100 Epyaoctnplo
[a TNV aplOuNTLKY €TIAVON €VOC TIPORANUATOC apXIkwy TLuwv (M.A.T.)

y'(t) = f(tu(?), telabd], y(0)=yo

BEWPNOAE TIEMAEYUEVES LOVOPNUATIKES HeEBOSoLS OTtwe Tov Euler kat tou tpatmeliov, aAAd Kat 2-Bnuatikeg ontwg n Adams Moulton (2) kat n BDF2. ‘Eotw €vag opolopnopdog
b—a
N

Slapeplopdg tou [a, b], ota onueia t, = a+nh,n=0,..., N, ue Brua h = , UTIOAOVIJOUE TIG TIUES Yy, TIOU aTOTENOLY TipooEeyyioelg 0T Tég y(t,), n =0,..., N

MemAeypevn Euler
Yn+1 :yn+hf(tn+1’yn+1)7 n=0,...,N—1

M£6060¢ tou Tpamediov

h
Ynt+1l = Yn + E(f(tn+17yn+1) + f(tnayn))a n=0,...,N—1

M£Bobog Adams Multon(2) lNa doopeva yo, Y1,

5 2 1
Yn+2 = Yn+1 + h(ﬁf(tn+27yn+2) + gf(tn+1ayn+1) T 19 (tmyn))a n=0,...,N—2

Mé£Bo6og BDF(2) lNa doopeva yg, Y1,

4 1 2
Yn+2 — gyn—l—l + gyn — ghf(tn+2ayn+2)> n = Oa <o ?N — 2.

Mn ypapukn f we Tipog y

Av 1 ouvaptnon f eival pun ypappikn wg mtpog y, x. f(t, y) — 2(y)?, T6TE yLa va EGAPUOCOUHE LA TIETTASYHEVT LEBOSO, TIPETEL VA AUGOUHE LA U YPAUUIKNG E5l0woNg

R
XPNOLUOTIOLWVTAG TL.X. TN HEB0SOC Tou oTaBePOoL onueiov (To eidape og TTPONYOUUEVO EPYACTNPLO).

MeBodol MpoPAeYNnS - AtopBwong

‘Evag aAAog TpoTog sival Bewpriooupe Ua AAAN dueon HeEBodo yia va T XPNOLUOTIOCoUE WS HEB0SOo TPORAEYNS NG Aong, pia TieAeyuevn nebodo. M. to {evydpt Aueon Euler -
MemAeyuevn Euler, og autr) tn mepinmtwon n neBodog maipvel TN popdn:

Apeon Euler - MemAeyuevn Euler

(Hpéﬂ)\é?%m?) gm—l = Yn T+ hf(tna yn)
(AtbpOwan) Ynt1 = Yn T hf(tnyi1, §n+1)

‘Eva dAAo Ceuydpl Ttou pTtopoupe va Bewprjooupe sival to Apeon Euler - MeBodocg Tparmeliou

Apueon Euler - M€6obog Tparediou
(HPO'BA«‘:W?) gn+1 = Yn + hf(tnv yn)

, h -
(Acépbwon) Ypt1 = Yn T D) (f(tna Yn) + f(tnr, yn—|—1))
‘Eva dAAo euydpl Ttou pTtopoupe va Bewpriocoupe eival to Aueon Euler - MeBodog BDF(2)

Apeon Euler - MeB6odog BDF(2)

(HPO,B)\g'an) ﬂn+2 = Yn+1 T+ hf(tn—f-la yn+1)

4 1

2 -
(Aiopbwon) Ynt2 = gYn+1 = 3Yn + ghf(tn+27yn+2)

Napatnpnon: Mpenel va pooe§oupe edw O0TL n Aueon Euler gival povonuatikn kat n BDF2 eivat SiBnuatikny. Apou BeAoupe va TIPOBAEYOUE LA TIPOCEYYLOT TNG Yp12 YIA VA TN
XPNONLUOTIOMooUE 0TO TUTIO TNG BDF2, T0TE 0TV edappoyr) tng Aueong Euler, ipemel va kavoupe to Bripa amo 1o t,,11 010 ty12.

Ot ueBodot tou cuvdudaloupe dev eival avaykaoTika Tng dlag ta&ng akpifelag.

Acoknon 1: Eotw y(t) = (2 + 1)2, 070 [0, 2] n omoia sivat Ayon oTo

y'(t) = 4t(y(t))Y?, te[0,2], y(0)=1.

Oewpeiote TN HEBOSO ToL Tparmeliou Kal TN HeEB0SO TIPORAEYNS S1opBwong Aueon Euler - Tpamediov. Oswpnote eva SLAPEPLOUO TOU [O, 2] oe N + 1 onpeia, kat yia va UAOTIONOETE
auTeg TIg SVo LEBOSOUG XPNOLUOTIOMOTE TNV APXIKY TN Yo = 1.

Bpeite 10 0paApa maxo<,<n |Yn — yY(t,)
MNapatmpnon: H ta&n 2 dtatnpsitat, 1ot n Euler £€xet Ta&n katd sva Alyotepo.

,yia N = 20, 40, 80, 160 kabwg kat TNV TPOCEYYLOTIKY) TAEN OUYKALONG P.

import numpy as np
import matplotlib.pyplot as plt

def f(t,y):
s=4*t*y**(l/2)
return s

def y exact(t):
s=(t**2+1)**2
return s

N=[20,40,80,160,320]

### [poBAsyn A16pOBwon

err=np.zeros(len(N))

for j in range(len(N)):
t=np.linspace(0,2,N[j]+1)
h=t[1]-t[0]

y=np.zeros(N[]j]+1)

y[0]=1

for i in range(N[]j]):

## [lpoBAeyn Aueon Euler
y_pred=y[i]+h*f(t[i],y[1])

#A10p6won Tparel 10V

err[j]=max(y exact(t)-y)
print(err[j])

print('Pred-Corr')
for i in range(len(N)-1):

print(np.log(err[i+l]/err[i])/np.log(N[i]/N[i+1]))

MNapatmpnon: MmopoUlpe va cuvSUACOUE [La PovoBnuatikn uEBodo mpoPAeng (Euler) pe pia SIBnuatikn pebodo S1opbwong. Mpocoxr To Pripa Stopbwong Ba mpemet va eivat £, kat
tn+1 070 12, EVW TO Bripa TPORAEYNG t, 41 OTO £y 0.

Aoknon 2: EmavaAdfete Tnv apamavw Acknon yla g pebodoug MpoPAePng - Atopbwong, Aueon Euler - MeBodocg AM(2) kat Aueon Euler - MeBodog BDF(2). Na va vAotooste
auTeg TG SV0 LEBOSOUG XPNOLUOTIOMOTE TIG APXIKES TIES Yo = 1 kat y1 va Sivetal and tnv apeon peBodo tou Euler.

Bpeite 10 0daApa maxo<,<n |Yn — y(t,)

,yia N = 20, 40, 80, 160 kabwg kat TNV TPOCEYYLOTIKY) TAEN OUYKALONG P.

import numpy as np
import matplotlib.pyplot as plt
def f(t,y):

s=4*t*xy*x(1/2)

return s

def y exact(t):
s=(t**2+1)**2
return s

### [poBAsyn A16pOBwon

print ( 'lpoBAeyn Euler - Alopbwon AM2')

err=np.zeros(len(N))

for j in range(len(N)):
t=np.linspace(0,4,N[]j]+1)
h=t[1]-t[0]

y=np.zeros(N[]j]+1)

y[0]=1

y[11=y[0]+h*f(t[0],y[0]) # [lpwto BAua aueon Euler
for i in range(N[]j]-1):

## [poBAeyn Aueon Euler

#A10p6won AM2

### [poBAsyn A16pOBwon
print ( 'lpoBAeyn Euler - Alopbwon BDF2')
err=np.zeros(len(N))

Aoknon 3: a 1o apandvw TTEORANUA APXIKWY TILWV XPNOLUOTIONOTE TNV dueon pebodo

Yni2 + 4yn+1 - 5yn — h(4f(tn+17 yn-i-l) + 2f(tn7 yn))

6TIoU BEWPNOTE TIG APXIKES TES Yo = 1 katy; = (h? + 1)2. Bpeite 10 odaApa maxg<,<n |Yn — Y(t,)|, via N = 20, 40, 80, 160. Ztn cuvéxela emavadBete yia tn uéBodo

MpoBAePng - AlopOwong

(HPOBAﬂW) gn+2 — _4yn+l + 5yn =+ h(4f(tn+1) yn+1) + 2f(tn7 yn))

4 1

2 ~
(AtopBwon) Yni2 = gUnt1 = FYn T ghf(tn—i—?a Uni2)

Bpeite 10 0pAAMA MAXg<p< N ‘yn — y(tn) ], via N = 20,40, 80, 160 kabwg kat TnVv TPoceyyloTIKY TAEN cUYKALONG P. A va TNV UAOTIOOETE XPNOLLOTIOMOTE TIG APXIKES TIMES Yo = 1
Kal Y1 va divetal amo tnv apeon pebodo tou Euler.
MNapatipnon: MmopouvuEe va cuVSUACOULE [La (N Vo TAOY) HEB0SO TPOPBAEYNS HLE HLa evoTadr) ueBodo Slopbwong.

#### [lpoogyyion UE un gvotabn uEBobo
print ( 'Mlpocéyyion pn €votodng ')

### lpoBAeyn A16p6won
print( 'MpoBAgyn un €votabnc - Aropbwon AM2')

## [poBAewn un esvotabng ueboboc

#N10pOwon AM2

Aoknon 4: EmavaAdBete 1O yla To TIPONYOUUEVO TIPORANMA APXIKWVY TLUWVY TN HEBodo TtpolAsdng - StopBwong

(ILpoBAeym (uébodos Euler)) ¢, = Yns1 + Af(tnt1, Yns1)

, , . h .
(Arépbwon (uédodos Simpson)) Ypio = Yn + g(f(tn”, Upao) T 4f(tni1,Yni1) + f(tnUn))

Y TN ouvexela emavaidpete yla n neEbodo MpoPAsyng - Alopbwong

(HPO’ﬂ)\é‘W) ?jn—|—2 — _4yn+1 + 5yn + h(4f(tn+17 yn+1) + Zf(tm yn))

ﬁ(f(tn%—% gn+2) + 4f(tn+1) yn—I—l) + f(tna yn))

(AépBwon (uéhodos Simpson) ) Yoi2 = Yn T 3

Bpeite 10 0daApa maxo<,<n |Yn — Y(tn)|, via N = 20,40, 80, 160 kabwg kat TV TPOCEYYLOTIKY] TAEN CUYKALOTG P. A va TNV UAOTIOWOETE XPNOLOTIOWOTE TIG APXIKEG TIHES Yo = 1
kary; = (h? 4+ 1)?

MNapatpnon: H dtadopd TnG TA&Ng akpiBelag tTwv 2 neBddwv TIoU XPNOLLOTIOLOVUE SEV TIPETEL va sival peyaAlTepn arto eva (1). H dpeon Euler €xel Td&n akpifelag 1 kat n Simpson 4.
ETtiiong MTTOPOUE VA XPNOLUOTIONCOUKE LA N €uoTadn neBodo yia ipoRAsyn pne vPnAn Ta&n akpifelag Kat va TtTapoupe oUYKALON TNS KEBOSoL TtpoPAedNS - S10POBwoNS e LPNAN TAEN

akpBeiag (oto apadeypa tagn 4))

2uoTnuata Aladpoplkwv eELCWOEWV

OewpolUE TWPA TO aKOAoUBo cUCTNUA SLAPOPLKWY EELCWOEWY

(1) = —oa(t)(1— wsu(t), ¥'(E) = 7ou(t) (osr(t) — 2), ¢ € [0,150],2(0) = 500, y(0) = 100

AUTO elval eva cVoTNUA TIou TIEPLYPAdEL TN €EEALEN TOU TTAVBLO OV AaywV Kat AAETIOVS WV, OTIOU ac(t) eivat o TALBUOUOC TWV Aaywv Kal y(t) TwV aAeTIOLOWV.

Aoknon 5: OswpeioTe o Tapanavw ovotnua A.E. kat pa Stapgpton tou [0, 150], ue N = 2500 kat epappodote MpdBAePng - Awvpdwong, Apeon Euler - MéBodog AM(2) kat Apeon
Euler - MeBodog BDF(2). Na va vAotooete auteg TG 500 HeBOSOUG XPNOLOTIOOTE TIG APXIKES TIUES Lo, Yo KAL VLA L1, Y1 AUTEG TtOU Sivovtal amo tnv aueon uebodo tou Euler yia
ouoTrHATA yLa va Bpeite Tig Tpooeyyioes (2, Y, ) Twv (2(t,), y(t,)), n =0,..., N.

Anuovpyeiote N ypadlkn TIAPACTACT TWV AVCEWV WG TIPOG TO XPovo t.

Anuovpyelote TN YPAPLIKN TTAPACTAOT TWV 2 TIPOCEYVIOEWVY (xn, yn) oto Tedio xy.

Motdg eivat o TTALBUOUOG TwWV AaywVv Kal TwV aAeToudwv yia xpovo t = 150;

Av HETABANETE (AUENOETE 1) LELWOETE) TOV APOUO Twv onueiwv NV, o TANBuouog oto xpovo t = 150 petaBaAete TOAY;

o~ b~

Mol peBodo o TEVETE OTL Sivel KOAUTEPA ATIOTEAECUATA;



