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Parathr seic

1. Diab�ste prosektik� ta jèmata prin arqÐsete na apant�te. Oi apant seic prèpei na
eÐnai safeÐc, sÔntomec kai aitiologhmènec.

2. Gr�yte se diaforetik  selÐda thn ap�nthsh k�je jèmatoc. Sunist�tai na gr�fete tic
apant seic mìno sth dexi� selÐda, kai na qrhsimopoieÐte thn arister  gia prìqeirouc
upologismoÔc (  to antÐjeto an eÐste aristerìqeirec).

3. Prèpei na parad¸sete ìlec tic kìllec pou qrhsimopoi sate, kai ta jèmata.

4. H exètash diarkeÐ 3 ¸rec. APAGOREUETAI H EXODOS APO THN AIJOUSA,
par� mìno met� apì �deia tou did�skontoc (ìqi tou epithrht ). Thn pr¸th ¸ra thc
exètashc apagoreÔetai h èxodoc   h apoq¸rhsh apì thn exètash.

5. Oi bajmoÐ dÐdontai se parènjesh. O mègistoc bajmìc eÐnai 70.

MporeÐte na qrhsimopoi sete touc tÔpouc

κ =
‖α′ × α′′‖
‖α′‖3

, τ =
α′ × α′′ · α′′′
‖α′ × α′′‖2

` = U · ϕuu, m = U · ϕuv, n = U · ϕvv

K =
`n−m2

EG− F 2
.

JEMA A. (20)
1.

aþ. D¸ste ton orismì twn dianusm�twn T, N, B tou plaisÐou Frenet mÐac kampÔlhc
monadiaÐac taqÔthtac β : I → E3.

bþ. Gr�yte touc tÔpouc Frenet thc kampÔlhc β, kai apodeÐxte ton tÔpo pou perièqei to
di�nusma B′.

gþ. D¸ste ton orismì thc kampulìthtac kai thc strèyhc thc kampÔlhc β.

2. DÐdetai h kampÔlh
α(t) =

(
t cos t, t sin t, t2

)
.



aþ. BreÐte to di�nusma taqÔthtac thc α. EÐnai h α kampÔlh monadiaÐac taqÔthtac?

bþ. UpologÐste to pedÐo plaisÐwn Frenet thc α sto shmeÐo ìpou h kampÔlh tèmnei thn
eujeÐa (0, π/2, z).

gþ. UpologÐste thn kampulìthta kai th strèyh sto Ðdio shmeÐo.

dþ. BreÐte thn prosèggish Frenet thc kampÔlhc gia t = π/2.

APANTHSH
JEMA A.
1. Sta Majhmatik� orÐzoume mÐa sun�rthsh dÐdontac stoiqeÐa ¸ste na thn prosdiorÐsoume
me monadikì trìpo. Den arkeÐ na d¸soume to ìnoma   mÐa diaisjhtik  perigraf .

aþ. E�n β eÐnai kampÔlh monadiaÐac taqÔthtac, kai β′′ den mhdenÐzetai, orÐzontai ta
dianÔsmata:
i. To monadiaÐo efaptìmeno di�nusma T = β′.

ii. To kÔrio k�jeto di�nusma N =
1

‖β′′‖β′′.

iii. To deutereÔon k�jeto (  dik�jeto) di�nusma B = T ×N .

bþ.

T ′ = κN

N ′ = −κT + τB

B′ = −τN

Apìdeixh. DeÐqnoume oti B′ ·B = 0 kai B′ · T = 0.
B ·B eÐnai stajerì, �ra B′ ·B = 0.
B · T eÐnai stajerì, �ra B′ · T = −B · T ′ = −κB ·N = 0.
Efìson ta T, N, B apoteloÔn orjokanonik  b�sh, B′ kai N eÐnai suggrammik�.
OrÐzoume to suntelest  na eÐnai −τ .

gþ. H kampulìthta mÐac kampÔlhc monadiaÐac taqÔthtac eÐnai h pragmatik  sun�rthsh
κ = ‖β′′‖.
H strèyh eÐnai h sun�rthsh τ = −B′ ·N .

2.

aþ.
α′ = (cos t− t sin t, sin t + t cos t, 2t)

‖α′‖2 = cos2 t− 2t cos t sin t + t2 sin2 t + sin2 t + 2t cos t sin t + t2 cos2 t + 4t2

= 1 + 5t2 .

'Ara h α den èqei monadiaÐa taqÔthta.



bþ. To shmeÐo tom c thc kampÔlhc kai thc eujeÐac, dÐdetai apì tic timèc twn paramètrwn
t (thc kampÔlhc) kai z (thc eujeÐac) gia tic opoÐec

(t cos t, t sin t, t2) = (0,
π

2
, z) ,

dhlad  t = π
2
kai z = π2

4
.

'Ara to shmeÐo eÐnai to

α
(π

2

)
=

(
0,

π

2
,

π2

2

)
.

kai to di�nusma taqÔthtac eÐnai to

α′
(π

2

)
=

(
−π

2
, 1, π

)
.

To di�nusma epit�qunshc α′′ = (−2 sin t− t cos t, 2 cos t− t sin t, 2) eÐnai to

α′′
(π

2

)
= (−2, −π

2
, 2) ,

kai upologÐzoume

α′ × α′′ =

(
2 +

π

2
, −π, 2 +

π2

4

)

‖α′ × α′′‖2 =

(
2 +

π2

2

)2

+ π2 +

(
2 +

π2

4

)2

= 8 + 4π2 +
5π4

16
.

UpologÐzoume to plaÐsio Frenet sto shmeÐo α
(

π
2

)
:

T =
1

‖α′‖α′

=

(
1 +

5π2

4

)− 1
2 (
−π

2
, 1, π

)
,

B =
α′ × α′′

|α′ × α′′‖

=

(
8 + 4π2 +

5π4

16

)− 1
2

(
2 +

π2

2
, −π, 2 +

π2

4

)
,

α′ × α′′ × α′ =

(
−π2 − 2− π2

4
, −

(
2 +

π2

2

)
π −

(
2 +

π2

4

)
π

2
, 2 +

π2

2
− π2

2

)

=

(
−2− 5π2

4
,−3π − 5π3

8
, 2

)
,

N = B × T =
α′ × α′′ × α′

‖α′‖ ‖α′ × α′′‖

=

(
1 +

5π2

4

)− 1
2

(
8 + 4π2 +

5π4

16

)− 1
2

(
−2− 5π2

4
, −3π − 5π3

8
, 2

)
.



Prosèxte oti suntomeÔoume touc upologismoÔc, krat¸ntac touc suntelestèc èxw apì
ta exwterik� ginìmena.

gþ. H kampulìthta

κ =
‖α′ × α′′‖
‖α′‖3

=

(
8 + 4π2 + 5π4

16

) 1
2

(
1 + 5π2

4

) 3
2

.

H strèyh dÐdetai apì τ =
α′ × α′′ · α′′′
‖α′ × α′′‖2

. UpologÐzoume

α′′′ = (−3 cos t + t sin t ,−3 sin t− t cos t , 0)

kai sto t = π
2
,

α′′′ =
(π

2
,−3 , 0

)
,

α′ × α′′ · α′′′ =

(
2 +

π2

2
, −π, 2 +

π2

4

) (π

2
, −3, 0

)

= 4π +
π3

4
.

kai

τ =
4π + π3

4

8 + 4π2 + 5π4

16

.

dþ. H prosèggish Frenet kont� sto shmeÐo t = π
2
, eÐnai

α
(π

2
+ s

)
= α + sT + κ

s2

2
N + κτ

s3

6
B

ìpou sth dexi� pleur� ìlec oi sunart seic upologÐzontai sto t = π
2
. Ekfr�zoume th

dexi� pleur� sunart sei twn parag ģwn thc kampÔlhc α , kai katìpin antikajistoÔme
tic timèc pou èqoume upologÐsei sto (b') kai (g'). Me autìn ton trìpo aplopoioÔme
touc suntelestèc prin antikatast soume tic timèc touc.

α
(π

2
+ s

)
= α + sT +

s2

2
κN +

s3

6
κτB

= α + s
α′

‖α′‖
+

s2

2

‖α′ × α′′‖
‖α′‖3

α′ × α′′ × α′

‖α′ × α′′‖ ‖α′‖
+

s3

6

‖α′ × α′′‖
‖α′‖3

(α′ × α′′) · α′′′
‖α′ × α′′‖2

α′ × α′′

‖α′ × α′′‖

=

(
0,

π

2
,

π2

2

)
+ s

(
1 +

5π2

4

)− 1
2 (π

2
, 1, π

)



+
s2

2

(
1 +

5π2

4

)−2 (
−2− 5π2

4
, −3π − 5π3

8
, 2

)

+
s3

6

4π + π3

4(
1 + 5π2

4

) 3
2

(
8 + 4π2 + 5π4

16

)
(

2 +
π2

2
, −π, 2 +

π2

2

)
.

JEMA B. (20)
1. DeÐxte oti e�n α eÐnai kampÔlh stajer c taqÔthtac sthn epif�neia mÐac sfaÐrac, tìte
α′′′ eÐnai efaptìmeno di�nusma sth sfaÐra, dhlad  ikanopoieÐ th sqèsh (α(t)−c)·α′′′(t) = 0,
ìpou c eÐnai to kèntro thc sfaÐrac.
2. H sunalloÐwth par�gwgoc tou dianusmatikoÔ pedÐou W wc proc to di�nusma v eÐnai
to di�nusma

∇vW (p) =
d

dt
W (p + tv)

∣∣∣∣
0

.

DeÐxte oti e�n h F eÐnai isometrÐa, V kai W eÐnai dianusmatik� pedÐa, kai orÐsoume ta
dianusmatik� pedÐa Ṽ (F (p)) = F∗V (p) kai W̃ (F (p)) = F∗W (p), tìte

∇Ṽ W̃ (F (p)) = F∗(∇V W (p)) .

APANTHSH
JEMA B.
1. E�n h α brÐsketai sthn epif�neia sfaÐrac me kèntro c, tìte ‖α(t) − c‖ eÐnai stajerì,
kai èqoume

0 =
d

dt
‖α(t)− c‖2 = 2α′(t) · (α(t)− c) .

'Ara (α(t)− c) · α′(t) = 0
Epanalamb�nontac thn parag¸gish èqoume

(α(t)− c) · α′′(t) + α′(t) · α′(t) = 0

(α(t)− c) · α′′′(t) + 3α′(t) · α′′(t) = 0

All� afoÔ h α èqei stajer  taqÔthta, α′ · α′′ = 0, kai sunep¸c

(α(t)− c) · α′′′(t) = 0 .

2.

∇eV W̃ (F (p)) =
d

dt
W̃

(
F (p) + tṼ (F (p)

)

=
d

dt
W̃ (F (p) + tF∗V (p))

=
d

dt
F∗W (p + tV (p))

= F∗
d

dt
W (p + tV (p))

= F ∗ ∇vW (p) .



JEMA G. (20)
DÐdetai h paramètrhsh

ϕ(u, v) = (v cos u, v sin u, v)

mÐac epif�neiac M , kai h kampÔlh

α(t) = (et cos
√

2 t, et sin
√

2 t, et) .

aþ. Ekfr�ste to di�nusma taqÔthtac thc α sunart sei twn merik¸n taqut twn thc pa-
ramètrhshc ϕ.

bþ. BreÐte monadiaÐo k�jeto dianusmatikì pedÐo U sthn M .

gþ. UpologÐste th sunalloÐwth par�gwgo ∇α′(t)U(α(t)).

APANTHSH
JEMA G.

aþ. ParathroÔme ìti
α(t) = ϕ(

√
2 t, et) .

'Ara

d

dt
α(t) =

du

dt
ϕu +

dv

dt
ϕv

=
√

2ϕu + etϕv

bþ.

ϕu = (−v sin u, v cos u, 0)

ϕv = (cos u, sin u, 1)

Den qrei�zetai na upologÐsoume ta E, F, G, afoÔ eÐnai pio aplì na upologÐsoume to
‖ϕu × ϕv‖.

U =
1

‖ϕu × ϕv‖ ϕu × ϕv

=
1√
2 v

(v cos u, v sin u, −v)

=
1√
2

(cos u, sin u, −1)

gþ. DeÐte thn 'Askhsh 5, sel. 98.

∇α′(t)U (α(t)) =
d

dt
U (α(t))

=
d

dt

1√
2 et

(et cos
√

2 t, et sin
√

2 t, −et)

= (− sin
√

2 t, cos
√

2 t, 0) .



JEMA D. (20)
1. DÐdetai h kampÔlh α : I → E3, kai orÐzoume thn apeikìnish ϕ : I × (0,∞) → E3,

ϕ(u, v) = α(u) + vα′(u) .

aþ. BreÐte sunj kh ikan  ¸ste h ϕ na eÐnai omal .

bþ. E�n h ϕ orÐzei mÐa epif�neia M , upologÐste thn kampulìthta Gauss thc M .

2. JewroÔme orjokanonik� efaptìmena dianÔsmata u1, u2 sto shmeÐo p mÐac epif�neiac
M . Poi� gewmetrik  plhroforÐa prokÔptei gia thn M sto p e�n

S(u1)× S(u2) = 0 .

APANTHSH
JEMA D.
1.

aþ. H ϕ(u , v) eÐnai omal  e�n ta dianÔsmata ϕu , ϕv eÐnai grammik� anex�rthta.

ϕu = α′(u) + vα′′(u)

ϕv = α′(u)

ϕu × ϕv = −vα(u)× α′′(u)

'Ara h ϕ eÐnai omal  e�n α′(u) kai α′′(u) eÐnai grammik� anex�rthta se k�je shmeÐo,
dhlad  e�n den mhdenÐzetai h kampulìthta thc α.

bþ. 'Ena monadiaÐo k�jeto dianusmatikì pedÐo sthn epif�neia eÐnai to

U =
ϕu × ϕv

‖ϕu × ϕv‖ =
α′ × α′′

‖α′ × α′′‖
UpologÐzoume tic parag¸gouc deÔterhc t�xewc

ϕuu = α′′(u) + uα′′′(u)

ϕuv = α′′(u)

ϕvv = 0

H kampulìthta Gauss dÐdetai apì K =
ln−m2

EG− F 2
.

UpologÐzoume pr¸ta ta `, m, n, giatÐ e�n `n−m2 = 0, den qrei�zetai na upologÐsoume
ta E, F, G.

'Eqoume

m = U · ϕuv =
(α′ × α′′) · α′′
‖α′ × α′′‖ = 0

kai
n = U · ϕvv + 0 .



'Ara h epif�neia M èqei stajer  kampulìthta Gauss 0.

2. Den mporoÔme na upojèsoume oti ta dianÔsmata u1 kai u2 eÐnai kÔria, �ra den èqoume
S(ui) = kiui. 'Omwc gnwrÐzoume (sel. 254) oti, gia grammik� anex�rthta u1 kai u2,

S(u1)× S(u2) = Ku1 × u2 .

SumperaÐnoume ìti K(p) = 0.
Enallaktik�, afoÔ S(u1) kai S(u2) eÐnai grammik� exarthmèna, o telest c S eÐnai

idiìmorfoc, �ra K = det S = 0.


