} = . . . = λ_k .

SuneqÐzoume me ton Ðdio trìpo, orÐzontac ta u_i katĹ omĹdec. □

Paratărhsh Ta λ_i orÐzontai monosămanta apì to K, enÿ to {u_1, . . . , u_n} mporeÐ na mhn epilègetai katĹ monadikì trìpo. Ta dianÔsmata u_i thc Prìtashc 4.1.1 onomĹzontai elaqistikĹ dianÔsmata tou K (wc proc to plègma Z^n).

SÔmfwna me to prÿto jeÿrhma tou Minkowski, afoÔ λ_1K ∩ Z^n = {o}, to λ_1K prèpei na èqei ìgko to polÔ Ðso me 2^n:

Jeÿrhma 4.1.1 ’Estw K summetrikì kurtì sÿma ston R^n . Tìte, λ^n_1 |K| ≤ 2^n. □

PaÐrnontac upfl ìyin tou ìla ta diadoqikĹ elĹqista λ_1, . . . , λ_n tou K, o Minkowski [Mi2] apèdeixe kĹti isqurìtero (to deÔtero jeÿrhma tou Minkowski): Jeÿrhma 4.1.2 ’Estw K summetrikì kurtì sÿma ston R^n . Tìte, λ_1λ_2 . . . λ_n|K| ≤ 2^n. □ ’Amesh genÐkeush tou Jewrămatoc 4.1.2 gia tuqìn plègma Λ ston R^n eÐnai to exăc:

Jeÿrhma 4.1.3 ’Estw Λ plègma ston R^n , kai K summetrikì kurtì sÿma ston R^n . Tìte, λ_1λ_2 . . . λ_n|K| ≤ 2^n det Λ, ìpou λ_i = inf{λ > 0 : dim(λK ∩ Λ) ≥ i}, i = 1, . . . , n. □ Stic epìmenec dÔo paragrĹfouc ja doÔme dÔo arketĹ diaforetikèc apodeÐxeic tou Jewrămatoc 4.1.2.

4.2 Prÿth apìdeixh tou jewrămatoc

H idèa thc prÿthc apìdeixhc ja gÐnei piì kajară apì thn exăc (lanjasmènh) apìpeira: DÐnetai to anoiktì summetrikì kurtì sÿma K ston R^n , upojètoume ìti u_1, . . . , u_n eÐnai mÐa epilogă elaqistikÿn dianusmĹtwn tou, kai ìti λ_1λ_2 . . . λ_n|K| > 2^n. JewroÔme ton grammikì metasqhmatismì T pou orÐzetai apì tic T (u_i) = λ_iu_i, i = 1, . . . , n. Tìte, to W = T (K) èqei ìgko |W | = λ_1 . . . λ_n|K| > 2^n, opìte to prÿto jeÿrhma tou Minkowski mĹc dÐnei a_1, . . . , a_n ∈ R tètoia ÿste o ≠ w = a_1λ_1u_1 + . . . + a_nλ_nu_n ∈ W ∩ Z^n.

AfoÔ w ≠ o, upĹrqei k ≤ n me thn idiìthta a_k ≠ 0, a_{k+1} = . . . = a_n = 0.

GrĹfoume to w sthn exăc morfă:

(∗) w = λ_1(a_1u_1 +. . .+a_ku_k)+(λ_2 −λ_1)(a_2u_2 +. . .+a_ku_k)+. . .+(λ_k −λ_{k−1})a_ku_k. AfoÔ w = T (a_1u_1 + . . . + a_ku_k), gnwrÐzoume ìti a_1u_1 + . . . + a_ku_k ∈ K. Ac upojèsoume prìc stigmăn ìti ta dianÔsmata a_2u_2 + . . . + a_ku_k, . . . , a_ku_k eÐnai ìla mèsa sto K. Tìte, apì thn kurtìthta tou K kai thn (∗), sumperaÐnoume ìti w ∈ λ_1K + (λ_2 − λ_1)K + . . . + (λ_k − λ_{k−1})K = λ_kK.

Autì ìmwc eÐnai Ĺtopo. Ja eÐqame w ∈ λ_k K\⟨u_1, . . . , u_{k−1}⟩, dhladă to w ja ătan akèraio shmeÐo tou λ_kK grammikÿc anexĹrthto proc ta u_1, . . . , u_{k−1}, kĹti pou antifĹskei proc ton orismì tou λ_k kai twn u_i.

O Minkowski qrhsimopoÐhse autăn akribÿc thn idèa tou {metasqhmatismoÔ} tou sÿmatoc K:

Apìdeixh tou Jewrămatoc 4.1.2: ’Opwc kai prin, jewroÔme kĹpoia elaqistikĹ dianÔsmata u_1, . . . , u_n tou K, kai grĹfoume to tuqìn stoiqeÐo tou K sth morfă a = a_1u_1 + . . . + a_nu_n.

Gia kĹje a = a_1u_1 + . . . + a_nu_n ∈ R^n kai k = 1, . . . , n − 1, orÐzoume L(a_{k+1}, . . . , a_n) = {x = n∑ i=1 x_iu_i ∈ R^n : x_{k+1} = a_{k+1}, . . . , x_n = a_n},

ton susqetismèno upìqwro twn shmeÐwn pou sumpÐptoun me to a stic suntetagmènec x_{k+1}, . . . , x_n (wc proc th bĹsh {u_1, . . . , u_n}). Gia a ∈ K orÐzoume b(a_{k+1}, . . . , a_n) to kèntro bĹrouc tou K ∩ L(a_{k+1}, . . . , a_n). [Profanÿc, b(a_1, . . . , a_n) = a.] Dhladă, h i suntetagmènh (i ≤ k) tou b(a_{k+1}, . . . , a_n) dÐnetai apì to

c_i(a_{k+1}, . . . , a_n) := ∫ K∩L(a_{k+1},...,a_n) x_idx_k . . . dx_1. To b(a_{k+1}, . . . , a_n) anăkei sto K ∩ L(a_{k+1}, . . . , a_n), kai ìlec oi apeikonÐseic a → b(a_{k+1}, . . . , a_n) eÐnai paragwgÐsimec wc proc a_i sto K.

Lămma 4.2.1 O metasqhmatismìc T : K → K pou orÐzetai apì thn

a = (a_1, . . . , a_n) → λ_1b(a_1, . . . , a_n) + (λ_2 − λ_1)b(a_2, . . . , a_n) + . . . + (λ_n − λ_{n−1})b(a_n)

eÐnai èna proc èna.

Apìdeixh: To b(a_{k+1}, . . . , a_n) grĹfetai sth morfă

b(a_{k+1}, . . . , a_n) = k∑ j=1 c_j (a_{k+1}, . . . , a_n)u_j + n∑ j=k+1 a_j u_j ,

ìpou c_j sunartăseic pou exartÿntai mìno apì ta a_{k+1}, . . . , a_n, j = 1, . . . , k.

’Estw a = ∑_n k=1 a_ku_k ∈ K. Tìte, T (a) = ∑_n k=1 d_ku_k, ìpou

(∗) d_k = λ_ka_k + n−1∑ j=k (λ_{j+1} − λ_j )c_j (a_{k+1}, . . . , a_n) = λ_ka_k + h(a_{k+1}, . . . , a_n).

Gia na deÐxoume ìti o T eÐnai èna proc èna, arkeÐ na elègxoume ìti oi suntetagmènec d_k prosdiorÐzoun monosămanta tic suntetagmènec a_k. Gia k = n, h (∗) dÐnei d_n = λ_na_n, Ĺra a_n = d_n/λ_n. Tìte, d_{n−1} = λ_{n−1}a_{n−1} + h(d_n/λ_n), apfl ìpou prosdiorÐzetai to a_{n−1}, kai phgaÐnontac proc ta pÐsw prosdiorÐzoume monosămanta ta a_{n−2}, . . . , a_1 gia ta opoÐa T (a) = ∑_n k=1 d_ku_k. □

Lămma 4.2.2 O metasqhmatismìc T {pollaplasiĹzei} ton ìgko tou K me ton parĹgonta λ_1 . . . λ_n: |T (K)| = λ_1 . . . λ_n|K|. Apìdeixh: AfoÔ o T eÐnai èna proc èna kai diaforÐsimoc, arkeÐ na parathrăsoume ìti h orÐzousa thc Iakwbianăc tou T eÐnai stajeră kai Ðsh me λ_1 . . . λ_n sto K. Autì eÐnai sunèpeia tou orismoÔ tou T . H Iakwbiană tou T eÐnai Ĺnw trigwnikìc pÐnakac (to d_k exartĹtai mìno apì ta a_k, . . . , a_n), kai ∂d_k(a_k, . . . , a_n) ∂a_k = λ_k, k = 1, . . . , n, apì thn (∗). □ Ac upojèsoume tÿra ìti λ_1 . . . λ_n|K| > 2^n. Apì to Lămma 4.2.2 kai to jeÿrhma antÐstrofhc apeikìnishc, to T (K) eÐnai anoiktì kai fragmèno, kai |T (K)| > 2^n, opìte, efarmìzontac to Lămma tou Blichfeldt gia to^{T (K)}_2 , brÐskoume y^1 ≠ y^2 ∈ T (K) tètoia ÿste y^1 − y^2 2 ∈ Z^n\{o}. JewroÔme ta (monadikĹ) a^1 ≠ a^2 ∈ K gia ta opoÐa T (a^1) = y^1 kai T (a^2) = y^2, kai grĹfoume

a^1 = n∑ j=1 a^1_j u_j , a^2 = n∑ j=1 a^2_j u_j .

AfoÔ a^1 ≠ a^2, upĹrqei k ≤ n tètoio ÿste a^1_k ≠ a^2_k, kai a^1_j = a^2_j , j = k + 1, . . . , n. Tìte,

y^1 − y^2 2 = λ_1 1 2 (b(a^1, . . . , a^1_n) − b(a^2_1, . . . , a^2_n)) + . . .

+ (λ_k − λ_{k−1}) 1 2 (b(a^1_k, . . . , a^1_n) − b(a^2_k, . . . , a^2_n)).

Apì thn kurtìthta kai th summetrÐa tou K, kai apì to gegonìc ìti ìlec oi b paÐrnoun timèc sto K, sumperaÐnoume ìti

y^1 − y^2 2 ∈ λ_1K + . . . + (λ_k − λ_{k−1})K = λ_kK.

Dhladă, y^1 − y^2 2 ∈ λ_k K ∩ (Z^n\{o}). ’Omwc, h k-stă suntetagmènh tou (y^1 − y^2)/2 (wc proc th bĹsh {u_1, . . . , u_n}) eÐnai 1 2 ( λ_ka^1_k + h(a^1_{k+1}, . . . , a^1_n) − λ_ka^2_k − h(a^2_{k+1}, . . . , a^2_n) ) = 1 2 λ_k (a^1_k − a^2_k) ≠ 0,

dhladă to (y^1 − y^2)/2 eÐnai grammikÿc anexĹrthto apì ta u_1, . . . , u_{k−1}. Autì eÐnai Ĺtopo, afoÔ to λ_k K den mporeÐ na perièqei k grammikÿc anexĹrthta akèraia shmeÐa. □ 4.3 DeÔterh apìdeixh tou jewrămatoc

H deÔterh apìdeixh pou ja dÿsoume ofeÐletai ston Estermann [Es], kai basÐzetai sthn plărh ekmetĹlleush thc teqnikăc tou Blichfeldt. OnomĹzoume κ_1, . . . , κ_n ta diadoqikĹ elĹqista tou D(K) = K − K. An to K eÐnai summetrikì, tìte D(K) = 2K, opìte èqoume κ_i = λ_i/2, i = 1, . . . , n. ArkeÐ loipìn na deÐxoume ìti (∗) κ_1κ_2 . . . κ_n|K| ≤ 1. JewroÔme mÐa epilogă u_1, . . . , u_n elaqistikÿn dianusmĹtwn tou D(K). Ta u_1, . . . , u_n eÐnai grammikÿc anexĹrthta, epomènwc, apì to Jeÿrhma 1.1.2 upĹrqei bĹsh {w_1, . . . , w_n} tou Z^n me thn idiìthta u_i ∈ ⟨w_1, . . . , w_i⟩, i = 1, . . . , n. Paratărhsh: JewroÔme ton grammikì metasqhmatismì T pou orÐzetai apì tic T (e_i) = w_i, ìpou {e_i}_{i≤n} h sunăjhc bĹsh tou Z^n. Tìte, |detT | = 1 kai o T afănei analloÐwto to Z^n, Ĺra ta T^{−1}(K) kai K èqoun ton Ðdio ìgko kai ta Ðdia diadoqikĹ elĹqista, afoÔ u ∈ λK ∩ Z^n an kai mìno an T^{−1}(u) ∈ T^{−1}(λK ∩ Z^n) = λT^{−1}(K) ∩ Z^n, λ > 0. Epiplèon, isqÔei T^{−1}(D(K)) = D(T^{−1}(K)), arkeÐ loipìn na deÐxoume thn (∗) me thn epiplèon upìjesh ìti w_i = e_i, i = 1, . . . , n.

Tìte, an a = (a_1, . . . , a_n) ∈ κ_iD(K) ∩ Z^n, isqÔei ìti a_i = . . . = a_n = 0 (to a prèpei na anăkei ston upìqwro pou parĹgetai apì ta u_1, . . . , u_{i−1}, Ĺra grĹfetai san grammikìc sunduasmìc twn e_1, . . . , e_{i−1}). SunoyÐzontac ìlec autèc tic parathrăseic, blèpoume ìti, qwrÐc periorismì thc genikìthtac, to zhtoÔmeno eÐnai to exăc:

Jeÿrhma 4.3.1 ’Estw K (summetrikì) kurtì sÿma, kai 0 < κ_1 ≤ . . . ≤ κ_n ∈ R ta diadoqikĹ elĹqista tou D(K). Upojètoume ìti, an a = (a_1, . . . , a_n) ∈ κ_iD(K) ∩ Z^n, tìte a_i = . . . = a_n = 0. Tìte, κ_1 . . . κ_n|K| ≤ 1.

H summetrÐa tou K den eÐnai aparaÐthth gia thn apìdeixh tou Jewrămatoc 4.3.1. Orismìc Gia kĹje i = 1, . . . , n, orÐzoume ρ_i : R^n → R^n , me ρ_i(x_1, . . . , x_i, . . . , x_n) = (x_1, . . . , {x_i}, . . . , x_n). EpÐshc, orÐzoume P_i = ρ_1 ∘ . . . ∘ ρ_i, kai P_0 = Id. Lămma 4.3.1 Gia kĹje z ∈ R^n , isqÔei |P_n(K + z)| = |P_n(K)|. Apìdeixh: Gia kĹje u ∈ Z^n kai z ∈ R^n , isqÔei P_n(K + z + u) = P_n(K + z). MporoÔme loipìn na upojèsoume ìti to z = z_1e_1 +. . .+z_ne_n anăkei sto jemeliÿdec parallhlepÐpedo tou Z^n wc proc th sunăjh bĹsh. Dhladă, ìti 0 ≤ z_j < 1, j = 1, . . . , n. EpÐshc, arkeÐ na apodeÐxoume to zhtoÔmeno sthn perÐptwsh z = z_ie_i. GiatÐ tìte, |P_n(K + z)| = |P_n(K + z_1e_1 + . . . + z_ne_n)| = |P_n(K + z_1e_1 + . . . + z_{n−1}e_{n−1})| = . . . = |P_n(K + z_1e_1)| = |P_n(K)|. Upojètoume loipìn, qwrÐc periorismì thc genikìthtac, ìti z = z_1e_1, 0 < z_1 < 1. OrÐzoume

A = P_n(K) ∩ {x : 0 ≤ x_1 < 1 − z_1}, B = P_n(K) ∩ {x : 1 − z_1 ≤ x_1 < 1}. Tìte, P_n(K + z) = (A + z_1e_1) ∪ (B + (z_1 − 1)e_1) =: A_1 ∪ B_1, kai afoÔ A_1 ∩ B_1 = ∅, blèpoume ìti |P_n(K + z)| = |A_1| + |B_1| = |A| + |B| = |P_n(K)|. □ Lămma 4.3.2 An t ≥ 1, tìte |P_n(tK)| ≥ |P_n(K)|.

Apìdeixh: An o ∈ K, tìte apì thn kurtìthta tou K èpetai ìti K ⊆ tK, opìte to zhtoÔmeno eÐnai profanèc. An ìqi, epilègoume z ∈ R^n tètoio ÿste o ∈ (K + z), kai efarmìzoume to Lămma 4.3.1: |P_n(tK)| = |P_n(tK + tz)| = |P_n(t(K + z))| ≥ |P_n(K + z)| = |P_n(K)|. □ Piì genikĹ, gia kĹje i = 1, . . . , n paÐrnoume: Lămma 4.3.3 An t ≥ 1, tìte |P_i(tK)| ≥ t^{n−i}|P_i(K)|.

Apìdeixh: StajeropoioÔme i ≤ n − 1. Gia kĹje x ∈ R^n grĹfoume x = (x^′, x^{′′}), ìpou x^′ = (x_1, . . . , x_i), x^{′′} = (x_{i+1}, . . . , x_n). An M ⊆ R^n , orÐzoume ⟨M; x^{′′}⟩ = {x^′ ∈ R^i : (x^′, x^{′′}) ∈ M}, x^{′′} ∈ R^{n−i} . Isqurismìc: An t > 0, tìte ⟨P_i(tM); tx^{′′}⟩ = P_i(⟨tM; tx^{′′}⟩) = P_i(t⟨M, x^{′′}⟩). Apìdeixh: H deÔterh isìthta eÐnai profanăc. Gia thn prÿth, jewroÔme tuqìn y ∈ ⟨P_i(tM); tx^{′′}⟩. Tìte, (y, tx^{′′}) ∈ P_i(tM), dhladă upĹrqei (z, w) ∈ tM tètoio ÿste P_i(z, w) = (y, tx^{′′}). AfoÔ o metasqhmatismìc P_i mporeÐ na metabĹllei mìno tic prÿtec i suntetagmènec tou (z, w), èpetai ìti w = tx^{′′} kai P_i(z) = y. Dhladă, z ∈ ⟨tM; tx^{′′}⟩, Ĺra y ∈ P_i(⟨tM; tx^{′′}⟩). ’Etsi, apodeÐqjhke h ⟨P_i(tM); tx^{′′}⟩ ⊆ P_i(⟨tM; tx^{′′}⟩). O antÐstrofoc egkleismìc apodeiknÔetai anĹloga. □ Ja qrhsimopoiăsoume ton isqurismì, kai thn paratărhsh ìti, an t ≥ 1 tìte |P_i(t⟨K; x^{′′}⟩)| ≥ |P_i(⟨K; x^{′′}⟩)|, h opoÐa eÐnai sunèpeia tou Lămmatoc 4.3.2, afoÔ kĹje ⟨K; x^{′′}⟩ eÐnai kurtì uposÔnolo tou R^i :

Oloklhrÿnontac prÿta wc proc x^′ ∈ R^i kai metĹ wc proc x^{′′} ∈ R^{n−i} , grĹfoume ton ìgko tou P_i(tK) sth morfă |P_i(tK)| = ∫ R^{n−i} |⟨P_i(tK); x^{′′}⟩|dx^{′′}. KĹnontac thn allagă metablhtăc x^{′′} = ty^{′′} kai qrhsimopoiÿntac tic parathrăseic mac, èqoume |P_i(tK)| = t^{n−i} ∫ R^{n−i} |⟨P_i(tK); ty^{′′}⟩|dy^{′′} = t^{n−i} ∫ R^{n−i} |P_i(t⟨K; y^{′′}⟩)|dy^{′′} ≥ t^{n−i} ∫ R^{n−i} |P_i(⟨K; y^{′′}⟩)|dy^{′′} = t^{n−i}|P_i(K)|. H perÐptwsh i = n kalÔptetai apì to Lămma 4.3.2. □ Lămma 4.3.4 ’Estw W kurtì sÿma ston R^n . An D(W )∩Z^n = {o}, tìte |ρ_i(W )| = |W | gia kĹje i = 1, . . . , n.

Apìdeixh: H apìdeixh eÐnai entelÿc anĹlogh me autăn tou Lămmatoc tou Blichfeldt. An jewrăsoume ta sÔnola (u + P ) ∩ W ìpou u ∈ Z^n kai P to sÔnhjec jemeliÿdec parallhlepÐpedo tou Z^n, tìte ta ρ_i((u + P ) ∩ W ) den epikalÔptontai, alliÿc to D(W ) ja perieÐqe mh mhdenikì akèraio shmeÐo, parĹllhlo proc to e_i. ’Ara, |ρ_i(W )| = ∑ u |ρ_i((u + P ) ∩ W )| = ∑ u |(u + P ) ∩ W | = |W |. □

Apìdeixh tou Jewrămatoc 4.3.1: H apìdeixh ja basisteÐ ston akìloujo isqurismì:

Isqurismìc: Gia kĹje i = 1, . . . , n, èqoume |P_i(κ_iK)| = |P_{i−1}(κ_iK)|. Apìdeixh: AfoÔ P_i = ρ_i ∘ P_{i−1}, sÔmfwna me to Lămma 4.3.4 arkeÐ na deÐxoume ìti (P_{i−1}(κ_iK) − P_{i−1}(κ_iK)) ∩ Z^n = {o}, i = 1, . . . , n. ’Estw ìti upĹrqoun x, y ∈ κ_iK tètoia ÿste o ≠ P_{i−1}(x) − P_{i−1}(y) ∈ Z^n. Tìte, x − y ∈ (κ_iD(K)) ∩ Z^n, kai apì thn upìjesh tou Jewrămatoc prèpei na isqÔei x_j = y_j , j = i, . . . , n. ’Omwc tìte, P_{i−1}(x) = P_{i−1}(y), Ĺtopo. □ Efarmìzontac tÿra to Lămma 4.3.4 gia to P_{i−1}(κ_iK) me t = κ_i/κ_{i−1} ≥ 1, paÐrnoume |P_i(κ_iK)| = |P_{i−1}(κ_iK)| ≥ ( κ_i κ_{i−1} )_{n+1−i} |P_{i−1}(κ_{i−1}K)|, i = 2, . . . , n. Gia i = 1 grĹfoume aplÿc |P_1(κ_1K)| = |κ_1K| = κ^n_1 |K|.

PollaplasiĹzontac katĹ mèlh, blèpoume ìti |P_n(κ_nK)| ≥ κ^n_1 n∏ i=2 ( κ_i κ_{i−1} )_{n+1−i} |K| = κ_1κ_2 . . . κ_n|K|. ’Omwc P_n(κ_nK) ⊆ P , Ĺra |P_n(κ_nK)| ≤ 1. ’Epetai ìti κ_1κ_2 . . . κ_n|K| ≤ 1. □ Den eÐnai dÔskolo na dÿsoume kĹtw frĹgma gia to ginìmeno λ_1 . . . λ_n twn diadoqikÿn elaqÐstwn tou K. O Minkowski apèdeixe to exăc:

Jeÿrhma 4.3.2 ’Estw K summetrikì kurtì sÿma ston R^n , kai λ_1, . . . , λ_n ta diadoqikĹ elĹqista tou K. Tìte, λ_1λ_2 . . . λ_n|K| ≥ 2^n n! .

Apìdeixh: UpĹrqoun grammikÿc anexĹrthta dianÔsmata u_i ∈ Z^n tètoia ÿste kĹje u_i na anăkei sto sÔnoro tou λ_iK. OrÐzoume

v_i = u_i λ_i , i = 1, . . . , n. Tìte, ±v_i ∈ K gia kĹje i, Ĺra h kurtă jăkh A = co{±v_1, . . . , ±v_n} twn ±v_i èqei ìgko to polÔ Ðso me |K|. ’Omwc, |A| = |co{±v_1, . . . , ±v_n}| = 2^n| det(v_1, . . . , v_n)| n! , kai | det(v_1, . . . , v_n)| = | det(u_1, . . . , u_n)| λ_1λ_2 . . . λ_n ≥ 1 λ_1λ_2 . . . λ_n , giatÐ ta u_i eÐnai akèraia dianÔsmata, opìte det(u_1, . . . , u_n) ∈ Z\{0}. SunduĹzontac ta parapĹnw, èqoume λ_1λ_2 . . . λ_n|K| ≥ λ_1λ_2 . . . λ_n|A| ≥ 2^n| det(u_1, . . . , u_n)| n! ≥ 2^n n! . □

KefĹlaio 5

To jeÿrhma twn Minkowski kai Hlawka

5.1 To jeÿrhma epilogăc tou Mahler

Skopìc mac se autăn thn parĹgrafo eÐnai na apodeÐxoume to Jeÿrhma epilogăc tou Mahler, to opoÐo exasfalÐzei thn Ôparxh {sugklÐnousac} upakoloujÐac gia kĹje {fragmènh} akoloujÐa plegmĹtwn. Gia th diatÔpwsh tou Jewrămatoc, prèpei prÿta na orÐsoume austhrĹ ti eÐnai èna fragmèno sÔnolo plegmĹtwn, kajÿc kai thn ènnoia thc sÔgklishc pou ja qrhsimopoiăsoume.

OrismoÐ (a) ’Estw K summetrikì kurtì sÿma ston R^n . ’Ena plègma Λ lègetai apodektì gia to K, an to mìno shmeÐo tou Λ pou anăkei sto eswterikì tou K eÐnai to o. To Λ lègetai austhrĹ apodektì gia to K an K ∩ Λ = {o}.

(b) Gia kĹje ρ > 0, sumbolÐzoume me ρD_n th mpĹla me kèntro to o kai aktÐna ρ: ρD_n = {x ∈ R^n : ‖x‖_2 ≤ ρ}. ’Ena sÔnolo L plegmĹtwn tou R^n lègetai fragmèno, an upĹrqoun jetikèc stajerèc ρ kai σ tètoiec ÿste:

(i) KĹje Λ ∈ L eÐnai apodektì gia thn ρD_n. (ii) Gia kĹje Λ ∈ L, isqÔei det Λ ≤ σ.

(g) Gia kĹje n × n pÐnaka B, orÐzoume ‖B‖ = max_{i,j} |b_{ij} |. H ‖ · ‖ eÐnai nìrma ston qÿro twn pinĹkwn (ousiastikĹ, h ‖ · ‖_∞ ston R^{n2} ). Oi basikèc idiìthtec autăc thc nìrmac perigrĹfontai sto exăc Lămma:

Lămma 5.1.1 (a) ’Estw A_m, A ∈ L(R^n ). Tìte, ‖A_m − A‖ → 0 an kai mìno an a^{(m)}_{ij} → a_{ij} gia kĹje i, j ≤ n. (b) Gia kĹje A, B ∈ L(R^n ), ‖AB‖ ≤ n‖A‖ · ‖B‖. (g) Gia kĹje A ∈ L(R^n ) kai kĹje x ∈ R^n , ‖Ax‖_2 ≤ n‖A‖ · ‖x‖_2.

Apìdeixh: To (a) eÐnai fanerì, afoÔ ‖A_m − A‖ = max_{i,j≤n} |a^{(m)}_{ij} − a_{ij} |. Gia to (b), parathroÔme ìti (AB)_{ij} = ∑_n k=1 a_{ik}b_{kj} . ’Omwc, gia kĹje i, j ≤ n, | n∑ k=1 a_{ik}b_{kj} | ≤ n∑ k=1 |a_{ij} ||b_{ij} | ≤ n∑ k=1 ‖A‖ · ‖B‖ = n‖A‖ · ‖B‖. Ĺra, ‖AB‖ = max_{i,j≤n} | n∑ k=1 a_{ik} b_{kj} | ≤ n‖A‖ · ‖B‖. Gia to (g), qrhsimopoioÔme thn anisìthta Cauchy-Schwarz:

‖Ax‖_2 = n∑ i=1 n∑ j=1 a_{ij} x_j 2 1/2

≤ n∑ i=1 n∑ j=1 a^2_{ij} n∑ j=1 x^2_j 1/2

= ‖x‖_2 n∑ i,j=1 a^2_{ij} 1/2

≤ ‖x‖_2 ( n^2‖A‖^2 )_{1/2} , dhladă, ‖Ax‖_2 ≤ n‖A‖ · ‖x‖_2. □ Me th boăjeia autăc thc nìrmac orÐzoume mÐa ènnoia {perioqăc} gia ta plègmata tou R^n :

’Estw Λ èna plègma tou R^n , kai A = {u_1, . . . , u_n} mÐa bĹsh tou Λ, thn opoÐa tautÐzoume me ton pÐnaka A_{ij} = ⟨u_j , e_i⟩. Gia kĹje ε > 0, h (A, ε)-geitoniĹ tou Λ eÐnai to sÔnolo ìlwn twn plegmĹtwn Λ^′ tou R^n ta opoÐa èqoun kĹpoia bĹsh A^′ thc opoÐac o pÐnakac ikanopoieÐ thn ‖A − A^′‖ < ε.

(d) H ènnoia thc (A, ε)-geitoniĹc mĹc epitrèpei na orÐsoume sÔgklish akoloujiÿn plegmĹtwn. Lème ìti h akoloujÐa plegmĹtwn {Λ_m} sugklÐnei sto plègma Λ tou R^n wc proc th bĹsh A tou Λ, an gia kĹje ε > 0, upĹrqei m_0(ε) ∈ N tètoioc ÿste: gia kĹje m ≥ m_0, to Λ_m anăkei sthn (A, ε)-geitoniĹ tou Λ. Lème ìti h akoloujÐa plegmĹtwn {Λ_m} sugklÐnei sto plègma Λ tou R^n , an sugklÐnei sto Λ wc proc kĹje bĹsh A tou Λ.

SÔmfwna me autìn ton orismì, gia na elègxoume ìti Λ_m → Λ, prèpei na elègxoume th sÔgklish gia tuqoÔsa epilogă thc bĹshc A tou Λ. ’Opwc ja doÔme ìmwc, arkeÐ na elegqjeÐ h sÔgklish wc proc kĹpoia bĹsh A tou Λ:

Lămma 5.1.2 ’Estw ìti Λ_m → Λ wc proc kĹpoia bĹsh A tou Λ. Tìte, Λ_m → Λ.

Apìdeixh: AfoÔ Λ_m → Λ wc proc thn A, upĹrqei akoloujÐa {A_m} bĹsewn twn Λ_m antÐstoiqa, me ‖A_m − A‖ → 0. ’Estw B mÐa Ĺllh bĹsh tou Λ. UpĹrqei akèraioc pÐnakac U me det U = ±1, tètoioc ÿste B = AU. OrÐzoume B_m = A_mU. Tìte, kĹje B_m eÐnai bĹsh tou Λ_m, kai ‖B_m − B‖ = ‖A_mU − AU‖ = ‖(A_m − A)U‖ ≤ n‖U‖ · ‖A_m − A‖ → 0. ’Ara, Λ_m → Λ wc proc thn B. □

To epìmeno jeÿrhma deÐqnei ìti autìc o orismìc sÔgklishc eÐnai {swstìc}: an Λ_m → Λ, tìte, gia megĹla m, ta shmeÐa tou Λ_m brÐskontai {kontĹ} sta shmeÐa tou Λ:

Jeÿrhma 5.1.1 ’Estw Λ_m, Λ plègmata ston R^n , me Λ_m → Λ. Tìte, (a) Gia kĹje x ∈ Λ, upĹrqei akoloujÐa shmeÐwn x_m ∈ Λ_m me x_m → x. (b) An gia kĹpoio x ∈ R^n upĹrqei akoloujÐa shmeÐwn x_m ∈ Λ_m me x_m → x, tìte x ∈ Λ.

Apìdeixh: (a) ’Estw x ∈ Λ. An A eÐnai mÐa bĹsh tou Λ, to x grĹfetai sth morfă x = Au, ìpou u ∈ Z^n. AfoÔ Λ_m → Λ, upĹrqoun bĹseic A_m twn Λ_m antÐstoiqa, me ‖A_m − A‖ → 0. OrÐzoume x_m = A_mu. Tìte, x_m ∈ Λ_m kai ‖x_m − x‖_2 = ‖(A_m − A)u‖_2 ≤ n‖A_m − A‖ · ‖u‖_2 → 0. Dhladă, x_m → x.

(b) StajeropoioÔme bĹseic A_m, A twn Λ_m, Λ. KĹje x_m grĹfetai x_m = A_mu_m ìpou u_m ∈ Z^n. AfoÔ h bĹsh A tou Λ eÐnai bĹsh tou R^n , to x grĹfetai x = Ay gia kĹpoio y ∈ R^n . Skopìc mac eÐnai na deÐxoume ìti y ∈ Z^n.

O A eÐnai antistrèyimoc, kai h z → ‖Az‖_2 eÐnai suneqăc sthn S^{n−1}. ’Ara, paÐrnei elĹqisth gnăsia jetikă timă a. Dhladă, ‖Az‖_2 ≥ a, z ∈ S^{n−1}. AfoÔ A_m → A, upĹrqei m_0 ∈ N me thn idiìthta: gia kĹje m ≥ m_0, ‖A_m − A‖ < a/2n. Tìte, qrhsimopoiÿntac to Lămma 5.1.1, blèpoume ìti gia kĹje m ≥ m_0 kai kĹje z ∈ S^{n−1}, ‖A_mz‖_2 ≥ ‖Az‖_2 − ‖(A_m − A)z‖_2 ≥ a − n‖A_m − A‖ · ‖z‖_2 > a 2 . Dhladă, an m ≥ m_0, èqoume ‖A_mz‖_2 ≥ a 2 ‖z‖_2, z ∈ R^n .

Apì tic A_mu_m = x_m → x = Ay kai A_my → Ay, èpetai ìti A_m(u_m − y) → o. ’Ara, gia m ≥ m_0, ‖u_m − y‖_2 ≤ 2 a ‖A_m(u_m − y)‖_2 → 0, dhladă, u_m → y. AfoÔ u_m ∈ Z^n gia kĹje m, sumperaÐnoume ìti y ∈ Z^n. ’Epetai ìti x = Ay ∈ Λ. □ Gia thn apìdeixh tou Jewrămatoc tou Mahler ja qreiastoÔme epÐshc to exăc:

Jeÿrhma 5.1.2 Gia kĹje n ∈ N upĹrqei stajerĹ C(n) > 0 me thn akìloujh idiìthta: An Λ eÐnai èna plègma ston R^n , tìte upĹrqei bĹsh A = {u_1, . . . , u_n} tou Λ tètoia ÿste_n ∏ i=1 ‖u_i‖_2 ≤ C(n) det Λ.

H Ôparxh tètoiwn {anhgmènwn bĹsewn}, kajÿc kai diĹfora frĹgmata gia th stajerĹ C(n), ja suzhthjoÔn leptomerÿc sto KefĹlaio 7.

Jeÿrhma 5.1.3 KĹje fragmènh akoloujÐa plegmĹtwn èqei sugklÐnousa upakoloujÐa.

Apìdeixh: ’Estw {Λ_m} fragmènh akoloujÐa plegmĹtwn ston R^n . Dhladă, upĹrqoun jetikèc stajerèc ρ kai σ tètoiec ÿste: gia kĹje m ∈ N, (ρD_n)^∘ ∩ Λ_m = {o} kai det Λ_m ≤ σ. ParathroÔme ìti |ρD_n| = ω_nρ^n ≤ 2^n det Λ_m apì to prÿto jeÿrhma tou Minkowski, dhladă inf_{m∈N} det Λ_m = a > 0.

Gia kĹje m, epilègoume bĹsh A_m = {u^{(m)}_1 , . . . , u^{(m)}_n } tou Λ_m, me thn idiìthta n∏ i=1 ‖u^{(m)}_i ‖_2 ≤ C(n) det Λ_m ≤ C(n)σ.

AfoÔ kĹje Λ_m eÐnai epitreptì gia thn ρD_n, sumperaÐnoume ìti ‖u^{(m)}_i ‖_2 ≥ ρ gia kĹje m ∈ N, i = 1, . . . , n. ’Ara,

‖u^{(m)}_i ‖_2 ≤ C(n)σ ρ^{n−1} , m ∈ N, i = 1, . . . , n. Apì to jeÿrhma Bolzano-Weierstrass, upĹrqoun aÔxousa akoloujÐa fusikÿn k_m kai u_1, . . . , u_n ∈ R^n , tètoia ÿste u^{(km)}_i → u_i, i = 1, . . . , n.

To A = {u_1, . . . , u_n} eÐnai grammikÿc anexĹrthto, giatÐ det A = lim det A_{km} = lim det Λ_{km} ≥ a. JewroÔme to plègma Λ pou parĹgetai apì to A. Tìte, det Λ = lim det Λ_{km} ≤ σ, kai ‖u_i‖_2 = lim ‖u^{(km)}_i ‖_2 ≥ ρ, dhladă to Λ eÐnai apodektì gia thn ρD_n. Tèloc, ‖A_{km} − A‖ ≤ max_{i≤n} ‖u^{km}_i − u_i‖_2 → 0, epomènwc, Λ_{km} → Λ. □

5.2 H krÐsimh orÐzousa

’Estw K summetrikì kurtì sÿma ston R^n . H krÐsimh orÐzousa Δ(K) tou K eÐnai to inf det Λ, ìpou to infimum paÐrnetai pĹnw apì ìla ta plègmata Λ pou eÐnai apodektĹ (isodÔnama, austhrĹ apodektĹ) gia to K.

To prÿto jeÿrhma tou Minkowski mĹc dÐnei amèswc èna kĹtw frĹgma gia thn krÐsimh orÐzousa tou K:

Prìtash 5.2.1 Gia kĹje summetrikì kurtì sÿma K ston R^n , èqoume Δ(K) ≥ 2^{−n}|K|. Apìdeixh: ’Estw Λ èna plègma, apodektì gia to K. AfoÔ to K den perièqei mh mhdenikì stoiqeÐo tou Λ, to prÿto jeÿrhma tou Minkowski mĹc lèei ìti

|K| ≤ 2^n det Λ.

PaÐrnontac infimum wc proc ìla ta K-apodektĹ plègmata, katalăgoume sto zhtoÔmeno. □

Paratărhsh Aplèc sunèpeiec tou orismoÔ thc krÐsimhc orÐzousac eÐnai oi exăc:

(a) An K ⊆ W , tìte Δ(K) ≤ Δ(W ). (b) Gia kĹje t > 0, Δ(tK) = t^nΔ(K). (g) An A ∈ GL(n), tìte Δ(AK) = | det A|Δ(K).

O Mahler apèdeixe ìti gia kĹje summetrikì kurtì sÿma K upĹrqei toulĹqiston èna K-apodektì plègma me thn elĹqisth dunată orÐzousa (dhladă, to infimum ston orismì thc Δ(K) eÐnai minimum). Autìc ătan kai ènac apì touc lìgouc gia touc opoÐouc apèdeixe to jeÿrhma epilogăc thc ParagrĹfou 5.1:

Prìtash 5.2.2 ’Estw K summetrikì kurtì sÿma ston R^n . UpĹrqei plègma Λ to opoÐo eÐnai apodektì gia to K kai èqei orÐzousa

det Λ = Δ(K).

Apìdeixh: To K perièqei mÐa mpĹla me kèntro to o kai aktÐna ρ > 0. ’Epetai ìti, kĹje plègma pou eÐnai apodektì gia to K eÐnai apodektì gia thn ρD_n. JewroÔme akoloujÐa Λ_m apodektÿn gia to K plegmĹtwn, me

det Λ_m → Δ(K).

H {Λ_m} eÐnai fragmènh akoloujÐa: kĹje Λ_m eÐnai apodektì gia thn ρD_n, kai h {det Λ_m} eÐnai sugklÐnousa akoloujÐa, Ĺra fragmènh. Apì to Jeÿrhma epilogăc tou Mahler, pernÿntac se upakoloujÐa, mporoÔme na upojèsoume ìti upĹrqei plègma Λ ston R^n , tètoio ÿste Λ_m → Λ. Profanÿc,

det Λ = lim_{m→∞} det Λ_m = Δ(K).

Mènei na deÐxoume ìti to Λ eÐnai apodektì gia to K. Upojètoume to antÐjeto. Tìte, upĹrqei x ∈ Λ, to opoÐo eÐnai eswterikì shmeÐo tou K. Apì to Jeÿrhma 5.1.1, upĹrqei akoloujÐa {x_m}, x_m ∈ Λ_m, me x_m → x. AfoÔ to x eÐnai eswterikì shmeÐo tou K, gia megĹla m to x_m ja eÐnai eswterikì shmeÐo tou K. Autì ìmwc eÐnai Ĺtopo, giatÐ ìla ta Λ_m eÐnai K-apodektĹ. □

To erÿthma to opoÐo prokÔptei apì ta parapĹnw, eÐnai an o lìgoc Δ(K)/|K| eÐnai Ĺnw fragmènoc. O Minkowski [Mi1] isqurÐsthke ìti gia kĹje summetrikì kurtì sÿma K me ìgko |K| < 2ζ(n) = 2(1 + 2^{−n} + 3^{−n} + . . .), upĹrqei K-apodektì plègma Λ me orÐzousa det Λ = 1. Dhladă,

Δ(K) |K| ≤ 1 2ζ(n) . Aută h eikasÐa tou Minkowski apodeÐqjhke to 1944 apì ton Hlawka [Hl]. Thn apìdeixh autoÔ tou jewrămatoc (to opoÐo anafèretai wc Jeÿrhma Minkowski-Hlawka), ja suzhtăsoume sthn epìmenh parĹgrafo.

5.3 To jeÿrhma twn Minkowski kai Hlawka

Ja apodeÐxoume to Jeÿrhma twn Minkowski-Hlawka, gia summetrikĹ kurtĹ sÿmata. To Ðdio apotèlesma isqÔei gia mÐa eurÔterh klĹsh summetrikÿn uposunìlwn tou R^n (ta legìmena astrìmorfa qwrÐa).

Jeÿrhma 5.3.1 ’Estw K summetrikì kurtì sÿma ston R^n . Tìte,

Δ(K) |K| ≤ 1 2ζ(n) . H apìdeixh ja basisteÐ se dÔo genikìtera lămmata gia Riemann-oloklhrÿsimec sunartăseic me sumpagă forèa. To prÿto ofeÐletai stouc Davenport kai Rogers [DR], enÿ to deÔtero eÐnai to basikì lămma tou Hlawka [Hl]:

Lămma 5.3.1 ’Estw f : R^n → R mÐa suneqăc sunĹrthsh pou mhdenÐzetai èxw apì èna fragmèno sÔnolo (èqei sumpagă forèa). Gia kĹje γ ∈ R, orÐzoume

V_f (γ) = ∫_∞ −∞ . . . ∫_∞ −∞ f(x_1, . . . , x_{n−1}, γ)dx_1 . . . dx_{n−1}. ’Estw Λ^′ èna plègma ston R^{n−1} me orÐzousa det Λ^′, kai èstw δ > 0. Gia kĹje y = (y_1, . . . , y_{n−1}) ∈ R^{n−1} , sumbolÐzoume me Λ_y to plègma pou parĹgetai apì ta Λ^′ kai (y, δ). Dhladă, Λ_y = {x + m(y, δ) : x ∈ Λ^′, m ∈ Z}. Tìte, upĹrqei z = (z_1, . . . , z_{n−1}) me thn idiìthta (∗) ∑ x∈Λ_z ,x_n≠0 f(x) ≤ 1 det Λ^′ ∑ i∈Z\{0} V_f (iδ).

Apìdeixh: UpĹrqei antistrèyimoc grammikìc metasqhmatismìc T_0 tou R^{n−1} tètoioc ÿste Λ^′ = T_0(Z^{n−1}). Ton epekteÐnoume se ènan T ∈ GL(n), orÐzontac T (e_n) = e_n. ParathroÔme ìti

V_f (γ) = (det Λ^′)V_{f ∘T} (γ)

kai ∑ x∈Λ_y ,x_n≠0 f(x) = ∑ x∈⟨Z^{n−1},T^{−1}y⟩,x_n≠0 (f ∘ T )(x) ìpou ⟨Z^{n−1}, T^{−1}(y)⟩ to plègma pou parĹgetai apì ton Z^{n−1} kai to T^{−1}(y). An loipìn upojèsoume ìti to Lămma isqÔei sthn perÐptwsh Λ^′ = Z^{n−1}, pernĹme sth genikă perÐptwsh wc exăc: an mĹc dÿsoun f : R^n → R suneqă, me sumpagă forèa, brÐskoume w ∈ R^{n−1} tètoio ÿste ∑ x∈⟨Z^{n−1},(w,δ)⟩,x_n≠0 (f ∘ T )(x) ≤ ∑ i∈Z\{0} V_{f ∘T} (iδ),

kai jètontac z = T_0(w) èqoume ∑ x∈Λ_z ,x_n≠0 f(x) = ∑ x∈⟨Z^{n−1},w⟩,x_n≠0 (f ∘ T )(x) ≤ ∑ i∈Z\{0} V_{f ∘T} (iδ)

= 1 det Λ^′ ∑ i∈Z\{0} V_f (iδ).

MporoÔme loipìn na upojèsoume ìti Λ^′ = Z^{n−1}.

Isqurismìc: IsqÔei h isìthta ∫_1 0 . . . ∫_1 0 ∑ x∈Λ_y ,x_n≠0 f(x) dy_1 . . . dy_{n−1} = ∑ i∈Z\{0} V_f (iδ).

Apìdeixh tou isqurismoÔ: ’Eqoume upojèsei ìti Λ^′ = {(m_1, . . . , m_{n−1}) : m_1, . . . , m_{n−1} ∈ Z}. ’Ara, ∑ x∈Λ_y ,x_n≠0 f(x) = ∑ i≠0 ∑ m_1,...,m_{n−1}∈Z f(m_1 + iy_1, . . . , m_{n−1} + iy_{n−1}, iδ).

KratĹme stajerì to i ∈ Z\{0}, kai jewroÔme to J(i, δ) = ∫_1 0 . . . ∫_1 0 ∑ m_1,...,m_{n−1}∈Z f(m_1 + iy_1, . . . , m_{n−1} + iy_{n−1}, iδ)dy_1 . . . dy_{n−1}. To oloklărwma autì upĹrqei, giatÐ h f eÐnai suneqăc kai èqei sumpagă forèa, opìte to Ĺjroisma pou oloklhrÿnoume eÐnai ousiastikĹ Ĺjroisma peperasmènwn to plăjoc suneqÿn sunartăsewn. KĹnontac thn allagă metablhtăc z_k = iy_k, k = 1, . . . , n − 1, èqoume J(i, δ) = 1 i^{n−1} ∫_i 0 . . . ∫_i 0 ∑ m_1 ,...,m_{n−1}∈Z f(m_1 + z_1, . . . , m_{n−1} + z_{n−1}, iδ)dz_1 . . . dz_{n−1}. ’Omwc, h proc oloklărwsh sunĹrthsh eÐnai periodikă wc proc kĹje mÐa apì tic prÿtec (n − 1) suntetagmènec, me perÐodo 1 (giatÐ, ta m_1, . . . , m_{n−1} diatrèqoun to Z, kai ajroÐzoume wc proc ìlec tic epilogèc touc). ’Epetai ìti J(i, δ) = ∫_1 0 . . . ∫_1 0 ∑ m_1,...,m_{n−1}∈Z f(m_1 + z_1, . . . , m_{n−1} + z_{n−1}, iδ)dz_1 . . . dz_{n−1}

= ∫_∞ −∞ . . . ∫_∞ −∞ f(z_1, . . . , z_{n−1}, iδ)dz_1 . . . dz_{n−1} = V_f (iδ). AjroÐzontac wc proc i ∈ Z\{0}, paÐrnoume to zhtoÔmeno. □ Apì ton isqurismì èpetai Ĺmesa ìti upĹrqoun z_1, . . . , z_{n−1} ∈ [0, 1] tètoia ÿste ∑ x∈Λ_z ,x_n≠0 f(x) ≤ ∑ i∈Z\{0} V_f (iδ),

kai h apìdeixh tou lămmatoc eÐnai plărhc, sÔmfwna me tic arqikèc mac parathrăseic. □

Lămma 5.3.2 ’Estw g : R^n → R Riemann-oloklhrÿsimh sunĹrthsh, me sumpagă forèa, kai èstw ε > 0. Tìte, upĹrqei plègma Λ ston R^n , me orÐzousa det Λ = 1, tètoio ÿste ∑ x∈Λ\{o} g(x) < ∫ R^n g(x)dx + ε.

Apìdeixh: MporoÔme na broÔme suneqă f : R^n → R me sumpagă forèa, tètoia ÿste: f ≥ g pantoÔ, kai ∫ R^n f(x)dx < ∫ R^n g(x)dx + ε 2 . Isqurismìc: An to δ > 0 eÐnai arketĹ mikrì, tìte δ ∑ i≠0 ∫_∞ −∞ . . . ∫_∞ −∞ f(x_1, . . . , x_{n−1}, iδ)dx_1 . . . dx_{n−1} < ∫ R^n f(x)dx + ε 2 .

Apìdeixh tou isqurismoÔ: UpĹrqei kÔboc Q = [−M, M]^n tètoioc ÿste f(x) = 0 an x /∈ Q. H f eÐnai suneqăc sto Q, Ĺra omoiìmorfa suneqăc. UpĹrqei loipìn δ_0 > 0 tètoio ÿste: an 0 < δ < δ_0, tìte ‖x − x^′‖_2 < δ =⇒ |f(x) − f(x^′)| < ε 2(2M)^{n−1}(2M + 2) . ’Estw 0 < δ < min{δ_0, 1}. Jètoume Q_1 = [−M, M]^{n−1} ⊂ R^{n−1} , kai k = [M/δ] + 1. Tìte, ∫ R^n f(x)dx = ∫ Q f(x_1, . . . , x_n)dx_1 . . . dx_n

= k∑ i=1 ∫_{iδ} (i−1)δ ∫ Q_1 f(x_1, . . . , x_{n−1}, x_n)dx_1 . . . dx_n

+ −1∑ i=−k ∫_{(i+1)δ} iδ ∫ Q_1 f(x_1, . . . , x_{n−1}, x_n)dx_1 . . . dx_n, kai δ ∑ i≠0 V_f (iδ) = δ ∑ i≠0 ∫_∞ −∞ . . . ∫_∞ −∞ f(x_1, . . . , x_{n−1}, iδ)dx_1 . . . dx_{n−1}

= δ k∑ i=1 ∫ Q_1 f(x_1, . . . , x_{n−1}, iδ)dx_1 . . . dx_{n−1}

+ δ −1∑ i=−k ∫ Q_1 f(x_1, . . . , x_{n−1}, iδ)dx_1 . . . dx_{n−1}

= k∑ i=1 ∫_{iδ} (i−1)δ ∫ Q_1 f(x_1, . . . , x_{n−1}, iδ)dx_1 . . . dx_n

+ −1∑ i=−k ∫_{(i+1)δ} iδ ∫ Q_1 f(x_1, . . . , x_{n−1}, iδ)dx_1 . . . dx_n. Afairÿntac, blèpoume ìti δ · ∑ i≠0 V_f (iδ) − ∫ R^n f(x)dx

= k∑ i=1 ∫_{iδ} (i−1)δ ∫ Q_1 [f(x_1, . . . , x_{n−1}, iδ) − f(x_1, . . . , x_{n−1}, x_n)]dx_1 . . . dx_{n−1}

+ −1∑ i=−k ∫_{(i+1)δ} iδ ∫ Q_1 [f(x_1, . . . , x_{n−1}, iδ) − f(x_1, . . . , x_{n−1}, x_n)]dx_1 . . . dx_n

< 2kδε(2M)^{n−1} 2(2M)^{n−1}(2M + 2) < ε 2 . □

Epilègoume to δ < δ_0 na eÐnai tìso mikrì ÿste, tautìqrona, na isqÔei ìti f(x) = 0 an |x| ≥ 1/δ^{1/(n−1)}. JewroÔme to plègma

Λ^′ = 1 δ^{1/(n−1)} Z^{n−1} ston R^{n−1} . Tìte, gia kĹje z = (z_1, . . . , z_{n−1}) ∈ R^{n−1} , èqoume det Λ_z = 1.

ParathroÔme ìti x_n ≠ 0 gia kĹje x ∈ Λ_z\{o} me f(x) ≠ 0. Apì to Lămma 5.3.1, upĹrqei z = (z_1, . . . , z_{n−1}) me thn idiìthta ∑ x∈Λ_z \{o} f(x) = ∑ x∈Λ_z ,x_n≠0 f(x)

≤ 1 det Λ^′ ∑ i∈Z\{0} V_f (iδ) = δ ∑ i∈Z\{0} V_f (iδ), kai, qrhsimopoiÿntac ton isqurismì, sumperaÐnoume ìti ∑ x∈Λ_z \{o} f(x) < ∫ R^n f(x)dx + ε 2 . PaÐrnontac upfl ìyin ton trìpo orismoÔ thc f, blèpoume ìti ∑ x∈Λ_z \{o} g(x) < ∫ R^n g(x)dx + ε.

Apì thn kataskeuă, det Λ_z = 1. ’Ara, paÐrnontac Λ = Λ_z èqoume apodeÐxei to Lămma. □

Apìdeixh tou Jewrămatoc Minkowski-Hlawka: ArkeÐ na deÐxoume th sunepagwgă |K| < 2ζ(n) =⇒ Δ(K) ≤ 1. JewroÔme th sunĹrthsh g(x) = ∞∑ i=1 μ(i)χ_K (ix), ìpou μ eÐnai h sunĹrthsh tou Möbius, h opoÐa orÐzetai wc exăc: μ(i) = 1 an i = 1, μ(i) = 0 an upĹrqei prÿtoc p me p^2|i, kai μ(i) = (−1)^k an i = p_1 . . . p_k, ìpou p_j diaforetikoÐ anĹ dÔo prÿtoi.

Gia kĹje plègma Λ, onomĹzoume èna x ∈ Λ\{o} prwtarqikì gia to Λ, an to anoiqtì eujÔgrammo tmăma pou sundèei ta o kai x den perièqei shmeÐo tou Λ. Tìte, an M eÐnai to sÔnolo twn prwtarqikÿn shmeÐwn tou Λ, èqoume ∑ x∈Λ\{o} g(x) = ∑ x∈M ∞∑ j=1 g(jx)

= ∑ x∈M ∞∑ j=1 ∞∑ i=1 μ(i)χ_K (ijx)

= ∑ x∈M ∞∑ k=1 χ_K (kx) ∑ i|k μ(i) = ∑ x∈M χ_K (x),

ìpou qrhsimopoiăsame to gegonìc ìti ∑ i|k μ(k) = 0, k ≥ 2.

H tautìthta aută eÐnai Ĺmesh sunèpeia tou orismoÔ thc μ: an k = p^{a1}_1 . . . p^{as}_s , tìte oi mh mhdenikoÐ ìroi sto parapĹnw Ĺjroisma proèrqontai mìno apì touc eleÔjerouc tetragÿnwn diairètec tou k. Piì sugkekrimèna, ∑ i|k μ(i) = μ(1) + ( s 1 ) (−1)^1 + ( s 2 ) (−1)^2 + . . . ( s s ) (−1)^s = (1 + (−1))^s = 0.

To K eÐnai summetrikì, Ĺra to ∑ x∈Λ\{o} g(x) = ∑ x∈M χ_K (x) eÐnai Ĺrtioc fusikìc ă 0. Apì thn Ĺllh pleurĹ, apì thn upìjesă mac gia ton ìgko tou K, ∫ R^n g(x)dx = ∞∑ i=1 μ(i) ∫ R^n χ_K (ix)dx = ∞∑ i=1 μ(i) |K| i^n = |K| ζ(n) < 2, ìpou qrhsimopoiăsame thn ∫ R^n χ_K (ix)dx = 1 i^n ∫ R^n χ_K (y)dy = |K| i^n , i ∈ N, kai thn tautìthta ζ(n) ∞∑ i=1 μ(i) i^n = (_n ∑ k=1 1 k^n ) (_∞ ∑ i=1 μ(i) i^n )

= ∞∑ l=1 ∑ k·i=l μ(i) l^n = ∞∑ l=1 1 l^n ∑ i|l μ(i) = 1 1^n

= 1.

Apì to Lămma tou Hlawka, gia katĹllhla mikrì ε > 0, upĹrqei plègma Λ tou R^n me orÐzousa det Λ = 1, tètoio ÿste ∑ x∈M χ_K (x) = ∑ x∈Λ\{o} g(x) < ∫ R^n g(x)dx + ε < 2,

to opoÐo shmaÐnei ìti M ∩ K = ∅. AfoÔ to K den perièqei prwtarqikĹ shmeÐa tou Λ, sumperaÐnoume ìti Λ ∩ K = {o}. ’Ara,

Δ(K) ≤ det Λ = 1. □

KefĹlaio 6

Packings thc sfaÐrac

6.1 OrismoÐ

SumbolÐzoume me E_n thn klĹsh ìlwn twn elleiyoeidÿn tou R^n pou den perièqoun sto eswterikì touc kanèna shmeÐo tou Z^n\{o}. To prìblhma pou ja mĹc apasqolăsei se autì to KefĹlaio eÐnai na dojoÔn akribeÐc ektimăseic gia thn posìthta α_n = sup{|E| : E ∈ E_n}. Den eÐnai dÔskolo na deÐ kaneÐc ìti to prìblhma autì eÐnai isodÔnamo me to prìblhma tou upologismoÔ thc krÐsimhc orÐzousac Δ(D_n) thc mpĹlac (to opoÐo suzhtăsame gia genikì summetrikì kurtì sÿma K sto prohgoÔmeno KefĹlaio).

Prìtash 6.1.1 Δ(D_n)α_n = ω_n.

Apìdeixh: UpĹrqei plègma Λ = T (Z^n) to opoÐo eÐnai D_n-apodektì, kai èqei orÐzousa det Λ = det T = Δ(D_n). Tìte, to elleiyoeidèc T^{−1}(D_n) ∈ E_n, Ĺra

α_n ≥ |T^{−1}(D_n)| = ω_n det T = ω_n Δ(D_n) . Gia thn antÐstrofh anisìthta, parathroÔme ìti an E = S(D_n) eÐnai èna elleiyoeidèc pou ikanopoieÐ thn S(D_n) ∩ Z^n = {o}, tìte to plègma Λ = S^{−1}(Z^n) eÐnai D_napodektì. ’Ara, |E| = ω_n det S^{−1} = ω_n det Λ ≤ ω_n Δ(D_n) . ’Epetai ìti α_n = sup{|E| : E ∈ E_n} ≤ ω_n Δ(D_n) , to opoÐo oloklhrÿnei thn apìdeixh. □

MÐa ènnoia pou sundèetai stenĹ me to prìblhma, eÐnai h ènnoia tou packing apì mpĹlec ston R^n . MÐa oikogèneia P = {x_i + rD_n : i ∈ I} apì mpĹlec aktÐnac r > 0, lègetai packing an oi x_i + rD_n èqoun xèna eswterikĹ.

OrÐzoume Ĺnw kai kĹtw puknìthta tou P wc exăc: gia kĹje R > 0, jewroÔme thn RD_n, kai tic x_i + rD_n oi opoÐec tèmnoun thn RD_n. An N(R) eÐnai to plăjoc twn stoiqeÐwn tou {i ∈ I : (x_i + rD_n) ∩ (RD_n) ≠ ∅}, orÐzoume

δ(P ) = lim sup R→∞ N(R)ω_nr^n ω_nR^n kai δ(P ) = lim inf_{R→∞} N(R)ω_nr^n ω_nR^n . Oi arijmoÐ δ(P ) kai δ(P ) eÐnai h Ĺnw kai kĹtw puknìthta tou P , antÐstoiqa. An δ(P ) = δ(P ), tìte aută h koină timă eÐnai h puknìthta δ(P ) tou P .

’Estw Λ èna plègma ston R^n . ’Ena packing me kèntra sto Λ eÐnai èna packing thc morfăc P = {x + rD_n : x ∈ Λ}. Prìtash 6.1.2 ’Estw P = {x + rD_n : x ∈ Λ} èna packing me kèntra sto plègma Λ. Tìte, δ(P ) = ω_nr^n det Λ . Apìdeixh: ’Estw R > 0. To plăjoc N(R) twn x + rD_n, x ∈ Λ, pou tèmnoun thn RD_n, ikanopoieÐ thn anisìthta |RD_n ∩ Λ| ≤ N(R) ≤ |(R + r)D_n ∩ Λ|. ’Ara, |RD_n ∩ Λ| |RD_n| ≤ N(R) |RD_n| ≤ |(R + r)D_n ∩ Λ| |RD_n| . PaÐrnontac ìrio kajÿc R → ∞, kai qrhsimopoiÿntac thn Prìtash 1.2.4, blèpoume ìti 1 det Λ

= lim_{R→∞} N(R) ω_nR^n . ’Ara, upĹrqei to

δ(P ) = lim_{R→∞} N(R)ω_nr^n ω_nR^n = ω_nr^n det Λ . □ OrÐzoume δ_n to supremum twn δ(P ), ìpou P packing me mpĹlec aktÐnac 1 kai kèntra se kĹpoio plègma Λ tou R^n . Tìte,

δ_n = sup_Λ ω_n det Λ , ìpou to sup eÐnai pĹnw apì ìla ta plègmata Λ gia ta opoÐa h oikogèneia P = {x + D_n : x ∈ Λ} eÐnai packing. ParathroÔme ìti èna plègma Λ epidèqetai packing apì mpĹlec aktÐnac 1 an kai mìno an eÐnai 2D_n-apodektì. ’Ara,

(∗) δ_n = ω_n 2^nΔ(D_n) . H (∗) kai h Prìtash 6.1.1 mĹc dÐnoun to exăc:

Jeÿrhma 6.1.1 α_n = 2^nδ_n. □

6.2 H mèjodoc tou Blichfeldt

Sthn prohgoÔmenh parĹgrafo eÐdame ìti α_n = 2^nδ_n. Ja perigrĹyoume thn mèjodo tou Blichfeldt [Bl2] gia thn ektÐmhsh thc δ_n apì pĹnw. Se sunduasmì me thn parapĹnw isìthta, to apotèlesma tou Blichfeldt dÐnei to exăc:

Jeÿrhma 6.2.1 Gia kĹje n ∈ N, isqÔei h anisìthta α_n ≤ n + 2 2 2^{n/2}. H apìdeixh autăc thc anisìthtac basÐzetai se dÔo lămmata.

Lămma 6.2.1 ’Estw D : [0, +∞) → [0, +∞) suneqăc sunĹrthsh, kai t_0 > 0 me thn idiìthta: D(t) = 0, gia kĹje t > t_0. Upojètoume ìti gia kĹje packing P = {x_i + D_n : i ∈ N} tou R^n apì mpĹlec aktÐnac 1, kai gia kĹje y ∈ R^n , isqÔei ∞∑ i=1 D(‖y − x_i‖_2) ≤ 1. Tìte, δ_n ≤ 1 n ∫_{t0} 0 t^{n−1}D(t)dt .

Apìdeixh: ’Estw P èna packing tou R^n apì mpĹlec aktÐnac 1. JewroÔme tuqìn (megĹlo) R > 0. Oi mpĹlec tou P pou tèmnoun thn RD_n eÐnai peperasmènec to plăjoc, kai qwrÐc periorismì thc genikìthtac mporoÔme na upojèsoume ìti eÐnai oi x_i + D_n, i = 1, . . . , N.

JewroÔme thn (R + 1)D_n. AfoÔ (x_i + D_n) ∩ RD_n ≠ ∅, i ≤ N, sumperaÐnoume ìti x_i ∈ (R + 1)D_n, i = 1, . . . , N.

Epomènwc, apì thn upìjesă mac ìti D(t) = 0 an t > t_0, blèpoume ìti: gia kĹje i = 1, . . . , N, èqoume D(‖y − x_i‖_2) = 0 an y /∈ (R + t_0 + 1)D_n. Dhladă, ∫ R^n D(‖y − x_i‖_2)dy = ∫ (R+t_0+1)D_n D(‖y − x_i‖_2)dy, i = 1, . . . , N. Qrhsimopoiÿntac kai thn ∑_∞ i=1 D(‖y − x_i‖_2) ≤ 1, èqoume

ω_n(R + t_0 + 1)^n = ∫ (R+t_0+1)D_n 1dy

≥ ∫ (R+t_0+1)D_n N∑ i=1 D(‖y − x_i‖_2)dy

= N∑ i=1 ∫ (R+t_0 +1)D_n D(‖y − x_i‖_2)dy

= N∑ i=1 ∫ R^n D(‖y − x_i‖_2)dy = N ∫ R^n D(‖w‖_2)dw. UpologÐzoume to teleutaÐo oloklărwma se polikèc suntetagmènec: qrhsimopoiÿntac to gegonìc ìti h D(‖w‖_2) exartĹtai mìno apì to măkoc tou w, kai mhdenÐzetai an ‖w‖_2 > t_0, paÐrnoume ∫ R^n D(‖w‖_2)dw = ∫ S^{n−1} ∫_{t0} 0 t^{n−1}D(t)dtdθ = nω_n ∫_{t0} 0 t^{n−1}D(t)dt, giatÐ to {embadìn} thc S^{n−1} eÐnai Ðso me nω_n. SunduĹzontac ta parapĹnw, paÐrnoume

(R + t_0 + 1)^n ≥ Nn ∫_{t0} 0 t^{n−1}D(t)dt. Upojètoume tÿra ìti to P èqei kèntra se èna plègma Λ. Tìte,

δ(P ) = lim_{R→∞} N(R)ω_n ω_nR^n ≤ lim_{R→∞} ( R + t_0 + 1 R )_n 1 n ∫_{t0} 0 t^{n−1}D(t)dt = 1 n ∫_{t0} 0 t^{n−1}D(t)dt . Apì ton orismì tou δ_n, δ_n ≤ 1 n ∫_{t0} 0 t^{n−1}D(t)dt . □

O Blichfeldt epèlexe katĹllhlh sunĹrthsh D, qrhsimopoiÿntac thn exăc paratărhsh (anisìthta tou Blichfeldt):

Lămma 6.2.2 An y, x_1, . . . , x_m ∈ R^n , tìte m∑ i=1 m∑ j=1 ‖x_i − x_j ‖^2 ≤ 2m m∑ i=1 ‖y − x_i‖^2.

Apìdeixh: ParathroÔme prÿta ìti arkeÐ na apodeÐxoume thn anisìthta sthn perÐptwsh y = 0: (∗) m∑ i=1 m∑ j=1 ‖x_i − x_j ‖^2 ≤ 2m m∑ i=1 ‖x_i‖^2.

(Katìpin efarmìzoume autăn thn eidikă perÐptwsh gia ta o, y − x_1, . . . , y − x_m.)

Gia thn apìdeixh thc (∗), grĹfoume m∑ i=1 m∑ j=1 ‖x_i − x_j ‖^2 = m∑ i=1 m∑ j=1 ( ‖x_i‖^2 − 2⟨x_i, x_j ⟩ + ‖x_j ‖^2 )

= 2m m∑ i=1 ‖x_i‖^2 − 2⟨ m∑ i=1 x_i, m∑ j=1 x_j ⟩

≤ 2m m∑ i=1 ‖x_i‖^2. □

Jeÿrhma 6.2.2 δ_n ≤^{n+2}_2 2^{−n/2}.

Apìdeixh: JewroÔme th sunĹrthsh D(t) = { 1 −^{t2}_2 , 0 ≤ t ≤ √ 2 0 , t > √ 2. ’Estw P = {x_i + D_n : i ∈ I} èna packing tou R^n . Gia kĹje y ∈ R^n , jewroÔme ta x_i gia ta opoÐa ‖y − x_i‖_2 ≤ √ 2. EÐnai fanerì ìti to plăjoc touc eÐnai peperasmèno, mporoÔme loipìn na ta arijmăsoume san x_1, . . . , x_m, ìpou m = m(y). Gia ìla ta upìloipa x_i, èqoume D(‖y − x_i‖_2) = 0, apì ton orismì thc D. ’Ara, ∑ i∈I D(‖y − x_i‖_2) = m∑ i=1 D(‖y − x_i‖_2) = m∑ i=1 ( 1 − ‖y − x_i‖^2 2 ) = m − 1 2 m∑ i=1 ‖y − x_i‖^2.

Apì thn anisìthta tou Blichfeldt, qrhsimopoiÿntac kai to gegonìc ìti ‖x_i−x_j ‖_2 ≥ 2 an i ≠ j, paÐrnoume m∑ i=1 ‖y − x_i‖^2 ≥ 1 2m m∑ i=1 m∑ i=1 ‖x_i − x_j ‖^2 ≥ 1 2m 4m(m − 1) = 2(m − 1).

’Ara, ∑ i∈I D(‖y − x_i‖_2) ≤ m − 1 2 2(m − 1) = 1.

UpologÐzoume to

∫^√_2 0 t^{n−1}(1 − t^2/2)dt = [ t^n n − t^{n+2} 2(n + 2)

]^√_2 0 = 2^{n/2} n − 2^{n/2} n + 2 = 2 n(n + 2) 2^{n/2}. AfoÔ h D ikanopoieÐ tic upojèseic tou Lămmatoc 6.2.1, sumperaÐnoume ìti δ_n ≤ 1 n ∫^√_2 0 t^{n−1}(1 − t^2/2)dt = n + 2 2 2^{−n/2}. □

AfoÔ α_n = 2^nδ_n, h apìdeixh tou Jewrămatoc 6.2.1 eÐnai plărhc.

6.3 Elleiyoeidă qwrÐc akèraia shmeÐa

Se autăn thn parĹgrafo exetĹzoume to antÐstrofo prìblhma: na brejeÐ elleiyoeidèc me ìso gÐnetai megalÔtero ìgko, to opoÐo den perièqei akèraia shmeÐa sto eswterikì tou. To kalÔtero gnwstì apotèlesma ofeÐletai ston K. Ball [Ba], kai qrhsimopoieÐ to Lămma tou Bang [Ban]:

Lămma 6.3.1 ’Estw x_1, . . . , x_m monadiaÐa dianÔsmata ston R^n , kai w_1, . . . , w_m jetikoÐ pragmatikoÐ arijmoÐ. UpĹrqei epilogă prosămwn ε_1, . . . , ε_m ∈ {−1, 1}, tètoia ÿste to u = ∑_m i=1 ε_iw_ix_i na ikanopoieÐ tic |⟨u, x_i⟩| ≥ w_i, i = 1, . . . , m. Apìdeixh: Gia kĹje ε = (ε_1, . . . , ε_m) ∈ {−1, 1}^m, jètoume u(ε) = ∑_m i=1 ε_iw_ix_i.

Epilègoume ekeÐno to u = u(ε^∗) pou èqei to megalÔtero măkoc (an upĹrqoun perissìtera apì èna tètoia u(ε), epilègoume opoiodăpote apì autĹ).

Gia kĹje j = 1, . . . , m, orÐzoume

u_j = u(ε^∗) − 2ε^∗_j w_j x_j .

KĹje u_j eÐnai thc morfăc u(ε), me ε_i = ε^∗_i an i ≠ j, kai ε_j = −ε^∗_j . ’Ara,

‖u(ε^∗)‖^2 ≥ ‖u_j ‖^2 = ‖u(ε^∗) − 2ε^∗_j w_j x_j ‖^2 = ‖u(ε^∗)‖^2 − 4w_j ε^∗_j ⟨u(ε^∗), x_j ⟩ + 4w^2_j ‖x_j ‖^2.

’Epetai ìti |⟨u(ε^∗), x_j ⟩| ≥ ε^∗_j ⟨u(ε^∗), x_j ⟩ ≥ 4w^2_j ‖x_j ‖^2 4w_j = w_j ,

gia kĹje j = 1, . . . , m. □ H akribăc diatÔpwsh tou jewrămatoc tou Ball eÐnai h exăc:

Jeÿrhma 6.3.1 Gia kĹje ε > 0 upĹrqei elleiyoeidèc E ston R^n pou den perièqei shmeÐa tou Z^n\{o}, kai èqei ìgko |E| > 2(n − 1) − ε. Apìdeixh: JewroÔme thn klĹsh ìlwn twn elleiyoeidÿn thc morfăc E_R = {x ∈ R^n : ⟨u, x⟩^2 + ‖x‖^2 ≤ R^2}, u ∈ R^n , R > 0. Gia kĹje R > 0, prospajoÔme arqikĹ na broÔme u = u_R ∈ R^n , tètoio ÿste to E_R na mhn perièqei akèraia shmeÐa ektìc apì to o. Dhladă, zhtĹme gia kĹje z ∈ Z^n\{o} na isqÔei ⟨u, z⟩^2 + ‖z‖^2 ≥ R^2.

H anisìthta aută ikanopoieÐtai profanÿc an ‖z‖_2 ≥ R. Periorizìmaste loipìn sta 0 < ‖z‖_2 < R, kai zhtĹme

|⟨u, z ‖z‖_2 ⟩| ≥ √ R^2 ‖z‖^2 − 1.

Jètoume w_z = √ (R/‖z‖_2)^2 − 1, kratĹme èna mìno z̃ apì ta ±z gia kĹje 0 < ‖z‖_2 < R, kai efarmìzoume to Lămma tou Bang: upĹrqoun ε_{z̃} ∈ {−1, 1}, tètoia ÿste |⟨ ∑ z̃ ε_{z̃}w_{z̃} z̃ ‖z̃‖_2 , z̃ ‖z̃‖_2 ⟩ ≥ w_{z̃} , 0 < ‖z‖_2 < R.

IsodÔnama, upĹrqoun ε_z ∈ {−1, 1}, tètoia ÿste to diĹnusma

u = u(R) = 1 2 ∑ 0<‖z‖_2<R ε_zw_z z ‖z‖_2 na ikanopoieÐ tic |⟨u, z ‖z‖_2 ⟩| ≥ w_z, 0 < ‖z‖_2 < R. Gifl autăn thn epilogă tou u èqoume exasfalÐsei ìti E_R ∩ Z^n = {o}. Gia ton upologismì tou ìgkou tou E_R, qreiazìmaste mÐa ektÐmhsh gia to măkoc tou u. Gia to skopì autì, jewroÔme to monadiaÐo diĹnusma θ sth dieÔjunsh tou u. An K(R) eÐnai to măkoc tou u, èqoume K(R) = ‖u‖_2 = ⟨u, θ⟩ = 1 2 ∑ 0<‖z‖_2<R ε_z ⟨z, θ⟩ ‖z‖_2 w_z

≤ 1 2 ∑ 0<‖z‖_2<R |⟨z, θ⟩| ‖z‖_2 √ R^2 ‖z‖^2 − 1 =: K̃(R).

Jètoume v = z/R. Tìte,

K̃(R) = 1 2 ∑ v∈^1_R Z^n∩D_n\{o} |⟨v, θ⟩| ‖v‖_2 √ 1 ‖v‖^2 − 1.

Kajÿc to R → ∞, to parapĹnw Ĺjroisma (pollaplasiasmèno epÐ R^{−n}) eÐnai èna Ĺjroisma Riemann gia to 1 2 ∫ D_n |⟨v, θ⟩| ‖v‖_2 √ 1 ‖v‖^2 − 1dv. Dhladă, lim_{R→∞} K̃(R) ω_nR^n = 1 2ω_n ∫ D_n |⟨v, θ⟩| ‖v‖_2 √ 1 ‖v‖^2 − 1dv. Gia ton upologismì tou teleutaÐou oloklhrÿmatoc, paÐrnoume polikèc suntetagmènec: lim_{R→∞} K̃(R) ω_nR^n = nω_n 2ω_n ∫ S^{n−1} ∫_1 0 |⟨ϕ, θ⟩|ρ^{n−1} √ 1 ρ^2 − 1dρσ(dϕ) = n 2 ∫ S^{n−1} |⟨ϕ, θ⟩|σ(dϕ) · ∫_1 0 ρ^{n−2} √ 1 − ρ^2dρ. ParathroÔme ìti to prÿto oloklărwma eÐnai anexĹrthto tou θ ∈ S^{n−1}. MporoÔme loipìn na upojèsoume ìti θ = e_1. GrĹfoume ∫ D_n |z_1|dz = nω_n ∫ S^{n−1} |⟨ϕ, e_1⟩|σ(dϕ) · ∫_1 0 ρ^ndρ = nω_n n + 1 ∫ S^{n−1} |⟨ϕ, e_1⟩|σ(dϕ), kai ∫ D_n |z_1|dz = 2 ∫_1 0 ω_{n−1}t(1 − t^2)^{(n−1)/2}dt, opìte, ∫ S^{n−1} |⟨ϕ, θ⟩|σ(dϕ) = 2ω_{n−1} ∫_1 0 t(1 − t^2)^{(n−1)/2}dt (nω_n)/(n + 1) = 2(n + 1)ω_{n−1} nω_n [ − 1 n + 1

(1 − t^2)^{(n+1)/2}

]_1 0 = 2ω_{n−1} nω_n . Tèloc, ∫_1 0 ρ^{n−2} √ 1 − ρ^2dρ = 1 2 ∫_1 0 t^{n−12 −1}(1 − t)^{32 −1}dt = Γ((n − 1)/2)Γ(3/2) 2Γ((n + 2)/2) .

PaÐrnontac upfl ìyin thn ω_k = π^{k/2}/Γ((k/2) + 1), katalăgoume sthn lim_{R→∞} K̃(R) ω_nR^n = 2ω_{n−1} nω_n Γ(^{n−1}_2 )^{√π}_2 Γ(^n_2 ) = 2 n π^{(n−1)/2}Γ(^n_2 + 1) π^{n/2}Γ(^{n−1}_2 + 1)

Γ(^{n−1}_2 )^{√π}_2 2Γ(^n_2 ) = 1 2(n − 1) . Autì shmaÐnei ìti, gia megĹla R, ω_nR^n K̃(R) > 2(n − 1) − ε 2 . ParathroÔme epÐshc ìti lim K̃(R) = +∞, alliÿc ja eÐqame lim_{R→∞} K̃(R) ω_nR^n = 0.

Apì thn Ĺllh pleurĹ, o ìgkoc tou E_R eÐnai Ðsoc me ton ìgko tou E^′_R = {x ∈ R^n : ⟨K(R)e_1, x⟩^2 + ‖x‖^2 ≤ R^2}, o opoÐoc upologÐzetai eÔkola: to E^′_R èqei (n − 1) hmiĹxonec Ðsouc me R, kai ènan Ðso me R/ √ 1 + K^2(R). ’Ara, |E_R| = ω_nR^n √ 1 + K^2(R) ≥ ω_nR^n √ 1 + K̃^2(R) , to opoÐo gia megĹla R eÐnai megalÔtero apì ω_nR^n K̃(R) − ε 2 > 2(n − 1) − ε. ’Etsi, èqoume apodeÐxei ìti upĹrqoun elleiyoeidă qwrÐc mh tetrimmèna akèraia shmeÐa, ta opoÐa èqoun ìgko osodăpote kontĹ sto 2(n − 1). □ ’Amesh sunèpeia eÐnai to akìloujo kĹtw frĹgma gia to α_n:

Jeÿrhma 6.3.2 Gia kĹje n ∈ N, α_n ≥ 2(n − 1). □

Parathrăseic (a) Meletÿntac mìno ta prwtarqikĹ shmeÐa tou Z^n kai qrhsimopoiÿntac th sunĹrthsh tou Möbius ìpwc sthn apìdeixh tou Jewrămatoc Minkowski- Hlawka, mporeÐ kaneÐc na apodeÐxei kĹti lÐgo isqurìtero: α_n ≥ 2(n − 1)ζ(n). (b) Sthn kateÔjunsh tou Jewrămatoc tou Blichfeldt, to kalÔtero gnwstì apotèlesma eÐnai autì twn Kabatjanskii kai Levenstein [KL]: α_n ≤ (1.32)^n ≃ 2^{[0.401+on(1)]n}.

76

KefĹlaio 7

Anhgmènec bĹseic

7.1 To prìblhma

Sthn apìdeixh tou Jewrămatoc Epilogăc tou Mahler, qrhsimopoiăsame to exăc jeÿrhma:

Jeÿrhma 7.1.1 Gia kĹje n ∈ N upĹrqei stajerĹ C(n) > 0 pou ikanopoieÐ to exăc: An Λ eÐnai èna plègma ston R^n , tìte upĹrqei bĹsh A = {u_1, . . . , u_n} tou Λ me thn idiìthta_n ∏ i=1 ‖u_i‖_2 ≤ C(n) det Λ.

Tètoiec bĹseic onomĹzontai anhgmènec. To genikì prìblhma thc {anagwgăc} diatupÿnetai wc exăc: DÐnetai èna plègma Λ ston R^n , kai zhtĹme ènan algìrijmo o opoÐoc na prosdiorÐzei mÐa bĹsh {u_1, . . . , u_n} tou Λ (anhgmènh bĹsh), h opoÐa na èqei {kalèc} gewmetrikèc ă arijmhtikèc idiìthtec.

To prìblhma autì apasqìlhse touc Lagrange, Seeber, Gauss, Dirichlet, Hermite, Korkin kai Zolotarev, kai Ĺllouc. Sunăjwc h prospĹjeia ătan na brejeÐ bĹsh tou Λ h opoÐa na ikanopoieÐ frĹgma thc morfăc n∏ i=1 ‖u_i‖_2 ≤ C(n) det Λ,

gia mÐa ìso gÐnetai kalÔterh stajerĹ C(n). AxÐzei na anafèroume dÔo tètoiouc {algìrijmouc anagwgăc}:

(a) Anagwgă katĹ Minkowski. PaÐrnoume san u_1 to diĹnusma u ∈ Λ\{o} pou èqei to mikrìtero măkoc: ‖u_1‖_2 = min{‖u‖_2 : u ∈ Λ\{o}}.

An ta u_1, . . . , u_k èqoun epilegeÐ, to u_{k+1} epilègetai ètsi ÿste to {u_1, . . . , u_{k+1}} na eÐnai prwtarqikì sÔnolo (blèpe KefĹlaio 1), kai to u_{k+1} na èqei to mikrìtero dunatì măkoc. Me autìn ton trìpo orismoÔ twn u_i, mporeÐ kaneÐc na apodeÐxei ìti C(n) ≤ ( 4 π )_{n/2} Γ ( n + 1 2 ) ( 3 2 )^{(n−1)(n−2)}_2 . (b) Anagwgă katĹ Korkin-Zolotarev. ’Opwc prÐn, u_1 eÐnai mh mhdenikì diĹnusma tou Λ pou èqei elĹqisto măkoc. An ta u_1, . . . , u_k èqoun epilegeÐ, to u_{k+1} epilègetai ètsi ÿste na elaqistopoieÐ thn probolă ston ⟨u_1, . . . , u_k⟩^⊥ anĹmesa se ìla ta v ∈ Λ gia ta opoÐa to {u_1, . . . , u_k, v} eÐnai prwtarqikì sÔnolo. O Schnorr [Sc] apèdeixe ìti, se autăn thn perÐptwsh, C(n) ≤ n^n, to opoÐo eÐnai kai to kalÔtero apotèlesma gia thn C(n) (pĹnw apì ìlec tic gnwstèc mejìdouc anagwgăc).

Den eÐnai gnwstì an o algìrijmoc twn Korkin kai Zolotarev [KZ] ekteleÐtai se poluwnumikì qrìno. Sthn epìmenh paragrafo ja parousiĹsoume ton algìrijmo twn Lenstra, Lenstra kai Lovász: o algìrijmoc autìc xekinĹei me tuqoÔsa bĹsh tou plègmatoc kai thn metasqhmatÐzei se anhgmènh. Den dÐnei tìso isqură ektÐmhsh gia thn C(n), eÐnai ìmwc polÔ qrăsimoc stic efarmogèc, giatÐ apaiteÐ O(n^4s) arijmhtikèc prĹxeic, ìpou s to mègisto măkoc (se yhfÐa) twn suntetagmènwn twn dianusmĹtwn thc arqikăc bĹshc.

7.2 O algìrijmoc twn Lenstra, Lenstra kai Lovász

Se autăn thn parĹgrafo parousiĹzoume ton algìrijmo anagwgăc twn Lenstra, Lenstra kai Lovasz [LLL]. Gia thn perigrafă tou algorÐjmou ja qreiastoÔme thn orjogwniopoÐhsh Gram-Schmidt:

’Estw u_1, . . . , u_n grammikÿc anexĹrthta dianÔsmata ston R^n . OrÐzoume orjogÿnia dianÔsmata w_1, . . . , w_n anadromikĹ, wc exăc: Jètoume w_1 = u_1, kai

(∗) w_k = u_k − k−1∑ j=1 ⟨u_k, w_j ⟩ ⟨w_j , w_j ⟩ w_j , k = 2, . . . , n. EÔkola elègqoume ìti ta w_1, . . . , w_n eÐnai anĹ dÔo kĹjeta, kai ⟨w_1, . . . , w_k⟩ = ⟨u_1, . . . , u_k⟩, k = 1, . . . , n. Eidikìtera, kĹje u_i grĹfetai sth morfă

u_i = w_i + i−1∑ j=1 a_{ij} w_j gia kĹpoiouc a_{ij} ∈ R, j = 1, . . . , i − 1.

Parathrăseic (a) Ta parallhlepÐpeda pou orÐzontai apì ta {u_1, . . . , u_n} kai {w_1, . . . , w_n} èqoun ton Ðdio ìgko:

| det(u_1, . . . , u_n)| = | det(w_1, . . . , w_n)| = n∏ j=1 ‖w_j ‖_2.

(b) An j < i kai t ∈ R, tìte ta dianÔsmata u_1, . . . , u_{i−1}, u_i − tu_j , . . . , u_n eÐnai grammikÿc anexĹrthta, kai to sÔnolo dianusmĹtwn pou prokÔptei me orjogwniopoÐhsh Gram-Schmidt apì autĹ, eÐnai pĹli to {w_1, . . . , w_n}.

(g) An antimetajèsoume ta u_i, u_{i+1}, an dhladă jewrăsoume to sÔnolo dianusmĹtwn

u^′_1 = u_1, . . . , u^′_{i−1} = u_{i−1}, u^′_i = u_{i+1}, u^′_{i+1} = u_i, . . . , u^′_n = u_n,

tìte to sÔnolo dianusmĹtwn {w^′_1, . . . , w^′_n} pou prokÔptei me thn orjogwniopoÐhsh Gram-Schmidt apì ta u^′_j ikanopoieÐ tic

w^′_1 = w_1, . . . , w^′_{i−1} = w_{i−1}, w^′_{i+2} = w_{i+2}, . . . , w^′_n = w_n.

Dhladă, an kĹpoia apì ta w_j metablhjoÔn, autĹ ja eÐnai mìno ta w_i, w_{i+1}.

Oi isqurismoÐ (a)-(g) prokÔptoun Ĺmesa apì thn (∗).

Orismìc ’Estw Λ èna plègma ston R^n , {u_1, . . . , u_n} bĹsh tou Λ, kai {w_1, . . . , w_n} h orjogwniopoÐhsh Gram-Schmidt thc bĹshc. Gia kĹje u ∈ R^n , grĹfoume u(i) gia thn orjogÿnia probolă tou u ston upìqwro ⟨w_j : j ≥ i⟩. Eidikìtera, u_i(i) = w_i, i = 1, . . . , n. Lème ìti h bĹsh {u_1, . . . , u_n} eÐnai LLL-anhgmènh an ikanopoieÐ ta exăc:

(a) Gia kĹje i ≤ n, sthn anĹlush

u_i = w_i + i−1∑ j=1 a_{ij} w_j

tou u_i èqoume |a_{ij} | ≤ 1/2, j = 1, . . . , i − 1. (b) Gia kĹje i = 1, . . . , n,

‖u_i(i)‖^2 = ‖w_i‖^2 ≤ 4 3 ‖u_{i+1}(i)‖^2 = 4 3 ‖w_{i+1} + a_{i+1,i}w_i‖^2.

Jeÿrhma 7.2.1 KĹje plègma Λ ston R^n èqei mÐa LLL-anhgmènh bĹsh.

Apìdeixh: XekinĹme me tuqoÔsa bĹsh {u_1, . . . , u_n} tou Λ, kai ekteloÔme ta exăc bămata:

Băma 1: JewroÔme thn orjogwniopoÐhsh Gram-Schmidt {w_1, . . . , w_n} kai elègqoume an isqÔei h sunjăkh (a).

An upĹrqoun suntelestèc a_{ij} me |a_{ij} | > 1/2 sthn (∗), epilègoume zeugĹri (i, j) me |a_{ij} | > 1/2 kai to j mègisto. JewroÔme ton plhsièstero proc ton a_{ij} akèraio t_{ij} , kai tropopoioÔme th bĹsh, paÐrnontac ta dianÔsmata u_1, . . . , u_{i−1}, u^′_i = u_i − t_{ij} u_j , u_{i+1}, . . . , u_n. H orjogwniopoÐhsh twn u^′_j eÐnai ta w_j , kai tÿra

u^′_i = w_i + i−1∑ j=1 a^′_{ij} w_j , me a^′_{ij} = a_{ij} − t_{ij} , dhladă |a^′_{ij} | ≤ 1/2. EpanalambĹnontac autăn th diadikasÐa to polÔ (_n 2 ) forèc, paÐrnoume mÐa nèa bĹsh {u_1, . . . , u_n} tou Λ, h orjogwniopoÐhsh thc opoÐac ikanopoieÐ to (a).

Băma 2: ’Estw i ≤ n (to elĹqisto dunatì) gia to opoÐo den ikanopoieÐtai h sunjăkh (b). MetabĹlloume th bĹsh antimetajètontac ta u_i kai u_{i+1}:

u^′_1 = u_1, . . . , u^′_{i−1} = u_{i−1}, u^′_i = u_{i+1}, u^′_{i+1} = u_i, u^′_{i+2} = u_{i+2}, . . . , u^′_n = u_n.

Tìte, gia thn orjogwniopoÐhsh w^′_j twn u^′_j èqoume

u^′_i(i) = u_{i+1}(i), u^′_{i+1}(i) = u_i(i),

dhladă ikanopoieÐtai h (b).

SuneqÐzoume thn ektèlesh autÿn twn dÔo bhmĹtwn ìso eÐnai dunatìn. An kĹpoia stigmă den mporoÔme na ektelèsoume kanèna apì ta dÔo, tìte autì shmaÐnei ìti èqoume katalăxei se LLL-anhgmènh bĹsh tou Λ. Autì pou prèpei na deÐxoume eÐnai ìti o algìrijmoc pou perigrĹyame ja termatÐsei opwsdăpote.

Gia to skopì autì, jewroÔme thn posìthta D(u_1, . . . , u_n) = n∏ i=1 ‖w_i‖^{n−i+1} 2 , ìpou {w_1, . . . , w_n} eÐnai h orjogwniopoÐhsh thc bĹshc sthn opoÐa briskìmaste th dedomènh stigmă. To Băma 1 den metabĹllei thn posìthta D(u_1, . . . , u_n) giatÐ afănei analloÐwth thn orjogwniopoÐhsh thc bĹshc. ArkeÐ loipìn na exetĹsoume th metabolă pou prokaleÐ h ektèlesh tou Bămatoc 2. To băma autì metabĹllei ta dianÔsmata w_i, w_{i+1}, Ĺra D(u^′_1, . . . , u^′_n) D(u_1, . . . , u_n) = ‖w^′_i‖^{n−i+1} 2 ‖w^′_{i+1}‖^{n−i}_2 ‖w_i‖^{n−i+1} 2 ‖w_{i+1}‖^{n−i}_2 . Isqurismìc: IsqÔoun oi anisìthtec ‖w^′_i‖_2 ‖w_i‖_2 = ‖w_{i+1}‖_2 ‖w^′_{i+1}‖_2 < √ 3 2 .

Apìdeixh tou isqurismoÔ: Gia thn prÿth anisìthta parathroÔme ìti, afoÔ ekteloÔme to Băma 2, èqoume

‖u_i(i)‖^2 = ‖w_i‖^2 > 4 3 ‖u_{i+1}(i)‖^2 = 4 3 ‖w_{i+1} + a_{i+1,i}w_i‖^2.

Me thn antimetĹjesh ìmwc twn u_i, u_{i+1}, ja èqoume w^′_i = u^′_{i+1}(i + 1) = u_i(i + 1), Ĺra ‖w^′_i‖^2 = ‖u^′_{i+1}(i + 1)‖^2 = ‖u_i(i + 1)‖^2 < 3 4 ‖w_i‖^2.

Gia th deÔterh anisìthta, jewroÔme to didiĹstato upìqwro H = ⟨w_i, w_{i+1}⟩. ParathroÔme ìti ta dianÔsmata w_i = u_i(i) = u^′_{i+1}(i), w_{i+1}, w^′_i = u_{i+1}(i), kai w^′_{i+1} anăkoun ston H. Ta orjogÿnia trÐgwna ow_{i+1}w^′_i kai ow_iw^′_{i+1} eÐnai ìmoia, Ĺra

‖w^′_{i+1}‖_2 ‖w_i‖_2 = ‖w_{i+1}‖_2 ‖w^′_i‖_2 , apfl ìpou èpetai ìti ‖w^′_{i+1}‖_2 ‖w_{i+1}‖_2 = ‖w_i‖_2 ‖w^′_i‖_2 . □ Qrhsimopoiÿntac ton isqurismì, blèpoume ìti D(u^′_1, . . . , u^′_n) D(u_1, . . . , u_n) = ‖w^′_i‖^{n−i+1} 2 ‖w^′_{i+1}‖^{n−i}_2 ‖w_i‖^{n−i+1} 2 ‖w_{i+1}‖^{n−i}_2 = ‖w^′_i‖_2 ‖w_i‖_2 < √ 3 2 , dhladă, kĹje forĹ pou ekteloÔme to Băma 2, h D(u_1, . . . , u_n) meiÿnetai {gewmetrikĹ}.

Isqurismìc: Jètoume λ = min{‖u‖_2 : u ∈ Λ\{o}}. Se kĹje băma, isqÔei h anisìthta D(u_1, . . . , u_n) ≥ c, ìpou c = c(λ, n) > 0.

Apìdeixh tou isqurismoÔ: ’Estw Λ_k to plègma pou parĹgetai apì ta u_1, . . . , u_k. H mpĹla aktÐnac λ ston upìqwro ⟨u_1, . . . , u_k⟩ den perièqei mh mhdenikì shmeÐo tou Λ_k, opìte to prÿto jeÿrhma tou Minkowski mĹc dÐnei

ω_kλ^k ≤ 2^k det Λ_k = 2^k k∏ i=1 ‖w_i‖_2. PollaplasiĹzontac katĹ mèlh, paÐrnoume D(u_1, . . . , u_n) = n∏ i=1 ‖w_i‖^{n−i+1} 2 = n∏ k=1 det Λ_k

≥ n∏ k=1 ω_kλ^k 2^k = ( λ 2 )_{n(n+1)/2 n}∏ k=1 ω_k. □ Autì shmaÐnei ìti den mporeÐ na sumbeÐ epfl Ĺpeiron epanĹlhyh tou Bămatoc 2.

An D_0 eÐnai h arqikă timă thc D(u_1, . . . , u_n), tìte metĹ apì m epanalăyeic tou Bămatoc 2, ja èqoume D(u_1, . . . , u_n) < D_0 (√ 3 2 )_m < c an to m uperbeÐ kĹpoio m_0. Dedomènou ìti èqoume kai èna Ĺnw frĹgma gia to plăjoc twn allagÿn bĹshc se kĹje efarmogă tou Bămatoc 1, mporoÔme na dÿsoume Ĺnw frĹgma gia to plăjoc twn allagÿn bĹshc pou apaitoÔntai gia ton termatismì tou algorÐjmou. Autì oloklhrÿnei thn apìdeixh tou jewrămatoc. □ DeÐqnoume tÿra ìti kĹje LLL-anhgmènh bĹsh ikanopoieÐ anisìthta thc morfăc n∏ i=1 ‖u_i‖_2 ≤ C(n) det Λ.

Ja qreiastoÔme èna lămma:

Lămma 7.2.1 ’Estw Λ èna plègma ston R^n , {u_1, . . . , u_n} tuqoÔsa bĹsh tou Λ, kai {w_1, . . . , w_n} h orjogwniopoÐhsh Gram-Schmidt thc bĹshc. Tìte, min{‖u‖ : u ∈ Λ\{o}} ≥ min{‖w_1‖_2, . . . , ‖w_n‖_2}. Apìdeixh: ’Estw u ∈ Λ\{o}. To u grĹfetai sth morfă u = k∑ i=1 λ_iu_i ìpou λ_k ∈ Z\{0} kai k ≤ n. GnwrÐzoume ìti

u_i = w_i + i−1∑ j=1 a_{ij} w_j , i ≤ n, Ĺra u = k∑ i=1 β_iw_i, kai β_k ∈ Z, β_k ≠ 0. Apì thn kajetìthta twn w_i paÐrnoume ‖u‖^2 = β^2_1 ‖w_1‖^2 + . . . + β_k‖w_k‖^2 ≥ ‖w_k‖^2, dhladă, ‖u‖_2 ≥ min{‖w_1‖_2, . . . , ‖w_n‖_2}. □

Jeÿrhma 7.2.2 ’Estw Λ plègma ston R^n , kai {u_1, . . . , u_n} mÐa LLL-anhgmènh bĹsh tou Λ. Tìte,

(a) ‖u_1‖_2 ≤ 2^{(n−1)/2} min{‖u‖_2 : u ∈ Λ\{o}}. (b) ‖u_1‖_2 ≤ 2^{(n−1)/4}(det Λ)^{1/n}. (g) ‖u_1‖_2 . . . ‖u_n‖_2 ≤ 2^{12} (^{n2}) det Λ.

Apìdeixh: (a) Ja deÐxoume ìti (∗) ‖u_1‖_2 ≤ 2^{(i−1)/2}‖w_i‖_2, i = 1, . . . , n. Tìte, ‖u_1‖_2 ≤ min{2^{(i−1)/2}‖w_i‖_2, i ≤ n} ≤ 2^{(n−1)/2} min{‖w_i‖_2, i ≤ n}, kai o isqurismìc èpetai apì to Lămma 7.2.1. Gia thn apìdeixh thc (∗), parathroÔme ìti h bĹsh mac ikanopoieÐ tic sunjăkec (a) kai (b) tou orismoÔ thc LLL-anhgmènhc bĹshc, Ĺra ‖w_i‖^2 ≤ 4 3 ‖w_{i+1} + a_{i+1,i}w_i‖^2 = 4 3 ‖w_{i+1}‖^2 + 4 3 a^2_{i+1,i}‖w_i‖^2 ≤ 4 3 ‖w_{i+1}‖^2 + 1 3 ‖w_i‖^2, epomènwc, ‖w_{i+1}‖^2 ≥ (1/2)‖w_i‖^2. PollaplasiĹzontac katĹ mèlh kai paÐrnontac upfl ìyin thn w_1 = u_1, paÐrnoume (∗∗) ‖w_i‖^2 ≥ 2^{1−i}‖w_1‖^2 = 2^{1−i}‖u_1‖^2. (b) PollaplasiĹzontac thn (∗∗) katĹ mèlh, èqoume

‖u_1‖^{2n}_2 ≤ n∏ i=1 2^{i−1} n∏ i=1 ‖w_i‖^2 = 2^{n(n−1)/2}(det Λ)^2

giatÐ det Λ = | det(u_1, . . . , u_n)| = | det(w_1, . . . , w_n)| = n∏ i=1 ‖w_i‖_2. Autì apodeiknÔei to (b).

(g) Qrhsimopoiÿntac th sunjăkh (a) tou orismoÔ thc LLL-anhgmènhc bĹshc, èqoume

‖u_i‖^2 = ‖w_i‖^2 + i−1∑ j=1 a^2_{ij} ‖w_j ‖^2 ≤ ‖w_i‖^2 + 1 4 i−1∑ j=1 ‖w_j ‖^2

≤ ‖w_i‖^2 + i−1∑ j=1 2^{j−1}‖w_i‖^2 = 2^{i−1}‖w_i‖^2, kai, pollaplasiĹzontac katĹ mèlh, paÐrnoume n∏ i=1 ‖u_i‖^2 ≤ 2^{n(n−1)/2} n∏ i=1 ‖w_i‖^2 = 2(^{n2})(det Λ)^2. □

BibliografÐa

[Bar] A. Barvinok, Lattice Points in Geometry, Combinatorics and Optimization, Lecture Notes, 1996.

[Ca] J.W.S. Cassels, An introduction to the Geometry of Numbers, Springer-Verlag, Berlin, 1959.

[EGH] P. Erdös, P.M. Gruber and J. Hammer, Lattice Points, Longman Scientific & Technical, Essex, 1989.

[Gr] P.M. Gruber, Geometry of Numbers, Handbook of Convex Geometry, North- Holland, Amsterdam (1993), 739-763.

[GL] P.M. Gruber and C.G. Lekkerkerker, Geometry of numbers, North-Holland Math.

Library 37, North-Holland, Amsterdam, 1987.

[PA] J. Pach and P.K. Agarwal, Combinatorial Geometry, John Wiley & Sons, New York, 1995.

[Ro] C.A. Rogers, Packing and Covering, Cambridge University Press, Cambridge, 1964.

[Sie] C.L. Siegel, Lectures on the Geometry of Numbers, Springer-Verlag, Berlin, 1989. [Z] C. Zong, Sphere packings, Universitext, Springer-Verlag, New York, 1999. ¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨¨�

[Ba] K.M. Ball, A lower bound for the optimal density of lattice packings, Internat.

Math. Res. Notices 10 (1992), 217-221.

[Ban] T. Bang, A solution of the Plank problem, Proc. Amer. Math. Soc. 2 (1951), 990-993.

[Bl1] H.F. Blichfeldt, A new principle in the geometry of numbers, with some applications, Trans. Amer. Math. Soc. 15 (1914), 227-235.

[Bl2] H.F. Blichfeldt, The minimum value of quadratic forms and the closest packing of spheres, Math. Ann. 101 (1929), 605-608.

[vdC] J.G. van der Corput, Verallgemeinerung einer Mordellschen Beweismethode in der Geometrie der Zahlen II, Acta Arithm. 2 (1936), 145-146.

[Di] G.L. Dirichlet, Über die Reduktion der positiven quadratischen Formen mit drei unbestimmten ganzen Zahlen, J. reine angew. Math. 40 (1850), 209-227.

[DR] H. Davenport and C.A. Rogers, Hlawka’s theorem in the geometry of numbers, Duke Math. J. 14 (1947), 367-375.

[Es] T. Estermann, Note on a theorem of Minkowski, J. London Math. Soc. 21 (1946), 179-182.

[Ga] C.F. Gauss, Recursion der “Untersuchungen über die Eigenschaften der positiven ternären quadratischen Formen” von Ludwig August Seeber, J. reine angew. Math. 20 (1840), 312-320.

[Ha] G. Hajos, Ein neuer Beweis eines Satzes von Minkowski, Acta Litt. Sci. (Szeged) 6 (1934), 224-225.

[Her] C. Hermite, Première lettre à M. Jacobi, Oeuvres I, Paris, Gauthier-Villars (1905), 100-121.

[Hl] E. Hlawka, Zur Geometrie der Zahlen, Math. Zeitschr. 49 (1943), 285-312. [J] F. John, Extremum problems with inequalities as subsidiary conditions, Courant Anniversary Volume, Interscience, New York (1948), 187-204.

[KL] G.A. Kabatjanski and V.I. Levenstein, Bounds for packing on a sphere and in space, translated in Problems of Information Transmission 14 (1978), 1-17.

[KZ] A. Korkin and G. Zolotarev, Sur les formes quadratiques, Math. Annalen 5 (1873), 366-389.

[LLL] A.K. Lenstra, H.W. Lenstra Jr. and L. Lovász, Factoring polynomials with rational coefficients, Math. Annalen 261 (1982), 515-534.

[Mah1] K. Mahler, Ein Übertragungsprinzip für konvexe Körper, Casopis Pest. Mat. Fyz.

68 (1939), 93-102.

[Mi1] H. Minkowski, Über die positiven quadratischen Formen und über kettenbruchähnliche Algorithmen, Gesammelte Abhandlungen I (1911), 243-260.

[Mi2] H. Minkowski, Geometrie der Zahlen, Leipzig-Berlin 1896 and 1910, Chelsea 1953. [Mor] L.J. Mordell, On some arithmetical results in the geometry of numbers, Compositio Math. 1 (1934), 248-253.

[Sc] C.P. Schnorr, A hierarchy of polynomial time lattice basis reduction algorithms, Theoret. Comput. Sci. 53 (1987), 201-224.

[Si] C.L. Siegel, Über Gitterpunkte in konvexen Körpern und ein damit zusammenhängendes Extremalproblem, Acta Math. 65 (1935), 307-323.