Tmăma Majhmatikÿn Panepistămio Krăthc

EISAGWGH STHN GEWMETRIKH TOPOLOGIA KlasikĹ jewrămata thc topologÐac sthn diĹstash 2 KwnstantÐnoc Ajanasìpouloc

HrĹkleio 2004

1. OmotopÐa

H ènnoia thc omotopÐac eÐnai mÐa apì tic pio shmantikèc sthn TopologÐa. Ola ta qrăsima topologikĹ analloÐwta eÐnai omotopikĹ analloÐwta.

1.1. Orismìc. Estw X, Y dÔo topologikoÐ qÿroi. DÔo suneqeÐc apeikonÐseic f, g : X → Y lègontai omotopikèc an upĹrqei mia suneqăc apeikìnish H : [0, 1] × X → Y ÿste H(0, x) = f(x) kai H(1, x) = g(x) gia kĹje x ∈ X. H H lègetai omotopÐa apì thn f sthn g kai sunăjwc grĹfoume H : f ≃ g gia suntomÐa. EpÐshc me H_t : X → Y sumbolÐzoume thn endiĹmesh apeikìnish H_t(x) = H(t, x), 0 ≤ t ≤ 1.

SÔmfwna me ton orismì h f eÐnai omotopikă me thn g, an h g lambĹnetai apì thn f me mia suneqă metabolă. Oi endiĹmesec apeikonÐseic eÐnai oi H_t, 0 ≤ t ≤ 1. Gia na deÐxei kĹpoioc oti dÔo dedomènec suneqeÐc apeikonÐseic eÐnai omotopikèc prèpei na kataskeuĹsei mÐa omotopÐa metaxÔ touc. Gia na gÐnei autì qreiĹzetai na èqei ìso to dunatìn kalÔterh gewmetrikă epopteÐa twn qÿrwn stouc opoÐouc oi apeikonÐseic orÐzontai. An jèloume na apodeÐxoume oti oi apeikonÐseic den eÐnai omotopikèc, tìte prèpei na apodeÐxoume oti den upĹrqei kamÐa omotopÐa metaxÔ touc. Autì eÐnai arketĹ dÔskolo kai ènac apì touc basikoÔc stìqouc thc Algebrikăc TopologÐac eÐnai h anĹptuxh mejìdwn me tic opoÐec mporeÐ kĹpoioc na anakalÔyei, an dÔo suneqeÐc apeikonÐseic den eÐnai omotopikèc.

1.2. ParadeÐgmata. (a) Estw X ènac topologikìc qÿroc kai Y ⊂ R^n èna kurtì sÔnolo. An f, g : X → Y eÐnai dÔo suneqeÐc apeikonÐseic, tìte h f eÐnai omotopikă me thn g. MÐa omotopÐa H : f ≃ g dÐnetai apì ton tÔpo H(t, x) = (1 − t)f(x) + tg(x).

Apì thn Ĺllh meriĹ, kĹje suneqăc apeikìnish h : Y → X eÐnai omotopikă me mia stajeră apeikìnish. An y_0 ∈ Y , mia omotopÐa G : h ≃ h(y_0) dÐnetai apì ton tÔpo G(t, y) = h((1 − t)y + ty_0).

(b) Estw X ènac topologikìc qÿroc kai f, g : X → S^n dÔo suneqeÐc apeikonÐseic, ìpou S^n = {z ∈ R^{n+1} : ‖z‖ = 1} eÐnai h n-sfaÐra, n ≥ 1. An f(x) ≠ −g(x) gia kĹje x ∈ X, tìte f ≃ g. Mia omotopÐa eÐnai h H : [0, 1] × X → S^n me tÔpo H(t, x) = (1 − t)f(x) + tg(x) ‖(1 − t)f(x) + tg(x)‖ . (g) KĹje suneqăc apeikìnish f : X → S^n, pou den eÐnai epÐ, eÐnai omotopikă me mia stajeră, giatÐ upĹrqei z_0 ∈ S^n ÿste f(x) ≠ −(−z_0) gia kĹje x ∈ X, opìte apì to parĹdeigma (b) èqoume f ≃ −z_0.

(d) An f : S^1 → S^1 eÐnai mia suneqăc apeikìnish kai z_0 ∈ S^1, tìte f ≃ z_0 · f (migadikìc pollaplasiasmìc). Mia tètoia omotopÐa eÐnai h H : [0, 1] × S^1 → S^1 me tÔpo H(t, z) = f(z) · e^{2πitθ}, ìpou to 0 ≤ θ < 1 eÐnai tètoio ÿste z_0 = e^{2πiθ}. EidikĹ, an f = id, tìte h z_0 · id eÐnai h strofă tou kÔklou katĹ gwnÐa 2πθ. Sunepÿc, oi strofèc tou kÔklou eÐnai omotopikèc me thn tautotikă apeikìnish tou kÔklou.

(e) Estw X, Y dÔo topologikoÐ qÿroi kai y, z ∈ Y . Oi stajerèc apeikonÐseic me timèc y kai z, antÐstoiqa, eÐnai omotopikèc metaxÔ touc tìte kai mìnon tìte ìtan upĹrqei èna tìxo ston Y apì to y sto z. PrĹgmati, an γ : [0, 1] → Y eÐnai èna tìxo me γ(0) = y kai γ(1) = z, tìte h H : [0, 1] × X → Y me H(t, x) = γ(t) eÐnai mia omotopÐa apì thn stajeră apeikìnish me timă y sthn stajeră apeikìnish me timă z. AntÐstrofa, an upĹrqei mia tètoia omotopÐa H, tìte gia opoiodăpote x ∈ X h γ(t) = H(t, x) eÐnai èna tìxo apì to y sto z. Sunepÿc, an o Y eÐnai katĹ tìxa sunektikìc, tìte ìlec oi stejerèc apeikonÐseic me timèc ston Y eÐnai omotopikèc metaxÔ touc.

(st) Estw X ènac topologikìc qÿroc kai f : S^n → X mia suneqăc apeikìnish, ìpou n ≥ 1. H f eÐnai omotopikă me stajeră tìte kai mìnon tìte ìtan èqei mia suneqă epèktash F : D^{n+1} → X sthn kleistă monadiaÐa mpĹlla D^{n+1} = {x ∈ R^{n+1} : ‖x‖ ≤ 1}. PrĹgmati, an upĹrqei tètoia epèktash, tìte h H : [0, 1] × S^n → X me H(t, x) = F ((1 − t)x) eÐnai omotopÐa thc f me thn stajeră apeikìnish thc S^n ston X me timă F (0). AntÐstrofa, an upĹrqei x_0 ∈ X kai H : f ≃ x_0, tìte h apeikìnish F : D^{n+1} → X me

F (x) = H(1 − ‖x‖, x ‖x‖ ), an x ≠ 0

x_0, an x = 0,

orÐzetai kalĹ kai eÐnai suneqăc epèktash thc f.

1.3. Prìtash. H sqèsh omotopÐac eÐnai sqèsh isodunamÐac sto sÔnolo ìlwn twn suneqÿn apeikonÐsewn enìc topologikoÔ qÿrou X s’ ènan topologikì qÿro Y .

Apìdeixh. Estw oti oi f, g, h : X → Y eÐnai suneqeÐc apeikonÐseic. Tìte h H(t, x) = f(x), (t, x) ∈ [0, 1] × X, eÐnai mia omotopÐa H : f ≃ f. An tÿra G : f ≃ g, tìte h G^′(t, x) = G(1 − t, x), (t, x) ∈ [0, 1] × X, eÐnai mia omotopÐa G^′ : g ≃ f. Tèloc, an H_1 : f ≃ g kai H_2 : g ≃ h, tìte h H_3 : [0, 1] × X → Y me

H_3(t, x) =

H_1(2t, x), an 0 ≤ t ≤ 1 2 H_2(2t − 1, x), an 1 2 ≤ t ≤ 1 eÐnai mia omotopÐa H_3 : f ≃ h. □

1.4. Prìtash. An oi f_i, g_i : X_i → X_{i+1}, eÐnai suneqeÐc apeikonÐseic me f_i ≃ g_i i = 1, 2, tìte f_2 ∘ f_1 ≃ g_2 ∘ g_1.

Apìdeixh. Estw oti H_i : f_i ≃ g_i, i = 1, 2. JewroÔme thn F_1 : [0, 1] × X_1 → X_3 me F_1(t, x) = f_2(H_1(t, x)) kai thn F_2 : [0, 1] × X_1 → X_3 me F_2(t, x) = H_2(t, g_1(x)). Tìte F_1 : f_2 ∘ f_1 ≃ f_2 ∘ g_1 kai F_2 : f_2 ∘ g_1 ≃ g_2 ∘ g_1. Apì thn prìtash 1.3 èqoume loipìn f_2 ∘ f_1 ≃ g_2 ∘ g_1. □

H klĹsh omotopÐac mÐac suneqoÔc apeikìnishc f : X → Y sumbolÐzetai me [f] kai to sÔnolo twn klĹsewn omotopÐac suneqÿn apeikonÐsewn tou X ston Y me [X, Y ]. Apì thn prìtash 1.4 prokÔptei oti orÐzetai kalĹ h sÔnjesh klĹsewn omotopÐac me

[g] ∘ [f] = [g ∘ f]. H sÔnjesh klĹsewn omotopÐac èqei ìmoiec idiìthtec me thn sÔnjesh apeikonÐsewn. Sugkekrimèna, isqÔei ([h] ∘ [g]) ∘ [f] = [h] ∘ ([g] ∘ [f]) kai [id_Y ] ∘ [f] = [f], [f] ∘ [id_X ] = [f]. Etsi apì thn kathgorÐa twn topologikÿn qÿrwn kai twn suneqÿn apeikonÐsewn, pou eÐnai oi morfismoÐ touc, paÐrnoume thn omotopikă kathgorÐa me antikeÐmena touc topologikoÔc qÿrouc kai morfismoÔc tic klĹseic omotopÐac suneqÿn apeikonÐsewn.

1.5. Orismìc. DÔo topologikoÐ qÿroi X, Y lème oti èqoun ton Ðdio omotopikì tÔpo an eÐnai isìmorfoi sta plaÐsia thc omotopikăc kathgorÐac, dhladă an upĹrqoun suneqeÐc apeikonÐseic f : X → Y kai g : Y → X ÿste g ∘ f ≃ id_X kai f ∘ g ≃ id_Y . Oi f, g lègontai omotopikèc isodunamÐec. An oi X, Y èqoun ton Ðdio omotopikì tÔpo, grĹfoume X ≃ Y .

Profanÿc, dÔo omoiomorfikoÐ qÿroi èqoun ton Ðdio omotopikì tÔpo, ìqi ìmwc antÐstrofa.

1.6. ParadeÐgmata. (a) O eukleÐdeioc qÿroc R^n èqei ton omotopikì tÔpo monosunìlou. An i : {0} → R^n eÐnai h ènjesh i(0) = 0 kai r : R^n → {0} h stajeră apeikìnish, tìte r ∘ i = id_{{0}} kai h H : [0, 1] × R^n → R^n me H(t, x) = tx eÐnai mia omotopÐa H : i ∘ r ≃ id_Rn . Enac topologikìc qÿroc me ton omotopikì tÔpo shmeÐou lègetai sustaltìc.

(b) H n-sfaÐra S^n èqei ton omotopikì tÔpo tou R^{n+1} \ {0}. An i : S^n → R^{n+1} \ {0} eÐnai h ènjesh i(z) = z kai r : R^{n+1} \{0} → S^n h apeikìnish r(x) = x ‖x‖ , tìte r ∘i = id_Sn

kai h H : [0, 1] × (R^{n+1} \ {0}) → R^{n+1} \ {0} me H(t, x) = tx + (1 − t) x ‖x‖ eÐnai mia omotopÐa H : i ∘ r ≃ id_Rn+1_{\{0}}.

2. H omĹda Bruschlinsky enìc topologikoÔ qÿrou

Opwc eÐnai gnwstì, o monadiaÐoc kÔkloc S^1 = {z ∈ C : |z| = 1} eÐnai abeliană omĹda me prĹxh ton pollaplasiasmì migadikÿn arijmÿn. MĹlista, tìso o pollaplasiasmìc, ìso kai h apeikìnish tou antÐstrofou eÐnai suneqeÐc. Gia kĹje topologikì qÿro X to sÔnolo C(X, S^1) = {f|f : X → S^1 suneqăc} gÐnetai abeliană omĹda me ton profană trìpo, dhladă (α · β)(x) = α(x)β(x), gia kĹje x ∈ X. To antÐstrofo tou α eÐnai to 1/α, enÿ to monadiaÐo stoiqeÐo eÐnai h stajeră sunĹrthsh 1.

KĹje suneqăc apeikìnish f : X → Y epĹgei ton omomorfismì omĹdwn f^∗ : C(Y, S^1) → C(X, S^1) me f^∗(α) = α ∘ f. Profanÿc, an h g : Y → Z eÐnai suneqăc, tìte (g ∘ f)^∗ = f^∗ ∘ g^∗, enÿ (id_X )^∗ = id. ProkÔptei tÿra oti an h f eÐnai omoiomorfismìc, tìte h f^∗ : C(Y, S^1) → C(X, S^1) eÐnai isomorfismìc omĹdwn, afoÔ (f^{−1})^∗ ∘ f^∗ = (f^{−1} ∘ f)^∗ = (id_X )^∗ = id kai f^∗ ∘ (f^{−1})^∗ = id. Me Ĺlla lìgia h omĹda C(X, S^1) eÐnai topologikì analloÐwto tou qÿrou X. To prìblhma ìmwc eÐnai oti h omĹda aută eÐnai terĹstia kai den mporeÐ na upologisteÐ. Sthn sunèqeia ja kataskeuĹsoume mia omĹda phlÐko autăc thc omĹdac, thn opoÐa mporoÔme na qeiristoÔme, toulĹqiston gia kĹpoiec megĹlec klĹseic topologikÿn qÿrwn.

2.1. Lămma. An α, α^′, β, β^′ ∈ C(X, S^1) kai α ≃ α^′, β ≃ β^′, tìte α · β ≃ α^′ · β^′.

Apìdeixh. An H : α ≃ α^′ kai G : β ≃ β^′, tìte h F : [0, 1] × X → S^1 me F (t, x) = H(t, x)G(t, x) eÐnai mia omotopÐa F : α · β ≃ α^′ · β^′. □

Etsi sto sÔnolo twn klĹsewn omotopÐac [X, S^1] orÐzetai h prĹxh [α] + [β] = [α · β], pou apì to lămma 2.1 den exartĹtai apì thn epilogă twn antiprosÿpwn twn klĹsewn omotopÐac. Me autìn ton trìpo to [X, S^1] gÐnetai abeliană omĹda. Shmeiÿnoume oti gia kĹje [α] ∈ [X, S^1] èqoume −[α] = [1/α] kai to oudètero stoiqeÐo 0 sthn [X, S^1] anaparÐstatai apì opoiadăpote stajeră apeikìnish tou X ston S^1, afoÔ o teleutaÐoc eÐnai katĹ tìxa sunektikìc. Sthn sunèqeia ja qrhsimopoioÔme ton sumbolismì H^1(X) = [X, S^1].

Opwc eÔkola blèpoume, to sÔnolo

B(X, S^1) = {f|f : X → S^1 suneqăc omotopikă me stajeră}

eÐnai upoomĹda thc C(X, S^1) kai H^1(X) = C(X, S^1)/B(X, S^1).

KĹje suneqăc apeikìnish f : X → Y epĹgei ton omomorfismì f^∗ : H^1(Y ) → H^1(X) me f^∗([α]) = [α ∘ f]. An h h : X → Y eÐnai mia suneqăc apeikìnish omotopikă me thn f kai H : f ≃ h, tìte gia kĹje α ∈ C(X, S^1) èqoume α ∘ H : α ∘ f ≃ α ∘ h kai sunepÿc f^∗([α]) = h^∗([α]). Etsi f^∗ = h^∗, pou shmaÐnei oti o omomorfismìc f^∗ exartĹtai mìnon apì thn klĹsh omotopÐac [f]. Profanÿc, an h g : Y → Z eÐnai suneqăc, tìte (g ∘f)^∗ = f^∗ ∘g^∗, enÿ (id_X )^∗ = id. ProkÔptei tÿra oti an h f eÐnai omoiomorfismìc, tìte h f^∗ : H^1(Y ) → H^1(X) eÐnai isomorfismìc omĹdwn, afoÔ (f^{−1})^∗ ∘ f^∗ = (f^{−1} ∘ f)^∗ = (id_X )^∗ = id kai f^∗ ∘ (f^{−1})^∗ = id. Me Ĺlla lìgia h omĹda H^1(X) eÐnai topologikì analloÐwto tou qÿrou X. H abeliană omĹda H^1(X) lègetai omĹda Bruschlinsky tou qÿrou X.

Prèpei na shmeiÿsoume oti h abeliană omĹda C(X, S^1) perièqei perissìterec plhroforÐec gia ton X apì thn H^1(X). Opwc deÐqnei h epìmenh prìtash, h H^1(X) eÐnai omotopikì analloÐwto tou X kai sunepÿc perièqei plhroforÐec mìnon gia to {diakritì mèroc} tou X.

2.2. Prìtash. An oi topologikoÐ qÿroi X, Y èqoun ton Ðdio omotopikì tÔpo, tìte H^1(X) ∼= H^1(Y ).

Apìdeixh. Estw oti oi f : X → Y kai g : Y → X eÐnai antÐstrofec omotopikèc isodunamÐec, dhladă g ∘ f ≃ id_X kai f ∘ g ≃ id_Y . Tìte f^∗ ∘ g^∗ = (g ∘ f)^∗ = (id_X )^∗ = id kai ìmoia g^∗ ∘ f^∗ = id. Ara h f^∗ : H^1(Y ) → H^1(X) eÐnai isomorfismìc. □

O upologismìc thc omĹdac Bruschlinsky enìc topologikoÔ qÿrou den eÐnai tetrimèno prìblhma. Bèbaia, ìpwc xèroume, H^1(K) = {0} gia kĹje kurtì sÔnolo K ⊂ R^n . Genikìtera, h omĹda Bruschlinsky kĹje sustaltoÔ qÿrou eÐnai tetrimènh. Sthn epìmenh parĹgrafo ja upologÐsoume thn omĹda H^1(S^1), pou den eÐnai tetrimènh. Apì ton upologismì autìn ja prokÔyoun merikĹ apì ta klasikĹ jewrămata thc topologÐac tou R^2 , ìpwc epÐshc kai to Jemeliÿdec Jeÿrhma thc Algebrac.

3. H omĹda Bruschlinsky tou kÔklou kai efarmogèc

EÐnai fanerì oti gia ton upologismì thc omĹdac Bruschlinsky enìc qÿrou X eÐnai aparaÐthto na xèroume thn upoomĹda B(X, S^1) thc C(X, S^1). Mia parĹstash twn stoiqeÐwn thc B(X, S^1), ìtan o X eÐnai sumpagăc metrikìc qÿroc, dÐnei to jeÿrhma tou S. Eilenberg.

3.1. Lămma. Estw X ènac topologikìc qÿroc kai f : X → S^1 mia suneqăc sunĹrthsh, ÿste |f(x) − 1| < 1 gia kĹje x ∈ X. Tìte upĹrqei mia suneqăc sunĹrthsh ϕ : X → R ÿste f = e^{2πiϕ}.

Apìdeixh. Apì thn upìjesh prokÔptei oti 1 2 < Ref(x) ≤ 1 gia kĹje x ∈ X. Sunepÿc h sunĹrthsh ϕ : X → R me ϕ(x) = 1 2π arctan Imf(x) Ref(x) eÐnai kalĹ orismènh, suneqăc kai f = e^{2πiϕ}.

3.2. Jeÿrhma. (S. Eilenberg) Estw (X, d) ènac sumpagăc metrikìc qÿroc kai èstw f : X → S^1 mia suneqăc sunĹrthsh. H f eÐnai omotopikă me stajeră tìte kai mìnon tìte ìtan upĹrqei mia suneqăc sunĹrthsh ϕ : X → R ÿste f = e^{2πiϕ}.

Apìdeixh. Kat’ arqăn, an f = e^{2πiϕ} gia kĹpoia suneqă sunĹrthsh ϕ : X → R , tìte h H : [0, 1] × X → S^1 me H(t, x) = e^{2πitϕ(x)} eÐnai suneqăc kai profanÿc H : 1 ≃ f, ìpou me 1 sumbolÐzoume thn stajeră sunĹrthsh me timă 1 ∈ S^1.

Estw tÿra oti h f eÐnai omotopikă me stajeră. Epeidă o S^1 eÐnai katĹ tìxa sunektikìc, upĹrqei mia omotopÐa H : 1 ≃ f. Epeidă o (X, d) eÐnai sumpagăc metrikìc qÿroc, h H eÐnai omoiìmorfa suneqăc. Etsi upĹrqei δ > 0 ÿste |H(t, x) − H(s, y)| < 1 gia kĹje x, y ∈ X me d(x, y) < δ kai t, s ∈ [0, 1] me |t − s| < δ. Estw P = {0 = t_0 < t_1 < ... < t_n = 1} mia diamèrish tou [0, 1] me t_{k+1} − t_k < δ, k = 0, 1, ..., n − 1. Tìte èqoume | | | H(t_{k+1}, x) H(t_k, x) − 1 | | | < 1 gia kĹje x ∈ X kai k = 0, 1, ..., n − 1. Apì to lămma 3.1, upĹrqei mia suneqăc sunĹrthsh ϕ_k : X → R ÿste H(t_{k+1}, x) H(t_k, x) = e^{2πiϕk(x)} gia kĹje x ∈ X. Etsi prokÔptei oti f(x) = H(t_n, x) = H(t_n, x) H(t_{n−1}, x) · H(t_{n−1}, x) H(t_{n−2}, x) · · · H(t_1, x) H(t_0, x) = e^{2πi(ϕ0(x)+...+ϕn−1(x))} afoÔ H(t_0, x) = 1. Jètontac loipìn ϕ = ϕ_0 + ... + ϕ_{n−1} èqoume f = e^{2πiϕ}. □

3.3. Pìrisma. Gia kĹje suneqă sunĹrthsh g : [0, 1] → S^1 upĹrqei mia suneqăc sunĹrthsh ϕ : [0, 1] → R ÿste g = e^{2πiϕ}.

Apìdeixh. AfoÔ to [0, 1] eÐnai kurtì uposÔnolo tou R , èqoume g ≃ 1. Etsi to sumpèrasma eÐnai Ĺmeso apì to jeÿrhma tou Eilenberg. □

3.4. Pìrisma. Gia kĹje suneqă sunĹrthsh f : S^1 → S^1 upĹrqei mia monadikă suneqăc sunĹrthsh ϕ : [0, 1] → R me ϕ(0) = 0, ÿste f(e^{2πit}) = f(1)e^{2πiϕ(t)} gia kĹje t ∈ [0, 1]. O akèraioc arijmìc deg f = ϕ(1) lègetai bajmìc thc f.

Apìdeixh. Apì to pìrisma 3.3 upĹrqei mia suneqăc sunĹrthsh ψ : [0, 1] → R ÿste f(e^{2πit}) = f(1)e^{2πiψ(t)} gia kĹje t ∈ [0, 1]. Gia t = 0 èqoume f(1) = f(1)e^{2πiψ(0)} kai sunepÿc ψ(0) ∈ Z. Jètoume tÿra ϕ = ψ − ψ(0). Gia thn monadikìthta, an upĹrqei mia akìma suneqăc sunĹrthsh ϕ^′ : [0, 1] → R me ϕ^′(0) = 0, ÿste f(e^{2πit}) = f(1)e^{2πiϕ′(t)} gia kĹje t ∈ [0, 1], tìte ϕ(t) − ϕ^′(t) ∈ Z. AfoÔ to [0, 1] eÐnai sunektikì, prèpei ϕ(t) − ϕ^′(t) = ϕ(0) − ϕ^′(0) = 0. □

3.5. ParĹdeigma. Gia kĹje n ∈ Z h suneqăc apeikìnish f_n : S^1 → S^1 me tÔpo f_n(z) = z^n èqei bajmì n. PrĹgmati, an h ϕ_n : [0, 1] → R èqei tÔpo ϕ_n(t) = nt, tìte ϕ_n(0) = 0 kai f_n(e^{2πit}) = e^{2πint} = e^{2πiϕn(t)}. Ara deg f_n = ϕ_n(1) = n.

3.6. Jeÿrhma. DÔo suneqeÐc apeikonÐseic f, g : S^1 → S^1 èqoun ton Ðdio bajmì tìte kai mìnon tìte ìtan eÐnai omotopikèc.

Apìdeixh. Estw oti deg f = deg g. An oi ϕ, ψ : [0, 1] → R eÐnai oi suneqeÐc sunartăseic me ϕ(0) = ψ(0) = 0, f(e^{2πit}) = f(1)e^{2πiϕ(t)} kai g(e^{2πit}) = g(1)e^{2πiψ(t)} gia kĹje t ∈ [0, 1], tìte ϕ(1) = ψ(1). H apeikìnish H : [0, 1] × S^1 → S^1 me H(s, e^{2πit}) = e^{2πi[(1−s)ϕ(t)+sψ(t)]} orÐzetai kalĹ, giatÐ gia t = 0 èqoume (1 − s)ϕ(0) + sψ(0) = 0 kai gia t = 1 èqoume (1 − s)ϕ(1) + sψ(1) ∈ Z. H H eÐnai profanÿc suneqăc kai f(1)H(0, e^{2πit}) = f(e^{2πit}), enÿ g(1)H(1, e^{2πit}) = g(e^{2πit}). Dhladă, H : 1 f(1) f ≃ 1 g(1) g kai katĹ sunèpeia f ≃ g, apì to parĹdeigma 1.2(d).

AntÐstrofa, èstw oti upĹrqei mia omotopÐa H : f ≃ g. JewroÔme thn suneqă sunĹrthsh h : [0, 1] × [0, 1] → S^1 me h(s, t) = H(s, e^{2πit}) H(s, 1) . Epeidă to [0, 1] × [0, 1] eÐnai sumpagèc kai kurtì uposÔnolo tou R^2 , h h eÐnai omotopikă me stajeră kai apì to jeÿrhma tou Eilenberg upĹrqei mia suneqăc sunĹrthsh ψ : [0, 1] × [0, 1] → R ÿste H(s, e^{2πit}) = H(s, 1)e^{2πiψ(s,t)} gia kĹje (s, t) ∈ [0, 1] × [0, 1]. EidikĹ gia t = 0 èqoume ψ(s, 0) ∈ Z. Jètontac ϕ(s, t) = ψ(s, t) − ψ(s, 0) paÐrnoume mia suneqă sunĹrthsh ϕ : [0, 1] × [0, 1] → R me ϕ(s, 0) = 0, ÿste H(s, e^{2πit}) = H(s, 1)e^{2πiϕ(s,t)} gia kĹje (s, t) ∈ [0, 1] × [0, 1]. EidikĹ gia t = 1 èqoume ϕ(s, 1) ∈ Z gia kĹje s ∈ [0, 1]. Epeidă to [0, 1] eÐnai sunektikì, prokÔptei oti ìloi oi akèraioi ϕ(s, 1) ∈ Z, s ∈ [0, 1], eÐnai

Ðsoi metaxÔ touc. Ara deg f = ϕ(0, 1) = ϕ(1, 1) = deg g. □.

Apì to jeÿrhma 3.6 kai to parĹdeigma 3.5 prokÔptei amèswc oti h apeikìnish deg : H^1(S^1) → Z eÐnai kalĹ orismènh, eÐnai èna proc èna kai epÐ. Epiplèon h deg eÐnai omomorfismìc omĹdwn. PrĹgmati, an α, β ∈ H^1(S^1) kai deg(α) = n, deg(β) = m, tìte apì to jeÿrhma 3.6 kai to parĹdeigma 3.5 èqoume α = [f_n] kai β = [f_m]. Sunepÿc,

deg(α + β) = deg(f_n · f_m) = deg(f_{n+m}) = n + m = deg(α) + deg(β).

Etsi apodeÐxame to epìmeno.

3.7. Jeÿrhma. H apeikìnish deg : H^1(S^1) → Z eÐnai isomorfismìc. □

3.8. Pìrisma. O S^1 den eÐnai sustaltìc qÿroc. □

Sthn sunèqeia ja doÔme merikèc efarmogèc twn prohgoumènwn. Estw D^2 = {z ∈ C : |z| ≤ 1}, opìte S^1 = ∂D^2.

3.9. Prìtash. Den upĹrqei kamÐa suneqăc sunĹrthsh r : D^2 → S^1 tètoia ÿste r(z) = z gia kĹje z ∈ S^1.

Apìdeixh. An upĹrqei mia tètoia sunĹrthsh, tìte orÐzetai h H : [0, 1] × S^1 → S^1 me H(t, z) = r(tz), pou eÐnai suneqăc kai H(0, z) = r(0), H(1, z) = z gia kĹje z ∈ S^1. Dhladă, H : r(0) ≃ id_S1 . Apì to jeÿrhma 3.6 èqoume loipìn 0 = deg(r(0)) = deg(id_S1 ) = 1, antÐfash. □

3.10. Jeÿrhma. (L. E. J. Brouwer) KĹje suneqăc apeikìnish f : D^2 → D^2 èqei toulĹqiston èna stajerì shmeÐo.

Apìdeixh. Estw oti f(x) ≠ x gia kĹje x ∈ D^2. Tìte ta shmeÐa f(x), x orÐzoun mia hmieujeÐa me arqă to f(x). Estw r(x) to shmeÐo tomăc thc hmieujeÐac autăc me ton monadiaÐo kÔklo S^1, metĹ to f(x). H apeikìnish r : D^2 → S^1, pou kataskeuĹzetai me autìn ton trìpo eÐnai suneqăc, afoÔ h f eÐnai suneqăc, kai r(x) = x gia kĹje x ∈ S^1. MĹlista to r(x) dÐnetai apì ton tÔpo

r(x) = x + [ √ 1 − |x|^2 + ⟨x, x − f(x) |x − f(x)| ⟩^2 − ⟨x, x − f(x) |x − f(x)| ⟩ ] · x − f(x) |x − f(x)| . Autì ìmwc antifĹskei me thn prìtash 3.9. □

Mia deÔterh efarmogă eÐnai to Jemeliÿdec Jeÿrhma thc Algebrac, pou ja apodeÐxoume tÿra.

3.11. Jeÿrhma. KĹje migadikì poluÿnumo f(z) = z^n + a_{n−1}z^{n−1} + ... + a_1z + a_0 me n > 0 èqei toulĹqiston mÐa rÐza sto C .

Apìdeixh. Estw oti f(z) ≠ 0 gia kĹje z ∈ C . Tìte orÐzetai h suneqăc sunĹrthsh F : [0, +∞) × S^1 → S^1 me F (s, z) = f(sz) |f(sz)| . Etsi gia kĹje s ≥ 0 èqoume F_s ≃ F_0. Gia ρ = 1+|a_{n−1}|+...+|a_0| kai kĹje z ∈ S^1 èqoume |f(ρz) − ρ^nz^n| ≤ ρ^{n−1}|a_{n−1}| + ... + ρ|a_1| + |a_0| ≤ ρ^{n−1}(|a_{n−1}| + ... + |a_1| + |a_0|) < |ρ^nz^n|. Dhladă, to f(ρz) brÐsketai mèsa ston anoiqtì dÐsko me kèntro to ρ^nz^n kai aktÐna |ρ^nz^n|. OrÐzetai loipìn h suneqăc sunĹrthsh H : [0, 1] × S^1 → S^1 me H(t, z) = (1 − t)f(ρz) + tρ^nz^n |(1 − t)f(ρz) + tρ^nz^n| . Profanÿc H : F_ρ ≃ f_n, opìte apì to jeÿrhma 3.6 èqoume

n = deg f_n = deg F_ρ = deg F_0 = 0,

afoÔ h F_0 eÐnai stajeră, antÐfash. □

4. Duðsmìc Alexander sto R^2 kai to jeÿrhma tou Jordan

Estw X ⊂ C , to opoÐo C tautÐzetai topologikĹ me to R^2 . Estw δ : (C \ X) × X → S^1 h suneqăc sunĹrthsh me δ(z, x) = x − z |x − z| . Gia kĹje z ∈ C \X, h sunĹrthsh δ_z = δ(z, .) : X → S^1 eÐnai suneqăc. An γ : [0, 1] → C \X eÐnai èna tìxo, tìte h H_γ : [0, 1] × X → S^1 me H_γ (t, x) = δ(γ(t), x) eÐnai suneqăc, dhladă omotopÐa.

Estw epiplèon oti to X eÐnai sumpagèc, opìte to C \ X eÐnai anoiqtì kai sunepÿc oi sunektikèc tou sunistÿsec tautÐzontai me tic katĹ tìxa sunektikèc tou sunistÿsec. An ta z_0, z_1 ∈ C \ X anăkoun sthn Ðdia katĹ tìxa sunektikă sunistÿsa tou C \ X, tìte upĹrqei tìxo γ : [0, 1] → C \ X me γ(0) = z_0 kai γ(1) = z_1. Profanÿc, H_γ : δ_{z0} ≃ δ_{z1} . An loipìn Σ eÐnai to sÔnolo twn katĹ tìxa sunektikÿn sunistwsÿn tou C \ X, tìte orÐzetai kalĹ h sunĹrthsh Δ : Σ → H^1(X) me Δ[z] = [δ_z], ìpou [z] eÐnai h katĹ tìxa sunektikă sunistÿsa tou C \ X pou perièqei to shmeÐo z.

4.1. Lămma. An to z ∈ C \ X brÐsketai sthn mh-fragmènh sunektikă sunistÿsa tou C \ X, tìte h δ_z eÐnai omotopikă me stajeră, dhladă [δ_z] = 0.

Apìdeixh. AfoÔ to X eÐnai sumpagèc, upĹrqei R > 0 ÿste X ⊂ S(0, R). Estw z_0 ∈ C \ S(0, R). An upĹrqei x ∈ X ÿste δ_{z0} (x) = z_0 |z_0| , tìte x|z_0| = z_0(|x − z_0| + |z_0|), opìte |x| = |x − z_0| + |z_0| > |z_0|, pou eÐnai antÐfash, afoÔ |x| < R < |z_0|. KatĹ sunèpeia, δ_{z0} (x) ≠ z_0 |z_0| , gia kĹje x ∈ X. Etsi h δ_{z0} den eÐnai epÐ kai Ĺra eÐnai omotopikă me stajeră, apì to parĹdeigma 1.2(g). □

Estw tÿra H_0(C \ X) h eleÔjerh abeliană omĹda pou parĹgetai apì to Σ. Tìte h Δ epekteÐnetai grammikĹ s’ ènan monadikì omomorfismì omĹdwn, pou sumbolÐzoume pĹli me Δ : H_0(C \ X) → H^1(X). Estw A h mh-fragmènh sunektikă sunistÿsa tou C \ X kai < A > h (Ĺpeirh) kuklikă upoomĹda thc H_0(C \ X) pou aută parĹgei. SÔmfwna me to lămma 4.1 èqoume < A >≤ KerΔ kai sunepÿc orÐzetai kalĹ o omomorfismìc omĹdwn D_X : H̃_0(C \ X) → H^1(X) me

D_X (σ+ < A >) = Δ(σ),

ìpou H̃_0(C \ X) = H_0(C \ X)/ < A >.

4.2. Jeÿrhma. (J. W. Alexander) Gia kĹje sumpagèc sÔnolo X ⊂ C o D_X : H̃_0(C \ X) → H^1(X) eÐnai isomorfismìc abelianÿn omĹdwn.

Prin proqwrăsoume sthn apìdeixh tou jewrămatoc tou Alexander shmeiÿnoume oti o omomorfismìc D_X eÐnai fusikìc, dhladă anexĹrthtoc tou X, ìpwc deÐqnei o orismìc tou. Autì diatupÿnetai apì to parakĹtw lămma, pou eÐnai Ĺmeso apì touc orismoÔc.

4.3. Lămma. An Y ⊂ X eÐnai dÔo sumpagă uposÔnola tou C kai i : Y → X, j : C \ X → C \ Y eÐnai oi enjèseic, tìte to parakĹtw diĹgramma eÐnai metajetikì. □

H̃_0(C \ X)^{j∗}−→ H̃_0(C \ Y ) DX DY H^1(X)^{i∗}−→ H^1(Y )

H apìdeixh tou jewrămatoc tou Alexander basÐzetai sthn parakĹtw prìtash.

4.4. Prìtash. Estw A ⊂ R^2 èna sumpagèc sÔnolo. Tìte kĹje suneqăc sunĹrthsh f : A → S^1 èqei mia suneqă epèktash f̃ : R^2 \ E → S^1, ìpou to E ⊂ R^2 \ A eÐnai kĹpoio peperasmèno sÔnolo.

Apìdeixh. Estw R > 0 me A ⊂ S(0, R) kai g_1 : A ∪ (R^2 \ S(0, 2R)) → R^2 h suneqăc sunĹrthsh me

g_1(x) = { f(x), ìtan x ∈ A x, ìtan x ∈ R^2 \ S(0, 2R).

Apì to jeÿrhma epèktashc tou Tietze, h g_1 epekteÐnetai se mia suneqă sunĹrthsh g_2 : R^2 → R^2 . Etsi èqoume g_2|A = f kai g_2(x) = x gia kĹje x ∈ R^2 \ S(0, 2R). Tì sÔnolo B = g^{−1}_2 (0) ⊂ S(0, 2R) eÐnai sumpagèc kai profanÿc A ∩ B = ∅. Jètoume ϵ = 1 2 inf{‖x − y‖ : x ∈ A, y ∈ B} > 0 kai estw c > 0 ÿste A ∪ B ⊂ [−c, c] × [−c, c]. JewroÔme mia diamèrish tou tetragÿnou Q = [−c, c] × [−c, c] se Ðsa tetrĹgwna me pleurĹ mikrìterh apì ϵ. Tìte kĹpoio apì ta terĹgwna thc diamèrishc den tèmnei to A kai to B tautìqrona. JewroÔme to sÔnolo

Y = (R^2 \ intQ) ∪ {korufèc, pleurèc, tetrĹgwna thc diamèrishc, pou den tèmnoun to B }.

Profanÿc A ⊂ Y . Ja kataskeuĹsoume mia suneqă sunĹrthsh F : R^2 \ E → R^2 \ {0}, gia kĹpoio katĹllhlo peperasmèno sÔnolo E ⊂ R^2 \ A kai ja jèsoume f̃ = F/‖F ‖. OrÐzoume kat’ arqăn thn F sto Y na eÐnai h g_2, dhladă F (x) = g_2(x) gia kĹje x ∈ Y . An to x eÐnai mia korufă thc diamèrishc ektìc tou Y , tìte orÐzoume to F (x) ∈ R^2 \ {0} me opoiondăpote trìpo. Oi korufèc ektìc tou Y apoteloÔn peperasmèno sÔnolo kai autì eÐnai dunatìn, ÿste na exasfalÐzetai h sunèqeia. Estw K mia pleurĹ thc diamèrishc ektìc tou Y . Tìte h F èqei oristeÐ sta Ĺkra tou eujÔgrammou tmămatoc K. Epeidă to R^2 \ {0} eÐnai katĹ tìxa sunektikì, h F epekteÐnetai sto K. Estw tÿra P èna tetrĹgwno thc diamèrishc ektìc tou Y . Tìte h F èqei ădh oristeÐ sto ∂P , ìpou eÐnai kai suneqăc. ArkeÐ na epekteÐnoume suneqÿc thn F sto P ÿste na paÐrnei thn timă 0 to polÔ se èna shmeÐo. Estw m_P to kèntro tou tetragÿnou P . Tìte gia kĹje x ∈ P upĹrqoun 0 < t ≤ 1 kai z ∈ ∂P ÿste x = m_P + t(z − m_P ). OrÐzoume tÿra F (m_P ) = 0 kai F (x) = tF (z). H F eÐnai kalĹ orismènh, suneqăc epèktash, afoÔ ta t kai z eÐnai monadikĹ gia thn parapĹnw parĹstash tou x ≠ m_P . Profanÿc (F |P )^{−1}(0) = {m_P }. M’ autìn ton trìpo èqei oristeÐ mia suneqăc sunĹrthsh F : R^2 \ E → R^2 \ {0}, me F |A = f, ìpou to E eÐnai to peperasmèno sÔnolo twn kèntrwn twn tetragÿnwn thc diamèrishc tou Q pou den perièqontai sto Y . □.

Apìdeixh tou jewrămatoc tou Alexander. Ja deÐxoume prÿta oti o D_X eÐnai monomorfismìc. Estw ∑_k j=1 n_j [z_j]+ < A >∈ KerD_X , ìpou z_j ∈ C \ X, n_j ∈ Z, 1 ≤ j ≤ k. Autì shmaÐnei oti h sunĹrthsh f : X → S^1 me f(x) = k∏ j=1 (x − z_j)^{nj} |x − z_j|^{nj} eÐnai omotopikă me stajeră. Estw U_j h katĹ tìxa sunektikă sunistÿsa tou C \ X pou perièqei to z_j . H f èqei mia suneqă epèktash f_j : X ∪ (U_j \ {z_j}) → S^1 me ton Ðdio tÔpo. Epeidă h f eÐnai omotopikă me stajeră, epekteÐnetai suneqÿc sto C . Pragmati, apì to jeÿrhma tou Eilenberg upĹrqei mia suneqăc sunĹrthsh ϕ : X → R me f = e^{2πiϕ}. Apì to jeÿrhma epèktashc tou Tietze, h ϕ epekteÐnetai se mia suneqă sunĹrthsh ϕ̃ : C → R . H e^{2πiϕ̃} : C → S^1 epekteÐnei tÿra suneqÿc thn f. UpĹrqei loipìn mia suneqăc epèktash g_j : C \ U_j → S^1 thc f. AfoÔ f|X = g_j |X, orÐzetai h suneqăc sunĹrthsh F_j : C \ {z_j } → S^1 me F_j |X ∪ (U_j \ {z_j}) = f_j kai F |C \ U_j = g_j . Epeidă to U_j eÐnai fragmèno, upĹrqei ϵ > 0 ÿste ∂S(z_j, ϵ) ⊂ C \ U_j , opìte h F_j |∂S(z_j, ϵ) = g_j |∂S(z_j, ϵ) eÐnai omotopikă me stajeră, afou h g_j eÐnai. Apì thn Ĺllh meriĹ, upĹrqei ϵ^′ > 0 ÿste S(z_j , ϵ^′) ⊂ U_j , opìte F_j |∂S(z_j, ϵ^′) = f_j |∂S(z_j, ϵ^′). H f_j : ∂S(z_j, ϵ^′) → S^1 èqei bajmì n_j , giatÐ gia i ≠ j oi parĹgontec tou ginomènou ston tÔpo thc f_j eÐnai omotopikoÐ me stajerèc kai sunepÿc den suneisfèroun ston bajmì, epeidă epekteÐnontai suneqÿc ston dÐsko S(z_j, ϵ^′). AfoÔ tÿra f_j |∂S(z_j, ϵ^′) = F_j |∂S(z_j, ϵ^′) ≃ F_j |∂S(z_j, ϵ) = g_j |∂S(z_j, ϵ), pou eÐnai omotopikă me stajeră, prèpei n_j = 0. Autì deÐqnei oti KerD_X = 0.

Gia na deÐxoume oti o D_X eÐnai epimorfismìc, ja qrhsimopoiăsoume thn fusikìthta. Estw [f] ∈ H^1(X). Apì thn prìtash 4.4, upĹrqei èna peperasmèno sÔnolo E ⊂ C \ X kai mia suneqăc epèktash f̃ : R^2 \ E → S^1 thc f. Estw oti E = {a_1, ..., a_n}. Estw R_1,...,R_n > 0 ÿste S(a_j , R_j ) ⊂ C \ X kai R > 0 ÿste X ∪ n⋃ j=1 S(a_j , R_j ) ⊂ S(0, R). Etsi h f èqei mia suneqă epèktash F : S(0, R) \ n⋃ j=1 S(a_j , R_j ) → S^1.

An M = S(0, R) \ ⋃_n j=1 S(a_j , R_j), arkeÐ na deÐxoume oti h D_M eÐnai epimorfismìc, apì to lămma 4.3, giatÐ i^∗[F ] = [f], dhladă [f] ∈ Imi^∗, ìpou i : X → M eÐnai h ènjesh. Estw loipìn g : M → S^1 mia suneqăc sunĹrthsh. JewroÔme thn suneqă sunĹrthsh G : M → S^1 me G(x) = k∏ j=1 (x − a_j )^{dj} |x − a_j |^{dj} ìpou d_j eÐnai o bajmìc thc g|∂S(a_j, R_j ). ArkeÐ na deÐxoume oti g ≃ G. Profanÿc o bajmìc thc G|∂S(a_j, R_j ) eÐnai d_j kai sunepÿc h g G |∂S(a_j, R_j ) epekteÐnetai suneqÿc ston dÐsko S(a_j, R_j ), afoÔ èqei bajmì d_j − d_j = 0. Epeidă autì sumbaÐnei gia kĹje 1 ≤ j ≤ n, sumperaÐnoume oti h g/G epekeÐnetai suneqÿc ston S(0, R). Ara h g/G eÐnai omotopikă me stajeră, dhladă g ≃ G. □

4.5. Pìrisma. An to X ⊂ C eÐnai èna aplì tìxo, dhladă omoiomorfikì me to [0, 1], tìte to C \ X eÐnai sunektikì.

Apìdeixh. Opwc xèroume H^1([0, 1]) = {0} kai apì to jeÿrhma tou Alexander H̃_0(C \ X) ∼= H1(X) ∼= H1([0, 1]) = {0}. Ara H_0(C \ X) ∼= Z, dhladă to C \ X eÐnai (katĹ tìxa) sunektikì. □

4.6. Jeÿrhma. (C. Jordan) An to X ⊂ C eÐnai mia aplă kleistă kampÔlh, dhladă omoiomorfikì me S^1, tìte to C \ X èqei akribÿc dÔo sunektikèc sunistÿsec, twn opoÐwn mĹlista eÐnai to koinì sÔnoro.

Apìdeixh. Opwc xèroume H^1(S^1) ∼= Z, kai apì to jeÿrhma tou Alexander H̃_0(C \ X) ∼= H^1(X) ∼= H^1(S^1) = Z. Ara H_0(C \ X) ∼= Z ⊕ Z. Autì shmaÐnei oti to C \ X apoteleÐtai apì dÔo (katĹ tìxa) sunektikèc sunistÿsec U_1, U_2. Profanÿc ∂U_1 ⊂ X. An ∂U_1 ≠ X, tìte to ∂U_1 perièqetai se èna aplì tìxo I ⊂ X. To U_1 eÐnai mh-kenì, anoiqtì, allĹ kai kleistì sto C \ I, giatÐ

cl_{C \I} (U_1) = U_1 ∩ (C \ I) = U_1 ∪ (∂U_1 ∩ (C \ I)) = U_1.

Sunepÿc to C \ I den eÐnai sunektikì. Autì ìmwc antifĹskei me to pìrisma 4.5. Prèpei loipìn ∂U_1 = X, kai ìmoia ∂U_2 = X. □.

Askăseic 1. Estw n ≥ 1 kai X = {(x, y) ∈ S^n × S^n : x ≠ −y}. Na apodeiqjeÐ oti h f : S^n → X me f(x) = (x, x) eÐnai omotopikă isodunamÐa.

2. Estw P (z) èna poluÿnumo me migadikoÔc suntelestèc, ÿste P (z) ≠ 0 gia kĹje z ∈ S^1. Na apodeiqjeÐ oti an f : S^1 → S^1 eÐnai h suneqăc sunĹrthsh me f(z) = P (z)/|P (z)|, tìte deg f = #{z ∈ C : P (z) = 0 kai |z| < 1}.

3. Na apodeiqjeÐ oti kĹje suneqăc apeikìnish f : S^1 → S^1 me deg f ≠ 1 èqei stajerì shmeÐo.

4. Estw f, g : S^1 → S^1 dÔo suneqeÐc apeikonÐseic. Na apodeiqjeÐ oti deg(g ∘ f) = (deg f) · (deg g).

5. Estw X ènac sunektikìc, sumpagăc metrikìc qÿroc kai a ∈ H^1(X). An upĹrqei n ∈ Z me n ≠ 0 kai n · a = 0, na apodeiqjeÐ oti a = 0. 6. Estw f : D^2 → R^2 mia èna proc èna, suneqăc apeikìnish.

(a) Na apodeiqjeÐ oti to R^2 \ f(D^2) eÐnai sunektikì.

(b) Na apodeiqjeÐ oti to f(intD^2) eÐnai h fragmènh sunektikă sunistÿsa tou R^2 \f(S^1). 7. Estw U ⊂ R^2 èna anoiqtì sÔnolo kai f : U → R^2 mia èna proc èna, suneqăc apeikìnish. Na apodeiqjeÐ oti to f(U) eÐnai anoiqtì uposÔnolo tou R^2 kai h f eÐnai topologikă emfÔteush.

BibliografÐa gia parapèra melèth 1. G. Bredon, Topology and Geometry, Springer-Verlag, 1993. 2. J. Dugundji, Topology, Allyn Bacon, 1966. 3. S. T. Hu, Homotopy theory, Academic Press, 1959.

4. W. S. Massey, Algebraic Topology: An introduction, Hartcourt, Brace and World, 1967.

5. J. W. Milnor, Topology from a differentiable viewpoint, University Press of Virginia, 1965.

6. J. Munkres, Topology, Addison Wesley, 1966. 7. E. Spanier, Algebraic Topology, McGraw Hill, 1966.

8. C. T. C. Wall, A geometric introduction to Topology, Addison Wesley, 1972.