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Abstract

We consider operators of the form £ = —L — V', where L is an elliptic operator
and V is a singular potential, defined on a smooth bounded domain Q C IR™
with Dirichlet boundary conditions. We allow the boundary of Q to be made of
various pieces of different codimension. We assume that £ has a generalized first
eigenfunction of which we know two sided estimates. Under these assumptions we
prove optimal Sobolev inequalities for the operator £, we show that it generates
an intrinsic ultracontractive semigroup and finally we derive a parabolic Harnack
inequality up to the boundary as well as sharp heat kernel estimates.
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1 Introduction

Let @ C IR™, be a bounded domain and suppose V is an L}, (Q) potential for which
we know the following L? estimate

2 2
V V d
0< A := inf Jo(IVu 5 (@)u”)dx .
ueCs® () Jo utdx

(1.1)



One of the motivations of the present work is whether one can improve the above
estimate to a Sobolev type estimate, involving, if possible, the critical Sobolev exponent.
It is clear that to improve the previous estimate one needs more information concerning
the potential V', besides (1.1). One additional piece of information that we are going
to use, is the existence of a generalized eigenfunction ¢; of problem (1.1) as well as
sharp two sided estimates of ¢;. Under this extra piece of information we are able to
obtain sharp Sobolev type inequalities involving the critical Sobolev exponent.

The knowledge of the asymptotic behaviour of ¢; usually comes as a consequence
of the maximum principle and the local character of V. We present such an argument,
following the ideas of Brezis, Marcus and Shafrir [5] for the critical potential V(x) =
%m in the Appendix. We should mention that in this case the asymptotics of ¢
have already been derived by Dévila and Dupaigne [12], [13]. The argument we present
is much simpler and is based only on the maximum principle applied in the appropriate
energy space. All the potentials we have in Section 4 as well as other potentials can be
treated similarly.

Presupposing the existence and asymptotic behaviour of the generalized eigenfunc-
tion ¢; seems to be a natural assumption. It is E. B Davies [8] who put forward the
idea of connecting the asymptotics of ¢; to the asymptotics of the Green function in
the case of subcritical potentials V. In fact, he conjectured that knowing that the
asymptotic behavior of ¢; is like d(z) := dist(z, 09) is actually equivalent to the exact
two-sided Green function bounds. This conjecture was answered positively in [20] even
for a larger class of potentials for which the generalized eigenfunction ¢; behaves like
d*(zx) := dist®(z, 092), for some o > 1/2.

The idea of obtaining heat kernel estimates of second order elliptic operators with
singular potentials in terms of the generalized ground state is not new and besides [23]
and [24] has been successfully exploited in [26] and [27].

Another motivation is the study of the corresponding parabolic problem, especially
when the potential V' is singular (see e.g. [1], [6] and [31]). In connection with this, we
mention the work of Cabré and Martel [6] where the condition A\; > —oo is shown to
be necessary and sufficient for the existence of a global positive weak solution. They
also show that these solutions grow at most exponentially in time for any nonnegative
initial data ug € L?(Q2). In fact, as far as the parabolic problem is concerned, condition
(1.1) is practically equivalent to A\; > —oo due to a shift in the time variable. Under
the extra assumption that the asymptotics of the generalized eigenfunction are known,
we show that the corresponding Schrodinger operator generates a semigroup of integral
operators for which we obtain parabolic Harnack inequality up to the boundary and
precise heat kernel estimates.

At this point we introduce some notations that we keep throughout the work.
We assume that Q@ C IR"™, n > 2, is a bounded domain, with a boundary 02 =
Up_1T'k, where I'y, = UT:IHFk,j is a finite union of my, distinct smooth C? boundaryless
hypersurfaces I'y, ; of codimension codimI'y, ; = k, where j = 1,...,my, k=1,...,n—1;
in addition I'y, = {x1,...,2m, }, Tk, NT1; =0 if k # 1, ori # j and Ty ; NI, = 0,
fork=1,...,n—1and j =1,...,m,. We also set di(z) = dist(x,T';). For x € Q
we denote by d(x) the distance to the boundary 0€2. We clearly have that d(x) =
mingeq{di(x),...,d,(z)}. Finally for the part of the boundary that is of codimension
one we use the special notation 01 = I'y.



We are interested in the quadratic form

& ou Ou -
Qu] = /Q (]221 aij(a:)a—%a—% - Vu2) dr, u € C(9), (1.2)
where V' € L} .(Q) and a;j(z), i,j = 1,...,n is a measurable symmetric uniformly

elliptic matrix, that is

n

Colél? < Y aij(2)&g; < i€, (e R" (1.3)

1,7=1

for some Cy > 0. We also assume the L? estimate

0< A := inf Qlu]

_— 1.4
weCE(Q) [o ulda’ (1.4)

and that to A1, there corresponds a generalized eigenfunction ¢; of (1.4). More pre-
cisely, we assume that ¢ € H. _(Q) N L2 () and that

loc
“ Op1 0
/Q Z aij%% dr = /(Z(V—i—)\l)(blwd:v, e C§o (). (1.5)
ij=1 @ Oy

In addition we assume that we have two sided estimates on ¢; of the form ¢; ~
dft...d%, that is

adit(z)...dy(x) < ¢1(x) < codi* () ... do (), (1.6)

for any z € , for two positive constants c1, co and for suitable exponents asq, ..., a,.
Appropriate conditions on the exponents «; will be formulated below.
Our first result concerns the following improved Sobolev type inequality.

Theorem 1.1 (Optimal Sobolev type inequality) For V € L} (Q) we assume

that (1.4) holds and in addition there exists a ground state ¢1 € H} () N L$2(Q2)
satisfying (1.6) for

k—2 q—2
L A A
o> ——— = )2(q+2) ’

k=1,...,n, (1.7)
wher62<q§% ifn>3and g > 2 if n =2. We then have that

QL] . (1.8)
g(n—2)—2n %
Jor 0" fufude

0<C(Q a1, .. anq) = inf
< ( , A1, , (O q) ueé%o(ﬂ)(

2n

-5 we have that

In particular when n > 3 and ¢ =

Qlu]

0<C(Q,a1,...,a,) = inf

n—2

T (o a2 ) T
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kE—2 (n—k) B
ap > — 5 _Q(n—l)’ k=1,...,n.



We note that the condition (1.7) is optimal. In the extreme cases ¢ > 2 and
oy = —%‘2 or g = 2 and o = —% we have different improved inequalities, see
Theorems 2.4 and 2.5 respectively.

Using the above Sobolev type inequality we will now proceed to the study of the
corresponding parabolic problem, that is

%q; =—Lu:=37 4 8%1' (aij(:v)(%‘j) +V(z)u in (0,00) x Q,
u(x,t) =0 on (0,00) x 0142, (1.9)
u(x,0) = up(x) on .

Our first result is the following Harnack inequality.

Theorem 1.2 (Parabolic Harnack inequality up to the boundary) For V €
L}.(Q) we assume (1.4) and that (1.6) holds for some ay, > —552, for k= 1,---,n.

Then for L as in (1.9) there exist positive constants Cy and R = R(§) such that for
x €Q,0<r <R and for any positive solution u(y,t) of

881; = —ﬁu ’[,’n, {B(m,r) ﬁQ} X (O7T2) 9

the following estimate holds true

n

ess Sup(y,t)e{B(z,g)mQ}x(%,%) u(y,t)i:r[ldi “(y) <

< Cy ess inf(y,t)e{B(x,%)ﬂQ}x(%7"2,7"2) u(y,t) 1:[1 di_ai (y)-

Here B(z,r) denotes roughly speaking an n dimensional cube centered at x and
having size r, see Definition 3.1 for details.

Theorem 1.2 states a parabolic Harnack inequality up to the boundary for the ratio
of any positive local solution to the Cauchy-Dirichlet problem and the generalized
eigenfunction ¢;. We note that a; > 1/2, therefore ¢ is zero on the boundary 9;2. In
particular it implies that any two nonnegative solutions vanishing on ;€2 must vanish
at the same rate. It is clear then that such a normalization is necessary. In fact the
natural quantity is v = u/¢1 and it is for this function that we prove the Harnack
inequality. For the definition of solution for the function v we refer to Definition 3.8,
where however the appropriate weight is ¢?.

Alternatively, one could define local weak solutions of (1.9) using a suitable local
energetic space obtained via the quadratic form (1.2). For an example of globally
defined energetic solutions see [31].

Our result in the case a3 = 1, ap = 0 for £k = 2,---,n is basically the local
comparison principle of [14]. We also note that the restriction on aj in Theorem 1.2 is
sharp.

In what follows we denote by h the integral kernel of the L? semigroup associated
to the elliptic operator £ as defined in (1.9), that is

u(z,t) := /Qh(t,m,y)uo(y)dy.



The existence of h(t,z,y) is proved in Proposition 2.8 and it is a consequence of our
Theorem 1.1.

As usual, from the parabolic Harnack inequality one can obtain sharp heat kernel
estimates, as explained by Grigoryan and Saloff Coste, see [23], [24], [30]. In particular
we have

Theorem 1.3 (Sharp heat kernel estimates) For V € Li,.(Q) we assume (1.4)
and that (1.6) holds for some oy, > —%52 for k = 1,---,n. Then there exist positive
constants C1,Cs, with C; < Csy, and T > 0 dependmg on Q such that

n \/Z —Qy \/7? —Qy i _o ‘z_y|2
S - 2 t < <
01H<1+di(x) 1+d ] t"2e < h(t,z,y) <

i=1 iy

n \/i —Qy \/E —Qy _%6_01 Im_ty‘Q
SCZE(“@(:I:)) (“di<y>> !

forall xz,y € Q and 0 <t <T, whereas

CIHd% ) dii(y) e M < h(t,z,y) < CQHd% ) difi(y) e M
1=1

forallx,y e Q andt > T.

Due to a shift in the time variable, Theorems 1.2 and 1.3 remain valid if we replace
assumption (1.4) with the condition A\; > —oo. For the corresponding statement of
Theorem 1.1 under the condition A\; > —oo we refer to Theorem 2.1.

Although we present here only heat kernel estimates one can integrate in time to
obtain the corresponding Green function estimates provided that A; > 0.

It is clear that the asymptotics of ¢; affect both the parabolic Harnack inequality
and the heat kernel estimates, see Theorems 1.2 and 1.3. At the same time it seems
that the Sobolev inequality is independent of the aj’s, in the sense that the exponents
oy do not appear in the ratio (1.8). We note however that there are critical cases where
relation (1.8) fails and different Sobolev inequalities hold true. For instance if oy, =
—”T_2 estimate (1.8) is no longer true; instead, the optimal Sobolev inequality involves
a logarithmic correction see inequality (2.23) in Theorem 2.4. For other examples see
Theorem A’ in [22].

We note that instead of the uniform ellipticity condition (1.3) which we assume
throughout this work, our method can also treat degenerate operators for which the
following condition holds

n

Cow(x)I€]* < Y ay(x)&; < Cplw(@)|Ef?, e R™, (1.10)

ij=1

where w(z) is like a power of the distance function.

Finally we should mention that this work complements and extends our previous
92
work [20]. There we studied the cases where the potential V' (z) is either % for a

general bounded domain €2 or else for a convex bounded domain 2. In the

1
4dist? (x,09)
second case the convexity was used in an essential way. Here, even in these two cases,

we improve our results in the first case by allowing potentials involving distances to



more than one point and in the second case by removing the convexity assumption (see
Section 4).

The article is organized as follows. In Section 2 we establish a Sobolev type in-
equality, thus giving the proof of Theorem 1.1, starting from the L? estimate and using
the behavior of the generalized eigenfunction ¢;. In Section 3 we study the associated
Cauchy-Dirichlet problem and prove a parabolic Harnack inequality up to the boundary
as well as sharp two sided estimates on the corresponding heat kernel. In particular we
provide the proof of Theorems 1.2 and 1.3. Finally, in Section 4 we give some examples
of concrete Schrodinger operators with singular potentials for which an L? inequality
holds true and the behavior of ¢ is known. In all these examples the results of the
present work apply.

2 From the L’? estimate to Sobolev type inequalities

In this section starting from the L? estimate (1.4) we will prove various Sobolev inequal-
ities involving optimal exponents. In particular we will prove a weighted logarithmic
Sobolev inequality that will be crucial in establishing the intrinsic ultracontractivity of
the semigroup associated with the operator £ defined in (1.9).

For § small enough we set

M ={zeQ, st dist(z,I})<d} and (T9)°=Q\TY.
As a consequence of the assumptions on the domain 2 we made in the introduction,
we have that for § small enough Fi’j N Fﬁi =0ifk#1 ori#jand Fi’j Nre =9,
C
for k=1,...,n—1andj=1,..,m Wenote that Q = (Uj_,I}) U (Up_,T}) =

(WieTd) U (i ().

We are now ready to give the proof of Theorem 1.1. Indeed we will more generally
assume instead of (1.4) the following L? estimate

—00 < A1 := inf QL]

— 2.1
weCE(Q) Jo uldz’ (2.1)

Then we prove:

Theorem 2.1 (Optimal Sobolev type inequality) For V € L} () we assume
that (2.1) holds and in addition there exists a ground state ¢1 € H} () N L$2(Q)

satisfying (1.6) for

k—2 q—2
A S A S S
k> =5 == k)55

wher62<q< =5 if n >3 and q¢ > 2 if n = 2. We then have that for every A >0

_ 2

o< O ) =g ATO— W e
uGC(‘)’C(Q q(n 2)2 P
<fsz |u|qdm>

k=1,...,n (2.2)

(2.3)



In particular when n > 3 and ¢ = % we have that for every A > 0,

_ 2
0<C(Qai,...,an,\) = inf Qul + (A —\1) Jquidz

n—2 )

UG (@) (fo lul#2dz) 7
if
k=2 (n—k)
Es =1,....n.
Ty T a1 F=l.,n

In the case A\; > 0 one can take A = A1, thus proving Theorem 1.1.

Proof of Theorem 2.1: It is a consequence of the following estimate for any v € C§° ()
(e 2
qa{n
/Qq51 (Zl iV, Vz; + AV ) dx > C </ Hld——=2 |v\qd:z> , (2.4)
7]

with C = C(ay,...,a,,2,A) > 0. For convenience we write v,, instead of 8”,. Let
us accept (2.4) and give the proof of the Theorem. Clearly (2.4) is valid not only for

smooth functions but also for functions in the completion of C5°(£2) under the norm
defined by

Iollay, o= ([ 6302+ 190r) (2:5)

In particular we can take v = &, with u € C5°(€2), in which case we get

Z/Qaiju%uxjdx Z/ Aij Uy, G ;E]d + Z/ L — (bl wde
2 (2%

2
+A/ wldz > C </ dQ(n_g)_2n|u|qdm)q. (2.6)
Q Q

On the other hand, by standard approximation arguments, (1.5) is valid also for ¢) = g—?,
with u € C§°(€2). For this choice of the test function, we get that

22/ Ul (¢1) x]d Z/ M ulde = /Q(V—i-)\l)Ude. (2.7)

Combining (2.6) and (2.7) we conclude that for any u € C§°(Q),

Qul + (A — )\1)/Qu2dx > C (/Qd“"?

which is the same as (2.3).
It remains to prove (2.4). Because of the ellipticity condition (1.3), estimate (2.4)
follows from

“om qux) "

2
/ 8 (IVe? +0?) da > C </ g ]v|qu> T e CrO) . (2.8)
Q Q

In view of (1.6) we may replace ¢ in (2.8) by di* ...d%". Estimate (2.8) then is true
in ﬂzzl(f‘i)c. This is a consequence of the standard Sobolev imbedding of functions in



HY(NP_,(T2)¢) in LI(NP_,(T'9)) and the fact that § < di(z) < Dy, := sup,cqdi(z) <
oo, k=1,....n

We therefore need to prove that estimate (2.8) is true when we replace Q by Up_ T9.
As a matter of fact it is enough to prove that for any k= 1,... n,

2
q
/ &% (| V| + v?¥)dz > C / dHlidz ), ve CF(Q),
ro ro
where B = a — 1+ 4 n The validity of this estimate is given in the next main

Lemma.

Lemma 2.2 Let Q C IR", n > 2, be a bounded domain. Suppose that T'y, C 00 is a
smooth boundaryless hypersurface of codimension k, k=1,...,n—1. When k =n we
take I';, to be a point. We also assume that

(2.9)

2q "
where 2 < q < % ifn>3,q>2ifn=2 Then, forany k =1,...,n, there exists a
C = C(ag,,06,k) > 0 such that for all 6 > 0 and all v € C§°(Q2) there holds

/Fé B (ol +0P)dx > Cldol2, s, (2.10)
k

provided that

2 q—2

ak#—k;—(n—k‘)w. (2.11)

Proof: Let us fix a k = 1,...,n. We will initially establish the result for § small. For
simplicity we write d instead of di. From Lemma 4.2 [19] (see also [18]), we have that

if
QQ_ln, and a#1—k, (2.12)

then, for § small there exists a C' > 0 such that there holds

n
b=a-1
1 a T

CHdwaLQ(Fa)g/ da\Vw\der/ ElwldS,,  weCPQ\Ty).  (2.13)
k re or?

We apply (2.13) to the function w = |v|®, s = ?. Also, for ay, B, and ¢ as in (2.9),

we set 0-1 3
Q:qs_l, b = Bgs, a:b—l—l—T_n Lq—% .

It is easy to check that a, b, @ thus defined satisfy (2.12). As far as the condition
a # 1 — k is concerned, when written in terms of ag, g, k and n, it is equivalent to

k—2 q—2
ak#—T—(n—k)m,

which is precisely (2.11). From (2.13) we have

1+2

ClldP ol rs,

= Clld"|of*||paqrs) < 5 /Sda\v]s*1|Vv|dx+/ duldS,,  (2.14)
re or?d



for some positive constant C'. Using Holder’s inequality in the gradient term of the
right hand side we get

B
/dayvys—1|wdx - /dawu\ 4% o)} dz
e re

k

q
< Hdak|vv|”L2 F‘S) Hdﬁkvuzq F5)
< cs\ldakIVUl\le ) ||d/6’“U||Lq o) (2.15)
Hence, from (2.14) and (2.15) we arrive at
144
(C—Es)”dﬁ’“vHLq(Fé < seelld Vol ) +/8F5 d|o[*dS,. (2.16)
k

To continue we will estimate the trace term in (2.16). Using Holder’s inequality we
have that

(7LZ(2)<21J)rq>
2(n—1) n—
/ coPds, = 6 [ o5 de < cs® / o 52 e
arg ars arg
B~ 1+4
= co = Hdak H 2(2n 1)
L7r=2 (ard)
(2.17)
By the trace imbedding [3], we have that for u € H*(T'Y)
[ w||? 2-1) o) < C(n, k)||Vu||%2(Fi) + MH“”%Q(F@’ (2.18)
k
where M = M (n, Fi). Applying this to u = d**v we get
10| oy < C / Por?de + Cy [ a2 |Vo|2da, (2.19)
L™ =2 (9T?) re re

with Cy = Co(ay, 9, k,n).
Indeed after some elementary calculations from (2.18) we get for any 6 > 1

a2 5 < 2C(n, k)(oy, + 0)? / d2ert0)=202 40
L™ =2 (9r9) re

+20C(n, k) / ) A2+ |7y 2da + M / ) A2 +0)y 2y
Fk Fk

IA

(2C(n, k) (g + 0)26%0-2 + M%) / P
Fk:
+2C(n, k)6% / P Vol da,
Fk
Whence,

|d**v||? 51y < (20(n, k) (o +60)*6 2+ M) / d*k 2 dz+-2C (n, k) / d?x V| de,
L™n=2 (a1?) ro re
(2.20)



and therefore (2.19). We note that (2.19) is valid even for nonpositive values of ay.

Combining (2.16), (2.17), (2.19) and then raising to the power fiq we easily con-
clude (2.10) for § small.

The general case follows by noticing that outside Fi for small § the corresponding
estimate comes from the standard Sobolev embeddings and the fact that § < dj(z) <
Dy, :=sup,cqdi(z) < oo, k=1,...,n.

This completes the proof of the Lemma as well as of Theorem 2.1.

g

We note that when k = n condition (2.11) reads «, # —”T_Q. It turns out that the
analogue of the estimate (2.10) in case k = n and o, = —"772, involves logarithmic
corrections. More precisely we have:

Lemma 2.3 Let Q@ C IR", n > 3, be a bounded domain and I'y, = {zo} C 0Q be a
point, such that for some 8o small T% = Bs,(20) \ {zo} C Q. We also assume that
n—2 2n n—2

2<qg< —— =
5 <gs——, B

q—2
1+ 972,
2 T

Qy =

Then, there exists a C' = C(Q,6,n) > 0 such that for all 6 > 0 and all v € C§°(2)
there holds

141
[, ET0R + 2o = Ol X3 ol i, (2.21)
where X = X(d’b—(:)), with X(t) = (1—1Int)™1, 0 < t < 1, and D,, := sup,ecqdn(v) < .

Proof: As in the previous Lemma it is enough to give the proof for § small. We may
assume that xo = 0, hence, d,(x) = |z|. Also, for simplicity we suppose that § = 1.
Then we recall the following result for any w € C§°(Bz) the following estimate holds

2
—-n L aq q - 1,1
/32 j|? \Vdexzc(/BQ |z|° qX1+z\w|qu) = cl|d’ X aw|F, g, (2.22)

This is Lemma 3.2 [22] in the case ¢ = 2% and Proposition 6.2 [2] in the case where
2n

2 < g < ;%5 Given a function v € C§°(Q2), we extent it from B; to the function v

supported in Bs so that
1918, < Cllvllz,,

holds for a positive constant depending only on n, where we denote by Hv||2]31 =
I, [2PP7"(IVo|* + |[v]*)dz (note that away from the origin v is an H' function). We
next apply (2.22) to © and the result follows easily. We note that one cannot take a
smaller exponent of the logarithmic term X.
O
As a consequence of the above Lemma we have:

Theorem 2.4 ForV € L}, (Q) we assume that (2.1) holds and in addition there exists
a ground state ¢1 € H. .(Q) N LS.(Q) satisfying (1.6) fork=1,...,n—1;n >3

loc

k—2 q—2 n—2 2n
_ —(n—k _ - 2<qg< .
o > 5 (n )2 oy, , <q_n_2

10



We then have that for every A > 0

_ 2
0<C(Qa,...,an,q,A) = inf Qu] + (A = A1) Joudx

, 9.93
uEC(‘)’O(Q q(n 2) 2n 441 ( )
<fQ Xzt |u|qdzv>

QN

where X = X(d"D—(:)), with X(t) = (1—1nt)™%, 0 <t < 1 and Dy, := sup,eq dn(z) < 00.

In particular by choosing q = an we have that for every A > 0

B 2
0<C(Qa1,...,ap,\)= inf Qlu + (1 )‘1)[9“?2.

UGCOO 2(n—1) n
<fﬂ n—2 |u‘n Zdaj)

Proof: The proof is quite similar to the proof of Theorem 2.1, where in the place of
Lemma 2.2 one uses Lemma 2.3 for £ = n. We omit further details.

O
k—2

Concerning the limit case ¢ = 2 and o = —*5* we have the following
Theorem 2.5 ForV € L} (Q) we assume that (2.1) holds and in addz’tz’on there exists
a ground state ¢1 € H () N LX.(Q) satisfying (1.6) for ax > =552, k = 1,.
n > 2. We then have that for every A >0

A—A 2d
0<C(Q,O¢1,...,o¢n’)\): inf Q[u]+( 21)ng T
ueC§®(Q) fQ X237dx

where X = X(@), with X (t) = (1 —Int)™, 0 <t <1, and D := sup,cqd(r) < cc.

Proof: The proof is quite similar to the proof of Theorem 2.1, where in the place of
Lemma 2.2 one uses Lemma 2.6 below. We omit further details.
O

Lemma 2.6 Let Q C IR", n > 2, be a bounded domain. Suppose that Ty, C 0 is a
smooth boundaryless hypersurface of codimension k, k=1,...,n—1. When k =n we
take I'y, to be a point. Then, for any k = 1,...,n, there exists a C' > 0 such that for
all § >0 and all v € C§°(Y) there holds

/ 4. * D (1Vo)]? + 0?)da > C/ X2d v da,
o ry

where X = X(d’bj)), with X(t) = (1—1nt)~%, 0 < ¢t < 1, and Dy, := sup,eadi(r) < .

Proof: This is proved using similar ideas as in Lemma 2.3. We omit further details.
a

As a consequence of Theorems 2.1 and 2.4 we obtain

Theorem 2.7 (Weighted log Sobolev) For V € L} () we assume that (2.1) holds

and in addition there exists a ground state ¢1 € H} () N LiS.(Q) satisfying (1.6) for

n > 2 with

k—2 . n- k n—2
5 5 —1) =1,... .

(2.24)

ap > —



Let
A :=mazx{ay,a9,...,a,,0}.

Then, there exists a positive constant K such that for any e positive and for any u €

C3°(R2) there holds

/Qu21n (|u|) dx < eQlu] + (K U +42A lns) |3 (2.25)

l|lul|2d$? ... da"

here Jul3 = fo lul?da.

Proof: At first we will show that in each Fi, the following estimate holds:

9 +
/Fé ¢20?In ( id ) dr < s/Fé (Vo2 + v?)de + (K _ HT% ln5> ]2, (2.26)
k k

[o][r,

where o := max{ay, 0} and ||”H12“k = fri #3v3dx. To this end, let us assume first that

w is normalized so that for du = ¢3w?dz one has fri dp = Hw||%k = 1. Then, for ¢ > 2,
using Jensen’s inequality, we have

IN]

q

1 - q
2, 2 2 2 7
(b w* In|w| dx = / In|w g d/l, < In / (b w qd$ . 2.2
/pi ! [l q—2Jr ol 2(q —2) ( rs il ) (2.27)

To continue, we will use the estimate

2
q
/ Slwlidz | < c/ S (IVwl? + w?)da. (2.28)
3 Fi
Incase k=1,...,.n—1or k =n and o, > —"T*Q, (2.28) is a direct consequence of

(2.10), provided that dza’“ < cdzﬂ’“, that is, 2ay > ¢B;. In view of the definition of G
(see (2.9)), the requirement 2ay > gfj is equivalent to

g(n — 2+ 2ag) < 2(n+ 2ag).

We note that when n > 3 if oy, < 0, then we can choose ¢ = 2% whereas if oy, > 0,

n—2"7
then the maximum ¢ one can choose is ¢ = % < 2% The same choice of ¢ is

feasible when n = 2 and a1, a2 > 0. Hence, in any case one takes

2(n + 2a;
q= 2n ¥ 20;) ’f)+ : (2.29)
(n—2+2q))
On the other hand, in case k = n and a,, = —”T_Q, estimate (2.28) is a direct conse-
quence of (2.21) with ¢ = % if n > 3; indeed, in this case one has ¢3, = —n and

clearly d>™" < cd,;" X 3+1. In particular, in all cases the choice of ¢ is given by (2.29).
From (2.27) and (2.28) we get that

2w Injw|dr < —1—1 C/ 2(IVw]? + w?)dz | .
Jo vt mlulde < 5eton (€ [ (Tl + e

12



Using the fact that Inf < 0 — Ine for all 0, £ positive we get that there exists a K > 0
such that for any € > 0

2w? In|w da:<5/ 2(|Vw]? + w? dm+K—Llne. 2.30
J vt mlulde < e [ oVl +u?) 0D (2:30)

Because of (2.29) we have that

q _n+ 204,';
20¢—2) 4
On the other hand given any v € C§°(£2) we apply (2.30) to w = i Z— to conclude

[vllry,
(2.26).
We next consider a w € C§°(2) normalized by ||w||3 = [, ¢p3w?dz = 1. Applying
(2.26) to this w we get

/F(s $2w’lnw|de — / $2w?ln(|wllr,) d:n<5/ S (|Vwl? + w?)de
k

n+ 2«
+ (K— 4’“1115) ||wa%k

Since ||w||r, <1 and therefore In(||w||r,) < 0, we have in particular that

2 +
/ ¢§w21nyw|da;gs/ G2(Vul? +wdz + | K — 2% 1ne ) w2,
ro re 4

Summing over all Fi we get

n+ 24

/ S Prw?In|w|dr < {:‘/ S 1 (|Vw|* + w?)dz + (K — lns) Hw||ark (2.31)
ur? ure

On the other hand on Q\Ufi we have that ¢1 ~ C' and using the standard log Sobolev
inequality we easily arrive at

n
/W)C diw’infwlde < e /W)C 3 (IVwl? + w?)dz + (K -2 hw) o2y (2:32)

k k

when n = 2 (2.32) holds true for any v > 2 in place of n. Combining (2.31) and (2.32)
we get that for ||w||3 = 1, there holds

2A
/ Prw?In|w|dr < 8/ A2 (|Vw|? +w?)dx + <K - n—l;l lns) . (2.33)
Q Q

For a general v € C§°(Q2) we apply (2.33) to w = Tl to get

/d) <” Hﬂ)dw<e/¢1 |Vv|2—|—v)dx—|—<K—

Taking u = ¢1v, (2.25) follows.

n+2A

lns) 2 (2.34)

O

The above logarithmic Sobolev inequality is the main ingredient in establishing the

intrinsic ultracontractivity of the semigroup generated by the operator £ defined in
(1.9). More precisely we have

13



Proposition 2.8 Let V € L}, .(Q). We assume that (2.1) and (1.6) hold for some
ap > — k 2 _ 81_"”1), k=1,....n—1, ap, > —”7_2. Then the operator L defined in

(1.9) gives rise to an intrinsic ultracontractive semigroup in L?(2), whose heat kernel
h(t,z,y) satisfies

h(t,z,y) < C'max{l,

V() dyr (2)d (y) - - din (y)e ™, (2.35)
foranyt >0, x,y € Q; here A := max{aq,as,...,an,0}.

Proof: This is quite similar to Theorem 3.4 in [20] for this reason we only sketch it.
We change variables by

v(z,t) = u(x,t)/p1(x), (2.36)

then if u solves problem (1.9) the function v satisfies

—Loyvi=F X0 g (Say(@)FL) — v in (0,00) x 2,
( t)=0 on (0,00) x 0192, (2.37)
U(:c, 0) = vo(x) on ,

with vo(z) := uo(x)p; * (2).

We note that the elliptic operator Ly, — A1 is defined in the domain D(Ly, — A1) :=
{v e Hj(Q¢7) : Lo — M1 € L2(,¢3(y)dy)}, where H}(€2; ¢%) denotes the closure
of C§°(€2) functions with respect to the norm (2.5). To this elliptic operator it is
naturally associated a bilinear symmetric form which is a Dirichlet form. Then Lemma
1.3.4 together with Theorems 1.3.2 and 1.3.3 in [9] imply that the elliptic operator
Ly, — A1 generates an analytic semigroup, e*(ﬁﬂﬁl*)‘l)t, which is positivity preserving
and contractive in LP(§), ¢?dx) for any 1 < p < oo.

(JFrom the weighted logarithmic Sobolev inequality (2.34), we deduce the corre-
sponding LP logarithmic Sobolev mequahty for any p > 2; to this end it is enough to
apply (2.34) to the function v := w’ for any smooth w. Using Theorem 2.2.7 in [9] -
as it is used in Corollary 2.2.8 of [9] - we obtain that e~(¥¢1=*)? i an ultracontrac-
tive semigroup. As a consequence the semigroup e %1t has a heat kernel hg,, which
satisfies the following uniform upper bound

n+2A

hg, (t,z,y) < Cmax{1,t" ye~ Mt for any t > 0,2,y € Q . (2.38)

Clearly the heat kernel upper bound (2.35) associated to the operator £ follows from
(2.38), (1.6) and the fact that

h(t7x7y) = ¢1($)¢1 (y)h¢>1 (t,:c, y) ) (239)

which is an immediate consequence of the change of variables (2.36). We omit further
details.
d

3 Harnack inequalities and sharp heat kernel estimates

In this section we prove a parabolic Harnack inequality up to the boundary for the
operator Ly, defined in (2.37), and we deduce from it the corresponding heat kernel

14



estimates as well as the proofs of Theorems 1.2 and 1.3 in the Introduction. We use
Moser iteration technique, as adapted in [20] for bounded domains €. To this end we
will prove four basic estimates. Namely, a sharp volume estimate, a local weighted
Poincaré inequality, a local weighted Moser inequality and a density theorem.

We will use the following local representation of any smooth boundaryless hypersur-
face I'y, ; of codimension k = 1,...,n—1, for any fixed j = 1,---,my, which is of course
Lipschitz. That is, we suppose there exists a finite number N (depending on both &
and j) of coordinate systems (vi,zi), ¥i = (Yi,1, ", Yi,(n—k)) and 2; = (2i1," ", Zik),
for i = 1,---,N, and the same number of functions a; = a;(y;) : R"* — IR,
(a; = (a},...,al)) defined on the closures of the (n — k) dimensional cubes A; :=
{vi +lysgl < Bforl =1,---,n—k}, i € {1,---,N} so that for each point x € Ty ;
there is at least one i such that = = (y;, a;(y;)). The functions a; satisfy the Lipschitz
condition on A; with a constant L > 0 that is

lai(yi) — ai(9i)|me < Llyi — Yil gn—r

for any y;, 7; € A;. We note |y| gr is the Euclidean norm in IRF. Moreover, there exists
a positive number § < 1, called the localization constant of I'; ; and €2, such that the
set B; defined for any ¢ € {1,---, N} by the relation

Bi = {(yi-2i) : 4i € Ai, af(yi) — B < zig < a(yi) + 5} ,
satisfies
Ui=BinQ={(yi,z) 1y € A, al(ys) — B <z <aj(y)}if k=1,
or
Ui =BiNQY=B; ={(yi,zi) : yi € Ay, aé(yi)—ﬁ <z < aé(yi)%—ﬁ} fk=2,...,n—1,

and I'; = B; N0 = {(vi, zi) : yi € Ai, zi = ai(y;)}. Finally, let us observe that for any
y € U; one has

(L4 L) Yai(yi) — zil me < die(wi, 2i) < lai(ys) — 2l g

see Corollary 4.8 in [25].

We fix a constant vy € (1,2) and we define the “balls” we will use in Moser iteration
technique. Roughly speaking they will be Euclidean balls if they stay away from the
boundary and they will be n dimensional “deformed cubes”, following the geometry of
the boundary, if they are close enough to the boundary or if they intersect it. More
precisely we have

Definition 3.1 (i) For any x € Q and for any 0 < r < 3 we define the “ball” centered
at x and having radius v as follows. B(x,r) = B(xz,r) the Euclidean ball centered at x
and having radius r if d(x) > ~yr (thus dg(x) > yr for any k =1,---,n) or if k = n,
while
B(x,r) = {(yi, z) : lyi — /| gn—r <1,
at(yi) —r — di(z) < zig < dl(yi) +r — dp(x) for anyl =1,--- k}

if k =1,...,n—1 and dg(x) < yr where i € {1,---,N} is uniquely defined by the
point T € Ty, such that | — x|rn = di(z), that is by the projection of the center x onto
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'), C 09, and 2’ denotes the first n — k coordinates of the point x in the i-orthonormal
coordinate system. (ii) We also define the volume of the “ball” centered at x and having

radius v by
n

V(z,r) = /B(x , H dio"“(y)dy )

NS 2y

We first derive a sharp volume estimate, which plays a fundamental role in getting
the sharp dependence of the heat kernel on x,y and t.

Lemma 3.2 (Sharp volume estimate) Let n > 2 and af > —g fork=1,....n.
Then, there exist positive constants c1, ca and rg such that for anyx € Q and 0 < r < 1,
we have

c1 H dk —i—?" 2ak pn < V(a; 7’ < Co H dk +7’)2ak7" . (31)
k=1

Proof of Lemma 3.2: Let us first consider the case where d(z) > ~r, whence di(z) > yr
for any k£ = 1,...,n. Then B(x,r) = B(xz,r) C . Due to the fact that for any
y € B(z,r) and any k =1,---,n we have

(7;1) di(@) < di(2) — 7 < dyy) < dy(z) +7 (ﬁ 1) do(@)  (32)

we easily get
n

V(z,r) ~r" H dia’“(x) ~ 7" H(dk(x) + )2k
k=1 k=1

this proves the claim.
Let us now consider the case where d(z) < yr. We claim that in this case there

exists exactly one k = 1,---,n such that di(z) < r. This is due to the assumption
that for some ¢ small enough Fi?j N F?ﬂ- = () for any k # [ and ¢ # j and Fi’j NI =0
forany k =1,---,n—1and j = 1,---,my, since we may suppose that r < % (take

ro := min{[, g}, (3 being the localization constant of I'y, ; and ). Whence if dj(x) < yr
then = € T'Y and d;(z) > § > r for any j # k, thus from (3.2) for any y € B(x,r) we
have d;(y) ~ d;(x); as a consequence

n

Vi)~ T @)+ [ @y

=1,k B(z,r)NQ

Hence the claim will follow as soon as we prove that
[ dm gy e (33)
B(z,r)NQ

Arguing as in (3.2) we have that di(y) < (1 + v)r for any y € B(z,r). Moreover one
has that if k£ # n, di(y) > r(y — 1) on a set of measure r". Indeed

i (i) +r—ry
/ dy = / / dzidy; =
B(z,r)nQN{dg (y)>r(v—1)} lyi—2| gk <r Jak(y;)—r—dp(z)
= (2r — yr + dy(2)"r" 7" > (2 = 9)hr",
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and (3.3) follows. In the limit case k = n see [29] for any a, € (—7%,0] (see also [28]

and Lemma 2.3 in [20]). We note in fact that the same proof works for any a,, > —%.

O
From this one can easily deduce the doubling property:

Corollary 3.3 (Doubling property) Let n > 2 and oy > —% for k =1,....n.
Then, there exist positive constants Cp and o such that for any x € Q and 0 < r < rq,
we have

V(z,2r) < CpV(z,r) .

Our next result reads:

Theorem 3.4 (Local weighted Poincaré inequality) Let n > 2 and a; > 0,
o > —% fork=2,---,n. Then, there exist positive constants C'p and ry such that for
any z € Q and 0 < r < rg, we have for all f € C*(B(z,r)N Q)

inf 2 (y dy < Cp r / 2 ()| f12d 3.4
2 Lo o M1 SCRCELT M AR

We note that our weight is not necessarily in the Muckenhoupt class AZ.

Proof:  Let us first consider the case where d(z) > yr. Then B(z,r) = B(x,r) C Q
and for any y € B(x,r) and any k = 1,---,n we have di(y) ~ di(z), as in estimate
(3.2). Thus in this case (3.4) follows from the standard Poincaré inequality:

inf [ ) -ePay<Cpit [ ViR, feC (B
§eR JB(x,r) B(z,r
Let us now consider the case where dj(z) < ~r, for some k =1, -+, n. Then arguing

as in Lemma 3.2 it is enough to prove the following for any f € C'(B(x,r) N Q) and
any k=1,---,n

inf — E2dy " (y)dy < C 7«2/ VP (y)dy - 3.5
s B(mﬁrm\f(y) §°di ™ (y)dy < Cp B(x,r)mﬂ’ F2d2 (y)dy (3.5)

The case k = 1 corresponds to Theorem 2.5 in [20] (with A = 0 there). The case k =n
has been treated in Theorem 3.1 in [29] (see also [28] and Theorem 2.5 in [20]) for any
an € (—%,0]. We note however that the same proof works for any a;, > —%. So we
need to consider the intermediate cases k =2,...,n — 1.

We deduce (3.5) from the analogous statement for k = n, that is from the following
inequality

inf 2a”d <C 2/ \VA 2 20‘,?d, GClB ’ . (3.6
dnf. BW)! (y)—&PPlylgndy < Cpr B(m| fPlylmedy, — f (B(w,r)). (3.6)

As a consequence of the local representation we have for some a and s = (y, z)

Jo o e 1S(5) &P <
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<C(L)/ /l(y)+r dk(~1‘)|f( e B .
< ; v, 2) — &P lay) — 2|5k dady <

\y—x’lan_kgr l(y)_r_dk(m)
r+dg () 20,
<c [ 1w aty) — w) — &Pl duwidy
ly I‘Rn k<r Jdg(z)—r

here we used the following change of variables (y, z) — (y,w := a(y) — z). Then, since
f =P <2(If —€@P +1s) - €7)
where we use the following notation

‘) S £y, aly) — w)|wl ik dw
y =
Syt 2ok du

Eimwl i [ )y
ly I‘Rn kST

inequality (3.5) follows from estimates (i) and (ii) below.
(i) We have

r+dy () -
/ [ aty) ) — ) Plulit du ) dy <
‘y_xl‘]Rn—kST dk(x)_’r‘

r+dp (x)
< C(r+dk(x))2/ (/ ' V. f 2 [wla dwl> dy <
ly—2'| pn—k <r \Jdi(z)—7

< Or? /B( )mdi"‘k(s)wfﬁds,

here we used the assumption di(z) < yr as well as inequality (3.6) applied in IR,
instead of IR", this explains the restriction 2qy > —k.

(ii) Finally
r+di(z) » 20
Lo () — &y | lwiat dun <
di(x)—r ly—a'| gn—k <1

<c 2/T+dk(m)/
~ r
dk($)—7‘ |y_$,|Rn—k§T

< or? /B e 2| f dydz

here we used the standard Poincaré inequality on the Euclidean n — k dimensional ball
of radius r centered at z’.

= 0f
28— a'( ‘ dy\w\hk dw; <
=1

The proof of inequality (3.5) is now complete.
O
All the ingredients of the abstract machinery of [24] are now in place. However,
since bounded domains endowed with the Euclidean metric are not complete manifolds,
the standard method should be modified as in [20]. In particular we will next prove
a local weighted Moser inequality as well as a density Theorem which are crucial in
making the Moser iteration to work in our setting.

We next prove the following local weighted Moser inequality:
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Theorem 3.5 (Local weighted Moser inequality) Let n > 2 and a3 > 0 ,a >
k=2 fork =2,---,n. Then, there exist positive constants Cy; and ro such that for any
v>n+24, A:=max{a,a2,...,0,,0}, 2 €Q, 0<r <1y and f € C§°(B(x,r)NQ)
we have .
L PO L)y <
B(x,r)NQ i1

V 2 dQO‘z d / 2 dQOLZ d Y )
</B(z,r)ﬂﬂ‘ /l z:]‘_Il ' ) y) < B(:c,r)me 221_[1 i (y)dy

(3.7)

NN

S CM7“2V($, T)_

Proof:  Let us first consider the case where d(z) > yr. Then B(z,r) = B(x,r) C Q
and for any y € B(z,r) and any k = 1,---,n we have di(y) ~ di(z), as in estimate
(3.2), and the claim follows from the standard Moser inequality, which we recall here:
There exists a positive constant C such that for any x € 2, r > 0, and any v > n if
n > 3 or any v > 2 if n = 2, the following holds true

2

2 n v

/ PPy < Ot (/ |Vf|2dy> (/ f2dy> :
B(z,r) B(z,r) B(z,r)

for all f € C§°(B(z,r)) (see for example Section 2.1.3 in [30]). Making use of the sharp
volume estimate in Lemma 3.2, we have

- 20 2(1+2) . 20 2, -2 2 2
Joo P Dy < C T @0 (/B ) dy)( " fdy>

i=1

<C (ﬁ d?%(@) r2r (/B(MHCF% )|V £ dy> </ Hdmz f2dy> =

=1
= CyrV(z,r) " (/ Hdmz )|V F dy> </ Hdml f2dy> ,
B(z,r) ;21
and (3.7) has been proved in case d(z) > 7r.
Let us now consider the case where d(x) < 7r. Arguing as in Lemma 3.2 this
corresponds to consider the case where di(x) < ~r for some k = 1,...,n. In view of
(3.1) it is enough to prove

/B(x o )P (y)dy <

2(n+2ay,) o o v
< Cypry 5 ( Lk k(y)dy> (/ f2di’“(y)dy> ()
B(z,r)NQ B(z,r)NQ

In the argument that follows we omit the integral set which is always taken as B(x, r)N{2
and we define du := dia’“(y)dy. First of all making use twice of Holder inequality for
any v >n —+ 204,?, we have

+
V42 n+2ak

1— vi2 n+2a+

< > v n+2az+2
/f2 (+2) ap < /f o dp </dﬂ> e . (3.9)
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as well as

2(1/7717204;:)
2(v—n— 2a+) ,/(,,H_QQZ'_Q_Q) 4(u—n—2a2—)

(/ de ) l/(n+2a ) /f < n+2ak)d/,b (/ d/,[/) 1/(n+2az)(n+2a;:+2) 7

(3.10)

multiplying both sides of inequalities (3.9) and (3.10) we deduce that

2(n+2a:—u) 2(u—n—2a;:)

/f2(1+g)du§ /f2<1+n+§a;g>dﬂ (/fzdu)uwzap (/du)uwza;)

(3.11)

Holder inequality also implies that

71«1»2(1Jr —2
2(n+2a:> n+2a

/f ( ”*2‘1 )du< /f”+2°‘k+*2du (/f2 )”“a . (3.12)

To continue we will use the following local weighted Sobolev inequality

n«l»20¢;;r —2

2(”+20‘z) n+2a:

[ @) <Cs [ d)ViPdy . (3.3)
B(z,r)NQ B(xz,r)NQ

Then from (3.11), (3.12), (3.13) and (3.3) we get the desired Moser inequality (3.8)
with

4o

- ¥
. n+2a
Cy=0Csr ko

where oy := max{0, —ay}. It remains to prove (3.13) with a positive constant Cyg
independent of z and r for 0 < r < 9. This is a consequence of (2.28) and the local
weighted Poincaré inequality (3.4) (since for functions f € C§°(B(z,7) N Q) one can
take £ = 0 in it). It follows that C); is automatically independent of r if a > 0. Hence
Theorem 3.5 has been proved in this case.

It remains to show that C; is independent of r also in the case oy < 0. In fact in
such a case instead of (3.13) we have an even better estimate (see the definition of [

given in (2.9) for ¢ = 2% and n > 3)

oy v N s ([ 12
[ a Tt wliw)Ea) s [ )Py,
B(z,r)NQ B(x,r)NQ

for some positive constant 7y and for any x € Q, 0 <r <o, f € C§°(B(z,r)NQ), with
a positive constant C's independent from z and r. Whence

n—2 4ak

on n - no
[ @@l @Fdy) <O max d)] [ @)y <
B(z,r)NQ yEB(z,r)N B(z,r)NQ
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4o,

<Cort [ Aoy
B(z,r)NQ

since di(y) < di(x) +r < (1+~)r. If we use the above inequality in the place of (3.13)
we get Cyy = Cg, that is Cj; is independent of r.

The proof of Theorem 3.5 is now complete.
O

Finally let us prove the following density Theorem, which as explained in [20] is
crucial for the Moser iteration to work on bounded domains. Let

(@ 63) = {v € LAR,63do) : | 6FIVoldo < +oc),
)
with norm defined by [[v|[3;, = [, &3 (v* + [Vv|?)dz.
#1

Theorem 3.6 (Density theorem) Let n > 2. Suppose that ¢1 satisfies
adit(z)...dy(x) < ¢i(x) < codi* (2) ... dy (),
for x € Q with c1, co positive constants and oy > —k—f, k=1,...,n. Then, the

CS°(Q) functions are dense in H*(Q; ¢?).

Proof: The special case a = 0 for £ = 2,...,n was treated in Theorem 2.11 of
[20]. First of all from Theorem 7.2 in [25] it is known that the set C°°(€2) is dense in
H'(Q;¢?). Thus for any v € H'(Q;¢?) there exists v,, € C>(Q) such that for any
€ > 0 we have Hv_vaHil < eif m > m(e). Let us choose w := vy, () and let us define,

for any £k =1,---,n and any j > 1, the following function
0 if dy(z) < 55
j In(jdg (x .
Yl(o) =4 1+2GE) e L cdy(a) <t
1 if dy(z) > 3.

Then w' := w[[}_; wi € C’g’l(Q), and

n

n
o=l = Y@ = Il <2 [ @+ (V)= TTod*6t0) dvs
el k=1

+2 [ w3 Vel i) dy <

w?|Vdi|*
§2/ (w? + |Vw|?)p2dy + 2 / _WIVARL g2 () gy
ey T IVeD Z cantm<t ) Y

Now as j — oo it is clear that the first term in the right hand side goes to zero
since w € H, (})1. We next show that also the second term goes to zero. Recalling that
V| <1

w’|Vdy| o [lwl|7 e 0
S et — Qg du < 07/ t?ak—th—ldt <
/;2<dk<y><; % W=z =
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Wl 1 / g o CHwH%OO(Q)
= (In(y))? grow—2tk <<} N In(j)

as j — oo for any 2ap — 2 + k > 0, and this completes the proof.

—0,

a

At this point we have all the ingredients needed in order to apply Moser iteration
technique up to the boundary, as adapted on bounded domains in [20], to the operator

n o a
Lov = — Z o <aw ) I1 & k(x)&:) + Ao, (3.14)

2o¢k
Hk 1 d ’Lj 1 k=1

or equivalently to the degenerate elliptic operator Ly, , defined in (2.37).
In fact one can prove the following result

Theorem 3.7 (Parabolic Harnack inequality up to the boundary) Let n > 2,
Q C IR™, be a smooth bounded domain, \y € IR and o > —u, fork =1,-

Then there exist positive constants Cg and R = R(Y) such that for x € Q, 0 <r < R
and for any positive solution v(y,t) of

ov

yri —Lov in {B(z,7) N O} X (0,7"2) , (3.15)

the following estimate holds true

ess sup e {Ble.5)na)x( %7%) v(y,t) < Cy ess inf(y7t)e{3(x7%)mﬂ}X(%T%Q)v(y,t) )

Here we use the following definition of solutions:

Definition 3.8 By a solution v(y,t) to (3.15), we mean a function

vel! ((0, r?); L? (B(x, r) N, f[ 4y (y)dy>>m00 ((0, r?); H! (B(m, N, f[ A7 (y)dy>>

k=1 k=1

such that for any ® € C°((0,72); C°(B(z,7) N Q)) and any 0 < t; < ta < r? we have

2 81} 0D LS
¢+ i -+ Mo @ d* () dydt = 0 . 3.16
/t1 ~/[>’(;E,7‘)OQ {vt Z G] 8 a 1v } H k (y) Y ( )

i,j=1 k=1

Let us note that Theorem 3.7 is sharp, in the sense that the same statement does
not hold true if a, < —%52 for some k = 1,...,n as explained in [20].

The parabolic Harnack inequality up to the boundary for the Schrdédinger type
operator £ defined in (1.9) and stated in Theorem 1.2 is proved as follows:

Proof of Theorem 1.2: Clearly Theorem 3.7 applies also to the operator Ly, instead of
L. Hence Theorem 1.2 is a consequence of Theorem 3.7 for L4, and of the change of
variables v = u¢; ! see (2.36).

O
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JFrom the parabolic Harnack inequality in Theorem 3.7 we deduce, as in [20], the
sharp two-sided estimates for the heat kernel [, associated to the elliptic operator L,
defined in (3.14) under Dirichlet boundary conditions. That is

/l (t, @, y)vo( )Hanl( )dy

satisfies v, = —L,v in (0,00) x Q, v(0,2) = vo(x) on Q and v = 0 on (0,00) x 91Q2. We
then have

Theorem 3.9 Letn > 2, Q C IR", be a smooth bounded domain, A1 € IR and oy >
—%, fork=1,---.n. Then there exist positive constants C1,Co, with C1 < Cs, and
T > 0 depending on Q2 such that

n

Cr [T (i) + VO™ (diy) + VBt Fe

=1

o, le=ul
P <la(tyz,y) <

[z— |
<02H z) + V) T (di(y) + V) Tt re
forallz,y e Q and 0 <t <T.

Finally from the global upper bound in (2.38), arguing as in Theorem 6 of [7] (see
also Proposition 4 in [8] as well as the proof of Theorem 1.2 in [20]), one can deduce
an analogous lower bound for large times, thus obtaining the following sharp long-time
asymptotics of the heat kernel

Theorem 3.10 Let n > 2, Q C IR™, be a smooth bounded domain, \y € IR and
ap > ——, fork=1,---,n. Then there exist positive constants C1,Co, with C; < (o,
and T > 0 depending on Q such that

Clei)\lt S loc(tu 557y) S CQeiAlt
forallz,y € Q andt > T.

(From Theorems 3.9 and 3.10, making use of the equivalence (2.39) as well as of
assumption (1.6), we get the corresponding result for the Schrédinger operator £ stated
in Theorems 1.3 in the Introduction. We omit further details.

As we have already mentioned integrating the sharp two-sided estimates for h(t, x, y)
in Theorem 1.3 with respect to the time variable, one can deduced estimates on the
Green function for the Schrodinger operator £ defined in (1.9) in the case A7 > 0. Some
explicit examples of sharp two sided Green function estimates are given in Theorem
4.11 in [20].

4 Applications

In this Section we give some examples of singular potentials V' for which the results
of the present work apply; that is, we give examples of potentials V for which the
generalized first eigenvalue is not —oo, and the corresponding first eigenfunction is
bounded from above and below uniformly by some power of the distance function. We
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should stress that the asymptotics of ¢ for the examples that follow is a consequence
only of the maximum principle as used in [5]. We will present the detailed argument
for example III in the Appendix; the other cases can be treated similarly.

To this end let us first prove that the sum of two potentials having disjoint sin-
gularity sets and finite generalized first eigenvalues, also has finite generalized first
eigenvalue.

Lemma 4.1 Let Vi, i = 1,2 be such that V; € L}, (Q) N
compact subsets of Q such that S; N Se =0 and

© (Q\ S;), where S; are

loc

2 _ V2
M) = inf 12 (IVul® — Viu?) do
UGCSO(Q) fQ u2d.f[f

Assuming that A1 (V;) > —oo fori=1,2 then A\ (V] + Va) > —oc0.

Proof: Let us take ¢ € C®(),0 < ¢ < 1, such that ¢ = 1in QNQ; and ¢ = 0in Q\Qy
where () is a neighborhood of Sy, that is Q; := {z € Q : dist(x,S;) < d} for some small
6 > 0, and € is a slightly bigger neighborhood of 51, thus 51 C ) C Q1. Whence
0y := O\ Q is a neighborhood of S and Q := Q\ Q is a slightly bigger neighborhood
of S5, thus Qs C . Whence for any u € C5°(£2) we have u = up+u(l—) =: u; +us.
By elementary calculations we have that

/|Vu|2da::/ |V(ugo—|—(1—cp)u)]2dx2/ \Vullzdx—i—/ \Vuzlzdx—K/zﬁda:
Q Q Q Q Q

for a suitable positive constant K. Then for V := V; + V5 we have

/ (\Vu|2 - Vu2> dr >
Q
> [ (IVarf? = Vied + [Vuol? = Vou + w (Vi + Va(1 = ) =V = K)) do =
Q
:/ (]Vu1|2 — Vuﬁ) dx+/ (!VUQ|2 — Vgu%) dz+
Q2
+/ V1s0—1)+V2(( 90)2—1)—K]dx2

> (M(V2) + Ma(Ve) = Vil gy = Vellwqayy = K) [ uide
O
We now present some concrete examples.

Example I Our first example is motivated by [15], [16], [17] and deals with multipolar
inverse-square potentials. Let n > 3, 0 C IR™ be a smooth bounded domain from which
we have removed m points z1,...,z, and

Z |xfxl\2 ’

2
for 0 <¢; < @. We note that differently from [15], we may take in each one of the
inverse-square potentials the critical Hardy constant. This is due to the fact that we
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study the Schroédinger operator —A — V on a bounded domain. In such a case one can
prove that ¢y (x) ~ [T |z — z;|%dist(z, 0:Q) with

_2—n++/(n—2)? —4g
= 5 ,

Bi :

see Lemma 7 in [13] and Theorem 7.1 in [11] on one hand and the elliptic regularity on
the other. In fact the function f(x) := |z —a;|% satisfies the equation Af 4 ufié:i‘gf =0
in IR" \ {z;}. We only need to check that \; > —oo. This follows from Lemma 4.1,
which clearly can be generalized to a finite sum of potentials, and the improved L?
inequality given in [31] for a single inverse-square potential. Consequently Theorems
1.2, 1.3 and 2.1 apply with I'y =0 for k =2,...,n—1 and ', = {z1,..., 2, }. Note
that in this case d2» () stands for [[I™; |z —a;|%, that is, we have m different sets of the
same codimension n in the boundary of €2, where ¢; may present different degeneracies.

Example IT Let n >4, Q = By \ E, for some R > 1, where
E={zcR":23+23=1, 23=...=m, =0}

Br:={z € R": 23+ ...+ 22 < R’} and
1 1 (n — 3)2 1
4 dist?(x,0BR) 4 dist*(z, E)

Vi(x)

In such a case one can easily prove that ¢;(z) ~ dist%(x, 0BR) dist¥(1:, E), see [13].
The fact that A\; > —oo follows making use of Lemma 4.1, from the improved L?
inequality given in [4] for the inverse-square distance to dBgr and the one given in [13]
or [19] for the inverse-square distance to the set E having codimension n—1. Theorems
1.2, 1.3 and 2.1 now apply to —A — V with oy = 1/2 and a,—1 = (3 — n)/2, whereas
all the other ay’s are zero.

Example III Let n > 2, and 2 C IR" be a bounded domain such that 92 = 0,1,
that is, the boundary of €2 has codimension one. We now take

1 1

Vig)= >
(z) 4 dist?(z, 09)

By the results of [4] we have that A\; > —oo under appropriate regularity assumptions
on 092. We recall also that ¢1(z) ~ dist%(x, o)), as shown in [13]; see also Appendix,
where we will provide a self-contained proof based only on the maximum principle.
Therefore Theorems 1.2, 1.3 and 2.1 apply to —A — V with a3 = 1/2, whereas all the
other ay,’s are zero. We note that this improves the corresponding Theorems in [FMT1]
removing the convexity assumption, under which it is known that A\ > 0 (see [4]).
Example IV Let n > 3, ' C IR" be a smooth bounded domain containing the origin,
Q=0"\ {0}, and

1 1 (n—2)2 1

4 dist?(z,0,0) T |lz|2

The fact that A; > —oo may be deduced from Lemma 4.1 making use of the L? improved
Hardy inequality in [31] for the inverse-square potential 1/|z|? and of the one in [4] for
the inverse-square potential involving the distance to 91€2. In this example we have
¢1(x) ~ dist%(x, 819)|:1:]277n Whence Theorems 1.2, 1.3 and 2.1 apply to —A —V with
a1 =1/2 and a,, = (2 — n)/2, whereas all the other ay’s are zero.

V(x)
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Example V Let n > 3, and By C IR" be the unit ball. For —”7_2 < a < 0 we consider
the operator £L = —L — V where

"0 ou 1
Lu= Y —— |a(z)5— ij = 0ij + |22 (1 = 6),
u ij:laxi (a”(x)ax)’ Qi 5J+2‘$| (1= dij)
and V(z) = —%. The operator L is easily seen to be uniformly elliptic and in
fact
n 9 “ 1, 5
1+ )l =2 > aij&ik; > S lel™ (4.1)

ij=1
On the other hand if

- ou 0
Qlu] = /81 (Z aij(x)a—;i%uj —Vu2> dzx,

=1

using the change of variables u = |z|%v a straightforward calculation shows that

/31 (Z () g g~V ) dir = /Bl(mxy o2l (1 = )00, do

ij=1
Using (4.1) one can easily see that A\; > 0.

In this example we have that ¢;(z) ~ dist(z,0B1)|z|*. We can apply our results
with oy =1 and «,, = a, whereas all the other a;’s are zero.

5 Appendix

In this Appendix we consider the operator £ := —A — %ﬁ(x) which corresponds to

Example III of Section 4 and we will prove that the corresponding eigenfunction ¢; is
such that ¢;(x) ~ dz (x), where d(z) := dist(z, 09).

Step I: Ezistence of ¢1 in a suitable energy space. Let n € C%() be a function such
that n(x) = d"/2(z) near the boundary, say, d(z) < eg, and n(z) > ¢y > 0 for d(z) > €.
Let H}(£2) be the closure of C§°(£2) functions under the norm

loli2; = /Qd (190 +2) da .

This norm is equivalent to the norm [jv|| := [, n? (|Vv|? + v?) dz. Changing variables
by u =nv, in
Vul? — ) da
—00 < )\1 = inf fQ(| | 2 4d2) y
ueCse(Q) Jo u?dx

we get the equivalent inequality

2
coo e = np  JalrIVOP = A0+ gm)et)de

5.1
veCse(Q) Jo n?v?dx (5-1)

Using the fact that nAn + % € L*>(9) as well as the following estimate

X2
[ XD <o [ agwof +ot)ie, v cE@),
Q Q
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which was established in Proposition 5.1 in [21], we find that for every e > 0 there
exists an M, > 0 such that for all v € C§°(£2),

’/ (nAn+ — de‘ < 6/ n2|VU|2d:E+M€/ nv?dr. (5.2)
4d2 Q Q

In the sequel we will establish the existence of a function ¢; € H}(2) which realizes
the infimum in (5.1). To this end let wy be a minimizing sequence normalized by
Jon w,%dx = 1. Then, using (5.2) we can easily obtain that the sequence wy, is bounded
in H} 4- Therefore there exists a subsequence still denoted by wy, such that it converges
H é — weakly to %1, and in addition we have the following strong convergence, for
k — o0,

2
/(nAn+ 4d2)wkdw—>/ (nAn + )wld:r

/n2w,%da:—>/n2w%dx.
Q Q

Using the lower semicontinuity of the gradient term in the numerator of (5.1) the result
follows.
Step II: An auziliary estimate. For 6 > 0 small enough we set

4d2

and

Jo (AIV0]? = Ad 5) da

() = veci(?)f(ﬁg) Jo, dvidzx ’ (5:3)
where Q5 = {x € Q s.t. dist (z,00) < d}.
We will show that
p1(Q5) — +oo, as d— 0. (5.4)
Our starting point is the inequality
/95 <|vu|2 - 4d2> iz > ; 5 X:lgd) 2dr, we CR0), (5.5)

for any 0 < § < &, for some Jy small enough, where X (¢) := (1 —1Int)~!. To prove this
one starts with the obvious relation

Vd XVd 2
<[ \Vu— (- -2l de .
0 /5‘ U (2 5 )u’ T

Expanding the square, integrating by parts and using the fact that |dAd| can be made
arbitrarily sma%l in Qg, for § sufficiently small, the result follows. Changing variable as
usual by u = d2v, inequality (5.5) is equivalent to

2 L x2
/ d[Vof? — Ad~- | do > 7/ (d)Ude , v € Cgo (%) - (5.6)
s 2 8Jo; d
Therefore
LX2(0) _ X2(0) Joy (V0 — Ad5 ) o, (dIV0f? — AdY) da
s Jo, D2y T o viddr
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from which (5.4) follows.
Step III: Asymptotics of ¢1. The lower bound C1d"/?(z) < ¢1(z) is a consequence of
the maximum principle and is derived in Lemma 7 in [13].

We will obtain the upper bound using maximum principle in a suitably small neigh-
borhood of the boundary. Let ¢y (x) = ¢y (x)/d"/?. Then, for v := —div(dVv)— %v—
Ai1dv, we have that Fi; = 0. Moreover, we have that

E(l—Cd)—C—A2d+d<—)\1+32CAd+C)\1d> >0,

in Qs for 6 small enough and C' > 0 big enough. We next choose 5 > 0 big enough so
that

Y1(z) < B(1 - Cd) on 0Qs.
Let g(z) := ¢1(z) — f(1 — Cd) and g := max{0, g}. We clearly have that
/ 9" Eg <0,
Qs

from which it follows that

Jo, (@IVg** = S (g"))de _ \
Jo, d(g™)?dx =

This contradicts (5.4) unless g™ = 0 from which it follows that ¢(z) < 8d'/?(z).
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