ArijmoÐ Strofăc sta DunamikĹ Sustămata

1. Eisagwgă

Ena apì ta klasikĹ problămata sthn jewrÐa twn dunamikÿn susthmĹtwn, pou mèqri sămera eÐnai pedÐo entatikăc èreunac, apoteleÐ to prìblhma thc eÔreshc sunjhkÿn pou egguÿntai thn Ôparxh periodikÿn troqiÿn gia omoiomorfismoÔc ă roèc kai diaforikèc exisÿseic. Apì touc prÿtouc pou asqolăjhkan me to prìblhma ătan o H. Poincaré, pou apèdeixe to akìloujo.

Jeÿrhma. (Poincaré, 1885). Enac omoiomorfismìc h : S^1 → S^1, pou diathreÐ ton prosanatolismì, èqei periodikă troqiĹ tìte kai mìnon tìte ìtan èqei rhtì arijmì strofăc.

An h̃ : R → R eÐnai mia anÔywsh tou h, o Poincaré apèdeixe ìti to ìrio

ρ(h) = lim_{n→+∞} h̃n(t) − t n upĹrqei, eÐnai anexĹrthto tou t ∈ R kai den exartĹtai (mod Z) apì thn anÔywsh. Etsi o e^{2πiρ(h)} eÐnai kalĹ orismènoc kai lègetai arijmìc strofăc tou Poincaré gia ton h. Ton Ðdio ìro qrhsimopoioÔme kai gia ton ρ(h).

O arijmìc strofăc mporeÐ na ekfrasteÐ kai me Ĺllon trìpo. H suneqăc sunĹrthsh ψ : S^1 → R me ψ(e^{2πit}) = h̃(t) − t eÐnai kalĹ orismènh, giatÐ h̃(t + k) = h̃(t) + k, gia kĹje k ∈ Z, kai

h̃^n(t) − t =^{n−1} ∑ k=0 ψ(e^{2πih̃k (t)}) = n−1∑ k=0 ψ(h^k(e^{2πit})). An tÿra ν eÐnai èna h-analloÐwto mètro pijanìthtac Borel, tìte apodeiknÔetai oti

ρ(h) = lim_{n→+∞} 1 n n−1∑ k=0 ψ(h^k(e^{2πit})) = ∫ S^1 ψdν. MĹlista autì eÐnai Ĺmeso apì to ergodikì jeÿrhma, an to mètro eÐnai ergodikì.

Sthn sunèqeia ja genikeÔsoume thn ènnoia tou arijmoÔ strofăc tou Poincaré. Shmantikì rìlo sthn genÐkeush aută ja paÐxei h anĹrthsh enìc omoiomorfismoÔ. Estw Y ènac sumpagăc metrikopoiăsimoc qÿroc kai h : Y → Y ènac omoiomorfismìc. Ston [0, 1] × Y jewroÔme thn sqèsh isodunamÐac (1, y) ∼ (0, h(y)), y ∈ Y . O qÿroc phlÐko X lègetai mapping torus tou h kai eÐnai sumpagăc kai metrikopoiăsimoc. Ston X orÐzetai mia roă me tÔpo ϕ_t[s, y] = [t + s − n, h^n(y)], ìtan n ≤ t + s < n + 1, y ∈ Y , pou lègetai anĹrthsh tou h.

Sthn perÐptwsh pou Y = S^1 kai o h diathreÐ ton prosanatolismì, èqoume X = T^2 kai o arijmìc strofăc perigrĹfei ton asumptwtikì mèso ìro thc metabolăc thc probolăc miac troqiĹc thc anĹrthshc pĹnw ston meshmbrinì. O antÐstoiqoc asumptwtikìc mèsoc ìroc gia ton ishmerinì eÐnai 1, lìgw thc eidikăc fÔshc thc anĹrthshc. GenikĹ, gia mia opoiadăpote roă pĹnw ston T^2 mporeÐ na mhn upĹrqoun gia kĹje troqiĹ.

2. AsumptwtikoÐ kÔkloi roÿn

Estw X ènac sumpagăc metrikopoiăsimoc qÿroc kai (ϕ_t)_{t∈R} mia roă ston X. Enac (pragmatikìc, suneqăc) sÔgkukloc gia thn roă eÐnai mia suneqăc sunĹrthsh g : R×X → R me thn idiìthta g(s + t, x) = g(s, ϕ_t(x)) + g(t, x). To sÔnolo C(ϕ) ìlwn twn sugkÔklwn thc roăc eÐnai abeliană omĹda. KĹje suneqăc sunĹrthsh ψ : X → R orÐzei ton sÔgkuklo g(t, x) = ψ(x) − ψ(ϕ_t(x)). To sÔnolo Γ twn sugkÔklwn thc morfăc autăc eÐnai upoomĹda thc C(ϕ) kai ta stoiqeÐa thc lègontai omologikĹ tetrimènoi sÔgkukloi. Oi sÔgkukloi g_1, g_2 lègontai sunomìlogoi an g_1 −g_2 ∈ Γ. Jètoume H^1(ϕ) = C(ϕ)/Γ.

Genikìtera, an G eÐnai mia topologikă omĹda, ènac suneqăc sÔgkukloc me timèc sthn G eÐnai mia suneqăc sunĹrthsh g : R ×X → G, tètoia ÿste g(s+t, x) = g(s, ϕ_t(x))g(t, x).

2.1. Prìtash. Estw μ èna analloÐwto mètro pijanìthtac apì thn roă. Gia kĹje sÔgkuklo g, to ìrio g^∗(x) = lim_{t→+∞} g(t, x) t upĹrqei μ-sqedìn pantoÔ, eÐnai analloÐwto apì thn roă, eÐnai μ-oloklhrÿsimo kai ∫ X g^∗dμ = ∫ X g(1, .)dμ.

Apìdeixh. Gia kĹje t > 1 èqoume g(t, x) = g(t − [t], ϕ_{[t]}(x)) + g([t], x) kai epagwgikĹ

g([t], x) = [t]−1∑

k=0 g(1, (ϕ_1)^k(x)).

Epeidă o X eÐnai sumpagăc, apì to ergodikì jeÿrhma gia thn ϕ_1 kai thn g(1, .) èqoume to sumpèrasma.

2.2. Lămma. An g_1, g_2 eÐnai dÔo sunomìlogoi sÔgkukloi, to ìrio lim_{t→+∞} g_1(t, x)/t upĹrqei tìte kai mìnon tìte ìtan to lim_{t→+∞} g_2(t, x)/t upĹrqei kai ta dÔo ìria eÐnai Ðsa.

Apìdeixh. UpĹrqei mia suneqăc sunĹrthsh ψ : X → R ÿste g_1(t, x) − g_2(t, x) = ψ(x) − ψ(ϕ_t(x)). Sunepÿc, | g_1(t, x) t − g_2(t, x) t | ≤ 2‖ψ‖ t gia t > 0 kai to sumpèrasma eÐnai Ĺmeso.

Etsi orÐzetai o omomorfismìc r_μ : H^1(ϕ) → R me

r_μ[g] = ∫ X g(1, .)dμ.

Estw f : X → S^1 mia suneqăc sunĹrthsh. H suneqăc sunĹrthsh F : R × X → S^1 me tÔpo F (t, x) = f(ϕ_t(x)) f(x) eÐnai suneqăc sÔgkukloc me timèc sthn topologikă omĹda S^1 kai anuyÿnetai se ènan monadikì sÔgkuklo g : R × X → R. Etsi f(ϕ_t(x)) = f(x)e^{2πig(t,x)}, gia kĹje t ∈ R, x ∈ X.

An f_1, f_2 : X → S^1 eÐnai dÔo omotopikèc sunartăseic, tìte oi antÐstoiqoi sÔgkukloi g_1, g_2 eÐnai sunomìlogoi, giatÐ upĹrqei mia suneqăc sunĹrthsh ψ : X → R ÿste f_1 = f_2e^{2πiψ}, opìte g_1(t, x) = g_2(t, x) + ψ(ϕ_t(x)) − ψ(x).

To sÔnolo [X; S^1] twn klĹsewn omotopÐac twn suneqÿn sunartăsewn tou X ston S^1 eÐnai abeliană omĹda me prĹxh epagìmenh apì ton pollaplasiasmì migadikÿn arijmÿn kai isìmorfh me thn Ȟ^1(X; Z). Apì ta prohgoÔmena prokÔptei oti orÐzetai ènac omomorfismìc r : Ȟ^1(X; Z) → H^1(ϕ) kai katĹ sunèpeia o omomorfismìc A_μ = r_μ ∘ r, pou lègetai μ-asumptwtikìc kÔkloc thc roăc kai perigrĹfei pwc mia μ-mèsh troqiĹ peristrèfetai gÔrw apì tic trÔpec tou X. An o X eÐnai sumpagăc topologikă pollaplìthta, tìte o A_μ mporeÐ na jewrhjeÐ stoiqeÐo thc H_1(X; R) ∼= Hom(Ȟ^1(X; Z), R). H W_μ = ImA_μ lègetai omĹda twn μ-arijmÿn strofăc. Oi asumptwtikoÐ kÔkloi orÐsthkan apì ton S. Schwartzman [8].

2.3. ParadeÐgmata. (a) Estw C = C(x) mia periodikă troqiĹ, periìdou T > 0 kai μ to omoiìmorfa katanemhmèno mètro pijanìthtac katĹ măkoc thc C, dhladă ∫ X ψdμ = 1 T ∫_T 0 ψ(ϕ_t(x))dt gia kĹje suneqă sunĹrthsh ψ : X → R. To μ eÐnai analloÐwto apì thn roă kai gia kĹje suneqă sunĹrthsh f : X → S^1 me antÐstoiqo sÔgkuklo g èqoume

T A_μ[f] = ∫_T 0 g(1, ϕ_t(x))dt = g(T, x) = deg(f|C). EidikĹ, an h C anaparistĹ to tetrimèno ă èna periodikì stoiqeÐo thc H_1(X; Z), tìte A_μ = 0. An A_μ ≠ 0, tìte W_μ ∼= Z.

(b) An a_1, ..., a_n ∈ R kai ϕ_t : T^n → T^n, t ∈ R, eÐnai h roă me tÔpo ϕ_t(e^{2πix1} , ..., e^{2πixn} ) = (e^{2πi(x1+a1t)}, ..., e^{2πi(xn +ant)}), tìte to mètro Haar μ eÐnai analloÐwto kai W_μ = a_1Z + ... + a_nZ.

(g) Estw Y ènac sumpagăc metrikopoiăsimoc qÿroc, h : Y → Y ènac omoiomorfismìc kai ν èna h-analloÐwto mètro pijanìthtac. Estw X o mapping torus tou h. An λ eÐnai to mètro Lebesgue sto [0, 1], tìte to mètro ginìmeno λ × ν epĹgei èna mètro pijanìthtac μ ston X, ÿste ∫ X ψdμ = ∫ Y ( ∫_1 0 ψ[s, y]ds)dν, gia kĹje suneqă sunĹrthsh ψ : X → R. To μ eÐnai analloÐwto apì thn anĹrthsh tou h. PrĹgmati, an t ∈ R, upĹrqei n ∈ Z, ÿste t ≤ n < n + 1. Gia kĹje 0 ≤ s ≤ 1 èqoume ϕ_t[s, y] = [t + s − n + 1, h^{n−1}(y)], an t ≤ t + s < n, kai ϕ_t[s, y] = [t + s − n, h^n(y)], an n ≤ t + s < t + 1. Apì to jeÿrhma tou Fubini kai to gegonìc oti to ν eÐnai h-analloÐwto èqoume ∫ X (ψ ∘ ϕ_t)dμ = ∫ Y ∫_{n−t} 0 ψ[t + s − n + 1, y]dsdν + ∫ Y ∫_1 n−t ψ[t + s − n, y]dsdν

= ∫ Y ∫_1 t−n+1 ψ[s, y]dsdν + ∫ Y ∫_{t−n+1} 0 ψ[s, y]dsdν = ∫ X ψdμ. Estw f : X → S^1 mia suneqăc sunĹrthsh me antÐstoiqo sÔgkuklo g. Gia kĹje 0 ≤ s < 1 kai y ∈ Y èqoume g(1, [s, y]) = g(s + 1, [0, y]) − g(s, [0, y]) = g(s, [0, h(y)]) + g(1, [0, y]) − g(s, [0, y]). KatĹ sunèpeia

A_μ[f] =

∫_1 0 ( ∫ Y g(1, [s, y])dν)ds = ∫ Y g(1, [0, y])dν. (d) Estw ξ èna C^r dianusmatikì pedÐo, 1 ≤ r ≤ ∞, se mÐa sunektikă, sumpagă, leÐa n-pollaplìthta M me roă (ϕ_t)_{t∈R} kai èstw μ èna ϕ-analloÐwto mètro pijanìthtac Borel. Apì to jeÿrhma tou de Rham H^1_{DR}(M) ∼= H^1(M; Z) ⊗ R. Sunepÿc, upĹrqei mÐa bĹsh thc H^1_{DR}(M) kĹje stoiqeÐo thc opoÐac parÐstatai apì thn f^∗(dθ/2π), ìpou h f : M → S^1 eÐnai mÐa leÐa sunĹrthsh kai dθ/2π eÐnai o antiprìswpoc tou kanonikoÔ gennătora thc H^1_{DR}(S^1) ∼= R. MporoÔme na epekteÐnoume ton A_μ ston H^1_{DR}(M) grammikĹ me ton profană trìpo.

EÔkola blèpoume oti o 1-sÔgkukloc g : R ×M → R thc leÐac sunĹrthshc f : M → S^1 èqei tÔpo g(t, x) = ∫_t 0 f^∗( dθ 2π )(ξ(sx))ds. Apì to jeÿrhma tou Fubini

A_μ[f] =

∫_1 0 (∫ M f^∗( dθ 2π )(ξ(tx))dμ ) dt = ∫ M f^∗( dθ 2π )(ξ)dμ. Sunepÿc, A_μ[α] = ∫ M (i_ξα)dμ gia kĹje kleistă, leÐa 1-morfă α.

Epeidă h H^1(M; Z) eÐnai peperasmèna paragìmenh eleÔjerh abeliană omĹda, to Ðdio eÐnai kai h omĹda twn μ-arijmÿn strofăc W_μ. An W_μ = 0, to ξ lègetai μ-omologikĹ tetrimèno. An W_μ ∼= Z, tìte W_μ = λZ, gia kĹpoio λ > 0 kai to ξ lègetai μ-omologikĹ rhtì. Se opoioadăpote Ĺllh perÐptwsh W_μ = λ(Z + α_1Z + ... + α_kZ), gia kĹpoia λ > 0 kai 0 < α_i < 1, i = 1, 2, ..., k, ÿste ta 1, α_1, ..., α_k na eÐnai grammikĹ anexĹrthta pĹnw sto Q kai 1 ≤ k ≤ rankH^1(M; Z) − 1.

Estw oti h M eÐnai prosanatolismènh apì èna stoiqeÐo ìgkou ω oti to ξ diathreÐ ton ìgko. Tìte, ϕ^∗_t ω = ω gia kĹje t ∈ R kai h i_ξ ω eÐnai mÐa C^r kleistă (n − 1)-morfă, pou lègetai flux form. H apeikìnish pou stèlnei to ξ sthn antÐstoiqh flux form eÐnai grammikìc isomorfismìc metaxÔ tou qÿrou twn C^r dianusmatikÿn pedÐwn pou diathroÔn ton ìgko kai tou qÿrou twn C^r kleistÿn (n − 1)-morfÿn. AfoÔ α ∧ ω = 0, gia kĹje kleistă 1-morfă α, èqoume 0 = i_ξ(α ∧ ω) = (i_ξ α)ω − α ∧ (i_ξω)

kai sunepÿc

A_ω[α] = ∫ M (i_ξα)ω = ∫ M α ∧ (i_ξω). An loipìn ìla eÐnai C^∞, o A_ω eÐnai duïkìc katĹ Poincaré thc klĹshc sunomologÐac de Rham me antiprìswpo i_ξω.

Estw tÿra ξ kai ζ dÔo C^∞ dianusmatikĹ pedÐa sthn M, pou diathroÔn to stoiqeÐo ìgkou ω. Tìte,

i_{[ξ,ζ]}ω = (L_ξi_ζ − i_ζ L_ξ)ω = L_ξ(i_ζ ω) = d(i_ξ i_ζ ω) + i_ξd(i_ζ ω) = d(i_ξ i_ζ ω).

EidikĹ, to sÔnolo twn omologikĹ tetrimènwn C^∞ dianusmatikÿn pedÐwn eÐnai upoĹlgebra Lie kai ideÿdec thc Ĺlgebrac Lie twn C^∞ dianusmatikÿn pedÐwn pou diathroÔn ton ìgko. Epiplèon, h sundiĹstasă thc eÐnai rankH^1(M; Z), dhladă peperasmènh, afoÔ h M eÐnai sumpagăc.

An (M, Ω) eÐnai mÐa sumplektikă 2n-pollaplìthta kai to u eÐnai èna Hamiltonian leÐo dianusmatikì pedÐo me Hamiltonian sunĹrthsh H : M → R, to u diathreÐ to stoiqeÐo ìgkou ω = Ω^n. Epeidă h Ω eÐnai kleistă, èqoume

i_uω = n(i_uΩ) ∧ Ω^{n−1} = ndH ∧ Ω^{n−1} = d(nHΩ^{n−1}).

Dhladă to u eÐnai omologikĹ tetrimèno kai A_ω = 0.

Estw (M, η) mÐa sumpagăc (2n+1)-pollaplìthta epafăc, dhladă h η eÐnai mÐa 1-morfă ÿste η ∧ (dη)^n ≠ 0 pantoÔ sthn M. Autì shmaÐnei idiaÐtera oti h M eÐnai prosanatolÐsimh. O purănac D thc η eÐnai mÐa mh-oloklhrÿsimh upodèsmh thc efaptomènhc dèsmhc me sundiĹstash 1. An h D eÐnai prosanatolÐsimh, h T X/D eÐnai epÐshc prosanatolÐsimh kai dèqetai mÐa tomă. Me Ĺlla lìgia upĹrqei èna leÐo dianusmatikì pedÐo u sthn M ÿste i_uη = 1 kai i_u(dη) = 0. Ena tètoio dianusmatikì pedÐo lègetai pedÐo Reeb. Eqoume tÿra

i_u(η ∧ (dη)^n) = (dη)^n = d(η ∧ (dη)^{n−1}).

Ara to u diathreÐ thn η ∧ (dη)^n kai eÐnai omologikĹ tetrimèno.

Estw tÿra M mÐa sumpagăc pollaplìthta Riemann. H gewdaisiakă roă sthn T^1M eÐnai to pedÐo Reeb pou antistoiqeÐ sthn domă epafăc pou orÐzetai apì to pullback η thc 1-morfăc (se topikèc suntetagmènec) θ = n∑ i,j=1 g_{ij} v^j dq^i

apì thn ènjesh T^1M ⊂ T M. To mètro Liouville sthn T^1M eÐnai pollaplĹsio (wc proc stajerĹ) tou mètrou pou epĹgetai apì thn η ∧ (dη)^n. Ta prohgoÔmena deÐqnoun oti h gewdaisiakă roă eÐnai omologikĹ tetrimènh.

(e) Estw X o olikìc qÿroc mÐac prosanatolÐsimhc dèsmhc kÔklwn q : X → M pĹnw apì mÐa sunektikă sumpagă leÐa pollaplìthta M kai u èna leÐo dianusmatikì pedÐo sthn X pou diathreÐ èna stoiqeÐo ìgkou ω. An h dèsmh èqei mh-tetrimènh klĹsh Euler e ∈ H^2(M; Z), tìte h q epĹgei ènan isomorfismì q^∗ : H^1(M; Z) ∼= H^1(X; Z). PrĹgmati, apì thn akribă akoloujÐa tou Gysin paÐrnoume thn mikră akribă akoloujÐa

0 → H^1(M; Z)^{q∗}−→ H^1(X; Z) → Z^β−→ H^2(M; Z)

ìpou o β eÐnai o omomorfismìc me β(1) = e. Epeidă h e eÐnai mh-tetrimènh, o β eÐnai monomorfismìc kai o q^∗ isomorfismìc.

An loipìn h klĹsh Euler thc dèsmhc eÐnai mh-tetrimènh, kĹje stoiqeÐo thc H^1_{DR}(X) anaparÐstatai apì kĹpoio q^∗α, ìpou h α eÐnai mÐa kleistă 1-morfă sthn M kai

A_ω[q^∗α] = ∫ X q^∗α ∧ i_uω = ∫ M α ∧ ∫ S^1 i_uω ìpou ∫ S^1 eÐnai h oloklărwsh katĹ măkoc thc Ðnac. O teleutaÐoc tÔpoc lèei oti o Aω

kajorÐzetai plărwc apì thn ∫ S^1 iuω kai lìgw tou isomorfismoÔ q

∗ mporeÐ na jewrhjeÐ duïkì tou. EidikĹ, to u eÐnai omologikĹ tetrimèno tìte kai mìnon tìte ìtan h ∫ S^1 iuω eÐnai

akribăc sthn M.

(st) UpĹrqei mÐa akìma perigrafă twn arijmÿn strofăc enìc C^1 dianusmatikoÔ pedÐou ξ pou diathreÐ ton ìgko mèsw upopollaplotătwn sundiĹstashc 1. SÔmfwna me thn kataskeuă tou Pontryagin upĹrqei mÐa èna proc èna kai epÐ antistoiqÐa metaxÔ twn klĹsewn sthn H^1(M; Z) kai twn klĹsewn framed cobordism twn framed sumpagÿn leÐwn upopollaplotătwn thc M me sundiĹstash 1. Pio sugkekrimèna, èstw S mÐa sumpagăc leÐa upopollaplìthta thc M me sundiĹstash 1 kai tetrimènh kanonikă dèsmh, me ènan ek twn protèrwn epilegmèno kanonikì prosanatolismì, to framing. Tìte kai h S eÐnai prosanatolismènh. Estw N mÐa tubular neighbourhood thc S sthn M, T : N → R × S mÐa trivialization sumbată me to framing kai B = T^{−1}([0, 1] × S). Estw f : M → S^1 h leÐa sunĹrthsh me f(x) = { 1, an x /∈ B exp ( 2πiχ(p(T (x))) ) , an x ∈ B, ìpou p : R×S → R eÐnai h probolă kai χ : R → R eÐnai mÐa leÐa sunĹrthsh, ÿste χ^{−1}(0) = (−∞, 0], χ^{−1}(1) = [1, +∞) kai χ^′(t) > 0 gia 0 < t < 1. H klĹsh omotopÐac thc f den exartĹtai apì thn epilogă thc tubular neighbourhood kai thc trivialization kai lègetai klĹsh Pontryagin thc S me to dedomèno framing. ApodeiknÔetai oti kĹje stoiqeÐo thc H^1(M; Z) eÐnai h klĹsh Pontryagin kĹpoiac sumpagoÔc, leÐac, framed upopollaplìthtac me sundiĹstash 1 kai dÔo tètoiec upopollaplìthtec orÐzoun thn Ðdia klĹsh Pontryagin tìte kai mìnon tìte ìtan eÐnai framed cobordant.

Estw tÿra σ ∈ H_{n−1}(S; Z) h jemeliÿdhc klĹsh thc S, dhladă h σ eÐnai h monadikă klĹsh ÿste ∫ σ ψ = ∫ S ψ gia kĹje ψ ∈ H^{n−1}_{DR} (S).

An f : M → S^1 eÐnai mÐa leÐa sunĹrthsh pou anaparistĹ thn klĹsh Pontryagin thc S kai j : S → M eÐnai h ènjesh, tìte h f^∗(dθ/2π) eÐnai duïkă thc j_∗(σ), dhladă ∫ j_∗(σ) α = ∫ M f^∗( dθ 2π ) ∧ α gia kĹje C^1 kleistă (n − 1)-morfă α sthn M. SumperaÐnoume loipìn oti

A_ω[f] = ∫ S j^∗(i_ξ ω). H timă tou asumptwtikoÔ kÔklou A_ω tou ξ pĹnw sthn klĹsh Pontryagin mÐac sumpagoÔc, leÐac, framed upopollaplìthtac S me sundiĹstash 1 lègetai flux thc roăc tou ξ mèsa apì thn S. An antistrèyoume to framing h flux allĹzei mìnon prìshmo.

(z) Estw h : S^1 → S^1 ènac omoiomorfismìc pou diathreÐ ton prosanatolismì kai μ èna analloÐwto mètro pijanìthtac Borel apì thn anĹrthsh tou h. Tìte W_μ = Z + ρ(h)Z, kai to jeÿrhma tou Poincaré diatupÿnetai tÿra wc exăc. O h èqei periodikă troqiĹ tìte kai mìnon tìte ìtan W_μ ∼= Z, ă isodÔnama an to A_μ ∈ H_1(T^2; R) èqei rhtă klÐsh wc proc thn kanonikă bĹsh.

Apì to jeÿrhma tou Poincaré kai to parĹdeigma (z) genniètai to erÿthma, măpwc kĹje suneqăc roă me kuklikă omĹda arijmÿn strofăc wc proc kĹpoio analloÐwto mètro pijanìthtac Borel èqei periodikă troqiĹ. H apĹnthsh dÐnetai apì to akìloujo.

2.4. Jeÿrhma. ([1], [3]) (a) Estw M mÐa kleistă, prosanatolÐsimh 2-pollaplìthta me mÐa roă (ϕ_t)_{t∈R} kai μ èna analloÐwto mètro pijanìthtac Borel, ÿste W_μ ∼= Z. An to jetikì (ă to arnhtikì) oriakì sÔnolo mÐac troqiĹc ston forèa tou μ den perièqei stajerĹ shmeÐa, tìte h troqiĹ eÐnai periodikă.

(b) Gia kĹje n ≥ 4 upĹrqei èna C^∞ dianusmatikì pedÐo se mÐa kleistă, prosanatolismènh n-pollaplìthta pou diathreÐ ton ìgko, den èqei stajerĹ shmeÐa ă periodikèc troqièc kai èqei kuklikă omĹda arijmÿn strofăc.

(g) UpĹrqei èna C^1 dianusmatikì pedÐo se mÐa kleistă, prosanatolismènh 3- pollaplìthta pou diathreÐ ton ìgko, den èqei stajerĹ shmeÐa ă periodikèc troqièc kai èqei kuklikă omĹda arijmÿn strofăc.

3. DianÔsmata strofăc gia omoiomorfismoÔc

Estw Y ènac sunektikìc, sumpagăc metrikopoiăsimoc qÿroc kai h : Y → Y ènac omoiomorfismìc omotopikìc me thn tautotikă apeikìnish. An H eÐnai mia omotopÐa apì thn tautotikă apeikìnish ston h, tìte h H mporeÐ na epektajeÐ sto [0, +∞) × Y jètontac epagwgikĹ H_t = H_{t−[t]} ∘ H_{[t]}. An f : Y → S^1 eÐnai mia suneqăc sunĹrthsh, tìte h F : [0, +∞) × Y → S^1 me F (t, y) = f(H_t(y)) f(y) anuyÿnetai se mia monadikă suneqă sunĹrthsh g : [0, +∞) × Y → R, ÿste g(0, y) = 0, gia kĹje y ∈ Y . Tìte g(t, y) = g(t − [t], h^{[t]}(y)) + g([t], y) kai epagwgikĹ g(n, y) = n−1∑ k=0 g(1, h^k (y))

gia kĹje n ∈ N, y ∈ Y . Apì to ergodikì jeÿrhma, gia kĹje h-analloÐwto mètro pijanìthtac ν to ìrio

g^∗(y) = lim_{t→+∞} g(t, y) t = lim_{n→+∞} 1 n n−1∑ k=0 g(1, h^k(y)) upĹrqei ν-sqedìn pantoÔ, eÐnai h-analloÐwto, ν-oloklhrÿsimo kai ∫ Y g^∗dν = ∫ Y g(1, .)dν. Ac shmeiwjeÐ oti f ∘ h = fe^{2πig(1,.)}.

3.1. Lămma. An oi f_1, f_2 : Y → S^1 eÐnai suneqeÐc kai omotopikèc metaxÔ touc kai oi g_1, g_2 : Y → R eÐnai dÔo suneqeÐc sunartăseic ÿste f_k ∘ h = f_ke^{2πigk} , k = 1, 2, tìte gia kĹje h-analloÐwto mètro pijanìthtac ν èqoume ∫ Y g_1dν − ∫ Y g_2dν ∈ Z.

Apìdeixh. UpĹrqei mia suneqăc sunĹrthsh ψ : Y → R ÿste f_1 = f_2e^{2πiψ}. Etsi èqoume f_1 ∘ h = (f_2 ∘ h)e^{2πi(ψ∘h)} = f_2e^{2πi(g2 +ψ∘h)} = f_1e^{2πi(g2+ψ∘h−ψ)} kai katĹ sunèpeia, afoÔ o Y eÐnai sunektikìc, upĹrqei k ∈ Z ètsi ÿste g_1 = g_2 + ψ ∘ h − ψ + k. To sumpèrasma tÿra eÐnai profanèc.

Etsi orÐzetai o omomorfismìc R_ν : Ȟ^1(Y ; Z) → S^1 me

R_ν [f] = exp(2πi ∫ Y g(1, .)dν) pou lègetai omomorfismìc twn ν-arijmÿn strofăc tou h.

Estw l : Hom(Ȟ^1(Y ; Z), R) → Hom(Ȟ^1(Y ; Z), S^1) o omomorfismìc me l(a) = e^{2πia}. Profanÿc Kerl = Hom(Ȟ^1(Y ; Z), Z).

3.2. Prìtash. Estw Y ènac sunektikìc, sumpagăc metrikopoiăsimoc qÿroc, h : Y → Y ènac omoiomorfismìc omotopikìc me thn tautotikă apeikìnish kai ν èna h-analloÐwto mètro pijanìthtac. An h Ȟ^1(Y ; Z) eÐnai eleÔjerh abeliană, tìte R_ν ∈ Iml.

Apìdeixh. Estw X o mapping torus tou h, j : Y → X h ènjesh me j(y) = [0, y] kai γ : Z → Ȟ^1(X; Z) o omomorfismìc, pou to γ(k) anaparÐstatai apì thn suneqă sunĹrthsh f : X → S^1 me tÔpo f[s, y] = e^{2πiks}. Tìte h akoloujÐa omomorfismÿn

0 → Z^γ−→ Ȟ^1(X; Z)^{j∗}−→ Ȟ^1(Y ; Z) → 0

eÐnai akribăc kai diaspĹtai, epeidă h Ȟ^1(Y ; Z) upotÐjetai eleÔjerh abeliană. Dhladă, upĹrqei dexiìc antÐstrofoc r thc j^∗ kai h r + γ : Ȟ^1(Y ; Z) ⊕ Z → Ȟ^1(X; Z) eÐnai isomorfismìc. Ja deÐxoume tÿra oti R_ν = e^{2πi(Aμ∘r)}. Estw f : Y → S^1 mia suneqăc sunĹrthsh kai g : Y → R mia suneqăc sunĹrthsh me f ∘ h = fe^{2πig}. Estw f̃ : X → S^1 mia suneqăc sunĹrthsh me r[f] = [f̃]. Tìte j^∗[f̃] = [f], dhladă f ≃ f̃|Y . Sunepÿc, upĹrqei mia suneqăc sunĹrthsh ψ : Y → R, ÿste f̃[0, y] = f(y)e^{2πiψ(y)}, gia kĹje y ∈ Y . Estw oti g̃ eÐnai o sÔgkukloc thc f̃ wc proc thn anĹrthsh. Tìte èqoume f(h(y))e^{2πi(ψ(h(y))} = f̃[0, h(y)] = f̃[0, y]e^{2πig̃(1,[0,y])} = f(y)e^{2πi(ψ(y)+g̃(1,[0,y]))}.

Epeidă o Y eÐnai sunektikìc, upĹrqei k ∈ Z, ÿste g̃(1, [0, y]) = ψ(h(y)) − ψ(y) + g(y) + k gia kĹje y ∈ Y . Etsi èqoume A_μ(r[f]) = ∫ Y g̃(1, [0, y])dν = ∫ Y gdν + k. An o Y eÐnai mia sunektikă, sumpagăc topologikă pollaplìthta, tìte h Ȟ^1(Y ; Z) eÐnai eleÔjerh abeliană me peperasmènh diĹstash kai se aută thn perÐptwsh to R_ν ∈ Iml ∼= Hom(Ȟ^1(Y ; Z), R) Hom(Ȟ^1(Y ; Z), Z)

∼= H^1(Y ; R) H_1(Y ; Z) anaparÐstatai apì èna stoiqeÐo thc H_1(Y ; R), pou lègetai ν-diĹnusma strofăc tou h. DÔo ν-dianÔsmata strofăc diafèroun katĹ èna stoiqeÐo thc H_1(Y ; Z). To sÔnolo ρ(h) = {R_ν : to ν eÐnai h-analloÐwto mètro pijanìthtac Borel} lègetai ergodikì sÔnolo strofăc tou h.

3.3. ParĹdeigma. Estw h : T^n → T^n ènac omoiomorfismìc, omotopikìc me thn tautotikă apeikìnish, ν èna h-analloÐwto mètro pijanìthtac kai μ to antÐstoiqo analloÐwto mètro pijanìthtac thc anĹrthshc. An p_k : T^n → S^1 eÐnai h probolă sthn k-suntetagmènh, 1 ≤ k ≤ n, tìte to sÔnolo {[p_1], ..., [p_k ]} apoteleÐ bĹsh thc Ȟ^1(T^n; Z) ∼= Z^n kai o R_ν anaparÐstatai apì to diĹnusma (A_μ(r[p_1]), ..., A_μ(r[p_k])) wc proc thn fusikă bĹsh thc H_1(T^n; R) ∼= R^n . Estw h̃ : R^n → R^n mia anÔywsh tou h kai ψ : T^n → R^n h suneqăc sunĹrthsh ψ(y) = h̃(x) − x, ìpou x ∈ p^{−1}(y) kai p : R^n → T^n eÐnai h kanonikă apeikìnish kajolikăc epikĹluyhc. Tìte (A_μ(r[p_1]), ..., A_μ(r[p_k])) = ∫ T^n ψdν (mod Z^n). Autì mporoÔme na to doÔme wc exăc. Estw g_k : T^n → R mia suneqăc sunĹrthsh ÿste p_k ∘ h = p_ke^{2πigk} , 1 ≤ k ≤ n. An e_k : R^n → R eÐnai h probolă sthn k-suntetagmènh, tìte e^{2πi(ek ∘h̃)} = p_k ∘ h ∘ p = (p_k ∘ p)e^{2πi(gk∘p)} = e^{2πi(ek +gk∘p)}. Sunepÿc, e_k ∘ h̃ − e_k = g_k ∘ p (mod Z), 1 ≤ k ≤ n. Eqoume tÿra

A_μ(r[p_k]) = ∫ [0,1)^n (g_k ∘ p)dp^{−1}ν = ∫ [0,1)^n (e_k ∘ h̃ − e_k)dp^{−1}ν (mod Z). An to ν eÐnai ergodikì, tìte ∫ T^n ψdν = lim_{k→+∞} h̃k(x) − x k p^{−1}ν-sqedìn gia kĹje x ∈ [0, 1)^n, apì to ergodikì jeÿrhma.

Se analogÐa me ton kÔklo isqÔei to akìloujo.

3.4. Jeÿrhma. ([5], [6]) Estw h : T^2 → T^2 ènac omoiomorfismìc omotopikìc me thn tautotikă apeikìnish, pou diathreÐ èna mètro pijanìthtac Borel ν, to opoÐo eÐnai jetikì sta mh-kenĹ anoiqtĹ sÔnola. An R_ν = 0, tìte o h èqei toulĹqiston dÔo stajerĹ shmeÐa.

Estw tÿra M mÐa kleistă, prosanatolÐsimh pollaplìthta Riemann kai I(M) h sunektikă sunistÿsa thc tautotikăc sthn omĹda twn isometriÿn thc M. ApodeiknÔetai [2] oti to ρ(h) eÐnai monosÔnolo gia kĹje h ∈ I(M). Sunepÿc orÐzetai ènac omomorfismìc omĹdwn ρ : I(M) → H_1(M; R)/H_1 (M; Z)

pou eÐnai suneqăc, an sto I(M) jewrăsoume thn sumpagă-anoiqtă topologÐa, opìte autì gÐnetai sunektikă, sumpagăc omĹda Lie kai sto H_1(M; R)/H_1 (M; Z) thn asjenă topologÐa pilăko. O ρ lègetai omomorfismìc strofăc kai mporeÐ na jewrhjeÐ mèson gia thn susqètish thc gewmetrÐac me thn omologÐa thc M. IsqÔei to akìloujo.

3.5. Jeÿrhma. ([2]) An M eÐnai mÐa kleistă, prosanatolÐsimh, 3-pollaplìthta Riemann qwrÐc suzugă shmeÐa, tìte o purănac tou omomorfismoÔ strofăc eÐnai peperasmènh omĹda kai sunepwc dim I(M) ≤ rankH_1(M; Z).

To Ðdio sumpèrasma isqÔei kai se anÿterec diastĹseic, me thn epiplèon topologikă upìjesh oti h jemeliÿdhc klĹsh sthn sunomologÐa eÐnai to cup product akèraiwn 1- diĹstatwn klĹsewn.

4. O arijmìc strofăc tou Ruelle gia amfidiaforÐseic tou 2-torus

KĹje A ∈ SL(2, R) èqei mia monadikă polikă anĹlush A = US, ìpou o U ∈ SO(2, R) kai o S eÐnai ènac jetikĹ orismènoc summetrikìc pÐnakac. H apeikìnish r : SL(2, R) → SO(2, R) me r(A) = U eÐnai C^∞ submersion, strong deformation retraction, allĹ den eÐnai omomorfismìc omĹdwn. H r anuyÿnetai se mia C^∞ submersion Θ : ~SL(2, R) → R, ìpou p : ~ SL(2, R) → SL(2, R) eÐnai h apeikìnish kajolikăc epikĹluyhc. H Θ eÐnai hmimorfismìc, afoÔ |Θ(P Q) − Θ(P ) − Θ(Q)| < 1 gia kĹje P , Q ∈ ~SL(2, R).

Estw h : T^2 → T^2 mia C^1 amfidiafìrish isotopikă me thn tautotikă. Dhladă upĹrqei mia suneqăc apeikìnish H : [0, 1] × T^2 → T^2 ÿste H_0 = id, H_1 = h kai H_t : T^2 → T^2, t ∈ [0, 1], eÐnai èna suneqèc tìxo C^1 amfidiaforÐsewn wc proc thn C^1 topologÐa. H H epekteÐnetai sto [0, +∞) × T^2 jètontac epagwgikĹ H_t = H_{t−[t]} ∘ H_{[t]}. Estw τ : T T^2 → T^2 × R^2 mia trivialization thc efaptomènhc dèsmhc tou T^2, sumbată me ton sunăjh prosanatolismì kai τ_x : T_xT^2 → {x} × R^2 o periorismìc sthn Ðna.

H suneqăc sunĹrthsh F : [0, +∞) × T^2 → SL(2, R) me tÔpo F (t, x) = τ_{H(t,x)} ∘ DH_t(x) ∘ τ^{−1}_x (det(τ_{H(t,x)} ∘ DH_t(x) ∘ τ^{−1}_x ))^{1/2}

anuyÿnetai se mia monadikă suneqă sunĹrthsh G : [0, +∞) × T^2 → ~SL(2, R) ÿste G(0, x) = Ĩ_2 kai p(G(t, x)) = F (t, x), gia kĹje t ≥ 0 kai x ∈ T^2.

Apì to ergodikì jeÿrhma prokÔptei [7] oti an ν eÐnai èna h-analloÐwto mètro pijanìthtac Borel, to ìrio

G^∗(x) = lim_{t→+∞} 1 t Θ(G(t, x)) = lim_{n→+∞} 1 n Θ(G(n, x)) upĹrqei ν-sqedìn pantoÔ, eÐnai h-analloÐwto, ν-oloklhrÿsimo kai ∫ T^2 G^∗dν = lim_{n→+∞} 1 n ∫ T^2 Θ(G(n, x))dν. Estw ρ^τ_ν (H) = ∫ T^2 G^∗dν. O P^τ_ν (h) = exp(2πiρ^τ_ν (H)) den exartĹtai apì thn isotopÐa H, allĹ mìnon apì thn h kai thn trivialization τ. H exĹrthsh tou P^τ_ν (h) apì thn τ ekfrĹzetai mèsw tou omomorfismoÔ twn ν-arijmÿn strofăc thc h.

Estw tÿra τ_1 kai τ_2 dÔo trivializations thc T T^2 sumbatèc me ton prosanatolismì kai f : T^2 → SL(2, R) h suneqăc sunĹrthsh me f(x) = τ_{1x} ∘ τ^{−1}_{2x} (det(τ_{1x} ∘ τ^{−1}_{2x} ))^{1/2} . Tìte R_ν (h)([r ∘ f]) = P^{τ1}_ν (h)P^{τ2}_ν (h)^{−1}[4].

Sunepÿc to sÔmploko ρ_ν (h) = P^τ_ν (h)ImR_ν (h) sthn S^1/ImR_ν (h), den exartĹtai apì thn trivialization τ.

Estw ν èna mètro pijanìthtac Borel ston T^2 kai Diff^1_0 (T^2, ν) h katĹ tìxa sunektikă sunistÿsa wc proc thn C^1 topologÐa thc omĹdac twn C^1 amfidiaforÐsewn tou T^2 pou diathroÔn to ν. Ston qÿro twn suneqÿn tìxwn thc Diff^1_0 (T^2, ν) me arqikì shmeÐo thn id efodiasmèno me thn sumpagă-anoiktă topologÐa, h sqèsh thc omotopÐac me stajerĹ Ĺkra eÐnai sqèsh isodunamÐac. Estw ~Diff^1_0 (T^2, ν) o antÐstoiqoc qÿroc phlÐko kai q : ~

Diff^1_0 (T^2, ν) → Diff^1_0 (T^2, ν) h suneqăc apeikìnish me q([H]) = H_1. An h Diff^1_0 (T^2, ν) eÐnai topikĹ sustaltă, tìte h q eÐnai h apeikìnish kajolikăc epikĹluyhc. O qÿroc ~

Diff^1_0 (T^2, ν) gÐnetai topologikă omĹda, an jèsoume (H ∘ H^′)_t = H_t ∘ H^′_t, t ∈ [0, 1], opìte h q gÐnetai omomorfismìc omĹdwn.

An H, H^′ eÐnai dÔo omotopikĹ tìxa me stajerĹ Ĺkra kai arqikì shmeÐo thn id sthn Diff^1_0 (T^2, ν), tìte ρ^τ_ν (H) = ρ^τ_ν (H^′) gia kĹje trivialization τ. Sunepÿc, èqoume mia kalĹ orismènh sunĹrthsh ρ^τ_ν : ~

Diff^1_0 (T^2, ν) → R, pou eÐnai suneqăc, omogenăc kai hmimorfismìc, afoÔ |ρ^τ_ν (H ∘ H^′) − ρ^τ_ν (H) − ρ^τ_ν (H^′)| ≤ 4. Apì autì prokÔptei oti h P^τ_ν eÐnai stajeră stic klĹseic suzugÐac thc Diff^1_0 (T^2, ν).

Epiplèon, h dρ^τ_ν : ~

Diff^1_0 (T^2, ν) × ~

Diff^1_0 (T^2, ν) → R me

(dρ^τ_ν )(H, H^′) = ρ^τ_ν (H ∘ H^′) − ρ^τ_ν (H) − ρ^τ_ν (H^′)

eÐnai ènac fragmènoc 2-sÔgkukloc, me thn ènnoia thc (fragmènhc) sunomologÐac twn diakritÿn omĹdwn. MĹlista, dρ^{τ1}_ν = dρ^{τ2}_ν , gia opoiesdăpote trivializations τ_1, τ_2. Etsi orÐzetai to stoiqeÐo [dρ_ν ]_b thc H^2_b ( ~Diff^1_0 (T^2, ν); R), pou lègetai klĹsh strofăc tou Ruelle kai profanÿc brÐsketai ston purăna tou fusikoÔ omomorfismoÔ H^2_b ( ~Diff^1_0 (T^2, ν); R) → H^2( ~

Diff^1_0 (T^2, ν); R), enÿ exartĹtai mìnon apì to mètro ν. H klĹsh strofăc tou Ruelle eÐnai tetrimènh, tìte kai mìnon tìte ìtan h ρ^τ_ν : ~Diff^1_0 (T^2, ν) → R eÐnai omomorfismìc omĹdwn gia kĹje trivialization τ.

ApodeiknÔetai [4] oti h klĹsh strofăc tou Ruelle den eÐnai tetrimènh, ìtan to ν eÐnai to mètro Haar, dhladă to eukleÐdeio embadìn. Apì autì prokÔptei, oti se aută thn perÐptwsh h ~ Diff^1_0 (T^2, ν) den eÐnai omoiìmorfa tèleia omĹda. Ta Ðdia isqÔoun kai sthn perÐptwsh pou to ν eÐnai èna shmeiakì mètro Dirac.

BibliografÐa

1. Athanassopoulos, K.: Flows with cyclic winding numbers groups, J. reine angew.

Math. 481 (1996), 207-215.

2. Athanassopoulos, K.: Rotation numbers and isometries, Geom. Dedicata 72 (1998), 1-13.

3. Athanassopoulos, K.: Volume preserving flows with cyclic winding numbers groups and without periodic orbits on 3-manifolds, Manuscripta Math. 97 (1998), 37-44.

4. Athanassopoulos, K.: On the Ruelle rotation for torus diffeomorphisms. Math. Z.

234 (2000), 225-239.

5. Conley, C.C. and Zehnder, E.: The Birkhoff-Lewis fixed point theorem and a conjecture of Arnold, Invent. Math. 73 (1983), 33-49.

6. Franks J.: Recurrence and fixed points of surface homeomorphisms, Ergodic Th.

Dyn. Systems 8 (1988), 99-107.

7. Ruelle, D.: Rotation numbers for diffeomorphisms and flows. Ann. Inst. H.

Poincaré, Physique Theorique 42 (1985), 109-115.

8. Schwartzman, S.: Asymptotic cycles, Ann. of Math. 66 (1957), 270-284.

KwnstantÐnoc Ajanasìpouloc Tmăma Majhmatikÿn Panepistămio Krăthc 71409 HrĹkleio