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Toroloyixég TOANATAOTNTES

‘Acxmor 1.1 Show that any open subset of R? is a topological 2-manifold. (A subset
A of R? is open if for every x € A there is ¢ > 0 such that for every y € R? |z —y| <
e=>yecA)

Acgite ott xd0e avoxtoé unoolvolo Tou R? efvor tormohoyxt 2-tohhamhdtnTa.  (‘Evar
vroclvoro A tou R? etvar avouxtd edv yio xdide © € A undpyet € > 0 tétoto Gote Yo xdde
yeER? [r—y|<e=>yeA)

‘Acxnon 1.2 Let Dy ={(z,y) e R*: (z —a1)* + (y — 01)* < ri}, Doy ={(z, y) € R*:
(r —az)* + (y — ba)? < 13} be two discs in R%. Find a homeomorphism f : Dy — Ds.

Ocwprhote 800 dloxouc Dy = {(z, y) ER? : (x —a1)?* + (y—0)* < 1%}, Dy ={(z, y) €
R?: (z — a2)® + (y — be)? < r3} o7o R2 Bpette évav opowopopgioud [ : Dy — D,

‘Acxmor 1.3 On the unit sphere S* = {(z, y, z) € R®: 2? + y* + 2% = 1} consider the
equivalence relation (z, y, z) ~ (—z, —y, —z), and let [P be the set of equivalence classes,
so that an element of P is a set {(z, y, 2), (—z, —y, —2)}.

The mapping p : S — P is not injective, but if we restrict to any open hemisphere, it is
injective. Use the images of the subsets Uy, U,, Uy of 52, to define a 2-manifold structure
on the set P.

The set P with this topological structure is the projective plane.

Y povaddo ogalpa S? = {(z, y, 2) € R : 22 + y? + 22 = 1} dewpfiote ) oyéon
wwoduvoplac (x, y, z) ~ (—x, —y, —z), o 10 6Uvoho P twv xhdoewv tooduvaiag, €tot
wote éva ototyeio tou P ebvar éva odvodro {(z, y, 2), (—z, —y, —2)}.

H arexévion p : S? — P Sev ebvan éva mpog éva, ohhd €dv v meplopicoupe oe xdmoto
avoTo nuiogaioto, ToTE efvar €va Tpog Eva. XENOUUOTOGTE TIC EXOVES TV UTOGUVOAWY
Uy, Uy, Ug toU S2, v va oploete 1) dopr| 2-todharhétnTag oto P

To olvolo P ye auts| T Tomohoyixy| dour| eivan T0 TPofoA1kd eminedo.

Arndvinon - YTnooelln.

Aeigte ot yio to nuogaipo U, = {(z, y, z) € S : z > 0}, n anexévion ply, ebver 1-1. H
ewova e, Vi, = p(U,), nepiéyet oha 1o GZ]“EZ!/.O( Tou P vy T OTFO!/.O( z # 0.
AelZte ot n) amewxovion ¢, : Vi, — B, o (£(2, y, 2)) = —‘(z Y), elvon xoAd 0ptoUEVT

N Y N2 4 X hed 4 4 4 7, N 7 . -
(Onhad” 1 T e Sev e€aptdton omd TNV ETAOYY| TOU AVTLTPOCHTOL TNE ¥Adone £(z, v, 2)),
xou o1t 0ptlel éva Tomixd cho TN cuvteTaypévwy (chart) oto P.



Beeite aviiotoyec anewovioes ¢ : Vy — B? xau ¢, 1 V, — B? ypnoylonotdvtog T
nuogaipw Uy = {(x, y, z) € S? 1 2 > 0} xou U, = {(x, y, 2) € S? : y > 0}. Aciére ot 1o
Vs Vi xow V. xahntouy to aOvoho P.

[ vae 0etlouue 0Tl oL ATEXOVIGES Yy, Y XU ©, ATOTEAOLY dThavTa, xat opilouv T
00Ut TOTOAOYWAC TOANATAGTNTAS 610 [P, moémel var Belfouue 0Tt ot ameovioels ahhayhig
uetafAntic (transition functions) efvar ouveyelc. Yrohoyiote Ty anewdvion ¢, : B> —
V.. Trohoylote Ty amewévion adhoyhc YetofAnthc .o, - ou(VuNV,) — ¢, (V,NV,)
xou OetlTe ot efvan cuveyTic.

Beeite tic avtiototyec anexovioei adhayhc YeTaBANTOY r o it xaw o o ;1.

‘Acxnor 1.4 We have defined the torus as a 2-manifold structure on the set St x St
We'll show that the torus is homeomorphic to the surface of revolution R C R? with

equation
(Va2 +y2—a)’+22=7", a>r>0,

with the relative topology as a subset of R3:
Use the mapping f : R? — R3 defined by

(s,t) — ((a+rcostm)cossm, (a+ rcostm)sinsm, rsintm)

to define a continuous bijective mapping S' x S' — R, which has a continuous inverse.

‘Eyouye oploel 1 onelpa wg ulo dopr) 2-TOAAATAGTNTAC GTO GUVOAO Stx St Ou detlouye
oTL 1) onelpa lvo OUOLOUOPPIXT UE TNV ETLPAVELN EX TEPLOTROPTG R C R3 ue e€lowon

(Va2 +y2—a)P+22=7r* a>r>0,

UE TN oyETY| ToTmohoyid ¢ UTOGUYOAD TOU R3:
Xpnowonotfote TNy anexovior f R? — R? nou optleton ¢

(s, t) — ((a+ rcostm)cossm, (a+ rcostm)sinsm, rsintm)

Yio Vo 0p{GETE Ulol GUVEY T AUPULOVOCTIUOVTY] ATELXOVION St x S — R, nou EYEL CLUVEYEC
avtioTpoQo.

Arndvinon - Tnooell.

E)éyEte ot 1 ewdva e f Beloxeton oty (r). Aeite ot o neploplopdc e f oto xhel-
016 tetpdywvo I? = [—1, 1] x [—1, 1] elvar empoppioude, X 0 TERIOPIOUOS OTO AVOLXTH
tetpdywvo J2 = (=1, 1) x (=1, 1) etvar 1-1.

Yt omelpa €youue oploel To cUvoro Uy xou v amewxowon hy @ Uy — J? C R
OglCoupe 1 {nTodueyn anewdvion P : St x ST — R va eivan fon ue v fohy oto Us.
Aeilte ot €dv oploete avdhroya tny ¥ ota utocivola Us, Us, Uy, €yete ulo xahd oplouévn
ATEUOVION) ATd TO St x S ot0 R. Actéte ot 1) ATELXOVIOT) Y EVolL AUQLLOVOCTUAVTT).

Aeigre ot ot amewovioeig 1 xaw 1 ebvon ouveyelc. Anhadh yi =1, ..., 4, n¢o hit
xaw ) hyo 1 elvan cuveyeic 6To GUYOAO GTo omolo opilovTal.



