UNIVERSITY OF CRETE

MASTER’S THESIS

Integrability of Hamiltonian
Systems by Thimm’s Method

Author: et
Yiorgos Vlahakis
Athanassopoulos

School of Science

Department of Mathematics and Applied Mathematics
September 2025






Integrability of Hamiltonian Systems by Thimm’s
Method

Yiorgos Vlahakis






Preface

A Hamiltonian system is called (completely) integrable if it admits a maximal num-
ber of independent first integrals in involution. By a classical theorem of Liouville,
the Hamiltonian differential equations can then be solved by quadratures and ac-
cording to Arnold’s theorem the orbits on an invariant torus, which is a regular
level of the collective momentum map, are the orbits of a constant vector field. The
integrable Hamiltonian systems are rare, a fact that had been recognised already
by H. Poincaré. The interest to find classes of integrable Hamiltonian systems had
almost vanished from his time until the 70’s, when is was found that certain PDEs,
such as for instance the Kortweg-de Vries equation, can be considered as infinite
dimensional integrable Hamiltonian systems.

This work is devoted to the detailed presentation of a method devised by A.
Thimm for proving integrability of interesting Hamiltonian systems. The first such
class are the geodesic flows of Riemannian manifolds. The method requires a suffi-
ciently large Lie group of symmetries of the system and can be described briefly as
follows. Suppose that we have a Poisson action (e.g. strongly Hamiltonian action)
of a Lie group G on a symplectic manifold M with corresponding momentum map
w: M — g*. If fis a G-invariant Hamiltonian, then for every smooth function h on
g*, the function h o p is a first integral of the Hamiltonian vector field X (equiva-
lently Poisson commutes with f). If hy, hy are two such functions, then hy o p and
hs o p Poisson commute. In this way one obtains a large class of first integrals in
involution, which however may not be independent.

Thimm’s method is based on a particular construction of first integrals by pro-
jecting the momentum map to non-degenerate subalgebras g’ of g with respect to
an Adg-invariant, non-degenerate, symmetric bilinear form B on g and composing
with Ad-invariant functions on g’ (identifying g* with g via B). If g; and g are
two such subalgebras with [g1, g2] C g2, then the corresponding first integrals are in
involution. This holds in particular if g; C g, and we are thus led to consider chains
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of subalgebras to obtain a family of first integrals in involution. Under certain
circumstances this may lead to dim M /2 independent first integrals and so to inte-
grability of X;. This is Thimm’s method.

In the case of geodesic flows it is reasonable to consider Riemannian manifolds
with large isometry groups such as Riemannian homogeneous spaces. The difficult
part in order to prove integrability is to prove independence of the first integrals.
As an illustrating example, we present in full detail the integrability of the geodesic
flows of (real) Grassmann manifolds.



Thimm’s method has been conceptualized by V. Guillemin and S. Sternberg.
Using variations of the method G.P. Paternain and R.J. Spatzier found further
examples of manifolds with integrable geodesic flows.
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Chapter 1

Symplectic Geometry

1.1 Symplectic manifolds

In this introductory chapter we recall some basic notions and facts of Symplectic
Geometry. Details can be found in [1], [2], [4], [7], [10].

A symplectic form on a (real) vector space V' of finite dimension is a non-
degenerate, skew-symmetric, bilinear form w : V' x V' — R. This means that the
map @ : V' — V* defined by ©(v)(w) = w(v, w) for v, w € V, is a linear isomorphism.
The pair (V,w) is then called a symplectic vector space. By Cartan’s lemma if V' is
a vector space of dimension n and w is a skew-symmetric, bilinear form on V' with
w # 0, then the rank of @ is even. Moreover if dimw (V') = 2k, there exists a basis
1112, 1% of &(V) such that

k
> TN

j=1
For the proof see [1] at page 21. So if (V,w) is a sympletic vector space of dimension
2n, there exists a basis (aq, ..., a, by, ...b,) of V* such that

w= ap N by.
k=1

Example 1.1.1. Let W be a vector space of dimension n. On W x W* consider
the skew-symmetric, bilinear form w defined by

w((w,a), (w',a)) =d(w) — a(w).

If now @(w,a) = 0, then 0 = w((w,a), (w',0)) = —a(w') for every w' € W. Thus
a = 0. Similarly, 0 = w((w,a),(0,d’)) = a'(w) for every a' € W*. Hence w = 0.
This shows that (W x W* w) is symplectic vector space.

Let (V,w) be a symplectic vector space. A complex structure on V is a linear

automorphism J : V — V such that J? = —id. It is said to be compatible with the
symplectic structure if it preserves w and w(v, J(v)) > 0 for all non-zero v € V.
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CHAPTER 1. SYMPLECTIC GEOMETRY

Theorem 1.1.2. On every symplectic vector space (V,w) there erxists a compati-
ble complex structure J and a positive define inner product g given by the formula
g(u,v) =w(u, J(v)) for every u, v e V.

Proof. (See [1], page 25). O

A symplectic manifold is a pair (M,w), where M is a smooth manifold and w
is a closed 2-form on M such that (7,M,w,) is a symplectic vector space for p € M.
Necessarily then M is even dimensional and if dimM = 2n, then %w" is a volume
2n-form on M. '

A smooth map f : (M,w) — (M’ ') between symplectic manifolds is called
symplecticif f*w' = w. If f is also a diffeomorphism, it is called symplectomorphism.

Example 1.1.3. For every positive integer n, the space R*" is a symplectic manifold,
by considering on each tangent space T,R?*" = R?" the canonical symplectic vector
space structure. If dot, da?, ..., dx™, dy', dy?, ...dy" are the canonical basic differential
1-forms on R?", then the canonical symplectic manifold structure is defined by the

2-form .
> dat Ady'.
=1

Example 1.1.4. Another simple example is the 2-sphere with its standard area
2-form w given by the formula w,(u,v) = (z,u x v) for u, v € T,5* and z € S?
where x denotes the exterior product in R®. With this area 2-form the total area
of S? is 4w. More generally , let M C R3 be an oriented surface. The Gauss map
N : M — S? associates to every z € M the outward unit normal vector N (z) LT, M.
Then, as in the case of S?, the formula w,(u,v) = (N(z),u x v) for u, v € T,M
defines a symplectic 2-form on M.

Example 1.1.5. The basic example of a symplectic manifold is the cotangent
bundle T*M of any smooth n-manifold M with the symplectic 2-form w = —d#,
where 6 is the Liouville canonical 1-form on T*M which is defined by 6,(v) =
a(Tva(v)) for v € T,(T*M) and a € T*M, where m,q : To(T*M) — Tr(oyM is the
derivative at a of the cotangent bundle projection 7 : T*M — M. Then locally 6 is
given by the formula

6|loca11y = szdqz and W|locally = Z dql A dpz
=1

i=1

Compare with Example 1.1.1 and 1.1.3.

Definition 1.1.6. An almost symplectic structure on a smooth manifold M of di-

mension 2n is a non-degenerate, smooth 2-form on M. An almost complex structure
on M is a smooth bundle endomorphism J : TM — TM such that J? = —id.

There are vector bundle obstructions for a compact manifold to be symplectic.
This is due to the following.

14



CHAPTER 1. SYMPLECTIC GEOMETRY

Proposition 1.1.7. A smooth manifold M of dimension 2n has an almost complex
structure if and only if it has an almost symplectic structure.

Proof. (See [1], page 35). O

Let (M,w) be a symplectic manifold of dimension 2n. The tangent bundle of
M can be considered as a complex vector bundle of complex dimension n to which
correspond Chern classes ¢, € H?*(M;Z), 1 < k < n. The Chern classes are
related to the Pontryagin classes of the tangent bundle of M through polynomial
(quadratic) equations, which can serve as obstructions to the existence of a sym-
plectic structure on M, since not every compact, orientable, smooth 2n-manifold
has cohomology classes satisfying these equations. For instance, using these equa-
tions and Hirzebruch’s Singnature Theorem, one can show that the connected sum
CP?#CP? cannot be a symplectic manifold.

Even though we have defined the symplectic structure in analogy to the Riem-
manian structure, their local behaviour differs drastically.

Theorem 1.1.8. (Darboux) Let wy and wy be two symplectic 2-forms on a smooth
2n-manifold M and p € M. If wo(p) = wi(p), there exists an open neighbourhood
U of pin M and a diffeomorphism F : U — F(U) C M, where F(U) is an open
neighbourhood of p, such that F(p) = p and F*w; = wy.

Proof. (See [1], page 41). O

Corollary 1.1.9. Let (M,w) be a symplectic 2n-manifold and p € M. There exists
an open neighbourhood of p and a diffeomorphism F : U — F(U) C R®*" such that

wly = F*(Z dz' A dy').

i=1

Proof. (See [1], page 42). O

This shows that in symplectic geometry there are no local invariants, in contrast
to pseudo-Riemannian geometry, where there are highly non-trivial local invariants.
In other words, the study of symplectic manifolds is of global nature.

1.2 Hamiltonian systems

Let (M,w) be a symplectic 2n-manifold. A smooth vector field X on M is called
Hamiltonian if there exists a smooth function H : M — R such that ixw = dH.
In other words,

wy(Xp, vp) = vp(H)

for every v, € T,M and p € M. We usally write X = Xy and obviously Xy =
o Y(dH). Since Lxw = d(ixw) = 0, the flow of X consists of symplectomorphisms.

15



CHAPTER 1. SYMPLECTIC GEOMETRY

If M = T*R" = R?" with the canonical symplectic 2-form
w=Y dq' Adp;,
i=1

) = dp; and & ( ) = —dq'. Thus,

" (O0H 9 OH 9
X — ~ _1 - — - ., — = .
H = (l 1 dpz> ; (apl aq@ aqz apz>

So the integral curves of Xy are the solutions of Hamilton’s differential equations

,_oH . OH .
= i = — =, <i<n.
! Ip;’ P oq’

we have w(

According to Darboux’s theorem, this is true locally, with respect to suitable local
coordinates on every symplectic 2n-manifold.
Two elementary properties of Hamiltonian vector fields are the following.

Proposition 1.2.1. The smooth function H : M — R is a first integral of the
Hamiltonian vector field Xy .

Proof. Indeed Xy (H) = dH(Xy) = w(Xy, Xy) =0. O
Proposition 1.2.2. Let (M, w;) and (My,ws) be two symplectic manifolds. A dif-

feomorphism f @ My — My is symplectic if and only if f.(Xnor) = Xu for every
open set U C My and smooth function H : U — R.

Proof. (See [1], page 46). O
If (M, w) is a symplectic manifold and F, G € C°°(M), then the smooth function
{F, G} = ngiXFW c COO(M>

is called the Poisson bracket of F' and GG. From Proposition 1.2.2 we obtain the
following.

Corollary 1.2.3. Let (M, w;) and (Ms,ws) be two symplectic manifolds. A diffeo-
morphism f : My — My is symplectic if and only if

for every open set U C My and F, G € C>*(U).
Proof. (See [1], page 47). O
Corollary 1.2.4. Let X be a complete Hamiltonian vector field with flow (¢¢)ier

on a symplectic manifold M. Then ¢i{F,G} = {¢;(F), ¢;(G)} for every F', G €

C>®(M). If X is not complete, the same is true on suitable open sets. [
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CHAPTER 1. SYMPLECTIC GEOMETRY

Corollary 1.2.5. Let X be a complete Hamiltonian vector field with flow (¢;)ier
on a symplectic manifold (M,w). Then

X{FvG}:{X(F>7G}+{F7X(G)}

for every F, G € C*(M). If X is not complete, the same is true on suitable open
sets.

Proof. (See [1], page 48). O

It is obvious that for a symplectic manifold (M, w) the Poisson barcket
{,} : C®°(M) x C*(M) = C*(M)

is bilinear and skew-symmetric. From Corollary 1.2.5 follows that it satisfies the
Jacobi identity. Indeed if F, G, H € C*°(M) then

{F, G} = (ix,w)(Xe) = dF(X¢) = Xo(F)
and thus {{F,G}, H} = Xy({F,G}). Consequently,
{{FvG}>H} = {XH(F)>G}+{F>XH(G)} = {{F’H}’G}+{F7{G>H}}

This is the Jacobi identity and so (C*(M),{, }) is a Lie algebra.
There is a Leibniz formula for the product of two smooth functions with respect
to the Poisson bracket, because if F, G, H € C*°(M), then

(F-G,H}Y=Xp(F-G)=F - Xy(G)+G-Xy(F)=F -{G,H}+ G- {F, H}.

Proposition 1.2.6. Let Xy be a Hamiltonian vector field with flow ¢; on a sym-
plectic manifold M. Then

d
E(Fogbt):{Fogbt,H}:{F,H}Oth

for every F' € C>(M).

Proof. By the chain rule, for every p € M we have

L (F o d)(p) = (dF)(4(p) Xra (4(p)) = (F. H}(&n(p))

dt
= {F © ¢t7 Ho (bt}(p) = {F © ¢t7H}<p)7
since H is a first integral of Xy. U

Corollary 1.2.7. A smooth function F' : M — R on a symplectic manifold M is
a first integral of a Hamiltonian vector field Xy on M if and only if {F, H} = 0. O

Let h(M,w) denote the linear space of the hamiltonian vector fields of the sym-
plectic manifold (M, w).

17



CHAPTER 1. SYMPLECTIC GEOMETRY

Proposition 1.2.8. If X, Y € h(M,w), then [ X,Y]| = —X,(x,v). In particular,
(Xr, Xg| = =X(rqy for every F, G € C>*(M).

Proof. Indeed, i[xy] = [Lx,iy] and therefore
Z.[X7y]w = Lx(iyw) — iy(LXw) = d(ixiyw) + Zx(d(lyw)) -0

= d(w(X,Y)) + 0 = —ix, W

Since w is non-degenerate the result follows. [J

It follows that h(M,w) is a Lie subalgebra of the Lie algebra of smooth vector
fields of M.

1.3 The geodesic flows of pseudo-Riemannian man-
ifolds as Hamiltonian systems

Newtonian mechanical systems with potential energy on pseudo-Riemannian man-
ifolds are classical examples of Hamiltonian systems. A special case is that of the
geodesic field where the potential energy is zero.

Let (M, g) be a n-dimensional pseudo-Riemannian manifold with metric g. There
is a natural bundle isomorphism £ : TM — T*M, such that if v € T, M then L(v)
is the linear form on T, M defined by L(v)(w) = g.(v,w). The inner product g,
on T, M is thus transfered to an inner product g on 7M. If in local coordinates
the matrix of g is G = (g;;), then in the dual local coordinates the matrix of ¢g* is
G~! = (¢g¥). If 0 is the standard differential form of Liouville and w = —d# is the
standard symplectic 2-form on T*M, then L*w = —d(L*0) is a symplectic 2-form
on T'M.

Definition 1.3.1. A Newtonian mechanical system on the pseudo-Riemannian
manifold (M, g) is the Hamiltonian vector field Xz on TM with Hamilitonian func-
tion of the form

B(v) = 39(v,) + V(x(v)

where V' : M — R is a smooth function, called the potential energy, and = : T'M —
M is the tangent bundle projection.

We shall find Hamilton’s equations of motion for a Newtonian mechanical system
on a pseudo-Riemannian manifold. First we must find local expressions for £*0 and
L*w. Let (U,q',...,q") be a system of local coordinates on M. Since L(z,v) =
(x, g:(v,+)), its Jacobian is

DL(z,0) = ( %gf?v,~> 5l )

or explicitly
u

DL(z,v) ( Z} ) = ( (L gu(v, ))u+ gol-, w) ) .

18



CHAPTER 1. SYMPLECTIC GEOMETRY

It follows that
« 0
(L70) 20y (u, w) = Op(a0) (1, (a—xgx(v, N+ gu (-, w)) = gu(v, 1),

This means that if (¢!,...,¢",v!,...,v") are the corresponding local coordinates of
7 1(U), then on 7~1(U) we have

L0 = Z gijvjdqi
ij=1
and therefore
Lo = Zn: giidg' A dv’ + Zn: % ~vldg' A dg”.
ij=1 ! ig,k=1 0"

Note that the local coordinates on 7! (U) are not Darboux. Next we have

n

Z 891] vivldg® + Z G0 do® —1—2 dq ,

zgk 1
and
. % 0 gz] 7 agk] j
ixz L w(% ngjdv (Xg) + Z v dq'(Xg) — Z d¢'(Xg),
j=1 i,7=1
ix, L w(w) = Zgikdq (Xg), 1<k<n.

i=1

If I is an open interval, then (¢*(t),...,q"(t),v*(t),...,v"(¢)), t € I, is an integral
curve of Xp if and only if it is a solution of the system of differential equations

Z gind' = Z gikv'
i=1 j=1

k
0i; . .; 8g 4 1 0g;; o oV
_ngjvj+z .7] _ kjg :EZ J ]+6k’ 1<k<n.

i,j= 1 i,j=1

It is obvious that the first n equations are equivalent to ¢ = v*, 1 < i < n. The rest
of them can be written

igkj@j:__z gzyzj Z gzj]z Zagk’]]z_g_:];’ 1<k<n.
j=1

i,7=1 INES 1 i,7=1
or equivalently, since G is symmetric,

n

@k — Xn:gkl Z agl] z j Z agl] j i V; Z UZUJ ngl aql,
=1

7,]1 ljl 4,j=1

19



CHAPTER 1. SYMPLECTIC GEOMETRY

where Ffj are the Christofell symbols, because

1 dg;  Ogu 0gij
rk — 2 Kl i i _ 99
%) 2 Z 9 ( aqz + aqj aql

=1

and thus

- o "o g 10gi\ .
E:r’?.HZE:E:kl 293t Z2Ji ) g
ij=1 L ij=1 1:19 (aqZ 2 0q' oY

So Hamilton’s differential equations can be written locally

* =",
vk:—ZFZ—vv]—nga—qi, 1<k<n,
ij=1 =1

which are equivalent to the system of second order differential equations

n

b NS i 6%
q’“+2f5qlqﬂ=—§jg“a—qi, 1<k<n.

i,j=1 i=1

These calculations prove the following.

Proposition 1.3.2. A smooth curve v : I — M in a pseudo-Riemannian manifold
M is the projection of an integral curve in T M of the Newtonian mechanical system
with potential energy V : M — R if and only if

Viy = —gradV.

The mechanical system with potential energy V' = 0 of a pseudo-Riemannian
manifold M is the geodesic vector field of M. The metric on M is by definition
geodesically complete if the geodesic vector field is complete on T'M and so defines
a flow, called geodesic flow of M. The projected curves on M of the integral curves
of the geodesic vector field are the geodesics.

1.4 Coadjoint orbits

Let G be a Lie group with Lie algebra g and identity element e. The action of
G on itself by conjugation, i.e. ¥,(h) = ghg™', g € G, fixes e and induces the
adjoint linear representation Ad : G — Aut(g) defined by

AQ(X) = ()(X) = | glexptx)g

20
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Example 1.4.1. The Lie group SO(3,R) is compact, connected and its Lie algebra
50(3,R) is isomorphic to the Lie algebra of skew-symmetric linear maps of R3 with
respect to the Lie bracket [A, B] = AB — BA, A, B € R3*3,

On the other hand, the map ~ : R® — s0(3,R) defined by

0 —7Us3 (%)
U= Us 0 —U1
—UV2 (%1 0

where v = (vy, v, v3), is a linear isomomprhism and 9-w = vxw, for every v, w € R3.
This actually characterizes ~. So we have

(G0 —tu)w = t(vxw)—o(uxw) = ux (VXw)—vX (uXw) = (uxXv)Xw = (u X v)w.

Thus, ~ is a Lie algebra isomorphism of the Lie algebra (R3, x) onto s0(3,R). Using
this isomorphism one can describe the exponential map of SO(3,R).

Let w € R3 w # 0 and {ey,es,e3} be an orthonormal basis of R? such that
e; = w/ ||w||. The matrix of @ with respect to this basis is

0 0 O
w=|w|l 00 —1
01 0

For t € R let v(t) be the rotation around the axis determined by w through the
angle t ||w||, that is

1 0 0
v(#t)=1 0 cost|w| —sint]|wl]
0 sintljw| cost|wl|
Then,
0 0 0
O = 0 —lwlsin ¢ fwl} —lwl|cot t[lw] | = 5(#)@ = (Lya)er (@) = Xa(3(1)),
0 [lwllcos tllwll  —llwllsin ¢ Jw]

where L. ;) denotes the left translation on SO(3,R) by v(t) and X, the left invariant
vector field on SO(3,R) corresponding to w. In other words, v is an integral curve
of X with (0) = I3. It follows that exp(tw) = ~(¢) for every t € R.

For every A € SO(3,R) and v € R® we have now

d d
Ady(0) = 7 Alexp(tt)) A~ = 7 Ay(t) ATt = Ay(0)0 A~ = ApA™.
=0 =0

Thus,
Ad(D)w = AD(A'w) = A(v x A 'w) = Av x w

for every w € R3, since detA = 1. Hence Ad4(d) = Av and identifying R3 with
s50(3,R) via — we conclude that Ady = A.

Let now ad= (Ad).. : g — T.Aut(g) = End(g), that is

d
adX = (Ad)*e(X) = % Adexp(tX)
t=0

21
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for every X € g. If we denote by X the left invariant vector field corresponding to
X and (¢y)er its flow, then for every Y € g = Tyg we have

d d
adX<Y) = % - Adexp(tX) (Y) = % o <wexp(tX))*e(Y)
d d
= E (Rexp(—tX) o Lexp(tX))*e(Y) = E (Rexp(—tX))*exp(tX) o (Lexp(tX))*e<Y>
t=0 t=0
d d
=2 | Bepon)epnn(Ye(exp(tX)) = 2 1 (d-t)wue)(Yr(dile) = [X, Y],
t=0 t=0

since ¢4(g) = gexp(tX) = Rexptx) = Rexp(tx)(g) for every g € G, where R denotes
right translation.

As usual, the adjoint representation induces a representation Ad* : G — Aut(g*)
on the dual of the Lie algebra defined by Adj(a) = aoAdy-1, a € g*, which is called
the coadjoint representation of G.

Example 1.4.2. Continuing from Example 1.4.1 we shall describe the coadjoint
representation of SO(3,R). The transpose of the linear isomorphism ~ induces an
isomorphism from s0(3,R)* to (R*)* and the latter can be identified naturally with
R? via the euclidean inner product. The composition of these two isomorphisms gives
a way to identify s0(3,R)* with R?® and then, for v, w € R? we have *(w) = (v, w),
where 0* is the dual of ¥ and ( , ) is the euclidean inner product. Now

Ady(0%) (@) = 0*(Ada—1 (@) = (v, A" 'w) = (Av,w),

for every A € SO(3,R), since the transpose of A is A7'. This shows that Ad% = A
via the above identification. Note that the orbit of the point ¢* € s0(3, R)* = R? is
the set {Av | A € SO(3,R)}, which is the sphere of radius ||v|| centered at 0.

The orbit O, of ;1 € g* under the coadjoint representation is an immersed sub-
manifold of g*, since the action is smooth. If G, is the isotropy group of p, then
the map Ad*(p) : G/G, — O, taking the coset gG,, to o Ad,-1 is a well defined,
injective, smooth immersion of the homogeneous space G/G,, onto O, C g*. If the
Lie group G is compact, then O, is an embedded submanifold of g* and the above
map an embedding. If however G is not compact, O, may not be embedded.

Lemma 1.4.3. If u € g*, then the tangent space of O, is

1,0, ={poadx | X € g}.

Proof. Let 7 : R — G be a smooth curve with 4(0) = X. For instance, let v(t) =
exp(tX), in which case v(t)™! = exp(—tX). Then pu(t) = o Adyy-1 is a smooth
curve with values in O, C g* and p(0) = p. If Y € g, then pu(t)(Y) = p(Ad,p-1(Y))
for every t € R and differentiating at 0 we get

P (0)(Y) = pladx)(Y) = —p(adx (Y)),

taking into account the natural identification 7),g* = g*. [
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Example 1.4.4. In the case of the Lie group SO(3,R), for every v, w € R® =
50(3,R) and p € R® 2 50(3,R)* we have

plads (@) = (1,0 x w) = (0 x v,w).

It follows that 7,0, = {u x v | v € R3}, which is indeed the orthogonal plane to y,
i.e. the tangent plane of the sphere of center 0 and radius ||u|| at pu.

The proof of Lemma 1.4.3 shows that for every X € g, the fundamental vector
field X4+ of the coadjoint action induced by X is given by the formula

d N
XQ* (,LL) 1 Adexp(tX) (N) = —po adx.

- dt |,
Obviously, 7,0, = {Xg(p) | X € g}. Note that if X, X' € g are such that
Xy () = Xg-(n), then

—u([X,Y]) = Xg- () (V) = X () (V) = —p([X", Y])

for every Y € g. So there is a well defined 2-form w™ on the coadjoint orbit O = O,
such that

wy, (Xg= (1), Y (1)) = —p([X, Y])
for every 4 € O and X, Y € g, which is called the Kirillov 2- form on O.

The Kirillov 2-form w™ is non-degenerate, because if w™ (X g« (1), Yy« (1)) = 0 for
every Yy« (p) € 1,0, then Xy (p)(Y) = —p([X,Y]) = 0 for every Y € g. This means
Xg«(pt) = 0. In order to prove that w™ is symplectic, it remains to show that it is
closed.

We first note that Ady[X,Y] = [Ad,(X),Ady(Y)] for every X, Y € gand g € G.
It is also true that (Ady(X))g = Adj o Xg- 0 Adj-1 X € gand g € G. Indeed, if we
let v: R — G be a smooth curve with 4(0) = X, for instance y(¢) = exp(tX), then

Ady(X) = gv(t)g

t=0

4
dt

and therefore,

d “ . %
AAdg’y(t)g_1 (M) = % (Adg © Ad’y(t) © Adg—l)(:u>

t=0

(Ady(X))g- ) =

= (Ad} o Xg- 0 Ad} 1) ().

Based on that we can see that the Kirillov 2-form is Ad*-invariant, since if we
let p € g* and v = Ad; (), g € G, then (Ady(X))g-(v) = Ady(Xg-(p)). Thus, for
every X, Y € g we have

((Ad;)*w_)u(Xg*(N)7 Yg*(ﬂ)) = W;((Adg(X))g* (v), (Adg<y))g*(V))
= —V([Ady(X), Ady(Y)]) = —v(Ady[X,Y]) = —p([X, Y]) = w,, (X (1), Yo+ (1))

For every v € g* we have a well defined 1-form v, on G such that

(vL)g = v o (Ly-1). € THG.
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Moreover, vy, is left invariant, because for every h € G we have
(Lh)(vr)g = (VL) Ly, © (Ln)sg = v 0 ((Lg=1p-1)shg © (Ln)xg)

=1V o0 (Lg—lhfl @) Lh)*g = l/L<g).

Obviously, ix, vy, is constant and equal to v(X) for every X € g.

Let v € O and ¢, : G — O be the submersion ¢,(g) = Ad;(v). The 2-form

o = ¢,w” on G is left invariant, beacause

14

Lo = (ppoLy)'w™ = (Ad; °0¢,)w = gbZ((Ad;)*w_) =¢iw =0
for every g € G, since w™ is Ad*-invariant and ¢, o L, = Adj o ¢,.
Lemma 1.4.5. For every X, Y € g we have 0(Xp,Y.) = —vp([ Xz, Y1)).

Proof. First we observe that
(¢I/w_)5(X7 Y) = wl/_<<¢V)*€(X)7 (¢V)*6(Y)) = w_(XE* (V)> Yﬁ* (l/)) = _V([X7 Y])
Therefore,
o(Xp, Yi)(e) = (dyw™)e(X,Y) = —v([X,Y]) = —vi([XL, Yi])(e).

Since the smooth functions o (X, Yr), —v([X.,Yz]) : G — R are left invariant and
take the same value at e, they must be identical. [l

Note that

(dve)( X, Ye) = Xp(ve(Yr)) = Yo (vo(Xp)) — v([Xe, Yi]) = —vi([Xz, Yi)),

because the functions vy (Y,) = iy, vy and v (X ) = ix, v are constant.
Lemma 1.4.6. The 2-form o is exact and o = dvy,.

Proof. Since o is left invariant, for any two smooth vector fields X, ¥ on G we have

o(X,Y)(9) = (Ly-10)g(X(9), Y (9)) = 0e((Lg-1)4g(X(9)), (Lg—1)g (Y (9)))
=0o(X'L,Y'L)(e) (setting X' = (L,-1).(X(g)) and similarly for Y')
= (dv)(X, Yi)(€) = (dvn)g((Lg)ee(X'), (Lg)we(Y"))
= (dv)4(X(9),Y(9)) = (dvi)(X,Y)(g). O

Proposition 1.4.7. The Kirillov 2-form w™ on O is closed and therefore symplec-
tic.

Proof. By Lemma 1.4.6. d(¢}w™) = do = d(dv)) = 0. Hence ¢} (dw™) = 0. But ¢}

is injective, since ¢, is a submersion. It follows that dw™ =0. O
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In particular every orbit of the coadjoint action of a Lie group G on its dual Lie
algebra g* has even dimension.

We shall end this section with an illustrating example.

Example 1.4.8. As we saw in Example 1.4.2. if u € s0(3,R)* = R?, then O,
is the sphere centered at 0 with radius ||u||. Let v, w € s0(3,R) & R3. Then
vgs = p x v € 7,0, and wgs = pp X w € T,0,. Hence the Kirillov 2-form on O, is
given by the formula

w, (Vgs, wgs) = — (1, v X w).

Since O, is a sphere, its area element is given by the formula
dA(v,w) = (N,v X w),

where N is the outer unit normal vector. It follows that

1 1
dA(pxv, pxw) = <mu, (1 xv) x (px w)> = <mu, (ks e X wy v — (p x w>u>
= —|[ull (v, p x w) = —[[p]| (1, v x w).
This shows that ]
w- = ——-dA.
[l

1.5 Poisson manifolds

In this section we shall describe a generalization of the symplectic structure in order
to include the dual Lie algebras. A Poisson algebra is a triple (A, {, },) where the
pair (A, {,}) is a Lie algebra, while at the same time A is a commutative ring with
a unit element and multiplication -, such that we have a Leibniz formula

for every f, g, h € A. If (M,w) is a symplectic manifold, then (C*>°(M),{,},")
is a Poisson algebra, where {,} is the Poisson bracket with respect to w and - is
the usual multiplication of functions. A map ¢ : A — B of Poisson algebras is
called a homomorphism if it is a Lie algebra homomorphism and a homomorphism
of commutative rings with unit element.

The Leibniz formula says that for every f € A the linear map ad; : A — A with
ads(g) = {g, f} is a derivation. It is called the Hamiltonian derivation defined
by f. The element f € A is called a Casimir if {f,g} = 0 for every g € A. For
example, the unit 1€ A is a Casimir element, since

{(Ly={f1-1}=1-{f;1}+1-{f,1} =2{f,1} =0

for every f € A. A Poisson algebra A is called non-degenerate if every Casimir
element of A is of the form ¢ -1, ¢t € R.
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A Poisson manifold is a smooth manifold M together with a Poisson structure
on the ring of smooth functions C*>°(M). So the Poisson structure on M is completely
determined by the Lie-Poisson bracket {,} on C*(M). If (U,z,...,2") is a chart
on M, since ad; is a derivation of C*°(M), it is a smooth vector field on M. So,

- 0
adsly =Y {a*, Fraw
k=1

For every f, g € C*°(M) we have

< 99 dg of 9y
(o1 Ho = 34 P = = 2t = > (et ok 2

Ji,k=1

It follows that the Poisson structure on M is determined by a contravariant, skew-
symmetric 2-tensor W, which is called the structural tensor of the Poisson structure.
For every p € M, the skew-symmetric, bilinear form W), : T>M x T*M, — R is de-
termined by the structural matrix ({z7, 2%})1<; r<n. Its rank is called the rank of the
Poisson structure at p.

Proposition 1.5.1. The Poisson structure of a Poisson manifold M is defined by a
symplectic structure on M if and only if the structural matriz is invertible at every
point of M.

Proof. (See [1], pages 78-79). O

Example 1.5.2. Let (g,[,]) be a (real) Lie algebra of finite dimension n and g* be
its dual. Since g has finite dimension, the double dual g** is naturally isomorphic
to g and so their elements can be identified. For f, g € C*(g*) let {f, g} € C*>(g*)

be defined by
{fs g} (w) = pldf (1), dg(p)]

for u € g*. Tt is obvious that the {, } is bilinear and skew-symmetric. Moreover, the
Leibniz formula holds, since it holds for d. In order to have a Poisson manifold, it
remains to verify the Jacobi identity. If {zi,...,2,} is a basis of g, then zy,...,x,
can be considered as (global) coordinate functions on g*. If f, g € C*°(g*), then

of o0
(o} =Y fray 2L 2

2,j=1

Since {z;, z;} (1) = pldx;(p), dr;(p)] = plz;, ;] for every p € g*, it follows from the
Jacobi identity on g, that is also holds for {, } on the set {z1,...,z,}. In general, if
fy g, h € C>*(g*) we have that

o e e} = 3 o, g

k=1

=3 (o o a ot Z{xk,%}{ i)

k=1
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and so

Hfghht = Z {{x,,gcj},;z:k}a_xZ e

i k=1

T S D U A KLU

,7,k=1 el
Cyclically,
3f dg  Oh
{{g7 h} f} _1;1{{1'],]}]{} :UZ} 8x] axk
yOh 0F o
-l—”zkzl{xyaifk}{ 833 afltz Z {$]7$k}{ }ax] ) o
and
_y of dg Oh
{{h’ f}’g} - ij;ZI {{xkal'z}vxj 833@ aSL’j axk
dg Of oh 9
+ljzk:1{$k7gjl}{ }aw xl +l]zk:1{ k,xl}{ }ax 8$J

Summing up we get

Hfgh by +{{g.h}, f+{{h [} g} =

> (aoagd o} + g mad o + (o) 2 D) 57 5 =0

i,5,k=1

In this way g* becomes a Poisson manifold.

If M, and M, are two Poisson manifolds, a smooth map h : My — M, is called
Poisson if h* : C*(My) — C°°(M;) is a homomorphism of Poisson algebras.

Let M be a Poisson manifold. For every f € C*°(M), the smooth vector field X
corresponding to the Hamiltonian derivation ad; = {-, f} is called the Hamiltonian
vector field of f. This definition agrees with the definition of section 1.2 in case M
is symplectic.

Proposition 1.5.3. Let M be a Poisson manifold and Xy be a Hamiltonian vector
field on M with Hamiltonian function f € C°(M). Let ¢ : D — M be the flow of
Xy, where D C R x M is a open neighbourhood of {0} x M.

(i) If g € C*°(M), then

%(go¢t):{gaf}o¢t:{go¢tvf}'

(i) fod = f

(iii) The flow of the Hamiltonian vector field Xy consists of Poisson maps.

Proof. (See [1], page 80). O
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If h: My — M, is a Poisson map of Poisson manifolds and f € C°°(My), then
hp(Xn=(5)(p)) = X¢(h(p)) for every p € M;. Therefore, h transforms integral curves
of Xj«(py in M to integral curves of X in M.

If M is a Poisson manifold and N C M is an immersed submanifold, then N is
called a Poisson submanifold if the inclusion 7 : N — M is a Poisson map. On
every Poisson manifold M one can define an equivalence relation ~ by setting p ~ ¢
if and only if there is a piecewise smooth curve from p to ¢ whose smooth parts
are pieces of integral curves of Hamiltonian vector fields of M. The equivalence
classes are called symplectic leaves of the Poisson structure of M. It can be proved
that the symplectic leaves are immersed submanifolds and carry a unique symplectic
structure so they become Poisson submanifolds of M (see [1], page 81).

Theorem 1.5.4. (Symplectic Stratification) In a Poisson manifold M every sym-
plectic leaf S C M is an immersed submanifold and T,S = ImW, for every p € S.
Moreover, S has a unique symplectic structure such that S is a Poisson submanifold
of M.

Proof. (See [1], page 82). O

Example 1.5.5. Let (g,[,]) be the Lie algebra of a Lie group G and g* be its dual.
If f € C*°(g*), the Hamiltonian vector field X with respect to the Poisson structure
on g* defined in Example 1.5.2 satisfies

Xyp(p)(9) =19, (1) = p([dg(p), df (w)]) = — (1 0 adgp(y)) (dg(p2))

for every g € C*(g*) and p € g*, where we have identified g** with g. Thus,
Xy(p) = —(adgr()* for every p € g* and Xy is a fundamental vector field of the
coadjoint representation of G. It follows that the symplectic leaves in g* are the
coadjoint orbits. Moreover, the restricted Poisson structure on each coadjoint orbit
is given by the Kirillov symplectic structure.
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Symmetries and Integrability

2.1 Hamiltonian Lie group actions

Let M be a smooth manifold, G a Lie group with Lie algebragand ¢ : Gx M — M
be a smooth group action. If X € g, the fundamental vector field ¢.(X) € X (M) of
the action which corresponds to X is the infinitesimal generator of the flow ¢x : R x
M — M defined by ¢x(t,p) = ¢(exp(tX),p). Note that for g € G the transformed
vector field (¢,).(¢+(X)) is the fundamental vector field ¢,(Ad,(X)), that is

(09)p(0:(X)(p)) = (0:)(Ady(X))(¢g(p))
for every p € M. Indeed,

6.(Ady (X)) (0y() = &

) ¢%®) (exp(tAd,(X)))

t=

= (cb%(”))(% (exp(tAdy (X)) = (6”")).e(Ady (X))

— % . P(gexp(tX)g ", ¢(g,p)) = % . d(gexp(tX),p)
— % t:(] (¢F o Lg)(exp(tX)) = % . (¢g o ¢P)(exp(tX))

= (09)sp((0")4e(X)) = (dg)up(0+(X) (p))-

Lemma 2.1.1. The linear map ¢, : g — X (M) is an anti-homomorphism of Lie
algebras, meaning that ¢.([X,Y]) = —[¢.(X), 0. (Y)] for every X, Y € g.

Proof. If p € M, then we compute

[(b*(X)a ¢*(Y)](p) = % » (¢exp(7tx))*¢exp(tx)(p)(¢*(Y))(¢exp(tX)<p)))
- % G (Adexp(—ex) (V) (p) = du(—adx (Y))(p) = —0.([X,Y]). O

t=0
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It follows that ¢.(g) is a Lie subalgebra of X' (M) of finite dimension.

Definition 2.1.2. Let (M,w) be a symplectic manifold and G a Lie group. A
smooth group action ¢ : G x M — M is called symplectic it ¢, = ¢(g,-) : M — M
is a symplectomorphism for every g € G. The symplectic action is called Hamilto-
nian if each fundamental vector field ¢,.(X), X € g, is Hamiltonian.

There is no canonical way to choose a Hamiltonian for ¢,(X). If there exists a
linear map p : g — C°(M) which to each X € g assigns a Hamiltonian p(X) for
¢+(X), there is also a smooth map p: M — g* defined by u(p)(X) = p(X)(p).

Examples 2.1.3. (a) Let M be a smooth manifold, G a Lie group with Lie algebra
gand ¢ : G X M — M a smooth group action. Then, ¢ is covered by a group action
¢ of G on T*M defined by ¢(g,a) = a o (¢g-1)s4,(n(a)), Where 7w : T*M — M is the

cotangent bundle projection. Since o ¢, = ¢, o 7, differentiating we get

Teiyta) © (99)ra = (9g)unta) © Ta

for every a € T*M and g € GG. The Liouville 1-form 6 on T*M remains invariant
under the action of G, because

((09)0)a = 0, (a) © (Pg)sa = @ 0 (&, usy(m(a)) © (B )sn(a) © Tea = @ © Tuq = bs.

Consequently, the action of G on T*M is symplectic with respect to the canonical
symplectic structure w = —df. In addition to that it is Hamiltonian, because

0= L, x)f = i5.(x)(d0) + dlig,x)0)

and hence i; yyw = d(ig, y)0). Here we have a linear map p : g — C*(I"M)
defined by p(X) =ij ()0 and p: T*M — g* is given by the formula

u(a)(X) = 0a(6:(X)).

(b) Let G be a Lie group with Lie algebra g and O be a coadjoint orbit. The
symplectic Kirillov 2-form w™ is Ad*-invariant as we saw in section 1.4 and so the
natural action of G on O is symplectic. Recall that

w, (X (1), Yy (v)) = —v([X, Y]) = (voady )(X) = =Yg ()(X) = =X (V¢ (v))

for every X, Y € g and v € O, having identified g** with g. If now px € C*(g*)
is the linear function defined by px(v) = —v(X), then dpx(v) = —X (we identify
again g** with g). It follows that 7 xgw~ = dpx, which shows that the action of G
on O is Hamiltonian.

Definition 2.1.4. Let M be a symplectic manifold and G be a Lie group with
Lie algebra g. A Hamiltonian group action ¢ : G x M — M is called Poisson (or
strongly Hamiltonian) if there is a lift p : g — C°(M) which is a Lie algebra
homomorphism.
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Let (M,w) be a symplectic manifold and G be a Lie group acting smoothly and
symplectically on M. If G is compact (or more generally the action is proper), there
exists a G-invariant Riemannian metric on M. Starting with such a Riemannian
metric, one can construct a G-invariant almost complex structure J on M which is
compatible with w. The corresponding compatible Riemannian metric g on M given
by the formula g, (u,v) = —w(J(u),v), for u, v € T,M, x € M, is also G-invariant.

2.2 Momentum maps and reduction

Let (M,w) be a connected, symplectic manifold, G be a Lie group with Lie algebra
gand ¢ : G x M — M be a Poisson action.

Definition 2.2.1. A momentum map for ¢ is a smooth map p : M — g* such that
p:g— C®(M) defined by p(X)(p) = u(p)(X) for X € g and p € M satisfies

(i) 6.(X) = Xy,
(i){p(X), p(Y')} = p([X,Y]) for every X, Y € g.

From the standpoint of dynamical systems, one important feature of momentum
maps is the following. If H : M — R is a G-invariant, smooth function, then p is
constant along the integral curves of the Hamiltonian vector field Xy, because, for
every X € g we have

Liup(X) = {p(X), H} = ~{H, p(X)} = —Ly.cx,H = 0.

Theorem 2.2.2. If G is a connected Lie group, then a momentum map p : M — g*
is G-equivariant with respect to the coadjoint action on g*.

Proof. (See [1], page 89). O

Examples 2.2.3. (a) Let ¢ : G x M — M be a smooth action of the Lie group
G with Lie algebra g on the smooth manifold M and ¢ : G x T*M — T*M be the
lifted action on the cotangent bundle. As we saw in Example 2.1.1(a) the action of
G on T*M is Poisson and in fact the Liouville 1-form 6 on T*M is G-invariant. The
momentum map u : T*M — g* is given by the formula

u(a)(X) = 0a(0:(X)(a))

for X € g and a € T*M, and is G-equivariant, because ¢ is G-invariant. Indeed,

1(94(@)(X) = 030 (9(X)(94())) = ((D5-1)0) (0 (6(X) (9(a)))

= 0a((Dg1) ., (0) (0(X) (09(a)))) = Oa(Du(Adg1(X))(a)) = pa(a)(Ady (X)),
for every g € G.
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In the case of the 3-dimensional euclidean space R? we have T*R? = R? x R3,
where the isomorphism is defined by the euclidean inner product ( , ), identifying
thus T*R? with TR3. The Liouville 1-form is given by the formula

Q(Q:p)<va w) = <U7p> .
The natural action of S 0(3, R) on R? is covered by the action ¢ such that
= (p,A"'v) = (Ap,v)

for every v € T,R? and A € SO(3,R). Hence, (g, p) = (Ag, Ap) for every (q,p) €
T*R3 and A € SO(3,R). If now v € R?® = 50(3,R), the corresponding fundamental
vector field of the action satisfies

¢.(v)(q,p) = (8g,9p) = (v X g,v X p).
It follows that the momentum map satisfies
11(g; p)(v) = (v x q,p) = (¢ X p,v)
for every v € R3. Consequently, the momentum map is the angular momentum
(g, p) = q < p.

Suppose now that we have a system of n particles in R®. The configuration space
is R3". The additive group R? acts on R*" by translations, that is

000" ¢, q") = (" + 2. +z, ... q" + )
foe every x € R3. The lifted action on T*R3" = R3" x R3" is
§bz(q1’q2’ '-quyphp% 7pn) - (ql - Z, q2 -, 7qn — T, P1, P2, 7pn)

If now X € R3, the corresponding fundamental vector field of the action is

¢*(X)(q17q27 "'aqnaplap27 pn) = (_X7 _X7 ce0y _X70707 70)

Therefore, the momentum map p : T*R3" — R? satisfies

:u(q17q27"'7qn7p17p27"'7pn)(X> = Z< X p] < Zpﬂ>

=1

That is, the momentum map in this case is the total linear momentum
N(qlaq2w-qu7p1p27-‘ 7pn - ij

This example justifies the use of the term momentum map.

(b) Let G be a Lie group with Lie algebra g and O C g* be a coadjoint orbit.
As we saw in Example 2.1.3(b), the transitive action of G on O is Poisson with
momentum map p : O — g* given by the formula pu(v) = —v for every v € O. So,
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the momentum map is minus the inclusion of O in g*, which is G-equivariant.

The significance of the momentum maps is made clear in the process of symplectic
reduction.

Let (M,w) be a connected, symplectic manifold, G a Lie group with Lie algebra
gand ¢ : G x M — M a symplectic action. The orbit space G\M of the action
may not in general be a smooth manifold, not even a Hausdorff space. Even in the
case it is, it may not admit any symplectic structure, as for instance it may be odd
dimensional. If the action is Poisson and there is a G-equivariant momentum map
i M — g*, there exists a well defined continuous map fi : G\M — G\g* in the or-
bit spaces. In particular cases, the level sets i1 (Q,), a € g*, can be given a natural
symplectic structure. The inclusion j : p=*(a) < p~(O,) induces a continuous bi-
jection jyu : G, \put(a) = G\p"'(O,). In specific instances, j is a homeomorphism
or even a diffeomorphism of smooth manifolds. For example, if the action of G on
M is free and proper and a is a regular value of p, then = 1(0,) is a smooth sub-
manifold of M and so are G\~ *(O,) and G,\p '(a). Additionally, in this case jy
is a diffeomorphism. Specifically, these are true if GG is compact and the action is free.

Definition 2.2.4. Let P, () be two smooth manifolds and f : P — ) be a smooth
map. A point ¢ € Q is called a clean (or weakly regular) value of f if f~1(q) is an
embedded smooth submanifold of M and T, f~'(q) = Kerf,, for every p € f~(q).

A regular value is always clean, while the converse is not true. For instance,
(0,0) € R? is clean, but not regular, value of the smooth function f : R® — R? with

f,y,2) = (2, 2).

Theorem 2.2.5. Let (M,w) be a symplectic manifold, G a Lie group with Lie
algebra g and ¢ : G x M — M be a Poisoon action with G-equivariant momen-
tum map p: M — g*. Let a € g* be a clean value of p such that the orbit space
M, = G \p"(a) is a smooth manifold and the quotient map 7, : p=*(a) — M, is a
smooth submersion, where G, is the isotropy group of a with respect to the coadjoint
orbit. There exists a unique symplectic 2-form w, on M, such that 7w, = w\#q(a).

Proof. (See [1], page 95). O

Examples 2.2.6. (a) Let M be a symplectic manifold and H € C°°(M) be such
that the Hamiltonian vector field Xy is complete. Its flow is a Poisson group action
of R on M with momentum map H itself. Since R is abelian, the coadjoint action
is trivial. If now a € R is a clean value of H, then according to the Theorem 2.3.2
the orbit space R\ H~!(a) has a natural symplectic structure.

(b) Let SO(3,R) acts on T*R?® = R x R? as in example 2.2.3(a). As we saw,
the momentum map g : R3 x R? — R3 is the angular momentum

(g, p) = q X p.

The Jacobian matrix of u at (¢,p) is (—p,q), and so every non-zero v € R? is a
regular value of u. The isotropy group of v is the group of rotations of R? around
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the axis generated by v, therefore isomorphic to S*. Thus, the orbit space S*\pu=*(v)
has a symplectic structure.

2.3 Completely integrable Hamiltonian systems

Let (M,w) be a connected, symplectic 2n-manifold and Hy; € C*°(M). The Hamil-
tonian vector field Xy, is called completely integrable if there are H,...,H, €
C>°(M) such that {H;,H;} = 0 for every 1 < 4,5 < n and the differential 1-
forms dH,,dH,,...,dH, are linearly independent on a dense open set D C M. In
this section we shall assume that we have such a system.

If f=(Hy,Hs,...,H,): M — R" then f|p is a smooth submersion and so the
connected components of the fibers f~1(y) N D, y € R", are the leaves of a foliation
of D and f.,(Xg,(p)) =0 for every 1 <i <mn.

Suppose that the Hamiltonian vector fields Xy,, Xp,, ..., Xp, are complete. Since
their flows commute, they define a Poisson group action ¢ : R" x M — M with
fundamental vector fields Xg,, Xg,, ..., Xg, and momentum map f. Let y € R”
be a regular value of f. Then f~!(y) C D is a R™invariant, regular n-dimensional
submanifold of M. The vector fields Xg,, Xg,, ..., X, are tangent to f~'(y), and
since they are linearly independent at every point of f~!(y), every orbit in f~!(y) is
an open subset of f~1(y). This implies that every connected component N of f~1(y)
is an orbit of the action. Therefore, N is diffeomorphic to the homogeneous space
R"/T',, where I', is the isotropy group of p. We notice that I', does not depend on
p, but only on NV, since R" is abelian. What is more, I', is a 0-dimensional closed
subgroup of R™ and therefore is discrete. The discrete subgroups of R" are described
as follows. Let I' < R™ be a non-trivial discrete subgroup. Then I' is a lattice, that
is there exist 1 < k < n and linearly independent vectors vy, ..., vx such that

I'=Z2vi+ ... + Zw,.

Consequently, there exists 1 < k < n such that the homogeneous space R"/T"
is diffeomorphic to T* x R**. If R"/T" is compact, then k¥ = n and R"/T is
diffeomorphic to the n-torus 7. We refer to [1], page 97 for details.

Observe that if N is compact then the restrictions of the Hamiltonian vector
fields Xp,, Xy, ..., Xg, to N are automatically complete. So, we have arrived at
the following famous theorem.

Theorem 2.3.1. (Arnold-Liouville) Let y € R™ be a regular value of f and N be a
connected component of f1(y).

(i) If N is compact, then it is diffeomorphic to the n-torus T".

(i1) If N is not compact and Xy,, Xy,,..., Xy, are complete, then N is diffeo-
morphic to T* x R"™* for some1 <k<n. O

The flow of the Hamiltonian vector field Xy, on N can be characterized as
follows. Let p € N and ¢ : R"/T' — N be the diffeomorphism which is induced by
®° = ¢(-,p) : R" — N. Let (¢y)ser be the flow of Xz, on N and ¢y = (¢P) "L orp;0¢P,
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t € R, be the conjugate flow on R"/I". Then

'L;t([tlﬂ ) tn]) = (&)71(1/}t(¢(t1, ) tn)vp)))

= () HD((t+ t1, oy s tn), D)) = [t + t1, tos ..y Ea.

That is to say, ¥:([v]) = [v+te;] for every v € R® and t € R. Let T'(ey) = (v1, ..., vp)
and let xy; = T o1, o T~! t € R, be the conjugate flow on T* x R"*. Then,

2mity 'l

xe (€2 e¥ ity t) = TW([vr 4.+ tavn])) = T([ter +t1v1 4.4+ tv,)).
Since
T(tey + tivy + ... + tyv,) = tT(e1) + tieg + ... + tpe, = (1 + tvr, ooty + tuy)
it follows that
2rity

2mit _ 2mi(t1+tv 2mi(ty+ty,
Xe(e™ e g, ) = (e (ittn) - p2milt k),tk_l’_l_’_tl/k;_i_l,...,tn‘f_tyn).

This shows that the flow of Xy, on N is smoothly conjugate to a linear flow on
Tk x R**_ If N is compact, then k¥ = n and the real numbers, v, ..., v, are called
the frequences of the flow on N. If they are linearly independent over QQ, then the
flow on N is uniquely ergodic and every orbit is dense in V.
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Chapter 3

Pseudo-Riemannian Homogeneous
Spaces

3.1 Pseudo-Riemannian metrics on homogeneous
spaces

In this paragraph we present some general facts about metrics on homogeneous
spaces and we consider a special class of those spaces characterized by the property
that they admit a G-invariant metric which is induced by a bi-invariant, possibly
indefinite, metric on G.

Let K be a closed subgroup of a connected Lie group G and the set {oK | o €
K} of left cosets be the homogeneous space M := G/K. Let alsom : G — G/K
denote the natural projection 7(c) = o K. There is a natural left action Gx M — M
of G on M given by L,(zK) = (9x)K for every g,z € G. Since 2K = (zy~1)(yK)
for every x,y € G, the action is transitive so the terminology homogeneous space.
Recall that the action of G on M is called ef fective if the identity e is the only
element of G for which L, is the identity map on M i.e. (L,) = idy implies that
g=¢cec(.

Let now K denote the largest subgroup of K which is normal in G, G* = G/K,
and K* = K/Kjy. It is evident that K is closed. Then G*/K* is diffeomorphic to
M. In addition, G* acts effectively on G*/K*. Indeed, if ¢g* = gK,, * = 2K, and
g*(z*K*) = 2*K* then (z71gz)Ky € K/Ky and so g € Kz~ !. But g € aKz~! for

every x € G implies that g € (| 2Kz ! < Kj and so ¢g* = e* € G*.
zeCG
We are interested in metrics on M which are invariant, that is G' acts on M

by isometries. If G acts effectively on M by isometries of some metric, then G
may be identified with a Lie subgroup of the group of isometries of M (not always

embedded).
We shall consider homogeneous spaces that possess a specific property:

Property A. On the Lie algebra g of G there exists an Adg-invariant, symmetric,
non-degenerate billinear form B such that the restriction of B to the Lie algebra €
of K s non-degenerate.

This property leads us to formulate an equation for the standard symplectic
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structure of T*M. By the use of some propositions from the theory of metrics on
homogeneous spaces we shall see some consequences of that property. Firstly we
prove that our assumptions implies the existence of a B-orthogonal complement of
t in g. This is a standard result of linear algebra.

Let U be a linear subspace of the linear space V. We assume that V is equiped
with a symmetric, billinear, non-degenerate form (, ): V x V — R.

The linear subspace U* = {A € V | (A,B) =0, VB € U} of V is called the
orthogonal complement of U in V.

Proposition 3.1.1. dimU + dimU* = dimV'.

Proof. Let n=dimV and {A;,....., A,} be a coordinate system for V. Let F be
the matrix of (-, -) relative to this coordinate system. We assume that dimU = m
and choose a coordinate system By, ....., B, for U. If B; = by A1 + ..... + b, A, for
t=1,...,m we know from linear algebra that the m x n matrix

has rank m. Since (-,-) is non-degenerate we know that det F' # 0 and hence the
m x n matrix BF also has rank m. A vector X = 214, +..... + x,A, belongs to U*
if and only if
T
(bit...bin) F : =0

Tn

for : = 1,...,m. In other words, U* is the solution space of the system of m homo-
geneous equations in n-variables

T
BF : =0.

xn
Since the matrix BF' has rank m, this solution space has dimension n —m. [

If now the restriction of (-, -) on U x U is also non-degenerate then UNU* = {0}
and so V' = U @ U*. In particular there is a well defined orthogonal projection from
V' to U with respect to (-, -).

If B satisfies property (A) and m is the B-orthogonal complement of ¢ in g, then m
can be naturally identified with 7% )M by means of 7., and B|nxm is non-degenerate.
There is a general description of G-invariant metrics on general homogeneous spaces
M which do not necessarily satisfy property (A). We have the following useful fact.

Lemma 3.1.2. If 7 : G — M is the quotient fibration, then (Li).x(e)Twe(X) =
Tue(Adg (X)) for every X e T.G =g, k € K.
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Proof. Differentiating the equation kexp(tX)K = kexp(tX)k 'K =
7(kexp(tX)k™") with respect to ¢t at t = 0, from the chain rule we get that

d

L *7(e *eX = -7
(L) sr(e) Txe (X) dt|,_,

w(kexp(tX)K) = me(Adk(X)). O

Note that the tangent space Tr)M at m(e) = K can be naturally identi-
fied with g/¢, since m. : g — Ty M induces an isomorphism of vector spaces
Txe - g/? — TW(G)M.

Proposition 3.1.3. The set of G-invariant metrics on M is naturally identified
with the set of symmetric, bilinear, non-degenerate forms (-,-) on g/€ which are in-
variant under the action Adg on g/t.

Proof. The restriction of a G-invariant metric of M to Tr)M gives a form (-, -) as
required by the preceding lemma. Conversely, if (-, ) is an Adg-invariant symmetric

bilinear and non-degenerate form on g/t we define a G-invariant metric on M as
follows: for XY € Tr(yM, g € G, we set

<X, Y>p = <(Lgfl)*gK(X), (Lgfl)*gK(Y)> .

Indeed, if k € K, then
<<L<gk>fl>*gK(X ): (L(gk>fl)*gK(Y)>

= ((Lh)asc © (L), (XD, (B o © (Lg)e(Y) )

= ((Eg2) 20, () )

by Lemma 3.1.2, since (-, -) is assumed to be Adg-invariant. Obviously this metric

on M is G-invariant. [
Proposition 3.1.4. If a symmelric, bilinear, non-degenerate form (-,-) on g/t is
Adg-invariant, then ady is skew-symmetric with respect to (-,-). If K is connected,

the converse is also true.

Proof. 1f (-, ) is Adg-invariant, then for Z € € and X,Y € g/ we compute

d d
0d200.Y) = (G| Aduin (0.7 ) = 5| (A (00, 7)
t=0 t=0
d
= 2| (X Adegpz(Y)) = — (X ads (V).
t=0

For the converse, we note that the set of all £ € K such that (Ady(X), Adg(Y)) =
(X,Y) for every X,Y € g/t forms a closed subset K’ of K. On the other hand,
assuming that ady is skew-symmetric for all Z € £ we have:

<Adexp(tZ) (X)7 Adexp(tZ) (Y)> = <€adtz (X)’ eadtz (Y)>
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= i ; <eadtz(X), (adZ)j(Y)> = i %(_1)j <(adZ)j€adtz(X)’Y> — (X,Y).

In the first equality we have used the well known commutativity of the diagram:

End(V) —9 End(End(V))

lexp lexp

Aut(V) —2% Aut(End(V))

(see [17], page 114). Since every element of some open neighbourhood of the identity
in K is of the form exptZ, it follows that K’ is also open in K. By connectedness
K=K. 0O

As the proof shows if (-, -) is Adg-invariant then ady is skew-symmetric. That is
ady is skew-symmetric for all Z € g.

If now we have g = £ ® m with Adg(m) C m, it follows from proposition 3.1.3.
that the G-invariant metrics on M are in 1-1 correspondence with the Adg-invariant
symmetric, bilinear, non-degenerate forms on m . The condition Adg(m) C m
implies that [¢, m] C m, because for Z € ¢ and X € ¢ we have [Z, X] = adz(X) =
im0Adexp(ez) (X))

If K is connected, the converse is also true and can be proved with a similar
argument as that in proof of proposition 3.1.4.

So having an orthogonal decomposition g = € & m, in the Lie algebra we have
that [¢,¢] C € and [¢,m] C m.

Recall that a homogeneous space M is called reductive if g = m & € for some
Adg-invariant linear subspace m of g. Then m is an ideal in g.

A homogeneous space M with a G-invariant metric (-,-) is called naturally
reductive if g = m @ ¢ for some Adg-invariant linear subspace m of g and ad|y
is skew-symmetric with respect to the restriction of the corresponding symmetric,
bilinear, non-degenerate form B to m, that is B(X, [Z,Y|n) + B([Z, X]m,Y) = 0, for
Z € R, where the subscript m denotes m-component.

So the homogeneous spaces satisfying property (A) are naturally reductive as
we can easily see: Let B be a non-degenerate, symmetric, bilinear form on the
Lie algebra g of G which we assume that is Adg-invariant. We assume further
that Blexe is also non-degenerate. Let m = {X € g | B(X,Y) = 0, VY € ¢t}.
Then Adg(m) C m and the restriction of B to m is also non-degenerate and Adg-
invariant. The homogeneous space M = G/K is naturally reductive with respect
to the decomposition g = m @ £ and the G-invariant metric corresponding to the
restriction of B to m. Indeed, since B is Adg-invariant, for X, Y € m and Z € ¢ we
have:

0= B(]Z,X],Y) + B(X,[Z,Y])
= B([Z, X]E + [ZvX]mJY) + B(X7 [Z7 Y]E + [Z7 Y}m)

= B([Za X]rmy) + B(Xv [Z7Y]m)'
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The existence of G-invariant Riemannian metrics can be characterized also by
the following propositions that we state without proof (see [5], pages 61-63), since
they will not be used essentialy in the sequel.

Proposition 3.1.5. If G acts effectively on M = G/K, then M admits a G-
invariant Riemannian metric if and only if the closure of Adk in GL(g) is compact.
O

A (possibly indefinite) metric on G is called bi-invariant if it is invariant by left
and right translations of G.

Proposition 3.1.6. If G is a connected compact Lie group, then G admits a bi-
wmvariant Riemannian metric. [

Summing up, we have seen so far the existence of m, the B-complement of ¢ in g,
which we identified naturally with T)M by means of m,.. We also saw that By,
being non-degenerate and Adg-invariant, defines a (possibly indefinite) G-invariant
metric on M. We derived also that [¢, €] C € and [¢, m] C m.

Next we shall investigate geodesics of invariant metrics on homogeneous spaces.
Using now the fact that the homogeneous spaces satisfying property (A) are natu-
rally reductive we shall derive the equation:

EXp(¢) = T 0 exp |n

where Exp denotes the exponential map of M. Thus we will conclude that geodesics
on M are images of one-parameter subgroups of G.

To see that we first derive a formula for the Levi-Civita connection of a left
invariant metric on G.

Proposition 3.1.7. Let (-,-) be a left invariant metric on G and X,Y be left in-
variant vector fields on G. Then

VY = %([X, Y] — ad (V) — ad (X))

Proof. By left invariance of the metric, for every left invariant vector field Z we
have: X (Y, Z) =Y (Z,X) = Z (X,Y) = 0. Therefore,

1
1
= §(<[X7 Y]>Z> - <}/7 adX(Z)> - <X7 adY(Z»)
1 * *
= (X, Y], Z) = {adk (Y), 2) — (ady (X), 2)). U
If now we have a form B on G satisfying property (A) then B([Z, X],Y) +
B(X,[Z,Y]) = 0 for all X,Y,Z € g and the above proposition 3.1.7. implies that

the Levi-Civita connection of the left invariant metric on GG defined by B is given

by
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VxY = -[X,Y]

1
2
for X,Y € g. This implies that the geodesics in G are the images of the one-
parameter subgroups of G. It follows that the geodesics in M are images of one-
parameter subgroups of G generated by elements of m. This means that

EXD () = T 0 €xp |n
where Exp denotes the exponential map of M and exp that of G.

3.2 The momentum map on the tangent bundle
of a homogeneous space

Before the study of the symplectic structure of the tangent bundle T'M of homoge-
neous spaces we derive a formula for the momentum map P on T'M of a homogeneous
space assuming it satisfies property (A) defined in the previous paragraph.

To begin with let (M, (-,-)) be a pseudo-Riemannian manifold and G a Lie group
acting on M by diffeomorphisms which preserve the pseudo-Riemannian metric (-, -).
Let also ¢ : G x M — M denote the smooth group action. It can be lifted to
smooth group actions ¢ : G X TM — TM and ¢ : G x T*M — T*M which cover ¢,
defining $(g,v) = (@g)sr(v)(v) for v € TM, g € G and p(g,a) = a0 (Pg-1)xp,(7*(a))
fora e T*M, g € G where m : TM — M and 7 : T*M — M are the bundle maps.
The pseudo-Riemannian metric gives a natural bundle isomorphism T'M = T*M
defined for p € M, v € T,M by v+ (-,v) € Ty M, which identifies TM with 7M.
This natural isomorphism transfers the action ¢ to the action .

TM —% T

Fok

T*M —255 T*M

Indeed, for g € Gandv € T,M, p € M we have ¢ 4((-,v)) = <v, (('Dgfl)*wg(p)<')> =

<(gog)*p(v), ->, since @, preserves (-, ).

Let now p : T*M — g* be the G-momentum map. By Example 2.1.3(a) it is
given by the formula u(a)(X) = a(Tw(p«(X)), a € T*M, X € g. If a = (-,v),
v € TM, then ({0, )(X) = (v, Fual3.(X))) and

_Oﬁ(exp(tX ),a))

Tra(P(X)) = Tua(—

p(exp(tX),m(a)) = . (X)(7(a)).

(7o Pexp(t).0) = G|

d
dt|,_,
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Substituting we obtain the formula

Pu)(X) = p({v, ))(X) = (v, p(X)(m(v)))

for the transfered momentum map P : TM — g* on T'M.

We now consider the case of a pseudo-Riemannian homogeneous space satisfying
property (A) and we shall conclude a more specific formula for P. We shall use the
notation of the previous section. As we have seen a homogeneous space M = G/K
which satisfies property (A) gives a B-orthogonal complement m of €in g, g = ¢®m
and the derivative 7. : g — Tr()M identifies Ty M with m, where 7 : G = G/K =
M is the quotient map. The tangent space Ty, M = Ty M consists of the tangent
vectors (Lg)sr(e) © Me(§), where § € mand L, : M — M, g € G is the natural left
action of G on M. We denote g€ = (Lg)sr(e) © Txe(§), £ € m, g € G. The restriction
Blumxm induces the pseudo-Riemannian metric on M which is G-invariant.

Identifying g* with g using the non-degenerate, symmetric, bilinear form B we
arrive at the following conclusion.

Lemma 3.2.1. Let M=G/K be a homogeneous space satisfying property (A). Then
the momentum map P : TM — g is giwen by P(g¢) = Ady, where g € G,
g€ € Tﬂ-(g)M and £ € m.

Proof. From the above we need to compute the fundamental vector field ®,(X) of
the natural left action of G on M. We have

®,(X)(gK) = % B exp(tX)(gK) = % i g(g L exp(tX)g) K
= % _O(Lg om(g™" exp(tX)g)) = (Lg)an(e) © Tee(Ad(g-1)(X)).

Soif £ € m and v = g€ = (Lg)sn(e) © Tee(§) the G-momentum map P : TM — g* is
given by

PO)(X) = (0, (Lg), (o) © Teel Ad 1) (X)) )
= B(§, Ad(y)(X)) = B(Ad,(€), X)

for every X € g. If we identify g with g* by B, it follows (using the same symbol)
that P(g€) = Ady(6). O

3.3 The symplectic structure of the tangent bun-
dle of homogeneous spaces

In order to construct first integrals in involution for G-invariant Hamiltonian systems
on TM = T(G/K) we need to use explicit expressions for the Hamiltonian vector
fields in order to be able to prove that these intergrals are functionally independent
on an open dense set of full measure, for the specific cases we shall investigate. In
order to derive a formula for the symplectic structure of 7'M we shall need a classical
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formula from the theory of Lie groups which gives the derivative of the exponential
map in terms of the derivative of the adjoint representation.

Let U be an open neighbourhood of 0 € g such that exp|y : U — exp(U) is
a diffeomorphism and so that there exists an open neighbourhood V' C U N'm of
0 € m which is mapped by 7 o exp diffeomorphically onto an open neighbourhood
Wof K=mn(e) e M =G/K, where 7 : G — G/K = M is the quotient map. This
is possible by the existence of local smooth sections (see [17], theorem 3.58). Then
(moexp)s : TV — TW is a parametrization of TW. Since TG = G x g we have
TTG =G x g X g X g using left translation of G for the identifications. If £ € m =
Tr(eyM then T¢T'M can be considered as a linear subspace of {e} x {{} x g x g.

We shall identify this subspace as follows. Let (v, w) € T{o¢)(V x m) and v(t) =
(tv, & +tw), so that v(0) = (0,&) and ¥(0) = (v, w). Then (v, w) is mapped in {e} x
{&} x g x g to the velocity for t = 0 of the curve (exp(tv), (Le_xlp(w) 0 exp )ty (€ +1w)).

In order to calculate this derivative we shall need the following formula.

Lemma 3.3.1. If G is a Lie group with Lie algebra g, then
B I — e2dx
(Lexle)*epr O eXPyx = adX
for every X € g.
Proof. Let Xy € g and X : [ — g be a smooth curve, where I C R is an open

interval, such that X(0) = X,. We also consider a(s) = exp(sXy), s € R and
B : R — g be the smooth curve defined by

exp(sX(t))) = 4 exp(—sXo) exp(sX(t)).

d
B = Lilas *a(s
(s) = (L™ a(s) )sa(s) ( il .

dt|,
We shall compute the derivative B’. We have

B(s+ h) — B(s)

o exp(—sXo — hXy) exp(hX () exp(sX(t)) exp (s X (t)) " exp(sXp)

t=0
d
== exp(—(s +t) Xo) exp(hX (t)) exp(sXo)
t=0
d
= (L(a(s+h)*1))*(3a(s))*(% exp(hX (1))
=0
and so
B/(s) = lim +(B(s + h) = B(s)) = Ad 1 (lm -2 | exp(hX ()
TR Y ) = A GG T o P
On the other hand,
lim 22 (hX (1)) = lim (hX(0))
ho0 o dt o P T b0 B PHhXo
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Hence B'(s) = Adye)-1(X’(0)). Integrating,

1 1
/Ada(s)_lds = /es(adxo)ds
0 0

1 1 I — e 2dxo
— _ —(adx)d_ d — —adX ] _
T [ s(ad) = )=
Since B(0) = 0, it follows that
Z’ _ efadXO
B(1) = 0
)=
But B(1) = (L, x, )« exp xo (=0 exp(X (1))) and so
I — —adx
2| exp(—Xo) exp(X(t) = ———X'(0).
dt =0 adXO
Taking the particular curve X (t) = X +tY for X,Y € g we get
_ I — e adx
(Logy x)vexpx ©€xp,x(Y) = WY
or .
_ I — e 29X
(Lexle)* expX O CXP,x = adX
for every X € g. O
Applying Lemma 3.3.1 in our case,
_ I — eadw
(Lexlp(tv))*exp(tv) O €XPyty = T ad,,
Since
l—e® 1 = (—s)" 1
. =g(1—Z ] ):1—§S+0(52)
n=0 ’
it follows that )
(L(;(lp(tv)>*e?(p(t”) O €XPypy = I— étadv + 0(52)
and therefore p
% (Le_xlp(tv) o eXp*)tU (5 + tw)
t=0
d 1d 1 1
== (£+tw)—§£ tadv(f—i—tw):w—§adv(£):w—§['u,§].
t=0 t=0

We conclude that T:T'M is identified with the linear subspace

{(e, &, v, —%[v,g] +w), (v, w) € Tiee)(V x m)}
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of {e} x {{} x g xg.
Since M satisfies property (A), the (pseudo-Riemannian) exponential map of M
is Exp = moexp|, and defines normal coordinates centerd at w(e). If we take a

basis &1, ...&, € m and define normal local coordinates by (z1, ....x,) — Exp > z;&;,
i=1

then the coefficients (g;;) of the metric (-, -) satisfy ggTij(O) =0,4,73,r=1,..,n.
From the above follows that the symplectic 2-form on T:T'M becomes the stan-

dard symplectic structure defined by B so that it is given by the formula

we((e, &, v, —%[Ubﬁ] +w1), (e, &, v2, —%[0275] +wy)) = B(vy, ws) — B(va, wr).

Using the action of G on T'M, which is symplectic, the symmetric 2-form at an
arbitary point g¢ € TM, £ € m, g € G given by the formula, that we state as a
proposition.

Proposition 3.3.2. Let M=G/K be a homogeneous space satisfying property (A).
Identifying T:TM, £ € m, by means of the exponential map with the subspace

{0~ 5l 4wl | v wem)

of G X g X g xg, then the symplectic structure of TM € g€ is given by

Wae (gue (01, _%[’Ulaﬂ + w1), gue (v2, —%[02,5] +ws)) = B(v1,ws) — B(vg,wy). O

Remark. The horizontal subspace of TyeM is {ge(v, —3[v,€]) | v € m} and the

vertical subspace is {g.¢(0,w) | w € m}.

3.4 Hamiltonian systems on the tangent bundle
of homogeneous spaces

As an application of the above, we shall compute the Hamiltonian vector field of
a G-invariant function. If f : TM — R is a G-invariant smooth function, then
the smooth function A : m — R with h(§) = f(m.()) is Adg-invariant, because
hAdL(E)) = f(mee(Adr(§))) = f((Li)sme)Tee(§)) = f(mae(§)) = h(E) for all k € K.
Conversely, if A : m — R is an Adg-invariant smooth function then we can define
the smooth function f : TM — R with f(g§) = h(§) for g € G, £ € m, where as
usual g€ = (Lg)r(e) 0Tse(&) which is obviously G-invariant. So G-invariant functions
fon T'M are in 1-1 correspondence with Adg-invariant functions h : m — R. For
h:m — R we consider gradh(§), £ € m with respect to Blusxm-

Proposition 3.4.1. Let h : m — R be Adg-invariant and f : TM — R the G-
invariant Hamiltonian defined by h. The Hamiltonian vector field Xy of f is given
by the formula

X)(98) = goclin, — 00,8 + 1)

46



CHAPTER 3. PSEUDO-RIEMANNIAN HOMOGENEOUS SPACES

where vy = gradh(§) and wy = —3[gradh(§), {Jm.
If fi,fo : TM — R are two invariant Hamiltonians defined by hi,hy : m — R
respectively, then their Poisson bracket is

{f1, f2}(g€) = —B([gradhy(§), gradhy(€)],€).

Proof. From the calculations of the previous section, for all v,w € m we have that

d
()90, 0, €+ w)) = T (Fo (L), o 0 expu, )€ + 1)
t=0
d —1
= a f o (Lgexp(tv))* o (L exp(tv))*exp(tv) O Ty O eXp*tv(f + tw)
t=0
d
= S| (et = il € + O(R) = Blaradh(), ) — B(—5[gradh(e), &) v)
t=0

The gradient is considered with respect to B. The formula for the Poisson bracket
follows by setting v = gradhy (), w = —i[gradhe(§),{lw. O
1

As an example we can take h(§) = 5B(,§) and obtain the equation of the

geodesic vector field on T'M: X;(g€) = g.e(&,0).

G-invariant Hamiltonian systems on T'M have many first integrals such as all
functions f = h o P for some smooth function h : ¢ — R and P : TM — g the
momentum map which as we know is given by the formula P(g¢) =Ad,(§) (See
Corollary 4.1.3 below).

We compute the Hamiltonian vector field of f = ho P.

Proposition 3.4.2. Let M=G/K be a homogeneous space satisfying property (A)
and h : g = R. Then the Hamiltonian vector field Xy of f = ho P is given by the
formula

Xy(98) = sl — 510, €] +w)

where v = Adg-1(Q)m, w = [Adg-1(C), &lm— 5[Adg—1 (O, E]m and ¢ = gradh(Ady(€)).

Proof. For all v,w € m we compute

A(9)(9. o (m)uel, =3[0, +0)) = | h0 Adyouy (€ -+t — 510, €] + O(#)

dt

t=0

Ad

t=0

yen(eo)(€ 1w — ~t[0, €] + O(12)

= dn(Ad, () 5 s

dt

= dh(Ad,(€))Ad,(ad, (€) +w — %[v, €]) (by Leibniz Rule)

= Blgradh(Ady (€)), Ady ([0,€] + w0 — 5[0, EJn)

= B(Ady- (gradh(Ady(€))), w) + B(Ady- (gradh(Ady(€))), [v,€] = S [v, E]m)
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= B(Ady— (gradh(Ad,(£)), w) + B(Adg-1 (gradh(Ady(£)))

—%Adgl(gradh(Adg(f)))m, [v,€]) = B(Adg-1(gradh(Ady()))m, w)

~B(Ad -+ (aradh(Ady(€))) — 5 Ady s (aradhAdy(€))), ], v).

It follows that ]
Xf(gf) = g*{(”a _5[07 5] + ’LU),

where v = Adg-1(O)m, w = [Ady-1(C), {Jm—3[Ady-1()m, &]m and ¢ = gradh(Ad,(€)).0

Note that
~ 310, € 0 = —3[Ady 1 (O €] + [Adg1(€),Eln — 5[Adg1 (O

= —[Adg—1(Om, €] + [Adg-1(C), €] = [Adg-1(O)e, €]

From the description of T,¢T'M and the above formula, it follows that X(g¢) is
equal to the value at g¢ of the fundamental vector field of the action of G on TM
which corresponds to ¢ = gradh(Ad,(§)) € g.

Proposition 3.4.3. If g(t) is the solution of the ordinary differential equation

9(t) = (Rg@r))+e(gradh(P(g(t)g¢))

on G with g(0) = e, then the integral curve of the Hamiltonian vector field X pass-
ing through g€ is locally g(t)g§.

Proof. Putting ¢ = gradh(P(g(t)g€)) we compute

d

00099 = (Ryw)-Qo€ = 7| exp(soltlos

= 0.(O)(g(t)g€) = Xs(9(t)g€). O

If h is Adg-invariant, then h o Ad, = h for every g € G and differentiating
gradh(Ad,(§)) = Ad,(gradh(&)), since B is Adg-invariant. So in this case the above

differential equation reduces to
9(t) = (Ry))se(gradh(Ady (Ady(€)))) = (Ry(r) )reAdy (gradh(Ady(£)))

= (Rg(t))*e(R;(i))*g(t)(Lg(t)>*e(gradh(Adg(§))) = (Lg(1))+e(gradh(Ad,(£))).
The solution of this equation with ¢g(0) = e is

9(t) = exp(t(gradh(Ad,(€)))).t € R

and so the integral curve of Xy through g€ becomes

g(t)g€ = gexpt(gradh(§))E,
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because g(t) = gexp(tgradh(£))g~' and so g(t)g = gexp(tgradh(§)). (See [17], page
114)

We remark that in case gradh(§) € m, then the projection of this integral curve
to M is the geodesic emenating from 7(g) with initial velocity ggradh(§) € Trg)M.

Example 3.4.4. Let g’ be a non-degenerate Lie subalgebra of g which is integrated
to a connected Lie subgroup G’ of G with corresponding B-orthogonal projection
g —¢g. Let ¥ : ¢ — R be a smooth Adg-invariant function. Since 7’ is
Adg-equivariant, h' o’ : g — R is Adg-invariant. Also grad(h’o7’)(€) = gradh/(€)
is tangent to g’ for ¢ € g’. For f =h' on’ o P: TM — R, it follows from the above
that the integral curve of X, through ¢¢, for ¢ € G', £ € ¢, is the image of the
one-parameter subgroup {expt( | t € R} in G’ with ¢ = gradh/(7'(Ad,)(£))).
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Chapter 4

Lie subalgebras and Integrability

4.1 First integrals in involution from non-degenerate
Lie subalgebras

Let G be a Lie group and B : g x g — R be an Adg-invariant, non-degenerate,
symmetric, bilinear form on the Lie algebra g on G. We identify g and g* using B
so that £ € g corresponds to B(&,-) € g*. Recall that the Poisson bracket on the
Poisson manifold g* is given by

1,93 () = p([df (1), dg()])

kk AN

for f,g € C*(g*) using the natural identification g** = g defined by evaluation.
The Poisson bracket in g* transforms to the Poisson bracket in g defined by

{h1,h2}(€) = B(E, [gradhs (), gradha(§)])

for € € g and hq, hy € C*(g), where the gradients are considered with respect to B.
A smooth function h : g — R is Adg-invariant by definition if h(Ady(&)) = h(§)
for every £ € g and g € G. Equivalently

d
E |t:0h(Adexp(tX) (5)) = 07

for every X,& € g. By the chain rule and the skew symmetry of ad, (with respect
to B), since B is Adg-invariant, we have

d d

it MAMexp0(€)) = dR(O) (G|~ Adusy (€)) = dh(€)(adx)(€))

= dh(§)([X,¢]) = B(X, ], gradh(§)) = B(X, [€, gradh(¢)]).

So h is Adg-invariant if and only if [£, gradh(§)] = 0 for all £ € g, since B is
non-degenerate.

Suppose now that g’ C g is a subalgebra of g so that B|y .y is non-degenerate.
Then ¢ is a direct summand of g and so there is a B-orthogonal projection 7’ : g —
g’. Let G’ < G be the connected Lie subgroup of G to which g’ integrates. Let also
g’ be another non-degenerate with respect to B subalgebra of g and let 7" : g — ¢”
be the corresponding B-orthogonal projection. If A’ : g’ — R is an Adg-invariant
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smooth function and A" : g” — R is an Adgr-invariant smooth function, the Poisson
bracket of b’ o ' and h” o 7" is

{W'om’, h" o m"}H(&) = B(E, [grad(h’ o 7')(§), grad(h” o 7")(€)])

(
= B(&, [gradh/(7'(€)), gradh” (x"()]) = —B([gradh/(7'(€)), €], gradh” (7" (£)))
= B([¢, gradh/(7'(€))], gradh” (z" (€))) = B([§y+, gradh’(w'(S))], gradh”(7"(£)))

(since h' is Adg-invariant)

= B(&, 1, [gradh/(7'(£)), gradh” (7" (£)])

So if [¢/,¢"] C ¢, then {h o7’ K" o7”} = 0. This holds in particular if g" C g¢'.
The above prove the following.

Proposition 4.1.1. If g C g2 C .... C gk C gk+1 = @ 1S a chain of non-degenerate
(with respect to B) Lie subalgebras of g and h; € C*(g;), 1 < i < k+ 1 are
invariant functions with respect to the corresponding adjoint representations then
hiom € C®(g), 1 < i < k+ 1 are all in involution, where m; : g — g; is the
B-orthogonal projection for every 1 <i<k+1. 0O

Lemma 4.1.2. Let (M,w) be a symplectic manifold with a Poisson action of the
Lie group G on M. Let p : M — g* be the corresponding momentum map. If
hi,he - g* — R are smooth functions, then

{h1op, hoopt = {hi, ha} o p.

Proof. For every smooth function A : g* — R and p € M we denote by X,(p) € g
the dual of dh(u(p)) under the natural pairing of g™ and g by evaluation which
induces the natural isomorphism g** = g. For v € T,M we have

d(h o p1)(p)(v) = dh(1u(p)) - prap(v) = prap(v)(Xn(p))
and on the other hand
dp(Xn(p))(q) - v = p1sq(v)(Xn(p))
for every ¢ € M and so
dp(Xn(p))(p) - v = prap(v)(Xa(p)),
where p : g — C*°(M) is the linear lift of the action. Therefore,
{h1op, hyopt(p) = {p(Xn,(p), p(Xny(p))} () = ([ Xn, (), X, (P)]) (D)
= () ([Xny (), Xny (D)]) = {1, ha} o p(p). O

Corollary 4.1.3. Let (M,w) be a symplectic manifold with a Poisson action of the
Lie group G on M. Let yn : M — g* be the momentum map. If FF: M — R s
G-invariant smooth function, then for every h € C*°(g*)

(i) h o p is a first integral of the Hamiltonian vector field Xr and
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(i1) for every hy, he € C®(g*) such that {hy,ha} = 0 we also have {hyop, hoopu} =
0. 0O

Combining the above we arrive at the following.

Corollary 4.1.4. Let (M,w) be a symplectic manifold with a Poisson action of the
Lie group G on M with momentum map p: M — g*. Suppose that there exists an
Adg-invariant, non-degenerate, symmetric bilinear form B : g x g — R on the Lie
algebra g of G. If

g1 C P2 C ... C g COrt1 =9

is a chain of non-degenerate (with respect to B) Lie subalgebras of g and h; € C*(g;),
1 <i<k+1 and Ad-invariant functions, then h;omiopn, 1 <i < k+1 are first
integrals in involution of X for every G-invariant Hamiltonian F' : M — R, where
T 1@ — @i 1S the B-orthogonal projection, 1 < i < k4 1 and with respect to the
wdentification of g and g* defined by B. [

Let now (M,w) be a symplectic manifold with a Poisson action ¢ : G x M — M
of the Lie group G on M. Let yu : M — g* be the momentum map which we
assume to be equivariant. That holds automatically, if G is connected. We also
assume that there exists an Adg-invariant, non-degenerate, symplectic bilinear firm
B :gxg— R. Then, B induces a G-equivariant natural isomorphism B: g=g"
as usual by B(€) = B(,-), € € g. Indeed,

(Ad} o B(X))Y = B(X)(Ady1(Y)) = B(X,Ady1(Y))

= B(Ad,(X),Y) = (BoAd,(X))Y

for every XY € gand g € G. Let g C g be a non-degenerate (with respect to
B) Lie subalgebra with orthogonal projection 7 : g — g’, which is integrated to a
Lie subgroup G’. If h : g — R is a smooth function which is Adg/-invariant then
obviously the composition

F:M—tsg By "hg R

is a ’-invariant smooth function.

4.2 Integrability of the geodesic flow of the real
Grassmann manifolds

The real Grassmann manifold of p-planes in R"*! is the homogeneous symmetric
space
Gpq(R) = 50(n+1,R)/S(O(p,R) x O(q,R))

= O(n+1LR)/(O(p,R) x O(¢,R))
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where p + ¢ = n + 1, normalized by p < ¢q. Recall (See the Appendix 5.2) that the
Killing form on the Lie algebra g = so(n + 1,R) is given by the formula

(€n) =(n—1)-Tr(-n)

and is Ad-invariant, non-degenerate, symmetric and bilinear. We denote G =
SO(n + 1,R) for brevity. The orthogonal map S : R*™* — R with S(u,v) =
(u,—v) for u € RP, v € R? induces the involution ¢ : G — G by conjugation, i.e.
o(A) = SAS™! with fixed point set S(O(p, q) x O(q,R)). Therefore

B(&,n) = —%Tr(f 1) = %Tr(ént)

is an Adg-invariant non-degenerate (in particular positive definite), symmetric, bi-
linear form on g. Let K = S(O(p) x O(p)) with corresponding Lie algebra €. Note
that Blexe is also non-degenerate and so € has a B-orthogonal complement m in g,
which is also non-degenerate with regard to B and is computed as follows. If

[ H H (A0
n—(H3 H4) and 5—(0 B)EE,
then Tr(¢ - n) = Tr(AH,) + Tr(BHy). So B(§,n) = 0 for all £ € so(g,R), which
implies that H; = 0 and H, = 0. Hence

oo {( S ) ixem).

The adjoint representation of S(O(p,R) x O(¢,R)) on m is
0 X 0 UXV-1
Adh( Xt 0 ) B ( VXUt o0 )

for h — ( - ) € S(O(p,R) x O(q,R)) = K.

On g we consider the polynomial functions f; : g = R, k= 1,2, ..., p defined by

i) =~ TH(E)

which are Adg-invariant. In particular their restriction on m are Adg-invariant and
induce G-invariant smooth (actually real analytic) functions on T'G,, ,(R). We shall
give a formula for their gradients using the following lemmas.

Lemma 4.2.1. Let p,q € N and A € RP*4.The positive semidefinite symmetric
matrices A'A € R1*9 and AA" € RP*P have the same non-zero (e.g. positive) eigen-
values.

Proof. Let A > 0 be an eigenvalue of A*A. There exists v € RY, v # 0 such that
A'Av = M. Then AAY(Av) = MAv. If A > 0, necessarily Av # 0 and therefore A
is an eigenvalue of AA*. Symmetrically, if © > 0 is an eigenvalue of AA?, there
exists u € R?, u # 0 such that AA'u = pu and therefore A'A(A'u) = pA'u. Again
Alu # 0, since p # 0 and so p is an eigenvalue of A'A. [
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Lemma 4.2.2. Let p,q € N and A € RP*9. Let

0 A
_ (pt+a)x(p+q)
& ( it 0 ) eR .

If \ € C\ {0} is an eigenvalue of &, then X is purely imaginary and —\? is an
ergenvalue of AA?.

Proof. There are u € CP and v € C?, not both zero, such that

(_?4,5 13)<Z):>\<z><:>Av:)\u,—Atu:)\v.

If v # 0, then A'Av = MA'u = —\?v and —\? is an eigenvalue of A'A. If u # 0,
then AA'w = —\Av = —)\?u and —\? is an eigenvalue of AA!. Since AA! and A'A
are positive semidefinite, symmetric, they have real non-negative eigenvalues and by
Lemma 4.1.1 they have the same non-zero positive eigenvalues. Since —\? € R and
—)2 > 0, it follows that X is purely imaginary. [

Lemma 4.2.3. Let A € C"" and ady : C™*™" — C™*" be the adjoint to A linear
map defined by ada(X) = [A, X] = AX — XA. If \,...\, € C are the eigenvalues

of A then the eigenvalues of ady are

)\i - )‘ja Z,] = 1,2, o, n.

Proof. We recall that A and A! have the same eigenvalues. Let uq,..u, € C
be distinct eigenvectors of A and vy,...v, € C of A’ coresponding to A, ..., \,,
respectively. For any u € C" and v € (C")* we denote by u® v the element of C**"
defined by

(u®v)(2) =v(z)u
for every z € C". Let X;; = v; ® v;. Now we have X;; # 0 and

AX;j(2) = A((ui ® v))(2)) = A(vj(2)wi) = v;(2) A(u;) = (A(u;) ® v;)(2) = \iXi5(2)
and
XijA(2) = (us @ v;)(A(2)) = v;(A(2))ws = (A'vy) (2)us = Ao (2)u; = N (Xi5(2)).

So adA(Xij) = /\zXZJ—A]XZJ = ()\Z—)\J)X” for all ’L,j = 1, 2, ., n. Therefore /\i_>\j7
1,7 =1,2,...,n are the eigenvalues of ads. [

Recall (See [13], [12]) that the nullity of a linear map A : C* — C™, i.e. an
element A € C™*" is the multiplicity of 0 as an eigenvalue of A. If g is a complex
Lie algebra and A € g, the rank of g is by definition

rk(g) = min{nullity of ad, | A € g}.

The element A € g is called regular if ad4 has minimum nullity i.e. rk(g).
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Example 4.2.4. If A € gl(n,C) = C™", the nullity of ad, is at least n from
the previous Lemma 4.2.3 and A is regular if and only if it is exactly n. This is

equivalent to saying that A has n distinct eigenvalues. This is obviously an open
and dense subset of C"*".

Example 4.2.5. Let p,q € N with p > ¢, A € RP*? and

§= ( _(3415 13) €so(p+q,R).

Then ¢ has at most 2¢ non zero (actually +iv/positive eigenvalues of A'A) eigen-
values. So ad¢ has at most 4¢* — 2¢ non-zero eigenvalues and the nullity of ad is
greater or equal than (p+q)? —4¢*+ 2q. Hence ¢ is a regular element of so(p+ ¢, R)
if and only if A’A has ¢ non-zero (< positive) and distinct eigenvalues.

Proposition 4.2.6. The polynomial functions hy : so(p + q,R) — R with
hi(€) = Teé?* k=1,2,...,p,
where p,q € N, p < q, are SO(p + q,R)-invariant with gradients
gradhy (&) = —2k&* 1,

with respect to the metric (X,Y) = Tr(XY"). Moreover at any & in a mazimal
abelian subspace a C m, their gradients are tangent to a and are linearly independent
if € is a regular element of so(p + q,R). So

Dhy(6)X = Tr(—2ke* 1 X" = Tr(2k¢*71X), X € so(p+ ¢, R).

Proof. We observe first that if A, B are square matrices of the same size, then
TrA* — TrB* = Tr((A — B)(A*' + A*¥ 2B + ..+ B* 1)),

Indeed,
(A-=B)(AF '+ A 2B+ .+ B =

—AF 4+ A'By+ . 4+ ABF' — BAMY — BA 2B — ... — B*

and
Tr(A*'B) = Tr(BA*1), Tr(A*2B) = Tr(BA**B),

e.t.c. Hence the observation.
Applying the above to &, H € so(p + ¢, R) we have

Tr(¢ + H)Y — Tre® — KTr(HE)
=Tr(H((E+ H)F =)+ Te((H(E+ H)F 26— ) + .. +0.

For every [ =0,1,...,n — 1 from the Cauchy-Schwarz inequality we have

Tr(H((&+ H) e — ¢
(Te(HH?))"?
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< (Tr((€+ H)Fe = g (€84 HYFHED = (€)F )
and for H — 0 the right hand side tends to
(Tr(€ 1! = €)1 = (€)' )2 =
In particular the above calculation shows that
Dhy(6)X = 2kTr(X 1) = —2kTr(X'¢?+1)

_ —2/{;Tr(§2k_1Xt) _ <—2k‘€2k_1,X>

and hence gradhy(§) = —2kE%* 1L,
In the particular case where

(% X em xemn

-Xt 0
we have
[ XXt 0 B (XxXH" 0
52 - ( 0 XtX ) and §2k - <_1)k < 0 (XtX)k ) .

So

%1 _ [ 1\k 0 (XX 1x

3 = (-1) ( —((XXt)k_lX)t 0 ) cm,
because

(XX . X'X)X' = XH(X X' XXY = XHXXH = (X XHFIX)

Actually, if £ € a, where a is a maximal abelian subspace of m, then [£,(] = 0,
ie. £¢ = ¢ and since [€2F7, (] = €271 — (€71 = 0 for every ¢ € a we must

necessarily have £2*=! € a, because a is maximal. In other words gradhy(¢) € a for
all £ € a.
p p
Now let Aj,.., A, be such that Y A\&#1 = 0. Then > &% = 0 and so

k=1 k=1

S (=) A(XIX)R = 0. If ay,...a, > 0 are the eigenvalues of XX, there exists
k=1

R € SO(p,R) such that

a ... 0
RYX'X)R =
0 - a
a¥ ... 0
and hence R~} X!X)*R = oo, . Substituting,
0 a’;
P aj 0
(=D | =0
k=1 0 a’;
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or equivalently

p
S (-Dfafn =0, j=1,2,..p.

k=1
It follows that A\ = ... = A\, =0, if
-1
a; a? - af 1 a al
-1
as a3 --- ab 1 ay - db
0 # A S LR :alag...apH(aj —a;)
) ’ : i<j
2 .. P B ks
a, a, ab 1 a, a?

and &£, €2, ..., €%~ are linearly independent. This means that if ¢ is regular then
Dhi(§), equivalently gradhg(§), k = 1,2, ..., p are linearly independent. [

Remark. If on so(p + ¢, R) we consider the metric B(X,Y) = $Tr(XY") and the
functions fi(&) = —ﬁTerk, k=1,2,..q, then

DA(OX = 1 (-2 Tr(€41X") = ST X) = B!, X)
and so gradfi(§) = £2*71) where the gradient now is taken with respect to B. If
¢ is regular, then from the above the gradients gradfi(¢) = €271 k = 1,...,p are
linearly independent.

Since fi, ..., f, are polynomials, hence real analytic functions, it follows from the
identity principle for real analytic functions that their gradients gradf, ..., gradf,
are linearly idependent on an open dense subset of so(p + ¢,R) of full Lebesgue
measure.

Now we consider the following chain

RIXRICR!'XxR2CR?2xR?>C ... CRP'xRP ¢ RPxRPH ¢ RP xRI™! ¢ R? x R?

of subspaces of R"™! = RP x RY. As usual we view R* C R? as the vectors in R?
whose last p— k coordinates vanish and similarly R* € R?. From this chain of vector
subspaces we obtain the chain of ¢- invariant Lie subgroups

O1+1,R)cO(1+2,R)cO2+2,R)C..CcO(p—1+p,R)CO(p+p,R)

CO(p+p+1L,R)Cc..CcO(@p+q—1,R)COn+1R).
The fixed point set of o restricted to each O(k + {,R) is O(k,R) x O(l,R) and so

Gru®) = Ok + LR 1 RY x 01, R) C Gpa(R)

is a totally geodesic embedded smooth submanifold of G, 4, since the corresponding
second fundamental form must vanish at each point of G ;(R) (see [6], Theorem 8
on page 19). The elements of so(k + [, R) viewed as elements so(n + 1, R) have rows
and columns with respective numbers n 4+ 1,...,pand p+1({+1,...p+qg=n+1
which vanish.

In the above chain of inclusions there are two types, namely R¥=! x RF C R* x R*
and R* x R! ¢ R* x R*! for k < [ with corresponding inclusion

Ok —1+kR) C Ok +k,R) and O(k +,R) € O(k + 1 + 1, R).
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We shall consider the first case, the second being analogous. We simplify our nota-
tion setting Gy = O(k—1+k,R), Go = O(k+k,R) and K; = O(k—1,R) x O(k,R),
Ky = O(k,R) x O(k,R). Since the fixed point set of o restricted to G is K; and
to Gy is Ky, we obtain orthogonal direct sum decompositions g, = ¢, & m, and
g, = £, ® m,, where § is the Lie algebra K, which is identical with the eigenspace
of the eigenvalue 1 and m; is the eigenspace of the eigenvalue —1, 7 = 1,2. The
difference dimm, — dimm, is the rank of the symmetric space Gy/Ks. Using these
notations we have the following.

Lemma 4.2.7. For every reqular vector & € m, there exists a reqular vector &, € m,
with m (&) = &, where m @ so(n + 1,R) — g1 denotes the orthogonal projec-
tion, and such that the mazimal abelian subalgebra as of my containing & satisfies
m; @ ay, = mo.

Proof. The Lie algebra my consists of matrices of the form

0 0 —X¢!
(X,a)=1 0 0 —d
X a 0

with X € R¥** -1 and ¢ € R¥*! = R¥. In the Lie subalgebra m; of my we have
a = 0. We have deleted the vanishing rows and columns arising from the inclusion
of my in so(n + 1,R). There exists h € K; such that Ad,(&;) is contained in the
maximal abelian subalgebra a of m; which consists of matrices (X,0) and z;; = 0
fori #j,1<i<k 1<j<k where X = (z5), 1 <i<k, 1<j <k (See [6],
Theorem 9). So we may assume without loss of generality that £ = (X,0) € a and
it suffices to take & = (X, a) selecting a suitably in order to achieve the direct sum
decomposition. The commutator of & with any u = (Y,0) € my, for Y = (y;;) €
Rex(k=1) ] <§ <k 1<j<Ek,is

YiX — XY Yta 0
[&o, 0] = —aty 0 0
0 0 YX!-—XY!
while
YiX — XY 0 0
(&1, 0] = 0 0 0
0 0 YX!—XY!

If [&,v] = 0, thenv € aand @'Y = (a1y11, ..., Gk—1Ygk—14-1), Wwhere a’ = (aq, ..., ag_1, ax).
Thus, if we choose a € R* such that a; # 0 for 1 < i < k, then [&,v] # 0 for

v # 0.This implies that the maximal abelian subalgebra ay in ms which contains &,
satisfies ap N my = {0}. O

Enumerating the groups O(k+1[,R) and O(k,R) x O(l,R) consequtively as in the
chain of inclusions above by G; and K; we have corresponding Lie algebras g, and &;
respectively, 1 <i<2(p—1)+(¢—p+1) =p+ q— 1, with orthogonal direct sum
decomposition g; = £;&m;. Starting with a non-zero vector §; € a; = my; = R, hence
regular, and applying the above Lemma 4.2.7 repeatelly we obtain a finite sequence
of regular vectors §; € m; such that m;(§;) = ¢ for i < j where m; : so(n+1,R) — g,
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is the orthogonal projection and such that the maximal abelian subalgebra a; of
m; which contains ¢ satisfies m; = a; @ m;_;. In this way we obtain a direct sum
decomposition

m, = mp+q_1 = b ... P a,.
If now P : TG, ,(R) — so(n + 1,R) denotes the representation of the momentum

map induced by the metric, we have a total number of

(p—1)p
2

2 +pla—p+1)=pq

first inegrals F;; = fjomoP : TG, ,(R) — R which are in involution by the results of
the previous section. By Proposition 4.2.4, their gradients are linearly independent
at &, = p1q—1 and so are their corresponding Hamiltonian vector fields. Since P is
real analytic by the formula in Lemma 3.2.1 and f; om; are polynomial functions, all
the F}; are real analytic functions. By the identity principle for real analytic func-
tions, their gradients are linearly independent on an open dense subset of TG, ,(R)
whose complement is a set of measure zero and so are their corresponding Hamilto-
nian vector fields. Thus we have proved the following.

Theorem 4.2.8. The geodesic flow of the real Grassmanian G, ,(R) is completely
integrable with pq real analytic functions on TG, ,(R) as a complete family of first
integrals in involution. [

Actually, the above considerations show that the conclusion of the Theorem 4.2.8
holds for the Hamiltonian vector field of any SO(n + 1,R) invariant smooth funtion
on TG, 4(R).
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Appendices

5.1 The identity principle for real analytic func-
tions

Theorem 5.1.1. Let I C R be an open interval and let f : I — R be a real analytic
function. If the set of zeros {x € I | f(x) =0} of f has an accumulation point in I,
then f =0 on I.

Proof. Let xy € I be such that f(xg) = 0. There exists § > 0 such that (zg —
§,20+0) C I and f(z) = > a,(x — x0)" for x € (xg— 0,19+ 0) where a,, = M,

n!
n=0
n > 0. Since f(xy) = 0, either a, = 0 for all n > 0 and so f|(zy—s2,+6) = 0 or there
exists some m € N such that f(z) = (v — x¢)™g(2), v € (xg — J, 20 + J) for some
real analytic function g : (xg — 0,9 + §) — R, with g(z¢) # 0. By continuity of ¢
taking a smaller § > 0 we may assume that g(z) # 0 for all z € (zg — d,x¢ + 9).
Consequently f(x) # 0 for all x € (zg — 9,20+ 9) \ {z0}. So ¢ is an isolated point
of {x € I| f(x) =0}. Thus if zg € I is an accumulation point of {z € I | f(z) =0}
then necessarily a, = 0 and f|(z,—s2+s) = 0. This argument implies that the set of
the accumulation points of {z € I | f(x) =0} in [ is open and trivially closed in /.

Hence if it is non-empty it must be all of I. [

Theorem 5.1.2. Let f: R™ — R be a real analytic function such that f(x) =0 for
allz € E. If E has positve Lebesgue measure, then f =0 everywhere on R".

Proof. We proceed by induction on the dimension. For n = 1, there exists some
p > 0 such that A\;(E N [—p,p]) > 0, where A\; denotes the Lebesgue measure on R.
In particular, E'N[—p, p] is an infinite set and by the Bolzano-Weierstrass theorem,
it has an accumulation point in [—p, p|. Hence f = 0 for every open interval larger
than [—p, p|. This means that f = 0 everywhere on R.

Suppose now that the conclusion is true for n and let f : R®™ — R be a real
analytic function such that f(x) =0 for x € E C R"™ a set of (n + 1)-dimensional

Lebesgue measure A, .1(F) > 0. By Fubini’s theorem we have
R R~
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This implies that there exists a measurable set A C R such that

/XE(x,t)d)\n(x) > 0 and M (A) > 0

Rn

for every t € A. The function g;(z) = f(z,t) is real analytic on R" and g;(z) = 0
for x € F;, where
E,={x eR" | (z,t) € E}.

Obviously, F; is measurable and

M(Ey) = /XEt(x)d)\n(x) :/XEt(m,t)d)\n<£L') > 0.

R™ Rn

By the inductive hypothesis, g;(z) = 0 for every x € R™ and so f(x,t) = 0 for all
(xz,t) € A. Now for all z € R™ the function h,(t) = f(z,t) is real analytical on R
and h,(t) =0 for all t € A. Since A\;(A) > 0 and the conclusion holds in dimension
n = 1 we conclude that h,(t) = 0 for all t € R, that is

f(z,t) =h.(t) =0forallt e Rand x € R". O

Corrolary 5.1.3. Let m < n and fy,..., frn : R® — R be real analytic functions. If
there exists some point p € R™ such that {V f1(p), ...,V fm(p)} is linearly indepen-
dent, then the vector fields V f1, ...,V f,, are linearly independent on an open dense
subset of R™ whose complement has Lebesque measure zero.

Proof. Let f : R" — R™ denote the map f = (f1, ..., fm). Then {V fi(q), ..., Vfm(q)}
are linearly independent if and only if Df(q) has rank m. Obviously, this holds in
an open subset of R™. Recall that D f(g) has rank m if and only if the determinant
of some m x m submatrix of Df(q) is non-zero. By our assumption, there exists
such a determinant D with D(p) # 0. The function D : R” — R is real analytic, as a
polynomial of the real analytic functions 2, 1 < i, j < n. By the identity principle

L)
Ox;

for real analytic functions, the set
E ={qeR" | D(q) = 0}

has Lebesgue measure zero and in particular it does not contain any open subset
of R™, that is it is nowhere dense. In other words {V fi(q),..., Vfin(q)} is linearly
independent for ¢ € R*\ E and R" \ E is dense in R*. [

5.2 Killing forms

Let G be a Lie group with Lie algebra g. Let B : g X ¢ — R be the symmetric,
bilinear form defined by

B(X,Y) = Tr(adx o ady).
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If o is a Lie algebra automorphism of g, we have
adg(X)(Z) = [U(X), Z] = U[X, 0_1(Z)]

for every X, Y € g and therefore ad,(x) = ocoadyoo™". It follows that B(o(X),o(Y))
= B(X,Y) for every X, Y € g. In particular, B(Ad,(X),Ad,(Y)) = B(X,Y) for
every X, Y € gand g € G. In other words, B is Ad-invariant. The Ad-invariant,
symmetric, bilinear form B is called the Killing form of G (and g). If B is non-
degenerate, then G (and g) is called semi-simple Lie group.

Example 5.2.1. If G is abelian, then Ad is trivial and ad= 0. Hence B = 0. So
G cannot be semi-simple. As special cases we get that R” and S* are not semi-simple.

Example 5.2.2. We shall find the Killing form of the general linear group GL(n,R),
n > 1. Recall that gl(n,R) = R™" and the adjoint representation in this case is
just conjugation, that is Ad4(X) = AXA™! for X € R™" and A € GL(n,R). Also
(X, Y] =adx(Y) = XY —YX for every X, Y € R"™, because

(I + X)Y (I, + X)' =Y — (XY - YX)

111
(L X)Y =Y (I, + ﬁ(ﬂ (XY = YX) 4 X) | yy
X -1
= (VX = XY) o (X 1)

whose norm is < ||[YX — XY - ||(I, + X)7!|| = 0, when X — 0. Since ad;, = 0
it follows that the Killing form of GL(n,R) is degenerate, and so GL(n,R) is not
semi-simple.
Note that if G is any Lie group with Lie algebra g, it follows from the Jacobi
identity that
ad[X’y] = adX @) ady — ady e} adX = [adx, ady]

for every X, Y € g, which means that ad: g — End(g, g) is a Lie algebra homomor-
phism.
In order to calculate the Killing form of GL(n,R), we consider the cannonical

basis {Ezj | 1 S Z,j S n} of Rm*" If X = (mij)lgi,jfn = Z IijEija then

i,7=1
adx(Ey) = [X,Ey] = Y xEy— Y 2Eq.
k=1 k=1

If Y = (yij)1<ij<n, then

n

(ady o ady)(E;j) = Z yriadx (Ex;) — Z yiradx (Eir)
k=1 k=1

= Z ym(z SUZkElj - Z%zEkl) - Z yjk(z By — Z iUszu)
I=1 =1 k=1 I=1 =1

k=1
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= Z l’ZkykiElj - Z %‘lykiEkz - Z 9€liyjkElk + Z xklyjkEil

k=1 k=1 k=1 k=1

= Z JCZkykiElj - Z (%’l?/ki + xklyjl)Ek:l + Z ﬂfklyjkEiz-

k=1 k=1 k=1
The coefficient of E;; is

E TikYki — TjjYii — Tiiljj + § TkjiYik
k=1 k=1

and so

B(X,Y) =Tr(adx ocady) = Z TikYrki — Z (25Yii + Tiuyj;) + Z TkiYjk

1,5,k=1 i,j=1 i,5,k=1

=nTr(XY) —2TrX - TrY 4+ nTr(XY) = 2nTr(XY) — 2Tr X - TrY.

Example 5.2.3. We shall compute the Killing form of the special orthogonal group
SO(n,R) for n > 2. We recall that so(n,R) = {H € R"" | H + H' = 0} is the
space of skew-symmetric elements of R™*". We consider the basis {E;; — Ej; | 1 <
i <j<n}ofso(nR). If X =(x;)i<ij<n and Y = (vij)1<i j<n are two elements of
so(n,R), then z;; = —xj; and y;; = —y;; and

ady (E Z vki(Erj — Ejp) = Y yjn(Eix — Egi).
k=1

Therefore,

(adx © adY)(Ez’j - Eji) = Z ykiadX(Ekj ]k ZyjkadX Ezk - Ekz)

k=1 k=1

= Zymlek Eij — Zymzwﬂ (Ew — Eu)
k=1 k=1

—Zyjszch (B — Er) +Zyjk23?kl (Eq — Ey).
k=1 k=1

The coefficient of E;; — Eji is

Z TikYrki — 2T45Yji + Z Ty, and so

k=1 k=1
B(X, Y) Tr(adX o ady E E LikYks + E E TkiYjk — 2 E TriYji
1<i<j<n k=1 1<i<j<n k=1 1<i<j<n
n n
E E TikYki + E E TikYkj — E TijYji — E TjilYij
1<i<j<n k=1 1<i<j<n k=1 1<i<j<n 1<i<j<n
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= > (XY)u+ Y (XY)y— D wyys

1<i<j<n 1<i<j<n ij=1
=(n—-1)Tr(XY)—-Tr(XY) = (n—2)Tr(XY).
This formula for the Killing form B implies that B is non-degenerate and so SO(n, R)

is semi-simple. Indeed, if X € so(n,R) and X = (2;;)1<ij<n, thenfor 1 <i < j<n
we have

Te(X - (By — Ep) = T(Y awiBig — Y w4 i)
k=1 k=1

n n
= E JikiTI‘Ekj — E ZL‘ijI‘Eki = Ijz‘ — xij = —2.171']'.
k=1 k=1

So if Tr(XY') = 0 for every Y € so(n,R), then X = 0.
In case n = 3 we have the Lie algebra isomorphism ~ : (R?, x) — so(n,R) with

0 —v3 1y U1 Uq
0= Vs 0 —v for v=1| vy eR: If u=| uw |,
—V3 U1 0 V3 us
and then a simple calculation shows that Tr(uo) = —2(u,v), where ( ,) is the

Euclidean inner product on R3. In other words B is negative defined and —%B
corresponds to the Euclidean inner product under the isomorphism ~
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