Arnepootindg Aoyiopog 1

Ilpoycipeg Xnpetroetg

Turpo Madnuatixoy
IMavemiotiwo Adnvoy
A97¥va — 2009






Ilepieyopeva

1 To o0VOoAO TWV MEAYUATIXGDY APLIROY 1
1.1 @uowolopduol . . . . .o 1
11" Apyn tou ehayloTou xan dpyf) TS EMAYWYAC « v v v v v v v v v v s 1

1AB" Awupetdtnmar . . . ..o 4

1.2 Prrofapduol . . . . oo 6
1.200  BOUOTO . . . 6

1.28"  ATETUYUEVE GOUAUTOL « v v v v v e e v e e e e 7

1.2y" Pruoloprduol . . . o Lo 8

1.3 Hpayyotxol aprduol . . . . . o oL 10
130" HoapyRA g mAnedTnTag . « . v v v v 10

1.38"  XopoxTnelowdc TOL SUPremum . . . . . . . o.o.o. ... 14

1.4 Xuvénelec T0U A€LOUATOC TS TANEOTNTOC « « « v v v v v v e e e e e e e 14
14a” YTrmop&nn-ooticplloc - . . . . . . oL 14

140" ApyMBeto tBdTNTOL . v v v v e 18
1.4y "YTropln axepaiou YEGOUC . . . . v L L Lo 19

1.45°  TTuxvotnta Twy pnTedv Xat TV dpel Ty oToug Teayuatxols apriuotc 20

1.5 Optopol %ot GUPBOMOUOC .+« v v v v v v s 21
1507 ATONUTN TWA - .« oo 21

1.53"  To enextetaévo GUVOAO TWV TROYHOTIX®Y opludy . . . . . . . . . 22
L5Y AWOTAUOTE © v v v v v e e e e 23

1.6 AViCOTNTEC . . . . .. 24
1.7 *opdptnuo: Toyéc Dedekind . . . . . . . .. ..o oo o 25
1.8 AOMACEIC . . . . . 28
2 Axolouvdieg MpAYRATIXDOY APLIRLOY 35
2.1 Axoroudiec TpoyUoTX@y opuiUdY . . ..o 35
2.2 XOyxhon axohov ey . .. 36
220" Opopbg ToU 0pIOL .+« w L L L 36
2.28"  Axohoudieg mou telvouy GTO dmElEO . . L L. L L 40

22y Hidpvnon tou 0ploold . . . L Lo 40



1V - IIEPIEXOMENA

23 ANyeBpa twv oplwy . .. oL 41
2.4 Boowd opla xat Bactxd xprthpldl GUYXAMONG « « « v v v v e e e 45
240" Baowd dpior . ... 45
243" Kpurrpo e pilac xon xptthplo Tou AoYou . .. L. L. L 46

2.5 ZOyxMoT HOVOTOVODY OXONOUIAY . . o v v o 48
2,507 LOyxhion povotovemy axohoudidy ... 48
258 Ooprdudce . . . . . L 50
2,57 Apy) Tov xBOTIOUEVODY DWCTAHATOY « « v v v v v e v 51

250"  Avadpouwéc axorovdes . . . ..o 53

26 Aoxosic ... 54
3 Xuvapthoelg 61
3.1 BUVHPTACELS -« « - . o e 61
3.2 IMopoadelyyoto TEayUOTIXWY CUVUETACEWY « . . . o« o o v v oo oo e 64
3.200  Axohoudec . ... e 64
3.28" TOMWVUXEC GUVUPTACELS .« . o v v o o e e e e e e e e 65
3.2y Pnrécouvapthoelc ... ..o 65
3.20"  ARYeBpiX€C GUVOPTACELS « . . v v v o 65

3.3 TolyWVOUETPIMEC CUVAPTACELS « « « o o v v v v i e e e 65
3.4 ExVetucqouvdemnon . .. ... 67
3.5 AOUACEIC . ... 69
4 Xvuvéyela xou 6pLoL CUVAPTACEWY 73
4.1 OpoUdC TNC OUVEYELUC « « « v v v ot e e e e e e e e e 73
410" Hdpynon oL 0ploUOD . . . L L Lo 74
413 Apyh MC HETOPOREC .« . . . L o 75
4.1y"  Tuvéyela xou Tpdelc HETUED CUVAPTACEWY . .« v v v v v o v v v o 76
4.15"  Zuvéyeld TwY TPLYWVOUETRIXWDY CUVIRTACEWY X0l TNE EXVETIXTC GLVAPTNOT-

C e e e e e e e e 7

4.1e"  Xuvéyelo xol TOTXNA CUUTEQLPORE. . =« « o o v v v v v o o 79

4.2 Boowd 9ewpfuata Yiol GUVEYEIC CUVAPTACELS « + v v v v v v v v v v e e 80
420 To VYedpnuo ENEYIOTNC XL UEYIOTNG TWAC -+« « =« o v v v v v o o o 81
428" To Vedpnuo eVOLAUESNS TWAC v v v v v v v v e 82
4.2y" TopadelydoTtor . . o v 86
4.25"  E@apuoyéc Twv Baox@dy Yewenudt®wy . . . . ... 86

4.3 Ynuela cLGCWEEVCTC XAl UELOVOUEVR OMuelot . . . . v o o oL 88
44 Opoudg ToU 0pOU . . . . L 89
440" Apyh C HETOQOREC . . . L Lo 92
4.43  AVo Booixd MOpOBEYHATO . . . oo 93

4.5 Ly€om 0plou XL GUVEYELOG « v v v v v v e e e e 94
4.6 Tuvéyew avtloTpoQnNg CUVIETNONC + « -+« « v v v v i e 96

4.60"  Aoyapuuai ouvdpnon ... .o 99



IIEPIEXOMENA - V

47 Aoxfosic ... 100
IMopdywyos 107
5.1 OplogOC TNC MAQAYWYOU .« v o v v v v v v i et e 107
5.2 KavOvee MOpoydyYoNS .+« v o o o e 109
5.20° Kavévag tng advoldoc . . . ..o 110
5.28"  Hopdywyog avtioTpogne CUVEETNONG. « « v v v v v v v v e 111
5.2y Hopdymyolr avdTeeNg TEENG + « « v v v v v e 113
5.3 Hoapdywyog exdetinrc xow Aoyaptduixic cuVIETNONG « « v« v v v v v v v . 113
5.4  AvtioTpogec TplYWVOUETPIXES CUVUPTACELS « « .« - o v o o o oo o oo 115
5.5 Kplowoonuelon . ... ..o 117
5.6 Oeodpnua Méonc TwAc . . . . o o o o oo 120
5.7 AmpooBIOPIOTEC HOPMES « v v v v v v i e e 124
5.8 Idtétnra Darboux yi v mopdywyo . ... 126
5.9 Tewyetpr) onuacio T SEVTEPNC TARAYDYOU . . . . . . o o o oot L. 127
5.90"  Kuptég xan xofheg ouvapThAcEl. . . . . L. 128
5.9 ACUUTTWTES . . . . . . . o oo 131

510 AGXACELS . . . . e 132






Kegdhaio 1

To cOVOAO TWV MEAYUATINWDY
ARLIUV

1.1  ®uvowol apripol

H avotney| Yepehiwon tou ouvérou N = {1,2,3,...} twv @uoxdy aprdumy yivetar péow
v ofwpdtwy tou Peano. ‘Eyovtoc Sedouévo to N, pnopolue va S®COUPE auoTney
XUTACKEUT] TOU GUVOAOU Z TV axXepa{mV apldudy ol Tou cuvdrov Q Ty ENTdY apLiudy.
Oewpolue 6Tl 0 avayvooTng elval eoElwPEVOS Ue TI¢ TPdelc xou N Sudtadn ota ohvo-
Aol TWY QUOIXDY, TWV AXEPALWY XL TWV ENTOY aptdudy. e auth T cUVTOUT ToEdYEAPO
oul{ntdue xdmotes Baoxée apyéc Yo TOUS PUOXOUE apriolc.

1.1a" Apyxn tou ehayioTou xou apx” TNG ENAYWYNS

Apxn tov ehayiotou. Kdde un xevo cbvoro S puoixdy aprdumy €xet ehdyloto oTtotyelo.
Anhodn, undpyel a € S ye v WidTToe a < by xdde b € S.

H apyn tou ehayiotou éxel we ouvéneia tny e€rig Tpdtaon:

Oeodpnpa 1.1.1. Aer unopoluce va emAébovue drepovs to mAnndos guoikols apiduods ot
omofor va @Oivovy yvnoiws.

Andédeaén. Ac vnodéoouue 6L LUTpEyEL Wiar TETOW EMAOYY PUOXADY APLIUDV:
nyE>ng > >Nk >Nkl > -0

Ané v apyh Tou ehayiotov, o clvoro S = {ny : k € N} éyet eNdyoto ototyelo: avtd
Yo ebvon TNg wop@nc Ny, Yo xdmoov m € N. ‘Ouwe, npmy1 < Ny, XL N1 € S, T0 omolo
elvan dtomo. O
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Mo deltepr ouvénela e apyhc Tou ehayloTou elval 1 apy TNC EMaywYHC:
Ochpnpo 1.1.2 (apxh Tne enaywynic). Eotw S éva olrodo gpuoikdy apidudv pe tig
€&ng 1016TnTES:

(i) O1 avijker oo S.

(ii) Avke Stirek+1€S.

Téte, to S tavtilerar pe to oUvodo dAwy twy puotkdy aptudy: S = N.

Arnddaén. Oétoupe T =N\ S (10 ouuniipwya tou S) xou utodétoupe étt to T elvor un
%ev6. Amé tny apyr Tou ehaylotou, to T éyel ehdyioto ototyelo To omolo cuuBoiilouye e
a. Apod 1 € S, avayxactxd éyouvue a > 1 ondte a — 1 € N. Agol 0 a oy 10 ehdyloto
ototyelo tou T, éyouvye a — 1 € S. And v vnddeon (ii),

a=(a—1)+1€Sb.

Kotalhgaye oe dtomo, dpoa to T elvon 10 xevo abvolo. Yuvenwg, S = N. O

Iapazipnon. H apyh tou ehayiotou xou 10 Oebdpnua 1.1.2 eivor Aoyxd 1oodivaue ntpo-
tdoeig. Hpoomadrnote va anodeilete v tooduvapia Toug.

H oapy tne menepaopévng emaywyhc Log EMTEETEL Vo anodexvOOUPE 6TL Xdmola TpdTao
P(n) mou agopd toug guotxole aptipole toylet yia xdde n € N. Apxel vo ehéyEouye 6t n
P(1) woylet (auth glvon n Bdon tng emaywyris) xo va anodeiZouye tn cuvenaywyh P(k) =
P(k+1) (awté elvar t0 emaywyixd Pripa). Hopadelyyato mpotdoewmy Tou anodexviovion e
N «pédodo TNC YatnuaTXrc ETaywyhcy o CUVAVTAUE GE OAY) TN BLAEXEL TOU A AUATOC.

Ochpenpo 1.1.3 (nédodoc tne enaywyhc). Eotw II(n) yua (uadnuatixn) mpdraon mov
ekaprdtar and tov puoiké n. Av n II(1) aAnlede ka1 ya kdOe k € N éyovue

II(k) aAnting = (k + 1) aAnihg
téte n II(n) aAndeder yia kdde puoikd n.
Arnddaén. To olvoho S = {n € N : II(n) akndfc} wavornoiel tic unoléces tou Oew-

phuatoc 1.1.2. Apa, S = N. Auté onuaiver 6t n II(n) adndeder yia xdde guoxd n.
a

AZ{Ter va avagépoupe d0o taporlayéc tou Oewpiuatoc 1.1.2. H anddedy toug aprive-
T ooy doxnon yia Tov avay vaotn (uundeite Ty nponyoluevn anddelln — yenotwonotiote
v apy)| Tou ehayioTou).

Ocwenua 1.1.4. Eotw m € N kai éotw S éva odvolo guoikdy apifudv pe ts e€nig
idtnres: (a) m € S kar (B) av ya kamowov k > m wyvea k € S, tére k+1 € S. Tdre,
SO2{neN:n>m}={mm+1,...}. 0
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Ocewpnpa 1.1.5. Eotw S éva oUvodo guoikdy apidudy ue tig e€ng 0idtntes: 1 € S kai
avl,....ke Sttek+1€ 5. Tére, S =N. O

Iood0vaya, éyoupe ta e€hc:

Ockenpo 1.1.6. Eotw II(n) pua npdracn mov eéaprdtar and tov guoikd n. Av n I(m)
aAnOeve ya kdnowov m € N ka1 av ya kdOe k > m 1wxve n ovvenaywyn

II(k) aAndevet = I1(k + 1) aAnOeve,
téte n II(n) aAndever yia kdde puoikd n > m.

Ocdenpo 1.1.7. Eoww II(n) e mpdraon mov e€aprdrar and to gpuoiké n. Av n II(1)
aAnlever kar av ya kdOe k € N wyde n ovveraywyn

o II(1), ..., II(k) aAnfedovr = TI(k + 1) aAnOeve,
téte n II(n) aAndever yia kdde puoikd n.

H évvowa e «padnuatinrc npdtaoney elvon Befoioe apguieyduevn. Do napdderyua,
oyohdoTe To e€rc mapdderypa and to BBAo «Ewoaywyr oty ‘AlyeBea» tou J. B. Fraleigh:
Yéhoupe va del€ouye 6T xdle puotxde aprdude €xel xdmota evitagépouca WLbTNTAL (1 omtola
Tov Eeywpilel and dhouc toug utdrotrous). Oétoupe II(n) v mpdtaom «o n €xel xdmota
evdlapépouoa WBLOTNTAY XL YenoulonotoVue Tn uédodo TN emaywyc:

H II(1) aindeter Subt o 1 elvan o povadnds puods aptipde Tou loolTon UE To TETPAY-
wv6 Tou (auTh M WLdTNTA elvat evBlapépouaa, apol Eeywpeilel Tov 1 and bhoug Toug dihoug
guotxole aptipole). Yrolétoupe 6t ot II(1),. .., II(k) adndebouv. Av n II(k + 1) dev
Atav aAndic, tote o k + 1 Yo frav o uixpdtepoc puoixdc aptdudc mou dev Exer xopla
evdLapépouoa WBLOTNTA, ATl Tou elvar and uévo tou tohd evdagépoy. Apa, n II(k + 1)
ahndever. Touguva ye 1o Oewonua 1.1.7, n II(n) aindeltel yia xdde n € N.

ITAPAAEITMATA.
(o) EZetdote yio morée Tyéc Tou puool aprduold n oy el n aviobtnTa 27 > nd.

Yybho. Av xdvete apxetéc doxipéc Vo tewotelte 6L 1) 2" > nd woylel v n = 1, dev oy et
yon=2,3,...,9 xou (udAhov) woyle yio xdde n > 10.
AelEte e emaywyr (yenowonodvrac to Oedpnua 1.1.6) 6t n 2" > n3 woyle yio xdde
n > 10: o 0 emaywyd Phpa vtodétoupe 6Tt M 2™ > mP woyle i xdnoov m > 10.
Tore,
2 > 9m3 > (m 4+ 1)°

av Vel 1 aviedTnTa
1+ 3m + 3m? < m?®.
‘Ouwe, agod m > 10, éyouue

14+3m+3m2<m?+3m>+3m?2=mm% <m- -m?=mb.
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(B) Na derydolv pe enaywyh oL TauTtdTNTES

1+2+---4+n = M
2 b
24924 in? — nin+1)(2n+1)
6 )
1434+--+@2n—-1) = n%

Yxdro. H anddeln (ue tn pédodo tne enaywyrc) dev napouotdlel xopla Suoxohio and
OTLYWY Tou pag divetal 1) andvtnon (to de€i6 péhog). Ilpoonadrote va Beeite war «uédodoy
ME TNV omolal Vo YPAPETE OE «XAELGTY| Hop@)» Oha Tar adpoloyata T Hop@hic

S(n k) =1F + 2% 4 ... 4 n*.

(v) AelZte 6t xd¥e olvoho S ye n otoyela £xel axplBoe 2™ utochvola.

Andédealn. Oéhovye vo delloupe e enaywyr TNy TpdToot
II(n): Av 10 S éxe. n otoyela T61€ 10 S éxeL axpiBoe 2™ utoohvola.

Avn =1 téte 10 S elvar povooivoho xat Eyet axpitde dUo vnoovvola, o @) xat to S.
Yuvende, n (1) cdndeder.

Trodétovue 6t n II(k) adndeder. Eow S = {z1,..., 2k, Try1} €va obvoro pe (k+1)
otoyela. Oewpolpe T0 GUVOAO

T = S\{l‘k+1} = {xl,...,xk}.

To T éyet k otoiyela, onéte éxet 28 unoctvora. Thdpa, xdde utoctvoro Tou S Vo tepLéyet
1) dev Yo mepLéyel To Tg41. To unochvola Tou S o Bev TepLEyOUY TO T4 Elvar axpBdC Ta
unocOvoha Tou T, dnhadh o TARdoc Touc elvor 28, Ané Tnv dAAn TAeupd, xdde uTOGUVORO
T0U S OV TEPLEYEL TO Tfq1 TEOXVUTTEL AO XATOWO LUTOGUYOAO ToL T’ e TNV npoctixn Tou
ZTrp+1 (avtiotpoga, xdde vrochvoro tou T TEOXUTTEL ANd XATOO UTOGUVORO TOU S TOUL
TEPLEYEL TO Tjy1 UE TNV AQAPEST TOU Zp41). Anadh, to TAAd0C TwY UTOCLVOAWY ToL S
ToL TEELéYOLY To Thy 1 elvan 2F (bou efvon Ta uTooUvola Tou T). Emetor 6Tl T0 GUVOAXG
TAd0C Twy UTOCLVOAWY Tou S elvon

2k+2k:2_2k:2k+1.
Anpadn, n II(k + 1) akndeder.
Tovenae, n II(n) aindeder yio xdde n € N. O
1.1B8° Atoupetétnia

‘Eotw a,b € Z. Aéye 6u o a Swoupei tov b xar ypdpoupe a | b, av undpyer x € Z GHOTE
b = ax. Xe auth Ty mepintwon Yo Aéue 6Tt 0 a elvon Sawpétne tou b A 6T 0 b ebvan
TOAAATA&GLO TOU a.
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Ocehenpo 1.1.8 (tavtdTnTa TNe draipeonc). Ymoérovue dti a € N ka1 b € Z. Tdre,
undpyxovy povadikoi q,r € Z dote

b=aqg+r xar 0<r<a.

«ewpetpirry amddeiEny: "Evac anhodg YEWUETPNOC TEOTOC Yol VoL OXEQPTOUACTE TNV TAUTOTI
Ta e Sabpeong elval o e€Xc: pavtalépaote pla evdeia TAVW GTNY OTOlA £YOUUE OMUEWDCEL
HE xoLX(deEC Toug axepatlous. XNUELDOVOUUE UE TO GXOVPEC xoUXIBES Tal TOANATAGGLAL TOU
a. Awdoyixéc oxolpeg xouxideg €xyouv andotaot axpBng lon pe a. Tote, éva and ta 500
oupPatvet:

(i) O axépaioc b Té@TeL TV € xdmoLa And AUTES TS OXOVPEC XOUXIDES, OTOTE 0 b elvar
ToAManAdGo Tou a xat r = 0.

(if) O axéparoc b Bploxetar avdpeoa oe 500 dradoyinés oxolpec xouxidec, dnhady| avdueoo
oe 000 Bdoyixd TOMATAACIA TOU @, XAl 1) ATOCTACY, T AVAUESH OTov b ol To
HEYOADTEPO TOAMATAACIO TOU a Tou elvar PxpdTepo and tov b elvar évac VeTinde
axépouoc Tou dev Zenepvder Tov a — 1.

H ovotnpen anddeiln nouv Ya ddoouue mapuxdtw Bacileton oe auth Ty Wéa: Yewpolue
10 oUVOAO S TV «anootdoewvy b — as tou b and T oxolpec xouxidec Tou Bploxovol
aplotepd tou. Eaocgalilovye ot elvan un xevo, dpa €yel eNdyioto otoiyeio b — ag. H
xoux{da ag etvar auty mou Peloxetor auéowe Tty and tov b, xat 1 andotaon r = b — aq
TEENEL Vo elvon UixpdTERN Ao a.

AnéoeiEn tov Ocwpnuatog 1.1.8. Anodewxxvioude mpdto TNy UTaEEn aptdudy ¢, € Z mou
@avomoloLy to {ntovuevo. Oewpolue o chvolo

S={b—as:s€Z}nNZ*

TWV PN apvNTXdy axepalonv e yopehc b — as. Aev eivon d0oxoho va dolue 6t to S elvar
un xevé: av b>0,t0teb—a-0€S. Avb<0,t6teb—ab=(1—a)beZ" .

Ané v apyr Tou ehaylotou to S €xel eldyioTto oToyelo, To onolo cuuBoiilouvye pe
r. And tov opioyd tou S €youue T > 0 xou undpyel ¢ € Z ote b —aq = r. Mével va
def€oupe 61 r < a. Ac unoYéoouye 6t r > a. Tore,

b—alg+1l)=b—ag—a=r—a>0,

onhadh, b—alg+1) € S. Ouwc b—a(g+1) =r—a < r, o onolo eivaw §tomo agol o r
Atay 1o eEAdyioTo cToLyelo Tou S.
Arnodetvioude thpa T Hovadixotnta Ty ¢ xou . Ac unodéoouue 6Tt

b=agq +1r1 =aq +ra,

6mov 0 < 1,72 < a. Xwplc mepopond e yevwdtntog unodétovye du rp > o (ombre
q1 S Q2) TéTE,
ry—re =al(q — q)-



6 - TO TYNOAO TN MMPATMATIKON APIOMQN

Av 1 < qa, T01€ a(q2 — 1) > a evod r1 — 1o < a. ‘Eyoupe avtigaon, dpa ¢1 = g2 xat
1 =T2. g

Xnuetwon. Ano to Oewpnua 1.1.8, xdlde axépatog b ypdpetar Yovoouavta 6T Lopph
b= 2q + r yw xdnowv q € Z xat xdnowov r € {0,1}. Aéue 6T o b elvar dptiog av 7 = 0.
Avr =1, t6te Mue 61 o b elvan mepretds. [apatnerote dtL onoadrmote dUvaUn TEELTTOL
axepalou elvor TEPLTTOC AXEPALOC.

1.2 Prrol aprdpol

1.20° Xopota

Oewpole €vo un xevé chvolo X epodlacpévo pe d0o tpdietc + (tnv tpdodeon) xat - (tov
TOMNATAACLOOWS) oL OTolES txavoTotoly tor e€Nc:

() A&idpata tng npdodeong. T xdde Leuydpl 2,y otolyelwy Tou X undpyel axplBog
éva oTowyelo Tou X ov cuBolletan pe x+y xow Aéyeton ddpoiopa v z,y. H npdén nou
otéhvel To Leuydpl (z,y) oto x + y Myeton mpdodeon xau el Tic axdhovdec diéTnTeS:

o Ilpooetatpionixdtnro: yio xdde x,y, 2z € X woylet (x +y) + 2z =z + (y + 2).
o Avupetadeuxdmmra: yio xdde z,y € ¥ woylet z +y =y + .

o Trdpyet éva otoiyelo Tou ¥ mou cuuBoriletar ye 0, dote, yia xdde = € X,

r+0=04+x=u=x.

o T xd¥e € ¥ undpyet éva ototyeio tou 3 mou cuuPBoiileton pe —x, OoTE
x4+ (—z)=(—z)+z=0.

Aéye 611 10 X ye v npdén tne mpdoleonc elvon avtetadetinr| opdda. Ael€te ot t0 0
xau 10 —x (dodévtog Tou x) opllovton povooruavia. O —z elvar o avtidetog tov z. H
agaipeot oto ¥ opiletan and tny

r—y=z+(~y) (z,y,€%).

(B) Agibdpata Tou toranhaciaciol. T xdde Leuydpt x,y € X undpyer axpBis éva
otouyeio Tou ¥ nov cupBohileton ye @ -y (Yio ATAGTNTA, ZY) X0l AEYETOL YIVOREVO TWY
x,y. H npd&n nou otélver 1o Leuydpt (z,y) 610 Ty AEYETA TOANATAACLACUOG Xl EYEL
g axdroudeg WLoTNTES:

o Tlpooetarpionxdnro: yo xdde z,y, z € X woyler (xy)z = z(yz).

o Avupetadeuxdmmro: yio xde z,y € ¥ woylel zy = yx.
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e Trdpyet éva otoyyelo tou X, Spopetind and 10 0, tou cuyfoliletan ye 1, WoTe,
yio xde x € X,
rl =1z = x.

o I xdde x € T pe z # 0 undpyet éva oToLyeio Tou X Tou cuufBoliletar ye 1, wote

1

AetEte 6t 10 1 o 0 71 (Bo¥évroc Tou x # 0) opiloviar povoohuavta. O z7! ebvar o

avtiotpogog tou = # 0. H dwaipeon oo X opileton and v

xT _
M ' (z,yex, y#£0).

(v) H empeprotinr wbrdtnta cuvdéer Tov modlamlactoopd ye thy npdodeon: yia xdde
,Y,2 € X, €YOUUE
x(y+2) = zy + zz.

Opiopde 1.2.1. M tpidda (3, +, -) TOU LXUVOTOLEL Tol TAPATEVL AEYETOL WO

Hopathpnon 1.2.2. Iupatneriote Tt av pa tptdda (3, +, ) elvor odpa, téTe 10 oOvolo X
€xeL Touldytotov Vo oTolyelo: To «oLdBETEPO oTOLyEloy O TNC TEOGUESTC XU TO KOUBETERO
otoyeioy 1 Tou moAamAactacogoV. Mropolue UEAOTA Vo DOCOUUE TUPADELYUO TWUATOC
(3,4, ) oo onolo autd va elvar o ubva ototyelor Tou L Yétovge ¥ = {0, 1} xou opllouye
TpOGUEST X TOMATAAGLAGHO 010 X YétovTag

0+0=0, 0+1=1, 1+0=1 1+1=0

Xl
0-0=0, 0:1=0, 1-0=0, 1-1=1.

EXévEte 6T pe autéc Tic mpdeic to {0, 1} avonotel ta aidpata (o)—(y) Tou copaToc.

1.2f° Awtetayphéva CoUATR

‘Eva ooya (2, +, -) Aéyetol dratetayévo av Utdpyet £va UTocOvolo O Tou X, Tou AéyeTon
10 6UVOLO TV VETIXWDY GTOLEIWY Tou X, doTe:

o [ xd¥e z € ¥ woylel axpBadc éva amd ta axdrouda:

r€O, =0, —zrecoO.

e Avax,ye O téte x +y € O xau xy € O.
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To cUvoho O opilel yio didtaEmn 010 odua X we e€hc: Mépe 6t & < y (loodlvaya, y > )
av xat wévo av y — x € ©. Tpdgoviac = < y (10oddvaya, y > ) evvoolue: elte © < y A
x =y. Ano Tov oplopo,

r €O avxuuovoav x> 0.

Ané Tic BidnTEC Tou O €novian oL e€Ac WLdTNTES e BidTalng <:
o o xde z,y € ¥ 1oyleL axpBide éva amd ta axdroudo:

r<y, T=Y, T>Y.

Ave<yxawy<z téte T < 2.
o Av z <y téte yioo xde z woylel x + z < y + 2.
e Av iz <yxumz>0, t6t€ 22 < yz.

e 1>0.
H anédeln autdv v oyuptouoy aghvetal ooy ‘Aoxnon yia Tov avayvoot.
1.2y" Pnrol aprdpol
To clvolo Q Twv Ty aptdpdy glvat To
Q:{%: mEZ,nEN}.

Ouundeite 6Tt
/
- m , r_ ’
— = — ovxuuévoav mn =nm,
noon

xat 6Tt ol TedEelc + xan - optlovtat we e€hc:

m " mq mniy +min m 1 mmq

no nny ’ n  np nny
Téloc,

m

mi /
— < — avxapévoav min —mng € N.
n ny
H tetpdda (Q,+,-, <) elvar tumixd noapdderyya datetoypévou oopatoc. Ta obvora N
Xl Z TV QUOXOY Xl TwY axepolwy (UE TS YVwoTéc mpdlelc) dev xavomololy dAa Ta
aZLdpoTa Tou owuatog (eEnyhote yiatt).

Adqupa 1.2.3. KdOe pntés apiuds q ypdgetar oe «avdywyn poppny q = émov o

Hovadikds guotkds mov daipel Téoo Tov m 600 Kai tov n €fvai o 1.

m
n’
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Arnéoetn. Oewpolue o clvoro
m
E(q) = {n € N: undpyer m € Z wote ¢ = —}
n

To E(q) elvor un xevé vnoctvoro tou N (yratl ¢ € Q), dpa éxel eNdyioto ototyelo, ag t0
ToUUE ng. Ao tov oploud tou E(q) undpyel mo € Z Gote ¢ = .

A¢ unodécouye dtL undpyet puowde d > 1 wote d | my xou d | ng. Téte, undpyouv
mq € Z xou n1 € N dote mg = dmy xot ng = dny > ny. Tére,

mo dm1 mi

no dm nq ’

dnhadh nq € E(q). Auté elvan dromo, diot ny < ng. O

Avanapdotacn Ty entay aptduny atny sudceia. H 6éa 61 ol apripol unopodv va
Yewpendoly cav «anocTdoelcy 0dnYel GE Uiol QUOLOAOYIXT, AVTIOTOLYLOT) TOUG UE Tol oNuEelal
prog evdelac. Oewpolye TuyoLoa evdela xou emAéyouue auvdaipeta éva onuelo Tne, To onolo
ovopdlouye 0, xat évo devtepo onuelo de€id tou 0, 1o omolo ovoudlovye 1. To onueio 0
nailel To pONO TNE APYNC TNS KUETPNONS ATOCTACEWYY EVK 1) anéaTtacy Tou onuelou 1 and
10 onuelo 0 npocdiopilet tn «Uovdda pétpnong anoctdoewvy. Ot axépotot aprduol utopoly
Topa var Tonodetniolv mévw oty euldeia xotd TpopavY) TPOTO.

MmnopoUye enfong va tonodethcoude atny eudelo dhoug Toug prtolc aprduoic. Ac dew-
PHOOUUE, YwpiC TEPLoplond NG Yevdtntag, évay Jetxd pntd aprdud ¢q. Autde ypdpetal
ot popyt ¢ = 2, émou m,n € N. Av tonodethoouye tov = otny eudeia 16te unopolue
Vo X8VOoUUE To [Blo o Y Tov . Auté yivetar we e€hc: Yewpolpe debtepn euvdeio mou
nepvdel ané to 0 xou mdvew tng matpvouue n {oo dadoyxd evdlypaupa TUAUNTO UE SXEA
v, ...,n, Eexvavtog and 1o 0. Oswpolue tny eudela mou evdver To ' pe 10 1 e TedTng
gulelog xon PEpVouUE TapdAANAY Tpog auThY and to onueio 1. Auth téuvet to eudiypoupo
Tuhua 01 e mpone eudelac oto onueio L (xavévac Twv avaloyhy yia Guota Tplywva).

ESaye Aowndv 6t xdde prrdc apriudc avtiotoiyel oe xdnoto onuelo tneg evdeiog. To
dratetaryévo owua Q Yo fray éva enapxég clotnua aprducdy av, avtiotpoga, xdde onuelo
e evdelac avtiotoyoloe oe xdnowoy pntd aprdud. Autd duwe dev woylet. Ané to Iu-
Yayopeto Oedpnua, 1 uTotelvouca evog opdoywviou TEly®VoL Ue *AdeTEC TAELRES UrxoUC
1 €&yev uixog = mou ixavornotel TNy

2=124+1%2=2.

Av x&le phixoc umopoloe va yetpniel pe pntéd apdud, tote 0 Yinoc x Vo émpeme va
avtioToLyel oe xdmolov pNTo q.

Ocdpnpa 1.2.4. Aey vrndpyer g € Q dote ¢? = 2.

Anédaén. YTrodétouue 6t undpyer ¢ € Q dote ¢2 = 2. Avtixadotdvrac, av ypeaoTel,
TOV ¢ Ye TOV —¢, pmopolyue va uvnodécouye 6t g > 0. Tote, o g ypdgetor o Yopph
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g =m/n, 6mou m,n € N xat 0 povadixde puotxde aptdudc Tou elvar xovoe dlapétne Twv
m xou n ebvar o 1. And v ¢? = 2 oupunepaivouue 6Tt m? = 2n?, dpo o m elvor dptiog (To
TETP&YWVO TEpLTTol elvon MeELTToC). Autd onualvel 6Tt m = 2k yia xdnowov k € N. Tére
n? = 2k2, dpa 0 m elvat xt aLToC dpTiogc. Autod elvon dtono: o 2 efval XOWOC BLLEETNS TWY
m ol n. O

Trdpyouv homov «urxny mou dev petplolvTon pe entols apuduole. Av 9éhouue éva
ocVoTNUo LUKV To ontofo v emapxel Yiol Tn UETENOT OTOLHCORNOTE ATOCTACTC TAVW OTNY
evdela, TOTE TRETEL VoL KEMEXTEVOUUEY TO GOVONO TWV PNTAOV opLiUmY.

1.3 Tlpaypatixol apripol

1.30" H apy” tng nAnpotnToc

Ané ) otyyr mou oe éva BlaTETAYUEVO oOUA X €YOUNE oplopévn TN Sdtal <, UTOPOUUE
VoL WAGUE Ytar UTOcOVOAA Tou X Tou efval dve 1 x3Tw QpayUéva.

Ogopde 1.3.1. 'Eotw ¥ éva dotetayuévo coya. ‘Eva un xevé unocivoro A touv X
Aéyeton

o dvew Qpayrévo, av utdpyel o € X ye Ty Wit & < o v xde ¢ € A.
® XdTw PEAYREVO, av UTdpyEL o € ¥ Ue Ty ddTToe: = > « Y xdde x € A.
® QEPayYWUEVO, av Vol dve XL XETw QEAYUEVO.

Kdlde o € ¥ mou avorotel tov napandvew optogd Ayetor dve @pdyua (avtiotouyo, xdtw
(ppdrypa) tou A.

Iapathpnon 1.3.2. Eow ) # A C X xou éotw a éva dvw gpdypa tou A, dnhadh z < «
yia xd9e x € A. Kdde otoyelo o tou X mou elvan peyahbtepo ¥ (oo tou o efvon enfong
dve gpdrypa tou A: av z € A 16t & < a < ag. Tekelwe avdroya, av ) # A C X xar av
a glvon éva xdtw gedyua tou A, téte xdde otoryeio a tou ¥ mou elvon uixpdTEpo 1 (G0
Tou a elvan eniong xdTw QEdypa Tou A.

Ogiopoc 1.3.3. (o) ‘Eow A éva un xevéd dvw @payuévo utocivolo Tou dlatetaypévou
oouatog M. Aéye 6Tl 10 o € X elvon EA&YLOTO dve pedyua Tou A av

e 10 o glvon dvew Qpdyuo Tou A xou

e av a; elvon dANo dvw gpdyuo Tou A tétE o < 0.

(B) Eotw A éva pn xevéd xdtw @payuévo unochvolo tou Slatetayuévou oouatog 3. Aéue
OTL T0 ar € X elval WEYLOTO X&Tw Ppdype Tou A av

e 0 « elvon xdTw Qedyua Tov A xou
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e av aj elvon dANo xdtw pedyua Tou A TéTE o > 0.

Iapathpnon 1.3.4. To eldyioto dvew @pdyua tou A (av undpyet) elvor povadixd. And
TOV 0plous elval Qovepd OTL av a, a elvar 800 ediyloTtal dvw @edypata Tou A t6te o <
xar a1 < o, Onhadh @ = ag. Opolncg, t0 uéytoto xdtw gedypa Tou A (av undpyet) elvat
HOVaBIXO.

Yy meplntwon mou undpyouy, Yo cudBolilloupe To EAdyLOTO dvew Qpdyua Tou A pe

sup A (to supremum tou A) xat 10 YEYLoTo AL Pedyua Tou A pe inf A (to infimum tou
A). Ta inf A, sup A unopel var avixouy # va uny avixouy oto cbvoro A.

Opiopde 1.3.5. Aéue 611 éva dlateTarydévo odua X ixavorotel TNy apyn Tne TANeoTnToC
av

Kdérde un xevo xou dvw gpayuévo utocivoro A tou X €yel eEAdyLoTO dve Qedyud
o€ 2.

‘Eva Swtetayyévo odpa X mou ixavorolel tny apy ) Tng TAnedtnTag Aéyeton TARewe Bi-
ATETAYIUEVO COWL.

H enduevn Ipbtaon deiyver 6t 10 (Q, +, -, <), ue ti¢ ouvidelg mpdelg xou ) cuviin
ddtaln, BeV xavomoLel TNV apyh TN TANEGTNTAC.
ITgétaom 1.3.6. To Q dev efvar mApws datetayuévo odpa: vrdpyel un kevé dvew gpay-
uévo vnoovrodo A tov Q o omoio dev éxer eddyioto dvw ppdyua.

Arnédoaén. Oewpolue 1o clvoro
A={recQ: z>0xuz’<2}.

Hopoatnpolue Tpota 6Tt 10 A elvon pn xevéd: éyovue 1 € A (Brote 1> 0 xou 12 = 1 < 2).
Xpnowonoudvtag o yeyovog 6t av z,y eivon Yetixol pnrol téte © < y av xar uévo av
x? < y? éyouye Ty e€hc

Hupathpnon: av yio xdmotov Vetixd pntéd y toylet y? > 2 t6te 0 Y elvor dvw
pedypa Touv A.

‘Enetar 61t 10 A elvon dvew @poypgévo: yio mopdderypa, o 2 elvar dvw @pdyua tou A agol
2>0xm22=4>2,

Trodétouue 61t 10 A €xel ehdyloto dvw @edypa, Eotw a € Q, xa Yo xataArEouue ot
dtomo. Aol Sev UTdEYEL ENTOC TOU TO TETPAYWVO TOU VA LoOUTL UE 2, avayxaoTixd da
woyler plo omd Tic a® > 2 ha? < 2
(i) Trodétoupe 6T a® > 2. Ou Bpolue 0 < € < a dote (a —e)? > 2. Téte u éyouye
a—¢e < axou and v Hoapathpnon, o a — € Yo elvar dvw @pdypa Tou A, dromo.

Emoyn tov e: Zmtdue 0 < € < a xou

(a—¢)* =a® — 2ae + % > 2.
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Aol 2 > 0, apxel va eEacpakicovue v a? — 2ae > 2, 1 omola eivor LGOBVVAUN PE TNV

a?—2

e<
2a

2
Hopatnehiote 6T 0 %52 elvor Yetxde pntéc aprdudc. Av houmdy emhéZouye

1 . a?—2
E=—min<sa, ——
2 " 2a ’

t6TE €youpe Bpel enté € mou avorotel Tic 0 < & < a xon (a —e)? > 2.

(ii) YTrodétouue 6L a? < 2. Oua Peolue pntd e > 0 dote (a +¢)? < 2. Téte Ja éyoue
a+e>axua+e€ A, drono agol o a elvar dvew @pdyuo tou A.

Emoyn tov e: Zmtdye € > 0 xou
(a+e)?=a*+2ac +e* <2
Oa emhé€ouye € < 1 ondte Va woyletl
a® 4+ 2ae +e* < a® + 2ae + ¢ = a* + £(2a + 1),

dot e? < e, Apxel hoimdy va eZacgahicouge Ty a® + €(2a + 1) < 2, n onola efvor
Llood0VoUT| HE TNV

2 —a?

20+ 1

e<

2
Hopatnehiote 6T 0 2= elvor Yetxde pntéc aprdudc. Av houmdy emhéLouye

a+
1 . 2 —a?
€= —mins1l, —— >,
2 20+ 1

T61E €youpe Bpel pNté € > 0 Tou avornoet Ty (a +¢)? < 2.

Trodétovtac 61t To A éyer eENdytoTo dvew @pdyua tov a € Q anoxheloope Tic a? < 2,
a? =2 o a® > 2. Apa, 10 A dev éyel ehdyioTo dvew Pedypa (oTo Q). O

Mapatnehote 6Tt T0 «ENYIOTO dvw QEdyUay Tou cuvOhou A otny anddeln tne Hpo-
taong 1.3.6 etvon axpBcdc To onuelo tng evdelac to omolo Yo avtictoyyoloe GTo Urxog g
unotelvoucac tou opdoywviou Tprydvou pe xdietec thevpéc loec pe 1 (to omolo «heimery
and 1o Q).

‘OAn 1 SovAetd mou Yo xdvouye oe autéd To Pdinuo Baciletoar oto e€hc Yewpnuo eméx-
taong (yio neplocbrepec Aentopépetes delte to Mapdptnua autold tou Kegahalov).

Ocedenuo 1.3.7. To dutetaypévo odua (Q,+,-, <) emektelvetar oe éva mArpws date-
taypévo odua (R, 4+, -, <).



1.3 IIPATM ATIKOI APIOMOI - 13

Agybpoaote dnhadh 6t undpyer éva Thpwe datetaypévo oopa (R, +, -, <) to onolo
neptéyel toug pnrolc (toug axepaioug xat Toug puowols). To R elvoar 10 olvoho Twvy
mpaypotixedy aptdpady. Ot npdéeic + xat - oto R enextelvouv tic avtiotoryee npdéele
o0 Q, wavonody ta adlduaTta TNC TEOcUEoTE, To AELOUATO TOU TOAAATAAGIUGUOU Xl
v empeplotxd] ot H didtan < oto R enextelvel tny didtaln oto Q xou iavomotel
o otwpata e ddtadne. Emmiéov, oto R woylel n apxri tns mAnpdTntag.

Apy TS TANPOTNTAS YLoL TOLS MpayRaTixole aptdnote. Kdde un kevd, dvw gpay-
pévo vnoovrodo A tou R éxer eddyioto dvw gpdyua o € R.

Mrnopel xavelc va deller T undpyer «Udvo évay TAfpwe dtatetaypévo owpo (1 eméx-
Taon unopel va yiver e évay ouclaoTixd Tp6To). Avo mAfpwe StateTaryéva owpota lvat
wopoppa (Bréne M. Spivak, Kepdhato 29).

Topo unopolue va detfoupe 6T N eliowon x2 = 2 éyel Mo 670 oUVOAO TWY TPy~
HATXOY ApLOUOY.

Ilpétaon 1.3.8. Yrdpyer povadikds derikds x € R doze 22 = 2.

Anéoaén. Oewpolue o chvoro
A={zeR: z>0xur* <2}

Hopatnpolue Tpota 6Tt 10 A elvon pn xevéd: éyovue 1 € A (Brote 1> 0 xou 12 = 1 < 2).
Xpnowonodvtag to Yeyovdg 6Tt av z, y elvar Yetixol mpaypatixol apripol ot & < y av
%ol Uévo av 2 < y2 éyouue tnv €N

Hopothpnon: av yia xdmotov 9eTixd Tpoypotixd y woyler y* > 2 161 o y elvor
dve pedyua tou A.

‘Enetar 61t 0 A elvon dvew @payuévo: yio mopddetypa, o 2 eivar dvw @pdyua tou A agol
2>0xu22=4>2.

Ané v apyf tne mnpdTae, To A ExEL EMdloTO dvw Ppdyua, éotw a € R. Ipo-
Qovede, a > 0. Oa delfouye 6L a? = 2 anoxhelovtac Tic a® > 2 xou a® < 2 :
(i) Trodétoupe 6Tt a® > 2. Me To emyelpnua e anddeine tne Mpdtaonc 1.3.6 Peloxouye
0<e<aoctoRoOote (a—¢)? > 2 Téte, a—e < axou and ty Hopatienon, o a — €
elvou dvw @pdyua tou A, dtomo.
(ii) Trodétouye 6L a? < 2. Me to emyelpnua tnc anddene e Hpdtaorc 1.3.6 Beloxouye
e > 001 R dote (a+e)? <2. Téte, a+e>axua+e € A, drono apol o a elvar dvo
Qedyua Tou A.

Avayxaotind, a? = 2. H govadudnra elvon anhf: ypnotwonoioTe To Yeyovde 6Tt av z,y
etvor Yetixol mporypatixol aprdpol TdTe T =y av xou ubvo av z? = y2. O

Ogiopdc (dppntor apudpol). H Ipdtaon 1.3.8 delyver bt undpyer z € R, z > 0 dote
z? = 2. Ané 1o Oewpnua 1.2.4, o x dev elvon pntdc aprdpdc. TUVETMS, UTEEYOLY TEoLY-
patxol apripol ov onotor dev elvar pntol. Autol ovopdlovtal deentot. To chvoro R\ Q
elvan to ovrodo Twr appiTwy.
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1.33° XoapaxTnelopog Tou supremuimn

H endpevn Ipdtacy divel €vav TOAD YOO «E—YAEAXTNELOUOY TOU supremum evog un
%eVO0 dvw Qpayuévou urtocuvélou tou R.

ITgétaom 1.3.9. Eotw A un kevd dvw gpaypévo vroovrolo tov R ka1 éotw o € R. Tore,
a =sup A av ka1 uévo av wydovr ta e&ris:

(o) To av €etfvar dvw gpdyua touv A,
(B) I'a kde € > 0 vndpyer x € A dote x > o — €.
Arnddaén. Trodétouvue npdta 61t @ = sup A. And tov oploud Tou supremum, LxavonoLe(tal

70 (o). T 10 (B), éotw € > 0. Av vy xde v € Aloyve nz < a—¢, 161€ 10 @ — € VY
fitay dve @pdrypa Touv A. And tov opiopd tou supremum Yo ENpENE VoL EYOVUE

a<oa—e, Onpadh <0,

70 omolo elvan dtomo. Apa, yio To TUYOY € > 0 undpyet € A (10 x e€aptdTon BéBona amd
TO €) TOUL XAVOTIOLEl TNY & > o — €.

Avtiotpoga, éotw o € R mou wavornowe! ta (a) xar (B). EWldwdtepa, 10 A elvar dvew
ppayuévo. Ac unodéoouye 6Tt 0 o dev elvan to supremum touv A. Térte, undpyer 8 < o
70 onolo elvar dvw @edyue tou A. Oétouvue € = o — § > 0. Tére,

r<fB=a-—-c¢
yioo xdde = € A. Auté épyetan oe avtigaon ye to (). 0
‘Aoxnorn 1.3.10. Aci€te 6u xdlde un xevd xdww @payuévo unocvvoho A tou R éyel
HEYLOTO XATw PEdyUoL.
1.4 Xvuvéneieg Tou adlOUATOS TNG TANPEOTN TG
Ye auth v mapdypago, yenodomowdvias To adlwya e TAnedtnTag, Yo arnodelouue
AATOLEC BACIXEC WBLOTNTEC TOU GUVOAOU TWV TEAYUATIXWY optdUdY.
1.4’ "Yroapin n—oocthg pillog

To Swwvouxd avdrtuype. o xdde n € N opillovpe nl =1-2---n (10 ywopevo kv
TwY puowy and 1 we n). Tupgovolue 6t 0! = 1. Mapatneiote 6t n! = (n — 1)In yia
xdde n € N.

Av 0 <k < n opillouyue

n\ n! nn—1)---(n—k+1)
(k) ~kl(n—k)! k!
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Iopatnerote 6Tt
n n
= = 1
(0)=()
v xdde n=0,1,2,....
Adppa 1.4.1 (tpiywvo tov Pascal). Av 1 <k <n tdte
n\ (n-—1 n n—1
k) k k—1)
Arndédeaén. Me Bdomn toug oploygolc Tou BOOUUE, UTOPOVUE VoL YRAPOUUE
n—1 n n—1\ (n—1)! n (n—1)!
k k—=1) — Kln—-k-1! " (k—1!(n—k)!
B (n—1!(n—k) (n—1)k
 kln—k—-Dn—k)  (k—1)k(n—k)!
 (n—=Dln—k) N (n—1k
N El(n — k)! El(n — k)!
 (n=Dln—k)+k  (n—-1)n
El(n —k)! kl(n—k)!
_ n
= {4)
dnhad” o {ntolpevo. O

YupBohiopds. Av ag,aq, ..., a, € R opilouue

n
Z@kzao+a1+-~-+an.
k=0

Iapatneriote 6t 10 ddpoiopa ag + a1 + - - - + ap, Unopel 1wodivaya vo Ypaptel we e€hc:

n+1

n n
E ar = E Ay, = E As_1-
k=0 m=0 s=1

H npdtn wétnta woyler yotl ahhdZope (amhac) to «dvopay tne petaBinthc and k oe m.

H deltepn yioti xdvape (amhade) v «adhoy?) petaBAnticy s = m + 1.

IIpétaon 1.4.2 (Srwvupxd avéntuypa). Ia kdde a,b € R\ {0} ka1 yia kdfe n € N

10y Vel

(a+b)" = zn: (Z) a" k.

k=0
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Anédean. Me enaywyh: yia n = 1 1 {ntobuevn wdtnta ypdpeto

_ (1) 1,0 L\ 0,1
a—i—b—(O)ab +(1>ab,

7 omola oy VeL: TopATNERoTE OTL ((1)) = (}) =1,a°=b"=1, a' =axu bt =b.

Trodétoupe 6T
(a+b)" = };} (Z) a"Fp*

xa delyvouue 61t

n+1
(a+b)" =3 (“ ‘]: 1) am Rk,

k=0
= n—kbk
5 (]
= a- Z (n) a"FpE 4+ b Z n) a™kpk
k=0 k k=0 k

_ - n> n+l—kik = n n—mipm-+1
= Z a b" + Z ( >a b
k=0 (k; m=0 m
-1
— an+1 +z’”: n an+1—kbk + "z: n an—mbm+1 +bn+1
k m

— a7l+1 i( ) n+1— kbk+z< ) n— (k—l)bk+bn+1

pdypart,

(a4+b)" = (a+b)(a+b)"=(a+b)

k=1

— an+1+z ( ) ( )] a[ﬂ+1*]€bk_~_bn+l.
=1

k
Ané o Afpua 1.4.1 éyovue (") = (1) + (")), dpo

n+1 n+1 - n+1 n+l—kpk n+1 s n+1 n+l1—kpk
(a+b)"™ =" + Z L)l YT = Z L e b".
k=1 k=0
Auto ohoxhnpdveL 1o enaywyixd B xou Ty anddeln. O

Ocehenuo 1.4.3 (VnapEn n—oothc pilac). Eotw p € R, p > 0 ka1 éotw n € N.
Yrdpyer povadikés x > 0 oo R doze 2™ = p.
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[0 2 cupBoriletor ue {/p A pt/™. Hpogavie pac evdlagéper uovo N tepitiwon n > 2.]

Anédaén. Yrodétovpe tpwta 6Tt p > 1. Oewpolye T0 GUVOLO
A={yeR:y>0xuy" <p}.

To A eivon un xevé: éyovue 1 € A. Hapatnpoldue 61t xdie Yetindg mporypoatinde aprduog
a e Ty WdTnta o > p elvon dvw @pdypa tou A: av y € A tote Y < p < o™ xan, ool
Yy, > 0, ovurnepatvoupe 6Tt y < a. ‘Eva tétolo dve gpdyuo tou A elvar o p: and tny
p > 1 éneton 6t p” > p.
Agol 10 A elvar pn xevé xou v gpayuévo, and to afiwy g TANESTNTIS, UTAPYEL O
x =sup A. Ou detloupe 6T " = p.
() Eotw 6t 2™ < p. Ou Bpolue € > 0 dote (x +¢)" < p, dnhadf = + ¢ € A (doro,
yiotl o z €yel unotedel dvw @pdyua tou A).
Av unodécouue and v apyr) 6Tt 0 < e < 1, €youue
"~ (n
n—k_k—1
€
k=1

n
(x+e)" = x"+2(2)x”kak:x"+a

< z"+4e¢

Ou éyouue howndy (x + €)™ < p av emhéZovpe 0 < € < =L7~——. Emléyouue

n
k=1 (k)”

1 . p—z"
€ = —min 1, —n N . (-

2 { >hor () k}
O ¢ elvor Yetixde mparypotinde apdpée (Bot p — 2™ > 0 xaw >op_y (P)2" ™% > 0) xau
(x+e)" <p.
(B) Eow 6t 2™ > p. Oa Peolue 0 < ¢ < min{x, 1} dote (x —e)™ > p (dromo, yatl 61
o x — ¢ Vo Aoy v @edyua Tou A pixpbdtepo and to sup A).

T xdde 0 < e < 1 €yovpe

(z—e)" = a"+ zn: (Z) "R (—1)Fe =2 — ¢ lzn: <Z)x"k(—l)k15k1]

k=1

" —e€ l (Z) x"_k] ,
k=1

v
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n_ 7
L — . Emléyoupe

Ou €youue howndy (x — €)™ > p av emhéloupe 0 < € < =7t
k1 (k)m

1 . " —p
e=-min{z, 1, —=—F7n—7 ¢ -
2 { 2 k=1 (k)xn_k}

O € elvor Vetinde mparypatinds apidude (Bot 2™ — p > 0w > op_; (7)™ > 0) xan yia
Tov YeTnd mparypatixd aptdud x — € woylel (x — )" > p.
Anoxdeloape 1 2" < p xou 2™ > p. Xuvenwe, 2" = p. H yovadotnro elvar amhi:
napatnerote 6Tt av 0 < x1 < x2 toTe 27 < 7y v xdde n € N.
, 1 , , , , ,
Av 0 < p <1 éyoupe 5 > 1 xa, an6 to nponyoluevo Brua, undpyet povadixoég x> 0

’, n _ 1 . 1 ’
wote " = 5. Oewpolye tov 5. Tore,

Téhog, av p =1 Jewpolye Tov = 1. O

1.4B° Apywwndeia dioTnTRL
ITpdto pog Bripa etvan va det€ouye 6Tt to N dev elvan dve ppaypévo utoclvoro tou R:

Ocewpnpa 1.4.4. To gvroro N twr guoikdy apiludy dev elvar dvew gpaypéro vroolvolo
Tou R.

Arndédealn. Me anoywy oe dtono. Trodétoupe 6t 10 olvoro N elvou dvw @Qporyuévo.
Ané o a€lwpa e TAnpdtnTac o N €yet ehdyloto dvw @pdypa: éotw B = supN. Tére
B—1<p,dpao B —10eveivon dvw @pdyua tou N. Mnopolue Aowndy va Beoldue n € N
pen > B —1. 'Ereton 6t n+1 > 3, dtono agod n+1 € N xou o 3 elvar dvw @gpdyua tou
N. ]

Iood0vayor tpémoL datdnwone tne Bag apync elvar ot e€hc.

Oedpnpa 1.4.5 (ApyunRdeta WBioTnTal Twv mpaypatikedy). Eotw € kat a 6Vo mpay-
patikotl apiuol ue € > 0. Ymdpyer n € N dote ne > a.

Andoaén. Anéd 1o Oewpnua 1.4.4 o £ dev ebvon dvw pdyua Tou N Yuvendg, undpye.
n € N oote n > 2. Agol e > 0, éreton 61t ne > a. O

Ochpnpa 1.4.6. FEotw e > 0. Yrdpyan € N dore 0 < L < e.

n
Anéoaén. And 1o Oevpnua 1.4.4 o é Oev elvar dve @pdyua tou N. Xuvende, undpyet
neNdoen>1 Agole >0, éneton 611 = <e. O
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1.4y" "Yraplrn axcpaiov wépoug

Aelyvouye mpdta Ty €€fg eméxtaon e apyfc Tou ehaylotou (napatnerote dTL Ypnol-
HOTIOLOUUE TNV Apytundeta BOTNTOL TWY TEAYHATIXGY aptduy).

Ilpétaom 1.4.7. KdOe un kevé vrmoovvodo tou Z mou efval kdtw gpayuévo éxer eAdyioto
oTo1YElD.

Anédetn. Eow A # 0 xdtw ppoyuévo unochvoho tou Z. YTrdpyer € R dote z < a
v xdde @ € A. And v Apypidelar tBOTNTA TWY TEUYUOTIXWY POV, UTdpyet n € N
e n > —x, Onhadr —n < z < a v xdde a € A. Tndpyel dnhadn m € Z mou elval xdtw
@edypo tou A (ndpte m = —n), xou PIMOTO «YVACLO» YE TNV EVVoLa 6Tt

meZ xu m<a yoxdde a € A

Oewpolye 10 olvoho B ={a—m:a € A} CN. To B éyet ehdytoto ototyeio, 10 onolo
ovopdlouue 3. Anlady,

8 =ap—m vy xdnow ag € A xou 8 < a—m vy xd0e a € A.

Téte, 0 ag eivon To eldyioTto oToLyelo Tou A: Tpoavdg ag € A, xou yia xdde a € A éyoupe
ap—m<a—m=— ay < a. g

Me avdroyo tpono umopeite va dellete 6Tt xdle un xevd xar dvew QpayU€évo cUVOAO
axepafwy aptiudyv éyel péyioto atotyeio. Alvouye wia dedTeEn amodeErn auTol Tou BUiXoU
oY LELoP0Y, YenoonoldvTac areuielag auth T0 Popd To a&iwpa Tng TANEOTNTIC.

Aevtepn amddaén. 'Eow A éva un xevd xou dve @paypévo utoocbvoho tou Z. Ané to
allwpa e TAnpdTTaC, Ldpyet 10 a = sup A € R. Ou detlouye 61t a € A: and Tov
yapaxtnetowd tou supremum, undpyet © € A dote a — 1 < z < a. Ava ¢ A, té6te
x < a. Autd onpaiver 6Tt 0 2 Bev elvar dvw @edyua tou A, ondte, e@apudlovtag TdAL Tov
yopaxtnploud tou supremum, Beioxoupe y € A wote a — 1 < z < y < a. 'Enetn 6t
0 <y—z<1. Avuté eivar dromo diéTt oL x %o y elvon axépotot. a

Ochpenpo 1.4.8 (Ormoplrn axepaiov pépoug). Ia kdle x € R undpyer povadixds
axépaios m € Z ue tny 1010tnta
m<zx<m+1.

Anddetn. To obvoro A ={n € Z : n > z} elvar un xevéd (and v Apyurdewa Biotnta)
xal x4 eayuévo and o x. And tny lpdtaorn 1.4.7, 1o A éyel eNdytoto otoyelo : og
0 nolpe ng. Agob ng —1 ¢ A, éyouue ng — 1 < z. Oétouge m = ng — 1. Eidaye 6
m < z. Enlone ng € A, dnhadry m + 1 > z. ‘Apa,

m<xz<m+1.
[ T povadotnta ag utodécouue 6Tt

m<z<m+lxam <xzx<mp+1
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omov m,my € Z. 'Exovpye m < my + 1 dpa m < my, xar my; < m+ 1 dpot m; < m.
YUVETWS, m = my. O

Opiopoc 1.4.9. O axéparogc m mou pog diver to mponyoluevo Yewpnua (xow o omolog
eZoptdral xdde popd and tov x) Aéyetol axépalo REPOS TOL , xou cuuBoliletal ye [z].
Anhadi, o [z] tpoodlopiletan and Tig

] €Z xa [z] <z <[z]+ 1.

T mapdderypa, [2.7] = 2, [-2.7] = —3.

1.45° ITuxvotnTta TV PNTOY X0 TWY AEEHTOY GTOLE TEAYRaTiXols aptdpoie

H Onapgn tou axepaiou pépoug xou n ApytuAdeto IBLOTNTA TV TEOYUATIXGY ApLdU®Y Jog
eZaopoiilovy Ty tuxvotnTa oL Q oto R: avdyesa oe onotousdritote Yo TpayPaTX00E
aprduole urnopolue va Beolue évayv pnto.

Ochpenpa 1.4.10. Av 2,y € R ka1 x < y, tdre vndpyer pntos q pe tnr 16idtna
r<q<y.

Arnéoaén. Eyovue y —x > 0 xat and v Apywrdeio 1016tntor undpyel puokog n € N
wote n(y —x) > 1, dnhady

nr+1 < ny.
Tote,
ne < [nz]+1<nzx+1<ny,
SmhadH
[nx] +1
T < <y
n
Agob o g = ["’”T]LH elvar pntde, éyouue 1o Intoluevo. O

Opwopoée 1.4.11. Ytry §1.3 eldape 6Tt 1o Q elvar yvHiowo umoolvoro tou R: undpyet
TpoypaTixde apdude > 0 e 2% = 2, xau o @ dev elvan prtdc. Kdde mporypatinde aprdude
ToL OeV elva ENTOC AéyeTal dppeNTOG.

Oewpnua 1.4.12. O dppnror eivar tukvol oto R: av z,y € R ka1 z < y, téte vndpyer o
dppnrog pe v < o < y.

Anédaén. ‘Eyouvue x < y, dpo  — V2 < y — v/2. Anéd w0 Oedpnua 1.4.10, undpyet prroc
q Ye

r—V2<qg<y—v2
‘Enetor 67t 0 a := g+ /2 ebvor dppntoc (eEnyfote yiotl) xou

r<a=q+vV2<y.



1.5 OPIZMOI KAI SYMBOAIEMOY - 21

1.5 Ogopol xou cupBoiiopog
1.50" Amoiutn A
Opiopde 1.5.1 (anéivty twr). T xdde a € R Hétoupe
a av a>0,
la] =

—a ov a<0.

O |a] Aéyetar andAutn Ty ToL a. Oewpdvtag Tov a cav ornueto tne evdelac, oxepTéuacTe
Vv anbAuth TR Tou oav TV «anéotacny tou a and to 0. Ilapatnerote 6t | — al = |af
xau |a| > 0 v x&de a € R.

ITgétaom 1.5.2. I'a kdOe a € R ka1 p > 0 wyve
la| < p av kai pévoav —p<a<p.
Anéoaén. Awxpivete nepintddoes: ¢ > 0 xou a < 0. O
Ipétoon 1.5.3 (terywvixr avisdtnta). La kdde a,b € R,
la + 0| < |a| + [b].

Eriong,
[lal = [b[ <la=b] a1 [la] = [b]| < a+b|.

Anédeaén. Ané v Hpdtaon 1.5.2 éyovue —|a| < a < |a] xow —|b] < b < |b]. Tuvend,
—(la| +[b]) < a+b < |a| + [b].

Xpnowonowdvtag téh Ty Hpdtaon 1.5.2 cvunepaivouue 6t |a + b| < |a| + |b).
It dedtepn aviodTnTa YEdQOLUE

la] = [(a = b) + b <a —b| + |b],
on6te |a| — |b] < |a — b|. Me tov o tpbén0 PAénovpe 6Tt
b = |(b = a) + af < |b—af +|a| = [a = b] + |a],
dpa |b] — |a|] < ]a — bl. Apol
—la =8 <la| —[b] < |a -],
n Mpétaon 1.5.2 Selyver 6t ||a| — |b]| < |a — b|.

Av oty tehevtaio aviodTNTa Ay TIXATAGTAOOUUE Tov b e Tov —b, PAénouue 6t | |a| — |b] | <
|a + b| O
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1.53° To enexteTapévo cOVOAO TWV MEAYRATIXGY aptdpmdy

Enextetvouye 10 oOvoro R twv mporypatinedy apududy ye d0o axdue oTtotyela, To +00 xal

10 —00. To cbvoho R = R U {+00, —00} elvon 10 emektetapéro ovodo twv mpayuatikdy
ap1Oudv. Enextelvoupe tn Sudtaln xou tic mpdéec oto R wq e€nig:

(o) OpiCouue —oo < a xou a < 400 vyl xde a € R.
(B) T x&¥e a € R opilouue

(v) Av a > 0 opilouye

a-(+o00) = (4o00)-a=+c0
a-(—o00) = (—00)-a=—c0.
(3) Av a < 0 opiloupe
a-(+00) = (+00)-a=—-00
a-(~o0) = (=50)-a= oo
(e) Erniong, optlouyue
(+00) + (+00) = 400 (—00) + (—00) = —00
(+00) - (+00) = +00 (—00) - (—00) = 400

xal

(+00) - (~00) = (~00)  (+00) = ~o0.
(o1) Aev opilovtan ol nopacTdoelc
(+00) 4 (=00), (=00) + (+00),0 - (+00), (+00) -0, 0 (=00), (—00)-0

preeds
+o00 +00 —00 —00

400’ —0’ 40’ —o0

Téhog, av éva un xevd obvoro A C R dev elvon dve ppayuévo opllovpe sup A = 400,
eved av dev elvan xdtw ppayuévo optlouye inf A = —oo.
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1.5v" Awotipota
Opwopéc 1.5.4. Eotww a,b € R ye a < b. Opllovye

[a,b] = {reR:a<z<b}
(a,b) = {zeR:a<z<b}
[a,b) = {reR:a<z<b}
(a,b)] = {zeR:a<z<b}
[a,400) = {zeR:x>a}
(a,40) = {zeR:z>a}
(—00,b] = {zeR:zx<b}
(—o0,b) = {xeR:z<b}

To uTocUVoAd AUTA TOU GUVOAOU TWY TEAYHATIXGY aptdundy AéyovTal SiacTRprAT.
Y10 endpevo Afupo tepLypdpoue Tor onuela ToL XAEWTOV Sl ThUATOS [a, b].
Adppa 1.5.5. Av a < b oro R téze

[a, 0] ={(1—t)a+tb: 0 <t <1}
Eibikdrepa, ya kdle x € [a,b] éxouue

b—x r—a
a+

b—a b—ab'

xr =

Arndbeén. Edxola ehéyyouvye 6T, yia xdde t € [0, 1] oylet
a<(l-tla+tb=a+t(b—a)<b,

dadA {(1—t)a+tb: 0 <t <1} C [a,b].
Avtlotpoga, xdde = € [a,b] ypdgetar otn Hopen

b—x Tr—a
a+

b.
b—a b—a

xr =

Mapatnpdvtac 6ttt := (z —a)/(b—a) € [0,1] xaw 1 —t = (b—x)/(b — a), PAénovye 6T
[a,0] C{(1—t)a+tb: 0 <t <1} 0

To onueia (1 —t)a+tb tou [a, b] Myoviar xupTol cuvdvacpol wv a xu b. To péoco
Tov [a, b] elvar To
1 1 a+b
= 1 —_ = —0 = .
m = ( 2)a—i— 2b 5
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1.6 Awvicotnreg

Ye auth TNV Toedypago detyvouue ye enaywyt 500 Baoxéc aVIGOTNTES: TNV AVICOTHTA TOU
Bernoulli xou tnv avicdnta aprduntieod-yewuetpuxol péoov. Alec Poaoixéc avicdtnteg
eugpaviloviar otic AoxioeLc.

IIpétaon 1.6.1 (avicotnta Tov Bernoulli). Av x > —1 tdte
(1+z)">14+nx Yy kdlen € N.

Anédaén. T n = 1 n aviodtnro wyler wg wotnroe: 1+ 2 = 14+ x. Aelyvoupe 0
EMAYWYWX6 Priua:

Trodétouue 61t (1 + )" > 1+ nx. Agpod 1+ 2 > 0, éyovue (1 4+ z)(1 4+ x)” >
(14 2)(1 + nx). Apa,

A+2)"">0+2)1+nz)=1+n+Dx+nz?>14+ (n+1)z. O

Iapazipnon. Av x > 0, unopolye va Sei€oupe Ty avicdtnta Tou Bernoulli ypnowonotdv-
TOC TO SLwVUILXS avEmTUYUO: Yiol XQUE 1 > 2 €Y0VUE

(I+2)" = Z (Z) 1" Fgk =14 na + Z (Z)x"‘k > 1+ nz,
k=0 k=2
agol dhot ot tpocdetéor oto Yy, ()a" 7k
TNV LoYLUEOTERY) AVIOOTNTA

elvar Yetuxol. Ouolwe, av n > 3 maipvouue

-1
)x2:1+nsr:+n<n2)m2.

n

I4+2)">1+nz+ (2

Ipétoon 1.6.2 (avicotnta apidpntixol—yewpeteixod péoov). Eotw n € N. Ay
ai, ..., a, €vai Jetikol mpayuatikol aprduol, téte

aytaz+---+ap

n

Anédeiln. ©étovue m = /ajaz - an xou opiCouye by = 7E, k =1,... n. Iapatnpolue
ot ot by, elvon Yetixol mparypotxol aprduol pe yvouevo

> {airaz - an.

a1 Qp Ay - 0an

m m m"

Enlong, n {ntodpevn aviodtnto talpvel T Hop®h
b+ +by, >n.

Apxel howndy va 6et€oupe v axdroudr Ilpdtaon,.



1.7 *ITAPAPTHMA: TOMEY DEDEKIND - 25

IIeétaon 1.6.3. Eotwn € N. Avby,...,b, eivai Oetixol npaypatixoi apifpof pe ywiuevo
by---b,=1, téte by +---+ b, > n.

Andédaén. Me enaywyr wg npog 10 TARoC twv by av n = 1 tote €youue évav uévo
apuduo, tov by = 1. Yuvendg, n avicdtnta eivon tetpiupévn: 1> 1.
Trodétoupe otL yia x&¥e m-ado YeTX®Y opldUDY 1, . . . , Ty, UE YVOUEVO X1 - - - Ty, = 1
oy Vel 1 avicdTnTa
T+t Ty 2> m,

xon delyvouue &t av by, -+, by gbvon (m 4+ 1) Yetxol mporypatixol aprdpol ye youevo
bl . "bm+1 =1 t6te
b1+"'—|—bm+1 >m+ 1.

MrnopoUue va unodéoouye 6Tt by < by < -+ < by, Topatnpolue 6T, av by = by =
coo = by = 1 16t N avicdnta woyder cav oo Av Oy, avoyXaoTiXd €yOouUE
b1 <1 < by (eEnyhote yiatl).

BOewpolye TV Mm-dda YeTixdV apLiudy

T :blbm+17 T2 :b27"'7 ITm :bm
Aol x1 - Ty = b1 -+ by = 1, amd T enaywyw unddeon malpvouue
(b1bmt1) +ba+ -+ bp =1+ + 2y > M.

Ouowe, and ™y by < 1 < by émetan 6T (byps1 — 1)(1 — b1) > 0 dnhadf by + biy1 >
1+ bm+1b1. Apd,

b1+bm+1+b2++bm>1+b1bm+1+b2++bm21+m

‘Exouue howmdv Sel€et to enaywyixd Briua. O

Ilapatiipnon. Av ov apduol aq,---,a, cvar dhov (ool téte 1 avicdtnTta aprduntixoi—
) Y

YEWUETPOV UE€ooU Wy Vel g todtnta. Av ot apuduol aq, - - -, a, dev eivar 6hot {ool, téte 7

an6del&n mov mponyHinxe delyvel L n avicbtna elvan yvioia (eZnyfote yiortl). Anladn:
oTNY aVLoOTNTA AptdUNTIXOU—YEWUETEXOV UEGOU IGYVEL LOOTNTA OV XL HOVOV OV @] = -« - =
.-

1.7 *Tapdptnua: Touéc Dedekind

Trodétouue €86 6T 0 GUvoro Q TwV ENTGY apLiudY €xel oploTel, xou VewpoUUE OAEC Tig
WOTNTEC TOL YVWoTéS. Oa meplypddoupe TNy xataoxeur] Tou R uéow twv touwv Dedekind.
To otowyeioa Tov R Yo elva xdmoto vtochvora tov Q, ot Aeydpevee topég. H 1déa niow
and tov oploud toug elvon 6Tt xdde mpaypaTixde aprduds tpoodopiletoar and 1o olvolo
TV pNTédv Tou elvar uxpdtepol tou: av & € R xat av oploovpe A, = {g € Q : ¢ < z},
16T ¢ = sup A,.
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Opiopée 1.7.1. "Eva vnocOvoro a tou Q Aéyeton topn av avornotel ta e€nc:

e a#l a#Q.
eavpEa,qgeQxuqg<p, 16T q € Q.
® oV P E a, UTAPYEL ¢ € o OOTE p < .

H tpltn WBiotnto pog Aéer ot par toun| o Sev €xel péyioto otoyelo. H deltepn éxer tic e€rc
dueoceg cLVETELEC TTOL Val QovVoUY YENOWES:

e avp€Eaxuqéga, t6tep<q.

e avr¢axur<s, 0t s ¢ a.

Ynueiwon. e 6hn auTh TNV ToEdYEUPO YENOWOTOWUVUE Ta EANNVIXE YpduuaTa a, 3,
v Topée (=pedovtixolc mporyuatixols aptduolc) xor ta Atvixd p,q,T, § Yo pntolc
aprduolc.

Brpa 1: Opiloupe R = {a € Q : 10 a elvar topA}. Autd do elvon tehind t0 ghvoro twv
TEUYHATIXWY oDV,

Brpa 2: Ipdta opiloupe ) ddtaén oto R. Av o, 8 elvar 800 Ttoyée, toTE

a < B += 710 o elvar Yvriolo utoclvoho tou 3.

‘Aoxnom. Acilte ot av a, f elvar topée, tote Woylel axpBng ulo and i a < 3, a = S,
8 < a.

Brupa 3: To (R, <) woavonowel 1o o&ivua e mhnpdémrtac. Anhady, av A elvar un xevéd
unoalvolo tou R xar undpyet touh f € R wote o < § vy xde a € A, td1€ 10 A €yel
EALYIOTO GVL QEAYUAL.

Anéoaén. Opilovpe v TV Evwor OAev TV ototyeiwy tou A. Anlady,
v={¢€Q:3a€Apyecqea}l.

Ou det&ouye 6Tt v = sup A.
(o) To v elvar toun: Hpdtov, v # 0: agold A # 0, vndpyer ag € A. Agod o # 0, undpyet
q € ag. Tére, g € . Hpénet enlone va detlouye 6t v # Q: Yrdpyer g € Q ue ¢ ¢ 5. Av
a€ A 6t a <, dpa ¢ ¢ a. Enopévoc, ¢ ¢ U{a: o € A} dnhadr| ¢ ¢ . ‘Apa, 10 ¥
IXAVOTIOLEL TNV TEWTN GLVITXT TOU OpLOHOY TNG TOUTHC.

INo ) Bebtepn, éotw p € Y xar g € Q ue ¢ < p. Trmdpyer o € A ye p € a xa ¢ < p,
dpo ¢ € . Aol o C 7y, émetan 611 g € .

Il v tpitn, éotw p € v. Trdpyer a € A ye p € a. Apol 10 a elvon Touy, undpyet
gEayep<gq. Toteg, gecvyxup<aq.
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(B) To ~ etvon dve @pdyua Tov A: Av o € A, t6te 0 C 7y dnhady v < .
(v) To v elvar t0 eXdiytoto dve pedypa tou A: Eotw f1 € R dve gpdypo tou A. Térte
B1 > oy xdde o € A, dnhadn f1 D a vy xdle a € A, dnhady

ﬂ12U{a:a€A}:7,

dnhadh B1 > . ]
Brua 4: Oplloupe wa npdln + (mpbodeon) oto R we e€ic: av a, § € R, t61€

at+f={p+q:peaqecp}
(o) Aelyvoupe 61t 10 a + B elvar topn, xar edxola enadndedouye 6t a + = 5+ a xou
a+ (B+7) =(a+B)+ v vy xdde o, 5,7 € R.
(B) Opiloupe 0* = {q € Q : ¢ < 0} o delyvoupe 6Tt 0 0* € R xou elvar 10 oudétepo
otoyelo g mpdoveone: o + 0F = 0" + a = o yio xdde o € R.
(v) Av a € R, 10 —a opileton w¢ eZhc:

—a={¢eQ: undpyerr€Q, r>0pe —qg—r¢a}.
Agigte 6t —a € Rxar o + (—a) = (—a) + o = 0*.

‘Encton 61 1 mpdén 4+ oto R wavornowel ta adudpata g npdoieong. O
Brpa 5: To cbvoro © twy ety ototyelwy tou R opiletal tdpa pe Quotohoyxd tpéTo:
acO—=0"<a

Aci€te 6Tt av a € R, 161€ woyler axpBde pla and 1 o € O, a = 0%, —a € O.
Brpa 6: OpiCoupe wa mpdén molamhaclaouol, tpdta Y o, 8 € ©: Av a > 0" xo
B > 0%, ¥étoupe

af={q€Q: urdpyouv r € a,s € B,r > 0,5 >0 pe g < rs}.

(o) Aelyvouue 6Tt 10 aff elvan touh) xar aff = Ba, a(By) = (af)y av a, 3,7y € O.
(B) Opilovye 1* = {g € Q: ¢ < 1}. Téte, al* = 1*a = o vy xde o € O.

(Y) Av a € ©, 0 avtiotpogoc a~ ! tou a opileton amd TNv:

at={q€Q:q¢<0%q>0xuvrdpyer T €Q,r>1ye (¢gr) ' ¢ a}.

1 1

ActCte dnal € O xn aa t =ata=1*.

Oloxhnpwvouue Tov oploldd Tou Tolhamiaciacuol Yétoviac
af = (—a)(=0), ava,B <0"
af = —[(—a)f], av a < 0%, 8> 0"
Oéﬂ - 7[01(7&)]7 O(VO[>O*,6<O*,
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ol
a0* = 0%a = 0*.

MrnopoUue tépa VoL Bo0UE OTL IXAVOTIOLOOVTAL OAA TA OELWOUATO TOU TOAAATAAGLAGUOV, Xol-
VS %o 1 EMPEPLOTIXY WBLOTATAL TOLU TOAAATAACIAGUOL WS Tpog Ty Tpdodeon. Aev Ja
unolye ot teplocdTepes hentopépetes (av Véhete ovuBovieuteite Tov M. Spivak, Kegpdloto
28).

«To R pe Bdomn tny napamndve xotaoxeur ivat Eva TAEWS BIATETAYUEVO GOUIL.»

BApa 7: Av g € Q opilouue ¢* = {r € Q: r < ¢}. Kdde ¢* elvar tous}, dnhadh ¢* € R.
EOxoha detyvouue ot

(o) av p,q € Q, w6t p* +¢* = (p+ ¢)*.

(B) av p,q € Q, 6t p*q* = (pq)*.

(v) av p,q € Q, t61E p* < ¢* av xar wdvo av p < q.

Enopévocg, nanewévion I : Q — Rye I(q) = ¢* datnpeel Tic npdeic tne npdodeons xo
oL ToANamAacLaopoU, xadoe xaw T Sdtaln. Mnopolue howndy va BAénovye 1o Q cav éva
drateTaryévo unoomua tou R péow g tadtione Q «— Q* (6nou Q* = {¢* : ¢ € Q} C R).

1.8 Aoxroeg
Epwthoeig xatavénong

E&etdote av ot napaxdte npotdoelc eivar adndelc 1 Yeudeic (awtiohoyfote TAfpwe Ty andvinoct
cac).
1. 'Eotww A pn xevé, dve gpoayuévo utoobvoro tou R. Tha xdlde x € A éyouvue = < sup A.

2. 'Eotww A un xevo, dvw gpayuévo uvtoovvoro tou R. O z € R elvor dvw @edyua tou A av xot
uoévo av sup A < z.

. Av 10 A elvar un xevd xon dve peayuévo urnoocbvolo tou R téte sup A € A.
. Av A elvar éva un xevd xon dve @payuévo utochvolo tou Z tote sup A € A.
.Ava=supAxae >0, téte undpyer x € Ayea—e <z < a.
Ava=supAxoue>0, t6te undpyer z € Aye a—e <z < a.

. Av 10 A elvar un xevéd xon sup A —inf A =1 téte vndpyouy z,y € A dote z —y = 1.

o N o Ttk W

. T xdde x,y € R pe & < y undpyouy dnepot to TAdoc r € Q mou ixavonowly Ty & < r < y.
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Aoxhoeic — Opdda A’

1. Aci&te 6TL to mapaxdtw toybouyv oto R:
(o) Av x < y+ e v xdde € > 0, t6te = < y.

B) Avz <y+e v xdde € > 0, té6te = < y.

(Y)Av )z —y| <e v xddec e >0, téte © =Y.
(B)Ava<z<bxua<y<b, téte |z —yl <b—a.

2. (o) Av |a — b| < g, 161 UTdPYEL T BOTE

|a—x|<§xou |b—a:|<§.
2 2

(B) Ioylel o aviioTteoyo;

(v) 'Eow 6 a < b < a+e. Bpelte 6houg toug 2 € R mou txavonowolv ¢ |a — x| < § xa
|b—z| < £.

3. Na derydel ye enaywyh 6t o aprduée n® — n v nodkanhdoto tou 5 yia xdde n € N.

4. EZetdote yia noteg tiég tou puotxol aplduod n .oy louy oL THEAXATw AVICOTNTES:

(i) 2" >n?, (i) 2" >n?, (i) 2" >n, (iv)n!>2", (v) 2! <n?

5. 'Eotw a,b € R xav n € N. Aci€te 61
n—1
a”—b"=(a—-0) Z afpr iR,
k=0

Av 0 <a<b, deilte 6u
n—1 b —a" n—1
na < —<nb .
b—a
6. 'Ectw a € R. Ac{&te 6t
o) Ava > 1, t6te a” > a vy xdde Quowxd aprdud n > 2.

Ava>1xum,n €N, téte a™ < a” av xaL gévo av m < n.
) o

7. 'Eotww a € R xo éotw n € N, Aci&te 6t

(a) Ava>—1,16te (1+a)" > 1+ na.

B) Av0<a<1/n,t6te (1+a)" <1/(1—na).
(

v) Av0<a<1,téte
1

l-na<(l-a)" < .
na < ( @) ~ 1+na

8. 'Eoctw a € R. Aciéte 4t
() Av —1<a<0,t6te (1+a)" < 1+na+@a2 yia x89e n € N.
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B)Ava>0,1tte (1+a)" >1+na+ %(f yioe x&de n € N.

9. Aei€te 6T yia xdde n € N woybouv ot avicdtnteg

1 n 1 n+1 1 n+1 1 n+2
14— 14— 14— 14+ — .
<+n> <(+n+1) Xl (Jrn) >(+n+1)

10. (o) Aei&te v avisétnra Cauchy-Schwarz: av ai,...,an xou bi,. .., by €lvon mpaypotixot
aprpotl, tote
n 2 n n
(Somn) = () (3).
k=1 k=1 k=1
(B) Acite v avicdétnta tou Minkowski: av ai, ..., an, %ot by, ..., by eivor npaypatixol aprduof,
0t€
n 1/2 n 1/2 n 1/2
(Swenr) < (2et) +(3) -
k=1 k=1 k=1

11. (Tovtétnra tov Lagrange) Av ai1,...,an € R xot b1,...,b, € R, t61¢

n n n 2 n
<Z ai) (Z bi) — (Z akbk> = % Z (akbj — a]-bk)z.
k=1 k=1 k=1 k,j=1

Xernowonoudvtae Ty tautdtnta tou Lagrange deilte tny aviodtnta Cauchy-Schwarz.
12. (Aviootnra aprduntixol-yemuetpixol uéoov) Ay 1, ..., x, > 0, téte

x1+---+mn)"

$1$2...xn§(
n

Iobtnta toydel av oL povo av £1 = T2 = -+ = Tp.

Enlone, av z1,x2,...,2, > 0, 101

n
n
ko T 2 | T 1 | -

13. Aci&te b1t %dde un xevd xdtw @payuévo unocvvoro A tou R éxer péyioto xdtw @edyuo.

14. 'Eotww A pn xevé uvrnoocOvoro tou R xar éotw ap € A pe v Wbt yia xde a € A,
a < ag. Acel&te 6n ap = sup A. Me ddha Adyia, av to A €yet péytoto otolyelo, téte autd elvar
1o supremum Ttou A.

15. 'Eotw A, B 800 un xevéd xa gpayuéva unocOvoha tou R. Av sup A = inf B, deite b1t v
x8&0e € > 0 undpyouvv a € Axue b € B dote b—a <e.

16. Eotww A un xevéd gpayuévo unoocOvoro tou R pe inf A = sup A. T ocvunepaivete yia 10 A;

17. (o) 'Ectw a,b € R ye a < b. Bpelte 1o supremum o 1o infimum tou cuvérov (a,b) NQ =
{z € Q:a <z <b}. ArtiohoyAote TAjpwe TNV ATdvVINoT coC.
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(B) T x&Ve = € R opillovpe Ay = {g € Q: ¢ < z}. Acilte 6u

r=y <= A, = Ay.

18. Eotww A, B un xevd @payuéva utochvora tou R pe A C B. Aei€te 6T

inf B <inf A <sup A <supB.

19. Eotww A, B un xevd, gpayuéva unochvola tou R. Aeigte 6Tt 10 AU B elvan Qpoypévo xon
sup(A U B) = max{sup A, sup B}, inf(A U B) = min{inf A, inf B}.
Mrnopolpe vo Tope xdtt avdhoyo yia To sup(A N B) A to inf(A N B);

20. 'Eotww A, B yn xevd unocOvoha tou R. Ael€te 61t sup A < inf B av xat uévo av yia xdde
a € A oy xde b € B woybel a < b.

21. 'Eow A, B un xevd, dve @payuévo unooltvolo tou R ye v e€hc diotnta: yio xdde a € A
undpyel b € B wote
a <b.

AcgiZte 6 sup A < sup B.

22. Nua Beedolyv, av undpyouy, to max, min, sup xou inf v Tapaxdtw cuVOAWY:

() A={z>0:0<2°-1<2},B={2€Q:2>0,0<2°-1<2},C={0,%,%,%,...}.
B)D={zeR:2<02°+2-1< 0L E={l+(-1)":neN, F={zeQ:
(z—1)(z++2) <0}

(Y)G:{5+%:n€N}U{778n:nEN}.

23. Bpeeite to supremum xou 1o infimum twv cuvérwyv
-1t 11
A:{1+(_1)"+(2L:neN} , B:{Qn-y?)m:n,meN}.

24. Ac(&te 6Tt T0 oUvoho

A:{m:m,nzl,l...}
n-+m

elvan gpayuévo xou Beelte to sup A xan inf A. E€etdote av 1o A €xel uéyioto 1 ehdiyloto ototyelo.

Aoxhoeig — Opédda B’

25. Aci&te 6Tt ot aprdyol V2 + V3 %o V2 + V3 + /5 elvan dpenrot.

26. Acilte 6T av 0 puowdc apriude n dev elvar 1eTPdYWVO XdnowL PUOoXOL apliuold, T6TE O
V/n elvan dppnroc.
27. 'Eotww A, B un xevéd unoclivola tou R. TroYétoupe ot

(o) v x&de a € A xou v x&de b € B woybet a < b, xou
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(B) v %&9e & > 0 undpyovv a € A xaw b € B wote b—a < e.
AcgiZte 6t sup A = inf B.

28. 'Eoww A, B un xevd, dvw @payuéve unocbvola tou R. Acl&te 6t sup A < sup B av xou
uoévo av yio xde a € A xau ywo xdde € > 0 undpyer b € B thote a —e < b.

29. Ecww A, B un xevd uvnochvoia tou R mou ieavomooby ta e€hc:

(a) yio x&9¢ a € A o yia x&9¢ b € B woyber a < b.

(B) AuB=R.
Aei&te bt undpyet v € R tétooc dote elte A = (—00,7) xou B = [y, 4+00) § A = (—00,7] xa
B = (7, +09).

30. Ectw A C (0,400). Trnodétovue 6t inf A = 0 xow 61 10 A dev eivan dvew ppayuévo. Na
Beedolyv, av undpyouy, to max, min, sup xat inf Touv cuvérov

B:{i:xeA}.
r+1

31. 'Eow x € R. Act€te 6t yia xd9e n € N undpyel axépatog kn € Z wote ‘x - L

Vi
32. Eoctww x € R. Acei&te 6t v xdde N > 2 undpyouvv axépowor m xow n, ye 0 < n < N, dote
Inz —m| < +.

kn

\/ﬁ<

33. 'Eotw a1, ...,an > 0. Acite 6Tt

11 1
(a1+a2+~--+an)(a—+—+~--+—) >n’.
1

az an

34. Ava>0,b>0xwwa+b=1, t6te

) ool

35. (a) Av ai,...,a, > 0, deilte 61t

2

(I4+a)---(14+an) >14+a1+---+an.
B) Av0<a,...,an <1, téte

l—(m+-+an) < (I—a1) - (1-an)
< l1—(a1+--+an)+ (ara2 +a1a3+ -+ + an—1an).

36*. Ava; > a2 > >an >0xuby >by>--->b, >0, t61¢

a1bp + asbp—1 + - + anby < a1+"'+an.b1+"'+bn
n - n n
a1by + -+ anbn

n

<
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37*. 'Eotww au,...,a, Yetixol mpaypatixol aprduol. Aeilte ot undpyer 1 <m < n —1 pe y
Lot

m n

Zak— Z ar| < max{ai,...,an}.

k=1 k=m+1

na

AelEte 6 800 dradoyixol and autole elvon etepbonuot.

38. 'Ectw A, B un xevd, gpayuéva urtocivoha tou R. Opilovye A+ B = {a+b:a € A,b € B}.
Aceite 6T
sup(A + B) = sup A + sup B, inf(A+ B) =inf A + inf B.

39. Eoww A, B un xevd, gpayuéva obvora Jetxdv mpaypatxdy aptduwy. Opilouuye A - B =
{ab:a € A,b € B}. Aci&te 6T

sup(A - B) =sup A - sup B, inf(A-B) =inf A-inf B.

40. 'Eow A un xevo, gpayuévo uvrnochvoro tou R. Av ¢t € R, opilouvpe tA = {ta : a € A}.
Aceite 6T

(o) av t > 0 t6te sup(tA) = tsup A xau inf(¢A) = tinf A.

(B) av t < 0 t6te sup(tA) = tinf A xou inf(tA) = tsup A.






Kegdhoo 2

AXOAOVVIEC TEAYUATIHNMDV
ARLIUV

2.1 AxolovVieg TEAYTUATIXDY ARLIROY

Ogiopdc 2.1.1. Axohlouvdia Aéyeton xdde ouvdptnon a : N — R (ue nedlo optopol to
SOVONO TWV PUOXKDY aEIUOY Xat TéS oToug Tpaypatixols aptduols). Avtl vo cuuBoli-
Coupe Tic pée tne axorovdiog a pe a(l),a(2),. .., ypdopouue

ay,a2,0a3,...

xal Mue 6Tt 0 aprduos a, elvarl 0 1-00T6¢ 6pog g axorovdoc. H (B 1 axoroudia
ouuBoliletan pe {an,}o2q, {an}, (an), (a1,a2,as,...) xwplc autéd va Tpoxakel olyyuon.

Hapadeiypata 2.1.2. (o) Eow ¢ € R. H axohovda a,, = ¢, n = 1,2,... Aéyeton
otalepr axolovlia pe Ty c.

(B) an = n. O tpwToL bpot Tne (ap) ebvar: a1 =1, as = 2, ag = 3.

(v) an = % Ou mpytoL 6pot e (ay,) evow: a3 =1, ag = %, as = %

(®) a, = a", émou a € R. O tpdtoL bpot e (ay,) elvon: ay = a, as = a?, ag = a®.
(€) a1 = 1 %ot apt1 = VI+a,, n=1,2,.... Avth n axorouvdia opileton avadpopukd:
av Yvopllovye TOV G, TOTE UTOPOUUE VO UTONOYICOUUE TOV Gpniy1 XPNOWOTOWWVTISC TNV
ant1 = V14 an. Aedopévou 6t éyet dodel o TpdTog TNE bpOog, N (ay) elvor xald oplouévn
(xdvovtac n — 1 BAuate uropolue va Bpolue tov a,). Ou mpdtol dpot tne (a,) eivow:

a1:17a2:\/§7a3:V1+\/§:a4:\/1+\/1+\/§-

(01) a1 = 1, ag = 1 xat apta = ap + ang1, n = 1,2,.... Av yvopillovue touc a, xou
Qp41 TOTE UTOPOUUE VO UTOAOYIGOUUE TOV Gpya YENOWOTOWWVTAC THY avadpouik) oxéon
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Unt2 = Qn + Gpy1- Aedopévou 6Tt €xouy doldel ol TpwTol dVo dpot, 1 (ayn) elvor xold
optopévn (xdvovtag n — 2 BAata uropolue va Bpolue tov ay,). Ot mpdtot dpot e (ay,)
gvar: a1 =1,a2=1,a3 =2, a4 = 3, a5 = 5, ag = 8.

Q) an, = % av n =2k xou a, = % av n =2k — 1. Ta tov unoloyloud Tou N—0GToY bpoU
an opxel va Yvepllouye av o n efvan dpTIoC 1 TERITTOC: Yia ToddEYUaL, ag = § Xou a7 = 3.
Opiopdc 2.1.3. Eotw (ay) xou (by,) d0o axoloudiec nporypatixdy aprdudy.

(o) Adue 6t (an) = (by) (ot axohoudiec elvan ioeg) av a, = b, yia xd9e n € N. Anhady,

a1:b1, (L2:b2, a3:b3,....

(B) To dOpowopa, 1 dagopd, 10 ywduero xau 10 TAiko 1wy axolouhdy (ay,), (by) elvar ol
axohoudiec (an + by), (an —by), (anby) %o (a,/by) avtictowya (v Ty televtala TEéne
var Xdvouue Ty emmAéoy unddeon ot by, # 0 v xdde n € N).

Ogiopdc 2.1.4 (oOvoho twy pwv). To cUvoho Twv bpwv tne axoloudioc (a,) elvon

T0
A={a,:neN}

Aev Ya mpénel va ouyyéer xavele v axohouvdia (a,) = (a1,asz,...) UE T0 GUVONO TWV
Ty e. T mopdderypa, to obvoho Twdy e axorovdiac (—1)" = (1,-1,1,—1,...)
elvon 10 dwodvoro {—1,1}. Hapatnpriote enione 6t dvo dwpopeTinéc axohovdies unopel
va €youv to (8o ohvolo TdY (Bvdote Topadelypata).

Opiopdc 2.1.5 (tehind tphua). Eotw (ay,) pa axoloudio mpoypatindy apriudy. Kdde
axoroudio TE HOPYAC (Amtn—1)orq = (Am, Gmi1, Gm2, - - -) OTOU M € N Aéyetar Tehxd
TprARe ™NE (ay). Do nopdderypa, ot axoloudiee (5,6,7,...) xat (30,31, 32, .. .) elvar TeAxd
TUALATA TNS @y, = N.

‘Aoxnomn 2.1.6. Eotww (ay) o axorovdia moaypotindy aprdudy xon €01 (Gmin—1)neq
éva TeAxS Ui te. Aelgte 6t

(o) x&de Tehnd THAUS TNS (Apgn—1) EVOL TEAXS TUAUA TNS (@p ).

(B) e tehixd tphAua e (ay,) TEpEyEL xdmoo TeEMXS TUAUA TG (Amtn—1)-
2.2 XOyxhion axolovIoy
2.2a Oplopde touv ogiov
Ocwpole tic axohovdee (ay,) xou (by) pe n—ootolc bpouc Toug

n=— by = (—1)™.
a oo (-1

T «yeydhecy Tweéc tov n ot Gpor 1/n tne (an) Beloxoviar (6ho xor mo) «xovidy oto
0. Ané v &I\ mheupd, ot dpol (—1)™ e (by,) dev TAnotdlouy oe *ETOLOV TPAYUATIXG
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aptdud. Oo Myope bt 1 axohoudia (an,) cuyxhiver (€xel dpo 10 0 xadde o n Telver oTo
dmepo) eved n (by) dev ouyxhiver. Me dhho Aoyia, VENOUPE var EXPPEGOUPE aUoTNEd TNV
TpbTACT:

<N (an) ouyxhivel oTov a av Yo peydAes Tiués Tou n o ay, elvon kovTd GTov ay.

Auté mou mpéner vo xdvoupe cagéc elvar To VONUO TV QPACEDY KXOVTEY %ot <UEYIAES
Téey. Ta mopdderyua, av xdnolog Yewpel 6TL 1 andotaon 1 elvon xavomonTxd wixew,
t6te 1 (an) €xer Ghoug Toug Gpouc Tng xovtd otov 1/2. Enfong, av xdmotog Yewpel 6t 7
QPAOT KUEYAAEC TLUECSY OMUOLVEL UPXETES HEYANES TWESY, TOTE 1 (by) €XEL apxETOUC GpOUC
%0Vt 6Tov 1 ahhd xan apxeTo0¢ 6poug xovtd oTov —1. LuuQwVoUUE Vo ALUE OTL:

«n (an) ouyxAivel cTov a av oe 0codNmoTE WixpH TEploy)) Tou a PBploxovat
A bhot oL bpol NG (an)».

H évvowa tng mepioxnis evog mpaypotixol aprduold a optleton avotned wg e€hg: yio xdde
e > 0 10 avowxto didotnua (a — €,a + €) Ye xévtpo Tov a xou axtiva € efvan o teptoyn
0V @ (1) e-Tepioxr] ToU a). XpnowonotdvTac ThY €Vvold TNS E—TEPLOYNS XAt TNV EVVOLY TOU
TEAMXOU TURaToC fiag axoloudiog, xatahfiyouue oto e€nc:

«N (an) ouyxhiver 6Tov a av xdde e—Teptoyn ToU a TEPLEYEL XATOLO TENXS TUAUA
™me (an)».

Mapatnp@viac 6t x € (a—¢e,a+¢&) av xoL povo av | — al < €, UTopoUE Vo SOCOVYE Tov
eZnc aUoTNRO opLoUd.

Opiopde 2.2.1 (6pto axorovdiac). Eotw (a,) po axohovHa mpayUatikdy aptdudy.
Aépe 61 (a,) ovyxhiver otov Tpaypatnd aptdud a av wydel o e€he:

e x&de e TdEYEL PUOIXOC Ny = Nngle ™y WOTNTO: av N oL
o xdde e > 0 v €L PUOLX £ 0 € N x

n > ng(e), 161€ |a, —a| < e.
Av 1 (ay) ouyxiver oTov a, Ypdpouue lima, =a B lim a, = a ¥, 1o anhd, a, — a.

n—oo

IMapatienon 2.2.2. X1ov mopandvew opoud, o delxtng no e€aptdton xdde gopd and o
. ‘000 ouwe wixpd %t av elvan 10 €, unopolue va Beolue ng(e) wote dhot o bpol a, Tou
EMOVTAL TOU ap, VA Poloxoviaice-xovidy otov a. Lxe@Telte Ty npoondielo eMAOYHC TOU
no(e) oav éva en’ dnelpov oy vidL pe Evay aviinalo o onoloc emAEYEL OMOEVA Xol UXPOTEPO
e > 0.

Tio var e€ouxetdolpe pe Tov oplopd Yo anodeilouye 6t na, = + — 0evad nb, = (—1)"
dev ouyxAiver (og xavévay TpayHaTixd aprdus).

(@) H a,, = L ouyhiver 670 0: Oewpolye tuyoloo e-tepoyh (—¢,) tou 0. Ané tny
Apyundetor Wibtnta undpyet no(e) € N dote nio < e. O uxpdrepoc tétol0¢ PuotndS



38 - AKOAOTOIES IPATMATIKON APIOMQN

apudude elvon o [L] + 1 (eZnyhote yial), duwc autéd dev éyer ioitepn onuacta. Téte, yuo
x8&de n > ng oy Vel
1 1
—e<0<-< —<e.
n no

Anadh, To TeEMx6 TP (%, T ) e (an) nepéyetan 670 (—¢,€). Suppwva

UE ToV optoyd, éyouue a, — 0.

(B) H b, = (—1)™ dev ouyxhiver: Ac unoléoouue éti undpyet a € R dote (—1)" — a.
Ataxpivouye 800 TEPITTOCELC:

(B1) Av a # 1 undpyet e-nepoyn Tou a wote 1 ¢ (a —e,a +¢€). T mopdderypa,
UTOpOVUE Vo ETAECOUPE € = % Agol b, — a, undpyer TehNxd TAPA (byy, bt - - -)
nov TeptéyeTal 070 (a — £,a + €). EWldxdtepa, by, # 1 vy xdde n > m. Avuto eivon dromo:
av Yewprioouye dptio n > m t6t€ by, = (—1)" = 1.

(B2) Av a # —1 undpyet e-nepoyh oL a wote —1 ¢ (a —€,a +¢). T napdderyua,
unopolue vo emAéEoupe € = @ Agol b, — a, undpyet Tehxd TuRua (b, bt - - )
Tou mepLéyeTal 670 (a —e,a+¢€). Edwdrepa, by, # —1 yia xdde n > m. Autd eivon dromo:
av Yewproovye meptttd n > m téte by, = (—1)" = —1.

Ocdenpa 2.2.3 (rovadixdtnta Tou opiov). Av a, — a kai a, — b, téte a = b.

Arndoaén. Trodétouye 6T a # b. Xwplc meploploud g YEVXOTNTAS, UTopoluE va uToé-
oouue 6Tt a < b. Av Tdpoupe € = (b—a)/4, 16tE a+ & < b—e. Anhady,

(a—c,a+e)N(b—e,b+e)=0.
Agol a,, — a, umopolpe va Peolue n1 € N dote yia xdde n > ny va woylet |a, — a| < €.
Ouolwe, ool a, — b, unopolue va Beolue ng € N @ote yio xde n > ng va oylel
lan, —b| < e.
O¢toupe ng = max{ni,ns}. Téte, yia x&e n > ng toybouv TaUTGYPOVAL OL

la, —al <e xu |a, —b] <e.
"Ouwc tote, Yoo xdde n > ng €YOUHE
an € (a—e,a+e)N(b—e,b+¢),
to ornolo elvon dtono. O

Ocedenua 2.2.4 (xprthpto ToeerBoAAS N XELTHELO LGOGUYXAVOLCKDY AXOAOUILDY).
Ocwpole tpeis akoovlies ay,, by, v, TOU 1kavomooly ta €&ng:

(o) an < by <7, Y@ kdde n € N.
(B) lima, =lim~y, = ¢.
Tére, n (by,) ovykAiver ka1 limb,, = £.
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Anédeaén. ‘Eow € > 0. Aol a,, — £ xat v, — £, undpyouy guoxol aptduol ny,ne GoTe
lan, =l <eavn>ny x|y, —4L <eavn>ns.
Isod0vapa,
l—e<ap,<lt+ecavn>ny xu L—e<y,<fl+eavn>ns.
Eméyouue ng = max{ni,na}. Av n > ng, 161
l—e<ay,<b, <y, <l+¢
dnhadA, av n > ng €youvye |b, — ¢ < e. Me Bdon tov oplopd, b, — L. O

Hoapatnehoeic 2.2.5. (o) Beforwdeite ot éyete xatardBet ) Sadixooio anddelgng: av
Bélouye va deloupe 6T t, — t, mpénel yio avdaipeto (Uxpd) € > 0 — 1 anddeln Eextvdel
ME TNV @edon «éotww € > 0» — va Bpolue guoixd ng (mou edaptdtar and To €) e TNV
Wit n > ng(e) = |t, — t| < e.

(B) Towc éxete dn napatnefioet 6Tt oL TpdToL m dpot (m = 2,10 A xor 1010) dev ennpedlouvy
N oUyxhion 1 un yog axorovdiog. Xenowonowwvtag v Aoxnon 2.1.6 deléte ta €
1. Eotww m € N. H axohoudia (a,,) cuyxiiver av xou pévo av 1 oaxohoudia (by) = (am4n—1)
ouyxAlvel, xou palota limy, a, = limy, apmtn—1.

2. Eow (a,) xou (b,) 800 axohoudiec mou Sapépouv oe nenepacuévous 1o thidoc 6pouc:
undpyer m € N dote a, = b, vy xdde n > m. Av n (a,) ovyxhivel otov a t61€ 1 (by,)
GUYXAVEL %L AUTY GTOV a.

Opiopoc 2.2.6. H axorovdia (a,) Myetouw QpayRévn av UTopoUUe Vo BpoUue Xdmolov
M > 0 pe v WBoTnTaL

lan| < M ya kd0e n € N.
Ocwpnua 2.2.7. Kdle ovykAivovoa akodovdia efvar ppayuévn.

Arndoein. 'Eow 6t ap, — a € R. Ialpvouye € = 1 > 0. Mnopotue vo Ppolye ng € N
Gote |a, —al < 1y xdde n > ng. Anhadr,

av n > ng, T0T€ |ay| < |an, —a| + |a| < 1+ |al.

O¢Touue
M = max{lal,..., [an,|, 1+ Ja]}

xot €0XoNa ENEYYOUUE OTL |ay| < M vy xdde n € N (Sraxpivete tepintdoec: n < ng xol
n > ng). ‘Apa, 1 (a,) elvol pporyuévn. O
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2.2B° Axolouvdieg mou teivouv cTo Anclpo

Ogiopoc 2.2.8. Eoww (a,) yo axorouvdia mpaypatix@y oprduy.

(o) Aépe 61 a, — +oo0 () axolovda telver 010 +00) av yia xdde M > 0 (ocodfinote
HEYEAO) uTdipyeL puoxds ng = no(M) wote

av n > ng, T61€ a, > M.

(B) Aéue 6t ap — —oo (n axohovdia teivel 010 —00) av yia xdde M > 0 (ocodrnote
HEYEAO) uTdipyEL puaxde ng = no(M) dote

av n > ng, Tote a, < —M.

Iapatienon 2.2.9. Xpnowonooae ) AEN «Telvely 0T0 £00: GUUPKOVOVUE WS WL
axoroudia (a,) cvyxhiver pévo av ouyxhivel oe xdmoov Tpayuatixd aptdud a (o onolog
Myetar xot 6pto e (an)). e Ohec Tic dhhec meptntdoelc Yo AEUe GTL 1 axohoudia
AToXA{VEL.

2.2y" H &pvnon touv opiopot

KXetvouye auvtiv v Hopdypago pe v axplB SLatdmwor g deynong Tou oplodol Tou
oplov. Ouundeite dtu:

«n (an) ouyxAivel 6Tov a av xdde e-Teptoyr) TOU a TEPLEYEL XATOLO TENXS TUAUA
™me (an)».

Enopévacg, 1 (an) 8ev ocuyxhivel otov a av utdpyet teptoy!) (a — &, a+¢€) Tou a 7 onola
dev mepiéyel xavéva TENXS TUALS TS (ay). Ioodlvapa,

«n (an) 8ev ouyxhiver otov a av undpyel € > 0 wote: xdde tehxd TpAua
(s Qi1 - - -) TS (@n) €YEL TOLAAYLOTOV éValy Gpo Tou Bev avixel 6To (a —
g,a+¢€)».

Mapatneote bt av (Am, Gmt1, - - ) EVOL EVOL TEAXS TUAUA TNS (@) TOTE: TO (G, Gt 1, - - -)
dev mepiéyetol 070 (@ — €,a + €) AV xou HOVo av UTEPYEL N > M WOTE ay, ¢ (a —¢&,a+¢),
nhady |an — al > e. Katodiyouue hotndy otny e€Xg npbtaon:

«n (an) 8ev ouyxhiver 6Tov a av undpyet € > 0 Gote: v xdde m € N undpyet
n > m O6TE |a, — a| > e».

‘Aoxnom 2.2.10. AcZte 6t naxohouvdia (ar,) dev cUYXAIVEL GTOV @ oV XL UOVO oy UTIAPYEL
e > 0 dote dreor o TAdoc dpot e (ay,) tavoroly T |a, — al > €.
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2.3 'Alyefpa twv oplewv

‘Okec ot Baouéc B16TNTeC TwV oplwy axoloudiwy amodewxviovtal eUxoha Ue Bdorn Tov
OpLOUO.

Ipétaocn 2.3.1. a, — a av ka1 uévo av a, —a — 0 av ka1 udévo av |a, —al — 0.
Anddeaén. Apxel va ypddouue toug tpelc optopolc:

(i) Exouvye a, — a av yw xdde € > 0 undpyet ng € N dote yia x8d0e n > ng v toyVet
lan, —a| < e.

(ii) ‘Eyxoupe an, —a — 0 av yw xdde ¢ > 0 vndpyet ng € N dote yia xdde n > ng va
oyvet |(an, —a) — 0] < e.

(iii) "Eyovye |an, —al — 0 av yio x&de € > 0 undpyel ng € N dote v xdde n > ng va
woyoet | |a, —al — 0] <e.

Hapotnedvrag 6t |an, —al = |(an —a) — 0 = | |an —a| — 0| yio xde n € N Bhémouye 6t
oL TpelC MpoTdoelc Aéve axpBac o (Blo mpdyua. O

IIpoétaon 2.3.2. a, — 0 av ka1 udvo av |a,| — 0.
Arnddaén. Edwd nepintwon tne Ilpbdtaonc 2.3.1 (a = 0). O
Ilpétoon 2.3.3. Av a, — a tdte |ay| — |al.

Andéoaén. 'Eotww € > 0. Agol a, — a, undpyel ng € N dote yio xdde n > ng va Loy Vel
lan, — a] < e. Tére, yia x&de n > ngy éyoupe

’|an|—\a|’ <lan, —a| <e,
Amd TNV TELYOVLXY AVIGOTATA Yol THY ATOAUTY TN, O
IIgétaom 2.3.4. Av a,, — a ka1 b, — b tdte ap, + b, — a+b.

Arnéoaén. ‘Eow € > 0. Aol a,, — a, urdpyet n1 € N dote vy xdde n > ny va woylet
€
5

Ouolwe, agol b, — b, utdpyet ne € N dote yio xdde n > ng va 1oy Vel

lan, —a|] <

€
|bn, — b| < 7

O¢toupe oy = max{ny,na}. Tote, yio x&e n > ny €yovue tautodyEOVa |a, — al < &/2
xan by, — b| < €/2. Apa, v x&d9e n > ng €yovye
E €
|(an +bn) — (@ +b)| = |(an —a) + (bn — b)| < |an —a| + by — ] < st =¢

AgoU 10 € > 0 frav Tuydy, autod delyvel 6T ap, + b, — a +b. O
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Ilpétacn 2.3.5. FEotw (a,) kai (by,) 6Uo akolovlies. Yrodérouue éti n (by) elvar ppay-
uévn ka1 6w a,, — 0. Tdze, apb, — 0.

Anddaén. H (by,) elvar ppaypévn, dpo undpyer M > 0 wote |b,| < M yo xdde n € N.
‘Eoww € > 0. Agol a,, — 0, undpyet ng € N dote

3

nl = lan — 0] <
an] = lan — 0] < —

vy xde n > ng. Eneton b, av n > ng téH1e
€
|anbn| = |an]|bn] < A M =c¢.

Agot 10 € > 0 frav TuydY, auTd Belyver 6T anb, — 0. O
IIpétaon 2.3.6. Av a, — a kait € R e ta,, — ta.

Andédaén. And v a, — a éneta 6Tt an —a — 0. Oewpolye Ty otadepy| axohoudia
by, = t. Ané v nponyoluevn Ipdtaon éyovue

ta, —ta = t(a, — a) = by(an, —a) — 0.
Yuvenwe, ta, — ta. O
IIgétaom 2.3.7. Av a,, — a ka1 b, — b, tdte a,b, — ab.

Andoaén. Ipdpouye
anby, —ab = a, (b, — b) + b(a, — a).

Iapatnpotue ta e&hc:

(i) H (a,) ouyxhive, dpo elvon gpaypévn. Agol b, —b — 0, n Hpbraon 2.3.5 delyver
6Tt an(by, —b) — 0.

(ii) Agol a, —a — 0, n pbtaon 2.3.6 delyver 6w b(a, —a) — 0.

Topa, n Mpdtaon 2.3.4 delyvel 6Tt
an (b, —b) +b(a, —a) - 04+0=0.

Anhady, anby, —ab — 0. O
Meétaom 2.3.8. Foww k€N, k> 2. Av a,, — a tére ak — a*.
ArnddeiEn. Me emaywyn we mpoc k. Av a, — a xou av yvwpilovue 6t a)t — a'™, 161
m+1

m—+1 __ m m o __
a, =apn-a, —a-a =a

anéd v [pdtaon 2.3.7. O
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an

Ilpétacn 2.3.9. Fotw (a,) kat (by,) akodovdies pe b, # 0 yia kd0e n € N. Av a, — a
kai by, — b # 0, tdre o %

Arndoaén. Apxel va det€oupe 6Tt i — 3. Kotémy, egapuélovpe v Mpétaon 2.3.7 yio

e (an) %ot (i)

Auté ou 9€houye va Yivel ppd yio yeydieg Tiwég tou n elvan 1) tocdTnTa

RN B ]
bu b ballb
Ioxupiopds. Tndpyer n1 € N @ote: y xdde n > ny,

0]

bn :

16l
2

. Tére, yo xdde n > ny woylet

Doty anédeln autod Tou WyLPopol EMAEYOUUE € =
18]
2

> 0 xot, Aoyw e by, — b,
Beloxouye ny € N dote: av n > nq t61€ |by, — b| <

b
| 1bn] = 1B] | < [b —b] < %
Ané v tedevtaio avicdtnta éneton 6t [y, | > % yioo xdde n > ny.

O wyuptopoc éyel Ty e€fc oLVETEW: AV 1 > My TOTE

1 1] 2(b—by
i Qe naS L0
by, b]—  |b)?
Tdpa propodue va dei€oupe 61t i — 3. Botw e > 0. Agol b, — b, undpyer ny € N

2
wote |b—b,| < Elg‘ yioo xdde n > ng. Emléyouue ng = max{ni,n2}. Av n > ng, 161

by
T < e.

1 1| _ 2b-
— _-l<
no 0|7
Me Béon tov opoud, i — 1. O

IIeétaon 2.3.10. Eotw k €N, k> 2. Av a,, > 0 yia ki0¢ n € N ka1 av a,, — a, tdte
Ya, — Va.

Andédaén. Aiaxplvoupe 500 TEPITTWOEL:

() an — 0: 'Eotww € > 0. Agob a,, — 0, egoapudloviag tov oplopd yio tov Jetind aprdud

g1 = & Bploxoupe ng € N dote: yia xdde n > ng woyle

Ogan<5k.
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Tére, yo xdde n > ng woylet
k
0< ¥a, < Vek =e.

Apa, ¥a, — 0.
(B) an — a > 0: Quundeite 6Tt av z,y > 0 toTE

28—y = |z —y|@" T+ 2Py ey ) > e -yl

Xpnoonoudvtag authv TNV avioOTTa UE & = /a, xat y = {/a BAénouye Ot

, lan — a
|\k/an_%|§ W

Eotw e > 0. Apol a, — 0, epapuélovTac Tov oplopd yio Tov Detind aprdué e1 = vVak—1le,
Beloxoupe ng € N dote: v xdde n > ng oy lel

k
lan, —a| < Vak—1.e.
Térte, yio xdde n > ng woylet

|an — al
‘\’“/an— %’ < Tm <eE.

Suveroe, Ya, — Va. O

IIgétaom 2.3.11. Av a,, < b, yua kdle n € N ka1 av a,, — a, b, — b, tére a < b.

Arnéoeitn. YTnodérouye 6t a > b. Av Hooupe € = “T_b 161€ LUTdpEYoLY Ny, N2 € N dote:
v xdde n > ng loyvel
a—b a—b a+bd
lap, —a| < —— = ap, > a— = ,
2 2
xat yloe xdde n > ng 1oy Vet
a—1b a—b a+bd
|b, — ] < — b, <b+ = .
2 2
Octouue ng = max{ny,na}. Tote, yioa xde n > ng €yovue
a+b
b, < 5 < Gy,
70 onolo elvan dtomo. O

IIeétaom 2.3.12. Avm < a, <M ya kif¢n € N ka1 av a,, — a, tore m < a < M.

Arnddaln. Oswpolue g otalepéc axohovdiec b, = m, v, = M xouw e@apudlovue Ty
nponyoLuevn Hpdtaon. O
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2.4 Boaowd 6pta xou Bacixd xpttpla cUYXAGTS

Ye auth v Hapdypago Beloxoupe ta dptar XAmowwy cUYREXEIEVKDY axohoLBidy oL ontoleg
eupaviCovtar moAd cuyvd otn cuvéyew. Me ) Borldeio autdhy TV ooy oplwvy
anodetxvioude dV0 TOAD Yeriotua xpithpa olyxhiong axoloudwy oo 0 1 oto +o0.

2.40 Boaowd dpla

Ilpétaon 2.4.1. Av a > 1, tde n akokovlia x,, = a”™ teiver oTo +00.

Anédaén. Agob a > 1, undpyer 8 > 0 dote ¢ = 1+ 6. And v avicdtnta Bernoulli
nalpvoupe
Tn=014+6)">1+n0 >nb

yio xdde n € N.
‘Eotww thpa M > 0. And v Apyuideta Wibtnra, undpyel ng € N wote ng > M/6.
Térte, yio xdde n > ng €yovue

T, > nb > ngh > M.
"Ereton 6t 2, — +00. O
Igétaom 2.4.2. Av 0 < a < 1, tdte n akodovdia z, = a™ ovykAiver oo 0.

Anddedn. Eyovpe L > 1, dpa undpyer § > 0 dote L = 1+6. Ané my avicbtnta Bernoulli
natpvouyue

1
— ={1+0)">14+n6>nb

Tn
Onhadt
1
O<a, < —
nf
Y xdde n € N. And tny 25 — 0 xon amd 10 %pitfiplo TwY L00GUYXAYOUTEHY axoAoUDLDY
éneton 6t x, — 0. O

Ilpétoon 2.4.3. Av a > 0, tdre n axorovdia x, = Ya — 1.
Anédeién. (o) E€etdlouye mpwto v mepintwon a > 1. Téte, {/a > 1 yo xdde n € N.
OpiCouye
0, =Va—-1=zx, —1.
Mapatneriote 6t 8, > 0 yioo xd9e n € N. Av del€ouvye 61 0, — 0, téTE €YOULKE TO
Unrodyevo: x, =146, — 1.
Aot {/a =1+ 6, uropolye va ypddoupe

a=(146,)" >1+nb, >nb,.
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"Eneton 6t
a
0<#0,<—,
n

%0l OO TO XELTAPLO TWY LGOCUYXALVOUCGY axolouthiv cuurepaivouye 6Tt B, — 0. Xuvende,
z, =1+06, — 1.

(B) Av0<a<1r16teL>1 Ané o (a) éouue
1 1 1
— = = 1{/- 1#£0.
Tn  Va \/;_) 7

(Y) Téhoc, av a = 1 w6t 7, = V1 =1 yio xdde n € N. Eivor téhpa pavepd 611, — 1.
O

Yuvenwe, T, — 1.

Ipétaon 2.4.4. H axoloviia z, = {/n — 1.
Arnédaén. Moluacte tny anddeln e nponyoluevng Ilpdtaone. Opilouue
Op,=VYn—-1=mz, 1.

Mapatneriote 6t 8, > 0 yoo xd%e n € N. Av del€ouye 61 0, — 0, téTE €YOUME TO
{nrodyevo: x, =140, — 1.
Aol {/n = 140, YeNoWonotdVTIG TO BIVUUIXG OVATTUYHA, UTopolUE Vo Ypdpouyue

n(n—1)

e,

n=(1+4+6,)">1+4nb, + (Z)&?L >
‘Eneton 61, vy n > 2,

2

0<86, o
< < n—1

%ot Amd TO XPLTHPLO TWY LGOGUYXALVOUCKY axohoudidy cudmepalivouue 6t 8, — 0. Tuvenng,
r,=1+6, — 1. |

2.4B° Kpithplo tne piloag xaL xplthiplo Tou AoYoU

IIpétaocn 2.4.5 (xprthipro Touv Aoyouv). FEotw (a,) akodovdia un undevikdy dpwv (a, #
0).

() Av an, >0 ya kde n € N ka1 =2 — £ > 1, téte a, — +o0.

— ¢ < 1, tote a,, — 0.

() Av

An+1
An
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Anédetn. (o) Ofroupe ¢ = 5L > 0. Agod 222 — ¢, undpyer ng € N dote: yio x80e
n 2 no,
a {+1
Tt s e= 212
an 2
Iopatnprote 6t 0 := “?1 > 1. TOTE, anyr1 > 0any, Angra > 020y, Gngrs > 03an,, xou

YeEVIXd, av n > ng oyVel (eEnyhote ywtl)

ng  pn

gno

an > 0" "0q,, =

Ago¥ lim 0™ = 400, éneton OTL Gy, — +00.
n—oo

(B) ©¢touye € = 154 > 0. Agol

An41
an

— £, utdpyet ng € N wote: vy xdde n > n
) 0 0,

a +1
"l < lte= i
an 2
HO(pO(TY]pY']OTE o p = HTl < 1. Tére, |a‘n0+1‘ < plan0|7 |ano+2| < p2|an0|a |an0+3| <

P2 an, |, xon yevixd, av n > ng woyler (e&nyhote yrot)

‘anol .an

|an| <pn—n0|an0| = o

Ago¥ lim p" =0, énetar 61 a,, — 0. O
n—oo

IMopathenon 2.4.6. Av “ — 1 161 0 xpLthplo Sev diver oupmépaopa. Tio tapdderypa,
2l 1 yon n — oo, épmg%—dxm 1/n — 0.
Evteldc avdhoya anodewcvietan 1 axérovdn Ipdtao.

Ilpétaon 2.4.7. (a) Eotw p > 1 ka1 (a,,) akodovdia Jetikddv dpwv. Av any1 > pan yia
kdO¢ n, tdte a, — +oo.

(B) Eoww 0 < pp < 1 ka1 (a,) akokovdia pe tnyididtnta |ans1| < play| yia kde n. Tore,
an, — 0. O
Ilp6taon 2.4.8 (xprthpro tng pilac). Fotw (a,) akodovldia ue un apvntikols dpovs.
() Av ¢/a,, — p <1 téte a, — 0.

(B) Av /an, — p > 1 téte a, — +o00.

Arnédeén. (o) Oftouvye € = PTP > 0. Ago¥ {/a, — p, undpyet ng € N dote: yua xdde
n > no,

+1
Yy <p+5:pT
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. ptl
Hopatneriote 6T 0 := £~ < 1 xau

0<a, <0" vy xdde n > ng.

Aol 0 < 0 <1, éyovue lim 6™ = 0. And 10 XpLTAPLO TWY LGOGLYXAVOUGKY AXONOULDY

n—oo

égnetan 6t a, — 0.

(B) Oétoupe € = %1 > 0. AgoU {/a, — p, undpyel ng € N dote: yio xdde n > ny,

+1
Van > p—e=Fom.

. ptl
Hopatnpriote 6T 6 := 5= > 1 xau

an, > 0" vy xdde n > ng.
Agol 0 > 1, éyovye lim 6" = 4o00. 'Enetat 61 a,, — +00. O
n—oo

IMapatienon 2.4.9. Av /a,, — 1 tdte 10 xpLTipl0 BeV divel cuumépaopa. T tapdderyua,
Vn— 1 xoun — oo, dpwc {/1/n— 1 xw 1/n — 0.

Evtehde avdhoya anodetxvieton 1 e€nic Hpdtaon.

Ilpétacn 2.4.10. Eotw (a,) axolovdia ue un apvntikods dpous.
(o) Av vndpyer 0 < p < 1 dote /a, < p ya kd¥e n € N tdte a,, — 0.
(B) Av vrdpxer p > 1 dote /a, > p ya kdde n € N tdte a,, — +00. O

2.5 X0yxAion povoétovey axohovey

2.50° XOYXAON LOVOTOVWY AXOAOLTLDY

Ogtopoc 2.5.1. Eow (a,) o axohouvdia mpaypotixdy aprdumy. Aéue 6t n (ay) elvan
(i) avéovoa, av any1 > a, yio xdde n € N.
(ii

(iii

i
(iv

)
) @Oivovoa, av ant1 < ap, v xdde n € N.

) ywnoing avéovoa, av a,y1 > ap v xdde n € N.

) yvnoiws gdivovoa, av ant1 < an Y X80 n € N.

Ye xodepio and TiC ToPATAVEW TEPITTWOELS AEUE OTL 1) (ay) Elvat povoTtovT.

TapatneRoeig 2.5.2. (o) Edxoha ehéyyoupe 6Tt av 1 (ay,) elvar adZovoa téte

n<m=— a, < an.
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Aei&te 10 e emaywYn: otadeponotioTte T0 n xou JelETE OTL AV Gy < Ay, TOTE Ay < Apt1-

Avtiotoyo ocvumépacya woyler Yo Ghouc Toug dAhoug TOTOUS HovoTovie.

(B) Kdde yvnolne abovoa axorovdia elvar adZovoa xou xdde yynoiwe divousa axohoudio

elvar @divouoa.

(v) Kdde adZouoa axorovda etvon xdtes @payuévr, yio nopddetyla and Tov tpidto e 6po

a1. Luverde, uo av€ouoa axohoudio elvar QporyUEvn av xon LOVo av elvat dve QporyUévn.
Evtelddc avdroya, xdide pdivovoa axorouvda elvor dvw Qpoyuévn, yio Topdderyuo anod

TOV TPWTO TNE 6p0 a1. LUVETWC, tia @iivouca axoloudio elvar Qeaypévn av xal HoOvo av

elvon xdtw Qpoyuévn.

H diaic¥nomn unodetxvier 6t av pia axohoudio elvon LovoTovY Xou QpotyUEVT), TOTE TEETEL
va ouyxhivel. T topdderypa, ov 1 (ay,) eivon adZouoo xou dve QeayUévn, TOTe oL bpol TNg
CLOCWPEVOYTAL 0TO EAAYLOTO GVw Ppdyia Tou cuvohou A = {a, : n € N}. Oa ddooupe
auoTtnen anddelEn yu autd:

Ocehpenpa 2.5.3 (cOyxhion povétovwy axolovhav). Kdde povétorn kar gpayuévn
axolovdia ovykAivel.

Anddaén. Xoplc neploploud e yevixdtnrag vnodétovpe 6t 1 (ay,) elvar adZovoa. To
oOvoho A = {a,, : n € N} elvan un xevé (v mopdderypa, a; € A) xar dvw @paypévo dott
N (an) elvar (dvw) georyuévn. Anéd to aflwpo e TANEOTNTAG, UTEPYEL TO ENEYLOTO Gvw
ppdyua tou. 'Eotww a = sup A. Qo dei€oupe 6Tt ay, — a.

Eotww € > 0. Agob a —e < a, 0 a — ¢ dev elvon dvw @pdyua tou A. Anhadi, undpyel
otouyelo Tou A mou elvar yeyaAltepo amd tov a — . Me dAha Aoyio, undpyet ng € N dote

a— € < Qpgy-

Aqgol 1 a, evon ad€ouca, Yo xdVe n > ng EYOVUE an, < Gy XL EMEWY 0 a elvon dve
ppdyua tou A, a, < a. Anhadn, av n > ng 161

a—e<ap, <ap<a<a+te

‘Eneton 6t |a, — a| < € yo xdde n > ng. Apob 10 € > 0 flrav tuy6v, cuunepaivoupe 6Tl
a, — a. O

Me mopdpoto tpdmo amodexviovton to e€Rc:
(i) Avn (a,) ebvou pdivovoa xon xdtw Gpayuévn, Tote a, — inf{a, : n € N}.
(i) Av n (an) elvar adZouoa xou dev elvar dve pparyuévn, téte Telvel oto +00.
(i) Av n (an) evar @divouoa xou dev elvar xdtw Qpoyuévn, téte telvel oo —o0.

Ac Solyue vy mapdderyya Ty anddelln Tou devtepou wyvptopol: ‘Eotww M > 0. Agol 7
(an) Bev elvar dvw ppaypévn, o M Bev elvor dve @pdyua tou cuvéhouv A = {a, : n € N}.
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Yuvenmg, undpyet ng € N dote an, > M. Aol 1 (a,,) evar abovoa, yia xdde n > ng

S
Qn, > Qpy > M.

Agolb o M > 0 frav tuydy, a, — +o0.

2.53" O apudpog e

Xenowonowdvtoe 1o Jewpnua oOYXAoNC LovoTovwy axohoLidy Yo oploouue Tov aprdusd

e xou Yo BoVue T umopel xavelc oyxeTind ebxola Vo emTUYEL XUAEC TROCEYYIOES TOL.

Ipétaon 2.5.4. H axodovdia a, = (1+ %)n ovyKkAlvel o€ kdnoov Tpayuatiké aprud

o aviker oo (2,3). Opilovpe e := lim (1 + %)n
n—oo

Anédeaén. Oo dei€oupe 6Tt N (ay) elvar yynolwe adZouca xat dve Qpaypévr.

(o) ©éhoupe va ENEYEOUPE OTL Gy, < Gpy1 Yia x80e n € N. Iapatnpolue 6t

1\" 1o\ n+1\" n+2\"n+2
14— <14 —— = <
n n+1 n n+1 n+1

n+1<(mn+m)”

n+2 (n+1)2

= 1-

Ané v avicdétnta Bernoulli éyouye

Apxel howndv va eréy&oupe 6L
n 1

< )
n+1)2 n+2

70 onolo oyvet Yo xdde n € N,

() Twaw vor BetZovpe 6117 (an) elvor dve gparypévn, Vewpolue Ty axoroudio b, = (14 1

Hapatneriote 6Tt ay < by v xd0e n € N.

(Y CP .
n+2 n+1)2) -

)n-‘,-l

H (b,) elvon yvnolwe ¢dvovoa: vy va delloupe 6t by, > bpir v xdde n € N

TAEATNEOVUUE OTL

1 n+1 1 n+2 TL+1 n+1 TL+2 n+1 ’/l+2
14— > |14+ — <~ >
n n+1 n n+1

n+2 [(n+1)2\""
<
n+1 n(n + 2)

1 1 n+1
= 1+ —< |1+ —F= .
1< ()

n+1 n+2
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Ané v avicdétnta Bernoulli éyouyue

1_’_# n+1>1+n7—|—1
n(n + 2) n(n+2)

Apxel howndy va eréyEoupe 6Tt

n+1 S 1
nn+2)  n+1’

70 onolo oyLet Yo xdde n € N,

'Eneton 61t ay, < by, < by yio xdde n € N. Anhadi, a, < (1+1)? =4 yio xdde n € N.
Eniong, n @divouca axohoudior (by,) elvon xdtw Qpayuévn: by, > an > a1 = 2 yio xdde
n € N.

Ané 1o Yedpnua oOYIMONG LOVOTOVWY axohoudY, ot (ay,) xou (by) ouyxhwvouy. Eyouv
wéhioTa To (B0 bpo: agol by, = ay, - (1+ 1), cuurepatvouye 6T

1
lim b,, = lim a, - lim <1+ > = lim a,.
n— oo n—oo n— oo n n—oo
Ovopdloupe e 10 xowd bpo v (an) xou (by). Exoupe Adn del é 2 < e < 4. T va

npooeyyloouue TNy TiuY| Tou oplou xaklTepa, ToEATNEOVUE OTL, YLol THPADELYHAL, oV 1 > 5
10T€ a5 < a, < e < b, < by, xal cUVETKC,

6\° 6\°
2.48832 = (5) <e< (5> — 2.985984.

Anhadn, 2 < e < 3. O

2.57" Apyx1 tov wBoTtiopévey Saotidtwy

Mo onuavtiny egapuoyr Touv Oewpriuatog 2.5.3 elvar 1 ey TV XBWTICUEVLY SLGTN-
MATWYY:

Oewpnpoe 2.5.5. Eotw [a1,b1] 2 -+ D [an,bn] 2 [ant1,bn+1] 2 -+ pa @Oivovoa
axolovlia kAewotwy diaotnudtwy. Tote,

() lan. ba] # 0.
n=1

Av emmAéov by, — a, — 0, téte T0 oUvodo ), [an, by] Tepréxer axpips évay mpaypatixd
ap1dud (etvar povoodvolo).
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Arndbeén. And v [an, by 2 [ant1,bny1] émeton 6T

(079 S Ap+1 S anrl S bn

v %x49e n € N. Suvende, 1 (a,,) elvor adEouca xar 1) (by,) elvor gdivouca.
Ané tny [an, by] C [a1, bi] BAénouye 6t

ar <a, <b, <by

v x80e n € N. Yuvende, n (a,) evon dve @paypévn and tov by xou 1 (by,) elvor xdtw
Qeayuévn and tov a;.
Ané 10 Yedpnua olyxhiong povotovey axorouddy, utdpyouwy a,b € R dote

a, —a xo b, —b.

Agot ay, < by, v xdde n € N, n Ipbdtaon 2.3.11 delyver 6t a < b. Ernlong, n povotovia
v (ay), (by) diver

v x&9e n € N, dniady
la,b] € m [an, bu],
n=1

6mou cugpwvolye 6t [a,b] = {a} = {b} av a = b. Ewdwxdtepa,

oo

[an, by] # 0.

n=1
IoyOet ydhioTa dtu

[a,b] = [, bp].

DX

n=1

de(Yp.O(‘EL, av T € ﬂzozl[am bn} 0t ay, <
lim,, b, = b. Anhadh, x € [a, b].

IN

by, vy x&e n € N, dpa a = lim, a, <z <

Téhoc, av unodéocouye 6t by, — a,, — 0, éyoupe

b—a =1limb, —lima, = lim(b, —a,) = 0.
Anadh, a = b. Apa 0 oOvoho (o, [an, by Teptéyel axpiBde évay mparyuotixd aprdus:
Tov a(=b). O

Hapathpnon 2.5.6. H unddeon 6t o aiPwtiopéva diaothpata Tou Oewpruatoc 2.5.5
elvon KAetotd dev pnopel vo mapakerpiel. o mapdderypa, YewproTe Ta AvoXTd SLaoThUATA
(an,bn) = (0,1). Eyouye

005 (02) 22 (0) 2 (01) 5
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oUW

ﬁ (oi) .

Al Yo unfpye @ > 0 mou Vo xavorooloe Ty @ < Ly x&de n € N. Auté elvon
ad0vato, Ayw TNe ApyUABELNS WOLOTNTIC.

2.58" Avadpopixéc axolovlieg

KXetvouue autriv tnv Hoapdypagpo ue éva mopdderypo avadpouixic axohovdiac. H teyviny
TIOU YPMOWOTOOVUE Yiot TN UEAETN TN oUYXAONG avadpouxdy axohovdudy Baolletol
oLY V3 1o YedpnUa GUYXALONG HOVOTOVGRY OXOAOLILOVY.

Mopdderypa 2.5.7. Ocwpolue Ty axohoudia (a,) Tou €xel tpwto dpo Tov a; = 1 xat
xavontotel TNV avadpouxh) oxéon ant+1 = V14 a, yia n > 1. Oa deifovue 6t N (ay,)

ouyxAivel oTov apriud 1+T‘/5

Anddetn. Anbd tov 1p6m0 oplouol Tne (ay) elval goavepd 6TL 6hot ot bpot g elvar Yetxol
(BelZte 1O AUOTNEd UE ETAYWYT).
Ac vnodécouye Ot €youpe xatapépel vo delfouue 6Tl a, — a yia xdmowy a € R. Tére,

any1 —a xu V1+a, —V1+a.

Aol any1 = V1+ap, and ™ wovadixdTnTa TOU 0ploL 0 @ TEEMEL VO IXUVOTOLEl TNV
ellowon a = /1 + a, dnhadh a® —a — 1 = 0. Tuvendg,

1+v5 . 1-v5

2 @ 2

a =

1+
2

Méver va dei€oupe Ty Unopén tou oplov. Hupatnpolye 6Tt az = V2 > 1 = a;. M
13éa elva Aowdv va det€oupe ot efvar adEovoa xat dvw @paypévn. Tote, and to Yedpenua

1S

‘Ouwce, 10 6p0 ¢ (ay,), av uTdpyeL, elvar un apvntxd. ‘Apa, a =

oOYXMONG HOVOTOVWY oxohouthddy, N (an) cuyxAwvel (xou to 6plo Tng elvat o 1+T‘/5)
(o) Aselyvoupe pe emaywyh 6T app1 > an Yo x@¥e n € N Eyovue Rdn ehéyet 6t
az > aj. Trnodétovtag 6t Gpq1 > Gy, Talpvouye

Am+42 = \/1 +am+1 > \/1 + apy, = Am+1,

dnhad”| €youpe delet to enaywyxd Bruo.

(B) Téhog, detyvouye pe enaywyr 6t (ay) eivon dvw gporyuévn. And tn oTyur| Tou €youpe
deiel 6Tl 1 (ay,) elvon adZovoa, Ya énpene vo unopolue va deifovue Ot xde mporyaTinde
aptdpoe peyohltepog 1 (oog and to «unodrigo dproy 1+2‘/5 elvar dved ppdypa e (ay). T
TaPAdELY AL, UToEOVUE EUXOAA Vo BOVUE 6Tt ay, < 2 yia xdle n € N. ‘Eyouvue a1 =1 < 2
xouotvam<21<’)rsam+1:\/1+am<\/1+2:\/§<2. O
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2.6 Aoxvosk
Epwthoeig xatavémong

E&etdote av ol napaxdte npotdoelc eivar adndelc 7 Yeudeic (awtiohoyfote TAfpme Ty andvinoct
cac).

1. Kdde gpayuévn axorouvdia cuyxiivet.
2. Kdde ouyxhivouoa axoroudio elvor gpayuévn.

3. Av (an) elvan ma axohoudio axepaiwyv aptdudy, T6Te N (an) cLyYxhiver av xor udvo av elvon
e otadepy).

4. Yrdpyet yvnolwe gdivovoa axohovdia Quox®y aptiundy.
5. Kdde cuyxhivouoo axohouvdia dppntwv aptducdy cuyxiiver oe dppnto aplduo.
6. Kdde npaypoatxde apriude eivar bplo xdnotag axorovdine dppntwy aptucdv.

7. Av (an) elvon pior axohovdio Yetindv mporypotxdv aptdudy, téte an — 0 av xar pévo av
1

@, — too.

8. Av an, — a t6te 1 (an) elvar povétovn.

9. Ectw (an) adfovca axoloudia. Av 1 (an) dev elvar dvo ppayuévr, téte an — +00.
10. Av 7 (an) elvor payuévn xor 1 (by) cuyxhiver T61€ 1) (anbn) cuyxAiver.

11. Av 7 (Jan|) cuyxhiver téte xou n (an) cuyxhivet.

12. Av an > 0 xau 1 (an) dev elvan dve ppayuévr, téte an — +00.

13. an — +oo av xou pévo av yio xéd9e M > 0 undpyouv d&rewpor bpol e (an) mou eivan
ueyoahbtepol and M.

14. Av 1 (an) cUYXAIVEL XU Gni2 = an Vit X840 1 € N, 161€ 1 (an) elvon otadepy.

Yrevibuion and tn dewplio

1. 'Eotww (an), (bn) 800 axohoudiec ye an — a xou b, — b.

() Av a,, < by, v x89e n € N, deilte 61t a < b.

(B) Av an < by v xd9e n € N, unopolye vo cuurepdvouue 6Tt a < b;
(v) Avm <an, <M vy xdde n € N, deiéte 6t m <a < M.
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2. 'Eotw (an) axohoudia Tpaylatit®dy aprduoy.

(a) Aet&te 61t an — 0 av xou pévo av |an| — 0.

(B) Aci&te 6w av an, — a # 0 t61€ |an| — |a|. Ioylel to aviictpogo;
(Y) Eotwo k > 2. AclEte 6t av a, — a 16t /]an| — §/al.

3. (a) 'Eotww g > 1 xat an > 0 yta xdde n € N. Av ant1 > pan yia xd0e n, deilte 61t an — +oo.

(B) 'Eotww 0 < p < 1 %o (an) axoroudia ye tnv Wiétnta |ant1| < plan| Yo x89e n. Acite 6
an — 0.

() 'Eotw ap > 0 yio x4 n, xou “2F — £ > 1. AelEre 61t an — +00.

— ¢ < 1. Actére 6Tt a,, — 0.

(8) Eotw an # 0 yi xdde n, xan |2

4. (a) 'Eotww a > 0. Acifte 61 a — 1.

(B) Eotw (an) axoroudia detixdy npayuatixdv apdudy. Av a, — a > 0 t6te Ya, — 1. Tt
umopette va nelte av an, — 0;

(Y) Actre 6t ¥Yn — 1.

Aoxhoeic — Opdda A’

1. 'Ectwo (an) oxohoudia mpoypatixdv aptdudy ye lim a, = 2. Oewpoldye ta chvola
n—oo

A1 = {n€eN:a, <2001}
A = {neN:a, >2.003}
As = {neN:a, <198}
As = {neN:1.99997 < a, < 2.0001}
As = {neN:a, <2}
D x&Ve j =1,...,5 e&etdote av (o) To A; elvor nenepacuévo, (B) to N\ A; elvar nencpacyévo.

2. Anodei&te ye tov oploud 6Tl oL tapaxdtw axolovdiec cuyxiivouy oto 0:

n = ,aovn=1,4,7,10,13,...
n = 5 21 b =Vn2+2-Vn2+1, ¢, =
mnt n%ﬂ , AANLOC.

3. Anodei&te ye tov oploud 6t
n®>—n

1.
nZ+n -

Apn =

4. 'Eotw (an) axolouvdia mpaypatxdy apdudyv. Av lim a, = a > 0, deifte 6T an > 0 tehuxd.

n— oo

5. (o) Eow a € R pe |a| < 1. Aei&te 61 n axohouvdia b, = a™ cuyxhiver oto 0.



56 - AKOAOTOIES ITPATMATIKQN APIOMON

z z 7. ’ —_ 2 "
(B) T moéc Twée tou = € R cuyxhiver n axoroudia (Liz) ;

6. T xadeutd and tig nopaxdte axorovdies e€etdote av ouyxhivel, xou av vat, Beeite to bptd
me:

3" 2n —1 1\"
an = Bn = Yn=n—\n?>—mn, o,= 1+n2 .

nl’ 3n+2° n?

__(n _ n 7”7 2 . i
en=(V1I0-1)", G = M =n sm<n3>,

2™ . n! 1\"
en:smn’ K = n’ Un=A\/n+vn —vn, pon=[14+—
n nn 2n
n? 3" - nl sin(n?)
On =5 5 7,5 Tn= s 571:7
3n?+n+1 nr vn

7. T xadeutd and e nopaxdte axorovdiec e€etdote av ouyxAiver, xau av va, Beeite to dptd
me:

5" +n /1 1

Qnp 6"77’1,7 ﬂn: 27—"_377 ’Y’"«:(\/ﬁ_l) 5
2 1 \/ 1 1 9
n = 1 - — 1 5 n — —— )
1 n (\/ +n +n+1 € \/ﬁcos(n)
n? n" (n)22"
An = (=1)" ) n= —7, 0, =
(=1) n2t+1 M n! (2n)!

8. EZetdote wg npog n olYXMoN TIC Topaxdte axolovdies:

1 1 1
= \/n2+1+\/n2—|—2+ +\/n2+n
b - 1422433 +... 4"
nn

1 1 1
o=t e T T @y
A SR R U

n2/3 " (n+1)2/3 (2n)2/3

9. (a) 'Eow a1,az,...,ar > 0. Aeifte 6T

bn = y/at +af + -+ af — max{a1,az,...,ax}
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(B) Troloyiote t0 bplo tne axohouvdiog

1
mn:EVI”+2”+~~+n".

[]

n

10. 'Eotww a € R. EZetdote av cuyxhiver 1 axolovdo x, =
me.

xoL, av vai, Beelte To 6plo

14+na

iy ebvau gdivouca xau mpoodiopioTe 10 dplo

11. 'Eow a > 0. Acel&te 6w n axorovdia b, =
me.

12. 'Eotw (an), (bn) axohouvdiec mpoypotxdv apducdv. Yrodétovue 6t lim an = a > 0 xo

n—oo
b, — +o0.

(o) Aet&te 6t undpyouv 6 > 0 xat np € N dote: yia xdde n > ng woydet an > 9.
(B) Acigte 6t anby, — +o0.

13. Eotww A pn xevé xar dve @eayuévo utochvoro touv R. Av a = sup A, deilte bti undpyet
axoroudia (an) otoiyeiwv tov A ye lim a, = a.
n—oo
Av, eminiéov, 1o sup A dev elvan ototyelo tou A, 8el€te 6Tl N nopamdvew axoloudio unopel vo

emAeYel Wote va elvar yrnoing avéovoa.

14. Acite 6n xdde npaypatinde aptdude elval épto yvnolwe abdEouvoag axolouvdiog pntody opt-
Yy, xadde enione xo bpto ywnolwe adovoac axolovdioc dppnTwy aprdu®y.

15. Acilte 6n av (an) eivan pla axohouvdio Yetinddv mpoypatixdyv aptdudy ye a, — a > 0, téte

inf{a, : n € N} > 0.

16. Acite 6T av (an) elvon pra axohoudia Yetxdv mpaypatix®dy apdudy ye a, — 0, 161 T0
oclvoro A = {a, : n € N} éxer yéyioto otoyeio.

17. Acigte 6t n axohoudo yn = 45+ 25+ - -+ 55 oUTKAIVEL o TeaypaTiG apud. Yrddedn:
E&etdote npdta av 1 (yn) elvar povétovn.

18. Oétoupe a1 = V6 %o, v x@e n=1,2,..., an+1 = V6 + an.
EZetdote we npog tn obyxhion tny axohovdio (an)n.

19. Opiouue o axorovdia (an) pe a1 = 1 xou

2an, +1

s n € N.
an +1

An+1 =

E&etdote av ouyxhivet.
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3a2 +1
2an+2°

20. Opilouye wia axorovdia (o) pe o = 0 xot apq1 = n=1,23,.... Acl&te 6t

(o) H (ap) elvar ad€ouoa.

®) an — 1.

21. Oewpolpe TV axorovdia (o) Tou oplletar amd Tic an = 3 xou gy = 22243 =12,
Ael&te 6u 1 (an) ouyxhiver xau urohoyicTe 1o 6plo TNC.

22. 'Eoctww a > 0. Oswpolpe tuxdv z1 > 0 xou yio xdde n € N opilovpe

s (o 30)
Tny1 = = | Tn+— ).
2 Tn

Aei&te 6t m (n), TOUNEYIoTOV and tov deltepo Gpo e xan mépa, eivon @iivouco xat xdTw
@paypévn ard tov v/a. Beeite to lim .
n—oo

Aoxhoeic — Opédda B’

23. 'Eotww (an) axoroudia pe an, — a. Opilouvye pia dedteprn axorovdia (by) Yétovtag

al+"'+an
771 .

by =
Aei&te 6t b, — a.
24. 'Eotww (an) axoroudia detuxdv bpwv ye a, — a > 0. Acilte 6

b, = ————— —a xou Yn = /a1 an — Q.

25. 'Eotw (an) axorovdia pe lim (ant1 — an) = a. Aeilte 6T

an
— — Q.
n

26. Eoctw (an) abdfovoa axohoudia pye v wdidtnta

ai+ - +an
> a
n

by =
Aei&te 6t an — a.

. a. .
27. Ael€te 6t av an, > 0 xor lim 2 = q, té6te lim ¥a, = a.
b
n—oo n n—oo
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28. Tlpoodioplote ta Optar TV axoAoUILOY:

o = [

[(n+1)(n+2)---(n+n)

1/n

S

.- GG ()

29. 'Ectw (an) axohovdio mpaypatixdy aptdudv pe tny Wiémto: yia xdde k € N 1o cbhvoro
A ={n € N: |an| < k} eivor nenepaoyévo. Agifte 6Tt lim - = 0.

n—oo n

1/n

30. Trnoloyiote ta Gpla TWV TUEAXATE AXOAOLVLDY:

n—1 n n
(i) = (e0) s e ()
n—1 n n

1\" 2\"

do=(1-—=), en=(1+—21] .

(-5) - o)

31. Oewpolpe Yvewoté 6t lim (1 + 2)" =e. Aeifte 6, v xdde pntd aprdud g, woylen:

n—oo

na

lim <1—|—g)n:eq.
n

n—oo

32. Eoww 0 < a1 < by. Opiloupe avadpouixd 800 axolovdieg Yétovtac

. an + by
an+41 = anbn %o bn+1 = 5 .

(o) Acet&re 6t (an) elvar adfovoa xar 1 (by) @divovoa.

(B) Aci&te 6 o (an), (bn) cuyxAhivouv xar éxouy to [Blo bpto.

33. Emthéyoupe x1 = a, 2 = b xow Vé€touye

Ty | 2Tn41
Tnyo = 5 + ———
A TR
Aeigte ot n (xn) ouyxhiver xou Beeite To 0ptd e, [T6deiln: OewphoTe Y Yn = Tni1 — Tn
xat Beeite avadpouxd tomo Yo Ny (Yn).]

34. Adote napdderypa 800 axohovhdv (zr), (yn) we Yetixolc dpoug, oL onoleg txavotololy Ta
e&hc:

(o) Ty — +00 x Yn — +00.

(8) H axohroudia o ebvon gparypévn ahhd Bev ouyxhivel oe xdmotov mpayuatixd aptdus.
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35. 'Eotww (an), (bn) d0o axoroudicc npaypatixdy aptdudy pe b, # 0 yia xdde n € N xa
lim 22 =1.

(o) Av, emmhéov, 1 (by) elvon ppaypévn, deite 6w lim (a, — b,) = 0.

(B) Adote napdderypa axoroudidy yio tig onofeg lim 32 = 1 adhd Sev toylet lim (an—byn) = 0.
n—oo N n—oo

36. (Avupa tou Stoltz) Eotw (an) axohoudia mpaypatixdv aptdudy xa éotw (bn) yvnoiwe
ab&ovoa axohovdia TpaypaTX@Y apdu®y pe lim b, = +oo. Acigte 6Tt av

. a 1 —a
lim 2ntt =% A,
n—oo bn+1 — bn

6mou A € R\ A = 400, t61¢
lim % =)

37. Opiloupe axorovdio (an) ye 0 < a1 < 1 %t @ny1 = an(l —an), n =1,2,.... Aeilte 6u
lim na, = 1.

n— oo



Kegpdhaio 3

2JUVOPTNOELG

3.1 Xvuvaptroeg

‘Eotw X xou Y 8o un xevd cbvora. Me tov 6po ouvdptnon amdé to X oto Y evvoolue
pioe avtiotoiyion mov oTédrver xdve otoxelo x tou X oe €va xou povadixd oTtolyelo y Tou
Y. Mnopolue va xwdonolioouue TNV TAnpogopla 6Tl To = ameikoviletar oTo Y yENOL-
ponotwvtac to datetarypévo Lelyoc (z,y): 1o npdTo ototyelo x tou Ledyoue eivar oto X
xat o SeVtepo elvan To ototyelo Tou Y oo omolo avtiototyilouye 1o . Odnyoluacte €tol
otov e€1ic oplopo:

Opwopdcg 3.1.1. 'Eotw X xou Y 800 un xevd obvoha. Ocwpollue To XAPTECLIVO YIVOUEVO

v X xo Y
XxY={(r,y):zeX,ycY}.

Yuvdetnon f and 10 X oto Y Aéyetan xdde unochvoro f tou X X Y to omolo txavorotel
Ta e€hc:

(i) T xdde z € X undpyet y € Y dote (z,y) € f. H ouvdiun auth neprypdepet to
yeyovée 6t anattoVue kdle x € X va anetxoviletar og xdnoo y € Y.

(i) Av (z,31) € fxou (z,y2) € f, T61€ Y1 = y2. H cuvdiun auth neptypdpet To Yeyovic
ot anattoVpe xdde & € X va éyel povoonuavta opiopuévn exova y € Y.

Tedgovrag f: X — Y evvoolue 6t f elvon o ouvdptnon and to X oto Y. Yuygpuwvolue
enlone va ypdgoupe y = f(x) v Ty axdra tou © péow e f. Anhadi, y = f(z) <=

(z,y) € [

‘Eow f: X — Y wo ouvdptnon. Aéue 6t 10 X elvar to medio opiopot tne f xat 10
Y elvon 1o medio tyredv e f. To obvolo Twdy (1 euxdve) tne f elvar 10 obvolo

f(X)={yeY :vundpyerz € X dote f(z) =y} = {f(x) 2 € X}.
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Hopadeiypato 3.1.2. (2) Eow ¢ € R. H ouvdptnon f : R — R pe f(z) = ¢ v
xdde © € R Aéyetor otadepn cuvdptnon. To cbvolo Ty e f elvon To povocivoro
f(X) ={e}.

(B) H owdptnon f : R — R ye f(z) = z. To obvoro tudv e f elvon 10 olvolo
f(X)=R.

(v) H ouvdptnon f : R — R ye f(z) = 2%
f(X) =[0,+00).

(8) Houwdpton f:R—Ruye f(z) =1lavz € Qxu f(x) =0avz ¢ Q. To cdvoro
Ty e f elvan to obvoro f(X) = {0, 1}.

To cOvoho Ty g f elvon to cbvolo

(e) H ouvdptnon f: R — R ye f(z) = % av x # 0 pntog o onolog Ypdpetar ot Yopy
T = % 6mov p € Z, g € N, MKA(p,q) =1, xau f(z) =0av z ¢ Q4 z =0. To civoro
Ty e f elvan 1o obvoro f(X) = {0} U{1l/n:n e N}

Ogiopoc 3.1.3. 'Eow f: X — Y wa ouvdptnon. H f Ayetweriav f(X) =Y, dnhadh
av ya xdde y € Y vndpyet x € X wote f(z) =y.

H ouvdptnon f Myetar 1-1 av anewxovilel Swapopetixd ototyela Tou X o€ Sopopetind
ototyela Tou Y. Anhadn, av v xdde z1,22 € X e x1 # x2 éxovue f(x1) # f(z2).
Iood0voya, vy va eAéyEouue 6t 1 f elvon 1-1 mpémer va Sefiloupe 6T av x1, 22 € X xou
f(z1) = f(z2), té1€ 21 = X2.

Opiopde 3.1.4 (ocbvdeom cuvapthoewy). Eotww f: X — Y xuu g : W — Z d0o
ouvapthoelg. Trodétouue bt f(X) C W, dnhadh, n exdva g [ nepéyetar oo medio
optopoV e g. Téte, av x € X éyovue f(x) € W xon oplletar n ewdva g(f(x)) tou f(z)
péow ™C g. Mropolue hotmdy va oploouue plo cuvdptnon go f : X — Z, ¥étovtac

(go )(x) =g(f(x))  (veX)
H ouvdptnon g o f Ayetaw obOvdeon tng g ue v f.

Opiopde 3.1.5 (exdva xou avtiotpogn ewxdva). Eow f: X — Y wa cuvdptnon.

(o) T xdde A C X, n ewdva tou A péow e f elvon 10 abvoro
f(A)={y €Y : vndpyer z € A dote f(z) =y} = {f(z) : z € A}.
(B) T x&9e B C Y, n avtiotpopn ewxdva tou B péow tne f elvar 10 obvolo
f7HB)={r€ X : f(x) € B}.
Ilgétaon 3.1.6. Eotw f: X — Y ua ovvdptnon. loxvovr ta €€ng:
(i) Av Ay C Ay C X, téte f(A1) C f(Ag).
(ii) Av A1, Ay C X, téte f(A1 U Az) = f(A1) U f(A2).
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(iii) Av A1, As C X, téte f(A1 N As) C f(A1) N f(A2). O eyrdeiouds pmopel va efvar
yvrjoos. Ioxver duws ndvta wdtnta av n f evar 1-1.

(iv) Av B; C By CY tdte f~1(B1) C f~1(Ba).

(V) Av B1,By CY, tdte f_l(Bl @] BQ) = Bl)

fTHBy U

(vi) Av B1,By CY, téte f~1(BiNBy) = f~'(B1) N f~(Ba).

(vii) Av BCY téte f~1H(Y \ B) = X\ f~1(B).
)

(viii) Av A C X tére A C f71(f(A)). O eyrheiouds umopet va etvar yvijoiog. Ioyvea
Suws mdvta wotnta av n f etvar 1-1.

(ix) Av B CY tdre f(f~1(B)) C B. O eyrheiouds umopet va etvar yvrjowos. Ioylel
Spws mdvta wotnta av n f elvar el

Ogiopdc 3.1.7 (avtiotpopn ocuvdetnom). Eow f : X — Y wa 1-1 cuvdptnon.

Mnopolpe va Yewpricouue tn ouvdptnon f cav cuvdptnon and 0 X oto f(X) (n f

nadpver Twéc oto olvoro f(X)). H f: X — f(X) eivon 1-1 xou eni. Buvenoe, yia xdde

y € f(X) vndpyet z € X dote f(z) =y, xow autd 10 z € X elvaw povadind apot 1 f elval
1-1. Mropolue howméy va oplooupe wa ouvdptnon f1: f(X) — X, wc e€fgc:

fHy) = =, 6mou z eivar 0 povadxé = € X yia o onolo f(x) = y.
Me &l Aoy,
[7iy) = = fla) =y.

H ! elvon xahd opropévn ouvdptnon ané 1o f(X) oto X, n avtiotpogpn cuvdptnomn
e f.
IHpétaon 3.1.8. Foww f : X — Y jua I-1 ovvdptnon. O1 f~Lof: X — X xa
fof=t: f(X)— f(X) optlovtar kaAd ka1 ikavomowoly Tis:

(@) (frof)(x) =2 ya kdOe x € X.

®) (f o f~ )W) =y ya xdde y € f(X).
Opiopde 3.1.9 (npd&eig xou dtdtaln). Eotw A éva un xevd obvoro xat éotw f 1 A — R

xat g : A — R 800 ouvaptrioeg ye nedio tuwy to R. Téte,

(i) H ouvdptnon f+g: A — R opiletan wc e€hc: (f + g)(x) = f(z) + g(x) yia xdde
x € A

(ii) H ouvdptnon f-g: A — R opileton we e&hc: (f-g)(z) = f(z)-g(x) yio xdde x € A.
(iii) T xdde t € R opiletar nouvvdpnontf : A — Ruye (tf)(z) = tf(z) yioa xdde x € A.

(iv) Av g(z) # 0 yia xde = € A, t61€ opileton 5 A —Ruye (5) () = ’;Ef; yioo xdde
x € A
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Aépe 6t f < g av f(z) < g(x) vy x&de = € A.

Opiopde 3.1.10 (povotoveg cuvapthoeis). ‘Eotw A éva un xevé unocivoro tou R
xat éoww f: A — R wo ouvdptnorn. Aéue ot

(i) H f elvoar adEovoa av yio xde z,y € A pe z < y woylet f(x) < f(y).
(if) H f elvar yvnoiwe adEovoa av yia xdde z,y € A pye z < y wylel f(z) < f(y)-
(i) H f elvor pOivovoa av vy xdle =,y € A pe x < y wyder f(x) > f(y).
(iv) H f elvor yvnoiowg @divouoa av yo xdde z,y € A ye z < y wyler f(z) > f(y).
(v) H f elvar wovérovn av elvar adZovoa 1 pHvouoa.

)

(vi) H f elvor yynoiowg povotovn av elvar yvnolwe adZovoa B yvnolwe @divousa.

Ogiopoc 3.1.11 (geayuévn cuvdetnom). Eotw A éva un xevé odvolo xou €otw f :
A — R o ouvdptnon. Aéue 6tu

(i) H f elvar dved @poypévn av vndpyer M € R dote vy xdde z € A va woylet
fa) < M.

(i) H f eivor xdtes ppaypévn av vndpyer m € R dote v xdde z € A va woyde
f(x) > m.

(iii) H f etvou ppaypévn av elvor dve xou x4t gpayuévn. Ioodlvaua, av undpyer M > 0
wote yia xdde & € A va woyler | f(x)] < M.

Opiopde 3.1.12 (dptia-nepttth ouvdetnom). M cuvdptnon g : R — R Aéyetan
dptio av g(—2x) = g(z) yia xdde & € R xon neprrth av g(—x) = —g(z) yia xdde x € R.
T mopdderypa, 1 g1(z) = 22 xou n ga(x) = |z| ebvon dptiec ouvapthoe, N gs(x) = = xou
n ga(z) = 23 elvan tepittéc cuvapThoELC.

Ogtopdc 3.1.13 (neproduxy) cuvdetnon). Mw cuvdptnon f : R — R Aéyetar mepi-
oduy| (pe mepiodo a) av undpyet a # 0 oto R dote f(x +a) = f(x) v xdde € R.
T napdderypa, n ouvdptnon f(x) = x — [z] elvon Teprodind pe meplodo 1. Hapatnpriote
ot av 1 f elvon mepoduxr| pe meplodo a # 0, tote, Yia xdde k € Z \ {0}, o ka elvan enlong
neplodog e f.

3.2 Ilopodeiypoto TEAYUATIXWDY CUVALTHOEWY

3.20" Axohloudiec

Kdde ouvdptnon f : N — R mou €yet nedlo optouod 10 odvoro N twv guoixdy aptdudy
Aéyeton oxohoudio (autde Htav dAAwoTte o oplouds mou ddoayue oto Kepdhato 2).
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3.28" IIoAuwvupixés CLUVAETAHOELS
IToAuvupo Aéyeton xdde cuvdptnon p : R — R nou opiletar and t0no tng poppnc
p(z) = an2” + an_12" 4+ a1z + ag

6mouv n € NU {0} xou ag,a1,...,a, € R ye a, # 0. O un apynuxde axépotog n elvat
0 Badog tou mohuwvigou. Av n = 0 xa ap = 0, 161t p = 0 xou 0 Porduodg Tou p dev
opileton. Av n =1 1t61€ 10 p(T) = a12 + ag MEYETAL YRARKIXY CLVEETNOT.

3.2y" Prtég ouvapthoeg

Pt Myetan xdde cuvdptnon f 1 X — R nou optleton and t0no e wopenic

p(z)  a,a™ + Q12" P+ a1z + ag
q(z)  bpa™ 4+ byox™ L+ -+ bz + by

fz) =

6moL p, ¢ TohudVUPA Xt by, # 0. To medlo oplopod e f elvar to obvoro X = {z €
R : g(z) # 0}. Iapatnpriote 6Tt t0 TARd0C Twv pldy evog TOAUWVOUOL ¢(2) = bpa™ +
by12™ Y+ o+ by + bo, by # 0, efvor To TOAD (00 e m: dellte To pe EMAYWOYN
we Tpog Tov Badud, yenowonoldvIas Ty Tapathienon 6t av p elvor yio pillo Tou ¢ toTE
q(z) = (z — p)q1(z) 6moL ¢ elvar moALGVLYO Borduod m — 1.

3.28° AlyeBewxéc cuvapTthoelg
AlyeBeuxni Méyetar xdde ouvdptnon f : X — R nou wxavonotel e€ioworn tne poperc

po(@) +p1(x) f(z) + - + pr()[f(2)]* =0

yia xdde z € X, 6mouv po,pi1, .. ., Pr TOAWVLULXESC cuvapTAoEC xou py 7 0. Tlapatnerote
6t %8V et ouvdptnon elvon adyeBpui: M f = p/q wavornoe! v eiowon p(x) —
q(z)f(x) = 0 oto nedio optopod X = {z € R : g(z) # 0}. Yrdpyouv alyelpixéc
cuVaPTHOoES Tou Bev elvan ENTéc: TO amholoTepo, owe, Tapddetyua elvar 1 cuVdETNOM
f(z) = /z, ye medlo opopol 10 X = [0, +00), 1 onofa avoroel Ty z — 1 - [f(2)]2 =0
(unopeite va eZnyfoete yiotl Sev elvar pri cuvdptnom;).

3.3 Terywvopetpixéc GUVAPTAOELS

e auty| T clvToUN TUPAYEAPO HIVOUUE «TIPOXATAPXTIXG 0ploldy xat ueviuuilovye xdmoleg
Baotxée TAVTHTNTES XAl AVICOTNTES YA TUS TRLYWVOUETPIXES oUVAPTHOEL sin (nuitovo), cos
(ouvnuitovo), tan (epantopévn) xou cot (cuvegantouévn). O oplopde autdg otneiletal
OTY YEWUETEWXY) EMOTTElOL XAl APXETEC ATO TIC EVAOYEC TUPABOYEC TOU CLWTNEE XAVOUUE JEV
XOAOTTOVTOL QUTH TN GTLYUH oG Tal oEIOUATO TWY TRayATXGY optduey (Yo topdderyua,
dev €youpe oploel TNy évvola Tou Prixous TOZoU). ALoTNEGS OPLOUGS TWY TELYWVOUETELXGDVY
Yo 5oVl oe emduevo Kegdhowo.
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An6 to Adxeo Yupduaote bt av Yewprioovue d0o xdletouc dovec X'OX xa Y'OY
oto eninedo tdte, oe xd¥e Swatetaypévo Ledyoc (t,s) TEayHATIXOY aptdu®Y avTioToLyE!
povadind onuelo M = M (t,s) tou emtnédou e TeTunuévn t xan Tetoryuévn s (autég elvat
ot npooTuacuévee TpoPoréc Tou M otouc dlo dovec). To onueio O éyel ouvTETAYUEVES
(0,0). Oewpolye xixho pe xévipo O xar axtiva 1, o onolog téuvel toug 800 G&oveg ota
onuela A’ = (-1,0), A= (1,0), B=(0,1) xu B’ = (0,-1).

Kdvouye tnv mopadoyn 6Tt oe xdde mparypatind aprdud x avtiotouyel éva onuelo autold
ToU XOXAOL W €€RC: oV GUUBONGOUUE PE T T0 U6 TOU URXOUC TN TEPLPERELNS TOL XUXAOU,
otov & = 0 avuiotoyel 0 A, otov & = /2 avtiotoyel o B, otov & = m avuioTtolyel T0
A’ yar yevixd, yio 30opévo = peTpdUE TdVW otny TEpLpépela Tou xUxhou t6&o AM mou
€y winoc (oo ye |z| Eexvdvtac and 1o A xou axohouvddvtac xatedduvon avtidetn npog
QUTAY TWY BEXTOY Tou pohoytol av = > 0 # xatediuvon (Bia TEog AUTAY TWV BEXTWY TOU
poroytol av z < 0. Av 1o onuelo M = M(t, s) avtotoiyel otov z, opllovye

sinx CcOs &

cosx =t, sinxz = s, tanx = , —.
cos T sinz
O 8Vo tereutaiot apriuol opillovtaw av © ¢ {2k +1)n/2 : k€ Z}y ho ¢ {kn: k € Z}
avtiotoya. Iapatnerote 6t 10 (Blo onueio M avtiotoryel otoug apruolc z,y € R av xo
uévo av o T — gy ebvar axépono TOAATALGLO Tou 27.

Me Bdion autdy ToV TPoXATAPXTING OPIGUO, Xt Yenotuonowdvtas To ITudaydpeio Osdoenua,
UTopoUUE Vo BEEOVUE OAES TIC YVWOTES OYECELC UVAUECA OTIC TPLYWVOUETPIXES CUVAPTHOELS
(umoVétoupe bt elvar YYWOTES OTOV AvaYVROTN):

IIpétaom 3.3.1. I'a kdOe z € R 1w0xvovr o1
|sinz| <1, |cosz| <1 Kai sin® z + cos?z = 1
Kat
. ™ u .
sin (5 - x) = cos T, cos (5 - :c) =sinz.

O1 owvaptioeg sin : R — [=1,1] ka1 cos : R — [—1,1] efvar mepodikés, ue eddyiotn
mepiodo 2. H sin efvar mepittr) ovvdpTnon, evad n cos efval dptia.
Ipétaon 3.3.2. Av 0 <z < 3, tdte

sinx

sinx < x < tanz := .
cosx

‘Eretar ét1, yia kdOe x € (—m/2,7/2) 1w0xlour o1 aviodtnTeg
|sinz| < |z| < |tan x|

ka1 6t ya kdde x € R 1oyvel n
[sinz| < |z].



3.4 EKOETIKH SYNAPTHEH - 67

Ipértaon 3.3.3 (cuvnuitovo xau Muitovo adpoiopatoc xau drapopdc). Ia kdde
a,b € R ioydovr o1 tavtdtnteg

cos(a —b) = cosacosb+sina sind
cos(a+b) = cosacosb—sina sind
sin(a4+0b) = sina cosb+ cosa sinb
sin(a —b) = sina cosb— cosa sinb.

IIpétoon 3.3.4 (ouvnuitovo xaw Mmuitovo tov 2a). Ia kdde a € R wxlovr o
TAUTOTNTES

2

cos(2a) = cos’a—sin?a=2cos’a—1=1-2sin’a

sin(2a) = 2sina cosa.

Ipétoon 3.3.5 (petacynuaticpdc adpoicpatoc o ywopevo). Ia kdle z,y € R
10 V0VY 01 TAUTOTNTES

T T —
sinz +siny = 2sin +y cos 5 J
. . . T—=Y x+y
sinz —siny = 2sin cos
2 2
x + xr —
cosx +cosy = 2cos Y cos 5 i
. T y—x
cosr —cosy = 2sin 5

3.4 ExVetixy) cuvdptnon

‘Eotww a évag Yetixde mpaypatinog aptduog. Mropolue va oploouye tov a® 6tav o x eivon
eNToC, axoroudwvtag ta e€fg anhd BrAuata:

() Av z € N, 9¢toupe a® =a-a---a (x @opéc).
(B) Av z = 0, ¥éwouye a® = 1.
1

(v) Av z € Z xar x < 0, 9étouge a® = —5
Me Bdion autolc Toug optopolc EAEYYOUPE edxola OTL:

1
am+y =a* - ay, (az)y — a,a?y’ ot = —, (ab)1 = a*b*

yio xde x,y € Z xou a, b > 0.

(Y) Av z = 1/n yioa xdnowov n € N, ¥étoupe a'/™ = {/a (éyoupe anodeifer v Orapin xou
70 povoohuavto Yetixfc n-oothc pllag yio xdde Jetnd mpaypotins aprdud).
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(€) Av z =m/n émou m € Z xar n € N elvar tuyddv pnrée, Vétoupe

a® = (al/”>m .

. ; : —m _m s
Edxoha ehéyyoupe 6t av o = ¢ = T, t61e

()=o)

Anhadh, o a® oplletar xot LloyVoLy oL
)
_ 1
az+y =a* - ay, (az)y — a,xy’ ot = , (ab)z = a*b*
xr

v x&9e z,y € Q xou a,b > 0.

Ye auth TNV Toedypao JiVouuE Wia GUVTOUT TERLYRA(PY| TOU «PUOLOAOYIXOUY TEOTOU
optopol g exdetinic ouvdptnong a®: enexTelvouUE TOV oplopsd Yl dppntouc exdéteg .
O oploude tou a”, & ¢ Q Ya Pooiotel ato axdloudo Ay

Afppa 3.4.1. Eorw a > 0 kat (g,) akodovlia pntdy aprdudy pe ¢, — 0. Tote,
a® — 1.

Andédeaén. Av a = 1 dev éyoupe tinota va del€ouvue. H mepintwon 0 < a < 1 avdyetol
omv a > 1.

Trodétouye howmdy 6t a > 1. Edxola Bhénouvpe 6t av ¢,¢ € Q xow ¢ < ¢’ 61
a? <a?.

‘Ectw € > 0. Ané ¢ {/a — 1 xou %\/E — 1 BAénouye 61 undpyet k € N dote

1l—e< —a V<P = Ya<1+e.

1
a
Aqgol g, — 0, egapudloviag tov oploud tou oplov e € = 1/k > 0, Beloxovue ny € N
dote: v xde n > ng woyder —1/k < g, < 1/k. Téte, ypnowonoudvtoc T yovotovia
e a?, g € Q, malpvouue to e€ic: Yot xdVe n > ny,

l—e<a VF<gt <% <1+e¢.

Anadi, yia xdde n > ng woylel la® — 1| < e. 'Eneton 611 af — 1. O

H 13¢a pag yia vo emexteivouye tov optopd tou a® yia dppnto x elvon 1 e€hc: oL pntol
aptduof elvor muxvol oto R, emopéva av pog dboouy ¢ Q undpyouy (todléc) axoloudies
ENTOV ¢ — x. O Seifoupe 6T yio xdmola and autég o lim, ad™ undpyel xa Yo oploouue

a® = lima?".
n
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T var efvon xah6c o oploude, Yo meénet av mdpoupe wiat GAAN axohoudio pntddv aptdudy
’ 3 ! 4
q), — = vo uTdpyet o lim,, a% xou va woyleL N

!’
lima? = lim a?".
n n

Auto Va Belyver L n T a” mou oploape elvan aveEdptntn and v emhoyn e axorovdiog
PNTOY qp — T.

Ochenua 3.4.2. FEotw x € R kat g,, q), € Q pe lim, ¢, =lim,, ¢/, =z. Ava > 1, tdére
(i) a lim, a% a1 lim, a9 vrdpyour.
(i) lim, a% = lim,, a9,
Anédeaén. Oewpolye pa av€ovoa axolovdia ontdyv r, — z. Eotww ¢ pntéc pe ¢ > =.
Téte a™ < al, dnhadn 1 a’™ elvon dvw gpoayuévn. Ernione, and v r, < rpqq éneton 6T
a™ < a™+t, dnhodh n (a”) efvon adZovca. Tuvende, N a™ cuyXALVEL.

Haipvoupe tdpa onotadrirote and ¢ (¢n), (q5,). Exovue ¢, —r,, —  —x =0, ondte
0 Afppa 3.4.1 Setyvel 6t af» ™" — 1. Térte,

a® =a¥" " "™g"™ — lima'™.
n

Opolwcg,
’
a’ — lima™.
n
7 1. . ! . ’ . .o ,

Ago0 lim,, a® = lim,, a?» = lim,, a™, nalpvoupe ta (i) xou (ii) Tautdypova. ]

‘Eyouue Aowndv oploel tov a® vy xdde x € R. X1n cuvéyela, mpénel va anodelEouue
dradoyxd ta e€hc (oL amodelZelg elvan Wit xahh doxnon mévew oty oOYXMoT oxohouthody).

IIgétaom 3.4.3. Eoww a,b >0 karz,y € R. Tore,
1
a®V =a"-a¥, (a")=a", a "= prs (ab)® = a”™b".

IIgétaom 3.4.4. Eow a > 0. Hx — a” elvar yvnoiwg avéovoa av a > 1 ka1 yrnoiwg
plivovoa av 0 < a < 1.

3.5 Aoxvoe

1. 'Ectw a,b € R ye a < b. Aceifte 6t narexdvion,  f:[0,1] — [a,b]: 2 — a+ (b—a)z elvou
1-1 xau ent.

2. BEow f,9:[0,1] — [0,1] pe f(z) = 132 xau g(t) = 4t(1 - 1).
(o) Na Bpeite tic fog xouw go f.
(B) Na deiZete 6t opileton n 71 0ANG Sev opiletar n g~ .
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3. Ectwg: X =Y, f:Y — Z 0o ouvapthoec mou elvan 1-1 xou eni. Aeilte bt opileton 1
avtioteogn cuvdptnon (fog) t tngc fogxa 6t (fog) =g tof L.

4. BEow ¢g: X =Y, f:Y — Z 80o ocuvaptioec. Aei&te 61t
() av 1 fog elvou ent t6t€ xou 1 f elvon exl.
(B) avn fogeivan 1-1 téte xonw 1 g elvon 1-1.

Ioybouy ta avtiotpoga twv (o) xa (B);

5. Eow f: X — Y wo ouvdptnon. Trodétouue 61l undpyouvy cuvapthoec g : ¥ — X xau
h:Y - X dote fog=Idy xaw ho f = Idx. Acilte 61t h =g.

6. 'Eotw f(x) = ﬁ

() Na Bpedei to nedio opiopod tne f.

(B) No Peedein fo f.

(v) NaBeedodv o f(3), flca), flz+y), f(z)+ f(y).
(8) D motd ¢ € R urmdpyet = € R dote f(ex) = f(x);
(€)

I towd ¢ € R n oxéon f(cz) = f(x) wavonoeitan yio 0o drapopetixéc Tipée o = € R;

7. Av pia ouvdptnon f elvan yvnolwg ad&ovoa ota draothuata I1 xou Iz, elvor okddeta 6t etvon
yvnoiwe ad&ovoa oto I1 U Ia;

r+1 ave <1

. 'Eetdote av elvon povétovn xou Beeite Ty 1 (o
24l avr>l 3 u n xa Beelte v [ (

8. 'Eow f(z) = {

auth opiletat).

9. Eow f(z) =z + 1. Na Beedel wa cuvdptnon g : R — R dote go f = fog. Evarn g
HovadLxy;

10. Anodei&te 6 1 ouvdptnon f(z)
elvar To ohvoho Ty f(R);

= Tzig1 Ebvan ywnolec av&ovoa xa peayuévn oto R. Iowd

11. Av A C R, oupPorilovpe pe xa : R — R v yopaxtneiotixy cuvdetnorn tou A mou
1 avzeA

0 avodA . Anodel€te 6T

op{leTtan amd Ty xa(x) =

(@) xanB =Xa-XxB (edbTeRa XA = X%),
®

)

) XAUB = XA +XB — XA - XB,
(v)

)

)

Xrya =1 —xa,
(3) ACB <= xa < xB xu
(e) Av f:R — R elvor wa ouvdptnon ue f2 = f, téte undpyet A C R dote f = xa.
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12. M ouvdptnon g : R — R Aéyeton dptiee av g(—z) = g(x) v xdde z € R o meprteh av
g(—z) = —g(z) v xdde z € R. Aellte 6u xdde ouvdpnon f: R — R ypdeetou we ddpooua
f = fa+ fp 610V fo dpTiat xaL fp MEELTTA, XAl 6TL AUTH N AvanapdoTaoT) EVOL LOVODIXY.

13. Muwx ouvdptnon f : R — R Méyetaw nepLodixr (ke nepiodo a) av undpeyer a # 0 oto R
wote f(z+a) = f(z) yioa x&49e z € R.

(a) Aet&te 6t n ouvdptnon f: R — R nou opiletar and v f(x) = [z] dev elvor neptodix.
(B) E&etdote av 1 ouvdptnon f : R — R nov opiletan and ty f(z) = © — [x] elvor nepiodixs.
14. 'Eoctww n € N.

(o) Aei&te 611 n ouvdpetnon

n—1

f(x)z[x]—k{x—k%}—i—-”—k{x—k }—[n:c]

elvar eploduxh pe neplodo 1/n. Anhady, f(x + %) = f(z) vy xdde z € R.
(B) Troroyiote v A f(z) 6tav 0 <z < 1/n.

(Y) Aei&te Ty TautdTnTOL

—1
[nx}:[:r]+{x+—]+~v+{x+n ]
n n
v xéd9e z € R xar xdde n € N.

15. '‘Eoto f: R — R wa ouvdptnon pe f(z+y) = f(x) + f(y) yioa xdde z,y € R. Anodeilte 6t
(a) f(0) =0xo f(—z) = —f(z) yia xdde = € R.

(B) T x&de n € N xou z1, T2, ..., Zn € R oydet
flitxe+ 4 zn) = f(T1) + f(T2) + - - + f(T0).

(v) f(%) =14 vy x&9e n € N.

n

(d) Trdpxer A € R dote f(¢) = A\g yia x&9¢e g € Q.

16. 'Eotww f: R — R wa cuvdpton pe f(y) — f(z) < (y —2)? yio xdde z,y € R. Anodelfte b1t
n f elvan otadepn.

[YréderEn: Av |f(b) — f(a)] =& > 0 vy xdnota a < b oto R, droupéote 1o dtdotnua [a, b] oe
n (oo UTOBLALGTALATA, OTIOU N UEXETA PEYEAOS PUOLXOS aptdude. ]






Kegdhoio 4

2IVVEYELA KL OPLAL
CUVOPTNOEWY

4.1 Opopog TNng GUVEYELAG

Ogopde 4.1.1. 'Eotw A éva un xevé unocVvoro tou R, éotww f 1 A — R xa éotw
xo € A. Aéue 6t f elvon cuveyric oo T av: yia xdde € > 0 undpyet § > 0 wote:

av x € A x|z — xo| <0, 6t |f(2) — f(0)| < £
Aéye 6t f elvon ouveyic oto A av elvan cuveyhc oe xdle zo € A.

Hopatnehoeic 4.1.2. (a) To do¥év € > 0 xadopiler wa neproyh (f(xo) — ¢, f(zo) + €)

e tie f(2o). Auté nou {ntdye elvon vo uropolue va Bpolue wa teployt (xo — 0, o +9)

T0U Tg WoTe ®k&Ve £ € A oL AVIEL OE AUTHY TNV TEELOYT TOL Tg VoL anelxovi{eTton oTo

(f(zo) —e, f(wo) +€). Anhad¥, v oyler f((xo — 0,20+ ) NA) C (f(xo) —¢, f(zo) +¢).
Av 1o napandve woylel yia xdde € > 0, 16t Aéye 6L 1 f elvar ouveyhc oTo Zo.

(B) Ané tov oplopd elvar gavepd 61t e€etdloupe T cuVEyELa Ubvo ota ornueia Tou Tediou
oployol g f.

Hapadeiypata 4.1.3. (o) f: R— R ye f(x) = ¢ yia xd%e z € R. Oa deifoupe 6T
n f elvon ouveyrc o xdlde 9 € R. BEotw € > 0. Zntdue § > 0 dote: av z € R xa
|z — x| < 9, tétE | f(2) — f(20)] < €. Opoe, yo xde x € R €youue

|f(z) = f(zo)| =lc—c|=0<e.
Arhadr), uropodye va emhégouye omotodritote § > 0 (yio mapdderypo, 6 = 100).

B) f: R—>Rupe f(z) = z ya xde z € R. Oua delloupe 61 n f elvar ouveyhic oe
x&9e o € R. Eotww € > 0. Zntdue § > 0 wote: av ¢ € R xou |z — o] < 0, téte
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|f(z) = f(zo)| < e. Apol |f(x) — f(xo)| = |z — ®o], apxel vo emhéZovpe & = e. Tére,
lz—zo| <0 = [f(z) = flzo)|l =l —zo| <d=e.

Hapatneriote 611, o aUT6 10 ToEAEdELYHa, To § e€aptdtar and To € ahhd dev e€aptdTo and
TO Xg.

(v) f: R—>Rupe f(z) = 222 — 1 yio xdde € R. Ou dellouye 6Tt 1 f ebvor cuveyrc
oe xd¥e zg € R. Eow ¢ > 0. Zntdue § > 0 dote: av € R xou |z — x| < J, 161

[f(x) = flzo)| <e.

Hapatneriote 6T, Yo xde = € R,
|f (@) = f(wo)| =1(22" — 1) — (22 — 1)| = |22” — 22| = 2| + w0 - |& — wo|.
Zntdue dotndy § > 0 wote: av |z — xg| < J, T6T€ 2|T + o - |T — To| < £. Aedopévou 6Tl
€uels Yoo xAvoude TNV ETAOYT| TOL ¢, YTopoUuE Vo UTOVEGOUPE and Ty apy’) 6Tt 0 § Ja
elvar uxpotepo and 1. Tote, av |z — xo| < 0 Vo €xoupe |z — x| < 1, xou cUVETAC,
|z 4+ xo| < |z — 20 + 220| < |2 — 20| + 2]20] < 1+ 2|20]-

Av, emnhéov, 0 < sEpomTy, T0TE, Y xdde x € R pe |z — o] < 0 Yo €youpe

|f(x) = f(@o)| = 2|z + ol - |& — wo| < 2(2|z0] + 1) [ — 20| < 2(2|zo +1)5 <e.
Anhadn, av emhéZouye

. 5
O<5<m1n{1,2(2|xo|+1)},

[z —xo| <6 = [f(2) = flzo)| <e.

€Y oupE

Hopatneriote étt 0 § Tov emhégayue e€aptdton and o 0¥V € adAd xar and To onuelo o
oto onolo egetdloupe T cuvéyela e f.

4.1a H &pvnon tou opiopod

‘Eow f: A— Rxuéow g € A. Tnodétoupe 6t 1) f dev elvan cuveyric oto xp. Me Bdon
N oLLATNON TOL €YLVE PETS TOV OPIOUS TNG CUVEYELNS, AUTO oNpalvel OTL UTdpYEL XATOlo
€ pe v e€hc WotnTa: av Yewpriooupe omowdrnote § > 0 xou tnv avtiotoryn Teptoyy
(xo — 9,20+ 0) TOUL X0, TéTE deV toyler f((zg—0d,xz0+I)NA) C (f(xo) —e, f(xo)+e). Me
dho Moy, uTdpyet xdmoto & € A 1o omolo avixel 6o (xg — 0, £o + J) ahhd Bev txavomotel
wmy |f(z) — f(z0)] < e. IoodOvaya,

T xéde 6 > 0 vndpyer x € A pe | — o] < xou |f(z) — f(xo)| > €.

Kotalhyouue howdy oo e€c:
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H f: A — R elvar acuveyric 610 29 € A av xou uévo av undpyet € > 0 Gote:
v x&0e 6 > 0 undpyer ¢ € A pe |z — x| < § xou |f(x) — f(z0)] > e

Me Aoyia, Go AMéyoue 6t 1 f elvan acuveyhic oto xp oV «0COBATOTE *OVTA OTO
undpye. ¢ € A wote oL tée f(x) xon fxg) vo anéyouy apxeTdy.

1 zeQ
Hopddevypa 4.1.4. H cuvdptnon tou Dirichlet, f(x) = , ebvon aouvey g
0 2¢Q
oe x8e 29 € R. Emhéyouye £ = & > 0 xou Yo delZoupe 6t yia %8 § > 0 umdpyer z € R
We [z — @o| < 8 adhd | f(x) — f(wo)| = 5. Mpdypar, av 0 o efvon pnTéc, TopaATREOVUE 6TL
070 (xg — J, 2 + &) pnopolue va Bpolue dppnto a. And Tov opopd e f éxouue

| =

[f(e) = flzo)| = 10-1] =12

N

Av o zg elvon dppnrog, mapatnpolue 6t oto (g — 0,29 + 9§
Ané tov opioud tne f €youye

umopolue va Beodue ento q.

|~

[f(q) = flzo)| =1 =0 =1 =

4.1 ApxM tng petagopdc

‘Eow f: A— Rxwéotww zg € A. H apyxn tne petagpopdc divel Evay yopoxtnetold e
oLVEYES TNS f 010 g YEGW axohoUHLGY.

Ocdenuoa 4.1.5 (apyh tne petagopds). H f: A — R eivar ouvexris oto 9 € A av
Kai pévo av: ya kde axolovdia (x,) onueiwy tov A ue x, — xo, n axokovdia (f(zy))
ovykAiver oto f(xg).

Anédeaén. YTrmodétouye mpdta 61 n f elvar cuveyhc oto zo. ‘Eotww z, € A pe x, — 0.
Ou delZoupe 6t f(x,) — f(xo): Eotw e > 0. Agol n f elvar ouveyhc oTo o, UTdpyEL
d >0 wote: avz € A x|z —xo| <0, té1€ |f(x) — f(20)] < € (AUTOC Elvor axpiBedc 0
optopbe e ouvéyes e f oTo o).

‘Eyouue vnodécer 6t z, — 9. ‘Apa, YU autd 10 § > 0 unopolye va Bpolue ng € N
dote: av n > ng T0TE |z, — To| < § (autdg elvar axpBic 0 opiopdc e GUYXALONG TG
(2n) 070 Z0).

Yuvdudlovtac Tal Topandvew EYOVUE: av 1 > Mg, TOTE |T, — o| < & dpa

|f (zn) = flzo)| <e.

Agol 10 € > 0 Aty Tuydy, f(zn) — f(z0).
[ v avtiotpogn xateduvon Yo doulédoupe e anaywyy oe dtono. YTrnodétouue
ot v xde axohoudia (x,,) onueiwv tov A pe x, — xg, N axorovdio (f(x,)) cuvyxhivel
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ot0 f(xo). Ymodétoupe enione 6t n f Bev elvon cuveyhc ot0 xo xo Vo xataAAEoUUE o
dtomo.
Agob 1 f Bev elvan cuveyXc 610 g, UTdpEYEL Xdmoto € > 0 e Ty e€n¢ 1BLoTNTAL

(¥) T xdde 0 > 0 undpyet x € A t0 onolo avorotel Ty |z — xg| < § alld
[f (@) = fzo)| = €.
1 1

Xpnowornowbue v (*) dwdoywxd ye § = 1,5,...,,.... T xdde n € N éyoupe
1/n > 0 xou and v (%) Beloxovue x, € A pe |z, — zo| < 1/n xau |f(xn) — f(z0)] > €.
Ané 7o xpithplo mapepBolnc elvon avepd OTL X, — Xo XL ATO TNV UTGUVEST] TOU XEVOUE
npéner ) axohovdia (f(zy)) va ouyxhiver oto f(xp). Autd duwe elvor adldvato agol
|f(zn) — f(z0)] > € v x&de n € N. O

IMapatienon 4.1.6. H apy? tng yetagopdc unopet vo yenowonomniel ye 500 dapope-
Txolg TpéToUC:

(i) vy va deiloupe 6tL ) f elvan ouveyrc oo zp apxel va delfouye 6Tl «&p — Tg =

f(xn) - f($0)>>-

(if) vy vo deloupe bt 1 f Bev elvon ocuveyhc oto xp apxel va Bpodue wa axoloudio
T, — xo (010 A) wote lim, f(z,) # f(zo). Iohb ouyvd, eZacpaurilovye tny
acuvéyeta tne f oto xg Beloxovtac 8o axorovdiec x, — o X yn, — xo (o010 A)
oote limy, f(x,) # lim, f(y,). Av n f frov ouveyrc oto xg, Yo énpene ta S0o pla
va elvar {oa pe f(zg), dpa xon petagl toug (oa.

1 zeQ
ATAS mapdderypa. H ouvdptnon tou Dirichlet, f(z) = , elvon acuveyr-
0 2¢Q
¢ oe xdde zop € R. Qo ddooupe wia devTEEN ATOBEET, YENOIUOTOWWVTAS TNV apY T TNG
METAPORAG. ATo TNV TUXVOTTA TV PNTMY X0 TWY APPTTWY, UTOPOUUE Vo BpollE axolou-
Yo (gn) pnTedv aprdudy ye ¢, — xo xou axorovda (av,) apphtewy apdu®y Pe oy, — o.
Ouowe, flgn) =1 —1xu flay) =0 — 0. And v nponyoluevn tapathenorn cutepal-
voule 6tL 1 f Bev elvan cuveyiC 0TO Tp.

4.1y" Xuvéyewan xou npdielc ReTald CUVAUETACEWY

To Yedpnua mou axoroudel divel T oyéon tng cuvEyeLag Pe Ti¢ cuvidelc alyeBpxés Tpdielg
avdueoa oe cuvapthoelg. H anodellr| tou elvar dueon, av ypnoylomolicoude Ty apy Y| TG
METAPORAC GE GUVBLAOUS UE TIC aVTIOTOLYEC WBLOTNTES Yot To dptal axXOAOL OV,

Ocwpnpa 4.1.7. Fotw f,g: A — R ka1 éotw 9 € A. Tmolérovue 6t o1 f,g elvai
ouvexels oto xo. T0te,

(i) O f + g ka1 f - g elvar ouvexels oo .

(ii) Av emmdéov g(z) # 0 ya kdde v € A, tdre n % optlletar oto A ka1 efvar ouvexns
07T0 Xg.



4.1 OPIZTMOT THEY ZYNEXEIAY - 77

Andédaén. H anddeiln OAwv TV 1oyLptoddy elvon amhf: yio Topdderyua, yio vor det€oupe
ot g elval oLVEYTC OTO T, CULPWVAL PE TNV apY ) TNG HeTapopds, apxel vo del€ouue 6L,

yioe xdde axohoudio (z,) onuelwyv tou A Tou cLYXAVEL GTO g, 1 axohoudia ((5) (xn))

cuYXAlvel GTO (5) (o). Ané v unddeon, ov f xou g elvar cuveyelc oto 9. Amd Y

apy| TS peTapopdc éyouye €xouue f(xy,) — f(zo) xou g(xn) — g(xo). Agol g(z,) # 0
v x&9e n € N xa g(zg) # 0, éyoupe

(L) @ = L2 L0 (1) )

g g(xn)  g(wo) g

H anédeiln e ouvéyetag twv f4g xau f-g 010 2o agprivetar wg Aoxnon YLo 1oV avayveooTr).
O

IIp6taon 4.1.8 (cOvdeom ocuveywy cuvapthoewy). Eotw f : A — R kai éotw
g : B — R 0o ouvaptrjoeis ue f(A) C B. Av n f elvar ovvexris oto xg ka1 n g €lva
ovrvexris oto f(xg), téte ngo f : A — R elvar ouveyns oto xo.

Anébeién. 'Eoto (x,) axohovdia onueiwv tou A ye z, — xo. Apou 1 f elvor cuveyrc oto

xo, N APy TS peTapopdc delyver 6t f(xy,) — f(z0)- Aol 1 g elvar cuveyhc oo f(xg) €

B, v x89e axorovdia (y,) onueinv tov B e y, — f(zo) éxovpe g(yn) — g(f(x0))-
Ouwe, f(xn) € B xou f(x,) — f(xg). Tuvende,

9(f(zn)) = g(f(x0))-

T x&9e axorovdia (z,) onueinv tov A ye x, — x¢ delloye 6Tt

(g0 f)xn) = g(f(xn)) — 9(f(x0)) = (g0 f)(x0)-

Ané v apyf T petagopdc, N g o f elvat cuveyhc oTo Xo. O

4.18° JuvéxELa TWV TRPLYWVORETPLXMY CLUVARTHCEWY Xol TNG EXVETIXNC CLVEETNON-
<
H otadepni ouvdptnon f(z) = ¢ (¢ € R) xou n tavtotind cuvdptnon g(z) = x elvor cuveyeic
oto R. 'Eneton 61t o1 mohuwvuuixég cuvapthoel elvon ouveyels oto R xou 6t xdde pny
cuvdpTno elvon cuveyric oe dha Ta oruelor Tou Tedlou oplouol TNG.
Aglyvouue Thpa TN CUVEYELN TV TPLYWVOUETPIXDY CUVHPTACE®Y XL TNG EXVETLXNAC
GUVEETNOTC.

Ilpétacn 4.1.9. O1 ourvaptijoe sin, cos : R — [—1,1] efvar ovveyels.
Arndoaén. ‘Eow zg € R. T'a xdde € R €youpe

—
2

r — X
2

sin

|sinx — sinxg| = 2 sin = <2 .

2

x + xg
- |cos
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Ané v Hpdraon 3.3.2 éyouue

T — X0
2

Xr — X
2

IN

sin

Yuvenwe,
Tr — X

|sinx — sinzg| < 2 = |z — x|

Tdpa, eivon ebxolo va Solue 6t 7 sin elvon cuveyfc 010 zp (ndpte 0 = € xan enaindedote
. . ; . . . x
Tov 0plou6 e ouvéyetac). H cos evan ouveyhic we olvieon tng cuveyolc & — § — o e

Ty sin. AveZdptnto amd autd, unopeite va dooete anddeldn EExvivTac and TNy TauToTNTY

To—2x . T+ X
sin
2 2

cosx — cosxg = 2sin

xoL yenotponowdvtag ty |sint| < [¢]. O

Ilpétaon 4.1.10. Eoww a > 0. H cuvdptnon f, : R — (0,+00) pe fo(x) = a® evar
oUVEXTIS.

Arndbeaén. Mnopolue vo vnodéooupe 6t ¢ > 1 (av a = 1 0 f, elvar otadepr) xow av
0 <a<1éyoupe f, = ﬁ)

Aelyvouue Tpwta 6L 1 f, elvar ouveyhic oo 0: éotw € > 0. And Tc Ya — 1 xa

1 . , , ,
a1 BAémouye 6TL umdpyet ng € N wote

l-e< =q /M0 < gl = nfg < 1 e

a
Enéyoupe 6 = 1/ng > 0. Agol n f, elvar yvnolog avfouoca, yia xdde = € R pe |z < 6
€Y oupE

l—e<a /™ <a® <a'/™ <1+e¢,

Onhadh

[fa(2) = fa(0)] = |a® — 1] <e.
Aelyvoupe tdpa T cLVEXELL NS fo 0T0 TUXOY zo € R yprnowonowdvtag Ty apyh e
petagopdc: éotw (zy,) oo R ye z, — zo. And ) ovvéyewr e f, oT0 0 cuunepaivoupe
6T fol(ry — 20) = a® %0 — @ = 1. Tére,

fa(xn) =a"™ =a"-a""" —a™ 1= fa('rO)'

H (z,) Arav tuyolou, dpa n f, elvon cuveyhc oto xo. O

Y70 enduevo Kepdhaio Yo ypnotUOTOIRCOUUE XaL T1 GUVEYELX TNE OLUVAETNONG a — a”:

xT

Ilpétaon 4.1.11. Eoww x € R. H owdptnon g, : (0,400) — (0,+00) e g.(a) = a
efvar ouvexng.
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Arndbeén. Mnopolue vo unodécoupe 6t x> 0 (av z = 0 1 g, elvon otadeph xou av = < 0
€XOUUE go = 7).

Aelyvouye mpdhta 6Tt 1) g, elvan cuveyhic oto 1: undpyer m € N wote |z| < m. Eot-
w (a,) oto (0,+00) e a, — 1. Téte, at — 1 xu a,;™ — 1. And tc tavtdTieg
2min{z,y} =z +y — |z —y| xu 2max{z,y} =z + y + |z — y| BAénouvpe 6T

tp :=min{a;’,a, "} =1 xa s, :=max{a),a,"} — 1.

—m

Iopatneriote 6t av ap, > 1 161€ @, < af <alt eved av a, <1 t6t€ a) <al <a,
‘Enetoun 61t ¢, < aff < s, %o and 10 xpitiplo napeuBorfic cuunepalvoule Ot gz (an) =
al — 1= g;(1). Ago0b n (ay,) fitav tuyoloa, n apyh TN YETaPopdc delyvel 6T 1 g, elvan
cuveyhc oto 1.

Aglyvoupe Tthpa TN CUVEYELL TNS gy OTO TUYXOV ag > 0 ypnowonoidvtog Ty apyl
e peTaPopds: €0tw (an) oto (0,400) pe a, — ap. Am6 TN CUVEXEW NS gy 01O 1
OoUUTEPAVOUNE OTL gy (an/ag) = aZ Jaf — 17 = 1. Tére,

9z(an) = ay, = ag(an/ao)” — ag - 1 = ga(ao)-

H (ay,) firav tuyoloa, dea 1 g, elvar GLVEYXTC GTO agp. O

4.1e” Xvvéyeia xou TOTXY CUUTEELPOPS

Ané tov oploud e cuvEyeLag elvat pavepd HTL N GUUTEPLPOPS ULog CUVEETNOTNS f «UoXpLdy
and 1o xo dev ennpedlel T cuvéyewr § un e f oTo Xo.

IIgétaom 4.1.12. Eow f: A — R ka1 éoww 29 € A. TnoOérovpue du vndpyet p > 0
dote o mepopiouds s f oto AN (xg — p,x0 + p) va eivar ouvdptnon ouvvexns oo .
Tére, n f elvar ovvexns oo xo.

Andédaén. Me tov 6po «meptoploldc Tne f» evvoolue T GuVEETNHoN f: AN(zo—p, z0+p) —
R e f(x) = f(x). i

‘Eotw € > 0. Agol n f ebvar ocuveyfic oto g, undpyer d1 > 0 wote v xde = €
(AN (zg — p,xo + p)) pE |T — 0| < I1 va woylet | f(x) — fzo)] < e.

O¢toupe § = min{p,d;}. Tére, éyovue § > 0 xaw av € AN (g — I, 20 + ) €youpe
Tautdypova £ € AN (xg — p, zo + p) xou |z — x| < § < d1. Apa,

|f(@) = f(zo)| = | f(x) = flzo)] <e.
Anhadn, n f elvar cuveyhc oTo Xo. O

H enépevn Hpotaon delyver 6Tt av wa ouvdptnon f: A — R elvon ouveyhic oto xg € A,
ToTE elvon «Tomxd Qparyuévny, dnhadt payuévr oe pa Teployn Tou xo. Ioapatnerote 6Tt
poe ouveyric ouvdptnon f dev elvon anapaltnta PeayUévr oe oAdxhnpo To medio opiouo
e, AmAd mapadeiypata pac divouv ot cuvapthoeic f(z) = 22 (z € R) xou g(z) = L

(z € (0,1)). ’
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Ilgétaom 4.1.13. Eotw f: A — R ka1 éotw x9 € A. Trnodérovue éui n f elvar ouvexng
010 xg. Tdte, uropolue va Bpolue & > 0 ka1 M > 0 dote ya kdle x € AN(xg—3d,x0+9)
va wyver |f(x)] < M.

Anéoaén. Egopuolovye tov oplopd tng cuvéyelac tne f oto xg ue € = 1 > 0. Tndpye
§d >0 dote: av ez € Axu |z — x| <0, tote |f(z) — flxo)] < 1. Anhadr, yia xdde
x € AN (zo — 6,20 + J) €xouye

[f(@)] < |f(@) = fwo)| + | f(zo)] <1+ [f(xo)]-

‘Eneton 1o {nrodpevo, ye M =1+ |f(zo)l. O

H tehevtaio mapatipnon etvon 6t av wo ouvdptnon f @ A — R elvar ouveyhc oto
xo € A xw av f(xg) # 0, té61€ N f Swtneel to mpdonuo Tou f(xp) oe o oAdxAnen
(evdeyouévie Uixpt)) TEPLOYT TOU Zo.

IIgétaom 4.1.14. Eotww f: A — R ka1 éotw xo € A. YroOérovue du n f elvar ouvvexnis
oto xg ka1 6t f(xg) # 0.

(i) Av f(zo) > 0, tdre vndpyer § > 0 dote f(x) > 0 ya kdde x € AN (xg — 0,20 + 0).
(ii) Av f(zo) <0, tdre vndpxer § > 0 dowe f(x) <0 ya kdde x € AN (zg — d, 0 + 9).

Ardbeaén. Trnodétovye npdta 6t f(xo) > 0. Aol 1 f elvon ouveyhc oto g, oV Vewph-

OOULUE TOV € = @ > 0 undpyet 0 > 0 wote: av x € A xou |z — zo| < § thte
i x T
@) = 1ol < L5 — L8 < 10) — fa0) — 1) > L5 >0

Anhadn, f(x) > 0y xdde z € AN (zg — 0,9 + 0).

Trodétouvue topa 6t f(zg) < 0. Aol n f elvor cuveyhc oT0 T, av Yewprooupe Tov
f(@o)

€= —53% >0 undpye § > 0 wote: av x € A xa [z — x| < 6 t61€
T x x
£(@) ~ fao) < L9 — gy - o) < LE) = pay < L0 g
Anhadn, f(x) <0y xd9e z € AN (zg — 0,9 + 0). O

4.2 Boaowa Jewpruata yia cuveyelc cuvaptrioelg

e authy TV Topdypapo Yo anodelfoupe 0o Yeuehdn xat dtoancVnTind avouevoueva Yew-
praTa yior ouveyelc cuVaETAOELC TToL efval OpLOUEVES OF €va XAELOTO BIdoTNuA: TO YEWpnua
evdidpeonc e xon to Yedpnuo UnapEne wéylotne xat eNdylotne Tywic. H anddeln toug
anattel ouclaoTixy YehHon Tou afldUAToC TNE TANEdTNTAC.
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4.2a" To Jewdpnua eNdyioTng xot REYIOTNG TWNG

To npthto PBaoxd Vedpnuo pog Aéet 6t av f @ [a,b] — R elvar pio cuveyhc ouvdptnon,
téte N f elvon v QEoryUEVn xo XETw QEaYUEYY), Xat UAALGTA TopVEL HEYIOTY) XL EAAYLOTN
A,
Ocwenpa 4.2.1. Eotw f : [a,b] — R ouvexns ovvdptnon. Trdpyovw m, M € R dote:
yia kde x € [a,b],

m < f(z) < M.

Anladn, n f elvar dvo ka1 kdww gpayuévn.

Anddeln. Oewpolye 0 clVoro

A={y € [a,b]: n felvou dvw gporyuévn oo [a,yl}.

Ioxupropés 1. To A elvan un xevd xon dve @payuévo.

Arndoaén. Eivou capéc ot o b elvan dve gpdypa yio to A. T va Sel€oupe 611 10 A elvar
un xevo, oxeptopacte we eEnc: agoL N f elvar cuveyric oto a, and v Ilpdtaon 4.1.13
undpyouy M € R xouw 0 < § < b—a dote f(zr) < M vy xdVe = € [a,a+ §). Av howndy
a<y<a+d, o6t

v x80e = e a <z <y oyle f(z) < M,

0 onolo onuaiver 6t y € A. Yuvende, (a,a+0) C A (1o A elvon un xevo). O
Ané 10 a€lwya e mAnpdTHTac utdpyet o € = sup A.

Ioxvpiouds 2. £ =D.

Anddaén. Ac vnodéoouye 6Tt £ < b. Aol 1 f elvon cuveyhc oto £, YpnoLHonoldvTag
v pétaon 4.1.13 Beloxoupe 0 < §; < min{b — &,& — a} xow My > 0 dote yio xdde
x € (§— 01,6 + 01) va éyoupe f(z) < M. Topa, oto ddotnua (§ — d1,£] propolue va
Bpolue y1 € A amd tov yapaxtnplopd tou supremum. A@ol y; € A, undpyer My > 0
wote f(z) < My vy xdde z € [a,y1]. Téte, f(x) < M = max{My, M} vy xdde
x € [a,& + d1). Auté ebvar dromo: av emthéZouue Yo € (€,€ + d1) téTE Y2 € A (enyrote
yratl) xou y2 > € = sup A.

Mrnopotue tdpa va 8et€oupe 6Tt 1 f elvon dvew @eaypévn oto [a,b]. Agol n f elvan
ouveyric oto b, ypnotwonowwvtoag Eavd v Ipdtaon 4.1.13 Beloxouvye 0 < dy < b — a xo
Ms > 0 dote v xdde z € (b — da,b] va éxovpe f(x) < Ms. Xto ddotnua (b — da, b
unopoUue vo Bpolpe ys € A amd tov yopoxtneiowd tou supremum. Aol y3 € A, undpyet
My > 0 wote f(x) < My v xd@e x € [a,ys]- Tote, f(x) < M := max{Ms, My} v
x&e = € [a,b].

Me 7ov (810 tpbno delyvouue 6t ) f elvol xdtw @poryuévn (A, av Félete, Yewpriote v
—f1 yvopilete AdN bt elvan dvw Qparypévn). O

Kdvovtac éva axdua Brua, delyvouue 6t xdle ouveyfic ouvdptnon f : [a,b] — R
nodpvel PEYLoTn xol NGOt T oo [a, bl:
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Ochenua 4.2.2. Eoto | : [a,b] — R ovrexris ovvdptnon. Yrdpyouvr y1,ys2 € [a,b] dote
fly) < f(2) < f(y2) ya wdOe x € [a,b].

Anddeaén. And 1o Oedpnuo 4.2.1, n f elvar dvew @poyuévr. Xuvenwe, 1o gOVolo

A={f(z):z € [a,b]}

elvon dvew gpayuévo. Eotw p = sup A. ©éhovue va Selouye btL undpyet yo € [a,b] pe
fy2) = p.

Trodétovye 6t 1 f Bev malpver péyotn th oto [a,b]. Toéte, f(x) < p v xdde
x € [a,b]. Tuvendg, unopolue va opicouye ¢ : [a,b] — R pe

H g elvar ouveyhc oto [a,b], ondte eivon gpaypévn: undpyer M > 0 dote g(x) < M v
%8¢ = € [a,b]. Autd odnyel oe dtono we e€hc: and Tov optoud Tou supremum, yia xdde
n € N unopolue va Bpolue otoyelo tou A oo (p — 1/n, p). Anhadd, vndpyet =, € [a,b]
Yl T0 onolo

p—%<f@w<ﬂ

Tore,
1
M > g(zy) = ——— >n.
p— f(xn)
Anhadn, to N elvar dvew @payuévo and tov M, dtono.
Me tov {8to tpémo Bdelyvouue 6t 1 f nalpver eNdytotn Ty (1, av 9élete, Yewpriote v
—f1 yvopllete Rdn ot nadpvel péyiotn ). O

4.2B" To Jewpnua evdidpueons Thc

Ac vnoBéooupe 6 wa ouveyfc ouvdptnon f : [a,b] — R noipver etepbonuec Tipéc ota
dxpa Tou [a, b]. Téte, autd mou nepéver xavelc and TV ypap tapdotacn e f elvat
6t Y xdmowo onuelo £ € (a,b) Yo woyer f(§) = 0 (n xoundhn y = f(z) Yo turoe
Tov oplévtio dZova). BOa ddooupe Teelc anodellelc: OAeC YpNOWOTOLO0V OUCLIGTIXG TO
a&lwpa e mAnpdtac. Kodeplo and autéc «otoyeleny ot «dagpopetixd plila tne egloworng

f(z) =0».

Ocwpenpa 4.2.3. Eoto | : [a,b] — R oguveyris ovvdptnon. Trodérouue énr f(a) < 0 kai
f(b) > 0. Tédre, vrdpyer & € (a,b) dote f(€) =0.

IIpdytn anddeln. Ou mpoomadricoupe va «Bpoduey TN Wixpdtepn Moo e eglowaong
f(z) = 0 oto (a,b). Wdyvoupe dnhadh yio xdmowo & € (a,b) v 10 onolo f(§) = 0 xo
f(z) <0y xdde x pe a <z < &
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H 3¢ elvor 6Tt auto T0 € Mpénel va elvar To supremum Tou GUVOAoL GAwY TV Y € (a,b)
TIOL IXAYOTIOOLY TO e€NC:

v xdde xpe a <z <y wyle f(zr) <O0.

OpiCouye Aotndv
A={ye(a,b]: a<z<y= f(x) <0}

Ioxypiouds 1. To A eivow un xevo xon v Pparyuévo.

Arnddaén. Eivou copéc ot o b elvon dve ppdypa yo to A. T var del€oupe 611 1o A elvar
UN XEVO, OXEPTORAOTE WS eEfc: 1 f elvar cuveyhic oto a xau f(a) < 0. And tnv Ipdtaon
4.1.14, undpyet 0 < § < b—a dote 1 f vo naipvel oapynTixéc Twée oto [a,blN(a—0d,a+0) =
[a,a+ ). Av homdy a <y < a+ d, 16t

v xdde zue a <z <y wyde f(z) <0,

70 onolo onualver ét y € A. Apa, (a,a+0) C A (1o A elvon un xevo). O
An6 1o a€lwya e mAnpdtnTag undeyel o & = sup A. Enlong, a < £ ot (a,a +9) C A.
Toxupiouds 2. T tov € = sup A toybouy oL a < € < b xo f(€) = 0.

Anédeaén. Actyvouue npdta ot & < b: ‘Eyoupe f(b) > 0 xau 1 f elvar ouveyhc oto
b. Xpnowonowdwvtag v Ilpdtaon 4.1.14, Beioxoupe 0 < &1 < b — a dote v xdde
x € (b—0d1,b] va éyovue f(x) > 0. Téte, o b — 7 elvon dve @pdypa tov A. Hpdypat,
av y € A t6te f(z) < 0 vy xdde = € [a,y) xa agod f(z) > 0 oto (b — d1,b] éxoupe
y < b—§p. Yuvenag,

a<a+0<E&E<b—4d <b

Ewwdtepa, a < £ < .
Mével va delZoupe 6Tt f(£) = 0. Oa anoxhelooupe to evdeydueva f(§) < 0xar f(€) > 0.

(i) Eotww 6t f(£) < 0. And tn ouvvéyea tne f oto &, undpyet 0 < Jy < min{{—a,b—¢&}
dote f(z) < 0 oto (§ — 62,§ + 62) (e&nyhote ywatl). ‘Ouwe tote, f(xr) < 0 oo
[a, &+ d2) (yrati undpyet y € Ayey > € — 062, ondte f(x) <0070 [a,y)U(§—d2,&+
02) = [a,& + 62)). Enopévoc, £ + dz € A. Auté eivon dromo apol € = sup A.

(ii) Eow 6t f(§) > 0. Tére, undpyet 0 < 63 < min{é — a,b— &} wote f(zx) > 0 oto
(€ —03,&+063). Av mdpovye y € Ayey > & —dz xou z e y > z > & — 03, TOTE

ye A= f(z) <0

EVO
z€(£—03,6+03) = f(2) >0

Onhadr 0dNYOUHACTE GE ATOTO. O
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Me v anddetln tou delTepou Loy LELOHOU ONOXANEOVETAL Xou 1) AdBEEN TOL OewpHlaToS.
O

Aceltepn anddegn. Ou mpoonadicoude vo «Bpoduey TN peyohltepn Aon g e&lowaong
f(z) = 0 oto (a,b). Wdyvoupe dnhadh yio xdmoto & € (a,b) v 10 onoio f(§) = 0 xo
f(z) >0y xdde x ye € < <b.

H 15¢a elvon 6Tt autd T0 € Mpémel va lvat To supremum Tou GUVOAOU

A={yelab]: fy) <0}

Ioyupiouds 1. To A eivon un xevo xon dve gpayuévo.

Anédaén. Eivar cogéc 6t 0 b elvon dve ppdypa v 10 A. To A elvar un xevoé: agpot
fla) <0, éxoupe a € A. O
Ané 1o o€lwpa g mAnpdtntac undpyel o £ = sup A. Enlong, a < £ Ipdypat, oty
nponyoluevy anddeln eldope 6t undpyet 0 < 6 < b —a dote (a,a+6) C A.

Ioxupiouds 2. T tov € = sup A toybouy ot a < & < b xaw f(€) =0.

Arndbeaén. Aclyvouue mpdta 61 £ < b ‘Eyoupe f(b) > 0 xou n f elvon ouveyhc oto
b. Xpnowonowwdvtag v llpdtaon 4.1.14, Beloxovue 0 < 41 < b — a Gote Yo xdde
x € (b—d1,b] va éyoupe f(x) > 0. Téte, o b— 01 elvan dvw ppdrypo tov A. Ipdyuatt, av
y € Atoe f(y) <0, dpay € [a,b—01]. 'Enetor 61t

E=supA<b—4; <b.

Méver va detZoupe 61 f(§) = 0. Ou dellouvye ot f(£) < 0 xon f(§) > 0 ypnowonodvtag
Y oEYh TNG HETAPORAC.

(i) Agol & = sup A, vndpyer oaxohoudio (z,) onueiwv tou A pe x, — £ 'Eyoupe
flxzn) < 0 xown f elvan ouveyfic oto §. And Tty apyh e UETaopdc maipvouye

(if) Agol & < b, undpyet yYvnoine gdivouca axoroudia (y,) oto (€,b] e y, — & (v
TAPABELYU, N Yp = & + %) la %89 n € N éyouvpe y, ¢ A, xar cuveEnHC,
f(yn) > 0. And v apy| tne petagopdc naipvoupe f(§) = limy, f(y,) > 0. O

Me v anddel&n tou SedTeEOU LoYLPLOHOU ONOXANPOVETOL X0l 1) ATOBEIEN TOU OEWEHIITOS.
g

Teitn anddedy. IIpoonadolye va tpoceyyicoupe pa pila xg e f «omoudrinotey avdye-
oa ota a xou b, e dradoyixéc dryotouroes tou [a,b]. H Onapin tne piloc Yo eacpahioTel
and TNV apyh TwV XPOTIOUEVOY SIOTAUATWY XAt TNV ap) Y| TNS LETAPopdc.

Y10 mpdTo Bhue, diyotopolue o [a,b] Yewpdvtac o péco tou EL. Av oupBel v
éyoupe f(%F2) = 0, Véroupe € = “EL xou éyoupe f(€) = 0. AMbe, undpyouv dlo

evdeydpeva. Bite f(%E2) > 0 ondre 9étouye a1 = a xou by = “EL, #, f(%EL) <0, ondre
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Vétoupe a1 = “E xau by = b. e xdde mepintwon, éxovue flai) < 0 xo f(by) > 0.

Hopatnpfiote enlong 6t a < aj < by < b xou 67 To phxoc tou [a1, by] ebvor (oo pe 252
EravohapBdvouye ) dradixacio oo [ar,bi]. Av f (“E0) = 0, 9étoupe & = wtbe
xat éyoupe f(€) = 0. AN, Bploxoude ag, by mou xavorowby Tt a1 < as < by < by,
f(al) <0, f(b]) > 0 xot by —ag = b;2a.
Yuveyilovtac emaywynd, eite Ppioxoupe & € [a,b] pe f(§) = 0 1 opiloupe axohovdiec

(an) xou (by) o70 [a,b] pe tc e&hc WBi6TNTES:

(i) a<ar<az < <ap <apgr <bpgr <by <o+ < by < by < by xdde n € N.
(i) f(an) <0 < f(bn) yra xd9e n € N.

(iii) b, —a, = b;% v xdde n € N,

H axoloudia (a,) mou xataoxeudoope eivar ad&ovoa xot dve peayuévn xat 1 (by) elval

@Oivouoa xon x81e gearypévn. ‘Apa, cuyxhivouv. Ané tny b, — a, = L% — 0, énetu 6L

lim a, = lim b, =&
v xdnowo € € [a,b]. Aol f(a,) < 0 xo f(by,) > 0, and ) ouvéyewa e f xar and my
AP TNG UETAPORAC TOlEVOUUE

f(&) = lim f(an) <0< lim f(bn) = f(£),

n—oo n—oo

Srjadr, f(€) = 0. 0

Yav néploua nalpvouue To VEMENUA EVOLAUESTC TLNAG!

Ochpenpa 4.2.4. Eotw [ : [a,b] — R ovrexris ouvdptnon. Av f(a) < f(b) ka1 f(a) <
p < f(b)), téte vndpyer & € (a,b) dote f(§) = p. Opowa, av f(b) < f(a) ka1 f(b) < p <
f(a)), tére vndpyer £ € (a,b) doote f(€) = p.

Anédeaén. Oewpolpe v g(x) = f(z) — p. H g elvar ouveyrc oto [a,b] xou g(a) =
fla) —p <0, g(b) = f(b) —p>0. And 10 Oecdpnua 4.2.3 undpyet £ € (a,b) pe g(§) =0,
brpadt £(€) = p.

T TV 3N mepintwon, yenowonotiote T ouveyh ouvdptnon h(z) = p — f(z). O

Opiopde 4.2.5 (Sdotnpa). Eva uroctvoro I tou R Aéyetow didoTnue ov yio xdde
z,y € I ye x <y ohbxhneo o evdiypoupo tuhua [z, y] nepéyetal oto I,

Me dMho Aoy, SlaoTAUOTO Elvor ToL AVOIXTA, XAELOTE 1 NULOVOLXTE BLUCTAULATA %ol Ot
avoxTéC 1) xheloTéC Nevdeleg.

Ocwpnpa 4.2.6. Eotw I éva tidotnua oto R ka1 éotw f: I — R ovveyns ovvdpTnon.
Tére, n ewcéva f(I) tng f eivar Sdotnua.
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Arndbaén. Eow u,v € f(I) ye u < v xot éotw u < w < v. Yndpyouv z,y € I dote
fz) = ux f(y) = v. Xoplc neproptopd e yevudtnrag Unopodue vo uToYEcoupe 6T
x <y. Agol o I elvar Sidotnua, éyovye [z,y] C I xou n f: [z, y] — R elvar cuveyhc oto
[z,y]. Aol f(z) =u <w < v = f(y), undpyeL z € (x,y) dote f(z) =w. AgoL z € I,
ovunepaivoupe 6t w = f(z) € f(I). Anb tov opopéd tou Sothuatog énetar 61t 1o f(I)
elvan Sudotnua. O

II6pwopa 4.2.7. Eotww f : [a,b] — R owexris ouvvdptnon. Trdpyour m < M oo R
wote f([a,b]) = [m, M].

Ardbaén. H f elvow ouveyfic xou opiletor 610 xhewot6d ddotnua [a,b]. Tuvenoe, n f
nalpvel eENdyoTy T moxow péytotn wuh M oto [a,b]. Anhadh, m, M € f([a,b]) xa
f(la,b]) C [m, M]. And 1o mponyoluevo Yewpnua, to f([a,b]) elvon Sidotnuo xar neptéyet
o m, M. Apa, f([a,b]) D [m, M]. Enetor 6w f([a,b]) = [m, M]. O

4.2y" IMopodeiypoto

H ouvéyela e f adhd xon n unddeon 61 10 nedio oplopold eivar xhewotd Bidotnua elval
ATAPALTNTES GTOL TEOTYOVUEVA YEWEHLILTAL.
1— |z x#0
(o) Oewpolpe ™ ouvdptnon f(x) = oto [—1,1]. H f dev naipvel
0 z=0
péytotn tr oto [—1,1]. ‘Eyoupe 1 =sup{f(z) : © € [-1,1]}, ahhd o 1 Sev elvon Tr| tne
f: mopatnpriote 6t 0 < f(z) < 1 v xdde z € [—1,1]. H f elvon aovveyiic oo onueio 0.
-1 0<z<1
(B) Bewpolye v cuvdptnon f(z) = . Tére, f(0) < 0xor f(2) > 0,
1 l<z<2
oAAG Bev undpyet Aoom e f(z) =0 oto [0,2]. H f elvon aouveyric oto onueio 1.
(v) Oewpotyue v f(z) = 1/z oo (0,1]. H f elvon ouveyhc oto (0, 1], ahhd dev elvar dve
eaypévn. To medlo oplouol tng f dev eivar kAewotd drdoTnua.
(8) Oewpolpe v f(z) = x oto (0,1). H f elvon ouveyhc xar gporypévn oto (0, 1), ahhd
dev malpvet péytotn oute eAdytotn 1. To nedlo optopol tne f dev efvar kAewotd oidoTnpa.

4.28° Egoapuoréc Twv Paocixdy YewpnrdTtmy

To Yedpnua evdidueonc tyuic yenowlomoteltar oLy Ve Yl Ty anddeln e Orapne pilogc
xdmowc elowone. To mpdto yac mopdderypo eivon 1 «Onapdn n-oothc pllacy mou elyoue
eCaopalloel pe Yprion Tou alOPATOC TNE TANEOTNTIC.

Ocwpnpa 4.2.8. Eoww n > 2 ka1 éotw p évag Jetikds mpaypatikés apiduds. Trdpyer
povadikds € > 0 dote " = p.

Anédeén. ‘Eotw p > 0. Oewpolye 1 ouvey! ouvdptnon f : [0,4+00) — R pe f(z) = 2™
IMpddbtar Yo BetZoupe bt undpyet b > 0 dote f(b) > p. Awxplvouye teelc tepntdoelc:
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(i) Avp<1,t6te f(1)=1"=1>p.
(ii) Av p > 1, t61€ f(p) = p™ > p.
(iii) Avp=1, t6te f(2)=2">2> 1.
AelZaye 6t undpyel b > 0 wote f(0) =0 < p < f(b). And o Yedpnua evdidueons TWhS,
urdpyet € € (0,b) dote f(§) = p, dadA £ = p.
H povaduotnra efvon amhd: €youvue del 6t av a,b > 0 téte a™ = ™ av xou yévo av
a =b. Av howndv éyouvye &' = p = &3 yia xdmooug &1, & > 0, t61e & = &o. a

Oewpnua 4.2.9. Kdle noAvdvupo teprrrod faduot éxer tovddyiotov pia mpayuatixin pila.

Anédaén. 'Eotw P(x) = ama™ +am-_12™ 1 +.. .+ a1z +ag, 6TOL @y, # 0 xon m tepLttoc.
Tedgouvye P(z) = ama™ + -+ + a12 + ag = ama™ (1 + A(z)) 6nou

am_lxm’l + -4+ a1x+ag

A =
(2) p——
Iopatnerote 6Tt av
|l‘| > 2|am—1‘ ++|a’1|+|a0| +1
|am|
t6te |z|F < |2|™ L vy wdde k= 0,1,...,m — 1, xou ouvendc,
A < [gmotl?" T A oo+ aol
N || |z|™
|am—1] 2"t + -+ Jaa] 2" + Jaol ||
- |am|[z]™
|am—1] + - +Ja1| + |ao|
|am| ||
1
< 5

"Apa, undpyer M > 0 wote av || > M tote

1+A(x)21—|A(x)|21—%:%>0.
Anpadn, av |z| > M téte ov P(x) xat anz™ éxouv 1o o mpdonuo. ‘Emetar 6t o
P(—M)P(M) elvon opdornuoc pe tov aZ (—M)"M™ = a2, M*™(—1)™, Snhadr| apvnuixdc.
Ané 1o Yeddpnua evdidpeone trc vndpyet £ € (—M, M) wote P(€) =0. O

Ocedpenuo 4.2.10 (Yedpnpa otadepod onueiov). Fotw f : [0,1] — [0,1] ocuvexiis
ouvdptnon. Yrdpye xg € [0,1] dote f(xg) = xo.
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Arndbeaén. Oéhoupe va delfovpe Ot 1 xoumdAn y = f(z) téuver Ty Saydvio y = x. Apxel
va det€oupe bt 1 ouveyhc ouvdptnon h(x) = f(x) — z undeviletow xdnouv oo [0, 1].
Av f(0) =09 f(1) =1 éyoupe 1o {ntolyevo v g = 0 | 2o = 1 avticToya.
Trodétouue howndy 6t f(0) > 0 xou f(1) < 1. Toéte, h(0) = f(0) > 0 xou h(l) =
f(1) =1 < 0. Ané 1o Yedpnua evdidueone tung, undpyet zo € (0,1) dote h(zg) = 0.
AT])\O(S'/], f(x()) = Xg. O

4.3 Yrnpelo cuCOWEELONG XU UELOVOREVE CTElA

Opiopdc 4.3.1. 'Eotww A éva un xevo unocivoho tou R xat éotw x9 € R. Aéue 61t 0 xg
elvar onpelo cvuoowpeuone tou A av yia xdde § > 0 unopolue va Bpolue € A dote
0 < |z — x| < 0 (toodbvapo: = € (xg — 6,20+ 0) xou T # ).

Anhadn, o xg elvar onueio cuoohpevang Tou A oV 0GOBHTOTE XOVTA GTOV T UTOPOUKE
va. Bpolue otouyeio Tou A Blapopetnd and tov xg. Ilapatneriote dtL dev anartobue and
Tov T va elvon otolyeio tou A.

Hopadeiypato 4.3.2. (a) Av A = [a,b], t61€ 0 ¢ elvar onuelo cuoohpevone Tov A av
xaL u6vo av xo € [a,b]. Av A = (a,b], t61€ %80 onueio tou A elvar onpelo cucodpevong
Tou A, xou undpyel dAlo €va onueio cucopeuang Tou A, T0 @, To oTolo BEV AVAXEL GTO
oOvoo.

(B) Av A=1[0,1] U {2}, t6te 2 € A ahhd 0 2 Bev elvar onpelo cusopevone Tou A.

(v) To N={1,2,3,...} Bev éyeL xavéva onueio CUCCWEEVOTC.

(8) Av A={1,3,%,...}, w6t€ 0 0 elvor To povadixd onueto cusodpeuorg tou A (xau dev
avixel oto A).

Ogiopéc 4.3.3. Eotw A éva un xevd unocivoro tou R xon éotw xg € A. Aépe 6Tt 0
xo elvar pEpOvVLREVO onueio Tou A av dev elvar onuelo cucohpevong Tou A, dnAadY, av
urdipyeL teptoyy) Tou o 1 omola dev Teptéyel dAa onueia Tou A extde and 1o x (toodbvoya,
av urdpyet 0 > 0 wote AN (xg —d,x0 +9) = {zo}).

H endpevn Ilpdtacm dlvel yprowwous yapaxtnetopols Tou onuelou CUCGHPEVOT.

Ilpétaom 4.3.4. Eotw A éva un kevd vroovrolo tou R kat éotw xp € R. Ta e£ng etvai
1000Vvaua:

(i) To xg eivar onueio ovoodpevons tou A.
(if) Tna xdOe 6 > 0 vndpyovr drepa to TArlog onueia tov A oto (xg — J, 29 + 9).

(ili) Ymdpyer akorovdia (x,) drapopetikdy avd 6o, kair SrapopeTikdy and to Ty, onueiwy
Tou A, n omola ouykAiver oto xy.
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Ardbaén. (i)=(ii) Eotw 6 > 0. Agol 1o zy elvar onuelo cucodpevone tou A, oto
(xo — 0,20 + &) pnopolye va Ppolue onueior Tov A Swpopetixd and to xg. Ag utodécouye
oTL auTd ta onpelo efvarl tengpaouéva o TARYOC, T Y1, - . ., Ym. Kdnolo and autd, ac nodue
10 y; Yo xdmoov 1 < j < m, elvol 10 TAnoléotepo mpog 0 xo. Oftouue 01 = |z — Yjl.
Téte, 61 > 0 (D6 y; # xo) xow oV mepLoyh (2o — 61,0 + 1) dev undpyel onuelo Tou
A Bwgopetind and 1o xo (EnyAote ywutl). Autd elvar dtomo, diéTt 10 x elvon onueio
oLoOGEEVOTE Tou A.

(ii)=(iil) Ané v vnddeon, oo (ro — 1,20 + 1) undpyouv dnepa To TAYog onuela Tou
A. MnopoUue hotnév va Bpolue x1 € A ye x1 # xo xat |z — x| < 1.
( 1 1 . . . . ,
Opolws, 670 (g — 3,20 + 3) UTAEYOLY dTELPa TO n);nﬁog onuelo Tou A. Mnopolue
hoimdy va Bpolue x2 € A e w3 # 1o, 1 XU |22 — 0| < 3.
YuveyiCoupe pe tov B0 tpdéTo: €otw OTL €YOUYE Bpel T1, X2, . .., Tn—1 € A DaPOpETNS
avd 800 (xau dropopeTind amd To o) GOTE |z — o] < § Y xdde k =1,2,...,n—1. T10
1 1 . , , . , , ,
(zo — L, @0 + L) umdipyouv dnerpar To TARYOC cmpftoc tou A. MnogoUue howndy va Bpolue
Tp € AUE Ty # X0, L1, ..., Tpo1 XA [Ty — To| < .
H axoloudia (2,,), mou opileton pe autdv Tov Tp6T0, GUYXAVEL GTO Zo XKoL EXEL GPOUC
Tou avixouv oto A, elvar SapopeTixol avd 800 xat SapopeTixol and Tov z.
(iii)= (1) TroYétouue 61 undpyer axorovdia (x,) dapopeTixddv avd dbo onueiny Tou A,
7 omnola cuyxiiver 610 xo. Eotw 6 > 0. YTrdpyer ng € N wote |z, — x| < § vy xdde
n > ng. Aol ol 6pol g (x,,) elvon dtapopetixol avd dVo, xdnolog and avtode (Yl Ty
axpifeta, dnetpot to TARB0g) elvan BlapopeTinds and To o xal avixel 6o (2o — J, xo + 9).
Aqgol 10 § > 0 Airav TuydY, T0 T Elvon onuelo cucowpevaTg Tou A. O

4.4 Opiopog tTou opiou

Ogtopoc 4.4.1 (g0 suvdetnoneg). Eotw f 1 A — Rxa éotw zg éva onyelo suootpevor-
¢ tou A. Aéue 6t 0 bpro g f xaddg o = Telvel 6TO X UTdpyEL xat tooUTon e £ € R
av:

T xéde € > 0 undpyet 6 > 0 dote: av z € A xa 0 < |z — x| <, 161
) -t <e.

Av évac térolog apdude € undpyet, téte elvar povadixdc (Seite t0) xou ypdpouue £ =
lim, .o, f(z) | f(x) — € xaddc x — xo.
Opwopnoc 4.4.2. Eotww f: A — R xa éotw g éva onuelo cucodpeuonc tou A.
(o) Aéye 6t n f telver 610 +00 %adddS T0 T — T AV:
D xdde M > 0 undpyer 6 > 0 dote: av & € A xa 0 < |z — x| < § té1e
flz) > M.
Ye authv TNy Tepintwon, yedgoupe lim,_, ., f(z) = +oo.

(B) Aépe 6t f telvel oto —o0 xadidg T0 T — X Av:
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T xdde M > 0 undpyer § > 0 dote: av ¢ € A xou 0 < |z — | < § T61E
flz) < —M.

Ye authv Ty Tepintwon, yedgoupe lim,_, 4, f(z) = —oo.

Iapatienon 4.4.3. Hopatnerote 6Tt prnopolye vo e€etdoouue TNy Unapin 1 Un Tou oplou
e f: A — R oe xdde onyelo cuootdpevone xo tou A. To xg pmopel vo avixel 1 vo uny
avrixel oto A: apxel vo undpyouv & € A ocodrinote xovtd oto zo. Emnlong, axduo x av
10 zo avixel oto TEdlo opopol e f, N T f(xo) dev ennpedlet tnv Onopdn 1) un Tov
limg 4, f(z) o0te %ot Ty Tu” Tou oplou (ov autd undpyet).

Hopadeiypota 4.4.4. (o) lim, 322 =9.

® Fow SR - R fa) = { 5 ol

pe 0, eved £(0) = 2.

(v) Eotww f:(0,400) — R pe f(z) = 1. Tére, lim,_o f(x) = +00. Av dewpficoupe tny
g:R\ {0} — R pe g(z) = 1, t6te 10 6p10 lim, g g(x) dev umdpyer.

. To lim,_¢ f(z) undpyer xau elvar (o

Mrnogeite vo anodelZete dbhoug autolc Toug Loyuptopols pe Bdon tov oploud (‘Aoxnon).
Mrnopeite enlong va enotuonoioeTe Ty apyY| NG YETaPopds, tny omolo Yo culnticouue
TapaxdTw, OCTE va avayVelte ota avtiotolyo 6plol axoAoLTLMY.

(®) Eotw f :[0,1] = R pe f(x) =0 av x dppnroc fhz = 0, xou f(zr) = % av r = % uE

p,q € N xow MKA(p, q) = 1. Tére, vy xd0e g € [0,1] 10 bplo lim, 4, f(z) undpyer %ot
tolton pe 0.

Mpdypatt, éotw o € [0,1] xaw éotw £ > 0. Oétoupe M = M(e) = [1] xaw A(e) =
{y € [0,1] : y # xo xu f(y) > €}. Av o y avixet oo A(e) t6tE Elvar pntdc 0 omolog
YedpeTo 6T Lopp| Y = % 6mov p,g €N, p < g xou f(y) = % > e. To midoc autdY Ty
aptduoy elvon to TOAU (oo pe to Thtog Twv Leuyapldv (p, ¢) Quotxy aprdudy 6mouv g < M
xaw p < q. Enopévoc, dev Eenepvder tov M (M +1)/2. Anhadi, to A(e) elvon nenepacuévo
oOvoho. Mnopolue howmdy va ypddouue A(e) = {y1,...,Ym} émov m = m(e) € N,

O apiudc 6 = min{|zg — yi1l,.. ., |T0 — ym|} €var yvhow detxde. Eow x € [0,1]
e 0 < |z — zo| < 8. Tote, © ¢ A(e), dpa 0 < f(x) < e. Agob 10 £ > 0 firav Uy,
ouunepaivoupe 6t lim, 5, f(z) = 0.

Opiopdc 4.4.5 (mhevpwxd éewa). Eotw f: A — R xa é0tw xp onueio cuoodpeuong
Tou A wote ya xdde 6 > 0 va undpyouy ototyeia Tou A oto (xg — 4, z9) (Eva TéTOW T
Aéyetow onuelo cucotpeuong Tou A and aplotepd). Aéue ot

(i) lim, - f(z) = £ € R (o £ elvar T0 mhevpxd bpto e f xadde o = Telver
0

ot0 o and aploTepd) av: yia xdde € > 0 undpyel § > 0 wote av ¢ € A xa

xo— 0 < x <z t0tE | f(X) — L] <.

Tehelog avdroya, E0Tw T onueio cuoowpeeuong Tou A GoTe Y xdve § > 0 vor uTdpy oLy
otouyeio Tov A oto (zg, o + J) (éva tétol0 TH MéyeTar onuelo cuoompeuone Tou A and
delid). Aépe 6tu
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(ii) lm, f(x) =¢ € R (o £ elvar to Thevpd Gplo e f xodde To x telver
ot0 zg and de&d) av: Y xdde € > 0 undpyet § > 0 wote av ¢ € A xa
o < x < 1w+ 0 10tE | f(2) — 4] <€

Agrivouue w¢ doxnon Yo ToV avayvedotn va d®oel auoTtneols optodolc Y tor e€XC
lim,_ - f(z) = +oo, lim,_, - f(z) = —o0, lim,, .+ f(z) = +oo0 xou lim, flz) =
—00.

Ané tov opioud v Thevpdy oplwy énetal dueca 1 axdroudn Hpdtaon.

IIg6taom 4.4.6. Eoww f: A — R jua ovvdptnon kai éoww x9 € R onueio ovoodpevong
v A and apiotepd xar and debid. Tére to limy,_,., f(x) vndpyer av ka1 udvov av ta 6Yo
mevpied dpa Tim, f(z) ka1 lim,, .+ f(z) vrndpyovr kai etvar ioa. O

Opiopde 4.4.7. Eotw A éva un xevo vrnocbivoro touv R. Aéue 6t o +00 elvar onuelo
ocucowpevong Tou A av yua xdde M > 0 urnopodye vo Peolue x € A wote x > M. Edxoha
eNéyyoupe 6Tt autd ouuBaiver av xou uovo av undpyer axorovdia (x,) oto A e x, — +0o0.

Avtiotowya, Aépe 611 10 —00 elvon onuelo cuoohpevone Tou A av y xdde M > 0
unopolue va Ppolue z € A dote x < —M. Edxola ehéyyoupe 6Tt autd cupfoivel av o
u6vo av undpyet axohouvdia (z,) oto A ye x, — —oo.

Opiopdc 4.4.8. 'Eotw f: A — R xat éoww 61t 10 400 elvon onuelo cuoowpevone tou A.

(o) Adye 6t 10 bpo g f xadds To = Telver oTo +o0 UTdpEyet xat tooltan pe £ € R av:
T xde e > 0 undpyer M > 0 dote: av e € Axow x > M, t6te | f(x) —4] < e.

Av évac térolog apdude € undpyet, téte elvon povadixde (Seilte t0) xou ypdpouue £ =
limg 4 oo f(2).

(B) Aéue 6t f telver oT0 +00 xadide T0 T — 400 av:
T xdde My > 0 undpyer My > 0 dote: ava € Axowx > My téte f(x) > M.

Ye authy TNV TepinTwon, Yedpouye lim, 4 f(x) = +oc.

(v) Aéue 6t n f telver ot0 —00 %adde 0 & — 400 av:

D xdde My > 0 undpyer My > 0 dote: av & € A xaw x> My t6te f(x) <
—M;.

Ye authv v mepintwon, yedgouye lim, 4o f(x) = —o0.

Telelowe avdroya, av f : A — R xou av 10 —oo elvon onuelo cucompevong tou A,
unopolue va oploouye xadepla and g npotdoeg lim, o f(2) = £, lim, . f(z) =
+oo xou lim,—, o f(2) = —o0.
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4.40” Apy" tneg peTUPORAC

‘Eow f: A — R xa éow zp € R éva onuelo ouvoompevone tov A. H apxn tng
WETAQORAG Oivel Evay yapaxtneloud tne Unapéng tou oplou e f xaddg to o telvel oto
Zo U€ow axohoudmdy.

Ocdenuo 4.4.9 (apxh Tne petopopds yia to 6pto). FEotw f: A — R kar éotw
xo éva onuelo ovoodpevons tov A. Tdte, limy 5, f(x) = £ av ka1 pévo av: ya kdfe
axolovdia (x,) onueiwy tov A pe x, # xo Ka1 T, — To, N akodovdia (f(xy,)) ocvykdive
oto L.

Anédaén. YTnodérouye npdta 6t lim, 4 f(z) = €. Eow z, € A ye z, # xo %
Ty, — xo. Ou delloupe 6Tt f(x,) — £ Eoww & > 0. Aot lim,_.,, f(x) = £, undpyet
§>0oote: ave € Axou 0< |z — x| <9, téte |f(z) — £ < €.

‘Eyoupe vrodéoer bt x,, # xo XU T, — To. Apa, YU autd 10 § > 0 unopolue va
Beovue ng € N dote: av n > ng 161€ 0 < |z, — zo| < 0.

Tuvdudlovtag to TapATdve EYouPE: av n > ng, téte 0 < |z, — 20| < § dpa

|f(zn) — €] <e.

Agol 10 € > 0 frav Tuydy, f(z,) — L.

o v avtiotpogn xatediuvon Yo doulédoupe e anaywyy oe dtono. YTnodétouue
oty xdde axoroudia (x,,) onueiwy tou A pe T, # T xo T, — Tg, N axoroudia (f(zy,))
ouyxhivel oto £. Trodétoupe enfong 6t 8ev toy el N limg 4, f(2) = £ ot Yo xotahiZoupe
ot dtono.

Aol dev woylbel N limy, ., f(z) = ¢, undpyet xdmow € > 0 pe Ty e&hc Widtnta:

(¥) T xdde 6 > 0 vndpyet © € A 10 onolo avornotel v 0 < |x — o] < 6
oM | f(z) — €] > e.

Xenowonototue Ty () ddoywd pe § = 1,5,..., 2 ... T xdde n € N éyoupe

1/n > 0 %ot amd v (%) Beloxovye z, € A pe 0 < |z, — x| < 1/n xou |f(xy) — €] > &.
‘Exovue x, # zo xot and 10 xpithplo mapedBolic elvar govepd 6Tt xy, — Tp. Amo TV
undleon mou xdvape mpéner 1 axohoudion (f(zy)) va cuyxhiver oto £. Autéd buws elvar
aduvato agol |f(z,) — £ > € vy xdde n € N. O

Hopatnproeic 4.4.10. () H apyh tne petagopdc urope! va yenowonomdel pe d0o di-
APOPETIXOUE TPOTOUC:

(i) yoo va Setloupe Ot limg_,, f(x) = £ apxel va dellovye 6T «zp # To XU Ty, —
xo = f(xn) — O».

(ii) yio vor Sel&oupe 6Tl Bev toylel M limy g, f(x) = £ apxel va Bpolue wa axoloudio
Ty — xo (070 A), UE Ty F# To, OOTE lim, f(x,) # L. ok cuyvd, eZacpahilovye
x4t woyupdTEpo, OTL dev Umdpyer To limy, ., f(z), Beloxovtac dVo axohoudiec ,, —
To wU Y, — To (070 A), UE T, Yn F# T, WoTE limy, f(2y) # limy, f(yn). Av unipye
0 limg 4, f(x), Qo émpene ta 800 bptar va elvon petagld toug (oo
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(B) Mnopolue va BLaTUTHOOUPE ot Vol amodelEOVUE avTioToLEC HOopYES TS apYhc NS
HETOPORAC YLl TOUG UTOAOLTOUE TOTOUC 0plev 1 TAELEXWY 0plkV TOL GUINTACOE.

Y

To Yemdpnua mou axorovdel divel tn oyéon tou oplou ue Tic cuvidels ahyelpLxéc Tpdlele
avdyeoa oe cuvaptroelg. H anodelly| tou elvar duecn, av ypenollomolicoude Ty apy Y| TnNg
METAPOPAC GE GUVBLAOUS UE TIC AVTIOTOLYES WBLOTNTES Yol T dptal axXOAOL OV,

Ocewpnpa 4.4.11. Eoww f,g: A — R ka1 éotw xg onueio ovoodpevons tov A. Trodé-
toupe ot urdpyowy ta limy, ., f(z) = € ka1 lim, ., g(x) = m. Tdre,

(i) img_qy (f(z) + g(z)) = €+ m ka1 limy_,4, (f(x)g(z)) = £ - m.

(if) Av emmAéor g(z) # 0 ya kdOe x € A ka1 lim,_,,, g(x) = m # 0, tdre n 5 opiletar

oto A ka1 limy,_,,, % = %_

Andoaén. H anddeiln Ohwy TV LoYUploU®Y, UE amhf ¥eNon TS dpyhc TNE UETAQOpd,
agprvetal we Aoxnom Yol TOV ovaLy vOoT). O

IIpétaon 4.4.12. Eoww A éva un kevd vroodvolo tou R, éotw x¢ € R onpuelo ovoodpevon-
s tov A kar f: X — R. Trolérouue étr to dpo lim, ., f(x) vndpyer kar eivar oo e
0. Eotw g: B — R pe f(A) C B ka1 £ € B. Av n g elva1 ovvexris oto £, téte to dpio
lim, . (g0 f)(z) vrdpyer kar woltar pe g(f).

Arndbaén. 'Eotw (z,) axorovdia onuelwv tou A ye x, # To xou T, — Zo. Agol

lim, .., f(z) = £, n apyh Tne petagopdc delyvel 6t f(x,) — €. Agol n g elvar cuveyThic

ot0 £ € B, ywa xde axohovdia (y,) onueiwv tou B e y, — £ éxoupe g(yn) — g(£).
Ouwe, f(xn) € B xo f(x,) — L. Tuvendc,

9(f(zn)) — g(0).

T x&9e axorovdia (z,) onuelov tov A pe z, # To X T, — To Oelloye bt

(g0 f)(wn) = g(f(xn)) — g(£).

Ané v apyf Tne yetagopdc, ouunepaivoupe 6t lim,_,, (g o f)(z) = g(¢). O

4.43" Ao Bacuxd mopadelypato
Ipétoon 4.4.13 (Baocwxd 6plo).
sinx

lim

x—0 X

=1

Anddeaén. H ouvdptnon z — B giyor dptia oto R\ {0}. Apxel howméy va delZoupe

(eZnyhote yatl) 6
sinx

lim =1.

r—0t &
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Aré tnv Hpéraon 3.3.2 éyoupe sinz < z < tanz o0 (0,%). Suvera,

sinx
cosr< — <1
T

’2
napeuorric énetan to {NToluevo. O

ot0 (0,%). Agol 7 cos efvar cuveyhc, € ouue Ilirgl+ cosz = cos0 = 1. And 1o xpitriplo

Ilpétaom 4.4.14. Ta dpua ;13%) sin = ka1 lim cos L bev undpyour.

x—0

AnéoeiEn. Ano tny apyh TNC HETAQOPAC, apxel va Bpolue dVo axohovdies x,, — 0, yp, — 0

, . . 1 . . 1 , , 1
(ue T,y # 0) wote limsin .- # limsin 5o Oewpolpe Tic axoroudiec z, = o o

Yn = ﬁ (n € N). Edxoha ehéyyouue 6t lim, x,, = 0 = lim,, y,,. ‘Ouoc,

sin — =sin(mn) =0—0
Tn
xat
o1 . ™
sin — = sin (27rn+ —) =1—1

Yn 2

Telelowe avdroya, unopeite va dellete 6T T0 bpLo lirr%) cos = dev uTdpyEL. O
xr—

4.5 Xy€om oplov xot cuvEyEtlag

e authy T Toedypapo Yo GUVSEGOUUE TNV EVVOLX TOU 0ploU HE TNV EVVOLA TNE GUVEYELOG.
Iopatnerote 6Tt 1 cuVEyEL EAEY YETAL OE XdVe onueio Tou Tedlou oplouod Wac CLVAETNOTNC,
€yeL Aoty Voo Vo EEETACOUNE TPOTAL TN CUVEYEL OTa UEPOVWUEVD onuela Tou Tedlou
optopol. ‘Onwe delyver 1 enduevn Hpdtaon, xdde cuvdptnon elvar cuveyrc oe dha auTd
o onuetia.

IIgétaom 4.5.1. Eoww f: A — R ka1 éotw xg éva pepovouévo onueio wov A. Tite, n
f etvar ovvexns oto xg.

Andédean. Agol 1o z elvon pepgovwpévo onueio tov A, undpyet § > 0 wote AN (xo —
d, 20 +0) = {zo}. Anhadh, av z € A x|z — zo| < 0, 1€ & = 7. Ou dellovpe 6T
«aUTH 10 § BOLAEVEL YLo OO TAL EY.

Eotw e >0. Avz € A x|z — xg| < 0, 1618 T = X, XU CLUVETHOC,

|f () — f(z0)] = |f(z0) — fz0)| =0 < e.

Bprxape § > 0 wote vy xdVe x € A pe |z — xo| < 6 va woyler |f(z) — f(zo)| < e. Me
Bdon Tov opioud Tng ouvéyelag, N f elvar cuveyric oTo Xg. O

Av 10 29 € A elvow xou onyelo cuaohpevone Tou A, tdte 1 oxéon oplov xou CUVEYELIG
Olvetar and tnv endpevn Ipdtao.
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Ilgétaom 4.5.2. Eow f: A — R kat éotw x9 € A onuelo ovoodpevons tov A. Tore,
n f elvai ovvexris oo xg av ka1 pévo av limy,_,,, f(z) = f(zo).

Andéoeaén. Trodétoupe mpdta 6T 1 f elvar cuveyhc oto xo. Eotw € > 0. Tndpyet 6 > 0
wote: av x € A xou |z — x| < 4, t6te |f(x) — flxo)| < . Edixdrepa, av z € A xou
0 < |z — x| < 0, éyoupe | f(x) — f(zo)| < e. Apat, limy_,4, f(z) = f(z0)-

Avtlotpoga, ac vnodéooupe 6t lim, 4, f(x) = f(20). Eotww ¢ > 0. Trdpyet 6 > 0
dote: avxz € Axu 0 < |z — 20| < 6, w6t |f(x) — f(zo)| < e. Hopatnpriote 6T,
YL T = T, €xoupe oOtwe B dAwe |f(z) — f(zo)] = 0 < e. Apa, vy xdde z € A pe
|z — xo| < 0, égovye |f(x) — f(xo)| < e. Eneton 6t n f elvou ouveyhc oTo xop. O

Hopathpnon 4.5.3 (eidn acuvéyeing). Ac eZeTdOOUUE TO TPOCEXTIXE Tt ONUALVEL N
@edon: «n f dev elvon ouveyrhc oto xg», dmou g elvan onuelo oto medlo opioyol Trg
f+A— R Avayxaotnxd, to xg Vo elvon onuelo cucowpeuone tou A xar unodétoupe
o6t elva onpelo cuoodpeuons touv A t6c0 and aplotepd oo xat and delid (Sepevvriote T
unopel va ouuPel ot utdloineg TeptTToEL;). Trdpyouv Tela evdeyoueva

(i) Ta mhevpixd oplar g f xoddg & — g LTAEYOLY XAl lim, fley=(= lim, .+ f(z),
opwe N ) e f oto g dev elvou o £ dnhadn, f(xo) # €. Tote Mue du 670 o
nopouctdleton dpotun aouvéyeta (1 «emouolddngy acuvéyeta). H f ouumepipépetol
dptota YOpw and TO T, AANE 1 TR TNG 0TO Tg lvor «AaviacuEvny.

(i) Ta mievpwd pta T f xadidg & — o UTdEYoLY oINS elvon BLopopeTind:

lim f(z) # lim+ f(x).

T—x) T—T)

Tote Mue 6t 010 29 Mapovatdletar «acuvéyeto o eldoucy () dhua). H Sapopd
hmac—m;;r f(z) - hmw_)wg f(z) elvon to «dhpay e f oo .

(i) To limy_.,, f(z) dev umdpyel (Yo mapddetyya, xdmoto and to TAeLpxd bpta Tne f
xadode . — o dev undpyel). Téte, Mye 61 oto xy napouctdletar acuvéyela B
eldoug (1 «oucLOING AGUVEYELDY.)

TTapathienon 4.5.4 (acuvéyeieg povoTovwy cuvapethoeny). Eotww I éva didotnua
xaw €0tw f 1 1 — R o povétovn ouvdptnorn. Tote ta mAeupind dplar tng f undpyouv o
xdde zo € I. Xuvenwe, av 1 f elvon acuveyhc oe xdmow g € I, t61e Yo Topouctdlet dhua
OTO Zg.

Anéoaén. Tnodétovye 6t 1 f elvon ad€ouvoa xan 6Tt g elvon €val ecwTepxd onpeio tou 1.
OpiCouye
A (xo) ={f(z) :x eI, x <xzp}.

To A~ (xg) elvon pn xevé xat dvw gpaypévo and to f(xg). Zuvende, opiletar o £~ =
sup A” (20). Amd tov optogd tou supremum €youue ¢~ < f(xzg). Oa Belfoupe 6Tl
lim,_, - flz)=1".
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Eotww ¢ > 0. Agob o £~ — & dev elvar dve @pdypo Tou cuvolou A~ (xzg), undpyel
x < xg oto I ye f(z) > £ —e. Oétovye 0 = xg — x. Toéte, yo xdde y € (2o — 0, zp)
éyouue y € I (dét 1o I elvon ddotnua) xat

e < floo—0) < fly) <t <l e,
dot 1 f elvar adZovoa. Anhadh, av y € (zg — J, zg), TOTE

[fly) -] <e.

Auté anodewviel 6t lim, - f(z) = £~ < f(x0), xou ue tov Bio tpdno delyvouue 6T
0
undpyet o lim,_+ f(2) = 0t > f(xzo), 6mou

" =inf ({f(z) 1z €1, x> z0}).

Av ta 800 mhevpd Gpla Srapépouy, TdTe Exouue aouvEyelr o eldouc (dhua), eve av elvat
loa, téte f(xg) = lim,_, - f(z) = i, f(x), ondte 1 f elvon ouveyhc oto .

4.6 Xuvéyewa avtiotpogng cuvdpinong

‘Eotw I éva ddotnua oto R. Eexwvdye and tny napathienon 6t wa 1-1 cuvdptnon f : [ —
R Bev elvar vnoypewtind povétovn. dpte yia mopddetyya v f: (0,2) — R nou oplletar
4—x 0<z<l1
and my f(x) = 2 r=1 . H f etvar 1-1, bpowc elvar pdivouvoa oto (0,1)
z—1 IT<o<2
%o adZovoa oto (1,2).
To Yedpnua mou axoloudel delyver 6t av plor ourvexris cuvdptnon f: I — R elvon éva
Tpog éva, ToTe elvan yvnolwg yovétovn.

Ocewpnpa 4.6.1. Eotw f: I — R owexns ka1 1-1 ovvdptnon. Téte, n f elvar yvnoiwg
avéovoa 1} yvynoiws edivovoa oo 1.
IIpcdtn anddedn. Ou xdvoupe Ty anddelln ot tplo Briuata.

Brjpa 1. Av a,b,ce€ T pea<b<e t6te: § fla) < f(b) < f(c) | fla) > f(b) > f(c).
Arndbeaén. Aol n f eivon 1-1, ov f(a), f(b) xou f(c) elvon Srapopetinol avd dGo. Mropolue
va utoVéoouge 6t f(a) < f(b) (ahhde, Yewpolue v —f). Ou delfovpe 61 f(a) <
f(b) < f(e), anoxheiovtac tic nepintwoee f(c) < f(a) xou f(a) < f(c) < f(b).

(i) Av f(c) < f(a) < f(b) t6tE and 0 Yedpnuo evdidpeons Twwnc vndpyet = € (b, c) e
f(z) = f(a), To onolo givor dromo, agod a < x xat 7 f eivow 1-1.

(i) Av f(a) < f(c) < f(b) t61€ and 10 Yewpnua evdidpeone tuic undpyel y € (a,b) ue
f(y) = f(c), o onolo elvar enione dtomno, apol y < ¢ xat 1 f elvon 1-1.
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Brjpa 2. Av a,be,d € Tpye a < b < ¢ < d, t6te: | f(a) < f(b) < fle) < f(d) A
fa) > f(b) > f(e) > f(d).

Andde&n. Mnopolue va urnodécouue 6t f(a) < f(b). Egapudlovtac to Brua 1 yia my
Tpudda a,b, ¢ Prénovue 6t f(a) < f(b) < f(c). Egapuolovtac Eavd to BAua 1 yio v
Tpdda b, ¢, d Brénoupe dTL f(b) < f(c) < f(d). Anhadi,

fla) < f(b) < f(ec) < f(d).

Eexwvovtoc and ty unddeon ot f(a) > f(b), delyvouye pe tov (Bo tpdmo bt
fla) > f(b) > f(c) > f(d).

Brjpa 3. Etadepomootye dvo onuela a < b oto I. Mnopolue va urnodécoupe 6t f(a) <
f(b). Oa deifouye bt 1 f elvon yvnolwe adZovoa, delyvoviac 6t av z,y € I xat x < y,
Wt f(z) < ().

Avz=axawy =0, 6t f(z) = f(a) < f(b) = f(y). AAde, avdroya e Ty ddtadn
WY T,y oTNY TETPdd a, b, x,y, 10 Bua 2 (1o Bhga 1 av = a ¥ y = b) delyver 6t n
(Do drdtadn Yo woyder v tic ewdvee f(x), f(y) oty tetpdda f(a), f(b), f(z), f(y). Tw
nopdderypa, av x < a < b < y téte f(x) < fa) < f(b) < f(y), dpa f(z) < f(y). Av
a<wz=b<yszote f(a) < f(z)=f(b) < [f(y), dpo f(z) < f(y). O

Acltepn anddeidn. Endéyouye tuydvta onuela o < yo oto I. Eyouue f(zo) # f(yo),
dpa f(xo) < flyo) K f(zo) > flyo). YTrmodétoupe bt f(zo) < f(yo) xou Yo deiovye 6Tt
n f ebvaw yvnolwe adZovoa (Spowa delyvouue ot av f(zo) > f(yo) té1e N f elvar yynolwe
@divouvoa).

‘Eow z1,y1 € I e x1 < y1. Oéhoupe va deloupe 6t f(z1) < f(y1).

BOewpolpe tic ouvopthoes h, g : [0,1] — I pe

h(t) = (1 —t)xo +txy xo g(t) = (1 —t)yo + tyr-
apatneiote ot h(t),g(t) € I yia xdde t € [0, 1] (xadddc to t dratpéyet to [0, 1], to h(t)
xwvelton and 10 o Tpog To x1 xat To g(t) xweltow and 10 Yo Teog 10 Y1 — agod To I elvar
didotnua, ta h(t), g(t) uévouv péoa o’ autd).
Mapatnerote entong 61, AoYw Twv To < Yo xot T1 < Y1 EYOVUE
h(t) = (1 = t)zo + twy < (1 —t)yo + tyr = g(t)
v x&e t € [0,1]. Opiloupe H(t) = f(h(t)) — f(g(t)). H H eivow cuveyhc cuvdptnon wc
Blapopd cLVIECEWY GUVEYGY cuVaPTHGEWY. Aol h(t) # g(t) xar n f elvan 1-1, nalpvoupe
H(t) #0

ya xdde ¢ € [0,1]. ‘Ouwe, H(0) = f(h(0))—f(g(0)) = f(xo)—f(yo) < 0 and v vnddeon
poc. ‘Enetan 6t H(t) < 0 vy x80e ¢ € [0,1]: av n H énawpve xdmou Jetixs Ty, tote Jo
énotpve xou TR T 0 and o Yedpnuo evdidueons Twhc (dtono). Eyouue Aotndv

F(h(®) < fg(®)) vy xdde te0,1].
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Ewwétepa, f(h(1)) < f(g(1)), dnhadni f(z1) < f(y1)- O

Aev glvor S0oxoho va teptypdiet xavelc tny etxéva f(I) pag ouveyoie xou 1-1 cuvdptnon-
¢ f:I—R. Agunodéooupe yia nopdderyua 6t to I elvon éva xheloté Sidotnua [a, b] xat
ot f elvan yvnolwg adovoa (and 1o Oewenua 4.6.1 n f elvar yvnolwg povétovn). Tére,
N eévo e f ebvan to xhetoté Sdotnua [f(a), f(b)]. Av to I eivon ddotnua avoixtd oe
xdmoto f xou 6t §0o amd T dxpa Tou (1 Sido TN UE dxpo xdmolo and Ta £00), TOTE, OTWC
eldaye, n ewdva f(I) e f elvan xdmoto ddotnua. Oplloupe Ty avtictpogpn cuvdptnon
7l fI) = T ocelhc avy € f(I), uvndpyer wovadixd = € I dote f(z) = y. Oétoupe
J71(y) = @. Arpoidt,

F7iy) =2 = f) =y.

Hopoatnehiote 6t 1 1 éyer Ty Bio povotovia pe v f. T nopdderypa, ac utodécouvue
6t m f elvoar ywnolog adfouca. 'Eotw y1,y2 € f(I) ue 11 < y2. Av Arav f~1(y1) >
I (y2), tote Vo byape

FOUE ) = F(F N (y2)), Snhadh y1 > .

Auté elvan dromo, dpa f 1 (y1) < fFH(ye)-
Oa delZouye 6T 1 avtioTtpogn cuveyolg xat 1-1 cuvdptnong eivan eniong cuveyrc.

Ochpnua 4.6.2. Eotw f: I — R ouvvexns kar 1-1 ovvdptnon. Téve, n f~1: f(I) = R
efvar ouvexng.

Amndda&n. Mnopolue vo unotdécouue bt 1 f elvon yvnolwe adZouca. Eotw yo € f(I).
Trodétouvue 6Tt T0 Yo dev elvon dxpo tou f(I) (oL GANEC TEPLTTOOELS ENEYYOVTOL OUOLL).
Téte, yo = f(zo) Y1 xdmow0 eowtepind onpeio tou 1.

‘Eoww € > 0. Mnopolue va unodécouye 6t g — €, x0 + € € I (00twe | Mg, Yo va
ehéy&oue TN GUVEYELD Uag EVBLapEpouY Ta uixpd € > 0). Oéhoupe va Bpolue § > 0 wote

ly—yol <6 xu y € f(I) = |f(y) —mo| <e.

T Ty emdoyh Tou § dovlebouue we e€fc: agol f(zo —e) < yo = f(zo) < f(zo + ),
undpyouy 01,02 > 0 wote f(zg —e) = yo — I o f(xo + &) = yo + 2. Emiéyoupe
§ = min{dy,d2} > 0.

Av ly —yol <9, 61 f(xo—¢€) <y < f(zo+¢). And to Jedpnua eviidpeons Tunrg,
utdpyer x € I dote f(z) =y. To x elvou povadixd yati n f elvor 1-1, %o

Top—e<xr<x0+E

yiatt  f1 ebvor yvnolwe adfousa. Apa, |1 (y) — f~Hyo)| = |z — zo| < &. Anhadn, n
1 elvon ouveyhc oto yo. O
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4.6 Aoyoprduxy cuvdptnom

‘Eotww a € (0,+00), a # 1. Xty Hopdypago 3.4 oploope v exdetixh ouvdptnon f, :
R — (0,400) ye fo(z) = a” xou delZaye 6t glvan yvnolwe adovoa av a > 1 xou yvnolwce
@divovoa av 0 < a < 1.
Mapatnphiote 61t N fo elvan ent tou (0, +00). Ag dolue yio Topdderypo TNV tepnTWwon
a > 1: éotw y > 0. Tvwpiloupe 61 1 axorovdio a™ — +oo xat 1 axohovdio a~™ — 0.
Yuvenwe, undpyet ng € N dote
a” " <y <a™.

H f, elvar ouveyhc, ondre, epappdloviac to Yedpnuo evddueons TWhc oto [—ng, no
Beloxouye = € (—ng,ng) GoTE fo(z) = a® =y.

OplZletar howmdy 1 avtiotpoyrn ouvdptnon fi ' : (0,400) — R xou 1o Oewpnua 4.6.2
detyver ot n ! efvon cuveyhic. Oa cupPoiilouye v £ e log, (Aoyoprdpixn cuvdptnon
e Bdon a).

Evtehde avdroya anodewvietor dti: av 0 < a < 1 téte 1 f, elvon ent tou (0, +00).
Op{Zetor howmdv xan wéh 1 log, = fo ! o070 (0, +00).

JupBoAiopods. Tuupwvolue va Ypd@oude exp Yot ™V fe (tnv exdetinry ouvdptnon ue
Bdon tov e) xau In yio Ty log, (tny hoyaprduixny cuvdptnon pe Bdon tov e). Iapatnerote
ot v xdde a > 0,

(i) a® = exp(xloga) = e®1°8 7,

(i) log,(z) = L, ov a # 1.

Xenotponowdvtac v Paowh Wdtnta a® Y = a®a¥ tne exdetinic ouvdptnone, eréyite
ot ava# 1 xou x,y >0, 1ot

log, (zy) = log,(z) + log, (v).

H povotovio xou 1 GUUTEPLPOPE TWV CUVAPTACEWY T — a” xou & — log, () ota «dxpay
oL TEdloV opoUol Toug TepLypdpovTal and Ty enduevn Ipbdtaon (n anddelh e etvar wia
anhf doxnon).

IIpétoon 4.6.3 (LovoTovia xot CLURTERLPOPS GToL AXpa).
(i) Av 0 < a <1, tdte n a® elvar yvnoing glivovoa kai

lim a® = 4+o0 Kai lim a® =0.
T— —00 T— 00

(ii) Av a > 1, téte n a® eivar yynoiwg avéovoa kai

lim a®* =0 Kai lim a" = 4o00.
r— —00 T—+00
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(i) Av 0 < a < 1, téte nlog, () eivar yrvnoiwg glivovoa kai

lim log,(x) = +o0 Kai lim log,(z) = —o0.

z—0+t T—+00
(iv) Av a > 1, téte nlog,(z) elvar yvnoiwg avéovoa kai

wlgng log, (z) = —o00 Kal LEIEOO log, (z) = +o0.

4.7 Aoxnoeig

A. Epwthoeig xatavoémnong

E&etdote av o napaxdtew npotdoelc elvar adndeic % Yeudeic (awtiohoyote TARpmS TNy andvinoct
coc).

1. Avn f: R — R elvau ouvexhc oto zo xou f(zo) = 1, téte undpyer § > 0 dote: yia xdde
z € (zo — d,x0 + 0) woyler f(x) > %.

2. H f:N—Rpe f(z) =2 eivow cuveyhc.

3. H ouvdptnon f : R — R nov opiletan and tc: f(z) =0avz € Nxaw f(z) =1avz ¢ N,
elvat cuveyfic oto To av xor wévo av zo ¢ N.

1
PR e R

4. Tndpyer f : R — R nou elval acvuveyrg ot onueta 0,1
dAha onueta.

X0l GLVEYNC o€ Oha T

1

S

5. Tndpyet f : R — R nov elvan acuveyrc ota onueia 1, %, e
onuetla.

... X oLvexNC o Oha Ta GAAL

6. Ymdpyet ouvdptnon f: R — R mou elvan cuveyrc oto 0 xoL aoLVeYHc oe Ao Tol G onuela.
7. Avn f: R — R elvar ouveyrc oe xdde dppnto x, téte elvar ouveyhc oe xdde x.

8. Av 7 f eivan cuveyc oto (a,b) xou f(g) = 0 yia x&de pnté ¢ € (a,b), téte f(x) = 0 yia x&de
z € (a,b).

9. Av f(2) = (=1)" yu xdde n € N, 161 1 f elvon aouveyrc oto onueio 0.
10. Av 7 f: R — R eivar ouveyic xan f(0) = —f(1) t6te undpyer zo € [0, 1] dote f(zo) = 0.
11. Avn f: (a,b) — R elvar cuveyhc, téte 1 f nalpver péyiotn xou ehdytotn wuy oto (a,b).

12. Av 7 f elvar cuveync oto [a,b] téte 1 f elvon ppayuévn oto [a,b).
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13. Av lin%g(x) =0 téte lin}) g(x)sin £ =0.

Aoxhoeig: cuvéxeia cuvapThoewy — Opdda A’

1. Eotw f: X — R xu éoww x0 € X. Av 1 f elvar cuveyhc oto o xon f(xo) # 0, deilte ot
(a) av f(zo) > 0, umdpyer § > 0 dote: av [z — xo| < 0 xou z € X 161¢ f(x) > @ > 0.
(B) av f(zo) <0, undpyer 6 > 0 wote: av |z — zo| < § xow z € X 1t61€ f(2) < @ <0.

2. 'Eotww f : X — R ouvdptnorn. Trodétoupe 6t undpyer M > 0 dote |f(z)— f(y)| < M-|z—y],
vy %89 x € X xan y € X. Ael&te b1t n f elvon ouveyrhc.

3. Eotw f: R — R ouvdptnon pe |f(z)| < |z| yia x&9e z € R.
() Aceite 6t n f elvon cuveyhc oo 0.
(B) Adote napdderypo wag ol f nov vo elvon aouveyhc o xdde x # 0.

4. Eotw f:R — Rxa g: R — R ouveydc cuvdptnon pe g(0) = 0 xou |f(z)| < |g(z)| yia xdde
z € R. Aeifte 6T n f elvon ouveync oto 0.

5. Bow f : R — R ocuveylc ouvdptnon xou éotw a1 € R. Opilovpe any1 = f(an) vt
n=12,.... Ava, —» a€R 16t f(a) =a.

T avz eQ
6. Aeilte 6tunovvdptnon f:R—Ruyue f(z) = elvan cuveyhc wévo ota

z3 avz ¢ Q
onuela —1,0, 1.

7. 'Bow f,g: R — R ouveyelc ouvaptioec. Aeilte 6t
(a) Av f(z) =0 v x&0e = € Q, t61e f(y) =0 yia xdde y € R.

(B) Av f(z) = g(z) yra xdde z € Q, téte f(y) = g(y) v x&%e y € R.
(v) Av f(z) < g(z) yia x89e z € Q, t6te f(y) < g(y) v xdVe y € R.

8. Ectw f : [a,b] — [a,b] cuvexhc ouvdptnon. No deiydel btu undpyer = € [a, b] pe f(z) = .

9. 'Eotww f : [a,b] — R ouveyhc ouvdptnon ue v e&hc widtnta: yia xdde x € [a, b] oydet
[f(z)] = 1. Aei&te 6T n f elvon otadepn.

10. Eotww f,g : [a,b] — R ouveyeic ouvapthceic tou wavorowly tyy f2(z) = ¢g2(x) yia xéde
z € [a,b]. TroVétouye enione 6t f(x) # 0 v xdlde x € [a,b]. Acilre dbng=fhRhg=—f om0
[a,b].

11. 'Ecw f : [0,1] — R ouvveyhc ouvdptnon pe ty diétnta f(z) € Q vy xdde = € [0,1].
AelEte 6u n f elvar otadepr) cuvdptnon.
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12. Eoww f : (0,1) — R ouveyhic cuvdptnon ue v e&hc idtnta: f(x) = 2 yia xéde pntéd
z € (0,1). Na Beedel to f(@) Awttohoyhote TMipwe Ty andviney| cog.

13. 'Eotw [ : [0,2] — R ouveyhc ouvdptnon pe f(0) = f(2). Acilte 6w undpyet z € [0,1] pe
fo 1) = f(x).

14. Trodétouvpe 6T 1 f elvar ouveyxhc oto [0,1] xou f(0) = f(1). Eotww n € N. Acifte 6u
undpyEL T € [0, 1- %] oote f(z) = f(ac + %)

15. 'Eotw f : [a,b] — R ouveyhc ouvdptnon xo x1,z2 € [a,b]. Acite 6Tt yio x&e ¢t € [0,1]
utdpyet Yyt € [a,b] dote

f(ye) =tf (1) + (1 =) f(22).

16. 'Eotww f : [a,b] — R ouveyhc ouvdptnom, xa 1,T2,...,Tn € [a,b]. Aellte 6Tt undpyet
y € [a,b] dote

F@1) + f(w2) -+ + f@n)

n

fly) =
17. 'Eotw f : [a,b] — R ouveyhc ouvdptnon ue f(z) > 0 yia xdde x € [a,b]. Acllte 6T undpye
&> 0 wote f(z) > € yia x49e z € [a,b].
Ioy Vet T0 ouPTEPAOHA AV AVTIXATACTHOOVUE T0 dtdotnua [a, b] ue to ddotnua (a, bl;

18. Eow f,g : [a,b] — R ouvveyelc ouvaptAoeic mou avorowdy v f(z) > g(z) v xdde
z € [a,b]. Aci&te 6T undpyer p > 0 dote f(z) > g(z) + p yra x&dde x € [a, b].

19. Eotw [ : [a,b] — R ouveyhic oe x&e onuelo tou [a,b]. Trodétoupe 61 yia xdde x € [a,d]
undpyeL y € [a,b] dote |f(y)] < 51f(z)]. AetEre br undpyer zo € [a,b] dote f(zo) = 0.

20. Eoww f, g : [a,b] — R cuveyeic cuvaptioec e f(z) < g(z) v xdde x € [a,b]. Aci&te 6
max(f) < max(g).

21. 'Eotww f,g: [a,b] — [c,d] ouveyeic xou enl cuvapthoec. Aelfte 6T undpye € € [a,b] dote

(&) =9g(8).

22. 'Eow o, 8,7 > 0 xaw A < pu < v. Aei&te 6t n e&iowon

a B 0

=0
T—A T—pu xT—V

éxet Touldytotov pia pila oe xadéva and ta dacthmata (A, p) xon (u, v).
Aoxhoeic: dpi cuvapTRoewy — Owdda A’
23. XpnowomowdvTac Tov optopd Tou oplov, dellte ot

limwzl Xou lim \/E(\/w—i—a—ﬁ):g, a€R.

x—0 X T —+00

24. Eetdote av undpyouy ta Tapaxdte 6plo Xat, av vat, utohoylote Td.
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(@) lim2=8, (@) lim[z], (v) lim (z—[z]).

2
z—2 T2 Tz—x( T—x(

25. Eow f: R — R e f(z) = { ix Z: i 22::]?% . Aei&te 6 i{r}) f(z) =0 xou 6w av

xo # 0 té1E dev undpyer to lim f(x).
T—x(

26. Eletdote av elvon ouveyeic ot axdrovdec cuvapthoeic:

Sizz avx #0
0 avae =0

@ f iR =Ry f) = {

k

® fosl10~Rue i@ ={ TP D20 (02

(v) f:R—)RHEf(z):{ %Sinw% avz #0

0 avze =0

27. Aci&te 6t av a,b > 0 téte

Tu yivetow 6tav z — 07

28. Eow f:R - Ruye f(z) =1L av e € {: neN} xu 0 adudc. Eletdote av utdpyer 10
lir% f(z).

29. Eotww f,g: R — R d0o cuvapthoeic. Trodétoupe 6T undpyouv ta lim f(z), lim g(x).

xq T—x(
(a) AeEte 6t av f(z) < g(z) ya xdde z € R, t6te lim f(z) < lim g(x).
T—x( T—xQ
(B) Adote éva mapdderypa 6mou f(z) < g(z) v xdde z € Revdd lim f(z) = lim g(z).
T—x( T—x(
30. Eow X CR, f,9:X — R 8o ouvaptioeic xat éotw zo € R éva onuelo cuocowpevonsg tou

X. Trodétoupe 6u Ondpyer 6 > 0 dote 7 f va elvar ppayuévn oto (xg — J,z0 + 6) N X xou bt
lim g(z) = 0. Ael&te 6T lim f(z)g(z) = 0.
r—xQ T—x(

31. Eow f : R — R nepodixy cuvdptnon ue neplodo T > 0. Trnodétoupe 6Tl umdpyel To
lim f(z) =b€R. Acifte 6t 1 f elvor otadepn.

xr—+00

32. Eow P(z) = amz™ + -+ + a1 + ao TONUDYLYO PE TNV WOLOTNTA Aoam < 0. Aci&te 6T 7
eglowon P(z) = 0 éxer Yetnh mpaypatixy pilo.

33. 'Eoctw f : R — R ovuveyrc xau gdivovoa ocuvdptnon. Acetlte 6t n f €xel povadixd otodepd
onueto: undpyet axpBde évac tpaypatixdg aptduds To Yo Tov onolo

f(zo) = zo.
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34. Ectw f: R — R cuvexhic ouvdptnon ue f(z) > 0 yio xdde 2 € R xoun

lim f(z)= lim f(z)=0.

r— —00 x—+00

Aelte 6u n f nalpver yéyiom tpn: undpyet y € R dote f(y) > f(z) yia xdde z € R.

35. () Eotww g : [0,+00) — R cuveyhc ocuvdptnon. Av g(z) # 0 yia x&9e z > 0 deite 6Tin g
dratnpet npdonuo: K g(z) > 0 yia xdde > 0 ¥ g(x) < 0 yra xdde = > 0.
(8) Eow f :[0,400) — [0, 4+00) ouveyhc ouvdptnon. Av f(x) # z ya xdde z > 0, deilte 6

li = .
A, F(w) = oo

36. Trodétouue 6u 1 f : [a, +00) — R elvon cuveyhc xou 6T

lim f(z) = 4o0.

T—+00

Aei&te 6t n f nalpver eldytotn TR, dnhadh 6t undpyet zo € [a, +00) pe f(z) > f(xo) v xdde
z € [a,+00).

37. Eotw f: R — R ocuveyhc ouvdptnon. Av lim f(z) = axaw lim f(z) = a, téte 7N f

Tr—+00

nalpver LEYLOTN X ENEYLOTY TWN.

38. Eoww [ : R — R ocuveyhc ouvdptnon ye lim  f(z) = —oo xou lirf f(z) = +o0. AciEte
ot f(R) =R.

39. 'Eotw f: (a, ) — R ouvdptnon yvnolwe adfovoa xow cuveyhc. Aeilte ot

f(@,p)) = (lim_f(z), lim f(z)).

T—a z—0B~

Aocxfoeig: cuvéxeia xou Gpla CUVAETACELY — Owdda B’

40. Av a € R, nouwvdpmnon f : R — R pe f(z) = az npopavde wavoroel v f(z +y) =
f(@) + f(y) ya x89¢ x,y € R.
Avtiotpoga, deilte Tt av f 1 R — R elvar wa owvexnis ouvdptnon pe f(1) = a, n onola
wavoroel v f(xz +y) = f(z) + f(y) yio %80 z,y € R, tote:
() f(n) = na vy xédde n € N.
®B) f(E)=2 yaaxddem=1,2,...

(v) f(z) = az yioa xdde z € R.
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41. MekethAoTe we Tpog TN oLVEYEL TN ouvdptnon f : [0,1] — R pe

0 ,2¢Qhz=0

f(z) =
,x=2 pqgeN, MKA(p,q) = 1.

q’

Q=

42. Eotw f: R — R. Trnodétoupe 6t n f eivar ouveyhc oto 0 xou 6t f(2/2) = f(x) vy x&de
z € R. Aei€te 6t n f elvon otadepn.

43. FEotw f: R — R ouveyrc ouvdptnon e f(gx) = 0 yia xéde m € Z xav n € N. Aci&te 6T
f(z) =0 vy xdde = € R.

44. 'Eow f: R — R ovvexhc ouvdptnon pe v Wotnta f(z) = f(x + %) yioe xdde x € R xoun
x&0e n € N. Ael€te 6t n f elvon otadepn.

45. 'Ectw f : [a,b] — R cuveyhc ouvdptnon. Opilovue A = {z € [a,b] : f(z) = 0}. Av A # 0,
Oeilte 6Tusup A € A xou inf A € A.

46. Eoctw a € [0, 7]. Opilovue axohovda ye a1 = a xat ant1 = sin(an). Aeléte 61t an, — 0.

47. Eotww f : [0,1] — R ocvvexhc ouvdptnon. Trodétoupe 6w undpyouv z, € [0,1] dote
f(zn) — 0. Tére, vndpyel o € [0,1] dote f(xo) = 0.

48. Eoctw f: R — R ocuvveyfic neplodix) cuvdptnon pe neplodo T > 0: dnhady, f(z +T) = f(z)
v x49e = € R. Acifte 6 undpyet = € R dote f(z) = f(z + V2).

49. Eotw f : [0, +00) — R cuveyrc cuvdptnon. Trodétouvue btt undpyouy a < b xon axohoudieg
(n), (yn) ot0 [0,400) YE Tpn — 400, Yn — +00 %ot f(Tn) — a, f(yn) — b. Aellte ot yio
xdde ¢ € (a,b) undpyer axohovdia (z,) oto [0, +00) pe zn — +00 xou f(zn) — c.

50. 'Ectwo f: (a,b) — R xou zo € (a,b). Aeilte bt n f elvar cuveyhic oto o av xow uévo av yia
x&Ve povdrorn axoroudia (z,) onuelwy tou (a,b) ye xn — xo woylel f(zn) — f(xo).

51. («) Eotww f: (a,400) = R. Av lim f(a+tn) = L v x&9e yvnolwe pdivovoa axoroudia

n—o0

(tn) pe tn — 0, toTE 1im+ f(x)=L.

(B) Twoté f Mddoc; Eotw f: (a,+00) = R. Av lim f(a+ L) =L téte lim f(z)= L.

T—a

52. 'Eotww f : [a,b] — R yvrolwe adfouvoa cuvdptnon. YTrodétouue 6t 1 f elvan cuveyhc oc
xdmow zg € (a,b). Aci&te 6n 10 f(z0) elvar onuelo cucodpeuone tou f([a,b]).

53. Eotw f : R — R cuveyfic ouvdptnon pe v ot |f(z) — f(y)] > |z — y| yie xdde
z,y € R. Aei&te 6w n f elvon enl.
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54. 'Eow f,g : [0,1] — [0,1] ocuveyelc ouvapthAcec. Trodétoupe 6T 1 f elvar adfovoa xau
gof = fog. Aellte 6t o f xoa g éxovv xowd ctadepd onuelo: vndpyer y € [0,1] dote
fly) =y xou g(y) = y. [Ynédaén: Eépouvpe bt undpyel 1 € [0,1] pe g(z1) = z1. Av woydet
xat 1 f(z1) = x1, éxoupe tehewdoet. Av oy, dewehiote Ty axoloudia Tni1 = f(xn), dellte bt
elva povotovn xat 6tL dhot oL bpol e elvon otadepd onpela e g. To 6pld e Ja elvon xowvd
otadepd onueio v f xo g (yrot;).]

55. 'Ectw [ : [a,b] — R pe v e&ic WBotnta: yia xdde o € [a, b] undpyet to lim f(z). Tore,
T—x(
n f elvar paypévn.

TIa g endueves 6o aoknoes divovue tov €€rig opiopé: 'Eotw f: X — R. Aéue 6t n f éxe
tomxd péytoto (avtiotorya, Tomxd eNdylot0) 6t0 Tg € X av umdpyer & > 0 dote v xdde
z € X N(xzo—d,z0 + 9) oydel n avioétnra f(z) < f(zo) (avtiotowya, f(zo) < f(z)).

56. Eotw f : [a,b] — R cuveyAc. Tnodétouue 6t 1 f dev éxel Tomxd péyioto ¥ ENIyIGTO O
xavéva onueio tou (a,b). Aci&te 6T 1 f elvon povétovn oto (a,b).

57. 'Eoww f : [a,b] — R ouveyhc ouvdptnon. Av n f €xet tomxd péyloto oe 800 dlapopetind
onuelo 1,2 T0U [a, b], TéTE UTdEYEL T3 AVAPESH OTa X1, T2 0TO onolo N f €yl ToTxd ENdyLOTO.



Kegdhoio 5

I[Topdywyocg

5.1 Oplopodg TNG NAEAYWYOU

Ogiopdc 5.1.1. 'Eotww f : (a,b) — R pa ouvdptnon xo éotw xo € (a,b). Aéye 6 f
elvon magaywylowwn oto Tp av UTdeyEL To bplo
f/(xo) — lim f(x) — f(x())
T—T0 Tr — X

To 6pto f'(zg) (av undpyel) Myeton mapdywyos e f oto zp. Oftoviac h = z — xg
BAémouye 11, LoodOVAUL,

/(z0) = lim f(wo + h})L — f(xo)

av T0 TEAEUTALO GPLO UTAEYEL.

Ynuetwon. Av f : I — R o6nov I didotnua xou av 0 zo € I elvon aplotepd 1) 0eLd
dxpo tou I, téte opilouue v napdywyo f'(xg) (av undpyet) uéow tou Theupxol oplou

st 7@) £ (o) flim, . 7(92 i(mg) avtioTouya.

lim
Hapadeiypata 5.1.2. (o) Eotw f: R — R pe f(z) = ¢ yia x8%e 2 € R. H f elvor
nopaywylown oe xdle xo € R xav f'(zg) = 0. Mpdyuatt,

fl@o+h)— flxzg) c—c

h = —0=20

xodag 1o h — 0.
(B) Eow f:R — Rue f(z) =z yia xd9e x € R. H f elvon napaywyiown oe xdde o € R
xar f'(xo) = 1. Mpdypar,

flxo+h)—flzo) xo+h—x0 h
h

h o
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xadwe to h — 0.
(v) Eow f:R — Ruye f(z) = |z] yia xd9e x € R. H f 8ev elvar nopaywyiown oto 0
(xau ebvor mapaywylown oe xdde zo # 0). Ipdypar,

lim f0) - 10) _ lim 1M _ lim © = lim 1=1,
h—0+ h h—ot h h—0t h  h—o0+
e (h) — £(0) 1h) h
i A I — =1 ML —1) = —1.
" pm 5= lim o= = lim (1)

Aol ta 800 mhevpd Gpla elvar dlapopeTind, o limy_o M Oev uTdpEYEL.
() Eoww f: R — R ue f(z) = 22 yia xd9e z € R. H f elvar napaywyiown os xdde
xo € R xon f'(z9) = 2x0. Mpdypar,

flwo+h)— f(zo) (wo+h)>—x3 2z0h+h?

h = 5 = h =2x9 + h — 2z

xadode to h — 0.
(€) Eotw f: R — R ye f(x) =sinz v xdde z € R. H f elvon nopaywylown oe xdde
xo € R xaw f'(xg) = cosxg. Hpdypar,

h) — i h) — si 1 h h
flao + ]1 f (o) = sin(zo + h) STo _ 7 2sin 5 €08 <x0 + > — COS g
%06 0 h — 0, apol limy, o Sin,f%g) = 1 xou limy,_q cos(zo+h/2) = cos zg. Me avdhoyo

Tp6T0 YmopoUue vo delfoupe 6t N g : R — R e g(z) = cosx elvar napaywylown oe xdde
2o € R xou ¢'(z9) = — sinxg.
, ) [ 2 av zeQ , , )
(61) Eotw f: R—R pe f(z) = { 0 avz¢Q H f etvoar mopaywylown oto O:
TAEATNEOVUE OTL
f(h)—f(0) [ h av heQ
h T 10 av héQ
f(M—=£(0)

‘Enetan 6t limy o =5 = 0. Anhads, f/(0) = 0. Hopatneriote bt 7 f eivor acuveyrc

oe xdde zg # 0 (xau elvon ouveyhc oto 0).
2 av z>0

(C)’Ecm)f:R—ﬂRpsf(x):{ 9

¢ av <0
zo € R. ['a 1o onyelo 0, Yewpolue 10

J(h)—f©O) [ h* av h>0
h h av h<0

‘Enetou 611 10 bpto limy, o w utdpyet xau etvar ioo pe 0. Anhad?, f/(0) = 0. Edxoha

ehéyyoupe 6Tt f/(x0) = 323 av zg > 0 xon f/(wg) = 2w av 2o < 0.

. H f ebvar nopaywylown oe xdde
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Ocwenpa 5.1.3. Eotww f: (a,b) — R ka1 éotw xg € (a,b). Av n f elvar tapaywyioun
070 g, TOTE N f €lvar ouvvexns oo xo.

Anéoein. To x # xo ypdpouue

f(@) = f(wo) = f(x;:iism'(x_%)'
Agot
fim &S0 ey e i (e - 20) =0,
T—T0 T — X T—To

ovunepaivoupe 6t limy ., (f(x) — f(x0)) = 0, xon ovvende, limy, ., f(z) = f(z0). Autd
anodewxviel 6Tl 1 f elvan cuveyric oTo 2. O

IMapatienon 5.1.4. To avtiotpogo dev woylet: av 7 f elvan cuveyhc oto g, TOTE OEV
elvon amopaltnta mopaywylown oto xg. T napdderypa, n f(x) = || evon cuveyhc oto 0
oaAAG Bev elvon mapaywylowrn oto 0.

5.2 Kavoveg napoywyiong

Xpnowonowdvtag tig avt{oToiyeg WLOTNTES TwV oplwy, Unopolue va anodelfoupe Toug
Baowole «xavoves mapaydYloney o€ oyéon Ue e dhyeBpixéc mpdec petadd cuvapTh-
CEWV.

Ocdenua 5.2.1. Eotw f,g : (a,b) — R 6o ouraptrijoes kar éotw xg € (a,b). Tmobé-
TOUE Ot 01 f, g €lval mapaywyioues oto xg. Tote:

() H f + g efvar mapaywyioun oto xg kar (f + g)'(zo) = f'(x0) + ¢’ (x0)-

(B) I'a kdOe t € R, nt- f efvar mapaywyioun oto xo ka1 (¢t - f) (zo) =t - f'(xo).

(v) H f - g civar rapayeyionn ot o xai (f - g)'(z0) = f'(x0)g(wo) + F(w0)g'(@0).

(d) Av g(x) # 0 ya kdOe x € (a,b), tére 5 efvar mapaywyliogn owo xy Ka

(f>’ () = 1/@0)9(0) = [(w0)g (o)
g) " (9(0))? '

Andda&n. Ac Bolye yia mapdderypo Ty anddetln tou (Y): Ypdpouue

(f-9)(xo+h) = (f-g)(x0)
h

Fao + h)g(xo + h})l — g(x0)

f(zo+h) = f(zo)
h

+9(z0)

v b # 0 (xovtd oto 0).
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‘Eyouyue limhﬂow = ¢'(x0) xou limy,_0 w = f(x). Exlong,

n [ ebvon nopaywylown, dpo xal cuveyfic, 0T0 Tg. LUVERMC, limy, o f(zo + h) = f(z0).
Agrvovtac 1o h — 0, xat ypnotonotdvTos Tt Baotxés WdTNTES TwY oplwy, TalpVOUUE TO
{nrodyevo.

T o (8) apxel va delfoupe 6t 1 1/g elvon napaywylown oto zp xat €xel TopdywYO

{on ue —gégﬁ‘;g (o va gappooovue to (y)). Iopatnprote ot

. 1 1 . g(wo) — g(xo + h) 1

lim — — = lim :

h—0h \g(zo+h)  g(zo) h—0 h 9(wo + h)g(xo)

1
!
g\ )

6moL ypnowonoioape 1o yeyovée 6t limy_o g(xo + h) = g(zo), mou wyler hoyw TNg
OULVEYELIC TNS ¢ OTO Zo. O

"Ayecec ouvéneieg Tou Tponyoluevou Yewpnuatoc elvat ot e€hc:
(i) Kdde moluwvupixd cuvdptnon elvar topaywylown o xdde o € R. o cuyxexpué-

Vo, v p(x) = ama™ + apo12™ "+ -+ arz + ag, 16TE

P (x) = mapz™ 4+ (m— Dag_12™ %+ +ay.

(i) Kéde pnth ouvdptnon elvar mapaywylown oe xdde onueio tou nedlov oplopold Tne.

5.2 Kavévac tng alucidog
IIpétoon 5.2.2 (napathpnon touv Kapadeodwer). Eotw f : (a,b) — R kai éotw xg €
(a,b). H f etvar napaywyionun oto xg av ka1 uévov av vidpyer ovvdptnon ¢ : (a,b) — R
Tou €ivar ouvexns 0to Tg kai tkavonolel tny ¢(x) = %ﬁ“) yia kdde x € (a,b)\{zo}.
Tére, f'(x0) = (o).
Anddetn. Trodétoupe npdta bt 1 f elvan napaywyiown oto zg. Opilouue ¢ : (a,b) — R
o s ()= f(wo)
f(z)—f(zo
() = v av T # xg
f(xo) av z=umx

H ¢ elvon cuveyfic oTo xp: mpdryyortt,

= f'(z0) = ¢(x0).

Avrtiotpoga, vnodétouye 6t vndpyet ¢ : (a,b) — R bénwe oty pdtaon. Agol n ¢ elvar
oLVEYAC OTO T, EXOVME lim, gy d(x) = d(x0). Anhady|, undpyet To

lim f@) = f(zo) = lim ¢(z) = é(xp).

T—T0 T — X T—To

Ané tov oploud e mopaydyov, 1 f elvar napaywylown oto zg xat f'(zo) = ¢(xp). O
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Oedpnpa 5.2.3 (xavévag tng advoidag). Eotw f : (a,b) — (¢,d) kar g : (¢,d) — R
ovo ouvaptiioes. Av n f elvar mapaywyioun oto o € (a,b) ka1 n g elvar tapaywyioun
oto f(xg), tdte n go f elvar napaywyioun oo xy kai

(90 f) (z0) = ¢'(f(z0)) - ' (o).
Anéoan. Oéhoupe va dellouye btL t0 bpro

L @) = g/ (20)

T—TQ r — X9

urdpyer xa elvan (0o pe ¢'(f(xo)) - f/'(z0). Oftouvue yo = f(xo) € (¢, d) xou Yewpolue
ouvdpTnon
9(¥)—9(o)

Y:(c,d) >R onou ¢Y(y) = y—yo av Y # Yo
9' (o) av Y = Yo

H 1 elvar cuveyric oto yo, 86Tl 1 g elvan Topaywylown oTo Yo.
‘Eow z € (a,b)\{zo}. Av f(z) # f(z0), t161€

9(f(z)) = g(f(wo))7

YD =56~ Fa)
dpa €youue
" o) = ) _ 1) = o)

Av v o z wylel f(z) = f(xo) t61€ 1 (¥) e€axohoviel vo toylel (ta dVo Yéln undevi-
Covtan). Anhadn, n (*) woyder yio xdde z € (a, b)\{zo}.

Mapatnpolue 61t 10 bpto limg_,, %ﬁgz“) urmdpyet xou toobvtan ye f'(xp). Emlong,
n f elvoaw ouveyhic oto o xou ) P elvon ouveyhc oto yo = f(xo), dea N obvdeoy| Toug
o f eivon ouveyhc oto zp. Tuvende, to 6plo limy, .., ¥(f(x)) vndpyer ot wwoltar pe
¥(yo) = ¢'(yo) = ¢'(f(m0)). Emotpépoviac oty (%) xou malpvoviac to dpo xadde o
T — g, BAémouye 6T

i 9U@) = g(F(0))

T—xo T — Xo

=(f(x0)) - f'(w0) = ¢'(f(w0)) - f'(x0),

dnhad”| o {ntolpevo. O

5.28" Ilapdywyog aviioTpopng cuvdetnone.

Ochenua 5.2.4. Eotw [ : (a,b) — R ua 1—1 ka1 ovvexng ovvdptnon. Yrodérovue ot
n f etvar tapaywyioqn owo xg € (a,b) kat éu f'(xg) # 0. Tére, n f~1 etvar rapaywyionn
oto f(xo) ka1

—1y\/ .
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Andédealn. Anéd to Oedpnua 4.6.1 yvwpilovye bt 1 f elvar yvnolwe yovétovn xat ywelc
TEPLOPLOUS TNE YEVOTNTAC UTOPOUUE Vo utoVécoupe 6Tl 1 f elvon yvnolwe adlovca. H
f/(xo) undpyet, dnhadn

T—x0 xr — Xo
Emniéov éyoupe unodéoer ot f'(zg) # 0, dpa
T — x0 1

lim =

oo f(z) — f(zo)  f'(z0)

‘Eotw e > 0. Mnopolue va Bpotue § > 0 dote [xo—3d, 2o+0] C (a,b) xarav 0 < |[z—zg| < §
0Te

T — X

1
f(x) = f(z0) - f'(wo)

(%) <e.
O¢Touue
y1=[f(zo—0) xu yo=f(x0+9).
Téte, 10 (Y1,y2) ebvan évar avorytd ddotnua mou mepiéyer to f(zo), dpo undpyer 61 > 0
wote

(f(z0) = 01, f(wo) + 61) € (y1,42) = (f (w0 — 0) , f (w0 +)).

‘Eotw y nmou ixavorotel v 0 < |y — f(xo)| < d1. Téte, y = f(z) yia xdnowo = € (a,b) ue
0 < |z — x| < 9. Apa,

[ y) -
-

1 (f(w0)) __T— %o
(20) f(x) = f(zo)’

f
f

ondte 1 () dlvel

) = F () 1
y— o) )|

Agou 10 € > 0 7ty TuydY, Enetar ot

i f W =) 1
y— f(z0) y — f(zo) f(xo)

AnpadA, i f1 etvar mapaywylown oto f(zo) xor (f71) (f(z0)) = m O

IMapathenon 5.2.5. Av f/'(zg) = 0 t6te n (f~1) (yo) dev undpyer. Ale, and tov
xavévoL NS ahuotdac N mapdywyoc g ouvdeonc f 1o f oto zg Vo uThpyE, xou Vo elyaue

(F o ) (wo) = (f 1) (f(w0)) - f'(w0) = 0.

‘Oupoc, (f~ro f)(z) ==, dpa (f~1o f) (z0) = 1, ondte odnyolpacte o€ dromo.
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5.27" IHopdywyor avdTepnS TAENG

Opiopée 5.2.6. 'Eow f: (a,b) — R napaywylown o xdde = € (a,b). H nopdywyoc
ouvédetnomn e f eivaw 1 ouvdptnon f’ ¢ (a,b) — R ye z — f'(x). Av n ouvdptnon
1! elvan maparywyiown oto (a,b), téte N topdywyos cuvdptnon e f opileton oo (a,bd),
Aéyetow debtepn mapdywyog e f, xar cuuBoiiletar ye f.

Enoywywd, av €yel oplotel 1 n-00Th tapdywyog i (a,b) — R g f xou elvor
Tapaywyiown ocuvdptnon oto (a,b), Téte N mopdywyoc tne f, opiletor oto (a,b), Myetau
N (n + 1)—t&&ng napdywyog tnc f oto (a,b) xou cuyBoriletar pe f+1).

Muw cuvdptnon mou €yer mapdywyo TAENG n Aéyeton n @opéc mopaywylowrn. M
ouvdptnon f : (a,b) — R Myetu anepidpiota nopaywyiown 6to onuelo zg € (a,b) av
n £ (x0) undpyer v xdde n € N.

Hoapdderypa 5.2.7. Kdde molvwvuund cuvdptnon p(z) = ama™ + -+ - + a1 + ag elvar
anepLoploTa Tapaywyiown oe xdde onueio z9 € R. Ou cuvieheotéc Tou TOALWVOUOL D
«urohoyilovtawy and Tic

~ p™(0)
Tk

gk

H an6dein yivetor ye diadoyée mopaywyioec xa uvmohoyoué e p*)(0). Av k > m,
t6te n pM) elvon undevileton oe xdde zy € R.

5.3 Ilapdywyog exdetixng xou Aoyagtduixng cuvaeTnong

Ye auth T oUvTouT TPy PO amodeLxVUoUUE 6Tt 1 exdeTixr cuvdptnon exp(z) = e” elvan
napaywylowr. 3TN CUVEYELX, YPNOWOTOLWVTAC TO YEVIXO YOG ATOTENECUA Yial TNV Topdy-
wyo avtlotpognc cuvdptnong, Beloxouue TNy Tapdywyo TNe Aoyaprduxric cuvdetnone In.
O T0moL ylor TIC TP YWYOUS TV UTOAOITWY EXVETIXGY X0l AOYUQLIUIXDY GLYIRTHOEWY
TEOXUTTOUY UE ATAT EQOQUOYTH TOU XavoVaL TNE AAUGEDAC.

T efvar

Ilpétaon 5.3.1. H exOenikny ovvdptnon exp : R — (0,+00) pe exp(z) = e
Tapaywyloun kai
/!
exp’(z) = exp(w)
yia kdUe x € R.
Anddaén. Aetyvouue mpcdta 6Tt

et —1
lim
t—0 t

=1

Eexwvdye and d0o aviodtntes Tou cuvavtioaue otic Aoxroets Tou Kegohaiou 1: ava > —1
t61e (1 +a)” > 1+ na (ovioétnta Bernoulli) xor av 0 < a < 1/n téHte (1 +a)” <

1—na

(BelEte Vv e enaywyh wc npoc n). Eotw s pntoc aprdudc oto (0,1). Mropolue va
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q
yedpoupe a = p/q, émou p < g guoixol aprduol. I'vwpilovye 6t e > (1 + %) , onoTE
YENOWOTOLOVTAC TNV TRAOTN aviootnta BAémouye 61t

s N\ 1\” p
e’ > (14— =({14+—-) >214+==1+s.
q q q

Enlong, agot 1/¢ < 1/p, and tnv Sebtepn avicdtnto fAénovye ot

kq 1—-p/qg 1-—s

v xade k € N, dpa

Me dAha AoYLa,

1 < e’ <
(*) +s*e*1—s

v xdde s € (0,1) NQ. Eotww thpa t € (0,1). Bewpdvrac axorovdia (s,) oto (0,1)NQ
ME Sy — T, XOU YPNOOTOLOVTAC TNV oEY ! TNC UETOPOPAC Yiol TIC TEELC CUYVIPTHOEIC OTNY
(%), oupmepaivouue 6Tt

1
1+t<et< ——
+_e_1_t

yio xdde ¢ € (0,1). Ioodivaya, unopolue va ypddoupe

et —1 t
< ;
t 1-—t¢

xot aghvovog 1o t — 07 naipvouye

t-1
lim S =1,
t—0t t
T 10 6plo xadode t — 07 Vétoupe u = —t xou €YoLUE
t—1 v -1 v -1
i —e = 1121,
t —u U

OTIOL YENOLWOTOLACOUE TO TPONYOVPEVO Oplo Xal TN OLVEYEL TS EXVETIXAC CLVAETNOTC
oto 0.
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Eotw tdpa x € R: éyouue

x+t x

e —e ee
= = € —)e-l:e
t t t

xodoe to t — 07, dpa 1 exp elvon Ttapaywylown oto x xou (exp)’(x) = exp(x). O

Yo nponyoluevo Kepdhato eidape 6t 1 exp : R — (0, +00) elvar cuvdptnon yvnolwe
abZovoo xat ent. Mropolue hotmdy va opicouye Ty avtiotpopn tne, 1 onola cupBoiiletal
pe In. Anhadd, In: (0, +00) — R xow Iny = z av xaw uévo av e = y.

IIpoétaon 5.3.2. H oyapiukiy ovvdptnon In : (0, +00) — R elvar mapaywyioun kai
1
In'(y) = =
W)=

ya kdOe y > 0.

Andbeaén. Edope 6t n exp elvon napaywyiown xou exp’(x) = exp(z) # 0 yia xdde z € R.
‘Eneton 6t 1 In elvon mopaywylown oto (0, +00) xat

1 ,( ) 1 1
n = =
P (@) expla)
6mou exp(z) = y. Me dhha Moyia, In'(y) = i v x&de y € (0, 400). O

5.4 AvtioTtpopes TpIY WVORETPIXEC CUVARTHOELS

(o) T6E0 Muitévou

H ouvdptnon sin : R — [—1,1] elvar neplodixh, ue ehdylotn detixr| nepiodo ion e
2. O mepoplopds e oo [—m/2, /2] elvan o yvnolne adZovoa cuvdptnom e civolo
Ty to [—1, 1]. Mropolue Aotndv va oplcouue Ty avtiotpopn tng, n onola Aéyetar T6Eo
NULITOVOU Xt cUUBoNLeTon pe arcsin.

Anhadn, arcsin : [—1,1] — [—7/2,7/2] xon arcsiny = x av xow uévo av x € [—m/2,7/2]
ot sinx = y.

Mapatnedvtag 6t 1 sin elvon topaywyiown oto [—7/2, 7/2] xou sin’(x) = cosx # 0 av
x € (—7/2,7/2), ouumepaivoude GTL 1 arcsin elvon mapaywyiown oto (—1,1) xa

1 1

.
arcsin’(y) = =
() sin’(x)  cosz’

émov z € (—m/2,7/2) x sinz = y. Xpnowonowbdbviac v sin®z + cos?z = 1 xu 7o
yeyovée 6t cosx > 0, BAénouye ot
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Onhadn
arcsin’(y) = ——, ye(—1,1).

(B) Té6&o cuvnuitévou

H ouvdptnon cos : R — [—1,1] elvon meptodixn, e erdytotn detnn nepiodo (on pe
2. O neplopiouds g oto [0, 7] elvan prot yvnolwg @divouoa cuvdptnomn ue oOVOAO TGOV
0 [—1,1]. Mnopolue howtdv va oplooupe v avtioTtpogh g, N onola Aéyetar T6Eo
ouvnitédvou xou cuUBoAleTaL Ue arccos.

Anhady, arccos : [—1,1] — [0,7] xou arccosy = = av xot wévo av = € [0, 7] xa
cosT =y.
Hoapoatnpdvag 6t 1 cos elvon mapaywylown oto [0, 7] xou cos’'(z) = —sinx # 0 av

x € (0,7), ouunepaivouye 6Tl 1 arccos elvon mopaywylown oto (—1,1) xa

arccos’ (y) = 1
v= cos’(z)  sinz’

émou x € (0,7) xou cosz = y. Xpnowonotbdvtac Ty sin® x + cos? z = 1 ot 0 yeyovéc
ot sinz > 0, BAénoupe ot

sinz = /1 —cos?z = /1 — 42,
Onhadh
arccos'(y) = ———, y € (—1,1).

() T6Eo epantopévne

H ocuvdptnon tan : (—m/2,7/2) — R elvar yvnoing avfovoa xou enf. Mnopolue howtdy
va oplooupe v avtiotpopy e, N onola Aéyetan TOEo epanTowévne xou cupfolileTal
ue arctan.

Anhadn, arctan : R — (—7/2,7/2) xou arctany = x av xo pévo av = € (—w/2,7/2)
oL tanx = y.

HMapatnedviac 6Tt 1 tan elvar topaywyiown oto (—m/2,7/2) xou tan’(z) = 1/ cos> z =
1 +tan?z # 0 av @ € (—m/2,7/2), oupnepaivouue 6T 1 arctan elvar tapaywylown oto R

xal
1 1

tan’(z) 1+ tan’z’

arctan’(y) =

omou tanz = y. 'Eneton 611

1

“iyge VER

arctan’(y)
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5.5 Kplowa onpeia

Yxomnde pag otig enduevee Hapaypdpoug elvar vo anodeifoupe ta xpta Yewprato tou Al-
apopxol Aoyiopo xou vo SoUUE Tie epapuélovial oTr UEAETT CUYVAPTHOEWY ToL opilovTal
o xdmnow ddotnua I tng mpaypotixic evdeiog. Oo EExVACOUUE UE xdmoL TopAdElY T
oL delyvouy btL 1 wovotovio ¥ 1 UTtaEEn XETOLL TOTUXOU aXEOTATOL Wlac Topaywyiowng
oLVdpETNnoMC dlvouv xdmolec TAnpogopies yia TNV Tapdywyo. To yovadd epyaielo Tou Ya
YONCWOTOLAGOUUE EIVAL O 0PLOUOE TNE TUPAYYOU.

Afppa 5.5.1. Eoww f: (a,b) — R napaywyioun ovvdptnon. Av n f eivar adéovoa oo
(a,b) téte f'(x) > 0 ya kdOe x € (a,b).

Arnédeén. 'Eow x € (a,b). Trndpyer 6 > 0 vote (xr — 0,2+ 9) C (a,b). Avrowndv |h| < §
t6te 1 f opiletan o0 = + h.
Agob 1 f elvan mapaywylown oo , €youue

o f@rh) = f@) o fl@+h) - f)
flo) =l =y = lim =

‘Eotw 0 < h < §. Ago 1 f eivan adZouoa oto (a,b) éxovue f(z + h) > f(x). Tuvenoe,

wzo dpo. f'(x) = lim M

> 0.
h h—0t h =0

Hapatnperiote dt det€aue 10 INTolPeVo Ywplc Vo XOITAEOUPE TL YIVETAL Yo pYNTIXES TWES
U h (eMéyEte buwe 6Tt av —d < h < 0 t6TE 1 XMoo W elvon oL un apynTxy,

on6TE OONYOVURAOTE 070 (Bl0 cUUTEPACUA). O

Hopathpnon 5.5.2. Av unoléoouue 6t 1 mopaywylown cuvdpton f @ (a,b) — R
elvon yrnoiws avéovoa, dev pnopolye va loyvptotolpe Ot 1 f’ elvon yvnoiws Jetikrj oo
(a,b). Two mopdderypa, 1 f 1 R — R e f(z) = 23 ebvar ywnolog adZouca oto R, duwc
f'(z) = 322, dpo vndpyer onuelo oo omolo N Tapdywyoc undevileton: f/(0) = 0. To
Afupo 5.5.1 pac eZaopaliler guoxd 6t f/ > 0 tavtol oto R.

Hapathenon 5.5.3. To avtiotpogo epdtnua dtatundvetar g e€Xc: av f'(z) > 0 yia
xdde x € (a,b) t6te elvan owotd 6T N f eivar adCovoa oto (a,b); H andvinon elvo
«vay, auth elvon pla and g Pacixéc ouvéneles tou Vewphuatog wéong tTwnc (Bréne §5.6).
Xpnowomoudvtag H6Vo ToV 0plold TNG Topay®you, Uropolue va delfouye xdtt oAb ao-
Jevéotepo:

Adppa 5.5.4. Eoto f: (a,b) — R. YroOérovue dti n f eivar mapaywyioun oo xo €
(a,b) ka1 f'(xo) > 0. Tdre, vndpyer § > 0 dowe (xg — b, 20 + d) C (a,b) ka

(o) f(z) > f(xo) ya kdOe x € (xg,x0 + 9).

(B) f(z) < f(zo) ya kdOe x € (xg — 8, o).
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f@)—f(zo) _ £(

Arndoedn. 'Eyouvue umodéoer 6t lim ———

T—T0
(0)

optopd Tou oplou pE € = fT > 0, Bploxovye 6 > 0 dote: av 0 < |z — zg| < 0 T6TE

z € (a,b) xau
1) = J20) 5 gy e = L150) 5,
T — X0

x9) > 0. Egapuélovtoc tov e — 6

"Eneton 6tu:

(o) T %x&0e = € (9, x0 + &) Exouue

['(wo0)

F@) = fwo) > =3

(x —x0) > 0 dpa f(x) > f(xo).
(B) T x&9e = € (zo — d, ) €xouue

o)~ flzo) < T0

(# —xo) <Odpa f(x) < f(xg). D

IMapatnehote dtu tar (o) xan (B) Bev delyvouy 6w ) f elvan abouoa ato (g, g + 6) 1 o0
(CC() - (5, 370). O

Opiopéc 5.5.5. 'Eotw f: 1 — Rxo éotw g € 1. Adpe bt f éxer tomxd péyioro oto
xo av umdpyet § > 0 dote:

av x € I xou |z — x0| < § 1618 f(20) > f(2).
Ouolwe, Mpe 6t 1 f €yel tomkd eAdyioto 6T0 T(H AV UTdEYEL § > 0 WoTe:

av x € I xou |z — xo| < té1e f(20) < f(2).

Av 1 f €yel o péyioto 1 tomnd eEAGYLOTO GTO T TOTE AEPE O6TL 1 f €xEL TomiKd akpdTato
oto onpelo xg.

Auté nou ypetaothxape yia Ty anddein tov Afupatog 5.5.1 Arav n Onapin e f'(z) (o
optolde TG TopaydYou) xou To YEYoVOS 6Tt (AMOyw yovotoviag) 1 ehdytotn Th g f oto
[z, +0) htav n f(z). EnavedauBdvovtac hotmdy 1o (Bio ouctactixd entyelpnuo talpvoupe
v axdrovdn Ipétaon (Fermat).

Ocwenuo 5.5.6 (Fermat). Eotw f : [a,b] — R. Yrodérovue 6t n f éxer tomkd
akpdtato o€ kdnow g € (a,b) ka1 v n f elvar mapaywyioun oo xg. Tdte,

fl(.’L'()) = 0

Arndéoaén. Xwplc neploplond g yevixdtntag unodétouue ot 1 f €xel Tomxd YEyioTo oTo
xo. Ymdpyer § > 0 wote (z9g—0, x0+0) C (a,b) xou f(zo+h) < f(zo) yra xdde h € (=46, 9).
AvO < h<éote

f(xo + h) — f(z0) . . flwo+h) = f(wo)
<o g g T

<0.
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Yuvenoe, f(zg) < 0.
Av -6 < h <0 tote

f(zo+h) — f(zo) >0, 4o lim f(zo +h) = f(xo) >0
h h—0— h
Suvenoe, f'(xg) > 0.
A76 Tic 800 aviobntee émeton 6 f(zg) = 0. O

Optopog 5.5.7. Eoww f : I — R. Eva cowtepiké onueio xo tov I Aépetar kpioyuo onpeio
yia Ty f av f'(xo) = 0.

IMapdderypa 5.5.8. Ta xpiowo onuela gog cuvdptnong eivat ToAD yeroluo 6tay YENOUUE
va Beolpe T yéytotn ) v eddytotn T . ‘Eotww f : [a,b] — R ouveyric ouvdptnon.
Dvwpiloupe bt n f malpver uéyiotn T max(f) xou eXdytotn wuh min(f) oto [a,b]. Av
xo € [a,b] xou f(xo) = max(f) A f(zo) = min(f), t61€ avayxactixd cuufaivel xdmoto and
TOL TP T:

(i) 2o =a fhzo ="Db (dxpo Tou doTAUATOC).
(i) zo € (a,b) xou f'(xo) =0 (xpiowo onuelo).
(iil) xo € (a,b) xau n f dev elvon mopaywylown oto o.

Aedouévou 61, oty mpdln, o TAYoc TwV oNUElwY TOU AVAXOUV GE QUTES TIC KTPELC
ouddecy elvon oYETXd Uixpd, UTOPOUUE UE AMAO UTOAOYLOUS ot CUYXEIOT| UEPXAY TUWDY
TNC GLVAETNONG VO ATAVTAGOUUE OTO EQWTNUAL.

Hapdderypa: No Peedet 1 uéyiot Tuh e ouvdptnone f(z) = 2° — z oo [—1,2].

H f etvar napaywylown oto (—1,2), ue nopdywyo f'(z) = 322 — 1. Ta onuele ota onola
undevileton n mapdywyog elvar Ta &1 = —% xaL T = % o omola avrixouy oto (—1,2).
"Apa, ta onuela oto onola umopel va talpvel péytotn ¥ eAdytotn T 1 f elvan tar dxpo tou
dtaoTAATog xou o D00 xplowwa onueto:

, T3 = 2.

:170:717 Ty = — ) T2 =

Sl
Sl

Ou avtiotouyec tuéc elval:

2 2
=0, f1E) =2 fuE) = -2
D=0, f1VE) = e FOVE) =~
Suyxpivovtac autéc Tic téooeplc twée Bhérovpe 6t max(f) = f(2) = 6 xou min(f)

F/V3) = ~2/(3V3). 5

F(2) = 6.
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5.6 Ocwpnua Méong Ty

‘Eotww f : [a,b] — R wa otadeph ouvdptnon. Anhady, undpyel ¢ € R wote f(z) = ¢ yia
xdde x € [a,b]. Tvwpilovye 61 f/(z) = 0 yia xdde = € (a,b). Avtiotpoga, ac utodécouye
ot f 1 [a,b] — R elvar wa ouveyhc ouvdptnon, mapaywyiown oto (a,b), ye tnv Wbt
f'(x) =0 vy x&de z € (a,b). Eivar cwoté éu 1 f elvan otadepy| oto [a, bl;

To gpwtnua autd elvon mapouowac @oong ue exeivo e Hapathenong 5.5.3: av pla
TpaY WY oW cuUVEETNOT €YEL TAVTOD N JpYNTIXH TORdYwYo, elval cwotd oTL elvon adE-
ovoa; Elvow Aoyixd va mepiugvouue 6t 1) andvtnon eivar «vowy oo 800 aUTH EPWOTAUATA.
Exegreite éva xuvntd:  f(x) elvon M mpoonuaopévn andotaon and Ty apyxh 9éon
ypovixh oty = xon f/(x) elvar 0 toydtTor T Ypovinh oty . Av 1 TodtnTor elvan
CLYVEXWC UNBEVIXT], TO XyNTO UEVEL axiyntoy xau 1 andotoot) Topopéver otadepr. Av 7
TaryOTNTOL €VOL TTLVTOU Un) OEVITIXT, TO XIVNTO KATOUAXPUVETOL amd TNV apyixt) Tou Yéony
xaL 1) amooTaor) auEdvel Ue Ty Tdpodo Tou Yeévou.

[ Ty avotne? Gume amddelln autdy Twy dV0 WyUptowwy, Ya ypetaoTtel vo cuVOUE-
GOUPE TNV €VVOoLa TN TapaY@yYou Ue ta Baocixd Jewphoata Yo cUVEYEC cUVAPTHOE OE
xheiotd SwotAuata. To Baocwd teyvind Briua eivon n anddelln tou «Jewpruatog péong
TAC».

Eow f : [a,b] — R ouveyhc ouvdptnon. Trnodétouue ot n f elvar maporywyiown
ot0 (a,b): dnhadh, yia xdde = € (a,b) oplletar XA 1 EQATTOUEY TOL YPAPHUATOS TNS
f ot (z, f(z)). Oewpodye v evdeia (£) mouv mepvder and o onuela A = (a, f(a))
xar B = (b, f(b)). Av ™ petaavicoupe TopdAnAa Tpoc Tov €autd TS, XAmo and TiC
nopdAhnhec Ya epdnteton oTto Ypdgnua tne f ot xdnow onuelo (xo, f(zo)), o € (a,b). H
xhlon e epomtouévng VYo teénet vo toobtat e v xhion e eudetag (). Aniadn,

1) = f(a)

f(wo) = b—a

310 TPMTO PEPOC AUTAC TNE THEAYPAPOU BIVOUPE AUGTNET ATEOEIEN AUTO TOU LoYLELOUOU
(Oedpnuo Méone Twnrc). Amodewxvioupe mp@ta wa edixf tepintwon: to Yemdpnuo tou
Rolle.

Ocwenpo 5.6.1 (Rolle). Fotw f : [a,b] — R. Ymodérovue 6t n f elvar ovvexris oto
[a,b] ka1 mapaywyioun oto (a,b). Trobérouue emmAéov éu f(a) = f(b). Tdre, vndpyer
xo € (a,b) dote

f'(@o) = 0.

Arnddaén. EZetdloupe mpwta TNy mepintwon mou 1 f elvar otadepr| oto [a, b], dnhadn
f(x) = f(a) = f(b) yia x&% = € [a,b]. Tote, f'(z) = 0 yia &% = € (a,b) xou
onotodfrote and autd ta = unopel va nailel To pdho oL .

‘Eoww Aoy 6u n f dev elvar otadepr| oto [a,b]. Tére, vndpyer 1 € (a,b) dote
f(z1) # f(a) xou ywplic neptoptogd e yevixdtnrag urnopolye vo unodécouue 6t f(z1) >
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f(a). H f elvou ouveyhc oo [a,b], dpa naipver uéytotn tui: undpyer xo € [a, b] dote

f(xo) = max{f(z) : x € [a,b]} > f(21) > f(a).

Ewwétepa, o # a,b. Anhadh, 1o xo Pploxetor oto avoxtd ddotnua (a,b). H f éyel
(ohxd) uéyioto oo xo xan elvar Tapaywylown oto xg. And 10 Oedpnua 5.5.6 (Fermat)
ouunepaivoupe 6t f/(x0) = 0. O

To Yedpnua péone Twrc elvar dueon cuvéneta Tou Yewphuatog tou Rolle.

Ocehpenpa 5.6.2 (Yedpnua péone twhc). Eoto f : [a,b] — R ouveynis oto [a,b] ka
rapaywyioun oo (a,b). Tdte, vrndpyer zo € (a,b) dote

1) ~ f(a)

flxo) = = —

Andédealn. Oa avoydolue oto Oewpnua tou Rolle we e€hc. Oewpolye 1 ypoix)
ouvdptnon h : [a,b] — R nou nalpver T (dieg Twés ye Ty f ota onuelo a xon b. Anhadi,

H g elvon ouveyhc oo [a, b], nagaywylown oto (a,b) xou and tov tpém0 emhoyhic e h
€YouUE
g(a) = f(a) =h(a) =0 xar g(b) = f(b) = h(b) = 0.

Eoupwva pe to Yedpnua tou Rolle, undpyet zo € (a,b) dote ¢'(z9) = 0. Opwc,

a
oto (a,b). Apa, T0 o avornolel to {nroduevo. O

TMapatAenon 5.6.3. H vnddeon étu n f eivon cuveyfic oto kdewotd Sidotnua [a, b] yenot-
ponotdnxe otny anddet&n xou elvar anapaitnty. OewphoTe, yio napddetyua, ™y f : [0,1] —
Ruye f(z) =z av 0 <z <1xu f(1) =0. H f elvor nopaywyiown (dea, cuveyhc) oto
(0,1) xou éyoupe f(0) = f(1) = 0. 'Ouwc dev vrdpyer = € (0,1) mov va xavonoel TNy
f(z) = %{;(0) =0, agol f'(z) =1 ywo x&de x € (0,1). To npdBinua eivan oto onuelo
1: n f ebvaw aouveyhc oto 1, dnhady| Sev eivar ouveyrc oto [0, 1].

To Yedpnuo yéone TWUAC LS EMULTPENEL VUL ATAVTAOOVUE OTA EpOTAUATA TTOU GLULNTHOUUE
oTNY APy TN ToEAYEdPOU.
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Ockenua 5.6.4. FEotw f: (a,b) — R napaywyioun ovvdptnon.

(i) Av f'(z) > 0 ya kdOe z € (a,b), téve n f elvar avéovoa oo (a,b).

(i) Av f'(x) > 0 ya kdOe x € (a,b), tdte n f elvar yynoing adéovoa oo (a,b).
(i) Av f'(z) <0 ya kdOe x € (a,b), tdre n f €ivar pOivovoa oo (a,b).
(iv) Av f'(z) <0 ya kdOe x € (a,b), tétre n f etvar yvnoiws glivovoa oo (a,b).
(v) Av f'(z) =0 ya kdOe x € (a,b), wdtre n [ €ivar otadeprj oo (a,b).

Andédeaén. Oa del€ouye €vav amd TOUC TEMTOUC TEGOEPC LoYUELoPOUS: uToUéTovde 6Tl
() > 0 oo (a,b), xau Yo del€oupe 6 av a < z < y < b téte f(z) < f(y). Ocwpolye
Tov meploptoud e f oo [z, y]. H f elvon ouveyrc oo [z, y] xat mopaywyiown oto (z,y),
on6te eappolovtac to Yewpnua péone tuhc Beloxovye £ € (x,y) mou wxavorote! Ty

— f(=
y—x
Aol f1(€) > 0 xowy —a > 0, éyoupe f(y) — f(x) > 0. Anhady, f(z) < f(y).
T tov tehevtaio woyvptoud napatnerfiote ot av f/ = 0 oto (a,b) tote [/ > 0 xou
f' <0 om0 (a,b). Apa, 1 f elvon Tautodypova avZovoa xat gdivouca: av z < y oto (a,b)

téte f(x) < fy) xou f(z) > f(y), dnhadh f(z) = f(y). Emeton 6w n f elvon otadeph. O

Mt mapahhary ¥y (xa yevixeuon) tou ewprpatoc Méone Turhe elvar to Yedpnua péong
Turic tou Cauchy:

Ocedenuo 5.6.5 (Vewdpnuo péone Twhc touv Cauchy). Eoww f,g : [a,b] — R,
ouvexels oo [a, b] ka1 tapaywyionues oo (a,b). Tdre, vrdpyer xg € (a,b) dote

(%) [£(0) = f(a)l g (w0) = [9(b) — g(a)] £'(z0).

Ynueiwon: Topatneriote mpdta 6Tt To Yewpnua péone TWrc elvon e mepintwon tou
Yewpruatoc mou Vérouvue va delouvye: av g(x) = x téte ¢'(z) = 1 xou 1 (%) modpver
roppi

[f(b) = f(a)] - 1= (b—a) f'(x).

H Onopén xdmowov zp € (a,b) o onolo wavornotel avthy v obtrra elvol axpBoe o
oY LPLOPOS TOL VeWwETUATOC PEoNS TWAC.

Ouundeite tdpa T WEa TNE anodelEng tou Yewpruatog péong twnc. Egapudoaue to
Yewpenuo tou Rolle yio tn ouvdptnon
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IoodUvapa (TOMATAACIEGTE TNV TEONYOVUEYN cuVpTnon pe b — a) Yo unopoloaue vo
€YOLUE TAPEL TNV

[f(x) = f(a)] (b—a) = [f(b) = f(a)] (x — a).
Ou Yewprioouue Aoimdy cLYVAETNOT AvTloToly N UE ALTAY, KAVTXUIOTOVTIC TNV T UE TNV
g(x)».

Anédeén. Oewpolye tn ouvdptnon h : [a,b] — R pe
Mz) = [f(z) = f(a)] (9(b) — g(a)) = [f(b) = f(a)] (9(z) — g(a)).

H h elvon ouveyhc oto [a,b] xon mopaywylown oto (a,b) (vl ov f xou g éyouv Tic Bieg
Wi6tnteg). Edxola ehéyyouye ot

h(a) = 0 = h(b).

Mnopolpe howmdv vo eappdoouue to Yedpnua tou Rolle: undpyer 2o € (a,b) dote
R (zg) = 0. Apov

W' (wo) = f'(wo) (9(b) — g(a)) = ¢'(xo) (f(b) = f(a)),
nadpvoupe Ty (). O

Hopathpnon 5.6.6. To evdiagépov onuelo otny () elvon 6Tt ov mapdywyor f'(zo) xa
g'(zo) «unohoyilovtar oto (8o onueloy xp.

IToAb ouyvd, to Yedpnua péone twrc tou Cauchy dwtundvetar we e€hc.

IIépiopa 5.6.7. Eotw f,g: [a,b] — R, ovvexels oto [a,b] ka1 tapaywyioues oo (a,b).
Yrolérovpe emmAéor ou

(o) o1 f/ ka1 g’ dev éovr kown pila oo (a,b).

(®) 9(b) — g(a) 0.

Tére vndpyer zo € (a,b) dote

Arndbeaén. And to Yedpnua péone tuhc tou Cauchy, undpyer o € (a,b) wote
(f(0) = f(a)g' (x0) = (9(b) — g(a)) [ (wo)-

Mapatneolye ot ¢'(zg) # 0: av ebyape ¢'(zo) = 0, téte Vot Aray (g(b) — g(a)) f (x0) =0
xat, agol and tnv unddeot| poc g(b) — g(a) # 0, Yo énpene va éyouue f/(xo) = 0. Anhadn
ot f/ xar g’ Vo glyov xown pilla. Mnopolue Aotndy va Sonpéooupe to 500 WEAN TNE LobdTNToC
pe (g(b) — g(a))g' (xo) xon vo ndpoupe to {nrodpevo. O
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5.7 Amnpoocdidpiotes Lop@Eg

To Yedpnua péone turc tou Cauchy ypnowonoeitor oty anddeln Twv «XavovLY Tou
L’ Hospital» yu épta tne popgric 3 4 2. Tumxd mapodelypoto T xotdotaone tou Y
oul{ntricoupe oe auTH TNV ToEdYEao ivar ta €A YENOUUE VoL EEETAGOUUE aY UTEPYEL TO
6pL0
S

a—z0 g(x)
6mou f, g elvon Vo cuvapThoelc Tapaywylowee dedid X aplotepd and to g, we g(x) # 0
oV T XOVTQ OTO To X0 T F Ty XKoL

lim f(z)= lim g(x)=0

T—x0 T—x0

lim f(z)= lim g(x) = 4oc.

T—XTQ T—XTQ

Tote Mye 6TL €youue ampoodidploTn Uopyn % (h 2 avticTorya) oo zo.

Ou xavéveg tou "'Hospital pog emitpémouy ouyvd va Bpodue tétoia dplar (ov undpyouy)
pe ™ Porflela twv mapay®yYwy Ty f xow g. Tumxd ewpnua autod tou eldoug elvon To
elnc.

Ocwenpo 5.7.1. Eoto f,g : (a,x0) U (29,b) — R napaywyioues ovvaptioes pe tig
e&ng 1h16TnTes:

(o) g(z) # 0 ka1 ¢'(x) # 0 ya kdOe x € (a,z9) U (zg,b).

(B) lim f(z)= lim g(x)=0.

T—x T—x0

Av vndpyer To lim f:(m) = /¢ € R, tdte vndpyer to lim @) gy
z—xo 9 (z) zzo 9(®)
I
i 1) _ i )
T—To g(l‘) T—xo ( (gj)

Anédeaén. Opilouvpe tic f xau g ot0 xo Y€tovtac f(zo) = g(xo) = 0. Apol

lim f(z) = lim g(x) =0,

r—TQ
ot f xau g yivovtou tdpa ouveyelc oto (a,b). Ou deifouue bt

lim /(@) =/{= lim I'(z)

o—ai 9() e—at 9'(2)

‘Eyoupe
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v xdle x € (zg,b). Ou f/, ¢' dev éyouv xown pila ot0 (20, ) Yot n ¢’ dev undeviletan
noulevd. Enione g(z) # 0, dnhadr g(z) — g(xo) # 0. Egapudlovtac Aowndy 10 Yedpnua
péone tunc tou Cauchy unopolye yia xdde x € (z9,b) vo fpolye &, € (xo, z) dote

flz) _ (&)

g(z)  ¢'(&)

= { xau éotw € > 0. Mnopolue va Bpolue 6 > 0 dote: av

‘Eotw topa 6Tt lim, 4, g:ég

To <y < xo+ 6 T0TE

'y,
/

9'(y)

Yuvdudlovtag Tig Topandvw oyéoec BAEmovue 6Tt av zo < * < Tg + § TOTE

1) |1

g(x) 9' (&)

<E.

—€‘<5

(yratl @o < & < x < x0+9). Apa,

zy g(z)
O avtiototyoc xavévae étav zy = +oo elvat o e€nc.
Ocedenuo 5.7.2. Eoto f,g : (a,+00) — R mapaywyioipes ovvaptioes pe tg €€ng
1010t TES:
() g(x) # 0 ka1 ¢'(x) # 0 ya kdOe z > a.

®) Jim fz)= lim g(z)=0.
f'(@)

Av vndpyer to lim 7% = { € R téve vndpyer to lim
z—+oo 9 (z T—+

g(z)

~

’
T GO A )
Z— 00 g(m 400 g’(x)

~—

Anéoein. Opilovye fi, 01 : (0 l) — R pe

’a
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‘Eyoupe lim fi(z) = lim f(z) =0xw lim gi1(z) = lim g(z) =0 (yti;). Eniong,
z—0*t z—+00 z—0+ z—+00
g1 # 0 xou g7 # 0 oto (0,1/a). Téoc,

@)y, 2

~
~—

lim L
m = lim
e—0t gi(x)  a—0t g (L) e—teo g/(z

~

"Apa, eqapudletar 10 Oedpnua 5.7.1 yiot Ti¢ f1, g1 xou €youpe
! !
B C 1O B )

po0t u(x)  anot gh(x)  a—itoo /()

Agol

gneton 10 {nroduevo. O

Trdpyouv apxeTéC axdpa TEQINTMOEL ATPOCOLOPICTWY LOPQPWY Yia TLC OTOlEC unopolue
VoL SLUTUTGOUUE XATdAANho «xavéva tou 'Hospitaly. Aev Yo Swoouye dAleg anodeléels,
ag BoOUE OUWE TN DLATUTIWOT) EVOC XAVOVA Lo ATPOGOLOPLOTY HopPT 2.

Ocdenpa 5.7.3. Eotww f,g: (a,b) — R napaywyioues ovvaptioes pe tis €ng 1616tnteg:
() g(z) # 0 ka1 ¢'(x) # 0 ya kdOe x € (a,b).
®) lim f(z)= lim g(z) = +oo.

Av vndpyer to xllrzlJr 5/8; =l € R, tdre vndpyer To Jg}# 9(z)

lim M = li @)
z—at g(x)  w—at ¢'(z)

5.8 Idwotnta Darboux yia tnv mopdywyo

Ogiopoc 5.8.1. Aéue 6u wa ovvdptnon f : I — R éyer my didnra Darboux (Widtnta
e evdldpeone Thc) av: v xde x < y oto I pe f(x) # f(y) »on yia xdde mporypotind
aptdud p avdpeoa otoue f(x) xar f(y) umopolue va Peolue z € (z,y) wote f(z) = p.
Ané 1o Oeddpnua Evdidpeonc Twihc éneton dtt xd0e cuveyric ouvdptnon f: I — R éyel
v WotnTa Darboux.

Oa delloupe dTL 1 ToEEYWYOS WINS TOEAYWYIoWUNS CUVAPTNONG EYEL TEVTH THY LALOTHTA
Darboux (av xat dev elvon tdvtar cuveyhic cuvdptnom).

Ochenuo 5.8.2. Eotw f : (a,b) — R mapaywyioiun ovvdptnon. Téte, n [’ éxer tnr
1w16tnta Darbouz.
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Anébaén. Eow z < y € (a,b) ye f'(z) # f'(y). Xwpic neploplopd e yevixétntag
unopolue va urtodécoupe dtL f(x) < f'(y). Trodtoupe bt f(x) < p < f'(y) xou VYo
Beolye z € (x,y) dote f'(z) = p.

Ocewpolye ) cuvdptnom ¢ : (a,b) — R mou oplletar and v g(t) = f(t) — pt. Tore, 7
g ebvan mapaywyiown oto (a,b) xat ¢'(t) = f/(t) — p. Apa, éyovue ¢'(z) < 0 < ¢'(y) xa
Untdpe z € (z,y) e my Wotna ¢'(z) = 0.

Ioyvptopde. Trdpyowr x1,y1 € (x,y) dote g(xy) < g(x) ka1 g(y1) < g(y).

Anédeaén tov wyvpiopot. H g elvon nopaywylown oto x, dnhady
g(x +h) —g(x)

li =g'(z) <0.
hoo+ h g(@)
Eméyovtac € = —# > 0 Brénoupe 6t undpyel 0 < 01 < y — = WOTE
h _ /
g(z + }z g(x) <g(@)te= 9(237) <0

i xéde 0 < h < &;. Hoipvovtag 21 = a + & éyoupe 1 € (2,y) xu g(a1) < g(z).
‘Oyouwa, 1 g elvar mopaywylown oto y, dnhady

gy +h) —g(y)

li =4'(y) > 0.
Jny S =00
EmAéyovtag € = # > 0 BAénoupe 6L utdpyel 0 < 01 < Yy — T WOTE
9ly+h) —gly 9'y
=) gy 80

v xdde —6; < h < 0. Halpvovtac y1 =y — %1 gyoupe Y1 € (x,y) xou g(y1) < g(y). O

Ywvéyaa tng anddbaéng tov Ocwpripatos 5.8.2. H g elvar napaywyiown oto (a,bd), dpo
ouveyfic oTo [x,y]. Enouyévwe, n g nalpver edylotn wuh oto [z, y]: undpeyer xo € [z, y] pe
v WotnTa g(zo) < g(t) v x&de t € [z, y].

Ané tov Ioyupioud BAémouye 6T 1 g Sev malpver eNdytotn T oto = 00te GTo Y.
Apa, o € (x,y). Apol 1 g elvon Topaywyiown oto zg, 0 Oewenua 5.5.6 (Fermat) poc
eCaoariler 6t ¢'(xg) = 0. Enetor 10 {ntoluevo, ye z = xo. O

5.9 Teopetpixn onuacio tng deltepng ToEAYWYOU

Xty §5.5 eldoaye 6Tt 0 UNdEVIOUOC TNE TEAYdYOU GE €va GTUElD g OEV lvar Leav) cuvdxn
Yoo TY UTopEn ool axpdTatou 610 xo. H ouvdptnon f(z) = 23 dev éyel axpdrato o0
xo = 0, dpwc f'(zo) = 0. Kotdlovtag tn Seltepn nopdywyo ota onuela undeviopold tne
TEWTNG TUPAYWYOU UTOPOVUE TOAES POPEC VAL CUUTERAVOUNE av €va xplotwo onueio elvar
6viwg onuelo axpdTaToU.
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Ocwenpa 5.9.1. FEotw f: (a,b) — R napaywyioun ovvdptnon kai éotw xqo € (a,b) pe
f'(z0) = 0.

() Av vrdpxea n f"(zo) kar f"(x0) > 0, tdre éxouue Tomkd eAdyioTo 0o Xp.

(B) Av vrdpxe n f"(xo) ka1 f(xo) < 0, Téte éyovpe Tomkd péyioto oo xo.

Ynueiwon: Av f"(xo) = 0 f av dev undpyer n f"(xo), t6TE MpéneL va e€etdooupE T
ouyPaivel ye dAo tpdo.

Arnédoatn. Ou deifoupe povo o (a). Eyouvue

0< f'(ao) = lim LW =L @) 1@

- T — Ig T—z0 T — TQ

Enoyévwe, uropolye va Bpolue § > 0 wote:
(i) Avzo <z <zo+ 0, 101 f'(2) > 0.
(if) Av xg— 06 <z <z té1E /() <O.

‘Eow y € (xg — 6,0 + 9).

(i) Avazo <y < xo+0, t61€ e@apuoloviac to Vedpnuo uéong TWhic oo [xo, y] Beloxouue
x € (zg,y) Oote

f(y) - f(.%‘) = f’(w)(y — l‘o) > 0.

(i) Avazo—0d <y < o, ToTE eappdlovtog To Vewpnua yéone uhc oto [y, o) Beloxouue
x € (y, o) OOTE

fly) = f(@) = f'(2)(y — 0) > 0.
Arpady, f(y) < f(zo) yra xdde y € (zo — §, 20 + ). Apa, n f €xer tomxd eNdyioto oto
Xg- O
5.90° Kuptég xou xoilec cuvapTroelg

Ye enduevo Kegpdhowo Yo acyohndolue cuSTNUOTIXG UE TIC XVPTEC XoL TIC XOLAEC CUVIETH-
oec f: I — R. Ye auth TNV UTOTUEAYEAPO ATOBEXVOIOUUE HATOEC ATAEC TPOTACELG
Yiol TP Y WYICHES CUVAPTAGELS, oL onoleg pag Bonddve Vo «OYEBLAGOUUE TN YEAPLXY) TOUG
TAPACTACTY.

Ocwpolye wa napaywyiowrn cuvdetnon f : (a,b) — R. Av g € (a,b), n «e&lowon e
EQATTOUEYNCY TOL Ypuphuatoc e f oto (zo, f(xo)) elvon 1

y = f(xo) + f'(z0)(z — @0).
Aépe bt v f elvan kupTi} oo (a,b) av yia x&de x¢ € (a,b) éxoupe

(*) f(@) > f(xo) + f'(x0)(x — 20)
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v xdde x € (a,b). Anhady, av to yedonuo {(z, f(z)) : a < z < b} Bploxetoar v
and v epantopévn. Aéue T n f elvon prnoiwg kuptn oto (a,b) av vy xdde x # xo 1
avtodtnTo oty (*) elvat yvrota.

Aépe buun f elvan koikn o7o (a,b) av v xdde zg € (a,b) éxouue

() f@) < f(zo) + f' (o) (x — 20)

v x&e = € (a,b). Anhadnh, av to yedgnua {(z, f(z)) : a < = < b} Bploxetar xdww
and v epartopévn. Aéue 6u n f elvon pvnoiws koiln oto (a,b) av v x&de © # xo 7
aviodtnTor oty (*x) elvar yvhoua.

Téhoc, Nepe 6t n f éxer onueio kaumis oto onueio zg € (a,b) av undpyet § > 0 dote 7
£ va glvar yvnolwe xupth oto (xg — 6§, x0) xar yvnolwe xolkn oto (2o, zo + §) 1 yvnoing
xolAn 010 (zg — 9§, xo) %ot yvnolwe xvpth 6to (g, o + 9).

Ocwenua 5.9.2. Eotw f: (a,b) — R napaywyioun ovvdptnon.

(a) Av n f' evar (yvnoing) atéovoa oo (a,b), téte n f elvar (yvnoiwg) kupti oo (a,b).
(B) Av n [’ elvar (yvnoing) pdivovoa oo (a,b), téte n f elvar (yvnoing) koiln oo (a,b).
Arndbeaén. 'Eotww xg € (a,b) xou éotw z € (a,b). YTrodétoupe npdta 6t & > o. A6 T0
Yedpnua péone Thc, UTpyeL & € (X, ) He TV BiéTnTa

f(@) = f(z0) = (w — o) f'(&)-
Aqgol g < &, éyovue f/(&x) > f'(x0), xat agod x — xo > 0 BAénouye 6Tt
f(@) = f(wo) = (2 = 20) /(&) = (x — o) [ (o).

Trodétovye thpa 6Tt & < 9. Ao t0 Vedpnua Yéone Tuhc, urdpyet &y € (T, ) Ye Ty
WBLoTNTA

f(@) = f(zo) = (w — o) f'(&)-

Aol &, < g éyovue f(&) < f'(0), xan aod z — xo < 0 BAénovye dTL

f@) = f(wo) = (2 = 20) f'(§) = (x — o) f' (xo0)-
Ye xd0e nepintwon, toylet n (). ExéyEte 6t av n f/ unotedel yvnolwe abovoa oto (a, b)
téte nalpvouye yvhola aviedTnTa oty ().
(B) Me ov {Blo tpbéTO. O
H 8eltepn nopdywyog (av undpyet) pmopel va pac dwoel mAnpogopla yio to av 1 f elvar
%xVETH 1 xolhn.
Ocdenpa 5.9.3. Eotw f: (a,b) — R 600 popés tapaywyioun ovvdptnon.
(a) Av f"(z) > 0 yia kdOe x € (a,b), tdte n f elvar yvnoins kyptrj oo (a,b).
(B) Av " (x) <0 ya kdOe x € (a,b), tdre n f elvar yvnoins koikn oo (a,b).
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Arnddeaén. (x) Agou f” > 0 oto (a,b), n f' elvar ywnolwe ab&ovoa oto (a,b) (Oedpnua
5.6.4). An6 o Oedpnua 5.9.2 énetan 1o {nToluevo.

(B) Me ov {Bio tpéTO. o

Télog, divoupe o avaryxato cuviixn ya vo elvon To 2 onuelo xourhc e f.

Oceenpoe 5.9.4. FEotw f : (a,b) — R 8o gopés napaywyioun ovvdptnon kar éotw
xo € (a,b). Av n f éxa onueio xaunng oto xg, tére f’(x0) = 0.

Arndbaén. Oewpolue ™ ouvdptnon g(z) = f(z) — f(xo) — f'(zo)(x — xo). H g dev éyer
TomXG PEYIoTO ) ENdytoTo GTo Zo: €xoupe g(zo) = 0 xou g > 0 aploTtepd TOL X, g < 0
0e&id Tou zo — 1| 0 avtioTpogo.

Enfong, ¢'(z0) = 0 xou " (z0) = f"(x0). Av firav ¢’ (xo) > 0 A ¢"(z0) < 0 t61€ and
0 Oewpnua 5.9.1 1 g Y elye axpdTato oto xg, drono. Apa, f(zg) = 0. O

Ynpetwon. H ouvdhxn tou Ocwphpatoc 5.9.4 dev eivor ixavh. H f(z) = 24 Sev éyet onuelo
xopmhc oo 7o = 0. Ebvar yvnolwe xupth oto R. ‘Opwc f”(x) = 1222, dpa f(0) = 0.

Hapdderypa. Mehethote T ouvdptnon f: R — R ue

1
fla) = z2+1
H f elvou mapaywyiown oto R, e
2z
! e —

Apa, n f elvan yvnolwe ad€ovoa oo (—00,0) xaw Yvnoiwg @iivouca oto (0, 400). Halpver
péytotn i oto 0: f(0) = 1, xou 111}:1 f(z) = 0. H deltepn nopdywyoc e f opiletal

mavtod xou ebvar (o ue
2(32% — 1)

f”(f) = W

Apa, f" >0 ot (—oo, —%) O (%,oo), eve 7 <0 oto (—%, %) ‘Eneton 6t 7
f éxer onpelo xoumrc ota :I:% xou ebvan: yvnolong xupth ota | —oo, f%) xou (%, oo),
yvnotlwe xofkn oto (f%, %) Avutéc oL mhnpogopiec elvan apxetéc Yo va oyYedLdcOUNE

OPXETA TLOTA» TN Yeaupixt Tapdotacn T f.
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5.98" Acluntwreg
1. Eotw f: (a,+00) — R.

(o) Aépe 6Tt n evdeia y = [ elvan opildvtia aoluntwtn e f oto 400 av
li = 0.
Jim  f(x) =0

Mopdderypo: 1 f @ (1,+00) — R pe f(z) = L5 éyer oplbévtio actuntw my y = 1.
(B) Aépe 6t nevldela y = ax + 5 (a # 0) eivan mAdy eolurtwtn e f oto +00 av
lim (f(x) — (az +8)) = 0.

Tr——+00

Mapatneriote ot 1 f €xel T0 TOAD piot TAGYLL ACVUTTWTY 6T0 400 xaL 6L av Yy = ax + 5
elvou M acluntw e f téte N xhon e a vnoroyleton and Ty

a= lim M

r——+0o0 €T

xaw 1y otadepd B unoloy(leton and Ty

6= lim (f(x)— az).

r— 400

Avtiotpoga, i vo Sovue av 1 f €xel TAdyla aoOUnT T 0To 400, EEETALOVUE TRGOTL av

undpyet o lim @

li
T—+00
ouuBohilovye pe a xou e€eTdloUpE v UTEpYEL TO hl’_iI_l (f(x) —azx). Av xo autd 10 6plo

T— 100

. Av autéd 10 bp0 uTpyeL xou av elvan dapopeTind and To 0, To

— ag To ToLYE [ — undpyeL, Téte Ny = ax + B elvan 1 TAdyLo actuntwn e f oto +oo.

Mapdderypo: n f: (1,400) = Rpe f(z) = % €yEL TAAYLa AoOUTTWTN GTO 400 TNV
y = + 2. Hpdyypar,

2
—1
i L) — g %:1,
r—+o0 I r—+o0 T4 —XT
xal 5 )
lim (f(z)—2)= lim a =2

z—+00 z—+oo x — 1

2. Me avdloyo tpomo opilouue — xat Bploxouue — tnyv o0ptlovTia 1§ TAGYL AGUUTTOTY WLoG
ouvdptnone f : (—oo,a) — R ot0 —00 (av UTdpyEl).

3. Téhoc, Mue 6wn f @ (a,z0)U(xo,b) — R éyet (apoteph| 1 0e&id) xotaxdpupT AoUUTTWTN
o670 Tg AV
lim f(z) =200 % lim f(z)=+o0

T—T) T—T)
, . 1y , , ,
aviiotoyo. T mopdderypo, n f(z) = L éyer apoteph xou deZid acluntwt oto 0 Ty
evdela © = 0, agod lim I = —oo0 xau lim 1 = +o0.

x—0~ z—0
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5.10 Aoxvosk
Epwthoeig xatavémong

E&etdote av ol napaxdte npotdoelc eivar adndelc 7 Yeudeic (awtiohoyhote TApme Ty andvinct
coc).

1. Av ) f elvar Ttapaywyiown oto (a,b), téte 1 f elvar cuveyhc oto (a,b).

2. Av 7 f elvar napaywylown oto zo = 0 xou av f(0) = f'(0) =0, t6te lim nf(1/n) =0.

3. Avn f elvar napaywyiown oto [a, b] xou talpver Tn péyiotn TWA TS 610 To = a, téte f'(a) = 0.
4. Av f'(z) > 0 yia xde z € [0,00) xou f(0) =0, téte f(z) > 0 v %89 x € [0, 00).

5. Av 7 f elvon 800 @opéc napaywyiown oto [0,2] xar f(0) = f(1) = f(2) = 0, t6te Lndpyet
xo € (0,2) dote f(z0) = 0.

6. Eotw f: (a,b) — R xo éotw xo € (a,b). Av n f elvor cuveyic oto xo, napaywyiown oc
%89 x € (a,b) \ {zo} xou av undpyer o lim f'(z) =L € R, téte f'(m0) = L.
T—xQ

7. Avn f: R — R elvau napaywyiown oto 0, téte undpyet § > 0 wote 1 f va elvan cuveync oto
(_67 6)

8. Av n f elvou mapaywylown oto zo € R xat f'(z0) > 0, té1e undpyer § > 0 dote n f vo ebvou
yvnolwe adouca oto (xg — &,z + 0).

Aoxhoeig — Opado A’

1. Troloyiote g mapaydyous (oto onueia TOL UTEEYOLVY) TV TAPUXATW CUVIPTHOEWY:

1-a 3 1 |14z
f(x)—m7 g(z) = 1+;7 h(z) = 1— 2

2. Trohoylote tic napaydyous (oto onuela TOL UTEEYXOLY) TV TUPUXATW CUVIPTHOEWY:

sin(z?) sin® 2

1+sinx

f(z) =sin ((az +1)%(z+ 2)), g(z) = h(z) = sin (

COSQ?)

3. Eetdote av ot ouvaptroec f, g, h elvar tapaywylowwes oto 0.
(a) flx)=xzavae ¢ Qxu f(z)=0avzeQ.
B gx)=0avz¢Qxu glx)=2*avzcqQ.
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(Y) h(z) =sinz av z ¢ Q xo h(z) =z av z € Q.

4. Eetdote av ot ouvapthoec f,g,h elval mapaywylowes oto R, Av elvon, eetdote av 7
TopdywYo6s Toug eival cuveyTc oto R.

(@) f(z) =sin (L) avx #0, xax f(0) =0.
(B) g(z) = asin (L) av z # 0, xou g(0) = 0.
(Y) h(z) = 2”sin (L) av z # 0, xau h(0) = 0.

5. Aeifte 61 nouvdptnon f: R — R pe f(z) = 222 av 2 # 0 xau f(0) = 1 ebvon mapaywyiown
o€ x84 xo € R. Eetdote av 1 ' : R — R elvor ouveyhc ouvdptnon.

6. Bpeite (av vndpyouv) ta onuela ota onola eivor napaywyiown n cuvdptnon f: (0,1) — R pe

, 2¢Q H =0
=2 pgeN, MKA (p,q) =1

I q’

fla = {

Q= O

7. Eow f:R — Ryue f(0) = 3 xar f'(z) = sin?(sin(x + 1)) yia xdde € R. Yrohoylote tny
(f71'(3).

8. 'Eotw f: R — R pe f(z) = 2° + 2z 4+ 1. Trohoyiote mnv (f 1) (y) ota onuela £(0), F(1) xa
f(=1).

9. Ectww f: (a,b) — R xa a < o < b. Trnodétoupe 61t undpyer p > 0 dote |f(z) — f(zo)| <
M|z — z0]? yio 80 x € (a,b).

(a) Aet&re 6t n f elvon cuveyhc oto zo.

(B) Av p > 1, delte 6t n f elvor mapaywylown oto zo. ok elvor 1 tuh e f(xo);

(Y) Adote nopdderypa 6mou p =1 ahhd n f dev elvar nopaywylown oto xo.

10. Adote napdderypa cuvdptnone f : (0,1) — R n onola:

, , , , , , 1
(o) etvon ouveyrc oo (0,1) adkd dev eivar mapaywylown oto onueio xo = 3.
1

(B) elvou cuveyhc oto (0,1) ahhd dev eivan Ttapaywyiown ota onueld T, = -+, n > 2.

3

11. Adote nopdderypa cuvdptnone f : R — R ye tic e€hc didtntec:

() f(=1)=0, f(2) =1 xou f'(1) > 0.

(B) f(=1) =0, f(2) =1 xu f'(1) <0.
(v) f(0) =0, f(3) =1, f'(1) =0 xou n f ebvar yvnoiwe ad&ovoa oto [0, 3].
(®) f(m) =0xu f'(m) = (—1)™ vy xédde m € Z, |f(x)| < 1 yio x&de = € R.

12. 'Eotw f,g: R — R ot éotw 2o € R. Trodétovpe bt f(xo) = 0, n f elvor mapaywyiown
070 To xou M g elvan cLveyNc 010 To. Aellte 6Tl N cLYVETNOY YWOUEVO f - g elvon TapaYwWYIoWN
OTOX(.
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13. T xadepio and Tic Tapaxdtw cuvapthoelc Beeite T HEYIoTN Xat TNV EAYLOTN TW NG OTo
ddoTNua oL LTOJELXVOETAL.

(o) f(z) =2 —2*> — 8z +1 ot0 [-2,2].
(B) f(z)=2°+z+1 om0 [-1,1].
(v) f(z) = 2° — 3z 010 [-1,2].

14. Aci&te 6t n egiowon:

() 4azx® 4 3bz? 4 2cx = a + b + ¢ éxer ToLNdyLoTOY Wia pila oto (0,1).
(B) 62" — Tz 4+ 1 = 0 éxet T0 TONG B0 TpoypoTixée pilec.

(v) 2 4 92 + 332z — 8 = 0 éyer axpBdc uia mpaypatixy pilo.

15. Aci€te 6u n ediowon ™ +ax +b = 0 €xer o tohb dVo mpaypatxéc pilec av o n elvor dptioc
%ol 1o TohD Teelg mpaypotixée pilec av o n elvon mepLTToC.

16. Eotww a1 < -+ < an 010 R xat éotw f(z) = (. —a1) - (x — an). Acite 6t 1 e&iowon
I/ (x) = 0 éxer axpBide n — 1 Noew.

17. Yyedidote Tic YpaPXEc TUPACTACES TWY CUVAPTHOEWY

2
f@=ett,  f@=ety @)=t @)=

Vewphvtoag cav medlo opopod Touc To PeYaADTEPO UTOoLVOAO ToLu R ot0 onolo propolv va
0pLloTolV.

18. (o) Aei€te 611 and 6ha ta opYoydvia topahhnidypopupo e otadepy dlay®dvio, T0 TETPEY®VOo
éxel to péyioto eufadov.

(B) Ael&te 6t and Gl ta opoydvia tapadnhéypopua pe otadepr| Teplletpo, To TETREYWVO
éxel 1o péyioto euPadov.

19. Beeite 1o onueia tne unepBoiric 2 — y* = 1 mou éxouv eAdyto) arnbotdon and To onueio
(0,1).

20. IIdve oe xOxho axtivac 1 Yewpolue dbo avudiayetpnd onuelo A, B. Bpelte to onuelo I’
T0U xUXA0L Yl Ta omola To Telywvo ABT €yel tn uéyiotn duvaty tepluetpo.

21. Aivovtan mpaypatxol aprdpol a1 < az < - -+ < an. Na Bpedel n ehdytotn T e ouvdpTnone

@)= 3 (@ —an)”.

k=1

22. 'Ectww a > 0. Aci&te 6t 1 yéyiotn nur e ouvdptnone

ot
1+z] 1+|z—q

f(x)
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2+a
14+a”

elvon o pe

23. Trodétoupe 6t oL cuvapthoels f xar g elvan napaywyiotues oto [a, b] xou 61t f(a) = g(a) xou
f(b) = g(b). Aei&te bt undpyeL Touldy ooy éva onuelo = 6to (a,b) yia To onolo oL epanTouEVES
TWV YPAPIXOY TAPAGTACERY TV f xat g ota (z, f(z)) xou (z, g(x)) elvon napdhinies A tavtilovto.

24. Alvovia dlo napaywyiowee ouvaptioec f, g : (a,b) — R dote f(z)g'(z) — f'(z)g(z) # 0
vy xdde z € (a,b). Acellte 61t avdyeca oe dlo pilec e f(z) = 0 Bploxetar wa pila e
g(x) =0, xou avtictpoga.

25. 'Eoctw f : [a,b] — R, cuveyhc oto [a,b], napayoyiown oto (a,b), ye f(a) = f(b). Aeile
6L uTtdpyoLy T1 # T2 € (a,b) wote f(z1) + f'(z2) = 0.

26. Eotww f: (0,+00) — R napaywyiown, pe lir_P ' (z) =0. AelEte 6

lim (f(x+1)— f(x))=0.

Tr— 400

1

T

27. Eow f: (1,+00) — R napaywyiown cuvdptnon ue tnv Wétnroe | f'(z)] <
z > 1. Actéte 6T lir_{l [f(z+ z) — f(z)] = 0.

yio xde

28. 'Eoctw f,g 800 cuvaptioelc cuveyeic oto [0, a] xau napaywyiowes oto (0,a). YTrodétoupe
6t £(0) = g(0) =0 xou f'(z) >0, ¢’'(x) > 0 ot0 (0,a).
f(z)

(o) Avm f’ elvon ab€ovoa oo (0, a), deilre ot n L7

elvon a0&ouoa oto (0, a).

(B) Av n §: elvon av€ouoa oto (0, a), deilte 6T N 5 elvar av€ovoa oto (0, a).

Aoxhoeig: exOetinh kot AOYAELOWIXT] CUVEETNOY — TELYWVORETEIXES CUVAETAOELS —
Opdda A’

29. (0) Av0<a<1lha>1,dellte 6m
1

zlna’

(log,)"(x) =

(B) Aci&te 6u, yio xdde a > 0,
(a®) = a” Ina.
Eniong, n a® eivoar xupth oto R xou 7 log, x elvar xoiln oto (0, 400).
30. (o) Acifte 6T v xd9¢ = € R woyler €” > 14 z.
(B) Aci&te 6n v xdde = > 0 woylel

1—l§loga:§a:—1.
T



136 - IIAPATQrOT

31. Aci&te 6T v xd9e = > 0 xau yro xde n € N 1oy 0el
lnmgn(%—l) < Yz Inz.

Supnepdvate 6t limp oo n (¥Yz —1) =Inz yia > 0.
32. (o) Acifte 6T v %8¢ = € R oy det

lim nln (1+ E) =
n

n—oo

(B) Aeigte 6w v xdde = € R oyvet

lim (1—|— £>n =e”.
n

n—o0

33. Meketote ) cuvdptnon
_Inx

fl@) = —

x
070 (0, 4+00) xor oyeddote TN Yeopxy e Tapdotacy). Iowde elvon yeyohdtepog, o € 1 o 7°;

34. Aceilte 61t oL cuvapthoels In xou exp wavornotoly to e€hc: (a) yia xdde s > 0,
x

lim — =400
z— oo T

ot (8)

Inx

lim =0.
r—+oo IS

Anhod¥, 1 exp avidvel oto +oo taydtepa and omowdhnote (Ueydhn) duvaun tou z, evéd N In
avZdver oto oo Bpaditepa and onowdhrote (uxpr) dOvoun tov .

35. Eotw f: R — R napayoyiown cuvdptnon ye tnv Wétnta f/(z) = cf (x) yia xé9e = € R,
6mou ¢ pa otadepd. Acilte ot undpyer a € R dote f(z) = ae® v xdde = € R.

36. 'Eotw f : [a,b] — R cuveyhc, nopaywyiown oto (a,b), dote f(a) = f(b) = 0. Acei&te 6t
v xdde A € R, n ouvdptnon gx : [a,b] — R e

gr(z) = f'() + A\ f (@)

éyer o pila oto ddotnua (a,b).

37. 'BEocwa,b € Ryca < bxaéotn f : (a,b) — R napaywyiown cuvdptnon dote lim, - f(z) =
+oo. AelEte 6t undpyet € € (a,b) dote f/(€) > f(£). [Trddeitn: Oewphote ty e * f(x).]

38. Aclfte 6T vy xde = € (0, ) woyle

. 2x
sinx > —.
ks
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39. (o) Eoto f: R — R dVo gopéc mapaywyiown cuvdetnon. Trodétoupe 6t f(0) = f/(0) =0
xou f(z)+ f(z) = 0 yra xéde = € R. Actéte du f(z) = 0 yra xdde z € R. [Trddetn: Ocwpriote
mv g =f>+(f)*]
(B) Eotw f: R — R 0o gopéc napaywyiown cuvdetnon. Yrodétouye bt f(0) =1, f/(0) =0
x f(z) + f(z) =0 vt xé9e x € R. Aeléte 6t f(z) = cosz i xdde z € R.
40. Ecww f: R — R 7 ouvdptnon

3

f(x)=sinz —x + %

(o) Aei&te 6w vy xdde z > 0, f'(z) >0, f’(z) >0, f'(z) > 0.
(B) Aci&te 611, yia xd9e x € R, 1 — % <cosz < 1 xou, yio xéde x > 0,

3
T .
x——G <sinx < x.

41. (a) Aci&te 6t n eliowon tanz = x €xer axpPde pioa Abon o x&de ddotnua e wopghc
I = (kr— 5,k + 3).

(B) Eotw ar n MNon tne napandve e&lowone oto ddotnua Ik, k € N. Bpeite, av undpyet, to
6010 limp o0 (k41 — ar) X0t DOOTE YEWUETPIXY EpUNVELaL.

Aoxhoeig — Oudda B’

42. Af{vovton npaypotxof apripol a1 < az < - -+ < an. No Bpedel n ehdytotn Tpn tne ouvdptnone
g(x) = > |z — axl.

k=1

43. Botww n € N xau éotw f(z) = (22 — 1)". Acifte 6u n eliowon [ (z) = 0 éyer axpde n
drapopetixéc Aoelg, Ghec oto ddotnua (—1,1).

44. No Beedodv bhot oL a > 1 yia toug onolovg N avtedtnta % < a” oylet yio xdde = > 1.
45. Eoto f : [0, 1] — R cuveyrc ouvdptnon pe f(0) = 0. Trodétouue bt n f eivon napaywyiown
010 (0,1) xou 0 < f'(z) < 2f(z) yro xdde z € (0,1). Aeifte 61 1 f elvow otadeph; xou {on pe 0
oto [0,1].

46. Eotw f : R — R napaywyiown cuvdptnon. Trodétoupe 61 f(x) > f(z) yio xdde © € R
xar f(0) = 0. Aei€te 6t f(x) > 0 yia xdde = > 0.

47. Bow a > 0. Acifte 61 1 eklowon ae® = 1+ z + 22/2 éyer axpiBde pio tpayuatiu pilo.
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48. 'Eotw f : (0,+00) — R mapaywyiown cuvdptnorn. Trodétoupe bt 1 f' elvar @poryuévn.
Acgifte 6t ya xde a > 1,
lim @ =0.

r—+oo I

49. 'Eow a > 0. AelEte 6t dev undpyer napaywylown ouvdptnon f : [0,1] — R ue f/(0) =0
xou f'(x) > a v x&de x € (0, 1].

50. 'Ectw f : (a,b) — R napaywyiown cuvdetnon. Av n f’ elvoaw acuveyhc oe xdnoto onuelo
xo € (a,b), del€te ot 1 acuvéyewa TN ' 610 T elvar ovoddNe (dev undpyer To bpto lim f'(x)).
Tr—xQ

51. 'Eoctw [ : (a,b) — R nopaywylown cuvdptnon pe lim f(x) = +oo. Aci&te 6t av umdpyet
r—b~

1o lim f'(x) t6te elvon (oo ye +oo.
r—b—

52. Eotw f : (0,400) — R nopaywylowrn cuvdptnon pe lirf f(x) = L € R. Aci&te 6t av

undpyEL 0 IETOO I/ (z) téte ebvaun (oo pe 0.



