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Telikì Diag¸nisma-Earinì Ex�mhno 2011

Did�skwn: NÐkoc Frantzikin�khc

Epitrèpetai mìno mÐa selÐda me shmei¸seic. Di�rkeia 3 ¸rec. Kal  epituqÐa!!

(1) (i) D¸ste ton orismì tou exwterikoÔ mètrou uposunìlou tou R kai exhg ste pìte
èna uposÔnolo tou R eÐnai metr simo.

(ii) DeÐxte ìti e�n A eÐnai èna opoiod pote uposÔnolo twn pragmatik¸n tìte up�rqei
metr simo sÔnolo E tètoio ¸ste A ⊂ E kai m(E) = m∗(A).

(2) 'Estw f : R→ R sun�rthsh. DeÐxte ìti h f eÐnai metr simh an kai mìno an

(i) Gia k�je r ∈ Q to sÔnolo {x : f(x) > r} eÐnai metr simo.

(ii) Gia k�je ε > 0 up�rqei suneq c g : R→ R tètoia ¸ste m({x : f(x) 6= g(x)}) ≤ ε.

(3) 'Estw f : R → R oloklhr¸simh sun�rthsh. OrÐzoume thn sun�rthsh F : R → R me
tÔpo F (x) =

∫ x

−∞ f .

(i) DeÐxte ìti h F eÐnai suneq c.

(ii) EÐnai se ìlec tic peript¸seic h F pantoÔ paragwgÐsimh? ParagwgÐsimh sqedìn pantoÔ?

(4) (i)D¸ste par�deigma akoloujÐac oloklhr¸simwn sunart sewn (fn) me fn → 0 sqedìn

pantoÔ kai
∫ 1

0
fn → +∞.

(ii) UpologÐste to ìrio

lim
n→∞

∫ 1

0

n sin(x
n
)

x
dx

(5) (i) 'Estw f : R→ R oloklhr¸simh sun�rthsh. DeÐxte ìti

lim
n→∞

∫
f(x)e−nx

2

dx = 0.

(ii) 'Estw f : R→ R oloklhr¸simh sunart sh. DeÐxte ìti
∞∑
n=1

f(n2x) <∞

sqedìn pantoÔ. (Qrhsimopoi ste, qwrÐc apìdeixh, ìti
∫
f(ax) dx = a−1

∫
f(x) dx. )


