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Full�dio Problhm�twn 1

Topologikèc pollaplìthtec

'Askhsh 1.1 Show that any open subset of R2 is a topological 2-manifold. (A subset
A of R2 is open if for every x ∈ A there is ε > 0 such that for every y ∈ R2, |x − y| <
ε⇒ y ∈ A.)

DeÐxte oti k�je anoiktì uposÔnolo tou R2 eÐnai topologik  2-pollaplìthta. ('Ena
uposÔnolo A tou R2 eÐnai anoiktì e�n gia k�je x ∈ A up�rqei ε > 0 tètoio ¸ste gia k�je
y ∈ R2, |x− y| < ε⇒ y ∈ A.)

'Askhsh 1.2 Let D1 = {(x, y) ∈ R2 : (x− a1)2 + (y − b1)2 < r21}, D2 = {(x, y) ∈ R2 :
(x− a2)2 + (y − b2)2 < r22} be two discs in R2. Find a homeomorphism f : D1 −→ D2.

Jewr ste dÔo dÐskouc D1 = {(x, y) ∈ R2 : (x− a1)2 + (y− b1)2 < r21}, D2 = {(x, y) ∈
R2 : (x− a2)2 + (y − b2)2 < r22} sto R2. BreÐte ènan omoiomorfismì f : D1 −→ D2.

'Askhsh 1.3 On the unit sphere S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1} consider the
equivalence relation (x, y, z) ∼ (−x, −y, −z), and let P be the set of equivalence classes,
so that an element of P is a set {(x, y, z), (−x, −y, −z)}.
The mapping p : S2 −→ P is not injective, but if we restrict to any open hemisphere, it is
injective. Use the images of the subsets Uu, Ur, Uf of S2, to define a 2-manifold structure
on the set P.
The set P with this topological structure is the projective plane .

Sth monadiaÐa sfaÐra S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1} jewr ste th sqèsh
isodunamÐac (x, y, z) ∼ (−x, −y, −z), kai to sÔnolo P twn kl�sewn isodunamÐac, ètsi
¸ste èna stoiqeÐo tou P eÐnai èna sÔnolo {(x, y, z), (−x, −y, −z)}.
H apeikìnish p : S2 −→ P den eÐnai èna proc èna, all� e�n thn periorÐsoume se k�poio
anoiktì hmisfaÐrio, tìte eÐnai èna proc èna. Qrhsimopoi ste tic eikìnec twn uposunìlwn
Uu, Ur, Uf tou S2, gia na orÐsete th dom  2-pollaplìthtac sto P.
To sÔnolo P me aut  th topologik  dom  eÐnai to probolikì epÐpedo.

Ap�nthsh - Upìdeixh.
DeÐxte oti gia to hmisfaÐrio Uu = {(x, y, z) ∈ S2 : z > 0}, h apeikìnish p|Uu eÐnai 1�1. H
eikìna thc, Vu = p(Uu), perièqei ìla ta shmeÐa tou P gia ta opoÐa z 6= 0.

DeÐxte oti h apeikìnish ϕu : Vu −→ B2, ϕu(±(x, y, z)) = z
|z|(x, y), eÐnai kal� orismènh

(dhlad  h tim  thc den exart�tai apì thn epilog  tou antipros¸pou thc kl�shc ±(x, y, z)),
kai oti orÐzei èna topikì sÔsthma suntetagmènwn (chart) sto P.



BreÐte antÐstoiqec apeikonÐseic ϕf : Vf −→ B2 kai ϕr : Vr −→ B2 qrhsimopoi¸ntac ta
hmisfaÐria Uf = {(x, y, z) ∈ S2 : x > 0} kai Ur = {(x, y, z) ∈ S2 : y > 0}. DeÐxte oti ta
Vu, Vf kai Vr kalÔptoun to sÔnolo P.

Gia na deÐxoume oti oi apeikonÐseic ϕu, ϕf kai ϕr apoteloÔn �tlanta, kai orÐzoun th
dom  topologik c pollaplìthtac sto P, prèpei na deÐxoume oti oi apeikonÐseic allag c
metablht c (transition functions) eÐnai suneqeÐc. UpologÐste thn apeikìnish ϕ−1u : B2 −→
Vu. UpologÐste thn apeikìnish allag c metablht c ϕr ◦ϕ−1u : ϕu(Vu∩Vr) −→ ϕr(Vu∩Vr)
kai deÐxte oti eÐnai suneq c.

BreÐte tic antÐstoiqec apeikonÐseic allag c metablht¸n ϕf ◦ ϕ−1u kai ϕf ◦ ϕ−1r .

'Askhsh 1.4 We have defined the torus as a 2-manifold structure on the set S1 × S1.
We’ll show that the torus is homeomorphic to the surface of revolution R ⊆ R3 with
equation

(
√
x2 + y2 − a)2 + z2 = r2 , a > r > 0 ,

with the relative topology as a subset of R3:
Use the mapping f : R2 −→ R3 defined by

(s, t) 7−→ ((a+ r cos tπ) cos sπ, (a+ r cos tπ) sin sπ, r sin tπ)

to define a continuous bijective mapping S1 × S1 −→ R, which has a continuous inverse.

'Eqoume orÐsei th speÐra wc mÐa dom  2-pollaplìthtac sto sÔnolo S1×S1. Ja deÐxoume
oti h speÐra eÐnai omoiomorfik  me thn epif�neia ek peristrof c R ⊆ R3 me exÐswsh

(
√
x2 + y2 − a)2 + z2 = r2 , a > r > 0 ,

me th sqetik  topologÐa wc uposÔnolo tou R3:
Qrhsimopoi ste thn apeikìnish f : R2 −→ R3 pou orÐzetai wc

(s, t) 7−→ ((a+ r cos tπ) cos sπ, (a+ r cos tπ) sin sπ, r sin tπ)

gia na orÐsete mÐa suneq  amfimonos manth apeikìnish S1 × S1 −→ R, pou èqei suneqèc
antÐstrofo.

Ap�nthsh - Upìdeixh.
Elègxte oti h eikìna thc f brÐsketai sthn (r). DeÐxte oti o periorismìc thc f sto klei-
stì tetr�gwno I2 = [−1, 1] × [−1, 1] eÐnai epimorfismìc, kai o periorismìc sto anoiktì
tetr�gwno J2 = (−1, 1)× (−1, 1) eÐnai 1�1.

Sth speÐra èqoume orÐsei to sÔnolo U1 kai thn apeikìnish h1 : U1 −→ J2 ⊆ R2.
OrÐzoume th zhtoÔmenh apeikìnish ψ : S1 × S1 −→ R na eÐnai Ðsh me thn f ◦ h1 sto U1.
DeÐxte oti e�n orÐsete an�loga thn ψ sta uposÔnola U2, U3, U4, èqete mÐa kal� orismènh
apeikìnish apì to S1 × S1 sto R. DeÐxte oti h apeikìnish ψ eÐnai amfimonos manth.

DeÐxte oti oi apeikonÐseic ψ kai ψ−1 eÐnai suneqeÐc. Dhlad  gia i = 1, . . . , 4, h ψ ◦ h−1i

kai h hi ◦ ψ−1 eÐnai suneqeÐc sto sÔnolo sto opoÐo orÐzontai.
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