
JEWRIA METROU

Full�dio Ask sewn 6 (3/12/10)

Na mou epistrèyete mèqri thn Paraskeu  10 DekembrÐou opoiesd pote
5 apì tic parak�tw ask seic mÐa ek twn opoÐwn na eÐnai h 7   h 8.
D¸ro: +1 mon�da (apì sÔnolo 100 tou telikoÔ sac bajmoÔ) gia thn
teleutaÐa �skhsh.

(1) 'Estw f ∈ Lp(Rd), p ∈ [1, +∞), kai K ∈ L1(Rd) me ‖K‖L1 = 1. DeÐxte ìti
limε→0 ‖f − f ∗Kε‖Lp = 0 ìpou Kε(x) = ε−dK(x/ε).

(2) E�n X eÐnai mh kenì sÔnolo, ìrizoume thn sunolosun�rthsh µ : P(X) → [0, +∞] me
tÔpo µ(E) = |E| ìpou |E| eÐnai to pl joc twn stoiqeÐwn tou sunìlou E. DeÐxte ìti to µ
eÐnai mètro, kai ìti to µ eÐnai σ-peperasmèno an kai mìno an to sÔnolo X eÐnai arijm simo.

(3) 'Estw m∗ to exwterikì mètro Lebesgue ston Rd kai E Lebesgue metr simo uposÔnolo
tou Rd. DeÐxte ìti gia k�je A ⊂ Rd (ìqi upoqrewtik� metr simo) èqoume

m∗(A) = m∗(A ∩ E) + m∗(A ∩ Ec).

(Kat� sunèpeia, k�je Lebesgue metr simo uposÔnolo tou Rd eÐnai m∗-metr simo kat�
Karajeodwr . EpÐshc kai to antÐstrofo eÐnai swstì, dec �skhsh 3 sto full�dio 2.)

(4) 'Estw µ : B(Rd) → [0, 1] èna mètro ìpou B(Rd) eÐnai h σ-�lgebra twn Borel upo-
sunìlwn tou Rd. DeÐxte ìti up�rqei diakritì mètro µ1 (dhlad  µ1 =

∑∞
n=1 anδxn gia

k�poia xn ∈ Rd, an ∈ R+) kai suneqèc mètro µ2 (dhlad  µ2({x}) = 0 gia k�je x ∈ Rd)
ètsi ¸ste µ = µ1 + µ2.

(5) 'Estw µ : B([0, 1)) → [0, 1] èna mètro ìpou B([0, 1)) eÐnai h σ-�lgebra twn Borel

uposunìlwn tou [0, 1). OrÐzoume µ̂(n) =
∫ 1

0
e−2πint dµ(t).1

(i) E�n x ∈ [0, 1) deÐxte ìti

µ({x}) = lim
N→∞

1

N

N∑
n=1

e2πinxµ̂(n).

(ii) DeÐxte ìti to mètro µ eÐnai suneqèc (dhlad  µ({x}) = 0 gia k�je x ∈ [0, 1)) an kai
mìno an

lim
N→∞

1

N

N∑
n=1

|µ̂(n)|2 = 0.

Upìdeixh: DeÐxte pr¸ta ìti |µ̂(n)|2 =
∫ 1

0

∫ 1

0
e−2πin(t−s) dµ(t) dµ(s).

1Αυτό ισούται με
∫ 1

0
cos(2πnt) dµ(t)− i

∫ 1

0
sin(2πnt) dµ(t), αλλά δεν θα σας χρειαστεί αυτή η ισότητα.
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(6) E�n (X,A, µ) eÐnai q¸roc me mètro lème ìti o metasqhmatismìc T : X → X diathreÐ
to mètro µ e�n T−1A ∈ A 2 kai µ(T−1A) = µ(A) gia k�je A ∈ A. DeÐxte ìti oi parak�tw
metasqhmatismoÐ diathroÔn to mètro Lebesgue sto [0, 1]: (i) T (x) = {x + α} ìpou α ∈ R
kai {x} eÐnai to klasmatikì mèroc tou x kai (ii) T (x) = {2x}.
Upìdeixh: DeÐxte ìti to sÔnolo twn A pou ikanopoieÐ to zhtoÔmeno eÐnai σ-�lgebra kai
ìti perièqei ta diast mata kai ta sÔnola me Lebesgue mètro 0.

(7) 'Estw X = {0, 1}Z, A h σ-�lgebra pou par�getai apì ta kulindrik� sÔnola, kai
µ : A → [0, 1] to mètro Bernoulli pou orÐsame sto m�jhma. 'Estw epÐshc T : X → X
metasqhmatismìc me tÔpo T

(
(xn)n∈N

)
= (xn+1)n∈N.

(i) DeÐxte ìti e�n A ∈ A tìte TA ∈ A kai µ(TA) = µ(A).
Upìdeixh: DeÐxte ìti to sÔnolo twn A pou ikanopoieÐ to zhtoÔmeno eÐnai σ-�lgebra kai
ìti perièqei ta kulindrik� sÔnola.
(ii) DeÐxte ìti gia k�je A,B ∈ A èqoume

lim
n→∞

µ(A ∩ T nB) = µ(A) · µ(B) (T n = T ◦ T ◦ · · · ◦ T ).

Upìdeixh: DeÐxte to gia kulindrik� sÔnola kai met� proseggÐste me en¸seic aut¸n.

(8) E�n Λ ⊂ Z orÐzoume d̄(Λ) = lim supN→∞ |Λ∩ [1, N ]|/N . DeÐxte ìti up�rqei q¸roc me
mètro (X,A, µ), µ(X) = 1, antistrèyimoc metasqhmatismìc T : X → X pou diathreÐ to µ
(dec �skhsh (6)), kai A ∈ A, tètoio ¸ste µ(A) = d̄(Λ) kai

d̄
(
Λ ∩ (Λ + n1) ∩ · · · ∩ (Λ + n`)

) ≥ µ(A ∩ T n1A ∩ · · · ∩ T n`A)

gia k�je ` ∈ N, kai n1, . . . , n` ∈ Z.
Upìdeixh: Upojèste pr¸ta ìti ìla ta lim sup pou sac emfanÐzontai eÐnai kanonik� ìria.
P�rte X = {0, 1}Z, A = B(X), A = {x ∈ X : x(0) = 1}, T ìpwc sthn �skhsh (7), orÐste
to mètro µ kat�llhla sta kulindrik� sÔnola, kai qrhsimopoi ste to je¸rhma epèktashc
tou Karajeodwr -Kolmogorov gia na epekteÐnete to µ sthn σ-�lgebra pou par�getai apì
ta kulindrik� sÔnola. Se aut n thn perÐptwsh h zhtoÔmenh anisìthta eÐnai isìthta.

(9)♠ 'Estw f : [0, 1]× [0, 1] → R metr simh, fragmènh, kai mh arnhtik .
(i) DeÐxte ìti

∫ 1

0

∫ 1

0

∫ 1

0

f(x, y) · f(x, z) dx dy dz ≥
( ∫ 1

0

∫ 1

0

f(x, y) dx dy
)2

.

(ii) DeÐxte ìti

∫ 1

0

∫ 1

0

∫ 1

0

∫ 1

0

f(x, y) · f(x,w) · f(z, y) dx dy dz dw ≥
( ∫ 1

0

∫ 1

0

f(x, y) dx dy
)3

.

2Με T−1A συμβολίζουμε το σύνολο {x ∈ X : T (x) ∈ A} ο οποίο ορίζεται και για μη αντιστρέψιμους T .
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