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Full�dio Problhm�twn 11

'Askhsh 11.1 Gia touc metasqhmatismoÔc Möbius:

aþ. f(z) = z−2
z+3

bþ. f(z) = −3z+1
2z−2

gþ. f(z) = z−1
4z+5

dþ. f(z) = −z−4
z+3

breÐte to metasqhmatismì h ètsi ¸ste o suzug c h ◦ f ◦ h−1 na eÐnai se kanonik  morf ,
kai upologÐste thn kanonik  morf .

'Askhsh 11.2 UpologÐste th gwnÐa metaxÔ thc u-eujeÐac (0, ∞) kai thc eikìnac thc apì
ton elleiptikì metasqhmatismì

f(z) =
cosϑ z + sinϑ

− sinϑ z + cosϑ
.

'Askhsh 11.3 Jewr ste to metasqhmatismì Möbius

f(z) =

√
3z + 1

−z +
√
3
.

aþ. DeÐxte oti f 6(z) = z gia k�je z ∈ H.

bþ. DeÐxte oti e�n β = −cα, ìpou α > 0 kai c = 2+
√
2

2−
√
2
, tìte oi eujeÐec (α, β) kai

(−β, −α) tèmnontai se orj  gwnÐa.

gþ. BreÐte α tètoio ¸ste h u-eujeÐa (α, β) na apeikonÐzetai apì ton metasqhmatismì
Möbius f sthn u-eujeÐa (−β, −α) (dhlad  f(α) = cα). LÔste thn exÐswsh arijmh-
tik�, qrhsimopoi¸ntac Matlab   Excel.

dþ. Qrhsimopoi¸ntac mÐa apì tic dÔo timèc tou α pou br kate, upologÐste (me Matlab  
Excel) ta shmeÐa f(α), f 2(α), . . . , f 5(α) kai ta shmeÐa β = −cα, f(β), . . . , f 5(β)..

eþ. Sqedi�ste tic u-eujeÐec (α, β), (Y(α), f(β)), . . . , (f 5(al), f 5(β)). Ti uperbolikì
sq ma sqedi�sate? Ti gwnÐa sqhmatÐzoun oi pleurèc tou?

'Askhsh 11.4 UpologÐste thn uperbolik  apìstash d(z, w) metaxÔ twn shmeÐwn

aþ. z = i, w = i
r

bþ. z = 3 + 2i, w = 3 + i
2

gþ. z = 3 + 4i, w = −3 + 4i .



'Askhsh 11.5 Jewr ste to sÔnolo K = {w ∈ H : w = t + it, t > 0} kai to shmeÐo
z = x+ iy. BreÐte thn apìstash apì to shmeÐo z sto sÔnolo K,

d(z, K) = inf{d(z, w) : w ∈ K} .

BreÐte to plhsièstero proc to z shmeÐo tou K kai perigr�yte to gewmetrik�.

'Askhsh 11.6 ApodeÐxte tic uperbolikèc tautìthtec

aþ. cosh2 t− sinh2 t = 1 bþ. cosh 2t = cosh2 t+ sinh2 t

gþ. cosh t
2
=

√
cosh t+1

2
dþ. sinh t

2
=

√
cosh t−1

2

'Askhsh 11.7 Jewr ste ta shmeÐa z = ri, w0 = ti kai w1 = s+ ti. DeÐxte oti

d(z, w1) ≥ d(z, w0)

me isìthta mìnon ìtan s = 0.

'Askhsh 11.8 ApodeÐxte thn trigwnik  anisìthta: e�n z, u, w ∈ H,

d(z, w) ≤ d(z, u) + d(u, w) ,

me isìthta mìnon ìtan to u brÐsketai metaxÔ twn z kai w.
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