H DOMH TWN DUNAMIKWN SUSTHMATWN APO THN APOYH THS ALUSWTHS EPANAFORAS

KwnstantÐnoc Ajanasìpouloc Majhmatikì Tmăma, Panepistămio Krăthc, 71409 HrĹkleio

1. Eisagwgă

Ena mèroc thc drasthriìthtac tÿn ereunhtÿn tou klĹdou twn Dunamikÿn SusthmĹtwn apoteleÐtai apì thn melèth parastĹsewn se hlektronikoÔc upologistèc. Oi parastĹseic autèc suqnĹ parĹgoun sthn ojình tou upologistă jolèc eikìnec. To basikì erÿthma pou anakÔptei eÐnai piĹ sqèsh èqoun oi eikìnec autèc me thn pragmatikìthta. Stic arqèc thc dekaetÐac tou ’70 oi R. Bowen kai C. Conley prìteinan wc ennoiologikì ergaleÐo gia mia pijană prosèggish tou erwtămatoc autoÔ thn ènnoia thc yeudotroqiĹc ă (ϵ, T )-alusÐdac. H ènnoia aută odăghse sthn ènnoia thc aluswtăc epanaforĹc mèsw thc opoÐac ègine aploÔsterh h diatÔpwsh pollÿn gnwstÿn protĹsewn. H aluswtă epanaforĹ eÐnai h pio genikă ènnoia epanaforĹc pou upĹrqei kai genikeÔei gnăsia thn ènnoia thc genikeumènhc epanaforĹc tou J. Auslander.

Sta epìmena ja parousiĹsoume me bĹsh thn ènnoia thc aluswtăc epanaforĹc mia olikă perigrafă enìc dunamikoÔ sustămatoc s’ ènan sumpagă metrikì qÿro anĹlogh m’ ekeÐnhn enìc gradient dianusmatikoÔ pedÐou se mia pollaplìthta, pou ofeÐletai ston C.Conley. Etsi h melèth thc domăc enìc dunamikoÔ sustămatoc anĹgetai se trÐa mèrh :

(a) sto gradient-like mèroc, (b) sto aluswtĹ epanaferìmeno mèroc kai (g) sthn melèth thc allhlepÐdrashc twn dÔo autÿn merÿn.

2. Aluswtă epanaforĹ

Ena suneqèc dunamikì sÔsthma ă roă s’ ènan topologikì qÿro X, pou lègetai qÿroc fĹsewn, eÐnai mia drĹsh thc prosjetikăc omĹdac R twn pragmatikÿn arijmÿn epÐ tou X kai orÐzetai apì mia suneqă sunĹrthsh ϕ : R × X → X me tic akìloujec idiìthtec :

(a) ϕ(0, x) = x gia kĹje x ∈ X kai (b) ϕ(t + s, x) = ϕ(t, (ϕ(s, x)) gia kĹje t, s ∈ R kai x ∈ X.

Sunăjwc qrhsimopoioÔme ton bolikì sumbolismì ϕ(t, x) = tx kai ϕ(I × A) = IA, ìtan I ⊂ R kai A ⊂ X. H ϕ orÐzei thn suneqă monoparametrikă omĹda omoiomorfismÿn ϕ_t : X → X me ϕ_t(x) = tx, t ∈ R, x ∈ X. H troqiĹ tou shmeÐou x ∈ X eÐnai to sÔnolo C(x) = {tx : t ∈ R} kai h jetikă hmitroqiĹ to C^+(x) = {tx : t ≥ 0}. To sÔnolo

L^+(x) = {y ∈ X : t_nx → y gia kĹpoia t_n → +∞}

lègetai jetikì oriakì sÔnolo tou x. AntÐstoiqa orÐzetai to arnhtikì oriakì sÔnolo L^−(x). Ta oriakĹ sÔnola exartÿntai mìnon apì tic troqièc kai eÐnai kleistĹ kai ametĹblhta.

Se ìsa j’ akoloujăsoun upojètoume pĹnta ìti o X eÐnai ènac sumpagăc metrikopoiăsimoc qÿroc kai h d mia metrikă pou orÐzei thn topologÐa tou.

2.1. Orismìc. Estw x, y ∈ X kai ϵ, T > 0. Mia (ϵ, T )-alusÐda apì to x sto y eÐnai èna zeÔgoc peperasmènwn sunìlwn shmeÐwn tou X kai qrìnwn (x_0, ..., x_{p+1}|t_0, ..., t_p) ÿste x = x_0, y = x_{p+1}, t_i ≥ T kai d(t_ix_i, x_{i+1}) < ϵ gia kĹje i = 0, 1, ..., p.

Ston X jewroÔme thn dimelă sqèsh P ètsi ÿste xP y ìtan gia kĹje ϵ, T > 0 upĹrqei (ϵ, T )-alusÐda apì to x sto y. Epeidă o X upotÐjetai sumpagăc, apì to lămma tou Lebesgue prokÔptei ìti h P den exartĹtai apì thn metrikă d allĹ mìnon apì thn topologÐa tou X. PrĹgmati, èstw a mia Ĺllh metrikă pou orÐzei thn topologÐa tou X kai Q h antÐstoiqh dimelăc sqèsh pou paÐrnoume, an sthn jèsh thc d qrhsimopoiăsoume thn a. Estw ϵ, T > 0. Oi anoiqtèc d-mpĹllec S_d(x, ϵ/2), x ∈ X, apoteloÔn anoiqtì kĹluma tou (X, a). Apì to lămma tou Lebesgue, upĹrqei δ > 0 ÿste kĹje anoiqtă a-mpĹlla aktÐnac δ perièqetai s’ èna stoiqeÐo tou kalÔmatoc autoÔ. An tÿra x, y ∈ Q, upĹrqei mia (δ, T )-alusÐda (x_0, ..., x_{p+1}|t_0, ..., t_p) wc proc thn metrikă a. Gia kĹje i = 0, 1, ..., p, upĹrqei kĹpoio z_i ∈ X ÿste S_a(x_{i+1}, δ) ⊂ S_d(z_i, ϵ/2). Etsi èqoume d(t_ix_i, x_{i+1}) < d(t_ix_i, z_i) + d(z_i, x_{i+1}) < ϵ/2 + ϵ/2 = ϵ. Sunepÿc h (x_0, ..., x_{p+1}|t_0, ..., t_p) eÐnai (ϵ, T )-alusÐda wc proc thn metrikă d. Autì deÐqnei oti Q ⊂ P kai ìmoia P ⊂ Q.

2.2. Lămma. H dimelăc sqèsh P eÐnai metabatikă, kleistì kai ametĹblhto uposÔnolo tou X × X wc proc thn drĹsh ginìmeno.

Apìdeixh. H metabatikìthta thc P eÐnai profanăc. Estw (x, y) ∈ P kai ϵ, T > 0. Apì thn sunèqeia thc roăc, upĹrqoun (z, w) ∈ P , ÿste d(T x, T z) < ϵ/2 kai d(y, w) < ϵ/2 . H (x, T z|T ) eÐnai mia (ϵ, T )-alusÐda. UpĹrqei kai mia (ϵ/2, 2T )-alusÐda (z_0, ..., z_{p+1}|s_0, ..., s_p) apì to z sto w. H (T z, z_1, ..., z_p|s_0 −T, s_1, ..., s_{p−1}) eÐnai mia (ϵ/2, T )-alusÐda apì to T z sto z_p. Ap’ thn Ĺllh meriĹ, h (z_p, y|s_p) eÐnai mia (ϵ, T )-alusÐda. EÐnai tÿra fanerì oti upĹrqei mia (ϵ, T )-alusÐda apì to x sto y, dhladă (x, y) ∈ P . Autì deÐqnei thn kleistìthta tou P .

H ametablhtìthta tou P shmaÐnei oti an (x, y) ∈ P kai t, s ∈ R, tìte (tx, sy) ∈ P . Estw ϵ, T > 0 kai R > max{T, T − s, T + t}. Lìgw thc sunèqeiac upĹrqei δ > 0 ÿste d(sy, sz) < ϵ, ìtan d(y, z) < δ. AfoÔ (x, y) ∈ P , upĹrqei mia (δ, R)-alusÐda (x_0, ..., x_{p+1}|t_0, ..., t_p) apì to x sto y. Tìte èqoume d((t_p + s)x_p, sy) < ϵ kai t_p + s > T . EÐnai fanerì tÿra oti h (tx, x_1, ..., x_p, sy|t_0 − t, t_1, ..., t_p + s) eÐnai mia (ϵ, T )-alusÐda.

2.3. Orismìc. Ena shmeÐo x ∈ X lègetai aluswtĹ epanaferÿmeno an (x, x) ∈ P . To sÔnolo twn aluswtĹ epanaferwmènwn shmeÐwn, pou ja sumbolÐzoume sthn sunèqeia me R(ϕ), eÐnai kleistì kai ametĹblhto, apì to Lămma 2.2.

Sto R(ϕ) orÐzetai h akìloujh sqèsh isodunamÐac : x ∼ y tìte kai mìnon tìte ìtan (x, y) ∈ P kai (y, x) ∈ P . Oi klĹseic isodunamÐac lègontai aluswtèc sunistÿsec kai eÐnai kleistĹ kai ametĹblhta uposÔnola tou R(ϕ), apì to Lămma 2.2.

2.4. Prìtash. KĹje sunektikă sunistÿsa tou R(ϕ) perièqetai se mia aluswtă sunistÿsa.

Apìdeixh. Estw Y mia sunektikă sunistÿsa tou R(ϕ) kai x, y ∈ Y . Estw ϵ, T > 0. Epeidă o Y eÐnai sunektikìc metrikìc qÿroc, upĹrqei èna peperasmèno sÔnolo {x_0, ...x_{p+1}} ⊂ Y me x = x_0, y = x_{p+1} kai d(x_i, x_{i+1}) < ϵ/2 gia i = 0, 1, ..., p. AfoÔ x_i ∈ R(ϕ), upĹrqei (ϵ/2, T )- alusÐda (z_{i,0}, ..., z_{i,pi+1}|t_{i,0}, ..., t_{i,pi} ) apì to x_i sto x_i. Tìte h (z_{i,0}, ..., z_{i,pi} , x_{i+1}|t_{i,0}, ..., t_{i,pi} ) eÐnai mia (ϵ, T )-alusÐda apì to x_i sto x_{i+1}. EÐnai fanerì tÿra oti upĹrqei mia (ϵ, T )-alusÐda apì to x sto y. Omoia upĹrqei mia (ϵ, T )-alusÐda apì to y sto x.

To upìloipo thc paroÔsac paragrĹfou eÐnai afierwmèno sthn apìdeixh tou gegonìtoc oti oi sunektikèc sunistÿsec tou R(ϕ) tautizontai me tic aluswtèc sunistÿsec. Gi autì ja qreiastoÔme mia teqnikă prìtash.

2.5. Lămma. Gia kĹje T > 0 upĹrqei mia (ìqi suneqăc) sunĹrthsh h : (0, +∞) → (0, +∞), pou exartĹtai apì to T , tètoia ÿste :

(a) Gia kĹje ϵ > 0 kai x, y ∈ X, t ∈ [0, 2T ] me d(x, y) < h(ϵ) isqÔei d(tx, ty) < ϵ/4. (b) h^k < h^{k−1}/2 gia kĹje k ∈ N, ìpou h^k = h ∘ ... ∘ h, k forèc.

(g) An (x_0, ..., x_{p+1}|t_0, ..., t_p) eÐnai mia (h^p(ϵ), T )-alusÐda kai t_i ∈ [0, 2T ] gia kĹje i = 0, 1, ..., p, tìte d(t_px_p, (t_0 + ... + t_p)x_0) < ϵ/2.

Apìdeixh. Epeidă o X eÐnai sumpagăc, lìgw thc omoiìmorfhc sunèqeiac gia kĹje ϵ > 0 upĹrqei kĹpoio 0 < h(ϵ) < ϵ/2 ÿste d(tx, ty) < ϵ/4, ìtan t ∈ [0, 2T ] kai d(x, y) < h(ϵ). Apì to axÐwma thc epilogăc upĹrqei h sunĹrthsh h. Ta (a) kai (b) eÐnai profană. Ja apodeÐxoume to (g) me epagwgă sto p. Gia p = 0, 1 eÐnai profanèc. Estw oti to (g) isqÔei gia to p kai (x_0, ..., x_{p+2}|t_0, ..., t_{p+1}) eÐnai mia (h^{p+1}(ϵ), T )-alusÐda me t_i ∈ [0, 2T ] gia kĹje i = 0, 1, ..., p + 1. H (x_0, ..., x_{p+1}|t_0, ..., t_p) eÐnai h^p(h(ϵ)), T )-alusÐda kai apì thn upìjesh thc epagwgăc èqoume

d(t_px_p, (t_0 + ... + t_p)x_0) < h^p(h(ϵ)) < h(ϵ) 2 < h(ϵ). Apì to (a) prokÔptei oti d((t_p + t_{p+1})x_p, (t_0 + ... + t_{p+1})x_0) < ϵ/4. AfoÔ ìmwc d(t_px_p, x_{p+1}) < h^{p+1}(ϵ) < h(ϵ), prokÔptei oti d((t_p + t_{p+1})x_p, t_{p+1}x_{p+1}) < ϵ/4. Ara d(t_{p+1}x_{p+1}, (t_0, ..., t_{p+1})x_0) < ϵ/2.

2.6. Prìtash. Estw x, y ∈ R(ϕ) kai T_0 > 0. Ta parakĹtw eÐnai isodÔnama :

(a) x ∼ y.

(b) Gia kĹje ϵ > 0 upĹrqei mia (ϵ, T_0)-alusÐda apì to x sto x mèsw tou y.

Apìdeixh. Estw oti isqÔei to (b) kai ϵ, T > 0. UpĹrqei n ∈ N ÿste T ≤ nT_0. Apì thn upìjesh upĹrqoun (h^n(ϵ), T_0)-alusÐdec apì to x sto y kai tanĹpalin, ìpou h eÐnai h sunĹrthsh tou Lămmatoc 2.5. Estw (x_0, ..., x_{p+1}|t_0, ..., t_p) mia (h^n(ϵ), T_0)-alusÐda apì to x sto y. MporoÔme na upojesoume oti 1 + p = kn gia kĹpoio k ∈ N kai t_i ∈ [T_0, 2T_0] gia kĹje i = 0, 1, ..., p. Apì to Lămma 2.5 èqoume d(t_{n−1}x_{n−1}, (t_0 + ... + t_{n−1})x_0) < ϵ/2 kai d(t_{n−1}x_{n−1}, x_n) < h^n(ϵ) < ϵ/2. Ara d(x_n, (t_0 + ... + t_{n−1})x_0) < ϵ kai sunepÿc h (x_0, x_n|t_0 + ... + t_{n−1}) eÐnai (ϵ, T )-alusÐda apì to x = x_0 sto x_n. Omoia gia kĹje i = 0, 1, ..., k − 1 h (x_{in}, x_{(i+1)n}|t_{in}, ..., t_{(i+1)n−1}) eÐnai (ϵ, T )-alusÐda. Ara h (x_0, x_n, x_{2n}, ..., x_{kn}|t_0 + ... + t_{n−1}, t_n + ... + t_{2n−1}, ..., t_{(k−1)n} + ... + t_{kn−1}) eÐnai mia (ϵ, T )-alusÐda apì to x_0 = x sto x_{kn} = x_{p+1} = y. Omoia brÐskoume mia (ϵ, T )-alusÐda apì to y sto x.

2.7. Pìrisma. An x ∈ X, tìte x ∈ R(ϕ) akribÿc tìte ìtan gia kĹje ϵ > 0 upĹrqei mia (ϵ, 1)-alusÐda apì to x sto x.

Prin proqwrăsoume, eÐnai anagkaÐo na upenjumÐsoume thn metrikă Hausdorff. Sto sÔnolo F (X) ìlwn twn mh-kenÿn, sumpagÿn uposunìlwn tou X orÐzetai h metrikă r me tÔpo r(A, B) = max{sup{d(x, B) : x ∈ A}, sup{d(y, A) : y ∈ B}}, A, B ∈ F (X) O metrikìc qÿroc (F (X), r) eÐnai sumpagăc.

2.8. Jeÿrhma. An Y eÐnai mia aluswtă sunistÿsa, tìte gia kĹje x, y ∈ Y kai ϵ > 0 upĹrqei mia (ϵ, 1)-alusÐda sto Y apì to x sto x mèsw tou y.

Apìdeixh. Gia kĹje n ∈ N upĹrqei mia (1/n, 1)-alusÐda (x_{n,0}, ..., x_{n,pn+1}|t_{n,0}, ..., t_{n,pn} ) apì to x sto x ÿste y = x_{n,jn} gia kĹpoio 0 ≤ j_n ≤ p_n kai t_i ∈ [1, 2] gia kĹje i = 0, 1, ..., p. Epeidă o (F (X), r) eÐnai sumpagăc, upĹrqei èna sumpagèc sÔnolo ∅ ≠ C ⊂ X, ÿste to 0 na eÐnai oriakì shmeÐo thc akoloujÐac {r(C_n, C) : n ∈ N}, ìpou C_n = {x_{n,0}, ..., x_{n,pn} }. Profanÿc x, y ∈ C.

Isqurismìc. Gia kĹje z ∈ C kai ϵ > 0 upĹrqei mia (ϵ, 1)-alusÐda apì to z sto z mèsw tou x, ta shmeÐa thc opoÐac perièqontai sto C.

Apìdeixh. Epeidă h roă ϕ eÐnai omoiìmorfa suneqăc sto [0, 2] × X, upĹrqei 0 < δ < ϵ/3 ÿste d(tv, tw) < ϵ/3, ìtan t ∈ [0, 2] kai d(v, w) < δ. UpĹrqei n ∈ N ÿste 1/n < ϵ/3 kai r(C_n, C) < δ. Etsi gia kĹje x_{n,i} ∈ C_n upĹrqei z_i ∈ C ÿste d(x_{n,i}, z_i) < δ, i = 0, 1, ..., p_n. Eqoume loipìn d(t_{n,i}z_i, z_{i+1}) ≤ d(t_{n,i}z_i, t_{n,i}x_{n,i}) + d(t_{n,i}x_{n,i}, x_{n,i+1}) + d(x_{n,i+1}, z_{i+1}) < ϵ 3 + 1 n + δ < ϵ. Apì thn Ĺllh meriĹ, upĹrqei 0 ≤ i_0 ≤ p_n ÿste d(x_{n,i0} , z) < δ. MporoÔme loipìn na jèsoume z_{i0} = z kai z_0 = x. EÐnai tÿra fanerì oti h (z, z_{i0 +1}, ..., z_{pn+1} = x = z_0, ..., z_{i0 −1}, z|t_{n,i0} , ..., t_{n,pn} , t_{n,0}, ..., t_{n,i0−1}) eÐnai mia (ϵ, 1)-alusÐda apì to z sto z mèsw tou x pou ta shmeÐa thc perièqontai sto C.

ProkÔptei amèswc apì ton isqurismì oti C ⊂ Y kai epiplèon x ∼ z gia kĹje z ∈ C wc proc to periorismèno dunamikì sÔsthma sto Y . EidikĹ autì isqÔei gia z = y prĹgma pou apodeiknÔei to jeÿrhma.

2.9. Pìrisma. R(ϕ|R(ϕ)) = R(ϕ).

2.10. Jeÿrhma. KĹje sunektikă sunistÿsa tou R(ϕ) tautÐzetai me mia aluswtă sunistÿsa.

Apìdeixh. Lìgw thc prìtashc 2.4 arkeÐ na deÐxoume oti kĹje aluswtă sunistÿsa Y eÐnai sunektikì sÔnolo. Estw U, V dÔo anoiqtĹ uposÔnola tou X ÿste Y ⊂ U ∪ V , U ∩ V = ∅, U ∩ Y ≠ ∅, V ∩ Y ≠ ∅. Epeidă to Y eÐnai sumpagèc, ametĹblhto kai oi troqièc eÐnai sunektikĹ sÔnola, ta U ∩ Y , V ∩ Y eÐnai sumpagă kai ametĹblhta. UpĹrqei δ > 0 ÿste S(U ∩ Y, δ) ∩ V ∩ Y = ∅. Estw x ∈ U ∩ Y kai y ∈ V ∩ Y . Apì to jeÿrhma 2.8 upĹrqei mia (δ, 1)-alusÐda (x_0, ..., x_{p+1}|t_0, ..., t_p) apì to x sto y pou perièqetai sto Y . Etsi èqoume t_0x_0 = t_0x ∈ U ∩ Y kai d(t_0x_0, x_1) < δ. Sunepÿc x_1 ∈ S(U ∩ Y, δ) = U ∩ Y . Omoia x_2 ∈ U ∩ Y kai epagwgikĹ y = x_{p+1} ∈ U ∩ Y , pou eÐnai antÐfash.

2.11. Pìrisma. To periorismèno dunamikì sÔsthma se kĹje sunektikă sunistÿsa tou R(ϕ) eÐnai aluswtĹ epanaferÿmeno.

3. H gradient domă twn dunamikÿn susthmĹtwn

Estw M mia sumpagăc C^∞ pollaplìthta Riemann kai f : M → R mia C^∞ sunĹrthsh. Tìte orÐzetai to gradient dianusmatikì pedÐo ∇f thc f. ParadosiakĹ sunăjwc jewroÔme to −∇f. Ta krÐsima shmeÐa thc f eÐnai shmeiakèc troqièc thc roăc tou −∇f. Olec oi Ĺllec troqièc eÐnai omoiomorfikèc me R kai h f eÐnai gnăsia fjÐnousa katĹ măkoc autÿn.

3.1. Prìtash. To sÔnolo twn shmeÐwn aluswtăc epanaforĹc thc roăc tou −∇f tautÐzetai me to sÔnolo twn krÐsimwn shmeÐwn thc f.

Apìdeixh. Estw x ∈ M èna aluswtĹ epanaferÿmeno shmeÐo. Upojètoume oti ∇f(x) ≠ 0 kai ja katalăxoume se antÐfash. Epeidă h f eÐnai gnăsia fjÐnousa katĹ măkoc thc troqiĹc C(x), to f(C(x)) eÐnai èna anoiqtì diĹsthma sto R. Etsi to jeÿrhma tou Sard mac epitrèpei na upojèsoume oti to a = f(x) eÐnai kanonikă timă thc f. Sunepÿc to f^{−1}(a) den perièqei krÐsima shmeÐa thc f kai eÐnai sumpagăc C^∞ upopollaplìthta thc M sundiastĹsewc 1. Epiplèon, to f^{−1}(a) eÐnai topikă tomă thc roăc kai to f^{−1}(−∞, a] eÐnai jetikĹ ametĹblhto. Jètoume V = f^{−1}(−∞, a). Tìte tV ⊂ V gia kĹje t > 0. JewroÔme èna opoiodăpote t > 0. Epeidă to tV eÐnai sumpagèc kai to V anoiqtì, upĹrqei ϵ > 0 ÿste S(tV , ϵ) ⊂ V . An (x_0, ..., x_{p+1}|t_0, ..., t_p) eÐnai mia (ϵ, t)-alusÐda apì to x sto x, tìte d(t_0x_0, x_1) < ϵ kai t_0x_0 = t_0x ∈ C^+(tx) ⊂ tV , afoÔ to tV eÐnai jetikĹ ametĹblhto. Ara x_1 ∈ V kai sunepÿc t_1x_1 ∈ t_1V ⊂ tV , enÿ d(t_1x_1, x_2) < ϵ. Ara x_2 ∈ V kai epagwgikĹ èqoume x = x_{p+1} ∈ V . Autì shmaÐnei oti f(x) = a < f(x), pou eÐnai antÐfash.

Estw X ènac sumpagăc metrikopoiăsimoc qÿroc, d mia metrikă pou orÐzei thn topologÐa tou X kai ϕ mia roă ston X. Sthn parĹgrafo autăn ja kataskeuĹsoume mia suneqă sunĹrthsh f : X → R me anĹlogh sumperiforĹ pĹnw stic troqièc, ìpwc sthn perÐptwsh enìc gradient dianusmatikoÔ pedÐou.

Gia kĹje x ∈ X onomĹzoume to sÔnolo Ω^+(x) = {y ∈ X : (x, y) ∈ P } jetikì yeudooriakì sÔnolo tou x. AnĹloga to Ω^−(x) = {y ∈ X : (y, x) ∈ P } lègetai arnhtikì yeudooriakì sÔnolo tou x. Ta Ω^±(x) eÐnai kleistĹ kai ametĹblhta. Me thn boăjeia twn yeudooriakÿn sunìlwn ja perigrĹyoume to R(ϕ) se sqèsh me ta asumptwtikĹ eustajă sumpagă ametĹblhta sÔnola.

3.2. Prìtash. Estw A ⊂ X èna asumptwtikĹ eustajèc, sumpagèc, ametĹblhto sÔnolo kai x ∈ E^+(A), ìpou E^+(A) = {z ∈ X : ∅ ≠ L^+(z) ⊂ A} eÐnai to pedÐo èlxhc tou A. Tìte Ω^+(x) ⊂ A.

Apìdeixh. UpĹrqei mia suneqăc sunĹrthsh f : X → [0, 1], tètoia ÿste A = f^{−1}(0), X \ E^+(A) = f^{−1}(1) kai f(tz) < f(z) gia kĹje z ∈ E^+(A) \ A, t > 0. Ta sÔnola V_n = f^{−1}[0, 1/n), n ∈ N, apoteloÔn bĹsh perioqÿn tou A kai eÐnai jetikĹ ametĹblhta.

ArkeÐ na deÐxoume oti Ω^+(x) ⊂ V_n gia kĹje n ∈ N. Estw y ∈ Ω^+(x). JewroÔme èna opoiodăpote t > 0. Tìte tV_n ⊂ V_n. AfoÔ to tV_n eÐnai sumpagèc kai to V_n anoiqtì, upĹrqei ϵ > 0 ÿste S(tV_n, ϵ) ⊂ V_n. AfoÔ x ∈ E^+(A), upĹrqei T ≥ t ÿste T x ∈ tV_n. Estw (x_0, ..., x_{p+1}|t_0, ..., t_p) mia (ϵ, T )-alusÐda apì to x sto y. Tìte d(t_0x_0, x_1) < ϵ kai t_0x_0 = t_0x ∈ C^+(T x) ⊂ tV_n. Ara x_1 ∈ S(tV_n, ϵ) ⊂ V_n kai sunepÿc t_1x_1 ∈ t_1V_n ⊂ tV_n afoÔ t_1 ≥ T ≥ t. Epeidă d(t_1x_1, x_2) < ϵ, me ton Ðdio trìpo èqoume x_2 ∈ V_n kai epagwgikĹ y = x_{p+1} ∈ V_n.

Gia kĹje x ∈ X, ϵ, T > 0 jewroÔme to sÔnolo,

Ω^+(x, ϵ, T ) = {y ∈ X : upĹrqei (ϵ, T )-alusÐda apì to x sto y}.

EÐnai profanèc oti Ω^+(x) = ⋂ n,T >0 Ω +(x, 1/n, T ). To Ω^+(x, ϵ, T ) eÐnai mh-kenì lìgw thc sumpĹgeiac kai profanÿc anoiqtì. JewroÔme epÐshc to

Λ^+(x, ϵ, T ) = {y ∈ X : t_nx_n → y gia kĹpoia x_n ∈ Ω^+(x, ϵ, T ) kai t_n → +∞}

pou eÐnai kleistì kai ametĹblhto sÔnolo.

3.3. Lămma. Gia kĹje x ∈ X kai ϵ, T > 0 isqÔoun ta akìlouja :

(a) T Ω^+(x, ϵ, T ) ⊂ Ω^+(x, ϵ, T ). (b) Λ^+(x, ϵ, T ) ⊂ Ω^+(x, ϵ, T ).

(g) To Λ^+(x, ϵ, T ) eÐnai asumptwtikĹ eustajèc, Ω^+(x, ϵ, T ) ⊂ E^+(Λ^+(x, ϵ, T )) kai to Λ^+(x, ϵ, T ) eÐnai to mègisto kleistì ametĹblhto uposÔnolo tou Ω^+(x, ϵ, T ).

Apìdeixh. (a) Estw y ∈ T Ω^+(x, ϵ, T ) = T Ω^+(x, ϵ, T ). Tìte upĹrqei z ∈ Ω^+(x, ϵ, T ) ÿste d(y, T z) < ϵ. Sunepÿc h (z, y|T ) eÐnai mia (ϵ, T )-alusÐda apì to z sto y. Apì thn metabatikìthta èqoume y ∈ Ω^+(x, ϵ, T ).

(b) Estw y ∈ Λ^+(x, ϵ, T ), dhladă upĹrqoun x_n ∈ Ω^+(x, ϵ, T ), n ∈ N, kai t_n → +∞ ÿste t_nx_n → y. UpĹrqei n_0 ∈ N ÿste d(t_nx_n, y) < ϵ kai t_n ≥ 2T gia kĹje n ≥ n_0. Apì to (a) èqoume T x_n ∈ Ω^+(x, ϵ, T ). H (T x_n, y|t_n − T ) eÐnai (ϵ, T )-alusÐda apì to T x_n sto y. Ara y ∈ Ω^+(x, ϵ, T ).

(g) An to Λ^+(x, ϵ, T ) den ătan eustajèc, tìte lìgw thc sumpĹgeiac tou X ja upărqan y ∈ Λ^+(x, ϵ, T ), z ∈ X \ Λ^+(x, ϵ, T ), y_n ∈ X, n ∈ N kai t_n → +∞ ÿste y_n → y kai t_ny_n → z. Epeidă to Ω^+(x, ϵ, T ) eÐnai anoiqtă perioqă tou Λ^+(x, ϵ, T ), upĹrqei n_0 ∈ N ÿste y_n ∈ Ω^+(x, ϵ, T ) gia kĹje n ≥ n_0. Ex orismoÔ loipìn z ∈ Λ^+(x, ϵ, T ). Aută h antÐfash deÐqnei oti to Λ^+(x, ϵ, T ) eÐnai eustajèc. EÐnai Ĺmeso apì touc orismoÔc epÐshc oti L^+(y) ⊂ Λ^+(x, ϵ, T ) gia kĹje y ∈ Ω^+(x, ϵ, T ). AutĹ deÐqnoun oti to Λ^+(x, ϵ, T ) eÐnai asumptwtikĹ eustajèc kai Ω^+(x, ϵ, T ) ⊂ E^+(Λ^+(x, ϵ, T )). Tèloc, an I ⊂ Ω^+(x, ϵ, T ) eÐnai èna kleistì ametĹblhto sÔnolo kai y ∈ I, tìte upĹrqei toulĹqiston èna z ∈ L^−(y), lìgw thc sumpĹgeiac tou X. Sunepÿc, y ∈ Ω^+(z) ⊂ Λ^+(x, ϵ, T ) apì thn prìtash 3.2. Ara I ⊂ Λ^+(x, ϵ, T ). 3.4. Jeÿrhma. Gia kĹje x ∈ X isqÔei

Ω^+(x) = ⋂ {A ⊂ X : A asumptwtikĹ eustajèc sumpagèc ametĹblhto kai x ∈ E^+(A)}.

Apìdeixh. Apì to lămma 3.3 prokÔptei oti Ω^+(x) ⊂ Λ^+(x, ϵ, T ) gia kĹje ϵ, T > 0, afoÔ to Ω^+(x) eÐnai kleistì kai ametĹblhto uposÔnolo tou Ω^+(x, ϵ, T ). Epiplèon apì thn prìtash 3.2 èqoume

Ω^+(x) ⊂ ⋂ {A ⊂ X : A asumptwtikĹ eustajèc sumpagèc ametĹblhto kai x ∈ E^+(A)} = ⋂ {A ⊂ X : A asumptwtikĹ eustajèc sumpagèc ametĹblhto kai Ω^+(x) ⊂ A} ⊂ ⋂ n,T >0 Λ^+(x, 1/n, T ) ⊂ ⋂ n,T >0 Ω^+(x, 1/n, T ) = Ω^+(x).

Apì to jeÿrhma 3.4 èqoume eidikĹ oti an x ∈ R(ϕ), tìte

Ω^+(x) = ⋂ {A ⊂ X : A asumptwtikĹ eustajèc sumpagèc ametĹblhto kai x ∈ A}.

3.5. Jeÿrhma. Gia kĹje roă ϕ ston sumpagă metrikopoiăsimo qÿro X isqÔei R(ϕ) = ⋂ {A∪A^∗ : A asumptwtikĹ eustajèc sumpagèc ametĹblhto kai A^∗ = X \ E^+(A)}.

Apìdeixh. An x ∈ R(ϕ), tìte x ∈ Ω^+(x) kai sunepÿc x ∈ A gia kĹje asumptwtikĹ eustajèc, sumpagèc, ametĹblhto sÔnolo A me x ∈ E^+(A). Ara x ∈ A ∪ A^∗. To antÐstrofo eÐnai profanèc.

3.6. Lămma. Mia roă s’ ènan sumpagă metrikopoiăsimo qÿro X èqei to polÔ arijmăsima asumptwtikĹ eustajă, sumpagă, ametĹblhta sÔnola.

Apìdeixh. Epeidă o X eÐnai sumpagăc, to sÔnolo F (X) ìlwn twn mh-kenÿn sumpagÿn uposunìlwn tou X me thn metrikă Hausdorff r gÐnetai sumpagăc metrikìc qÿroc. To Ðdio eÐnai kai o qÿroc ginìmeno F (X) × F (X). Estw A èna asumptwtikĹ eustajèc, sumpagèc, ametĹblhto sÔnolo kai A^∗ = X \E^+(A). UpĹrqei ϵ > 0 ÿste S(A, ϵ)∩S(A^∗, ϵ) = ∅ kai sunepÿc S(A, ϵ) ⊂ E^+(A). Estw tÿra B ∈ S_r(A, ϵ). Tìte B ⊂ S(A, ϵ). An to B eÐnai asumptwtikĹ eustajèc kai ametĹblhto, tìte B ⊂ A. An epiplèon B ≠ A, tìte B^∗ ∩ A ≠ ∅ kai sunepÿc B^∗ ∉ S_r(A^∗, ϵ). Autì deÐqnei oti h anoiqtă perioqă S_r(A, ϵ) × S_r(A^∗, ϵ) tou shmeÐou (A, A^∗) tou F (X) × F (X) den perièqei Ĺllo shmeÐo autoÔ tou tÔpou. To sumpèrasma prokÔptei tÿra apì to gegonìc oti o F (X)×F (X) èqei arijmăsimh bĹsh gia thn topologÐa tou.

3.7. Jeÿrhma. Gia kĹje roă ϕ ston sumpagă metrikopoiăsimo qÿro X upĹrqei mia suneqăc sunĹrthsh f : X → [0, 1] ÿste :

(a) To f(R(ϕ)) eÐnai olikĹ-mh-sunektikì.

(b) Gia kĹje c ∈ f(R(ϕ)), to f^{−1}(c) ∩ R(ϕ) eÐnai mia akribÿc aluswtă sunistÿsa. (g) f(tx) < f(x) gia kĹje t > 0 kai x ∈ X \ R(ϕ).

Apìdeixh. SÔmfwna me to lămma 3.6 upĹrqoun to polÔ arijmăsima asumptwtikĹ eustajă, sumpagă, ametĹblhta sÔnola A_n, n ∈ N. Gia kĹje n ∈ N upĹrqei mia suneqăc sunĹrthsh f_n : X → [0, 1] ÿste f^{−1}(0) = A_n, f^{−1}(1) = A^∗_n kai f_n(tx) < f_n(x) gia kĹje t > 0 kai x ∈ E^+(A_n) \ A_n. H sunĹrthsh f = ∞∑ n=1 2 3^n f_n : X → [0, 1]

eÐnai suneqăc kai fjÐnousa katĹ măkoc twn troqiÿn. An f(tx) = f(x) gia kĹpoia t > 0 kai x ∈ X, tìte f_n(tx) = f_n(x) gia kĹje n ∈ N. Ara x ∈ A_n ∪ A^∗_n gia kĹje n ∈ N, pou sÔmfwna me to jeÿrhma 3.5 shmaÐnei oti x ∈ R(ϕ). Sunepÿc h f eÐnai gnăsia fjÐnousa pĹnw stic troqièc sto X \ R(ϕ). An tÿra x ∈ R(ϕ), tìte gia kĹje n ∈ N èqoume f_n(x) = 0 ă 1. Etsi to f(R(ϕ)) perièqetai sto sÔnolo tou Cantor sto [0, 1] pou eÐnai olikĹ-mh-sunektikì. ProkÔptei tÿra apì to jeÿrhma 2.10 oti h f eÐnai stajeră pĹnw se kĹje aluswtă sunistÿsa. An x, y ∈ R(ϕ) kai f(x) = f(y), tìte f_n(x) = f_n(y) gia kĹje n ∈ N, apì thn monadikìthta twn triadikÿn parastĹsewn twn shmeÐwn tou sunìlou tou Cantor. Autì shmaÐnei oti x ∈ A_n tìte kai mìnon tìte ìtan y ∈ A_n. Apì to jeÿrhma 3.4 prokÔptei oti Ω^+(x) = Ω^+(y) kai sunepÿc x ∼ y. Autì deÐqnei kai to (b).

H suneqăc sunĹrthsh f : X → [0, 1] pou kataskeuĹsame lègetai sunĹrthsh Lyapunov thc roăc kai perièqei tic plhroforÐec gia thn dunamikă twn troqiÿn èxw apì to sÔnolo thc aluswtăc epanaforĹc.

3.8. Pìrisma. Gia kĹje x ∈ X isqÔei L^+(x) ⊂ R(ϕ).

4. Parathrăseic

H arqikă upìjesh oti o metrikopoiăsimoc qÿroc X eÐnai sumpagăc eÐnai ousiastikă gia thn jewrÐa thc aluswtăc epanaforĹc. EndeiktikĹ anafèroume oti an o X den eÐnai sumpagăc tìte h dimelăc sqèsh P exartĹtai apì thn metrikă bĹsei thc opoÐac orÐzetai. Mia jewrÐa aluswtăc epanaforĹc se mh-sumpageÐc qÿrouc èqei anaptuqjeÐ sto [6].

Otan o X eÐnai mia sumpagăc C^∞ pollaplìthta kai h roă C^r, 1 ≤ r ≤ ∞, tìte upĹrqei mia C^r sunĹrthsh Lyapunov. Gi autì parapèmpoume sto [1]. EpÐshc gia mia Ĺllh jeÿrhsh twn sunartăsewn Lyapunov parapèmpoume sto [7].

Sto [5] apodeiknÔetai ìti gia kĹje x ∈ X to periorismèno dunamikì sÔsthma sto L^+(x) eÐnai aluswtĹ epanaferÿmeno. To apotèlesma autì eÐnai isqurìtero apì to pìrisma 3.8.

H jewrÐa thc paragrĹfou 2, ektìc apì to jeÿrhma 2.10, èqei thn antÐstoiqă thc gia dunamikĹ sustămata me diakritì qrìno pou orÐzontai apì mia suneqă apeikìnish ă pio genikĹ apì mia kleistă dimelă sqèsh. Gi autì parapèmpoume sta [1] kai [4]. To megalÔtero mèroc ìswn ekjèsame apoteloÔn epexergasmènh kai epektamènh apìdosh tou [3].

BibliografÐa

1. E. Akin, The general topology of dynamical systems, Graduate Studies in Math. vol.

1, Amer. Math. Soc., Providence RI, 1993.

2. C. Conley, Isolated invariant sets and the Morse index, CBMS Publ. vol. 38, Amer.

Math. Soc., Providence RI, 1978.

3. C. Conley, The gradient structure of a flow:I, Ergodic Theory and Dynamical Systems 8^∗ (1988), 11-26.

4. R. Easton, Isolating blocks and epsilon chains for maps, Physica D 39 (1989), 95-110. 5. J. Franke-J. Selgrade, Abstract ω-limit sets, chain recurrent sets and basic sets for flows, Proc. Amer. Math. Soc. 60 (1976), 309-316.

6. M. Hurley, Noncompact chain recurrence and attraction, Proc. Amer. Math. Soc.

115 (1992), 1139-1148.

7. W. Robbin-D. A. Salamon, Lyapunov maps, simplicial complexes and the Stone functor, Ergodic Theory and Dynamical Systems 12 (1992), 153-183.