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Full�dio Problhm�twn 12

'Askhsh 12.1 BreÐte thn uperbolik  apìstash pou antistoiqeÐ se gwnÐa parallhlismoÔ
π/6. (Upologistik� fÔlla, ìpwc to Libre Office   to Excel upologÐzoun tic uperbolikèc
trigwnometrikèc sunart seic kai tic antÐstrofèc touc, p.q. COSH, ACOSH.)

Ap�nthsh - Upìdeixh.
cosh b = 1/ sinα. sin(π/6) = 1/2. 'Ara cosh b = 2 kai b = 1, 317.

'Askhsh 12.2 BreÐte ta m kh twn pleur¸n ènoc uperbolikoÔ trig¸nou me gwnÐec π/2,
π/4 kai π/6.

Ap�nthsh - Upìdeixh.
α = π/2, β = π/4 kai γ = π/6.
Apì Kanìna Sunhmitìnou II, cosh b =

√
2, b = 0, 881.

cosh c =
√

3/2, c = 0, 658.
Apì Uperbolikì Pujagìreio Je¸rhma, cosh a =

√
3, a = 1, 146.

'Askhsh 12.3 DeÐxte oti èna isoskelèc uperbolikì trÐgwno, me d(A, B) = d(A, C))
èqei tic gwnÐec thc b�shc Ðsec, β = γ.

Ap�nthsh - Upìdeixh.
Qrhsimopoi ste ton Kanìna Hmitìnou.

'Askhsh 12.4 Gia k�je ϑ ∈ [0, π/3) kataskeu�ste èna isìpleuro uperbolikì trÐgwno
me gwnÐec ϑ. (BreÐte tic korufèc enìc tètoiou trig¸nou pou brÐskontai p�nw se treic u-
eujeÐec pou sqhmatÐzoun metaxÔ touc gwnÐec π/3).
BreÐte to m koc thc pleur�c tou trig¸nou sunart sei thc gwnÐac ϑ.
BreÐte thn aktÐna tou perigegrammènou kÔklou tou trig¸nou sunart sei thc gwnÐac ϑ.

Ap�nthsh - Upìdeixh.

O metasqhmatismìc Möbius f(z) = z+
√
3

−
√
3z+1

, pou eÐnai peristrof  kat� 2π/3 gÔrw apì to

shmeÐo i, apeikonÐzei thn u-hmieujeÐa [i, ∞) sthn u-hmieujeÐa [i, −
√

3/3). O f−1 apeikonÐzei
thn u-hmieujeÐa [i, ∞) sthn u-hmieujeÐa [i,

√
3/3).

JewroÔme ta shmeÐa p�nw stic hmieujeÐec [i, ∞), [i, −
√

3/3) kai [i,
√

3/3) pou apèqoun

r = log k apì to shmeÐo i. Aut� eÐnai ta A = ki, B = ki+
√
3

−
√
3ki+1

kai C = ki−
√
3√

3ki+1
. Oi pleurèc

tou trig¸nou ABC eÐnai Ðsec, afoÔ h peristrof  gÔrw apì to i kat� gwnÐa 2π/3, pou
diathreÐ tic apost�seic, apeikonÐzei ta A, B, C sta B, C, A antÐstoiqa.



UpologÐzoume thn pleur� tou isìpleurou trig¸nou me gwnÐa ϑ apì ton Kanìna Sunhmi-
tìnou II: cosh c = cos2 ϑ+cosϑ

sin2 ϑ
. AfoÔ cosh c > 1, prèpei na isqÔei cosϑ > 1/2, kai sunep¸c

ϑ < π/3.
H aktÐna tou perigegrammènou kÔklou eÐnai r = log k, kai thn upologÐzoume apì ton

Kanìna Sunhmitìnou II sto isoskelèc trÐgwno me gwnÐec ϑ/2, ϑ/2, 2π/3: cosh r =
1/(2 tan(ϑ/2)).

'Askhsh 12.5 BreÐte thn aktÐna tou perigegrammènou kai tou eggegrammènou kÔklou se
èna kanonikì orjog¸nio ex�gwno. (MporeÐte na qrhsimopoi sete thn 'Askhsh 12.2.)

Ap�nthsh - Upìdeixh.
To kanonikì orjog¸nio ex�gwno qwrÐzetai se 12 Ðsa trÐgwna me gwnÐec π/2, π/4 kai π/6.
UpologÐsame ta m kh twn pleur¸n autoÔ tou trig¸nou sthn 'Askhsh 12.2. H aktÐna tou
perigegrammènou kÔklou eÐnai h upoteÐnousa autoÔ tou trig¸nou, r = 1, 146, kai h aktÐna
tou eggegrammènou kÔklou ρ = 0, 881.

'Askhsh 12.6 Jewr ste uperbolikì tetr�pleuro ABCD me treic orjèc gwnÐec stic
korufèc A, B, C kai d(A, B) = d(B, C) = t. DeÐxte oti d(A, D) = d(C, D). BreÐte th
sqèsh metaxÔ tou m kouc t kai thc gwnÐac δ = ∠ADC. UpologÐste to m koc d(A, D)
sunart sei tou t.

Ap�nthsh - Upìdeixh.
'Estw E kai F ta shmeÐa tom c thc AD kai CD, antÐstoiqa, me th diqotìmo thc gwnÐac
∠ABC. Tìte apì ton kanìna tou Sunhmitìnou II sta trÐgwna ABE kai CBF , d(B, E) =
d(B, F ) kai sunep¸c E = F = D. 'Ara d(A, D) = d(C, D).
BrÐskoume cos(δ/2) = cosh t√

2
kai cosh d(A, D) = 1√

2−cosh2 t
.
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