Estimates on the velocity of a rigid body moving in a fluid
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Abstract

We obtain estimates of all components of the velocity of a 3D rigid body moving in a
viscous incompressible fluid without any symmetry restriction on the shape of the rigid body
or the container. The estimates are in terms of suitable norms of the velocity field in a small
domain of the fluid only, provided the distance h between the rigid body and the container is
small. As a consequence we obtain suitable differential inequalities that control the distance
h. The results are obtained using the fact that the vector field under investigation belongs to
suitable function spaces, without any use of hydrodynamic equations.
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1 Introduction

Throughout the paper Q@ C IR? is a smooth domain, S C  is a bounded smooth connected
domain and F' = Q \ S. We denote by VVO1 (S, Q), p > 1, the vector function space consisting
of functions

w: Q= R, weW,PQ),

such that for a constant vector u, € IR and a vector w € IR3 there holds
u(x) =us+wx (x—x,), forxes, (1.1)

where x, € S is a fixed point.

Such function spaces arise naturally when studying the motion of a rigid body S inside a fluid
region (2, see e.g., [8, 6, 9, 11]. In this context w is the velocity field in €2 where in particular
inside the rigid body the velocity is given by (1.1).

We denote by h the distance between S and 0f), that is,

h = dist(S, 89) = | PQ|,
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Figure 1: The coordinate system

where P € 05 and Q € 0f) is a pair of points that realize the distance. If there are more than
one such pairs, we just take one of them. A similar analysis can be made for the other pairs. We
are interested in the case where h is small, hence we may assume that

h < H := diam¥S.

We introduce an orthogonal coordinate system (x1, x2, x3) with the origin at the point (). We
note that the plane ' = (1, z2) is tangent to OS2 at the point ) and parallel to the tangent plane
of JS at the point P = (0,0,h). Let up = (up,,up3) = (up1,up2,ups) be the velocity of
the rigid body at the point P and w = (w,,ws) = (w1, ws,ws) its angular velocity.

Our first result concerns vector fields that enjoy the regularity of weak solutions of the solid—
fluid interaction problem in hydrodynamics cf [6, 8, 12].

Theorem 1.1. We assume that both Q and S are uniformly C%* domains, o € (0,1]. Let
uc T/VO1 P(S, Q), p € [1,00) be such that divu = 0. Then, there exist positive constants H,,

Cu, co depending only on S, ), p, such that, whenever h < H, and o}, := cohlﬁ,

(jwhﬁ(?*f’fﬁ)

lups| < IVull Lo (/| <on )

[wpel < Cuhe )|Vl ot <oym,
jw-| < Cy hﬁ(p_%f)‘|vu”LP({|w/|<ah}ﬂF)a
jws| < Cu hﬁw(p_s%x)HquLP({|w’|<ah}ﬁF)'

Estimates for |ups| where first proved in [8, 11] where in the right hand side the norm of
Vu over a larger region is required. What is new in our Theorem is that the norm of Vu appears
in a small region of the fluid only. This is in agreement with the observation that, in simple
geometries, knowledge of the fluid vector field in a small region of the fluid between .S and 0f2
is enough to produce significant information such as the noncollision of the rigid body and the
boundary of the container, see e.g. [3, 5, 6, 10]. The rest of the estimates are altogether new.
Since the velocity at any point of S is given by (1.1), one obtains a complete control of the
motion of the rigid body as it approaches the boundary of 2. The above result extends Theorem
4.6 of [2] to 3 dimensions.

Our next result concerns vector fields that enjoy the regularity of strong solutions of the
solid—fluid interaction problem, cf [13, 7].



Theorem 1.2. We assume that both ) and S are uniformly C? domains. Let u € WO1 ’2(5’, Q)
be such that divu = 0 and in addition |V*u| € LP(F) for some p € [1,00). Then, there exist
positive constants H,, Cs, co depending only on S, Q, p, such that, whenever h < H, and

Op = Coh%,
5_2
lups| < Cs (h2 P V2l 2o (| <o 0r) + B HVUHLQ({\m’Koh}ﬂF)) :

For instance, for p = 2 which corresponds to the regularity of strong solutions, we have that

3
lups| < Cs (h2 IVl £2({|2 | <o }F) + P Hvu||L2({\m’\<ah}ﬂF)) :

This can be thought as an improvement of the corresponding estimate of Theorem 1.1, which for
a =1, p = 2 takes the form
1
lups| < Cwh? VUl 122 <opnF)-

Such estimates for strong solutions were first established in [4, 7] in the case where () is half—
space and S is a disc or a ball. In such a case only the first term in the right hand side appears
due to the apparent symmetries. In the absence of symmetries however, the second term above
seems to be necessary. The proof of Theorem 1.2 uses in an essential way all the estimates of
Theorem 1.1. It is not clear whether the other quantities appearing in Theorem 1.1 can also be
improved in a similar way and we leave it as an open question.
We next consider the dynamic case, where S is allowed to move inside €2. Denote by S(¢) C
() the position of S at time ¢t and F' = F(t) = Q2 \ S(¢). We thus assume that there are functions
w.(t), w(t) both in L>(0,T) and function z,(t) in W°°(0, T) such that ’,(t) = u.(t), so
that S(t) consists of points x(¢) satisfying
dc;it) =u(t) + w(t) x (x(t) —x(t)), x(0)=x € Sp.

For p > 1, ¢ > 1 we define the space of functions u(x,t), x € Q,t € (0,7),
L0, T; Wy P (S(t), Q) ==
{ueL? (O,T; W&’p(Q)) su(x,t) = ul(t) + w(t) X (x — x.(t)) forx € S(t)}.
The distance between S(¢) and 02 is now a function of time h(t), that is,
h(t) = dist(S(t), 092).
The following is a consequence of the previous Theorems.

Theorem 1.3. (i) We assume that both Q2 and Sy are uniformly CY* domains with o € (0, 1].
In addition € satisfies an inner sphere condition. Let

w e L®(0,T; L*(Q) N L0, T; Wy P (S(1),Q)), pell,00), divu=0. (1.2)

Then, there exist positive constants Hy, Cy, co depending only on S, €, p, such that, whenever
1
h < Hy, function h = h(t) is Lipschitz continuous and for oy, := cohT+e there holds

dh p(itay (P~ 1335)
E < Cw h» HVU’HLP({\&:’Kah}ﬁF(t))7 fO}" aa. te (O,T) (13)
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(ii) We assume that both ) and Sy are uniformly C® domains. The vector field u satisfies
w e L®(0,T; L*(Q)) N L0, T; W, (S(t),9)), divu = 0.

and in addition
|V2u| € LP(F(t)), p€[l,00) fora.a.tc (0,T).

Then, there exist positive constants Hy, Cs, co depending only on S, §Q, p, such that, whenever
1
h < Hy, function h = h(t) is Lipschitz continuous and for o, := coh?, and for a.a. t € (0,T),

dh 5_2
'dt <Cs (h2 v V2 1o (1| <onynF @) + R HVu||L2({\m’\<crh}ﬂF(t))> . (14

It follows from Theorem 1.3(ii) with p = 2, that if lim;_,7 hA(t) — 0, one has that

t 1
lim | b2 (OIVull 2((wi<onmnr ) dr = oo,
see Corollary 3.2 for a more general statement. We see that the noncollision for strong solutions
of the solid—fluid interaction problem cf [13, 7], is a consequence of the fact that u belongs to a
specific function space.

The focus of the paper is in the 3D case, but similar results hold for the 2D case as well. We
present some of them in the form of Remarks. We also note that although our results are obtained
for a solenoidal vector field, a similar approach can be applied in the nonsolenoidal case.

The paper is organized as follows. In section 2 the proof of Theorem 1.1 is given and in
section 3 the proof of Theorems 1.2 and 1.3 are given. In section 4 we present a 3D example
showing the optimality of Theorem 1.1. In addition, in this example a smooth (o« = 1) rigid
body hits the boundary of the container with nonzero speed.

Acknowledgment We thank the anonymous referees for carefully reading our manuscript and
for their comments and suggestions that significantly improved the initial version of our paper.

2 Estimates for weak solutions

Here we will give the proof of Theorem 1.1. We say that a domain D C IR3 is uniformly C12,
a € (0, 1], if there exist constants £ > 0 and o¢ > 0 s.t. for each zg € 9D there is an isometry
R: IR — IR3s.t.

R(0) =xo, R({xec R®: klz'|™™ < |x3] < koy™, |2'| < 00}) NID = .

This definition garantees that the above parabolas with fixed constants o and k fit in both sides
of 0D no matter what the point xy on the boundary is.

If D is a bounded C' domain then it is a uniformly C'1"® domain. For instance, this follows
from Corollary 3.14 of [1]. We note that in the terminology of [1], our definition of a uniformly
C1* domain is the same as the uniform hour—glass condition with shape function w(7) = k7%,

Throughout the rest of the Section we assume that 2 and S are uniformly C''** domains,
with the same constants £ > 0 and o¢p > 0. Recall that if P € 95 and Q € 02 is a pair of
points that realize the distance, our orthogonal coordinate system (x1, z2,x3) has its origin at
the point @ = (0,0,0). We also recall that the plane ' = (z1,x2) is tangent to 92 at the
point  and parallel to the tangent plane of S at the point P = (0,0, k), see fig.1. We set
r= 2| = |(z1,22)].



We will first prove a weaker version of Theorem 1.1. To this end we fix a o € [0, 0¢/2] and
let 0 < p < 0. We denote by C, the cylinder of radius p and height i + 3kolte,

C, = {(rcosf,rsinf,z3): 0 <r<p, 0<6<2m, — ko't < x5 < h 4 2kotTOY,

The choice of the cylinder C,, is such that its top surface lies inside the rigid body .S whereas the
bottom surface lies outside 2. Such a construction is possible due to the previous assumptions.
A depiction of the cylinder C,, along with other domains, is shown in fig. 3. We also mention

the obvious relation
CgﬂF:{|az’| <o}NFE 2.1

‘We have

Theorem 2.1. Assume that both 2 and S are uniformly C** domains, o € (0,1]. Let u €
VVO1 P(S, Q) be such that divu = 0. Then, there exist positive constant C,, depending only on S
and Q, such that if h € [0, H) and o € (0, 0¢/2] there holds

2 1
lups| < Cuwo " r(h+3ka™ ) T8 |Vl e, ),
ups| < Couo T (M4 3ka )8 |V (e, ),
2 1
wrl < Cuo 2 (A4 3ka )28 |V e, ),
ws] < oo T (i 3k ) TRV e, ).

Proof: Let 0 < p < 0 < 0¢/2. We note that o will be fixed throughout the proof. In addition
we assume that 0 < v < 9 < . We first fix some notation.

Notation. We denote by C,  the half cylinder given by
Cprnyi={(rcosf,rsinf,x3): 0<r<p, y<O<m+ry, —ko't™ <a3<h+2ks'te}.
Clearly we have C, = C,,, UC, r1~. We also set

0Cpry 7= Coy \ Cpjay-

To describe the boundary surfaces of C, , we use the notation (upper, lateral curved, lateral flat,
lower)

F;ﬁ = {(rcosf,rsinf,z3): 0<r<p, y<O<mw+r, x3:h+2kgl+°‘},

F?w = {(rcosb,rsinf,x3): r=p, y<O<mw+ry, — ko't® < x5 < h + 2k‘al+°‘},
F}W = {(rcos@,rsinf,xz3): 0<r<p, ==, —ko'T <a3<h+2kott},
r,, = {(rcosf,rsinf,x3): 0<r<p, vy<60<mw+-, 1’3:—]{:0'1—"_05}.

The (total) lateral surface of C, - is given by

.10 1 1
FPN T F/w U F/w U F,UJH"Y'

Concerning 6C, ~, we have that the upper surface is given by

+ 7t +
5Fp7’y T Fp»'y \ FP/Q,’Y
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Figure 2: The domain 6C,, , and its boundary surfaces.

The (total) lateral surface of 6C, := Cp \ C, /2. is given by

() 0 1 1
Oy =Ty Ul UL, o UL, s

where
1 .l 1
0T pq =T\ Lo

Plan of the proof. The estimate of |ups| = |up - np| is essentially given in [11] Theorem 3.1,
see pp 321-322. In the sequel we will first estimate the tangential part of w, that is, w, =
(w1,w2,0), then the tangential part of up, that is up, = (up1,ups,0) and finally the third
component of w, that is |ws|. We follow this order in the proof, because at each step we use the
estimates of the previous steps.

Estimate of w,. We will apply divergence Theorem in the piecewise smooth domain 6C, , =
Cpon \ Cpj24, see e.g. [14], p. 278. By choosing this non symmetric domain the tangential
component of w appears in the calculations. The removal of C is done for technical reasons
and will be explained later in the proof.

Since w is divergence free and u = Oon I
have that

p/2,y

o> applying the divergence Theorem in 0C -, we

/ u-nd5+/ u-ndS =0. 2.2)
T, )

FPN

We next compute the integral over 51“;;7 = Fjﬁ \ F;L/Q » If  p is the radius vactor of the point
P, we have thatu = up + w X (x — xzp) and n = n, = (0,0, 1). Then,

/ u-ndS = /
org, bl

Py

uP-npdS+/ wX (x—xp) -ndS

ory,

3
= 7rp2uP-np+w‘/ (x —xp) x ndS,
3 ST



here we used the identity w X (x — xp) -n = (x — xp) X n - w. To continue we note that
_ : 1+«
x—xp = (rcosf, rsinf, 2ko %)

(x—xp)xm = (rsinf,—rcosb,0),

so that finally we have

3 7p°
u-ndS = “mp*up-np + ——(w; cosy + wy sin7).
ST, 8 12

From this and (2.2) we get

7p? 3mp
—|w1 cosy+ wa siny| < L]uP np|+/ \u|dS+/ lu| dS. (2.3)
12 8 ry uro 6T} Usr.

p/2,y Pty

To estimate the terms in the right hand side we will integrate the above estimate from v = 0
to 70 < 7 and then from p = ¢/2 to 0. In the calculations that follow we use cylindrical
coordinates. By abuse of notation we write u(r, 6, x3). We first note that

Yo Yo [Ty h+2kol+a
/ / |lu| dSdy = / / / u(p, 0, x3)| p drsdfdry
o Jrg, kol e

Yo 27 h+2k0'1+°‘
< / / / w(p, 0, 23) p dsdddy

kolto

21 h+2k01+°‘
< / / w(p, 0, 23)| p dusdd.

kolta

We next inegrate from p = o /2 to o to get

g Yo
/ / / lu| dSdydp < 77/ lu|de <7 | |u|dx
c/2J0 Fg’,y CU\CU/Q Co

p—1
T [|ullpr(c,) [Col P
7 Cy (h+ 3ko™) |Vt poe,) (02(h + 3ka+2) 5
2-2 14a 2—*
mCro” v (h+3ko ™) 7 [[Vul 1r(c,)

IN A

for some universal positive constant C;. Working similarly for the integral over I‘g /2.4 e end

up with
o Yo
/ / / |u| dSdvydp 37r/ lu| d
o/2J0 JT) UT) Co
< 3mC1 o (h+3ka")PTF |[Vul,).

IN



Concerning the flat parts we have

Yo [O Yo fhA2kol T p
L] mlasapey = [T f [ [ tutrna) drdpazay
0 a/2JoT} kolte c/2Jp/2
Y0 h+2kolte
/ / / / |u| drdpdzsdy
kolto c/2Jo/4
Yo phA2kolte ul
= / / / —rdrdxgch
kolte a/a T
o[,
CO’\CU/4 r
/ |u| d

< 201 0*7F (h+ 3ko )2 ||V e

IN

IN

IN

It is in the above calculation that the removal of C,, /5, is required. The same estimate holds true
for the integral over dT'} PR

On the other hand examination of the proof of Theorem 3.1 in [11] (see p. 321-322) shows
that the following estimate is true

2 1
lups| = |lup -np| < Coo™ "7 (h+ 3ka )2 ||V o e, ), 2.4)

for a universal positive constant C.
Integrating twice (2.3) and employing the above estimates we get

[(wi sinno + w2 (1 — cosy0)| < Coo™ 277 (h + 3ka )77 | V]| poc, -
Since 7o € (0, ) is arbitrary, we conclude
jwrl < Jwn| + lwal < Co 270 (h+ 3ka' )2 5| Vaul| age, ) (2.5)

for a universal positive constant C'.

Estimate of up,. We will use a similar argument, but this time instead of working with the half
cylinder C,, , we will work with a half cylindrical domain with U-like top surface given by

C;Jﬁ = {(rcos,rsinf,x3): 0<r<p, y<O<m+y, —ko'T <x3<h+krte}.

Such a choice allows for the tangential part of wp to enter the calculations.
To describe the boundary surfaces of C;Jﬁ we use, in complete analogy with the previous
case, the notation

I‘;{’;’ ={(rcosf,rsinf,x3): 0<r<p, y<O<mw+r, x3=h+krT}

for the upper surface and quite similarly Fffy] , nyl, T,y = ', ., for the lateral curved, lateral
flat, and lower surfaces respectively. Again, we apply dlvergence Theorem in (5(%7 = C;Jﬂ \
C;J/Q ., to get the analogue of (2.2)

/ u-ndS+/ u-ndS+/ u-ndS =0. (2.6)
Lo \E s ryourss9 ST usTs !

p/2,y P,y



The first integral above is computed explicitly. Since the surface Fﬁ’j lies in the rigid body, we
have u = up + w X (x — xp). Straightforward calculations show that,

(—k(1+ a)r*cost, —k(1+ a)r*sind, 1)

n = i
(B2(1 + a)?r2e +1)2
x—xp = (rcosh,rsind, krit®)
dS = (K*(1+ )2 +1)2rdrdd
np = (07 07 1)
Then,
/ u-ndS = / uP-ndS+/ w X (x —xp) -ndS
oA o oA

p [Ty
=up- / / (—k(1+ a)r*cosf, —k(1+ a)r®sinf, 1)rdrdf
0 Jy

p [Tty
+w / / (sinf + k%(1 + a)r**sinf, — cosf — k*(1 + a)r’“cos 6, 0)r2 dr df,
0 Joy

so that
1 2k(1+ o)
‘ndS = L2 ) ST 2+4a . (si — 0
/Ffunju n TP Up TP+ 21 VU (siny, —cos,0)
2 2k? 1
i (3 + 20(;1:3>PQQ> p’w - (cosy,siny, 0),

and similarly for the integral over Fi/’;v' For the remaining two integrals in (2.6) we note that
U,0 0 o U1 1
I, cl'y., and similarly 6% C ol .
From (2.6) then, we obtain the analogue of (2.3) which reads

A1p2+a‘upl Sin"}/ — upy COS’Y‘ S A2p2‘uP . ’n,P| + A3p3|w7"

+/ \uyds+/ wlds, @7
rg,ure ol . usT

1
with positive constants A4;, i = 1,2, 3, depending only on &, c. Again, we will integrate the

/2,7y Pyt
above estimate from v = 0 to 79 < 7 and then from p = ¢ /2 to o to reach the analogue of (2.5),

2 _1
wpr| < lupi| + [upa| < Co™ 70 (h 4 3ka )75 | Vul| o(c, ), (2.8)

with a positive constant C' = C(k, ).

Estimate of w3. We will use the same argument as before, but in a modified domain that allows
for the appearance of ws. To simplify the calculations we choose our coordinate system x1x223
so that w = (0, w2, ws). This can be done by rotating our coordinate system around the x5 axis
so that w is along the x5 axis. We next cut the cylinder C, ., p < o with the plane

Ty = (.CCQ — O') tan¢ + h + kot = :f:g(a?z),
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Figure 3: A 2d depiction of the cylinder C, (blue) as well as the top surface of C'/L)J (green) and

Cg)( red). The bottom surface of all three domains is the same.

and we denote the resulting domain by

Cf,’,,y = {(rcos,rsinf,x3): 0<r<p y<O<m+7y, —ko'T <3 <is(rsing)}.

We also denote the various parts of the boundary of Cﬁi ~ by F?;ﬁ[ , Fﬁjg, F;’fﬁ, ng =TI, and
5Fgﬁ as usual.
kolte

= ko, In particular we have
20 2

The angle ¢ is so chosen that tan ¢ =

U : o+
c, ccl, cCyp with T9T CS.

We will apply the divergence Theorem in Cg}y \C ¢

/2 " Again, the integral over the top surface

of Cﬁ ~ 1s computed explicitly,

2
2 2
/ w-ndS = P (wpo sin ¢ + ups cos @) + = p3wysiny — = p>ws tan ¢sin .
r 2cos ¢ 3 3

<
+

P:’Y
For the remaining integrals we note that
¢70 0 ] ] ¢,1 1
e, cT,, and similarly 6T, C ol .
We then obtain the analogue of (2.3) or (2.7) which now reads

A1p? tan ¢ siny |ws| < A2p2|uP3|cosg[)+A2p2]uP2|sin¢+A3p3sin7|w2|

+/ |u\dS+/ lu|dS,
rg . ure ort uer?

p/2,~y Py

10



with positive constants A;, ¢ = 1,2, 3, depending only on k, «. Integrating the above estimate
from v = 0 to 79 < 7 and then from p = ¢/2 to o, and employing the previous estimates, we
get

lwsl < Co™2 770 (h + 3ka )27 | Vul| o, ) (2.9)
with C' = C'(k, a).
Completion of the proof. Putting together (2.5), (2.8) and (2.9) we have shown that there exists

a positive constant C, = C\,(k, @) depending at most on k, «, s.t. for any h € [0, H] and any
o € (0,00/2] the inequalities of the statement hold true.

0

Remark 1. It is an immediate consequence of Theorem 2.1 and (2.4) that for h < H and
o € (0,00/2] there holds
2
[up| < Cuo ' TTH(h+ 3K T [Vl ),

w| < Cuo 2 (h 4 3k0 )8 | V| e, ) (2.10)

for a positive constant Cy, = C\,(k, «v). This provides an upper estimate on the kinetic condition
of the rigid body as it approaches the boundary.

Remark 2. In the special case where @ = 1 and p = 2 and under the assumptions of Theorem
2.1 we have that for a positive constant C\,, = Cy, (k),
fupsl < Cuo™ (k4 3k0™) 2| Vaul| 2 c,).

_ 3
|U'P7"7‘w7" < Cyo 3(h+3k0'2)2Hvu”L2(CU)a

IN

wsl < Cuo(h+3ko™) |Vl 2(c,).
To prove Theorem 1.1 we first present the following Lemma

Lemma 2.2. We assume that both Q and S are uniformly CY* domains. Let u € W& P(S, Q)
be such that divu = 0. There exists positive constants H, < H and 0, < % depending only on
a, k, o9, H, p such that for

h 1+a
h<H, and U;() <o <oy,

there holds

|Vu|Pdr < 2/ |VulPdz.
Co CoNF

Proof: Let h < H and o < 5. For later use we also require require that

92 1+«
ho ' < H <) . (2.11)
00
All conditions are satisfied provided that
h 14+«
h<H and % <H> gag?. 2.12)



We next compute

/|Vu|pda: = / |Vu|pd:c+/ |Vu|Pdz
Co CoNF c.nS

:/ VaulPdz + 25]w|?|C, N S|
CoNF

IN

/ \Vu|Pdz + 22 3k |w[Pro®te.
CoeNF

The last inequality follows since the domain C, N S is contained in a cylinder of radius ¢ and
height 3ko . To continue, we first use (2.10) and then (2.11) to get

VulPdr < / |Vul|Pdz
Co CoNF
+253kwCP 0P (ho ' +3k)2p1/ |Vu|Pda
Co

< / |VulPdx
CoNF

) 1+«
+ 22 3k CP o [H <) + 3k

g0

= / ]Vu\pdx—l—ao‘pB/ |VulPdx;
CoNF Co

here B = B(p, H, 09, k, «) and is given by
2 1+
H(— + 3k
00

1 1
UapB§§ < 0<(2B) .

2p—1
/ VulPdz
Co

2p—1
B:=2:3knCP

We will choose o small enough so that

For such a choice to be compatible with (2.12) we need to have

1
oo h\ T+« _1
— | = < (2B) er.
() e
This imposes a new smalness condition on /, namely that

1+«
h< <2> (2B) % H.

a0

Hence for

9 1+« l4a _ 1
H, := min{H, <) (2B) 1;” H}, o,:= min{%,(?B) alp}’

g0

and under the assumptions of the Lemma, we have that

1
/ VulPds < / VulPds + = / VulPdz,
Co CoNF 2 Co

12



and the result follows.
O

Remark 3. We note that the same result holds true in the 2D case where €2, S C IR?. The proof
is essentially the same.
We are now ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1 : We first recall (2.1). Our starting point are the estimates of Theorem 2.1.
1

Let H, be as in Lemma 2.2. For h < H, and ¢ = 0y, := % (%)™ conditions of Lemma 2.2
are fulfilled, therefore

1
IVullrc,,) <27 [VulLec,, nr)-

On the other hand, to show the estimate of |up3

, elementary calculations show that

o h (h+ 3k01+°‘)2_%

14203t 1+a 2=
2
:< 001) ’ [H() + 3k
QH T+a a0

from which the estimate for |up3| follows from the corresponding estimate of Theorem 2.1. We
similarly treat the other estimates of Theorem 1.1.

1
P 142a 3+a
hp(1+a) (pi 1+2a ) ,

O

Remark 4. In the special case where & = 1 and p = 2 and under the assumptions of Theorem
1.1 we have that

1
lups| < Cuwh? [[Vullp2(fjar|<opninF)s
<

[uprl, jwr| Cu ||vu”L2({|w’\<ah}ﬂF)7

_1
ws| < Cwh™2 |Vl 2o/ <o)

Remark 5. In the 2D case (cf Theorem 4.6 in [2]) the analogous estimates of Theorem 1.1 are

142 24
thp(l-l»g) (p— 1+20; )

IN

|ups IVullrec,, nr);

A

1(,_2ta
upt] < Co k") |Vl o, .
2a _2+a
]w| < thp<1+a>(p 2a)||vu“Lp(Co,hﬁF),

where ups and up; are the vertical and tangential components of up respecively and w is the
scalar angular velocity. In particular fora =1, p = 2,

3 1
lupa| < Cuhdl|Vullp2c,, npy, and  fupi], [w| < Cuhd[|Vullr2c,, np)-

3 Estimates for strong solutions

Here we will give the proof of Theorems 1.2 and 1.3. Assume that both S and (2 are uniformy
C3. More precisely, for Q € 0 we recall our orthogonal coordinate system with the origin at
Q@ = (0,0,0) and such that ' = (x1, 22) lies on the tangent plane to 952 at the point ). Then
the function that describes 92 locally near ' = 0 is given by

xr3 = gﬂ($/)7 |ml| < 0o,

13



where gq is C* and such that
Viga(z')| < K|2'|*™", i=0,1,2 for |2'| < oo,

as well as
]V3gg(m’)| < K, for |z'| < o,

with positive constants oy, K independent of the choice of the point @@ € 9€). In connection
with this, we use the notation

f()=0(K|Z|™), |*'| <00, m=1,2,...,

to mean that | f ()| < C(K)|2’|™ with a constant C'(K) that depends only on K (and not on
the specific point on the boundary).
Without loss of generality we assume that

K > max{1,k};

we also take o to be the same as the one in Section 2. The same estimates are assumed to be
true for 0S. In particular, if P € 05 is a point nearest to () so that h = | PQ)/, then

z3=h+g(@), |2 <o,

and g satisfies the same estimates as gq.
To prove Theorem 1.2 let us first show

Proposition 3.1. We assume that both Q2 and S are uniformly C® domains. Let u € W(} ’2(5' , Q)
be such that divu = 0 and in addition w € W?2(F) . Then there exists a positive constant
C(K) depending only on K, such that for any h € [0, H| and o € (0, 0(/2] there holds

lups] < 3172072 (h+2K0?)? ||V2ul| 2,0 + C(K)o?[up,|
+C(K) o (h+2Ko?)|w,|.
Proof: We apply divergence Theorem in the domain C, N F'. Setting
Iy = {2/l <p. a5 =h+g)),

/ u-ndS:—/ u-ndS. 3.1
Oy r9nF

Estimates on f;. Here n = (1 + |Vg|2)_%(—gxl, —aq,1). As usual we will write u =

we have

up+w X (. —xp) =up +w x (x1, 22, g(x1,2)).

/ u-ndS = / U (=G —Guy, 1) d’
Ty |2'|<p

B / up - npde + / up - (—gay, —Yaz, 0) dz’
|’ |<p

[’ |<p

+UJ/ (.’III,Z’Q,Q) X (—gzl,—gm,O)dm/—l—w-/ (.’131,.%'2,9) X (0707 1)dx/
2| <p |’ |<p

= mp’up - np — Up; - / (9215 9z Jdz1dT2
|| <p

tTw: / (ggmv —99x1,X29x; — 361ng) dridrs + w - / (1'2, —I, 0) dxidzs
|’ |<p |z’ |<p

::7Tp2up‘np—uPT~I1+w‘I2—i—w-I3.

14



It is easily seen that I's = 0. We also note that for ' = (x1,22) = (r cos 6, rsin ) small, we
have by Taylor expansion

G2, (07 O)x% + 2g;r1;r2 (07 O)xle + Growo (07 O)xg] + O(K’wl‘3>

N

g($1,$2) =

|

[92121(0,0) €08 0 + 2041, (0,0) cos Osin (3.2)
+Gzoms (07 0) sin 02] + O(KT?’)

Then, using the above Taylor expansion we have

p
/ 9z, dx1dary = / 9((,02—95%)1/2,362)—9(—(/)2—37%)1/2,»’62)03332
|’ |<p —p
p
= 2102(0,0) / r2(0? — a3)V2 diry + O(K p).
—p

The last integral is zero (the integrand is odd), we therefore end up with

11| < C(K)p".

Concerning the integral I, we first note that
/ (2292, — T1Ga,) dvrdzy = / (z2, —21) - Vg dz1das
[=’|<p |’ |<p

- div (29, —z1) g de1dzy +/ (2, —21) - onz2) gdS

1

— 2 2\5

|2’ |<p |z’ |=p (1‘1 + $2)2
=0.

One the other hand from (3.2) we have that

1
QQ(xlv x2) = E[Qmﬂm (07 O)x% + 292?1932 (07 O)xle + Gazozs (07 O)xg]Q + O(KTE’)'

Using this we calculate

1
/ 99z, dridas = 3 / (9%)a, da1das
l=’|<p l=’[<p

1 P
=5 | P = D)) - P - )
—P
p 1
= [ (92121 (0,0)(p* = 23) + G (0, 0)23] g1, (0,0) (p* — 23)2 wa dra + O(K p°)
-p
= O(Kp®),

since the last integral is zero (the integrand is odd). The same estimate holds true for the integral

of g gz, so that eventually
[I2| < C(K)p°.

Hence,
u-ndS =np*up-np+R, |R<CK)(up|+ |w:|p)p* (3.3)

Ly

15



Estimates on Fg N F. In the subsequent calculations we will use cylindrical coordinates. By

abuse of notation, we will write w(r, 0, z3) to mean w(r cosf, rsin 6, x3). In what follows we
will change variables by

&=

T3 — ga
h+g—ga’

2 rh+g 2 pl
/ u-ndS = / / u‘ndargdG:p/ /ﬁ'n(h—i—g—gg)d{d@
roNF 90 o Jo

2
- p// @-n(h+g— go)dode
0 0

1
- /0 B(p,€) de,

27
B(p.6) = [ @ity —go)d0

We recall that  depends on p, 0, &, whereas g, gq depend (in polar coordinates) on p, # and n
depends on 6. We have that ®(p,0) = 0, since w(r, 0,0) = u(r,0, gq) = u‘aQ = 0, therefore
by mean value Theorem there exists (, € (0, 1) s.t. ®¢(p, () = ®(p, 1). We then write

a(r,0,§) = u(r,0,23). (3.4)

with

3 S
q’(p’&):/o ‘1><(p,C)dC=/O /c ®rr(p, 7) dT d( 4+ £2(p, 1).

As a consequence

L e ¢ 1
/ u-ndS = p/ / / ®rr(p, 7) dr dCdE + S p®(p, 1),
roNF o Jo J¢. 2

and therefore

1
1
[, uends < p [ lenlpnldr+ gole(o ).
ronF 0

We estimate the first term in the right hand side,

1 2 1
p [ ctplir < p [ [ il g - go) arao
0
27 phtg
= / / |ux3963| h+g gQ) dz3dd
g0

27 phtg
(h+ 2Kp / / |Usgzs|p dz3dh.
g0

Concerning ®(p, 1), for n = (cos 6, sin 0, 0) we have

IN

27
P(p,1) = / u(p,0,1) -n(h+g—ga)dd
0
27
=/ u(p,0,h+g) -n(h+g—ga)dd
0

2m 2w

:/ up-n(h+g—gg)d9+w-/ (pcosb, psinb, g) x n(h+ g — gq)dd
0 0

=1 + 5.
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To estimate 11, we use (3.2) to obtain
1| < O(K) Jup-|p°,
for a positive constant C' depending only on K. Concerning /5 we have that

(x1,22,9) xn = (pcosb,psinb,g) x (cosh,sinb,0)
= (—sinf,cos6,0)g(pcosh, psinb),

from which it follows

| I 2K |wo|p?(h + 2K p?)

<
< 21K |w,|o?(h +2Ko?).

Putting everything together, and recalling that p < o, we have

27 phtg
|/ u-ndS| < (h+2Ko?)? / / |Usggzs|p drsdd
ronF 0 g

Q

+C(K) [upr|ot + 27K |w,|o3(h + 2K 0?).

The estimate on |up3| : Combining (3.1), (3.3) and (3.5) we get

27 phtg
mptlups] < (h+2Ko%)? / / |Uszyzs|p dz3dd
0 go
+ C(K) |up,|o* + C(K) |wr|o®(h + 2Ko?).
We integrate this from p = 0 to p = o to get after simplifying,

3073
—(h+ 2K0%)* | V?ul| 1 c,nr) + C(K)o”|up,|

+C(K)o (h+2Ko?)|w,|.

lups] <

By Holder inequality

IN

p=l o
ICo NF| 7 |[Voul o (c,nr)

p=1 2(p—1)

IV2ul| L1 (c,nr)

Hence

1 2 1
lups] < 3n po T (h+2K0*) T |Vl e, + C(K)o  [upy|

+C(K)o (h+2Ko?)|w,],

and the proof is complete.

PN
< mv o v (h+2Ko") 7 [[Vullec,nr)-

(3.5)

0

Remark 1 Examination of the proof shows that in case both g and g are radially symmetric,
the terms involving |up,| and |w,| are absent. Thus we recover the result of Proposition 8 of
[7]. However, in the absence of symmetries these terms are present. To proceed then with the
estimation of |up3| we will use the estimates for |up;| and |w,| from Theorem 2.1 (the case of

weak solutions).
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Remark 2 In the 2D case, under similar assumptions there exists a positive constant C'(K)
depending only on K, such that for any h € [0, H] and o € (0, 0¢/2] there holds

p—1 _1_1

_1
lups] < 27 o P (h+2K0?)’ 7 |V o, nry + C(K)o?|up, ]
+C(K)o? (h+2Ko?)|w,|.

Proof of Theorem 1.2: Let h < H and o € (0,00/2]. We combine the estimate of Proposition
3.1 with the estimates for the weak solutions for |up,| and |w|, with a = 1, p = 2, cf Remark
2 after the proof of Theorem 2.1 namely

_ 3
lupr|, |wr| < Cu(k) o™ (h + 3ko?)> Hvu||L2(Co)‘

Taking also into account that K > k we obtain

_1-2

_1
ups| < C(k)o™ 77 (h+3Ko?) ™7 |V (e,
+ Ok, K)o~ (h+3K0?)? |Val|2(c,)
+ Ok, K)o~ (h+3K0?)? |Val| 2, )-

At this point we further restrict h by h < H, < H where H, is defined in Lemma 2.2. In

1
addition we choose 0 = oy, := (ﬁ) 2 2. With these choices the assumptions of Lemma 2.2 are

H
satisfied, therefore
IVullr2c,, ) < \/§HVUHL2(C%mF)-

On the other hand,

92 2
h+3Ko; = oj(ho;, > +3K) < o}, [H <) + 3K

g0

Hence,
5_4
jural < o ()7 19Ul + 0 [Vl 2oy )

with a positive constant Cs = Cs(k, 09, H, K). Recalling the definition of o}, the result follows.
O

Remark 3 In the 2D case, under assumptions similar to those stated in Theorem 1.2, there exist
positive constants H,, Cs, co depending only on .S, 2 and p, such that, whenever h < H, and

1
op = coh?,

5.3 o 5
lupz| < Cs (h2 » [Voul Loc,, nr) + R4 ||VUHL2(C%0F)) -

We next give the proof of Theorem 1.3.

Proof of Theorem 1.3: It is a consequence of Theorems 1.1, 1.2 and Lemma 4.5 of [2]. The last
Lemma concerns the 2D case. In the 3D case the arguments are the same with the exception of
the proof that u, and w are L>°(0,7"). We next present the proof, as is suggested in [11], for
completeness. If . (t) is the center of mass of S, then u = u, +w X (x — x,) and

2 = u*2 w L — Lk 2 Uy - (W L — Lk $,
/s‘“'dx‘/g“ 24w x (@ — )| + 2 - (w % (2 — )] d

18



but

/Su*-(wx(a:—:c*)):(u*xw),/(a:—m*)zO,

S
whence

/Uu*\? Flw x (2 — o) [2lde = / ufda < / uPda. (3.6)
S S Q

We next note that
/ w x (z — x.)|*dx = \w\Q/ | — x| sin? i,m—m* dx,
S S |w|

inf / |z — . |*sin? (&, — x.) dx =: a > 0.
S

and

ecsS?

It then follows from (3.6) that
1] (Jua ? + alw]?) < / uf2de.
Q

Since u € L>=(0,T; L*(R2)), then both u, and w are in L>(0,T). The rest of the arguments
are the same as in [2]. In particular, if R is the radius of the inner sphere of 2 and h(t) < R then
h(t) is Lipschitz continuous and for almost all ¢

W) = fup -l = fupsl.
dt

Therefore if h < Hy := min{ R, H.,} the result follows.
0
As a consequence of Theorem 1.3(ii) we have the following noncollision result for strong

solutions.

Corollary 3.2. We assume that both Q and Sy are uniformly C® domains. Let the vector field u
be such that

we L®(0,T; L*(Q)) N L0, T; Wy *(S(t),9)), divu =0,
and in addition for some p € [1,00),
t
/ V20| 1 (p(syds < 00, V€ [0,T).
0
If h(0) > O then h(t) remains positive for t € [0,T). Moreover, if liminf, ,7 h(t) = 0, then
t—=T

tos_ 2
lim ; h?2 p(T)”V2u||Lp(C%<T>mF(T))dT:oo.

In particular, if liminf; ,7 h(t) = 0and p > 4/3 then

t
: 2
EL“%/O IV ullzr e, , (ynrery) dT = 00

19



Proof: By Theorem 1.3(ii) we have that for a.a. ¢,

1dh 3.2
‘hdt < Cs (h2 2 [Vl 2c,, ) + ||vu||L2(CghmF)> :
Integrating this we get

h(t)

1(0)

from which the results follow easily.

In

t 3 2 t
\scs [ 03Il dr + e [ 9l dr

O

Remark 4 Similar results to Theorem 1.3 as well as to Corollary 3.2 hold true in the 2D case.
In particular, under the assumptions of Theorem 1.3, the analogue of (1.3) is

dh 1+2a (1, 24a
‘dt < C’whp(1+a>( 1+2a)||VUHLp(CUhmF),

whereas the analogue of (1.4) is

dh 5_3 5
‘dt < C (h2 2 (V2| o (c,, nr) + P HVUHL%C%mF)) :

4 Example and optimality of Theorem 1.1

Let (2 be the half space IR3 = {(z1,22,23) : x3 > 0}. Forr = |2/| = |(z1,22)|, the lower
part of the boundary of the body S is given by 23 = h(t) + 77 so that h(t) equals the distance
between .S and 0f2 at each time ¢. Let

1 . .
F = 5(—hx2, ha1, —wsr?),
so that the velocity of the solid is given by
ug =V x F = (—wsxg, wax1, h) = (0,0,h) + (0,0,ws) X (x1,x2, 23 — h).

This represents rotation about the x3 axis with angular velocity w3 and a vertical speed h. To
define the velocity field everywhere in {) we set

u = Vx(FU)
1 . . .
= 5(—&;3:132(2\1/ +7V,) — ha1 Ve, w3r1(2V +1V,) — haoWy,, h(2V 4+ r¥,)),

so that divu = 0. Here

Z3

U =U(ra3) =¢ <h+rl+a

) Y1(r)a(w3),

and ¢, 11, Y9 are suitable smooth cut off functions such that

1, =1, 1, r<p, |1, z3<H,
QS(T)_{O’ TSO’ ¢1(7°)—{0’ 7“>2p’ ¢2(x3)_{0’ $3>2H .
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By standard arguments we calculate for a small but fixed ~.

9] h+rlte .
/ . |Vu|?dx < / / RAr302 L+ wir? (Ug, + 10,y,)% dag dr
R 0 0

+

A

v phtrite .
/ / h27”3¢i3x3 + W§r3(¢x3 + r¢rm3)2 dl’gd’l" + Oh(l)
0 0

¥ h27’3 w27“3
< S dr + On(1).
~ /0 e g 0 On)

Hence,
h? + w3, 0<a<1/3,
[ IVuPde 8 iRl +ud, =1/
3 . 1-3a
B W2hTe +wl 1/3<a<l.
We similarly have
/ \Vul2de < h2h e + wd hiva. @.1)
Cop NF

/ lul?dx < h? + w3,
R

Optimality of the estimates of Theorem 1.1 Taking w3 = 0 we have from (4.1) that
. 3a—1
] 2 h205) [ Vul| 2, ar)s

which shows the optimality of the up3 estimate of Theorem 1.1. Similarly for h=0we get the
optimality of the w3 estimate. Starting with the vector field

F = (0, —Swaa? + (aa — W), a0r (1),

so that
us =V x F = (v1,0,0) 4+ (0,w2,0) x (x1,22,23 — h),

one can show the optimality of the rest of the estimates.

Non zero collision speed If we interprete w as the velocity field related to the motion of a rigid
body inside an icompressible fluid, then w satisfies diva = 0 and

u — Au+ (u-V)u+ Vp = g; 4.2)

cf e.g. [6, 11]. We first choose w3 to be a smooth function in [0,7]. We next discuss un-
der what conditions on h, our function u is a weak solution of the above equation with g €
L%0,T; H1(Q)).

At first, we require u to belong to the energy space of weak solutions of the solid—fluid
interaction problem, that is

w e L®(0,T; L*(Q)) N L2(0,T; W, (S(t), Q). (4.3)
We easily see that u € L>°(0,T; L*(2)) whenever

lh|<C  for te(0,T], (4.4)
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whereas for o € (1/3,1] one has u € L*(0, T’; WOI’Q(S(t), 2)) provided that
T . 1-3a
/ h? h e dt < oo, 1/3<a<l. 4.5)
0

To have g € L?(0,T; H~1(£2)), it is enough that each term in the left hand side of (4.2) is
in this space. Because of (4.3), u € L?(0,T; H}(2)) hence Au € L?(0,T; H~1(Q)). For the
term u; to be in the same space it is enough to have (F'W), € L?(0,T; L?(£2)) which after direct
calculations, is true provided that

T
/ (h? + h?) dt < . (4.6)
0
Finally for the nonlinear term it is enough for the integral
T
/ / u®u: D(w)dedt, Yw e L*0,T;HY(Q)),
0o Jo
to be well defined. This is the case provided that |u| € L*((0,T) x §2), which follows from

T T

/ htdt <oo, if 0<a<l1 or / hY|Inh|dt < oo, if a=1. 4.7)
0 0

Hence, if conditions (4.4)—(4.7) are satisfied then g € L?(0,T; H~1(2)).

We next take h(t) = (T — t)?, § > 1. One can easily check that all conditions (4.4)—(4.7)
are satisfied provided that
e eithera = 1 and 6 > %,
eorelse € (3,1) and =1or6 > 3.

Consequently, for o € (%, 1) and = 1 we have a nonzero speed of collision ( h = —1),
whereas for « = 1 and 6 > % we have a zero collision speed, in agreement with Theorem 3.2 in
[11]. In connection with this, we recall that the assumption that the rigid body is smooth seems
to lead to various results that are in disagreement with experimental observation, such as the
noncollision of the rigid body with the boundary of the container, see e.g [3, 5, 6], as well as
[10] p. 324.
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