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Abstract. We construct examples of volume preserving non-singfavector fields on
closed orientable 3-manifolds, which have cyclic winding numbers groups with respect to
the preserved volume element, but have no periodic orbits.

1. Introduction

A great amount of work in dynamical systems has been oriented towards find-
ing conditions which guarantee the existence of periodic orbits for homeo-
morphisms and flows. The best known condition concerning orientation pre-
serving homeomorphisms of the unit circle is the rationality of the Poéncar
rotation number. A generalization to continuous flows on closed orientable
2-manifolds is given in [2], based on the notions of asymptotic cycle and
winding numbers group of a flow with respect to an invariant Borel probabil-
ity measure. The rational rotation numbers are replaced in the general case
by the cyclic winding numbers groups, i.e. winding numbers groups which
are isomorphic t&.

In the same paper it is shown that for any 3 there is a smooth flow on
a closed orientable-manifold which has no singular point or periodic orbit
and has an invariant Borel probability measure with cyclic winding numbers
group. In dimension 3 the invariant measure of the example presented in
[2] is concentrated on two invariant 2-tori. The aim of the present note is
to construct an example of a non-singular flow without periodic orbits on a
closed orientable 3-manifold, which posesses an invariant Borel probability
measure that is positive on non-empty open sets and has cyclic winding num-
bers group. Another source of motivation for constructing such an example
is the Conley-Zehnder-Franks theorem, which in our terminology says that if
a homeomorphism of the 2-torus is homotopic to the identity, preserves a
Borel probability measure that is positive on non-empty open sets and its sus-
pension flow has cyclic winding numbers group with respect to the induced
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invariant measure, thenhas a periodic point or equivalently the suspension
flow has a periodic orbit [4]. One could ask whether this can be generalized
to any continuous flow on a closed orientable 3-manifold. More precisely,
the question is whether a continuous flow on a closed orientable 3-manifold
which preserves a Borel probability measure that is positive on non-empty
open sets with cyclic winding numbers group has a periodic orbit. Our main
result gives negative answer to this question and can be stated as follows.

Theorem 1.1. There exists a closed orientable 3-manifold with first Betti
number 3 carrying a volume preserving, non-singul#rflow without peri-
odic orbits and with cyclic winding numbers group.

The construction is given in section 4 and is based on the technigue of plug-
ging flows used in G. Kuperberg’s volume preserving counterexample to the
Seifert conjecture [5]. First we construct an example on a closed orientable
3-manifold with first Betti number 1 and then we use this to construct an-
other example on a closed orientable 3-manifold with first Betti number 3.
The latter doubly covers the former.

2. Asymptotic cycles

Let X be a compact metrizable space carrying a continuous(ihpy.r. Let
tx denote the translation of the pointe X along its orbit in timer € R.
For every continuous functioff : X — S* there is a unique continuous
functiong : R x X — R, called thel-cocycleof f, such thatf(rx) =
fx)exp2rig(t, x)) andg(t + s, x) = g(s, tx) + g(¢, x) for everyx € X
ands, s € R. The Ergodic Theorem of Birkhoff implies that for evegy
invariant Borel probability measuye on X the limit

t—400 1

existsp-almost for everye € X. Moreover,g* is anu-almost everywhere
defined measurable flow invariant function, thagisrx) = g*(x) for every

t € R, wheneveg*(x) is defined and’, g*du = [, g(1, .)du. This integral
describes theu-average rotation of points moving along their orbits with
respect to the projectiofi. If the measure: is ergodic, therg™* is constant
u-almost everywhere. In case the flow is uniquely ergodic, ters an
everywhere defined constant.

If f1, f>: X — S*are homotopic continuous functions with cocygtes
g2, respectively, therf, g5du = [, g3du. Since the first Cech cohomology
group with integer coefficient&1(X; Z) of X is isomorphic to the group
of homotopy classes of continuous functionsXfo S*, there is a group
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homomorphismi,, : HY(X;Z) — R defined by

AL = /X ¢(L, )dp

whereg is the 1-cocycle off : X — S! and [f] the homotopy class of
f. The homomorphismi,, was defined by S.Schwartzman in [8] and is
called theu-asymptotic cyclef the flow. It describes how a-average orbit
homologically winds aroun&. The image of4, is called theu-winding
numbers groumf the flow ¢ and will be denoted byV,,. An exposition of
the basic theory of asymptotic cycles with details is given in [1].

Examples 2.1.(a) LetC be a periodic orbit irX of prime periodl' > 0 and
let u be the uniformly distributed Borel probability measure al@hdrhen,

1
Aulf] = - deg f10)

for every continuous functiorf : X — S Thus,A, = 0, if C is null
homologous inX or represents a torsion element in homology. Otherwise,
W, = Z, in caseX is a compact manifold.

(b) Each continuous one-parameter gr@gp,cr of translations of the
n-torusT” has the form

¢, ((x1, ..., x,) (MOdZ™)) = (x1 + aat, ..., x, + a,t) (ModZ"),

for someas, ...,a, € R and preserves the Haar measureof T". It is
uniquely ergodic if and only i, ..., a, are linearly independent ovey,
by Kronecker’s theorem. The winding numbers group with respegt i®
W,=al+..+a,Z.

3. Winding numbers of volume preserving flows

Let &£ be aC” vector field, 1< r < oo, on a connected compact smooth
n-manifold M with flow (¢,);cr and letu be ag-invariant Borel probability
measure onV. By de Rham’s theorem and the Universal Coefficient the-
orem,Hj (M) = HY(M;Z) ® R. So, there is a basis di},(M) every
element of which can be representedfdyd6 /2r), wheref : M — Slisa
smooth function and6/2r is the representative of the natural generator of
H},(SY) = R. We can extendi, to H} (M) linearly in the obvious way.

It is easy to see that the 1-cocy@le Rx M — R of a smooth function
f M — Stis given by

! do
g(t,x) =/ f*(z—)(é(sx))ds.
0 T
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So, by Fubini’s theorem we have

A (" .. do 2\ds — .. de J
M[f]—/0 (/Mf (E)(é(tx)) u) t—fo (Z)(S) .

ConsequentlyA,[a] = [, (iz)du for every smooth closed 1-form on
M, whereiza denotes the interior product afwith &.

Since H'(M; Z) is a finitely generated free group, so is thevinding
numbers groupv,,. If W, = 0, therg is said to bg.-homologically trivial.If
W, =Z,thenW, = AZ, forsomex > 0, andk is said to be.-homologically
rational. In any other cas&V,, = A(Z+a1Z+...+oZ), for somer > 0 and
O<a; <1,i =12, ..k, suchthat las, ..., a; are linearly independent
overQand 1< k <rankHY(M; Z) — 1.

Suppose thad! is oriented by a volume element and the flow ofg
preserves volume. Thep, v = o for everyr € R andizw is aC" closed
(n — 1)-form, called theflux form The map sending to its flux form is a
linear isomorphism between the space of volume preseingector fields
and the space af” closed(n — 1)-forms. Sincex A w = 0, for every closed
1-form«, we have

O=is(ad Aw) = (ita)w — a A ((zw)

and therefore

A,la] =f (iga)a)zf a A (izw).
M M

So, if everything isC*, the asymptotic cycld,, is the Poinca dual of the
de Rham cohomology class represented by the flux fesm

We shall give now another description of the winding numbers of a volume
preservingC? flow using submanifolds of codimension 1. The Pontryagin
construction shows that there is a one-to-one correspondence between the
classes inH'(M; Z) and the framed cobordism classes of framed compact
smooth submanifolds of M of codimension 1. We shall briefly review some
aspects of interest to us. L&tbe a compact, smooth submanifold Mf of
codimension 1 with trivial normal bundle and with a fixed normal orientation,
the framing. Saf is also oriented. Lelv be a tubular neighbourhood 6f
inM, T : N - R x § be a trivialization compatible with the framing and
B =T71(0,1] x S). Let f : M — S* be the smooth function defined by

1 ifx¢B

f) = {exp(Znix(p(T(x)))>, if x € B,

wherep : R x § — R is the projection angy : R — R is a smooth
function such thag ~1(0) = (—o0, 0], x ~1(1) = [1, +00) andx’(t) > O for
0 <t < 1. The homotopy class g¢f does not depend on the particular choice
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of the tubular neighbourhood and its trivialization (see [7]) and is called the
Pontryagin class of with the chosen framing. It can be proved that each
element of HY(M; Z) is the Pontryagin class of some compact, smooth,
framed submanifold of of codimension 1 and two such submanifolds
define the same Pontryagin class if and only if they are framed cobordant in
M (see [7]).

If S is transverse t@, then we have a framing defined Byand S is a
local section to the flow. In this case the Pontryagin class coincides with the
flow class of a compact local section defined in [2] and [8].

Leto € H,_1(S; Z) be the fundamental class 8fthat iso is the unique
class such that

/lp :/xp for everyyr € HA.H(S).
o S

If f: M — S'isasmooth function, which represents the Pontryagin class of
the compact, smooth, framed submaniféland; : § < M isthe inclusion,
then f*(d6/2x) is Poincae dual toj,. (o), that is

/ a=/ £ n e
J(0) M~ 27

for everyC? closed(n — 1)-form « on M. Thus, we arrive at the following.

Proposition 3.1. Let £ be aC? vector field on a closed orientable smooth
manifoldM whose flow preserves a volume elemeritet f : M — S'bea
continuous function and I&tbe a compact, smooth, framed submanifoltfof
of codimension 1, whose Pontryagin class is representgd biyj : S — M

is the inclusion, then

ALl = /S J (o).

The value of the asymptotic cyclé, of & on the Pontryagin class of a
compact, smooth, framed submaniféldf M of codimension 1 is called the
flux of the flow of& throughS. If we reverse the framing of, the flux just
changes sign.

Remark 3.2.If £ is w-homologically rational, there is some> 0 such that
%Aw is represented by an integral 1-cyglelf f : M — S represents the
Pontryagin class of some compact smooth, framed submarsifofdM of
codimension 1, we have

Aol f]l = A/ f*(;l—e) = A(intersection number of with ).
y JT



42 K. Athanassopoulos

4. The proof of Theorem 1.1

The technique used to prove theorem 1.1 consists of inserting measured plugs
constructed in [5] into other flows. The reader is refered to [6] and [5] for
detailed background on the technique of plugging flows. According to the
first of the two main constructions described in [5], there exists a measured,
integrally Dehn twisted > plug D with two periodic orbits. More precisely,

D is supported on the solid torus [3] x S* x[—1, 1], with base [13] x S1, is
divergenceless with respectdo A dO Adz anda(m) = m —I homologically,
wherea is the attaching mapy is the meridian andis the longitude.

On the 3-torusl"® we consider the uniquely ergodic flow generated by
the one-parameter subgroup with slopgsa, andas, which are linearly
independent ove®. The Poinca dual of the 2-torus = S x St x {1}
is the element of#%(73; Z) represented by the projection onto the third
factor. So, the flux of the flow throughi is as. The simple closed curves
1= St x {1} x {i} andy» = {1} x ST x {—i} are disjoint, tranverse to the
flow and represent the first two generatordbf73,2) = Z ¢ Z & Z.

The transversality of; andy, to the flow guarantees that there exist in-
sertion maps of copies @b into the flow on73. Plugging in two (disjoint)
copies ofD using these insertion maps, we get a volume prese@fdgow
with exactly four periodic orbits on a closed orientable 3-manifdldTopo-
logically, M has been obtained by performing surgery alengndy». Since
y1 andy» generate direct summands®{(73; Z), we haveH;(M;Z) = Z
and HY(M; Z) = Z (see [3], Theorem 1V.2.13). Of course all these can be
done far away from the 2-toru which will still be embedded i/. Note
also that the generator ¢y (M; Z) is represented by an integral 1-cycle
whose intersection number withis 1. It follows by Poincae duality that
H'(M; Z) is generated by the Pontryagin classSoin M. The flow and
the volume element in a sufficiently small tubular neighbourhoasiof M
have not changed (see section 2.1 in [5]) and the new flux of the flow on
throughS$ equals the old one, i.e3, by Proposition 3.1. Hence the flow is
homologically rational.

We use now the measuréd semi-plug constructed in paragraph 4.3 of [5]
in the same way as in Schweitzer’s counterexample to the Seifert conjecture,
in order to break the four periodic orbits. In doing this, the topology of
M is unchanged. More precisely, there exists a measGresemi-plugé
supported oif'? x [—1, 1], with baseT? and without periodic orbits, which
on the levell'? x {0} has a minimal seX x {0}, homeomorphic to a Denjoy
continuum. An orbit passing through a point(@? \ X) x {0} is an unknotted
segment with two endpoints di? x {—1} U T? x {1}. The mirror image
construction applied t6 yields a measured? plug  without periodic orbits
supported o' x [—1, 1] with baseT 2. SinceT? is closed, it cannot be!
embedded int&3 transversely to the vertical lines, and&ds not insertible.
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However, if N is a sufficiently small invariant tubular neighbourhood of an
unknotted orbit off” with two endpoints as above, the restrictig@of  to

T? x [—1,1] \ intN is an untwisted measured' plug with base a 2-torus
minus the interior of a disc and is insertible. Taking now four disjoint flow
boxes inM around points of the four periodic orbits and not intersecfinge

plug in copies ofR to break the periodic orbits. Thus, we get a non-singular,
volume preserving* vector fields without periodic orbits or/. The flux

of ¢ throughs is againas, for the same reasons as before, and therefore the
flow is again homologically rational.

FromM we can also construct a closed oriented 3-manifolthving first
Betti number 3, with a volume elemeft and carrying &2-homologically
rational volume preserving non-singul@t vector field¢ without periodic
orbits. Since the 2-torus$ is transverse t@ in M, there existg > 0 such
that B = [—¢, €] S is a tubular neighbourhood ¢fin M. If N = M \ intB,
on the disjoint unionV x {0} U N x {1} consider the equivalence relation
(ex,0) ~ ((—¢)x, D) and(ex, 1) ~ ((—e)x, 0). The quotient space defined
by ~ is a closed orientable 3-manifol®. In other words,P is obtained by
doubling N interchanging its two boundary components. Note that there is
a fixed point free involutiork : P — P whose orbit space is diffeomorphic
to M. Thus, there is a two-sheeted covering mpapP — M. The volume
elementw and the vector field on M constructed above can be uniquely
lifted to the volume elemerf2 = ¢*w and to am-invariant, non-singula€'*
vector fieldé on P which preserves$2. By constructiong has no periodic
orbit, sincez has no periodic orbit.

Using a Mayer-Vietoris exact sequence and Poieaefschetz duality
we find thatH;(P; Z) = Z®andH'(P; Z) = Z3. The two boundary compo-
nents ofN correspond to two framed cobordant embedded copi§srofP,
which are mapped to each other/bgnd are transverse o Let them be de-
noted byX andi(X). Their Pontryagin classes #(P; Z) coincide. From
the homology exact sequence of the p@t, ¥) and Poinca&—Lefschetz
duality we obtain the split short exact sequence

0 Hy(3:Z)—>HY(P: 2)-5> HY(Z: Z) - 0,

wherej : ¥ < P is the inclusion and sends the fundamental classXf
to its Pontryagin class i®, with respect to the framing defined By This
means that ifA andI" are any two framed closed surfacedfirihat intersect
¥ transversely, such that N ¥ is (homologous irx to) the longitude of
andI’ N X is (homologous irx to) the meridian ofz, then the Pontryagin
classes of2, A andI form a basis ofH1(P; Z).

Recalling the construction dif by surgery inT3, we observe that there
exist two framed double todi andG in M that intersecs transveresly, and
such thatL. N S consists of two disjoint longitudes ¢fandG N S consists of
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two disjoint meridians. Following the construction Bfwe see thal. andG

are lifted in P to framed closed surfacésandT’, respectively, that intersect

¥ transversely, and such thatn = consists of two disjoint longitudes &f

andI’ N X consists of two disjoint meridians. By construction of the volume
element2 and the vector field on P, if the element ] € HY(P;Z)
corresponds via the above splitting to the homotopy class of the projection
onto the longitude orz, then

1
Aqlf] = E(ﬂux of & throughI') = flux of ¢ throughgG,

which is an integer multiple afs. Similarly if [ /] corresponds to the homo-
topy class of the projection onto the meridian®nSince obviously the flux
of & throughX is againas, this shows that is 2-homologically rational.
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