ITPATMATIKH ANAAYXYH (Metartuyloxd)

60 PUANLSLO Aoxfoewv-Xelpepvo EEdunvo 2024
ITopddoor: Tetdptn 11 AcxeuBpelou.
ITapadwyote Tig aoxroeg 2, 5, 6, 7, 8.

(1) 'Eotw f € LP(RY), p € [1,+00), xu K € LYR?) e ||[K||;, = 1. T e > 0 9étoupe
K.(z) = e K (z/e). Actite o limeo||f — f x K|, = 0. AclEte enfonc 6t dev woylet 10
(oo v p = 400.

(2) (i) Eav f € LY(RY) xou g € L=®(RY) 9étovpe (f xg)(z) = [ flz —y)g(y)dy, z € R
Aeite 6t f*g: RY — R eivon CLVEYTC.

(ii) AeiZte 6T dev umdpyer ouvdptnon e € LY(R?) tétow wote f* e = f oyeddy mavtol yio
xe f € LY(RY).

(3) Eév X elvan un xevé oivoho, dptlouye tnv auvoroouvdptnon p: P(X) — [0, +00] ue tono
w(E) = émou |E| eivor to mhidoc twv otolyelwy tou cuvéhou E. Acilte 6t to p elvon
UETEO, xaL OTL TO [ Efval O-TEMEQUCUEVO Ay Xol H6VO av To oUvoho X elvor oprdufciuo.

(4) 'Eotw m. o efwtepid pétpo Lebesgue otov R xou E Lebesgue petphouio Utocivolo
tou RY. AciZte 6t yio wdde A C R (dy1 umoypemtind petphiotuo) éyouue

my(A) = m.(ANE)+m.(AN E°).

(Katd ouvénewa, xdde Lebesgue METENOWO LUTOGOVOAO TOU R? eivor my-Jetpriowo xoutd Kapa-
Oeodwpn. Ernlong xou 10 avtiotpogo elvar 6o, deg doxnom 3 610 QUANLDLO 2.)

(5) 'Eotw Ay dhyeBpoa utocuvorwy tou yohpeou X. Eotw p yétpo oty A = o(Ay) 1o onolo
elvan o-nenepacpévo oty Ag. Acllte ot yio xdde E € A ye p(E) < 400 xou yio xdde € > 0
undpyet R € Ay dote pu(E A R) < e. (Trnodéote mpwta 6t pu(X) < 00.)

(6) Eotww p: B([0,1)) — [0,1] éva H€Tp0 6mou B(

[
ouvbrey Tou [0,1). Opiloupe fi(n fo —2mint quu(t).

0,1)) elvou 1 o-GAyeBpa v Borel umo-
)1

(i) Edv x € [0,1) deilte 6T

=

N—oo

) = Jim 5 D2l

(ii) Aei&te 6L 10 Yétpo 1 elvon cuveyée (Onhadh p({z}) = 0 vy xéde x € [0,1)) av xaw uévo

ay
&%—ZW

YrodelEn: Aclite npota 6t |i(n fo fo —2min(t=s) du(t) du(s).

LAuté 1oolTon pe fo cos(2mnt) du(t) —i fo sin(27nt) du(t), olh& dev Yo cog ypetootel auth 7 LodTNTAL.



(7) 'Eotww p: BRY) — [0, 1] éva uétpo 6mou B(R?) etvou 1 o-dhyeBpa twv Borel umocuvoiemy
tou R?. AciEte 6T undpyet doprtd uétpo py (Snhodh) py = Y oo andy, yio xdmow z, € RY,

an € Ry) xon ouveyée pétpo pe (dnhadh pe({z}) = 0 v xdde = € R?) étor wote o= g + .

(8) Eotw f:[0,1] x [0,1] — [0, 1] petprotun.

(i) Acigte 6Tt

/01/01/()1f(:17,y)-f(35,z) dz dy dz > </01/01f(x,y) dasdy)?

(ii)* Acifte 6nt

/ol/olfol/olf(x,y)-f(a?,w)-f(z,y) dr dy dz dw > </01/01f(x,y) dxdy>3,




