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Abstract

In this work we establish trace Hardy and trace Hardy—Sobolev—Maz’ya
inequalities with best Hardy constants for domains satisfying suitable geometric
assumptions such as mean convexity or convexity. We then use them to produce
fractional Hardy—Sobolev—Maz’ya inequalities with best Hardy constants for var-
ious fractional Laplacians. In the case where the domain is the half space, our
results cover the full range of the exponent s € (0, 1) of the fractional Laplacians.
In particular, we give a complete answer in the L? setting to an open problem raised
by FRANK and SEIRINGER (“‘Sharp fractional Hardy inequalities in half-spaces,” in
Around the research of Vladimir Mazya. International Mathematical Series, 2010).

1. Introduction

The Hardy inequality in the upper half space asserts that

1 2
/ IVu|? dx = -/ '”'2 dx, ueCPR), (1.1)
R 4 Jry x;
where R, = {(x1,...,x;) : x, > 0} denotes the upper half-space and th is the

best possible constant.

If 2 Cc R" andd(x) = dist(x, 0§2), then there are two main directions towards
establishing Hardy inequalities. One direction is to find proper regularity assump-
tions on the boundary of §2 that imply the existence of a positive constant Cg,, such
that

2
/Q|Vbl|zdeCQ/Q d|2u—(|x)dx, u e C(R2).

In this direction we refer to [4,29] and references therein.
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A second direction aims at finding geometric assumptions on §2 that imply the
Hardy inequality with best constant %, that is

1 lu|?

|Vu|*dx > —/ dx, u € C(2). (1.2)
/.O 4 Jo d*(x) 0

The standard geometric assumption here is the convexity of £2, see, for example,

[10,18,19]. However, inequality (1.2) remains true under the weaker assumption

—Ad(x) 20, xe€S. (1.3)

This is meant in the distributional sense. We refer to [6] where this condition arises
in a natural way. In fact, condition (1.3) is equivalent to convexity in two space
dimensions, but it is weaker than convexity for n = 3, since any convex domain
satisfies (1.3), whereas there are nonconvex domains that satisfy (1.3) [5]. We
emphasize that there is no need for further regularity assumptions on £2. In the case
where 952 is C2, condition (1.3) has recently been shown to be equivalent to the
mean convexity of 982, thatis, (n — 1)H(x) = —Ad(x) = 0 for x € 952, see
[31,37].

If in addition to (1.3) the domain £2 is a C? domain with finite inner radius, then
it has been established that one can combine the Sobolev and the Hardy inequali-
ties, the latter with best constant. More precisely, for n = 3 there exists a positive
constant ¢ such that

n—2

1 |u)? o T
[Vu|*>dx = —/ dx +¢ (/ |u|n=2 dx) , ueCP2), (14
/9 4 Jo d>(x) o 0

see [23]. In [27] Hardy—Sobolev—Maz’ya inequalities are established under a dif-
ferent geometric assumption than (1.3), which allows infinite inner radius. Frank
and Loss established in [26] inequality (1.4) with a constant ¢ independent of £2,
when £2 is convex.

Recently, much attention has been devoted to the fractional Laplacian, which
fors € (0, 1) is defined as

f@) = f(&)

(_A)Sf(x) = Cn,s PV %’|"+2S

de, (1.5)

R |x —

where PV stands for the Cauchy principal value and
Cpg = ———". (1.6)

There are other ways to define the fractional Laplacian, as, for instance, via the
Fourier transform. We note that the fractional Laplacian is a nonlocal operator and
that this raises several technical difficulties. However, there is a way of studying
various properties of the fractional Laplacian via the Dirichlet to Neumann map.
This has been recently studied by CAFFARELLI and SILVESTRE [13], and it will be
central in this work. Let us briefly recall the approach in [13] where, by adding
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a new variable y, they relate the fractional Laplacian to a local operator. For any
function f one solves the following extension problem

div(y' ™V, pyu(x,y)) =0, R" x (0, c0), (1.7)
u(x,0) = f(x), R, (1.8)

the natural energy of which is given by

oo 1-2 2
s = [ [ Vet P dxdy.
0 R”
Then, up to a normalizing factor C one establishes that

= lim_y'"uy(x, y) = C(=4)° f(x).
y—07F

Our interest in this work is to study the fractional Laplacian defined in subsets
of R” and, in particular, to establish Hardy and Hardy—Sobolev—Maz’ya inequali-
ties there. There is much interest in fractional Laplacian in subsets of R” coming
from various applications, as, for instance, censored stable processes and killed
stable processes [7,15-17], Gamma convergence and phase transition problems
[2,28,36,38,39] and nonlinear PDE theory [11,12,42]. In [8] it was conjectured
that the best Hardy constant in the case of the fractional Laplacian associated to a
censored stable process is the same for all convex domains. In [24] the question
was posed regarding establishing fractional Hardy—Sobolev—Maz’ya inequalities
for the half space.

Contrary to the case of the full space R”, there are several different fractional
Laplacians that one can define on a domain £2 gR”. In particular, in the above

mentioned references three different fractional Laplacians appear. In all cases we
will use the Dirichlet to Neumann map after identifying the proper extension prob-
lem. Throughout this work we assume that the domain £2 is a uniformly Lipschitz
domain; for the precise definition see Section 2.

We start with the fractional Laplacian that appears in [11,12,42]. The proper
extension problem in this case is to consider test functions in Cgo (£2 x R). At this
point we recall that the inner radius of adomain §2 is defined as R, 1= sup, .o d(x).
We say that the domain £2 has a finite inner radius whenever Rj, < 0o. Our first
result concerns the extended problem and reads:

Theorem 1. (trace Hardy and trace Hardy—Sobolev—Maz’ya I) Let % Ss < 1,
n = 2 and 2 CR" be a domain.
£

(1) If, in addition, S2 is such that
—Ad(x) 20, xe 2, (1.9)

then for all u € Cgo(.Q x R) there holds

+00 2
1-2s 2 - u-(x,0)
Vix.y , dxdy = d dx, 1.10
/O /_Qy IVepu(x, y)|> dxdy = /Q Py S (110
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with
P 2 (1 —5) I'? (34%)
) re

(1.11)

(ii) Suppose there exists a point xo € 952 and r > 0 such that the part of the
boundary 32 N B(xo, r) is C' regular. Then

+00 1-2s 2
C?S Z oionf 0 fQ yuz(x |0)Vu| dx dy.
ueCi(2xR) fQ dzs(;c) dx

In particular, dy in (1.10) is the best constant.

(iii) If §2 is a uniformly Lipschitz domain with finite inner radius satisfying (1.9),
ands € (%, 1), then there exists a positive constant ¢ such that foru € C3°(£2 xR)
there holds

+o00 2
1-2s 2 - u-(x,0)
Viey , dxdy =2 d ——d
/0 /Qy Ve, ) dr dy 2 /Q e
n—2s

+e (/ u(x, 0)| 7 dx) ’
2

Actually, in the case of half space £2 = R’ we establish a much stronger result
covering the full range s € (0, 1). In particular, we have

(1.12)

Theorem 2. (half space, trace Hardy—Sobolev—Maz’yal) Let0 < s < 1 andn = 2.
(i) For allu € Cg° (R} x R) there holds

> _ - [ u*(x,0)
/ / y! 25|V<x,y>u(x,y>|2dxdy;ds/ ——dx,  (113)
0o JRL R"

Xn

with

P 2 (1 —5) 2 (3£%)

= (1.14)
PEE o

(ii) The constant ds in (1.13) is sharp, that is,

_ . Jo© Jry ¥ VUl dx dy
dy = ognfn u?(x,0) ’
ueCE (R xR) fRi 5.0 dx

(iii) There exists a positive constant ¢ such that for all u € C5°(R'. x R) there
holds

®© _ - u?(x,0)
/ / YV pulx, y)|* dx dy zds/ dx
0 JRL R"

2s
T

n=2s

te / lu(x, 0)|5 dx
R

(1.15)
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We will apply Theorem 1 to the fractional Laplacian that is defined as follows.
Let £2 C R” be a bounded domain, and let A; and ¢; be the Dirichlet eigenvalues
and orthonormal eigenfunctions of the Laplacian, that is, —A¢; = A;¢; in §2, with
¢i = 0on 982. Then, for f(x) = >_c;¢;(x) we define

(=AY f(x) = Zci)»fqb,'(x), 0<s <1, (1.16)

i=1

in which case

(=D’ f. e —/ F(=A) f(x)dx—z c2A. (1.17)

i=1

In the sequel we will refer to this fractional Laplacian as the spectral fractional
Laplacian. We then have

Theorem 3. (Hardy and Hardy—Sobolev—Maz’ya for spectral fractional Laplacian)
Let % <s<1,n22and 2 C R" be a bounded domain.
(1) If, in addition, S2 is such that

—Ad(x) 20, xe€ £, (1.18)
then, for all f € C3°(£2) there holds

2
(A f. e 2 ds . ;T((xx))dx, (1.19)
with
25 12 (3425
d. = 2 (5) (1.20)

PR

(1) Suppose there exists a point xo € 9082 and r > 0 such that the part of the
boundary 952 N B(xq, r) is C! regular. Then

AS
dyz inf (= ;Z({)f)(z_
e g o

(iii) If §2 is a Lipschitz domain satisfying (1.18) and s € (%, 1), then there exists a
positive constant c such that for all f € Ci°(82) there holds

d2v( )

We next consider the fractional Laplacian associated to the killed stable
processes that appears in [7,8,36,38,39], which from now on we will call the
Dirichlet fractional Laplacian. The proper extension problem involves test func-
tions u € C(‘)>o (R" x R) such that u(x, 0) = 0 in the complement of §2, that is, for
x € C£2. For this fractional Laplacian, our assumption on the domain §2 is convex-
ity instead of (1.3). The reason for this is that our method requires subharmonicity
of the distance function in CS2, which is equivalent to the convexity of £2, see [5].
Our next result reads:

2 ws
(=AY f. e 2 ds f()d +c (/ |f(x)|n & dx) . (1.2
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Theorem 4. (trace Hardy and trace Hardy—Sobolev—Maz’ya II) Let % <s <1,
n 2 2 and 2 CR" be a domain.
£

(1) If, in addition, §2 is convex, then for allu € Cgo (R" x R) such thatu(x,0) =0
for x € CS2, there holds

+00 2
1-2s 2 - [ ux,0)
Vv , dxdy 2 k ———dx, 1.22
/0 /Rny Ve yyu, y) drdy 2 /Q o 4 A2
with

212302 (s + I (1 —s)

' (s) '
(i) Suppose there exists a point xo € 082 and r > 0 such that the part of the
boundary 952 N B(xq, r) is C! regular Then

- fR" 1251wy % dx dy

u e CPMR" xR), (x 0) d
u(x,())(): 0, xeCR f.Q dZS(x)

(1.23)

s =

ks

1A%

In particular, ks in (1.22) is the best constant.

(iii) If §2 is a uniformly Lipschitz and convex domain with finite inner radius and
s € (%, 1), then there exists a positive constant, ¢, such that the following improve-
ment holds true for all u € C5°(R" x R) withu(x,0) =0 for x € C$2:

+o00 2
1-2s 2 - (x, 0)
Viry , dxdy = k
/O /R"y | (x,))u(x )’)| xXdy = s/Q d23(x)
n—=2s

te (/ lu(x, 0)| 7% dx)
2
Elementary manipulations show that

_ 2 1 _
d; = 2sin® (w) ks,

(1.24)

thus
czs > l;s, for s € (0, 1),

which implies, in particular, that the best constants of Theorems 1 and 4 are differ-
ent.

We next apply Theorem 4 to the Dirichlet fractional Laplacian. In this case, for
f € C3°(£2) we extend f in all of R" by setting f = 0 in C£2 and use (1.5). In
particular, the corresponding quadratic form is

2
(o s =2 [ LOZTOE g
Cn.s If(x) F&? / / Lf ()12 )
= = dxd 2 xd s
2 (/9 o p—gpre WEE2 g W

(1.25)
with the constant ¢, s as given by Equation (1.6). We then have:
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Theorem 5 (Hardy and Hardy—Sobolev—Maz’ya for Dirichlet fractional Lapla-
cian) Let 1 3Ss<1l,nz2and$2 CR” be a domain.

(1) If, in addition, S2 is convex, then for all f € C3°(82) there holds

r’(s+3) [ 2

—A)S n >
(=)D f, Hrn 2 s (1.26)
Equivalently, one has that
1f @) = fEP - 2
/n / T E dx dg > ky, o) dx, (1.27)
where
1-2s 252 _ 2 1
i 2 T (+3). (1.28)

s (n+2v)

(i) Suppose there exists a point xy € 082 andr > O such that the part of the bound-

2( ]
ary 082 N B(xop, r) is c! regular. Then the Hardy constants d (:rz) in (1.26) and
ky s in (1.27) are optimal.
(iii) If §2 is a uniformly Lipschitz and convex domain with finite inner radius and
s € (%, 1), then there exists a positive constant ¢ such that for all f € C3°(82)
there holds

r’(s+%) [ 2
o dzs(x)

n=2s

+e (/ o dx) . (1.29)
2
Equivalently, one has that

2 2
// IS = FEOF dE >k s I

|n+25 o d2s ()C)
n—2s

+c(/ |f(x)|n2"zsdx) C 130
2

The case where £2 is the half-space 2 = R, = {(x1,...,x,) : x, > 0} is of
particular interest, see [7,8,21,24,40]. In this case we obtain a stronger result that
covers the full range s € (0, 1). More precisely, we have:

(=) f. Hre 2

Theorem 6. (half space, trace Hardy—Sobolev—Maz’ya and fractional Hardy—
Sobolev-Maz’yaIl) Let 0 < s < 1 andn = 2.
(i) Forallu € Cj°(R" x R) with u(x,0) = 0, x € R", there holds

+00 _ Mz(X,O)
/ /yl‘ZSW(x,y)u(x,y)Fdxdyzks/ ——dx, (131
0 R" R

Lo
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where

2B 2(s+ D1 —s)
wl(s)

s = )

is the best constant in (1.31).
(ii) There exists a positive constant ¢, such that for all u < Cgo (R" x R) with
u(x,0) =0, x € R", there holds

+00 B 2()6 0)
/ / yl‘zwv(x,y)u(x,y)ﬂdxdyst/ S dx
0 R" R"

4 Xn
2n
+c / lu(x, 0)|"-= dx
R}

(iii) As a consequence, there exists a positive constant ¢ such that for all
f € Cg°(RY) there holds

|f(x) — f(E)? fz(x)
Jo o i dns 2k [
n=2s

+e / £ ()75 d . (1.33)
RY
where k, s is given by Equation (1.28).

Or; equivalently, for all f € Cg°(R'}) there holds

2 2
// |f () = f @) dx dé > K, s f )

|x_§|n+2s = R xr21s

n=2s
n

(1.32)

n=2s

+c(/ |f(x)|ﬁ"zxdx) . (134)
R,

! F(S—i— 2) 21—2s 1
Kns =12 SF(n+23) |: ﬁ F(I_S)F(S‘f‘z) —1:|.

We note that the Hardy—Sobolev—Maz’ya inequality (1.33) refers to the Dirich-
let fractional Laplacian associated to the killed stable processes, whereas inequality
(1.34) is associated to the censored stable processes. The Hardy constants &, ¢ and
kn,s appearing in (1.33) and (1.34), respectively, are optimal, as shown in [8]. The
corresponding fractional Hardy inequality of (1.34) with best constant, in the case
of a convex domain §2, that is,

/ If0) = fF©I - 2@
2Je ’

Ix — §|"+2s dx d§ = ks o d(x)Zs

where

dx, feCP@)
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has been established for s € (%, 1) in [32]. The question of obtaining a Hardy—
Sobolev—Maz’ya inequality for the half space was raised in [24] and was answered
positively in the L? setting in [21,40], but only for the range s € (%, ).

For other types of trace Hardy inequalities we refer to [3,20]. We finally note
that fractional Sobolev inequalities play an important role in many other directions,
see for example, [9,14,34,35].

2. The Trace Hardy Inequality I

In this section we will prove the trace Hardy inequality contained in Theorem 1.
We first recall the definition of a uniformly Lipschitz domain §2; see section 12 of
[30]. We note that Stein calls such a domain minimally smooth, see section 3.3 of
[41].

A domain §2 is called uniformly Lipschitz if there exist ¢ > 0, L > 0, and
M e N and a locally finite countable cover {U;} of 952 with the following proper-
ties:

(i) If x € 952 then B(x, ¢) C U; for some i.
(ii) Every point of R” is contained in at most M U;’s.
(iii) For each i there exist local coordinates y = (y',y,) € R*! x R and a
Lipschitz function f : R"~! — R, with Lipf < L such that

Uin2=UN{(,y) eR"" xRy, > f())

Under the uniformly Lipschitz assumption on £2, the extension operator is defined
in WP (£2), for all p = 1. We also note that when £2 is a bounded domain the
above definition reduces to §2 being Lipschitz.

In the sequel we seta = 1 — 2s. Since 0 < s < 1 we also have —1 < a < 1.
We first establish the following useful identity:

Lemma 1. Su;_)pose thata € (—1,1) and let u € Cgo(.Q x R) and ¢ € C* (2 x
(0,00)) NC($2 x [0, 00)) is such that ¢ (x, y) > 0in 2 x [0, 00), p(x,y) =0in
982 x (0, 00),

a¢y(xv y)

SV@), ye0,1), xe 2, 0SV(x)eLl.(2),
d(x,y)

and for almost everywhere x € §2, the following limit exists:

I ( a¢y(x,y))
im | y'——).
y—0t ¢(X, y)

We also require that the following integrals be finite

+00 \V/ 2 +o00 di ayy
/ / y“—| d;' u® dx dy, / / —| VO ¢)|u2 dxdy.
0 1?) ¢ 0 2 ¢
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We then have the identity:

/+°°/y 1Vul dxdy—/+oo/

“+o00 a
-—jf L/'gggz—YEQuzdxdy——J/ lim (y“?l)Lﬂ(x,O)dx. (2.1)
0 I?) ¢ 2 y—0t ¢

Proof. Expanding the square and integrating by parts, we compute for ¢ > 0,

[ )
e 2
00 2
:/ /Q (|V | +|V¢q;| —%V )dxdy
=/OO/ y“|Vu|2dxdy+/oo/ Muzdxdy
& 2 ¢

¢y( &) 2( ,&)dx.
9 P (x,¢€)

2
dxdy

M——M

2
Vu — —u| dxdy

+

We then pass to limit ¢ — 0 and the result follows easily. O

We will use Lemma 1 with the following choice: ¢ (x, y) = d~ 2 (x)A(%)
for y > 0, x € £2. The function A solves the following boundary value problem

2+ a)a

(ﬁ+ﬂNW%a+ﬁ@+a»¥+——I—4A=0,t>Q (2.2)
with
AO) =1, lim A@t) =0. (2.3)
t— 400

Equation (2.2) can also be written in divergence form as

2+ a)a

a AN
(1 4+tHAN + )

t“A =0. 2.4
From now on we will use the following notation:
f~g in U,
whenever there exist positive constants ¢y, ¢z, such that

c1g S f S cg, in U

We then have the following
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Proposition 7. Suppose that a € (—1, 1). The boundary value problem (2.2), (2.3)
has a positive decreasing solution A with the following properties:
(1) There exists a positive constant d such that

lim A1) = —d;,

t—0

with

- (l—a) (
ds = (+

(ii) Forallt > 0,

B r(f) _ard—sr2 ()
)T (359) rrE)yra+s)
At) ~ (1 +1%)~ 5,

At) ~ —179(1 + 13~ F

Moreover,
lim tA’ (l‘) 2 +a
im = .
t—+o00 A(t) 2
(>iii) There holds:
_ o 2 o
dj :/ (1 +t2)(AH? dr — %/ 1A% dt, (2.5)
0 0

@iv) In case a € (—1, 0], we have
1A (1) + %A(t) <0.
Moreover fora € (—1,0) and all t > 0 we have
1A' (1) + %A(t) ~ —AQD).

Proof. We change variables in (2.2) by z = —12 and define B(z) such that A(t) =
B(—1?), whence A; = —2tB, and A;; = —2B, + 4t B_,. It then follows that B(z)
satisfies the Gauss hypergeometric equation

1+a 3+aZ)B/_a(2+a)B

=0, —o00<z<0,

1_ B// _
z(1 —2) —i—( 5 5 T

whose general solution is given by

a 2+a 1+a I—a 2—a 4—a 3—a
B CiF s C 2 F s , ; ;
(2) =C 1(4 ) > )~I— 2z 2( 1 2 2 z)

see [1, Section 15.5 as well as 15.1] for the definition and basic properties of the
function F. It follows that

2 1
AG) = C1Fy (a +a ~|—a’ —t2)

4 4 2

in(l—a 2 — 4 - 3 -
Oyl T )Fz( i —tz). (2.6)

4 4 2
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Since F(«, B,y;0) = 1 for any «, B, y, the condition A(0) = 1 implies that
Ci; = 1. We then have

dy =~ lim 1A' (1)
—0t

= — lim (“(=20F] + (1 )G T Ry — 20y e T FY)

in(l—a)

=—(1—-a)Cre 7 . 2.1

In the above calculation we have also used the fact that
, d opf
Fla,B,v;2) = d—ZF(a,ﬂ,J/;z)= 7F(a+l,ﬁ+l,y+ 1; 2).

We next compute the behavior of A at infinity. To this end we will use the inversion
formula, valid for any «, B, y and |arg(—z)| < 7:

) _F(V)F(,B—Ol)_ —u B . 1
F(a,ﬁ,y,z)——r(ﬂ)F(y_a)( Z) F(a,l y+a,l ,8+a,z)
ro)ra—-p -8 ( ) 1)
= Pl PF(B,1- 11— =
F(a)F(y—,B)( 2) B, y+8 a+p p

We then calculate

)T (5)
)

r(54)rQ) o I (35
ll}mmle(t) = W + Cre™ 2 ]"2(

To make this limit equal to zero, we choose

|-l>

).
%)

| [+

Cyr=—e

~sta I (55) 72 (55
r2 (5 r(
Combining this with (2.7) we conclude
6?; _ (1—a)l” (%) r? (‘%) _ 25T (1 —s)]"2 (%)
o rEYr Y r2(32)ra+s

At this point, both constants Cp, C3, in (2.6) have been identified. After some
lengthy but straightforward calculations, we find that as ¥ — +o0,

(5]
9

(2.8)

4+a

_2ta , _dta
Aty ~t— 2, A@) ~t 2. 2.9)
In addition, we get
tA’ (t) 2 +a
t—>+oo A(1) 2

Using (2.4) and the above asymptotics, we easily conclude that the solution A is
energetic, that is,

o0 o
/ (1 + t2)(A)H* dr +/ t“A%dt < oco.
0 0

Multiplying (2.4) by A and integrating by parts in (0, oo) we arrive at (2.5)
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To prove the positivity and monotonicity of A, we next change variables by:
B(s) = (1+)TA@), s=1/1.

It follows that B satisfies the equation

2
(1+522B" + @2 —a)s(1 +s2)B — %B =0, se(0,+00),

with B(0) = 0 and B(+o00) = 1. A standard maximum principle argument shows
that B is positive. Consequently, A is positive and the monotonicity of A follows
easily.

The positivity and monotonicity of A in connection with the asymptotics of A
easily yield part (ii) of the proposition.

Part (iv) follows easily from the monotonicity of A and part (ii). O

Using the asymptotics of A(t), from the previous Proposition we easily obtain
the following uniform asymptotics for ¢

Lemma 2. Suppose a € (—1, 1) and let ¢ be given by

p(x,y)=d 2(x)A (%) , vy>0,xe 2 CR”",
X
where A solves (2.2), (2.3).
(1) Then
d
¢(X7)’)~W, y>0, x € £2.
+y5)

Concerning the gradient of ¢, for a € (—1, 0], we have

1
IV, n@(x, )| ~ m, y>0, x € 22,
y
whereas for a € (0, 1),

y*a
Ve, M~ ———, y>0, xefn.
@+ )
(ii) If 2 satisfies —Ad(x) = 0 for x € 82, then fora € (—1,0)

a

—div(yV ) ~ Y (—dAd), y>0, xe,
(@ +y)%
whereas for a = 0,
—div(V§)p ~ —2——(~dAd), y>0, x € £2.
(d*+y?)2

We are now ready to give the proof of Theorem 1.
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Proof of Theorem 1 parts (i) and (ii). We assumethats € [%, 1) or, equivalently,
a € (—1,0]. We will use Lemma 1 with the test function ¢ given by

2

¢x,y) =d 2 (x)A (d(x)

), y>0, xe 2 cCcR",

where A solves (2.2), (2.3). Using Proposition 7 and Lemma 2 we see that all

hypotheses of Lemma 1 are satisfied. In particular, for t = 3—1 we compute, for

x € £,

. ( a¢v) . (a A'(r) ) 1 . ( t“A’(t))
— lim {y"— ) =— lim (¢ = lim { —
y—0F ¢ y—0F d'=2A(t) d'=a(x) >0+ A(t)

- dl_“(x)‘

(2.10)
We also have

—div(y?V¢) = —y* a1 (B + DA+ (a + 2R+ a)A +

a [ t
—y 17173 [ (—d Ad) (tzA’ + %A)}

2+a)a fAi|
4

a [ t
= —y*1g7172 | (=d Ad) (;2A/ + %A)} ,

therefore,
—div(y*Ve¢) 20, xe€ £, y>0.

From Lemma 1 we get

+o00 2 400
a2 s [ w0 a Vo
|Vu|”dxd zd/ dx+ |Vu——u|"dxd
/0 /:zy V=D g daa) 0 o é Y
+00 di ayy
—/ / dvOTVP) 2 4 dy, 2.11)
0 2 ¢

from which the trace Hardy inequality follows directly. This relation will be used
later on, in Sections 5 and 6, to obtain the Sobolev term as well. B
We continue with the proof of the optimality of the Hardy constant d;. Let

Jo7%° [ y41Vul? dx dy _ N[u]

u?(x,0) - ’
f_Q dlfa(x) d)C D[Lt]

Qlul := (2.12)

We have that Q[u] = d,. Here we will show that there exists a sequence of functions
ue such that limy o Qlu.] = dy, and therefore d, is the best constant.

We first assume for simplicity that the boundary of §2 is flat in a neighbor-
hood V of a point xo € 9S2. The neighborhood of the point x¢ is assumed to
contain a ball centered at xo with radius, say, 3§. Locally around x¢ the boundary
is given by x,, = 0, whereas the interior of §2 corresponds to x, > 0. We also write
x = (x', x,). Clearly, for x € £2 NV we have that d(x) = x;,.
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We next define two suitable cutoff functions. Let ¥ (x") € C§°(Bs), where
Bs C 082 C R"~! is the ball centered at xo with radius 8. Also, the nonnegative
function h(x,) € C®(R™) is such that 4(x,) = 0 for x, = 28 and h(x,) = 1 for
0 < x,, < 3. We will use the following test function:

B A (L), v ze

ue(x', x,, y) = L (2.13)
)Y 6 2A (L), 0y <e.
We have that
oty = J0 A Iy” dxn fy, A IVueR Nl o1
ug] = 3 = . .
2 4y L, dX’x:fa Dluc]
Concerning the denominator, we compute
8 e
Dlu,] =/ v () dx’/ x, 1A? (—) dx, + 0. (1)
Bs 0 Xn
+00 2(1)
= 1//2(x’)dx’/ dr + 0. (1). (2.15)
Bs &/5 t

We next calculate the numerator. At first, we break N into two pieces:

& +00
Nlug]l = / dy +/ dy =: Nilue] + Nofue].
0 e

Using the specific form of u, and elementary estimates, we calculate:

5 +o00 8 ya
Nolug] = Y= (x') dx// dy/ dx,——=
‘ Bs & 0 nxg+2

2
T )
2 Xn Xn Xn Xn
+00 § y
[ vveora [ ay [ anytea (—)+os<1>
Bs & 0

Xn
=: Nojlue] + Noglue] + O (1).

‘We note that as ¢ — 0,

“+o00

)
Noluel = [ VY ()P de’ / * /  A2(1)didx,
Bs 0 &/xn
= 0(1).

Concerning Nji[u.], changing variables by t = ﬁ we write:
+o0 d +o00 , 2
Nafuel = | v2() dx// —y/ 14 [Az(t)+ (EA(I)+tA’(t)) } dr
Bs ¢ y Jyss 2

9 400 dy +00 N a2 )
= WY (x/)dx’/ —/ ¢ [(1 +1)AS+atAA+—A } dr.
Bs e y Jys 4
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Integrating by parts the term containing the factors AA’, then using the equation
satisfied by A (see (2.4)), we get

+00 , a2
/ [t“(l + 1A% +ar'traA + —t”Az] dt
y/8 4

+00 , 2 1
=/ [;“(1 +1HA? - @zmz} dr + 5at”“Az(t)
y/8

|
191 + YA A’ (t)‘ + Sar*oa?

=2
=3

whence,
+00
207 / 1 a 2 /
Notlug] = — Yo (x") dx —t"(1+t9)A@)A (t)dr + O (1).
Bs g/s 1

It is not difficult to show that N[u.] = O, (1), and therefore Nu.] = Noi[u.] +
O, (1). Using (2.15), in addition, we can form the quotient

— [, ¥ () d’ ;{;"’ L1+ ) A A (1)dt + 04(1)

slg%Q el = slg% f 1]”2()6/)(1)6/ +oo A? (t)dt + 0:(1)

B e/s €

. ;;’0 L1+ 2 A A (t)dt

£—0 +00 Az(t)dt

g/ t

o m o?(1+ 02 A (o)

o0 A(o)
= d, (2.16)

where we used L'Hopital’s rule and then part (i) of Proposition 7.

Let us now consider the general case. We assume that 352 is C! in a neigh-
borhood of a point xp, which we take to be the origin 0 € 9$2. Thus, locally,
052 is the graph of a function X, = y(x’), with y(0) = 0 and Vy(0) =
We also assume that the interior of £2 corresponds to X, > y(x’). Then the fol-
lowing change of coordinates straightens the boundary in a neighborhood of the
origin: x; = %;,i = 1,2,...,n— 1, and x, = X, — y(X'); see for example [22,
Appendix C]. We assume that inside the ball B(0, 34) (in the x-space) the image of
052 is flat. We then consider the test function v. (x, y) = u(x, y). Clearly ve(x, y)
is zero away from a neighborhood of the origin, say U, and elementary calculations
show that

Vive = Vittg — e x, Viy (X),
whence,
|Vive — Vitte| = [Viy )| Vaste| = 05(1)| Vel
It then follows that

[Vivel = [Viue|(1 4 05(1)).



Sharp Trace Hardy—Sobolev—Maz’ya Inequalities and the Fractional Laplacian 125

On the other hand, for x € U and d(x) = dist(x, 0£2), we have that
d(x) = (B, — y G+ [Vey G2 = x,(1 + 05(1)).

We finally note that the Jacobian of the above transformation is one, and therefore
dx = dx. We then compute

Ofve(x, y)] = Qlus(x, y)I(1 + 05(1)),

where Q[u.(x, y)]is given in (2.14). Since § can be taken as small as we like, the
result follows easily, using the calculations from the flat case. O

3. The Trace Hardy Inequality 1T

In this section we will prove the trace Hardy inequality contained in Theorem 4.
We first establish the analogue of Lemma 1:

Lemma 3. Suppose that a € (—1, 1) and letu € C3°(R" x R) such that u(-, 0) €
C3o(R2). Let ¢ € C2(R" x (0, 00)) N C(R" x [0, oo)) such that ¢(x,y) > 0in
R" x [0, 0), ¢ (x,0) =0inx € CS2,

|a¢y( . Y)
P(x,y)

Moreover for almost everywhere x € §2, the following limit exists:

i ( a¢y(x,y))
im (y'———]).
y—>0F d(x,y)

We also require that the following integrals be finite

400 \v4 2 +00 di ayy
|y e aay [ LR gy,
0 " ¢ 0 " ¢

We then have the identity

+o0 +o00
/ / y |Vu|2dxdy—/ / v\ Vu — u|2dxdy

400 a
_/ / Muzdxdy—/ lim (y“¢—y)u2(x,0)dx. G.1)
0 n ¢ Qy—0t 0]

The proof of this lemma is quite similar to the proof of Lemma 1, so we omit
it.
This time we will choose the test function to be of the form

|<V&), ye (0. 1), xeR", 0<V(x) €Ll (R").

2 -%p(d
¢(x,):’(y +d)4B(y), xeR, y>0 (3.2)

(2 +d)TEB(=Y), xeCR, y>0,
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where function B is the solution of the boundary value problem

a2
A+>*B"+ 2 —a)y(1+1*)B — SB=0, 1e(-00,+00), (33)
complemented with the conditions
B(—00) =0, B(4o0)=1. 3.4

We note that this can be written in divergence form as

2
(14238 (1)) — %(1 +)1"8B1) =0, 1eR. (3.5)

We next collect some properties of B that will be used later on.

Proposition 8. Suppose that a € (—1, 1). The boundary value problem (3.3), (3.4)
has a positive increasing solution B with the following properties:
(1) There exists a positive constant kg such that

lim (14123 B'(1) = k,, (3.6)
f—+00
where

- 202 () r (B _ 2R s+ pra - $)
’ xr (159) w r(s)

(i) We have

Bi)~1, t>0
Bit)~ 1+~ <0,
B(t)~ 1+~ teR.

(iii) There holds:

- +00 a 1 a2 a
ks =/ [(1“2)1_232(’”Z(1+’2)_1_232(’)] dr.

—00
@iv) In the case where a € (—1, 0], we have
(14 2)B'(1) — %tB(t) ~0, reR.
Moreover, fora € (—1,0)
2\ p/ a 2,1
(1+t)B(t) — EtB(t) ~{1+r9)2, t>0.

Proof. When a = 0 the ODE can be easily solved by a straightforward integration.
For the general case, we first change variables by B(t) = (1 + )3 f(¢) to obtain
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(1—|—t2)f”+2tf’+a(24—_a)f=0.

We next change variables by g(z) = f(¢), z = it, so that g satisfies the equation
(1—22g" =22 +vv+1)g =0, v= —%. 3.7)

The solution of this is given in [1, Section 8.1]:

+ +

2(2) = gl—?EZ) + C2_QV(Z), Imz >0, (3.8)

1 Dy 2) +C2 0v(z), Imz <0.
We also have that
B(t) = (1+ %) 2g(in).

The conditions at infinity then become

lim r~Vg(@it) =1, lim (—1)""g(it) =0. 3.9

t—+00 t——00

To find the constants in (3.8) we will satisfy the conditions at infinity (3.9) and we
will match both g and g’ at z = 0. That is, we will ask

g(+i0) = g(=i0), g'(+i0) = g'(~i0). (3.10)

We recall from [1, Section 8.1] that for |z| > 1:

o v+1 v+2 2v+3 1
Py(z) = A1z7" ‘F( —2)

27 27 2 Z
A v 1-v 1-2v 1
W\
v+2 v+1 2v+3 1
=Ez " 'F =
0.(2) 12 ( ) z2)

where,

2l ir(—v — b e 2r M+ b

Al_ 2 = ’
I'(—v) r'a+v)
El:Z’” 71'21"(1—1—1))
r(3+v)

From the asymptotics when t — 400, we easily conclude that

F—V

l
Chf=—, Cc7 =0. 3.11
1 A2 1 ( )
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We next see what happens near zero. For |z| < 1 we have that

v v+1 1 1—v 2+v 3
Py(z) = B F (—— —;zz) +BzzF( ,—;z2>,

27 2 72 ) 2
+ +iT (v—1 vyv+l 1o,
0F(@R) = Me* T )F(_a 5 5
i 1—v v+2 3
DeT2 V. F i -2 i
LRk ¢ ( 2 T2 2t

where the plus sign corresponds to Im z > 0 and the minus sign to Im z < 0. The
values of the constants are given by:

By — T2 B, — —2m2
TriyrEy T rEyrwy
w1l (1Y) 71014 3)
N=oriro 2= [
2ra+3%) r (&)

An easy calculation shows that the matching condition (3.10) yields
Cy MeT 0D = ¢F By + ¢ Me TV,
CyMe T = CF By + Cf e TV,
from which it follows that

Ci iz, [B B
ct ——lez"[—2+i—li|

2 I I
ct .. [B B

C; =22 (3.12)
2 I I

Thus all constants in (3.8) have been computed (see (3.11) and (3.12)), and therefore
g(z) is now completely known.
The asymptotics of g for |z| — +o0 are

8(2) = Cf Mz + (CT AL+ CTENZ V! o217,
g(@) = CEawz"™ — (v + DICT AL+ CTEN" 2 4+ 0(21" ),

where the plus sign corresponds to Im z > 0 and the minus sign to Im z < 0. We
have that B(t) = (1 + tz)_ig(it), whence we get

B(t) =i""CIEi (=) F o=, 1> —o0.
Concerning the derivative, we have for z = it
B(t)=—vi(>+ 1) 2 g +i(1l +2) 24 ().
Whence,
B'(1) = Qv+ Di'™(CF AL + CFENt 2 4 0(t772), 1 — 4oo,
B'(1) = Qv+ Di'""CyE1 (=) 2 +o((—1) "), t— —o0.

This completes the proof of part (ii) of the proposition.
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We next give the proof of part (i). From (3.6) and the asymptotics of B(t) for
t — +00, we compute

_ 20+ 1 Ei (_A B B
kS:(er )i172v_1 2L _ B2 121} (3.13)
2 A Eq I I

Using the explicit values of the constants we calculate:

E| 272 lpr2(14+v) A sin(wv)

A (0 G+ E mcos@my)
B, 2sin(%) B _ 2cos (%)

’

I T I T

Plugging these into (3.13) we conclude that [recall that v = —a/2 =5 — 1/2]

2 n () 2 (5 T ()
' T r (% +v) al (1%“)
1-2s 2 1 _
_2E 4 Hra—y o
b/ I'(s)

To prove part (iii) we use part (i) and we integrate the ODE (3.5).

By standard maximum principle arguments, the solution B(¢) of (3.3) subject
to (3.4) is positive and increasing. To prove part (iv) assuming that a € (—1,0),
we set f(1) = (1 + 12)’%B(t) so that

a2 —a)

A+ f" +2f + 1

f=0,
and a similar maximum principle argument shows that f(¢) is also increasing. Since
fo=a+A7 5 a+d8 - 5iB).
we conclude that
(1+t2)B/—%tB ~0, teR, a<0.

Using the asymptotics of B, B’ from part (ii) we conclude the proof of part (iv).
O

Using the asymptotics of B(¢) from the previous proposition, we easily obtain
the following uniform asymptotics for ¢.

Lemma 4. Suppose a € (—1, 1) and let ¢ be given by

(y2+d2)’%B(‘;‘), xeR, y>0

(x,y) = .
Py {(y2+d2)43(—§’), xeCR, y>0,

where B solves (3.3), (3.4).
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(1) Then

O +d>71, xeR,y>0

d(x,y) ~ Iy]a(y2+d2)‘142, xeC, y>0.

Concerning the gradient of ¢, for a € (—1, 0], we have

P +d)"F, xeQ, y>0

y 4 (y? +d2)a12, xeCf, y>0,

Vo (x, y)l N[

whereas for a € (0, 1)
Vo, )~y 0P +d) T, xeR y>0.

(ii) If 2 satisfies —Ad(x) 2 0 for x € §2, then fora € (—1,0)

a

—div(y* V) ~ Y (~dAd), y>0,xe,
dd>+y») =
whereas for a = 0,
. Yy
—le(V¢)¢ ~ d(dz——|-yz)(_dAd)’ y > 0,x € 2.

We are now ready to give the proof of Theorem 4.

Proof of Theorem 4 parts (i) and (ii). We assumethats € [%, 1) or, equivalently,
a € (—1, 0]. We will use Lemma 3 with the test function ¢ given

(y2+d2)_%B (%), xeR, y>0

o (x, y) = [ (y2+d2)_%B(_%)’ x eCs82, y > 0.

Using Proposition 8 and Lemma 4 we see that all hypotheses of Lemma 3 are
satisfied. In particular, we compute

T ad’y(xa)’) _ 1 . Ya
- (y ¢<x,y>)_ o i (77 5)

x € £2. (3.15)

. S
- dl_”(x)’
We also have, forx € 2 andt = ‘;1 >0,
a a2
—div(y*Ve) = —y*(y* +d*) ! [(1 +12)2B"+2 —a)t(1 + ;2)3’—73}
at+1,.2 2\—4—1 2 @
+y" 07 +d) T —ad) [+ ) B — 18]

=y 62+ )T Cad [+ DB - %tB] : (3.16)
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whereas for x € C2 andt = —% < 0, we have
a a2
—div(y*V¢) = —y*(y> +d*>) 57! [(1+r2)23”+(2—a)t(1 + tz)B/—ZBi|
£y 2 4 aH) 5 (Ad) [(1 +)B — ;tB]
— 12 1 ab 51 (Ag) [(1 +)B — gtB] . (3.17)
Therefore, under our assumption on §2, it follows from Proposition 8 that

—div(y*Ve¢) =20, xeR", y>0.

We now use Lemma 3 to get

+00 +o00 V¢ 2
/ / y”|Vu|2dxdy§/ / v |Vu — —u| dxdy
0 n 0 n é
- u®(x,0) oo div(y?Ve)
ks [ ——dx — — T u’dxdy, 3.18
+S/gdl—amx /0 / o Y G19

from which the trace Hardy inequality follows directly. This relation will also be
used later on, in Sections 5 and 6, to obtain the Sobolev term as well.

We next prove the optimality of the Hardy constant. We will work as in Sec-
tion 2. Let

0" Jro Y IVulPdxdy _ Nfu]

0 =: .
@ gy 4 Dlul

QOlu] :=

(3.19)

We will show that there exists a sequence of functions u, such that lim, g Q[u,] <
ks, and therefore k; is the best constant.

We first assume that the boundary of §2 is flat in a neighborhood U of a point
xo € 052. The neighborhood of the point xg is assumed to contain a ball centered at
xo with radius, say, 35. Locally around x( the boundary is given by x,, = 0, whereas
the interior of §2 corresponds to x, > 0. We also write x = (x’, x,,). Clearly, for
x € £2 NU we have that d(x) = x,,.

We next define three suitable cutoff functions. Let v (x') € C(C)’O(Bg), where
Bs C 952 C R" ! is the ball centered at x¢ with radius 8. Also, the nonnegative
function h(x,) € C*(R) is such that h(x,) = O for |x,| = 28 and h(x,) = 1
for |x,| < 8. We also assume that A (x,) is symmetric around x, = 0. Finally, let
x(y) € CC(R) be such that 0 < x(y) =< 1,and x(y) = 1 near y = 0.

We will use the following test function:

e (s X0, ) = X W)Y DO +x) 4B (%) . xeR" y>0.
(3.20)
Using the asymptotics of B(f) we easily see that
~4+5

ue(x', x,,0) = h(xn) ¥ (x)x, , xR
0, x €C82.
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We then compute

+o00
D[us]z/R_l 1//2(x’)dx’/0 B2 (), 1 dx,. (3.21)

Concerning the numerator, a straightforward calculation shows that

2
‘ ((y +x2)” 4+4B(§:’))‘ =(—g+ ) Or+xD" 2+2_132(y)
(x +y2)1_7+%3’2 (x_")
yt y

It is then easy to show that

+00
Nlue] = 0.(1) + / V20 dy! / / 12 Con)y %2 ()
Rn—1 RJO

e 2 2 22,
(2 )i [(—%Jr%) B (%”)jt—(x" ;y) BQ(’;“)] dy dx,.

To estimate the double integral above, we first break the x,,-integral into two pieces:
from minus infinity to zero and from zero to infinity. We then change variables in
both pieces by t = x,,/y, thus going from the (x,, y) variables to (x,, t). After
elementary calculations, we arrive at

+00
Nlug] = 0. (1) + / Y2 (x') dx’ / R () x, 1+ dx,
0

Foo (1+t2) 177 % 2.2 »'2 a &\2 2
'/_oo X (m)T[(l-H)B (1)+(—5+5) B(f)] dr

Forming the quotient, we obtain

£

400 2y—1-5+% _ )2
o1 < [ %[(th)zls’%H%B%)} dt + 0.1,

We finally send ¢ to zero to get

+00

gli_rf(l) Olugl = /

—00

[(1+r2)1—23 0+ (1+z2) I_ZBZ(Z):I

= ky: (3.22)

the last equality follows from Proposition 8(iii).
The general case where 952 is not flat is treated in the same way as in Section 2.
]
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4. Some Weighted Hardy Inequalities

In this section we establish some new weighted Hardy inequalities that will
play a crucial role in establishing trace Hardy—Sobolev—Maz’ya inequalities.
We first prove the following:

Lemma 5. Let 2 C R” be such that —Ad(x) = 0 for x € 2. If A, B, T" are
constants such that A+ 1 > 0,B+1 > 0and 2I" < A+ B + 2, then for all
v € Cy°(R" x R) there holds

(B+1)(B+A+2-2I'") +°°/ oldrd
v
B+A+2 o (dz 2)F xdy
+00 AgB+1 +00 yAgB+1
/ /_Q(dz_i_yz)p( Ad)lvldxdy+/ /Q(d2 2)FIVv|d)cdy,

@.1)
where 't = max(0, I').

Proof. Integrating by parts in the x-variables, we compute

+o00 “+o00 AVd VdBJrl
(B+1)/ / Pz 2)F|v|dxdy—/ / (d2 T |[v|dx dy
+00 AdB+1( Ad) +o00 A B+2
/ / (d2+y2)r |v|dxdy+2F/ /_Q—(dz 2)r+1|v|dxdy

+o00 A B+1
/ /Sz(d2+y2)FVd-Vx|v|dxdy. 4.2)

If I' < 0 the result follows easily. In the sequel we consider the case I > 0.
In the previous calculation there is no boundary term, due to our assumptions. To
continue we will estimate the middle term in the right-hand side above. To this end
we define the vector field F by

yAdB+3Vd yA+ldB+2
e ((cﬂ DT (@ 4y ) )
We then have
+00 +00
/ / divF|v|dxdy=—/ / F-Vijv|dxdy
0 2 0 2
+00
< / / |F||Vv|dxdy. (4.4)
0 2

We note that because of our assumptions A + 1 > 0 and B + 1 > 0, there are no
boundary terms in (4.4). Straightforward calculations show that

yAdB+3(Ad) yAdB+2

(d2 + y2)F+1 (4‘5)
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and
AgB+2 yAdB-H
(dz + yZ)F+1/2 = (d2 + yZ)F :

IF| = (4.6)

From (4.4)—(4.6) we get
400 A B+2

+0o0 A B+3 +o00 A B+1
/ /S2(d2+y2)1"+1( Ad)lvldxdy+/ /Q(d2 FIVv|dxdy

Combining the above with (4.2) we conclude the proof. O

We will also need a version of the above lemma in case where A+ B+2 = 21I".
In this case we have:

Lemma 6. Suppose that 2 C R”" is such that —Ad(x) = 0 for x € §2 and has
finite inner radius. If A, B are constants such that A+ 1 > 0, B+ 1 > O, then for
all v e Cj°(R" x R) there holds

B+1 +o0 Ad3x2|v|
A+B+2 dx dy
A+B+3 2 (d?+

+o00 AdB+1X|v| 400 AdB+1X|Vv|
Ad)dxdy + dxdy,
/ /Q (d2+y2) A (—Ad)dxdy / /Q W+ A+B+2 xay

4.7)
where X = X (%) and X (1) = (1 —Int)~',0 <1 < 1.

Proof. Integrating by parts in the x-variables we compute

+o00 Ade2| | 400 AdBX3|l)|
B+1 dxd 2 dxd
(B + )/ /Q e A+B+2 xdy + / /Q @+ ) AtB+2 xdy

+o00 AdB+lx2( Ad)
<[ |2 e loldvdy
2 (d+y) 2

+o0 AdB+2 2
A+B+2 ———|v|dxd
+(A+ B+ )/ /Q (d2 )A+B+4 [v|dxdy

+o0 AdB-i-l
Vo dx dy. 4.8)
/ /_Q (dz + yz) A+B+2

In the previous calculation there are no boundary terms due to our assumptions.

To continue, we will estimate the middle term in the right-hand side above. To this
end we define the vector field F by

AdB+3XVd A+ldB+2X
F(x,y) = 4.9
(x, y) @ +32) Atprd” @+ 2 A+pd 4.9)
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‘We then have

+o0 +oo
/ /diVF|v|dxdy=—/ /F~V|v|dxdy
0 2 0 2
+00
§/ /|F||Vv|dxdy. (4.10)
0 2

We note that because of our assumptions A + 1 > 0 and B + 1 > 0, there are no
boundary terms in (4.10). Straightforward calculations show that

) yAdB+3X(Ad) AdB+2X2
divF = 5 o\ AtBE+A + ) 2y AtEE” (4.11)
(d“+y7) 2 d”+y?)
and
o AgB+2y yA@B+ x @
- (d2 )A+B +3 = (d2 )A+B+2 .

From (4.10)-(4.12) we get

—+o00 AdB+2 2
v|dxd
[ e =T

+00 AdB+3X
Ad)|vldxd
</ /Q(dz e (Ad vl dx dy

+00 AdB+1
Vu|dxd
A e =L

Combining the above with (4.8) we conclude the proof. O

Without imposing any geometric assumption on §2 we have the following result
that will also be used later on.

Lemma 7. Let 2 C R". If A, B, I' are constants suchthat A+1>0,B+1 >0
and 2I' < A + B + 2, then there exist positive constants ¢\ and ¢y such that for
allv e Ci°(R" x R) there holds

+00
/ /_Q(dz 2)F|v|dxdy

—+00 A B+1 +00 A B+l
Vuldxd dxdy.
C‘/ /9<d2+y2)F' vlds ””/ /Q<d2 yyrvldedy

(4.13)

Proof. Here we will use the fact that 92 is uniformly Lipschitz. Let {U;} be a
covering of 2, = {x € £ : dist(x, 0§2) < ¢} and let ¢; be a partition of unity
subordinate to the covering {U;}. We then have

+00 +oo
/ /_rz @ F|v|dxdy<Z/ /Q @ F|¢,v|dxdy
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In each U; we straighten the boundary and use the equivalence of the distance
function to the regularized distance as well as to the difference x, — f;(x’) (see
[41, section 3.2], or [30, section 12.2]) and obtain

+00 +00
/ /Q (d2+y2)r|¢lv|dxdy<0/ / T 2)F|¢>iﬁ|dxdy,

for some constant C independent of i. We next use Lemma 5 to estimate the right-
hand side of this, thus obtaining

+00 +00 A B+1
/ / (t2+y2)p|¢lv|dxdy<c/ / S V@Dl dy
o0 +00

A B+l yA[B-H

+
: Vildxd = |V§ill] dx dy.
c/ R (t2+y2)r¢z| v| dx y—l—C/ - 7 2)r| ¢illv]dx dy

Hence, returning to our original variables, we have

+00
/ /(d2 2)F|¢,-v|dxdy

+o0 AdB+l +o0 A B+1
§c/0 /6 (d2+y2)r¢,|Vv|dxdy+c/ /5 T 2)F|V¢,‘||v|dxdy.

Summing over i we get

+oo
/ /g (d2+y2)f'”'d"dy
A B+1

+o0 AdB+1 +00
<C Vuldxd C dxdy.
< 1/0 /Q(d2 I Vuldedy + 2/ /Q(d2 rlvldedy

The result then follows easily. O
When working in the complement of §2 we have the following surprising result:

Lemma 8. Ler 2 C R". If A, B, I" are constants suchthat A+1>0,B+1 >0
and 2’ < A+ B + 2, then forallv € C(‘)’O(R" x R) there holds

N i AyB
A+ 1A 2-2 —_—
(A+ DA+ B+ F)/ /cg(d2+y2)p

L[ yAT2gB+1
<2r / /CQ (d2+y2)[‘+1( Ad)|v|dx dy

|v|dx dy

+00 A+lB
A+B+2 Vu|dx dy, 4.14
+(A + +)/ /cg<d2 7y Vol dxdy (4.14)

where '™ = max(0, I').

We note that no assumption on the sign of —Ad is required.
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Proof. Integrating by parts in the y-variable, we compute

+00 400 A+24B
A+1 / / v|dxd §2F/ / —————|v|dxd
( ) ce (d2+y2)r| | Y= 0 co (d? +y2)r+1| | Y

400 A+1 B
/ /C.Q @i T [Vu|dx dy. 4.15)

If I' < 0 the result follows easily. In the sequel we consider the case I" > 0.
In the prev10us calculation there is no boundary term, due to our assumptions. To
continue we will estimate the first term in the right-hand side above. To this end
we define the vector field F by

A+2 jB+3 A+3 B
yATedP T Vd yaAT2d
F(x,y) = 2 L T+ (72 L T +1 (4.16)
(d* + yHIH (d? +yHi'+
We then have
+o0o “+o00
/ / divF|v|dxdy = —/ / F - V|v|dxdy
0 C 0 C
+00
§/ / |F||Vv|dx dy. 4.17)
0 cR

We note that because of our assumptions A + 1 > 0 and B + 1 > 0, there are no
boundary terms in (4.17). Straightforward calculations show that

A+2 gB+1 A+2 gB
. y dm T (Ad) yird
and
A+2dB yA+ldB
IF| = (4.19)

(dz + y2)F+]/2 = (d2 + yZ)F .
Combining the above we conclude the proof. Again,we note that in all integrations
by parts there are no boundary terms, due to our assumptions. 0O

As a consequence of Lemma 5 we have:

Lemma 9. Let 2 C R" be suchthat —Ad(x) 2 0, forx € Q2 andw € C(l) (R"xR).
If A, B, I' are constants suchthat A+1>0,B+1>0,and2" <A+ B+ 2,
then,

(B+1)*(B+A+2-2I")>2 [ yAd®P 2 4o d
4B+ A +2)2 a2+ ynr Y
(B+A+2) o (d=+y?)
(B+1)(B+A+2—2r+> teo o yAatt! 2
S BrALD d2 — > (—Adw dxdy
(B+A+2) o d*+y9)
+00 A B+2
/ /Q(aﬂ 2)1,|Vw|2dxdy, (4.20)

where I't = max (0, I').
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Proof. We apply Lemma 5 to v = w?. To conclude, we use Young’s inequality in
the last term of the right-hand side. We omit the details. O

In the case where A + B 4+ 2 = 2I" the L? analogue of Lemma 6 reads:

Lemma 10. Suppose that 2 C R" is such that —Ad(x) = 0 for x € 2 and has
finite inner radius. If A, B are constants such that A+ 1 > 0, B+ 1 > 0, then for
allw € C3°(R" x R) there holds

+ A By?2
B+1 / OO/ d°X wzdxdy
2(A~|—B~|—3) o (d2+y2) +B+2
+00

A B+1
< B+l / d Afmz( Ad)w? dx dy
2(A+ B +3) 2 (d? + y?)
+o0 A B+2 )
\Y dxdy, 4.21
s (d2+y2)/wl w dxdy @2

where X = X (%) and X (1) = (1 —=Int)~1,0 <t < 1.

Proof. We apply Lemma 6 to v = w?. To conclude, we use Young’s inequality in
the last term of the right-hand side. We omit the details. O

In the case of half space, a more delicate result is needed. More precisely, we
have:

Lemma 11. Letv € C°(R" xR). If0 < A = 2, B+1>0,and2I' < A+B+2,
then the following mequallty holds true:

+00 +00 A 1+B
co/ /n (x2+y2)r A|v|dxdy / /n (x2+y2)F|Vv|dxdy (4.22)

where
AB+1)(B+A+2-2I'")
(A+B+2)(A+2B+2) -2 (B+ 1)

The same result holds true if we replace R”, by R with |x,| in the place of x,.

co) =

Proof. We will use polar coordinates, x, = r cos @, y = r sin 6. We first establish
the following inequality for the angular derivative.

3 3
A/z(sine)*f‘(cose)ﬁmde < (1+A—|—B)/ (sin @)+ (cos ) |v| do
0 0

n / " (sin0)(cos0) B lupldo.  (4.23)
0
‘We have
d
E((sine)f‘(cos N8By = A(sin0)A(cos 0)*TE — (14+B)(sin )21 (cos 6) 8

= A(sin®)2 (cos0)® — (1 + A + B)(sin0)2 T (cos9)?,
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therefore an integration by parts gives:
A/Og(sine)A](cose)B|v| d9 < (14+ A+ B) /Og(sin9)1+A(cos9)B|v| do
—i—/og(sinQ)A(cosé)l+B|v9|d9.

Since A < 1 5» we also have that (sin 0)~4 < (sin@)2~! and (4.23) follows.
We next multiply (4.23) by rA+B+1=2I" and then integrate over (0, 00) to

conclude:
+o0  p4oo —A B
/ / (x 2)1-v A|U|dxndy

400 p+00 1+AxB
<(1+A+B>/ / — 1 juldx, dy
(o + )T

+o00 +o00 A 1+B
/ / (x 2)F|Vv|d)cn dy

+o0  pt+o0 yAan
§(1+A+B)/ / Whﬂdx,,dy
n

+o0 +o00 A 1+B
/ / (x2 2)F|Vv|dxndy (4.24)

We next estimate the first term in the right-hand side by using Lemma 5, that is,

(B+1)(B+A+2—2F+) oo p4oo
|v|dx, dy

B+A+2

+00 +00 A B—H
/ / (x2+y2)F|Vv|dx,, dy.

A further integration in the other variables completes the proof. O

2)F

5. Half Space, Trace Hardy and Trace Hardy—Sobolev—-Maz’ya Inequalities

Here we will prove the trace Hardy and trace Hardy—Sobolev—Maz’ya inequal-
ities appearing in Theorems 2 and 6. We start with the trace Hardy inequalities.

5.1. Half Space, Trace Hardy I and I1

In this section we will provide the proof of the trace Hardy inequalities appear-
ing in Theorems 2 and 6.

Proof of Theorem 2 part (i) and (ii). The case where s € [%, 1) is contained in
Theorem 1. We next consider the case s € (0, %) or, equivalently, a € (0, 1).
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We will use the notation x = (x', x,,) € R’} with x,, > 0. We will use Lemma 1
with the test function ¢ given by

R

n

¢(x,y)=xn_2A( ) y>0,x,>0, x R,

where A solves (2.2), (2.3). Using Proposition 7 and Lemma 2 we see that all
hypotheses of Lemma 1 are satisfied. In particular, for ¢t = E we compute, for
x eR%,

. (yacpy(x,y)) _ 4

y—0* ¢(x,y) e

We also have
—div(y*Ve¢) =0, y >0, x eRL.

From Lemma 1 we get

+o00 B 2 0
/ / ¥V dx dy gd‘Y/ “ (lx_’a)dx
0o Jry RL X
+0o0 V¢
+/ / Y Vu — ——u|*dx dy, (5.1)
0 n ¢

from which the trace Hardy inequality follows directly. This relation will be used
later on to obtain the Sobolev term, as well.

The optimality of d; follows by the same test functions given by Equation (2.13)
as in the flat case of Theorem 1. The fact that a covers the full interval (—1, 1) does
not affect the calculations leading to (2.16). O

Proof of Theorem 6 part (i). The case where s € [%, 1) is contained in Theo-

rem 4. We next consider the case s € (0, %) or, equivalently, a € (0, 1). We will
use Lemma 3 with the test function ¢ given

a X,
o(x,y) = (y2 +x3)*13 (7") , y>0, x, €eR.

Using Proposition 8 and Lemma 4 we see that all hypotheses of Lemma 3 are
satisfied. In particular, we compute

— lim (y“ 9y, y)) _ K X, > 0.

y=0* P, y) ) xh

An easy calculation shows that

—div(y*Ve¢) =0, xeR", y>0.
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We now use Lemma 3 to get

400 B 2 0
/ / y“|vl4|2dxdy§ks/ “ (lx_’ ) dx
0 n RY x, ¢
Vu — —u

+00
_"_ a
/0 /ny é

from which the trace Hardy inequality follows directly. This relation will also be
used later on to obtain the Sobolev term, as well.

The optimality of k follows by the same test functions given by Equation (3.20)
as in the flat case of Theorem 4. The fact that a covers the full interval (—1, 1) does
not affect the calculations leading to (3.22). O

2

vé dxdy, (5.2)

5.2. Half Space, Trace Hardy-Sobolev—Maz’ya I and Il

Here we will give the proof of the trace Hardy—Sobolev—Maz’ya inequalities of
Theorems 2 and 6. We will first establish different trace Hardy—Sobolev—Maz’ya
inequalities where only the Hardy term appears in the trace, and which are of
independent interest.

Theorem 9. Ler 0 < s < 1 and n 2 2. There exists a positive constant ¢ such that
forallu e C°(R’L x R) there holds

+0 , - u?(x, 0)
/ / VBV pux, y)P dxdy 2 ds/ dx
0 R R

2s
Xn

n=2s

+oo 2m+1) s
+c / / lu(x, y)| =2 dxdy . (5.3)
0o Jr:

P 20 (1 — )% ()
O r(E)re)

with

(5.4)

Proof of Theorem 9. From the proof of Theorem 2 we recall the inequality (5.1),
that is,

+00 B 2 0
| veparayza [ SR
0 i R} Xy

“+00
e
o Jry

qb(x,y):x,,_zA(l), y>0,x,>0, xR,

n

2
dxdy, (5.5)

Vu—ﬁu
¢

where ¢ is given by

and A solves (2.2), (2.3).
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The result will follow after establishing the following inequality:

too +oo 2n+1) %
/ / dxdy >c / / |u|n+a=T dx dy .

(5.6)
To this end we start with the inequality, see [33, Theorem 1, section 2.1.6]. For
any u € C°(R, x R) we have

Lt——l/t

2n+a
+oo a oo 20n+D) Sl
/ / y2|Vuldxdy = ¢ / / lu(x, y)| 2n+e dxdy )
0 " 0 R

. . 2n+a .
with the choice u = ¢ »+a=Tv. Hence we obtain

+o00 —+o00
/ /nyZ Gt |Vl dx dy + "+a/ /y2 GTHT Vb ] dx dy

+00 2n+a 2(n+1) 2(n+1)
z Cc / / |¢n+a—1 U| 2n+a dx dy . (57)
0 R

Next we will control the second term of the left-hand side by the first term of the
left-hand side. To this end we consider two cases. Suppose first that s € [%, 1), that
is, a € (—1, 0]. Using the asymptotics of Lemma 2 we get that

n+1
+a—1
a  _ntl yix,
y2¢n+a—l |V¢| (24+a)(2n+a) °
(x +y2) A(n+ta—T)
whereas
2n+ta
n+a—1
a 2n+a y2x,'f
2 —1 ~
y ¢n+a Q2+a)2n+a) *° (58)

(x2 4 y2) Aota-1

The sought for estimate then is a consequence of Lemma 5 with the choice:

_a — _n+l — C+a)@2n+ta) o
A=5B=—gadl = Tonra—T) taking into account that

AtBy2—or=C"90"D
— =—>0.
2(m4+a—1)
We next consider the case a € (0, 1). Using again the asymptotics of Lemma 2,
this time we have that

a _ntl
y 2 ¢n+a—l |V¢| BrawiD
(x + y ) 4(n+a—1)

+234
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whereas (5.8) remains the same. The sought for estimate now is a consequence of

Lemma 11 with the choice A = 4, B = n_’:_;l pand I' = % taking into
account that
2 — —1
A+Bt2—op=C00=D
2n4+a—1)

Therefore, for any a € (—1, 1) we arrive at:

+oo +0o0 2n+a %
/ / y2¢n+a 1|Vv| > / / |¢n+a Ty| 2n+a dx dy . (59)

2n+
To continue, we next set in (5.9) v = |w| wta T and apply the Schwartz inequality
in the left-hand side to conclude, after a simplification,

nta—1

+o00 +00 2n+1) n+l1
/ / y B2 Vw|? dxdy Z ¢ / / |pw|n+a=T dx dy , (5.10)

which is equivalent to (5.6). O

Proof of Theorem 2 part (iii). Our starting point now is the following weighted
trace Sobolev inequality, see [33, Theorem 1, section 2.1.6],

2n+a

+00 2n
/ / y2|Vu|dxdy>c(/ lu(x, 0)|2"+u dx) . u € Cy”(RY xR).
Again, we set u = ¢>n21;—al v to obtain the analogue of (5.7):

+00 2 +oo
/ /y¢n+a1|w|dxdy+ ””/ / $ 7T |Vl v] dx dy

2n+a
zc/
Rn

2n
4

2n+a _2n
|t (x, 0)v(x, 0)| Zr+a dx) . (5.11)

As in the proof of Theorem 9, we control the second term of the left-hand side by
the first term of the left-hand side to arrive at

2n+a

+oo a 2n+a 2n+a 2n 2n
yigreT Vol dedy 2 ¢ [ |¢FT (x, 0)u(x, 0)] 7 d
0 n R"

Again, we set v = |w|»+e-T and apply Schwartz inequality in the left-hand side to
arrive at

+0o0 +oo
(/ / v |Vu)|2dxdy) (/ / ¢w|n+a ldxdy)

2n +u

> c(/ |(¢w)<x,0)|n+a—'dx)
R
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We next use (5.10) to conclude, after a simplification,

oo o e
/ / ya¢2|Vw|2dxdy Zc / [(@w)(x, 0)|m+a=T dx ,
0 “ R

which is equivalent to

+00
/ / 3
o Jry

Combining this with inequality (5.1) we conclude the proof. O

Vu— —u
¢

2 . "
dxdy Z ¢ / lu(x, 0)|nFa=T dx
R

We next present a preliminary result which will play an important role towards

establishing the Hardy—Sobolev—Maz’ya II of Theorem 6.

Theorem 10. Let 0 < s < 1 and n = 2. There exists a positive constant c, such

that for all u € CSO(R” x R) with u(x,0) = 0, x € R", there holds

+00 B u2(x’0)
/ / YE Vi pulx, y)[* dx dy zks/ —d
0 " R"

X

n=2s

+o0 2(n+1) et
+c / / lu(x, y)| =2 dxdy ,
0 n

_2ErA s+ HI (A —)
B m I (s)

where

)

is the best constant in (5.12).

Proof. From the proof of Theorem 4 we recall the inequality (3.18), that is

+o00 _ 2 0
[ svepaayzi [ 2
0 n R x, ¢

+

(5.12)

—+00 \v/
+/ / V4 Vi — %ulzdxdy, (5.13)
0 n

where ¢ is given by

a X
p(x,y) = +x)"4B (7) y >0, x, €R,

and B solves (3.3), (3.4).

Again, the result will follow after establishing the following inequality:

2 +o0 jz—+1I
dxdy = ¢ (/ / |u|n+a T dxdy) (5.14)

l/t——l/t

Lk




Sharp Trace Hardy—Sobolev—Maz’ya Inequalities and the Fractional Laplacian 145

To this end we start with the inequality, see [33, Theorem 1, section 2.1.6], valid
for any u € C°(R" x R):

2n+a
+oo a 00 2(n+1) 2(n+1)
/ / y7|Vu|dxdy >C(/ / |u(x’y)| 2n+a dxdy) ,
0 R” 0 R”

with the choice u = ¢ »+a=Tv. Hence we obtain

+oo n+a +oo
y2 n+a 1|Vv|dxdy—|- y2 "+“ 1|V¢||v|dxdy

+o0 dnta 20+1) 2(n+1)
z c (/ / |pnta=Tuy]| 2n+a dx dy) . (515)
0 n

Next we will control the second term of the left-hand side by the first term of the
left-hand side. To this end we consider various cases. Suppose, first, that s € [%, 1)
thatis a € (—1,0] and x € R’}.. Using the asymptotics of Lemma 4 we get that

y3

a n+l
yip T V| ~

(2 4 y2y T
whereas
a 2n+a y%
y2¢n+a—l N—na) (516)
(x2 + y2)4(n+a D
We now apply Lemma 5 with the choice A = §, B =0and I" = 431(:1_'51)1) + ““iz,
taking into account that
2 — —1
A+B42-2r=2"00=D _,

2n+a—1)

Thus we get for some positive constant ¢ that
0 a 2n+a +oo a n+l
/ / y2¢ntaT|Vu[dxdy 2 C/ / y2¢raT|Vollv|dx dy. (5.17)
0 " 0 R

‘We next consider the case a € (0, 1), x € Ri. In this case

y_%

(n+1) 2—a’
(63 + y?) v+ 5

a n+1
y2¢n+a—l |V¢| ~

whereas

a 2n+a y%
y2¢n+n—l ~ W' (518)
(x + y2) A(nta—1)
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We now use Lemma 11 with the choice A = §,B =0and I' = % + M—:_“f)

taking into account that (xziiz)% <landA+B+2-2I= % > 0. We

then conclude that (5.17) is valid for all a € (—1, 1).
In a similar manner, for all @ € (—1, 1) and x € R”, we get that

(d=a)(n+1)
_%+ niazl

a n+1
y7¢n+a—l |V¢| ~

5 2 2—a)2n+a) °
(_xn + y ) 4(n+a—1)

whereas
g+(lfa)(2n+a)
a 2n+a y 2 nt+a—1
y 2 ¢n+a—l ~ R (519)
(x% + y2) (n+a—1)
Thi.st.imeweuseLemma8withA = —%—i—“;fa—(ffl), B =0andI = %,
noticing that
2 — —1
A+Bi2_or=2740=D
2n4+a—1)

thus obtaining
+o0 a 2n+a +0o a n+1
/ / V2 pnta-i |Vv|dxdy§c/ / y2pnta—T1|Vel||lv|dxdy. (5.20)
0 " 0 R"

Combining (5.17) and (5.20) we obtain the following L! Hardy estimate on the
whole R":

+0 a 2n+a oo a n+l
/ / yww—wvmdxdyzc/ / 2T |Ve||v] dx dy.
0 n 0 R”
(5.21)

Using this in (5.15) we get that

2n+a
00 4  2n+a +o0 nta 2041 2(n+1)
y2¢nta-T|Vu|dx dy zc |@pnta=Ty| 2nta dx dy .
0 n 0 n

(5.22)

2n+a
To continue, we next set in (5.22) v = |w|»+e=T and apply Schwartz inequality
in the left-hand side to conclude, after a simplification,

nta—1
n+1

+oo 2 2 +oo 2(n+1)
/ / Yo~ Vw|“dxdy = ¢ / / |pw]|n+a—T dx dy ,
0 n 0 n

which is equivalent to (5.14). The result then follows. 0O

(5.23)

We are now ready to establish the proof of Theorem 6 part (ii).
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Proof of Theorem 6 part (ii). Again, we will use inequality (5.13). This time the
result will follow once we establish the following inequality:

+00 2
/ / dxdy = ¢ /
n Rn

"
with ¢ given by

nta—1
n

lu(x, 0)|a=T dx) ,

M——M

(5.24)

a X
p(x,y) = (> +x2) 1B (7”) ., y>0,x,€R,

and B solves (3.3), (3.4).

Our starting point, again, is the following weighted trace Sobolev inequality,
see [33, Theorem 1, section 2.1.6], valid for functions u € Cgo (R" x R) with
u(x,0)=0,x € R":

2n+a

+0oo 2n
/ / y2|Vu|dxdy>C / |M()C O)|2n+a dx

We set u = ¢n+a—1 v to obtain

+00 2 +oo
/ /yz n+a1|vv|dxdy+ nta / /y2 7T V| [v] dx dy

2n +a

Zc(/ |¢>f+”i"1(x,O)u(x,0)|zn+adx) . (5.25)
+

Combining this with (5.21) we get that

+0 a 2n+a
/ / y?¢rz+a—l|VU|dx dy
0 n
2nta

2n
>c(/ T (x, 0)u(x, 0)] Fia dx) . (5.26)

R%

2n+a
We set v = |w| a1 and apply the Schwartz inequality in the left-hand side to
arrive at

([~ forwrvstan) ([ oo

2n +a

zc(/ [(@w)(x, 0)] 7T ldx)
RY

We next use the Sobolev inequality (5.23) to conclude, after a simplification,
nta—1

+o00 N a
/ / ya¢2|Vw|2dxdy§c / [(pw)(x, 0)|#Fa=T dx ’
0 R" R

which is equivalent to (5.24) and the result follows. O
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6. The General Case: Trace Hardy-Sobolev-Maz’ya I and II

6.1. Trace Hardy-Sobolev—-Maz’ya 1

Here we will give the proof of Theorem 1 part (iii). We first establish the fol-
lowing Hardy—Sobolev—Maz’ya, where only the Hardy term appears in the trace
term.

Theorem 11. Let % <s < 1,n 2 2and 2 CR" be a uniformly Lipschitz domain
£

with finite inner radius that, in addition, satisfies
—Ad(x) 20, xe 2. 6.1
Then there exists a positive constant ¢ such that for allu € C3°(§2 x R) there holds

+00 2
1-2s 2 < u”(x,0)
\Y% s dxdy > d ——d
/0 /Q Y | (x’y)u(x YIFdxdy = S/.Q dzs(x) *

n=2s

+oo 2(n+1) T
+c (/ / lu(x, y)| == dx dy) . (6.2)
0 Q

e 2 (1 —s)I'% ()
O (CE)re)

with

(6.3)

Proof of Theorem 11. From the proof of Theorem 1 we recall the inequality
(2.11), that is,

+00 MZ(X,O) +o00
/ /y |Vul dxdy>a’s/ dl_a(x)der/ /Qy“IVu

+o0o a
—7¢u|2dxdy / /M2dxdy, (6.4)

where ¢ is given by

b, y) =d S (0)A (2) y>0, x €2, (6.5)

and A solves (2.2), (2.3).
The result will follow after establishing the following inequality:

400 2 400 d ayy
/ / dxdy — / / M Zdx dy
t+oo 2(n+1) ":_‘:_TI
> ( | e a dy) . (6.6)
0 2

u——u
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To this end we start with the inequality, see [33, Theorem 1, section 2.1.6], valid

for any u € C3°(£2 x R),

2n+a
+oo a +oo 2n+1) 2041
/ / y2[Vu|dx dy EC(/ / lu(x, y)| 2+a dxdy) ,
0 2 0 2

with the choice u = ¢ n+a-Tv. Hence we obtain

“+o00 p dnta +oo
/ /y7¢—n+a_1|w|dxdy+ / / $ 7T |Vl v] dx dy
0 2

+oo 2n+a 2(n+1) 2(”+1)
2 c |¢n+a Ty| 2nta dx dy .
0 ko)

6.7)

Next we will control the second term of the left-hand side using Lemma 7. To
this end we recall that for a € (—1, 0) we have the following asymptotics from

Lemma 2:
a n+1
a n+l1 yfdn+a—l
2 —1
y2omaT|Ve| ~ Q) Cita) ?
(d2 +y ) 4(n+a—1)
whereas
2n+a
a 2n+a y 2 d n+a—
T ~
y 2 ¢n+a Gt -

(d2 + yz) 4(n+a—1)

We then use Lemma 7 with the choice A = 5, B = ;. _’ﬁ;_l and I' =
taking into account that
2 — -1
A+Bi2_or=2740=D
2m+a—1)

to obtain the estimate

e y 2 d n+a 1
/ / (2+a)(2n+a) |U| dx dy
2 (d* + y2) “Anta—T)

< +oo yidm
= C / / (Cta)(2n+a) Vol dxdy
0 2 (d2 +y2) “dnfa—1)

+00
y 2 dn+a 1
+ C2/ / (2+a)2n+a) |U| dx dy
2 (d2 +y2) Amta—1)

From this and (6.7) we have that

(6.8)

24a)(2n+a)

4(n+a—-1) >

+00 +o0
/ /y ¢n+a 1|Vv|dxdy+/ /y2 "+a 1|v|d)cdy

+oo 2n+a 2(n+1) 2(”‘“)
> c / / |¢n+a Ty| 2n+a dx dy .
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To continue, we next set v = |w|#+e=T and apply the Schwartz inequality in the
left-hand side. After a simplification, we arrive at:

+o00 +o00
/ /y¢|Vw|2dxdy+/ /y¢ Zdxdy

nt+a—

> ( oo 2(n+1) "+1
c/ /WWM) 6.9)

To conclude the proof of the theorem we need the following estimate:

+o0 +00
c/ / yip?w? dx dy g/ / yi? | Vw|* dx dy
0 2 0 2

+00
—/ /div(y“V¢)¢w2dxdy. (6.10)
0 2

It is here that we will use the fact that the domain §2 has a finite inner radius. Using
Lemma 10 with A = a, B = 0, we obtain that

+o00 +o00 )
maw dxdy</ / ———|Vw[“dxdy
/ Awuﬁﬁ QW+ﬂ“

woo p yed(adX ( Rm) .
/ / ——~w"dxdy,

(d2 + y2) 2+a

which implies

+00 +00 ad2 5
— W dxdy / / ————|Vw|"dxdy
/ /[2 (d2 + y2)2+ o (d2 2+

400 a d Ad
/ / ( 2) e w? dx dy.
2 (d*+y)7
Taking into account the asymptotics of ¢, this is equivalent to (6.10). We omit
further details. O

We are now ready to prove Theorem 1 part (iii).

Proof of Theorem 1 part (iii). Again we willuse (6.4). The result will follow once
we establish

“+00 —+00 d av
/ /y |Vu — —u| dxdy — / / 1v(y ¢ 2d)cdy

n+a

Zc (/ Ju(x, 0)] T dx) , 6.11)
2

where ¢ is as in (6.5). To this end we start with the inequality, see [33, Theorem 1,
section 2.1.6],

2n+a

+oo a 2n 2n
/ / y2|Vu|dxdy§c(/ |u(x,0)|2n+adx) , ueC(2 xR,
0 Q 2
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with the choice u = ¢»+a=Tv. Hence we obtain

+oo a 2n+a 2n+a o0 a n+l
y2¢r+aT|Vuldxdy + ——— y2¢raT|Vollv|dx dy
0 o n+a-—1 0 0

2n+a

n-+a n T
> (/ |pHasT p| Tita dx) . (6.12)
2

Next we will control the second term of the left-hand side exactly as we did in the
proof of Theorem 11, to arrive at

+00 +o0
/ / ¢n+u I|VU|dxdy+/ / 2¢)"+“ 1|v|dxdy
2n+a
> c (/ |¢n+a lv(_x O)|2n+a d_x)

To continue, we next set v = |w| AT and apply the Schwartz inequality in the
left-hand side to get, after elementary manipulations, that

+o00 2n+1) +o00
( | sl dy) ( | [ yevuba dy)
Q
+00 +o0
(/ / |¢w|n+a 1 dx dy) (/ / yiPw? dx dy)
0 2

2n+a

zc(/ |¢w(x,0)|n+2an—1dx) t (6.13)
2

At this point we use Theorem 11 and inequality (6.10) to conclude the result. We
omit further details. 0O

6.2. Trace Hardy-Sobolev—-Maz’ya Il

Here we will give the proof of Theorem 4 part (iii). We first establish the fol-
lowing Hardy—Sobolev—Maz’ya, where only the Hardy term appears in the trace
term.

Theorem 12. Let % <s < l,n 2 2and 2 CR" be a uniformly Lipschitz and

convex domain with finite inner radius. Then there exists a positive constant ¢ such
that for all u € C8°(R" x R) with u(x,0) = 0 for x € CS2, there holds

+00 2
1-2s 2 7 u-(x, 0)
\Y% , dxdy > k ——d
/0 /R" y | (x,y)u(x »Ifdxdy 2 S/Q d2s(x) X

n—2s

+oo 2(n+1) T
+c( / / (e, )| 3 dxdy) , 6.14)
0 n

2R s+ HI A —)
o 7 (s) '

with

(6.15)
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Proof of Theorem 12. From the proof of Theorem 4 we recall the inequality
(3.18), that is,

+00 u2(x’0) +00
/ /ny |Vul|? dx dy = ks / dl_a(x)dx—i-/ /ny“

+00 d ayy
dxdy / /Mzdxdy, (6.16)
R’l

Vu — —u
]

where ¢ is given by

2 2\-%p(d
¢(x7y):I(y +d) 4B(y), xefR, y>0 6.17)

(2 +d>)TEB(=4), xeC2,y>0,

and B is the solution of the boundary value problem (3.3) and (3.4). The result will
follow after establishing the following inequality:

+00 +00 ayy
/ / dxdy — / / M u? dx dy

+a—1

00 2(n+1) ST
Zc / / lu(x, y)|n+a=T dx dy . (6.18)
0 Rl‘l

To this end we start with the inequality, see [33, Theorem 1, section 2.1.6], valid
for any u € C°(R" x R),

2
u——u

2n+a

+00 +00 2+
/ / y2 |Vu|dxdy > c(/ / lu(x, y)| T dxdy) ,

with the choice u = ¢ »+a=Tv. Hence we obtain

—+00 2n+a +00
yigia ‘|Vv|dxdy+ yEgrHT| Vgl lv] dx dy

+00 2(n+1)
>c (/ / |¢n+a 1v| e dx dy) ) (6.19)

Again, we want to control the second term of the left-hand side. This time we split
the integral into the integral over 2 and the integral over C§2. Concerning the inte-
gral over CS2, we use the asymptotics of ¢ as given by Lemma 4 for a € (—1, 0)
to get that

a,a a)(n+1>
a n+|l y -2 n+a—
y2oraT|Ve| ~ G
(d2 + yZ) “Anta—1)
whereas
+(l —a)(2n+a)
a 2n4a y2 n+a—1
2 —1 ~
y ¢n+a Q2-a)@2n+a) *

(d? + y?) #owta=D
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This time we use Lemma 8 with A = —%—i—% B=0andI = %,
noticing that
2 — —1
A+B42—2r=200=D
2n+a—1)

thus obtaining

+00 ) +oo
a n+a a n+1
/ / y2¢n+aT|Vu|dxdy 2 C/ / y2¢n+a=T|Ve||v|dx dy,
0 cR2 0 cR

(6.20)

where we also used the convexity of £2.
On the other hand, in £2 the asymptotics of ¢ are also given by Lemma 4 as
follows:

a
y?
a(2n+a) 1
(dz + y2) 4(n+a—1) +7

a n+l
y2¢)n+a71 |V¢| ~

whereas

a
a 2n+ta y?2
y2¢n+a—l ~

a@n+a)

(d2 + y2)4(n+a D

a(2n+a)

We next use Lemma 7 with the choice A = % B=0and I' = Tnta—h T 7

taking into account that

2—a)yn-1)
A+B+2-2=—"—"—->0,
2(n4+a—1)

to obtain the estimate
+00
/ / a(2n+a) |U| dx dy
$ (d2 + y2)4(n+a ot
+00
< Cl / / a(Zn+g) |VU| dx dy
2 (d*+ y2)4(n+a nt
+00
- Cz/ / a@nta) |U| dx dy
2 (d2 + y2)4(i’l+a 1)
+00
< Cl/ / a2n+a) |Vv|dx dy
2 (d2 + y2)4(n+a D

“+o00
+C2/ / PTETETT |v|dx dy.
2 (d2 + y2)4(n+a nt
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Equivalently, this can be written as

+00 a n+l +00 a 2n+a
c/ /ywra—llwnvmxdyg/ /ywra—wwmxdy
0 2

+oo a 2n+ d
/ / 2pntaT ————|v|dx dy. (6.21)
(d2 + )2

Using (6.20) and (6.21) in (6.19) we arrive at

too a  2n+a_ oo a d 2n+a
/ / y2¢n+a—1|Vv|d_xdy+/ / y2—|¢"+”*1|v|dxdy
0 " 0 2  (d*+y?)2

2n+a
+00 2n+a 2(n+1) 2(n+1)
> ¢ ( / / |prtaT y| Trie dx dy) . (6.22)
0 n

To continue, we next set v = |w|#+e=T and apply Schwartz inequality in the left-
hand side. After a simplification, we arrive at:

+00 +00 ”d2¢2
/ / D) |Vw|2dxdy+/ / S W Zdxdy
+o0 2<n+1) n+1
(/ / |pw|nta=T ) . (6.23)

To conclude the proof of the theorem, it is enough to obtain the following estimate:

+00 ad2¢2 400
/ / FW dxdy / /y »*|Vw|? dxdy

“+00
— / / div(y*Vp)pw? dx dy. (6.24)
0 2

II\/

It is here that we will use the fact that the domain £2 has a finite inner radius.
Using Lemma 10 with A = a, B = 0 we obtain that

/+OO/ “+00 d2
aw dxdy / / —QIVw| dxdy
2 (d? + y2>“ 2 @+ )

too p Vd(Ad)X Rm) .
/ / 2 ——— " w*"dxdy,
d>+y»™2

which implies

+00 +0
—w dxdy / / P — |Vw| dx dy
/ /9 (@ +y2> Ea o (@ +y2)

+00 Ad
/ / Y )l+a w? dx dy.
2 (d>+y*) 2

Taking into account the asymptotics of ¢ this is equivalent to (6.24). We omit further
details. O
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We are now ready to prove Theorem 4 part (iii).

Proof of Theorem 4 part (iii). Again we will use (6.16). The result then will fol-

low once we establish:
+00 d ayy
" dy —/ / lv(y 9 2 dx dy

[
>c(/ lu(x, )|t 1dx) b (6.25)

where ¢ is as in (6.17). To this end we start again with the inequality,

Vu——u

2n+a

+oo 2n
/ / y2 |Vu|dxdy>c(/ lu(x, O)|2n+ﬂ dx) ,

valid for 1 € Cg°(R" x R) with u(x,0) = 0,x € C£2. We apply this to
2n+a

u = ¢nta-Ty,. Hence we obtain

+00 2 oo
/ /yz A 19y dx dy + ””/ /yz¢n+a1|V¢||v|dxdy

2n+a

20+ 2n
> c (/ |¢n+a 1U|2n+u d_x) . (626)

Next we will control the second term of the left-hand side exactly as we did in the
proof of Theorem 12, to arrive at

+o0 +o0 yZd
/ / y?2 ¢n+a l|Vv|dxdy—i—/ / ¢"+u '|v|dxdy
2 (2 +y?)?

2/1+a
z (/ |¢n+a lv(x 0)|2n+a dx)

To continue, we next set v = |w|»+a-T and apply the Schwartz inequality in the
left-hand side to get, after elementary manipulations, that

+00 oo
(/ /|¢w|n+a ldxdy) (/ /y“¢2|Vw|2dxdy)
+00 +00 ad2 5 5
(/ / |¢)w|n+a I dxdy) (/ / FE 2¢ w dxdy)

2n+a

> c(/ pw (x, 0)|7a=T ldx) t (6.27)

At this point we use Theorem 12 and inequality (6.24) to conclude the result. We
omit further details. O
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7. The Fractional Laplacians

In this section we will apply the previous results to establish the proofs of
Theorems 3, 5 as well as of part (iii) of Theorem 6.

Proof of Theorem 3. Parts (i) and (iii) follow from parts (i) and (iii) of Theorem 1,
taking into account the relation between the energy of the extended problem and
the corresponding one of the fractional Laplacian, see Section 8.1 and, in particular,
relation (8.5).

We next prove part (ii). We will use the optimality of the constant d; of Theo-
rem 1, that is, for each ¢ > 0 there exists a u, € CSO(SZ x R) such that

0+OO Jo 172 Vu, |2 dx dy

u?(x,0)
2 P dx

dy+e 2

and let f;(x) = u.(x, 0). We will show that for some positive constant c,

> ((=4)" fe, fs).@'

S
Jo i dx

dy + ce (7.1)

To this end, let i1, be the solution to the extended problem

div(y' " Vil (x, y)) =0, in £ x (0, 00),
He(x,y) =0, x €32 x(0,00),
fie(x,0) = fo(x).

The solution iZ, minimizes the energy and therefore

400 400
/ /yl—zwzzsﬁdxdyg/ /yl_z‘Y|Vus|2dxdy.
0 2 0 2

On the other hand, using (8.5) we have

+00 21=2s (1 —
/ / Y Vi [Fdx dy = #((—A)sfe’ fe)a,
0 o I'(s)

I'(s)

(=) O

and (7.1) follows easily with ¢ =
We next give the proof of Theorem 5

Proof of Theorem 5. Parts (i) and (iii) follow from parts (i) and (iii) of Theorem 4,
taking into account the relation between the energy of the extended problem and
the corresponding one of the fractional Laplacian, see Section 8.2 and, in particular,
relations (8.7)—(8.8).

The proof of part (ii) is quite similar to the proof of part (ii) of Theorem 3, the
only difference being that the extension problem is now on the whole R"”. We omit
the details. O
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Finally, estimate (1.33) of part (iii) of Theorem 6 follows at once from part (ii)
of Theorem 6 and (8.7). Concerning estimate (1.34), it follows from (1.33), taking
into account that for x € R},

i wTr(H)a
/R" e — & T e (1) x2S

see, for example, [7].

8. Appendix

8.1. Spectral Fractional Laplacian

Let £2 C R” be abounded domain and let A; and ¢; be the Dirichlet eigenvalues
and eigenfunctions of the Laplacian, that is, —A¢; = X;¢; in £2, with ¢; = 0 on
052, normalized so that f o ¢l.2 dx = 1. Then, for f(x) = > ¢;¢;(x) we define

(=AY f = Zciqubi, 0<s <l (8.1)
i=1
We also have
(=)' f. o = /Q F=AY fdx = el (8.2)
i=1

To the function f(x) we associate the “extended” function u(x, y),x € 2,
y > 0, given by

+00

u(x.y) = > cigi ()T (yv/a).

i=1
where T (t) is the energetic solution of the ODE:

1—2
ABT @)Y — 1B T@) =0, or T”+TST/—T=0, 120 (83)

The solution of this can be taken from [1, Section 9.6], and is given by
1—s

T@t) = T'G)

t*K(1), (8.4)

where K(¢) denotes the modified Bessel function of the second kind. The constant
factor is chosen in such a way that 7(0) = 1. As a consequence we also have
u(x,0) = f(x).

An easy calculation shows that div(y' =2V (¢; (x)T (y4/A;)) = 0, from which
it follows that div(y!~2Vu) = 0. An integration by parts then shows that
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+00
/ / v 72 Vu?dxdy = lim rlfzs/ u(x, Duy(x, )dx
0 0 T—>+00 Q

— lim rl_zs/ u(x, Duy(x, 7)dx
2

7—0
o0
_ . 1-2s / T 1-2s l 2
= [,iufoot T()T (1) 111_1)1(1)1 TH)T (t)i| E_ C;

_2Er( -
B r(s)
where we used (8.2) and the fact that

(=4[, Na. (8.5)

21—2s1*(1 — )

lim " 2T\T lim "2 T(OT (1) = —— 2. 8.6
Jm 1) - lim. T (1) T (8.6)
To prove the above relation, we show that
21—2s1-v 1 —
lim ("3 TOT' (1) =0, —1lim!""3TOT' (1) = 2 7rd-s
t—+00 t—0 I'(s)

These two relations are a direct consequence of (8.4) and the following properties
of Kq(1):

K () ) T —t
Q(t) ~ Zl_t , I — 07 Kﬂ(t) ~ Ze , 1 > 409,

d
E(st(t)) =—1"K;_1(1), K1) =K_(1).

8.2. Dirichlet Fractional Laplacian

Let u(x, y) be the extended function as defined in (1.7)—(1.8). In this subsection
we will show the following two relations connecting the energy of the extended
problem and the energy of the Dirichlet fractional Laplacian:

+00
/ / yl_zs|Vu|2dxdy
0 R"

n+25 2
_ // | f(x) — f(i)l dx de 87
712F(s) nJrn |x —E|nEES
21 31— ,
/ / Y1725 Vu? dx dy r(() s)((—A)bf,f)Rn. (8.8)

We will use the Fourier transform in the x-variables:
i, y) = Qn)"? / e Mu(x, y) dx.
R)l

The equation div(yl_zs Vu(x, y)) = Oor, equivalently, Ayu+uyy, + %uy = 0 with
u(x,0) = f(x), reads as follows when taking the Fourier transform

2 . 2s . _ . 2
[nl7u + (4)yy + @)y =20, u(m 0= f(m),
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and it is satisfied by (5, y) = f(n)T(|n|y), where T satisfies (8.3) and is given
by Equation (8.4).
Concerning the energies, we have:

oo 1-2 2 oo 1-2 2 2 2
/ v 5/ [Vl dxdy:/ v S/ (Inl=lal* + liy|") dndy
0 R” 0 R”

+00 " ,
=/0 yi /Rn{lnlzlflz[Tz(lnIy)+T2(In|y)]}d77dy

= (/ |n|2s|f|2dn) (/Oor”f[Tz(n + T’z(r)]dt),
R” 0

where t = |n]y. We next compute the last integral. Multiplying Equation (8.3) by
T, integrating by parts and employing (8.6), we get

+00 00 1-2s _
/ A0 + TP O)d =1 P TOT O de| = Y s9)
0 0 I'(s)

We finally recall the following relation (see, for example, [25, Lemma 3.1]):

2
|omeiiean = [ [ TO S v

szzs () / / If(x) — fEP

731 —s) e — g

dx d¢. (8.10)

Putting together the last three relations, we conclude (8.7).
Finally, taking into account (1.25) we easily obtain (8.8).
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