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Abstract

Let Q be a bounded domain in IR™, N > 3, containing the origin. Motivated by
a question of Brezis and Vazquez, we consider an Improved Hardy Inequality with

best constant b, that we formally write as: —A > (%)2 ﬁ—i—bV(m). We first give
necessary conditions on the potential V, under which the previous inequality can
or cannot be further improved. We show that the best constant b is never achieved
in H}(Q), and in particular that the existence or not of further correction terms is
not connected to the non achievement of b in H} (). Our analysis reveals that the
original inequality can be repeatedly improved by adding in the right hand side
specific potentials. This leads to an infinite series expansion of Hardy’s inequality.
The series obtained is in some sense optimal. In establishing these results we derive
various sharp Improved Hardy-Sobolev inequalities.

1 Introduction

Throughout this work € is a bounded domain in RN, N > 3, containing the origin.
The classical Hardy inequality asserts that for all u € H}(Q):

/Q\Vu(x)\?da:z (N;Q)z/gu‘z(lﬁ)dx. (1.1)

2
It is well known that (%) is the best constant for inequality (1.1), and that this

constant is not attained in HE(Q); see [OK] for a comprehensive account of Hardy
inequalities and [D] for a recent review. The fact that the best constant is not attained



suggests that one might look for an error term in (1.1). Indeed, Brezis and Vazquez
[BV], have obtained the following Improved Hardy Inequalities valid for any u € H}(€):

N —2\? 2
/ \Vul|?dz > <) /U—de—i-)\g/ u?dz, (1.2)
Q 2 Q |z| Q
N —2)\?2 u?
2 2
de > (=) | —Sde+ K . 1.
[ iwuie = (S52) [ e+ Kl (13)

In (1.3) we assume that 1 < p < 2N/(N —2). The constant \g in (1.2) is given by:
2 2
Mo =2 ¥ 19°F, (1.4)

where wy and || denote the volume of the unit ball and Q respectively, and zp =
2.4048. .. denotes the first zero of the Bessel function Jy(z). The constant appearing
in (1.4) is optimal when (2 is a ball, but again, it is not achieved in HE(Q).

Similar improved inequalities have been recently proved if instead of (1.1) one con-
siders the Hardy inequality involving the distance from the boundary, or even the
corresponding LP Hardy inequalities. In all these cases a correction term is added in
the right hand side; see, e.g, [BM], [BMS], [BFT], [FHT], [GGM], [VZ].

Hardy inequalities as well as their improved versions are used in many contexts.
For instance, they have been useful in the study of the stability of solutions of semi-
linear elliptic and parabolic equations (cf [BV], [CM1] [PV], [V]), in the existence and
asymptotic behavior of the heat equation with singular potentials, (cf [CM2], [VZ]), as
well as in the study of the stability of eigenvalues in elliptic problems (cf [D], [FHT]).

The motivation for the present work comes from the following question raised in
[BV] (cf Problem 2, Section 8): In case 2 is a ball centered at zero, are the two terms
in the right hand side of (1.2) just the first two terms of a series? Is there a further
improvement of (1.3)7

We will address these questions in a more general setting. Thus, instead of (1.2)
we will consider a more general Improved Hardy inequality:

2 N —2)? u? 2 1
/ Vulde > / —de+b/ Vilde, YueHNQ).  (L5)
Q 2 Q |z| Q

We want the potential V' to be a lower order potential compared to the Hardy potential
ﬁ. For that reason we give the following definition of the admissible class A of
potentials :

Definition 1.1 We say that a potential V is an admissible potential, that is V € A, if

N

V' is not everywhere nonpositive, V € L2 (Q\{0}), and there exists a positive constant
C' such that

2 N-2\? [ o’ 2 1
/Q\Vu] dr > 5 /dex—l—C/Q\V]u dz, Y ue Hy(Q). (1.6)

The presence of the absolute value in the right hand side of (1.6) ensures that the
negative part of V is itself a lower order potential compared to the Hardy potential,
and therefore the Hardy potential is truly present in (1.5).

It follows from (1.3), by means of Holder’s inequality that if V' is not everywhere
nonpositive and V' € LP(Q) with p > N/2, then V' € A. As a matter of fact A contains



potentials which are not in LP(2) with p > N/2. This will follow from the following
Improved Hardy-Sobolev inequality with critical exponent. We set

X(t) = (—logt)~h (1.7)

We then have:

Theorem A (Improved Hardy-Sobolev Inequality) Let D > sup,cq |z|. Then,
there exists ¢ > 0 such that for allu € H}(Q):

/Q]Vu|2da:2 <N2_2)2/Q| |2d:z+c</ | #5 x 2(‘ } x)m (1.8)

N
We note that estimate (1.8) is sharp in the sense that X N=2 cannot be replaced by

a smaller power of X. This is in contrast with the Hardy-Sobolev inequalities derived
by Maz’ja ([M], Corollary 3, p. 97) where however distance is not taken from a point
but from a hyperplane; see also [BFT], [VZ], [BL] for related results.

As a consequence of Theorem A, the class A contains all non everywhere nonpositive
potentials V' such that [, ]V|%X1_Ndx < 0.

We now return to inequality (1.5) where V' € A and b > 0 is the best constant, and
we pose our main question: Can we further improve (1.5)7 That is, we ask whether
there is a potential W € A, and a positive constant by such that:

N —2\?
/Q|Vu|2dx2 (2> /Q’ ‘2dm+b/ Vu2dx+b1/ Wulde, VueHY(Q). (19)

To answer the question the following quantity plays an important role:

Vul2de — (=2 dx
@:%@,cb: inf Js, [Vl (% )&mz. (1.10)

u € C5°(Br) IV Vu2dz
fB Vuldz >0

If in (1.10) there is no u € C§°(B,) such that [; Vu?dx > 0 for some r > 0, we set
C, = co. We may think of C? as the the local best constant of (1.5) near zero.
It is evident that b < C°. We then prove:

Theorem B Let V € A. If
b<C,

then, we cannot improve (1.5) by adding a nonnegative potential W € A.

We note however that if we allow W to change sign then improvement of (1.5) is possible
under some extra condition on W; see Proposition 3.8 for the precise statement.
A consequence of Theorems A and B is the following (cf Corollary 3.7):

Corollary 1.2 Let D > sup,cq |z|. Suppose V is not everywhere nonpositive, and

such that [ |V|%X1_N(|x|/D)dx < 00. Then, there is no improvement of (1.5) with
nonnegative W € A.

We next address the question of whether the best constants in Hardy type inequalities,
such as (1.5) or (1.9) are achieved or not in H}(Q2). In this direction we establish a



more general result which is of independent interest. In order to state this result, let
us first consider the following problem:

N—-2\? u
A d7) 2
u+< 5 ) ]2
>0, in Q\{0}, u = 0, on K. (1.11)

+V(z)u = 0, in Q,

We denote by V. and V_ the positive and negative part of V. That is V; = max{0,V'}
and V_ = max{0, —V'}. We then have:

Theorem C Let V € C2*(Q\{0}), for some o € (0,1). We also assume that V. €

loc

L%"’O(Q) and V_ € LY(Q) with q > % Then problem (1.11) has no H}(Q) solutions.
As a consequence of this, the best constants in the aforementioned Hardy type in-
equalities are not achieved in H{(f2). In particular, the existence or not of further
correction terms in these inequalities does not follow from the non-achievement of the
best constants in Hg (). For instance, by Theorem C the best constant A in (1.2) is
not achieved in H{ (), yet, by Corollary 1.2 it cannot be further improved by adding
a nonnegative potential in the right hand side. By theorem B, a necessary condition
for further improvement, is the equality of the global and local best constants.

In connection with this let us make the following observation. In the plain Hardy
inequality (1.1) it is well known that for r small:

24 Vul?d N —2\?
inf 7‘&2 \V7;L| T inf 7‘[& | ZL‘ - () .
weCEQ)  [q #dm u € C§°(Br) fBT ‘Zﬁdl‘ 2

Thus, the global and local best constants are equal and improvement of (1.1) is possible.

We then look for potentials V' € A for which (1.5) holds true and at the same time
b = CY. It turns out that such potentials do exist for which further improvement of
(1.5) is possible. The next natural question is whether we can repeat this process,
of successively improving (1.1), thereby obtaining some sort of “series expansion” for
Hardy inequality. It turns out that this is possible. Before stating our result let us first
introduce some notation.

For ¢ € (0, 1] we define the following functions:

Xl(t) = (1710gt)_1, Xk(t) :Xl(Xk—l(t»v k:2’3)
We then have:

Theorem D (Series expansion of Hardy’s Inequality) Let D > sup,cq|z|.
Then, the following inequality holds for any u € HE(Q):

/Q\Vu(ac)ﬁdx > <N2_2>2/Qu’2x(‘?dx
|z]

NS 1 |z| ||
+ 4;/9:CPX%(D)ng(D)...XE(D)u?(x)dx. (1.12)

Moreover, for each k = 1,2,... the constant 1/4 is the best constant for the correspond-
ing k- Improved Hardy inequality, that is

_9\2 2 _
L ol Vulde— (%52) o gpde = §SE! Jo g XEXE . XPulde

- = 1m
1 X’Q X'Q X’Q d
ueH&(Q) fQ [aZ*1<42 - ku2 €z
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If we cut the above series at the k step, we then obtain the k-Improved Hardy inequality.
Let us introduce the notation:

N —2\2 [ 2 1&E 1
Lifu :/ Vultde — () /—dx—f /—XQXQ...vaﬂdx. 1.13

Then, the k-Improved Hardy inequality can be written as Ii[u] > 0, for k = 1,2,....
The particular choice of the potentials we add in the right hand side of (1.1) at each
step, is suggested by Theorem B. Thus, the first potential Vy = |z|~2X? is such that
b = C% = 1/4. The same logic underlies the choice of the other potentials. More
precisely, suppose that at the k step we ask whether there are potentials Vj for which
the following inequality holds:

I [u] > by / Viu?dz. (1.14)
Q

As before, we want Vj, to be a lower order potential compared to the ones appearing
in Ij[u]. We then define the admissible class A, in analogy with A:

Definition 1.3 We say that a potential V}, is a k- admissible potential, that is Vi, € Ay,
N

if Vi, is not everywhere nonpositive, Vi, € L2, (Q\ {0}), and there exists a positive
constant C' such that

Lfu] > c/ Vio|u2da, Voue HA Q). (1.15)
Q

The corresponding k-Improved Hardy-Sobolev inequality becomes:

Theorem A’ (k-Improved Hardy-Sobolev Inequality) Let D > sup,cq|z|.
Then, there exists ¢ > 0 such that for all u € HE(Q):

N—-2

2N €T I+ 55 N
Lfu] > ¢ (/mem (Hfjllxi(‘D'O dx) . (1.16)

The existence of nontrivial potentials Vj, € Ay, follows from Theorem A’. Consider

(1.14) with Vi, € Ay and by its best constant. We now define the local best constant
as:

eV = lim Ci. . Chor = inf L[] (1.17)

uweCEB,) [p Viutdr
fB Vieu2dz > 0

The analogue of Theorem B reads:

Theorem B’ Let V), € A,. If
b < C]g,

then, we cannot improve (1.14) by adding a nonnegative potential Wy, € Ay.

The choice then of potentials in Theorem D is such that at each step by = C) (= 1).

We finally discuss some of the ideas underlying the proofs. The following change of

variables
N—-2

w(z) = u(x)|z| 2, x € Q, (1.18)



already introduced in [BV], plays an important role in our approach. By means of
(1.18) we can reformulate inequality (1.5) in terms of w. If b is the best constant in
(1.5) we first show that b = B, where

: Jo |z~ 2| Vw2
B = f = )
we G (By) Qlol. Rl =T v
fBT |z)] =N =2DVw2dz > 0

(1.19)

The natural space to study this functional is a suitable Hilbert space that we de-
note by WOI’Q(Q; |z|~V=2)). It then turns out that if b < CY, then b is achieved in
I/VO1 2(Q; |z|~(V=2). This is the crucial ingredient in the proof of Theorem B. Simi-
lar ideas are used in the proof of Theorem B’ To prove Theorem D we use a change
of variables similar to (1.18) and various identities. For Theorem C after taking the
spherical average of the terms appearing in (1.11) we reduce the problem to a suitable
ODE and then use an argument by contradiction. Once again the change of variables
(1.18) is used.

The rest of the paper is organized as follows. In Section 2 we introduce the space
WOl 2(€; |2|~™=2) and establish some preliminary estimates. In particular we prove
Theorem A. In Section 3 we prove Theorem B and other related results, whereas in
Section 4 we give the proof of Theorem C. In Section 5, as an application of the
techniques of Section 3, we consider the special case V' = 1, that is inequality (1.2),
and we obtain some information about the best constant Aq. The last two Sections are
then dedicated to the infinite improvement of Hardy’s inequality, and Theorems D, A’
and B’ are proved.

After this work was completed we learned that related results have been obtained

in [ACR, AS] by different methods.

2 Preliminaries

In this Section we will introduce the space VVO1 2 |z~ and we will establish
some preliminary results.
Clearly, the best constant b in (1.5) is given by:

b= inf Rlu], (2.1)
u € HH(Q)
fQ Vu?dz >0

where:

—92)2 w2
- Jo [Vul?dz — SE22 [t da
B Jo Vuldx ‘

Let u € H}(Q) and set w(x) = ]m|¥u(x) We easily check that V(|z|~(N=2))Vw? €
LY(Q) and

_9)2 o2
Iu] = /Q|Vu2dx—(N42>/QWd:U (2.2)

_ /yxy—<N—2>wa\2dm+1/ V(|2]~ N 2)Vwlde.
Q 2 Ja



We next show that the last integral above is equal to zero. Let B = {z: |z| < e} and
Se ={z: |z| =¢e}. We then write:

/ V(jz|~ N 2)Vw?de = / V(|z|~N=2)Vwidz + V(|z|~ N2 Vw?de.

Q A Q-B.

The integrand in the above integrals is easily checked to be an L! function and therefore
the first integral in the right hand side tends to zero as € — 0. Concerning the second
integral, integrating by parts and using the fact that A(|z|~(N=2)) = 0 we end up with:

/ V(a2 Vuldz = (N — 2)e~ N+ / wds =~ - 2 / W2dS.
Q—B. € €

Since u € Hg(Q), a simple limiting argument shows that along a sequence {¢;}

N -2
/ u?dS — 0, as gj — 0.
€j .

It then follows that the last term in (2.3) is zero, and the following identity holds:

N —2)?
Iu] = / Vul*dz — W2 / ||~ =D Vw2 dz. (2.3)
Q 4 Q |z Q
Using (2.3), we easily obtain:
Jo lz|” N2 | Vw|Pda
Jo lz|~N=2Vw2dx

Rlu] = =: Q[w].

To study the functional Q[w] we introduce an appropriate function space. We de-
note by W&’Z(Q; |2| =V =2)) the completion of C§°(Q2) under the norm [, ||~V "2w?dz
+ /g |z|~(N=2)|Vw|?dz. This is easily seen to be a Hilbert space with inner product
<f, g>= [ole| TV fgdr + [ || V2DV - Vgdr. Moreover, we have:

Iﬁmmazla)ﬁueHMmtmnuﬁﬁuewﬁqﬂwﬂ4N4»
(ii) If w € Wy (4 |z|~N=2) then |z|=%w € HE(Q) for all a < Y52

(iii) (fﬂ |x|_(N_2)]Vw|2dx) V2 s an equivalent norm for the space Wol’Q(Q; |z|~(V=2)),

Proof: (i) Let u € H3 (). A simple calculation shows that:
/ ’$\_(N—2)]V(]x\¥u)]2dx — / m—(N—z)
Q

N -2
§2(> / : |2dx+2/ Vulde < Cllull 1) < +o0,

N—-2 ~ _ 2
7]x\¥u:r + ]x\¥Vu dx

where in the last line we used the classical Hardy inequality.
(ii) Concerning the second statement let w € C§°(2). If v = ||~ %w, then:

/ ]Vv\zdmgaz/ \x]_2“_2w2dx+2/ 2| 72| Vw|*dx (2.4)
Q Q )

The classical Hardy inequality, when applied to v = |z|%w yields:
N -2
(a — ) / |lz| 2% 2w dx < / 2| 2| Vw|*da. (2.5)

7



(From this and (2.4) we get for some constant C, depending only on a:
Ioliy@ < Ca [ JalVwl < G [ 1o~ Vufds < +ox.

The result then follows by a standard density argument.

(iii) This follows easily from (2.5) with a = &2 — 1. .

We will next give the proof of Theorem A. We first present an auxiliary lemma.

Lemma 2.2 Let X(t) = (—logt)~!. For any q > 2, there exists a ¢ > 0 such that

1 1 2/q
/ W Prdr > ¢ ( / ]v|qr_1X1+Q/2(r)dr> , (2.6)
0 0

for any v € C§°(0,1).

Proof: Tt follows from [M], Theorem 3, p. 44, with du = r_lXH‘I/QX[O,l]dr and dv =
TX[0,1]47"- °
We then have:

Theorem 2.3 Let D > sup,cq |z| and u € C§° (). Then, there exists ¢ > 0 such that:

N—-2

I[U]:/§2|vu|2dx—W/ ﬁ;dx>c(/ﬂ|u|1‘?lv2X1+NN2(‘§)daj)N. (2.7)

Proof: Suppose first that €2 is the unit ball B. Following [VZ] we decompose u into
spherical harmonics to get

= Z U (1) frm (0), (2.8)
m=0

where the f,,(o) are the orthonormal eigenfunctions of the Laplace-Beltrami operator
with corresponding eigenvalues ¢, = m(N +m — 2), m > 0. In particular ug(r) is the
radial part of u and fy(o) = 1. Observing that

/|Vu| dr — Z/ <|Vum| e |2>

we calculate

00 9\2 w2
=1l + > / <|Vum|2<“v42)cm> x’r) e (29)

We next estimate the nonradial part using the inequality

9 (N —2)? u?, Cm 2 u?,

Taking into account that ¢,, > N — 1, for m > 1, we estimate the infinite sum in (2.9)
from below by Cy [5 |V (u — ug)?dz, Cx = 4(N — 1)/N2. Hence, we arrive at

T[u] > I[ug] + C /B IV (1 — up)|?da. (2.10)



We now estimate I[ug]. Setting wo(r) = 7”%710(7’) we calculate:

1 ’
Iw] = NwN/O wg (r)rdr
Lo N 1N
> c(/ \wo\N—Qrle N=2(r
0
= c(/ ‘UO’%XH_%&F
B

where we also used (2.6) with ¢ =2N/(N — 2).
To estimate the nonradial part in (2.10) we use the Sobolev embedding and the fact

that X is bounded to obtain:
2N
c </ |u — u0|N—2dx>
B

2N 1+ N
> ¢ |u —up| V2 X TN-2dx
B

It then follows from (2.10) that for any u € C§°(B)

>(N2)/N

)

>(N—2>/N

N-2
N

Y

/ |V (u — ug)|*dx
B

N-2

(N—2)/N
) . (2.11)

2N L N_
Iu] > ¢ lu| V2 X TN-2dx
B

It is clear that the same argument works for Bp, a ball of radius R > 0.

Consider now the case where () is a bounded domain. Then, for some R > 0 we
have that @ C Bpg. Since (2.11) is true for any v € C§°(BR) it is true in particular for
every u € C§°(12). )

3 Existence of minimizers in Wol’2(Q; \a:]_(N_Q))

In this Section we will give the proof of Theorem B and related results. The main idea
is to reformulate inequality (1.5) in terms of w in Wol 2(Q; |z|~W-2). Throughout
this Section we assume that V' € A. In particular V satisfies (1.6). We next show that
(1.6) is equivalent to the following inequality:

/ 2|~ V2|V 2dz > c/ "N DVwlde,  Vwe WEHQ; [« V). (3.1)
Q Q

More precisely we have:
Lemma 3.1 The best constants of inequalities (1.6) and (3.1) are equal.

Proof: We denote by C; and C5 the best constant of (1.6) and (3.1) respectively. Let
u € H}(Q). By Lemma 2.1, w = |xl¥u c WOI’Z(Q; 2|~ (V=2)). We then have:

Jo | Vul?dz — ¢ 42) Jompde [ ||~ N2V |2da
Jo [V |u2da o 7DV wida

> Ch.

Taking the infimum over u € H}(2), we conclude that C; > Cs.



We next prove the reverse inequality. Given any € > 0 there exists a w. € C§°(Q2)

such that
Jo 21~ 2|V, 2da

Jo [N =2V w2d
Let 0 < a < ¥72. By Lemma 2.1 we have that v, . = |z %, € H(2). A straightfor-

ward calculation shows that:
N-2)2 , v
24 — ¢ ) Ja

fQ |vva,s 1
B fQ |V‘Ug,adx

< (Cy+e.

Cy

2
Jo |2 72| Vw.Pde - (a = 852)" [ 2]~ 2w2da

Jo lz|72e|V]wdz

We will take the limit as a — Y52 (for ¢ fixed). To this end we first calculate:

2
N —2)\? N —2)\?
(a - ) / |m|—2a—2wgdx < ”wEH%OO(Q) (a — ) / ‘$|_2a_2d$
2 Q 2 Q
N —2\? 1 N -2
2

SCstHLw(Q) (a— 5 ) N_2_925 0, as a— 5
for some positive constant C. Passing to the limit a — ¥ we conclude that C7 <
C5 + ¢, and the result follows. °

By the same argument the Hardy-Sobolev inequality takes the following form:

Lemma 3.2 Let D > sup,cq |z|. Then, there exists ¢ > 0 such that for all w €
Wy (@ [x|~(N=2)) there holds:

(N=2)/N
/ 2|~V =2 |Vw|2dz > ¢ </ ]a:|N|w|13]—V2X1+NN—2(|$)dx> (3.2)
Q Q D
We now consider inequality (1.5) with best constant b and V' € A. We set
Q[w] — fQ |$|_(N_2)‘Vw|2dilj‘,
Jo lz|~ V=2V widz
and define

B= inf = inf . 3.3

w € E(0) Quw] e W&,Q(g? |-V, Qluw] (3-3)

Jo, lel= N =D Vw2dz > 0 Jo lelm N =D Vw2de > 0

By practically the same argument as in Lemma 3.1 we have that:
Proposition 3.3 There holds: B = b.
The local best constant of inequality (1.5) near zero (cf (1.10)), can be written as:
—(N-2) Vwl2d
x w|*dx
¢’ =lmcC,, C,= inf s, I«| [Vl

r10 w € C&(B,) I, x|~ N2V w2de -
fB lz| =N =2 Vw2de > 0

(3.4)

If in (3.4) there is no w € C$°(B,) such that [, |z|~ V=2 Vw?dz > 0 for some r > 0,
we set C, = oco. It is evident that B < C°.
Our next result is the crucial step towards proving Theorem B. We have

10



Proposition 3.4 Suppose that V € A. Let B and C° be as defined in (3.3) and (3.4)
respectively. If
B <Y, (3.5)

then, every bounded in WOI’Q(Q; || ~(N=2)) minimizing sequence of (3.3) has a strongly
in Wol’2(Q; lz|~(N=2)) convergent subsequence. In particular B is achieved by some
wy € W (Q; |o|~V72)).

Proof of Proposition 3.4: Let {wy} be a minimizing sequence for (3.3). We may nor-
malize it so that
/ |~ N2V uddr = 1. (3.6)
Q

It then follows that as &k — oo:

/ 2|~ =2 |V 2dz — B. (3.7)
Q

In particular [, |z|~(N=2)|Vwy|2dx is bounded and therefore there exists a subsequence,
still denoted by {wy}, and a wp € WOI’Q(Q; 2|~ (N=2)) such that as k — oo

wy —wo,  weakly in WyA(Q; |z|~V72), (3.8)

and
wy, — wo, strongly in L*(Q\ B,), Y p>0, (3.9)

where B, denotes a ball of radius p centered at zero. We set v, = wyp — wp. It then
follows from (3.1), (3.6) and (3.8) that as k — oo

1= / 2|~ N2V udde + / 2|~ N2V wdde + o(1). (3.10)
Q Q
We similarly calculate that
B :/ |x]_(N_2)|Vvk|2dx+/ 2|~ V=2 | Vwp|?dz + o(1).
Q Q

This has as a consequence the following two inequalities. The first one is (taking into
account (3.3)):

Bz/ |x|_(N_2)|Vvk|2dx+B/ 2| N2V uddz + o(1); (3.11)
Q Q

and the second one is:
B> / 2|~ N =2)| Vg [2d (3.12)
Q

JFrom (3.5) we have that for p sufficiently small there holds:

—(N-2) Vwl2d
T w X
B<C,= inf fB” = Vel

w e C°(B,) I5 ||~ N=2Vw2dx
o lel =N =D Vwdz > 0 g

(3.13)

11



Let ¢ € C5°(B,) be a smooth cutoff function, such that 0 < ¢ <1 and ¢ =1in B,s.
We write vy, = ¢vg, + (1 — ¢)vg. Taking into account (3.10), we calculate as k — oo

/Q\xy—w—?)mky?dx = /Q\x\_(N_2)\V(qﬁvk)]2dx +o(1)+
+ [ Ll D91 = ) e +
+2/ 2|~V g(1 — )V [2da
Q
> / 2|~ N2 |V (dop) [2dz + o(1). (3.14)
Q
;From (3.13) and the fact that ¢v, € C§°(B,) we obtain:
/ 2|~ N2V (g [2dz > C, / 2|~ N =DV (g 2da (3.15)
Q Q
N
Since V € L2 (2\ {0}) it is standard (see e.g., |T], Corollary 3.6) that:
loc
/ 2|~ N2V udde — 0, as k — oo.
Q\Bp/Q
In view of this, (3.14) and (3.15) we write:
/Q 2|~ N2 | Vg [2dr > o,)/Q 2|~ N 2DVe2de + o(1). (3.16)
Taking also into account (3.10) we obtain:
/Q 2|~ N =D |V 2de > C, (1 — /Q |x](N2)Vw(2)dx> +o(1). (3.17)
It then follows from (3.11) and (3.17) that
(B-C,) (1 - /Q |x|(N2)Vw8da:) >0,
whence, because of our assumption B < C);:
/ 2|~ N2V wdde > 1.
Q

(From this and (3.12) we finally arrive at:

Jolal =2 VugPde _
Jo e DVwRde =

from which it follows that B is attained by wy. We note in particular that

/ 2|~ N2V wdde = 1,
Q

0<

and it follows from (3.11) that wy converges strongly in Wol’Q(Q; lz|~V=2) to wy. e
By slightly adjusting the arguments of Proposition 3.4 we can prove a more general
result. Let h € A be a nonnegative function. We set:

B, — f Jo 2|~ N2\ Vw|?dz + [, |x\_(N_2)hw2d:U.

w € C(Q) Jo lz|~ N =2V widz
fQ |z|~ (N =2 Vw2dz > 0

(3.18)

We then have:
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Proposition 3.5 Suppose that h > 0 and V are both in A. Let By, and C° be as defined
in (3.18) and (8.4) respectively. If

By < CO,
then, By, is achieved by some wy € Wy (Q; |z|~(N-2).

We will use Proposition 3.5 in Section 5.
We next look for an improvement of inequality (1.5). That is, for an inequality of
the form:
N -2 2 2
/ |Vu|*dz > ()/ U—de—i—b/ Vu2d:c+b1/ Wuldz, YV ue Hi(Q), (3.19)
Q 4 Q || Q Q
where V and W are both in A.
Assuming that (3.19) holds true, the best constant by, is clearly given by:

Jo IVupPds — 522 o 2 a4y — b o, ViPda

b1 = inf 3.20
! we HL(Q) Jo Wuldx (3.20)
fg Wuldz > 0
By the same argument as in Proposition 3.3, the constant b; is also equal to:
—(N-2) Ywl2dr — b —(N—2)V 24

w e WhAQ; o~ (N-2) Jo [z~ V=2 Ww?dx
fQ ||~ (N =D Ww2dz > 0

Notice that by the properties of b = B we always have that b; > 0.

Conversely, if one defines b; > 0 by (3.21) it is immediate that inequality (3.19) holds
true with b; being the best constant. But of course, for (3.19) to be an improvement
of the original inequality, we need b; to be strictly positive.

Our next result is a direct consequence of Proposition 3.4 and provides conditions
under which the original inequality cannot be improved.

Proposition 3.6 Suppose that b < C°. Let V and W be both in A. If ¢ is the
minimizer of the quotient (3.3) and

/ 2|~ N2 W g2dz > 0,
Q

then by = 0, that is, there is no further improvement of (1.5).

Proof: By our assumptions, w = ¢ is an admissible function in (3.21). Moreover,
for w = ¢ the numerator of (3.21) becomes zero. In view of the fact that by > 0 we
conclude that b1 = 0. °

It follows in particular that if W > 0, we cannot improve (1.5). Thus, Theorem B
has been proved. As a consequence of Theorems A and B we have:

Corollary 3.7 Let D > sup,cq |z|. Suppose V is not everywhere nonpositive, and such

that [, |V\%X1_N(]a:|/D)dx < oo. Then, V € A but there is no further improvement
of (1.5) with a nonnegative W € A.
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Proof: Applying Holder’s inequality we get:

N—-2

2 N—2
/]x\*(N*Q)]WdexS (/ |V\];X1Ndw>N (/ Ia:!NXHNN—QlwIﬂdw) N
Q Q Q

The first integral is bounded by our assumption, whereas the second integral is bounded

from above by C [, |2| =2 |Vw|?dz (cf Lemma 3.2). Thus we proved that V € A.

Using once more Holder’s inequality in B, and the definition of C, (cf (3.4)) we easily
see that: o

Cr > =

(f3, [VIZ X ~Ndz) ™

— 00, as r — 0,

whence C° = +00. Thus, all conditions of Proposition 3.6 are satisfied and the result
follows. °

We next provide conditions under which the original inequality can be improved.

Proposition 3.8 Suppose that b < C°. Let that V and W be both in ANLY, (2\{0}),
for some p > % If ¢ is the minimizer of the quotient (3.3) and

/ lz| "N =2AWda < 0,
Q

then there exists by > 0 for which (3.19) holds.

Proof: Under our current assumptions on V it is standard to show that the min-
imizer ¢ of (3.3) is unique up to multiplication of constants. Indeed, notice that
when ¢ is a minimizer, |¢| is also a minimizer. Hence, |¢| is a solution to the cor-
responding Euler-Lagrange equation. Using the change of variables (1.18), we see that

uo(z) = |p(x)] \x!‘¥ > 0 solves:

Au+V(z)u =0, in Q,

N—2)2
with V(z) = (@) +bV(z) € LT (\ {0}), with p > % It follows by the strong
maximum principle (see e.g., [S], Theorem C.1.3, p. 493) that up > 0 in Q\ {0}, unless
ug = 0.

If ¢ and ¢ are two minimizers, then w = ¢ — c¢ is also a minimizer for any ¢ € R.
Taking ¢ = ¢(z*)/¢p(z*), for some z* # 0 we see that w(z*) = 0, contradicting the fact
that |w| does not vanish in Q \ {0}. Hence w = 0. This shows the simplicity of the
minimizer ¢.

We know that by > 0. Assuming that by = 0 we will reach a contradiction.

Let wy € Wy (9 |2/~ =2) be a minimizing sequence for the quotient in (3.21).
That is, for all k =1,2,... [, \:c|_(N_2)Ww,%dx > 0, and:

Jo e[~ |Gy 2da — b fo [~ D Vudde
o oW uds

— 0, as k— oo (3.22)

We may normalize this sequence by [ |2|~ V=2 |Vwg[?dz = 1. Since W € A, by
Lemma 3.1 the denominator in (3.22) stays bounded away from infinity. Consequently
we have that:

/ |;19|_(N_2)Vw,%dx — 1/b, as k — oo. (3.23)
Q
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Hence, {wy} is a bounded minimizing sequence for (3.3). It follows from Proposition
3.4 that (through a subsequence) wy, converges to a minimizer wy € WOI’Q(Q; |2z|~(N=2))
of Qw]. By the simplicity of the minimizer we have that wy = a¢ for some a € IR.
Since W € A, in particular W satisfies (3.1). We then compute:

0 < lim /]w\_(N_Q)Ww,%da::/ \x]_(N_z)ngda:ZQQ/ 2|~ N2 Weldr < 0,
k—+o0 JQ Q Q

which is a contradiction. Hence by > 0, and (1.5) can be further improved. o

4 Nonexistence of minimizers in H} ()

In this Section we will give the proof of Theorem C, and we will discuss its consequences.

If we assume that the best constant b in (1.5) is achieved by some u € H{ (), then
u would satisfy the corresponding Euler-Lagrange equation, that is, it would be an
HE () solution of the following problem:

9\ 2
Au+<m) 2o Lwu = o, in Q,
2 |z[?
u>0, in Q\{0}, u = 0, in . (4.1)

However, by Theorem C, Problem (4.1) has no H{(f2) solution, if we assume some
smoothness on V. This last condition seems to be of technical nature.
By the same token, neither the constant by in (1.9) is achieved in HE () since, by
Theorem C, it would yield an H{ () solution of (4.1) with ¥ = 1 and V' = bV + b W.
We next give the proof of Theorem C.
Proof of Theorem C: We will prove it by contradiction. Suppose that u is a H}(€2)
positive solution of (4.1). By standard elliptic regularity we know that u € Cfo’g(ﬂ\{()})
Let us take the surface average of w:

1 1
= dsS = —— d 0 4.2
Noowr VT /(‘)Br u(x) Non /lel u(rw)dw > 0, (4.2)

where wy denotes the volume of the unit ball in IRY. Without loss of generality, we
may assume that the unit ball By is contained in € (if not, we just use a smaller ball).
A standard calculation shows that:

" N-1, 1

v o () = ROy,

v(r)

Au(z)dS.

Hence, taking into account (4.1), we see that v satisfies the equation:

N—2\2
?JN(T) + %vl(r) + ( 72"2 ) v(r) = f(r) —g(r), in 0<r<l1. (4.3)
where:
1
f(r) = Noowr T o V_(x)u(z)dS > 0, (4.4)
o) = ! V. (z)u(z)dS > 0. (4.5)



We next change variables by:
w(r) = 7“%21(7“) > 0, r > 0. (4.6)

Using equation (4.3), a straightforward calculation shows that w satisfies:

’

(rw) =r3(f(r) —g(r) <r3f(r) i O0<r<l.

It then follows by Lemma 4.1, see below, that (under our current assumptions) there
exists an rg small enough, and a C independent of r such that:
N
w(r) < Cr*" 0<r<ro. (4.7)
To reach a contradiction we will obtain a lower bound for w(r) that is incompatible
with (4.7). Working in this direction we set:

Q(r) = ‘;’j((f)).
A straightforward calculation shows that @) satisfies the ODE:
rQ (r) + Q*(r) = F(r) - G(r), n 0<r<i,
with: N N
F(r) = r2 ) G(r) = ratg(r) >0. (4.8)

w(r) T
By Lemmas 4.2 and 4.3 (see below) we obtain that lim, o Q(r) = 0. Hence, given any
€ > 0 there exists an 1 > 0 such that:

w(r)

< e, for 0<r<ry.

Integrating this from 7 to r; we easily conclude that:
Cre < w(r), for 0<r<ur, (4.9)

for some positive constant C' depending on r; but independent of r. Notice however

that € > 0 is arbitrary and 2 — % is a positive quantity, hence (4.9) is contradictory to

(4.7), since we can always choose an ¢ < 2 — %. o

It remains to prove the three auxiliary Lemmas we used in the proof of the Theorem.
At first we have:

Lemma 4.1 Let v, w, f be as defined in (4.2), (4.4), (4.6) respectively, with V' as in
Theorem C and u € H} (). We also assume that By C Q and that w satisfies in (0,1]
the equation :

N N
(rw) =rz(f(r) —g(r)).
Then, for r € (0,1], the following representation formula holds:

7"1 t
w(r) = /0 : /0 N2(f(s) — g(s))dsdt.

In addition, for r sufficiently small, say r < 1, the following estimate holds:

w(r) < Cr* 7,

for some positive constant C independent of r.

16



Proof: The w-equation can be easily integrated to yield:

o /Tl % (02 v /t1 SN2(f(s) — g(s))ds) dt, (4.10)

where C7, Cs are the constants of integration. Using the fact that V and u are elements
of specific function spaces we will calculate the values of these constants.
Working in this direction we will first show that the following limit exists:

%ir% 1 sNV2(f(s) — g(s))ds = Iy € IR. (4.11)
—0./¢

At first we note that lo # —oo, since otherwise (4.10) would contradict the positivity
of w. Hence, in view of (4.4), it is enough to show that:

N-2

J = /01 sNV2f(s)ds = /01 rTo2 V_(x)u(z)dSdr < oo.

OB

Since u € H}(2), by the Sobolev embedding, we also have that u € L% 2(§2). We then
apply Holder’s inequality as follows:

1/q 2N % 1/6
V_(z)u(z)dS < ( chzs) ( / uN2d5> < / 1dS> o (412)
OB OB OBy OBr

with
1+N—2+1_1 == 0= 2Ng >1
2N 6 - Ng—2N+2q
For ¢ > %, such a 6 is always well defined. Also, the last integral in (4.12) is equal to

Nwnr® =Y. We next apply Holder’s inequality in .J to get:

1 _1-N=2p
J < \V-lza@yllull 155, (/ rN1m 7 dr) < O|V_| o llul I,

N N

since, for ¢ > 5 N the last integral above is easily checked to be finite. Thus, (4.11) is
proved. We note, for later use, that by the same argument, we have that:

t _
|52 s < V- syl gy, 0775 < CF 5 (4.13)
0 LN=2(B)
We next prove the following statement:
if there exist positive constants C, rqg such that
w(r) > Cy for 0 <r <y, then u¢ H}(By,). (4.14)

We will prove it by contradiction. Since u € H}(B,,), we also have that u € L¥2 (Bry)
Assuming that w(t) > Cy for t € (0, 7¢], it follows from the definitions of w and v (using
Holder’s inequalty) that:

N-2

N N+2 2N N-—2
Cgt—z/ udS < (Nwy) 5 (/ uv 2d8> 5%
OBy OBy
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Integrating this from 0 to r < rg and using once more Holder’s inequality we easily
end up with C' < HuHL # 5,y for some positive constant C' independent of r. This is

clearly a contradiction, hence (4.14) is proved.
We are now ready to compute the constants. In view of (4.11) and (4.14), it follows
easily from (4.10) that we should take Cy = —lo, that is:

Co=— [ $2(5(5) - o)),

0

since otherwise w(r) would go to infinity as r approaches zero. Hence, (4.10) can be
written as:

1 t
w(r) = Cr— [ 5 [[$¥(5(5) - glo)dsat

To compute t C', we next show that the integral above has a limit, say [ € IR, as r
goes to zero. Because of (4.14), l; # —oo. Using (4.13) we have that:

1 t 1 _
/ 1/ sN2f(s)dsdt < C/ to " g < ¢,
r 0 r

N N-=-2
since, for g > %, the function t@ "2 ! is easily checked to be integrable at zero.

Hence, l; € IR, as claimed. In view of (4.14), we then choose C; = [, that is:

e = ! [ 6) — gl dsa.

With this choice of C the representation formula follows.
Finally, the estimate on w(r) follows easily from the representation formula and
(4.13). .
We next prove the ODE Lemma:

Lemma 4.2 Let Q(r) be a C1(0,1] solution of:
rQ (r) + Q(r) = F(r) — G(r), in 0<r<1, (4.15)

where F', G are nonnegative continuous function and:

/1F(S)<oo
0o S

lim Q(r) = 0.

Then:

Proof: After dividing equation (4.15) by r, and integrating once, we obtain:

Q(r) —/T1 QZ)S(S)als+Q(1)Jr/r1 Gi‘g)ds—/r £8) g (4.16)

S

We claim that: .
/ Mds < 00. (4.17)
0 s

Indeed, if this is not true then:

H(T)::/:st(s)ds—>oo, as r — 0.
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We may then rewrite (4.16) as:

(—rH ()2 = H) + Q) + [ 1 Thas - / Ee)y,

S

By our assumptions, the last term of the right hand side is bounded, whereas G > 0,
and H grows unbounded as r goes to zero. Hence, for r small we have that:

’

;1 1 1
—rH > -H? — -1 >
T Z 3 = (H(r) 2117“) >0,

that contradicts the fact that H grows to infinity as r tends to zero. Thus, (4.17) is

proved. It then follows from (4.16) that lim, o Q(r) exists. In view of (4.17) this limit

should be equal to zero. °
We finally have:

Lemma 4.3 Let F(r) be as defined in (4.8) with V, u and w as before. Then:
1= / —F(S) < 00
0

S

Proof: We assume that Bs, is contained in 2, and consider the domains D = {1/2 <
|| < 3/2} and K = {|z| = 1} € D. Note that V is Holder continuous in D and
therefore V € LP(D), for some (in fact, for any) p > &. Since u satisfies (4.1) in D we
may use Harnack’s inequality ([S], Th. C.1.3, p. 493) to obtain:

u(z) < Culy), Va,ye€K,

where the constant C' depends only on ||V »(p)-

Using the scaling properties of the potential 1/|x|> we see that uy(z) = u(\z),
A € (0,1] satisfies in D the same equation as u, with V replaced by Vi (x) = A2V (\x).
Hence, by the same argument, we have that u(x) < Cu(y) for all z, y for which
|z| = |y| = A; the constant C' now depends only on [|V)|[z»(p). But,

9_ N 1/p _1+2l 1/p
Wil = X5 ([ vwray) " =c(aol¥ [ viray)
AD AD
1/p
< (Pl gny) = CIVI 2o
(Q) L27°(Q)
We therefore conclude that:

1
ol %Lé?u(r) <u(z) < C(ia%f u(r), |z| =7

with C independent of r € (0,1]. We then have that:

1/q 1) (g—
F(r) < C VE(w)dS) T(N oIt 1>+2_N’

r = pN—2

V (2)dS < C (

OBy OB

where we also used Holder’s inequality. Applying Holder’s inequality once more we
obtain:
qg—1

1 1/q 1 (2-N)q T
I<c (/ V_q(x)der) (/ = +N_1dr) "< ClIV-llLa(s,)
0 JoB, 0

by noticing that, since ¢ > %, the second integral above is finite. °
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5 The special case VV =1

In this Section we consider the special case V = 1, that is the inequality:

N —2)? 2
/Q]Vu|2da:2 (4)/Q|:;|2dx+>\g/gu2d$, (5.1)

with An being the best constant. It is a consequence of Theorem C that A\q is not
achieved in H}(€). On the other hand by Corollary 1.2 we cannot further improve
(5.1) by adding a nonnegative potential in the right hand side.

As an application of the previous results we will obtain some information about \q.
More specifically, if 2* is the ball centered at the origin and having the same volume
as (), we will show the following:

Proposition 5.1 There holds Aq > A=, unless € is a ball centered at the origin.

As noted in [BV] the constant Ag+ is explicitly known, namely:
Ao = (20/R)?,

where R is the radius of the ball Q*, and zy =~ 2.4048 is the first zero of the Bessel
function Jo(z).
Let us first present some Lemmas. At first we have:

Lemma 5.2 Let Q C RN be a bounded domain, containing the origin, and f :
(0,00) — IR™ be a Lipschitz continuous and strictly decreasing function. We denote by
g:(0,00) — IR" the radially decreasing rearrangement of f(|z|) in Q* with respect to
the origin. If B, is the largest ball centered at the origin contained in ), then:

9(jz[) = f(|z]), Va € B, and g(|z]) < f(|z]), Vz € Q" — B,
If in addition g(|z|) = f(|z|) in QF, then necessarily Q* = B, = Q.

Proof: By standard results, g is strictly decreasing in (0, 00) and Lipschitz continuous
in every compact subinterval of (0,00); see e.g. [K].
It follows from the definition of g that:

meas{zr € Q: f(|z]) >t} =meas{zx € Q" : g(|z|]) >t}, Vt>0.

If t > f(p), or equivalently f~1(t) < p, the set {x € Q: f(Jz|) >t} is contained in B,,
hence: meas{z € Q: f(|z|) >t} = wn(f~1(t))", where wy is the volume of the unit
ball in IRY. Similarly, we have that meas{z € Q* : g(|z|) >t} = wn(f~(¢))". It then
follows that g(&) = f(€),for €] < p, as claimed.

Suppose now that 0 < ¢t < f(p), or equivalently, f~1(t) > p. Then, the set {z €
Q: f(|z]) >t} is strictly contained in By-14;(0) and therefore meas{z € Q: f(|z|) >
t} < wn(f71(t))N. We then obtain that: wxn (g1 ()" < wn(f~H(#)N, fort < f(p).
Whence: ¢(y) < f(y)for y > p, and the second claim follows.

The last statement follows easily, since, if g(|z|) = f(|z|) in Q* then Q* C B, C Q.
Taking into account that Q* and B, are concentric balls as well as the fact that |Q| =
|€2*| we easily obtain that Q* = B, = Q. o
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;From here on we will denote by g(z) the decreasing rearrangement of =5 in €,
) |z
with respect to zero. We also define:

N—-2)2
N U— Jor [Vul?dz — % Jor 9(z)u?dx
@ we HE () Jop uPdz '

(5.2)

Let uw € H}(Q) and u* be its decreasing rearrangement. It is a standard fact that
the decreasing rearrangement preserves the L? norm, decreases the H} norm and that
2
Jonp < Jo g(z)u*?dx. Whence
Aq > )\5. (5.3)
As in the previous Sections, we would like to have an alternative characterization of
the constant Af,. To this end we define:

Jor 2"V =D|VwPde + Y522 [ o)~V (g2 — g(a))wda

AL = inf
@ wGCl'?"(Q*) Jo 2|~ N2 w2dz
(5.4)
The reason for introducing Ag, becomes clear in the following:
Lemma 5.3 \§ = A§. Moreover A§, is achieved by some w in W(}’Q(Q*, ||~ (N=2)),

Proof: To prove that Af, = Af, we argue as in Proposition 3.3. The last statement
follows from Proposition 3.5 with h(x) = |2|~2 — g(z). Notice that h thus defined, is
equal to zero in a neighborhood of zero, by Lemma 5.2, and therefore h € LI(Q*) for
any q > % °
We are now ready to give the proof of Proposition 5.1
Proof of Proposition 5.1: By Lemma 5.3 and (5.3) we have that A\g > A\§ = Af. We
therefore need to compare A¢, and Ao+ = Ag+. The main observation here is that Ag,
is achieved in Wol’Q(Q*, |z|~(N=2)) by a positive function, say, @. Recalling (5.2) and
the definition of Ag-,

Jo 2|~ (N =2) | Vw|?dx
weCE () [ |2~V =Dw2dy

AQ* =

we easily obtain that:

(N —2)? Jou |2l "2 (J] 2 — g(x))’de

AG > Ao»
0= Aoty Jor 12|~ N =2 w2dx

By Lemma 5.2 the second term of the right hand side is strictly positive, unless |z|~2 =
g(z) in Q* = Q*, which happens only if €2 is a ball centered at the origin. Therefore,
Ag > Ag+, unless Q = Q*, and the result follows. .
We finally point out a consequence of Proposition 5.1 reminiscent of the Faber-
Krahn inequality. Since
Jo x|~ N2 | Vw|*de

A=A = inf
@ “ weé%O(Q) Jo lz|~N=2w2dz

we see that \q is the first eigenvalue of the problem:
div(|z|"N=2Vw) + Aglz| NV PDw = 0 in Q,
w = 0 on 01, (5.5)

with w € Wol’2(Q; 2|~ (N=2)). According to Proposition 5.1 the first eigenvalue of (5.5)
takes on its maximum value when (2 is a ball.
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6 Infinite improvement

In this Section we will give the proof of Theorem D. Before that we will introduce
some auxiliary functions, which are basically the iterated log functions. Let X;(t) =
(1 —logt)~! for t € (0,1]. We define recursively:

Xi(t) = X1 (Xk—1(8)), k=23,....
It is easy to see that the X} are well defined and that for kK =1,2,...
Xr(0) =0, Xe(1) =1, 0< Xi(t) <1, te(0,1).
For the reader’s convenience we restate Theorem D.

Theorem 6.1 Let D > sup,cq |z|. Then, for any u € H} () there holds:

(N —2)* 1 u*(z)
/Q\Vu(:x”?d;p — 1 /Q P dx >

= 1;/9331|2X12(|§)X§(ﬁ)...xf(@)ﬁ(g;)dx. (6.1)

Moreover, for each k = 1,2,... the constant 1/4 is the best constant for the correspond-
ing k- Improved Hardy inequality, that is

N-—2)2 2 k—
L Jo IVul?dz — S5 fo o dp — L YE) [ o XEXE L XPuPde
- = 11

weH(Q) Jo ppXTX3 ... Xjuldx

Proof: We may assume that D = 1, since all subsequent calculations are invariant

with respect to D. We also consider first the case u € C§°(Q2\ {0}). We will use a
change of variables, namely, u(z) = ¢(|z|)v(x). A simple calculation shows that

/\Vu|2dx:/ ¢2\Vv]2dx+/ <15/2112d:1:+/ ¢¢’£'V1}2daﬁ.
Q 0 Q Q |z

After integrating by parts the last term, we arrive at:

/ Vulde — —/ SAG dz +/ 8|V ol2da
Q Q Q
A
= —/ —¢u2dx +/ *|Vol*da (6.2)
Q ¢ Q
A
— | —u“dx.
&
;From now on we set H = # We will now make a specific choice of ¢, so that
_Ae_ 1 <H2 vixeileexe 1l X2> (6.3)
¢ |x|2 4 1 4 1 2 DY 4 1 DY k . .

We take for Kk =1,2...:

de(r) = AXP X Py X P, =), (6.4)
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We also set ¢g(r) = r—H, and this corresponds to the change of variables used in the
previous Sections. When differentiating ¢y, the following (easily checked) relation is

helpful:
Xj = %Xlxz...xj,le, j=1,2,....
Differentiating once we obtain
/ Pk 1 &
b = - <H+ §;X1X2 Xz)

Differentiating for a second time we have that
2

k
1
o = f’; <H+ ZX1X2 X@> +¢§<H+2ZX1X2 Xz)
i=1 i=1
¢k k XX XY
_E(Z 1X2... X;)
i=1
Pk d i
= ﬂ<H2+HZX1X2 Xi+ - X1X, ..Xi)2>
i=1 i=1

We then compute

P ON-1¢, H> 1 &
G Note ULy xixgxl
re
i=1

o T G 7
and (6.3) is proved.

X2

(6.5)

)

In view of (6.2) we see that (6.1) has been proved for v € C§°(Q2\ {0}) if in the
right hand side we have a finite series. Taking the limit as K — oo, and then using a

standard density argument we see that (6.1) is valid for any u € HE ().
We next prove the second part of the theorem.
We set for k=1,2,...:

1 1 1
/\vu|dx /HQ( +1X12+1X12X22+...+1X12...

We also identify Iy[u] with I[u] (cf (2.2)). Clearly, there holds:

1 u?
Using identity (6.2) and (6.6) we see that
~ [ oIV,
Q
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with u = ¢gv, and ¢y, as before (cf (6.4)). Taking into account (6.6) and (6.7) we form
the quotient that appears in the second part of the Theorem,

Ty lul Jo G2IVolda 1

= = -, (6.8)
o e X3X3 .. XY Jodpe?lel XX XE 4
We will now make a particular choice of v. Namely,
Usa(r) = e q(r)p(r) = r* X7 X5% . X% (r), r=lz|. (6.9)

The parameters €, a; will be positive and small and eventually will be sent to zero.
The function (r) is a smooth cut-off function such that i(r) =1 in Bs and ¢(r) =0
outside Byg for some § small. It is easy to check that

u) (2) := g (r)Ue.a(r) € HL(Q), (6.10)

,a

and therefore U, , is a legitimate test function for the quotient in the right hand side
of (6.8).

We will show that as the small parameters tend to zero (in a specific order) the
fraction in the right hand side of (6.8) tends to zero, that is

Jo $iIVUe.al*dz
Jo #2U2, |22 X7 X5 ... X}

— 0. (6.11)

An immediate consequence of this is that

inf Tea[y] < 1
weH{(@) fo tn XiX3 . XE T 4

which shows the optimality of %.

Consider first the denominator in (6.11). It is easy to check that as the small
parameters €, a; approach zero (for § fixed) we have

/¢§U§a|xr2X12X§._.X,§:/ poNFE X2 X PG £ O(1); (6.12)
Q Bs

that is, the integral over Bys \ Bs (not written above) stays bounded. Concerning the
numerator we write, by a similar argument

/Q G VU o *dx = ; drv 2, (r)de + G20, Ve a P + Ve gt ? + v 2 0?)da
5

Bas\Bs
= / $rv, (r)dx + O(1), (6.13)
Bs
as the small parameters €, a; tend to zero.
In view of (6.5) we easily compute for r € Bs:
k

Uz—:,a(r) = Ua,aril(cf + Z CLle . X])
=1
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Using this and the specific value of ¢ we compute (we introduce spherical coordinates)

1 2,72
de =
NWN Bé qbkva,a(r) €x

5
52/ P2 o120 120 ..X,;1+2a’“dr
0

k )
2 —142¢ 14+2a1 1+2aj 71+2a]~+1 —142ay,
+Zaj/0 PR LX) X dr  (6.14)
j=1

k )
A —1+42¢ y2a1 2a5 v, —1+2a541 —1+2ay
+2€E a]/o r X ...Xj XjJr1 Xy dr
j=1

k-1 & 5
_ 142a; 24, .
23 > aiaj/o r 1HSX%H‘”...X]- aJXj_Cﬁ“...XiQ“Z-
i=1i=j+1
XX e g,

We intend to take the limit ¢ — 0 (keeping the a;’s fixed) in (6.14). It is not clear
however what will happen to the first and third term in the right hand side. To this
end we derive two identities. Concerning the first term, we integrate by parts and use
(6.5) to get

0
€ / D CRAELD CELEL D (R IE
0

_ ;/5(T25)1X11+QG1X21+20,2 L Xk_1+2akd'l" — (615)
0
AN 0 2 2a; v —1+42a; 142
=0(1) — Z(—5 +az-)/0 prREXT XXXy
=1

A similar integration by parts yields the second identity

0
_ - —142a; —
g/ pITEXTO XX T X TR = 0(1) -
0

i 5
) —142¢ 14+2aq 1+2aj 2aj+1 2a; —1+2a7;+1 —l+2ak
—Zaj/o r Xy XX XX Xy dr (6.16)
J=1

k
1 0 . .
. —1+42¢ y142a; 14+2a; v2ai4+1 2a;
- Z(_§+a3)/()T b CRR NS CAElD CHALIIND el
Jj=i+1
—14+2a; _
Xj+1 aj+1 o Xk; 1+2akd’l"

It is convenient at this point to introduce the following notation

9
_ o —142a; _
Ay o= pmiREX{RRO xRe xR xRy
1 % i+1 k )
0
9
3 o —1+42¢ 1+2a1 1+2CLj 2aj+1 2a; 71+2a2‘+1 —l+2ak
T, = /07“ DEARLINID CELD G ALIIID b P I ALIIND PR 3
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We now return to (6.14). We use (6.15) and then (6.16) to replace the first term
of the right hand side. We also use (6.16) to replace the third term. After grouping
similar terms, we rewrite (6.14) as

1
NwN

k
¢k a(r)dz = 0(1) — Z(_§+‘“ i — Zaj (6.17)

Taking into account the definition of A; and I'j; we see that we can now take the limit
e — 01in (6.17) by simply setting € = 0 in the A;’s and I'j;’s.

Our next step will be to take the limit a; — 0 (keeping the ag, ... aj fixed). Again, it
is not clear that all terms in the right hand side of (6.17) have a limit. More precisely in
the terms I'y;, ¢ = 2, ... k as well as a3 A1 we cannot take the limit in a straightforward
way (e.g setting a; = 0). By distinguishing these terms from the rest we rewrite (6.17)
as

1 1 k=1 k 1 k
Now ¢k w(r)der = O(1) - 5 2 Z:%:l(—Q +a;)lj; jz_;ajAJ
1 LA |
— 5 <a1A1 + Z(—§ + ai)I‘h~> . (618)
i—2

To estimate the last parenthesis above we will derive a new identity, relating A; and
I'1; (with e = 0). A simple integration by parts yields

0
aA; = al/o D CARED CRAEL D GRRill (6.19)

1o 142 142
= 5/0 (X700 Xy 2o X,y

k
1 5 _
= 0O(1) - Z(—§ + ai)/o D CRELD CLLIND G GBI Gl
=2
k
= O(1) =) (—= +ai)ly
=2
Thus, we have that
1
a1 Ay + Z —5 +ai)li = 0(1), (6.20)

=2

and we can now set a; = 0 in (6.18). We can continue this process in the same way.
For instance to take the limit as ap — 0 we will use the identity

1
(LQAQ + Z - = + aZ)I‘QZ = 0(1),
=3

relating Ay and I'y; (with € = a1 = 0), that is derived in the same way as (6.20). We
can then simply set ag = 0 in the remaining terms of (6.17), and so on.
After taking the limit a;_; — 0 we end up with

1 1
¢k’Uo ak( r)dz = _iakAk +O(1),
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where in the A; we have set e = a1 = ...ap_1 = 0. That is,
1 0
/ GV, (r)dz = —Nu}N§ak/ r X Xo o X 1 X P dr + O(1). (6.21)
0
We are now in position to give the proof of (6.11). We form the quotient and take

the limit as €, ay,...ag—1 tend to zero in this order. In view of (6.12), (6.13) and (6.21)
we arrive at

Joy 82| VUo.a, | 2da e R XX X X dr + O(1)
Jo (ﬁ%U&ak ]a:|—2X12X22 . X,fd:c Jor1XiX,.. .Xk_lX;J“Qakdr +0(1)
Since
g -1 1+2ay 1 J 2a\/
/ I X . X X =[x ar (6.22)
0 ag
1
= %X%k(é) — 400, as ap—0
we conclude that
o B3IV U o O 0 e o
Jo % oakm 2X7 X5 X,gdx Q;kXQGk(fs) ’ ’
as required. °

If we cut the series at the k step we obtain the k-Improved Hardy inequality, that
is, Ix[u] > 0. To obtain from this the (k + 1)-improved Hardy inequality we add the
potential

Vi = |z| 2 X7 . XP

We will show that this potential is “marginally” contained in the class Aj, in the sense
that a potential more singular than this (at zero) is outside .Aj. More precisely, let:

y
’$‘2X1 Xka—l—l
We then have:

Lemma 6.2 Suppose that v < 2. Then, there exists no by > 0 such that:
Ie[u] > bk/ VO ulde, Y u e HL(Q).
Q

Proof: Assuming that by > 0 we will reach a contradiction. Taking into account (6.6)
we have that for all u € H}(Q):

2
0<b Ll _ el + 5 Jo et X de (6.23)
k< . .
Jo V( wldr Ja ‘“2 X7 XPEX)], dx
To obtain a contradiction we will now use the test function u = uékj 1)(55) intro-

duced by (6.9), (6.10). Recall that in the proof of Theorem D we have shown that
as (e,a1,...,ax+1) — (0,...,0) there holds: (cf (6.21) and (6.22)):

L [u5D] = 0(1).
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The integrals appearing in (6.23) can be easily estimated. Thus, for the integral in the
denominator after taking the limit ¢ — 0, a; — 0, ... ax_1 — 0, keeping ay and a1
fixed, we get (we omit the superscript (k + 1)):

2 $
U
. 8|‘;X XEX), dr = NwN/ XXy XX T e O(1).
0
A similar calculation for the numerator yields that, after taking the limits of ¢, aq, . . . ag,
going to zero keeping ayy1 fixed:

ul
Nwy 2
/Q |;‘3X1 Xzsz?de = %inklﬂ(é) + O(1);

here we also used (6.22). To obtain a contradiction in (6.23) we will now take the limit
ap — 0 for agy1 small but fixed. The numerator then is easily seen to be of order
O(1). Concerning the denominator, since v < 2 we choose an ag4+1 > 0 such that
v — 14 2a,11 < 1. It then follows that as ar — 0 the integral of the denominator
diverges to +oo. Hence,

Iy [u)

Jo Vi "udx

— 0, as arp — 0,

which is a contradiction. °
It is evident that different choices of ¢ in (6.2) lead to different inequalities. We
now derive an inequality that we will use in the next Section.

Lemma 6.3 Let u < . Then, for any u € H(Q), the following inequality holds

forany k=1,2,...

N-2
2

U2 x
/ \Vu(z)|*de > p(N —2 — M)/Q |x(‘2)dx +
TR R Z/ ey xedDye@ar. 620

Proof: In (6.2) we take ¢ = r*“Xl_l/Q(r)Xz_l/Q(r) . .Xk_l/Q(r). A straight forward
calculation shows that

A¢ _ N —=2—p) (N 2- 2
- = - + lexz X+42;X1X2 X

Since X1 X5 ...X; <1, the result follows from (6.2). °

7 On the optimality of the series expansion

Using the notation of the previous Section we set for k =1,2,...:

N—22 [ u? 1
=1
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We may also identify Ip[u] with I'[u] (cf (2.2)). We then consider the k-Improved Hardy
inequality with best constant, that is:

As we have seen this can be further improved. One then may ask what kind of potentials
Vi € Aj (cf Definition 1.3), one may add in the right hand side (besides the ones in
Theorem 6.1), so that an inequality of the form holds true:

u] > bk/ Viulde, Y u € HY(Q), (7.2)
Q
with b, being the best constant, that is

. Iy.[u]
b = f R y R = =
F u ellrﬁll(}(Q) ¢lul ¢lu] Jo Vieu?dx
fQ Vieu2dz > 0

> 0. (7.3)

As we shall see there is a great variety of potentials Vi € Ay for which (7.2) holds.
Before that we will establish the k-improved Hardy-Sobolev inequality with critical
exponent, that is, the analogue of Theorem A.
We first present a Lemma similar to Lemma 2.2.

Lemma 7.1 For any q > 2, there exists a ¢ > 0 such that

1 _ 2/q
[P (M) ez ([ oo i XX o) L @)
for any v € C°(0,1).

-1
Proof: Tt follows from [M], Theorem 3, p. 44, with dv = r (HleX,-(r)) X[o,1dr and

_ 2
du=r 1H§:1XZ-(7’)X,113/ (T)X[O’l]dr. °
We then give the proof of Theorem A’:

Proposition 7.2 Let D > sup,cq |x|. Then, for any u € HL(Q) there holds:

N (N-2)/N
EINEE
Ii[u] > ¢ /\u|w 2(Hf+11X(D)> dx ) k=1,2,.... (7.5)

Proof: The argument parallels that of Theorem 2.3. Suppose first that 2 is the unit
ball. Separating the radial part of u (ug) from its non radial part (u — ug) we will first
establish the analogue of (2.10), namely

Tu[u] > Tyluo] + /\/ V(u— uo)de, A > 0. (7.6)
B
Let H = Y22 Using the decomposition of u (cf (2.8)) we calculate that:
s 2 2 up 1 U 2 2
Lfu] = Tefug) + 3 / Vit |2 — (H? — )i — 2§ Um x2  y2) gy
m=1 B I” 4 i=1 ‘$|



To estimate the infinite sum we will use the inequalities

Agovumﬁ—w E:hﬁ 2.“Xf>dx2

2
> )\/ Yun,|? + cmu—m dx, 7.7
> [ (9l 2 &

valid for any for every k,m = 1,2... and some A € (0,1). Let us accept this at the
moment and continue. In view of (7.7) we can estimate the infinite sum from below by
A 5|V (u—up)|?dz, and (7.6) follows.

We then continue as in Theorem 2.3: The radial part Ii[ug] is reduced to a one
dimensional integral, via the transformation ug(r) = ¢x(r)wo(r), with ¢y as in (6.4),
that is

1 /
Ii[up] = wN/ w(r)yrXy .. X
0

and then estimated from below by Lemma 7.1, with ¢ = 2N/(N — 2). For the non
radial part we use the standard Sobolev embedding with critical exponent and the fact
that X; < 1. Combining both estimates we conclude the proof in the case where (2 is
the unit ball. The general case follows as before. We omit the details.

It remains to justify inequality (7.7). We will do so using (6.24). More precisely, we
will show that there exists a A € (0,1) such that (7.7) is true for every k,m =1,2.. ..
Taking into account that ¢,, > N — 1, for m > 1, elementary calculations show that it
is enough to establish the following:

H2
Y, |2de > —(N -1 md S TEE . X2d
/B|u‘$<1—>\( >> e Z HQ ..

In view of (6.24) it is enough to show that there exists a p < T_ such that if A is
defined by

H2
S (V1) = (N 2 ), (7.8)
then A € (0,1) and in addition
1 N-2 1

1t TR aE oy (79)

An elementary analysis of (7.8) by quadrature reveals that in order to have A € (0,1)
one should choose a p satisfying 252 — (N — DY <p< N2 If we solve (7.8) for A
and plug in this value in (7.9), a similar analysis shows that in order for (7.9) to hold
true, we should have p < &2 + (M)(l — (14 4(N = 1)(N —2)"H2). 1t is easy
to check that for any N > 3 there exist p satisfying both restrictions and the result
follows. °
Remark By the same argument as in Lemma 6.2 we can show that (7.5) is sharp in
N
the sense that X ,:F cannot be replaced by a smaller power of Xj1.
It is now easy to find potentials for which (7.2) holds. For instance, we have:

Lemma 7.3 Let D > sup,cq |z|. Suppose Vj, is such that that

N x X _
/Q|Vk| : (Xl(’;)...xkﬂ(‘D'))l Nz < 0.

Then, there exists by, > 0 such that (7.2) holds.
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Proof: Applying Holder’s inequality and then Proposition 7.2 we get:

14N (N-2)/N
ViJuldz < C |uyw% Y, N _
Q Q 1=1
N 2/N
(/Q’Vk‘2(X1X2'--Xk+1)1_Nd$>
< Clylu],
and the result follows. .

Suppose now that we have chosen a potential Vi € A for which (7.2) is true with
b as its best constant. We ask again whether this can be further improved. That is,
whether there are potentials Wy, € Ay for which the following holds:

u) > by / Viuldx + by / Wyiu?da. (7.10)
Q Q

The situation is now analogous to the one in Section 3. In particular, the class of
potentials Vi for which (7.2) can be further improved is dramatically reduced.

We will use the same strategy as before. Our first step will be to reformulate
the problem by means of a change of variables. As in the previous Section, for D >
SUp,cq |z| we set:

_ -1/2, T -1/2, T -1/2, T
u(@) = du(rjo(e) = r M XTHG)XA(G) X (G, =l (11D
Then, there holds (cf (6.2)):
:/Q|x|—<N—2>X;1...X,;1|vv|2da; (7.12)
We set
pr(@) = G} (r) = o~ VXX

and we define the (Hilbert) space Wol 2(€; py,) as the completion of Cg°(€2) under the
norm [, prv?+ [, pr| Vo|2dz. Working as in Section 2 we can show that ( [, pr|Vv|>dz)'/?
is an equivalent norm for W&’Z(Q; pr). Also, if u € H}(Q) then v = ¢} tu € Wol’Q(Q; Pk)-

The inequality (1.15) that characterizes the k-admissible potentials is equivalent to
the following inequality:

/|x]’(N’2)X1_1...X,;1|Vv|2da:20/ e~ XTL X Vlolde,  (7.13)
Q Q

valid for any v € VVO1 ’Q(Q; pr). In particular we have the analogue of Lemma 3.1:
Lemma 7.4 The best constant of inequalities (1.15) and (7.13) are equal.
Similarly the k- Hardy Sobolev inequality reads:

Lemma 7.5 Let D > sup,cq |z|. Then, there exists ¢ > 0 such that for all v €
WOI’Q(Q; pk) there holds:

/mNsz Xi(

)~ [Volda



We then define:
o 2|~ N2 X X Ve de

Qrlv] :=
] Jo x|~ N=2x1 X Wida
and
By, = inf Qrlv] = inf Qrlv].
UEI/V?’ (2 p1) v € C§°(Q)
Jo o~ M= x X Vee?de > 0 Jolelm N =X X etde > 0

(7.14)
Finally the analogue of Proposition 3.3 is

Proposition 7.6 There holds: by, = Bjy.

The proofs of Lemmas 7.4, 7.5 and Proposition 7.6 are practically the same. The
proof is similar in spirit to the proof of Lemma 3.1 but technically much more involved.
We therefore sketch the proof of one of these:

Proof of Proposition 7.6 : The inequality b, > By follows easily. We now sketch
the proof of the reverse inequality. Let v. € C§°(€2) such that Qglv:] < By +¢. We set
Uge = |T|7OX] ... X, P, € HYQ), with 0 < ag < H, 0 < a; < 1/2,i=1,...k.
We intend to take the limit as a9 — H, a1 — 1/2,...a; — 1/2, in this order, keeping
¢ fixed. It is easy to take this limit in the denominator of Rj[u,c], but one has to be
careful with the numerator. We will work as in the proof of Theorem 6.1.

A straight forward calculation shows that (we drop the subscript e for simplicity):

IiJuae) = (af — H?) / || 72002 x 20X, P
Q
K 1
+) (af - i / | 2a0=2 xRk xRty s Rty 20k 2 g
. Q
=1
+/Q |lz| 7200 X 720X, V) 2d
b 2
+2a0 Y a; / | TRe0m2 xR xR XA X P d
: Q
=1
—2a0/ || 72a0"2x 201 X,;Qa’“vx -Vvdz (7.15)
Q

k
—2a0—2 yv—2a1+1 —2a;+1 v—2ai41 —2a
—2Zai/g|a:| WX T XTTXG ST X e Ve de

=1

k-1 k
. —2a9—2 y—2a1+2 —2a;+2 y~—2a;4+1+1 —2a;+1
+2> > a,aj/\x| X; X X5 X
j=1i=j+1 Q@
—2a;41 —2ay 2
X q Xy TR

In order to take the limit ag — H we will use two identities. Observing that 2(H —
ao)|x| 720072 = div(z|z|72%~2), an integration by parts yields the first identity:

(H — ag)/ || 72a0 2 x 2 X, P d =
Q
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Zaz / | 202 x 2t e SR Y 2 dy (7.16)
=1

—/Q || 72002 x 20X g - Ve da.

A similar integration by parts yields the second identity:

—9 _
(H — ap) / 20022+ - 2a1+1X1+1az+1 X2 =

—/ || 7202 x Pt X Q‘IZHX;_Qf”l . X,;Qa’“vx -Voudx (7.17)
)

: 1 90,42 w—2a, ,
+> (a; — 5)/Q|x|_2“0_2X1_2a1+2 NP RS STALRIIND en b
=1

—2a; _
X, oL X P de

i+1
2a0—2 2a1+2 2a;+2 v—2a;+1+1 —2a,;+1
T I R A e o e
Jj=t+1
—2a54+1 —2ay, 2
Xj+1 Xy TRutd.
We introduce for convenience the following notation:
g
9gn— _ —92 _
Ai — / |.’IJ’ 2a0 2X1 2a1+2 X 2az+2Xz+llll+1 Xk, ZGkUde
9
9gn— _ ) _
B, = /|x! 2a0=2 x ~2atl | x 2CL’JrlXZ_s_la“”...X,C 24 yx - Vo dx
Q
—2ag— — —2a;4+2 y—2a; — 92 —2a; _
r,; — /|xy S SR LI G LS e CALINID erUasb eriaslNP a1
Q

We use the two identities to replace the first and fourth terms of (7.15). We then
take the limit ag — H to obtain:

Ikuaa = —ZQZB—l— Z Z a]I’Z]—l—Z

=1 j=i+1
+ / | 72X X2 V), (7.18)
Q
where we have set a9 = H in the A;, B;, I';;. In order to take the limit a; —

1/2,...a — 1/2, we will use successively similar identities. More precisely, observing
that (—2a;+1)|z| VX1 ... X; 1 X; 2442 = div(a|z| "V X2, i = 1,.. .k, we get by
an integration by parts:

= (a; A+ Z a;Tij, i=1,2,... k—1; (7.19)
Jj=i+1
here for each fixed i we have set ag = H, a1 = ...a;—1 = 1/2 in the A;, B;, I';;. Then,
using (7.19) with ¢ = 1 we can take the limit a; — 1/2 in (7.18). We then use (7.19)
with i = 2 to take the limit ag — 1/2 and so on. After taking the limit ay — 1/2, we
see that only the last term in (7.18) survives:

eltac] /m DX XY Ve e (7.20)
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We note that the right hand side of (7.20) is the numerator of Qy[v:]. Hence we have

shown that Ry[uqe] — Qilve] as (ag,aq,...ar) — (H,1/2,...1/2). We then complete

the proof as in Lemma 3.1 °
We next define the local best constant of inequality (7.2) near zero:

cY = hfg Ch.ry (7.21)

Ch — e fBT \:c\*(N*Q)Xl_l . ..Xk_l\VU\de

’ v e CR(By) [g, 2| =2XT X Wetde
Jo lelmN=AX X Ve?de > 0

Working as in Proposition 3.4 we establish (we omit the proof):

Proposition 7.7 Suppose Vi € Ay. Let By, and C}) be as defined in (7.14) and (7.21)
respectively. If
By, < C}, (7.22)

every bounded in W(}’Q(Q; pr) minimizing sequence of (7.14) has a strongly in W(}’Q(Q; Pk)
convergent subsequence. In particular By, is achieved by some vy € W&’Q(Q;pk).

JFrom this Proposition, and using the same argument as in Proposition 3.6, Theorem
B’ follows easily.
A consequence of Theorems A’ and B’ is the following:

Corollary 7.8 Let D > sup,cq |z|. Suppose Vi is not everywhere nonpositive, and
such that
Ny VT
/ V|3 (Hgl Xi()> dz < . (7.23)
Q D
Then, Vi, € Ay, and therefore (7.2) holds, but there is no further improvement of (7.2)
by a nonnegative Wy, € Ay.

Proof: The fact that Vi, € A has been shown in Lemma 7.3. To prove the last
statement we will show that Cg = 00. Applying Holder’s inequality in B, as in Lemma
7.3 and recalling (7.21) we easily find that:

2
N

1-N
Ck,rzc</ 13k (Hfif&('ﬁ)) dx) —oo,  asT—0,
B,

and the result follows from Theorem B’. °

We finally make some comments on the optimality of the series of Theorem D.

Consider the potential
1

v (2) = WX% LXEXY

k+1-
An elementary calculation shows that Vkm satisfies (7.23) if and only if v > 2. Ac-
cording to Corollary 7.8, at the k step (k =0,1,...) we could add ka) (z) with v > 2

(or a less singular at zero potential) but that would force the series to terminate. On

the other hand by Lemma 6.2 we cannot add Vk(w () with v < 2 (or a more singular
at zero potential) since we are lead outside the k-admissible class Ag. Hence, the main
singularities (at zero) that the “improving” potentials are allowed to have, are the ones
appearing in Theorem D.
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