Topological manifold

A topological manifold of dimension n is a set M together with a set of subsets
{U; C M :i e A} such that

L. the U; cover M, that is M = (J;c 4 Us,

2. for every i € A, there is a bijection ¢; : U; — B"™ from U; to the unit ball in R™,
B" ={z eR":|z| < 1}.

3. for every ¢, j € A with U; NU; # &, the mapping
-1,
pjow; 1 eiUinUj) — ¢;(Us NUj)
is continuous as a mapping between subsets of R™.

The mapping ¢; : U; — B" is a coordinate chart for the topological manifold M.
The set {U; C M :i € A} together with the set of coordinate charts {p; : Uy — B™ i €
A} is an atlas for the topological manifold M. The mappings ¢; o goi_l cei(UiNU;) —

©;(U; NUj) are the transition functions of the atlas.

Example 1 R” itself is a topological manifold of dimension n. For every point a € R",
we define U, = {x € R" : |x — a| < 1}, and the coordinate chart ¢, :  — = — a. The

set {U, : a € R"} is clearly a covering of R", and the transition functions are continuous,

a0y (y) =y+b—a.

Example 2 The circle S' = {z € R? : |z| = 1} is a topological manifold of dimension 1.
We can define an atlas with two coordinate charts.

Let g : (=1, 1) — S! be the mapping t — (cos 7t, sin7t). The image of g is the set
Up = S\ {(—~1, 0)} and g is an injection. So there is an inverse g=' : U — (—1, 1). We
define the coordinate chart ¢ (z) = ¢! ().

Similarly, we define g : (—1, 1) — S! to be the mapping t — (— cos 7t, sin7t). The
image of h is the set Uy = S'\ {(1,0)} and h is an injection. So there is an inverse
h=!:U; — (=1, 1). We define the coordinate chart @o(x) = h~1(z).

Check that the transition functions are continuous.

Example 3 We shall define the structure of a topological manifold of dimension 2 on the
set 52 = {(z, y, 2) € R3 : 22 +y? + 22 = 1}: We define an atlas consisting of a covering by
6 subsets, Uy, Uq, Uy, Uy, Uy, Uy (where the indices stand for up, down, left, right, front
and back),

Up={(z,y,2) €5%:2>0},  ule,y, 2) = (z, y) € R,
Ud:{(flf,y,Z)ES2:Z<0}, QOd(.’II,y,Z):(CC,y)eRz,
Ul:{(x7y7z)652:y<0}) QOl(ZE,y,Z):(.T,Z)GRz,



U-={(z,y,2) €S*:y>0}, oz, 2)=(z,2) € R?,
Uf: ($,y,2)682:l’>0}, @f(x,y,z):(y,z)ERQ,
Ub:{($,y,2)6521$<0}, gob(x,y,z):(y,z)GR2.
Check that for (s, t) € B2, ¢ (s, t) = (s, t, V1 — s2 — 12), and that if t < 0, (s, t) €
U, NU; and the transition function is ¢; 0 o, (s, t) = (s,v/1 — s2 — #2), which is clearly a

continuous mapping between subsets of R?.



