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Eisagwg�

To j�ma aut�c thc ergas�ac e�nai h kataskeu� dunamik�n susthm�twn sthn ��sfa�ra�
qwr�c periodik�c troqi�c kai qwr�c stajer� shme�a� �Opwc e�nai gnwst�� se �llec sum�
page�c ��pollapl�thtec qwr�c s�noro� �pwc gia par�deigma ston ��torus T �� up�rqoun
t�toia dunamik� sust�mata� To �	�� o H� Seifert ap�deixe �ti k�je C� dianusmati�
k� ped�o sthn S�� tou opo�ou ta dian�smata sqhmat�zoun arket� mikr�c gwn�ec me to
dianusmatik� ped�o pou ef�ptetai thc Hopf �bration� �qei toul�qiston m�a periodik�
troqi�� Taut�qrona diat�pwse to er�thma� an k�je dianusmatik� ped�o sthn S� qwr�c
stajer� shme�a� �qei toul�qiston m�a periodik� troqi�� Ap� t�te �ginan prosp�jeiec
ap�deixhc thc eikas�ac� gia eidik�c kl�seic dianusmatik�n ped�wn� all� kai arnhtik�c
ap�nths�c thc� To pr�to antipar�deigma d�jhke ap� ton P� Schweitzer �Sch� to �	

�
pou �tan �mwc m�no C� kai den mpore� na g�nei periss�tero le�o� To �	�� d�jhke C�

antipar�deigma ap� thn J� Harrison� To C� antipar�deigma d�jhke to �		
 ap� thn K�
Kuperberg �KuK�� H kataskeu� tou antiparade�gmatoc auto� sthr�zetai sthn id�a tou
Schweitzer kai qrhsimopoie� th m�jodo twn plugs�

Sto antipar�deigma tou P� Schweitzer� xekin�me me �na mh�mhdeniz�meno C� dianu�
smatik� ped�o X� sthn S� me m�a m�no periodik� troqi�� St�qoc e�nai na �sp�soume�
aut�n thn troqi�� qwr�c �mwc na dhmiourghjo�n kaino�riec periodik�c troqi�c� Jewro�me
m�a amfidiaf�rish Denjoy ston k�klo� Pr�keitai gia m�a C� amfidiaf�rish f � S� � S�

pou diathre� ton prosanatolism� kai �qei �na mh�tetrimm�no el�qisto s�nolo L� omoio�
morfik� me to s�nolo tou Cantor� Me th m�jodo thc an�rthshc kataskeu�zetai �na C�

dianusmatik� ped�o ston mapping torus thc f � Kaj�c aut�c e�nai C� amfidiafor�simoc
me ton torus T �� pa�rnoume �na C� dianusmatik� ped�o V ston T �� To V �qei �na mh�
tetrimm�no el�qisto s�nolo M kai kam�a stajer�� periodik� � pukn� troqi� ston T ��
H kataskeu� aut� parousi�zetai analutik� sto kef�laio II�

Sto kef�laio III� afo� parousi�soume tic basik�c �nnoiec thc jewr�ac twn
plugs� perigr�foume leptomer�c to antipar�deigma tou Schweitzer� Or�zoume sthn
��pollapl�thta T � � ���� �� �na C� dianusmatik� ped�o E � to opo�o �qei monadi�
k� el�qisto s�nolo to M� f	g kai kataskeu�zoume m�a plug 
 pou �qei b�sh ton
T � n feswterik� en�c d�skoug kai den �qei periodik�c troqi�c� Eis�goume t�te thn 
 se
�na �ow box g�rw ap� �na shme�o thc periodik�c troqi�c tou X�� pou antistoiqe� se
shme�o tou sun�lou M� ���� ��� Etsi pa�rnoume �na C� dianusmatik� ped�o S sthn
S�� qwr�c periodik�c troqi�c kai qwr�c stajer� shme�a� To S den epid�qetai belt�wsh
sto bajm� diaforisim�tht�c tou� di�ti h kataskeu� tou sthr�zetai sthn amfidiaf�rish
Denjoy� pou e�nai m�non C�� afo� den up�rqoun C� amfidiafor�seic Denjoy�

H K� Kuperberg xekin� me to X� sthn S� kai me m�a plug W� �t�pou� Wilson� H
W� h opo�a �qei for�a ton stere� torus W � f
r� �� z� � r� z � ���� ��� � � R��	Zg� �qei
akrib�c d�o periodik�c troqi�c T�� T� stajer�c akt�nac r � 	� sta ep�peda z � ��

� kai
z � ��

� � K�nontac eisagwg� thc W sthn periodik� troqi� L tou X�� dhmiourge�tai �na
n�o ped�o sthn S� �pou h L �qei katastrafe�� all� �qoun dhmiourghje� d�o kaino�riec
periodik�c troqi�c� oi T�� T�� H id�a thc Kuperberg �tan� prin k�nei eisagwg� thc W
sthn S�� na k�nei pr�ta eisagwg� thc W ston eaut� thc� �ste na sp�sei tic periodi�
k�c thc troqi�c� �Etsi dhmiourge�tai m�a kaino�ria plug K� qwr�c periodik�c troqi�c� h
opo�a eis�getai pl�on se �na �ow box g�rw ap� �na shme�o thc troqi�c L tou X�� pou
antistoiqe� se shme�o thc morf�c 
	� ������ To apot�lesma e�nai �na C� dianusmatik�
ped�o sthn S�� qwr�c stajer� shme�a kai qwr�c periodik�c troqi�c�
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I� DIANUSMATIKA PEDIA KAI DUNAMIKA
SUSTHMATA

�� Dianusmatik� ped�a se pollapl�thtec�

Jewro�me mia C� n�pollapl�thta M kai � � k � �� �Ena Ck dianusmatik� ped�o
sthn M e�nai m�a Ck apeik�nish � � M � TM� t�toia �ste gia k�je p � M to �
p�
e�nai �na efapt�meno di�nusma thc M me shme�o efarmog�c to p� M�a Ck kamp�lh
� � I � M� �pou to I � R e�nai �na anoikt� di�sthma� l�getai oloklhrwtik� kamp�lh
tou �� an ��
t� � �
�
t�� gia k�je t � I� H ap�deixh tou ak�loujou Jewr�matoc
br�sketai sto �Boo�� Ch� IV� Theorem ����

Je�rhma ���� �Estw � �na Ck dianusmatik� ped�o� � � k � �� sthn pollapl�thta M�
T�te gia k�je p �M up�rqoun m�a anoikt� perioq� V� �na � � 	 kai m�a Ck apeik�nish
�V � 
��� ��� V �M� �ste

	�V

	t

s� q� � �
�V 
s� q��

gia k�je 
s� q� � 
��� ���V kai �V 
	� q� � q gia k�je q � V� Epipl�on� gia k�je oloklh	
rwtik� kamp�lh � � I � M tou �� me �
	� � q � V� isq�ei �V 
�� q�jI������� � �jI��������
Eidik�� h �V e�nai monadik�� dhlad� an ��� V � e�nai �na �llo t�toio ze�goc pou antistoiqe�
sto p �M� t�te �V � �V

�

sto 

��� ��� V � � 

���� ���� V ���

H �V l�getai topik� ro� tou � g�rw ap� to p� Sth sun�qeia� upoj�toume p�nta �ti
to � e�nai �na Ck dianusmatik� ped�o sthn C� n�pollapl�thta M � � � k � ��

Pr�tash ���� Gia k�je p � M up�rqei �na monadik� anoikt� di�sthma Ip � 
ap� bp�
pou peri�qei to 	� me tic ak�loujec idi�thtec

a
 Up�rqei m�a oloklhrwtik� kamp�lh � � Ip �M tou �� me �
	� � p�
b
 An g � I � M e�nai m�a opoiad�pote �llh oloklhrwtik� kamp�lh tou � me

g
	� � p� t�te I � Ip kai g � �jI�

Dhlad� gia k�je p � M up�rqei m�a m�gisth oloklhrwtik� kamp�lh �p � Ip � M
me arqik� sunj�kh �p
	� � p� �Bl� �Boo�� Ch� IV� Theorem �����

L�mma ��	� �Estw p � M� t � Ip kai q � �p
t�� T�te Iq � Ip � t � 
ap � t� bp � t� �

aq� bq� kai �q
s� � �p
t� s� gia k�je s � Iq� �Bl� �Boo�� Ch� IV� Corollary �����

J�toume t�raD
�� � f
t� p� � R�M � t � Ipg� ToD
�� peri�qei m�a anoikt� perioq�
tou f	g�M� H kal�c orism�nh apeik�nish � � D
���M me t�po �
t� p� � �p
t� l�getai
ro� tou � kai ikanopoie�

i� �
	� p� � p gia k�je p �M�
ii� �
t� �
s� p�� � �
t � s� p� opoted�pote k�poio ap� ta d�o m�lh or�zetai� op�te

or�zetai kai to �llo kai e�nai �sa ap� to L�mma ����

�



Je�rhma ��
� To D
�� e�nai anoikt� upos�nolo tou R � M kai h ro� � e�nai Ck

apeik�nish� �Bl� �Boo�� Ch� IV� Theorem �����

To Ip end�qetai na mhn e�nai ol�klhro to R� dhlad� D
�� � R �M en g�nei� An
D
�� � R �M� t�te to � l�getai pl�rec dianusmatik� ped�o� K�je dianusmatik� ped�o
pou or�zetai se sumpag� pollapl�thta� e�nai pl�rec� �Bl� �Boo�� Ch�IV� Corollary �����
An � � D �M e�nai m�a le�a ro�� or�zetai to le�o dianusmatik� ped�o � � M � TM me

t�po �
p� �
	�
	t


	� p�� To � l�getai apeirostik�c genn�torac thc �� H topik� ro� g�rw
ap� �na shme�o sto opo�o to � de mhden�zetai� perigr�fetai ap� to ak�loujo�

Je�rhma ���� �
Uparxhc �ow box� �Estw � �na le�o dianusmatik� ped�o sthn
n	pollapl�thta M kai p �M� An �
p� 	� 	� t�te up�rqei �nac q�rthc 
U� 
� me p � U �

�ste �jU � 	
	x�

� �Bl� �Boo�� Ch� IV� Theorem ������

H sumperifor� aut�� e�nai eidik� per�ptwsh thc �nnoiac thc foliation� Jewro�me m�a
C� n�pollapl�thta M� me � qwr�c s�noro kai

A � f
Ui� �i� � i � Ig
�nan Cr �tlanta thc M� 	 � r ��� �Estw F � fLj � j � Jg m�a oikog�neia sunektik�n
kat� t�xa uposun�lwn thc M� Ja l�me �ti h F e�nai m�a k�di�stath Cr foliation thc M�
an

�� Lj � Lm � � gia k�je j�m � J me j 	� m�
��
S
j�J Lj �M�

�� gia k�je p �M up�rqei q�rthc 
Ui� �i� � A g�rw ap� to p� t�toioc �ste gia k�je
Lj � F me Ui�Lj 	� �� j � J� k�je sunektik� kat� t�xa sunist�sa tou �i
Ui�Lj� e�nai
thc morf�c f
x�� x�� ���� xn� � �i
Ui� � xk�� � ck��� xk�� � ck��� ���� xn � cng� �pou oi
ck��� ck��� ���� cn e�nai stajer�c pou or�zontai ap� thn sunektik� kat� t�xa sunist�sa�
Dhlad� m�a k �foliation F � e�nai �nac �tlac qart�n sto Rn pou diathro�n th diam�rish
tou Rn se k�piec tou Rk � h opo�a apotele� thn tetrimm�nh k �foliation tou Rn �

Onom�zoume to Lj f�llo thc foliation F � pou e�nai profan�c immersed upopol�
lapl�thta thc M � M�a pollapl�thta M efodiasm�nh me m�a foliation F � onom�zetai
foliated pollapl�thta� �Enac q�rthc 
Ui� �i� � A pou ikanopoie� thn idi�thta �� onom��
zetai foliated q�rthc � foliated perioq�� �Bl� �Tam�� Ch� IV� x���� Ap� to Je�rhma
�parxhc �ow box� prok�ptei �ti k�je Ck dianusmatik� ped�o pou de mhden�zetai poujen��
or�zei m�a ��di�stath Ck foliation� me f�lla tic eik�nec twn oloklhrwtik�n kampul�n
tou ped�ou�

�Estw t�ra M m�a n�pollapl�thta� F m�a k�foliation sthn M kai N m�a j�
upopollapl�thta thc M me j � k 
 n� Oi N kai F t�mnontai egk�rsia sto p � M
an up�rqei q�rthc 
U��� tou p sthn M� �ste h FjU na apeikon�zetai m�sw thc � se
par�llhla k�ep�peda pou t�mnoun to j�ep�pedo �
U �N� � Rn se 
j � k � n��ep�peda�
Dhlad� isq�ei TpM � TpN � TpLj gia k�je j � J me p � Lj�

M�a n	pollapl�thta me o	gwn�ec e�nai �nac sumpag�c �oc arijm�simoc q�roc Haus�
dor�� pou e�nai topik� omoiomorfik�c me k�poio anoikt� upos�nolo tou

O � f
x�� ���� xn� � Rn � xk 
 	 gia k�je k � �� �� ���ng�
Sthn ergas�a aut� ja jewr�soume C� n�pollapl�thtec me o�gwn�ec� pou or�zontai me
entel�c an�logo tr�po �pwc oi C� pollapl�thtec me s�noro� Profan�c k�je C�

�



pollapl�thta me s�noro� e�nai C� pollapl�thta me o�gwn�ec� �Omwc �na parallhlep��
pedo� gia par�deigma� e�nai C� pollapl�thta me o�gwn�ec� all� �qi C� pollapl�thta
me s�noro� B�baia k�je pollapl�thta me o�gwn�ec e�nai topologik� pollapl�thta me
s�noro�

M�a foliation se m�a C� n�pollapl�thta me o�gwn�ec M e�nai m�a foliation tou
eswteriko� thc M � pou epekte�netai se m�a foliation m�ac anoikt�c C� n�pollapl�thtac
pou peri�qei thn M �

�� Dunamik� sust�mata�

�Ena Ck dunamik� s�sthma� 	 � k � �� me suneq� qr�no se m�a pollapl�thta�
e�nai �na ze�goc 
M�
�� �pou M e�nai m�a pollapl�thta kai 
 � R �M � M m�a Ck

apeik�nish pou ikanopoie�
i� 

	� x� � x gia k�je x �M�
ii� 

t� s� x� � 

s�

t� x�� gia k�je t� s � R kai gia k�je x �M�
H pollapl�thta M onom�zetai q�roc f�sewn tou sust�matoc kai h apeik�nish 


l�getai ro�� Suqn�� �mwc� de g�netai diaqwrism�c twn ennoi�n thc ro�c kai tou du�
namiko� sust�matoc� Oloklhr�nontac �na pl�rec le�o dianusmatik� ped�o� pa�rnoume
�na dunamik� s�sthma sthn M� Ant�strofa� an 
 e�nai �na C� dunamik� s�sthma� o

t�poc 	

	t


	� x� � V
x� or�zei �na C� dianusmatik� ped�o sthn M � An ston parap�nw
orism� antikatast�soume to R me to Z� �qoume ton orism� en�c dunamiko� sust�matoc
me diakrit� qr�no� Sthn per�ptwsh aut�� up�rqei m�a Ck amfidiaf�rish f � M � M�
t�toia �ste 

k� x� � fk
x� gia k�je k � Z kai x � M� Oi parak�tw orismo� �qoun
n�hma gia dunamik� sust�mata me suneq�� all� kai diakrit� qr�no�

To s�nolo C
x� � f

t� x� � t � Rg onom�zetai troqi� tou shme�ou x � M�
to s�nolo C�
x� � f

t� x� � t � R�g jetik� hmitroqi� tou x� en� to s�nolo
C�
x� � f

t� x� � t � R�g arnhtik� hmitroqi� tou x� �Ena s�nolo A �M onom�zetai
jetik� anallo�wto� an C�
x� � A gia k�je x � A kai arnhtik� anallo�wto� an
C�
x� � A gia k�je x � A� To A l�getai anallo�wto� an C
x� � A gia k�je x � A�

L�mma ���� �Estw A � M �na anallo�wto s�nolo� T�te kai ta A� M n A e�nai
anallo�wta s�nola� �Bl� �Sib�� Ch��� Theorem ���� Theorem �����

�Estw 
M�
� �na dunamik� s�sthma� Gia k�je x � M or�zetai h suneq�c
kai ep� apeik�nish 
x � R � C
x� � M me t�po 
x
t� � 

t� x�� To s�nolo
Cx � 
��x 
x� � ft � R � 

t� x� � xg e�nai kleist� prosjetik� upoom�da tou R kai
onom�zetai om�da isotrop�ac tou shme�ou x� To ak�loujo L�mma apodeikn�etai e�kola�

L�mma ���� �Estw H m�a kleist� upoom�da tou R� T�te isq�ei akrib�c �na ap� ta
parak�tw�

a
 H � R�
b
 Up�rqei � � 	 t�toio �ste H � �Z�
g
 H � f	g�

An gia k�poio x � M isq�ei Cx � R� t�te C
x� � fxg kai to x l�getai stajer�
shme�o� en� an Cx � �Z� t�te to x l�getai periodik� shme�o� h troqi� tou C
x� periodik�
troqi� kai e�nai omoiomorfik� me ton S�� An t�ra Cx � f	g� t�te h 
x � R � C
x�

�



e�nai m�a suneq�c� ��� kai ep� sun�rthsh kai isq�oun ta ak�louja�

L�mma ��	� �Estw x � M me Cx � f	g� T�te h troqi� C
x� e�nai omoiomorfik� me to
R� an kai m�no an h 
x e�nai omoiomorfism�c� �Bl� �Sib�� Ch� II� Corollary �����

Je�rhma ��
� �Estw x �M me Cx � f	g� T�te h troqi� C
x� den e�nai omoiomorfik�
me to R� an kai m�no an up�rqei m�a akolouj�a 
tn�n�N sto R pou apokl�nei jetik� �
arnhtik�� �ste 

tn� x�� x sthn M� �Bl� �Sib�� Ch� II� Corollary �����

Jewro�me p�li �na dunamik� s�sthma 
M�
�� Onom�zoume jetik� oriak� s�nolo tou
shme�ou x � M� to s�nolo L�
x� � fy � M � up�rqoun tn � �� me 

tn� x� � yg�
en� to L�
x� � fy � M � up�rqoun tn � �� me 

tn� x� � yg l�getai arnhtik�
oriak� s�nolo tou x �M� To ak�loujo Je�rhma br�sketai sto �Bh�Sz�� Ch��� Theorem
����

Je�rhma ���� �Estw 
M�
� �na dunamik� s�sthma kai x � M� T�te isq�oun ta
ak�louja�

a
 C�
x� � C�
x� � L�
x��
b
 Ta L�
x�� L�
x� e�nai kleist� kai anallo�wta s�nola�

�Ena s�nolo K � M onom�zetai el�qisto� an e�nai mh�ken�� kleist�� anallo�wto
kai kan�na gn�sio upos�nol� tou den �qei tic �diec idi�thtec� Ap� to L�mma tou Zorn
prok�ptei �ti k�je dunamik� s�sthma s� �nan sumpag� q�ro �qei el�qista s�nola� To
el�qisto s�nolo K ja l�getai tetrimm�no� an e�nai �na stajer� shme�o � m�a periodik�
troqi� � K �M� �Enac qr�simoc qarakthrism�c twn el�qistwn sun�lwn d�netai ap� ta
Jewr�mata ��� kai ��
� h ap�deixh twn opo�wn br�sketai sto �Bh�Sz�� Ch��� Theorem
���� Theorem ����

Je�rhma ���� �Ena mh	ken� s�nolo K � M e�nai el�qisto� an kai m�no an gia k�je
x � K isq�ei C
x� � K�

Je�rhma ���� �Estw K � M �na mh	ken�� sumpag�c s�nolo� T�te ta ak�louja e�nai
isod�nama

a
 To K e�nai el�qisto�
b
 C
x� � K gia k�je x � K�
g
 C�
x� � K gia k�je x � K�
d
 C�
x� � K gia k�je x � K�
e
 L�
x� � K gia k�je x � K�
st
 L�
x� � K gia k�je x � K�

Sthn paro�sa ergas�a ja mac apasqol�soun el�qista s�nola ston S� kai ston
torus T �� Gia to l�go aut� anaf�roume ta parak�tw Jewr�mata�

Je�rhma ���� �Denjoy� An h f � S� � S� e�nai m�a C� amfidiaf�rish pou diathre�
ton prosanatolism�� t�te h f den �qei kan�na mh	tetrimm�no el�qisto s�nolo� �Bl�
�Tam�� Ch��� Theorem �����






Je�rhma ���� �Schwartz� �Estw M m�a �	pollapl�thta kai � � R �M � M m�a
C� ro� sthn M� An to A �M e�nai �na sumpag�c el�qisto s�nolo� t�te e�te to A e�nai
stajer� shme�o� e�te e�nai m�a periodik� troqi�� e�te A �M � �Bl� �Schw���

Ta el�qista s�nola diakrit�n dunamik�n susthm�twn tou S� pou diathro�n ton
prosanatolism�� kajor�zontai ap� ton arijm� strof�c tou Poincar�e�

Je�rhma ����� �Poincar�e� �Estw f � S� � S� �nac omoiomorfism�c pou diathre� ton
prosanatolism�� T�te to �rio



f� � lim
n���

�fn
t�� t

n

up�rqei gia k�je t � R� e�nai anex�rthto tou t kai anex�rthto 
mod �� ap� thn an�ywsh
�f � R � R tou f � O 

f� onom�zetai arijm�c strof�c tou Poincar�e� �Bl� �Ar�Be�Zh��
Ch��� x���

Je�rhma ����� �Poincar�e� �Estw f � S� � S� �nac omoiomorfism�c pou diathre� ton
prosanatolism��

a
 An o 

f� e�nai rht�c� t�te k�je el�qisto s�nolo tou f e�nai stajer� shme�o �
periodik� troqi��

b
 An o 

f� e�nai �rrhtoc� t�te o f �qei �na monadik� el�qisto s�nolo K � S�

kai e�te K � S�� e�te to K e�nai �na s�nolo Cantor kai L�
x� � L�
x� � K gia k�je
x � S�� �Bl� �Ar�Be�Zh�� Ch��� x���

O arijm�c strof�c Poincar�e e�nai anex�rthtoc ap� hmisuzug�ec� �pwc de�qnei to
ak�loujo�

Je�rhma ����� �Estw D to s�nolo twn aux�ntwn omoiomorfism�n tou R� thc morf�c

� id� �pou h 
 e�nai periodik� sun�rthsh tou R me per�odo 
� �Estw ep�shc H � R � R
m�a suneq�c sun�rthsh thc morf�c H � � � id� �pou h � e�nai suneq�c kai periodik�
sun�rthsh peri�dou 
� An oi F�G � D ikanopoio�n thn H�F � G�H� t�te 

F � � 

G��
�pou 
 e�nai o arijm�c strof�c tou Poincar�e� �Bl� �Ar�Be�Zh�� Ch��� Lemma �����

�



II� DUNAMIKA SUSTHMATA TOU DENJOY

�� Anart�seic

Sto kef�laio aut� ja kataskeu�soume �na dianusmatik� ped�o ston torus� qwr�c
stajer� shme�a� qwr�c periodik�c troqi�c kai qwr�c troqi�c pukn�c ston torus� op�te to
ped�o ja �qei �na mh�tetrimm�no el�qisto s�nolo� Ap� to Je�rhma I���	 gnwr�zoume
�ti �na t�toio ped�o mpore� na e�nai to pol� C�� Gia to l�go aut�� ja perigr�youme m�a
genik� kataskeu� suneqo�c ro�c ap� m�a diakrit� ro��

�Estw N m�a C� n�pollapl�thta kai f � N � N m�a Cr amfidiaf�rish� r 
 	�
Sto kartesian� gin�meno R �N or�zoume thn apeik�nish g � R �N � R �N me t�po

g
s� x� � 
s� �� f
x���

pou e�nai Cr amfidiaf�rish tou R�N ep� tou eauto� tou� Sto R�N or�zetai h diakrit�
ro� � � Z� 
R �N�� R �N me t�po

�
k� 
s� x�� � gk
s� x� � 
s� k� fk
x���

H parap�nw dr�sh tou Z sto R �N me genn�tora g e�nai gn�sia asuneq�c� Pr�gmati�
gia k�je 
s� x� � R �N � epil�goume perioq� U � 
s� �� s� ���N � me 	 � � � �

� � T�te
gk
U� � U � �� gia k�je k � Z� k 	� 	�

Sto s�nolo R � N � or�zoume th sq�sh isodunam�ac 
s� x� sg 
s�� x�� an kai m�no
an up�rqei k � Z�t�toio �ste 
s�� x�� � gk
s� x�� dhlad� s� � s � k kai x� � fk
x�� �
isod�nama ta 
s� x� kai 
s�� x�� an�koun sthn �dia g�troqi�� �Estw M � R � N� sg o
q�roc twn g troqi�n kai p � R�N �M h apeik�nish phl�ko� OM onom�zetaimapping
torus thc f � Afo� h dr�sh tou Z ep� tou R �N me genn�tora g e�nai gn�sia asuneq�c�
o M g�netai Cr 
n � ���pollapl�thta kai h probol� p � R � N � M e�nai kanonik�
apeik�nish epik�luyhc me om�da twn covering transformations thn fgk � k � Zg 
� Z
�Bl� �Mas�� Ch� �� Proposition �����

Sto R � N � h C� ro� �� � R � 
R � N� � R � N me t�po ��
t� 
s� x�� � 
t � s� x�

�qei apeirostik� genn�tora to C� dianusmatik� ped�o � � 
 ddt � 	��
Sthn M or�zetai h Cr ro� � � R �M �M me t�po

�
t� p
s� x�� � p
t� s� x��

H � or�zetai kal�c� Pr�gmati� an 
t�� p
s�� x���� 
t�� p
s�� x��� � R � M � �qoume

t�� p
s�� x��� � 
t�� p
s�� x���� t�te kai m�no t�te �tan t� � t� kai p
s�� x�� � p
s�� x���
dhlad� t� � t� kai up�rqei k � Z t�toio �ste s� � s� � k kai x� � fk
x�� op��
te �
t�� p
s�� x��� � p
t� � s�� x�� � p
t� � s� � k� fk
x��� � p
gk
t� � s�� x��� �
p
t� � s�� x�� � �
t�� p
s�� x���� H ro� 
M��� onom�zetai an�rthsh thc diakrit�c ro�c

R �N����

An r 
 �� o apeirostik�c genn�torac thc � sthn M � e�nai to Cr dianusmatik� ped�o
� me t�po

�
p
s� x�� � p��s�x�
�
s� x���

Kat� arq�n� to � e�nai kal� orism�no� Pr�gmati� �stw �ti p
s� x� � p
s�� x��� Isod�nama�

s�� x�� � gk
s� x� � 
s � k� fk
x�� gia k�poio k � Z� Afo� h p � R � N � M e�nai

�



apeik�nish epik�luyhc� k�je p
s� x� � M �qei m�a sunektik� anoiqt� perioq� U � M �
t�toia �ste p��
U� �

S
j�J Vj� me Vj � R � N kai Vi � Vj � � gia k�je i 	� j kai h

p periorism�nh sto Vj na e�nai omoiomorfism�c ep� tou U gia k�je j � J � �Estw loip�n

s� x� � Vi kai g

k
s� x� � Vj � T�te 
p jVj ��� � p jVi� gk � Vi � Vj � epeid� h g dra gn�sia

asuneq�c kai gk
s� x� � Vj � �Omwc


gk��

�
d
dt
	

�
�

�
� 	
	 
fk��

�� d
dt
	

�
�

�
d
dt
	

�
�

dhlad� gk�� � � kai epom�nwc


p�gk�s�x��
�� � 
p��s�x���


d

dt
� 	�
s� x�� � 


d

dt
� 	�
gk
s� x���

� isod�nama
p��s�x�
�
s� x�� � p�gk�s�x�
�
g

k
s� x���

Ara
�
p
s� x�� � �
p
s�� x����

To � de mhden�zetai poujen� stoM � di�ti h p e�nai topik� Cr amfidiaf�rish� epom�nwc
h p��s�x� e�nai isomorfism�c gia k�je 
s� x� � R �N �

To � �qei t�ra ro� thn �� di�ti 	�
	t


	� p
s� x�� � p��s�x�
�
s� x�� � �
p
s� x�� �

�
�
	� p
s� x����
�Estw t�ra N� � f	g � N � R � N � Gia k�je x� y � N � �qoume p
	� x� � p
	� y�

an kai m�no an up�rqei k � Z� t�toio �ste 
	� y� � gk
	� x� � 
�k� fk
x��� isod�nama
k � 	 kai x � y� dhlad� h p jN� � N� � p
N�� e�nai Cr amfidiaf�rish tou N� ep� thc
eik�nac tou� afo� h p e�nai topik� amfidiaf�rish� Gia to p
N�� isq�ei to ak�loujo�

L�mma ���� �a
 To p
N�� e�nai kleist� sthn M kai egk�rsio stic troqi�c tou ��
�b
 K�je troqi� tou � t�mnei to p
N���
�g
 �
�� p
	� x�� � p
�� x� � p
	� f
x���

Ap�deixh� a� �Eqoume �ti p��
M n p
N��� �
S
k�Zf
k� k � �� � Ng� pou e�nai anoikt�

sto R � N� epom�nwc to p
N�� e�nai kleist� sthn M� Ep�shc� afo� h p e�nai topik�
amfidiaf�rish� p�� � � kai

� �
	� x� � �T���x�N� � T���x�
R �N� � T���x�N�

�qoume
p����x�� � Tp���x�p
N�� � Tp���x�M�

dhlad�
� �
p
	� x�� � �Tp���x�p
N�� � Tp���x�M�

epom�nwc to p
N�� e�nai egk�rsio stic troqi�c tou ��
b� Ap� ton t�po thc ro�c � tou � �qoume �ti an p
s� x� � M� t�te �
�s� p
s� x�� �

p
	� x� � p
N��� dhlad� h troqi� tou � pou pern� ap� to shme�o p
s� x� thc M� t�mnei
se qr�no �s to p
N���

g� Gia tic ro�c �� kai � twn ped�wn � kai � ant�stoiqa� isq�ei �ti �
t� p
s� x�� �
p
t� s� x�� �ra �
�� p
	� x�� � p
�� x� � p
	� f
x��� �






Epom�nwc� h dunamik� twn troqi�n tou � perigr�fetai pl�rwc ap� th dunamik�
sumperifor� thc f � Gia par�deigma� to � �qei m�a periodik� troqi� pou pern� ap� to
p
	� x�� t�te kai m�non t�te �tan to x e�nai periodik� shme�o thc f �

Pr�tash ���� �Estw N m�a C� pollapl�thta� f � N � N m�a Cramfidiaf�rish kai
M o mapping torus thc f � An h f e�nai Cr isotopik� me thn idN � t�te up�rqei m�a Cr

amfidiaf�rish B �M � S� �N � �pou S� e�nai o monadia�oc k�kloc�

Ap�deixh� �Estw F � �	� �� �N � N h Cr isotop�a f � idN me F 
	� x� � x� F 
�� x� �
f
x� kai h F 
t� �� e�nai Cr amfidiaf�rish� gia k�je t � �	� ��� Parathro�me �ti� an
up�rqei Cr isotop�a F � f � idN � t�te up�rqei kai Cr isotop�a G � f � idN � pou na

ikanopoie� epipl�on 	G
	t 
	� x� �

	G
	t 
�� x� � 	� Pr�gmati� jewro�me m�a mon�tonh� C�

sun�rthsh � � R � �	� �� me ���
	� � 
��� 	� kai ���
�� � ������� T�te� gia thn
G � R � N � N me G
s� x� � F 
�
s�� x� isq�oun G
	� x� � F 
�
	�� x� � F 
	� x� � x�
G
�� x� � F 
�
��� x� � F 
�� x� � f
x�� h G
t� �� � F 
�
t�� �� e�nai Cr amfidiaf�rish�
dhlad� h G e�nai Cr isotop�a f � idN kai

	G

	t

s� x� �

	

	t

F 
�
s�� x�� �

	F

	t

�
s�� x� � ��
s��

�Ara
	G

	t

	� x� �

	G

	t

�� x� � 	�

Etsi� mporo�me na upoj�soume gia thn arqik� F � f � idN �ti 	F
	t


	� x� � 	F
	t


�� x� � 	�

Or�zoume ton omoiomorfism� �B � R �N � R �N me t�po

�B
s� x� � 
s� F 
s� �s�� f �s�
x���

H �B e�nai Cr amfidiaf�rish� an r 
 �� me par�gwgo

�B��s�x� �

�
� 	

h
s� x� DxFs��s�
f
�s�
x�� �Dxf

�s�
x�

�
�

�pou h h � R �N � TN �qei t�po

h
s� x� �

�
	F
	t


s� �s�� f �s�
x��� an s � R n Z
	� an s � Z�

afo� 	F
	t


	� x� � 	� Omwc� �B � gk
s� x� � 
s � k� F 
s � k � �s � k�� f �s�k�
fk
x���� �


s� k� F 
s� �s�� f �s�
x���� gia k�je k � Z� Epom�nwc� h �B ep�gei m�a Cr�amfidiaf�rish
B �M � S� �N� �ste to ak�loujo di�gramma na e�nai metajetik��

R �N
	B�� R �N��yp ��yexp�idN

M
B�� S� �N

�

Parathr�seic � a� An h isotop�a F e�nai Cr�� wc proc thn pr�th metablht� s� t�te
h h e�nai Cr sun�rthsh�

�



b� Gia k�je 
s� x� � R �N � �qoume �B��s�x�
�
s� x�� � 
�� h
s� x��� di�ti

�B��s�x�
�
s� x�� �

�
� 	

h
s� x� DxFs��s�
f
�s�
x�� �Dxf

�s�
x�

��
�
	

�
�

�
�

h
s� x�

�
�

g� To B�� e�nai Cr dianusmatik� ped�o sthn S� �N � Ap� to di�gramma thc ap�deixhc
thc Pr�tashc ��� kai ton kan�na thc alus�dac �qoume

B�� � B�
p��� � 
B � p�� � � � 
B � p��� � 

exp�idN �� � �B� � � � 

exp�idN � � �B��� �


exp�idN �� � �B� � � � 

exp�idN � � �B����

Pr�tash ��	� An h f � S� � S� e�nai m�a Cr amfidiaf�rish� r 
 	� pou diathre� ton
prosanatolism�� t�te h f e�nai Cr isotopik� me thn idS� � m�sw isotop�ac pou e�nai C�

wc proc thn pr�th metablht��

Ap�deixh� Afo� h f � S� � S� diathre� ton prosanatolism�� up�rqei �f � R � R� pou
e�nai a�xousa Cr amfidiaf�rish� t�toia �ste to di�gramma

R
	f�� R��yexp ��yexp

S� f�� S�

na e�nai metajetik�� �Estw � � R � �	� �� m�a C� sun�rthsh� t�toia �ste ���
	� �

��� 	� kai ���
�� � ������� Or�zoume F � �	� �� � S� � S� me t�po

F 
t� exp �� � exp�� � �
t�
 �f
��� ���

H F e�nai Cr� afo� h � e�nai C�� h exp e�nai topik� C� amfidiaf�rish kai h an�ywsh
�f e�nai Cr� Profan�c� F 
	� x� � x kai F 
�� x� � f
x� gia k�je x � S�� Gia k�je
t � �	� ��� h F 
t� �� e�nai Cr amfidiaf�rish� �Ara oi f� idS� e�nai Cr isotopik�c m�sw thc
F� �

P�rima ��
� An h f � S� � S� e�nai m�a Cr amfidiaf�rish� r 
 	� pou diathre� ton
prosanatolism�� t�te up�rqei Cr amfidiaf�rish B � M � T ��

Ap�deixh� Efarm�zoume thn Pr�tash ��� gia N � S� kai M ton mapping torus thc
f � S� � S� pou diathre� ton prosanatolism�� �

�� Amfidiafor�seic tou Denjoy ston S�

Sthn par�grafo aut�� ja kataskeu�soume mia C� amfidiaf�rish f � S� � S�pou
diathre� ton prosanatolism� kai �qei �na monadik� el�qisto s�nolo pou e�nai mh�
tetrimm�no� dhlad� e�nai omoiomorfik� me to s�nolo tou Cantor �Je�rhma I�������
H f anuy�netai se m�a a�xousa C� amfidiaf�rish F � R � R� me thn idi�thta
F 
t� �� � F 
t� � � gia k�je t � R� Ja kataskeu�soume pr�ta thn F�

	



�Estw a � R n Q kai t� � R n 
Z� aZ�� Afo� to s�nolo Z� aZ e�nai pukn� sto
R� to �dio sumba�nei kai me to s�nolo t� � Z� aZ� �Estw ln � 	� n � Z� t�toioi �steP

n�Zln � 
� me 	 � 
 � �� Gia par�deigma� ln �


� 
arctan
n � �� � arctann� �

Jewro�me tic sunart�seic p � R � R� me t�po

p
t� �

�
	� an t �� t� � Z� aZ

ln� an t � t� �m� an gia k�poia m�n � Z�

kai J � R � R me t�po

J
t� �

�

�� 
�t�

P
�	s	t p
s�� an t 
 	


�� 
�t�Pt	s	� p
s�� an t � 	 �

L�mma ���� H sun�rthsh J e�nai gn�sia a�xousa� panto� suneq�c ekt�c ap� ta shme�a
tou sun�lou t� � Z � aZ� �pou e�nai ap� dexi� suneq�c kai arister� parousi�zei sto
shme�o t� �m� an �lma ln� Ep�shc� isq�oun �

a
 J
	� � 	� J
t� �� � J
t� � � gia k�je t � R� �ra J
k� � k gia k�je k � Z�
b
 To s�nolo C � J
R� e�nai kleist�� t�leio� olik� mh	sunektik� kai R�
C� � C�

�pou R� � R � R e�nai h metafor� R�
t� � t� ��
g
 �
C � �	� ��� � �� 
� �pou � e�nai to m�tro Lebesgue�

Ap�deixh� H J e�nai gn�sia a�xousa� di�ti an t� � t� 
 	� t�te

J
t�� � 
�� 
�t� �
X

�	s	t�

p
s� � 
�� p�t� �
X

�	s	t�

p
s� � J
t���

afo� to t��Z�aZ e�nai pukn� sto R kai sunep�c up�rqei s � t��Z�aZ�me t� � s � t��
�Omoia� an t� � t� � 	� t�te

J
t�� � 
�� 
�t� �
X

t��s	�

p
s� � 
�� 
�t� �
X

t��s	�

p
s� � J
t���

T�loc� an t� � 	 � t�� t�te

J
t�� � 
�� 
�t��
X

t��s	�

p
s� � 
�� 
�t� � 
�� 
�t� � 
�� 
�t��
X

�	s	t�

p
s� � J
t���

Gia th sun�qeia thc J � jewro�me �na t 
 	� An tk � t� t�te

J
tk� � 
�� 
�tk �
X

�	s	tk

p
s�� 
�� 
�t�
X

�	s	t

p
s� � J
t��

dhlad� h J e�nai ap� dexi� suneq�c sto t� An tk � t� t�te

J
tk� � 
�� 
�tk �
X

�	s	tk

p
s�� 
�� 
�t�
X

�	s�t

p
s� � J
t�� p
t��

op�te an t �� t� �Z� aZ� t�te p
t� � 	 kai J
tk�� J
t�� en� an t � t� �m� an� t�te
p
t� � ln kai sunep�c J
tk� � J
t� � ln� Dhlad� h J e�nai arister� suneq�c se k�je
t 
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x� � � kai l�gw sun�qeiac thc F� to �dio isq�ei gia x � C�
An x � In�m gia k�poia n�m � Z� t�te

F 
J
t� �m� an�� ln� � J
a� �

Z J�t��m�an��ln

�
G
s�ds �

J
a� �

Z J�t��m�an�

�
G
s�ds�

Z
In�m

G
s�ds � F 
J
t� �m� an���
Z
In�m

F �n�m
s�ds �

J
H
J
t� �m� an�� � a��
Z
In�m

F �n�m
s�ds � J
t� �m� an� a��
Z
In�m

F �n�m
s�ds �

��



J
t� �m� an� a�� ln�� � an��

kai kat� sun�peia

F 
x� � an�� �

Z x

an

F �n�m
s�ds � Fn�m
x��

Dhlad� o periorism�c thc F se k�je di�sthma In�m taut�zetai me thn Fn�m gia k�je
n�m � Z� Epom�nwc� �qoume

F 
x� �� � Fn�m��
x� �� � Rm�� � Fn�� �R�m��
x� �� � Fn��
x�m� �m� � �

Fn�m
x� � � � F 
x� � ��

�

H C� amfidiaf�rish F � R � R pou kataskeu�same e�nai a�xousa ka� F 
x � �� �
F 
x� � � gia k�je x � R� Ep�shc� to s�nolo C e�nai F �anallo�wto� t�leio� kleist��
olik� mh�sunektik�� �qei m�tro Lebesgue �
C � �	� ��� � � � 
 kai k�je F �troqi� sto
C e�nai pukn� s� aut��

Or�zoume loip�n f � S� � S�� me t�po

f
e��it� � e��iF �t��

Profan�c h f or�zetai kal�� diathre� ton prosanatolism�� di�ti h F e�nai a�xousa kai
�qei �rrhto arijm� strof�c 

f� � e��ia� afo� a � R n Q kai H � F � Ra � H �bl�
Je�rhma I������� To s�nolo L � exp
C� e�nai sumpag�c� t�leio� olik� mh�sunektik�
kai f �anallo�wto� Ep�shc� gia k�je z � L� h f �troqi� ffn
z� � n � Zg e�nai pukn�
sto L� di�ti to s�nolo fF n
x� � � � n� � � Zg e�nai pukn� sto C gia k�je x � C�
Dhlad�� to s�nolo L e�nai f �el�qisto kai �qei kanonikopoihm�no m�tro Lebesgue �
L� �
�
C � �	� ��� � �� 
�

H parap�nw f � S� � S� den �qei periodik�c troqi�c� afo� 

f� � e��ia� me a � RnQ �
den �qei stajer� shme�a kai �qei mh�tetrimm�no el�qisto s�nolo L� sto opo�o h f �troqi�
k�je shme�ou tou e�nai pukn� sto L �bl� Je�rhma I�������

�� Dianusmatik� ped�a tou Denjoy ston T �

Jewro�me ton mapping torusM thc C� amfidiaf�rishc tou Denjoy f � S� � S� pou
kataskeu�same sthn par�grafo �� An � e�nai to dianusmatik� ped�o pou or�zetai stonM
m�sw thc f� ap� to L�mma ��� �qoume �ti to � den �qei stajer� shme�a� den �qei periodik�c
troqi�c kai �qei �na mh�tetrimm�no el�qisto s�nolo A� afo� ta ant�stoiqa isq�oun gia
thn f� Ep�shc� ap� thn Parat�rhsh g� thc paragr�fou � �qoume �ti to V � B�� e�nai C�

dianusmatik� ped�o ston T �� �pou B �M � T � e�nai h C� amfidiaf�rish tou Por�smatoc
��
� Epom�nwc� to dianusmatik� ped�o V ston T � den �qei stajer� shme�a � periodik�c
troqi�c kai h V�troqi� k�je shme�ou tou M � B
A� ja e�nai pukn� sto M� �pou to
M e�nai mh�tetrimm�no el�qisto s�nolo tou V� kaj�c h B e�nai amfidiaf�rish kai oi
ant�stoiqec idi�thtec isq�oun gia to dianusmatik� ped�o � ston M kai to s�nolo A�

�




III� TO C� ANTIPARADEIGMA TOU SCHWEITZER

STHN EIKASIA TOU SEIFERT

�� Plugs

�Estw M m�a C� n�pollapl�thta me o�gwn�ec kai F m�a prosanatolism�nh ��
foliation sthn M� pou par�getai dhlad� ap� �na dianusmatik� ped�o� Par�llhlo s�noro
thc F � e�nai to s�nolo twn shme�wn tou 	M ta opo�a �qoun perioq� sthn opo�a h F
taut�zetai me thn foliation tou �nw hmiq�rou ap� oriz�ntiec gramm�c� Egk�rsio s�noro
thc F � e�nai to s�nolo twn shme�wn tou 	M ta opo�a �qoun perioq� sthn opo�a h F
taut�zetai me thn foliation tou �nw hmiq�rou ap� k�jetec gramm�c�

H F mpore� na �qei s�noro pou den e�nai o�te par�llhlo� o�te egk�rsio� H F
�qei corner separation sto p � 	M� an to p den an�kei o�te sto par�llhlo� o�te sto
egk�rsio s�noro thc F � all� an�kei sthn kleist�thta kai twn d�o kai se m�a perioq�
tou p h F e�nai topologik� isod�namh me thn foliation me f�lla fxg � �	����� x � N �
tou N � �	����� �pou N e�nai m�a 
n� ���upopollapl�thta me o�gwn�ec tou Rn�� �

M�a �ow bordism e�nai m�a prosanatolism�nh ��foliation P m�ac sunektik�c� sumpa�
go�c pollapl�thtac M me o�gwn�ec� t�toia �ste to s�noro thcM na e�nai ex olokl�rou
egk�rsio� par�llhlo� � na �qei corner separation kai �la ta f�lla thc P sto par�llhlo
s�noro thc M na e�nai omoiomorfik� me euj�gramma tm�mata�

�Estw P m�a �ow bordism� Sumbol�zoume me F� thn kleist�thta tou tm�matoc tou
egk�rsiou sun�rou� sto opo�o ta f�lla e�nai prosanatolism�na proc ta m�sa kai me
F� thn kleist�thta tou tm�matoc tou egk�rsiou sun�rou� sto opo�o ta f�lla e�nai
prosanatolism�na proc ta �xw� Jewro�me tic sunj�kec

�I� Up�rqei �na �peiro f�llo thc P me �kro sthn F�� dhlad� toul�qiston m�a troqi�
tou dianusmatiko� ped�ou pou par�gei thn ��foliation P� mpa�nei ap� to F� se k�poia
qronik� stigm� kai de bga�nei pot� �xw ap� thn M�

�II� Up�rqoun sumpag�c pollapl�thta F kai omoiomorfismo� a� � F � F�� kai
a� � F � F�� t�toioi �ste an a�
p� kai a�
q� e�nai ta �kra en�c f�llou thc P� t�te
p � q� Sthn per�ptwsh aut� l�me oti h �ow bordism �qei thn idi�thta twn ap�nanti
per�twn�

To ze�goc 
M�P� onom�zetai plug an h �ow bordism P ikanopoie� tic sunj�kec �I�
kai �II�� semi�plug an ikanopoie� thn �I� all� �qi thn �II�� unplug an ikanopoie� thn �II�
all� �qi thn �I� kai semi�unplug an den ikanopoie� kamm�a ap� tic �I�� �II��

��



H pollapl�thta F� onom�zetai ped�o eis�dou thc P� en� h F� ped�o ex�dou thc P�
An h P �qei thn idi�thta twn ap�nanti per�twn� t�te h pollapl�thta F onom�zetai b�sh
thc P� To s�nolo twn jetik� pagideum�nwn shme�wn S� e�nai to s�nolo twn shme�wn
thc F� pou apotelo�n �kra �peirwn f�llwn thc P� �Omoia or�zetai to S� � F��
An h P �qei thn idi�thta twn ap�nanti per�twn� t�te a��� 
S�� � a��� 
S��� T�loc� h
pollapl�thta M onom�zetai for�ac thc P�

Parathr�sh � An h P e�nai �ow bordism me ped�o eis�dou F� kai ped�o ex�dou F��
t�te oi F� kai F�� afo� apotelo�n to egk�rsio s�noro thc P maz� me k�poia shme�a
me corner separation� ja �qoun k�poiec perioq�c me tetrimm�nh foliation� Dhlad� an
jewr�soume tic F� � �	� �� me foliation tic k�jetec �nec fpg � �	� ��� t�te up�rqei
�nac omoiomorfism�c �� pou diathre� ta f�lla� ap� m�a anoikt� perioq� tou F� sto
F� � �	� ��� �ste ��
p� � 
p� 	� gia k�je p � F��

L�mma ���� �Estw P m�a �ow bordism me for�a th sunektik�� sumpag� pollapl�thta
me o	gwn�ec M � �Estw �ti h P �qei toul�qiston �na periodik� � �na �peiro f�llo� T�te
to S� e�nai mh	ken�� an kai m�no an to F� e�nai mh	ken�� Sthn per�ptwsh aut�� an h P
�qei thn idi�thta twn ap�nanti per�twn kai F 	� �� t�te h P e�nai plug�

Ap�deixh� Profan�c� an S� 	� � t�te isq�ei F� 	� �� afo� S� � F�� �Estw t�ra
F� 	� � kai � ro�� pou par�gei thn P� Or�zoume tic sunart�seic L� � M � �	���� me

L�
p� � supft 
 	 � �
�s� p� �M gia k�je 	 � s � tg�

�pou L�
p� � �� � L�
p� � ��� an h troqi� thc � pou pern� ap� to p e�nai �peirh�
An t�ra gia k�poio p � M isq�ei L�
p� � �� � L�
p� � ��� t�te to f�llo thc
P pou peri�qei to shme�o p� �qei �na �kro q sto F� � sto F�� ant�stoiqa� To s�nolo
t�ra fx � M � L�
x� � ��g e�nai mh�ken�� afo� peri�qei to p kai anoikt�� ap� thn
prohgo�menh parat�rhsh� �Ara to s�nolo L��� 
��� e�nai kleist�� �Omoia kai to s�nolo
L��� 
��� e�nai kleist��

An S� � �� t�te F� � L��� �	���� � F� 	� �� H �nwsh A twn f�llwn thc P
pou t�mnoun to F�� e�nai kleist� s�nolo� Pr�gmati� �stw xm � A� m � N� dhlad�
xm � �
tm� zm� gia k�poia tm � R� zm � F� kai xm � x� �pou x � P� Afo� zm � F�
kai to F� e�nai sumpag�c� up�rqei sugkl�nousa upakolouj�a zmk

� z � F�� dhlad�
L�
z� � ��� Ep�shc� h ftmk

� k � Ng e�nai �nw fragm�nh� giat� alli�c ja e�qame
��� tmk

� L�
zm�� L�
z� � ��� pou e�nai ant�fash� Epom�nwc h tmk
sugkl�nei

se k�poio t � R kai xmk
� �
tmk

� znk� � �
t� z�� �ra x � limk�� xnk � �
t� z� � A�
Etsi� h M gr�fetai �nwsh d�o x�nwn� mh�ken�n kleist�n sun�lwn

M � A � 
L��� 
��� � L��� 
�����

pou e�nai �topo� afo� h M e�nai sunektik�� Sunep�c� S� 	� �� an F� 	� �� �

L�mma ���� �Estw P m�a semi�unplug me for�a M kai perioq� eis�dou F�� T�te
up�rqei �nac omoiomorfism�c pou diathre� ta f�lla � � F�� I �M� �pou h F�� I �qei
foliation me f�lla fpg� I� p � F�� Eidik� an h P e�nai unplug me b�sh F� t�te up�rqei
omoiomorfism�c pou diathre� ta f�lla a � F � I �M� pou epekte�nei tic a� kai a��

�	



Ap�deixh� �Estw � m�a ro� pou par�gei thn P kai L� � M � �	���� h apeik�nish
tou L�mmatoc ���� H P e�nai semi�unplug� �ra den up�rqei kan�na �peiro f�llo� dhlad�
L�
p� � �� gia k�je p �M� Or�zoume � � F� � I �M� me t�po

�
p� t� � �
p�
t

L�
p�
��

T�te h � e�nai o zhto�menoc omoiomorfism�c� �

�Estw P�� P�� d�o �ow bordisms� t�toiec �ste to ped�o ex�dou thc P� na e�nai �dio me
to ped�o eis�dou thc P�� H s�ndesh twn P� kai P�� e�nai h �ow bordism pou prok�ptei
�tan taut�soume tic tetrimm�na foliated perioq�c tou koino� touc ped�ou �eis�dou thc
P� kai ex�dou thc P��� H an�klash P m�ac �ow bordism P e�nai h �ow bordism pou
prok�ptei �tan antistr�youme ton prosanatolism� twn f�llwn thc P� �tsi �ste to ped�o
eis�dou thc P g�netai ped�o ex�dou kai ant�strofa� H s�ndesh miac �ow bordism P me
thn an�klash thc P d�nei m�a �ow bordism pou �qei thn idi�thta twn ap�nanti per�twn�
An loip�n h P e�nai semi�plug� t�te h s�ndes� thc me thn P d�nei plug�

�Estw X m�a foliation se m�a n�pollapl�thta X kai P m�a plug di�stashc n� me b�sh
F� Jewro�me thn F�I efodiasm�nh me thn tetrimm�nh foliation� J�loume na bro�me m�a
emf�teush� pou diathre� ta f�lla� thc F � I sthn X kai kat�pin na antikatast�soume
thn foliation thc F � I sthn X me thn P� H diadikas�a thc eisagwg�c pro�poj�tei d�o
idi�thtec gia thn plug P� H P pr�pei na e�nai eisag�gimh kai sun�yimh�

M�a apeik�nish eisagwg�c gia thn plug P sthn foliation X � e�nai m�a emf�teush

 � F � X� t�toia �ste h 

F � na e�nai egk�rsia sthn X � M�a apeik�nish eisagwg�c
epekte�netai se emf�teush 
 � F �I � X� pou st�lnei thn tetrimm�nh foliation thc F �I
se f�lla thc X �

H n�di�stath plug P ja l�getai eisag�gimh� an h b�sh thc F epid�qetai emf�teush
sto Rn � t�toia �ste h 

F � na e�nai egk�rsia sthn foliation tou Rn ap� k�jetec euje�ec�

M�a plug e�nai p�nta sun�yimh� epeid� k�je f�llo thc sto par�llhlo s�noro� e�nai
peperasm�no� Sth dosm�nh pollapl�thta me o�gwn�ec M sumbol�zoume me NM m�a
anoikt� perioq� tou sun�rou 	M thc M� �Estw �ti h plug P e�nai eisag�gimh m�sw
k�poiac emf�teushc 
 � F � I � X� An NF�I e�nai m�a anoikt� perioq� tou sun�rou
	
F � I�� afairo�me to 


F � I� nNF�I� ap� thn X kai koll�me to eswterik� qe�loc
tou 

NF�I� sto for�a M thc sun�yimhc plug P� me �nan omoiomorfism� pou diathre�
ta f�lla a � NF�I � NM � �pou NM e�nai m�a perioq� tou sun�rou 	M �ste a
p� 	� �
a�
p� kai a
p� �� � a�
p�� gia na mpore� na g�nei h �sugk�llhsh� tou 

NF�I� me to
M � O omoiomorfism�c a onom�zetai omoiomorfism�c sugk�llhshc gia thn P�

��



Shmei�noume �ti gia m�a plug � unplug P up�rqei p�nta o parap�nw omoiomorfism�c
sugk�llhshc� Pr�gmati� �stw G to par�llhlo s�noro tou M � dhlad� 	M � G�F� �
F�� Afo� h P e�nai sun�yimh� ta f�lla thc sto G e�nai peperasm�na� �ra to �dio ja
isq�ei kai gia m�a perioq�NG tou sun�rou 	G� Epom�nwc� ap� to L�mma ��� up�rqei �nac
omoiomorfism�c pou diathre� ta f�lla � � NG � NF �I� Afo� ikanopoie�tai h sunj�kh
twn ap�nanti per�twn� e�te h P e�nai plug� e�te e�nai unplug� �petai �ti a
p� 	� � a�
p�
kai a
p� �� � a�
p� gia k�je p � F�

�Estw P m�a eisag�gimh plug� me apeik�nish eisagwg�c 
 kai omoiomorfism� sug�
k�llhshc a� An X e�nai h dosm�nh pollapl�thta me foliation X � sumbol�zoume me bX th
foliation sthn pollapl�thta bX pou prok�ptei �tan k�noume eisagwg� thc P sthn X �
H bX den e�nai p�nta omoiomorfik� me thn X� An �mwc o omoiomorfism�c sugk�llhshc
epekte�netai se �nan omoiomorfism� tou F � I ep� thc M � t�te h bX e�nai omoiomorfik�
me thn X�

�� �Ena C� dianusmatik� ped�o sthn S� me m�a m�no periodik� troqi�

M�a kleist� C� n�pollapl�thta M epid�qetai mh�mhdeniz�meno C� dianusmatik�
ped�o� an kai m�no an h qarakthristik� Euler thc M e�nai mhd�n �bl� �Hir�� Ch��� Theo�
rem ���� Theorem ���	�� H qarakthristik� Euler k�je kleist�c ��pollapl�thtac e�nai
mhd�n� epom�nwc k�je kleist� ��pollapl�thta �qei �na mh�mhdeniz�meno C� dianusma�
tik� ped�o� �Ena C� dianusmatik� ped�o sthn ��sfa�ra S�� qwr�c stajer� shme�a� e�nai
to ped�o Hopf� pou ja perigr�youme am�swc parak�tw� tou opo�ou �lec oi troqi�c e�nai
periodik�c� H

S� � f
x�� x�� x�� x�� � R� �

�X
i��

x�i � �g�

perigr�fetai� k�nontac tic taut�seic z� � x� � ix�� z� � x� � ix� kai wc

S� � f
z�� z�� � C � � jz�j� � jz�j� � �g�
H C� apeik�nish � � S� � S� me t�po

�
z�� z�� � 
�Re
z��z��� �Im
z��z��� jz�j� � jz�j���
onom�zetai apeik�nish Hopf� H ant�strofh eik�na k�je shme�ou 
x�� x�� x�� � S� m�sw
thc � e�nai k�kloc� dhlad� thc morf�c

���
x�� x�� x�� � f
z�ei�� z�ei�� � 	 � � � ��g � f
�z�� �z�� � j�j � �g�
Kat� arq�n� h � e�nai ep�� giat� an 
x�� x�� x�� � 
	� 	� ��� t�te 
�� 	� � ���

	� 	� ����

An 
x�� x�� x�� � S� n f
	� 	� ��g� t�te gia z� � � � x�p
� � �x�

kai z� � x� � ix�p
� � �x�

� �qoume

�
z�� z�� � 
x�� x�� x���
An 
z�� z��� 
u�� u�� � ���
x�� x�� x�� gia k�poio 
x�� x�� x�� � S�� t�te

�Re
z��z�� � �Re
u��u�� kai �Im
z��z�� � �Im
u��u���

dhlad� z��z� � u��u�� Ep�shc�

jz�j� � jz�j� � ju�j� � ju�j� kai jz�j� � jz�j� � ju�j� � ju�j� � �

��



Ap� tic teleuta�ec sq�seic prok�ptei �ti jz�j� � ju�j�� �ra jz�j � ju�j kai �moia jz�j �
ju�j� Afo� jz�j� � jz�j� � �� e�te z� 	� 	� e�te z� 	� 	� An z� 	� 	� t�te jz�j � ju�j� dhlad�
� � u�

z�
� S�� Ap� thn pr�th sq�sh �qoume u� � �z�� epom�nwc


u�� u�� � 
�z�� �z��� me j�j � ��

�Omoia gia z� 	� 	� �Ara ���
x�� x�� x�� � f
z�ei�� z�ei�� � 	 � � � ��g gia k�je

x�� x�� x�� � S��

H ro� Hopf � � R � S� � S�� �qei t�po

�
t� 
z�� z��� � 
z�e
it� z�e

it��

H troqi� k�je shme�ou 
z�� z�� thc S�� e�nai thc morf�c

C

z�� z��� � f
z�eit� z�eit� � t � Rg � ���
�
z�� z����

kai sunep�c e�nai periodik�� O apeirostik�c genn�torac XH �
	�
	t

onom�zetai dianu	

smatik� ped�o Hopf sthn S�� H apeik�nish � � S� n ���
	� 	� �� � R� � S� me t�po

�
z�� z�� � 

z�
z�
�
z�
jz�j� � 

x� y�� ei�� me 	 � � � ���

e�nai C� amfidiaf�rish kai an 
z��� z
�
�� � S� me 
z��� z
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�Omoia� oi oloklhrwtik�c kamp�lec tou Y e�nai oi eik�nec m�sw thc � twn oloklhrwtik�n
kampul�n tou X �

��
To Y �qei akrib�c �na stajer� shme�o� to �
z�� 	� � 
	� 	� �� � S� kai k�je �llh

troqi� tou Y� �qei jetik� kai arnhtik� oriak� s�nolo aut� to stajer� shme�o� di�ti oi
troqi�c tou Y sto S� n
	� 	� �� � R� � e�nai oi f� ����

x� t� y�� ei�� � 
x� t� y� � t � Rg�
Epom�nwc to Y den �qei periodik�c troqi�c�

An loip�n 
z�� 	� � ���
	� 	� ��� t�te h troqi� tou X� pou pern� ap� to 
z�� 	�
e�nai h ���
	� 	� �� t S�� �ra e�nai periodik�� An �mwc 
z�� z�� �� ���
	� 	� ��� t��
te ta oriak� s�nola twn oloklhrwtik�n kampul�n 
�z��z�� tou X� e�nai to kaj�na
���
oriak� s�nolo thc � � 
�z��z�� tou Y � � ���
	� 	� ��� �ra h troqi� C

z�� z��� den
e�nai periodik�� Epom�nwc� h m�nh periodik� troqi� tou X� e�nai h ���
	� 	� ���

�� To C� antipar�deigma tou Schweitzer sthn eikas�a tou Seifert

Jewro�me thn C� amfidiaf�rish touDenjoy f � S� � S�� me mh�tetrimm�no el�qisto
s�nolo L kai to C� dianusmatik� ped�o ston torus V � B��� �pwc stic par�grafouc
II�� kai II�� �Estw M � B
A� � T � to monadik� el�qisto s�nolo tou V� To M e�nai
monodi�stato el�qisto s�nolo� all� den e�nai periodik� troqi��

Jewro�me thn ��pollapl�thta T ������ ��� �Estw h � T � � �	� �� m�a C� sun�rthsh�
t�toia �ste h��
	� �M� Or�zoume to dianusmatik� ped�o E sthn T � � ���� ��� me t�po

E � V � 
h� z��
	

	z
�

�pou z e�nai h par�metroc tou ���� ��� Gia th sumperifor� tou dianusmatiko� ped�ou E �
parathro�me �ti sto s�nolo M� ���� �� � T � � ���� ��� �qoume h
M� � f	g� �ra

E
m� z� � V
m� � z�
	

	z
gia k�je m �M kai z � ���� ���

Eidik� sto ep�pedo z � 	� �qoume E
m� 	� � V
m�� dhlad� oi troqi�c tou E taut�zontai
me tic troqi�c tou V� �Ara to M�f	g e�nai el�qisto s�nolo tou E � Opoud�pote allo��
oi troqi�c tou E den taut�zontai me troqi�c tou V kai m�lista kino�ntai proc th jetik�
kate�junsh tou z� kaj�c z� � h � 	� Epom�nwc� h ��foliation sthn opo�a ef�ptetai
to E � den �qei kleist� f�lla� afo� ta f�lla thc e�te kino�ntai sth jetik� kate�junsh
tou z� e�te taut�zontai me troqi�c thc ro�c tou V sto M� f	g� Epipl�on� �qei �peira
f�lla m�sa sto mh�tetrimm�no el�qisto s�nolo M�f	g kai k�je f�llo pou di�rqetai
ap� shme�o tou M�f��g e�nai �peiro� �Ara ap� to L�mma ��� e�nai semi�plug me b�sh
ton T �� K�nontac s�ndesh me thn an�klas� thc� pa�rnoume m�a plug F me for�a thn
T � � ���� �� kai b�sh ton T �� pou den �qei kleist� f�lla� H F den e�nai eisag�gimh
s�mfwna me to parak�tw� di�ti o T � e�nai pollapl�thta qwr�c s�noro�

L�mma 	��� �Estw N m�a sumpag�c C� n	pollapl�thta qwr�c s�noro� T�te den
up�rqei emf�teush thc N sto Rn�� pou na e�nai egk�rsia sthn foliation tou Rn�� ap�
k�jetec euje�ec�

Ap�deixh� �Estw �ti up�rqei m�a t�toia emf�teush i � N � Rn�� � dhlad�

i�x
TxN�� R � Rn�� � gia k�je x � N�
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An p � Rn�� � Rn � R � Rn e�nai h probol� tou Rn�� sto Rn � t�te �qoume


p � i��x
v� � p�i�x� � i�x
v� 	� 	 gia k�je v � TxN� v 	� 	�

Epom�nwc� p�i�x�
i�x
TxN� � R� � p�i�x�
Rn���� dhlad� p�i�x�
i�x
TxN�� � Rn � �ra
h 
p � i��x e�nai isomorfim�c� Afo� h N e�nai pollapl�thta qwr�c s�noro� h p � i
antistr�fetai topik�� �ra to 
p � i�
N� e�nai anoikt� upos�nolo tou Rn � k�ti pou e�nai
�topo� �

Jewr�ntac wc l thn ep�ktash tou f�llou thc E pou peri�qei �na shme�o 
x� 	�� me
x � T � t�toio �ste h
x� � 	� dhlad� x ��M� t�te to l e�nai f�llo thc F me d�o telik�
shme�a� Ap� to Je�rhma I���� kai th monoton�a twn f�llwn� up�rqei m�a anallo�wth
tubular perioq� Nl tou l� �ste o periorism�c � thc F sto T ������ ��nNl


� pT ������ ��
e�nai plug me b�sh ton pT � � T � n feswterik� en�c d�skoug� pou e�nai pollapl�thta me
s�noro� H � e�nai eisag�gimh� To parak�tw sq�ma apeikon�zei emf�teush tou pT ��
egk�rsia stic k�jetec euje�ec tou R� �

Jewr�ntac to C� dianusmatik� ped�o X� sthn S� me m�a monadik� periodik� tro�
qi� pou kataskeu�sthke sthn par�grafo III��� k�noume eisagwg� thc plug � se �na
�ow box g�rw ap� �na shme�o thc periodik�c troqi�c tou� to opo�o na antistoiqe� se
shme�o tou sun�lou M� ���� ��� O omoiomorfism�c sugk�llhshc epekte�netai se �nan
omoiomorfism� tou pT �� ���� �� ep� tou T �� ���� �� l�gw thc monoton�ac twn f�llwn�
�pwc de�qnei to prohgo�meno sq�ma� M� aut�n ton tr�po prok�ptei �na C� dianusma�
tik� ped�o S sthn S� qwr�c stajer� shme�a� sto opo�o h kamp�lh pou �tan to tm�ma
thc periodik�c troqi�c tou X� ekt�c tou �ow box� den e�nai pia tm�ma thc periodik�c
troqi�c tou S� Me �lla l�gia� �spase h periodik� troqi�� Epipl�on de dhmiourg�jhke
kamm�a n�a periodik� troqi�� l�gw thc an�klashc sthn kataskeu� thc �� Sunep�c to S
den �qei kamm�a periodik� troqi��

��



IV� TO C� ANTIPARADEIGMA THS K� KUPERBERG

STHN EIKASIA TOU SEIFERT

�� H plug thc K� Kuperberg
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To ze�goc 
W�W� e�nai plug� Kat� arq�n� to W e�nai �ow bordism� giat� to W
e�nai sumpag�c� sunektik� pollapl�thta me o�gwn�ec kai to s�noro 	W e�nai egk�rsio�
par�llhlo � �qei corner seperation� Ep�shc� h W�troqi� k�je shme�ou p � 
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me z 	� ��
� � �pagide�etai� m�sa sto W kai �qei jetik� oriak� s�nolo thn T�� an p �
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�Estw D �nac kleist�c d�skoc sthn F� tou opo�ou to s�noro sthn F e�nai �na emfu�
teum�no t�xo �� egk�rsio sto 	F� �Estw 
 � D � W m�a emf�teush pou ikanopoie� ta
parak�tw�
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D� e�nai x�no proc tic F� � F � f��g kai F� � F � f��g�
g� 

�� � 	W kai 

D n �� � 	W � ��
d� To 

�� den t�mnei troqi�c tou W pou �qoun �kra sto a�
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r� � ���� �� ��
��� �


r�� ��� z��� Isq�ei r � r�� an kai m�no an � � �
� � ��� � r�

� � r � � � r� isod�nama

�
�� ���� r�

� � 	� dhlad� r � 	 kai � � � � ��� En� gia 
r� ����� � D� n f
	� ������g�
�qoume r� � ��
� � ��� � r�

� � r� �Ara h 
� ikanopoie� thn aktinik� anis�thta sto
D� n f
	� ������g� Omo�wc gia thn 
� sto D� n f
	� ������g�
Parathr�sh � Me kat�llhlh epilog� twn �i i � �� �� �pwc gia par�deigma�

��
�� �
�

�
�� � �� �

�

�
� me � � �

�

�
�
��

�
��

�qoume

��

�

�
� �

��

���
� �ra �� ��
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���
kai
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Dhlad� h ap�stash twn �krwn tou ��
�� ap� tic F�� F� e�nai arket� mikr�� �ste na

jewro�me �ti ta ��

�
�� kai ��


��
� � br�skontai sthn perioq� twn F� kai F� ant�stoiqa�

�pou to W e�nai egk�rsio�

Sto W jewro�me th sq�sh isodunam�ac


r� �� z� s fi
r� �� z� gia 
r� �� z� � Di � ���� �� kai i � �� ��

�Estw B � W n f�
D� � ���� ��� � f�
D� � ���� ���� K o q�roc phl�ko W� s kai
p � W � K h apeik�nish phl�ko� T�te K � H � ���� ��� �pou o q�roc H e�nai to
sumpl�rwma twn eswterik�n d�o x�nwn d�skwn ston T �� Dhlad�� o H e�nai omoiomor�
fik�c me �nan torus me d�o tr�pec�

Sto K or�zetai t�ra �na C� dianusmatik� ped�o K� tou opo�ou oi troqi�c e�nai oi
sugkoll�seic twn troqi�n tou W sto B� me tic eik�nec twn troqi�n sta Di � ���� ��
m�sw twn fi� i � �� �� l�gw thc idi�thtac i� twn fi� To ze�goc 
K�K� den e�nai kan �ow
bordism� di�ti up�rqoun �skalop�tia� sto K� dhlad� up�rqoun shme�a sto 	K pou den
an�koun o�te sto par�llhlo s�noro� o�te sto egk�rsio� o�te �qoume corner seperation
s� aut�� Aut� ofe�letai sto gegon�c �ti fi
�i � ���� ��� � bi � ���� ��� gia i � �� ��
�Omwc� me b�sh thn parap�nw Parat�rhsh� epil�gontac kat�llhla tic 
i mporo�me na
epit�qoume ta �kra twn 
i
�i� na e�nai arket� kont� stic F�� F�� dhlad� m�sa sthn
perioq� touc �pou to s�noro e�nai egk�rsio� Mporo�me t�te� kino�menoi sthn kate��
junsh tou stajero� sthn perioq� aut� dianusmatiko� ped�ou W� na prosegg�soume tic
F�� F�� me epif�neiec �F�� �F�� pou na e�nai egk�rsiec sto W� �Estw K � h pollapl�th�
ta me o�gwn�ec pou prok�ptei met� thn pros�ggish twn epifanei�n F� kai F� ap� tic
�F�� �F� kai K� o periorism�c tou dianusmatiko� ped�ou K sthn K �� Ja apode�xoume sthn
ep�menh par�grafo �ti to ze�goc 
K ��K�� e�nai plug� Kataqrhstik�� ja suneq�soume
na qrhsimopoio�me touc sumbolismo�c K kai K gia thn parap�nw pollapl�thta kai to
periorism�no s� aut�n ped�o� ant� twn K � kai K��

�� H aperiodik�thta thc plug thc K� Kuperberg

Gia k�je shme�o x � K� or�zoume wc kulindrik�c suntetagm�nec tou x� aut�c thc
monadik�c proeik�nac tou x m�sw thc p sto W n f�
D� � ���� ��� � f�
D� � ���� ���� Ta
shme�a tou H�f��gnfi
Di�f��g�� i � �� �� onom�zontai shme�a k�riac eis�dou� en� ta
shme�a touH�f��gnfi
Di�f��g�� i � �� �� onom�zontai shme�a k�riac ex�dou� Ep�shc�
ta shme�a twn fi
Di � f��g�� i � �� �� onom�zontai shme�a deutere�ousac eis�dou�
en� ta shme�a twn fi
Di � f��g�� i � �� �� onom�zontai shme�a deutere�ousac ex�dou�

�	



Ta shme�a eis�dou kai ex�dou onom�zontai shme�a met�bashc� An to x � 
r� �����
e�nai shme�o k�riac eis�dou kai to y � 
r� ����� e�nai shme�o k�riac ex�dou kai ta x� y
�qoun tic �diec 
r� ���suntetagm�nec� t�te ja gr�foume x � y� Ton �dio sumbolism� ja
qrhsimopoio�me kai gia ta shme�a deutere�ousac eis�dou kai ex�dou pou �qoun tic �diec

r� ���suntetagm�nec� jewr�ntac ta wc shme�a twn Di � f�����g� i � �� �� prin dhlad�
k�noume tic emfute�seic f�� f��

�Ena t�xo Wilson e�nai �na tm�ma K�troqi�c pou en�nei d�o shme�a met�bashc� qw�
r�c na peri�qei �lla t�toia shme�a endi�mesa� Up�rqoun d�o eidik� t�xa Wilson� pou
prok�ptoun met� tic emfute�seic f�� f� kai peri�qontai stic periodik�c troqi�c T�� T� tou
W� D�o t�xa Wilson l� k l�gontai K	diadoqik�� an to t�loc tou l e�nai h arq� tou k�
�Ena t�xo Kuperberg� e�nai �na tm�ma K�troqi�c pou en�nei d�o shme�a met�bashc� K�je
t�xo Kuperberg� apotele�tai ap� K�diadoqik� t�xa Wilson�

�Estw l� k d�o t�xa Wilson� Ja l�me �ti to l W	prohge�tai tou k� sumbolik� l � k�
an to k peri�qetai sth jetik� W�troqi� tou l� Parathro�me �ti isq�ei l � l� m�no an to
l e�nai eidik� t�xo Wilson�

��



�Estw L � �x�� xn� �na t�xo Kuperberg pou en�nei ta shme�a met�bashc x�� xn� me
to xn na br�sketai sth jetik� troqi� tou x� kai x�� x�� ���� xn��� xn h seir� �lwn twn
diadoqik�n shme�wn met�bashc tou L� Sumbol�zoume me li � �xi��� xi� to t�xo Wilson
pou en�nei ta shme�a met�bashc xi��� xi� Dhlad� �qoume L � l� � l� � ���� ln� Or�zoume
thn L	st�jmh tou t�xou li� sumbolik� lev
li� wc ex�c� J�toume lev
l�� � 	 kai

lev
li��� � �pl�joc shme�wn eis�dou���pl�joc shme�wn ex�dou�

metax� twn shme�wn x� kai xi�� �

iX
k��

sgnxk� �pou sgnxk �

�
��� an to xk e�nai shme�o deutere�ousac eis�dou�

��� an to xk e�nai shme�o deutere�ousac ex�dou�

Parathro�me �ti an to xi e�nai shme�o deutere�ousac eis�dou� t�te lev
li��� � lev
li����
en� an to xi e�nai shme�o deutere�ousac ex�dou� t�te lev
li��� � lev
li�� ��

L�mma ���� �Estw l � �x� y� kai k � �z� u� d�o t�xa Wilson� An to y e�nai shme�o
deutere�ousac eis�dou� to z e�nai shme�o deutere�ousac ex�dou kai y � z� t�te l � k�

Ap�deixh� �Estw fi � Di � ���� �� � F � ���� ��� i � �� �� oi d�o emfute�seic sthn K�
Jewro�me tic proeik�nec y�� z� twn y� z m�sw k�poiac fi sto Di� �Estw� parade�gmatoc
q�rhn� �ti y� � D� � f��g� op�te z� � D� � f��g� Afo� y � z� up�rqei k�jeto
euj�grammo tm�ma m� pou en�nei ta y�� z�� T�te to f�
m� peri�qetai se W�troqi� kai
�qei gia arq� to y kai gia t�loc to z� Dhlad�� ta l� k br�skontai sthn �dia W�troqi� kai
epipl�on l � k� �

P�risma ���� �Estw L � �x�� x�� �na t�xo Kuperberg me L � l� � l� � l�� �pou ta
l�� l�� l�� e�nai K	diadoqik� t�xa Wilson� An lev
l�� � �� kai lev
l�� � 	� t�te l� � l��

Ap�deixh� Ap� ton orism� thc L�st�jmhc� afo� lev
l�� � ��� to x� e�nai shme�o
deutere�ousac eis�dou kai afo� lev
l�� � 	� to x� e�nai shme�o deutere�ousac ex�dou�
Afo� ta x�� x� e�nai diadoqik� shme�a deutere�ousac eis�dou kai ex�dou kai h W
ikanopoie� thn idi�thta twn ap�nanti per�twn� �qoume x� � x�� �Ara ap� to L�mma ����
gia l � l� kai k � l�� �qoume l� � l�� �

L�mma ��	� �Estw l � �x� y� kai k � �z� u� d�o t�xa Wilson� An to x e�nai shme�o
eis�dou� to u e�nai shme�o ex�dou kai l � k� t�te x � u�

Ap�deixh� Afo� l � k� ta l kai k br�skontai sthn �dia W�troqi�� An loip�n to x e�nai
shme�o eis�dou kai to u e�nai shme�o ex�dou� afo� h W ikanopoie� thn idi�thta twn
ap�nanti per�twn� ja �qoume x � u� �

L�mma ��
� �Estw L � �x�� xn� �na t�xo Kuperberg me L � l�� ���� ln� �pou ta l�� ���� ln�
e�nai K	diadoqik� t�xa Wilson� An lev
ln� � 	 kai lev
li� 
 	 gia k�je i � �� ���� n� t�te
l� � ln�

Ap�deixh� Efarm�zoume epagwg� sto pl�joc n twn epim�rouc t�xwn Wilson pou
apotelo�n to t�xo Kuperberg� Gia n � �� ja �qoume lev
l�� � 	 kai lev
l�� � ���

��



Sunep�c� ap� to P�risma ��� prok�ptei �ti l� � l�� �Estw �ti to L�mma isq�ei gia �la
ta t�xa Kuperberg pou apotelo�ntai ap� k t�xaWilson� me � � k � n��� Diakr�noume
d�o peript�seic�

a� Upoj�toume pr�ta �ti up�rqei � � i � n � �� t�toio �ste lev
li� � 	� T�te ta
t�xa Kuperberg L� � l� � ��� � li kai L� � li � ��� � ln ikanopoio�n tic upoj�seic tou
L�mmatoc� gia m�kh t�xwn mikr�tera � �sa tou n � �� Epom�nwc� ap� thn epagwgik�
up�jesh �qoume l� � li kai li � ln� �ra l� � ln�

b� �Estw �ti lev
li� 
 � gia k�je i � �� ���� n��� Sto t�xo Kuperberg L � l�� ���� ln�
�qoume lev
l�� � ��� dhlad� sgnx� � �� kai to x� e�nai shme�o deutere�ousac eis�dou�
Afo� lev
ln� � 	 kai lev
ln��� 
 �� �qoume sgnxn�� � �� kai to xn�� e�nai shme�o
deutere�ousac ex�dou� �Ara

	 � lev
ln� �

n��X
i��

sgnxi �

n��X
i��

sgnxi�

Jewro�me to t�xo Kuperberg L� � l� � ��� � ln�� � l�� � ��� � l�n�� pou en�nei ta shme�a
met�bashc x� kai xn��� T�te h L��st�jmh tou l�n�� e�nai

lev
l�n��� �

n��X
i��

sgnxi � lev
ln� � 	�

Epom�nwc� to L� ikanopoie� tic upoj�seic tou L�mmatoc gia k � n � � � n � �� �ra
ap� thn epagwgik� up�jesh l� � ln��� Kat� sun�peia x� � xn��� ap� to L�mma ����
Epanalamb�nontac t�ra to �dio epiqe�rhma �pwc sthn per�ptwsh k � � kai gia ta l�� L�� ln
�qoume l� � ln� �

Mporo�me t�ra na apode�xoume �ti h �ow bordism K ikanopoie� thn idi�thta twn
ap�nanti per�twn�

Pr�tash ���� �Estw L � �x�� xn� �na t�xo Kuperberg me L � l� � ��� � ln� �pou ta
l�� ���� ln e�nai K	diadoqik� t�xa Wilson� An to x� e�nai shme�o k�riac eis�dou kai to xn
e�nai shme�o k�riac ex�dou� t�te x� � xn� An n � �� t�te l� � ln�

Ap�deixh� Gia n � � isq�ei� di�ti t�te den up�rqoun shme�a deutere�ousac eis�dou�
ex�dou sthn troqi� tou x�� epom�nwc h K�troqi� tou x� taut�zetai me thnW�troqi� tou�
h opo�a ikanopoie� thn idi�thta twn ap�nanti per�twn�

�Estw �ti n � �� Sthn per�ptwsh aut� �qoume

lev
li� 
 	 kai lev
li� 
 lev
ln� gia k�je i � �� ���� n�

Gia thn ap�deixh tou pr�tou� parathro�me kat� arq�n �ti gia i � �� �qoume lev
l�� � ���
dhlad� to x� e�nai shme�o deutere�ousac eis�dou� Eid�llwc� an lev
l�� � ��� t�te
to x� ja �tan shme�o deutere�ousac ex�dou kai afo� ta x�� x� e�nai diadoqik� shme�a
met�bashc� ja e�qame x� � x�� �Omwc to x� e�nai shme�o k�riac eis�dou� epom�nwc kai
to x� ja e�nai shme�o k�riac ex�dou� k�ti pou isq�ei m�no sthn per�ptwsh n � �� �Estw
t�ra �ti up�rqei k�poio � � i � n gia to opo�o isq�ei lev
li��� � ��� Epil�goume to
el�qisto i me thn idi�thta aut�n� op�te epipl�on lev
li� � 	 kai lev
lj� 
 	 gia k�je
j � �� ���� i� T�te ap� to L�mma ��
 �qoume l� � li� Afo� l� � �x�� x�� kai li � �xi��� xi��

��



ap� to L�mma ��� �qoume x� � xi� �Omwc to x� e�nai shme�o k�riac eis�dou� �ra to xi
ja e�nai shme�o k�riac ex�dou me i � n� pou e�nai �topo�

H ap�deixh tou de�terou isqurismo� g�netai me to �dio epiqe�rhma� all� proc thn
ant�jeth kate�junsh� Pio sugkekrim�na� �stw �ti up�rqei k�poio j me � � j � n
gia to opo�o isq�ei lev
lj� � lev
ln�� Epil�goume to m�gisto j m� aut�n thn idi�thta�
op�te epipl�on lev
lj��� � lev
ln�� Jewro�me to t�xo Kuperberg L� � lj�� � ��� � ln �
l�� � ��� � l�n�j � T�te� gia k�je � � �� ���� n � j h L��st�jmh tou l�� e�nai

lev
l��� � lev
lj���� lev
ln��

�Ara lev
l�n�j� � lev
lj�n�j� � lev
ln� � 	 kai lev
l��� � lev
lj��� � lev
ln� 
 	� di�ti
to j e�nai m�gisto me thn idi�thta lev
lj� � lev
ln�� �Ara ap� to L�mma ��
 �qoume
l�� � l�n�j� dhlad� lj�� � ln� Afo� lj�� � �xj � xj��� kai ln � �xn��� xn�� ap� to L�mma
��� �qoume xj � xn� To xn e�nai shme�o k�riac ex�dou� �ra to xj ja shme�o k�riac
eis�dou me j � 	� pou e�nai �topo� �Etsi� gia i � �� �qoume t�ra 	 � lev
l�� 
 lev
ln�
kai gia i � n �qoume lev
ln� 
 	� Epom�nwc lev
ln� � 	 kai lev
li� 
 	� gia k�je
i � �� ���� n� �Ara� ap� to L�mma ��
 �qoume l� � ln� gia n � � kai ap� to L�mma ���
�qoume x� � xn� �

L�mma ���� An to x� e�nai shme�o k�riac eis�dou me x� � 
	� ������ t�te h K	troqi�
tou de ft�nei se shme�o k�riac ex�dou�

Ap�deixh� �Estw �ti h K�troqi� x� �qei shme�o k�riac ex�dou xn� Ap� thn Pr�tash ���
ja �qoume x� � xn� dhlad� xn � 
	� ������ �Omwc �qoume dei �ti oi W�troqi�c shme�wn
thc morf�c 
	� ������ �qoun jetik� oriak� s�nolo thn T�� epom�nwc de mpore� na �qoun
shme�o k�riac ex�dou� �

Ap� thn Pr�tash ��� kai to L�mma ��� prok�ptei loip�n �ti to 
K�K� e�nai plug�
Sth sun�qeia ja apode�xoume �ti to K den �qei kamm�a periodik� troqi� sto K� �Opwc
ja do�me sthn ap�deixh pou akolouje�� aut� ofe�letai sthn aktinik� anis�thta� pou de
qrhsimopoi�jhke m�qri t�ra�

L�mma ���� �Estw l�� ���� ln t�xa Wilson kai r
li� h r	suntetagm�nh k�je shme�ou tou
t�xou li�

a
 An li � lj� t�te r
li� � r
lj��
b
 An lev
li� � lev
li���� t�te r
li� � r
li���� me r
li� � r
li��� m�no �tan to li e�nai

eidik� t�xo�

Ap�deixh� To �a� e�nai profan�c� di�ti an li � lj � t�te ta li� lj an�koun sthn �dia
W�troqi� kai �ra r
li� � r
lj�� Gia to �b�� �stw �ti lev
li� � lev
li���� dhlad�
lev
li��� � lev
li� � �� pou shma�nei �ti to xi e�nai shme�o deutere�ousac eis�dou�
�Estw �ti xi � 
j
yi� me yi � Dj � f��g kai 
j � Dj � W h gnwst� emf�teush� gia
j � � � �� Ap� thn aktinik� anis�thta �qoume r
yi� 
 r
xi�� �Omwc r
yi� � r
li��� kai
r
xi� � r
li�� �ra r
li��� 
 r
li�� An �qoume r
li��� � r
li� me lev
li� � lev
li���� t�te
h W�troqi� tou xi ja e�nai k�poia twn T�� T�� dhlad� to li ja e�nai k�poio eidik� t�xo
Wilson� �

L�mma ���� �Estw L � l������ln �na t�xo Kuperberg� �pou ta l�� ���� ln e�nai K	diadoqik�
t�xa Wilson�

��



a
 An lev
li� 
 	 gia k�je i � �� ���� n t�te r
ln� 
 r
l���
b
 An epipl�on lev
ln� � 	 kai to l� den e�nai eidik� t�xo� t�te r
ln� � r
l���

Ap�deixh� Efarm�zoume epagwg� sto n� Gia n � � �qoume lev
l�� 
 	� op�te lev
l�� �
�� � 	 � lev
l�� kai ap� to L�mma ��
�b� �qoume r
l�� 
 r
l��� �Estw �ti isq�ei gia
k�je t�xo Kuperberg pou apotele�tai ap� k t�xa Wilson� me � � k � n� �� �Estw �ti
lev
ln� 
 	 gia k�je i � �� ���� n� Diakr�noume d�o peript�seic �

i� An lev
ln� � 	� ap� to L�mma ��
 �qoume �ti l� � ln kai ap� to L�mma ��
�a�
�qoume r
l�� � r
ln��

ii� An lev
ln� � 	� �stw i o m�gistoc ak�raioc me � � i � n gia ton opo�o isq�ei
lev
li� � 	� Ap� ta L�mmata ��
 kai ��
 �qoume l� � li kai r
l�� � r
li�� An i � �� t�te to
l� e�nai eidik� t�xo� �Etsi� i � � kai o�te to li e�nai eidik� t�xo� afo� r
l�� � r
li�� Epeid�
o i e�nai o m�gistoc ak�raioc me thn idi�thta lev
li� � 	� t�te lev
li��� � �� � lev
li��
�ra ap� to L�mma ��
�b� �qoume r
li��� � r
li��

Jewro�me to t�xo Kuperberg L� � li�� � ��� � ln� H L��st�jmh tou lj e�nai
lev
lj� 
 	 gia k�je j � i � �� ���� n kai ap� to epagwgik� b�ma gia m�koc t�xou
Kuperberg n� i � n� �� �qoume r
ln� 
 r
li��� � r
li� � r
l��� �ra r
l�� � r
ln�� �

L�mma ���� �Estw a�� a�� ���� an � R me a� � a� � ��� � an � 	� T�te up�rqei k�kloc

 � Sn t�toioc �ste a���� � ���� a��k� � 	 gia k�je � � k � n�

Ap�deixh� Afo� ta a�� a�� ���� an e�nai peperasm�na� ta merik� ajro�smata a� � ��� � ai�
� � i � n� e�nai peperasm�na� epom�nwc up�rqei to minfa�� ���� ai � � � i � ng� �Estw

n� � maxf� � m � n � a� � ���� am � minfa� � ���� ai � � � i � ngg

Gia k�je k me n� � k � n� �qoume a�� ���� ak � a�� ���� an� � �ra an���� ���� ak � 	�
Ep�shc� gia k�je j me � � j � n� �qoume a� � ��� � aj 
 a� � ��� � an� � Epom��
nwc an��� � ��� � an � a� � ��� � aj 
 an��� � ��� � an � a� � ��� � an� � 	� l�gw
thc up�jeshc� Arke� loip�n na p�roume 
 �



n� � � n� � � ��� n � � ��� n�

�
� �

Je�rhma ����� H plug �K�K
 den �qei periodik�c troqi�c�

Ap�deixh� �Estw �ti up�rqei m�a periodik� troqi� L tou dianusmatiko� ped�ou K sthn
K kai L � l� � ��� � ln h an�lus� thc se t�xa Wilson� �ste o n na e�nai o el�qistoc
ak�raioc me l� � ln� Diakr�noume d�o peript�seic�

a� �Estw �ti lev
ln� 	� 	� op�te mporo�me na upoj�soume �ti lev
ln� � 	� anti�
str�fontac en an�gkh th for� twn troqi�n tou K� Afo� lev
lj� �

Pj��
i�� sgnxi kai

lev
ln� � 	� ap� to L�mma ��	 mporo�me na epil�xoume kat�llhla to l�� o�twc �ste
lev
li� � 	 gia k�je i � �� ���� n�

Afo� lev
l�� � �� � 	 � lev
l��� ap� to L�mma ��
 �qoume r
l�� 
 r
l��� Ep�shc�
sto t�xo Kuperberg L� � l� � ��� � ln� ta t�xa Wilson �qoun mh�arnhtik�c L��st�jmec�
�ra r
ln� 
 r
l��� l�gw tou L�mmatoc ����a�� Dhlad� r
l�� � r
l�� � r
ln� � r
l��� �ra
r
l�� � r
l�� � r
ln�� Isq�ei� ep�shc� lev
l�� � lev
l��� op�te ap� to L�mma ��
�b� to
l� � ln e�nai eidik� t�xo Wilson� Epeid� �mwc de g�netai na �qoume d�o diadoqik� eidik�
t�xa� to l� den e�nai eidik� t�xo Wilson�

An isq�ei lev
l�� � lev
ln�� t�te r
l�� � r
l�� � r
ln� � r
l��� afo� to ln e�nai eidik�
t�xo Wilson� en� to l� �qi� pou e�nai ant�fash�

�




An lev
l�� � lev
ln�� sto t�xo Kuperberg L� � l� � ���� ln� oi L��st�jmec twn t�xwn
e�nai lev
ln� � 	 kai lev
li� 
 	 gia k�je i � �� ���� n� �Ara ap� to L�mma ��
 �qoume
l� � ln� pou e�nai p�li ant�fash� di�ti to ln e�nai eidik� t�xo Wilson� en� to l� �qi� �ra
de g�netai ta l�� ln na an�koun sthn �dia K�troqi��

b� An lev
ln� � 	� mporo�me �pwc sthn pr�th per�ptwsh na epil�xoume to l�� o�twc
�ste na isq�ei lev
li� 
 	 gia k�je i � �� ���� n� Ap� to L�mma ��
 �qoume l� � ln�
�Omwc l� � ln� �ra to l� � ln e�nai k�poio eidik� t�xo Wilson� �Etsi r
l�� � r
ln� � 	�
�Estw i o el�qistoc ak�raioc me � � i � n� gia ton opo�o isq�ei lev
li� � 	� Sto
t�xo Kuperberg L� � l� � ��� � li� oi L��st�jmec twn t�xwn e�nai lev
li��� � 	 kai
lev
lj� 
 	 gia j � �� ���� i � �� Ap� to L�mma ��
 �qoume l� � li��� �Omwc l� � �x�� x��
kai li�� � �xi��� xi��� kai sunep�c� ap� to L�mma ���� isq�ei x� � xi��� Aut� e�nai
�topo� di�ti r
x�� � 	� epom�nwc h troqi� tou x� de mpore� na �qei shme�o ex�dou� �

Sunoy�zontac �la ta prohgo�mena� to ep�meno Je�rhma thc K�Kuperberg� �rqetai
na d�sei to C� antipar�deigma sthn eikas�a tou Seifert�

Je�rhma ����� Up�rqei C� dunamik� s�sthma sthn S� qwr�c stajer� shme�a kai
qwr�c periodik�c troqi�c�

Ap�deixh� Jewro�me to mh�mhdeniz�meno C� dianusmatik� ped�o X� sthn S� me m�a
monadik� periodik� troqi�� pou kataskeu�sthke sthn par�grafo III��� An L e�nai aut�
h troqi�� �stw x� �na shme�o thc kai A �na �ow box g�rw ap� to x�� K�noume eisagwg�
thc plug 
K�K� thc Kuperberg sto A� me t�toion tr�po �ste �na shme�o thc morf�c

	� ����� na apeikon�zetai sto x�� �pwc de�qnei to parak�tw sq�ma� �Etsi prok�ptei �na
C� dianusmatik� ped�o Q sthn S� qwr�c stajer� shme�a kai qwr�c periodik�c troqi�c�
kaj�c h L �pagide�etai� m�sa sto K l�gw tou L�mmatoc ���� en� de dhmiourgo�ntai
kaino�riec periodik�c troqi�c� afo� h K ikanopoie� thn idi�thta twn ap�nanti per�twn�
�
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Apeik�nish Hopf � � S� � S��

��z�� z�� � ��Re�z��z��� �Im�z��z��� jz�j
� � jz�j

��

Ant�strofh eik�na k�je shme�ou �x�� x�� x�� � S� m�sw thc � e�nai

����x�� x�� x�� � f�z�e
i�� z�e
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TO DIANUSMATIKO PEDIO X �

�
STHN S�

� � S� n ������ �� ��� R
� � S��

��z�� z�� � �
z�

z�
�
z�

jz�j
� � ��x� y�� ei�� me � � � � ���

S� n ������ �� ��
�

� R
� � S�

�
�
�� R ��

�
�

probol�
S� n ��� �� �� � R

�

X �
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