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ABSTRACT

We give a sufficient condition under which the logarithm of the derivative of a Denjoy
C' diffeomorphism of the circle is a measurable coboundary on the unique Cantor
minimal set. This condition also guarantees the existence of an automorphic measure
which is equivalent to the unique invariant Borel probability measure.

1 Introduction

One of the most important examples of uniquely ergodic homeomorphisms are the orien-
tation preserving homeomorphisms of the circle S which have irrational rotation num-
bers and are not topologically conjugate to rotations. Among them special place occupy
the Denjoy C! diffeomorphisms, named after A. Denjoy who gave explicit constructions
of such C! examples and proved that they cannot be C? in [4]. Prior to A. Denjoy,
similar examples had been constructed by P. Bohl in [3]. For an exposition of the theory
of Denjoy C! diffeomorphisms of S* we refer to [2], [7] and [10].

Let T : S* — S! be a Denjoy C' diffeomorphism with unique Cantor minimal set K
and unique invariant Borel probability measure . Then K is the nonwandering set of T’
and p is supported on K. The original motivation of this note was to examine whether
is in some sense geometric with respect to 7. This is closely related to a problem stated
in [1]. To be more precise, we want to find conditions under which p is equivalent to a
Borel probability measure v on K such that

/K ddv = /K (¢ 0 T)T'dv

for every continuous function ¢ : K — R. A measure v with this property is called
automorphic for T'. It is clear from the change of variable formula that the (normalized)
Lebesgue measure of S! is automorphic for 7', but is not equivalent to .

The automorphic measures for 7' are defined as automorphic measures of exponent
1 in [6], but they have appeared in the literature much earlier in the more general
setting of homeomorphisms on compact metric spaces. Let X be a compact metric
space, T : X — X be a homeomorphism and let f : X — R be a continuous function
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such that / fdu = 0 for some ergodic T-invariant Borel probability measure pu. A Borel
X

probability measure v on X is called a ef-conformal measure for T if v is equivalent to

T.v and dv
d(T\v)

in [8]. If p is an ergodic T-invariant Borel probability measure on X, as it is explained in
section 2, the existence of a ef-conformal measure for T' which is absolutely continuous
with respect to p (actually equivalent to p) is equivalent to the existence of a measurable
solution of the cohomological equation f = w —w o T. In particular, if T is a Denjoy C*
diffeomorphism with unique minimal Cantor set K, then there exists an automorphic
measure for 7" which is equivalent to its unique invariant Borel probability measure if
and only if log T’ is a measurable coboundary on K.

= ¢f. This kind of measure has been used without a particular name

In this note we study the existence of conformal measures for a uniquely ergodic
homeomorphism which is absolutely continuous to its invariant Borel probability
measure. In section 3 we present a sufficient condition for that, using the Schauder-
Tychonoff fixed point theorem applied to the dual Perron-Frobenius operator on an
appropriate convex set. This approach was inspired by [6]. As a corollary we get the
following, which is the main result of this paper.

Theorem 1.1. Let T : S' — S! be a Denjoy C' diffeomorphism with unique minimal
set K and unique T-invariant Borel probability measure p. If there exists a positive
g € LY(u) and an integer m > 0 such that

(T < g /K (T dp

on K for every n > m, then there exists an automorphic measure for T which is equiv-
alent to p and log T’ is a measurable coboundary on K. O

2 Conformal measures

Let T : X — X be a homeomorphism of a compact metric space X and let f: X — R
be a continuous function. A ef-conformal measure for T is a Borel probability measure

v on X such that
/ pdv :/ (poT)eldv
X X

for every continuous function ¢ : X — R. Evidently, a ef-conformal measure for T is
T-quasi-invariant and is an e~/ oI~ _conformal measure for 7 1.

It is easy to see that if h : X — X is a homeomorphism and S = hoT o h™!, then
h.v is a e/ _conformal measure for S for every ef-conformal measure v for T.

The construction of a conformal measure can be described as follows (see [5]). Let
oo

. a . _
(an)nen be a sequence of real numbers and let ¢ = limsup —. The series E ein—ns

n
n—-+o0o n—1

converges for s > ¢, diverges for s < ¢ and we cannot tell for s = ¢, by the root test.

There exists a sequence of positive real numbers (b, )nen such that lim " =1 and
n—-+0o0o n+1
o
the series Z bpe® ™ converges for s > ¢ and diverges for s < c.
n=1



Let f : X — R ba a continuous function such that / fdu =0 for some ergodic

X
T-invariant Borel probability measure p. It is well known that the set of points z € X
such that the limit

1 n
lim = —k
Jim = f(T7H(w)
k=1
exists in R has measure 1 with respect to every T-invariant Borel probability measure,
and is therefore non-empty. So there exists a point € X such that

. 1
lim —
n—+oo n

> F(TH@) =0
k=1

n o

Let a, = — Zf(T_k(x)) and M, = ane“"_"s, where (by,)nen is the corresponding
k=1 n=1

sequence as above. Each accumulation point in the weak® topology as s | 0 of the

directed family

R _
Hs = ﬁ Z b, e ns(;T—n(m), s>0
S p=1

is a ef-conformal measure for T'.

There is a close relation between ef-conformal measures for a homeomorphism 7T :
X — X of a compact metric space and solvability of the cohomological equation f =
u—wuoT, where f: X — R is continuous.

Let p be any T-invariant Borel probability measure. If there exists a measurable
solution u of the above cohomological equation defined p-almost everywhere such that
e™* € L'(u), then there exists a e/-conformal measure v for T' equivalent to p with
density
—Uu

dv e

dp / e “du
X

Thus, if there exists a continuous solution u, then for every T-invariant Borel probability
measure we get an equivalent ef-conformal measure for T. Moreover, in this case, every
ef-conformal measure v for T is obtained in this way. Indeed, we have

/X petdy = /X (¢ 0 T)edv

for every continuous function ¢ : X — R, and so the equivalent measure p to v with
density

du e

dv / edv
X

is T-invariant. Consequently, if f is a continuous coboundary, then the ef-conformal
measures for T are in one-to-one correspondence with the T-invariant Borel probability
measures and each ef-conformal measure for T is equivalent to its corresponding T-
invariant measure.



Conversely, suppose that p is an ergodic T-invariant Borel probability measure and

f: X — R is a continuous function such that / fdu = 0. Suppose further that there
X

exists a ef-conformal measure v € M(X) for T which is absolutely continuous with

v
respect to 4 and let g = i For every measurable set A C X we have
1L

/X(XAOT)(goT)dM:y(A) :/

(xa 0 T)efdv = / (xa 0 T)ef gdp
X

X

and therefore
[, sl (goTdu=o.
T-1(4)

Since p is T-invariant, it follows that g o T = ge/ p-almost everywhere. The ergodicity
of 1 implies now that ¢ > 0 p-almost everywhere. So, u = —logg is a measurable
solution of the cohomological equation f = u —uoT. If logg € L(u) and T is a
minimal homeomorphism, then there exists some continuous function u : X — R such
that f =u —wo T, by Proposition 4.2 on page 46 in [7].

Note that v is equivalent to u, because g > 0. We remark that this is actually a
more general fact which holds for every T-quasi-invariant Borel probability measure. To
see this, let T': X — X be a homeomorphism of a compact metric space X and u be
an ergodic T-invariant Borel probability measure. Let v is a T-quasi-invariant Borel

dv
probability measure which is absolutely continuous with respect to pu. Let ¢ = — and

dp
A=gY0). If S = U T™(A), then S is T-invariant and v(S) = 0. On the other hand
neZ
w(X\S) > 0, and since p is ergodic we get u(S) = 0, that is g > 0 p-almost everywhere.
In particular, if T is uniquely ergodic, then every T-quasi-invariant measure for 7" which
is absolutely continuous with respect its unique invariant Borel probability measure is
equivalent to it.

3 Absolutely continuous conformal measures for uniquely
ergodic homeomorphisms

Let X be a compact metric space and p € M(X). The set
A, ={re M(X) v < u}

is not empty, since it contains y, and is convex. In general, A, is not a closed subset of
M(X) with respect to the weak* topology. For example, if we let u be the Lebesgue
measure on the unit interval [0,1] and for 0 < € < 1 we let . denote the Borel

1

probability measure on [0, 1] with density — X[0,¢]» then lin% e is the Dirac point measure
€ €—

at 0.

Lemma 3.1. Let X be a compact metric space and p € M(X). Let (Vy)nen be a

sequence in A, converging weakly* to some v € M(X) and let f, = %, n € N. If
m



there exist non-negative h, g € L* () such that h < f, < g for everyn € N, then v € A,
d

and h < w <g.
dp

Proof. Since v is a finite measure, there exists a (countable) basis U of the topology of
X such that v(0U) = 0 for every U € U. So U is contained in the algebra

C(v) = {A]A C X Borel and v(0A) = 0}

and since it generates the Borel o-algebra of X, so does C(v). Let now A C X be a
Borel set with ©(A) = 0 and € > 0. There exists 0 < < € such that / gdp < e for
B

every Borel set B C X with u(B) < §, because g € L'(11). There exists some Ag € C(v)

such that p(AAAg) < 6 and v(AAAg) < 6. Thus u(Ap) < 0 and |v(A) — v(Ay)| < 0.

By weak* convergence, v(Ag) = lirf vn(Ap) and so there exists some ny € N such that
n——+0o0

|vn(Ap) — v(Ap)| < € for n > ng. Therefore,

v(Ao) < vn(Ap) +e= fndp + € < / gdp + € < 2e.
Ao Ao
It follows that 0 < v(A) < 3e for every € > 0, which means that v(A) = 0. This shows
that v € A,.
To prove the last assertion, we note first that there exists a sequence of (finite)
partitions (P, )nen of X such that P, is a refinement of P, the Borel o-algebra of X
e}

is generated by U P, and u(0B) = 0 for every B € P, and n € N. It can be constructed
n=1

starting with a countable basis {U,, : n € N} of the topology of X such that u(0U,) =0
for every n € N and defining inductively P, to be the finite family consisting of Borel
sets with positive p measure of the form BNU, or BN (X \ U,), for B € P,,_1, taking
Po={X}.
Let P,,(x) denote the element of P,, which contains x € X. Then,

d

W Pl

a6 = B uP(e)
p-almost everywhere on X and in L'(u) (see page 8 in [9]). On the other hand, by the

weak™® convergence and since v € A, for every kK € N and x € X there exists some
ni € N such that

V(Pe(e) — vy (Pu(a))| < 7 u(Pi(a).
It follows that
v(Pe(z)) 1 v (Pr(z)) 1 1

1 1
0= iP@) SF T uPu)  k a(Pe@) /pm Il < et @) /%) gap-

Since
1

lim 7/ gdu = g(x
I P o (@)

d
p-almost everywhere on X and in L'(p), it follows that 0 < d—y(ac) < g(z) p-almost
w

everywhere on X.



Similarly, from

WP@) 1w (Pel@) _ 11 R
WPe@) R u(Pa) R uPu(@) /7>k<x>f"kd“2 (@) /7>k<m>hd“

d
follows that h(z) < d—y(x) p-almost everywhere on X. [J
m

Let now T : X — X be a uniquely ergodic homeomorphism 7" : X — X. Conformal
measures for T' can be obtained as fixed points of the dual Perron-Frobenius operator. Let

1 be the unique T-invariant Borel probability measure and ¢ = / fdu, where f : X - R

X
is a continuous function. Let M(X) denote the set of Borel probability measures on X
equipped with the weak™ topology. The dual Perron-Frobenius operator is the continuous
map W : M(X) — M(X) defined by

X

W()(6) = ——— / (60 T)el du
/Xefdu

for every continuous function ¢ : X — R (see page 185 in [8]). Since T is a homeomor-
phism, W is a homeomorphism and its inverse is given by the formula

W) () = /X (60T Ne 7T du.

/ e~ Ty
X

It follows from the Schauder-Tychonoff theorem that W has a fixed point in M(X). If
v is a fixed point of W, then / ef dv = ¢, and therefore v is a ef ~-conformal measure

X
for T'. Indeed, if v is a fixed point of W, then for every n € N we have

</Xefdu>n:/Xexp(;§foTk)dy,

as one easily verifies by induction. It follows that

n—1 no1
n|log</X effcdl/>‘ = |10g</x exp(—nc+ kZOfOTk)dVN < || =mnc+ ZfoTkH,

k=0

and therefore

|log(/X effcdu>| < Hngr—fr—loo <—c+ %nz:lf oTk)H = 0.
k=0

For any continuous function f : X — R we put

( n
epofoT_k, if n >0,
k=1
n|—1
exp(— Y foT¥), ifn<0.
k=0

6



We can use the Schauder-Tychonoff theorem to get the following result for the
existence of absolutely continuous conformal measures in the case of uniquely ergodic
homeomorphisms.

Theorem 3.2. Let X be a compact metric space and T : X — X a uniquely ergodic
homeomorphism with unique invariant Borel probability measure p. Let f : X — R be a

continuous function such that / fdu = 0. If there exists a non-negative g € L' (1) and

< g/X En(f)dp

for every n > m, then there exists a el -conformal measure for T equivalent to u and f
s a measurable coboundary.

an integer m > 0 such that

Proof. Let W : M(X) — M(X) be the dual Perron-Frobenius operator. One can prove
by induction that

n—1
W ()(6) = | @oren Y ot

1
n—1 )
X —
/ epofoTk h=0
X k=0

for every v € M(X) and n € N. From the invariance of ;1 we get
AL
/ B
for every n € Z. Note also that

/ (60 T)e! Bu(f)du = / OBt (f)dn
X X

for every continuous ¢ : X — R.
If now A C X is a measurable set, it follows from regularity that

S e e

which implies that W"(u) € A, and

dW™ (1) E.(f)
dp
/X En(f)dp




for every n € Z. If C,, is the convex hull of {W"(u) : n > m}, then W(C,,) C Cp,.
Indeed, let

- /XEnH(f)dM
[ B

for all n € Z. If aq,...,a, > 0 are such that a1 + --- 4+ a, = 1 and j1,...,jn € Z, then

t

n

. ] agty, je+1
w ap Wk = Wk )
(kz V) ) S (1)

This shows that W (C,,) C Cp, and by continuity W (C,,) C Cy,. Since C,, is a compact
convex subset of M(X), it follows from the Schauder-Tychonoff theorem that W has a
fixed point in C,, or in other words there is a e/ -conformal measure for T in C,,. More-
over, our assumption and Lemma 3.1 imply that C,, C A,. This proves the conclusion. [

The conclusion of Theorem 3.2 remains true under the assumption that there exists
an integer m < 0 such that

E.(f) <g /X B, (f)dp

for every n < m, by considering W 1.

4 The derivative of Denjoy C' diffeomorphisms

Let T : S' — S! be an orientation preserving C' diffeomorphism with irrational rotation
number p(7T'). It is well known (see [2], [7], [10]) that T is uniquely ergodic and there
exists a unique minimal set K C S' which is the support of the unique T-invariant Borel
probability measure p, and either K = S', in which case T is topologically conjugate
to the rotation by the angle 2wp(T') or K is a Cantor set and T is only topologically
semi-conjugate to the rotation by the angle 2mp(T"). In the latter case T is a Denjoy
C'! diffeomorphism and the semi-conjugation is never C'. In both cases, K is the non-
wandering set of T" and

/ log(T™) du =0
Sl

for every n € Z.
A T’-conformal measure v for T on K will be called automorphic for T" and is a Borel
probability measure on K such that

/K¢du:/K(¢oT)T/dy

for every continuous function ¢ : K — R. By the change of variable formula, the
(normalized) Lebesgue measure of S! is automorphic for T. It is also T-quasi-invariant
from the mean value theorem.



If h: S' — S! be an orientation preserving C'! diffeomorphism and S = hoT o h™!,
then S is a Denjoy C' diffeomorphism with unique minimal set h(K) and unique S-
invariant Borel probability measure h,pu. If v is an automorphic measure for 7', then

/ i3

V=——— " hyuww
/h'du
K

is automorphic for S. It follows that if v < u, then v/ < hyp.

The proof of Theorem 1.1 is now an immediate consequence of Theorem 3.2 and the
chain rule.

If logT" is a continuous coboundary on K, then there exists a unique automorphic
measure for 7" which is absolutely continuous with respect to u, since T is uniquely
ergodic. We note however that one can construct examples of Denjoy C'! diffeomorphisms
where the logarithm of the derivative is not a continuous coboundary on the unique
minimal set and others where it is. In any case, log T” is never a continuous coboundary
on St by an argument due to M. Herman [7]. See also section 6 in [2].
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