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Di�rkeia dÔo ¸rec me kleistèc ìlec tic shmei¸seic. Kal  tÔqh!!

(1) (2 Mon�dec) EÐnai oi sunart seic f(x) = sin x/x kai g(x) = x log x omoiìmorfa
suneqeÐc sto (0, 1)? Sto (0, +∞)? Apant ste kai d¸ste apìdeixh.

(2) (2 Mon�dec) Poièc apì tic parak�tw sunart seic eÐnai oloklhr¸simec sto [0, 1]?
(i) f(x) = cos(1/x) e�n x 6= 0 kai f(0) = 0.
(ii) g(x) = [10x], ìpou [x] eÐnai to akèraio mèroc tou arijmoÔ x.

(iii) h(x) =
∫ x

0
et2 dt.

Apant ste kai d¸ste apìdeixh.

(3) (2 Mon�dec) 'Estw f, g, h : R→ R sunart seic tètoiec ¸ste
g(x) ≤ f(x) ≤ h(x) gia k�je x ∈ R.

E�n oi g kai h eÐnai oloklhr¸simec se k�poio di�sthma [a, b] kai
∫ b

a

g(x) dx =

∫ b

a

h(x) dx,

deÐxte ìti kai h f eÐnai oloklhr¸simh sto [a, b].

(4) (2 Mon�dec) 'Estw f, g : R → R suneqeÐc sunart seic kai h : R → R sun�rthsh me
tÔpo

h(x) =

{
f(x) x ∈ Q,

g(x) x /∈ Q.

DeÐxte ìti h sun�rthsh h eÐnai oloklhr¸simh se k�poio di�sthma [a, b] an kai mìno an
f(x) = g(x) gia k�je x ∈ [a, b].

(5) (3 Mon�dec) (i) ApodeÐxte thn anisìthta Cauchy − Schwarz, deÐxte dhlad  ìti e�n
f, g : [a, b] → R eÐnai oloklhr¸simec sunart seic, tìte

( ∫ b

a

f(x) · g(x) dx
)2

≤
∫ b

a

(f(x))2 dx ·
∫ b

a

(g(x))2 dx.

Upìdeixh:
∫ b

a
(f(x) + tg(x))2 dx ≥ 0 gia k�je t ∈ R.

(ii) 'Estw f : [0, +∞) → R paragwgÐsimh sun�rthsh me suneq  par�gwgo. Upojètoume
ìti f(0) = 0 kai

∫ x

0
(f ′(t))2 dt ≤ 1 gia k�je x ∈ [0, +∞). DeÐxte ìti f(x) ≤ √

x gia k�je
x ∈ [0, +∞).
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