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MEM 234 GEWMETRIKH TOPOLOGIA

Full�dio Problhm�twn 9

Idiìthtec topologik¸n q¸rwn.

'Askhsh 9.1 Show that A ∪B = A ∪B. Find an example (in I = [0, 1]) to show that
the equality does not hold for infinite unions

DeÐxte oti A ∪B = A ∪ B. BreÐte par�deigma (sto I = [0, 1]) gia na deÐxete oti gia
�peirec en¸seic den isqÔei h isìthta.

'Askhsh 9.2 Show that the topological space X is Hausdorff if and only if the diagonal
∆{(x, x) : x ∈ X} is a closed subset of X ×X.

DeÐxte oti o topologikìc q¸roc X eÐnai Hausdorff e�n kai mìnon e�n h diag¸nioc ∆ =
{(x, x) : x ∈ X} eÐnai kleistì uposÔnolo tou X ×X.

'Askhsh 9.3 If X and Y are Hausdorff spaces and f : X −→ Y is a continuous
function, show that the graph of f , Gf = {(x, y) ∈ X×Y : y = f(x)} is a closed subset
of X × Y .

E�n X kai Y eÐnai q¸roi Hausdorff kai f : X −→ Y suneq c sun�rthsh, deÐxte oti to
gr�fhma thc f , Gf = {(x, y) ∈ X × Y : y = f(x)} eÐnai kleistì uposÔnolo tou X × Y .

'Askhsh 9.4 Show that there is no continuous surjection f : S1 −→ R.

DeÐxte oti den up�rqei kamÐa suneq c epeikìnish f : S1 −→ R.

'Askhsh 9.5 Show that if (X, T ) is a connected topological space and T1 is a topology
on the set X smaller than T , then (X, T1) is connected.

DeÐxte oti e�n o topologikìc q¸roc (X, T ) eÐnai sunektikìc kai T1 eÐnai topologÐa sto
sÔnolo X mikrìterh apì thn T , tìte (X, T1) eÐnai sunektikìc.

'Askhsh 9.6 Let An be a sequence of connected subspaces of X, such that An∩An+1 6=
∅ for every n. Show that A =

⋃
n∈N An is a connected subspace of X.

'Estw An akoloujÐa sunektik¸n upìqwrwn tou X, tètoia ¸ste An ∩ An+1 6= ∅ gia
k�je n. DeÐxte oti A =

⋃
n∈N An eÐnai sunektikìc upìqwroc tou X.

'Askhsh 9.7 Show that every connected component of a topological space X is a
connected closed subset of X. Find an example to show that connected components need
not be open subsets.



DeÐxte oti k�je sunektik  sunist¸sa enìc topologikoÔ q¸rou X eÐnai sunektikì kai
kleistì uposÔnolo tou X. DeÐxte me èna par�deigma oti oi sunektikèc sunist¸sec mporeÐ
na mhn eÐnai anoikt� uposÔnola.

'Askhsh 9.8 Show that every convex subset of Rn is connected.

DeÐxte oti k�je kurtì uposÔnolo tou Rn eÐnai sunektikì.

'Askhsh 9.9 One-point compactification
If X is a non compact Hausdorff space, we define a topology on the set X̃ = X t {∗} as
follows: A is open in X̃ if either A ⊆ X and A is open in X, or ∗ ∈ A and X \ A is a
compact subset of X.

1. Show that X̃ is a compact space.

2. If X = R, show that X̃ ∼= S1.

3. If Y = R2, show that Ỹ ∼= S2.

SumpagopoÐhsh enìc shmeÐou
E�nX eÐnai mh sumpag c q¸roc Hausdorff, orÐzoume mÐa topologÐa sto sÔnolo X̃ = Xt{∗}
me ton akìloujo trìpo: A eÐnai anoiktì uposÔnolo tou X̃ e�n eÐte A ⊆ X kai A eÐnai
anoiktì sto X,   ∗ ∈ A kai X \ A eÐnai sumpagèc uposÔnolo sto X.

1. DeÐxte oti X̃ eÐnai sumpag c q¸roc.

2. E�n X = R, deÐxte oti X̃ ∼= S1.

3. E�n Y = R2, deÐxte oti Ỹ ∼= S2.
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