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Abstract. We present some properties of functions in suitable Sobolev spaces which arise naturally in the study of the motion
of a rigid body in compressible and incompressible fluid. We relax the regularity assumption of the rigid body by allowing its
boundary to be Lipschitz. In the case of a smooth rigid body we obtain a new estimate on the angular velocity. Our results
extend and complement related results by V. Starovoitov and moreover we show that they are optimal. As an application
we present an example where the rigid body collides with the boundary with non zero speed. Finally, we present a new non
collision result concerning a smooth rotating body approaching the boundary, without assuming any special geometry on
either the body or the container.
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1. Introduction

Let Q C IR? be a domain, S C Q be a bounded connected domain and =, € S be a fixed point. By
VVO1 P(S, Q), p> 1, we denote the vector function space consisting of functions

2
wiQ— B, ue (WhQ)
such that for a constant vector a, € IR? and a constant w € IR there holds

u(x) = a, +w(x—=x.)t, forxes, (1.1)

with @ = (71, 22), *+ = (22, —21) and w = (u1,uz).

Such function spaces arise naturally when studying the motion of a rigid body S inside a fluid region
Q, see e.g., [5,8-12]. In this context w is the velocity field in  whereas inside the rigid body the velocity
is given by (1.1). This is a consequence of the fact that inside the rigid body the deformation tensor is
zero, that is,

D; ;(u) = % (gz; + ZZZ> =0, i,j=1,2. (1.2)
The vector fields w for which this holds true, consist of the rigid body vector fields given by (1.1), see
e.g., [11,14]. We note that a, is the linear velocity of the reference point x, and w is the angular speed
of S around ..

We are interested both in the static case where the body S touches the boundary 92 as well as in
the dynamic case, where S approaches the boundary 9. When the boundaries 9Q and dS are C? such
questions have been studied in [8], whereas the case where the boundaries are C*, 0 < a < 1, have been
studied in [11].
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Suppose that S touches the boundary 012, that is, dist(S, 9Q) = 0. We further assume that w is
2
solenoidal in Q that is, divu(x) = 0 for € Q and moreover u € (Wol’p(Q)) . It is shown in [11],
Theorem 2.1, that if both 9Q and 95 are C* with 0 < a < 1, then

2
P=

implies a, =0, w =0 .

We first show that the above result is optimal, in the sense that for 1 <p < 2;‘—;‘ we construct examples

where either w or a, are not zero. Next, we relax the smoothness requirement replacing it by Lipschitz
continuity of 95 and 0. In such a case we show that if p > 2 then a, = 0, whereas w does not have
to be zero. A similar result is shown in the limit case where S degenerates to a smooth curve, which
can be considered as a thin walled solid body, see [4]. This result is optimal and moreover holds true
independently of whether w is solenoidal or not in €. See Theorem 2.1 for the general case and Theorem
3.2 for the solenoidal case.

We next consider the dynamic case, where S is allowed to move inside €. Denote by S(t) C €2 the
position of S at time ¢ and set Sy = S(0). Let us assume that there are L>°(0,7T) functions a.(t) and
w(t) so that S(t) consists of points x(t) satisfying

dx(t)
dt
For p > 1, ¢ > 1 we define the space of functions u(x,t), x € Q, t € (0,7),
L9(0, T; WP (S(t), )
= {ue L (o,T; (ngp(ﬂ))Q) C (@) = an(t) + w(t) (@ — 2. (8)F for z € S(1)).

= a.(t) +w(t)(x(t) — z.(t)*", x(0) =z € Sp.

We denote by h(t) the distance at time ¢ between S(t) and 09, that is,
h(t) = dist(S(t),0Q) = inf d(z),
xeS(t)

where d(x) = dist(z, ). We assume that Sy and Q are C1 with 0 < o < 1. Then for a solenoidal
vector field

w € L0, T5 L%(92)) N L0, T; Wy " (S() , ),
it is shown in [11], Theorem 3.1, that h is Lipschitz continuous in ¢ and
dh(t)

dt
In the present work we first show that if S is Lipschitz then h is Lipschitz continuous and estimate
(1.3) holds with o = 0. The same result holds true for a thin walled body as well. In addition, we do not
require u to be solenoidal, see Theorem 4.3 for the precise statement.

Next, under the assumption that S is C1'® with 0 < o < 1, we obtain the following estimate for the
angular velocity w:

< Chpl(ﬁ%(pf%)HuHWé,p(Q) for a.a. t € (0,T) . (1.3)

a _2t+a
| < Chatss P52 V]| oy (1.4)

see Theorem 4.6 for the precise statement. This estimate is new and complements (1.3). Moreover, we
show that this estimate as well as (1.3) are optimal.

In the context of rigid body motion in a viscous incompressible fluid, Starovoitov [11] shows that if
w is in the usual energy space and a > % then the body comes to the boundary of 2 with zero speed.
We construct an example which shows that for 0 < a < % collision is possible with a non zero speed, see
Example 1 of Sect. 5.

Hillairet [7] has shown that if the rigid body S is a disc and Q2 is half-plane, then in the absence of
external forces there is no collision. In [6] Gérard—Varet and Hillairet show that for a C1'® body moving
vertically near a flat horizontal part of 92, under the action of gravity, collision is possible if and only if
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a < % It is important to note that in [6,7] the authors use essentially the Navier—Stokes equations and
not just the fact that w is a member of suitable Sobolev spaces.

Using (1.4) we present a formal argument suggesting that for smooth S and Q and in the absence of
external forces, collision is impossible. The argument is formal since we assume that the fluid is governed
by the stationary Stokes equations for a.a. t. On the other hand no special geometry on S or €2 is assumed.

The paper is organized as follows. In Sect. 2 we consider the case where S and €) are in contact, that
is, dist(S, 9Q) = 0 without requiring the vector field u to be solenoidal. The solenoidal case is considered
in Sect. 3. In Sect. 4 we consider the dynamic case where S is approaching the boundary of . In Sect. 5
several examples are presented and discussed. Finally in Sect. 6 the non collision result is presented.

2. The General Case During Contact

In this section we assume that the rigid body S C §2 touches the boundary of € at the point P. Without
loss of generality we take P = (0,0) = .. In particular we have

u(x) =a+wzt, forxes,
where for simplicity of notation we write a instead of a.. By “general case” we mean that w is not
necessarily divergence free.

We consider two cases. First we consider the case where 9 and 95 are both C1 with 0 < o < 1. In
this case we choose our coordinate system x;x2 so that the x; axis coincides with the common tangent
to S and 0f) at the point P. One easily checks that there exist £ > 0 and g9 > 0 such that for any
e € (0,e0],

Pl o= {|zi] <e, Kz [T <@y <ke'T*} C S,
P, = A{lmi] <e, —ke'T* <@y < —k|xi["T} C RA\Q . (2.1)

We also denote by II. . the orthogonal parallelogram
e o = {(z1,22) ¢ |71] < &, |22| < k' T2} . (2.2)

In the second case 9€) and 05 are Lipschitz. We recall that if € is a Lipschitz domain and & € 01, it
follows, see [2], Chapter 4, that there exists a finite sector Secy(0,7g,6) contained in Q¢ = IR*\(. Here
Secy(0,79,0) = B(0,19) N Sec(0,6p) where B(0,rp) is the open ball centered at (0,0) of radius ry and
Sec(0,6) is the angle with vertex at (0,0) and opening 6.

We then have

Theorem 2.1. Let u € Wy?(S,Q).

(A) Suppose first that Q, S are C1®, with o € (0,1).

(i) If p > ﬁ—g then a = 0, moreover if p > Q'fT“ then w =0 as well.

This result is optimal in the following sense

(ii) There exist Q, S and u € Wol’p(S,Q) such that if 1 <p < ﬁ—g then a # 0, whereas if 1 < p < %Ta
then w # 0.

(B) Suppose now that Q, S are Lipschitz continuous.

(1) If p > 2 then a = 0.

This is optimal in the following sense

(iv) there exist domains 0, S and a function w € WyP(S,Q) such that if 1 < p < 2 then a # 0,
whereas if p > 1 then w # 0.

Proof. Throughout the proof we extent u outside €2 by zero.
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A (i) Triangle inequality gives that

1 1
</ |u|pdac> = (/ |a+w:clpda:>
P, Pda
1 1
> |a (/ 1da:> — |w] (/ |a:|pda:>
P P

> Jerlale™s* — cafule™ 5

(2.3)

for some positive constants c;, co independent of . On the other hand Poincare’s inequality in 1I. o gives
that for some positive constant cg, independent of ¢,

1 1
P P
/ lulPdx | < coe' ™ / |[Vul|Pdx , (2.4)
Hs,a HE’“

where V = (821, aZQ)T, u = (u1,u2) and Vu is the corresponding tensor. From (2.3) and (2.4) we get

that
< coett (/ |Vu|pda;> ,
Ha,a

=

‘cl|a|62+7a - 02|w|51+2+7a

from which it follows

1
‘cl|a| — cz\w|e‘ < goeltem </ |Vu|pdas> ) (2.5)
Hs,(y
Sending e to zero we get that @ = 0 provided that p > ﬁ—g Setting @ = 0 in (2.5), simplifying and

sending ¢ to zero we conclude that w = 0 when p >
(ii) Let €2 be the half disc

24+«
=

Q={(z1,22) : x%+x§ < R?%, z, >0},

of which we smooth out the boundary and S be the domain bounded by the curves zo = k|z1|'T, k > 0,
and 22 + 22 = p?, 25 > 0, 2p < R, for which domain we also smooth out the boundary.

Since both domains are symmetric with respect to the xo—axis we restrict ourselves to the first quad-
rant, that is, the ;1 > 0, 5 > 0 part of the plane. We next define the function

u(e) = (2o (s ) uste). (2:6)

1
where,

ug(x) =a+wzt, zcR?, a#0,

and 9 (r) and ¢(7) are smooth cutoff functions given by

17 O<T<p7 17 7—217
Yr) =9 C®, p<r<2p, §(r)=4C*, 0<7<1 (2.7)
0, 2p<r, 0, 7<0.

It is easily seen that u is a bounded C' function in the upper half plane. Moreover,
u(z) = a+wzt for x € S and u(z) = 0 on IN.

In the sequel we will check the integrability of |Vul|P. Taking the gradient of u we have the following
matrix equality

Vu = Vippus + pVous + popVus . (2.8)
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The first and third terms of the right hand side are bounded, hence the integrability of the left hand side
is reduced to the integrability of the middle term of the right hand side. Concerning the middle term we
easily note that

(a) its integrability is decided by the term V¢ = V¢ ( 1+a) the other two factors being bounded,
(b) it is enough to check the domain of integration
0< 1z <o, O<x2<kxi+",

for o small .
We easily see

|Vé| < Caxy' ™, 0<ay <0, 0<ap < k™™,

Then for a # 0, we have u € WO ’p(Q IR?) provided that p < ﬁg

Suppose now that 2+°‘ <p< QTT“ We then have a = 0 and therefore
lus(@)| = |w||lz], w#0.

The integrability of |Vu|P is now equivalent to the finiteness of

o Rt —(1+a)
/ / ||Pay Pdaoday,
0

2+a

and
kaite

IVo|P daodry < C/ 21T gy (2.9)

which is true provided that p <

B (iii) Since 2 is Lipschitz continuous there exists a finite sector Secy(0,0, 524) CQ°,0<e <egp. We
choose our orthogonal system to be zjz2 where x5 is along the direction of the bissectrice of the angle 6.
We also define

I, .= {(z1,22) : |z1] <€, |z2| < ecotB} . (2.10)
Since S is Lipschitz there exists a finite sector Secy (0, 7o, 50) C S. We also set S = Secy(0, 7o, éo) N1II..

We work as in A(i)
(/ u|de> "> a (/ 1d;c) Tl (/ |az|pda:> ’
SE SE S€

> ‘c1|a\5% — colwlett

where we used that |S.| = cpe? and |x| < ¢1¢ for suitable positive constants cg, ¢1. We conclude as in the
proof of A(i) with o = 0 there.
(iv) Here we use the construction of part (ii) with o = 0. We omit further details. O

What happens if the rigid body degenerates to a line segment L touching the boundary 92?7 This can
be thought as a thin wall body approximation, see e.g. [4]. In this case we understand the requirement
u(x) = a +wzt for v € S in the sense of trace. As in the previous case we asume that L touches the
boundary of Q at the point (0, 0).

We then have

2
Theorem 2.2. Let u € (Wol’p(Q)> and Tr|Lu(a:) =a+uwzt.

A. Assume that O) is Lipschitz continuous. If p > 2 then a = 0.

B. Assume that 0 is C1®, o € (0,1], and that L is tangent to Q. If p > 2*”‘ then a = 0, moreover
ifp> QJ[TO‘ then w =0 as well.

C. All the above results are optimal similarly to Theorem 2.1.
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In case (A) above, w is not necessarily zero, no matter what p is. Similarly, in case (B) if L touches
0N nontangentially then by part (A), a = 0 provided that p > 2 and w is not necessarily zero no matter
what p is.

Proof. The proof is similar to the proof of Theorem 2.1. We assume that the point of contact is (0,0).
A. Let II. be the orthogonal defined in (2.10) centered at (0,0) and let L. = L NTI.. Similarly to
Theorem 2.1 the result is optimal.

Triangle inequality and simple estimates give that

1
(/L |upd8> > c(|aler — w|e" 7). (2.11)

where we used |L.| ~ e.
Assume at the moment that € = 1. By the standard trace theorem we have that

(/ |u|pds> ’ <c¢ (/ |updx> ’ +a (/ |Vu|pd:1:> ’
L 114 Iy

On the other hand by Poincare inequality

1
</ |u|pda}> ’ ) (/ |Vu|Pda:> ’
Hl Hl

Combining the previous two estimates we get that

(/ u|pds> ’ <cs (/ |Vupdaz) ’
Ly Iy

Scaling the above inequality to I, we finally have

(o)

From (2.11) and (2.12) we conclude

<y (/ |V'u,|pdac> L (2.12)
TI.

1

p—2 B
cla| — cwle < cge P </ |Vupdw> ,
i}

€

and the result follows taking ¢ — 0.

B. We now have that L is part of the x; axis and let IL, , be as defined in (2.2). We also set L, = LNIL, ,
and 112, = I, o N {z2 < 0}. For w1 € L. we easily have

0
lal = wllea]| < a0 < [ sy (o1, 0)daa
—k|mq |1
Integrating with respect to x1 € L. we obtain
[erlale — eslule?| < /  [Vulde < <5 Tl s
for suitable positive constants c1, co independent of €. We conclude as before.

C. For the optimality we use a similar construction as in Theorem 2.1(ii). (]

Remark 2.1. Clearly the same proof works if instead of a line segment we have a smooth finite curve.
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3. The Solenoidal Case During Contact

In this section we continue to assume that the rigid body S C € touches the boundary of €2 at the point
P = (0,0) = «., but we impose the extra assumption that u is divergence free i.e., divu = 0. We continue
to use the same coordinate system as in Sect. 2. If we denote by np and 7p the outward (to S) unit
normal and unit tangential vector respectively and by wp the velocity of the rigid body at the point P
we have

up =a = (ay, a2) = (up-Tp, —up-np). (3.1)

We first present an auxiliary Lemma for later use

Lemma 3.1. Let u € Wol’p(S, Q), p > 1, with divu = 0. Suppose that Q, S are CY<, with o € (0,1). Then
there exist positive constants C' and o such that for all € € (0,eq) there holds
at2

1 k‘2 2a
€% —w <3 + 3 4—62@) 6‘ < C(HVUHL@(HE’Q)EO‘ + ||diV'UJ||Lp(l‘[s,a))fpraiT . (3.2)

a2 = 24+«
Proof. We denote by 1"pi the graph of the curves zo = :I:kaci“‘7 0 <21 < p < g and by G, the planar
region enclosed by the curves Flf, I'; and the line z; = p. We note that on Fj we have u = a + wxt
whereas u =0 on I' . By the divergence theorem applied to G, we have

kpl+a
/ divu dzdzy = / u1(p, x2) deo —|—/ u-nds,
g

P —kplte F;r

where n is the outward unit normal to G, and the line integrals are taken counter clockwise. Straightfor-
ward calculations show that

1 kp1+a

asp — arkp'™ — —w(p® + k2p? ) = / up(p, x2) dre — divu dzidzs .
2 — 14+«
kp Gy

We now integrate the last equality from p =0 to p = ¢ < gg to get

1 9 k 21a 1 k22 3
2a26 2+aa16 w 6+6+4a €

1>
:/ ul(xl,xg)dxldng/ / divu dxidxodp . (3.3)
Ge 0 »

We next estimate the two integrals in the right hand side. Using Holder and Poincare inequalities as well

as the fact that |G| = Zi—kas?"’a we obtain

—1
| / wr (a1, 22) drydeea) < Jull o, o [Gel 57
Ge

< C|Vallsq, .y 275 (3.4)
On the other hand
1
|/ dive dridzadpl S/ / |diva|P dzqdxs |gp|pr%1dp
0 Jg, o \Jg,
1
<e (/ |diva|? dxld:sg) |g5|pT’1
gE
< O|diva|| o, ) e (3.5)
From (3.3)—(3.5) the result follows. O

‘We then have
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Theorem 3.2. Let u € Wol’p(S, Q) be such that divu = 0.
(A) Suppose first that Q, S are C*, with o € (0,1).
(i) If p > 12_"_"206‘)‘ then ag = 0.
(ii) If p > ﬁ—g then a = 0.
(iti) If p > 22 thena =0 and w =0 .
The above results are optimal in the following sense:
(iv) there exist Q, S and u € Wy (S,Q) such that
if 1 §p<22+—aa then a # 0,
zfzgr—;Z <p< o then ay # 0,

14+«
) 2
zfli—ggp<%thenw7é0.

(B) Suppose now that 2, S Lipschitz continuous.
(v) If p > 2 then a = 0. This is optimal in the sense that there exist domains Q, S and a function

u € Wol’p(S,Q) such that if 1 < p < 2 then a # 0, whereas if p > 1 then w # 0.

Proof. (i) Using Lemma (3.1) with diva = 0 and sending € to zero we get that as = 0.
(ii) This is a consequence of Theorem 2.1(ii). Alternatively from (3.2), after setting dive = 0 and
az = 0 and simplifying we get
2k 1 k220 —a It at2
Taram +w(3+ 3+2a)5 | < ClVullear e ™ 7 (3.6)

Sending € to zero we get that a; = 0.
(iii) This is Theorem 2.1 in [11]. Alternatively, it follows from (3.6) by a similar procedure as in (ii).
(iv) Let © and S be as in the proof of Theorem 2.1(ii). We recall

us(x) = a+wzrt, e R?,
and define
d(x):=a -zt + %u)|w|2 ,
so that

oe 09
us (@) = (urs, uzs) = V- 0(x) = (3362’ _8331) )

With 4 and ¢ as in (2.7) we take
u(e) = v+ (w(labo (3 ) 2la) ) (37)

kzite
Clearly diva = 0. Since ¢ = 1 for || < p, we have that for such x
Vu = ®VVtp+ VOVLh+ VoVd + ¢pVV-d .
We easily see that in the region 0 < z1 < p, 0 < 25 < k:cﬁa the following estimates hold true for
,j=1,2
<Cxy ' e, | < Cay 272

6] <C, |,

@] < Czi(lal + |wlz1) [,

< C(lal +|w|z1), |Pz,0,| < Clu].
We then compute
[Vau| < C(la] + [w]e )z 72

As a consequence the integrability of [Vu|P in € is equivalent to the finiteness of the integral
kl‘l+a

P 1
/ / (la| + [w|z1)P2; P2 dagda,
0 0
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If |a| # 0 the above integral is finite for

2+«

1+2a

If on the other hand |a| = 0 and w # 0 then the integral is finite for
24+«

2«
Now choosing ®(x) = ayx2, with a; # 0, we note that

p <

@g,| < Cay™, i =1,2, 0 <3y < kat?,
and therefore |Vu| < Cz7'™*. This time the integrability of [Vu|P is ensured by the condition
24+
1+a’

(v) The fact that if p > 2 then a = 0 is shown in Theorem 2.1 (B) without the requirement divu = 0.
For the optimality we use € and S as in Theorem 2.1 and w as given in (3.7) with a = 0. As in part (iv)
we obtain

Vu| < C(lal + wlz1)zy -
We conclude as before. O

Remark 3.1. We recall that if both .S and  are differentiable at the point P = (0,0) then the x; axis is
along the common tangent to 95 and 0f). If we denote by np and 7p the outward to S unit normal and
unit tangential vector respectively and by wp the velocity of the rigid body at the point P we have

(a1, a2) =a=up = (up-Tp, —up-np).

We next consider the case of the thin wall approximation. Assume that the line segment L touches
the boundary 0f.

2
Theorem 3.3. Let u € (WYP(Q be such that divu = 0 and Tr|, u(x) = a + wat.
0 L

A. Assume that 0) is Lipschitz continuous. If p > 2 then a = 0.
B. Assume that 0Q is C%*, o € (0,1], and that L is tangent to 0Q. If p > 25 then ay = 0. If

1+2«
p > 2 then a = 0. Finally if p > 3% then w = 0 as well.
C. All the above results are optimal similarly to Theorem 3.2.

In case (A) above, w is not necessarily zero, no matter what p is. Similarly, in case (B) if L touches
00 nontangentially then by part (A), a = 0 provided that p > 2 and w is not necessarily zero no matter
what p is.

Proof. Part A is true (without u being divergent free) by Theorem 2.2. For part B we take L to lie on
the x; axis and let IIZ, be as defined in (2.2). Let 7, be the region enclosed by the z; axis, the parabola
', and the vertical line 21 = p. Noting that on L we have u = (a1, a2 — wz1) and applying divergence
Theorem in 7, we get

1 0
asp — —wp? = / up(p, x2)dxs.
2 7kp1+°‘

Integrating the above from p = 0 to € and using standard inequalities as before we arrive at

1 1 3420 — 2+
Slaale? = Zlule?| < 205 | Vulluz,), (3.8)
from which the result follows in case p > 12I2O¢;' The case where p > ﬁ—g is a consequence of Theorem

2.2. Finally from (3.8) after setting az = 0 there follows that w = 0 when p > 22,
For the optimality we use a similar construction as in Theorem 3.2. (I
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4. Before the Contact

In this Section we consider the case where S is allowed to move. By S = S(t) we denote the position of
the rigid body at time ¢ € [0,7), with S(0) = Sy and by h(t) the distance at time ¢ between S(t) and
J9). Throughout the Section we assume that h is strictly positive.
We say that a domain D C IR? is uniformly C*<, o € (0, 1], if there exist constants £ > 0 and pg > 0
s.t. for each o € D there is an isometry R : IR?> — IR? s.t.
R(0) = 29, R({x € R? : K|x1|""™ < 29 < klpo|*t®, |z1] < po}) C D.

We note that if D is a bounded C** domain then it is a uniformly C1® domain, see e.g, [1].
We recall the following result by Starovoitov
Theorem 4.1 [11]. Let Q C IR? and Sy C Q be uniformly C1®, a € (0,1] domains, Sy being in addition
bounded and
we L0, T; (L3(2))%) N L0, T; Wy P (S(t),Q)), pe [1,00], divu=0.

We assume that h(t) < H for some H > 0. Then h(t) is Lipschitz continuous and there exists a constant
C depending only on S, Q, H and p such that

dh(t
d(t)‘ < CHY|| V|| for a.e. t € (0,T); oy

here

14 2« 2+«
f=—m (p- ).
p(1+ ) 1+ 2a

The following is a direct consequence of the above result, see Theorem 3.2 in [11]
Corollary 4.2. Let the conditions of Theorem 4.1 be satisfied and in addition
w e LI0,T; Wy P(S(t),9)), p,q € [1,00].
If h(t.) =0 for some t, € [0,T) and 8 < 1, then there exists a positive function e(t) such that

h(t) = 2(t)(te — )T, t € (0,t,), £(t) 0 (4.2)
In this section we first extend Theorem 4.1 for a Lipschitz rigid body. We next complement estimate
(4.1) with a similar estimate for the angular velocity w(t).

4.1. Lipschitz Rigid Body

Here we consider the case of a Lipschitz rigid body as well as the limiting case where the rigid body
degenerates to a smooth curve. The main result is

Theorem 4.3. Let Q C IR? be a domain that satisfies a uniform two sided ball condition of radius R and
So C Q be either a bounded Lipschitz domain or a finite smooth curve. Let

w e L(0,T; (L3())%) N LY0, T; Wy P (S(1),Q)), p € [2,00].

Then h(t) is Lipschitz continuous and there exists a constant C' depending only on S, Q, H and p such

that
dh(t p—
‘d(t)‘ < CR'7 [y 0q for ace. t € (0,7) . (4.3)

Remark 4.1. In case Q is bounded the uniform two sided ball condition is equivalent to € being a C*+!
domain see, e.g., [1], Corollary 3.14.
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Remark 4.2. We note that in Theorem 4.1, if we set & = 0 then 3 = %. The proof of [11] however does
not work for a = 0. In addition, we do not require u to be solenoidal; see also Example 4 of next Section.

To prove the above Theorem we will combine two auxiliary lemmas. We first recall a few facts. In
case S C Q is a bounded Lipschitz domain, it follows, see [2], Chapter 4, that S satisfies the uniform
cone condition, that is, there exists a length 79 and an angle 6y € (0, %) such that for any point & € 9.5
a finite sector Seco(x, 1o, ) is contained in S. The sector Secy(x,r9,0) is given, modulo translation and
rotation, by B(x,r9)NSec(x, 8y) where B(x, o) is the open ball centered at @ of radius rg and Sec(x, 6)
is the angle with vertex at  and opening 6.

Let P € 9S and Q € 992 be two points that realize the distance h between S and 052, that is

h =|PQ| = dist(S,00) > 0 .
We choose our coordinate system zjyxs s.t. @ is the origin (0,0) and P is the point (0,h) = zp. We

also note that the x;—axis is tangent to 9Q at the point Q. Our first Lemma refers to a fixed time ¢ and
S = S(t). For simplicity we drop the ¢ dependence and write u(x) instead of u(z,t). We then have

Lemma 4.4. Let Q C IR? be a domain that satisfies a uniform two sided ball condition of radius R and
S C Q be either a bounded Lipschitz domain or a finite smooth curve. Let u € Wol’p(S, Q),p>1andup
be the value of the vector field w at the point P. Then, for h < R we have
p=2 2

[up| < O (|Vul o) + A7 [ullras)) -
where C' = C(S, R) is a constant that depends only on S and R.
Proof. A. Suppose first that S is a bounded Lipschitz domain. By our assumptions we have that when
h < R and k is such that 0 < & < min{1, %%} then Seco(P, kh,0) C S. Define

1I;, = {(1‘1,]}2) c —h<zi<h, —h<z< 2h}

Since P = (0,h) and k < 1 there holds Secy(P, kh,0) C II,. Using the fact that in the rigid body
u=up +w(x — xp)t and triangle inequality we have that

1
Oo(kh)2\ ? 0o (kh)P+2
lupl (0(2)> — |w] (0;_'_)2> < lullzr(seco(Pkn,0))
< |ullze )
< coh||Vull Lo,

the last inequality follows from Poincare inequality since the bottom side of Il is outside of 2 and w is
zero there. It then follows - )

lup| < Ch v ([VulLr,) + 27 |w]). (4.4)
From the fact that w € L>(0,T; (L?())?) and (1.1) there follows that

lw| < Collullz2csy, with Co = Co(S);
see, e.g., [11] p. 321, and the result follows.

B. Suppose that S is a finite smooth curve which for simplicity we take to be a line segment L. With
P, Q and II;, as before we set L, = II;, N L. On L we have u = up + w(x — zp)* and by triangle

inequality and simple estimates we get
%
< / uplrds) ",
Lh

For suitable positive constants independent of h. On the other hand similarly to estimate (2.12),

(/ u|pds>p < esh (/ |wpda:)” .
Lp, Iy

From these two estimates we obtain (4.4) and conclude as before. (]

‘cﬂuﬂhi - 02|w|h1+%
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We next state our second Lemma. We now allow time to evolve. We will use the following notation:
By x(t, P(ty)) we denote the trajectory that at time ¢y € [0, 7] passes through the point P(tg) € S(to),
that is the solution of the ODE

dx(t)

o = () ) (@) - 2.(t)" (4.5)
where x(t) is the radius vector of the point P(tg) € S(to). With this notation we have that
W)= inf  d(@(t, P(to)) , Vb, to € [0, T). (4.6)
P(to)€S(to)

The following result does not require any smoothness from the part of S.

Lemma 4.5. Assume that ) satisfies the inner sphere condition of radius R > 0. Suppose that at time to
a point Py, (to) € S(to) with radius vector x(to, Py (to)) realizes the distance of S(to) to 08, that is

h(to) = d(z(to, P (to)))-
Let h < R. Then h(t) is a Lipschitz continuous function and for almost all to we have

%Ef) it Vad(z(to, Pn(to)) - %(t,Pm(to))) — (4.7)

In particular, if OS is differentiable at the point P = P, (ty) and np is the outward unit normal there,
then
dh(t)

dt li=t,
Proof. We first recall that d(z) is 1-Lipschitz function in 2 and a C* function in Qg = {z € Q: d(z) <
R}. Because of (4.5) and the fact that a, and w are bounded (see [11]) it follows that the function
x(t, P(tp)) is a Lipschitz continuous function of the first variable and as a consequence the composed
function d(x(t, P(to))) is Lipschitz continuous in ¢ € (0,T). It then follows that h(t) as given by (4.6)
is Lipschitz continuous in ¢ € (0,T) as well and therefore differentiable for a.e. ¢ € (0,7"). On the other
hand, all trajectories defined by (4.5) are easily seen to be differentiable at the Lebesgue points of a.(t)
and w(t), and the same is true for the functions d(z (¢, P(t))) and in particular for d(x(t, P, (to))). Since
almost all points of a.(t) and w(t) in (0,7) are Lebesgue points we conclude that at the exception of a
set of measure zero both functions h(t) and d(x(t, P, (to))) are differentiable. Let ¢y be a point where
both h(t) and d(x(t, Py, (to))) are differentiable. For 7 > 0 we have

h(to +7) — h(to) = inf )d(w(to +7,P(to))) — inf d(z(to, P(to)))

= —MNp-up. (48)

PeS(to PeS(to)
= inf d(x(to + 7, P(to))) — d(z(to, Pn(to)))
PeS(to)

< d(x(to + 7, Pn(to))) — d(@(to, Prn(to)))
from which it follows that

d
< —d(x(t, Pu(to))

t=to t=to

Similarly we have that
h(to) = h(to —7) = d(x(to, Pn(to))) — d(@(to — 7, Pm(t0))) ,

from which it follows that

dh(t) d
e S >
dt le=t, — dtd(w(t’Pm(tO))) t=to
and therefore
dh(t) d
amyy —— P
dt ‘t:tg dtd(:c(t7 nl(tO)))‘t:to
dx
= de(ic(tm Pm(tO)) ' 7(t,Pm(t0)) L
dt t=to
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and this completes the proof of (4.7). Relation (4.8) follows from (4.7), taking into account that

QP
de(w(to,Pm(to)) = m = (O, 1) = —np
see e.g., Theorem 2.2.7 in [3] and
dx
E(tvpm(tO)) regy ~ WPm(to): (4.9)

We are now ready to give the proof of Theorem 4.3.

Proof of Theorem 4.3. : Since u € L*(0,T; Wol’p(S(t), )) we have that for almost all ¢ty € (0,7") function
u(-,to) is an element of Wy (S(t), ). At such a time to, we have (4.9) and
—
_ QP _
|QP|

Now the result follows from Lemmas 4.4 and 4.5 taking also into account that

Vad(z(to, P (to)) 0, 1).

p=2 p=2
lullzzcsy < [S12 lullLeesy < 151727 [JullLeo)-
O

Remark 4.5. If in the above proof we use (4.4) in the place of the estimate of Lemma 4.4 we have that
forp > 2

dh(t) p=2 2
‘dt’ < Ch' (HVuHLp(Hh) +hp|w|>, for a.e. t € (0,T); (4.10)
here the orthogonal parallelogram IIj, is defined in the proof of Lemma 4.4. In particular h — 0 when
h — 0, even for p = 2. Moreover, when w = 0, |h| is bounded by a local norm of Vu, in the sense that in
the right hand side of (4.10) appears the integral of Vu over II, instead of Q.

In the smooth case where 95, 99 are C1'* with a > 0, examination of the proof of [11] Theorem 3.1,

for n = 2, shows that in fact the following local estimate is true

dh(t
‘di)’ < ChﬁHquLP(gh’ao) for a.e. t € (0,T); (4.11)

here o = chT+a for a suitable positive constant ¢ and
Gh.o = {(z1,22) : —kmi+a < z9 < kx%‘*'o‘ +h, —o<z1 <0} (4.12)

It is interesting that (4.11) holds even for w # 0.

4.2. Estimates on the Angular Velocity w

Here we assume that S and Q are both C1%, o € (0,1]. As usual h is the distance of S to the boundary
of 2 and let the points P € S and @) € 02 be two points that realize the distance h, that is h = |P_Q|
We choose a coordinate system xizo s.t. 27 is tangent to 02 at the point () which coincides with the
origin (i.e. zg = (0,0)) and P has radius vector xp = (0, h).
We assume that if 2 € S then

us(x) = up + wlx —xp)t, (4.13)
where up = (up1, upa) is the velocity of the solid at the point P. We denote by 7p the unit tangent
vector to S at the point P. We have
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Theorem 4.6. Let Q C IR? and Sy C Q be uniformly CY*, a € (0,1] domains, Sy being in addition
bounded and

we L0, T; (L3(2))%) N L0, T; Wy P (S(t),Q)), pe [1,00], divu= 0.

We assume that h(t) < H for some H > 0. Then there exists a constant C depending only on S, Q, H
and p such that

lw| < Chﬁ(?*%‘”mvunm(m
[up - Tp| < Chs =5 | V)| ooy,
Proof. We consider the curves
Db = {(x1,22) © @2 = h+kai*®, 0 <y < p},
L) ={(z1,22): 22 = —kxi T 0 < a1 < p}.

From now on we choose a k and a py such that I‘Zpo C S and I, c R*\Q. We also denote

gh,p = {(.’11'173}2) : _kx}+a < x9 < h+ I{.’E}+a7 —p<x1 < p}’

gltp = {(z1,2) : _k/’xiJra <zy<h+ ICOC}JFQ, 0 <z <p}.

Let 0 < p < p < po. We apply divergence Theorem in the region g,j p\g,j 5 which is enclosed by the curves
1 =p, I‘;’p\l"zﬁ, rp=pand ') \F;. Then we have (all line integrals are taken in the counter clockwise
direction)

h+kp1+o¢
0= / divu dzidzy = / u1(p, x2) dro
gFJLr,p\g}er,ﬁ —kplte

“

Straightforward calculations yields:

h+kptte
u-nds—/ u-nds—i—/ u1(p, x2) das. (4.14)
r

+ + 51
nop n.p —kplte

2
/ u~nds:pup~np+kp1+aup~7'p+%(1+k2p2°‘)w; (4.15)
r

+
h,p

where np = (0,—1) and 7p = (1,0). From (4.14) and (4.15) we get

« ~ « 1 ~ « ~ «
[B(p' = p T up e+ 5 [ = 57 R (0T = )] |
h+kplte h+kptte

[u1(p, x2)| dz2 +/ w1 (p, 2)| da2

_kﬁ1+a

A

<lp—pl| |UP'nP\+/
_kplta

=: B.
By the same argument, this estimate is true even if 0 < p < p < pg. We rewrite this as

~1+o 1 ~ a ~ et
—B< k(p1+a_p1+ )UP'TP+§ [p2 —p2+k2(p2+2 _p2+2 )]w < B. (416)

We first integrate estimate (4.16) from p =0 to p = o < py for fixed p and then we integrate from p =0
to p = Ao for some A € (0,1), to obtain

BA(L = A1+2) e (ML) RAL- 2 N
9t a  wpTPOT 6 7 3120 ¢ ‘”‘"

<

N | =

2
A1 =X+ g/\Q)\up ‘np| o+ /\a/ |u| deidxs + 0'/ |u| dzydzs. (4.17)
+ +

Oh.o h, Ao
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We next estimate the terms in the right hand side. The first term in the right hand side has in fact be
estimated in the proof of Theorem 4.1. More precisely, examination of the proof of Theorem 3.1 in [11]
(see pp 321-322), for the 2D case shows that the following estimate holds true

[up - np| < Cio™ 77 (h 4 2k0 )P [Vt Lo, ),
for a universal constant Cy. The second term of (4.17) is estimated, using Holder and then Poincare

inequalities,

p—1
[l dodas < (h+ 2ka )Gy, IV g )
h,o

Using also the fact that

2koltte
24«

G l=0 (h + ) < o(h+ 2ka' ™),
we get

ju| dziday < 07 (h+ 2k0 )27 | Vul| L gr .

J

We similarly estimate the third term in the right hand side, so that from (4.17) we have

+
h,o

‘k)\(l )

1— 2 2 _ 242«
up-Tp o3t 4 ()‘( A%) L REAI A ) 2a> U4w’
24+«

6 7 3124
G
5
< CoAo? 7 (h + 2ka )25 |V 1ag, -

1 —1 2 _1
< A5 (h+ 2kt é[ (1=A+ 320 +1+ A é] IVl ..

In the last inequality we restrict A € [%, %] and C is a universal constant. After simplifying with A and
o3 we get

2+« 6 + 3+ 2«
< Coo 1 TE (B 4 2k0 )2 ||Vl (g, )-

k(1 — A1+a)uP P ((1 —A?) KR — e 2a> 01_%‘

Since ), k can take many different values we easily conclude that each of the terms |up-7p| and |o!~%w

is separately bounded by a suitable multiple of the right hand side and therefore we arrive at
lup - Tp| < Cs0™' 775 (h+ 2ka )77 || Vul| (g, )

Wl < Cy07> 75 (h+2ka™ P75 |Vl 1o g, )

1
with a positive constant C'5 depending on k, pg. To conclude the proof we finally choose o = (%) o
Po-

OIA

Remark 4.4. Tt follows from the proof that in the statement of Theorem 4.6 we can replace the norm
[Vul Ly ) by [[Vulls(g, ,)- Also, the dependence of the constant C' on S, € is through &, po and a.

Remark 4.5. We note that Theorems 4.3 and 4.6 are in agreement with Theorem 3.2 of the static case.
In fact, one can easily obtain Theorem 3.2 from Theorems 4.3 and 4.6 through a limiting process h — 0
taking into account Remark 3.1 and (4.8).
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5. Examples and Optimality of the Results

In this section we first present an example, motivated from the motion of a rigid body in an incom-
pressible fluid, which shows the possibility of non zero collision speed. The other examples of the section
demonstrate the optimality of the results obtained in Sect. 4.
Throughout this section Q = IR% = {(z1,22) : 23 > 0} and 0 < h = h(t) < H is a smooth function of
time. We next define
S(t) = {(x1,22) : w2 > klzy|' T + h(t), 23+ (22 — h(t))* < po}- (5.1)
Clearly h(t) = dist(S(t), ). Let a = (0, A(t)) and
(z,t) = a-xt = —h(t)z.
Let ¢, ¥ be the cutoff functions defined in (2.7) with p = H + pg. We consider the vector field
w(x, t) = VU(z, t ::vL< * <x2>¢):c,t) . 5.2
(@)= V400 = V(0120 (e ) 2D (-2
One easily sees that
u(z,t) = (0,h(t)), = € S(t),
divu(x,t) =0, z € ZRi, t >0,
u((z1,0),t) = 0.
Since wu is zero outside |x| < 2p we can obviously consider bounded domains € as well. We then have
Ezample 1. (Non zero collision speed) We interpret w in (5.2) as the velocity field of a viscous fluid in
IR? and S(t) is a rigid body moving in the fluid, see e.g [6,11]. It is then natural to require
w e L(0,T; (L())?) N L2(0, T3 W2 (S(1), 9)). (5.3)
Using Lemma (7.1) of the “Appendix” this is easily seen to be true provided that
heL>(0,T), h2h 7%= € LY0,T), a € (0,1],
he L>®(0,T), h?lInh|e LY(0,T), a=0.
For o = 1 the above conditions are the same as in [11], Lemmas 4.1, 4.2 where a completely different
example is constructe(j.
We also note that h € L?(0,T) implies ¥; € L?(0,T; L*(2)) which, by means of (5.2) has as a conse-
quence that u, € L?(0,T; H=1(Q)). Then, the pair (u(z,t),S(t)), according to [11], is a weak solution of
the problem of motion of a rigid body in a viscous fluid, with a forcing term g € L?(0,T; H=(f)).

It is shown in [11], p. 323 that for o > 1/2 a body comes to the external boundary with zero speed.
We will show that for 0 < a < 1/2 the body hits the boundary with a non zero speed. Indeed, let

h(t) = (T —=1)%, 6> 1, (5.4)
condition (5.3) is satisfied for
1
0>1if ael0,1/2) or9>2J:—Zz1ifae[1/2,1].
Moreover h € L2(0,T) provided that 6 =1or @ >3/2. Thus, for 0 < a < 1/2 we can take h(t) =T —1
which gives a non zero collision speed (h = —1), whereas for oz > 1/2 the collision speed is indeed zero.

Ezample 2. (On the optimality of Theorems 4.1 and 4.3) Suppose that o = 0. From the estimate (4.10)
of Remark 4.3 we have that

C|h|Ph2*Pg/ |Vul|Pdzdzs,
115
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whereas from (7.3) of “Appendix” we see that
/ VulPdzidzs < Clh[Ph2P.
Iy

Therefore estimate (4.10) of Remark 4.3 is optimal for any p > 1. Similarly by comparing estimate (4.3)
of Theorem 4.3 and (7.2) (with o = 0), we conclude that the estimate of Theorem 4.3 is optimal for
p> 2.

Consider now the case o > 0. From estimate (4.11) of Remark 4.2 we have that

C|h|Ph—ﬂpg/ |VulPdzdes,
gh,,o‘o

whereas using the asymptotics of (7.3) we see that

/ \Vu|Pdziday < C|R[PRPP.
gh,,ao
Therefore (4.11) is optimal for any p > 1. A similar argument shows that estimate (4.1) is optimal for

24+«
p > 14+2a

Ezample 3. (On the optimality of Theorem 4.6) For simplicity we consider the case o = 1. We also
assume that p > % This time S is the disc of radius r centered at x, = (0,h + ) and h is taken to be a
constant. The disc is rotated with angular velocity w about its center. More precisely

1
O(x) = §w|1:|2 —w(r+ h)za,

so that V+® = w(z — x.)* and the vector field is now given by

u=v" (wel)o (hfx> ¥@)).

here ¢, ¢ are the usual cutoff functions defined in (2.7) with p = h + 2r. One easily sees that
u(z,t) = w(x —x.)*", =€ S(t),
divu(x,t) =0, z € JR?H t>0,
u(zy,0) = 0.
From Theorem (4.6) we have that (for a = 1),

C|w\ph(%7p) §/ |Vu|Pdrides,
Q

whereas using the estimates |®(x)| < Clw|(2? + 22) and |V®(z)| < C|w| and working as in the in the
“Appendix” we get

/ \VulPdzides < ClwPh(372).
Q

As a consequence the estimate for |w| is optimal. The estimate for the tangential part can be treated
similarly.

Ezample 4. (A non solenoidal vector field) For ¢, ¢ as in (2.7) with p = H 4 py and S(t), © as in (5.1)

we define
€2

u(x,t) = P(|x))o (M

We now have that w(a,t) = (0,h(t)) for & € S(t), u(x1,0) = 0 but w is not necessarily divergence free.
From estimate (4.1) we have that

) ug, ug = (0,h). (5.5)

C|h|ph_ﬂp§/ VulPdzidz,, (5.6)
Q
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On the other hand, similar to previous examples calculations, yield

C|h?, p < 3o

Tra:
[ [vurdside, < § ClhEE nl, p= 22,
R . _(p— 2t

i1 C|h[?|n| (r 1+u),p> fig ]

One easily sees that for p > ﬁ—g one reaches a contradiction when o > 0. Thus estimate (4.1) fails for

the non solenoidal case for a > 0, as opposed to the case o = 0 of Theorem 4.3.

6. A Rotating Body Approaching the Boundary: A Non Collision Result

In this section we present an application of Theorem 4.6.

Let S(t) € Q C IR? be two smooth domains (e.g. C?). The rigid body S(¢) is bounded, it has
density one and its center of mass has radius vector x.(t). We denote by F(t) the fluid region, that is
F(t) = Q\S(t). We assume that there exists a vector field u(x,t)

we L(0,T; (L3(Q))%) N L0, T; Wy (S(1),Q)), (6.1)
such that
ulsy = at) + w(t)(z — z(t)F, = € S(t), (6.2)

where a and w are in H 1(O,T) for any T € (0,T). The assumption on @ and w is reasonable in view
of Theorem 2.2 in [13]. Moreover u(x,t) satisfies the stationary Stokes system in F(¢) with Dirichlet
boundary conditions. More precisely, in addition to (6.2), for almost all t, u satisfies

divT =0, T:=2D(u) — pl, z € F(t),

divu = 0,
ulos(e) = a(t) + w(t)(@ — z(t)) ",
u|aQ =0. (63)

Here p is the pressure function and D is the deformation tensor given in (1.2). As usual h(t) is the distance
of S(t) to 9. In view of Lemma 4.5 and (6.2) we have

h=—(a+w@p—x(t)") np; (6.4)

here P is a point that realizes the distance, xp the radius vector of P and np the outward to S normal
vector.

At each time ¢ the fluid exerts on the body a force F' and a torque N. By Newton’s balance equations
we have that (|S| is the area of S)

|Sla=—F =— /¢95(2D(U)n —pln)dS

Jw=—-N= —/ (2D(u)n — pln) - (x — x.)*dS, J = / |z — z.|?dx;
s 5

Here n is the outward to F(¢) normal vector.
We then have

Theorem 6.1. Assume that the functions u, h, a, w satisfy (6.1)—(6.5). If h(0) is positive then h(t) remains
positive in [0,T] and therefore the rigid body S never touches the boundary of Q.

The rest of the section is devoted to the proof of this Theorem. We first prove an auxiliary Lemma.
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Lemma 6.2. Let u be as in Theorem 6.1. Then for a.a. t
/ Vu - (Vu)ldx = 20°|S| = / |Vu|*de. (6.6)
F s
a-F+wN = /Q |Vu|*de. (6.7)

Proof. (i) We note that in S we have D(u) = 0, |Vu| = V2|w| and Vu - (Vu)? = —2w?. Since u is
divergence free we have

Ou; Ou,; 0 ou,;
. T —= v J = R — . J
/QVU (Vu)' dx o 9z, O dx /anj (uz &Ti) dx

:/div(u'Vu)dx:/ (u-Vu)- nds=0.
Q GI9)

Consequently
0= / Vu - (Vu)ldr = / Vu - (Vu)'dr —l—/ Vu - (Vu)'dx
Q F S
= / Vu - (Vu)Tdr — 2028,
f

from which (6.6) follows.
(ii) We multiply the first equation of (6.3) by w and integrate by parts in F to get

Oz/u-div']de:—/Vu-']I“dm—&—/ u-Tnds
F F oF

= — u - u)ax a W$—$L' uin — S
—2/fv D”‘”/as(“ J4) - @D(uyn - pIn)d

—/ Vul2dz — 22|S] + a / (2D(u)n — pln)ds
F oS
+w/ (2D(u)n — pln) - (x — z.) ds

oS

:—/ |Vul?dx +a- F + wN.
Q

In the above calculation we also used (6.5) and (6.6). This shows (6.7) and completes the proof of the
Lemma. |

From (6.5) and (6.7) we have

d
= (ISllal + Jw?) = - ) Vu|2de. (6.8)

N | =

We set
E2(t) := |S||a|* + Jw?,
so that (6.8) reads
k(Ok(t) = = [IVulZq)- (6.9)
Let us recall our notation from the previous sections. At each time ¢ we denote by P € 05 a point that
realizes the distance h(t). We denote by up the velocity at the point P and by np and 7p the external
(to S) normal and tangential unit vectors, respectively, at the point P. We then have

Lemma 6.3. There are two positive constants ¢, C' depending only on S such that for any t

c(|h| + lup - Tp| + |w]) < k(t) < C(|h] + |up - Tp| + |w]). (6.10)
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Proof. We choose coordinate system such that the z; axis is parallel to 7p. Let &p = (xp1, xp2) be the
radius vector of P. We then have

up = (up-Tp, up -np)=a+w(xp —wC)J‘

= (a1 + w(zp2 — Te2), a2 —w(Tp1 — Tc1),

whence,
a1 =up-Tp—w(Tp2 — Tc2)
ag =up-np+w(Tpr —Te1).
Thus,
E2(t) = |S|((up - Tp —w(@ps — T2))* + (up - mp + w(wpr — zc1))?) + Jw?.
The upper estimate follows easily taking into account that, by Lemma 4.5, h=—up-np.

For the lower estimate, expanding the squares and using Young’s inequality we obtain that for any
e > 0 we have

K2 (t) > |SI(1 = &)(jup - 7p[* + [up - np|)

_ 218

+ <J+|scp—:cc|2|5 _|“’Pmc||) w2, (6.11)
€
Choosing
J <exl1
_ e <1,
J+ S| max,eos | — xc|?

all coefficients in (6.11) are strictly positive and the lower bound follows. O

Using (6.10) and then Theorems 4.1 and 4.6 (for @ = 1 and p = 2), we have
k(t) < C(|hl + |up - Tp| + |w|)
< e(h? +h)||Vu| 120
< ch¥ ||V 20 (6.12)
From (6.9) and (6.12) we have that
kk < —c1k2h™ 7. (6.13)
Assuming that h is positive in (0,¢,) and h(t,) = 0 at a time ¢, < T we will reach a contradiction.

Since k(t) is non increasing we also have k(t) > 0 in (0, ¢.). (If it becomes zero then the body “freezes”
and never touches the boundary of Q). We rewrite (6.13) as

%(m k(t)) < —cth™2 (1), t € (0,t,). (6.14)

It is a consequence of Corollary 4.2, with a = 1, p = 2 (hence § = 3/4) and ¢ = 2, that there exists a
positive function e(¢) such that

h(t) = e2(t)(t. — t)?, t € (0,t,), &(t) o 0. (6.15)

It follows that given any £y > 0 there exists a ty € (0,t,) such that
e(t) < o, t € (to,ts). (6.16)
Integrating (6.14) in (tq,t) with ¢ < t, we get
w1
k(t) < k(to)e o™ > Gds, ¢ € (ty, t.).
Taking into account (6.10) we note that

h(t) = — /tt* i(s)ds < cs /tt* k(s)ds.
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Combining the previous two estimates we have that
h(t) < cs /t* e RO gy e (g1, (6.17)
t
with ¢35 = eak(tg) > 0. To reach a contradiction we show
Lemma 6.4. There is no function h satisfying both (6.15) and (6.17).
Proof. We set
F(t) = /t* e O G0 <t <t
t

We may think of (6.17) as giving a lower bound for F, whereas using (6.15) we can obtain an upper
bound for F. It turns out that the two are incompatible.
We first note that for ¢t € (o, t.),

F(t) = —e~o i R0 g,
F'(t) = —eth ™2 () F'(t) > 0. (6.18)

0=(3)"

F'\? F"  F-%
(Cl ) < c3F, or—>—2.

In particular,

>

and (6.17) can be rewritten as

Fr o Fr = \/@
The last inequality is easily seen to be equivalent to
!
(\/a F oy 2C1F%) >0, t € (to, te). (6.19)

Taking into account (6.15), (6.16) and (6.18) we easily arrive at
[F/(O] < (b= t0) ™ (L= )0, t € (to,1.),
which upon integration from ¢ to ¢, gives

(t* - t0)7%
€0
A direct consequence of the above two estimates is that
F(t.) = F'(t.) = 0.

(te —t)0 " e (to, L) (6.20)

Integrating (6.19) from ¢ to t, we get

Vs F' +2¢,F? <0,
or

1

5\/CQJ%F*% +¢ <0,
which can be rewritten as

(Vs F? —ci(t. — 1)) <0t € (to, L)

Integrating once more from ¢ to ¢, we end up with
2

F(t) > z—;(t* — )%, t € (to,ts).

Since g can be chosen arbitrarily small, the last estimate contradicts (6.20). (]
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7. Appendix

We recall that

14 2« 24+«
f=—= (p-n ).
p(1+«) 1+ 2

We then have

Lemma 7.1. Let p > 1 and 0 < a < 1. Then, for uw as defined in (5.2) there holds

clii. w<2+a,
/ . |ulPdridre < C|f.L|p | lﬁhl’ ap =2+ a, (7.1)
R ClhPh=I=",  ap>2+a,
C‘}:l|p23+ p< 12120;7
[ [vupdndes < § CIHEE ), p= 2, (7.2
R C|h|Ph—Fr, p> 2
In addition, the following local estimates hold true for p > 1
/ VulPderdzs < ClAPR=, 0 < a < 1, (7.3)
gh,,ao
/ \VulPdeidey < C|hPR* P, a =0, (7.4)
Iy

where Gy, o, 5 defined in (4.12) and I}, in the proof of Theorem 4.3.

Proof. For

¢=9¢ (kx#a + h(t)) ’

we have that
Vu = dVVp+ VOV g+ VoVid + -
=L+ D+ I3+ (7.5)
A straightforward calculation shows that for ¢,j = 1,2

99
8@3

=0, xo > kT 4+ h,
0¢ C
Ox;| = kal™™ 4 b’
2?¢ - C(1+ ahzg™t)
&mxj - (kx%-i_a +h)2 ’

0< s <kay™ +h,

0< a2y < k:a:%"‘CK + h.
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We then compute, for v > 0 small enough but fixed

I :/ |®|P|VVL ¢ [Pday dy
R2
ka1t +h 2p ka1 T+h
<2/ / |DP|VV e \dede1+2/ / |®P|VVL ¢ [Pdaod,

ka1t +h kziT+h p, op
< ClhJP // 1jf2dx12p // azl szdx1+0h(1)

kxit 4+ )P

xy dx1 x7? dxy
<ot ([ G s ), W*W )

To estimate the integrals above we use the fact that for 0 < o <1 and b,q € IR we have

T 2bdr hiFa et e 2178 dz plte
= | z==).
/0 (k/ﬂxl+a + h)4 1+« /o (kz +1)2 ( h )

We then get after elementary manipulations

C|h|p’ P < 12—s-+2o;7

2 24
I < { Clh| T+ |lfzh| . p= £
Clhjr|n|~ 58 o 555), - p > Zee

We similarly calculate for i = 2,3

c If:ll’; . p < &2,

I CIRE bl p =3

Clafe|p|~(P=558), p > 22
Combining the estimates of I;, ¢ = 1,2, 3 and noticing that the omitted terms in (7.5) are not as important
we conclude (7.2). Estimate (7.1) is similar and simpler. O
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